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Introduction

ou've just picked up the best workbook ever to help you with pre-calculus, if we do say
so ourselves. If you've gotten this far in your math career, congratulations! Many stu-
dents choose to stop their math education after they complete Algebra II, but not you!

If you've picked up this book (obviously you have; you're reading this sentence, duh!),
maybe some of the concepts in pre-calc are giving you a hard time, or perhaps you just want
more practice. Maybe you're deciding whether you even want to take pre-calc at all. This
book fits the bill for all those reasons. And we’re here to cheerlead you on during your pre-
calc adventure. Look, if you've gotten this far in math, you're no “Dummie,” so don’t let the
title throw you!

We know that you'll find this workbook chock-full of valuable practice problems and explana-
tions. In instances where you feel you may need a more thorough explanation, please refer to
Pre-Calculus For Dummies (we wrote that one too — yes, we are math geeks). In some areas of
the book, we even refer you to Pre-Calculus For Dummies ourselves. We set up this workbook
to directly coincide with the format of Pre-Calculus For Dummies in an effort to make it really
easy for you to use the two together, if you wish. This book, however, is a great stand-alone
workbook if you need extra practice, need just a brushup in certain areas, or just can’t stand
our jokes in the other book.

About This Book

Don’t let pre-calc scare you. When you realize that you already know a whole bunch from
Algebra I and Algebra II, you'll see that pre-calculus is really just using that old information in
a new way. And even if you're scared, we're here with you, so no need to panic. Before you
get ready to start this new adventure, you need to know a few things about this book.

This book isn’t a novel. It’s not meant to be read in order from beginning to end. You can read
any topic at any time, but we’ve structured it in such a way that it follows the “normal” cur-
riculum. This is hard to do because most states don’t have state standards for what makes
pre-calc pre-calc. We looked at a bunch of curriculums, though, and came up with what we
think is a good representation of a Pre-Calc course. Sometimes, we may include a reference
to material in another chapter, and we may send you there for more information.

Instead of placing this book on a shelf and never looking at it again, or using it as a doorstop
(thanks for the advertisement, in either case), we suggest you follow one of two alternatives:

v Look up what you need to know when you need to know it. The index, table of con-
tents, and even the contents at a glance section will all direct you where to look.

v~ Start at the beginning and read through. This way, you may be reminded of an old topic
that you had forgotten (anything to get those math wheels churning inside your head).
Besides, practice makes perfect, and the problems in this book are a great representa-
tion of the problems found in pre-calc textbooks.
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Conventions Used in This Book

For consistency and ease of navigation, this book uses the following conventions:

1 Math terms are italicized when they’re introduced or defined in the text.
v Variables are italicized to set them apart from letters.

v The symbol for imaginary numbers is a lowercase i.

Foolish Assumptions

We don’t assume that you love math the way we do as professional math geeks. We do
assume, though, that you picked this book up for a reason of your own. Maybe you
want a preview of the course before you take it, or perhaps you need a refresher on the
topics in the course, or maybe your kid is taking the course and you're trying to help
him be successful.

Whatever your reason, we assume that you've encountered most of the topics in this
book before, because for the most part, the topics are reviews of ones you've seen in
algebra or geometry.

How This Book Is Organized

This book is divided into five parts dealing with the most commonly taught topics of
pre-calc.

Part I: Foundation (And We
Don’t Mean Makeup!)

The chapters in Part [ begin at the beginning. First we review basic material from
Algebra II. We then cover real numbers and what you’ll be asked to do with them. Next
up are functions of all kinds (polynomials, rational, exponential, and logarithmic):
graphing them and performing operations with them.

Part II: Trig Is the Key: Basic Review,
the Unit Circle, and Graphs

The chapters in Part Il review trig ratios and word problems for trig. Then we show
you how to build the unit circle, how to solve trig equations, and how to graph trig
functions. Some of these topics may be review for you as well; that really depends on
how much trig was covered in your Algebra Il course.
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Part I1l: Advanced Trig: ldentities,
Theorems, and Applications

The chapters in Part Ill cover basic and advanced identities. We cover the tricky
trig proofs in this part. If you're asked to do trig proofs in your Pre-Calc course,
you definitely want to check out our tips on how to handle them like a pro. We also
cover some trig applications that can be solved using the Law of Sines or the Law
of Cosines.

Part 1U: And the Rest . . .

The chapters in Part IV cover the topics from the remainder of the Pre-Calc
course. We introduce complex numbers and how to work with them, and we
explain conic sections and how to graph them. Because systems of equations tend
to get harder in pre-calc, we begin with a review and build up to the tougher
topics. Your Pre-Calc course may only focus on a couple of these topics, so be sure
to pay attention to the table of contents here. Next, we move into sequences and
series and introduce the binomial theorem, which helps you raise binomials to
high powers. Last, we introduce the first topics of a calc course. Sometimes, these
are the last topics you'll see in pre-calc, so we want to be sure to go over them.

Part U: The Part of Tens

This book has two handy lists at the end. The first list includes ten parent graphs:
how to recognize them, how to graph them, and how to transform them. The
second list covers common mistakes we often see that we’d like to help you avoid.

Icons Used in This Book

Throughout this book you'll see icons in the margins to draw your attention to
something important that you need to know.
v\&““lﬁp
& Pre-calc rules are exactly what they say they are — the rules of pre-calculus.
& Theorems, laws, and properties all make Pre-Calc an ironclad course — they must
be followed at all times.

A\
Tips are great, especially if you wait tables for a living! These tips are designed to
make your life easier, which are the best tips of all!
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“&N\BER
& The Remember icon is used one way: It asks you to remember old material from a pre-
vious math course.
vg\\\\m’s!
S Warnings are big red flags that draw your attention to common mistakes you may get

tripped up on.

Where to Go from Here

Pick a starting point in the book and go practice the problems there. If you'd like to
review the basics first, start at Chapter 1. If you feel comfy enough with your algebra
skills, you may want to skip that chapter and head over to Chapter 2. Most of the
topics there are reviews of Algebra Il material, but don’t skip over something because
you think you’ve got it under control. You'll also find in pre-calc that the level of diffi-
culty in some of these topics gets turned up a notch or two. Go ahead — dive in and
enjoy the world of pre-calc!



Part |

Foundation (And We Don't
Mean Makeup!)

The 5t Wave By Rich Tennant
TRONICALLY, ARNE, WAS STUDVING
PARABOLAS AT THE TIME...

/8




In this part . . .

lgre-calculus is really just another stop on the road to
calculus. You started with the village of Algebral,
moved on to the small town of Geometry, made your way
to Algebra II city, and now find yourself in the mega-
metropolis known as Pre-Calculus. The skills, for the most
part, are the same. This part takes those skills and reviews
them (and, in some cases, expands on them).

The chapters here begin with a review of the basics: using
the order of operations, solving and graphing equations
and inequalities, and using the distance and midpoint for-
mulas. Some new material pops up in the form of interval
notation, so be sure and check that out. Then we move on
to real numbers, including radicals. Everything you ever
wanted to know about functions is covered in one of the
chapters: graphing and transforming parent graphs, ratio-
nal functions, and piece-wise functions. We also go over
performing operations on functions and how to find the
inverse. We then move on to solving higher degree poly-
nomials using techniques like factoring, completing the
square, and the quadratic formula. You also learn how to
graph these complicated polynomials. Lastly, you discover
exponential and logarithmic functions and what you're
expected to know about them.




Chapter 1

Beginning at the Very Beginning:

Pre-Pre-Calculus

In This Chapter

Brushing up on order of operations

Solving equalities

Graphing equalities and inequalities

Finding distance, midpoint, and slope

A\

P re-calculus is the stepping stone for Calculus. It’s the final hurdle after all those years of
math: Pre-algebra, Algebra, Geometry, and Algebra II. Now all you need is Pre-calculus
to get to that ultimate goal — Calculus. And as you may recall from your Algebra Il class, you
were subjected to much of the same material you saw in Algebra and even Pre-algebra (just
a couple steps up in terms of complexity — but really the same stuff). As the stepping stone,
pre-calculus begins with certain concepts that you're expected to solidly understand.

Therefore, we're starting here, at the very beginning, reviewing those concepts. If you feel
you're already an expert at everything algebra, feel free to skip past this chapter and get the
full swing of pre-calc going. If, however, you need to review, then read on.

If you don’t remember some of the concepts we discuss in this chapter, or even in this book,
you can pick up another For Dummies math book for review. The fundamentals are impor-
tant. That’s why they’re called fundamentals. Take the time now to review — it will save you
countless hours of frustration in the future!

Reviewing Order of Operations:
The Fun in Fundamentals

You can’t put on your sock after you put on your shoe, can you? The same concept applies
to mathematical operations. There’s a specific order to which operation you perform first,
second, third, and so on. At this point, it should be second nature. However, because the

concept is so important as we continue into more complex calculations, we review it here.
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s

Q,?’\'G RUlf&

Please excuse who? Oh, yeah, you remember this one — my dear Aunt Sally! The old
mnemonic still stands, even as you get into more complicated problems. Please
Excuse My Dear Aunt Sally is a mnemonic for the acronym PEMDAS, which stands for:

v~ Parentheses (including absolute value, brackets, and radicals)

v Exponents

v Multiplication and Division (from left to right)

v Addition and Subtraction (from left to right)
The order in which you solve algebraic problems is very important. Always work
what’s in the parentheses first, then move on to the exponents, followed by the multi-
plication and division (from left to right), and finally, the addition and subtraction

(from left to right). Because we’re reviewing fundamentals, now is also a good time to
do a quick review of properties of equality.

When simplifying expressions, it’s helpful to recall the properties of numbers:

1 Reflexive property: a = a. For example, 4 = 4.
v Symmetric property: If a = b, then b = a. For example, if 2 + 8 = 10, then 10 =2 + 8.

v Transitive property: If a = b and b = c, then a = c. For example, if 2 + 8 = 10 and
10=5-2,then2+8=5.2.

v+ Commutative property of addition (and of multiplication): a + b = b + a. For
example, 3 +4 =4 + 3.

1 Commutative property of multiplication: a - b = b - a. For example, 3-4=4- 3.

v Associative property of addition (and of multiplication): a + (b + ¢) = (a + b) + c.
For example, 3 + (4 +5) = (3 +4) + 5.

v Associative property of multiplication: a - (b - ¢) = (a - b) - c. For example,
3-4-5=3-4-5.

v Additive identity: a + 0 = a. For example, 4 + 0 = 4.

v Multiplicative identity: a - 1 = a. For example, -18 - 1 = -18.

v~ Additive inverse property: a + (-a) = 0. For example, 5 + =5 = 0.

* Multiplicative inverse property: a L _1.For example, -2 - (%) = 1.

v Distributive property: a(b + ¢) = a -ab +a-c.For example, 5(3+4)=5-3+5-4.

v Multiplicative property of zero: a - 0 = 0. For example. 4 - 0 = 0.

v Zero product property: If a - b = 0, then a = 0 or b = 0. For example, if x(2x - 3) = 0,
thenx=0o0r2x-3=0.
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6°-4(3-20+5)

=

Simplify:

The answer is 5. Following our rules of
order of operations, simplify everything in
parentheses first.

Radicals and absolute value marks
act like parentheses. Therefore, if
any of the operations are under radi-
cals or within absolute value marks,
do those first before simplifying the
radicals or taking the absolute value.

Simplify the parentheses by taking the
square root of 25 and the absolute value

6-4(3-V5] g -4(3-5)"

of —-4:
-4 4
6 -4(-2)
# . Now that the parentheses are
simplified, you can deal with the exponents.
36-4(4
Square the 6 and the -2: = # .
QNING/ Although they’re not written, paren-
Y theses are implied around the

terms above and below a fraction
bar. In other words, the expression

36-4(4)
—3  can also be written as

JBG_TML Therefore, you must

simplify the numerator and denomi-
nator before dividing the terms fol-
lowing the order of operations:

_36-4(4) _36-16 _ 20
B 4 T4 4T

<
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4]
Simplify: —18 .

18%9
The answer is 3. Using the associative
property of addition, rewrite the expres-

sion to make the fractions easier to add:

00 |—
w
W =

+

(L . g) 1
18 8) 3 . Add the fractions with
+

%|w
O|—

common denominators,

reduce the resulting fraction:

find a common denominator for the frac-
tions in the numerator and denominator:

3,2 5
??—62 . Add these: 5—6 Recognizing that
18718 18

this expression is a division problem,

% + %, multiply by the inverse and

18 _5-18 _B-18 3 o

simplify: % . 5 5635 1
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l.  simplify: 3\/(4 -6 +(2- (1)) 2. Simplify: M

EEST 2

3. simplify: (2°- 3)*(-5).
4. Simplify:

Keeping Your Balance While
Solving Equalities

Just as simplifying expressions is the basics of pre-algebra, solving for variables is the
basics of algebra. Both are essential to more complex concepts in pre-calculus. Solving
basic algebraic equations should be easy for you; however, it’s so fundamental to pre-
calculus, we give you a brief review here.

Solving linear equations with the general format of ax + b = ¢, where a, b, and c are con-
stants, is relatively easy using properties of numbers. The goal, of course, is to isolate
the variable, x.

‘X@N\BER One type of equation you can’t forget is absolute value equations. The absolute value is
<
& x,x=0
defined as the distance from 0. In other words, |x| = { 0 As such, an absolute
-X,X <

value has two possible solutions: one where the quantity inside the absolute value
bars is positive and another where it’s negative. To solve these equations, it’s impor-
tant to isolate the absolute value term and then set the quantity to the positive and
negative values.
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Solve for x: 3(2x — 4) = x - 2(=2x + 3). 0. Solve for x: |x - 3|+(-16) = -12,
A. x = 6. First, using the distributive property, A. x =7, -1. First, isolate the absolute value:
distribute the 3 and the -2: 6x - 12 = x + 4x |x - 3| = 4. Next, set the quantity inside the
— 6. Combine like terms and solve using -
algebra: 6x — 12 = 5x — 6; x — 12 = —6; x = 6. gbsolute value bars to the posmvg so‘lu—‘
tion: x — 3 = 4. Then, set the quantity inside
the absolute value bars to the negative
solution: —(x — 3) = 4. Solve both equations
to find two possible solutions: x - 3 = 4,
x=T7T,and-(x-3)=4,x-3=-4,x=-1.
5.  Solve:3-6[2—4x(x +3)] = 3x(8x + 12) + 27. 6. Solve X+ XT_2 - XT+4'
7. Solve|x-3|+[3x+2|=4. 8. Solve3-4(2-3x) = 2(6x + 2).
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9. Solve2|x-3|+12=6. 10. Solve 3(2x + 5) + 10 = 2(x + 10) + 4x + 5.

A Picture Is Worth a Thousand Words:
Graphing Equalities and Inequalities

Graphs are visual representations of mathematical equations. In pre-calculus, you’ll be
introduced to many new mathematical equations and then be expected to graph them.
We give you lots of practice graphing these equations when we cover the more com-
plex equations. In the meantime, it’s important to practice the basics: graphing linear
equalities and inequalities.

These graphs are graphed on the Cartesian coordinate system. This system is made
up of two axes: the horizontal, or x-axis, and the vertical, or y-axis. Each point on the
coordinate plane is called a Cartesian coordinate pair (x, y). A set of these ordered
pairs that can be graphed on a coordinate plane is called a relation. The x values of a
relation are its domain, and the y values are its range. For example, the domain of the
relation R={(2, 4), (-5, 3), (1, -2)} is {2, -5, 1}, and the range is {4, 3, -2}.

You can graph a linear equation in two ways: plug and chug or use slope-intercept form:
y = mx + b. At this point in math, you should definitely know how to use the slope-
intercept form, but we give you a quick review of the plug and chug method, because
as the equations become more complex, you can use this old standby method to get
some key pieces of information.
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|
Figure 1-1:
Graph of
2x+3y=12.
|

Graphing using the plug and chug method

Start by picking domain (x) values. Plug them into the equation to solve for the range
(y) values. For linear equations, after you plot these points (x, y) on the coordinate
plane, you can connect the dots to make a line. The process also works if you choose
range values first, then plug in to find the corresponding domain values. This is a
helpful method to find intercepts, the points that fall on the x or y axes. To find the
x-intercept (x, 0), plug in 0 for y and solve for x. To find the y-intercept (0, y), plug in
0 for x and solve for y. For example, to find the intercepts of the linear equation

2x + 3y = 12, start by plugging in 0 for y: 2x + 3(0) = 12. Then, using properties of
numbers, solve for x: 2x + 0 = 12, 2x = 12, x = 6. So the x-intercept is (6, 0). For the
y-intercept, plug in 0 for x and solve for y: 2(0) + 3y =12,0 + 3y = 12,3y =12,y = 4.
Therefore, the y-intercept is (0, 4). At this point, you can plot those two points and
connect them to graph the line (2x + 3y = 12), because, as you learned in geometry,
two points make a line. See the resulting graph in Figure 1-1.

Graphing using the slope-intercept form

The slope-intercept form of a linear equation gives a great deal of helpful information
in a cute little package. The equation y = mx + b immediately gives you the y-intercept
(b) that you worked to find in the plug and chug method; it also gives you the slope
(m). Slope is a fraction that gives you the rise over the run. To change equations that
aren’t written in slope-intercept form, you simply solve for y. For example, if you use
the same linear equation as before, 2x + 3y = 12, you start by subtracting 2x from each
side: 3y = -2x + 12. Next, you divide all the terms by 3: y = -2, x + 4. Now that the equa-
tion is in slope-intercept form, you know that the y-intercept is 4. You can graph this
point on the coordinate plane. Then, you can use the slope to plot the second point.
From the slope-intercept equation, you know that the slope is —%,. This tells you that
the rise is -2 and the run is 3. From the point (0, 4), plot the point 2 down and 3 to the
right. In other words, (3, 2). Lastly, connect the two points to graph the line. Note that
this is the exact same graph, just plotted a different way — the resulting graph in
Figure 1-2 is identical to Figure 1-1.
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Figure 1-2:
Graph of
y=-%x+4.
|

-4

-8

Similar to graphing equalities, graphing inequalities begins with plotting two points by
either method. However, because inequalities are used for comparisons — greater
than, less than, or equal to — you have two more questions to answer after two points

are found:

v Is the line dashed: < or > or solid: < or =?

v Do you shade under the line: y < or y = or above the line: y > or y =?

Sketch the graph of the inequality:
3X—2y>4.

A. Begin by putting the equation into slope-
intercept form. To do this, subtract 3x from
each side of the equation: -2y > -3x + 4.

Then divide each term by -2: y < %x -2

“NG‘

Figure 1-3:
Graph of 3x
—2y>4
|

Remember that when you multiply
or divide an inequality by a
negative, you need to reverse

the inequality.

o
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From the resulting equation, you can find
the y-intercept, -2, and the slope, (39).
Using this information, you can graph two
points using the slope-intercept form
method. Next, you need to decide the
nature of the line (solid or dashed).
Because the inequality is not also an equal-
ity, the line is dashed. Graph the dashed
line, and then you can decide where to
shade. Because the inequality is less than,
shade below the dashed line, as you see in
Figure 1-3.
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11. Sketch the graph of %(6x +2y)=16. 12. Sketch the graph of 2 : 1y ¢
’3. Sketch the graph of 4x +5y = 2(3y +2x+ 4), 74. Sketch the graph of x -3y =4 -2y -y.

Using Graphs to Find Information
(Distance, Midpoint, Slope )

Q'Q.\«c’ Rulﬁf

&

Graphs are more than just pretty pictures. From a graph, it’s possible to determine two
points. From these points, you can determine the distance between them, the mid-
point of the segment connecting them, and the slope of the line connecting them. As
graphs become more complex in both pre-calculus and calculus, you’ll be asked to find
and use all three of these pieces of information. Aren’t you lucky?

Finding the distance

Distance is how far two things are apart. In this case, you're finding the distance
between two points. Knowing how to calculate distance is helpful for when you get to
conics (Chapter 12). To find the distance between two points (x;, y;) and (x», ¥,), you
can use the following formula:

d=\/(x1—x2)2+(yl—y2)2
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Calculating the midpoint

Qv\,cvRulfJ\ The midpoint, as you would think, is the middle of a segment. This concept also comes

& up in conics (Chapter 12) and is ever so useful for all sorts of other pre-calculus calcu-
e lations. To find the midpoint of those same two points (x;, ;) and (x, y,), you just need

to average the x and y values and express them as an ordered pair:

xl+x2 yl+y2
M=t BTV
[

Discovering the slope

@\GRUL& Slope is a key concept for linear equations, but it also has applications for trigonomet-

& ric functions and is essential for differential calculus. Slope describes the steepness
o of a line on the coordinate plane (think of a ski slope). To find the slope of two points

(x1, ¥1) and (x,, ¥»), you can use the following formula:

m_yz_yl

X, =X,

Positive slopes move up and to the right (/+) or down and to the left (/ ) Negative
slopes move down and to the right (/) or up and to the left (% ) Horizontal lines

have a slope of 0, and vertical lines have an undefined slope.

Find the distance, slope, and midpoint of ABin Figure 1-4.

A(5,3)

|
Figure 1-4:
Segment
AB.
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The distance is /65, the slope is %7, and the midpoint is M = (%, 1). First, plug the x and y values
into the distance formula. Then, following the order of operations, simplify the terms under the
radical. (Keep in mind those implied parentheses of the radical itself.) It should look something
like this:

a=[5-(2) +(3- () = 2 (o] = ) = e -

Because 65 doesn’t contain any perfect squares as factors, this is as simple as you can get.

To find the midpoint, plug the points into the midpoint equation. Again, simplify using order of
operations.

w22 2R3 8-

To find the slope, use the formula and plug in your x and y values. Using order of operations,
simplify:

15.

Find the distance of segment CD, ’6. Find the midpoint of segment EF,
where Cis (-2,4) and D is (3, -1). where E is (3, -5) and F is (7, 5).

17
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17. Find the slope of line GH, where G is 18. Find the perimeter of triangle CAT.
g
(-3,-5) and His (=3, 4).

C(4,6)

A(5-1)

T(2,-4)




’9. Find the center of the rectangle NEAT.

T(3,4)

N (7,8)

E(15,0)

A(11,-4)

Chapter 1: Beginning at the Very Beginning: Pre-Pre-Calculus ’ 9

20. Determine whether triangle DOG is a right
triangle.

D(=3,4)

0(1,-4)
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Answers to Problems on Fundamentals

3(4-6) +(2-(-1))
EXE]

Start by simplifying everything in the parentheses. Next, simplify the exponents. Finally, add
the remaining terms. It should look something like this:

3\/(4—6)2+(2—(—1))2 3 (-2) +(2+1) ) 3/4+(3) _3J4%9 _3J3

EXE R = R =

[-3]-[2]+(-1)

-7+2|

Simplify . The answer is 3‘45.

Simplify . The answer is 0.

Recognizing that the absolute value in the denominator acts as parentheses, add the -7 and 2
inside there first. Then, you can rewrite the absolute value of each. Next, add the terms in the

numerator. Finally, recognize that % equals zero.
[-31-[2l+ (1) [-3[-[2l+(-1) _3-2+(-1) o

742] s 5 5"

Simplify (2°- 3%*(-5). The answer is -5.

Begin by simplifying the exponents in the parentheses. Next, simplify the parentheses by sub-
tracting 9 from 8. Then, simplify the -1 to the 4th power. Finally, multiply the resulting 1 by -5.

@-3'H)=B-D'H) = D' =1(-5)=-5

51-4 +6|
Simplify NWATEETEES The answer is undefined.
3 -—=+=|-=
( 6" 3) 2

Start by simplifying the parentheses. To do this, subtract 4 from 1 in the numerator and find a
common denominator for the fractions in the denominator in order to add them. Next, multiply
the terms in the numerator and denominator. Then, add the terms in the absolute value bars

in the numerator and subtract the terms in the denominator. Take the absolute value of -9 to
simplify the numerator. Finally, remember that you can’t have 0 in the denominator; therefore,
the resulting fraction % is undefined.

|5 1-4 +6| :|5(_3)+6|=|_15+6|=H=Umdeﬁmed
3(-1+3)-1 511 110
6 3/ 2 (6)_2 2 2

Solve 3 - 6[2 — 4x(x + 3)] = 3x(8x + 12) + 27. The answer isx = 1.

Lots of parentheses in this one! Get rid of them by distributing terms. Start by distributing

the —4x on the left side over (x + 3) and, on the right side, 3x over (8x + 12). This gives you

3 -6[2—4x*— 12x] = 24x” + 36x + 27. Then distribute the -6 over the remaining parentheses on
the left side of the equation: 3 — 12 + 24x* + 72x = 24x” + 36x + 27. Combine like terms on the left
side: -9 + 245 + 72x = 24x% + 36x + 27. To isolate x onto one side, subtract 24x” from each side to
get -9 + 72x = 36x + 27. Subtracting 36x from each side gives you -9 + 36x = 27. Adding 9 to both
sides results in 36x = 36. Finally, dividing both sides by 36 leaves you with your solution: x = 1.
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\\s

Solve % + x; 2_ XT+4 The answer is x = 10.

Don’t let those fractions intimidate you! Start by multiplying through by the common denomi-
nator, 4. This eliminates the fractions altogether. Now, just solve like normal, combining like
terms, and isolating x. It should look something like this:

%JT-Z="T+4;4[§+XT-2=XT+4 X+ x—2=2x+83x-2=2x+83x=2x+10:x=10

Solve |x - 3| + |3x + 2| = 4. The answer is x = - ¥, - %.

Okay, this one is really tricky! Two absolute value terms, oh my! Relax. Just remember that
absolute value means distance from 0, so you have to consider all the possibilities to solve this
problem. In other words, you have to consider and try four different possibilities: both absolute
values are positive, both are negative, the first is positive and the second is negative, and the
first is negative and the second is positive.

Not all these possibilities are going to work. As you calculate these possibilities, you may
create what math people call extraneous solutions. These aren’t solutions at all — they’re false
solutions that don’t work in the original equation. You create extraneous solutions when you
change the format of an equation, as you're going to do here. So to be sure a solution is real and
not extraneous, you need to plug your answer into the original equation to check.

Now, try each of the possibilities:

Positive/positive: (x - 3) + Bx + 2) = 4, 4x - 1 = 4, 4x = 5, x = %. Plugging this back into the origi-
nal equation, you get * = 4. Nope! You have an extraneous solution.

Negative/negative: —(x -3) + -Bx +2) =4, -x + 3-3x-2=4,-4x + 1 =4, -4x = 3, x = - %. Plug it
back into the original equation and you get 4 = 4. Voila! Your first solution.

Positive/negative: (x -3) + -Bx +2) =4,x-3-3x-2=4,-2x-5=4,-2x = 9, x = - %. Put it back
into the original equation and you get 12 = 4. Nope, again — another extraneous solution.
Negative/positive: -(x —3) + 3x +2) =4, -x + 3+ 3x+2=4,2x +5=4, 2x = -1, x = — /. Into the
original equation it goes, and you get 4 = 4. Your second solution.

Solve 3 — 4(2 - 3x) = 2(6x + 2). The answer is no solution.

To solve, distribute over the parentheses on each side: 3 - 8 + 12x = 12x + 4. Combine like terms:
-5 + 12x = 12x + 4. Subtract 12x from each side and you get -5 = 4, which is false. So there is no
solution.

Solve 2|x - 3| +12 = 6. The answer is no solution.

Start by isolating the absolute value: 2|x - 3| +12=6, 2|x - 3| = -6, ’x - 3| = -3. Because an
absolute value must be positive, there is no solution that would satisfy this equation.

Solve 3(2x + 5) + 10 = 2(x + 10) + 4x + 5. The answer is all real numbers.

Begin by distributing over the parentheses on each side: 3(2x + 5) + 10 = 2(x + 10) + 4x + 5,
6x + 15 + 10 = 2x + 20 + 4x + 5. Next, combine like terms on each side: 6x + 25 = 6x + 25.
Subtracting 6x from each side gives you 25 = 25. This is a true statement, indicating that all
real numbers would satisfy this equation.

Sketch the graph of %(GX +2 y) = 16. See the graph for the answer.
Using slope-intercept form, you start by multiplying both sides of the equation by the inverse

of %, which is %: %'%(6x + 2y) = ¥%,-16. This leaves you with 6x + 2y = 12. Next, solve for y by

subtracting 6x from each side and dividing by 2: 2y = —6x + 12, y = -3x + 6. Now, because it’s in
slope-intercept form, you can identify the slope (-3) and y intercept (6). Use these to graph the
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equation. Start at the y intercept (0, 6) and move down 3 units and to the right 1 unit. Connect
the two points to graph the line.

Sketch the graph of

Start by multiplying both sides of the equation by 2: 5x + 4y = 12. Next, isolate y by subtracting
5x from each side and dividing by 4: 4y = -5x +12, y = —%,x + 3. Now that it’s in slope-intercept

form, you can graph the inequality. Because it’s greater than or equal to, draw a solid line and
shade above the line.

5x+4y = 6. See the graph for the answer.

10
y

-10

Sketch the graph of 4x +5y = 2(3 y+2x+ 4). See the graph for the answer.

Again, start by getting the equation into slope-intercept form. To do this, distribute the 2 on the
left side. Next, isolate y by subtracting 4x from each side, subtracting y from each side, and
then dividing by -1 (don’t forget to switch your inequality sign!):

4x+5y22(3y+2x+4);4x+5y26y+4x+8;5y26y+8;—y28;ys—S
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Because there’s no x term, this indicates that the slope is 0 (0x). Therefore, the resulting line is
a horizontal line at 8. Because the inequality is less than, you shade below the line.

0L

Sketch the graph of x — 3y = 4 - 2y — y. See the graph for the answer.
Again, simplify to put in slope-intercept form. Combine like terms and add 3y to each side.
x-3y=4-2y-y;x-3y=4-3y;x=4

Here, the resulting line is a vertical line at 4.

Find the distance of segment CD, where C is (-2, 4) and D is (3, -1). The answer is d = 542 .

Using the distance formula, plug in the x and y values: d = \/( -2- 3)2 + [4 - (—1)]2 . Then, simplify

using order of operations: d = ,[(—5)2 + (5)2 ,d=+25+25,d= \/5_0, d=52.
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Find the midpoint of segment EF, where E is (3, -5) and F is (7, 5). The answer is M = (5, 0).

2 2
Find the slope of line GH, where G is (-3, -5) and H is (-3, 4). The answer is m = undefined.

Using the midpoint formula, you get M = (ﬁ,ﬁ) Simplify from there: M = (*%, %), M = (5, 0).

Using the formula for slope, plug in the x and y values for the two points: m = —5-4 . This
simplifies to m = _79 which is undefined.

Find the perimeter of triangle CAT. The answer is 842 +2/26.

To find the perimeter, you need to calculate the distance on each side, which means you have
to find CA, AT, and TC. Plugging the values of x and y for each point into the distance formula,

you find that the distances are as follows: CA = 52, AT = 342, and TC = 24/26. Adding like
terms gives you the perimeter of 82 + 2426,
Find the center of the rectangle NEAT. The answer is (9, 2).

Ah! Think we’re being tricky here? Well, the trick is to realize that if you find the midpoint of
one of the rectangle’s diagonals, you will have identified the center of it. Easy, huh? So, by using

8+(-4
the diagonal NA, you can find the midpoint and thus the center: M = (%’#) This

simplifies to m = (9, 2).
Determine whether triangle DOG is a right triangle. The answer is yes.

We had to end it with another challenging one. Here you need to remember that right triangles
have one set of perpendicular lines (forming that right angle). Also, you need to remember that
perpendicular lines have negative reciprocal slopes. In other words, if you multiply their slopes
together, you get —1. So, all you have to do to answer this question is find the slopes of the lines
that appear to be perpendicular, and if they multiply to equal -1, then you know you have a
right triangle. Okay? Then let’s go!

4-(-4
Start by finding the slope of DO: m = % m=-%m-= —%, or -2. Next, find the slope of

-4-0 ,,_-4

1-9°"" g
equal -1, indicating that you have perpendicular lines: (-2)(%) = -1. Therefore, triangle DOG is a
right triangle.

0G:m= m = J%. Multiplying the two slopes together, you find that, indeed, it does



Chapter 2
Get Real!: Wrestling with Real Numbers

In This Chapter

Finding solutions to equations with inequalities
Using interval notation to express inequality
Simplifying radicals and exponents
Rationalizing the denominator

men you build a house, you start by preparing your site and laying your foundation.
In Chapter 1, we found and graded the site and started the foundation, but now it’s

time to make sure that the foundation is set in place before we start building the frame. Pre-
calculus, like a sturdy house, has to be based on a solid foundation. In this case, our house
is based on Algebra I and Il skills. Consider algebra the mortar between your pre-calc bricks.
We're going to refresh your memory and cement you with some of those basic skills.

In this chapter, we assume that you know most of your algebra skills well, so we review only
the tougher concepts in algebra — the ones that give a lot of our students trouble if they
don’t review them. In addition to reviewing inequalities, radicals, and exponents, we also
introduce a purely pre-calculus idea: interval notation. If you feel confident with the other
review sections in this chapter, feel free to skip ahead, but make sure you practice some of
the interval notation problems before moving on to Chapter 3. For those of you who aren’t
sure how solid your cemented foundation is, let’s get brickin’!

Solving Inequalities

Solving inequalities is very similar to solving basic equations, which we assume you know
solidly by now. There are a few subtle differences, which we’ll take the time to review and
practice here.

First, remember that an inequality is a mathematical sentence indicating that two expressions
aren’t equal. Inequalities are expressed using the following symbols:
Greater than: >
Greater than or equal to: >
Less than: <
Less than or equal to: <
Solving equations with inequalities is exactly the same as solving equations with equalities,
WBER with one key exception: multiplying and dividing by negative numbers.
\3
é"‘&

When you multiply or divide each side of an inequality by a negative number, you must
switch the direction of the inequality symbol. In other words, < becomes > and vice versa.
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This is also a good time to put together two key concepts: inequalities and absolute

values, or absolute value inequalities. With these, you need to remember that absolute

values have two possible solutions: one when the quantity in the absolute value bars

is positive, and one when it’s negative. Therefore, you have to solve for these two pos-
@"GRULQ’ sible solutions.

PR,

The easiest way to do this is to drop the absolute value bars and apply this simple rule:

|ax:b|<cbecomesaxib<cANDaxib>—c

|ax:b|>cbecomesaxib>cORaxJ_rb<—c

Need an easy way to remember this? Notice the pattern: < is AND, while > is OR. Just
think: “less thAND” and “greatOR than.”

The solutions for these absolute value inequalities can be expressed graphically, as fol-
lows in Figure 2-1.

|
Figure 2-1: TR

Graphical
solution for

D[ R AR

QNING/
Y One more trick those pesky pre-calculus professors may try and pull on you has to do
with absolute value inequalities involving negative numbers. You may encounter two
possible scenarios:

v~ If the absolute value is less than or equal to a negative number, a solution
doesn’t exist. Because an absolute value must be positive, it can never be less

than a negative number. For example, |2x + 3| =< -5doesn’t have a solution.
v~ If the absolute value is greater than or equal to a negative number, there are
infinite solutions, and the answer is all real numbers. Here, because an absolute

value indicates a positive solution and a positive number is always greater than a
negative number, an absolute value is always greater than a negative number. For

instance, it doesn’t matter which number you plug into the equation |3x - 5| > -2,

you always get a true statement. Therefore, the solution to the statement is all
real numbers.

S

Solve for xin 5 - 2x > 4. Solve forxin|4x+4|—329.

>~

A. x <% Start by subtracting 5 from each side, x 2 2 or x < —4. First, you have to isolate

giving you —2x > -1. Next, divide both sides the absolute value. To do this, add 3 to
by -2 (don’t forget to switch that inequal- both sides. Next, drop the absolute value
ity!), giving you x < ’%. bars and set up your two equations:

4x +4>12 OR 4x + 4 £ -12. Solving each
algebraically, you get x > 2 or x < 4.




Chapter 2: Get Real!: Wrestling with Real Numbers 2 7

’. Solveforxin|4—2x|>12. 2. Solve for x in x* - 5x - 20 > 4.

3. Solveforxin|2x+16|+15>5. 4.  Solve for x in x° - 5x > 4x%.
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Expressing Inequality Solutions
in Interval Notations

peRles

|
Figure 2-2:
Graph of
—4<x<3.
|

Figure 2-3:
Graph of
x<2or
x=5.
|

Pre-calc newbie, listen up. This is something you probably didn’t experience in alge-
bra. Interval notation, although scary sounding, is simply another way of expressing a
solution set. Why have another way to write the same thing? Well, this notation is
important to know because it’s the one most often used in pre-calculus and calculus.
And because we know you're incredibly dedicated to becoming a math wizard (uh-
huh), you need to know how to cast this spell.

The key to writing a solution in interval notation is to locate the beginning and end of a
set of solutions. You can do this by using inequality notation or by visualizing the solu-
tion by graphing it. After you locate your key points, you need to decide which type of
interval you're dealing with: open interval (> or <) or closed interval (= or <).

+ Open interval is indicated by an open circle at a point on a graph and by paren-
theses in interval notation.
1 Closed interval is indicated by a solid circle at a point on a graph and by brack-

ets for interval notation.

For example, the solution set -4 < x < 3, shown in Figure 2-2, can be rewritten in inter-
val notation as [-4, 3). Another way to think of this solution set is x > -4 AND x < 3.

L —

4 3

To indicate a solution set that includes non-overlapping sections (also known as dis-
Jjointed sets), you need to state all the intervals of the solution separated by the word
OR. For example, to write the solution set of x < 2 or x > 5 (as shown in Figure 2-3), you
need to write both intervals in interval notation: (—», 2)U[5, «). The symbol between the
two sets is the union symbol (U). It means that the solution can belong in either interval.

You always use open interval notation (parentheses) for « or —« because they’re not
real numbers.

<D MMM
2 5
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Write the solution for 5 — 2x > 4 in interval _Q Graph the interval set (-2, 3]U(5, «) on a
notation. number line.

A. (%, «). We solve this in the previous sec- A. Figure 2-4. Start by putting your key points
tion, so we just have to write the answer in on the number line. Then draw either solid
interval notation. or open circles on your key points, depend-

ing on whether they're closed or open
intervals. Last, shade.

|
Figure 2-4:
Graph of
(-2, 3lU
(5, o).
|
5. Write the solution for the solution of 6. Write the solution for the solution of
|2x + 16| +15 > 5in interval notation. x* - 5x > 4¥* in interval notation, and graph
the solution on a number line.
7. Graph the interval set (-, -7)U[-5, 2)U 8. Graph the solution of |2x - 1| =<3

(4, ) on a number line.
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Don’t Get Drastic with Radicals and
Exponents — Just Simplify Them!

WMBER
@?«
&

A\

Radicals and exponents (also known as roots and powers) are fundamental algebra con-
cepts. Remember our house? If you don’t have a solid foundation of these concepts,
you may blow, blow, blow your house down! Here’s one area where the foundation
needs to be absolutely pre-calc-cemented in place.

To start, we review the definitions of radicals and exponents and their relationship to
each other:

A radical signifies the root of a number. It’s indicated by the radical symbol (\/— ).

A root of a number is a value that must be multiplied by itself to equal that number.

For example, the second root (or square roof) of 9 is 3 because 3 multiplied by itself is

9 (3-3=9). Similarly, the third root (or cube root) of 8 is 2 because 2 multiplied by itself
two times is 8 (2-2-2 = 8§).

An exponent is the power of a number. It indicates the number of times a number (the
base) is multiplied by itself. For example, 2 to the power of 3 is the same as 2°=2-2.2 =8.

Radicals and exponents are closely related to each other. In fact, they’re inverse opera-
tions. To solve an equation in which the variable is under a radical, simply take the
power of both sides. For example, to solve \/x = 4, you need to square both sides,
giving you x = 16. Similarly, you can often solve an equation in which the variable is
raised to a power (or has an exponent) by taking the root of both sides. For instance,
to solve x*= 27, you can take the cube root of each side, %/? = %/E, to get x = 3. You
can now use this simple fact to solve equations with radicals and exponents. Who’s
got the power now, huh?

Sometimes it’s easier to solve expressions with radicals and exponents by rewriting
them as rational exponents, or exponents written as fractions. To do this, remember
that the numerator (top number) of the rational exponent is the power, and the
denominator (bottom number) is the root.

2
For example, you can rewrite {/8* or (Q/§ ) as 8%.



3

Solve for x in x?* —Sx% —-4x=0.

x =0, 1, 16. Don't let this one scare you!
Just remember your basic fraction rules
and look for a pattern for factoring. Start by
factoring out the GCF (x) from each term.

That leaves you with x(x _3x/t o 4) =0

(remember x% _xl=x" , just basic fraction
stuff here, nothing fancy). Now, recognize
that what'’s left over in the parentheses is
merely a polynomial: y* — 3y — 4 = 0, then
factor this polynomial: (y-4)(y + 1) = 0.
When you recognize this, you need only
deal with the fractions as the exponents. You
can factor the polynomial into

x(x% - 4)(x% +1) =0. Next, set each factor

equal to 0 to find your solutions. It should
look something like this:

x(xy2 —4)(x% +1)=0

x=0 x2=4 x/2=-1
e
x=16 x=1

If you need a refresher of exponen-
tial rules, skip ahead to Chapter 5
for a quick review. And for a quick
review of solving quadratics, skip
ahead to Chapter 4.

0.
A.
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Solve for xinv2x-1+4=x+2.

x = 5. Start this one by subtracting
4 from each side, isolating the radical:

v2x -1 = x - 2. Next, square each side to

2
get rid of the square root: (\/2x - 1) , which
becomes 2x -1 = (x-2)(x - 2).

e
S A common mistake is
to forget that (x — 2)*is
(x-2)(x-2), not x* + 4!
P Multiply this out using FOIL. A

common method for remembering
the steps for multiplying two bino-
mials, FOIL stands for F(first),
O(outside), I(inside), and L(last).
This helps you remember to multi-
ply all the terms.

That leaves you with 2x — 1 = x* — 4x + 4.
Bring all terms to one side: 0 = x* - 6x + 5,
then factor: 0 = (x — 5)(x - 1). Setting each
factor equal to 0, you get two possible
solutions: x = 5 or x = 1. Next, plug both
solutions back into the original equation
to check for extraneous roots (remember
those from Chapter 1?7). Plugging them

in, you find:

J2(5)-1+4=5+2 2(D-1+4=5+2
VI0-1+4=7 N2-1+4=7
J9+4=7 V+4=7

3+4=7 1+4=7

7=17 5=7
Therefore, x = 1 is an extraneous root,
and x = 5 is the solution!

Simplify 27% .

10.

Solve for x in x% —-6x = x4/3 .

31
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8
9

11. Solve for xin Vx—3-5=0. 12. Solve for x in x/=16x%.

73 Solve for x inVx -7 —-+2x -7 = -2. ’4. Solve for x in x%+7x%+10=0.
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Getting Out of a Sticky Situation, or Rationalizing

Ever find yourself justifying why you deserve a day off after a pre-calc test? It may
sound irrational, but rationalizing can come in handy sometimes. To truly simplify a
radical expression, you must rationalize your denominators. In other words, you can’t
leave a radical in the denominator of an expression. In this section, we review and
practice rationalizing the denominator.

We begin with monomials (or one term) in the denominator. For these, it’s important to
remember that you're dealing with an expression and not an equation, so you need to
remember equivalent fractions.
Vg‘“\NG!
S Keep in mind that a monomial is an expression, NOT an equation. You can’t simply
square the term to find a solution, because you can’t counterbalance that action.

Instead, you need to multiply the numerator and denominator by the same term (which
is the same as multiplying by 1). For example, if you need to rationalize the expression

%, you can multiply the expression by ﬁ which equals 1. You then get %

V2

The same idea works for other radicals, but it requires a little more thinking. For example,

if you need to rationalize the expression %, you need to multiply the numerator and

denominator by E/g to the second power, or by %/572 , because raising a cube root to the

2325
2

third power cancels the root. After multiplying, you get

To rationalize expressions with binomials in the denominator, you must multiply both
the numerator and denominator by the conjugate. A conjugate is a fancy name for the
binomial that, when multiplied by the first binomial, gives you the difference of two
squares. It’s found by changing the sign of the second term of the binomial. For exam-
ple, the conjugate of x + y is x — y. We know this for sure because when we multiply the
two conjugates (x + y)(x — y), we get x¥*— ), or the difference of two squares.

So to rationalize a denominator with a binomial, start by multiplying the numerator and

denominator by the conjugate and simplify. For example, to simplify 5 3 NG multiply the

numerator and denominator by 2 + \/§ . The steps look like this:

3(2+‘/§) i} 6+33 . 6+338 | 6+33

(2-43)(2+3)  1-2B8+23-O 4-3
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\\PLE

&

0. Simplify 3—2

= o
A. x=4%/§.

<P To minimize the amount of work you

S

. . 2+\/§
Simplify £TN¥<
p Y3_\/g

A. X = % First, multiply the numerator

and denominator by the conjugate of the

need to do for rationalizing denomi-

nators, it’s a good idea to rewrite

your denominator in factored form

to identify the base numbers you're

dealing with. So for this problem, we

begin by rewriting the denominator:
12

B

Now, we can multiply the numerator and

3
. . .. 3
denominator by 4/3, giving us: 12 i
3/32 {/g
Simplifying, we get: 123/5 = 1243 = 433.

B3

Q‘“\NG!

$V'

2+5] [3+.6]

denominator: ( .

=) (56

Be sure to correctly multiply your
terms, especially when you’re multi-
plying binomials. A common mistake
is to simply distribute the second
term to your conjugate in the numer-
ator, but you need to remember that
you're multiplying two binomials

together: (2+\/§).(3+\/§)
(3-5) (3+5)
2+\/§(3+\/§)

. Correctly multiplied
is-J§H3+J§i

out using FOIL, you should get:

6+25+35 +5
9+3J5-3J5-5

terms, the final answer is M

not

. Combining like
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15. simplify |——. 16. Simplity 6+V8
pliry %+ 4 p Y\/ﬁ_\/g
17. simplity 332 18. simplity -8

218 4%
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Answers to Problems on Real Numbers

Solve for x in |4 - 2x| >12. The answer is x > 8 or x < —4.

Start by dropping the absolute value bars and setting up your two equations: 4 - 2x > 12
or 4 — 2x < -12. Solve algebraically (careful when you divide by that negative!): —-2x > 8 or
—-2x <-16;x <-4 or x > 8.

Solve for x in X* = 5x — 20 > 4. The answer is x > 8 or x < -3.

First, you need to recognize that we’re dealing with a quadratic here. To solve a quadratic, you
need to isolate it. (If you need to review quadratics, skip ahead to Chapter 4). Start by subtract-
ing 4 from each side: x* — 5x — 24 > 0. Next, factor your quadratic: (x — 8)(x + 3) > 0. Now what?
Don’t worry; we’ll lead you through this! Setting each factor to 0 gives you your key points: 8
and -3. If you put these on a number line, you can see that you have three possible solutions:
less than -3, between -3 and 8, or greater than 8. All you have to do is plug in numbers in each
interval to see if you get a positive or negative number. Because you’re looking for a solution
that’s greater than 0, you need a positive result when you multiply your factors, (x — 8) and

(x + 3), together. In other words, you want both of your factors to be positive or both of them to
be negative. Looking at the number line in the following figure, you see that your solutions are
x> 8 or x <-3. Whew!

(x — 8) negative (x—8) negative (x—8) positive
(x + 3) negative | (x + 3) positive | (x + 3) positive
I I

-3 8

Solve for x in |2x + 16| +15 > 5. The answer is all real numbers.

Begin by isolating the absolute value by subtracting 15 from each side, giving you |2x + 16| > -10.
Remember that absolute values are positive and therefore greater than any negative. No matter
what you plug in for x, you get a positive number. So, the solution is all real numbers!

Solve for x in x* — 5x > 4x*. The answer is x > 1 or 0 > x > -5.

First, if you need a refresher on solving polynomials and quadratics, skip ahead to Chapter 4.
For this problem, start by gathering all your variables to one side of the equation by subtract-
ing 4x* from each side: x° + 4x* - 5x > 0. Next, factor out x from each term: x(x* + 4x = 5) > 0.
Then factor the quadratic: x(x — 5)(x — 1) > 0. Setting your factors equal to 0, you can find your
key points. Put these points on a number line. Plug in test numbers from each possible section
to determine whether the factor would be positive or negative. Then, given that you’re looking
for a positive solution, think about the possibilities: (+)(+)(+) = (+),(*)(+)(-) = (), H () =
(), = (). Therefore, your solution is x > 1 or 0 > x > -5.

Write the solution for the solution of |2x + 16| +15 > 5 in interval notation. The answer is (~x, ).

Recognize this one? We solved it in practice problem 3. The solution is all real numbers, and
you write that in interval notation by writing it as infinity to negative infinity. Cool, huh?

Write the solution of x* - 5x > 4x? in interval notation, and graph the solution on a number line.
The answer is (-5, 0) U(1, »).

Oops, we did it again! This one came from practice problem 4. The graph looks like this:

-5 0 1
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Graph the interval set (—0,~7)U[-5, 2)U(4, « ) on a number line.

Graph the solution of ‘Zx - 1| =3

Start by dropping the absolute value sign and setting up your two equations: 2x - 1 < 3 and
2x — 1 >-3. Then solve each to find your solution: 2x <4 and 2x >-2; x < 2 and x > -1. These can
also be rewritten as -1 < x > 2, which can be graphed as follows:

DD

-1 2

Simplify 27 . The answer is 81.

First, recognize that you can think of this problem in two ways: 55[(27)4 and (%/ﬁ )4. Either way
gives you the correct answer, but one is easier to deal with than the other. Starting with 3 (27)

4
order of operations tells us to take the 27 to the power of 4 first, giving us: ¥/531441. Ew! No fun!
If we choose to deal with the problem written like this: ( 327 )4, then it’s much easier. Order of

operations here tells us to take the cube root of 27, which is 3, then take 3 to the 4th power,
which is 81. Ah . .. much better. By the way, the cube root of 531,441 is 81 as well, but we won’t
make you memorize it.

Solve for xin x”* —6x = x’* . The answer is x = 0, -8, 27.

Begin by bringing all the terms to one side in descending order: x % x% - 6x = 0. Next, factor

out an x from each term: x(xz/3 —xli 6) =0. Then, you can see that the resulting quadratic is
similar to y(3* — y - 6), which factors into y(y + 2)(y — 3). Similarly, you can factor x(x% X 6) =0
into x(x% + 2)(x% - 3) =0. Then, setting each factor equal to 0 and simplifying, you can find

your three solutions:

x(x% +2)(x%‘—3)= 0

x=0 x4 42=0 x5 -3=0
x/t=-2 x/5=3
(2 =2y () =Gy
x=-8 x=27

Solve for x in vx—3-5=0.The answer is x = 28.
Start by isolating the radical by adding 5 to each side, giving you /x — 3 = 5. Next, square both
sides to get rid of the square root. This gives you («/x -3 )2 = 5% which simplifies to x - 3 = 25,

which is the same as x = 28.
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Solve for x in x% = 16x% . The answer is x = 64.
% % 16x%
First, divide both sides by x°, giving you: T T Simplify using your exponent rules
X x

(see Chapter 5 for a refresher!): x%_% =16, xz/3 =16 . Next, raise each side to the power of %:
iy 3
(x%) o (16)% . Then, simplify the radical x = (\/1_6 ) by taking the square root of 16 and raising
it to the power of 3. You get 64.
Solve for x invx -7 —-+2x -7 = -2. The answer is x = 8, 16.

Begin by isolating one of the radicals: Jx =7 =-2+2x-7. Then, square both sides to get rid of
that radical: (\/ﬁ )2 = (—2 + \/Zx——7 )2. Make sure that you multiply your binomials correctly!
x-7= (—2 +\2x-7 )( 2+\2x-7 ) Multiplying the terms on the right side of the equation gives
youx-7=4- 42x -7 +2x - 7. Next, isolate the remaining radical using basic algebra:
42x-T=x+4. Then, you can square both sides again to remove the remaining radical:
(4\/2x——7 )2 = (x + 4)2. Using algebra, multiply the two binomials and combine like terms:

16(2x - 7) = (x + H)(x + 4); 32x - 112 = x* + 8x + 16; 0 = x* — 24x +128. This quadratic factors into:
0 = (x - 8)(x - 16). Setting both factors equal to 0, you get two possible solutions: x = 8 and

x = 16. Plug both back into the original equation and you’ll find that both solutions work.

Solve for x in xz/3 + 7x% +10=0. The answer is x = -8, -125.

Start by recognizing that this trinomial is similar to y* + 7y + 10 = 0, which factors to
(v + 5)(y +2) = 0. Similarly, xz/3 + 7xy3 +10=0 factors into (x%+ 5)(x%'+ 2) = 0. Setting each one
equal to 0, you can easily solve for the solutions by taking each side to the power of 3. In other

3

words, x%= -5 becomes (x%‘) (—5)3, so x =-125, and xy3= -2 becomes (x%)3 = (—2)3, S0 x = -8.

Simplify .|—2—. The answer is Y6X+12
2x+4 2x+4
First, you need to separate the fraction into two radicals: one in the numerator and one in the

denominator: \/L Now, multiply the numerator and denominator by the square root in the
X+

denominator: V3 N2x+4 pig we trick you here? This one doesn’t require the use of a
2x+4 \2x+4

conjugate because there isn’t another term added to the radical. Simplify the numerator by

\ /3( 2x+4 } 19
multiplying the radicals: _Nb6x+12

2x +4 2x+4
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Simplify X2t VS V6 +8 The answer is V1543 +2J5 + 2
NUEN 4

Start by multiplying the numerator and denominator by the conjugate of the denominator:

(V6+8) (410 ++2)

. . Next, multiply the binomials in the numerator and denominator using
(Vio-+2] (V0 ++2]

FOIL: V60 + ‘/_20+ \é_o +16 . Then, simplify each radical: 2415 + 2\/§ +4y5+4 . Finally, because

each term in the numerator and denominator is divisible by 2, divide both by 2: JI5 + ‘/§4+ 25 + 2

Simplify ﬁ The answer is ﬂ
2318 2

332 332

= . Notice the 22/5 in both the numerator
23/2-3°  2§2-43*

and denominator? Cancel them! Yea — one less term to worry about! Next, multiply the numerator

3 B

by 5/3F to eliminate the radical in the denominator: Y : B Multiply

Begin by factoring the denominator:

: 3
and denominator of
233?
333°

through: 5 \/3—5 3*/_ and then cancel the 3 from the numerator and denominator to get your

final answer: \/3_3

8
Simplify % . The answer is 2/4.

Start by changing the fractional exponent into a radical: L. Then, multiply the numerator and

g

denominator by one more cube root of 4: %/i— ﬁ Multiply: 8\/7 , and simplify the fraction: 23/4.




40 Part I: Foundation (And We Don’t Mean Makeup!)




Chapter 3

Understanding the Function of Functions

In This Chapter

Determining whether a function is even or odd

Introducing parent functions and how to graph them

Graphing rational functions and piece-wise functions

Performing operations on functions

Finding the domain and range of functions

Working with inverses of functions

ou've seen the coordinate plane, where two number lines meet at a 90° angle. You know

that the horizontal axis is called the x-axis, and the vertical one is called the y-axis. You
also know that each point, or ordered pair, on the plane is named (x, y). But did you know
that a relation is a set of ordered pairs? The domain of the relation is the set of all the x
values, and the range is the set of all the y values. Note: If you ever run into different vari-
ables (like m and n), domain and range will be based alphabetically.

A function is a relation where every x in the domain pairs with one (and only one) y in the
range. The symbol for a function is f(x), read “function of x,” or simply “f of x.” Think of a func-
tion as a computer. Domain is input and range is output. You can’t put input in a computer
and get out different outputs; otherwise, your computer would be broken. If you had the
world’s simplest computer and all it did was multiply by 3, if you input 2 in the computer, you
better get an output of 6. Domain and range have a similarly correspondent relationship. We
explore the idea of functions and some properties of them in this chapter. Now get computing!

Battling Out Even versus Odd

Q,?’\'G RUlf&

If you've ever taken an art class, you’ve probably heard the term symmetry. It means that the
picture is balanced, with equal or similar parts on both sides of the painting. A graph can be
symmetrical as well. Algebra has three different types of symmetry:

v Y-axis symmetry: Each point on the left side of the y-axis is mirrored by a point on the
right side, and vice versa.

v X-axis symmetry: Each point above the x-axis is mirrored by a point below it, and vice
versa.

v Origin symmetry: If you turn the graph upside down, it looks exactly the same.

In pre-calculus, functions take this idea of symmetry and use different terms to describe the
same idea. A function whose graph is symmetrical with respect to the y-axis is called an even
function. Basically, each input x and the opposite input —x give the same y value. In symbols,
textbooks write that f(x) = f(-x). A function whose graph is symmetrical with respect to the
origin is called an odd function. In plain English, each x value gives a y value, and its opposite
—x gives the opposite —y. This means that f(x) = —f(x).
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0. Determine whether f(x) = x' - x* is even, A. This function is even. Replace x with —x

odd, or neither. in the equation and see what happens:
f(=x) = (~x)" - (=x)>. A negative number to
an even power is a positive number. So
f(=x) = x* — x*. Because you get the same
exact function as the original one, this
function is even.

1. s f(x) = x* - 1 even, odd, or neither? 2. Determine whether the given graph is
even, odd, or neither.

3. Sketch half the graph of £(x) < (x*—4 4. Sketch half the graph of f(x) = 4x* and use
grap 0 ( ) symmetry to complete the graph.

and use symmetry to complete the graph.
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Leaving the Nest: Transforming Parent Graphs

You see certain functions over and over again in pre-calc, and sometimes you’ll be
asked to graph them. The plug and chug method for graphing works for any equation
(including functions), but the more complicated the function, the longer it takes you to
graph it using this method. The basic graph, in any case, is called the parent graph.

Common parent graphs include quadratic functions, square roots, absolute values,

cubics, and cube roots. Moving these basic graphs around the coordinate plane is

known as transforming the function and is easier than the plug and chug method.
v\g’Rulf& Several types of transformations of functions exist:

v Horizontal transformations
v Vertical transformations
v Reflections

v Horizontal translations

v Vertical translations

In this section, we take a look at each parent function and then show you how to trans-
form them. Note: Even though in most sections we take a look at only one function
when discussing the transformations, the rules apply to all functions in the same way:.
So if we talk about a quadratic function in the section on vertical transformations,
that’s not the only function that has vertical transformations — they all do.

Ouadratic functions

Quadratic functions are second degree equations. The highest exponent on any one
variable is two. The parent quadratic function is f(x) = x*. Its graph is known as a
parabola; we talk in depth about parabolas in Chapter 12. Begin the graph at the vertex
(0, 0), and to get to the next point, move over 1, up 1; the next point from there is over
1, up 3; the next point is over 1, up 5. You always move over 1 and up the next odd
number. See Figure 3-1 for the graph of the parent quadratic function. The parent quad-
ratic function is an even graph — it’s symmetrical with respect to the y-axis.

|
Figure 3-1: 4
Graphing 1
the parent T T N R N IR R R N N
quadratic
function.
|
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|
Figure 3-2:
The parent
square root
function.
|

|
Figure 3-3:
The
absolute
value parent
function.
|

Square root functions

The parent square root function is g(x) = Jx . This graph looks like half a parabola,
turned on its side. You can’t have x values that are negative because you can’t square

root a negative number, and f(x) is also positive because Jx represents the principle,
or positive root. The graph begins at the origin (0, 0) and then moves up 1, over 1; up
1, over 3; up 1, over 5; and so on. The graph of the parent square root function can be
seen in Figure 3-2.

Absolute value functions

The absolute value parent graph is determined by h(x) = Ix|. You should recognize the
absolute value bars and know that this figure represents distance, so it always gives a
positive output. This parent function also starts at (0, 0) and then always moves over
1, up 1. Its graph can be seen in Figure 3-3. The parent absolute value function is also
an even function.

Cubic functions

A cubic function is one where the highest degree on a variable is three: p(x) = x* is the
parent function in this case. The parent cubic function is an odd function; if you turn it
upside down it looks exactly the same. If you start at the origin (0, 0) and mark a point,
the point immediately to the left is over 1 and down 1, and the point immediately to
the right is over 1 and up 1. This graph is shown in Figure 3-4.



|
Figure 3-4:
The cubic
function’s
parent
graph.

|
Figure 3-5:
The cube
root parent
function.
|
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Cube root functions

Cube root functions are related to cubic functions in a similar way that quadratic and
square root functions are. The parent graph is r(x) = ix. The graph also starts at the
origin and moves right 1, up 1 and left 1, down 1, but the graph is longer than it is tall.
Take a look at Figure 3-5 for this parent graph.

Vertical transformations

In any function, the method of moving up to get to the next point is known as the verti-
cal transformation. Some teachers may explain this concept as amplitude, but that’s
technically incorrect because the functions we’ve discussed so far keep going up for-
ever, so they don’t technically have an amplitude or height. Multiplying any function
by a constant changes a graph’s vertical transformation. This is written as a - f(x).
Think of this as a vertical stretch or shrink. A coefficient between 0 and 1 is a shrink,
and a coefficient greater than 1 is a stretch.

For example, f(x) = 2x* multiplies each up value by 2. From the vertex, you used to
move over 1, up 1, but now you move over 1, up 2. After that, you used to move over 1,
up 3, but now you move over 1, up 6. This keeps going for each point, which is why
some teachers call it amplitude — the height of each individual point is affected.

For another example, if g(x) = % x%, you move in this manner: From the vertex, go over 1,
up %; over 1, up %; over 1, up %; and so on. The graphs of f(x) and g(x) are shown in
Figure 3-6.
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|
Figure 3-6:
Graphing
vertical
transforma-
tions.
|

Q.'Q,\S' Rulf,j‘
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Note: A negative coefficient is actually a reflection, so we discuss that type of transfor-
mation in the upcoming “Reflections” section.

Hovizontal transformations

If the vertical transformation affects the up values in the function, then a horizontal
transformation affects the over values. Horizontal transformations stretch or shrink the
graph along the x-axis. This time, the coefficient is inside the function: f[c(x)].

h(x) = 31x| is a vertical transformation; h(x) = |3x| is a horizontal transformation.
f(x) = 4% is a vertical transformation; f(x) = (4x)” is a horizontal transformation.
Set the expression inside the function equal to the parent function’s normal horizontal

transformation and solve for x to find the new value. If g(x) = 13x!, then set 3x = 1 and
solve for x = 4. From the origin, you move over %, up 1; over 4, up 1; over %, up 1.

Translations

Moving a graph horizontally or vertically on the coordinate plane is called a translation.
Every point on the parent graph is moved right, left, up, or down. Here we take a closer
look at each kind of translation, or shift.

Horizontal shifts

Adding or subtracting a number inside the function’s grouping device is a horizontal
shift. A horizontal shift is always written in the form f(x — i) such that the horizontal
shift is the opposite of what it appears to be.

h(x) =, l(x - 2) moves the parent square root function to the right by 2.
h(x) = ,l(x + 3) moves the parent square root function to the left by 3.
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wshugg  Vertical shifts

O . . . - . L .
& Adding or subtracting a constant outside of the function’s grouping device is a vertical
= shift. These types of transformations are written as f(x) + v, where v is the vertical shift.

p() = ¥’ — 1 moves the parent cubic function down by 1.

p(®) = ¥’ + 4 moves the parent cubic function up by 4.

Reflections
Q&GRUlfg Reflections take the parent function and reflect it over a horizontal or vertical line.
W When the vertical transformation coefficient is negative, the function is flipped upside
a.

down over a horizontal line. For example, f(x) = -5x* affects the vertical transformation
by a factor of 5 and turns the graph upside down at the same time. If the horizontal
transformation is negative, the function is flipped backwards over a vertical line:

h(x) = \[(-x) turns the function to the left instead of to the right.

Combinations of transformations

Putting some or all the transformations into one function is itself a transformation.
Putting all of them together into one expression looks like this: a - f{[c(x - k)] + v where
a is the vertical transformation
c is the horizontal transformation
h is the horizontal translation

<® v is the vertical translation

We recommend doing the translations first and then doing the transformations.

Graph the function f(x) = (x — 3)* by trans-
forming the parent graph.

T f(x) = (x—3)?

A. Seethe graph. This transformation is done
in one step. Because the constant is sub-
tracting inside the quadratic function, you
recognize it as a horizontal shift to the 1
right by 3. Take the parent quadratic func- +
tion and move each point to the right by 3, ———————+—+
as shown in the graph. +
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Sketch the graph of g(x) =v3-x +1by
transforming the parent function.

See the graph. This one takes some work
before you can begin graphing it. It must be
rewritten in the proper form to recognize
the various transformations to the parent
square root function. First, rewrite the

stuff inside the square root so that it’s in

the right order: g(x) = v-x + 3 + 1. Next,
factor out the leading coefficient to get
the horizontal transformation: g(x) =

. l—l(x + 3) +1. This means that the graph

is flipped horizontally. Notice that factoring
out the coefficient affects the horizontal
translation — it’s to the right by 3, and the
vertical translation is up 1. These transfor-
mations can be seen in the final graph.

5.

Graph the function a(x) = —2(x - 1) 6.

Graph the function b(x) = Ix + 41 - 1.
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7. Graph the function c(x) = Vx +3. 8. Graph the function f(x) = —x* — 6x.

Given the graph of the function g in Figure 3-7, sketch the graph of the functions in Problems 9 and 10.

| 4+
Figure 3-7: T
The given
parent func-
tion g(x).
|
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9. -3 10. 2¢(x-1).

Lucid Thinking? Graphing Rational Functions

A rational function is one where the variable is in a fraction’s denominator. You know
by now that when the denominator of a fraction is 0, the result is undefined. The same
is true for rational functions. Because the denominator has a variable, it may be possi-
ble that certain values of x will make the denominator 0. If the function has values that
make it undefined, the graph will have a vertical asymptote.

To find the vertical asymptote, if there is one, set the denominator equal to 0 and solve.
This is a vertical line that the graph will never cross. Some rational functions also have

a horizontal asymptote as well. A graph shouldn’t ever cross a horizontal asymptote, but
in some cases it will, so don'’t freak out if that happens. (The second upcoming example
is a rational function where the graph crosses its horizontal asymptote.)

To find the horizontal asymptote, take a look at both the numerator’s degree and the
denominator’s degree. (If you've forgotten how to find the degree of a polynomial, see
Chapter 4.) Here are the three possibilities for horizontal asymptotes:

A\CRULg,
‘,}'v v The degree of the denominator is greater: This means that the bottom of the
& fraction is getting bigger, faster, and the fraction will go to 0 as x gets larger. Your

horizontal asymptote is the x-axis, or y = 0.

1 The degree of both is the same: This means that the top and bottom of the frac-
tion are moving at the same rate. The quotient of the leading coefficients gives
you the horizontal asymptote.

1 The degree of the numerator is greater: This means that the top of the fraction
is getting bigger, faster. A really big number divided by a smaller number is still a
pretty big number. In short, as x gets larger, so will y, and there’s no horizontal
asymptote. Instead, there’s an oblique asymptote. To find it, find the quotient by
dividing the denominator into the numerator. The function that you find is the
one that you graph as an oblique asymptote.



Graph the function f(x) = %
-x

See the graph. First, find the vertical
asymptote (if there is one) by setting

the denominator equal to 0 and solving.

If 4 -—x =0, then x = 4. Draw a coordinate
plane and add in a dotted vertical line at

x = 4 to mark your vertical asymptote. Now,
look at the numerator and the denominator;
the degree on each is one. Divide the lead-
ing coefficients to find the horizontal
asymptote. In this case, the numerator’s
leading coefficient is 3 and the denomina-
tor’s is —1. This means your horizontal
asymptote is y = %1 = =3. Now that you have
both asymptotes, use them to help you get
the graph. The vertical asymptote divides
your domain into two intervals: (-0, 4) and
(4, «). Pick a couple of x-values on each
interval and plug them into the function to
determine whether the graph lives above or
below the horizontal asymptote. For exam-
ple, if x = -5, then y = -1.77; and if x = 0, then
y =-0.25. If you graph those two points, you
see that they’re both above the horizontal
asymptote. Keep checking points until you
have a good idea of what the graph looks
like.

> ©
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2x-6
x*+4
See the graph. This time, when you try to
find the vertical asymptote, you notice that
x* + 4 = 0 doesn’t have a solution because
x* = —4 has no solution (in the real numbers
anyway). Also notice that because the
denominator has a bigger degree, the hori-
zontal asymptote is the x-axis, or y = 0.
However, also notice that by setting the
numerator equal to 0, you do get a solution:
2x -6 = 0; 2x = 6; x = 3. This means the graph
crosses the x-axis at x = 3 even though it’s
not supposed to. Because there’s no vertical
asymptote, use this value to give you the
intervals to look at to get the graph. On the
first interval (—, 3), y is negative and the
whole graph is below the horizontal asymp-
tote. On the next interval (3, ), y happens
to be positive and the function is above the
horizontal asymptote. If you pick x values
bigger than 3 that keep getting bigger, you
see y increase slowly and then decrease
again and get closer and closer to 0. This
gives you the graph of this function.

Graph the function g(x) =

y#0
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11. Graph the function q(x) = <2 . 12. Graph the function r(x) = —X*3
iX—4HX+5i x’-x-6
13. Graph the function t(x) = —X=2X__ 14. Graph the function u(y) - X-=10x=24

x*—4x-21 x+1
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Picking Up the Pieces: Graphing
Piece-Wise Functions

A piece-wise function is called that because it’s broken into pieces. A piece-wise func-
tion actually contains several functions, each defined on a restricted interval. The
output depends on what the input is. The graphs of these functions may look like
they’'ve literally been broken into pieces. Because of this broken quality, a piece-wise
function that jumps is called discontinuous.

x?+2ifx<1
Graph () =15, 1ix51

A. Seethe graph. This function has been

broken into two pieces: When x < 1, the —
function follows the graph of the quadratic Figure 3-8:
function, and when x > 1, the function fol- The graph
lows the graph of the linear function. of one R R
Notice the hole in this second piece of the piece-wise L
graph to indicate that the point isn’t actu- function.
ally there. The graph is shown in Figure 3-8. —
Vx+3ifx<-1 %x—4ifxs—2

15. Graph g(x) = 2
(x+3) itx>-1 16. Graphh(x)=13x+3if ~2<x <2,

4-xifx=2
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x*+2ifx <0 |x-1]ifx <-3
17. Graph m(x) = {x*+2if 0= x <2 18. Graphn(o) -3ifx=3
x+2ifx=2 |x|—lifx>—3

Operating on Functions:
No Scalpel Necessary

You've come to know (and maybe to love, too?) four basic operations in math: addi-
tion, subtraction, multiplication, and division. Well, in pre-calc, you take functions and
add, subtract, multiply, and divide them. By doing this, you create a brand new func-
tion. This is sometimes called combining functions. In general, you probably won’t be
asked to graph a combined function because it usually won’t be based on any of the
parent functions. If you were asked to graph a combined function, you’d have to plug
and chug your way through it by picking plenty of x-values to make sure you get an
accurate representation of the graph. You may also be asked to find one specific value
for a combined function — you get an x value and you just plug it in and see what hap-
pens. Exciting, we know!

For all questions in this section, you use three functions:
f(x) =x*-6x+2
g(x) = 2x* = 5x
h(x) = V3x+2

0. Find(i- ' is really about collecting like terms and sub-
= ind (- 8)(x) tracting them. Just be sure to watch your
A. (- () = -x* - x + 2. Because these two negative signs! (f - g)(x) = (' - 6x + 2) -

(2 =5x) =X —6x+2-222 + 5x == =X + 2.

functions are both polynomials, solving this
No problem!
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19. Find (£ + h)). 20. Find (ig)(%).

21. Find (h/g)(x). Does this new function have 22. Find (g + h)(2).
any undefined values?
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Evaluating Composition of Functions

Placing one function inside of another (or, actually, in itself) is called a composition of
functions. If you have two functions f(x) and g(x), then the composition f(g(x)) takes g

and places it inside of f. This is also written as (f °8 )(X ), and it’s basically read right to
left; the g function goes into the f function.

You use the same three functions from the last section here as well:

FGY) = X2 = 6 + 2
g(x) = 2x* - 5x
hQo) = VBx+2

Find f(h(x)). root and a square cancel each other:
3x +2-63x+2 + 2. Then simplify

3x +4-6+3x + 2. Start by substituting by combining any like terms:

the entire h function for every x in the f 3x+4-6/3x+2.

function: \/3x +2 2— 6\/3x +2 + 2. A square

23. Find(fog)(x) 24. Find(gof)(x)
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25. Find h(f(x)). 26. Find(fof)(x)

27. Find f(g(-1)). 28. Find gh(3)).
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Working Together: Domain and Range

Now that you’ve been combining and composing functions in the last two sections,
you may be wondering what’s happening with the domain and the range of the new
function. Remember that domain is input, usually x, and that range is output, usually y.
The truth is that the domain of the given function totally (like, for sure!) depends on
the operation being performed and the original functions. It’s possible that something
changed, and it’s also possible that nothing did. Typically, you'll be asked to find the
domain of a combined function and not the range.

Pre-calc teachers and textbooks talk a lot about two functions whose domains are not
all real numbers:

+~ Rational functions: The denominator of any fraction can’t be 0, so it’s possible
that some rational functions are undefined because of this fact. Set the denomi-
nator equal to 0 and solve to find the restrictions on your domain.

1 Square root functions (or any even root): The radicand (what’s under the root
sign) can’t ever be negative. This affects domain; to find out how, set the radi-
cand greater than or equal to 0 and solve. The solution to this inequality is your
domain.

Undefined values are also called excluded values, so be on the lookout for your text-
book to use that terminology as well. When you’re asked to find the domain of a com-
bined function, take your time. We can’t put it into a nice, neat package and give you
one rule that works all the time for finding a combined function’s domain. Take a look
at both of the original functions and ask yourself if their domains have any restric-
tions. These restrictions carry through and combine together to the new combined
function.

You use those same three functions you’ve been using for the last two sections:

£() = X = 6x + 2
g(x) = 2x* - 5x
h() = V3x+2

V. Find the domain of f(h(x)). A. The domain is all numbers greater than
or equal to %. Take a look at the original
two functions first. f(x) is a polynomial;
there are no restrictions on the domain.
However, h(x) is a square root function, so
the radicand has to be positive. 3x + 2 > 0;
3x = -2; x > %. The new combined function
must honor this domain as well.
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29. Find the domain of (- g)(x). 30. Find the domain of h(f(x)).

3. Find the domain of (f + h)(x). 32. Find the domain of (h/g)().
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Finding the Inverse of a Function
(Who Knew It Was Lost?)

An inverse function undoes what a function does. You've seen inverse operations
before: Addition undoes subtraction and division undoes multiplication. It shouldn’t
surprise you, then, that functions have inverses. If f(x) is the original function, then

'(x) is the symbol for the inverse. This notation is only used for the inverse function

- 1
and is never meant to represent .
f 1 X )

You'll be asked to do three main things with inverses:

v Given a function, graph its inverse
v Find the inverse of a given function

+* Show that two functions are inverses of each other

In any case, all you need to know is that it’s all about input and output. If (a, b) is a
point in the original function, then (b, a) is a point in the inverse function. Domain and
range swap places from a function to its inverse. If asked to graph the inverse function,
graph the original and then swap all x and y values in each point to graph the inverse.
To find the inverse of a given function, literally take x and y (or f(x)) and switch them.
After the swap, change the name to the symbol for an inverse function, f'(x), and solve
for the inverse. Lastly, to show that two functions f(x) and g(x) are inverses of each
other, place one inside the other using composition of functions, f(g(x)), and simplify
to show that you get x. Then do it the other way around with g(f(x)) to make sure it
works both ways.

S

Find the inverse of f(x) = 5x - 4. Determine whether f(x) = 3x - 1 and

x+1 .
x) = = are inverses of each other.
') = XTM First, switch x and f(x): g 3

x = 5(x) — 4. Name the new function by A These two functions are inverses. First,

its correct name, the inverse function: find (f o g)(x): 3(xT+1) - 1. Simplify this

gl _ : .
X =5F7() - 4. Now solve for the inverse: expression: x + 1 — 1 = x. That’s what it’s

N X+4 e
X +4 =517 (0); 5 (0. supposed to be, so move onto the next
3x-1+1_3x
one:|gof || x| 22=—=F= = 2% - x, That one
(gof)(x) Sxgled 3
worKks, too, so these two functions are
inverses of each other.
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33. Graph the inverse of g(x) = Vx-2 . 34. Find the inverse of k(x) = %
35. Determine whether f(x) = x* - 1 and 36 Determine whether f(x) = I_TX and

800 = Yx +1are inverses of each other. g(x) = 1 - 2x are inverses of each other.
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Answers to Questions on Functions

Is f(x) = x* - 1 even, odd, or neither? The answer is neither.

Find f(-x) = (=x)’ = 1 = =x* - 1. This isn’t the same function as the original, so the answer isn’t
even. It’s also not the exact opposite of the original, so the answer isn’t odd. The answer is that
it’s neither.

Determine whether the given graph is even, odd, or neither. The answer is odd.
If you look at the graph upside down, it looks exactly the same — that means it’s odd.

Sketch half of the graph of f(x) = Vx?—4 and use symmetry to complete the graph. See the
graph for the answer.

Find f(-x) first and discover that the function doesn’t change at all, which means you’ve got an
even function. If you plug and chug some negative values for x, you know that the positive
values for each corresponding x will be the same.

For example, f(-2) = 0, so you know that {(2) is also 0. f(-3) = /5 , and so does f(3). f(-5) = v21 ,

and so does f(5). Knowing these points gives you the graph.

Sketch half the graph of f(x) = 4x* and use symmetry to complete the graph. See the graph for
the answer.

If you find f(-x), you get —4x°, which is the exact opposite of the original function, meaning that you
have an odd graph. Each x gives you a value {(x), and each opposite —x gives the opposite —(x).

Plug and chug some values to get the graph: {(-3) = -108, so {(3) = 108. {(2) = 32, so f(-2) = -32.
f(-1) = -4, so f(1) = 4. Put these and as many other points as you’d like on the graph.

f(x) = 4x3

Graph the function a(x) = —2(x - 1)°. See the graph for the answer.

This function takes the parent quadratic graph and moves it to the right by 1. The vertical
transformation is 2, making each point twice as tall. The negative sign is a reflection, turning
the graph upside down. Put all these pieces together to get the graph.
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alx) =-2(x—1)?

A Graph the function b(x) = Ix + 4] — 1. See the graph for the answer.

This absolute value function has a vertical shift of 4 to the left and a horizontal shift of 1 down.
The coefficient in the front is 1, so it doesn’t have a vertical transformation — the graph has

just been moved.
\ /b(x)= Ix+4]-1

Graph the function c(x) = +/x+3 . See the graph for the answer.

‘x‘gN\BEIi This square root function is shifted horizontally to the left by 3. Don’t forget that those horizon-
& tal shifts are always the opposite of what they appear to be.

::/././
:: c(x)= Vx+3
. e e e

[l Graph the function f(x) = —x* — 6x. See the graph for the answer.

This one doesn’t look like any of the others that you've dealt with so far. That’s kind of unfair of
us, but it brings up the topic of conic sections, which we talk about later in depth in Chapter 12.
A parabola is one of these fancy types of curves. To get this parabola into its graphable form,
you have to follow a procedure known as completing the square (see Chapters 4 and 12 for more
information on this procedure). We do it for you here and tell you that the function will become
f(x) = =1(x + 3)* + 9. We include it here because a few textbooks (though not many) teach com-
pleting the square early so that you can graph these types of problems. If your teacher is mean
enough to include one of these without teaching you how to complete the square, you have to
plug and chug this type of problem in order to graph it — pick x-values to find the correspon-
ding y-values. Just be sure that your final graph is a parabola, as is ours.
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| f(x) =—x?—6x
| f(x) =—1(x+3)?+9

1

A g(x) - 3. See the graph for the answer.

This is just a graph that we made up. Because it’s a function, it still follows all the rules of trans-
forming functions. Take every single point on the given g(x) function and shift each down by 3,
and you end up with a graph that looks like ours.

B2 2g(x-1). See the graph for the answer.

This time, g(x) is shifted to the right by 1. Take the height of each point in the original function
and multiply it by 2 to get the new height. For example, the original function passes through the
point (2, 4). The height of this point is 4, so when you double that in the new graph, you make
the height 8. Do this for every single point and end up with the graph.

Il Graph the function q(x) = (_4_X2_55 See the graph for the answer.
x-4)x+

The vertical asymptote comes from the denominator: (x — 4)(x + 5) = 0. This equation is already
neatly factored, so all you have to do is use the zero product property and set each factor equal
to 0 and solve. If x—4 = 0, then x = 4, and if x + 5 = 0, then x = -5. Put both of these on the graph as
vertical asymptotes. The horizontal asymptote is the x-axis again because the denominator has
the greater degree. The intervals you need to take a closer look at are (- «, =5), (=5, 4), and (4, «).

Pick a couple of x-values from each interval to get an idea of what the graph is doing. When

x =-7,y=-0.09, and when x = -6, y = —=0.2 — both below the horizontal asymptote. When x = —4,
y=0.25; whenx =-1,y=0.1; whenx =1,y =0.11; and when x = 3, y = 0.25. These are all above
the horizontal asymptote. On the final interval, when x = 5, y = =0.2, and when x = 6, y = =0.09.
These are both below the horizontal asymptote. Put all the pieces together in the final graph.
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Graph the function r(x) = xzx—;BG
First up, vertical asymptote(s). Set x* — x — 6 = 0 and factor to (x — 3)(x + 2) = 0. Set each factor
equal to 0 and solve. If x— 3 = 0, then x = 3, and if x + 2 = 0, then x = -2. Add these two vertical
asymptotes to your graph. Next up is the horizontal asymptote. Because the denominator has
the greater degree, the horizontal asymptote is the x-axis again. Notice, however, that now that
the variable is in the numerator as well, there may be an x-intercept. Set the numerator equal
to 0 and solve. x + 3 = 0 tells you that x = -3 is an intercept. The graph crosses the x-axis even
though it isn’t supposed to. Use this fact to set up the intervals: (- «, -3), (-3, -2), (-2, 3), and
(3, ). Each interval is, respectively, below, above, below, and above the horizontal asymptote.
The graph looks a little weird, but then, which of these problems doesn’t look weird?

. See the graph for the answer.

Graph the function t(x) = % See the graph for the answer.

2

Find the vertical asymptotes for this one by factoring the denominator. If x* - 4x — 21 = 0, then
(x =7 (x + 3) = 0. This gives you two solutions: x = 7 and x = -3. The degrees are the same again,
so the horizontal asymptote this time is y = 1. Put the asymptotes onto the graph and then pick
x-values to get the graph.
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Graph the function u(x) = % See the graph for the answer.
+

This is the toughest of all the problems here because there’s no horizontal asymptote — the
numerator has the greater degree. Use long division to find the quotient x — 11; graph this as an
equation, y = x — 11, with a dotted line to mark your oblique asymptote. Next, add the vertical
asymptote by solving the equation x + 1 = 0 to get x = —1. Finally, plug and chug some values on
each interval to get the graph.

Vx+3ifx<-1

Graph g(x) = ( . See the graph for the answer.

2
X+ 3) ifx>-
And now you get to graph piece-wise functions together. Take a look at each interval of the
domain to determine the graph'’s shape. For this function, the top piece is only defined when
x £-1. This part of the graph looks like a square root graph shifted 3 to the left. The bottom piece
is defined when x > -1. This part of the graph is a parabola, shifted 3 to the left. If it helps you to
lightly sketch the whole graph and then erase the part you don’t need, we highly recommend it.
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(x+3Pifx>-1

{\/X+3ifx5—1

:
l

Jx-difx=-2
B Graphh(x) = {3x+3if -2<x <2 See the graph for the answer.
4-xifx=2

The first piece is a linear function that’s defined only when x < -2. The second piece is also a
linear function, defined between -2 and 2. The third piece is another linear function, defined
when x > 2.

Vax—4ifx<2
3x+3if-2<x<2

4—xifx>2

/

x*+2ifx <0

Graph m(x) = {** +21if 0=<x <2 See the graph for the answer.
x+2ifx=2

The first piece is a cubic shifted up by 2 — its right endpoint should be open. However, when
you graph the second piece, it’s a parabola that’s shifted up by 2. Its left endpoint overlaps the
right endpoint of the first piece. This fills the hole that was there, and the graph carries on until
x = 2, where it gets broken again. The third piece follows the linear function to the right of x = 2.
The graph comes together to look like this:
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xX+2ifx<0
X+2if0<x<2
x+2ifx>2

|x - 1| if x <-3
Graph n(x) = -3ifx=3 . See the previous graph for the answer.
|x|-1if x> -3

This piece-wise function is different because the middle piece is defined only at one point.
When x = 3, y = -3; that’s it. The first piece follows the absolute value graph that has been
shifted to the right by 1. The third piece is also an absolute value graph, but it has been shifted
down 1. Here’s the not-really-last graph.

N\

[x—1]if x<-3
—-3ifx=-3
Ixl-1ifx>-3

Find (f + h)(x). The answer is x> —6x +2+/3x+2.

Take the f function and add the h function to it. Because one is a polynomial and the other is a
square root, there are no pesky like terms. The answer is (f + h)(x) = x* —6x+2+3x+2.

Find (fg)(x). The answer is 2x* — 17x* + 34x — 10x.

Start off by writing out what you’ve been asked to find — the product of f and g: (fg)(x) =
(" - 6x + 2)(2x* — 5x). Distribute each term of the left polynomial to each term of the right
polynomial to get 2x" — 12x° + 4x* — 5x* + 30x* — 10x. Next, combine the like terms and get
(f2) () = 2x* = 17x* + 34x* - 10x.
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N3x+2

2x* -5x and

Find (h/g)(x). Are there any undefined values for this new function? The answer is
yes, there are undefined values: x = 0 and x = %.

This time you’re asked to find the quotient of h and g, with h on the top and g on the bottom.
Because they’re different types of functions, they won’t simplify at all. This means your answer

V3x+2

is, simply, 2%’ —Bx Because the denominator now has a polynomial, there may be undefined
values. Set the denominator equal to 0 to start: 2x* - 5x = 0. Solve by factoring out the GCF:
x(2x - 5). This has two solutions: x = 0 and x = %. These are the undefined values.

Find (g + h)(2). The answer is 2x*—5x++/3x+2.

Because you’re adding another polynomial and a square root, there are no like terms. The
answer is 2x?—5x++/3x+2.

Find (fo g)(x). The answer is 4x* - 20x® + 13x° + 30x + 2.

Take the g function and start plugging into f everywhere it says x: (2x* - 5x)* — 6(2x* - 5x) + 2.
Multiply everything out first: 4x* — 20x* + 25x* — 12x* + 30x + 2. Now combine like terms to get

the answer: (fog)(x) = 4x* = 20x° + 13x% + 30x + 2.
Find (gof)(x). The answer is 2x* — 24x® + 75x% - 18x - 2.

This time, place f into g where it says x: 2(x* — 6x + 2)* - 5(x* — 6x + 2). Square the polynomial

on the left first by multiplying x* - 6x + 2 by itself and distributing each term by each term.

This is quite long, so we show you the steps so you can follow along. 2(x" - 6x° + 2x* — 6x° + 36x" —
12x + 2x* - 12x + 4) - 5(* - 6x + 2). Combine like terms: 2(x" — 12x° + 40x* — 24x + 4) - 5(x* — 6x + 2).
Distribute the coefficients next: 2x" — 24x* + 80x* - 48x + 8 — 5x* + 30x — 10. Combine the like

terms to end up with the final answer: (g ° f)(x) = 2x" = 24x% + T5x% - 18x - 2.

Find h(f(x)). The answer is \/3x*>—18x+8 .

Substitute f in for x in the h function: ﬂm . Distribute that 3 inside the root:

J3x* ~18x + 6 + 2. Combine those like terms to end up with the answer: h(f(x)) = J3x2—18x+8 -
Find (fof)(x). The answer is x* — 12x° + 34x” + 12x - 6.

This time, place f into itself everywhere it says x: (X* - 6x + 2)* = 6(x* - 6x + 2) + 2. You went
through the process of squaring that polynomial once before in question 24, so we won’t do
it again here. When you multiply everything out, you get x* — 12x* + 40x* — 24x + 4 — 6x* + 36x —

12 + 2. Combine like terms to end up with the answer: (f of)(x) =x'—12x° + 34x* + 12x - 6.
Find f(g(-1)). The answer is 9.

You already found f(g(x)) in question 23 — it’s 4x" — 20x* + 13x* + 30x + 2. Now, substitute —1
in for x: 4(-1)* - 20(-1)* + 13(=1)* + 30(-1) + 2. Simplify by dealing with all the exponents first:
4(1) - 20(=1) + 13(1) + 30(=1) + 2. Simplify further by multiplying: 4 + 20 + 13 - 30 + 2. Add and
subtract to finally end up with 9.

Find g(h(3)). The answer is 22 - 511 .

You didn’t find g(h(x)) in any other problem, but that doesn’t mean you have to. Remember
that these are read right to left. This question is asking you to plug 3 into h and then plug that

answer into g. Start with h(3) =, Bi 3 i+ 2 =\9+2 =+/11. Now plug this value in g and find g(\/ﬁ) :
2(VIT) 511 = 2(11) - 5411 - 22 - 511
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Find the domain of (f ° g)(x). The domain is all real numbers.

You found the composition of (f o g)(x) in question 23, and you ended up with a longish
polynomial: (f 0 g)(x) = 4x* - 20x* + 13x* + 30x + 2. Because it’s a polynomial, there’s nothing
weird about the domain. It’s all real numbers.

Find the domain of h(f(x)). The domain is x < 0.48 and x > 5.52.

h(f(x)) = v3x*—18x+8 , which you found in question 25. This puts a polynomial under a
square root. A square root’s radicands have to be positive. Find where 3x* — 18x + 8 is positive by
setting it greater than or equal to 0 and solving using the quadratic formula. This gives you two

critical values: IS:T "228. Place these test values on a number line and look at the intervals that

are determined by them: x < 0.48, 0.48 < x < 5.52, and x > 5.52. If you plug test values from each
interval into the inequality, you discover which intervals work and which don’t. In this case,
x has to be less than 0.48 and bigger than 5.52, thus the answer x < 0.48 and x > 5.52.

Find the domain of (f + h)(x). The domain is x > %.

(f+h)(x) = x*—6x+2++/3x+2. This adds a square root to a polynomial, so the new com-
bined function must follow all the rules that the square root function did by itself.

Find the domain of (h/g)(x). The domain is x > %, except x = 0 and x = %.

/g = 222

2x* -5x
polynomial in the denominator has undefined values x = 0 and x = %. These are both in the
restricted domain, so they become part of the answer. You express it as one neat sentence:
“The domain is x > %, except x = 0 and x = %.”

Graph the inverse of g(x) = 1/(x - 2) . See the previous graph for the answer.

No more graphing! We mean it this time . . . in this chapter anyway. Start off by graphing the
square root function shifted to the right by 2. Points on this graph include (2, 0), (3, 1), and
(6, 2). Flip them to get (0, 2), (1, 3), and (2, 6) — all points on the inverse function graph. We
show both in the graph.

. The square root in the numerator restricts the domain to x > %. The

f1(x)

f(x)
—o—o—o—o—o—o—o—o—o—a—/—o.:—o—o—o—’—k
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Find the inverse of k(x) = 3_x1 The answer is f(x) = LS

3f"(x)

_1x_

is in the numerator and the denominator. The only way you can solve for it is to get rid of the
fraction first by multiplying both sides by the denominator and getting x(f'(x) - 1) = 3f'(%).
Distribute the x and get x f'(x) - x = 3 f'(x). Get everything with the inverse in it to one side
and everything else to the other side: xf'(x) — 3f'(x) = x. Factor out the GCF on the left, the
inverse function: ' (x)(x — 3) = x. Now divide the leftovers to solve for the inverse: f(x) =

Switch x and f(x) and name the new inverse by its real name: x = T Notice the inverse

X
x-3
Determine whether f(x) = x* - 1 and g(x) = i/x +1are inverses of each other. The answer is that
they’re not inverses.

3
First, find the composition (f ° g)(x). (f ° g)(x) = (3/; + 1) - 1. This doesn’t simplify to get x, so
you can stop. They’re not inverses.

Determine whether f(x) = I—Tx and g(x) = 1 — 2x are inverses of each other. The answer is yes,
they are inverses.

(Fog)(x)- 1-(1-2x) 1 1,90 2

2 2 2
(go f)(x) =1- Z(FTX) =1- (l - x) =1-1+x = x. Okay, you checked both; it’s official, they’'re

= x. One down, one to go.

inverses.
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Chapter 4

Go Back to Your Roots
to Get Your Degree

In This Chapter

Solving quadratic equations by factoring

Exploring methods to solve quadratic equations that don’t factor
Figuring out how many roots a polynomial has

Finding the roots of a polynomial

Using roots and the leading coefficient test to graph polynomials

A polynomial is any expression with more than one term in it. The highest exponent on
any term in a polynomial is its degree. In this chapter, we review solving polynomial

equations to find the solutions, which are also called roots or zeros. We start with a review
of solving quadratic equations — polynomials where the highest exponent is two. Then we
move into equations with higher degrees and show you how to solve them. We also take a
look at using roots to factor polynomials and how to graph polynomials.

Reason Through It: Factoring a
Factorable Polynomial

Before getting started on the nitty-gritty, here’s some vocabulary you should know to be suc-
cessful in this chapter (and after):
Standard form: What most textbooks use to write a quadratic equation: ax® + bx + c = 0
Quadratic term: The term with the second degree: ax®
Linear term: The term with the linear degree: bx
Constant: The term with zero degree: ¢

Leading coefficient: The number multiplying the term with the highest degree: a
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In math, the process of breaking down a polynomial into the product of two polynomi-
als with a smaller degree is called factoring. In general, factoring works best on quad-
ratic equations and is always the first thing you should try when asked to solve
second-degree polynomials. Some types of factoring (like the difference of cubes or
grouping — more on those later in this section) may work on higher degree polynomi-
als, and you should always check them to see if they’re factorable first. When pre-
sented with a polynomial and asked to solve it, you should always try the following
methods of factoring, in order:

v Greatest common factor: The greatest common factor, or GCF, is the biggest
expression that will divide into all the other terms. It’s a little like doing the dis-
tributive property backwards.

Break each term down into prime factors, look at all those factors to see what
they share in common (that’s your GCF), factor the GCF out from every term by
putting it in front of a set of parentheses, and leave the factors that aren’t the
GCF inside the parentheses.

1+ The polynomial is a binomial: If the polynomial has two terms, check to see
whether it’s a difference of squares or the sum or difference of cubes.

Difference of squares a* - b* always factors to (a — b)(a + b)
Difference of cubes a’ — b® always factors to (a — b)(a* + ab + b?)
Sum of cubes a’ + b* always factors to (a + b)(a®* — ab + b°)
v The polynomial is a trinomial: Try using the FOIL method backwards.

Some teachers teach the “guess and check method,” where you keep trying dif-
ferent pairs of binomials until you happen to stumble on the right one. This isn’t
fun by any means, and you could try all day long and never figure it out (or
maybe the polynomial is prime and won'’t factor).

We recommend using the British method (also known as the FOIL method back-
wards) instead. Follow these steps to use this method:

1. Multiply the quadratic term and the constant term. You only do this in
your head (or somewhere else on your paper) and you only do it to pro-
ceed to the next step.

2. Write down all the factors of the result of Step 1, in pairs. Again, you do
this for you only and also to make sure that you list every possibility —
that’s why it’s not guess and check. If you list them all and none of them
work (see Step 3), you know your trinomial is prime.

3. Find the pair from the list in Step 2 that adds to produce the linear term.
Only one of them will work, and if none of them do, it’s prime.

4. Break up the linear term into two terms — the winning pair from Step 3.

You’ve now created a polynomial with four terms. Proceed to the next type of
factoring — a polynomial with more than three terms.

1 The polynomial has more than three terms: Try grouping the polynomial.

Group the polynomial into two sets of two. Find the GCF for each set and factor it
out. Find the GCF of the two remaining expressions and factor it out. You end up
with two binomials, exactly what you were looking for!

After you have the polynomial factored, you can use the zero product property to
solve it by setting each factor equal to 0 and solving.
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Solve the equation 3x* + x -2 = 0. 0. Solve the equation 3x* - 3x = 0.

=

A. x = %, x = -1. Multiply the quadratic term x =0, 1, and -1. Always check for the GCF

and the constant term: (3x)(-2) = -6x°. first and factor it out: 3x(x* - 1) = 0. Now
Write down all factors of this, in pairs: —x recognize the “leftovers” as a difference of
and 6x, x and -6x, —2x and 3x, 2x and -3x. squares which factors again: 3x(x - 1)(x +
The pair that adds up to the linear term is 1) = 0. Set each factor equal to 0 and solve:
—2x and 3x. Split the middle term into two x=0,x=0.x-1=0,x=1.x+1=0,x=-1.

using this pair: 3x* - 2x + 3x — 2 = 0. Now
that you have four terms instead of three,
use grouping to factor it: x(3x - 2) + 1(3x -
2) = 0. Notice that the second two factors
only have a GCF of one; you still factor it
out. Now there’s a GCF again — both sets
of terms share (3x — 2) so that can factor
out to the front: (3x - 2)(x + 1) = 0. Finally,
use the zero product property to solve
the equation. If 3x - 2 = 0, then x = %; and if
x+1=0,thenx=-1.

1. Solve the equation 2y* + 5y = 12. 2. Solve the equation 16m*-8m + 1 =0.

3. Solve the equation x* + x* = 9x + 9. 4 Solve the equation %xz + %x =2
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Get Vour Roots Done while Solving
a Quadratic Polynomial

What happens when a quadratic equation doesn’t factor? You're done, right? Well, not
quite. You have two more methods you can use. One we always recommend (the quad-
ratic formula) and the other we don’t (completing the square). However, your teacher
may require you to use both, so we include both here. When you get to graph quadrat-
ics in Chapters 3 and 12, it’s easiest to do by completing the square and then using the
rules of transforming a parent function to get the graph.

Completing the square

Completing the square is the technique to use when you’re specifically told to do so.
Other than that, save it for graphing. Here are the steps:

1. Make sure the quadratic is written in standard form: ax® + bx + ¢ = 0.

2. Add (or subtract) the constant term from both sides: ax’ + bx = —c.

3. Factor out the leading coefficient from the quadratic term and the linear term:
a( x? +§x) =-c.

2

2
4. Divide the new linear coefficient by two: b.o. L; square this: (L) -b 1]
a 2a 2a 4a
2
and add this inside the parentheses: a( x+ 2y 4b 5 ) =—C.
a a
5. Keep the equation balanced by multiplying the leading coefficient by the

2 2
4b = Z—, and adding it to the other side:
a’  4a

term you just added in Step 4: a-

a(x2 by, b ) _ sl

a 4d’ 4a
2 2

6. Divide the leading coefficient from both sides: x* + 2x+ 2 __€, b
a 4a , a 4a

7. Factor the trinomial on the left side of the equation: (x + Q) __c,b 24 .

a a 4a’
8. Take the square root of both sides: x + b_. /— + 4b22 .
a a

9. Solve for x: x = =2+ |-€ bzz.
a a 4a

Ouadratic formula

Of course, those of you who know the quadratic formula should vaguely recognize the
steps above — they’re the derivation of the quadratic formula. All you have to do is
find the common denominator of both the fractions inside the square root, add them
together, and watch the square root simplify. Ultimately, you end up with the quadratic
formula:

Q|n

-b++/b’ - 4ac

2a

X =
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Solve the equation 5x° - 12x - 2 = 0. 124144 +40 12184 oot forget to
10 10
X = @ This equation doesn’t factor, check your square roots and simplify them

so you use the quadratic formula to

solve it.a = 5 b=-12, ¢= —2. Plug these every coefficient and constant in the answer,
values into the quadratic formula: 626
=+

L oy _ so it simplifies even further to
_(_12)_ \/( 21(25)) 4(5)( 2). Now simplify it:

as well: % Finally, 2 goes into

5. solvex*-10-=2x. 0. SolveTx’-x+2=0.

7. Solve X’ - 4x -7 = 0 by completing the 8. Solve-2.31x2-4.2x+6.7=0.
square.
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Climb the Mountains by Solving
High Order Polynomials
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The greater the degree of your given polynomial, the harder it is to solve the equation by
factoring. You should always still try that first because you never know . . . it may actu-
ally work! When factoring fails, however, you begin anew with a longer and more compli-
cated process for finding the roots. We walk you through each step, one by one.

Always begin by finding the degree of the polynomial because it gives you some very
important information about your graph. The degree of the polynomial tells you the
greatest maximum number of roots — it’s that easy. A fourth-degree polynomial will have
up to, but no more than, four roots.

Determining positive and negative roots:
Descartes’ Rule of Signs

When you know the total number of roots, you can use Descartes’ Rule of Signs to deter-
mine how many of the roots are positive and how many are negative. This literally tells
you how many times your graph crosses the x-axis on the negative side as well as on the
positive side. These will all be real roots represented as points on the real number line
that is the x-axis. All you have to be able to do is count!

Make sure that the polynomial f(x) is written in descending order first, from highest degree
to lowest. Look at the sign of each term and count how many times the sign changes from
positive to negative and vice versa. The number of sign changes represents the maximum
number of positive real roots. The rule also says that this number decreases by 2 over and
over again until you end up with 1 or 0 (more on this in the section on imaginary roots).
This gives you the list of the possible number of real positive roots.

Descartes also figured out that if you take a look at f(—x) and count again, you discover
the maximum number of negative real roots. Remember that negative numbers raised to
even powers are positive, and negative numbers raised to odd powers are negative. This
means that f(—x) changes from f(x) only on the odd degrees. Each odd exponent becomes
the opposite of what it was in f(x). Count the number of times the sign changes in this
function, subtract 2 over and over until you end up at 1 or 0, and end up with a list of the
possible number of real negative roots.

Counting on imaginary roots

Imaginary roots happen in a quadratic equation when the radicand is negative. Remember
from Algebra I that you should look at the discriminant (the part of the quadratic formula
under the root sign: b° — 4ac). If the discriminant is negative, the roots are imaginary. The +
sign also tells you that there are two of these roots, always in pairs. This is why in the pre-
vious section you subtract by 2; you have to account for the fact that the roots may be in
pairs of imaginary numbers. In fact, the pairs will always be complex conjugates of each
other — if one root is a + bi, for example, then the other one is a - bi.

The Fundamental Theorem of Algebra says that every polynomial has at least one root in
the complex number system. Chapter 11 explains complex numbers in depth, but for
now all you need to know is that a complex number has both a real and an imaginary
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part. That’s why there has to be at least one complex root — it has to be either real, imaginary,
or both at the same time. Kinda cool, huh?

Because you know the total number of possible roots and the list of possible positive and nega-
tive roots, you can use all that information to determine how many imaginary roots a polynomial
has. Pair up every possible number of positive roots with every possible number of negative
roots. The remaining number of roots in each situation represents the imaginary roots.

Getting the rational roots

The Rational Root Theorem helps you narrow down the possibilities even further. Right now, if
you’ve gone through all the steps, you only know the total number of roots, how many are posi-
tive real, how many are negative real, and how many are imaginary. That still leaves an infinite
number of possibilities! The Rational Root Theorem helps you because it finds the possible roots
that are rational (those that can be written as a fraction). The problem with the theorem? Not all
roots are rational. Keep in mind that some (or all) of the roots are irrational.

To use the Rational Root Theorem, take all the factors of the constant term and divide by all the
factors of the leading coefficient. This produces a list of fractions that are all possibilities for
roots. You could try plugging each one of these possibilities into the original function in the
hopes of finding a root (remember, they’re also called zeros because the value of the function
will be 0). This process is long and tedious because, each time, you’re dealing with the original
function. If there are 50 roots, you're not helping yourself by plugging and chugging. Instead,
move on to the next step.

Synthetic division finds some roots

With the list from the last section in front of you, pick one fraction and try it to see if it works. If it
does, the quotient is a depressed polynomial. No, it’s not sad — its degree will be less than the
one you started with. You use this quotient to find the next one, each time lessening the degree,
which narrows down the roots you have to find. At some point, your polynomial will end up as a
quadratic equation, which you can solve using factoring or the quadratic formula. Now that’s
clever! If the root you try doesn’t work, you should always try it again to see if it’s a root with
multiplicity — that is, roots that are used more than once.

Here are the steps to use for synthetic division:

1. Make sure the polynomial is written in descending order. If any degrees are missing, fill
in the gaps with zeros.

2. Write the number that’s the root you’re testing outside the synthetic division sign. Write
the coefficients of the polynomial in descending order and include any zeros from Step
1 inside the synthetic division sign.

3. Drop the first coefficient down.

4. Multiply the root on the outside and this coefficient. Write this product above the syn-
thetic division line.

5. Add the next coefficient and the product from Step 4. This answer goes below the line.
6. Multiply the root on the outside and the answer from Step 5.

7. Repeat over and over again until you use all the coefficients.

This process is easier to see with an example. Hold on and we’ll show you. Just know that when
you do synthetic division, you end up with a list of roots that actually work in the polynomial.
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Find the roots of the equation x* + x* — 5x +
3=0.

x = 1 (double root), x = -3. We go through
the whole process described in this section
for this example question.

The number of roots: First, this equation
is third degree, so it may have up to
three different roots.

Descartes’ Rule of Signs: Next, by look-
ing at f(x) = x* + x¥* = 5x + 3, you notice
that the sign changes twice (between the
second and third terms and the third and
fourth terms). This means there could be
two or zero positive real roots. Next, look
at f(-x) = =’ + X* + 5x + 3 and notice the
sign only changes once, giving you only
one negative real root.

Imaginary roots: So if two roots are posi-
tive and one is negative, that leaves none
leftover that are imaginary. But if zero
are positive and one is negative, that
leaves two imaginary roots.

Rational Root Theorem: Take all the fac-
tors of 3 (the constant term) and divide
by all the factors of 1 (the leading coeffi-
cient) to determine the possible rational
roots — + %, = %. Reduce the fractions
and discard any duplicates to get the
final list: + 1, + 3.

Synthetic division: Pick a root, any root,
and use synthetic division to test and
see if it actually is a root. Because we
know the answers (we did write the
question), we have you start with x = 1:

111 1-5-3
123
12-3 0

The last column on the right is the
remainder; because it’s 0, you know you
have one root: x = 1. Also notice that the
other numbers are the coefficients of the
depressed polynomial you’re now work-
ing with: x* + 2x — 3 = 0. Because this is a
quadratic, we recommend shifting gears
and factoring it to (x + 3)(x-1) = 0 to be
able to use the zero product property to
solve and get x = -3 and x = 1 (again —
making it a double root!).

> ©

Solve the equation x°* + 8x* + 22x + 20 = 0.

x =-2,x =-3 +i. This equation is also a
third degree, so it will have a maximum of
three roots. Looking at f(x) = x* + 8x* + 22x
+ 20 reveals that none of them are positive.
Looking at f(=x) = —=x° + 8x* - 22x + 20 reveals
that either three or one of them are nega-
tive. If zero are positive and three are nega-
tive, there can’t be any imaginary roots.
However, if zero are positive and only one
is negative, two of them have to be imagi-
nary. The Rational Root Theorem generates
this list of fractions (and we’re only looking
at the negatives because we know there
aren’t any positive roots): -4, -4, -4, -4,
-% and 4. These all reduce, respectively,
to -1, -2, -4, -5, -10, and -20. Start off with
X = -2 to discover one of your roots:

2|18 22 20
-2-12-20

16 10 0

The reduced polynomial you're now work-
ing with is x* + 6x + 10. This quadratic does-
n’t factor, so you use the quadratic formula
to find that the last two roots are indeed
imaginary: x = -3 t i.
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9. Solve the equation 2x° + 3x* = 18x + 8 = 0. 10. Solve the equation 12x" + 13x* — 20x% + 4x = 0.

11. Solve the equation x* + 72 + 13x + 4 = 0. 12. Find the roots of the equation x* + 10x° +
38X2 + 66x + 45.

Strike That! Reverse It! Using Roots
to Find an Equation

The factor theorem says that if you know the root of a polynomial, then you also know a
factor of the polynomial. These two go back and forth, one to the other — roots and fac-
tors are interchangeable. Your textbook may ask you to factor a polynomial with a degree
higher than two, and it just won'’t factor using any of the techniques we describe in the
earlier sections. In this case, you must find the roots and use them to find the factors.

\\3
If x = cis aroot, then x — c is a factor and vice versa. It always works, and that’s some-
thing you can count on. Nice, huh?
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Q. Use the roots of x* + x> = 5x + 3 = 0 to factor and x = =3. Using the factpr theorem, if,
the equation. x =11is aroot, then x -1 is a factor (twice);

and if x = -3 is a root, then x — (=3), or x + 3,
A - 1)2(x +3) = 0. This is the question from is a factor. This means that 3* + ¥ =5x +3 =0
« =0. )
the first example in the last section. You factors to (x -~ 1)°Cx + 3) = 0.
found that the roots are x = 1 (double root)

’3 If the roots of a polynomial are x = -3, -2, 4, ’4. If the roots of a polynomial are x = 2 and
and 6, what’s the polynomial? 4 + 3i, what’s the polynomial?

15. Factor the polynomial 6x* — 7x* — 18x + 13x 16. Factor the polynomial x* + 10x* + 38x* + 66x
+6=0. +45.

Graphing Polynomials

Now that you have your list of the roots of your polynomial, you’'ve done the hard
work to graph the polynomial. Remember that roots or zeros are x-intercepts — you
now know where the graph crosses the x-axis. Follow these steps to get to the graph:

1. Mark the x-intercepts on your graph.

2. Find the y-intercept by letting x = 0. The shortcut? It will always be the constant
term.
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3. Use the leading coefficient test to determine which of the four possible ways
the ends of your graph will point:

a. If the degree of the polynomial is even and the leading coefficient is posi-
tive, both ends of the graph will point up.

b. If the degree of the polynomial is even and the leading coefficient is nega-
tive, both ends of the graph will point down.

c. If the degree of the polynomial is odd and the leading coefficient is positive,
the left side of the graph will point down and the right side will point up.

d. If the degree of the polynomial is odd and the leading coefficient is negative,
the left side of the graph will point up and the right side will point down.

4. Figure out what happens in between the x-intercepts by picking any x-value
on each interval and plugging it into the function to determine if it’s positive
(and, therefore, above the x-axis) or negative (below the x-axis).

5. Plot the graph by using all the information you’'ve determined.

Graph th tion fO) = ° + x* — 5x + 3. x = =3. The y-intercept is the constant y = 3.
raph the equation f(x) = x" « o The leading coefficient test tells you the
A. Seethe graph in Figure 4-1. This is the graph starts by pointing down and ends by

pointing up. The double root at x = 1 makes

first example from the section on solvin
p 8 the graph “bounce” and not cross there.

higher order polynomials again. You found
that the roots are x = 1 (double root) and

Figure 4-1: .
The graph of ]
fix)=x+x
-5x+3.
|
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\k\.g _Q. Graph the equation f(x) = x* + 8x* + 22x + 20. A. Seethe graph in Figure 4-2. This is the
second example from the section on
solving higher order polynomials. You
found one real root of x = -2, as well as the
complex conjugates x = -3 £ i.

Figure 4-2: T

The graph of
f(x) =X + 8X
+22x + 20.
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17. Graph f(x) = x* + 2x° = 13%* - 14x + 24. 18. Graph f(x) = 6x* = 7x* = 18x* + 13x + 6.

19. Graph f(x) = 12x* + 13x° = 2022 + 4x. 20. Graph f(x) = x* + 10x* + 38x* + 66x + 45.
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Answers to Questions on Finding Roots

Solve the equation 2)* + 5y = 12. The answer is y = %, —4.

Begin with any quadratic equation by getting 0 on one side of the equation. In this case, sub-
tract 12 from both sides: 2y* + 5y — 12 = 0. Now, begin factoring by multiplying the leading
term (2)y”) and the constant term (-12) to get —24y”. List all the factors of this, in pairs: -y
and 24y, y and -24y, -2y and 12y, 2y and -12y, -3y and 8y, 3y and -8y, -4y and 6y, 4y and —6y.
The correct pair that adds up to the linear term is -3y and 8y. Split up the trinomial

into a polynomial using this magic pair: 2y* — 3y + 8y — 12 = 0. Factor by grouping:

y(2y - 3) + 4(2y - 3) = 0. Look at both terms and notice that each contains (2y - 3) —

that’s a greatest common factor! Factor out the GCF: (2y — 3)(y + 4) = 0. Use the zero
product property: 2y-3=0,2y=3,y=%andy+4=0,y=-4.

Solve the equation 16m* - 8m + 1 = 0. The answer is m = %.

How come there’s only one answer? Oh right, it’s a double root, probably. Let’s factor it and
find out: (16m*)(1) = 16m’, whose factors are m and 16m, -m and —16m, 2m and 8m, -2m and
-8m, 4m and 4m, and —-4m and —-4m. The winning pair is the last one. Now, create the poly-
nomial 16m* — 4m - 4m + 1 = 0 and group it to get 4m(4m - 1) - 1(4m - 1) = 0. Next, factor
out the GCF: (4m - 1)(4m - 1) = 0. Notice that both factors are the same. Your answer is the
same root twice!4m-1=0,4m =1, m = %.

Solve the equation x° + x* = 9x + 9. The answer is x = -3, -1, and 3.

You need to get 0 on one side first: x* + x¥* = 9x - 9 = 0 will do. If you group the polynomial
into two sets of two, you get two greatest common factors: x*(x + 1) — 9(x + 1) = 0. This also
has a GCF in it: (x + 1)(x* = 9) = 0. Notice that the right factor is a difference of squares and
will factor again: (x + 1)(x — 3)(x + 3) = 0. Set each factor equal to 0 and solve: x + 1 = 0,
x==-1;x-3=0,x=3;x+3=0,x=-3.

Solve the equation %xz + %x = 2. The answer is x = 2 and x = -6.

We decided to make things different and get 0 on one side first. We’re kidding, of course!
You always have to get 0 on one side to solve polynomials that are second degree or higher.

éxz + %x -2 =0. Next, we multiply every term by the least common multiple of 6 to get rid of
those pesky fractions. This gives you the polynomial x* + 4x — 12 = 0. This factors to

(x + 6)(x - 2) = 0. The zero product property gets you to the two solutions: x = -6 and x = 2.

Solve x* - 10 = 2x. The answer is 1= +/11.
Get 0 on one side first: x* — 2x — 10 = 0. This equation doesn’t factor, so use the quadratic
formula to solve.
2
- -(-2)2y(-2) - 4(1)(-10) _2:1540 _2:Va4 _2:211 1, 7
2(1) 2 2 2
Solve 7x* - x + 2 = 0. The answer is no solution.

This equation also doesn’t factor, so use the quadratic formula to solve.

~(-)=y(-1) -4(7)(2) _1.icBe _1-55

- 2(7) T 1 14

That negative sign under the square root tells you that you can stop — no solution exists.
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Solve x* — 4x - 7 = 0 by completing the square. The answer is 2 = NiTH

This time you’re asked to complete the square. Make sure you always follow your teacher’s dir-
ections. Begin by adding the 7 to both sides: x* — 4x = 7. Now factor out the leading coefficient:

1(xX* - 4x) = 7. Take half of -4 and square it, and add that inside the parentheses to get 1(x* - 4x +
4) = 7. You need to keep the equation balanced by multiplying the coefficient and the new term you
just added inside the parentheses and adding that to the opposite side. Because the coefficient
is 1, that’s not that hard: 1(x* - 4x + 4) = 7 + 4. Now factor the trinomial: 1(x — 2)* = 11, and divide

the leading coefficient: (x - 2)? = 11. Square root both sides: x— 2 =+ /11 . Add the 2: x =2 = NTH
A Solve —2.31x* - 4.2x + 6.7 = 0. The solutions are approximately -2.36 and 6.56.

Those ugly decimals should make you reach immediately for a calculator and plug away at the
quadratic formula.

-(-42)=(-42) - 4(-231)(67) _42:17.64+61.908 _ 4.2+ /79548 _ 42:8919

2(-2.31) ~4.62 ~4.62 2

X =

Take your time through these types of problems. Simplify to get the final two answers: -2.36
and 6.56.

A Solve the equation 2x* + 3x* — 18x + 8 = 0. The zeros are x = -4, %, and 2.

This third-degree equation has at most three real roots. The two changes in sign in f(x) show
two or zero positive roots, and the one change in sign in f(—x) shows one negative root. The list
of possible rational zeros is: + 1, +%,+ 2, £4,+8.

2[2 3-18 8
4 14 -8

2740

Start off by testing x = 2.

The depressed polynomial is 2x* + 7x — 4, which factors to (2x — 1)(x + 4), which tells you that
the other two roots are x = % and —4.

B2 Solve the equation 12x* + 13x* — 20x* + 4x = 0. The roots are x = 0, %, -2, and %.

Factor out the GCF in all the terms first: x(12x* + 13x* — 20x + 4) = 0. The first factor gives you
one solution immediately: x = 0. Now concentrate on the leftover polynomial inside the paren-
theses and solve: 12x* + 13x* = 20x + 4 = 0. This has three real roots, two or zero of which are
positive and one of which is negative. The list of possibilities is: £ 1, £ )4, £ 4, £ 4, £ /4, £ 1>, £ 2,

+%, +4, and £ %.
-2(12 13-20 4
=24 22 -4

12-11 2 0

Start off by testing x = -2.

The depressed polynomial this time is 12x* — 11x + 2. This factors to (4x — 1)(3x — 2), which gets
you to the last two roots: x = ¥ and x = %.

BEl Solve the equation x° + 7% + 13x + 4 = 0. The answers are x = -4 and =3 *—2'\/g

This cubic has a maximum of three real roots. None of them are positive and three or one of
them are negative. The list of possibilities this time (ignoring all the positives) is: -1, -2, and —4.
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Start off by testing —4.

13
12
1

w

|
L\.
ol =

1

The depressed polynomial x* + 3x + 1 doesn’t factor, but the quadratic formula reveals that the

last two solutions are x = %

Find the roots of the equation x* + 10x* + 38x* + 66x + 45. The roots are x = -3 (double roof) and
x==-2%i.

This fourth-degree polynomial also has no positive roots; 4, 2, or 0 are negative roots. The list
of possibilities to pick from is: -1, -3, -5, -9, 15, —45.

Start off with x = -3.

-3-21-51-45
1 71715 0

—3‘ 110 38 66 45

This time, when you test it again, it works.

=317 17 15
-3-12-15
T4 5 0

You're left with the depressed polynomial x* + 4x + 5, which doesn’t factor, but you can use the
quadratic formula to find that the last two roots are imaginary: x = -2 £ i.

If the roots of a polynomial are x = -3, -2, 4, and 6, what’s the polynomial? The answer is xt-
5x° — 20x% + 60x + 144.

Use the factor theorem to help you figure this one out. If x = -3, then x + 3 is one of the factors.
Similarly, if x = -2, then x + 2 is a factor; if x = 4, then x — 4 is a factor; and if x = 6, then x -6 is a
factor. If you take all the factors and multiply them, you get (x + 3)(x + 2)(x — 4)(x — 6). FOIL the
first two binomials to get x* + 5x + 6 and the second two binomials to get x* — 10x + 24. Multiply
your way through those two polynomials:

x*+5x +6
x*—10x + 24
24x% +120x + 144
—10x%— 50x2— 60x
X+ 5x3 + 6x2
—5x3—20x2+ 60x + 144

You end up with the polynomial x* - 5x° — 20x* + 60x + 144.

If the roots of a polynomial are x = 2, 4 + 3i, what’s the polynomial? The answer is x* - 10x” +
41x - 50.

This time the factors are x — 2, x — 4 - 3i, and x — 4 + 3i. In cases like these, it’s easier to multiply
the imaginary numbers first. When you do that you end up with the trinomial x*- 8x + 25. Now
multiply that by the binomial to end up with the polynomial: x* — 10x* + 41x — 50.
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Factor the polynomial 6x* — 7x* — 18x* + 13x + 6 = 0. The answer is (x — 2)(x - D3x + 1)(2x + 3).

You're still using the factor theorem, but this time you have to find the roots first. The roots are
x =2, 1,-%, and —%. This means that x - 2, x— 1, x + %, and x + % are your factors. You can get rid
of those fractions by multiplying each term of the factor by the LCD. In other words, multiply

x + /by 3 and x + % by 2. This finally gives you (x - 2)(x - 1)(3x + 1)(2x + 3).

B Factor the polynomial x* + 10x* + 38x” + 66x + 45. The answer is (x* + 4x + 5)(x + 3)°

This is problem 12. It has two imaginary roots: x = -2 + i and x = -3, a double root. This means
your factors are (x + 2 + D)(x + 2 - ) (x + 3)(x + 3). You multiply out the two imaginary roots to
come up with a polynomial factor and get (x* + 4x + 5)(x + 3)°.

Graph f(x) = x" + 2x° = 13x* - 14x + 24. See the following graph for the answer.

The x-intercepts are: x = -4, -2, 1, and 3. Mark those on the graph first. Then find the y-inter-
cept: y = 24. The leading coefficient test tells you that both ends of this graph point up. Here’s
the graph:

B3 Graph f(x) = 6x" - 7x’ — 18x* + 13x + 6. See the following graph for the answer.

You found the roots for this polynomial in problem 15: x = =%, -4, 1, and 2. Mark those on the
graph first. Then find that y = 6 is the y-intercept. The leading coefficient test tells you that both
ends of this graph point up. Here’s the graph:
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Graph f(x) = 12x* + 13x* - 20x* + 4x. See the following graph for the answer.

This is problem 10, where you found that the solutions are x = -2, 0, /4, and %. This polynomial
has no constant, so y = 0 is the y-intercept. This graph crosses at the origin. The leading coeffi-
cient test tells you that both ends of the graph point up. Here’s the graph:

—2e

U

Graph f(x) = x* + 10x* + 38x + 66x + 45. See the following graph for the answer.

Problem 12 has roots of x = -3 (as a double root); the other roots are imaginary. The graph will
bounce at this point. The y-intercept is 45. The leading coefficient test tells you that both ends
of the graph point up. Here’s the graph:

45




Chapter 5
Exponential and Logarithmic Functions

In This Chapter

Figuring out exponential functions

Looking at logarithmic functions

Using exponents and logs to solve equations
Working with exponential word problems

E{ponential growth is simply the idea that something gets bigger and bigger (or smaller
and smaller) very fast. Exponential and logarithmic functions can be used to describe
growth or decay. They have many practical applications, such as determining population
growth, measuring the acidity of a substance, and calculating financial growth. In addition,
they’re central to many concepts in calculus (a good reason to master them in pre-calculus!).
They’re different from the other functions we’ve been dealing with so far because their vari-
ables are no longer in the base of the expression (more on that later).

In this chapter, you practice solving equations, simplifying expressions, and graphing expo-
nents and logarithms. In addition, you can practice manipulating functions to solve equations
and practically applying the concepts to word problems.

Things Get Bigger (Or Smaller) All the Time —
Solving Exponential Functions

Exponential functions are functions in which the variable is in the exponent. When the base of

the exponent is greater than 1, the function gets really big really fast, and when it’s less than
1, it gets really small really fast.

In exponential functions, the variable is in the power of the expression. The base can be any
constant, including a special constant that mathematicians and scientists define as e. This
irrational constant, e, has a value that’s approximately 2.7182 and is extremely useful in expo-
nential expressions (and in logarithms, but we're getting ahead of ourselves).

Solving exponential equations requires that you recall the basic exponent rules:

b +b
LT ="
“; a a
g () -
d d‘
E‘b = Cufb
a1
Ca
(Ca)b _ Ca b
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Ao

if c®=c’thena=b

While graphing exponential equations, it’s important to recall the tricks for transform-

ing graphs (see Chapter 3 for a refresher).

Solve for x in 812 - 1675,

x = —4. First, in order to utilize our expo-
nential rules, it’s helpful if both expres-
sions are the same base. So, knowing that
8=2"and 16 = 24, by factoring and rewrit-
ing using exponents, you can rewrite both
sides of the equation with a base of 2:
23+ 1D _ 945 Now that your bases are
the same, you can set your exponents
equal to each other (using properties of

S

Sketch the graphs of (A) y = 2 B)y=2"+1,

C©y=2""",D)y=2" and (E) y = -2", all
on the same set of axes.

Graphs B-E are all transformations of the
first graph A (see Chapter 3 for a review
of transformations of graphs). By adding 1
to graph A, the result is graph B, a shift up
of 1 unit. By adding 3 to the exponent of
graph A, the result is graph C, shifted 3
units to the left. Graph D is the result of

exponents): 3(4x + 12) = 4(2x + 5). Next,
you can simplify using the distributive

property of equality: 12x + 36 = 8x + 20.
Finally, you can solve algebraically:

4x + 36 = 20; 4x = -16; x = —4.

making the exponent negative, which
results in a reflection over the y-axis, and
graph E, created by negating the base,
results in the reflection of the graph over
the x-axis. See the resulting graphs in
Figure 5-1.

|
Figure 5-1: gl
Transforma-
tions of the -12]
exponential
equation -16¢
with base 2.
|
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1. Solvefor xin 27 "% = 81%~°. 2. Solve for xin ™ 4= %8,
3. Solve for x in (5% - 1)(25° - 125) = 0. 4. Solveforxin3.9°-8=-T.
5.  Sketch the graph of y = -3 4. 0. Sketch the graph of y = -3¢* 2.

The Only Logs You Won't Cut:
Solving Logarithms

Just as multiplying by the reciprocal is another way to write division, logarithms are
simply another way to write exponents. Exponential and logarithmic functions are
inverses of each other. In other words, logarithmic functions are really just another
way to write exponential functions. So you may ask, “Why do you need both?” Well,
logarithms are extremely helpful for an immense number of practical applications. In
fact, before the invention of computers, logarithms were the only way to compute
many complex computations in physics, chemistry, astronomy, and engineering.
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For solving and graphing logarithmic functions (logs), remember this inverse relation-
ship and you’ll be sawing . . . er, solving logs in no time! Here’s this relationship in
&“Rulﬁs‘ equation form:

©
g
& y=logyx < b =x.
Just as with exponential functions, the base can be any number, including e. In fact, a
base of e is so common in science and calculus that log, has its own special name: In.
Thus, log.x = Inx.
Similarly, log), is so commonly used that it’s just written as log (no base written).
‘?%“\“G-’ Remember our review of domain from Chapter 3? Well, here’s one of those times when
domain can be tricky. The domain for the basic logarithm y = log,x is x > 0. Therefore,
when you’re solving logarithmic functions, it’s important to check for extraneous roots
(review Chapter 1).
Here are more properties that are true for any logarithm:
\‘&N\BER log,1 =0
&

logyb =1
The product rule: log,(a - ¢) = log,a + log,c
The quotient rule: logb( ) log,a-log,c

The power rule: log,a“ = ¢ - log,a

log,b" = x
blog,,x =Xx
log.a
l = c
809" 10g b

If log,a = log,c, thena = ¢

Using these properties, simplifying logarithmic expressions and solving logarithmic
functions is a snap (we did say logs, not twigs, right?).

Rewrite the following logarithmic expres- A. x3( 2x — 1)
sion to a single log: 3logsx + logs(2x - 1) — log, 3
2logs(3x + 2). (3x+2)

Using the properties of logs, begin by
rewriting the coeff1c1ents as exponents:
3logsx = log;,x and 2log;(3x + 2) =

logs(3x + 2) Next, rewrite the addition of
the flrst two logs as the product of logs:
log;,x +logs(2x-1) = loggx @2x-1).

Last, rewrlte the final log asa quotient:
log5x (2x-1) -logs(3x + 2) =

X (2x—1)

o8 (3x+2)



Sketch the graphs of (A) y = log,x,
B)y=1+logx, (C)y=1log(x + 3), and
(D) y = -log.x, all on the same set of axes.

First, in Figure 5-2, you can see that graphs
B-D are transformations of graph A. Graph
B is a shift of 1 up, graph C is a shift of 3 to
the left, and graph D is a reflection of graph
A over the x-axis. Second (nifty trick here),
these are all inverses of graphs A-D in the
exponential section (refer to Figure 5-1).
Another way to graph logarithms is to
change the log to an exponential using the
properties of logarithms, find the inverse
function by switching x and y, graph the
inverse, and reflect every point over the
line y = x. For a review of inverses, see
Chapter 3. Here, we stick with transforming
the parent graph.
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|
Figure 5-2: 5.
Transfor-
mations

of the loga-
rithmic
equation 154
with base 2.
|

Rewrite the given expression as a single
logarithm: In4x + 3In(x — 2) — 2(In2x +
In(3x - 4)).

8. Solve for x in

log74+log7(x+4)—2log72= log7(x—2)+%log79.

Solve for x in Inx + In(2x - 1) = In1.

10. Find 10g,(48b) if log,2 = 0.36 and log,3 = 0.56.
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11. Sketch the graph of y = -3 + log(x + 2). 12. Sketch the graph of y = In(x - 2) + 4.

Putting Them Together: Solving Equations
Using Exponents and Logs

Now, we show you how to put these two lovely functions together. By keeping in mind
the inverse relationship (y = log,x <> b’ = x), you can solve even more complex prob-
lems. Aren’t you excited?!

P A helpful key to remember when solving equations using exponents and logs is that if
the variable is in the exponent, convert the equation into logarithmic form. This is
especially helpful if you use natural log (In) or the common log (log;yx, often referred
to as just logx) because you can plug the variable into your calculator to get a decimal
approximation of the solution.

V?‘“\NG! One pitfall to avoid when manipulating logs relates to the products and quotients
S
of logs. Remember: log18 —log3 = log( %) not lf)g 1??. These are entirely different
0g

expressions. In fact, if you plug them into your calculator, you can see that

log< %) =1log6 = 0.778 while (%) =~ 2.631. The same can be said for products and
o

logs: log6 + log7 = log(6 - 7), not log(6 + 7).

log(50x + 250) —log x = 2. means log): =10? Because

50x + 250
X

2 . .
A. x=5. Start by combining the logs as a 10” = 100, you can rewrite the equation as

50x + 250 ) 50x+250 _ 100, After cross-multiplying,
X
X

quotient: log( = 2. Next, rewrite

you can then solve algebraically:

in exponential form (remember that log
50x + 250 = 100x; 250 = 50x; x = 5.



Solve for xin 3% = 2¢* 2,

A, x-10%__3419 First, recognize that the
ln( i)
2

variable is in the exponent of each term, so
you can easily remedy that by taking either
log or In of both sides. We’re going to use
In, but it really doesn’t make a difference.
S0 3" = 2% *? hecomes In3" = In2* *?. Then,
you can use properties of logarithms to
solve. Start by changing the exponents
to coefficients: x - In3 = (x + 2)In 2. Using
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algebra, you can distribute the In2 across
(x+2):x-In3 =x-In2 + 2. 1In2. Still using
algebra, get the terms with the variable on
the same side by subtracting x - In2 to the
opposite side: x - In3 —x - In2 = 2 - In2.
Then, using distributive property again,
remove the x as a greatest common factor:
x(In3 - In2) = 2 - In2. Finally, isolate x by
dividing In3 - In2 from both sides:

In2*

x =——=— Last, use the quotient rule
In3-1In2
to simplify and get x = —Ind4 3.419.
R

’3. Solve for x in log(x — 6) —log(x + 3) = 1.

14. solve for x: 3°=5.

15. solve for xin 4" -4 .2*=-3.

16. solve for x: 3" = 5%,
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Solving Exponential Word Problems . . . Argh!

When will I ever use this? Well, in addition to using exponential functions in a mathe-
matics course, they actually have many practical applications. Common uses of expo-
nential functions include figuring compound interest, computing population growth,
and doing radiocarbon dating (no, not some new online matchmaking system). In fact,
these are so common, many teachers make you memorize their formulas. If you need
nonstandard formulas to do a problem, they’ll be provided in the question itself.
Qyg‘,i'luLsJ. Here are formulas for interest rate and half-life:
é} nt

a »* Compound interest formula: A= P( 1+ L) where A is the amount after ¢ time
n

compounded n times per year if P dollars are invested at interest rate r.

»* Continuous compound interest formula: A = Pe" ! where A is the amount after ¢
time if P dollars are invested at interest rate r continuously throughout the year.

v Formula for the half-life of a radioactive element: M( x) —c.2" where M(x) is the

mass at the time x, c is the original mass of the element, and 4 is the half-life of the
element.

<

If you deposit $600 at 5.5% interest com- How old is a piece of bone that has lost

pounded continuously, what will your
balance be in 10 years?

$1,039.95. Because this is continuous com-

pound interest, you use the formula A =
when }fou re solving for A. A =

$600 0035309 pygging this into a calcula-

tor, you get approximately $1,039.95.

60% of its carbon-14 (half-life of carbon-14
is 5,730 years)?

Approximately 7,575 years old. We can
figure out this problem using the formula
for half-life. First, because 60% of the
carbon-14 is gone, the mass of carbon
remaining is 40%, so we can write the pres-
ent mass as .40c. Therefore, the equation
will be: 0.40¢ = ¢ - 25% . We can start solving

this by cancelling c from both sides:
0.40 = 257 . Taking the natural log of both

sides allows us to move the variable from
the exponent position: | (.40 = In25™,

then In0.40 = ( ) In2. From here, we

5,730
. In040 __ x .
can solve algebraically: ———— n2 -5.730°
_ In0.40 _
5,730 02 7,575years.



17. i you deposit $3,000 at 8% interest per
year compounded quarterly, in approxi-
mately how many years will the investment
be worth $10,500?
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18. The haltlife of Krypton-85 is 10.4 years.
How long will it take for 600 grams to decay
to 15 grams?

79. The deer population in a certain area in

year t is approximately P( t) = %

When will the deer population reach 2,000?

2 0. If you deposit $20,000 at 6.5% interest com-
pounded continuously, how long will it take
for you to have $1,000,000?
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Answers to Problems on Exponential
and Logarithmic Functions

Solve for x in 27 "% = 81 % The answer is x = 5.

First, rewrite 27 as 3% and 81 as 3". Simplify the power to get 3@ _ 31059 Now that the bases
are the same, set the two exponents equal to each other: 3(x + 3) = 4(3x - 9), and then solve for x:
3x+9=12x-36; 9x =-45;x=5.

2x -4 6x + 8
=e

Solve for x in e . The answer is x = -3.

Start by setting the exponents equal to each other: 2x — 4 = 6x + §8; then solve algebraically:
4x = =12 ; x = =3.

Solve for x: (5™ - 1)(25° - 125) = 0. The answer is x = 0, %.

Using the fact that 25 = 5%, replace 25" with 5™ to get (5" - 1)(5>°~ 125) = 0. Next, set each factor
equal to 0 using the zero product property (see Chapter 4 for a rev1ew) and solve: First, 5%-1-=
0, 571, and because anythmg to the power of 0 equals 1, 5% -5, Therefore, 2x = 0, x = 0.
Second 5%~ 125 =0, 5™ = 125, and because 125 is equal to 53 rewrite the second equation as
5% - 5° Set the exponents equal to each other: 2x = 3, and solve for x = %. Both solutions work.

Solve for x in 3 - 9° - 8 = —7. The answer is x = —%.

Start by isolating the exponential expression: 3 - 9" = 1; 9" = 4. Next, replace 9" with 3™ and %
with 3_1, $0 3% =37 Set the exponents equal to each other: 2x = -1, and solve for x = /4.

Sketch the graph of y = -3" - 4.

-1 5 L
The y-intercept is (0, -5). The graph of this function is the basic exponential graph of y = 3*
shifted 4 units down and reflected upside down.
Sketch the graph of y = —3¢* %

The y-intercept is (0, —-0.406). The g