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Preface

Optimization is central to any problem involving decision making, whether in en-
gineering or in economics. The task of decision making entails choosing between
various alternatives. This choice is governed by our desire to make the “best” de-
cision. The measure of goodness of the alternatives is described by an objective
function or performance index. Optimization theory and methods deal with selecting
the best alternative in the sense of the given objective function.

The area of optimization has received enormous attention in recent years, primarily
because of the rapid progress in computer technology, including the development and
availability of user-friendly software, high-speed and parallel processors, and artificial
neural networks. A clear example of this phenomenon is the wide accessibility of
optimization software tools such as the Optimization Toolbox of MATLAB! and the
many other commercial software packages.

There are currently several excellent graduate textbooks on optimization theory
and methods (e.g., [3], [26], [29], [36], [64], [65], [76], [93]), as well as undergraduate
textbooks on the subject with an emphasis on engineering design (e.g., [1] and [79]).
However, there is a need for an introductory textbook on optimization theory and
methods at a senior undergraduate or beginning graduate level. The present text
was written with this goal in mind. The material is an outgrowth of our lecture
notes for a one-semester course in optimization methods for seniors and beginning

IMATLAB is a registered trademark of The MathWorks, Inc. For MATLAB product information, please
contact: The MathWorks, Inc., 3 Apple Hill Drive, Natick, MA, 01760-2098 USA. Tel: 508-647-7000,
Fax: 508-647-7101, E-mail: info@mathworks.com, Web: www.mathworks.com

Xiii



xiv PREFACE

graduate students at Purdue University, West Lafayette, Indiana. In our presentation,
we assume a working knowledge of basic linear algebra and multivariable calculus.
For the reader’s convenience, a part of this book (Part I) is devoted to a review of
the required mathematical background material. Numerous figures throughout the
text complement the written presentation of the material. We also include a variety
of exercises at the end of each chapter. A solutions manual with complete solutions
to the exercises is available from the publisher to instructors who adopt this text.
Some of the exercises require using MATLAB. The student edition of MATLAB
is sufficient for all of the MATLAB exercises included in the text. The MATLAB
source listings for the MATL AB exercises are also included in the solutions manual.

The purpose of the book is to give the reader a working knowledge of optimization
theory and methods. To accomplish this goal, we include many examples that illus-
trate the theory and algorithms discussed in the text. However, it is not our intention
to provide a cookbook of the most recent numerical techniques for optimization;
rather, our goal is to equip the reader with sufficient background for further study of
advanced topics in optimization.

The field of optimization is still a very active research area. In recent years,
various new approaches to optimization have been proposed. In this text, we have
tried to reflect at least some of the flavor of recent activity in the area. For example,
we include a discussion of genetic algorithms, a topic of increasing importance in the
study of complex adaptive systems. There has also been a recent surge of applications
of optimization methods to a variety of new problems. A prime example of this is
the use of descent algorithms for the training of feedforward neural networks. An
entire chapter in the book is devoted to this topic. The area of neural networks
is an active area of ongoing research, and many books have been devoted to this
subject. The topic of neural network training fits perfectly into the framework of
unconstrained optimization methods. Therefore, the chapter on feedforward neural
networks provides not only an example of application of unconstrained optimization
methods, but it also gives the reader an accessible introduction to what is currently a
topic of wide interest.

The material in this book is organized into four parts. Part I contains a review
of some basic definitions, notations, and relations from linear algebra, geometry,
and calculus that we use frequently throughout the book. In Part II we consider
unconstrained optimization problems. We first discuss some theoretical foundations
of set-constrained and unconstrained optimization, including necessary and sufficient
conditions for minimizers and maximizers. This is followed by a treatment of vari-
ous iterative optimization algorithms, together with their properties. A discussion of
genetic algorithms is included in this part. We also analyze the least-squares opti-
mization problem and the associated recursive least-squares algorithm. Parts IIT and
IV are devoted to constrained optimization. Part ITI deals with linear programming
problems, which form an important class of constrained optimization problems. We
give examples and analyze properties of linear programs, and then discuss the simplex
method for solving linear programs. We also provide a brief treatment of dual linear
programming problems. We wrap up Part III by discussing some non-simplex algo-
rithms for solving linear programs: Khachiyan’s method, the affine scaling method,
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and Karmarkar’s method. In Part IV we treat nonlinear constrained optimization.
Here, as in Part II, we first present some theoretical foundations of nonlinear con-
strained optimization problems. We then discuss different algorithms for solving
constrained optimization problems.

While we have made every effort to ensure an error-free text, we suspect that some
errors remain undetected. For this purpose, we provide on-line updated errata that
can be found at the web site for the book, accessible via:

http://www.wiley.com/mathematics

We are grateful to several people for their help during the course of writing this
book. In particular, we thank Dennis Goodman of Lawrence Livermore Laboratories
for his comments on early versions of Part II, and for making available to us his
lecture notes on nonlinear optimization. We thank Moshe Kam of Drexel University
for pointing out some useful references on non-simplex methods. We are grateful
to Ed Silverman and Russell Quong for their valuable remarks on Part I of the first
edition. We also thank the students of EE 580 for their many helpful comments
and suggestions. In particular, we are grateful to Christopher Taylor for his diligent
proofreading of early manuscripts of this book. This second edition incorporates
many valuable suggestions of users of the first edition, to whom we are grateful.
Finally, we are grateful to the National Science Foundation for supporting us during
the preparation of the second edition.

E. K. P. CHONG AND S. H. ZAK
Fort Collins, Colorado, and West Lafayette, Indiana
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Methods of Proof and Some
Notation

1.1 METHODS OF PROOF

Consider two statements, “A” and “B,” which could be either true or false. For
example, let “A” be the statement “John is an engineering student,” and let “B” be the
statement “John is taking a course on optimization.” We can combine these statements
to form other statements, like “A and B” or “A or B.” In our example, “A and B”
means “John is an engineering student, and he is taking a course on optimization.”
We can also form statements like “not A,” “not B,” “not (A and B),” and so on. For
example, “not A” means “John is not an engineering student.” The truth or falsity of
the combined statements depend on the truth or falsity of the original statements, “A”
and “B.” This relationship is expressed by means of truth tables; see Tables 1.1 and
1.2.

From Tables 1.1 and 1.2, it is easy to see that the statement “not (A and B)” is
equivalent to “(not A) or (not B)” (see Exercise 1.3). This is called DeMorgan’s law.

In proving statements, it is convenient to express a combined statement by a
conditional, such as “A implies B,” which we denote “A=>B.” The conditional “A=B”
is simply the combined statement “(not A) or B,” and is often also read “A only if B,”
or “if A then B,” or “A is sufficient for B,” or “B is necessary for A.”

We can combine two conditional statements to form a biconditional statement
of the form “A<B,” which simply means “(A=>B) and (B=-A).” The statement
“A<B” reads “A if and only if B,” or “A is equivalent to B,” or “A is necessary and
sufficient for B.” Truth tables for conditional and biconditional statements are given
in Table 1.3.
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Table 1.1 Truth Table for “A and B” and “A or B”

A B AandB AorB
F F F F
F T F T
T F F T
T T T T

Table 1.2 Truth Table for “not A”

A notA
F T

T F

Table 1.3 Truth Table for Conditionals and Biconditionals

A B A=B A«<B A&B
F F T T T
F T T F F
T F F T F
T T T T T

Itis easy to verify, using the truth table, that the statement “A=-B” is equivalent to
the statement “(not B)=-(not A).” The latter is called the contrapositive of the former.

If we take the contrapositive to DeMorgan’s Law, we obtain the assertion that “not
(A or B)” is equivalent to *“(not A) and (not B).”

Most statements we deal with have the form “A=>B.” To prove such a statement,
we may use one of the following three different techniques:

1. The direct method
2. Proof by contraposition
3. Proof by contradiction or reductio ad absurdum.

In the case of the direct method, we start with “A,”’ then deduce a chain of various
consequences to end with “B.”
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A useful method for proving statements is proof by contraposition, based on the
equivalence of the statements “A=>B” and “(not B)=>(not A).” We start with “notB,”
then deduce various consequences to end with “not A” as a conclusion.

Another method of proof that we use is proof by contradiction, based on the
equivalence of the statements “A=>B” and “not (A and (not B)).” Here we begin with
“A and (not B)” and derive a contradiction.

Occasionally, we use the principle of induction to prove statements. This principle
may be stated as follows. Assume that a given property of positive integers satisfies
the following conditions:

e The number | possesses this property;

o If the number n possesses this property, then the number n + 1 possesses it
too.

The principle of induction states that under these assumptions any positive integer
possesses the property.

The principle of induction is easily understood using the following intuitive argu-
ment. If the number 1 possesses the given property then the second condition implies
that the number 2 possesses the property. But, then again, the second condition im-
plies that the number 3 possesses this property, and so on. The principle of induction
is a formal statement of this intuitive reasoning.

For a detailed treatment of different methods of proof, see [94].

1.2 NOTATION

Throughout, we use the following notation. If X is a set, then we write x € X to
mean that z is an element of X. When an object z is not an element of a set X, we
write z ¢ X. We also use the “curly bracket notation” for sets, writing down the
first few elements of a set followed by three dots. For example, {z1,z2,3,...} is
the set containing the elements z;, 22, 3, and so on. Alternatively, we can explicitly
display the law of formation. For example, {x : z € R, = > 5} reads “the set of
all = such that z is real and z is greater than 5.” The colon following x reads “such
that” An alternative notation for the same setis {z € R : > 5}.

If X and Y are sets, then we write X C Y to mean that every element of X is also
an element of Y. In this case, we say that X is a subset of Y. If X and Y are sets,
then we denote by X \ Y (“X minus Y™’) the set of all points in X that are notin Y.
Note that X \ Y is a subset of X. The notation f : X — Y means “f is a function
from the set X into the set Y.” The symbol := denotes arithmetic assignment. Thus,
a statement of the form z := y means “z becomes y.” The symbol = means “equals
by definition.”

Throughout the text, we mark the end of theorems, lemmas, propositions, and
corollaries using the symbol 0. We mark the end of proofs, definitions, and examples
by &



4 METHODS OF PROOF AND SOME NOTATION

We use the IEEE style when citing reference items. For example, [77] represents
reference number 77 in the list of references at the end of the book.

EXERCISES

1.1 Construct the truth table for the statement “(not B)=(not A),” and use it to show
that this statement is equivalent to the statement “A=B.”

1.2 Construct the truth table for the statement “not (A and (not B)),” and use it to
show that this statement is equivalent to the statement “A=>B.”

1.3 Prove DeMorgan’s Law by constructing the appropriate truth tables.

1.4 Prove that for any statements A and B, we have “A < (A and B) or (A and (not
B)).” This is useful because it allows us to prove a statement A by proving the two
separate cases “(A and B),” and *“(A and (not B)).” For example, to prove that |z| > «
for any z € R, we separately prove the cases “|z| > z and z > 0,” and “|z| > =
and z < 0. Proving the two cases turns out to be easier than directly proving the
statement |z| > « (see Section 2.4 and Exercise 2.4).

1.5 (This exercise is adopted from [17, pp. 80-81]) Suppose you are shown four
cards, laid out in a row. Each card has a letter on one side and a number on the other.
On the visible side of the cards are printed the symbols:

S 8 3 A

Determine which cards you should turn over to decide if the following rule is true
or false: “If there is a vowel on one side of the card, then there is an even number on
the other side.”



Vector Spaces and Matrices

2.1 REAL VECTOR SPACES

We define a column n-vector to be an array of n numbers, denoted

ai

az
a =

Qp

The number a; is called the ith component of the vector a. Denote by R the set of

real numbers, and by R" the set of column n-vectors with real components. We call

R™ an n-dimensional real vector space. We commonly denote elements of R* by

lower-case bold letters, e.g., . The components of x € R* are denoted z1,...,z,.
We define a row n-vector as

[al,ag,...,an].

The transpose of a given column vector a is a row vector with corresponding elements,
denoted a”. For example, if

then
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Equivalently, we may write @ = [a;, a2, . ..,a,]T. Throughout the text, we adopt
the convention that the term “‘vector” (without the qualifier “row” or “column”) refers
to a column vector.

Two vectors a = [ay,az, . ..,an)7 and b = [b1,bo, ..., b,)T are equal if a; = b;,
1=1,2,...,n.

The sum of the vectors a and b, denoted a + b, is the vector

a+b=[a1+b,az+ba,...,a, +by)".
The operation of addition of vectors has the following properties:
1. The operation is commutative:

a+b=>0+a.

2. The operation is associative:

(a+b)+c=a+(b+c).

3. There is a zero vector

such that
a+0=0+a=aqa.

The vector
[a1 — bi,ag — ba,y...,a — ba)T
is called the difference between a and b, and is denoted a — b.
The vector 0 — b is denoted —b. Note that
b+(a-b) = a,
—(a-b) = b-—a.

The vector b — a is the unique solution of the vector equation

at+zx=">
Indeed, suppose T = [z1,T9, ..., Ts)T isasolutionto @ + & = b. Then,
ai+r1 = b,
az+2z2 = by,
An +Zpn = bp,

and thus
z=b-a.
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We define an operation of multiplication of a vector a € R” by areal scalara € R
as
aa = [oay, aas, . .., 06,] -

This operation has the following properties:
1. The operation is distributive: for any real scalars a and 3,
ala+b) = aa+ab,
(a+pP)a = aa+fa.

2. The operation is associative:

a(fa) = (aP)a.

3. The scalar 1 satisfies:

la = a.
4. Any scalar a satisfies:

a0 =0.
5. The scalar O satisfies:

0a = 0.
6. The scalar —1 satisfies: 7

(-1)a = —a.

Note that aa = 0 if and only if & = 0 or @ = 0. To see this, observe that aa = 0
is equivalentto aa; = aaz = --- = aa, =0. fa =0ora =0, thenaa = 0. If
a # 0, then at least one of its components a;, # 0. For this component, aa, = 0,
and hence we must have o = 0. Similar arguments can be applied to the case when
a #0.

A set of vectors {a1,. .., ay} is said to be linearly independent if the equality
a1a1 + a2+ - +agar =0

implies that all coefficients a;, 1 = 1,..., k, are equal to zero. A set of the vectors
{ai,...,a} is linearly dependent if it is not linearly independent.

Note that the set composed of the single vector O is linearly dependent, for if
a # 0 then a0 = 0. In fact, any set of vectors containing the vector 0 is linearly
dependent.

A set composed of a single nonzero vector @ # 0 is linearly independent since
aa = 0 implies a = 0.

A vector a is said to be a linear combination of vectors a1, as, . . ., ay, if there are
scalars ay, ..., ax such that

a=uoa101 +aas +---+ opQg.
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Proposition 2.1 A set of vectors {a1, @z, . ..,a} is linearly dependent if and only
if one of the vectors from the set is a linear combination of the remaining vectors. O

Proof =:If{a1,as,...,ax} is linearly dependent then
o101 + azaz + -+ arag =0,

where at least one of the scalars a; # 0, whence

251 Qo 25°
@;=——a;— —az—-— —aj
; (271 a;
<: Suppose
a; = aag + azaz +--- + opay,
then
(-1)ay + czaz + --- + agar = 0.
Because the first scalar is nonzero, the set of vectors {@1,as,...,ax} is linearly
dependent. The same argument holds if @;, ¢ = 2, ..., k, is a linear combination of
the remaining vectors. [ |

A subset V of R” is called a subspace of R" if V is closed under the operations
of vector addition and scalar multiplication. That is, if a and b are vectors in V, then
the vectors a + b and aa are also in V for every scalar a.

Every subspace contains the zero vector 0, for if a is an element of the subspace,
sois (—1)a = —a. Hence, a — a = 0 also belongs to the subspace.

Leta;, as,. .., a; be arbitrary vectors in R”. The set of all their linear combina-
tions is called the span of a;, as, ..., ax and is denoted

k
spanlai,as,...,a;] = Za,;a,-:al,...,ak eR}.
i=1

Given a vector a, the subspace span[a] is composed of the vectors aa, where a is
an arbitrary real number (@ € R). Also observe that if @ is a linear combination of
ay,as,...,a; then

span[ai, as, ..., ak, a] = spanfai,az, ..., a.

The span of any set of vectors is a subspace.

Given a subspace V, any set of linearly independent vectors {a;,az,...,ar} CV
such that ¥V = spanla;, as,...,ax] is referred to as a basis of the subspace V. All
bases of a subspace V contain the same number of vectors. This number is called the
dimension of V, denoted dim V.

Proposition 2.2 If {a,a,...,a.} is a basis of V, then any vector a of V can be
represented uniquely as

a = o101 + 282 + -+ + QpQy,
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wherea; e R i =1,2,... k. 0O

Proof. To prove the uniqueness of the representation of a in terms of the basis
vectors, assume that
a=aqa; +aas+---+arag

and
a = fia; + faas + -+ + Prag.

We now show that a; = 5;,7 = 1,..., k. We have

ajay + azas + - + ogay = frag + fraz + - - + Brag,

or
(a1 — Br)a; + (a2 — fBa)ag + -+ + (ar — Br)ar = 0.
Because the set {a; : ¢ = 1,2,...,k} is linearly independent, oy — 1 = @z — f2 =
- =ag — fr =0, thatis, a; = f;,1=1,...,k. [ |
Suppose we are given a basis {ai1, @z, . ..,ax} of V and a vector @ € V such that
a=oa; + aaz + -+ apag.
The coefficients «;, 7 = 1,.. ., k, are called the coordinates of a with respect to the
basis {a1,as,...,ar}.
The natural basis for R™ is the set of vectors
17 0 07
0 1 0
0 0 0
€ = R €z = i y En = :
0 0 0
0 0 1]

The reason for calling these vectors the natural basis is that

T

T2
€Tr=

Tn

=111 + X282+ -+ Tpe€pn.

We can similarly define complex vector spaces. For this, let C denote the set of

complex numbers, and C” the set of column n-vectors with complex components.
As the reader can easily verify, the set C has similar properties to R, where scalars
can take complex values.
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2.2 RANK OF A MATRIX

A matrix is a rectangular array of numbers, commonly denoted by upper-case bold
letters, e.g., A. A matrix with m rows and n columns is called an m x n matrix, and
we write

11 Q12 Q1n

azr Qa2 Am2
A=

Gm1 QG2n : Amn

Let us denote the kth column of A by a;, that is,
a1k
azr

ap = .

Amk

The maximal number of linearly independent columns of A is called the rank of the
matrix A, denoted rank A. Note that rank A is the dimension of span[ay, . .., a,).

Proposition 2.3 The rank of a matrix A is invariant under the following operations:
1. Multiplication of the columns of A by nonzero scalars,

2. Interchange of the columns,

3. Addition to a given column a linear combination of other columns.

0O
Proof.
1. Let by = agag, where ap, 2 0,k = 1,...,n, and let B = [by, bs,...,b,].
Obviously
span[ai, @s,...,a,] = span(by, b, ..., by,
and thus

rank A = rank B.

2. The number of linearly independent vectors does not depend on their order.
3. Let

bi = ai;+caz+---+cpay,

b; = a.,

b, = a,.



RANK OF A MATRIX 11

So, forany o1,...,0n,

arby +azby + -+ a,b, = ana + (a'z +a102)a2 +-- 4 (an +016n)an,

and hence
spanfby, be, ..., by] C spanfai,as,...,an).
On the other hand
ar = bi—cby—--—cpby,
a; = by,
a, = b,.
Hence,
spanfay,az,...,a,) C spanfb;, ba,. .., b,].
Therefore,
rank A = rank B.

Associated with each square (n X n) matrix A is a scalar called the determinant of
the matrix A, denoted det A or | A|. The determinant of a square matrix is a function
of its columns and has the following properties:

1. The determinant of the matrix A = [a,a2,...,@,] is a linear function of
each column, that is,

1 2
det[ala“'aak—laaa;c ) +:Ba§¢ )7ak+17'--7an]
1
= adet[al,...,ak_l,ai ),ak+1,,..,an]
2
+;6de‘u[al,...,ak_l,afc ),ak.,.l,...,an],

foreacha, € R, ail),af) e R".

2. If for some k we have a, = ag41, then

det A = det[ay,...,ak, k11, ..,8,] =det[ay,...,ak, a,...,an] =0.
3. Let
10 .-« 0
In=[€1,62,...,en]= : : ., R
6 0 -+ 1

where {e;,...,e,} is the natural basis for R”. Then,

det I, =1.
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Note that if @« = § = 0 in property 1, then
det[al,...,ak_l,O,aH],...,an] =0.

Thus, if one of the columns is 0, then the determinant is equal to zero.
The determinant does not change its value if we add to a column another column
muitiplied by a scalar. This follows from properties 1 and 2 as shown below:

detfay,...,@x_1,ar + 0Q;,Qkt1,...,Qj,- .., Q)
= det{ai,...,0k-1,8k, @41, 8j,...,qn)
+ adetla;,...,ar_1,8;5,@x41,...,8j,...,Gn]
= deta,...,a,).

However, the determinant changes its sign if we interchange columns. To show
this property note that

detay,...,@k—1,8k, Qkt1,. - -, 0y)
det[ay,..., 0 + Qpt1,884+1,---,Gn)
= det[ay,...,ak + Qrt1,8541 — (@k + Bgt1),- .-, Bn)
= det[a;,...,ar + Qrs1,— Ak, . . ., Q]
= —det[ay,..., 0 + Gry1,8k, ..., 0Q5]
= —(detfai,...,ak, C,...,a,] +detlay,..., a1,k ...,a5])
—det[ay, ..., Qk41, 8k, .., Qn).

A pth-order minor of an m x n matrix A, with p < min{m,n), is the determinant
of a p X p matrix obtained from A by deleting m — p rows and n — p columns.

One can use minors to investigate the rank of a matrix. In particular, we have the
following proposition.

Proposition 2.4 Ifanm x n(m > n)matrix A has a nonzero nth-order minor, then
the columns of A are linearly independent, that is, rank A = n. ]

Proof. Suppose A has a nonzero nth-order minor. Without loss of generality, we
assume that the nth-order minor corresponding to the first n rows of A is nonzero.
Letz;,i =1,...,n, be scalars such that

T1a) + T2G2 + -+ Than, = 0.

The above vector equality is equivalent to the following set of m equations:

1171 + G2Z2 + -+ aipty, = 0
a2 +aprs+ - tamz, = 0
0n1T1 + On2T2 + -+ GunTpn = 0

Ami1T1 + GmaZs + -  + Apntn, = 0.
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Fori=1,...,n,let
Qg
a; =
Qni.
Then, z161 + - + o0, = 0.

The nth-order minor is det[d1, @2, ..., &y,], assumed to be nonzero. From the
properties of determinants it follows that the columns @, @z, . . . , @, are linearly in-
dependent. Therefore, all x; = 0,7 = 1,...,n. Hence, the columns a1, as,-..,an
are linearly independent. [ |

From the above it follows that if there is a nonzero minor, then the columns
associated with this nonzero minor are linearly independent.

If a matrix A has an rth-order minor | M| with the properties (i) [ M| # 0 and (ii)
any minor of A that is formed by adding a row and a column of A to M is zero, then

rank A =r.

Thus, the rank of a matrix is equal to the highest order of its nonzero minor(s).

A nonsingular (or invertible) matrix is a square matrix whose determinant is
nonzero.

Suppose that A is an n x n square matrix. Then, A is nonsingular if and only if
there is another n X n matrix B such that

AB=BA=1,,
where I, denotes the n x n identity matrix:
01 --- 0
In=1. . . .
00 --- 1

We call the above matrix B the inverse matrix of A, and write B = A™L.
Consider the m x n matrix

a1 a2z '+ Qin

21 Q22 - Q2q
A= . .

Am1 Am2 ' Omn

The transpose of A, denoted AT is the n X m matrix

a1 a1 " Aml
a2 a2 -+ Am2
T _
A" = : : .. : ’
Alpn Q2 ' Omn

that is, the columns of A are the rows of AT, and vice versa. A matrix A is symmetric
if A= A7,
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2.3 LINEAR EQUATIONS

Suppose we are given m equations in 1 unknowns of the form

01121 + @122 + -+ a1nZn = b
21Ty + 2%z + -+ @nThn = by
Qm1T1 + GmaZe + -+ QpnZy, =  bp,.

We can represent the above set of equations as a vector equation

Tia1 + 282 + -+ Tpa, = b,

where
ay; b
az; be
Qmj bm

Associated with the above system of equations are the following matrices
A =[ay,a,...,a,],
and an augmented matrix
[Ab] =[a1,a2,...,a,,b].
We can also represent the above system of equations as
Ax = b,
where

T1

z2
T =

Tn
Theorem 2.1 The system of equations Ax = b has a solution if and only if
rank A = rank[A b].
O

Proof. =>: Suppose the system Az = b has a solution. Therefore, b is a linear
combination of the columns of A, that is, there exist z1, ..., 2, such that z;a; +
T2Qz + -+ + Tpa, = b. It follows that b belongs to span(a, .. ., a,] and hence

rank A = dimspan[a,...,a,]
= dimspan[a,,...,an,b]
= rank[A b].



LINEAR EQUATIONS 15

<=: Suppose thatrank A = rank[A b] = r. Thus, we have r linearly independent
columns of A. Without loss of generality, let a;, as,...,a, be these columns.
Therefore, @y, as, . . ., a, are also linearly independent columns of the matrix [A b].
Because rank[A b] = r, the remaining columns of [A b] can be expressed as
linear combinations of @,, a3, ..., a,. In particular, b can be expressed as a linear
combination of these columns. Hence, there exist x1,...,Z, such that zya; +
T2y + -+ Tpan, =b. u

Let the symbol R™*™ denote the set of m x n matrices whose elements are real
numbers.

Theorem 2.2 Consider the equation Ax = b, where A € R™*", andrank A = m.
A solution to Ax = b can be obtained by assigning arbitrary values for n — m
variables and solving for the remaining ones. O

Proof. We have rank A = m, and therefore we can find m linearly independent
columns of A. Without loss of generality, let @y, as,...,a, be such columns.
Rewrite the equation Az = b as

101 + 2202+ F Ty = b~ T 104 — 0 — TpGy.
Assignto Tmy1, Tm+2,. .., Lr arbitrary values, say
T4l = Amt1, Tmy2 = dmy2,..., Tn = dp,
and let
B = [a;,a;,...,a,] € R™*™.

Note that det B # 0. We can represent the above system of equations as

(A1
L3
B . = [b—dm+1am+1 —— —dnan].
ITm
The matrix B is invertible, and therefore we can solve for [z1, Z2, . . ., zm]T. Specif-
ically,
T
To 1
. =B [b—dm+1am+1 . —dnan].
I'm
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2.4 INNER PRODUCTS AND NORMS

The absolute value of a real number a, denoted |al, is defined as

laf = a ifa>0
T ] -a ifa<0’
The following formulas hold:

L |a| =] ~a};
2. ~la] < a<lal;
3. la+b| < |a| +|b);
4. [la} = [b]] < |a—b] < |a| + |b];
5. |ab| = |al|b];
6. |al < cand |b| < dimply Ja + b < ¢+ d;
7

. The inequality Ja| < b is equivalentto —b < & < b (i.e.,a < band —a < b).
The same holds if we replace every occurrence of “<” by “<.”

8. The inequality |a| > b is equivalentto @ > bor —a > b. The same holds if we
replace every occurrence of “>" by “>.

For z,y € R", we define the Euclidean inner product by

:l:y) Zzzyz—m Y.

The inner product is a real-valued function (-, -} : R® x R® — R having the following
properties:

1. Positivity: (z,x)} > 0, (z,z) = Oifandonlyifz = 0

2. Symmetry: {z,y) = (¥, z);

3. Additivity: (z + y,2) = {z,2) + (¥, 2);

4. Homogeneity: (rz,y) = r{z,y) foreveryr € R

The properties of additivity and homogeneity in the second vector also hold, that
is,

(zy+z) = (o,y)+ (22),
(z,7y) = r{x,y) foreveryr e R.
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The above can be shown using properties 2 to 4. Indeed,

(Z,y+2) = (y+z2
= (y,z) + (z,2)
= (z,y) +(z,2),

and
(@,ry) = (ry,z) = r(y, ) =r(z,y).
It is possible to define other real-valued functions on R* x R™ that satisfy properties
1 to 4 above (see Exercise 2.5). Many results involving the Euclidean inner product
also hold for these other forms of inner products.
The vectors x and y are said to be orthogonal if {x,y) = 0.
The Euclidean norm of a vector x is defined as

|z} = V{z,z) = VaTz.

Theorem 2.3 Cauchy-Schwarz Inequality. For any two vectors x and y in R®, the
Cauchy-Schwarz inequality

e, )| < lllilyll

holds. Furthermore, equality holds if and only if x = ay for some ¢ € R O
Proof. First assume that & and y are unit vectors, that is, }|z|| = |ly|| = 1. Then,
0<llz-9l* = (z-y,z-y)
= |l=l? - 2(z, y) + lly?
= 2-2z,y),
or
(x,y) <1,

with equality holding if and only if z = y.

Next, assuming that neither & nor y is zero (for the inequality obviously holds
if one of them is zero), we replace = and y by the unit vectors z /||| and y/||y||.
Then, apply property 4 to get

(z, ) < ll=lllyll-
Now replace x by —x and again apply property 4 to get

—(z,y) < ll=llliyll.

The last two inequalities imply the absolute value inequality. Equality holds if and
only if z/||z|| = 2¥y/||yl, that is, £ = ay for some @ € R [ |

The Euclidean norm of a vector ||z|| has the following properties:
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1. Positivity: ||z} > 0, ||z|| = 0 if and only if z = 0;
2. Homogeneity: ||rz|| = |r|||z|l,r € R;
3. Triangle Inequality: |lz + || < ||z|| + ||yl

The triangle inequality can be proved using the Cauchy-Schwarz inequality, as
follows. We have
lz +yl* = llzll* + 2(z,y) + llylI>.

By the Cauchy-Schwarz inequality,

= (=l + llyh*,

lz+yl® < llzl® + 2=yl + Iyl

and therefore
lz +yll < llzll + [lyll-

Note that if z and y are orthogonal, that is, (z,y) = 0, then
e +yl® = ll2l® + llyll?,

which is the Pythagorean theorem for R™.

The Euclidean norm is an example of a general vector norm, which is any func-
tion satisfying the above three properties of positivity, homogeneity, and triangle
inequality. Other examples of vector norms on R” include the 1-norm, defined by
llzlli = Jz1| + - -- + |zn|, and the co-norm, defined by |||/ = max; |z;|. The
Euclidean norm is often referred to as the 2-norm, and denoted ||x{]>. The above
norms are special cases of the p-norm, given by

lall, = { (21 4+ )P if1<p <00
P7 | max(zil,..lzal)  ifp=oo

We can use norms to define the notion of a continuous function, as follows. A
function f : R® — R™ is continuous at x if for all € > 0, there exists § > 0 such
that [ly — z|| < § = ||f(y) — f(z)|] < e. If the function f is continuous at every
point in R", we say that it is continuous on R". Note that f = [fi,..., fm]7 is
continuous if and only if each component f;, i = 1,...,m, is continuous.

For the complex vector space C*, we define an inner product (z,y) to be
Z?:I z;§i, where the bar over y; denotes complex conjugation. The inner prod-
uct on C" is a complex valued function having the following properties:

1. (z,z) >0, (z,z) = 0if and only if & = 0;
2. {z,y) = (y,z);
3. <w + y,Z) = (:D,Z) + (y,z);

4. {rz,y) = r{z,y}), wherer € C.
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From properties 1 to 4, we can deduce other properties, such as
(x,r1y +r22) =71 (2, y) + 72z, 2),

where 71,7y € C. For C*, the vector norm can similarly be defined by ||z||* =
(x, x). For more information, consult Gel’fand [33].

EXERCISES

2.1 Let A € R™*™ and rank A = m. Show that m < n.

2.2 Prove that the system Ax = b, A € R™*"™, has a unique solution if and only if
rank A = rank[A b] = n.

2.3 (Adapted from [25]) We know thatif £ > n+1, then the vectors a,,as, . ..,a; €
R™ are linearly dependent, that is, there exist scalars a;, ..., ar such that at least
one a; # 0 and Zf:l a;a; = 0. Show that if £ > n + 2, then there exist scalars
a1,...,q; such that at least one «; # 0, Zle oza; = 0, and Zle a; = 0.

Hint: Introduce the vectors @; = [1,al]T € R"*!, ¢ = 1,...,k, and use the fact
that any n + 2 vectors in R**! are linearly dependent.

2.4 Prove the seven properties of the absolute value of a real number.

2.5 Consider the function (-,-)2 : R? x R? — R, defined by (z,y)> = 2z, +
3zay1 + 3T1y2 + T3y, where T = [z1,22]7 and y = [y1,y2]7. Show that (-, -)»
satisfies conditions 1 to 4 for inner products.
Note: This 1s a special case of Exercise 3.14.

2.6 Show that for any two vectors z,y € R?, |||z|| — ||lyll] < ||z — vl
Hint: Write © = (x ~ y) + y, and use the triangle inequality. Do the same for y.

2.7 Use Exercise 2.6 to show that the norm || - || is a uniformly continuous function,
thatis, foralle > 0, there exists § > O such thatif |z —y|| < 4, then|||z]|—||¥ll] < &.
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Transformations

3.1 LINEAR TRANSFORMATIONS

A function £ : R* — R™ is called a linear transformation if
1. L(ax) = al(x) forevery z € R® and ¢ € R; and
2. L(x+y) = L(z) + L(y) forevery z,y € R™.

If we fix the bases for R™ and R™, then the linear transformation £ can be
represented by a matrix. Specifically, there exists A € R™*"™ such that the following
representation holds. Suppose € R" is a given vector, and x’ is the representation
of = with respect to the given basis for R*. If y = £(x), and ¢’ is the representation
of y with respect to the given basis for R™, then

y' = Az’

We call A the matrix representation of L with respect to the given bases for R® and
R™. In the special case where we assume the natural bases for R® and R™, the
matrix representation A satisfies

L(x) = Ax.
Let {e1,es,...,e,} and {€}, €}, ..., e} } betwo bases for R*. Define the matrix
T = [e},€h,...,eL]  [e1,ea,... en]
We call T the transformation matrix from {e;,e2,...,e,} to {e},e5,...,eL}. It
is clear that
le1,€2,...,en] = [e],€h,...,eL]T,

21
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that is, the ith column of T’ is the vector of coordinates of e; with respect to the basis
{e},e5,...,eL}.

Fix a vector in R™, and let x be the column of the coordinates of the vector with
respect to {e;, ez2,...,e,}, and &’ the coordinates of the same vector with respect
to {e}, €5, ... el }. Then, we can show that &' = Tz (see Exercise 3.1).

Consider a linear transformation

L:R* > R*,

and let A be its representation with respect to {e1, ez, ..., €,}, and B its represen-
tation with respect to {e},e5,...,e,}. Lety = Az and y' = Bx'. Therefore,
y =Ty =TAz = Bx' = BTz, andhence TA = BT,or A =T 'BT.

Two n X n matrices A and B are similar if there exists a nonsingular matrix T'
such that A = T-!'BT. In conclusion, similar matrices correspond to the same
linear transformation with respect to different bases.

3.2 EIGENVALUES AND EIGENVECTORS

Let A be an n x n square matrix. A scalar A (possibly complex) and a nonzero
vector v satisfying the equation Av = Av are said to be, respectively, an eigenvalue
and eigenvector of A. For A to be an eigenvalue it is necessary and sufficient for the
matrix AT — A to be singular, that is, det[\f — A] = 0, where I is the n x n identity
matrix. This leads to an nth-order polynomial equation

detA\I — Al = A"+ an A" P+ +ad+ag=0.

We call the polynomial det{AI — A] the characteristic polynomial of the matrix A,
and the above equation the characteristic equation. According to the fundamental
theorem of algebra, the characteristic equation must have n (possibly nondistinct)
roots that are the eigenvalues of A. The following theorem states that if A has n
distinct eigenvalues, then it also has n linearly independent eigenvectors.

Theorem 3.1 Suppose the characteristic equation det[\I — A] = 0 has n distinct
roots Ay, Ag, ..., An. Then, there exist n linearly independent vectors vy,vs,...,0,
such that

A’Ui=/\i’l)i, i=1,2,...,n.

0
Proof. Because det[\;] — A] = 0, ¢ = 1,...,n, there exist nonzero v;, ¢ =
1,...,n, such that Av; = A\v;, ¢ = 1,...,n. We now prove linear independence
of {v1,vs,...,v,}. Todo this, letei,. .., ¢, be scalars such that } ", c;v; = 0.

We show thate; = 0,i =1,...,n.
Consider the matrix

Z = oI — A)(NsI — A)--- (AT — A).



EIGENVALUES AND EIGENVECTORS

We first show that ¢; = 0. Note that

Zv, = ol - A)Osl ~ A)- - (Aner — A)Ond — Ao,
= (o — AT — A) - Oy I — A)(Anvn — Avy)
= 0

since A v, — Av, = 0.
Repeating the above argument, we get

Zv, =0, k=23,...,n.
But

Zv, = oI —A)sI—A) Moy — A)OI — A)vy
= (ol = A)AsI - A) - (Ap_1v1 — Avy)(An — A1)

= ()\21 - A)()\g.[ — A)’U1 res (An—l - Al)(/\n - )\1)
= (A2 =23 = A1) (Ap1 — A)(An — /\1)'Ul~

Using the above equation, we see that

Z (Z civi) = Zc,-Zv,-
= CIZvl
= c{d —~ M)Az — A1) (An — A)vy = 0.

Because the ); are distinct, it must follow that ¢; = 0.

23

Using similar arguments, we can show that all ¢; must vanish, and therefore the

set of eigenvectors {vy, Vs, ..., vy} is linearly independent.

Consider a basis formed by a linearly independent set of eigenvectors
{v1,v2,...,v,}. With respect to this basis, the matrix A is diagonal (i.e., if

a;; is the (4, j)th element of A, then a;; = 0 for all ¢ # j). Indeed, let
T = [v1,v2,...,Va).
Then,

T AT T Afvy,vs,. .., v,
= T Y Av, Av,,..., Avy)
= T"l[/\lvl, /\2172, .us ,/\nvn]
A1 0
Az

= T-T
0 An
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A1 0
Az

because T™'T = I.
Let us now consider symmetric matrices.

Theorem 3.2 All eigenvalues of a symmetric matrix are real. O

Proof. Let
Az = Az,

where z # 0. Taking the inner product of Az with x yields
(Az,z) = (Az,z) = XNz, ).
On the other hand
(Az,z) = (z, ATz) = (z, Ax) = (z, \z) = Mz, z).

The above follows from the definition of the inner product on C*. We note that
(x,z) is real and (x,z) > 0. Hence,

Mz, z) = Mz, )

and
(A= XNz, z) =0.

Because (z,z) > 0,

A=A
Thus, A is real. [ |

Theorem 3.3 Any real symmetric n X n matrix has a set of n. eigenvectors that are
mutually orthogonal. O

Proof. We prove the result for the case when the n eigenvalues are distinct. For a
general proof, see [43, p. 104].
Suppose Av; = A\1v1, Ava = Av3, where Ay # A;. Then,

(Avy,v2) = (Mv1,v2) = A1 (v1,02).
Because A = AT,
{Av),v2) = ('vl,AT'vg) = {11, Avg) = A2 {v1,v2).

Therefore,
A1{v1,v2) = Ao (v1,02).
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Because Ay # Ag, it follows that

{v1,v2) = 0.
[ |
If A is symmetric, then a set of its eigenvectors forms an orthogonal basis for R".
If the basis {v;,v2,...,v,} is normalized so that each element has norm of unity,
then defining the matrix
T = [v1,v2,...,745],
we have
T'T =1,
and hence
TT =771

A matrix whose transpose is its inverse is said to be an orthogonal matrix.

3.3 ORTHOGONAL PROJECTIONS

Recall that a subspace V of R™ is a subset that is closed under the operations of
vector addition and scalar multiplication. In other words, V is a subspace of R" if
T1,x2 €V = axy + fxy € Viorall a,8 € R Furthermore, the dimension of a
subspace V is equal to the maximum number of linearly independent vectors in V. If
V is a subspace of R”, then the orthogonal complement of V, denoted V+, consists
of all vectors that are orthogonal to every vector in V. Thus,

Vi ={z:vTz =0forallv € V}.

The orthogonal complement of V is also a subspace (see Exercise 3.3). Together, V
and V* span R™ in the sense that every vector z € R” can be represented uniquely
as

x =z 4+ 22,

where £; € V and > € V1. We call the above representation the orthogonal
decomposition of x (with respect to V). We say that &, and x» are orthogonal
projections of x onto the subspaces V and V1, respectively. We write R* = V@ VL,
and say that R" is a direct sum of V and V1. We say that a linear transformation
P is an orthogonal projector onto V if for all x € R", we have Pz € V and
z - PreVti.

In the subsequent discussion, we use the following notation. Let A € R™*”, Let
the range, or image, of A be denoted

R(A) & {Az : x € R"},
and the nullspace, or kernel, of A be denoted

N(A) £ {z e R" : Az = 0}.
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Note that R(A) and A/ (A) are subspaces (see Exercise 3.4).

Theorem 3.4 Let A be a given matrix. Then, R(A)* = N(AT), and N(A)L =
R(AT). O

Proof. Suppose x € R(A)L. Then, yT(ATz) = (Ay)Tz = 0 for all y, so that
ATz = 0. Hence, z € N'(AT). This implies that R(A)- ¢ N'(AT).

If now z € N(AT), then (Ay)Tz = yT(ATz) = 0 for all y, so that = €
R(A)L, and consequently N'(AT) ¢ R(A)L. Thus, R(A)*+ = N(AT).

The equation A'(A)L = R(AT) follows from what we have proved above, and
the fact that for any subspace V, we have (V+)1 = V (see Exercise 3.6). [ |

Theorem 3.4 allows us to establish the following necessary and sufficient condition
for orthogonal projectors. For this, note that if P is an orthogonal projector onto V,
then Pz = « forall £ € V, and R(P) = V (see Exercise 3.9).

Theorem 3.5 A matrix P is an orthogonal projector (onto the subspace V = R(P))
ifandonly if P2 = P = PT, 0

Proof. =>: Suppose P is an orthogonal projector onto V = R(P). Then, R(I —
P) c R(P)L. But, R(P)* = N(PT) by Theorem 3.4. Therefore, R(I — P) C
N(PT). Hence, PT(I — P)y = 0 for all y, which implies that PT (I — P) = O,
where O is the matrix with all entries equal to zero. Therefore, PT = PTP, and
thus P = PT = P2

«: Suppose P2 = P = P”. Forany x, we have (Py)7 (I - P)x = yT PT(I-
P)xz = yT P(I — P)x = Oforall y. Thus, (I — P)x € R(P)*, which means that
P is an orthogonal projector. [ |

3.4 QUADRATIC FORMS

A quadratic form f : R* — R is a function
f(z) = 7 Qz,

where @ is an n X n real matrix. There is no loss of generality in assuming @ to be
symmetric, that is, Q@ = QT. For if the matrix @ is not symmetric, we can always
replace it with the symmetric matrix

N | =t

Q=0 =5(Q+Q").

Note that ; )
z7Qz = 27 Qyzx = =7 (ﬁQ + §QT) x.

A quadratic form 7 Qz, Q = Q7 , is said to be positive definite if £T Qz > 0 for
all nonzero vectors x. It is positive semidefinite if xTQz > 0 for all . Similarly,
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we define the quadratic form to be negative definite, or negative semidefinite, if
27 Qx < 0 for all nonzero vectors z, or z7 Qa < 0 for all x, respectively.

Recall that the minors of a matrix @ are the determinants of the matrices obtained
by successively removing rows and columns from Q. The principal minors are det Q
itself and the determinants of matrices obtained by successively removing an ith row
and an ¢th column. That is, the principal minors are:

Qill'l q’i;ig e Qz'li,,
Qiziy  Qigin " Qigip ) ]

det . . . ) 1§z1<---<zp§n,p=1,2,...,n.
Q'ipil qipiz T (Ii,,i,,

The leading principal minors are det QQ and the minors obtained by successively
removing the last row and the last column. That is, the leading principal minors are:

yAz=det [ qo1 g2 g3 {,..., Ap=detQ.

] i1 Q12 di13
931 432 433

Ay = qu1, Ay = det [qu @12
g21 422

We now prove Sylvester’s criterion, which allows us to determine if a quadratic
form zT Qz is positive definite using only the leading principal minors of Q.

Theorem 3.6 Sylvester’s Criterion. A quadratic form 7 Qzx, Q = Q7 is positive
definite if and only if the leading principal minors of Q are positive. O

Proof. The key to the proof of Sylvester’s criterion is the fact that a quadratic form
whose leading principal minors are nonzero can be expressed in some basis as a sum
of squares

Ag g Ay, FAVNE R
—E 4 —E -+ £
AT AT? A, T
where ; are the coordinates of the vector z in the new basis, Ag = 1,and Ay, ..., A,

are the leading principal minors of Q.
To this end, consider a quadratic form f(z) = 7 Qz, where Q = Q7. Let
{e1, €z, ..., €en} be the natural basis for R, and let

Tr=1I1€1+13€2 + -+ Tp€n

be a given vector in R”. Let {v;,v2,...,v,} be another basis for R*. Then, the
vector & is represented in the new basis as &, where

-~ O -
z =[v1,v2,...,0,)8 = VZ.
Accordingly, the quadratic form can be written as

zTQz =2TvTQVi =z7Qx,
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where . _
qii - in
Q=VTQV = :
in e q~nn
Note that §;; = (v;, Qu;). Our goal is to determine conditions on the new basis
{vi,v2,...,v,} such that §;; = O fori # j.
We seek the new basis in the form

v = ane
v2 = a21€) + axes
UVn = Qp1€1 +Qan2€z + -+ Qpn€np.

Observe thatforj =1,...,1 — 1,if

(”i, er) = 0’
then
(via ij> =0.
Our goal then is to determine the coefficients o1, 2, ...,04, % = 1,...,n, such

that the vector
Uy = ai€; +aiz€y + -+ o8

satisfies the i relations

(vi,Qe;) = 0, j=1,...,i—1,
(e,-, Q‘Ui) = 1.
In this case, we get
ap; - 0
Q=|: .
0 - ann
Foreach 7 = 1,...,n, the above ¢ relations determine the coefficients a;3, ..., a4

in a unique way. Indeed, upon substituting the expression for v; into the above
equations, we obtain the set of the equations

angn +aipqie + -+ aiiqn; = 0

0§1Gi-11 + Qiagi—12 + -+ i1 = 0
Qigin + @izQiz + -+ g = 1
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The above set of equations can be expressed in matrix form as

qun Q12 - qu Qi1 0
Q1 G2 - Q2 Q2 0
i qi2 - qid (277} 1

If the leading principal minors of the matrix Q do not vanish, then the coefficients
a;; can be obtained using Cramer’s rule. In particular,

qu - Qi-1 O
1 : .. : Ay
oy = ——det . : : 0 = [;l.
A gi-11 **° Qi-1i-1 O ¢
gn 0 Q-1 1
Hence, L
Aar 0
Ay
o=| >
0 AAH;I
In the new basis, the quadratic form can be expressed as a sum of squares
= 1 A Apo
T A~ - 1. 1.
zTQz = 37Q% = A—lzf+A—21'%+---+ Xn #2.

We now show that a necessary and sufficient condition for the quadratic form to be
positive definite is A; > 0,1 =1,...,n.

Sufficiency is clear, for if A; > 0,7 = 1,...,n, then by the previous argument
there is a basis such that .

z7Qx =3TQ% > 0

for any & # 0 (or, equivalently, any & # 0).

To prove necessity, we first show that for i = 1,...,n, we have A; # 0. To see
this, suppose that A, = 0 for some k. Note that Ay = det Q,

Qi1 - ik
Q.=1|: - :
qr1 - Qkk

Then, there exists a vector v € R, v # 0, such that vTQ; = 0. Letnow = € R"
be given by = [v7,07]7. Then,

zTQx =vT Qv =0.

But z # 0, which contradicts the fact that the quadratic form f is positive definite.
Therefore, if zTQx > 0 then A; # 0,4 = 1,...,n. Then, using our previous
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argument, we may write

~ 1 A A
T =T Az ~2 1.2 n—1 -2
' Qr=% Qf = — — ces
Q Q A, 7+ A2x2 + 4 AL Z5,
where & = [vy,...,v,]z. Hence, if the quadratic form is positive definite, then all
leading principal minors must be positive. [ |

Note that if Q is not symmetric, Sylvester’s criterion cannot be used to check
positive definiteness of the quadratic form 7 Qz. To see this, consider an example

where
1 0
a=[1 1]
The leading principal minors of Q are A; =1 > 0and A; = det@Q =1 > 0.
However, if z = [1, 1]T, then a:TQ:c = —2 < 0, and hence the associated quadratic

form is not positive definite. Note that

canear [l 8] - ([ 7
= z7 [_12 _12] z =z Q.

The leading principal minors of Qg are Ay =1 > 0and Ay = detQy, = -3 <0,
as expected.

A necessary condition for a real quadratic form to be positive semidefinite is
that the leading principal minors be nonnegative. However, this is not a sufficient
condition (see Exercise 3.11). In fact, a real quadratic form is positive semidefinite
if and only if all principal minors are nonnegative (for a proof of this fact, see [31,
p. 307)).

A symmetric matrix Q is said to be positive definite if the quadratic form z7 Qz
is positive definite. If Q is positive definite, we write Q@ > 0. Similarly, we define a
symmetric matrix Q to be positive semidefinite (Q > 0), negative definite (Q < 0),
and negative semidefinite (Q < 0), if the corresponding quadratic forms have the
respective properties. The symmetric matrix Q is indefinite if it is neither positive
semidefinite nor negative semidefinite. Note that the matrix @ is positive definite
(semidefinite) if and only if the matrix —@) is negative definite (semidefinite).

Sylvester’s criterion provides a way of checking the definiteness of a quadratic
form, or equivalently a symmetric matrix. An alternative method involves checking
the eigenvalues of Q, as stated below.

Theorem 3.7 A symmetric matrix Q) is positive definite (or positive semidefinite) if
and only if all eigenvalues of Q are positive (or nonnegative). O

Proof. Forany z,lety =T 'z = TTx, where T is an orthogonal matrix whose
columns are eigenvectors of Q. Then, z7Qx = y"TTQTy = 31, A\iy?. From
this, the result follows. |
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Through diagonalization, we can show that a symmetric positive semidefinite
matrix ¢ has a positive semidefinite (symmetric) square root Ql/ 2 satisfying
Ql/le/z = Q. For this, we use T as above and define

AL/ 0
\1/2
Q1/2 =T 2 TT,
0 1/2

which is easily verified to have the desired properties. Note that the quadratic form
2T Qz can be expressed as || Q2|2

In summary, we have presented two tests for definiteness of quadratic forms and
symmetric matrices. We point out again that nonnegativity of leading principal
minors is a necessary but not a sufficient condition for positive semidefiniteness.

3.5 MATRIX NORMS

The norm of a matrix may be chosen in a variety of ways. Because the set of matrices
R™*™ can be viewed as the real vector space R™", matrix norms should be no
different from regular vector norms. Therefore, we define the norm of a matrix A,
denoted || A||, to be any function || - || that satisfies the conditions:

1. [JA]l > 0if A # O, and ||O|| = 0, where O is the matrix with all entries
equal to zero;

2. |lcA|l = |c}ljAll, for any ¢ € ;
3. [lA+ BJ| < ||All + IBJ].

An example of a matrix norm is the Frobenius norm, defined as

m 2

lAllF = Z (aij)2 1

where A € R™>*", Note that the Frobenius norm is equivalent to the Euclidean norm
on R™™.

For our purposes, we consider only matrix norms that satisfy the following addi-
tional condition:

4. [|ABJ| < ||AlllIBII.

It turns out that the Frobenius norm above satisfies condition 4 as well.

In many problems, both matrices and vectors appear simultaneously. Therefore,
it is convenient to construct the norm of a matrix in such a way that it will be related
with vector norms. To this end, we consider a special class of matrix norms, called
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induced norms. Let || - ||(n) and | - || ) be vector norms on R* and R™, respectively.
We say that the matrix norm is induced by, or is compatible with, the given vector
norms if for any matrix A € R™*™ and any vector ¢ € R, the following inequality
is satisfied:

Az||(m) < LAl (n)-

We can define an induced matrix norm as:

All= max ||Az ,
Al Hzll(n)=1” llm)

that is, || A]| is the maximum of the norms of the vectors Az where the vector & runs
over the set of all vectors with unit norm. When there is no ambiguity, we omit the
subscripts (m) and (n) from || - [| () and {| - [|(r)-
Because of the continuity of a vector norm (see Exercise 2.7), for each matrix A
the maximum
max || Az||
lleli=1

is attainable, that is, a vector g exists such that ||zo|| = 1 and || Azo|| = {|A||. This
fact follows from the theorem of Weierstrass (see Theorem 4.2).

The induced norm satisfies conditions 1 to 4, and the compatibility condition, as
we prove below.

Proof of Condition 1. Let A # O. Then, a vector , ||x|| = 1, can be found such
that Az # 0, and thus || Az|| # 0. Hence, || A|| = max g =1 || Az|| # 0. If, on the
other hand, A = O, then || A]| = maxz = [|Oz|| = 0. ]

Proof of Condition 2. By definition, [[cAl| = maxygy= [lcAz|]. Ob-
viously [[cAz|| = |c||Az|, and therefore ||cAl| = max)q = |c|l|Az| =
|¢| maxyz =1 [|Az|| = |c{|lA]|. 1

Proof of Compatibility Condition. Lety # 0 be any vector. Then, z = y/||y|| sat-
isfies the condition ||z|| = 1. Consequently || Ay|| = [|A(|lyllz)]] = lly|l||Az|| <
]

llyllilAll

Proof of Condition 3. For the matrix A + B, we can find a vector zy such that
A + B} = ||(A 4+ B)xp| and [|xo|| = 1. Then, we have

lA+ Bl = [(A+ B)zoll
= ||A=xo + Bzl
| Azo|| + || Bol|
Il Allllzoll + [IB}llzoll
lAll + 1 Bil.

IA A



MATRIX NORMS 33

Proof of Condition 4. For the matrix AB, we can find a vector o such that
llzo|| = 1 and ||ABzo}| = ||AB|l. Then, we have

IlAB|| = |lABzol|
= || A(Bwo)ll
< |lAJjiBzol)
< l1AllllBllizoll
= (IA[lliBII.
[
Theorem 3.8 Let X
n 2
IMF(ZMW)= (z,z).
k=1
The matrix norm induced by this vector norm is
Al = VA1,
where Ay is the largest eigenvalue of the matrix ATA O

Proof. We have
|Az||? = (Az, Azx) = (:z:,ATAa:).

The matrix A7 A is symmetric and positive semidefinite. Let A; > Ay > -+ >

An > Obeits eigenvalues and &1, 29, . . . , Tn, the orthonormal set of the eigenvectors
corresponding to these eigenvalues. Now, we take an arbitrary vector x with ||z|| = 1
and represent it as a linear combination of x;, 1 = 1,. .., n, that is:

T =cC12) +CT2 + -+ Cply.
Note that
(®, gy =ci+cE+ - +c2 =1

Furthermore,

|Az|? = (z, AT Azx)

(c1Ty + - + CrTn, 1M1 + 2+ + CrAnZy)
M+ + Ml

MG+ +2)

Al.

fl

It A

For the eigenvector &, of A7 A corresponding to the eigenvalue \;, we have

”142121”2 = (a:l,ATA:cl) = (:1:1,/\1:1:1) = /\1,
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and hence
[max Az = v/ Ar.

Using arguments similar to the above, we can deduce the following important
inequality.

Rayleigh’s Inequality. If an n x n» matrix P is real symmetric positive definite, then
)‘min(P)”mllz < =T Pz < /\maX(P)”‘BIFz

where Amin (P) denotes the smallest eigenvalue of P, and Apmax(P) denotes the
largest eigenvalue of P.

Example 3.1 Consider the matrix
2 1
A= a)
and let the norm in R? be given by

llll = /=1 + =3.

ATA=[5 4],

Then,

4 5
and det[AI; — ATA] = X2 —10A+9 = (A — 1)(A — 9). Thus, ||A|| = v9 = 3.
The eigenvector of AT A corresponding to A, = 9 is
=]
1= \/5 -1 .

Note that || Az, || = |} A]]. Indeed,
1111
lwil] = 1]

il

7

Sl

1

= ——=V32+32
V2

= 3.

Because A = AT in this example, we also have || A|| = max; <i<n |Ai(A)|, where
M(A),..., Ap{A) are the eigenvalues of A (possibly repeated). [ |

Warning: In general, maxi<i<n |A:i(A4)| # ||A|l. Instead, we have ||A|| >
maxj <i<n |Ai(A)|, as illustrated in the following example (see also Exercise 5.2).
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Example 3.2 Let

01
a=[5 o]
then
r,_10 0
wa=ly 4]
and

A0
det[AT; — AT A] = det [0 /\_1] =AA-1).

Note that 0 is the only eigenvalue of A. Thus, fori = 1,2,
lAll = 1> [A(A)| =0.
[ |

For a more complete but still basic treatment of topics in linear algebra as discussed
in this and the previous chapter, see [33], [47], [69], [91]. For a treatment of matrices,
we refer the reader to [31], [43]. Numerical aspects of matrix computations are
discussed in [27], [37].

EXERCISES

3.1 Fix a vector in R™, and let o be the column of the coordinates of the vector

with respect to the basis {e1, ez, ..., e,}, and ' the coordinates of the same vector
with respect to the basis {e],e},...,el,}. Show that ' = Tx, where T is the
transformation matrix from {e1, es,...,e,} to {e},e3,..., e, }.

3.2 Let Aq,...,A, be the eigenvalues of the matrix A € R**™. Show that the
eigenvalues of the matrix I, — Aarel — Ag,...,1 — A,.

3.3 Let V be a subspace. Show that V! is also a subspace.

3.4 Let A € R™*" be a matrix. Show that R(A) is a subspace of R™ and A'(A)
is a subspace of R™.

3.5 Prove that if A and B are two matrices with m rows, and V(A7) ¢ N(B7T),
then R(B) C R{A).

Hint: Use the fact that for any matrix M with m rows, we have dimR(M) +
dim N (MT) = m (this is one of the fundamental theorems of linear algebra (see

[91, p. 75)).

3.6 Let V be a subspace. Show that (V+)1 = V.
Hint: Use Exercise 3.5.
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3.7 Let V and W be subspaces. Show that if V C W, then W C V+.

3.8 Let V be a subspace of R™. Show that there exist matrices V' and U such that
V=R(V)=N(U).

3.9 Let P be an orthogonal projector onto a subspace V. Show that

a. Pr=xforallz €V
b. R(P)=V.

3.10 Is the quadratic form
{1 -8
. [1 . ] z
positive definite, positive semidefinite, negative definite, negative semidefinite, or
indefinite?

3.11 Let
A=

NN N
B o
O NN

Show that although all leading principal minors of A are nonnegative, A is not

positive semidefinite.

3.12 Consider the matrix

_-

011
Q=101
110

a. [s this matrix positive definite, negative definite, or indefinite?

b. Is this matrix positive definite, negative definite, or indefinite on the subspace

M={z:zy+z2+23=0}7?

3.13 Consider the quadratic form
flz1,32,23) = x'f + :c% + 5:c§ + 2{z179 — 2213 + 423,
Find the values of the parameter { for which this quadratic form is positive definite.

3.14 Consider the function (,-)g : R* xR™ -+ R, defined by (z,y)q = T Qy, where
z,y € R* and Q@ € R™*" is a symmetric positive definite matrix. Show that (,-)q
satisfies conditions 1 to 4 for inner products (see Section 2.4).
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3.15 Consider the vector norm || - || on R™ given by ||z|lc = max; |z;|, where
z = [z1,...,2,]7. Similarly define the norm || - ||co on R™. Show that the matrix
norm induced by these vector norms is given by

14lloe = max 3 lau,
k=1

where a;; is the (¢, j)th element of A € R™*",

3.16 Consider the vector norm || - ||; on R® given by ||z||; = Y} 7, |z:|, where
& = [T1,...,2,)T. Similarly define the norm || - ||; on R™. Show that the matrix
norm induced by these vector norms is given by

m
Al = max 3 fau,

=1

where a;; is the (¢, j)th element of A € R™*",
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Concepts from Geometry

4.1 LINE SEGMENTS

In the following analysis, we concern ourselves only with R™. The elements of this
space are the n-component vectors £ = [z1,Z3,. .., Tn] .

The line segment between two points & and y in R™ is the set of points on the
straight line joining points « and y (see Figure 4.1). Note that if 2 lies on the line
segment between x and y, then

z—-y=ax-y),

where a is a real number from the interval [0, 1]. The above equation can be rewritten
as z = ax + (1 — a)y. Hence, the line segment between  and y can be represented
as

{ax + (1 — @)y : @ € [0,1]}.

4.2 HYPERPLANES AND LINEAR VARIETIES

Let u3,us,...,un,v € R, where at least one of the u; is nonzero. The set of all
points ¢ = [z1, T3,...,%,]T thatsatisfy the linear equation

ULTY + U2Zp + -+ UnTp =V
is called a hyperplane of the space R". We may describe the hyperplane by
{xeR :uTz = v},

39



40 CONCEPTS FROM GEOMETRY

4

z=ox+(1-a)y
x ae[0,1]

Figure 4.1 A line segment

X3

X2

Figure 4.2 Translation of a hyperplane

where
u = [ul,u2,.. .,un]T.

A hyperplane is not necessarily a subspace of R since, in general, it does not contain
the origin. For n = 2, the equation of the hyperplane has the form u;z; +uszy = v,
which is the equation of a straight line. Thus, straight lines are hyperplanes in R?.
In R® (three-dimensional space), hyperplanes are ordinary planes. By translating a
hyperplane so that it contains the origin of R, it becomes a subspace of R” (see
Figure 4.2). Because the dimension of this subspace is n — 1, we say that the

hyperplane has dimensionn — 1.

The hyperplane H = {x : u1x1 + -+ + upz, = v} divides R" into two half-
spaces. One of these half-spaces consists of the points satisfying the inequality

1T, + u2Zs + + - - + upT, > v, denoted

Hy={zxeR" :uTz>v},
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Figure 4.3 The hyperplane H = {z € R" : uT(z — a) = 0}

where, as before,
T
u = [uy,ug,..., U] -

The other half-space consists of the points satisfying the inequality u;z1 + ugz2 +
<o« + unTn < v, denoted

H ={zeR':uTz <v}.

The half-space H,. is called the positive half-space, and the half-space H_ is called
the negative half-space.
Let @ = [a1,az,...,a,]T be an arbitrary point of the hyperplane H. Thus,

uTa — v = 0. We can write
uTz—v = uTz—v-(wTa-2)
= uf(z-a)

= ui(z: — a1) + ua(z2 —02) +oee +un(zn _an) =0.

The numbers (z; — a;), ¢ = 1,...,n, are the components of the vector £ — a.
Therefore, the hyperplane H consists of the points = for which (u,2 — a) = 0.
In other words, the hyperplane H consists of the points & for which the vectors u
and & — a are orthogonal (see Figure 4.3). We call the vector u the normal to the
hyperplane H. The set H., consists of those points « for which (u,x —a) > 0, and
H_ consists of those points & for which {u,x — a) < 0.

A linear variety is a set of the form

{x e R* : Az = b}

for some matrix A € R™*" and vector b € R". If dimn N'(A) = r, we say that the
linear variety has dimension r. A linear variety is a subspace if and only if b = 0. If
A = O, the linear variety is R". If the dimension of the linear variety is less than n,
then it is the intersection of a finite number of hyperplanes.
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C)

Figure 4.4 Convex sets

- u\\/

Figure 4.5 Sets that are not convex

4.3 CONVEX SETS

Recall that the line segment between two points u,v € R™ is the set {w € R :
w=ou+ (1 —-a)v,a €[0,1]}. Apointw = au + (1 — a)v (where & € [0,1])
is called a convex combination of the points u and v.

Aset © C R” is convex if for all u, v € O, the line segment between u and v is
in ©. Figure 4.4 gives examples of convex sets, whereas Figure 4.5 gives examples
of sets that are not convex. Note that © is convex if and only if ou + (1 —~ a)v € ©
forallu,v € ®anda € (0,1).

Examples of convex sets include:

e the empty set

¢ a set consisting of a single point
o aline or a line segment

e a subspace

¢ a hyperplane

¢ a linear variety
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e a half-space
¢ R*,
Theorem 4.1 Convex subsets of R* have the following properties:
a. If© is a convex set and B is a real number, then the set
B0 ={z .z = pv,v € B}
is also convex;
b. If ©1 and ©, are convex sets, then the set
0,+0:={x:x=v;+vs,v1 € 01,03 € O3}

is also convex;

43

¢. The intersection of any collection of convex sets is convex (see Figure 4.6 for

an illustration of this result for two sets).

Proof.

O

a. Let Jv;,Bvy € GO, where v1,v2 € ©. Because O is convex, we have

av; + (1~ a)vy € © forany a € (0,1). Hence,
afv; + (1 - a)fvs = favy + (1 — a)vs) € §O,

and thus 5@ is convex.

b. Let vy,v2 € ©; + O, Then, v; = v} + v{, and v; = v} + v§, where
v}, v, € 01, and v}, vy € O5. Because O; and O, are convex, for all

a€(0,1),
z; = av] + (1 —-a)vy, € 0,

and
zz = avy + (1 - a)vy € O..

By definition of @; + @5, ; + 3 € 01 + O3. Now,

avi + (1—a)va = a(v] +v))+ (1 —-a)(vy +vh
= @1 +x3 €01 +0,.

Hence, ©1 + 0, is convex.

¢. Let C be a collection of convex sets. Let ¢y, &2 € ﬂeeo © (where g ©
“represents the intersection of all elements in C). Then, &1,z € © for each
© € C. Because each © € C is convex, ax; + (1 — a)x, € O for all
a € (0,1) and each © € C. Thus, ax; + (1 — a)zs € (oo O- [ |
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®1ﬁ@2

Figure 4.6 Intersection of two convex sets

disc sphere

Figure 4.7 Examples of neighborhoods of a point in R? and R?

A point z in a convex set © is said to be an extreme point of O if there are no two
distinct points u and v in © such that z = au + (1 — «)v for some & € (0,1). For
example, in Figure 4.4, any point on the boundary of the disk is an extreme point,
the vertex (corner) of the set on the right is an extreme point, and the endpoint of the
half-line is also an extreme point.

4.4 NEIGHBORHOODS

A neighborhood of a point € R™ is the set
{yeR:|ly—=zll<e},

where ¢ is some positive number. The neighborhood is also called the ball with
radius ¢ and center x.

In the plane R?, a neighborhood of = = [z, :@]T consists of all the points inside
of a disc centered at . In R?, a neighborhood of z = [z, z2, $3]T consists of all
the points inside of a sphere centered at x (see Figure 4.7).

Apoint & € S is said to be an interior point of the set S if the set S contains some
neighborhood of x, that is, if all points within some neighborhood of x are also in S
(see Figure 4.8). The set of all the interior points of S is called the interior of S.

A point  is said to be a boundary point of the set S if every neighborhood of
x contains a point in S and a point not in S (see Figure 4.8). Note that a boundary
point of S may or may not be an element of S. The set of all boundary points of S is
called the boundary of S.
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Figure 4.8 x is an interior point, while y is a boundary point

A X2 S1= {[x9, %21 1<% <2,1<x0 <2}
3T S, is open
2+ il So={[x1,x2]:3<x1$4,1<x5 £2}
! Sy | Sz S, is closed
1-- [
0 : ——

Figure 4.9 Open and closed sets

A set S is said to be open if it contains a neighborhood of each of its points, that
is, if each of its points is an interior point, or equivalently, if S contains no boundary
points.

A set S is said to be closed if it contains its boundary (see Figure 4.9). We can
show that a set is closed if and only if its complement is open.

A set that is contained in a ball of finite radius is said to be bounded. A set is
compact if it is both closed and bounded. Compact sets are important in optimization
problems for the following reason.

Theorem 4.2 Theorem of Weierstrass. Let f : §1 — R be a continuous function,
where ) C R” is a compact set. Then, there exists £o € Q such that f(xo) < f(x)
forall x € §. In other words, f achieves its minimum on 1. a

Proof. See (82, p. 89]or [2, p. 154). [ |

45 POLYTOPES AND POLYHEDRA

Let O be a convex set, and suppose y is a boundary point of ©. A hyperplane passing
through vy is called a hyperplane of support (or supporting hyperplane) of the set
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Figure 4.10 Polytopes

©

Figure 4.11 One-dimensional polyhedron

O, if the entire set © lies completely in one of the two half-spaces into which this
hyperplane divides the space R™.

Recall that by Theorem 4.1, the intersection of any number of convex sets is
convex. In what follows, we are concerned with the intersection of a finite number of
half-spaces. Because every half-space A or H_ is convex in R™, the intersection
of any number of half-spaces is a convex set.

A set that can be expressed as the intersection of a finite number of half-spaces is
called a convex polytope (see Figure 4.10).

A nonempty bounded polytope is called a polyhedron (see Figure 4.11).

For every convex polyhedron © C R", there exists a nonnegative integer k < n
such that © is contained in a linear variety of dimension &, but is not entirely contained
in any (k — 1)-dimensional linear variety of R”. Furthermore, there exists only one
k-dimensional linear variety containing ©, called the carrier of the polyhedron ©,
and k is called the dimension of ©. For example, a zero-dimensional polyhedron is a
point of R™, and its carrier is itself. A one-dimensional polyhedron is a segment, and
its carrier is the straight line on which it lies. The boundary of any k-dimensional
polyhedron, & > 0, consists of a finite number of (¥ — 1)-dimensional polyhedra.
For example, the boundary of a one-dimensional polyhedron consists of two points
that are the endpoints of the segment.

The (k — 1)-dimensional polyhedra forming the boundary of a k-dimensional
polyhedron are called the faces of the polyhedron. Each of these faces has, in turn,
{(k — 2)-dimensional faces. We also consider each of these (k — 2)-dimensional faces
to be faces of the original k-dimensional polyhedron. Thus, every k-dimensional
polyhedron has faces of dimensions k — 1,k — 2,...,1,0. A zero-dimensional face
of a polyhedron is called a verzex, and a one-dimensional face is called an edge.
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EXERCISES
4.1 Show that a set S C R" is a linear variety if and only if for all z,y € S and
a€R wehaveaxr + (1-a)y € S.

4.2 Show that the set {z € R" : lz|] < r} is convex, where r > 0 is a given real
number, and ||z[| = V&Tz is the Euclidean norm of z € R".

4.3 Show that for any matrix A € R™*” and vector b € R™, the set (linear variety)
{r € R* : Az = b} is convex.

4.4 Show that the set {x € R” : & > 0} is convex (where > 0 means that every
component of & is nonnegative).
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Elements of Calculus

5.1 SEQUENCES AND LIMITS

A sequence of real numbers is a function whose domain is the set of natural numbers
1,2,...,k,...and whose range is contained in R. Thus, a sequence of real numbers
can be viewed as a set of numbers {21, zs,. .., T, ...}, which is often also denoted
as {zx} (or sometimes as {z;}52,, to indicate explicitly the range of values that k
can take).

A sequence {z,} is increasing if £1 < 3 < -+ <z - - -, thatis, 1 < g4y for
all k. If z;, < x4, then we say that the sequence is nondecreasing. Similarly, we
can define decreasing and nonincreasing sequences. Nonincreasing or nondecreasing
sequences are called monotone sequences.

A number z* € R is called the limit of the sequence {x} if for any positive ¢
there is a number K (which may depend one) such thatforall k > K, [z —z*| < &;
that is, x;, lies between £* — £ and z* + ¢ for all £ > K. In this case, we write

¥ = lim z
k—o0

or
*
b e I/ N

A sequence that has a limit is called a convergent sequence.

The notion of a sequence can be extended to sequences with elements in R™.
Specifically, a sequence in R™ is a function whose domain is the set of natural
numbers 1,2,..., %, ... and whose range is contained in R". We use the notation
{=M, 2@ .} or {x®} for sequences in R™. For limits of sequences in R?, we
need to replace absolute values with vector norms. In other words, z* is the limit of

49
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{x®)} if for any positive ¢ there is a number K (which may depend on €) such that
forall k > K, ||z'¥) — 2*|| < €. As before, if a sequence {z(*)} is convergent, we
write £* = limg 00 £ or £(*) — 2*.

Theorem 5.1 A convergent sequence has only one limit. D

Proof We prove this result by contradiction. Suppose that a sequence {z*)} has
two different limits, say «; and 5. Then, we have ||z; — x2|| > 0. Let

€= Ljay ]
“"2 1 214l

From the definition of a limit, there exist K; and K> such that for k¥ > K; we have
lz®) —z,|| < €,and fork > K wehave ||z*) —z;|| < €. Let K = max (K3, K3).
Then, if £ > K, we have ||z(® — 21|| < ¢ and ||z® — x,]| < e. Adding
|2 — 21|| < € and ||z*) — z5|| < € yields

|2 — 2| + [J&®) — 5| < 2.

Applying the triangle inequality gives

=z +mll = llo® — 21 —2® +
@™ —21) = (2 - za))
< o =l + 2 -zl
Therefore,
|| = z1 + z2|| = ||]z1 — x2|| < 2e.

However, the above contradicts the assumption that ||2; —23]| = 2¢, which completes
the proof. [ |

A sequence {z*¥)} in R” is bounded if there exists a number B > 0 such that
|lz®)|| < Bforallk =1,2,....

Theorem 5.2 Every convergent sequence is bounded. ]

Proof. Let {z(*)} be a convergent sequence with limit z*. Choose ¢ = 1. Then, by
definition of the limit, there exists a natural number K such that forall £k > K

lz® —z*|| < 1.
By the result of Exercise 2.6, we get
le® || - Jlz*|| < {|lz® —z*|| <1 forallk > K.

Therefore,
|20 < [l=*| +1 forallk > K.

Letting
B = max (2@, 2@, .., I ||, 2| + 1),
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we have
B> ||z forallk,

which means that the sequence {(*)} is bounded. |

For a sequence {z;} in R, a number B is called an upper bound if z;, < B for
all k = 1,2,.... In this case, we say that {zy} is bounded above. Similarly, B is
called a lower bound if x;, > B forall k = 1,2, .... In this case, we say that {z}
is bounded below. Clearly, a sequence is bounded if it is both bounded above and
bounded below.

Any sequence {z} in R that has an upper bound has a least upper bound (also
called the supremum), which is the smallest number B that is an upper bound of
{zx}. Similarly, any sequence {zx} in R that has a lower bound has a greatest
lower bound (also called the infimum). If B is the least upper bound of the sequence
{zt}, then z;, < B for all k, and, for any £ > 0, there exists a number K such that
zg > B — e. An analogous statement applies to the greatest lower bound: if B is
the greatest lower bound of {z}, then x;, > B for all k, and, for any ¢ > 0, there
exists a number K suchthat zp < B + €.

Theorem 5.3 Every monotone bounded sequence in R is convergent. O

Proof. We prove the theorem for nondecreasing sequences. The proof for nonin-
creasing sequences is analogous.

Let {zr} be a bounded nondecreasing sequence in R, and z* the least upper
bound. Fix a number € > 0. Then, there exists a number K such that zg > z* — €.
Because {z\} is nondecreasing, for any & > K,

Ty > ITg > —E.
Also, because z* is an upper bound of {z}, we have
zp <T* <IT¥ +eE

Therefore, for any & > K,
|z — z*| < &,

which means that z;, — z*. 1

Suppose we are given a sequence {z*)} and an increasing sequence of natural
numbers {my, }. The sequence

{m(mk)} - {w(rm),m(mz)’ )

is called a subsequence of the sequence { m(k)}. A subsequence of a given sequence
can thus be obtained by neglecting some elements of the given sequence.

Theorem 5.4 Consider a convergent sequence {:L'(k)} with limit x*. Then, any
subsequence of {x®)} also converges to x*. |
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Proof Let {z(™¥)} be a subsequence of {z(¥)}, where {m;} is an increasing
sequence of natural numbers. Observe that m; > k forall k = 1,2,.... To show
this, first note that m; > 1 because m; is a natural number. Next, we proceed by
induction by assuming that my > k. Then, we have my1 > my > k, which implies
that mg4+1 > k + 1. Therefore, we have shown that my > k forallk =1, 2,....

Let ¢ > 0 be given. Then, by definition of the limit, there exists K such that
||z® — 2*|| < ¢ forany k > K. Because my, > k, we also have ||z(™*) —z*|| < ¢
for any k > K. This means that

lim z(™) = z*,
k-—o00

It turns out that any bounded sequence contains a convergent subsequence. This
result is called the Bolzano-Weierstrass theorem (see [2, p. 70]).

Consider a function f : R* — R™ and a point o € R™. Suppose that there
exists £* such that for any convergent sequence {2(*)} with limit xo, we have

Jim f(@®) = £*.

Then, we use the notation

lim f(x)

=T

to represent the limit f*.
It turns out that f is continuous at & if and only if, for any convergent sequence
{z(®)} with limit o, we have

Jim flz®) = f (klggo x(k)) = f(xo)

(see [2, p. 137]). Therefore, using the notation introduced above, the function f is
continuous at x4 if and only if

Jim F(x) = f(=o).

We end this section with some results involving sequences and limits of matrices.
These results are useful in the analysis of algorithms (e.g., Newton’s algorithm in
Chapter 9).

We say that a sequence { Ay} of m X n matrices converges to the m X n matrix
Aif

lim [|[A — Ag|| = 0.
k—co

Lemma 5.1 Let A € R"*™. Then, limi_, oo A* = O if and only if the eigenvalues
of A satisfy |Mi(A)| <L i=1,...,n O
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Proof. To prove this theorem, we use the Jordan form (see, e.g., [33]). Specifically,
it is well known that any square matrix is similar to the Jordan form, that is, there
exists a nonsingular T such that

TAT ! = diag [Jm, (M), - oy I, (A1) T, (R2), -, T, (A)] =

where J.(A) is the r X r matrix:

A1 0
n=] 2
1
A
The Ay, ..., A; above are distinct eigenvalues of A, the multiplicity of A; is my +

---+ my, and so on,
We may rewrite the above as A = T~ 'JT. To complete the proof observe that

. k k -
k k-1, k—r+1
(D) ()
k
k k—r+1
JNF=]0 A (k-2))‘ :
| 0 0 A* ]
where
kY _ k!
i) ik — )"
Furthermore,
Ak =T LgkT,
Hence,
lim AF =77 ( lim Jk) T=0
k— oo k—o00
ifandonlyif |\;] < 1, =1,...,n. |

Lemma 5.2 The series of n X n matrices
I,+A+A*+---+AF + .-

converges if and only if limy_, oo A¥ = O. In this case the sum of the series equals
I,-A)"L a

Proof. The necessity of the condition is obvious.

To prove the sufficiency, suppose that limg_, A* = 0. By Lemma 5.1, we
deduce that [A;(A)| < 1,7 = 1,...,n. This implies that det(f,, — A) # 0, and
hence (I, — A)~! exists. Consider now the following relation:

I+ A+ A%+, .+ AOI, - A) =1, - A"
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Postmultiplying the above equation by (I, — A)~! yields
I+ A+ A%+ . + A" =(I,-A) - A1, - AL
Hence,

J o _ -1
kll»n;o ]2_% AT =T —A)7,

because limy_,oo A¥*! = O. Thus,

> A =(T,-A)7"
Jj=0

A matrix-valued function A : R™ — R™*" is continuous at a point £, € R if

lmlA©) - Al =0

Lemma53 Ler A : R -—) R"*™ be an n >< n matrix-valued function that is
continuous at €. If A(€,)" exists, then A(€)~! exists for & sufficiently close to £,
and A(-)~! is continuous at £, a

Proof. We follow [84]. We first prove the existence of A(£)~! for all £ sufficiently
close to §,. We have

A(8) = A(&o) — A(&) + AE) = A(&) (I — K(§)),

where
K(€) = A(&) ™ (A(%) - A(9)-
Thus,
K < 1 AE) NI AEo) — A€)]
and

lim K =0.
ne—eou—»o“ @Il
Because A is continuous at &, for all £ close enough to &, we have

0

where 8 € (0,1). Then,
K@l <6<1

and

(In — K(€)™
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exists. But then
A€) ™ = (AG)Tn - K@) = (In— K(€)) 1 A(&) 7,

which means that A(¢)~! exists for £ sufficiently close to &,.
To prove the continuity of A(-)~! note that

14E) ™ —A©) T = lA@™ - A) 'l
I(Tn — K&)' ~ I)A(&) -

However, since || K (£€)]| < 1, it follows from Lemma 5.2 that

I

In-K@) "' -L, =K+ K€+ =KE&UIn+ K&+
Hence,

I(Tn = K@) - Iall < IK@IQ+IKEN+IKE@N +--)
K Il

L-IK@N

A

when || K (€)|| < 1. Therefore,

14 - o) < (L rem ) 140
Because
ug_lg)llll_m “K(f)” =0,
we obtain
im -1 _ -1y _
||€_1€0|l_mll-4(€) A(E) M =0,
which completes the proof. .

5.2 DIFFERENTIABILITY

Differential calculus is based on the idea of approximating an arbitrary function by
an affine function. A function A : R* — R™ is affine if there exists a linear function
L :R* - R™ and a vector y € R™ such that

Alz) = L(z) +y

for every x € R". Consider a function f : R* — R™, and a point g € R*. We
wish to find an affine function A that approximates f near the point xg. First, it is
natural to impose the condition

Alzo) = f(zo).
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Because A(x) = L(x) + y, we obtain y = f{xe) — L(o). By the linearity of L,
L(z) +y = L(x) — L(zo) + f(x0) = L(z — To) + f(z0).

Hence, we may write

A(z) = L(xz — o) + f(zo)-

Next, we require that A(x) approaches f(x) faster than & approaches xg, that is,

| £ (z) — A=)l

=0.
T—3T0,2 €8 llz — 12[)”

The above conditions on .4 ensure that .4 approximates f near x in the sense that
the error in the approximation at a given point is “small” compared with the distance
of the point from 2. ‘

In summary, a function f : @ - R™, Q@ C R", is said to be differentiable at
o € Q if there is an affine function that approximates f near g, that is, there exists
a linear function £ : R* — R™ such that

1f (@) — (£ ~ o) + flzo)ll _

T—E0,eENR ”.’B - a:o“

The linear function £ above is uniquely determined by f and xo, and is called
the derivative of f at xy. The function f is said to be differentiable on Q1 if f is
differentiable at every point of its domain (2.

In R, an affine function has the form ax + b, with a,b € R. Hence, a real-valued
function f(z) of a real variable z that is differentiable at ¢ can be approximated

near zy by a function
A(z) = az +b.

Because f(zo) = A(zo) = axo + b, we obtain
A(z) = az + b = a(z — zo) + f(z0).

The linear part of A(z), denoted earlier by L£(zx), is in this case just az. The norm of
a real number is its absolute value, so by the definition of differentiability,

o @) = 0z~ 20) + f@o))| _

T—T0 I(l,‘ - xol

>

which is equivalent to
lim &) = flzo) _
z—oz0 T — g

The number a is commoniy denoted f'(zy), and is called the derivative of f at zg.
The affine function A is therefore given by

A(z) = f(zo) + f'(@o)(z — o).

This affine function is tangent to f at xq (see Figure 5.1).
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A Y,z

z=f(xg)+'(Xg)(x-Xq)

0 / Xo X
Figure 5.1 Tlustration of the notion of the derivative

5.3 THE DERIVATIVE MATRIX

Any linear transformation from R™ to R™, and in particular the derivative £ of
f : R* = R™, can be represented by an m x n matrix. To find the matrix
representation L of the derivative £ of a differentiable function f : R* — R™, we
use the natural basis {e;, ..., e,} for R*. Consider the vectors

T; =z + te;, j=1...,n.
By the definition of the derivative, we have

 f(@) — (tLe; + fo)) _

Ii
t—0 t
for j = 1,...,n. This means that
t—0 t

for j = 1,...,n. But Le; is the jth column of the matrix L. On the other hand,
the vector x; differs from o only in the jth coordinate, and in that coordinate the
difference is just the number ¢t. Therefore, the left side of the last equation is the
partial derivative

of

a—x]_(wo)-

Because vector limits are computed by taking the limit of each coordinate function,
it follows that if
fi(z)

f@=1 : |,
fm(x)
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then
(ng—;(ico)
of
il I
J
| 5= (o)
and the matrix L has the form
’%&(wo) g‘ﬁ(xo)
of of
a—xl(a’o) 5;‘(“’0) = : :
-%{ﬁ(wo) %%(230)

The matrix L is called the Jacobian matrix, ot derivative matrix, of f at &g, and is
denoted D f(xp). For convenience, we oftenrefer to D f (o) simply as the derivative
of f at &;. We summarize the above discussion in the following theorem.

Theorem 5.5 Ifa function f : R* — R™ is differentiable at xy, then the derivative
of [ at xo is uniquely determined and is represented by the m x n derivative matrix
D f(zq). The best affine approximation to f near xq is then given by

A(z) = f(x0) + Df(z0)(x — z0),

in the sense that
f(@) = Az) +r(x)

and limg o, ||7(2)||/l|x — 2o|| = 0. The columns of the derivative matrix D f(x)
are vector partial derivatives. The vector

of

—(z

6xj ( 0)
is a tangent vector at Tq to the curve f obtained by varying only the jth coordinate
of x. O

If f : R* — R is differentiable, then the function V f defined by

oL (@)

V()= : = Df(z)T

oL (@)

is called the gradient of f. The gradient is a function from R™ to R™, and can be
pictured as a vector field, by drawing the arrow representing V f(x) so that its tail
starts at x.

Given f : R" — R, if Vf is differentiable, we say that f is twice differentiable,
and we write the derivative of V f as

611 332311 39:,.3:;1
9 oM 8%
D2f = Oz10z2 ELY OxnOz2

8z18z, Bx20%n o2
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The matrix D? f(x) is called the Hessian matrix of f at x, and is often also denoted
F(z).

5.4 DIFFERENTIATION RULES

A function f : @ - R™, Q C R", is said to be continuously differentiable on
(1 if it is differentiable (on ), and Df : @ - R™*" is continuous, that is, the
components of f have continuous partial derivatives. In this case, we write f € C!.
If the components of f have continuous partial derivatives of order p, then we write
f € CP. Note that the Hessian matrix of a function f : R® — R at z is symmetric if
f is twice continuously differentiable at .

We now prove the chain rule for differentiating the composition g(f(t)), of a
function f : R — R” and a functiong : R —» R

Theorem 5.6 Let g : D — R be differentiable on an open set D C R"*, and let f :
(a,b) = D be differentiable on (a,b). Then, the composite function h : (a,b) = R
given by h(t) = g(f(t)) is differentiable on (a, b), and

f@)
h'(t) = Dg(f($))DF(t) = Va(F )T | :
fa®)
0O
Proof. By definition,
(0 = i MO0y 96 ~07(0)
if the limit exists. By Theorem 5.5, we write
9(£(s)) — g(£(8)) = Dg(F () (f(s) — F(2)) +7(s),
where lim,_,; r(s)/(s — t) = 0. Therefore,
h(S) h(t) fls)-Ff@®)  r(s)
— = py(papT = 4 T
Letting s — t yields
w(e) = tim Dg( )T IY L T poirp sy
|

Next, we present the product rule. Let f : R* — R™ and g : R* — R™ be two
differentiable functions. Define the function & : R* — R by h(z) = f(z)Tg(x).
Then, h is also differentiable, and

Dh(z) = f ()" Dg(x) + g(z)" Df ().
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We end this section with a list of some useful formulas from multivariable calculus.
In each case, we compute the derivative with respect to . Let A € R™*" be a given
matrix, and ¥ € R™ a given vector. Then,

D(y"Az) = y"A
DTAz) = zT(A+ A7)
It follows from the first formula above that if y € R, then
D(y"z) =y
It follows from the second formula above that if @Q is a symmetric matrix, then
D(zTQzx) = 227Q.

In particular,
D(zTx) = 227,

5.5 LEVEL SETS AND GRADIENTS

The level set of a function f : R® — R at level c is the set of points
S={x: f(z) =c}.

For f : R? — R, we are usually interested in S when it is a curve. For f : R® — R,
the sets .S most often considered are surfaces.

Example 5.1 Consider the following real-valued function on R?:
f(z) = 100(zs — 22)? + (1 — ,)?, z = [z1,25)7.

The above function is called Rosenbrock’s function. A plot of the function f is shown
in Figure 5.2. The level sets of f at levels 0.7, 7, 70, 200, and 700 are depicted in
Figure 5.3. These level sets have a particular shape resembling bananas. For this
reason, Rosenbrock’s function is also called the “banana function.” [ |

To say that a point @y is on the level set S at level c means f(xo) = ¢. Now suppose
that there is a curve -y lying in S and parameterized by a continuously differentiable
functiong : R — R™. Suppose also that g(to) = @y and Dg(to) = v # 0, so that v
is a tangent vector to -y at &g (see Figure 5.4). Applying the chain rule to the function

h(t) = f(g(t)) at to, gives
h'(to) = Df(g(to))Dg(to) = Df(zo)v.
But since +y lies on S, we have

h(t) = f(g(t)) =k,
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Figure 5.2 Graph of Rosenbrock’s function

Figure 5.3 Level sets of Rosenbrock’s (banana) function
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Vi(xo)
f(X1 ,X2)=C

Figure 5.4 Orthogonality of the gradient to the level set

that is, h is constant. Thus, h'(t¢) = 0 and
Df(zo)v = Vf(zo)Tv =0.

Hence, we have proved, assuming f continuously differentiable, the following theo-
rem (see Figure 5.4).

Theorem 5.7 The vector V f(xo) is orthogonal to the tangent vector to an arbitrary
smooth curve passing through xo on the level set determined by f(x) = f(xg). O

It is natural to say that V f(xo) is orthogonal or normal to the level set S corre-
sponding to g, and to take as the tangent plane (or line) to S at xq the set of all
points x satisfying

Vf(xo)T (@ —mo) =0 if Vf(wo) # 0.

As we shall see later, V f{xo) is the direction of maximum rate of increase of
f at zy. Because V f(xg) is orthogonal to the level set through xo determined by
f(x) = f(zo), we deduce the following fact: the direction of maximum rate of
increase of a real-valued differentiable function at a point is orthogonal to the level
set of the function through that point.

Figure 5.5 illustrates the above discussion for the case f : R — R. The curve
on the shaded surface in Figure 5.5 running from bottom to top has the property that
its projection onto the (z;, z2)-plane is always orthogonal to the level curves, and is
called a path of steepest ascent, because it always heads in the direction of maximum
rate of increase for f.
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f(x1,x2)

X4

Figure 5.5 Illustration of a path of steepest ascent

The graph of f : R® — R is the set {[z7, f(z)]7 : = € R"} C R**!. The
notion of the gradient of a function has an alternative useful interpretation in terms of
the tangent hyperplane to its graph. To proceed, let o € R™ and 25 = f(xo). The
point [z, 20]7 € R"t! is a point on the graph of f. If f is differentiable at &, then
the graph admits a nonvertical tangent hyperplane at § = [x] , z9]7. The hyperplane
through £ is the set of all points [z1, ..., Zn, z]7 € R**! satisfying the equation

(1 — 2o1) + - .. + un(Zn — Ton) + v(z — 20) =0,

where the vector [uy,...,u,,v]T € R™! is normal to the hyperplane. Assuming
that this hyperplane is nonvertical, that is, v # 0, let
d; = W4
v

Thus, we can rewrite the hyperplane equation above as
z=di(x1 —zo1) + ... +dn{Zsn — ZTon) + 20.

We can think of the right side of the above equation as a function z : R" - R.
Observe that for the hyperplane to be tangent to the graph of f, the functions f and
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z must have the same partial derivatives at the point 2p. Hence, if f is differentiable
at &, its tangent hyperplane can be written in terms of its gradient, as given by the
equation

z — 29 = D f(mo)(x — o) = (& — x0)” V f ().

5.6 TAYLOR SERIES

The basis for many numerical methods and models for optimization is Taylor’s
formula, which is given by Taylor’s theorem below.

Theorem 5.8 Taylor’s theorem. Assume that a function f : R — R is m times
continuously differentiable (i.e., f € C™) on an interval [a,b]. Denote h = b — a.
Then,

) = f@) + L@ + 0@y 4oy BT ponng) 4 g
- 1! 2! (m —1)! ™

(called Taylor’s formula) where f() is the ith derivative of f, and
h™(1-g)y™!
(m—1)!
with 8,6’ € (0,1). a

Proof. We have

m
R = F @t 8k = £ a1 ),

hm

(m— 1)lf(m ().

2
B = £(6) ~ £(a) = £ fO(a) — 2 f(a) — -~

Denote by g,n(z) an auxiliary function obtained from R,, by replacing a by z.
Hence,

onle) = O~ @)~ @) - CoEL por )
(”(—ﬁ’—l)Tfm-”(w).
Differentiating gr: () yields
W@ = -~ + [0 - 506
+ 0w - S50 w] + -
+ |om —1)“’(—)—7—f<m L ’1), £m(a)
Uy

(m-1)!
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Observe that g, (b) = 0 and g,,(a) = R,,,. Applying the mean-value theorem yields

gm(b) — gm(a) — (1)
T = 9m (at6h),

where 8 € (0, 1). The above equation is equivalent to
hm—l(l - g)m—l

--Rhﬂ = —%ﬂm)(awh) = = 7 (a + 6h).
Hence,
R = ——hm((;“_al); ™) (a4 61,
To derive the formula
R = %f‘”" (a+0'h),
see, e.g., [60] or [61]. [ |

An important property of Taylor’s theorem arises from the form of the remainder
R,,. To discuss this property further, we introduce the so-called order symbols, O
and o.

Let g be a real-valued function defined in some neighborhood of 0 € R", with
g(z) #0ifx # 0. Let f : @ > R™ be defined in a domain Q@ C R” that includes

0. Then, we write

1. f(x) = O(g(x}) to mean that the quotient || f(x)||/|g{x)| is bounded near 0;
that is, there exist numbers K > 0 and § > 0 such that if |jz|| < §, = € Q,

then || £(z)|l/lg(z)| < K.
2. f(z) = o(g(x)) to mean that

@) _,

z—0,2€Q |g(:l3)|

The symbol O(g(x)) (read “big-oh of g(x)™) is used to represent a function that
is bounded by a scaled version of ¢ in a neighborhood of 0. Examples of such a
function are:

e z=0(x)

o | gr” gt | = 0@
272 + 324 T U\
e cosz = O(1)

e sinz = O(x).
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On the other hand, o(g(x)) (read “little-oh of g(x)”) represents a function that
goes to zero “faster” than g(x) in the sense that limg_,g ||o(g(z))ll/|1g(z)| = 0.
Examples of such functions are:

o 12 =o(x)

3

¢ [21‘22—31'4] = ol)
o 13 = o(z?)

e z =o0(1).

Note that if f(x) = o(g(x)), then f(x) = O(g(z)) (but the converse is not neces-
sarily true). Also, if f(x) = O(||z]|?), then f(x) = o(||x||?¢) forany £ > 0.
Suppose f € C™. Recall that the remainder term in Taylor’s theorem has the form

hm
Rp=—f™(a+6h),
m!

where 8 € (0, 1). Substituting the above into Taylor’s formula, we get

hm—l

A fm- l>(a)+ f(m>(a+9h)

h2
1) = Flay+ 1 fO(@)+ 2 O @)+

By the continuity of f(™), we have f{™)(a + 8h) = f0™)(a) as h — 0, that is,
™ (a + 8h) = f™(a) + o(1). Therefore,

I £ (a 4+ 8h) = £ @) 4 oh™)
ml’ Tl TS
since h™o(1) = o(h™). We may then write Taylor’s formula as
h g + 2 s ™ () m
JO) = f@ + 7 fO@ + 3 fP@) + -+ M (@) + olh™).

If, in addition, we assume that f € (™!, we may replace the term o(h™) above
by O(h™*1). To see this, we first write Taylor’s formula with R, 4;:

h h? h™
£(B) = £(@) + SO @) + 2 fO @) ok D 0) 4 R,
where
hm
(m + 1)!
with 8’ € (0,1). Because f(™*1 is bounded on [a, b] (by Theorem 4.2),

Ruy1 = fm+(a +6'h),

Rpi1 = O(h™H1),



TAYLOR SERIES 67

Therefore, if f € C m+l e may write Taylor’s formula as

fb) = f( h @) n? (2) P o(m) O(pmt!
= £(@) + TFV@ + 5 /D@ + -+ 1 (@) + O™ ).

We now turn to the Taylor series expansion of a real-valued function f : R* — R
about the point £y € R™. Suppose f € C2. Let x and xo be points in R, and let
z(a) = xg + a(x — xo)/||x — To||. Define ¢ : R — R by:

p(a) = f(2(e)) = f(zo + &z — o) /||T — ol]).

Using the chain rule, we obtain

d@) = 2@
— DJ(a(e)Dz(@) = D (ala)) oty
I PR | T
- ”:13—2:0”(1: :]20) Df(Z(Cl)) 3
and
¢'(a) = da2()
_d (dg
- 2 (H)w@
_ (:B il:())T d
=z || da Df(z(a)”
_ (z—mg)T dz
= mD(Df)(z(a))T%‘(a)
= o~ e D) @ - 20)
= o - = D @)@ - 20)
where we recall that
LT A . 0
sz = 0z10z, dz3 8z, 02 ,

and D?2f = (D?f)7 since f € C%. Observe that

f(=) o(lle — moll)

_ 2
e —2oll 0y + 12 =20l g1 10) 1 o1z ~ ol
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Hence,
f@) = F@o) + DS (z0)@ - z0)
+ 5102 = 20) "D f(z0)( - 20) + ol — zoll).

If we assume that f € C3, we may use the formula for the remainder term Rj3 to
conclude that

f@) = f(z)+ DI o) @ - 20)
+ 512 = 20)7 D1 (@0)(z — 20) + O((1z — o[

For further reading in calculus, consult [9], [60], [61], [85], [87], [97]. A basic
treatment of real analysis can be found in [2], [82], whereas a more advanced treatment
is provided in [66], (81]. For stimulating reading on the “big-ch” notation, see [56,
pp- 104-108].

EXERCISES

5.1 Show that a sufficient condition for lim; ., A* = O is || 4] < 1.

5.2 Show that for any matrix A € R**",
Al 2 max [A:(A)].

Hint: Use Exercise 5.1.

5.3 Define the functions f : R2 —+ Rand g : R — R? by f(z) = 22/6 + 23 /4,
g(t) = [3t + 5,2t — 6]T. Let F : R — R be given by F(t) = f(g(t)). Evaluate
2E (t) using the chain rule.

5.4 Consider f(x) = z122/2, g(s,t) = [45 + 3t,2s + t]7. Evaluate %f(g(s,t))
and Z f(g(s,t)) using the chain rule.

55 Letz(t) = [¢¢ +13,t2,t + 1]T, t € R, and f(z) = ziz22% + z172 + 73,
T = [z1,22,23]7 € R3. Find £ f(x(t)) in terms of .

5.6 Suppose that f(z) = o(g(x)). Show that for any givene > 0, there exists § > 0
such that if ||z|| < d, then || f(z)|| < e|g(=)|.

5.7 Use Exercise 5.6 to show that if functions f : R* — R and g : R* — R satisfy
f(x) = —g(x) + o(g(x)) and g(x) > Oforall z # O, then for all & # O sufficiently
small, we have f(z) < 0.
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5.8 Let
filzi,z2) = a2 — a3
fo(z1,22) = 2z129.

Sketch the level sets associated with fi(x1,22) = 12 and fao(z1,22) = 16 on the
same diagram. Indicate on the diagram the values of £ = [z;,z2]7 for which

f(@) = [fi(z1,22), fo(z1,22)]T = [12,16]T.

5.9 Write down the Taylor series expansion of the following functions about the
given points xo. Neglect terms of order three or higher.

a. f(x) =z1e" "2 +zy+ 1,20 = [1,0]T
b. f(x) =z} + 22322 + 23, 2o = [1,1)7

¢ flx)=er 7" femit®2 4 g + 39 + 1,39 = [1,0)T
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Basics of Set-Constrained

and Unconstrained
Optimization

6.1 INTRODUCTION

In this chapter, we consider the optimization problem

minimize f(x)
subject to z €

The function f : R* — R that we wish to minimize is a real-valued function,
and is called the objective function, or cost function. The vector x is an n-vector
of independent variables, that is, £ = [z1,%2,...,24]7 € R®. The variables
Z1,...,T, are often referred to as decision variables. The set Q is a subset of R",
called the constraint set or feasible set.

The optimization problem above can be viewed as a decision problem that involves
finding the “best” vector x of the decision variables over all possible vectors in §2. By
the “best” vector we mean the one that results in the smallest value of the objective
function. This vector is called the minimizer of f over 2. It is possible that there
may be many minimizers. In this case, finding any of the minimizers will suffice.

There are also optimization problems that require maximization of the objective
function. These problems, however, can be represented in the above form because
maximizing f is equivalent to minimizing —f. Therefore, we can confine our
attention to minimization problems without loss of generality.

The above problem is a general form of a constrained optimization problem,
because the decision variables are constrained to be in the constraint set 2. If
{2 = R, then we refer to the problem as an unconstrained optimization problem. In
this chapter, we discuss basic properties of the general optimization problem above,

73
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0

{
1
I
|
1 |
i 1
X4 X5 X3 X

Figure6.1 Examplesof minimizers: @;: strict global minimizer; & strict local minimizer;
x3: local (not strict) minimizer

which includes the unconstrained case. In the remaining chapters of this part, we
deal with iterative algorithms for solving unconstrained optimization problems.

The constraint “x € Q7 is called a sef constraint. Often, the constraint set ) takes
the form Q = {x : h(x) = 0, g(x) < 0}, where h and g are given functions.
We refer to such constraints as functional constraints. The remainder of this chapter
deals with general set constraints, including the special case where {2 = R”. The
case where ) = R” is called the unconstrained case. In Parts III and IV, we consider
constrained optimization problems with functional constraints.

In considering the general optimization problem above, we distinguish between
two kinds of minimizers, as specified by the following definitions.

Definition 6.1 Local minimizer. Suppose that f : R* — R is a real-valued function
defined on some set Q2 C R™. A point * € §2 is a local minimizer of f over §1 if
there exists € > 0 such that f(z) > f(z*) forallz € Q\ {z*} and ||z — z*|| < &.

Global minimizer. A pointx* € Q isa global minimizer of f over Qif f(x) > f(x*)
forallz € Q\ {z*}.

If, in the above definitions, we replace “>" with “>", then we have a strict local
minimizer and a strict global minimizer, respectively.

In Figure 6.1, we graphically illustrate the above definitions for n = 1.

Given a real-valued function f, the notation arg min f(x) denotes the argument
that minimizes the function f (a point in the domain of f), assuming such a point
is unique. For example, if f : R = R is given by f(z) = (z + 1)2 + 3, then
argmin f(z) = —1. If we write argmin_q, then we treat {2 as the domain of f.
For example, for the function f above, argmin o f(z) = 0. In general, we can
think of arg min, .o f(z) as the global minimizer of f over { (assuming it exists
and is unique).
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Strictly speaking, an optimization problem is solved only when a global minimizer
is found. However, global minimizers are, in general, difficult to find. Therefore, in
practice, we often have to be satisfied with finding local minimizers.

6.2 CONDITIONS FOR LOCAL MINIMIZERS

In this section, we derive conditions for a point «* to be a local minimizer. We use
derivatives of a function f : R®™ — R. Recall that the first-order derivative of f,

denoted D f, is
a[0f Of of
Df - [3.’[1 6.’[2 T an] .

Note that the gradient V f is just the transpose of D f; that is, Vf = (Df)T. The
second derivative of f : R® — R (also called the Hessian of f) is

2 2 [
%(m) T 8:513931 (x)
F(:L') Df(x) = : :
2 2
sop-(@) - @)
Example 6.1 Let f(z1,73) = 571 + 823 + 7179 — 22 — 222. Then,

Df(z) = (V1())T [;’mf (w>,§£(w>]=[5+z2_zx1,s+x1_4z21,

and 5 .
g—zé("") aziazl'(“")] _ [—2 1 ]
6:513::2 (:12) g—zé(w) 1 —4]

2

F(z) = D*f(z) = l
|

Given an optimization problem with constraint set {2, a minimizer may lie either in
the interior or on the boundary of 2. To study the case where it lies on the boundary,
we need the notion of feasible directions.

Definition 6.2 Feasible direction. A vectord € R*, d # 0, is a feasible direction
at © € Q if there exists ap > 0 such that  + ad € § forall a € [0, ag). [ |

Figure 6.2 illustrates the notion of feasible directions.
Let f : R* — R be a real-valued function and let d be a feasible direction at
x € ). The directional derivative of f in the direction d, denoted 8f/8d, is the
real-valued function defined by
O ) - g [E 0D 1)

a—0 a
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aod,

d,

Figure 6.2 Two-dimensional illustration of feasible directions; d; is a feasible direction,
d2 is not a feasible direction

If ||d]| = 1, then 8f/dd is the rate of increase of f at  in the direction d. To
compute the above directional derivative, suppose that z and d are given. Then,
f(x + ad) is a function of a, and

af
ad

Applying the chain rule yields

) = %f(m + ad)

a=0

=Vf(@)Td = (Vf(z),d) = d"Vf(z).

a=0

(@) = L f(z +ad)

In summary, if d is a unit vector, that is, ||d|| = 1, then (V f(z), d) is the rate of
increase of f at the point z in the direction d.

Example 6.2 Define f : R? — R by f(z) = z,z,T3, and let
T
a= |1 L1 L]
22’ /3

The directional derivative of f in the direction d is

1/2

15} Taxs + 2123 + V2212

a—‘fl(m):Vf(:z:)sz[zzzg,:clxg,zlzz] 1/2 | = 273 ! 23 172
1/v2

Note that because [|d|| = 1, the above is also the rate of increase of f at z in the

direction d. [

We are now ready to state and prove the following theorem.

Theorem 6.1 First-Order Necessary Condition (FONC). Let ) be a subset of R”
and f € C! a real-valued function on Q. If ©* is a local minimizer of f over , then
for any feasible direction d at ™, we have

dTVf(z*) > 0.
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(]
Proof. Define
z{a) =z* +ad € .

Note that £(0) = a*. Define the composite function
¢(a) = f(z(a)).
Then, by Taylor’s theorem,
f(&" +ad) - f(@*) = ¢(a) — $(0) = ¢'(0)a + o(a) = ad"V f(z(0)) + o),

where o > 0 (recall the definition of o{a) (“little-oh of @) in Part I). Thus, if
dla) > ¢(0), that is, f(z* + ad) > f(x*) for sufficiently small values of & > 0
(x* is a local minimizer), then we have to have d¥ V f(x*) > 0 (see Exercise 5.7). B

The above theorem is graphically illustrated in Figure 6.3.
An alternative way to express the FONC is:

of .
bﬁﬂ)

for all feasible directions d. In other words, if * is a local minimizer, then the rate of
increase of f at ™ in any feasible direction d in §2 is nonnegative. Using directional
derivatives, an alternative proof of Theorem 6.1 is as follows. Suppose that * is a
local minimizer. Then, for any feasible direction d, there exists &@ > O such that for
all o € (0,a),

)=0

f(&®) < f(z* + ad).

Hence, for all a € (0, &), we have

f(x* + ad) - f(z*)

[21

> 0.
Taking the limit as a — 0, we conclude that

of

—(xz*) > 0.

3d z") >0

A special case of interest is when £* is an interior point of {1 (see Section 4.4). In
this case, any direction is feasible, and we have the following result.

Corollary 6.1 Interior case. Let ) be a subset of R* and f € C' a real-valued
Sfunction on 2. If &* is a local minimizer of f over S and if x* is an interior point of
Q, then

Vi(x*)=0.
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(Vf(X1),d1)<0

VH(x4)

f=3 f=2 f=1

Figure 6.3 Illustration of the FONC for the constrained case; =1 does not satisfy the FONC,
a2 satisfies the FONC

Proof. Suppose that f has a local minimizer &* that is an interior point of .
Because x* is an interior point of {), the set of feasible directions at z* is the whole
of R*. Thus, for any d € R*, d"Vf(z*) > 0 and —d” Vf(x*) > 0. Hence,
dTVf(z*) = 0 for all d € R, which implies that V f(z*) = 0. [ |

Example 6.3 Consider the problem

minimize z} + 0.5z3 + 372 + 4.5
subject to T1,x9 > 0.
Questions:

a. Isthe first-order necessary condition (FONC) for a local minimizer satisfied at
z =[1,3]7?

b. Is the FONC for a local minimizer satisfied at ¢ = [0, 3]7?
¢. Is the FONC for a local minimizer satisfied at z = [1,0]7?
d. Is the FONC for a local minimizer satisfied at = [0,0]7?

Answers: First, let f : R2 — R be defined by f(z) = 22 + 0.5z3 + 3z2 + 4.5,
where = [z, a:z]T. A plot of the level sets of f is shown in Figure 6.4.

a. At z = [1,3]7, we have Vf(z) = [2z1,72 + 3]7 = [2,6]T. The point
x = [1,3]T is an interior point of @ = {x : 21 > 0,72 > 0}. Hence, the
FONC requires V £ (z) = 0. The point z = [1, 3]T does not satisfy the FONC
for a local minimizer.
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0 1 2 3 4

X,

Figure 6.4 Level sets of the function in Example 6.3

b. Atz = [0,3]T, we have V f(z) = [0,6]7, and hence d* V f(x) = 6da, where
d = [d1,d3)T. For d to be feasible at x, we need d; > 0, and da can take
an arbitrary value in R. The point £ = [0,3]T does not satisfy the FONC
for a minimizer because d; is allowed to be less than zero. For example,
d = [1,-1]7 is a feasible direction, but d” V f () = —6 < 0.

¢. Atz = [1,0]7, we have Vf(z) = [2,3]7, and hence d* V f(x) = 2d; + 3d.
For d to be feasible, we need d2 > 0, and d; can take an arbitrary value in R.
For example, d = [-5, 1]7 is a feasible direction. But dTVf(z)=-7<0.
Thus, z = [1, 0] does not satisfy the FONC for a local minimizer.

d. Atz = [0,0]7, we have Vf(z) = [0,3]7, and hence dTV f(z) = 3d,. For
d to be feasible, we need d; > 0 and d; > 0. Hence, z = [0,0]7 satisfies the
FONC for a local minimizer.

Example 6.4 Figure 6.5 shows a simplified model of a cellular wireless system (the
distances shown have been scaled down to make the calculations simpler). A mobile
user (also called a “mobile”) is located at position x (see Figure 6.5).

There are two basestation antennas, one for the primary basestation and another
for the neighboring basestation. Both antennas are transmitting signals to the mobile
user, at equal power. However, the power of the received signal as measured by the
mobile is the reciprocal of the squared distance from the associated antenna (primary
or neighboring basestation). We are interested in finding the position of the mobile
that maximizes the signal-to-interference ratio, which is the ratio of the received
signal power from the primary basestation to the received signal power from the
neighboring basestation,
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Primary | 2 | Neighboring
Basestation [ ™1 Basestation

A

Signal Interference
1 1
L 4

f———=] Mobile
x

Figure 6.5 Simplified cellular wireless system in Example 6.4

We use the FONC to solve this problem. The squared distance from the mobile
to the primary antenna is 1 + x2, while the squared distance from the mobile to the
neighboring antenna is 1 + (2 — z)2. Therefore, the signal-to-interference ratio is

14z
1@ =1

We have
, _ —2x(1+(2-2)%) - 2(2 - 2)(1 + z?)
fla) = 1+ (2-2)2
4z -2z -1)
T 14 (2-1)?

By the FONC, at the optimal position z*, we have f'(z*) = 0. Hence, either
= 1-+v2o0rz* =1+ V2 Evaluating the objective function at these two
candidate points, it easy to see that z* = 1 — /2 is the optimal position. [ |

We now derive a second-order necessary condition that is satisfied by a local
minimizer.

Theorem 6.2 Second-Order Necessary Condition (SONC). Let Q C R", f € C? a
function on Q, * a local minimizer of f over S}, and d a feasible direction at *. If
dTV f(x*) = 0, then

dTF(z*)d > 0,

where F is the Hessian of f. O

Proof. We prove the result by contradiction. Suppose that there is a feasible direction
d at z* such that a7 Vf(z*) = 0 and d” F(z*)d < 0. Let () = =* + ad and
define the composite function ¢(a) = f(z* + ad) = f(x(a)). Then, by Taylor’s
theorem

#() = $(0) + ¢" (0 + ola®),
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where by assumption ¢'(0) = d” Vf(z*) = 0, and ¢"(0) = d” F(z*)d < 0. For
sufficiently small o,

$(a) — ¢(0) = ¢"(0 ) +0(a2) <0,

that is,
f(&" +ad) < f(z),

which contradicts the assumption that z* is a local minimizer. Thus,
¢"(0) = dTF(z*)d > 0.
[

Corollary 6.2 Interior Case. Let x* be an interior point of ! C R*. Ifx* is a local
minimizerof f : @ = R, f € C?, then
Vi) =
and F(x*) is positive semidefinite (F(x*) > 0); that is, for all d € R",
d"F(z*)d > 0.
g

Proof. If £ is an interior point then all directions are feasible. The result then
follows from Corollary 6.1 and Theorem 6.2. [ |

In the examples below, we show that the necessary conditions are not sufficient.

Example 6.5 Consider a function of one variable f(z) = z*, f : R — R. Because
f'(0) =0, and f"(0) = 0, the point z = 0 satisfies both the FONC and SONC.
However, £ = 0 is not a minimizer (see Figure 6.6). [ |

Example 6.6 Consider a function f : R2 — R, where f(z) = z? — z3. The FONC
requires that V f(z) = [2z1, —222]T = 0. Thus, z = [0,0]7 satisfies the FONC.

The Hessian matrix of f is
2 0

F(z) = [0 _2] .

The Hessian matrix is indefinite; that is, for some d; € R? we have dTFdl > 0,
e.g. d1 = [1,0]7; and, for some dy, we have dJ Fd, < 0, e.g., dy = [0,1]T. Thus,
z = [0,0] docs not satisfy the SONC, and hence it is not a minimizer. The graph
of f(z) = z? — 2 is shown in Figure 6.7. [ |

We now derive sufficient conditions that imply that * is a local minimizer.
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A 00
f(x)=x3

Figure 6.6 The point 0 satisfies the FONC and SONC, but is not a minimizer
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Figure 6.7 Graph of f(x) = 2z — x%. The point 0 satisfies the FONC but not SONC; this

point is not a minimizer

Theorem 6.3 Second-Order Sufficient Condition (SOSC), Interior Case. Let f €

C? be defined on a region in which x* is an interior point. Suppose that
1. Vf(z*) =0, and
2. F(z*) > 0.

Then, x* is a strict local minimizer of f.

Proof Because f € C?, we have F(z*) = FT(z*). Using assumption 2 and
Rayleigh’s inequality it follows that if d # 0, then 0 < Amin(F(z*))||d||?> <

d” F(z*)d. By Taylor’s theorem and assumption 1,

fla +d) - fa*) = 2 Fla )+ o) > 2 EE N iz 4 oae)
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Figure 6.8 Graph of f(x) = =} + z}

Hence, for all d such that ||d|] is sufficiently small,
fz" +d) > f(z*),
and the proof is completed. |

Example 6.7 Let f(z) = 22 + z3. We have V f(z) = [2z1, 2z])7 = 0 if and only
if¢ = [0,0]7. For all z € R?, we have

F(x) = [3 g] > 0.

The point = [0,0]7 satisfies the FONC, SONC, and SOSC. It is a strict local
minimizer. Actually = [0,0]7 is a strict global minimizer. Figure 6.8 shows the
graph of f(z) = z? + 2. |

In this chapter, we presented a theoretical basis for the solution of nonlinear un-
constrained problems. In the following chapters, we are concerned with iterative
methods of solving such problems. Such methods are of great importance in prac-
tice. Indeed, suppose that one is confronted with a highly nonlinear function of 20
variables. Then, the FONC requires the solution of 20 nonlinear simultaneous equa-
tions for 20 variables. These equations, being nonlinear, will normally have multiple
solutions. In addition, we would have to compute 210 second derivatives (provided
f € C?) to use the SONC or SOSC. We begin our discussion of iterative methods in
the next chapter with search methods for functions of one variable.

EXERCISES

6.1 Consider the problem

minimize f(x)
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subject to z e,

where f € C2. For each of the following specifications for Q, £*, and f, determine
if the given point z* is: (i) definitely a local minimizer; (ii) definitely not a local
minimizer; or (iii) possibly a local minimizer. Fully justify your answer.

a f:R SR Q={x=[r1,72]7 : 71 > 1}, * = [1,2]7, and gradient
Vi) =[1,1]".

b. f:R2 5 R Q= {z = [:1:1,1:2]7' rx > 1z > 2}, &* = [1,2]T, and
gradient Vf(z*) = [1,0]7.

. f:R SR O={z=][r,2)7 : 71 > 0,22 >0}, x* = [1,2]7, gradient
Vf(z*) = [0,0]7, and Hessian F((z*) = I (identity matrix).

d f:R SR Q= {z=[21,22)T : 71 > 1,75 > 2}, " = [1,2]7, gradient
Vf(z*) =[1,0]7, and Hessian

F(z*) = [(1) _01]

6.2 Show that if =* is a global minimizer of f over 2, and * € ' C ), then z* is
a global minimizer of f over (',

6.3 Suppose that z* is a local minimizer of f over §2, and  C €'. Show that if a*
is an interior point of 2, then =* is a local minimizer of f over (. Show that the
same conclusion cannot be made if * is not an interior point of 2.

64 Let f : R* - R, ¢ € R", and 2 C R™. Show that

o + arg min f(z) = argmin f(y),
e€Q yesy

where ' = {y:y —xo € 0}.

6.5 Consider the function f : R — R given below:

f(z) ==zT [‘11 3] z+zT [g] + 6.

a. Find the gradient and Hessian of f at the point [1, 1}7.

b. Find the directional derivative of f at [1,1]7 with respect to a unit vector in
the direction of maximal rate of increase.

¢. Find a point that satisfies the FONC (interior case) for f. Does this point
satisfy the SONC (for a minimizer)?
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6.6 Consider the function f : R — R given below:

flz) =T [_21 ?]x‘{—mT [Z] +7.

a. Find the directional derivative of f at [0,1]7 in the direction [1,0]7.

b. Find all points that satisfy the first-order necessary condition for f.

Does f have a minimizer? If it does, then find all minimizer(s); otherwise
explain why it does not.

6.7 Consider the problem
minimize —x3
subject to |zo| < 22
1 2 07
where 21,22 € R

a. Does the point [z;,z;]7 = 0 satisfy the first-order necessary condition for a
minimizer? That is, if f is the objective function, is it true that d7 V £(0) > 0
for all feasible directions d at 0?

b. Is the point [z, ;)T = 0 a local minimizer, a strict local minimizer, a local
maximizer, a strict local maximizer, or none of the above?

6.8 Consider the problem

minimize f(z)

subject to x €,

where f : R — R is given by f(z) = 5z with z = [z1,22]T, and Q = {x =
[z1,22)7 : 22425 > 1}. Answer each of the following questions, showing complete
justification.

a. Does the point z* = [0, 1]7 satisfy the first-order necessary condition?
b. Does the point z* = [0, 1]7 satisfy the second-order necessary condition?

c. Isthe point £* = [0, 1]7 a local minimizer?

6.9 Consider the problem

minimize f(=x)
subject to x€Q,
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where = [z1,22]7, f : K2 — Riis given by f(z) = 42? — 2%, and Q = {z :
z}+ 2z — 22 > 0,21 > 0,22 > 0}.
a. Does the point * = 0 = [0, 0]7 satisfy the first-order necessary condition?
b. Does the point z* = 0 satisfy the second-order necessary condition?

¢. Is the point * = 0 a local minimizer of the given problem?

6.10 Suppose that we are given n real numbers, zy, ..., &,. Find the number £ € R
such that the sum of the squared difference between Z and the above numbers is
minimized (assuming the solution Z exists).

6.11 An art collector stands at distance of x feet from the wall where a piece of art
(picture) of height a feet is hung, b feet above his eyes, as shown in Figure 6.9.

Eye AF

-t »-

Figure 6.9 Art collector’s eye position in Exercise 6.11

Find the distance from the wall for which the angle 8 subtended by the eye to the
picture is maximized.
Hint: (1) Maximizing @ is equivalent to maximizing tan(6);
(2)If 8 = 6, — 6;, then tan(@) = (tan{f2) — tan(6,))/(1 + tan(d2) tan(8,)).

6.12 Figure 6.10 shows a simplified model of a fetal heart monitoring system (the
distances shown have been scaled down to make the calculations simpler). A heartbeat
sensor is located at position x (see Figure 6.10).

The energy of the heartbeat signal measured by the sensor is the reciprocal of the
squared distance from the source (baby’s heart or mother’s heart). Find the position
of the sensor that maximizes the signal-to-interference ratio, which is the ratio of the
signal energy from the baby’s heart to the signal energy from the mother’s heart.

6.13 An amphibian®vehicle needs to travel from point A (on land) to point B (in
water), as illustrated in Figure 6.11. The speeds at which the vehicle travels on land
and water are v; and v9, respectively.
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i Sensor
X

Figure 6.10 Simplified fetal heart monitoring system for Exercise 6.12

A
1
Speed = V;

Speed = V,

d

e
[«

Land

Water

Figure 6.11 Path of amphibian vehicle in Exercise 6.13

a. Suppose that the vehicle traverses a path that minimizes the total time taken to
travel from A to B. Use the first-order necessary condition to show that for the
above optimal path, the angles 1 and 8, in the Figure 6.11 satisfy Snell’s Law:

sinfy, v

sin 02 - Vg )
b. Does the minimizer for the problem in part a satisfies the second-order sufficient
condition?
6.14 Let f : R? — R be defined by
f@)=(z; - :1:2)4 + xf - z% — 2y + 229 + 1,
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where 2 = [z;,z2]T. Suppose that we wish to minimize f over R?. Find all points
satisfying the FONC. Do these points satisfy the SONC?

6.15 Show that if d is a feasible direction at a point & € , then for all 8 > 0, the
vector A3d is also a feasible direction at .

6.16 Let 2 = {z € R® : Az = b}. Show that d € R” is a feasible direction at
z € Y if and only if Ad = 0.

6.17 Let f : R? — R. Consider the problem

minimize f(z)
subject to 1,29 > 0,

where & = [z, z2]T. Suppose that V f(0) # 0, and

S o) <o

o, = 51‘—2 -

Show that 0 cannot be a minimizer for the above problem.

6.18 Let ¢ € R®, ¢ # 0, and consider the problem of minimizing the function
f(z) = cTx over a constraint set {2 C R?. Show that we cannot have a solution
lying in the interior of §2.

6.19 Consider the problem:

maximize C1T1 + C2x2
subject to 1 +z2 <1
z1,Z2 2 0,

where ¢; and ¢y are constants such that ¢; > co > 0. The above is a linear
programming problem (see Part III). Assuming that the problem has an optimal
feasible solution, use the First-Order Necessary Conditions to show that the unique
optimal feasible solution z* is [1,0]7.

Hint: First show that &* cannot lie in the interior of the constraint set. Then,
show that z* cannot lie on the line segments L, = {x : z; = 0,0 < 2, < 1},
Li={z:0<z1<l,z;=0}L Ls={x:0<z; <l,z3=1—x;}.

6.20 Line Fitting. Let [z1,11]7,-..,[Zn,yn]T, » > 2, be points on the R? plane
(each z;,y; € R). We wish to find the straight line of *‘best fit” through these points
(“best” in the sense that the average squared error is minimized); that is, we wish to
find a, b € R to minimize

n

Jlab) =23 (am+ b= ui)?.

i=1
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a. Let
1 n
Y = —Z.’Ei
ni:l
1 n
Y = _Zyi
nia
- 1 &
X2 = —Zx?
ni:l
_ 1<
2 = EZ@IE
i=1

1 n
XY = -ﬁ;xiyi.

Show that f(a,b) can be written in the form 2z7Qz — 2¢Tz + d, where
z=1[a,b7,Q =QT € %%, c € R? and d € R, and find expressions for
Q.c,anddinterms of X, Y, X2,Y?2, and XY.

b. Assume thatthe z;,7 = 1,...,n, are not all equal. Find the parameters a* and
b* for the line of best fit in terms of X, Y, _)—(_5, ?-2_, and XY. Show that the
point [a*, 5*]7 is the only local minimizer of .

Hint: X2 — (X)2 = L3 (z; — X)2.

¢. Show that if @* and b* are the parameters of the line of best fit, then Y =
a*X + b* (and hence once we have computed a*, we can compute b using
the formula b* =Y — a*X).

6.21 Suppose that we are given a set of vectors {1, ..., 2®}, z) e R",
1 =1,...,p. Find the vector £ € R™ such that the average squared distance (norm)
between & and 2V, ..., z®),

1< .
- E :“i - m(1)||2’
P

is minimized. Use the SOSC to prove that the vector & found above is a strict local
minimizer.

6.22 Consider a function f : = R, where @ C R™ is a convex set and f € C!.
Given z* € Q, suppose there exists ¢ > 0 such that d” Vf(x*) > c||d]| for all
feasible directions d at *. Show that x* is a strict local minimizer of f over Q.

6.23 Prove the following generalization of the second-order sufficient condition:

Theorem: Let  be a convex subset of R®, f € C? a real-valued function on (2,
and * a point in 2. Suppose that there exists ¢ € R, ¢ > 0, such that for all
feasible directions d at =* (d # 0), the following hold:
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1. dTVf(z*) > 0; and
2. dTF(z*)d > c||d||?.

Then, * is a strict local minimizer of f.

6.24 Consider the quadratic function f : R® — R given by

/(@) = 527 Qz ~ 27,

where Q@ = QT > 0. Show that * minimizes f if and only if z* satisfies the FONC.

6.25 Consider the linear system £y+1 = azg +bugs1,k > 0, wherez; € R, u; € R,
and the initial condition is £ = 0. Find the values of the control inputs uy, ..., u,

to minimize

n

2

~qTy + 7 E u;,
i=1

where g, 7 > 0 are given constants. The above can be interpreted as desiring to make
Zn as large as possible, but at the same time desiring to make the total input energy
S-i, u? as small as possible. The constants g and r reflect the relative weights of

the above two objectives.



One-Dimensional Search
Methods

7.1 GOLDEN SECTION SEARCH

The search methods we discuss in this and the next section allow us to determine
the minimizer of a function f : R — R over a closed interval, say [ao, bo]. The
only property that we assume of the objective function f is that it is unimodal, which
means that f has only one local minimizer. An example of such a function is depicted
in Figure 7.1.

The methods we discuss are based on evaluating the objective function at different
points in the interval [ag, bo]. We choose these points in such a way that an approx-
imation to the minimizer of f may be achieved in as few evaluations as possible.
Our goal is to progressively narrow the range until the minimizer is “boxed in” with
sufficient accuracy.

Consider a unimodal function f of one variable and the interval [ag, bp]. If we
evaluate f at only one intermediate point of the interval, we cannot narrow the range
within which we know the minimizer is located. We have to evaluate f at two
intermediate points, as illustrated in Figure 7.2. We choose the intermediate points
in such a way that the reduction in the range is symmetric, in the sense that

ay —ag = bo—-b1 = p(bo—-ao),

where

1
p< 3

We then evaluate f at the intermediate points. If f(a;) < f(b1), then the minimizer
must lie in the range [ag, b, ]. If, on the other hand, f(a1) > f(b1), then the minimizer
is located in the range [a;, bo] (see Figure 7.3).

91
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AfX)

Y

Of e
x

0

Figure 7.1 A unimodal function

Figure 7.2 Evaluating the objective function at two intermediate points

A f(x)

Y

Figure 7.3 The case where f(a1) < f(b1); the minimizer * € [ao, b1
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Starting with the reduced range of uncertainty we can repeat the process and
similarly find two new points, say as and b, using the same value of p < % as before.
However, we would like to minimize the number of the objective function evaluations
while reducing the width of the uncertainty interval. Suppose, for example, that
f(a1) < f(b1), as in Figure 7.3. Then, we know that z* € [ag,b;]. Because a;
is already in the uncertainty interval and f(a;) is already known, we can make a;
coincide with by. Thus, only one new evaluation of f at a; would be necessary.
To find the value of p that results in only one new evaluation of f, see Figure 7.4.
Without loss of generality, imagine that the original range [ao, bg] is of unit length.
Then, to have only one new evaluation of f it is enough to choose p so that

p(bl - ao) = bl et bz.
Because by —ap =1 — pand by — by =1 — 2p, we have
p(l-p)=1-2p.

We write the above quadratic function of p as

P’ =3p+1=0.
The solutions are
_3+V5 _3-+5
pl— 2 3 p2_ 2 *
Because we require p < §, we take
o= 375 oas.
2
Observe that
1-p= Y31
p— 2 ’
and
p_3-V5 V5-1 1-p
1-p V5-1 2 1’
that is,
p__1-p
1-p 1

Thus, dividing a range in the ratio of p to 1 — p has the effect that the ratio of the
shorter segment to the longer equals the ratio of the longer to the sum of the two.
This rule was referred to by ancient Greek geometers as the Golden Section.

Using this Golden Section rule means that at every stage of the uncertainty range
reduction (except the first one), the objective function f need only be evaluated at
one new point. The uncertainty range is reduced by the ratio 1 — p =~ 0.61803 at
every stage. Hence, IV steps of reduction using the Golden Section method reduces

the range by the factor
(1 - p)N ~ (0.61803)".
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1-p
P o
: P 1-20 | P
-
t —t } i
by-ag=1

Figure 7.4 Finding value of p resulting in only one new evaluation of f

Example 7.1 Use the Golden Section search to find the value of x that minimizes
f(z) = z* — 142% + 6022 — 70z

in the range [0, 2] (this function comes from an example in [16]). Locate this value
of z to within a range of 0.3.
After N stages the range [0, 2] is reduced by (0.61803)". So, we choose N so
that
(0.61803)™ < 0.3/2.

Four stages of reduction will do; thatis, N = 4.
Iteration 1. We evaluate f at two intermediate points ay and b;. We have

a = ao+ p(bo - ao) = 0.7639,
b] = a+ (1 - p)(bo - ag) = 1236,

where p = (3 — v/5)/2. We compute

fla1)) = —24.36,
f(by) = —18.96.

Thus, f(a1) < f(b1). and so the uncertainty interval is reduced to
[ag, b1] = [0, 1.236].

Iteration 2. We choose b; to coincide with a;, and f need only be evaluated at
one new point
as = ag + p(b1 - ao) = 0.4721.

We have

flag) = -21.10,
f(b) = f(a1) = —24.36.

Now, f(b2) < f(az), so the uncertainty interval is reduced to

[az, by] = [0.4721,1.236].
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Iteration 3. We set ag = be, and compute bs:
bs = az + (1 — p)(by — ag) = 0.9443.
We have

flaz) = f(b2) = —24.36,
f(b3) = -—23.59.

So f(bs) > f(as). Hence, the uncertainty interval is further reduced to
[as, bs] = [0.4721,0.9443).
Iteration 4. We set by = a3, and
a4 = ag + p(bs — az) = 0.6525.
We have

flas) = —23.84,
f(bs) = f(as) = —24.36.

Hence, f(a4) > f(b4). Thus, the value of x that minimizes f is located in the

interval
[aq,b3] = [0.6525,0.9443].

Note that b3 — a4 = 0.292 < 0.3. [ |

7.2 FIBONACCI SEARCH

Recall that the Golden Section method uses the same value of p throughout. Suppose
now that we are allowed to vary the value p from stage to stage, so that at the kth
stage in the reduction process we use a value g, at the next stage we use a value
Pr+1, and so on.

As in the Golden Section search, our goal is to select successive values of pg,
0 < p. € 1/2, such that only one new function evaluation is required at each stage.
To derive the strategy for selecting evaluation points, consider Figure 7.5. From
Figure 7.5, we see that it is sufficient to choose the p; such that

Pr+1(1 = pr) =1 —2pg.
After some manipulations, we obtain

Pk
1-p

Pry1 =1-
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B 1
Il Py 1 1—20k ! Pk :

§ |
: !
ay by
l i
3 Pye,1 (1= )

Iteration k

A bk+1
1-py

lteration k+1

A
Y

Figure 7.5 Selecting evaluation points

There are many sequences pj, p2, - - . that satisfy the above law of formation, and
the condition that 0 < p; < 1/2. For example, the sequence p; = p = p3 =
-+ = (3 — v/5)/2 satisfies the above conditions, and gives rise to the Golden Section
method.

Suppose that we are given a sequence p, p2, . . . satisfying the above conditions,
and we use this sequence in our search algorithm. Then, after N iterations of the
algorithm, the uncertainty range is reduced by a factor of

(1-p)(1-p2)---(1—-pn).

Depending on the sequence p, p2, - . ., we get a different reduction factor. The natural
question is as follows: What sequence p1, p2,... minimizes the above reduction
factor? This problem is a constrained optimization problem that can be formally
stated:

minimize (1 - p1)(1 - p2)-- (1 - pn)

subject to Pt =1— Pk ,k=1,...,N-1
1-px

OSka%—,k-_—l,...,N.

Before we give the solution to the above optimization problem, we first need
to introduce the Fibonacci sequence, Fy, F5, F3,.... This sequence is defined as
follows. First, let F_; = 0 and Fy = 1 by convention. Then, for £ > 0,

Fiey1 = Fi + Fi1.
Some values of elements in the Fibonacci sequence are as follows:

R F, F3 Fy F5 Fg F Fg

1 2 3 5 g8 13 21 34
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It turns out that the solution to the above optimization problem is:

Pl FN+1 ’
pr = 1- Frn_a
2 FN ’
ok =1_%ﬂﬂ
N—k+2
F
= 1-2L
PN Fz,

where the F}, are the elements of the Fibonacci sequence. The resulting algorithm
is called the Fibonacci search method. We present a proof for the optimality of the
Fibonacci search method later in this section.

In the Fibonacci search method, the uncertainty range is reduced by the factor

Fv Fnoo R R 1
1- 1—=p9)---(1— = Nl S = .
(1-p1)(1=p2)---(1 = pn) Foei v B Fva - Fuo
Because the Fibonacci method uses the optimal values of p1, ps,. .., the above

reduction factor is less than that of the Golden Section method. In other words, the
Fibonacci method is better than the Golden Section method in that it gives a smaller
final uncertainty range.

We point out that there is an anomaly in the final iteration of the Fibonacci search

method, because
- A_1
PN = 5 =5

Recall that we need two intermediate points at each stage, one that comes from
a previous iteration and another that is a new evaluation point. However, with
pN = 1/2, the two intermediate points coincide in the middle of the uncertainty
interval, and therefore we cannot further reduce the uncertainty range. To get around
this problem, we perform the new evaluation for the last iteration using py = 1/2—¢,
where ¢ is a small number. In other words, the new evaluation point is just to the left
or right of the midpoint of the uncertainty interval. This modification to the Fibonacci
method is, of course, of no significant practical consequence.

As a result of the above modification, the reduction in the uncertainty range at the
last iteration may be either

?

[T

1-pn=

or
14+ 2

2 b

1
1—(pN—-€)=§+€=
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depending on which of the two points has the smaller objective function value.
Therefore, in the worst case, the reduction factor in the uncertainty range for the

Fibonacci method is
1+ 2

Fyp1’

Example 7.2 Consider the function
f(z) = z* — 142% + 602% — 70z.

Use the Fibonacci search method to find the value of x that minimizes f over the
range [0, 2]. Locate this value of z to within a range 0.3.
After IV steps the range is reduced by (1 + 2¢)/Fy4; in the worst case. We need
to choose N such that
1+2¢ _ FinalRange 0.3

= — =0.15.
Fn41 ~— Initial Range 2 0.15
Thus, we need 112
+ 2¢
F, > .
N+1 =015
If we choose ¢ < 0.1, then N = 4 will do.
Iteration 1. We start with
l_p=fa_05
PR T8
We then compute
3
a = ag +p1(b0 —ao) = Z
5
b = ao+(1 —pl)(bo—ao) = Z
fla)) = -24.34
fla1) < f(b1).
The range is reduced to
5
[(Ig,bl] = [0, Z] .
Iteration 2. We have
1—p, = B3_3
2 = F "5
1
a, = Qo +p2(b1 —-ao) = E
3
b2 = a = Z
flas) = -21.69

flba) = fla) =-24.34
flaz) > fba)-
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So the range is reduced to
15
[a21b1] - |:§a Z] .
Iteration 3. We compute
1op = B2_2
= RT3
3
ag = b2 = Z
by = ax+(1-p3)(b1~az)=1
flas) = f(b) =—-24.34
flbs) = -23
flas) < f(bs).
The range is reduced to
1
[0127b3] = [571] .
Iteration 4. We choose € = 0.05. We have
1—p = B_1
P4 = j28 =3
as = az+{ps—e)(bs—az) =0.725
by = a3= 3
4 = a3=7
flag) = —24.27
f(bs) = flas) = —24.34
fla)) > f(ba).

The range is reduced to
[a4,b3] =[0.725,1].

Note b3 — a4 = 0.275 < 0.3.

99

For the diligent reader, we now turn to a proof of the optimality of the Fibonacci
search method. Skipping the rest of this section does not affect the continuity of the

presentation.

To begin, recall that we wish to prove that the values of p;, p2,..., pn used in
the Fibonacci method, where pr = 1 — Fn_g41/Fn_k+2, solve the optimization

problem:

minimize (A =p)(1—=p2)---(1—pn)

subject to Pry1 =1-— P ,k=1,...,N -1
1-pr

0<px<=, k=1,...,N.

1
9’
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Itis easy to check that the values of p1, p2, . . . above for the Fibonacci search method
satisfy the feasibility conditions in the optimization problem above (see Exercise 7.4).
Recall that the Fibonacci method has an overall reduction factor of (1 — py) - -+ (1 —
pn) = 1/Fn1. To prove that the Fibonacci search method is optimal, we show that

for any feasible values of p1,...,pn, wehave (1 —p1)--- (1 — pn) > 1/Fn41.
It is more convenient to work with r, = 1 — p;, rather than p;. The optimization
problem stated in terms of 7y is:

minimize L TN

1
subject to rk+1=T——1,k=1,...,N—1
k
1
§§rk§1, k=1,...,N.

Note that if r1, 79, ... satisfy rp 1 = rl_,, —1,thenr, > 1/2ifand only if rpq < 1.
Also, r¢ > 1/2 if and only if r¢—; < 2/3 < 1. Therefore, in the above constraints,
we may remove the constraint 7 < 1, because it is implicitly implied by rp, > 1/2

and the other constraints. Therefore, the above constraints reduce to
1
Tee1 = — — 1, k=1,...,N -1
Tk

1
T'kz-z', k=1,,N
To proceed, we need the following technical lemmas. In the statements of the
lemmas, we assume that 71,73, . .. is a sequence that satisfies

1 1
Tk+1=E—1, ’I‘k2§, k=1,2,...

Lemma 7.1 Fork > 2,
Fp_s— Fpm1

Tp = -
g Fy—3 — Fp—om
Proof. We proceed by induction. For k = 2, we have
1 _1-—7‘1_ Fo—F11‘1
r m F_) — Fyry

and hence the lemma holds for ¥ = 2. Suppose now that the lemma holds for & > 2.
We show that it also holds for k + 1. We have
1
Tyl = T 1

—Fyg+ Feor1  Fro— Fpn

Fya —Fy_1r1 Fyp2 — Frim
_Fr—2+ Fy—3 — (Fi—1 + Fy—2)11

Fe s —Fp_1m
_ By — Fyry
Fiez — Fpary’
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where we used the formation law for the Fibonacci sequence. [ |
Lemma 7.2 Fork > 2,
(—1)k(Fk_2 — Fk—~1"'1) > 0.

Proof. We proceed by induction. For £ = 2, we have
(-D)*(Fp - Fir))=1-rq.

Butr; = 1/(1+r9) < 2/3, and hence 1 — r; > 0. Therefore, the result holds for
k = 2. Suppose now that the lemma holds for k¥ > 2. We show that it also holds for
k + 1. We have

1
(—l)k+1(Fk_1 - Fk"'l) = (—-1)k+17'k+1;;:(Fk_1 b Fkrl).

By Lemma7.1,
Fr_1— Fyry

Tkt = " Fi o Fear
Substituting for 1/741, we obtain
(=¥ (Fecy = Fer1) = reg1 (—1)*(Fr—2 — Fr_1r1) > 0,
and the proof is completed [ |

Lemma 7.3 Fork > 2,

(~DH1r 2 (- TR
Fin
]

Proof. Because 41 = &~ — land ry > 3, we have rgiq < 1. Substituting for
Tx+1 from Lemma 7.1, we get

Fy y ~ Fyny
— < 1.
Fo g —Fpm ~

Multiplying the numerator and denominator by (—1)* yields

(=1)¥+Y(Fpq — Fer1)
(D (Fecs = Focar) =

By Lemma 7.2, (—1)*(Fy_2 — Fx_17m1) > 0, and therefore we can multiply both
sides of the above inequality by (—1)*(F;_2 — F}_171) to obtain

(~1)F By — Ferp) < (-D)F(Feep — Fqm1).
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Rearranging the above yields
()M (Feo1 + Fr)ry > (-1 (Fi—z + Fi).
Using the law of formation of the Fibonacci sequence, we get
(1) Frpary > (1) F,
which upon dividing by Fi41 on both sides gives the desired result. |

We are now ready to prove the optimality of the Fibonacci search method, and the
uniqueness of this optimal solution.

Theorem 7.1 Letry,...,vn, N > 2, satisfy the constraints

1
rep1=——1, k=1,....N—-1
Tk

1
Tk 2 =, k=1,...,N.
2
Then,
rye TN Z .
Fnia
Furthermore, )
Ty TN =
Fnia
ifand only if ri, = Fn—g41/FN-k+2, k = 1,...,N. In other words, the values
of r1,...,7N used in the Fibonacci search method form the unique solution to the
optimization problem. |
Proof. By substituting expressions for ry, ..., ry from Lemma 7.1 and performing

the appropriate cancellations, we obtain
rioory = ()N (Fy—g — Fyo1m1) = ()Y Fvoz + Fv—1 (-1)V ¥y

Using Lemma 7.3,
N N+1 FN
ryooery 2> (=1)" Fy_o+ Fy_1(-1) Foil
N+1

1
(-D)N(Fy_2Fn1 — FN—1FN)F .
N+l

By Exercise 7.5, (—1)Y (Fx_2Fny1 — Fny—1 Fn) = 1. Hence,

rl...rN>

Fnyi
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From the above, we see that

1
TN = Fni1
if and only if
r = Fiv
"7 Fyvyi
The above is simply the value of r; for the Fibonacci search method. Note that fixing
r1 uniquely determines 7o, ...,7xN. [ |

For further discussion on the Fibonacci search method and its variants, see [96].

7.3 NEWTON’'S METHOD

Suppose again that we are confronted with the problem of minimizing a function f of
a single real variable z. We assume now that at each measurement point z(*) we can
calculate f(z(®)), f'(z(®), and f”(2*)). We can fit a quadratic function through
z® that matches its first and second derivatives with that of the function f. This
quadratic has the form

@) = f@) + [0 (@~ 2®) + 2 (@9 (z - o).

Note that g(z(¥)) = f(z(®)), ¢'(z®)) = f'(z®), and ¢"(z*)) = f"(z(*)). Then,
instead of minimizing f, we minimize its approximation q. The first-order necessary
condition for a minimizer of ¢ yields

0=¢q'(z) = f'(@®) + F'(@®)(z - ).
Setting z = z{**t1), we obtain

w _ f'=%)

&P

Example 7.3 Using Newton’s method, find the minimizer of

(k1)

1
flx)= 5:1:2 —sinz.

The initial value is (%) = 0.5. The required accuracy is ¢ = 1075, in the sense that
we stop when |z(F+1) — g(®)] < ¢,
We compute

f'(z) =z —cosz, f'(x) =1+sinz.
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fay
q(x)

f(x)

|
|
t
1
|
|
i

Y

(0 (k+1) x

Figure 7.6 Newton’s algorithm with " (z) > 0

Hence,

LD 0.5_[0.5—c030.5]

1+sin0.5

—0.3775
= 05— [_14_79““]
= 0.7552.

Proceeding in a similar manner, we obtain

"(z() 02710
2 _ ) _ f (:L' ) _ ) _ 0.0 _
r z f”(:L'(l)) =2z 1.685 0.7391,
1((2) 10-%
@ - go_ @) (5 9461 _
T T @y T Te73 - 0739,
"(® 1.17 x 10~°
“4) = 3) _ f (.Z' ) _ .3 _ 1 _
e ) IR - S 0.7390.

Note that |z(*) ~ (3| < € = 1078, Furthermore, f'(z¥) = —8.6 x 107¢ ~ 0.
Observe that f(z*)) = 1.673 > 0, so we can assume that z* ~ z{%) is a strict
minimizer. |

Newton’s method works well if f”(x) > 0 everywhere (see Figure 7.6). However,
if f"(z) < O for some z, Newton’s method may fail to converge to the minimizer
(see Figure 7.7).

Newton’s method can also be viewed as a way to drive the first derivative of f to
zero. Indeed, if we set g(z) = f'(z), then we obtain a formula for iterative solution
of the equation g(z) = 0:

(k)
B+ — (k) _ g(z*) )
g'(z(®))
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hay

f(x)

]
]
]
L
) x(k) x* X

Figure 7.7 Newton’s algorithm with f”(z) < 0

Example 7.4 We apply Newton’s method to improve a first approximation, z(®) =
12, to the root of the equation

g(z) = z° — 12.22% + 7.45x + 42 = 0.

We have g'(z) = 3z% — 24.4z + 7.45.
Performing two iterations yields

102.6
1 - —_— = .
¥ 146.65 11.33
14.73
2 = —_—— = 21,
T 11.33 11611 11.21

Newton’s method for solving equations of the form g(x) = 0 is also referred to as
Newton’s method of tangents. This name is easily justified if we look at a geometric
interpretation of the method when applied to the solution of the equation g(z) = 0
(see Figure 7.8).

If we draw a tangent to g(z) at the given point z(*), then the tangent line intersects
the 2-axis at the point z(*+1) | which we expect to be closer to the root z* of g(z) = 0.
Note that the slope of g(z) at z(*) is

(k)
(k)Y — g(z™)
9(=") 26 — z D)
Hence,
kD) — (k) g(x(k))
g'(=®))’
Newton’s method of tangents may fail if the first approximation to the root is such
that the ratio g(z(®)/¢’' (z(?) is not small enough (see Figure 7.9). Thus, an initial
approximation to the root is very important.
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g(x) A
g(x)
g(x)
|
|
g(x(k+1)) \
\[ |
X ! .
\_/('(mz) lk+1)  x(K) X

Figure 7.8 Newton’s method of tangents

g(x)‘\

g0

Figure 7.9 Example where Newton’s method of tangents fails to converge to the root z* of
g(z) =0

7.4 SECANT METHOD

Newton’s method for minimizing f uses second derivatives of f:

p  f'&®)

fra®)

If the second derivative is not available, we may attempt to approximate it using first
derivative information. In particular, we may approximate f”(z(*)) above with

f'(@®) - f'(z*-1)

glk) — p(k-1)

21 =
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Using the above approximation of the second derivative, we obtain the algorithm
x(k) —_ z(k_l)
Fa®) = f(a®-D)

The above algorithm is called the secant method. Note that the algorithm requires
two initial points to start it, which we denote z(~") and z(®). The secant algorithm
can be represented in the following equivalent form:

HapEN)g(k=1) _ #1(p(k=1) (k)
1) @)z f'(@ )z
f1(@®) = fi(zk-D)

Observe that, like Newton’s method, the secant method does not directly involve
values of f(z(*)). Instead, it tries to drive the derivative f’ to zero. In fact, as we did
for Newton’s method, we can interpret the secant method as an algorithm for solving
equations of the form g(z) = 0. Specifically, the secant algorithm for finding a root
of the equation g(z) = 0 takes the form

L) = ) _

7'z ®).

2®) _ p(k=1)

(k+1) _ (k) __
T EET T @ ®)  g(z1)?

(@),

or, equivalently,

g(z(k))x(k“l) —_ g(z(k’_l))m(k)
g(z(®)) — g(z(k-1))

The secant method for root finding is illustrated in Figure 7.10 (compare this with
Figure 7.8). Unlike Newton’s method, which uses the slope of g to determine the
next point, the secant method uses the “secant” between the (k — 1)st and kth points
to determine the (k + 1)st point.

2 =

Example 7.5 We apply the secant method to find the root of the equation
g(x) = 2° = 12222 + T45x + 42 = 0.
We perform two iterations, with starting points z{~1) = 13 and z(®) = 12. We obtain

zD = 1140
2 = 11.25.

Example 7.6 Suppose the voltage across a resistor in a circuit decays according to
the model V () = e~ %, where V (¢) is the voltage at time ¢, and R is the resistance
value.

Given measurements V7, ...,V of the voltage at times ¢y, ..., t,, respectively,
we wish to find the best estimate of E. By the “best estimate” we mean the value
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g(x){\

+ xk+2)  xks1)

> N W

x(K  x(k-1) X

Figure 7.10 Secant method for root finding

of R that minimizes the total squared error between the measured voltages and the
voltages predicted by the model.

We derive an algorithm to find the best estimate of R using the secant method.
The objective function is:

n

f(R) = (Vi —e R)2,

=1
Hence, we have
n
F(R)=2) (Vi — e™Mt)e Rt
=1

The secant algorithm for the problem is:

Ry — Ry )

R = Ry-—
k+1 k (E:‘:l(Vl — e—Rkt,-)e—Rkt,'ti _ (‘/2 - e-—Rk_lt.')e—Rk_lt.'ti

n
x Z(V‘ _ e—Rkti)e—Rktiti_

i=1

For further reading on the secant method, see [20].

7.5 REMARKS ON LINE SEARCH METHODS

One-dimensional search methods play an important role in multidimensional opti-
mization problems. In particular, iterative algorithms for solving such optimization
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problems (to be discussed in the following chapters) typically involve a “line search”
at every iteration. To be specific, let f : R* — R be a function that we wish to
minimize. Iterative algorithms for finding a minimizer of f are of the form

g+ = ¢ ®) 4 0 d®)

where 2(% is a given initial point, and o > 0 is chosen to minimize ¢x(a) =
flx® + ad(k)). The vector d(¥) is called the search direction. Note that choice
of ay involves a one-dimensional minimization. This choice ensures that, under

appropriate conditions,
F@®y < f(a®).

‘We may, for example, use the secant method to find . In this case, we need the
derivative of ¢y, which is

#h (@) = dPTVf(x®) + ad®),
k

The above is obtained using the chain rule. Therefore, applying the secant method
for the line search requires the gradient V f, the initial line search point 2(*), and
the search direction d® (see Exercise 7.9). Of course, other one-dimensional search
methods may be used for line search (see, e.g., [29] and [64]).

Line search algorithms used in practice are much more involved than the one-
dimensional search methods presented in this chapter. The reason for this stems
from several practical considerations. First, determining the value of oy that exactly
minimizes ¢, may be computationally demanding; even worse, the minimizer of
¢ may not even exist. Second, practical experience suggests that it is better to
allocate more computational time on iterating the optimization algorithm rather than
performing exact line searches. These considerations led to the development of
conditions for terminating line search algorithms that would result in low-accuracy
line searches while still securing a decrease in the value of the f from one iteration to
the next. For more information on practical line search methods, we refer the reader
to [29, pp. 26-40], [34], and [35]".

EXERCISES

7.1 Suppose that we have a unimodal function over the interval [5,8]. Give an
example of a desired final uncertainty range where the Golden Section method
requires at least 4 iterations, whereas the Fibonacci method requires only 3. You
may choose an arbitrarily small value of ¢ for the Fibonacci method.

7.2 Let f(z) = 2% + 4 cosz,x € R We wish to find the minimizer z* of f over the
interval [1,2}. (Calculator users: Note that in cos z, the argument z is in radians).

I'We thank Dennis M. Goodman for furnishing us with references [34] and [35].



110 ONE-DIMENSIONAL SEARCH METHODS

a. Plot f(x) versus z over the interval [1, 2].

b. Use the Golden Section method to locate z* to within an uncertainty of 0.2.
Display all intermediate steps using a table as follows:

Iterationk ar br f(ar) f(bx) New uncertainty interval

1 ? 9 ? ? [2,7]
2 7 7 ? ? (2.7

¢. Repeat part b using the Fibonacci method, with € = 0.05. Display all interme-
diate steps using a table as follows:

Iterationk pr ar by f(ar) f(by) New uncertainty interval

1 77 9 ? ? [2,7]
2 2 7 9 ? ? [2,7]

d. Apply Newton’s method, using the same number of iterations as in part b, with
0 =1
9 =1.

7.3 Let f(z) = 8¢'~* + Tlog(x), where log(-) represents the natural logarithm
function.

a. Use MATLAB to plot f(z) versus  over the interval [1, 2], and verify that f
is unimodal over [1, 2.

b. Write a simple MATLAB routine to implement the Golden Section method
that locates the minimizer of f over [1,2] to within an uncertainty of 0.23.
Display all intermediate steps using a table as in Exercise 7.2.

¢. Repeat part b using the Fibonacci method, with £ = 0.05. Display all interme-
diate steps using a table as in Exercise 7.2.

7.4 Suppose that p;,...,pn are the values used in the Fibonacci search method.
Show that foreachk =1,...,N,0< pr < 1/2,and foreachk =1,...,N — 1,

Pk
1-pr

Pry1=1-—
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7.5 Show that if Fy, Fi, ... is the Fibonacci sequence, then foreach k£ = 2, 3,.. .,

Fy_3Fiq1 — Fxo1 Fi = (-1)F,

7.6 Show that the Fibonacci sequence can be calculated using the formula

n+1 n+1
(59758

NV 2 2

7.7 Suppose that we have an efficient way of calculating exponentials. Based on
this, use Newton’s method to devise a method to approximate log(2) (where log(-)
is the natural logarithm function). Use an initial point of (9 = 1, and perform 2
iterations.

7.8 The objective of this exercise is to implement the secant method using MATLAB.

a. Write a simple MATLAB routine to implement the secant method to locate the
root of the equation g(z) = 0. For the stopping criterion, use the condition
[zk+1) — 2(])| < |z{¥) |e, where € > 0 is a given constant.

b. Let g(z) = (2z — 1)% + 4(4 ~ 1024z)*. Find the root of g(x) = 0 using the
secant method with (-1 = 0, 2(® = 1, and ¢ = 10~5. Also determine the
value of g at the obtained solution.

7.9 Write a MATLAB function that implements a line search algorithm using
the secant method. The arguments to this function are the name of the M-file
for the gradient, the current point, and the search direction. For example, the
function may be called 1inesearch secant, and used by the function call
alpha=linesearch_secant(’grad’,x,d), where grad.m is the M-file
containing the gradient, x is the starting line search point, d is the search direction,
and alpha is the value returned by the function (which we use in the following
chapters as the step size for iterative algorithms (see, €.g., Exercises 8.18, 10.8)).

Note: In the solutions manual, we used the stopping criterion |d” V f (z + ad)| <
e|ld*Vf(x)|, where e > 0 is a prespecified number, V£ is the gradient, x is the
starting line search point, and d is the search direction. The rationale for the above
stopping criterion is that we want to reduce the directional derivative of f in the
direction d by the specified fraction . We used a value of ¢ = 1074, and initial
conditions of 0 and 0.001.
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Gradient Methods

8.1 INTRODUCTION

In this chapter, we consider a class of search methods for real-valued functions on
R™. These methods use the gradient of the given function. In our discussion, we use
terms like level sets, normal vectors, tangent vectors, and so on. These notions were
discussed in some detail in Part I.

Recall that a level set of a function f : R® — R is the set of points x satisfying
f(z) = cfor some constant c. Thus, a point zg € R™ is on the level set corresponding
to level ¢ if f(xp) = c. In the case of functions of two real variables, f : R? — R,
the notion of the level set is illustrated in Figure 8.1.

The gradient of f at &, denoted V f(ixo), if it is not a zero vector, is orthogonal
to the tangent vector to an arbitrary smooth curve passing through xp on the level
set f(x) = c. Thus, the direction of maximum rate of increase of a real-valued
differentiable function at a point is orthogonal to the level set of the function through
that point. In other words, the gradient acts in such a direction that for a given small
displacement, the function f increases more in the direction of the gradient than in
any other direction. To prove this statement, recall that (V f(z),d), ||d|| = 1, is
the rate of increase of f in the direction d at the point . By the Cauchy-Schwarz
inequality,

(Vi(z),d) < |IVF(=)l

because ||d|| = 1. Butif d = Vf(x)/||V f(x)||, then

Vi) ,
(Vf(z), m) = ||V f()ll.

113
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2=f(x1,%p)

AN Level set (curve)

Vt(xo)
Figure 8.1 Constructing a level set corresponding to level ¢ for f

Thus, the direction in which V f(x) points is the direction of maximum rate of
increase of f at x. The direction in which —V f(x) points is the direction of
maximum rate of decrease of f at . Hence, the direction of negative gradient is a
good direction to search if we want to find a function minimizer.

We proceed as follows. Let (% be a starting point, and consider the point
z© — oV f(z'®). Then, by Taylor’s theorem we obtain

@0 - aVf(@?)) = f(@*) - o[V (@) ? + o(a).
Thus, if V f(z(?)) # 0, then for sufficiently small & > 0, we have
f(z® = avf(z®)) < f(=©).

This means that the point £(®) — oV f(2(%)) is an improvement over the point z(©)
if we are searching for a minimizer.

To formulate an algorithm that implements the above idea, suppose that we are
given a point z(*). To find the next point ¥*1), we start at 2(¥) and move by an
amount —a; V f (.'1:(’“) ), where o is a positive scalar called the step size. The above
procedure leads to the following iterative algorithm:

2+ = k) _ 0, v f(2®),

We refer to the above as a gradient descent algorithm (or simply a gradient algorithm).
The gradient varies as the search proceeds, tending to zero as we approach the
minimizer. We have the option of either taking very small steps and re-evaluating the
gradient at every step, or we can take large steps each time. The first approach results
in a laborious method of reaching the minimizer, whereas the second approach may
result in a more zigzag path to the minimizer. The advantage of the second approach is
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x(O) ~< Cp>C1>Co>C3

Figure 8.2 Typical sequence resulting from the method of steepest descent

a possibly fewer number of the gradient evaluations. Among many different methods
that use the above philosophy the most popular is the method of steepest descent,
which we discuss next.

Gradient methods are simple to implement and often perform well. For this reason,
they are widely used in practical applications. For a discussion of applications of the
steepest descent method to the computation of optimal controllers, we recommend
[62, pp. 481-515]. In Chapter 13, we apply a gradient method to the training of a
class of neural networks.

8.2 THE METHOD OF STEEPEST DESCENT

The method of steepest descent is a gradient algorithm where the step size aj, is
chosen to achieve the maximum amount of decrease of the objective function at
each individual step. Specifically, ay is chosen to minimize ¢x(c) = f(z® —
aV f(x(*))). In other words,

o = argmin f(x®) — aV f(z®)).
a>0

To summarize, the steepest descent algorithm proceeds as follows: at each step,
starting from the point 2(¥), we conduct a line search in the direction —V f(z‘¥))
until a minimizer, £(*+1), is found. A typical sequence resulting from the method of
steepest descent is depicted in Figure 8.2.

Observe that the method of steepest descent moves in orthogonal steps, as stated
in the following proposition.
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Proposition 8.1 If {a:(’“)}g":o is a steepest descent sequence for a given function
f:R® = R then for each k the vector x*+1) — 2(¥) s orthogonal to the vector
2(k+2) _ p(k+1) o

Proof. From the iterative formula of the method of steepest descent it follows that
(1) _ k) p(k+2) _ 1)y = o g 1 (VF (), V(D))
To complete the proof it is enough to show that
(Vi@®), Vi@*) =o.

To this end, observe that ay, is a nonnegative scalar that minimizes ¢, (a) = f(z(® —
aV f(z®)). Hence, using the FONC and the chain rule,

0 = ¢p(ax)
dor

= o )

= Vf@® -V x®)T(-Vf(z®))
= ~(Vf*D), vf®))

and the proof is completed. [ |

The above proposition implies that V f ((*)) is parallel to the tangent plane to the
level set { f(z) = f(z(*+t1)} at x(¥+1). Note that as each new point is generated by
the steepest descent algorithm, the corresponding value of the function f decreases
in value, as stated below.

Proposition 8.2 If {x(¥)}2°  is the steepest descent sequence for f : R* — R and
ifVf(@®) # 0, then f(x*+1)) < f(z®). e

Proof. First recall that
kD o p(k) _ aka(m(")),
where aj > 0 is the minimizer of

() = f(@¥ — avi(a®))

over all @ > 0. Thus, for a > 0, we have

dr(ax) < dr(a).

By the chain rule,

40 = 22 0) = (V1 ~ 09 S D))V H) = ~|ViEH)I <0
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because V f(z(*)) # 0 by assumption. Thus, ¢} (0) < 0 and this implies that there
isan & > 0 such that ¢ (0) > ¢ () for all & € (0, a]. Hence,

F@®HDy = gr(ar) < (@) < ¢ (0) = f(z®)
and the proof of the statement is completed. | |

In the above, we proved that the algorithm possesses the descent property:
F@®+) < f(@®)if VF(x®)) # 0. If for some k, we have V f(x(¥)) = 0, then
the point ‘) satisfies the FONC. In this case, z(**1) = z(F), We can use the above
as the basis for a stopping (termination) criterion for the algorithm.

The condition V f(x(*+1)) = 0, however, is not directly suitable as a practical
stopping criterion, because the numerical computation of the gradient will rarely
be identically equal to zero. A practical stopping criterion is to check if the norm
IV f(2®))|| of the gradient is less than a prespecified threshold, in which case we
stop. Alternatively, we may compute the absolute difference | f(z(¥1t1)) — f(z(*))]
between objective function values for every two successive iterations, and if the
difference is less than some prespecified threshold, then we stop; that is, we stop

when
|f(@®) — fz®)] <,

where € > 0 is a prespecified threshold. Yet another alternative is to compute the
norm ||z(*+1) — 2(k)|| of the difference between two successive iterates, and we stop
if the norm is less than a prespecified threshold:

le®TD) — 2®)|| < ¢,
Alternatively, we may check “relative’” values of the above quantities; for example,

|f(z*+D) - fa®)]
|f(&®)]

<e,

or
Je®+) — 0]

[l

The above two (relative) stopping criteria are preferable to the previous (absolute)
criteria because the relative criteria are “scale-independent.” For example, scaling
the objective function does not change the satisfaction of the criterion | f (xk+1)) —
F@®)|/|f(x*)| < e. Similarly, scaling the decision variable does not change the
satisfaction of the criterion ||z (¥+1) — 2(#)|| /|lz*))|| < &. To avoid dividing by very
small numbers, we can modify these stopping criteria as follows:

[fz*+D) — F(a®)]
max(1, | f(z(¥)])

<E.

<g,

or
ot — 20|
<eg

max(1, [«®)



118 GRADIENT METHODS

Note that the above stopping criteria are relevant to all the iterative algorithms we
discuss in this part.

Example 8.1 We use the method of steepest descent to find the minimizer of
f(x1,22,23) = (z1 — 4)* + (72 — 3)® + 4(z3 + 5)*.

The initial point is () = [4,2, —1]T. We perform three iterations.
We find
Vi) = [4(z1 — 4)3,2(z2 — 3),16(z3 + 5)°]T.

Hence,
Vi(x©) =[0,-2,1024)T.

To compute 21, we need
ap = argmin f(z® — aVf(z®))
a>0

= argmin(0 + (24 2a — 3)? + 4(—1 — 1024a + 5)%)
a>0

arg min ¢o ().
a>0

Using the secant method from the previous chapter, we obtain
ap = 3.967 x 1073,

For illustrative purpose, we show a plot of ¢o{e) versus a in Figure 8.3, obtained
using MATLAB.

Thus,
z®) = 2® — oV (@) = [4.000,2.008, —5.062]7.

To find (2, we first determine
Vf(z™) =[0.000, —1.984, —0.003875]%.
Next, we find «;, where

a1 = argmin(0 + (2.008 + 1.984a — 3)? + 4(—5.062 + 0.003875a + 5)*)
a>0

= argmin¢;{a).
a>0
Using the secant method again, we obtain &y = 0.5000. Figure 8.4 depicts a plot of
&1 () versus a.

Thus,
z® =z — 0, Vf(&V) = [4.000, 3.000, —5.060] 7.

To find (3, we first determine

Vf(z®) = [0.000,0.000, —0.003525]7
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do(0)
7000 ——

6000

5000

4000 r

3000 +

2000 +

0 0.002 0.004 0.006 0.008 0.01
o

Figure 8.3 Plot of ¢o(cx) versus o

¢, (o)

Figure 8.4 Plot of ¢ (a) versus «



120 GRADIENT METHODS

$,(0)

1.6

x 108

18 20

Figure 8.5 Plot of ¢2{a) versus «

and

oz = argmin(0.000 + 0.000 + 4(—5.060 + 0.003525 + 5)%)
a>0

= argmin¢z(a).
a>0

We proceed as in the previous iterations to obtain az = 16.29. A plot of ¢2(a)
versus o is shown in Figure 8.5.
The value of (®) is

2 = [4.000, 3.000, —5.002]7.

Note that the minimizer of f is [4,3, —5]7, and hence it appears that we have arrived
at the minimizer in only three iterations. The reader should be cautioned not to draw
any conclusions from this example about the number of iterations required to arrive
at a solution in general.

It goes without saying that numerical computations, such as those in this example,
are performed in practice using a computer (rather than by hand). The above cal-
culations were written out explicitly, step by step, for the purpose of illustrating the
operations involved in the steepest descent algorithm. The computations themselves
were, in fact, carried out using a MATLAB routine (see Exercise 8.18). B

Let us now see what the method of steepest descent does with a quadratic function
of the form

f(@) = 52" Qz ~ bz,



THE METHOD OF STEEPEST DESCENT 121

where @ € R™*" is a symmetric positive definite matrix, b € R, and z € R"*. The
unique minimizer of f can be found by setting the gradient of f to zero, where

Vf($) = Qﬂ: _b’

because D (27 Qz) = 27(Q+QT) = 227Q, and D(b" z) = b”. Thereis noloss
of generality in assuming @ to be a symmetric matrix. For if we are given a quadratic
form 2T Az and A # AT, then because the transposition of a scalar equals itself,

we obtain
(T Az)T = 2TATz = 2T Az,

Hence,
T 1 5 1 v .7
' Ax = 5:1: Aw+§mA:z:
= %mT(A+AT):L'
ES %mTQa:.
Note that

A+ AT =QT=A+AT=qQ.
The Hessian of f is F(x) = Q = QT > 0. To simplify the notation we write

g®) = Vf(2*)). Then, the steepest descent algorithm for the quadratic function

can be represented as
2t — (k) _ akg(k),

where
o = argmin f(z® — ag®)
a>0
1
= argmin (E(w(") — ag™TQ(z® — ag®) — (2® — ag(k))Tb) .
a>0

In the quadratic case, we can find an explicit formula for a,. We proceed as follows.
Assume g(¥) # 0, for if g*) = 0, then (¥} = 2* and the algorithm stops. Because
o > 0 is a minimizer of ¢ (a) = f(x*) — ag(®), we apply the FONC to ¢y ()
to obtain

¢ (@) = (@ — ag®)TQ(-g™®)) — b (—g¥).
Therefore, ¢ (@) = 0 if ag®TQg*) = (z*TQ — bT)g®. But

2WTQ _ pT = g(OT

Hence,
g(k)Tg(k)

U= G@TQg®
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Figure 8.6 Steepest descent method applied to f(z1; z2) = 3 + z3

In summary, the method of steepest descent for the quadratic takes the form

E)T o (k
2k = g _ (9978 N gy
gHTQgk) ’
where
g® =vfE®)=qQz® —b.

Example 8.2 Let
fla1,32) = o] + 25.

Then, starting from an arbitrary initial point £(®) € R? we arrive at the solution
x* = 0 € R? in only one step. See Figure 8.6.
However, if

af 2

f(z11z2) = ? + z3,
then the method of steepest descent shuffles ineffectively back and forth when search-
ing for the minimizer in a narrow valley (see Figure 8.7). This example illustrates

a major drawback in the steepest descent method. More sophisticated methods that
alleviate this problem are discussed in subsequent chapters.

To understand better the method of steepest descent we examine its convergence
properties in the next section.

8.3 ANALYSIS OF GRADIENT METHODS

8.3.1 Convergence

The method of steepest descent is an example of an iterative algorithm. This means
that the algorithm generates a sequence of points, each calculated on the basis of
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Co > Cy t=Cq

Figure 8.7 Steepest descent method in search for minimizer in a narrow valley

the points preceding it. The method is a descent method because as each new point
is generated by the algorithm, the corresponding value of the objective function
decreases in value (i.e., the algorithm possesses the descent property).

We say that an iterative algorithm is globally convergent if for any arbitrary starting
point the algorithm is guaranteed to generate a sequence of points converging to a
point that satisfies the FONC for a minimizer. When the algorithm is not globally
convergent, it may still generate a sequence that converges to a point satisfying the
FONC, provided the initial point is sufficiently close to the point. In this case, we
say that the algorithm is locally convergent. How close to a solution point we need
to start for the algorithm to converge depends on the local convergence properties
of the algorithm. A related issue of interest pertaining to a given locally or globally
convergent algorithm is the rate of convergence; that is, how fast the algorithm
converges to a solution point.

In this section, we analyze the convergence properties of descent gradient methods,
including the method of steepest descent and gradient methods with fixed step size.
We can investigate important convergence characteristics of a gradient method by
applying the method to quadratic problems. The convergence analysis is more
convenient if instead of working with f we deal with

V(@) = f@) + 327Qa" = H(z - =) Q(z — z°),

where Q = QT > 0. The solution point =* is obtained by solving Qx = b, that
is, z* = Q'b. The function V differs from f only by a constant %m*TQw*. We
begin our analysis with the following useful lemma that applies to a general gradient
algorithm.

Lemma 8.1 The iterative algorithm
kD) — pk) _ arg®
with g®) = Qz'® — b satisfies

V(@® )y = (1 - ) V(z®),
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where, if gF) = 0 then v = 1, and if g*) # 0 then

gBTQe® () g¥Tg®H
gRTQ gk \"gTQg® — ™F

Yk = Qg
0O

Proof. The proof is by direct computation. Note that if g(¥) = 0, then the desired
result holds trivially. In the remainder of the proof, assume g(*) # 0. We first
evaluate the expression
V(a:(k)) _ V(m(k"'l))
V(z®)

To facilitate computations, let ¥ = z® — z*. Then, V(z®)) = Ly®TQy®.
Hence,

1 * *
V(.’B(k+1)) = _2_( (k+1) -z )TQ(:B(k+1) - )

1
= 5( ® _2* — a0, g™ TQ(x®) — z* — arg™)

1 1

Therefore,
V(m(k)) — V(w(k+1)) _ 2akg(k)TQy(k) —_ aig(k)TQg(k)
V(af:(")) - y(W)T Qy(k) :
Because
g(k) = Qm(’“) — b= Q:v(k) -Qz* = Qy(k)’
we have
g(k)TQy(k) = g(k)Tg(k)_

Therefore, substituting the above, we get

V(@®) - V(z®) gBTQg® [ ghT gk
K = o =) 2 TOq® ~ &) = Tk
V{z®) gWTQ gk \“gTQg(k)

Note that v, < 1 for all k, because v = 1 — V(z*+1))/V(2(*)) and V is a
nonnegative function. If v, = 1 for some k, then V (z(*+1)) = 0, which is equivalent
to z(¥*1) = z*_ In this case, we also have that for all i > &k + 1, (9 = z* and
7v; = 1. Itturns out that y;, = 1if and only if either g*) = 0 or g(*) is an eigenvector
of @ (see Lemma 8.3).
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We are now ready to state and prove our key convergence theorem for gradient
methods. The theorem gives a necessary and sufficient condition for the sequence
{z(®} generated by a gradient method to converge to *; that is, ®) — x*, or
limg oo %) = x*.

Theorem 8.1 Let {z("); be the sequence resulting from a gradient algorithm
x*+1) = g(®) _ 0,9*). Let 4} be as defined in Lemma 8.1, and suppose that
vk > 0 for all k. Then, {x*)} converges to * for any initial condition (%) if and

only if
o0
Z Yk = O0.
k=0
O

Proof. From Lemma 8.1, we have V (z{*t1) = (1 — 4;) V(z(¥)), from which we

obtain -
V(@) = (H(l - %-)) V(z®).

i=0
Assume that v, < 1 for all k, for otherwise the result holds trivially. Note that
x®) — z* if and only if V(z*)) - 0. By the above equation, we see that
this occurs if and only if [];o(1 — 7;) = 0, which, in turn, holds if and only
if Y oo0o—log(l — 7)) = oo (we get this simply by taking logs). Note that by
Lemma 8.1, 1 — «; > 0 and log(1 — ;) is well defined (log(0) is taken to be 0o).
Therefore, it remains to show that 3~~~ log(1 — 7;) = oo if and only if

(o =]
Z’Yi=00-

i=0

We first show that 3.2 v; = oo implies that 3 ;o —log(l — ;) = oco. For
this, first observe that for any z € R, z > 0, we have log(z) < z — 1 (this is easy
to see simply by plotting log(z) and = — 1 versus z). Therefore, log(1 — ;) <
1 -9 —1 = —v;, and hence —log(1 — ;) > ;. Thus, if 322, = oo, then
clearly 3.2, —log(1 — ;) = 0.

Finally, we show that 32 —log(1 — 7;) = oo implies that } 2 v = oc.
We proceed by contraposition. Suppose that 3 ;o < co. Then, it must be that
¥ — 0. Now observe that for x € R, z < 1 and z sufficiently close to 1, we
have log(z) > 2(x — 1) (as before, this is easy to see simply by plotting log{(z) and
2(z — 1) versus z). Therefore, for sufficiently large i, log(1 — ;) > 2(1—v;—1) =
—27;, which implies that —log(1 — ;) < 2v;. Hence, Y "2 7 < co implies that
> oo —log(l — i) < oco.

This completes the proof. [ |

The assumption in the above theorem that y;, > 0 for all k is significant in that
it corresponds to the algorithm having the descent property (see Exercise 8.16).
Furthermore, the result of the theorem does not hold in general if we do not assume
that v > 0 for all k, as shown in the following example.
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Example 8.3 We show, using a counterexample, that the assumption that v > 0 in
Theorem 8.1 is necessary for the result of the theorem to hold.

Indeed, for each k = 0,1,2,..., choose o in such a way that o, = 1/2 and
Yak+1 = —1/2 (we can always do this if, for example, Q = I,,). From Lemma 8.1,
we have

V(@@*HD)y = (1 -1/2)(1 + 1/2)V(2®®) = (3/4)V (xR)).

Therefore, V (2(2%)) — 0. Because V (z(2¥*1) = (3/2)V(2(2»)), we also have
that V (z(¥+1)) — 0. Hence, V(2) — 0, which implies that 2(¥) — 0 (for all
x(®)). On the other hand, it is clear that

k
dowu<
=0

for all k. Hence, the result of the theorem does not hold if v < 0 for some k. [ ]

B[ =

Using the above general theorem, we can now establish the convergence of specific
cases of the gradient algorithm, including the steepest descent algorithm and algo-
rithms with fixed step size. In the analysis to follow, we use Rayleigh’s inequality,
which states that for any Q@ = QT > 0, we have

Amin(@)|2]? € 27 Qx < Amax(Q)l|f?,

where Anyin (@) denotes the minimal eigenvalue of @, and \,a, (@) denotes the
maximal eigenvalue of Q. For Q = Q% > 0, we also have

Amin(@7Y) = m,
)\max(Q—l) = m;

and
Amin(@ 7Dzl < 2TQ 7'z < Amax (@) ||z

Lemma 8.2 Let Q = QT > 0 be an n x n real symmetric positive definite matrix.
Then, for any x € R", we have

Amin(Q) < (me)2 < Amax(Q)
Amax(Q) ~ (27Qz)(2TQ'2) T Amin(Q)

0

Proof. Applying Rayleigh’s inequality and using the previously listed properties of
symmetric positive definite matrices, we get
@2 _ e _ u(@)
(27Q2)(2TQ ') ~ Amin(@IZ|PAmin (@ |zl> — Amin(Q)
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and

G e _ dun(@)
@ QD)@ Q) ~ A @2 Phmax @ DI2IE  Anax(Q)

We are now ready to establish the convergence of the steepest descent method.
Theorem 8.2 In the steepest descent algorithm, we have *) — x* forany z®. O

Proof. 1f g(¥) = 0 for some k, then 2(*) = z* and the result holds. So assume that
g% # 0 for all k. Recall that for the steepest descent algorithm,

gWTglk)
Qp = =,
g(k)TQg(k)
Substituting the above expression for o, in the formula for v, yields
(g®Tg®)?
(g®MTQg»)(gWTQ ™ g®))’

Note that in this case, vy, > 0 for all k. Furthermore, by Lemma 8.2, we have
Y 2 (Amin (Q)/Amax(Q)) > 0. Therefore, we have 3 po , v = 00, and hence by
Theorem 8.1, we conclude that z(*) — z*. [ |

Ve =

Consider now a gradient method with fixed step size; that is, ap = o € R for all
k. The resulting algorithm is of the form

2D = o)) _ (k)

We refer to the above algorithm as a fixed step size gradient algorithm. The algorithm
is of practical interest because of its simplicity. In particular, the algorithm does
not require a line search at each step to determine oy, because the same step size
« is used at each step. Clearly, the convergence of the algorithm depends on the
choice of «, and we would not expect the algorithm to work for arbitrary o. The
following theorem gives a necessary and sufficient condition on a for convergence
of the algorithm.

Theorem 8.3 For the fixed step size gradient algorithm, £*) — x* for any =(© if
and only if

O0<acx< —i—
’\max(Q)'

Proof. <: By Rayleigh’s inequality, we have

Amin(@)gH g < gMTQg™ < Anar(@)gHTg®)
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and L
gPTQ g™ < W—g(k)Tg(k).
Therefore, substituting the above into the formula for 4, we get

e > & Canin(@Q))? (;mi@—) - a) >0,

Therefore, v, > 0 for all k, and Y 72 v, = oo. Hence, by Theorem 8.1, we
conclude that z(*¥) — z*

=: We use contraposmon. Suppose that either & < 0 or & > 2/Amax(Q). Let
x(® be chosen such that 2(®) — z* is an eigenvector of @ corresponding to the
eigenvalue Apyax (Q). Because

z* D) = 2® _ o(Qa® — b) = 2® — o(Qz™® — Qz*),
we obtain
kD) g = p(R) _ g a(Qz™ — Qz*)
(In — aQ)(z™ — 2*)
(In _ aQ)k+1(w(0) _ m*)
= (1= max(@Q)* (2@ - 2*),

where in the last line we used the property that £(®) — z* is an eigenvector of Q.
Taking norms on both sides, we get

l2®+D) — 2% = |1 — AAmax (@) ||2@ — 2*].
Because & < 0 or a > 2/ Amax(Q),
|1 - aAmax(Q)] > 1.

Hence, ||z(*+1) — &*|| cannot converge to 0, and thus the sequence {z(*)} does not
converge to T*. |

Example 8.4 Let the function f be given by

fl@)== [g 2‘/—] +z7 [6]+24.

We wish to find the minimizer of f using a fixed step size gradient algorithm
) = 2(®) _ oV f(2®),

where a € R is a fixed step size.
To apply Theorem 8.3, we first symmetrize the matrix in the quadratic term of f

to get v
— 1 T 8 2 2 T 3
f(a:)—iw [2\/5 lo}w-i-w [6}4-24.
The eigenvalues of the matrix in the quadratic term are 6 and 12. Hence, using
Theorem 8.3, the above algorithm converges to the minimizer for all (?) if and only
if a lies in the range 0 < @ < 2/12. |
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8.3.2 Convergence Rate

We now turn our attention to the issue of convergencerates of gradient algorithms. In
particular, we focus on the steepest descent algorithm. We first present the following
theorem.

Theorem 8.4 In the method of steepest descent applied to the quadratic function, at
every step k, we have

(k+1) /\max(Q)_/\min(Q) 7{m(k)
Viath) < (2D tn@)) yigm),

a

Proof. In the proof of Theorem 8.2, we showed that vx > Amin(Q)/ Amax(Q)-
Therefore,
V(zh) — v(zktl) Amin (Q)
A

V(a:(’“)) max(Q) ’
and the result follows. [ |

=Y >

The above theorem is relevant to our consideration of the convergence rate of the
steepest descent algorithm as follows. Let

Amax —
r=32=3 el

the so-called condition number of Q. Then, it follows from Theorem 8.4 that
V(zF+) < (1 - 1) V(x®).
T

The term (1 — 1/r) plays an important role in the convergence of {V (%))} to 0 (and
hence of {z(")} to £*). We refer to (1 — 1/r) as the convergence ratio. Specifically,
we see that the smaller the value of (1—1/r), the smaller V (2(¥*+1)) will be relative to
V (z(*)), and hence the “faster” V (z*)) converges to 0, as indicated by the inequality
above. The convergence ratio (1 — 1/r) decreases as r decreases. If » = 1, then
Amax(Q) = Amin(Q), corresponding to circular contours of f (see Figure 8.6). In
this case, the algorithm converges in a single step to the minimizer. Asr increases, the
speed of convergence of {V (z(#))} (and hence of {z(*)}) decreases. The increase
in r reflects that fact that the contours of f are more eccentric (see, e.g., Figure 8.7).
We refer the reader to [64, pp. 218, 219] for an alternative approach to the above
analysis.

To investigate further the convergence properties of {z(*)}, we need the following
definition.

Definition 8.1 Given a sequence {x(¥)} that converges to z*, that is,
limg o0 Ha:(’“) —&*|| = 0, we say that the order of convergence is p, where p € R, if
|+ — 2|

lim ~——————— .
= O
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If forallp > 0,
i ”a:(k+l) _ :l:*“
lim ~——~——— =0,
k—oo ||z(F) — z*||P

then we say that the order of convergence is 0o. [ |

Note that in the above definition, 0/0 should be understood to be 0.

The order of convergence of a sequence is a measure of its rate of convergence;
the higher the order, the faster the rate of convergence. The order of convergence
is sometimes also called the rate of convergence (see, e.g., [70]). If p = 1 (first-
order convergence), we say that the convergence is linear. If p = 2 (second-order
convergence), we say that the convergence is quadratic.

Example 8.5 1. Suppose that (*) = 1/k, and thus z(*) — 0. Then,

|z(k+1)| _1/(k+1) kP
z®p —  1/kp T k+1

If p < 1, the above sequence converges to 0, whereas if p > 1, it grows to co.
If p = 1, the sequence converges to 1. Hence, the order of convergence is 1
(i.e., we have linear convergence).

2. Suppose that z(¥) = ~* where 0 < v < 1, and thus (¥} — 0. Then,

Ix(k+1)l ,yk+1

— — ~kt+1-kp _ k(1-p)+1
@~ (Fyp T 7 '

If p < 1, the above sequence converges to 0, whereas if p > 1, it grows to co.
If p = 1, the sequence converges to +y (in fact, remains constant at ). Hence,
the order of convergence is 1.

3. Suppose that z®) = 4(4"), where ¢ > 1 and 0 < v < 1, and thus z(® — 0.
Then,
'IL'(k+1)| _ 'Y(QHI) — (g

= = —0") = y(e-P)¢"
|q;(k) |p (»,z(q"));J ’

If p < ¢, the above sequence converges to 0, whereas if p > ¢, it grows to oo.
If p = q, the sequence converges to 1 (in fact, remains constant at 1). Hence,
the order of convergence is g.

4. Suppose that z(¥) = 1 for all k, and thus z(¥) — 1 trivially. Then,
|$(k+1) — ]_I 0

o™ 17 ~ 0

for all p. Hence, the order of convergence is 0o.

The order of convergence can be interpreted using the notion of the order symbol
0, as follows. Recall that a = O(h) (“big-oh of h”) if there exists a constant ¢ such
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that |a| < c|h| for sufficiently small h. Then, the order of convergence is at least p
if
le®+) — z*|| = O(l|l=® - 2*|1?)

(see Theorem 8.5 below). For example, the order of convergence is at least 2 if
le®*+D —2*|| = O(l|lz® — 2*||?)
(this fact is used in the analysis of Newton’s algorithm in Chapter 9).
Theorem 8.5 Let {x'*)} be a sequence that converges to x*. If
l2®+1) — z*|| = O(l|lz™® - =*|1P),
then the order of convergence (if it exists) is at least p. O
Proof. Let s be the order of convergence of {:1:(") }. Suppose
le®+Y) —z*|| = O(l|l=® ~ 2*|17).
Then, there exists ¢ such that for sufficiently large &,

(k+1) _ g
l=®+D — || _

lz® =z =
Hence,
“m(k+1) - m*” — “m(k-H) - :l:*“ ”Zl!(k) — :L.*”P—S
@ = T fe® v
< cfla® -zt
Taking limits yields

(k+1) _ %
T T
lim I I < ¢ lim ||z® — z*||P2.
k— 00 H:l:(k) — :1:*”-’ T koo

Because by definition s is the order of convergence,

(k+1) _
et ey
k—o00 ”:Z:(k) —z**

Combining the above two inequalities, we get
¢ lim ||z® —z*|[P~* > 0.
k—o0

Therefore, because limg_, oo ||z*) — 2*|| = 0, we conclude that s > p, that is, the
order of convergence is at least p. |
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It turns out that the order of convergence of any convergent sequence cannot be
less than 1 (see Exercise 8.2). In the following, we provide an example where the
order of convergence of a fixed step size gradient algorithm exceeds 1.

Example 8.6 Consider the problem of finding a minimizer of the function f : R - R
given by
2 _2°
flz)y=2°- 3

Suppose we use the algorithm z(*+1) = z(*) — o f'(2(*¥)) with step size a = 1/2
and initial condition 2(% = 1. (The notation f' represents the derivative of f.)

We first show that the algorithm converges to a local minimizer of f. Indeed, we
have f'(z) = 2z — x2. The fixed step size gradient algorithm with step size @ = 1/2
is therefore given by

2D = g8 _ o1 (z(0)) = %(xac))z,

With 2(®) = 1, we can derive the expression z(*) = (1/ 2)2k ~1, Hence, the algorithm
converges to 0, a strict local minimizer of f.
Next, we find the order of convergence. Note that

|z(k+1)|
lz®2 — 2’
Therefore, the order of convergence is 2. [ |

Finally, we show that the steepest descent algorithm has an order of convergence
of 1 in the worst case; that is, there are cases for which the order of convergence of
the steepest descent algorithm is equal to 1. To proceed, we will need the following
simple lemma.

Lemma 8.3 In the steepest descent algorithm, if g**) # 0 for all k, then v = 1 zf
and only if g*) is an eigenvector of Q.

Proof. Suppose gt*) 3 0 for all k. Recall that for the steepest descent algorithm,
(g Tg(k))?
(@WTQgk))(gWTQ g®))’

Sufficiency is easy to show by verification. To show necessity, suppose that v, = 1.
Then, V ((*+1)) = 0, which implies that z(¥*1) = x*, Therefore,

e =

Premultiplying by Q and subtracting b from both sides yields

0=g" - aQg",
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which can be rewritten as 1
Qg(k) — __g(k)'
(277

Hence, g(*) is an eigenvector of Q. |

By the above lemma, if g{*) is not an eigenvector of @, then y;, < 1 (recall that
7 cannot exceed 1). We use this fact in the proof of the following result on the
worst-case order of convergence of the steepest descent algorithm.

Theorem 8.6 Ler {:1:(’“) } be a convergens sequence of iterates of the steepest descent
algorithm applied to a function f. Then, the order of convergence of {x¥)} is 1 in
the worst case; that is, there exist a function f and an initial condition ') such that
the order of convergence of {w(k)} is equal to 1. O

Proof. Let f : R* — R be a quadratic function with Hessian . Assume that the
maximum and minimum eigenvalues of Q satisfy Apnax(Q) > Anin(Q). To show
that the order of convergence of {z(*)} is 1, it suffices to show that there exists z(*)
such that

e+ — %)) > cllz® — ¥

for some ¢ > 0 (see Exercise 8.1). Indeed, by Rayleigh’s inequality,

V(m(k+1)) — %(m(kﬁd) _ a:*)TQ(:c(k+1) _ :13*)

IA

)\ma;(Q) ”m(k—kl) _ {B*HQ.

Similarly,
V(:B(k)) 2 /\mlré(Q) ||512(k) _ a:*H2_

Combining the above inequalities with Lemma 8.1, we obtain

Amin (Q)
(k+1) _ . (k) %
T || > 1- — |l — 7]
I Il = \/( ')’k))\max(Q) I i
Therefore, it suffices to choose (%) such that y;, < d for some d < 1.
Recall that for the steepest descent algorithm, assuming g'*) # 0 for all k, v,
depends on g*) according to

(g(k)Tg(k) )2
T (gTQgR)) (g TQ1gk))

First consider the case where n = 2. Suppose that £(®) # z* is chosen such that
z(® — z* is not an eigenvector of Q. Then, ¢! = Q(z(® — z*) # 0 is also
not an eigenvector of Q. By Proposition 8.1, g*) = (x(*+1) — £(*)/qy is not an
eigenvector of @ for any & (because any two eigenvectors corresponding to Amax (Q)
and Amin(Q) are mutually orthogonal). Also, g*) lies in one of two mutually

Yk
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orthogonal directions. Therefore, by Lemma 8.3, for each k, the value of - is one
of two numbers, both of which are strictly less than 1. This proves the n = 2 case.
For the general n case, let v; and v be mutually orthogonal eigenvectors corre-
sponding to Amax(Q) and Amin(Q). Choose () such that £(®) — z* # 0 lies in
the span of v; and v but is not equal to either. Note that g(® = Q(z(® — z*)
also lies in the span of v; and v, but is not equal to either. By manipulating
z*+) = £(® _ 0, g as before, we can write g*+D) = (I — ; Q)g®. Any
eigenvector of Q is also an eigenvector of I — o Q. Therefore, g(*) lies in the span of
v; and v, for all £; that is, the sequence {g(")} is confined within the 2-dimensional
subspace spanned by v, and v,. We can now proceed as in the n = 2 case. |

In the next chapter, we discuss Newton’s method, which has order of convergence
at least 2 if the initial guess is near the solution.

EXERCISES

8.1 Let {x*¥)} be a sequence that converges to *. Show that if there exists ¢ > 0
such that
le*+D) — z*|| > cfja® - z*||P

for sufficiently large k, then the order of convergence (if it exists) is at most p.

8.2 Let {z(%)} be a sequence that converges to *. Show that there does not exist
p < 1 such that
|I$(k+1) _ m*“
lim

e — 2150,
% @® —z [P

8.3 Suppose that we use the Golden Section algorithm to find the minimizer of a
function. Let u, be the uncertainty range at the kth iteration. Find the order of
convergence of {ug}.

8.4 Suppose that we wish to minimize a function f : R — R that has a derivative f'.
A simple line search method, called derivative descent search (DDS), is described as
follows: given that we are at a point z(*), we move in the direction of the negative
derivative with step size a; that is, z(**1) = z(¥) — o f'(z(¥)), where a > Ois a
constant.

In the following parts, assume that f is quadratic: f(z) = %az2 — bz + ¢ (where
a, b, and ¢ are constants, and a > 0).

a. Write down the value of z* (in terms of a, b, and c¢) that minimizes f.

b. Write down the recursive equation for the DDS algorithm explicitly for this
quadratic f.
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¢. Assuming the DDS algorithm converges, show that it converges to the optimal
value 2* (found in part a).

d. Find the order of convergence of the algorithm, assuming it does converge.

e. Find the range of values of « for which the algorithm converges (for this
particular f) for all starting points (%),

8.5 Consider the function
f(x) = 3(z} + 23) + 4z129 + 5z + 622 + 7,

where z = [z, 242]7 € R2. Suppose we use a fixed step size gradient algorithm to
find the minimizer of f:

g*+D) = 28) _ o7 f(z*).
Find the largest range of values of « for which the algorithm is globally convergent.
8.6 Consider the function f : R> — R given by
3
flz) = E(ﬁ +23) + (1 + a)z13z — (21 + 72) + b,
where @ and b are some unknown real-valued parameters.

a. Write the function f in the usual multivariable quadratic form.

b. Find the largest set of values of a and b such that the unique global minimizer
of f exists, and write down the minimizer (in terms of the parameters a and b).

¢. Consider the following algorithm:
2D — (k) _ %v Fz®).

Find the largest set of values of a and b for which the above algorithm converges
to the global minimizer of f for any initial point z(®).

-1

8.7 Consider the function f : R — R given by f(z) = (z —¢)?,c € R We are
interested in computing the minimizer of f using the iterative algorithm

Trv1 = 2k — o f'(2k),
where f' is the derivative of f and ay is a step size satisfying 0 < oy < 1.

a. Derive a formula relating f(z54) with f(xz), involving ay.
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b. Show that the algorithm is globally convergent if and only if

0o
E Op = O0.
k=0

Hint: Use part a and the fact that for any sequence {ax} C (0, 1), we have

o0 [ =)
H(l—ak) =0¢>Zak = 00.
k=0 k=0

8.8 Consider the function f : R — R given by f(z) = z° — z. Suppose we use
a fixed step size algorithm z(¥+1) = 2(*) — o #/(2(*¥)) to find a local minimizer of
f. Find the largest range of values of « such that the algorithm is locally convergent
(i.e., for all z(® sufficiently close to a local minimizer z*, we have z(¥) — z*).

8.9 Consider the function f givenby f(z) = (z — 1)2, z € R. We are interested in
computing the minimizer of f using the iterative algorithm zx4; = zx—a2~ % f'(z}),
where f’ is the derivative of f, and 0 < a < 1. Does the algorithm have the descent
property? Is the algorithm globally convergent?

810 Let f : R — R, f € C3, with first derivative f' and second derivative f", and
unique minimizer z*. Consider a fixed step size gradient algorithm

) = o) _ o' (),

Suppose f"(z*) # 0 and o = 1/ f”(z*). Assuming the algorithm converges to z*,
show that the order of convergence is at least 2.

8.11 Consider the optimization problem:
minimize || Az — b||?,
where A € R™*™, m > n,and b € R™.

a. Show that the objective function for the above problem is a quadratic function,
and write down the gradient and Hessian of this quadratic.

b. Write down the fixed step size gradient algorithm for solving the above opti-
mization problem.

c. Suppose
10
a=[5 3]

Find the largest range of values for « such that the algorithm in part b converges
to the solution of the problem.
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8.12 Consider a function f : R* — R” givenby f(x) = Az +b, where A € R*n
and b € R™. Suppose A is invertible, and z* is the zero of f (ie., f(z*) = 0). We
wish to compute &* using the iterative algorithm

k) = g®) _ o f(2®),

where o € R, & > 0. We say that the algorithm is globally monotone if for any (%,
[|2*+D) — g*|[ < [[x*) — 2*|| for all k.

a. Assume that all the eigenvalues of A are real. Show that a necessary condition
for the algorithm above to be globally monotone is that all the eigenvalues of
A are nonnegative.
Hint: Use contraposition.

3 2 3
a=l2 3 e=l3)
Find the largest range of values of o for which the algorithm is globally
convergent (i.e., x(®) — x* for all z(9)).

b. Suppose

8.13 Let f : R* — R be given by f(z) = 127Qz — «Tb, where b € R" and
Q is a real symmetric positive definite n x n matrix. Suppose that we apply the
steepest descent method to this function, with 2(® # Q~'b. Show that the method
converges in one step, that is, M) = Q_lb, if and only if z(© is chosen such that
9® = Qz(® — b is an eigenvector of Q.

8.14 Suppose we apply a fixed step size gradient algorithm to minimize

flx) =T [3(/)2 32/)2] z+2f [_31] - 22.

a. Find the range of values of the step size for which the algorithm converges to
the minimizer.

b. Suppose we use a step size of 1000 (which is too large). Find an initial
condition that will cause the algorithm to diverge (not converge).

8.15 Let f : R* — Rbe given by f(z) = 27Qx — 27b, where b € R, and Q
is a real symmetric positive definite n x n matrix. Consider the algorithm
2*+) = 20 _ ga,g(®),

where g\¥) = Qz® — b, o = g¥)Tg*) 1gITQg*) and B € R is a given
constant. (Note that the above reduces to the steepest descent algorithm if 5 = 1.)
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Show that {x(%)} converges to 2* = Q'b for any initial condition z(® if and
onlyif 0 < 5 < 2.

8.16 Let f : R* — Rbe given by f(z) = 1a”7Qx — z7b, where b € R*, and Q
is a real symmetric positive definite n x n matrix. Consider a gradient algorithm

2D Z g0 _ g o)
where g*) = Qx(*) — b is the gradient of f at x(*), and «, is some step size.

Show that the above algorithm has the descent property (i.e., f(x*+t1)) < f(z(®)
whenever g(*) # 0) if and only if v > 0 for all k.

8.17 Given f : R® — R, consider the general iterative algorithm
gD = £®) 4 g, d®)

where d(l), d(z), ... are given vectors in R™, and oy, is chosen to minimize f(x(*) +
ad(k)); that is,
oy, = argmin f(z® + ad(k)).

Show that for each k, the vector £(F+1) — (¥} is orthogonal to V f (x(¥+1)) (assuming
the gradient exists).

8.18 Write a simple MATLAB routine for implementing the steepest descent al-
gorithm using the secant method for the line search (e.g., the MATLAB function
of Exercise 7.9). For the stopping criterion, use the condition ||g(*¥)|| < e, where
e = 1078, Test your routine by comparing the output with the numbers in Exam-
ple 8.1. Also test your routine using an initial condition of [—4, 5, 1]7, and determine
the number of iterations required to satisfy the above stopping criterion. Evaluate the
objective function at the final point to see how close it is to 0.

8.19 Apply the MATLAB routine from Exercise 8.18 to Rosenbrock’s function:
f(@) = 100(zs — 23)* + (1 — 21)*.

Use an initial condition of 2(®) = [-2, 2]7. Terminate the algorithm when the norm
of the gradient of f is less than 10~



Newton’s Method

9.1 INTRODUCTION

Recall that the method of steepest descent uses only first derivatives (gradients) in
selecting a suitable search direction. This strategy is not always the most effective.
If higher derivatives are used, the resulting iterative algorithm may perform better
than the steepest descent method. Newton’s method (sometimes called the Newton-
Raphson method) uses first and second derivatives and indeed does perform better
than the steepest descent method if the initial point is close to the minimizer. The
idea behind this method is as follows. Given a starting point, we construct a quadratic
approximation to the objective function that matches the first and second derivative
values at that point. We then minimize the approximate (quadratic) function instead
of the original objective function. We use the minimizer of the approximate function
as the starting point in the next step and repeat the procedure iteratively. If the
objective function is quadratic, then the approximation is exact, and the method
yields the true minimizer in one step. If, on the other hand, the objective function is
not quadratic, then the approximation will provide only an estimate of the position
of the true minimizer. Figure 9.1 illustrates the above idea.

We can obtain a quadratic approximation to the given twice continuously differ-
entiable objection function f : R® — R using the Taylor series expansion of f about
the current point z(¥), neglecting terms of order three and higher. We obtain

F@) % f@®) + @ - 2)Tg® + Lz ~ o0 Fa®)(@ - 2) 2 g(a),

139
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tay

X2

Current Point
x(k) ¢

Predicted Minimizeré .
X1 x(k+1) x*

Figure 9.1 Quadratic approximation to the objective function using first and second deriva-
tives

where, for simplicity, we use the notation g(¥) = V f(x(*)). Applying the FONC to

q yields
0 = Vg(z) = g'® + F(z®)(z - =¥).

If F(z*)) > 0, then ¢ achieves a minimum at
zlkt1) = k) _ p(p*))—1g(®),
This recursive formula represents Newton’s method.
Example 9.1 Use Newton’s method to minimize the Powell function:
f(z1, 22,23, 24) = (x1 + 1022)% + 5(x3 — 24)2 + (22 — 223)* + 10(z; — z4)*.

Use as the starting point (%) = [3, —1,0, 1]. Perform three iterations.
Note that f(z(%)) = 215. We have

2(xy + 10z2) + 40(z1 — 4)3

_ 20(231 + 10272) + 4(.’112 — 22:3)3
Vf(a:) - 10(.’173 - 374) - 8(.’1,'2 - 23}3)3 ’

~10(z3 — ©4) — 40(xy — 74)3

and F(x) is given by

2+ 120(1’1 - 234)2 20 0 —120(.’51 - .’114)2
20 200 + 12(z3 — 2x3)%  —24(z3 — 223)? 0
0 '-24(.’132 - 2273)2 10+ 48(1172 - 2133)2 -10

—120(z; — z4) 0 —-10 10 + 120(x; — z4)?
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Iteration 1.

g® = [306,—144,-2,-310]T,
r 482 20 0 —480

oy _ 20 212 -24 0

F(™) = 0 -24 58 —10 |’
| —480 0 -10 490
- 1126 —.0089 .0154 .1106
F@®) = —.0089 .0057 .0008 —.0087 ’

0154  .0008 .0203 .0155
| 1106 —.0087 .0155 .1107

F(z()-14© [1.4127,—0.8413, —0.2540, 0.7460].
Hence,

zM) z® — F(z(®)~19(® = [1.5873,-0.1587,0.2540,0.2540],
fzWy = 318,

Iteration 2.

g = [94.81,-1.179,2.371, -94.81]7,
2153 20 0 -2133
(1) 20 2053 -1067 O
F@™) 0 —1067 3134 -10 |°
2133 0 10 2233

F(z())~1g®

[0.5291, —0.0529, 0.0846, 0.0846]T.
Hence,

2@ = g _ FeW) g = [1.0582,-0.1058,0.1694,0.1694],
f(z®) = 6.28

Iteration 3.

g® = [28.09,-0.3475,0.7031, -28.08]7,
96.80 20 0 —94.80
@y _ 20 2024 —~4.744 0
F@") = 0  —4744 1949 -10 |°
~94.80 0 -10  104.80
z® = [0.7037,-0.0704,0.1121,0.1111]7,

f&®)y = 1.24.
|

Observe that the kth iteration of Newton’s method can be written in two steps as
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1. Solve F(:z:(k))d(k) = —g™® for d®;
2. Set z(k+1) = z(*) 4 g(*),

Step 1 requires the solution of an n X n system of linear equations. Thus, an efficient
method for solving systems of linear equations is essential when using Newton’s
method.

As in the one-variable case, Newton’s method can also be viewed as a technique
for iteratively solving the equation

g(z) =0,

where £ € R”, and g : R® — R™. In this case, F(z) is the Jacobian matrix
of g at z, that is, F'(x) is the n x n matrix whose (¢, j) entry is (0g;/0z;)(x),
,7=12,...,n

9.2 ANALYSIS OF NEWTON’'S METHOD

As in the one-variable case, there is no guarantee that Newton’s algorithm heads in
the direction of decreasing values of the objective function if F'(z(*)) is not positive
definite (recall Figure 7.7 illustrating Newton’s method for functions of one variable
when f < 0). Moreover, even if F(z®)) > 0, Newton’s method may not be a
descent method; that is, it is possible that f(z(*+1)) > f(z(*)). For example, this
may occur if our starting point (®) is far away from the solution. See the end of
this section for a possible remedy to this problem. Despite the above drawbacks,
Newton’s method has superior convergence properties when the starting point is near
the solution, as we shall see in the remainder of this section.

The convergence analysis of Newton’s method when f is a quadratic function is
straightforward. In fact, Newton’s method reaches the pointz* such that V f (z*) = 0
in just one step starting from any initial point (®). To see this, suppose that Q@ = QT
is invertible, and

flz) = %IBTQ:L‘ —zTb.
Then,
g(@) =Vf(z)=Qz b,
and
F(z) =Q.

Hence, given any initial point 2{?), by Newton’s algorithm

' — F(z(®)"19©
z© - Q71 Qx® — b]
Q'b ‘

= z*.

e
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Therefore, for the quadratic case, the order of convergence of Newton'’s algorithm is
oo for any initial point (®) (compare the above with Exercise 8.13, which deals with
the steepest descent algorithm).

To analyze the convergence of Newton’s method in the general case, we use results
from Section 5.1. Let {z(¥)} be the Newton’s method sequence for minimizing a
function f : R* — R. We show that {(¥)} converges to the minimizer z* with
order of convergence at least 2.

Theorem 9.1 Suppose that f € C3, and x* € R is a point such that V f(z*) = 0
and F(x*) is invertible. Then, for all (%) sufficiently close to x*, Newton’s method
is well defined for all k, and converges to * with order of convergence at least 2. 01

Proof. The Taylor series expansion of V f about 2(%) yields
Vi(@) - V() - F@)(z - 29) = Oz — V).

Because by assumption f € C? and F(x*) is invertible, there exist constants £ > 0,
c1 > 0and ¢; > Osuch thatif (9, € {z : ||z — =*|] < €}, we have

IV5(x) - V(@) - F®)(@ - 20)|| < eslle — 2O
and by Lemma 5.3, F(x)~! exists and satisfies
|F(@) < ca.

The first inequality above holds because the remainder term in the Taylor series
expansion contains third derivatives of f that are continuous and hence bounded on
{z:lle -zl <e}

Suppose that (¥ € {x : ||z —2*|| < €}. Then, substituting & = x* in the above
inequality and using the assumption that V f (z*) = 0, we get

|F@@)(@® —2) - V@) < arlle® - *|2.
Now, subtracting z* from both sides of Newton’s algorithm and taking norms yields

le® ~z*| = |2 2" - F(@*)vi@@®)]
IF (&)~ (F@®) (@@ - %) - V)]
IF @) HIF @) @@ - 27) - V).

INA

Applying the above inequalities involving the constants ¢; and ¢ gives

&) - 2*|| < crpfla® — 2*||?.

Suppose that (%) is such that

2@ — &) < —,

C1C2
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where o € (0, 1). Then,
[z —z*|| < af|z©@ —z”||.
By induction, we obtain

”:E(k+1) . :17*”
“w(k+1) _ :l?*“

< acellz® — 2|7,
<

a||:1:(k) —z*|.

Hence,
lim |Jz® —2*|| =0,
k—oo

and therefore the sequence {x(¥)} converges to z*. The order of convergence is
at least 2 because {|*+t1) — z*|| < ¢ico||2®) — z*||?, that is, ||x*+D) — z*|| =
O(lz®) ~z*||?).

As stated in the above theorem, Newton’s method has superior convergence prop-
erties if the starting point is near the solution. However, the method is not guaranteed
to converge to the solution if we start far away from it (in fact, it may not even be well
defined because the Hessian may be singular). In particular, the method may not be
a descent method; that is, it is possible that f(z(*+1)) > f(x(*)). Fortunately, it is
possible to modify the algorithm such that the descent property holds. To see this,
we need the following result.

Theorem 9.2 Let {x'F)} be the sequence generated by Newton’s method for min-
imizing a given objective function f(zx). If the Hessian F(z®)) > 0 and
g®) = Vf(x®) # 0, then the direction

d® = _F(a®)1g® = gk+1) _ k)

from ¥ 1o 25V is a descent direction for f in the sense that there exists an & > 0
such that for all o € (0, @),

F(&® + ad®) < f(z).

Proof. Let
#(a) = fz® + ad®).

Then, using the chain rule, we obtain
#a) = ViE® +ad®)Td®.

Hence,
§(0) = V(@®)Td® = —g®T p(z®)-1g® < g,
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because F(xz(*))~1 > 0 and g(*) # 0. Thus, there exists an & > 0 so that for all
a € (0,a), p{a) < #(0). This implies that for all a € (0, &),

f(z(k) + ad(")) < f(:z:("))
and the proof is completed. |
The above theorem motivates the following modification of Newton’s method:
z®+) = 2B _ o) F(2®)~1g®)

where
oy = argmin f(z®) — aF(x®)~1g®)),
a>0
that is, at each iteration, we perform a line search in the direction —F(:z:(k))_l g®.
By Theorem 9.2, we conclude that the above modified Newton’s method has the

descent property; that is,
F@® ) < f(z®))

whenever g(*) # 0.

A drawback of Newton’s method is that evaluation of F(z(*)) for large n can
be computationally expensive. Furthermore, we have to solve the set of n linear
equations F(z¥))d®) = —g®), In Chapters 10 and 11, we discuss methods that
alleviate this difficulty.

Another source of potential problems in Newton’s method arises from the Hes-
sian matrix not being positive definite. In the next section, we describe a simple
modification to Newton’s method to overcome this problem.

9.3 LEVENBERG-MARQUARDT MODIFICATION

If the Hessian matrix F(z(*)) is not positive definite, then the search direction
d® = —F(z®)~1g(® may not point in a descent direction. A simple technique
to ensure that the search direction is a descent direction is to introduce the so-called
Levenberg-Marquardt modification to Newton’s algorithm:

z*+D) = g®) _ (F(e®) 4 4, 1)"1g®),

where p; > 0.

The idea underlying the Levenberg-Marquardt modification is as follows. Con-
sider a symmetric matrix F', which may not be positive definite. Let A1,..., A,
be the eigenvalues of F' with corresponding eigenvectors v1,...,v,. The eigen-
values A1,..., A, are real, but may not all be positive. Next, consider the matrix
G = F + pul, where pp > 0. Note that the eigenvaluesof G are A\; + p,..., Ap + .
Indeed,

Gv; = (F+uplv;
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= Fuv; + ulv;
= Av; + pv;
= (Ai+p)vg,

which shows that forall i = 1, ..., n, v; is also an eigenvector of G with eigenvalue
Ai + p. Therefore, if  is sufficiently large, then all the eigenvalues of & are positive,
and G is positive definite. Accordingly, if the parameter y; in the Levenberg-
Marquardt modification of Newton’s algorithm is sufficiently large, then the search
direction d¥) = —(F(2®) + p, I)~1g*) always points in a descent direction (in
the sense of Theorem 9.2). In this case, if we further introduce a step size oy, as
described in the previous section,

g* ) = a® — oy (F(a®) + pe 1) 1™,

then we are guaranteed that the descent property holds.

The Levenberg-Marquardt modification of Newton’s algorithm can be made to
approach the behavior of the pure Newton’s method by letting gy — 0. On the other
hand, by letting ur — oo, the algorithm approaches a pure gradient method with
small step size. In practice, we may start with a small value of y, and then slowly
increase it until we find that the iteration is descent, that is, f(z(**+1) < f(z®).

9.4 NEWTON’S METHOD FOR NONLINEAR LEAST-SQUARES

We now examine a particular class of optimization problems and the use of Newton’s
method for solving them. Consider the following problem:

m
minimize Z(ri (x))?,
i=1

wherer; : R* = R, ¢ = 1,...,m, are given functions. This particular problem is
called a nonlinear least-squares problem. The special case where the r; are linear is
discussed in Section 12.1.

Example 9.2 Suppose we are given m measurements of a process at m points in time,
as depicted in Figure 9.2 (here, m = 21). Let ty,...,t,, denote the measurement
times, and ¥, ..., ¥y the measurement values. Note that £; = 0 while t5; = 10.
We wish to fit a sinusoid to the measurement data. The equation of the sinusoid is

y = Asin(wt + ¢)

with appropriate choices of the parameters A, w, and ¢. To formulate the data-fitting
problem, we construct the objective function

i(yz' ~ Asin(wt; + ¢))?,

i=1
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Figure 9.2 Measurement data for Example 9.2.

representing the sum of the squared errors between the measurement values and the
function values at the corresponding points in time. Let ¢ = [4,w, #]T represent the
vector of decision variables. We therefore obtain a nonlinear least-squares problem
with
ri(x) = y; — Asin(wt; + ).
1
Defining 7 = [r1,...,7m]T, we write the objective function as f(x) =

r(z)Tr(z). To apply Newton’s method, we need to compute the gradient and
the Hessian of f. The jth component of V f(x) is

Vi@ = 5-@)
- 2;n(m)§—;;(x).
Denote the Jacobian matrix of r by
@) - 2 (x)
J(z) = : :
bm(x) - F=(a)

Then, the gradient of f can be represented as

Vi(z) =2J(x)Tr(z).
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Next, we compute the Hessian matrix of f. The (k, j)th component of the Hessian
is given by

9 f 8 (of
@ = 5 (5 ®)
3 i 6r,-

T (91‘1' 67",‘ 627','
= 22 (8zk (x) 7z, (z) + ri(w)——————axkaxj (a:)) .

=1

Letting S(z) be the matrix whose (%, j)th component is

32 T
(@) e (@)

we write the Hessian matrix as
F(z) =2(J(x)TJ(x) + S(x)).

Therefore, Newton’s method applied to the nonlinear least-squares problem is given
by
z®t) = 2 _ (J(2)T I (z) + S(x)) ' T (z)Tr(x).
In some applications, the matrix S(x) involving the second derivatives of the
function r can be ignored because its components are negligibly small. In this case,
the above Newton’s algorithm reduces to what is commonly called the Gauss-Newton

method:
z®tD) = g®) _ (J(2)TJ ()" T () r(x).

Note that the Gauss-Newton method does not require calculation of the second
derivatives of r.

Example 9.3 Recall the data fitting problem in Example 9.2, with
ri{x) =y,~—Asin(wt,~+¢), 1=1,...,21.

The Jacobian matrix J(z) in this problem is a 21 x 3 matrix with elements given by:

(J(=®)uy = -—sin(wt; +¢)
(J(®))i2)y = —tiAcos(wt; + ¢)
(J())i3 = —Acos(wt;+ ), i=1,...,21.

Using the above expressions, we apply the Gauss-Newton algorithm to find the
sinusoid of best fit, given the data pairs (1,41),- .-, (tm,ym). Figure 9.3 shows
a plot of the sinusoid of best fit obtained from the Gauss-Newton algorithm. The
parameters of this sinusoid are: A = 2.01, w = 0.992, and ¢ = 0.541. [ |
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Figure 9.3 Sinusoid of best fit in Example 9.3.

A potential problem with the Gauss-Newton method is that the matrix J ()T J ()
may not be positive definite. As described before, this problem can be overcome
using a Levenberg-Marquardt modification:

oD = 20 _(J(2)T I (@) + we D) T (2) T ().

The above is referred to in the literature as the Levenberg-Marquardt algorithm, be-
cause the original Levenberg-Marquardt modification was developed specifically for
the nonlinear least-squares problem. An alternative interpretation of the Levenberg-
Marquardt algorithm is to view the term g, I as an approximation to .S(a) in Newton’s
algorithm.

EXERCISES

9.1 Let f : R — R be given by f(z) = (z — x0)*, where 29 € R is a constant.
Suppose that we apply Newton’s method to the problem of minimizing f.

a. Write down the update equation for Newton’s method applied to the problem.

b. Let y(k) = [:c(k) — Zol|, where z¥) is the kth iterate in Newton’s method. Show
that the sequence {y*'} satisfies y(k+1) = Zy(h).

c. Show that z*) — z; for any initial guess z®).
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d. Show that the order of convergence of the sequence {z'*)} in partbis 1.

e. Theorem 9.1 states that under certain conditions, the order of convergence of
Newton’s method is at least 2. Why does that theorem not hold in this particular
problem?

9.2 Consider the problem of minimizing f(z) = z3 = (¥/z)* z € R. Note that 0

is the global minimizer of f.
a. Write down the algorithm for Newton’s method applied to this problem.

b. Show that as long as the starting point is not 0, the algorithm in part a does not
converge to 0 (no matter how close to 0 we start).

9.3 Consider “Rosenbrock’s Function™: f(x) = 100(z2 — 2%)? + (1 — 21)?, where
x = [z1,73]7 (known to be a “nasty” function—often used as a benchmark for
testing algorithms). This function is also known as the banana function because of
the shape of its level sets.

a. Prove that [1, 1]7 is the unique global minimizer of f over R2.
b. With a starting point of [0, 0]7, apply two iterations of Newton’s method. Hint:
a 170 1 d —b
c d Cad-bc|—c a
c. Repeat part b using a gradient algorithm with a fixed step size of oy = 0.05 at
each iteration.

9.4 Consider the modified Newton’s algorithm
2t = gk _ o F(a®)-1g®)

where a; = argmin, g f(z® — aF (x*))~1g(*¥)). Suppose that we apply the
algorithm to a quadratic function f(x) = %ETQCL' —zTb, where Q = QT > 0.
Recall that the standard Newton’s method reaches the pointz* such that V f (x*) = 0
in just one step starting from any initial point z(®). Does the above modified Newton’s
algorithm possess the same property? Justify your answer.
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Conjugate Direction
Methods

10.1 INTRODUCTION

The class of conjugate direction methods can be viewed as being intermediate between
the method of steepest descent and Newton’s method. The conjugate direction
methods have the following properties:

1. Solve quadratics of n variables in n steps;

2. The usual implementation, the conjugate gradient algorithm, requlres no Hes-
sian matrix evaluations;

3. No matrix inversion and no storage of an n X n matrix required.

The conjugate direction methods typically perform better than the method of steepest
descent, but not as well as Newton’s method. As we saw from the method of steepest
descent and Newton’s method, the crucial factor in the efficiency of an iterative
search method is the direction of search at each iteration. For a quadratic function
of n variables f(z) = 12T7Qx — 27b, z € R*, Q = QT > 0, the best direction
of search, as we shall see, is in the so-called Q-conjugate direction. Basically, two
directions d¥ and d® in R™ are said to be Q-conjugate if d(l)TQd(z) =0. In
general, we have the following definition.

Definition 10.1 Let Q be a real symmetric n x n matrix. The directions
d® dV d® ... d"™ are Q-conjugateif, foralli # j, we have dP7 Qd\Y = 0.
|

151
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Lemma 10.1 Let Q be a symmetric positive definite n X n matrix. If the directions
d(o),d(l), R d®) e R k < n — 1, are nonzero and Q-conjugate, then they are
linearly independent. a

Proof. Let ay,...,ax be scalars such that
aod(o) + ald(l) +...4+ akd(k) =0.
Premultiplying the above equality by dv )TQ, 0 < j <k, yields
ajd(j)TQd(J') =0,
because all other terms d7 Qd(¥ i # j, by Q-conjugacy. But Q = Q7 > 0

=0,
and dV) # 0; hence o = 0, j = 0,1,...,k. Therefore, d(o),d 1),...,d(k),
k < n — 1, are linearly independent. [ |

Example 10.1 Let
3 01
Q=10 4 2/}.
1 2 3

Note that @ = QT > 0. The matrix Q is positive definite because all its leading
principal minors are positive:

3 0

A =3>0, A2=det[0 4

]:12>0, Az =det Q =20 > 0.
Our goal is to construct a set of Q-conjugate vectors d©,d® 4.

Let d© = [1,0,0]7, d) = [dV,d{", "7, d@ = (¢, 4P, dP)T. We
require d(D)TQd(l) = (. We have

(1)
30 1[4

dOTQd™ =[1,0,0] [0 4 2] dV | =3d + 4"
12 3|40
3

Letd" = 1,d{" = 0,d{" = 3. Then,d® =[1,0,—3]7, and thus d 07 Qd") =
0.

To find the third vector ‘¥, which would be )-conjugate with d® andd, we
require d9TQd® = 0 and dV7TQd? = 0. We have

dOTQd® = 3dP +d¥ =0,
dVTQd® = —6df” —8d? = 0.

If we take d® = [1,4, —3]7, then the resulting set of vectors is mutually conjugate.

The above method of finding Q-conjugate vectors is inefficient. A systematic
procedure for finding @Q-conjugate vectors can be devised using the idea underlying
the Gram-Schmidt process of transforming a given basis of R” into an orthonormal
basis of R™ (see Exercise 10.1).
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10.2 THE CONJUGATE DIRECTION ALGORITHM

We now present the conjugate direction algorithm for minimizing the quadratic
function of n variables

f(@) = 537 Qz ~ &7,
where Q = QT > 0,z € R". Note that because Q > 0, the function f has a global
minimizer that can be found by solving Qz = b.

Basic Conjugate Direction Algorithm. Given a starting point z(®, and Q-
conjugate directions d@,d®, ..., d" Y for k > 0,

g(k) — Vf(z('“)) = Qm(’“) —b,
g(k)Td(k)
ak — T
d(k)TQd(k)
gB+) = 2® 4 g, d®,

Theorem 10.1 For any starting point %, the basic conjugate direction algorithm
converges to the unique &* (that solves Q. = b) in n steps; thatis, ™ =*. O

Proof Consider z* — (® € R™. Because the d” are linearly independent, there
exist constants 8;,7 = 0,...,n — 1, such that

z* — 20 = Bod® + .- 4 B, d"7Y.
Now premultiply both sides of the above equation by d®TQ,0 < k < n, to obtain
d(k)TQ(a:* _ :z:(o)) — ﬂkd(k)TQd(k),
where the terms d¥7Qd¥) = 0, k 3 i, by the Q-conjugate property. Hence,

5, = 497Q(@ — =)
k= d(k)TQd(k)

Now, we can write
z® = 20 4 0d® + .- + a1 d*D.

Therefore,
(k) _ 20 — aod(o) +e ak_ld(k"l).

So writing

and premultiplying the above by d®TQ we obtain
d(k)TQ(a:* —_ 2:(0)) - d(k)TQ(a:* - m(’“)) = _d(k)Tg(k),
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because g(*) = Qz(*) — b and Qz* = b. Thus,

(k)T (k)
Br = _4d7 g i
d(k)TQd(k)
and z* = (™ which completes the proof. B

Example 10.2 Find the minimizer of
_1 r[4 2 T -1 2
f(:cl,zz)—zw [2 2]:1:—:1: [1],:1:GR,

using the conjugate direction method with the initial point (®) = [0,0]7, and Q-
conjugate directions d© = [1,0]7 and dV) = [-3, %]T-

We have
g(O) =-b= [1; —1]T1
and hence
1
gOTG® (1,-1] [0] 1
ag = — = — = -
dOTQd® 4 2][1 4
L0115 2| o
Thus,

20 = 20 4 4,d® = [8] _1 [1] - [—%] .

To find 2(?), we compute

g<l>=Qm‘“—b=[§ 3] {_n%]‘[_ll]=[—0%]’

and s
g(l)Td(l) [O’_%] [ %8]
METOTeg® T T T4 2] [ =2
[—§’ Z] 2 92 %
Therefore,
-1 _3 -1
2® — g 4 q ) = [ 4] +2[ gs] _ [ : ]
1 2
Because f is a quadratic function in two variables, z(*) = z*. [ |

For a quadratic function of n variables, the conjugate direction method reaches
the solution after n steps. As we shall see below, the method also possesses a certain
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desirable property in the intermediate steps. To see this, suppose that we start at (%)
and search in the direction d®) to obtain

T 40
21 = 20 _ g0Td d®.
d(O)TQd(O)

We claim that

gWTd® =,
To see this,
g(l)Td(O) — (Qm(l)——b)Td(O)
m(G)TQd(O) _ (d?_g%) d(O)TQd(U) —pTd®
= gOTdO _ gOT 40 ¢
The equation g(l)Td(O) = 0 implies that ag has the property that ap =

arg min @o(cr), where ¢o(a) = f(@©@ + ad®). To see this, apply the chain
rule to get

2 () = Vf(@® +ad®)7d.
Evaluating the above at a = oy, we get
990 (00) = gTd® =

Because ¢y is a quadratic function of «, and the coefficient of the o? term in ¢y is
dOTQd® > 0, the above implies that og = argmin g ¢o(a).
Using a similar argument, we can show that for all &,

g*HDT gt — g

and hence
o = argmin f(z® + ad®).

In fact, an even stronger condition holds, as given by the following lemma.
Lemma 10.2 In the conjugate direction algorithm,
g(k+1)Td(i) =0
Jorallk, 0<k<n-1and0<i<k |
Proof. Note that

QD) — 28y = Qz*+D) _p — (Qz® — b) = gl-+V — g(¥)
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because gt = Q¥ — b. Thus,
g(k+1) — g(k) + ade(k).

We prove the lemma by induction. The resultis true for k = 0 because g()Td(®) =
0, as shown before. We now show that if the result is true for k— 1 (i.e., g ®Td® =0,
i < k—1)thenitis truefork (i.e., g*+DTd® = 0,5 < k). Fixk > 0and0 < i < k.
By the induction hypothesis, g(¥7d® = 0. Because

g(k+1) = g(k) + ade(k)’
and d®TQd =0 by Q-conjugacy, we have
g DTGl = Tl 4 o gWITQd() — g

It remains to be shown that

Indeed,
g(k+1)Td(k) — (Qm(k+1)_b)Td(k)
()T g(k) T
= ]y _ (98 " ) k) (k) _ pT q(k)
(s (gt Y o) a7
= (Qa® - b)T 4% _ g(OT glk)
= 0,

because Qz(¥) — b = g(¥),
Therefore, by induction, forall 0 < k. <n—-1and0<i <k,

gk Tgl) = o,
i

By the above lemma, we see that (q(k“) is orthogonal to any vector from the
subspace spanned by d(ﬂ), d(l), ce,d k), Figure 10.1 illustrates this statement.

The above lemma can be used to show an interesting optimal property of the con-
jugate direction algorithm. Specifically, we now show that not only does f(z(5+1))
satisfy f(x*+1) = min, f(@® + ad®), as indicated before, but also,

k
f®tYy = min f (m(o) + Zaid(i)) .

ag,...,0% s
i=0

In other words, f(z**V) = mingey, f(x), where V; = z©@ +
span[d(o), dav, ... ,d(k)]. As k increases, the subspace span[d(o), dav, ... ,d(k)]
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x(0)+Span[d(,...,d(K)

gl+)

Figure 10.1 Illustration of Lemma 10.2

“expands,” and will eventually fill the whole of R™ (provided the vectors
d®© , d(l), ..., are linearly independent). Therefore, for some sufficiently large &, =*
will lie in V. For this reason, the above result is sometimes called the “expanding
subspace” theorem (see, e.g., [64, p. 241]).

To prove the expanding subspace theorem, define the matrix D® by

D® = [d(O)’ o d(k)],

that is, d*) is the ith column of D®). Note that (® + R(D™®)) = V. Also,

k
25D = 20 45 a,d®

i=0

- 204 DMy
where a = [ay, - - ., ax]”. Hence,
2t € 200 L R(DW) = ;.

Now, consider any vector & € Vi. There exists a vector @ such that ¢ = (9 +
D®a. Let ¢r(a) = f(z® + D®a). Note that ¢y is a quadratic function and has
a unique minimizer that satisfies the FONC (see Exercises 6.24 and 10.6). By the

chain rule,
Dép(a) = Vi(z® + D®Wa)T D),

Therefore,

Viz©® + D(k)a)TD(k)

Vf(m(’““))TD(k)
g(k+1)TD(k).

Do (a)
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By Lemma 102, g*+*UTD® — ¢ Therefore, o satisfies the FONC for the
quadratic function ¢, and hence « is the minimizer of ¢ ; that is,

F(@* 1)) = min f(z@ + D*®)g) = neu‘p f(=),
a TE Vi

and the proof of our result is completed.

The conjugate direction algorithm is very effective. However, to use the algorithm,
we need to specify the Q-conjugate directions. Fortunately there is a way to generate
(Q-conjugate directions as we perform iterations. In the next section, we discuss an
algorithm that incorporates the generation of Q-conjugate directions.

10.3 THE CONJUGATE GRADIENT ALGORITHM

The conjugate gradient algorithm does not use prespecified conjugate directions,
but instead computes the directions as the algorithm progresses. At each stage
of the algorithm, the direction is calculated as a linear combination of the previous
direction and the current gradient, in such a way that all the directions are mutually Q-
conjugate—hence the name conjugate gradient algorithm. This calculation exploits
the fact that for a quadratic function of n variables, we can locate the function
minimizer by performing n searches along mutually conjugate directions.
As before, we consider the quadratic function
flx) = %mTQz —zTh, e R",

where @ = QT > 0. Our first search direction from an initial point (%) is in the
direction of steepest descent; that is,

d©® = _9(0)‘
Thus,
iE(l) — w(o) + aod(o),
where

(0)T 4(0)
= ; (0) oy__9 i
ap = arggm f@&'Y + ad) = 4OTQq0"
In the next stage, we search in a direction d® thatis Q-conjugate to d®. We choose
d™ as a linear combination of g(1) and d(¥). In general, at the (k + 1)st step, we
choose d**1) to be a linear combination of g(**1) and d®). Specifically, we choose

dFtD) = _g(th) 4 3 d®) k=0,1,2,....

The coefficients By, k = 1,2, . . ., are chosen in such a way that d**1) is Q-conjugate

to d(o), d(l), - ,d(k). This is accomplished by choosing 35, to be

B g(k+1)TQd(k)
b = dPTQd®
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The conjugate gradient algorithm is summarized below.
1. Set k := 0; select the initial point (%,
2. g0 = V(). If g© = 0, stop, else set d® = —g(©,

(k)Td(k)

3. ai = _d"‘)TQd”‘)'
4. z:+) = 28 4 o, d®),

5. gkt = v f(x*+D), If g(++1) = 0, stop.
(k+1)T d(k)

6. ,Bk = %ﬁf%

7. 1) ~ _g(k+1) +ﬂkd(k)-

8. Setk := k+ 1; go to step 3.

Proposition 10.1 In the conjugate gradient algorithm, the directions
d® . d®, . .. d® ) gre Q-conjugate. 0O

Proof. We use induction. We first show d(O)TQd(1 ) = 0. To this end, we write
dOTQdM = dOTQ(-gW + Bod®).

Substituting for

_ g(l)TQd(O)

- dOTQd®

in the above equation, we see that d(O)T?d(l) =0.

We now assume that d(o), d(l), v, d ¥ k<n—1,are Q-conjugate directions.
From Lemma 10.2, we have g*+17dW = 0, j = 0,1,...,k. Thus, g(**V is
orthogonal to each of the directions d(o), d(l), cens d®). We now show that

Bo

g(k+1)Tg(J') =0, j=0,1,...,k.
Fix j € {0,...,k}. We have
d9) = —g 4+ ﬂj_ld(j_l).
Substituting this equation into the previous one yields

gHITGL) — g = _g+DTgli) | g, gkADT gli—1),

Because g*+1TdU=1) = g, it follows that g(*+1Tg(i) = 0.
We are now ready to show that d(k’H)TQd(’) =0,7=0,...,k. Wehave

d(k+1)TQd(j) — (_g(k+1) + ﬁkd(k))TQd(j).
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If j < k, then d®TQd® = o, by virtue of the induction hypothesis. Hence, we
have d(k+1)TQd(J') — —g(k+1)TQd(j).
But gU+D) = gi) 4 0,;Qd?. Because g+1Tg() = 0,i =0,...,k,
d*ITQl) — _g()T (gl — g =0
@

Thus,
dEITQAD =9, j=0,...,k- 1.

It remains to be shown that d(’”'l)TQd(k) = 0. We have
d(k+1)TQd(k) — (_g(k+1) + ﬁkd(k))TQd(k)_

Using the expression for S, we get d**DTQd®) = 0, which completes the proof.
|

Example 10.3 Consider the quadratic function

3 3
fz1,22,23) = 5:0% + 213 + §z§ + z123 + 22923 — 371 — T3.

We find the minimizer using the conjugate gradient algorithm, using the starting point
z© = [0,0,0]7.
We can represent f as

f(@) = %a:TQm —zTb,

where

We have

g(x) = Vf(z) = Qe — b= [3z1 + x3 — 3,425 + 273,71 + 225 + 323 — 1]7.

Hence,
g(O) = [—37 0) —1]Ta
do = _9(0),
()T 4(0) ' 10
_ _ 8 _Vv_
W = o - 3 = 0178
and

() = 2 1 0d® = [0.8333,0,0.2778]7.
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The next stage yields
gV = VM) =[-0.2222,0.5556,0.6667]",
WT 0
_ 9 Qd” _

We can now compute
d® = —gW) 4 5,d® = [0.4630, —0.5556, —0.5864]7.

Hence,
g(l)Td(l)

a1 =

and
@ =z 4 a;d™ = [0.9346, -0.1215,0.1495)7.

To perform the third iteration, we compute

g?@ = Vf@®)=[-0.04673,-0.1869,0.1402]%,

B = %g:;—g—ﬁi; = 0.07075,
d® = —g@® 4 3,d™ =[0.07948,0.1476,-0.1817]".
Hence, BT )
ay = —d—%ﬁé—@ = 0.8231,
and
2® = 2® 4 a,d® = [1.000,0.000,0.000]7.
Note that

g® =vi@®) =o,

161

as expected, because f is a quadratic function of three variables. Hence, ¢* = x®.

10.4 THE CONJUGATE GRADIENT ALGORITHM FOR
NON-QUADRATIC PROBLEMS

In the previous section, we showed that the conjugate gradient algorithm is a conjugate
direction method, and therefore minimizes a positive definite quadratic function of n
variables in n steps. The algorithm can be extended to general nonlinear functions by
interpreting f(z) = %a:TQ:I: — zTb as a second-order Taylor series approximation
of the objective function. Near the solution such functions behave approximately as
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quadratics, as suggested by the Taylor series expansion. For a quadratic, the matrix Q,
the Hessian of the quadratic, is constant. However, for a general nonlinear function
the Hessian is a matrix that has to be reevaluated at each iteration of the algorithm.
This can be computationally very expensive. Thus, an efficient implementation of
the conjugate gradient algorithm that eliminates the Hessian evaluation at each step
is desirable.

Observe that (Q appears only in the computation of the scalars oy, and ;. Because

o = argmin f(z®) + ad®),
a>

the closed form formula for ¢ in the algorithm can be replaced by a numerical line
search procedure. Therefore, we only need to concern ourselves with the formula
for 8. Fortunately, elimination of Q from the formula is possible and results in
algorithms that depend only on the function and gradient values at each iteration.
We now discuss modifications of the conjugate gradient algorithm for a quadratic
function for the case in which the Hessian is unknown but in which objective function
values and gradients are available. The modifications are all based on algebraically
manipulating the formula §; in such a way that @ is eliminated. We discuss three
well-known modifications.
The Hestenes-Stiefel formula. Recall that

g(lc-H)TQd(k)
B = dPTQq®

The Hestenes-Stiefel formula is based on replacing the term Qd‘® by the term
(g*+V) — g(¥)) /ay. The two terms are equal in the quadratic case, as we now show.
Now, z*+1) = z® 4 a0, d®. Premultiplying both sides by Q, and recognizing
that g®) = Qx® — b, we get g*+1) = g®) + 0, Qd™, which we can rewrite
as Qd®) = (gk+1) — g(k))/q, . Substituting this into the original equation for B
gives

gEHIT[glk+1) _ g(k)]

d(k)T[g(k+1) _ g(k)]

Br =

2

which is called the Hestenes-Stiefel formula.
The Polak-Ribiére formula. Starting from the Hestenes-Stiefel formula, we mul-
tiply out the denominator to get
g+ DT [glk+1) _ g(’“)]
Br = dPTgh+1) — g®BT (k)"

By Lemma 10.2, d®Tg(:+1) = 0. Also, since d® = —g® + B,_1d*~ Y, and
premultiplying this by g7, we get

gOTG®) = _gTg®) 4 g o(OT glk=1) _ _q(MT (k)
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where once again we used Lemma 10.2. Hence, we get

B _ g(k+1)T[g(k+1) _g(k)]
k g(MTg(k)

This expression for 3}, is known as the Polak-Ribiére formula.
The Fletcher-Reeves formula. Starting with the Polak-Ribiére formula, we multi-
ply out the numerator to get

b gFDT gk+1) _ g(k+1)T g(k)
k= gPTg(®)

We now use the fact that g(¥+1)Tg(*¥) = 0, which we get by using the equation

gEHDT R — _ gt )T k) 4 g ok+ DT glk=1)

and applying Lemma 10.2. This leads to

g(k+l)Tg(k+1)
Br = =T g0
g g

which is called the Fletcher-Reeves formula.

The above formulas give us conjugate gradient algorithms that do not require
explicit knowledge of the Hessian matrix Q. All we need are the objective function
and gradient values at each iteration. For the quadratic case, the three expressions for
Br, are exactly equal. However, this is not the case for a general nonlinear objective
function.

We need a few more slight modifications to apply the algorithm to general nonlinear
functions in practice. First, as mentioned in our discussion of the steepest descent
algorithm (Section 8.2), the termination criterion V f (2(%+1)) = 0 is not practical.
A suitable practical stopping criterion, such as those discussed in Section 8.2, needs
to be used.

For nonquadratic problems, the algorithm will not usually converge in n steps,
and as the algorithm progresses, the “Q-conjugacy” of the direction vectors will tend
to deteriorate. Thus, a common practice is to reinitialize the direction vector to the
negative gradient after every few iterations (e.g., n or n + 1), and continue until the
algorithm satisfies the stopping criterion.

A very important issue in minimization problems of nonquadratic functions is the
line search. The purpose of the line search is to minimize ¢x (@) = f(z*) + ad®)
with respect to a > 0. A typical approach is to bracket or box in the minimizer and
then estimate it. The accuracy of the line search is a critical factor in the performance
of the conjugate gradient algorithm. If the line search is known to be inaccurate, the
Hestenes-Stiefel formula for 3y, is recommended [50].

In general, the choice of which formula for 8 to use depends on the objective
function. For example, the Polak-Ribiére formula is known to perform far better than
the Fletcher-Reeves formula in some cases but not in others. In fact, there are cases
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in whichthe g*), k = 1,2, .. ., are bounded away from zero when the Polak-Ribiére
formula is used (see [77]). In the study by Powell in [77], a global convergence
analysis suggests that the Fletcher-Reeves formula for 3y, is superior. Powell further
suggests another formula for 8y:

gUHITgl+D) — g®]7

P = max [0’ (DT g(®

For general results on the convergence of conjugate gradient methods, we refer
the reader to [98].

EXERCISES

10.1 (Adopted from [64, Exercise 8.8(1)]) Let Q be a real symmetric posi-
tive definite n X n matrix. Given an arbitrary set of linearly independent vectors
{p©,...,p» D} in R*, the Gram-Schmidt procedure generates a set of vectors
{d9,..., d™ Y} as follows:
d(o) = p(o)
& )
dD = g Y p*TQdY
e d(i)TQd(i)
1=

Show that the vectors d(o), et ,d("‘l) are )-conjugate.

10.2 Let f : R* — R be the quadratic function

flx) = %wTQw - z7b,

where Q@ = QT > 0. Given a set of directions {d(o),d(l), ...} C R*, consider the

algorithm
z* D) = 2®) 4 o, @)

where oy, is the step size. Suppose that g*+1Td® =0 forallk = 0,...,n — 1
andi = 0,...,k, where g-+1) = V f(z(*+1). Show that if g)Td®) £ 0 for all
k=0,...,n~1thend®,... d™ ) are Q-conjugate.

10.3 Let f : R® — Rbe givenby f(z) = 2T7Qx — «Tb, where b € R*,and Q is
a real symmetric positive definite n X n matrix. Show that in the conjugate gradient
method for this f, d®7Qd®) = —dBTQg®),

10.4 Let Q be areal n X n symmetric matrix.

a. Show that there exists a Q-conjugate set {d(l), . ,d(")} such that each d*)
(i=1,...,n)is an eigenvector of Q.
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Hint: Use the fact that for any real symmetric n x n matrix, there exists a set

{v1,...,v,} of its eigenvectors such that v v; = 0 forallé,j = 1,...,n,
15 7.

b. Suppose that Q is positive definite. Show that if {d(l), .. .,d(")} isa Q-
conjugate set that is also orthogonal (i.e., dPTdP = 0 forall L,wi=1,...,n,
i # j), and AR # 0,47 = 1,...,n, then each d9, i = 1,...,n, is an
eigenvector of Q.

10.5 Consider the following algorithm for minimizing a function f:
kD) = 2 (k) 4 o, g

where ay, = argmin, f(z® + ad®). Let g*) = V f(z®)) (as usual).

Suppose f is quadratic with Hessian . We choose d*D < Yg*+D) + d®,
and we wish the directions d'® and d**V) 1o be Q-conjugate. Find a formula for
vk in terms of d®, g*+1) and Q.

10.6 Consider the quadratic function f : R® — R given by

f(@) = 327 Qw 27,
where @ = QT > 0. Let D € R**" be of rank 7, and zo € R™. Define the function
¢:R" - Rby
#(a) = f(zo + Da).

Show that ¢ is a quadratic function with a positive definite quadratic term.
10.7 Let f(x), € = [z1,22])7 € R?, be given by

5 1
flze) = §zf + 5:1:% + 2z129 — 321 — T2

a. Express f(x) in the form of f(z) = 27Qxz — =Tb.

b. Find the minimizer of f using the conjugate gradient algorithm. Use a starting
point of z(®) = [0, 0]7".

c. Calculate the minimizer of f analytically from @ and b, and check it with your
answer in part b.

10.8 Write a MATLAB routine to implement the conjugate gradient algorithm
for general functions. Use the secant method for the line search (e.g., the MATLAB
function of Exercise 7.9). Test the different formulas for 31 on Rosenbrock’s function
(see Exercise 9.3), with an initial condition x(® = [~2,2]7. For this exercise,
reinitialize the update direction to the negative gradient every 6 iterations.
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Quasi-Newton Methods

11.1  INTRODUCTION

Newton’s method is one of the more successful algorithms for optimization. If
it converges, it has a quadratic order of convergence. However, as pointed out
before, for a general nonlinear objective function, convergence to a solution cannot
be guaranteed from an arbitrary initial point (®). In general, if the initial point is
not sufficiently close to the solution, then the algorithm may not possess the descent
property (i.e., f(z*+D) £ f(z™®) for some k).

Recall that the idea behind Newton’s method is to locally approximate the function
/ being minimized, at every iteration, by a quadratic function. The minimizer for
the quadratic approximation is used as the starting point for the next iteration. This
leads to Newton's recursive algorithm

2E) = ) _ pp)y 190

We may try to guarantee that the algorithm has the descent property by modifying
the original algorithm as follows:

1) (k) akF(m(k))‘lg(k),
where oy, is chosen to ensure that
Fl@ )y < fa®).

For example, we may choose aj = argmin, s, f(z*) — aF(x®)=1gk)) (see
Theorem9.2). We can then determine an appropriate value of a, by performing a line

167
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search in the direction — F(z(¥))~1g(¥) Note that although the line search is simply
the minimization of the real variable function ¢y, (a) = f(z®) — oF (%)) "1g(F),
it is not a trivial problem to solve.

A computational drawback of Newton’s method is the need to evaluate
F(x®) and solve the equation F(z®)d® = —g® (ie., compute d* =
—F(z*))~1g(*)), To avoid the computation of F(x(¥)~1, the quasi-Newton
methods use an approximation to F(x*))~1 in place of the true inverse. This
approximation is updated at every stage so that it exhibits at least some properties
of F(z*))~1. To get some idea about the properties that an approximation to
F(z¥))~1 should satisfy, consider the formula

m(k+1) — m(k) _ aHkg(k),

where H, is an n x n real matrix, and « is a positive search parameter. Expanding
f about z(*) yields

D) = f@®) + gPT () - 309) 4 o(alt+D — 0
= f@@®) - ag®THyg® + o | Hig™ ).

As « tends to zero, the second term on the right-hand side of the above equation
dominates the third. Thus, to guarantee a decrease in f for small &, we have to have

g BT H, g™ > 0.

A simple way to ensure this is to require that H be positive definite. We have
proved the following result.

Proposition 11.1 Let f € C!, z*) ¢ R*, g*) = Vf(x*)) £ 0, and Hy ann x n
real symmetric positive definite matrix. If we set t*t1) = 2®) _ o, H 1 g'®), where
ax = argmin, o f(z® — aHyg®)), then oy > 0, and f(a*+V) < f(z®). O

In constructing an approximation to the inverse of the Hessian matrix, we should
use only the objective function and gradient values. Thus, if we can find a suitable
method of choosing H g, the iteration may be carried out without any evaluation of
the Hessian and without the solution of any set of linear equations.

11.2 APPROXIMATING THE INVERSE HESSIAN

Let Hy, Hy, H>, ... be successive approximations of the inverse F'(z(*))~! of the
Hessian. We now derive a condition that the approximations should satisfy, which
forms the starting point for our subsequent discussion of quasi-Newton algorithms.
To begin, suppose first that the Hessian matrix F(x) of the objective function f is
constant and independent of . In other words, the objective function is quadratic,
with Hessian F(z) = Q for all &, where Q = Q7. Then,

g+t _ g®) = QD) _ 58,
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Let
A
Ag(k) = 9(k+1) - g(k),

and
Axth) & plk+1) _ p(k),

Then, we may write
Ag™ = QAz®,

We start with a real symmetric positive definite matrix Ho. Note that given k, the
matrix Q! satisfies

Q 'Ag? = Az, 0<i<k.

Therefore, we also impose the requirement that the approximation H 41 of the

Hessian satisfy ‘ ‘
Hi 109 = Az, 0<i<k.

If n steps are involved, then moving in n directions Az®, AW, Ag(nY)
yields

H,Ag® = Az®,
H,,Ag(l) = Az,

H,,Ag("_l) = Azg(=D,
The above set of equations can be represented as
H"[Ag(o), AgV o, Ag("_l)] = [Am(o), Az A:z:("_l)].
Note that Q) satisfies
Q[Az®, Az™, . .. Az* V] = [Ag®, AgY,..., Ag("Y)]
and
Q Ag®, AgM, ... Agm V] = [AZD AzV) | Ag(mY).

Therefore, if [Ag'®,Ag™), ..., Ag(®~ V] is nonsingular, then Q! is determined
uniquely after n steps, via

Q_1 =H,= [Aa:(o), Am(l), ... ,A:z:("_l)][Ag(o), Ag(l), ceey Ag(n_l)]_l'

As a consequence, we conclude that if H, satisfies the equations H,Ag® =
Az 0 < i < n — 1, then the algorithm z*+) = £®) _ o, H,g®), a; =
argmin, .o f(z¥) — aHg®), is guaranteed to solve problems with quadratic
objective functions in 7 + 1 steps, because the update (**1) = z(™ — o, H,g(™
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is equivalent to Newton’s algorithm. In fact, as we shall see below (Theorem 11.1),
such algorithms solve quadratic problems of n variables in at most n steps.

The above considerations illustrate the basic idea behind the quasi-Newton meth-
ods. Specifically, quasi-Newton algorithms have the form

d® = _H,g®
oar = argmin f(z™® + ad®)
a>0
2D = g8 4o d®

where the matrices Hg, H, ... are symmetric. In the quadratic case, the above
matrices are required to satisfy

Hi1AgW = Az, 0<i <k,

where Az® = (D) — 20 = 0,dD and Ag? = g(i+D) — g() = QAzD. It
turns out that quasi-Newton methods are also conjugate direction methods, as stated
in the following.

Theorem 11.1 Consider a quasi-Newton algorithm applied to a quadratic function
with Hessian Q = QT, suchthatfor0 <k <n—1,

HpAg® =Az®,  0<i<k,

where Hyp1 = HE,\. Ifoi #0,0 <i < k+1, then d9,...,d*™) are
Q-conjugate. O

Proof. We proceed by induction. For & = 0, the result holds trivially.

Assume the result is true for £ < n — 1. We now prove the result for £ + 1; that is,
that d©, ... d*+Y are QQ-conjugate. It suffices to show that d5H0TQd® = g,
0 < 7 < k. To this end, note that because a; # 0, we can write d) = Az® Ja.
So, given 1, 0 < i < k, we have

d*OTQdY = _g*+OTH, . Qd®Y
QA:I:(")

i

_ _g(k+1)THk+1

_g<k+1)TM£g
a@;
_g(k+1)Té"ﬁ
Q;
_ _g(k+1)Td(i) .

Because d(o), o, d® are Q-conjugate by assumption, we conclude from
Lemma 10.2 that g**)7d® = 0. Hence, d**V7Qd"¥ = 0, which completes the
proof. |
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By the above theorem, we conclude that a quasi-Newton algorithm solves a
quadratic of n variables in at most n steps.

Note that the equations that the matrices H ;. are required to satisfy do not deter-
mine those matrices uniquely. Thus, we have some freedom in the way we compute
the Hg. In the methods we describe, we compute H 1, by adding a correction to
H .. In the following sections, we consider three specific updating formulas.

11.3 THE RANK ONE CORRECTION FORMULA

In the rank one correction formula, the correction term is symmetric, and has the
form ayz*¥) ()T where ay € R and z(¥) € R™. Therefore, the update equation is

Hipy=Hpg+ akz(k)z(k)T.

Note that
A9
rank z(® 2(®T = rank : [sz) Zr(zk)] =1
A

and hence the name “rank one” correction (it is also called the single-rank symmetric
(SRS) algorithm). The product z*)z(¥)T js sometimes referred to as the dyadic
product or outer product. Observe that if H, is symmetric, then so is Hg41.

Our goal now is to determine a; and 2R given Hy, Ag(’“), Az® | 5o that
the required relationship discussed in the previous section is satisfied, namely,
Hi 1 Ag®W = Az® i = 1,... k. To begin, let us first consider the condition
Hp,,y Ag(’“) = Az'®. In other words, given Hy, Ag(’“), and Aa:(k), we wish to
find ai, and z(%) to ensure that

H;H_lAg(k) = (Hg + akz(k)z(k)T)Ag(") = Az,
First note that (8T Ag(*) is a scalar. Thus,
Az® — H Ag® = (a2 TAgHR)2(B),

and hence
Az® — H, Ag®

20 = .
ax(z(T Ag™)

‘We can now determine
(A.’l:(k) - HkAg(k))(Aa:(k) _ HkAg(k))T

(k) , ()T _
WEET = ar(z 0T Agy2

Hence,

(A:z:(k) _ HkAg(k))(Am(k) _ HkAg(k))T

H =H
k+1 £+ ak(z(k)TAg(k))2
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The next step is to express the denominator of the second term on the right-hand side
of the above equation as a function of the given quantities H, Ag(k) ,and Az®, To
accomplish this, premultiply Az®) — HAg® = (axz®T A" z(B) by AgHIT
to obtain

AgITAz®) — AgOT E Ag® = AgBIT g, 20 (T AGH)
Observe that ay, is a scalar and so is Ag(®T 2(%) = 2(MTAg*) | Thuys,
AgTAz®) — AgOT H Ag®) = g, (2T AgR))2,
Taking the above relation into account yields

(Az® — HyAg®)(Az® — H Ag®)T
AgPT(AZ® — H Ag*h

Hyyy = Hi +

We summarize the above development in the following algorithm.
Rank One Algorithm
1. Setk := 0; select {9, and a real symmetric positive definite H .

2. If g® = 0, stop; else d¥) = —H g®.

3. Compute
op = argminf(z® + ad®)
>0
2®+) = 2 4 o d®.
4. Compute
Az® = apd®

Ag(k) — g(k+1) _g(k)
(Aa:(k) _ HkAg(k))(Aa:(k) _ HkAg(k))T
Ag®T(Az® — H Ag*)

Hpyy, = Hp+

5. Setk:=k+1; gotostep 2.
The rank one algorithm is based on satisfying the equation
Hk+1Ag(’°) =Az®,
However, what we want is
HiAg® = Az, i=0,1,... k.

It turns out that the above is, in fact, automatically true, as stated in the following
theorem.



THE RANK ONE CORRECTION FORMULA 173

Theorem 11.2 For the rank one algorithm applied to the quadratic with Hessian
Q =Q7, wehave Hy 11 Ag') = Az 0< i<k a

Proof. We prove the result by induction. From the discussion before the theorem it
is clear that the claim is true for k = 0. Suppose now that the theorem is true for
k—1>0;thatis, H kAg(i) = Am(i), 1 < k. We now show that the theorem is true
for k. Our construction of the correction term ensures that

Hk+1Ag('°) = Az,
So we only have to show
HiAgW = Az, i < k.
To this end, fix 7 < k. We have

(Az® — H Ag®)(Az® — H Ag*)T

Hi1AgY = HyAg® + Ag®T(Az® — H Ag®)

By the induction hypothesis, H; Ag‘¥ = Az®, To complete the proof it is enough
to show that the second term on the right-hand side of the above equation is equal to
zero. For this to be true it is enough that

(Ax® — H . Ag')T A9 = Ax®TAgHD) — Ag®WTH Ag® = 0.

Indeed, since
Ag(k)THkAg(i) — Ag(k)T(HkAg(i)) — Ag(k)TAz(i)

by the induction hypothesis, and because Ag(k) = QAa:(k) , we have

AgETH, Ag = AgFITAZz® = Az®TQAZD = Az*)T A,
Hence,

Az — H Ag'NTAGH) = AzBTAGH — Az(WTAGH =,

which completes the proof. |
Example 11.1 Let

1
f(z1,29) = .’L‘% + 5-’1;‘3 +3.

Apply the rank one correction algorithm to minimize f. Use z(®) = 1, 2]T and
H, = I, (2 x 2 identity matrix).
We can represent f as
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Thus,
g®) = 2 0] (v
[0 1] )

Because Hy = I,,
d® = g0 =[-2 -2

The objective function is quadratic, and hence

(O)Td(O)
- - Q) oy__9 _
ap = argzrr;m f(& +ad™) = dOTQa®
2
eal;]

ey S 7

T
12
20 = 50 4 4 d® = [_5,3] _

and thus

We then compute

4 07
0 0 _ |2 _=
Az agd [ 3’ 3] ,
2 217
1) _ nvn_j_£2
g9 Qz [ 3,3] )
s 417
© — U _g0 2 _Zf
Ag g g [ 373
Because
8 4][4 32
(@T (0 _ Oy |2 _ 23| =_2°
we obtain
© _ g (0) ©_g (onT 1
H1 — HO + (A:B OAg )(Ax OAg ) — [2
AgOT(Az® — HyAg®) 0
Therefore, r
1 2
(1) — _ vy_|z- _=
d ng [37 3] )
and

9(1)Td(1)

1= T MT g ~ &
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We now compute
z?® =zW 4 oy dt = [0,0]7.
Note that g2 = 0, and therefore £(2) = 2*. As expected, the algorithm solves the
problem in two steps.
Note that the directions d'* and d*) are (Q-conjugate, in accordance with Theo-
rem 11.1. |

The rank one correction algorithm works well for the case of constant Hessian ma-
trix; that is, the quadratic case. Qur analysis was, in fact, done for this case. However,
ultimately we wish to apply the algorithm to general functions, not just quadratics.
Unfortunately, for the nonquadratic case, the rank one correction algorithm is not
very satisfactory for several reasons. For a nonquadratic objective function, H ;4
may not be positive definite (see Example 11.2 below) and thus d++D may not be a
descent direction. Furthermore, if

Ag(k)(Aw(k) — HkAg(k))
is close to zero, then there may be numerical problems in evaluating H ;.

Example 11.2 Assume that H; > 0. It turns out that if Ag®T(Az® —
HkAg(k)) > 0, then H ;41 > 0 (see Exercise 11.3). However, if Ag(k)T(Am(k) —
H, Ag(k)) < 0, then H ;1 may not be positive definite. As an example of what
might happen if AgWT (Az®) — H,Ag™) < 0, consider applying the rank one
algorithm to the function

i 12
flx) = —4—1-+72 —x1Ty + 1T — T2
with an initial point
x© = [0.59607,0.59607]7,

and initial matrix

5. - [0:94913 0.14318
0~ 10.14318 0.59702| "

Note that Hy > 0. We have
AgOT (A — HyAg®) = —0.03276

and
H, = [0.94481 0.23324].

0.23324 -1.2788

It is easy to check that H; is not positive definite (it is indefinite, with eigenvalues
0.96901 and —1.3030). |

Fortunately, alternative algorithms have been developed for updating Hy. In
particular, if we use a “rank two” update, then H, is guaranteed to be positive
definite for all k, provided the line search is exact. We discuss this in the next section.
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11.4 THE DFP ALGORITHM

The rank two update was originally developed by Davidon in 1959 and was subse-
quently modified by Fletcher and Powell in 1963; hence the name DFP algorithm.
The DFP algorithm is also known as the variable metric algorithm. We summarize
the algorithm below.

DFP Algorithm
1. Setk := 0; select (), and a real symmetric positive definite H.

2. Ifgk) = 0, stop; else d® = —H g®.

3. Compute
o = argmin f(z®® + ad®)
a>0
gD = g 4, d®,

4. Compute

A:l:(k) = akd(k)

Ag® = gkt _ g(®)

(k) A p(B)T (k) (k)T
Hi. = He+ Az'™ Az _ [HiAg™|[HrAg™] .
A:c(k)TAg(k) Ag(k)THkAg(k)

5. Setk:=k+ 1;gotostep2.

We now show that the DFP algorithm is a quasi-Newton method, in the sense that
when applied to quadratic problems, we have H,1Ag') = Az 0<i<k.

Theorem 11.3 Inthe DFP al‘%orithm applied to the quadratic with Hessian Q = QT
we have Hy 1 Ag® = Ae®, 0< i< k. ]

Proof. We use induction. For £ = 0, we have

Azr®ALOT HoAd O AGOT i

© - 0 2T AT .0 _Hoag Ag 0Ag®

HiAg™ = HoAg™ + = Ag® 9 AgOTH Ag® Ag
= Az©®,

Assume the result is true for k — 1; that is, HiAg®W =AW 0<i<k-1.
We now show that H ;. ; Ag(’) =Az% 0 < i < k. First, consider ¢ = k. We have
AzxF AL FT ® HkAg(k) Ag(k)THk Ag®
Az BT pg® —F AgPTH, Ag® 7

Hk+1Ag(k) = HkAg(k) +

= Az®,
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It remains to consider the case 7 < k. To this end,

A(E(k)Am(k)T g(z) _ HkAg(k) Ag(k)THk Ag(t)

AzHT AgH) AgEITH  Ag®)

Az®

Am(k)TAg(k)

_ HkAg(k)
Ag(k)THk Ag(k)

Hipdg® = Hiag® +

= Az® 4+ (Az®T AgD)

(Ag(k)TAa:(i)).

Now,
Az®TAGD = A®TQAZ)
= aka,-d(k)TQd(i)
= 0,

by the induction hypothesis and Theorem 11.1. The same arguments yield
Ag(k)TAm(‘) = 0. Hence,

Hy 1099 = Az,
and the proof is completed. |

By the above theorem and Theorem 11.1, we conclude that the DFP algorithm is
a conjugate direction algorithm.

Example 11.3 Locate the minimizer of
_1 7|4 2 T|-1 2
f(m)_i.'z: [2 2]:1:—:1: [1], z e R

Use the initial point (®) = [0,0]7 and Ho = I.
Note that in this case,

w_ |4 2] w1
o =3 2=~ 7]

Hence,
9(0) = [1,'1]T’
© - _ga®=_1 0[]
d Hog™ = [0 1”-1 1"
Because f is a quadratic function,
(0)T 4(0)
- i (0) oy__9 " ¢
ay = arg;gmf(m +ad") = 20T d®

]

T
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Therefore,
z® = 2 4 0od® = [-1,1)7.

We then compute

Az® = 2@ 2@ =[-11]7,

o = [33[7]-[7]- 2]

and
Ag = g® —g® =[-2,0]".
Observe that
OA,0T — |~ ypn=|1 -1
Az'™ Az = [1}[1,1]—[_1 1],
AzOTAg® = [-1,1] [_62] =2,
© _ 1 0 -2 |-2
mas® = o 1][7]=[7]:
Thus,
-2 4 0
(Hasg ) (Hosg®) = | 7] 1-20= 5 0],
and

1 0||-2
AgOTH Ag® = [-2,0] [0 1] [ 0 ] =4,

Using the above, we now compute H ;:

AzOAzO7  (HoAg')(HoAg™)T
AzOTAg® AgOTH,Ag®

L[ -1 1[4 0
0 1/72|-1 1|20 0

H, = Hy+

I
—
—
o

Il
~—
‘ B =
o=
wies |
[
——

We now compute dV = —-H,g\V) = [0, 1j7, and
LT g(1) 1
_ ; ey oy _9 ¢ _ 2
o1 = argmin f(& + ad™) = — o 70 T 3

Hence,
2 = 2® 4 a;d™ =[-1,3/2]7 = ",

because f is a quadratic function of two variables.
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Note that we have d9TQdM = dVTQd® = 0; that is, d'* and d™V are
Q-conjugate directions. [ |

We now show that in the DFP algorithm, H 4 inherits positive definiteness from
Hy.

Theorem 11.4 Suppose that g¥) # 0. In the DFP algorithm, if Hy is positive
definite, then so is H 1. O

Proof. We first write the following quadratic form
zTAz® AP T 2T(H AgW)(H Ag®) T
Ax(k)TAg(k) - Ag(k)THkAg(k)
(T Az*))2 (T HAg®)?

eTHi iz = zTHix +

= zTH,z + AzFIT Ag® B AgPTH Ag®
Define
L Hg,
b 2 HY2Ag®,
where

H,=H\/"H\?

Note that because H > 0, its square root is well defined; see Section 3.4 for more
information on this property of positive definite matrices. Using the definitions of a
and b, we obtain

T Hx = :::TH,IC/2H,1C/2::: =a’a,
eTH Ag® = 2TH/?H,Ag® = aTs,
and
Ag(k)THkAg(k) = Ag(k)TH,lc/zH,lc/ZAg(k) =pTp.
Hence,

(mTAw(k))Z (aTb)2
AzHTAgH) oTh
lal?llbl)? - ((a, )2  (xTAz*))2
l|B||? Aw(k)TAg(k) .

mTHk_Hm = aTa+

We also have
AZBTAGE = AZBIT (g+D) _ g0y _ _ Ag(HT g(5),
since AzMTg(k+1) = ¢, dF)7 g(*+1) = ( by Lemma 10.2 (see also Exercise 11.1).

Because
Az®) = 0, d® = —0, Hy g™,
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we have
Az TAGH) = Az Tgk) = o, BT fr, o)

The above yields

lal?iel? - (a,8)® (@TAz®)?
16| arg®TH gk

a:THk.H T =

Both terms on the right-hand side of the above equation are nonnegative—the first
term is nonnegative because of the Cauchy-Schwarz inequality, and the second term
is nonnegative because H; > 0 and a; > 0 (by Proposition 11.1). Therefore, to
show that z7 H;. .1z > 0 for  # 0, we only need to demonstrate that these terms
do not both vanish simultaneously.

The first term vanishes only if a and b are proportional; that is, if @ = 3b for
some scalar 3. Thus, to complete the proof it is enough to show that if a = b, then
(2T Az*)2 /(0 g®T Hpg™®) > 0. Indeed, first observe that

H}*c = a = gb=gH}/*Ag® = H}*(8ag™).
Hence,
T = ﬂAg(").
Using the above expression for = and the expression AzFTAg® =
—org®)T H g®) | we obtain
@aa®p  _ PagT AP | f(arg®T Hig®)y
o g®T H gk - arg®)T Hg(k) - arg®)T Hpg(®)
= Pag®WTHg™ > 0.

Thus, for all x # 0,
:BTH]H_I.’E > 0,

and the proof is completed. |

The DFP algorithm is superior to the rank one algorithm in that it preserves
the positive definiteness of Hj. However, it turns out that in the case of larger
nonquadratic problems the algorithm has the tendency of sometimes getting “stuck.”
This phenomenon is attributed to H; becoming nearly singular [14]. In the next
section, we discuss an algorithm that alleviates this problem.

11.5 THE BFGS ALGORITHM

In 1970, an alternative update formula was suggested independently by Broyden,
Fletcher, Goldfarb, and Shanno. The method is now called the BFGS algorithm,
which we discuss in this section.

To derive the BFGS update, we use the concept of duality, or complementarity, as
presented in [29] and [64]. To discuss this concept, recall that the updating formulas
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for the approximation of the inverse of the Hessian matrix were based on satisfying

the equations ' .
HipAg® =Az®,  0<i<k,

which were derived from Ag(i) = QAa:(i), 0 < i < k. We then formulated update
formulas for the approximations to the inverse of the Hessian matrix Q™. An
alternative to approximating Q™ is to approximate @ itself. To do this let B}, be
our estimate of @ at the kth step. We require By; to satisfy

Ag® = B Ax®, 0<i<k.

Notice that the above set of equations is similar to the previous set of equations for
H,, the only difference being that the roles of Az™ and Ag(i) are interchanged.
Thus, given any update formula for H, a corresponding update formula for B, can
be found by interchanging the roles of By, and Hy, and of Ag® and Az® In
particular, the BFGS update for B, corresponds to the DFP update for H ;. Formulas
related in this way are said to be dual or complementary [29].

Recall that the DFP update for the approximation H . of the inverse Hessian is

HPFP _ o4 Az®az®T  H,AgWAgWTH,
k+1 AzTAgH AgOTH Ag®

Using the complementarity concept, we can easily obtain an update equation for the
approximation B, of the Hessian:

Ag(k)Ag(k)T BkA:z:(k)Aa:(k)TBk
AgPTAz® AT B, Ag®

This is the BFGS update of By,.
Now, to obtain the BFGS update for the approximation of the inverse Hessian, we
take the inverse of By to obtain

Byi1 = B +

HPFGS = (Bep)™

Ag®AGPT B az®AL®TB,\ T
By + AgPTAZE Az R B, AR '

To compute HZECS by inverting the right-hand side of the above equation, we apply
P k+1 DY g g

the following formula for a matrix inverse, known as the Sherman-Morrison formula
(see [44, p. 123] or [37, p. 3]).

Lemma 11.1 Let A be a nonsingular matrix. Let u and v be column vectors such
that 1 + vT A" u # 0. Then, A + uv7 is nonsingular, and

(A" w)(TA™)

A+uww) =471 -
( uv’) 1+vTA '
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Proof. We can prove the result easily by verification. [ |

From the above lemma it follows that if A~! is known, then the inverse of the
matrix A augmented by a rank one matrix can be obtained by a modification of the
matrix A1,

Applying the above lemma twice to By yields

AgPTH Ag® \ Az® Az®IT
AgPT Az Az®WTAg®)

_ HiAgW AT 4 (H Ag® Az BT)T

AgFT AR

The above represents the BFGS formula for updating H ;. _
Rccall that for the quadratic case, the DFP algorithm satisfies H, D F PAg® =

Aa: , 0 € i < k. Therefore, the BFGS update for By, satisfies Bk.,.lA:c(‘ =
Ag?, 0 < i < k. By construction of the BFGS formula for H ket PFCES | we conclude

that HP fIGS Ag® = Az, 0 < i < k. Hence, the BFGS algorxthm enjoys all
the properties of quasi-Newton methods, including the conjugate directions property.
Moreover, the BFGS algorithm also inherits the positive deﬁmteness property of the
DFP algorithm; that is, if g*) # 0 and H, > 0, then Hk+1 > 0.

The BFGS update is reasonably robust when the line searches are sloppy (see
{14]). This property allows us to save time in the line search part of the algorithm.
The BFGS formula is often far more efficient than the DFP formula (see [77] for
further discussion).

We conclude our discussion of the BFGS algorithm with the following numerical

example.

HPEES = Hk+(1+

Example 11.4 Use the BFGS method to minimize

f(@) = 227 Qe - 27b + log()

where ]
o=[5 P e=|l]

Take Ho = I, and 2(©) = [0,0]7. Verify that H, = Q".
We have r

The objective function is a quadratic, and hence we can use the following formula to
cornpute Op-
gOT4© 1
TdOTQq® T 2
Therefore,

1) — (0 @_|0
' =2V + apd _[1/2].
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To compute H, = HIBFGS, we need the following quantities:
Az® = g0 _ 40— [ 1(/)2J ,
gV = QzW _p= [—3(’]/2] ,
Agl® = ) _gO [—:i/z] '
Therefore,

(0T (0 (DAL OT
H, = H0+<1+Ag HoAg )A:B Az

AgOT Az Az OTAgO®
AzOAGOTH, + HoAg D AgOT

AgOTAZO
. 1 3/2
- 3/2 11/4|°
Hence, we have
M — _pg.em - |32
d it ng - [9/4 )
g(l)Td(l)
0] = —————r =
dWTQd®

Therefore,

@ =2 4 0, dV = [g] .

Because our objective function is a quadratic on R?, (¥ is the minimizer. Notice
that the gradient at (2 is 0; that is, g = 0.
To verify that H, = Q™*, we compute:

Az = m(z)_w(l)z{

3/2
AgV = 9(2)_9(1)=[(/)

Hence,

H,

T (1) (DAL LT
H1+(1+Ag HiAg )Am Ax

AgMT Az AzMWTAgM)
AzWAgOTH, + H, Ag®) Ae™T
AgWT Az
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Note that indeed H2Q = QH4 = I, and hence Hy = Q. ]

For nonquadratic problems, quasi-Newton algorithms will not usually converge
in n steps. As in the case of the conjugate gradient methods, here too some mod-
ifications may be necessary to deal with nonquadratic problems. For example, we
may reinitialize the direction vector to the negative gradient after every few iterations
(e.g..,n or n + 1), and continue until the algorithm satisfies the stopping criterion.

EXERCISES

11.1 Given f : R* — R, f € C1, consider the algorithm
S+ = ) 4 g d®).

where d(l), d(Q), ... are vectors in R”, and o, > 0 is chosen to minimize f (:z:(k) +
ad®); that i,
o = argmin f(z®) + ad®).
a>0

Note that the above general algorithm encompasses almost all algorithms that we
discussed in this part, including the steepest descent, Newton, conjugate gradient,
and quasi-Newton algorithms.

Let g® = V f(z®), and assume that d¥7g® < 0.

a. Show that d*) is a descent direction for f, in the sense that there exists @ > 0
such that for all a € (0, &),

f(z® + ad®) < f(x®).

b. Show that ay > 0.
c. Show that d*Tg(k+1) = @,
d. Show that the following algorithms all satisfy the condition d(k)Tg(k) < 0,if
g(k) # O:
1. Steepest descent algorithm;
2. Newton’s method, assuming the Hessian is positive definite;
3. Conjugate gradient algorithm;

4. Quasi-Newton algorithm, assuming H; > Q.

e. For the case where f(z) = $z7Qz — Tb, with Q = QT > 0, derive an
expression for oy, in terms of Q, d*), and g(¥).
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11.2 Consider the algorithm
pk+1) — (k) _ akMka(:l:(k)),

where f: R?2 - R, f € C!, M € R2*? is given by

witha € R, and

oy = argmin f(z®) — oMV f(z)).
a>0

Suppose at some iteration k we have V f(x(*)) = [1,1]7. Find the largest range
of values of a that guarantees that oy, > O for any f.

11.3 Consider the rank one algorithm. Assume that H; > 0. Show that if
Ag®T(Az™ — H,Ag®) > 0, then Hyyy > 0.

11.4 Based on the rank one update equation, derive an update formula using com-
plementarity and the matrix inverse formula.

11.5 Consider the DFP algorithm applied to the quadratic function

flx) = %mTQw -z,

where @ = Q7 > 0.
a. Write down a formula for o in terms of @, g*), and d(®.

b. Show that if g{*) # 0, then oy, > 0.

11.6 Assuming exact line search, show that if Hy = I,, (n x n identity matrix),
then the first two steps of the BFGS algorithm yield the same points () and z(2) as
conjugate gradient algorithms with the Hestenes-Stiefel, the Polak-Ribiére, as well
as the Fletcher-Reeves formulas.

11.7 Given a function f : R* — R, consider an algorithm z(*+1) = x(*) —
ay, H ¢ g® for finding the minimizer of f, where g(¥) = V f(z(*)) and H, € R**"
is symmetric.

Suppose Hy, = ¢HPFP + (1 — ¢)HEFCS where ¢ € R, and HPF? and
H f FGS are matrices generated by the DFP and BFGS algorithms, respectively.

a. Show that the above algorithm is a quasi-Newton algorithm. Is the above
algorithm a conjugate direction algorithm?
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b. Suppose0 < ¢ < 1. ShowthatifHoDFP > OandH(lfFGS > 0,then Hy, > 0
for all k. What can you conclude from this about whether or not the algorithm
has the descent property?

11.8 Consider the following simple modification to the quasi-Newton family of
algorithms. In the quadratic case, instead of the usual quasi-Newton condition
Hi1Ag"W = Az'Y, 0 < i < k, suppose that we have H 1 Ag® = p;Az,
0 <1 < k, where p; > 0. We refer to the set of algorithms that satisfy the above
condition as the symmetric Huang family.

Show that the symmetric Huang family algorithms are conjugate direction algo-
rithms.

11.9 Write a MATLAB routine to implement the quasi-Newton algorithm for general
functions. Use the secant method for the line search (e.g., the MATLAB function of
Exercise 7.9). Test the different update formulas for H; on Rosenbrock’s function
(see Exercise 9.3), with an initial condition z(® = [~2,2]7. For this exercise,
reinitialize the update direction to the negative gradient every 6 iterations.

11.10 Consider the function

4 2
fz)= I, 5 — 122 + &1 — Ts.
4 2
a. Use MATLAB to plot the level sets of f at levels —0.72, —0.6, —0.2, 0.5, 2.
Locate the minimizers of f from the plots of the level sets.

b. Apply the DFP algorithm to minimize the above function with the following
starting initial conditions: (i) [0,0]7; (ii) [1.5,1]7. Use Hy = I». Does the
algorithm converge to the same point for the two initial conditions? If not,
explain.
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Solving Ax =b

12,1 LEAST-SQUARES ANALYSIS

Consider a system of linear equations
Az = b,

where A € R™*", b € R™, m > n, and rank A = n. Note that the number of
unknowns, n, is no larger than the number of equations, m. If b does not belong
to the range of A; that is, if b € R(A), then this system of equations is said to be
inconsistent or overdetermined. In this case, there is no solution to the above set of
equations. Our goal then is to find the vector (or vectors) z minimizing || Az — b]|°.
This problem is a special case of the nonlinear least-squares problem discussed in
Section 9.4.
Let z* be a vector that minimizes || Az — b||; that is, for all z € R",

Az —bl” > ||Az™ - B]>.

We refer to the vector ™ as a least-squares solution to Az = b. In the case where
Ax = b has a solution, then the solution is a least-squares solution. Otherwise, a
least-squares solution minimizes the norm of the difference between the left- and
right-hand sides of the equation Az = b. To characterize least-squares solutions, we
need the following lemma.

Lemma12.1 Let A € R™ ™, m > n. Then, rank A = n if and only if
rank AT A = n (i.e., the square matrix AT A is nonsingular). a

187
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Proof. =>: Suppose that rank A = n. To show rank AT A = n, it is equivalent
to show N (ATA) = {0}. To proceed, let z € N (AT A); that is, AT Az = 0.
Therefore,
|lAz|? = 2TAT Az =0,

which implies that Az = 0. Because rank A = n, we have & = 0.

«: Suppose that rank AT A = n; that is, V(AT A) = {0}. To show rank A =
n, it is equivalent to show that A'(A) = {0}. To proceed, let z € N (A); that is,
Ax = 0. Then, AT Az = 0, and hence z = 0. B

Recall that we assume throughout that rank A = n. By the above lemma,
we conclude that (AT A)~1 exists. The following theorem characterizes the least-
squares solution.

Theorem 12.1 The unique vector x* that minimizes ||Ax — bl||? is given by the
solution to the equation AT Az = ATb; thatis, z* = (ATA)"1A"b. m|

Proof. Letz* = (AT A)~1 ATb. First observe that

lAz - bl]> = ||A(z-z*) + (Az* - b)|)?
(A(z — 2*) + (Az™* — b))T(A(m —a")+ (Az" - b))
= ||A(@—z")|? + ||[Az* - b]]® + 2[A(z — z*)]T (Az* - b).

We now show that the last term in the above equation is zero. Indeed, substituting
the above expression for z*,

[A(x —2")]T(Az* -b) = (x—z)TAT[AATA)AT —I,]b
(- z*)T[(ATA)(ATA)1AT - AT)b

(x —z9)T (AT - AT)b

0.

Hence,
Az - bl]* = [|A(z — «*)|1® + || Az* - b]I*.

If z # z*, then ||A(z — *)||? > 0, because rank A = n. Thus, if ¢ # x*, we
have
Az - b]]> > ||Az* - b||*.

Thus, z* = (AT A)~1 ATb is the unique minimizer of || Az — b||2. |

We now give a geometric interpretation of the above theorem. First note that the
columns of A span the range R(A) of A, which is a n-dimensional subspace of
R™. The equation Az = b has a solution if and only if b lies in this n-dimensional
subspace R(A). If m = n, then b € R(A) always, and the solution is x* = A™'b.
Suppose now that m > n. Intuitively, we would expect the “likelihood” of b € R(A)
to be small, because the subspace spanned by the columns of A is very “thin.”
Therefore, let us suppose that b does not belong to R(A). We wish to find a point
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Range of A

Figure 12.1 Orthogonal projection of b on the subspace R(A)

h € R(A) that is “closest” to b. Geometrically, the point h should be such that the
vector e = h — b is orthogonal to the subspace R{A) (see Figure 12.1). Recall that
a vector e € R™ is said to be orthogonal to the subspace R(A) if it is orthogonal
to every vector in this subspace. We call h the orthogonal projection of b onto the
subspace R(A). It turns out that h = Az* = A(AT A)~' ATb. Hence, the vector
h € R(A) minimizing ||b — h|| is exactly the orthogonal projection of b onto R{A).
In other words, the vector z* minimizing || Az — b|| is exactly the vector that makes
Az — b orthogonal to R(A4).

To proceed further, we write A = [a;, . . ., @y}, whereau, . . ., a, are the columns
of A. The vector e is orthogonal to R(A) if and only if it is orthogonal to each of
the columns a4, ..., a, of A, To see this, note that

(e,a;) =0, i=1,...,n

if and only if for any set of scalars {z1, 22, ...,Z.}, we also have
(e,z1a1 + -+ + zpa,) = 0.

Any vector in R(A) has the form z1a1 + - - - + T,Qn.

Proposition 12.1 Let h € R(A) be such that h — b is orthogonal to R(A). Then,

h = Az* = A(ATA)-1A"b. 0

Proof. Because h € R(A) = span|ay,...,a,)}, it has the form h = z1a; +--- +

Tpan, where x1,...,2, € R To find z;,...,z,, we use the assumption that

e = h — b is orthogonal to span[ay, - - -, ay,]; that is, forall ¢ = 1,...,n, we have
(h - b, ai) = 0,

or, equivalently,
(h,a;) = (b,a;).

Substituting h into the above equations, we obtain a set of n linear equations of the
form
(a1,0)x1 + -+ (@n,a:)xn = (byas), i=1,...,n.
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In matrix notation this system of n equations can be represented as

(@1,a1) - (an,ap) Ty (b,ay)

(al;.an) e (ana. an) 1’:71 <b7an)

Note that we can write

<alya1> (an7(11> UqT
: : =ATA= D ar - an].
(alaan> (anaan) GZ
We also note that
<b7 al) a’IT
| =ATe=| : |b
<ba an) O‘Z

Because rank A = n, AT A s nonsingular, and thus we conclude that

T
z=|: | =AT4)AaA"b = 2"
Tn
]
Notice that the matrix
<al:a1> e (anaal>
ATA=| :
<alaan) <anaan>

plays an important role in the least-squares solution. This matrix is often called the
Gram matrix (or Grammian).

An alternative method of arriving at the least-squares solution is to proceed as
follows. First, we write

flg) = Az -»b|?
(Az — b)T(Az - b)

%wT(2ATA)w _2T(24Tb) + b7b.

i

Therefore, f is a quadratic function. The quadratic term is positive definite because
rank A = n. Thus, the unique minimizer of f is obtained by solving the FONC (see
Exercise 6.24); that is,

Vi(z) =24T Az —247b = 0.
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Table 12.1 Experimental data for Example 12.1

i |0 1 2
ti 12 3 4
i 3 4 15

The only solution to the equation Vf(z) = 0is z* = (A7 A)~1ATb.
We now give an example in which least-squares analysis is used to fit measurements
by a straight line.

Example 12.1 Line Fitting. Suppose that a process has a single input£ € R and a
single outputy € R. Suppose that we perform an experiment on the process, resulting
in a number of measurements, as displayed in Table 12.1. The ith measurementresults
in the input labeled ¢; and the output labeled y;. We would like to find a straight line
given by

y=mt+c

that fits thie experimental data. In other words, we wish to find two numbers, m and
¢, such that y; = mt; + ¢, 7 = 0,1, 2. However, it is apparent that there is no choice
of m and c that results in the above requirement; that is, there is no straight line that
passes through all three points simultaneously. Therefore, we would like to find the
values of m and c that “best fit” the data. A graphical illustration of our problem is
shown in Figure 12.2.

We can represent our problem as a system of three linear equations of the form:

2Zm+c = 3
Im+c = 4
dm+c = 15.

We can write the above system of equations as

Ax =0,
where
2 1 3
A=131], b=1}4], z:[m].
4 1 15 ¢

Note that since
rank A < rank [A, b],

the vector b does not belong to the range of A. Thus, as we have noted before, the
above system of equations is inconsistent.
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A
16 |-
14 -
12 —

10

I
5 t

Y

Figure 12.2 Fitting a straight line to experimental data

The straight line of “best fit” is the one that minimizes

2
Az — bl = > (mt; +c — y:)°.
=0

Therefore, our problem lies in the class of least-squares problems. Note that the
above function of m and c is simply the total squared vertical distance (squared
error) between the straight line defined by m and ¢ and the experimental points. The
solution to our least-squares problem is

o =[] wraiann= ).

Note that the error vector e = Ax* — b is orthogonal to each column of A. ]

Next, we give an example of the use of least-squares in wireless communications.

Example 12.2 Attenuation Estimation. A wireless transmitter sends a discrete-time
signal {so, 51,52} (of duration 3) to a receiver, as shown in Figure 12.3. The real
number s; is the value of the signal at time <.

The transmitted signal takes two paths to the receiver: a direct path, with delay
10 and attenuation factor a;, and an indirect (reflected) path, with delay 12 and
attenuation factor a;. The received signal is the sum of the signals from these two
paths, with their respective delays and attenuation factors.



LEAST-SQUARES ANALYSIS 193

TransmiMeceiver

Figure 12.3 Wireless transmission in Example 12.2

Suppose the received signal is measured from times 10 through 14 as
710,711, .-sT14, as shown in the figure. We wish to compute the least-squares
estimates of a; and a2, based on the following values:

S¢ 81 S2 Tio Ti1 Ti2 Ti3 Ti4

1 21 4 7 8 6 3

The problem can be posed as a least-squares problem with

8o 0 T10

81 0 a ™1

A= s sof, $=[1}, b=|ro
az

0 s T13

0 so T14

The least-squares estimate is given by

=
*
ag

(ATA)*ATD

-1
- sl sos2 SoT10 + 81711 + SaT12
sos2  |lslf? SoT12 + S1713 + SaT14

6 11 '[4414+8
1 6 8+12+3

510 o] )

i

We now give a simple example where the least-squares method is used in digital
signal processing.
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Example 12.3 Discrete Fourier Series. Suppose that we are given a *“discrete-time
signal,” represented by the vector

b= [b,b3,...,bm]T.

We wish to approximate the above signal by a sum of sinusoids. Specifically, we
approximate b by the vector

yoc” + z": (ykc(k) + st(k)) 3

k=1
where Yo, Y1, . - - »Yns 21, -+ -, 2n € R, and the vectors ¢(¥) and s*) are given by
r T
J0 _1_,L,___7L] 7
V2'V2T V2
- T
c® = |cos (12k_7r> , €08 (22Ic_n) s+ .., COS (m%_w)} , k=1,...,n,
| m m m
i k 2k \17
s* = |sin (1@) ,sin (2_2_7r) 4o .., 8in (m—ﬂ)] , k=1,...,n.
] m m m
We call the above sum of sinusoids a discrete Fourier series (although, strictly
speaking, it is not a series but a finite sum). We wish to find yo, ¥1,...,¥n, 21,...,2n
such that
" 2
(yoc(o) + Z yre® + zks(")) -b
k=1
is minimized.
To proceed, we define
A = [c(o),c(l),...,c("),s(l),...,s(”)]
T
T = [Yo,Ylr--rYnsZly--s2n] -

Our problem can be reformulated as minimizing
||Az — b])2.

We assume that m > 2n + 1. To find the solution, we first compute AT A. We make
use of the following trigonometric identities: for any nonzero integer k that is not an
integral multiple of m, we have
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With the aid of the above identities, we can verify that

MT) = ) M2 k=]
0 otherwise
0 otherwise

AT = forany k, j.

Hence,

m
ATA = —2—12n+1,

which is clearly nonsingular, with inverse

2
(44’1114)-—1 = EI%H'

Therefore, the solution to our problem is

* * ok * K «T
x [yanla"'7yn1217"'7zn]
(ATA)*ATb
= 247y
m

We represent the above solution as

. V2 &
vo= b
=1
2 & 2%km
= = 2Ny, ), k=1,...,
vl m;,cos(zm) n

. 2o, . {.2%=
zp, = .r_n—;biSIIl(lW), k=1,...,n.

We call the above discrete Fourier coefficients.

195

Finally, we show how least-squares analysis can be used to derive formulas for

orthogonal projectors.

Example 12.4 Orthogonal Projectors. Let V C R"™ be a subspace. Given a vector

z € R", we write the orthogonal decomposition of = as

T =2y +Typs,

where zy € V is the orthogonal projection of  onto V and zy: € V' is the
orthogonal projection of z onto V- (see Section 3.3; also recall that V1 is the
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orthogonal complement of V.) We can write y = Pz for some matrix P called
the orthogonal projector. In the following, we derive expressions for P for the case
where V = R(A) and the case where V = N'(A).

Consider a matrix A € R™*", m > n, and rankA = n. Let V = R(A)
be the range of A (note that any subspace can be written as the range of some
matrix). In this case, we can write an Tpressmn for P in terms of A, as follows. By
Proposition 12.1, we have zy = A(ATA)~1 ATz, whence P = A(ATA) 147,
Note that by Proposition 12.1, we may also write

@y = argmin |ly — z|.
yeV

Next, consider a matrix A € R™*", m < n,andrank A = m. Let V = N (A)
be the nullspace of A (note that any subspace can be written as the nullspace of
some matrix). To derive an expression for the orthogonal projector P in terms of A
for this case, we use the formula derived above and the identity A (A)L = R(AT)
(see Theorem 3.4). Indeed, if U = R(AT) then the orthogonal decomposition
with respect to U is ¢ = xy + Ty, where ¢y = AT(AAT)~1 Az (using the
formula derived above). Because N'(A)+ = R(AT), we deduce that . = xy =
AT(AAT)~! Az. Hence,

zy=x-xys =x— AT(AAT) Az = (I - AT(AAT) ' A)z.
Thus, the orthogonal projector in this case is P = I — AT(AAT) 1 A. [ |

12.2 RECURSIVE LEAST-SQUARES ALGORITHM

Consider again the example in the last section. We are given experimental points
(to, o) (t1,¥1). and (tg,y2), and we find the parameters m* and c¢* of the straight
line that best fits these data in the least-squares sense. Suppose that we are now given
an extra measurement point (¢3, y3), so that we now have a set of four experimental
data points, {tp,%0), (t1,41), (t2,y2), and (t3,y3). We can similarly go through
the procedure for finding the parameters of the line of best fit for this set of four
points. However, as we shall see, there is a more efficient way: we can use previous
calculations of m* and c* for the three data points to calculate the parameters for
the four data points. In effect, we simply “update” our values of m* and c* to
accommodate the new data point. This procedure is called the recursive least-squares
(RLS) algorithm, which is the topic of this section.

To derive the RLS algorithm, first consider the problem of minimizing || Aoz —
b© ||2. We know that the solution to this is given by z(®) = G—lATb(O) where
Gy = A0 Ajp. Suppose now that we are given more data, in the form of a matrix A;
and a vector (). Consider now the problem of minimizing

J[2]=- (11
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The solution is given by

T
.1 [A b©
) =Gy [A(:] [b(l) :

o= (2] [2]

Our goal is to write 1 as a function of (), G, and the new data A; and bV To
this end, we first write G as

where

_ T .7] [ Ao
o - ][]
= ATA,+ ATA,
= G0+A’II’A1
Next, we write
T
Ag @ r 7 [8©
[Al] [b(l) = |45 a1 |0

= AT + AT,
To proceed further, we write A7 b as
GoG;' ATH®
Goz®

(G) — AT A)z©
= Gz9 - ATA; 2.

Ag"b(o)

Combining the above formulas, we see that we can write () as

T
-1 4o b(®
oo 4] [
Gyt (Glm(o) —ATA;2® ¢ A{b(l))
= 20 4G tAT (b(l) - Alaz(o)) )

e

where GG; can be calculated using
G =Go+ AT A,.

We note that with the above formula, (') can be computed using only z(®, A;,
b, and Gy. Hence, we have a way of using our previous efforts in calculating z(©)
to compute {1, without having to directly compute z(!) from scratch. The solution
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21 is obtained from (%) by a simple update equation that adds to (%) a “correction
term” Gy AT (b(l) - A a:(o)). Observe that if the new data are consistent with

the old data, that is, A;2(® = b(l), then the correction term is 0, and the updated
solution z(!) is equal to the previous solution z(®),

We can generalize the above argument to write a recursive algorithm for updating
the least-squares solution as new data arrive. At the (k + 1)st iteration, we have

Grv1i = Gr+Ai A
2+ = 3 4Gl Al (B¢ - Araa®).
The vector b'*+1) — Ak.Ha:(") is often called the innovation. As before, observe that
if the innovation is zero, then the updated solution z(*+1) is equal to the previous

solution z(¥).
We can see from the above that, to compute z(*+1) from z(¥), we need G,:il,

rather than G 1. It turns out that we can derive an update formula for G;}_l itself.
To do so, we need the following technical lemma, which is a generalization of the
Sherman-Morrison formula (Lemma 11.1), due to Woodbury (see [44, p. 124] or [37,

p- 3]

Lemma 12.2 Let A be a nonsingular matrix. Let U and V' be matrices such that
I + VAU is nonsingular. Then, A + UV is nonsingular, and

(A+UVY1=A"1—(AT'D)I+ VAU H(VATY

Proof We can prove the result easily by verification. [ |

Using the above lemma, we get

-1
Gl:—ll—l = (Gk + A{+1Ak+1)
= Gl:1 - G;1A£+1(I + Ak+1G;1A’]{+1)_1Ak+1G;1.

For simplicity of notation, we rewrite G * as Pj.
We summarize by writing the RLS algorithm using Py:
Piyn = Pp—PoAL (I+ A1 PrAiy ) P Ar P
e+ = g0y P AT, (b(k+1) - Aka(k)) ]
In the special case where the new data at each step are such that A4 is a matrix

consisting of a single row, Ax11 = af, ,, and b*+1) is a scalar, BV = by, we
get

T
Pragyr0;,Pr

- ’
1+aj,  Prag:

) = 0 4L Priarn (bk+1 - a{+1m(k)) ‘

P, = P;
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10 1
Ag= |0 1 b =
11
Ay=alT =121 b0 =p =3

Ay;=al =31 @ =p =4

First compute the vector z(®) minimizing ||Aoz — b?||2. Then, use the RLS
algorithm to find (?) minimizing

Example 12.5 Let

pd

Ao (@ 2
Al T — b(l) .
A, b2
We have
_ Tav-1_ | 2/3 -1/3].
Po = (4040 ‘[—1/3 2/3 |’
© _ T.(0) _ |2/3
x = PoAyb [2/3

Applying the RLS algorithm twice, we get:
P, = pp- LomaiPo [ 1/3 ‘1/3]-

1+afPoa; [-1/3 2/3
2V = 294 Pia, (bl - “’(0)) [2}3]
P, = P - f—;% = [_11/;54 —51/24} !
z® = z) 4 Pia, (bz - a:)T“’(l)) = [12;8152] '

We can easily check our solution by directly computing z‘? using the formula
z® = (ATA)~1 ATb, where

Ao p(®
A=A |, b=V |.
A, p(?

12.3 SOLUTIONTO Az = b MINIMIZING ||z ||

Consider now a system of linear equations

Az = b,
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where A € R™*", b € R™, m < n, and rank A = m. Note that the number of
equations is no larger than the number of unknowns. There may exist an infinite
number of solutions to this system of equations. However, as we shall see, there is
only one solution that is closest to the origin: the solution to Az = b whose norm
||z|| is minimal. Let z* be this solution; that is, Ax* = b and ||2*|| < ||z|| for any
x such that Az = b. In other words, 2* is the solution to the problem

minimize [lz||

subject to Az =b.
In Part IV, we study problems of the above type in more detail.

Theorem 12.2 The unique solution x* to Az = b that minimizes the norm ||z|| is
given by
z* = AT(AAT) b

(]
Proof. Letz* = AT(AAT)~1b. Note that
lzl> = (@ -z*)+z*|?
= (&-2z")+2")7((z-2") +2")
= |l -z +|lz*|? + 22*T (= — =*).
We now show that
zT(x—-2*)=0.
Indeed,
eT(@-z*) = [AT(AAT) 07z - AT(AAT) b
= bT(AAT) Az — (AAT)(AAT) 1}
bT(AAT) Ib-b]=0.
Therefore,
llelf? = llz*||* + [l — =*[|*.
Because ||z — x*|[? > 0 forall x # x*, it follows that for all  # =*,
llll® > [l*|f?,
which implies
llll > [l=*].
|

Example 12.6 Find the point closest to the origin of R® on the line of intersection
of the two planes defined by the following two equations:

1 +225—23 = 1
4y + 22+ 3z3 = 0.
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Note that the above problem is equivalent to the problem

minimize 4]
subject to Ax =b,
where
1 2 -1 1
S ]
Thus, the solution to the problem is
0.0952
z* = AT(AAT) b= | 0.3333
~0.2381

In the next section, we discuss an iterative algorithm for solving Az = b.

12.4 KACZMARZ’S ALGORITHM

As in the previous section, let A € R™**, b € R™, m < n, and rank A = m.
We now discuss an iterative algorithm for solving Az = b, originally analyzed by
Kaczmarz in 1937 [51]. The algorithm converges to the vector z* = AT(AAT)1b
without having to explicitly invert the matrix A AT This is important from a practical
point of view, especially when A has many rows.

Let af denote the jth row of A, and b; the jth component of b, and y a positive
scalar, 0 < p < 2. With this notation, Kaczmarz’s algorithm is:

1. Seti := 0, initial condition 2{®,

2. Forj=1,...,m,

set g(m+d) = glim+i-1) 4 4 (p; — af:':“”‘“'”) aaTd‘. .
2 7

3. Seti:=i+ 1; gotostep 2.

In words, Kaczmarz’s algorithm works as follows. For the first m iterations (k =
0,...,m — 1), we have

Ak+1

(k+1) — (k) T (k)
x =z +u (bk 1— Qi & ) s
+ k+1 az1+1ak+1

where, in each iteration, we use rows of A and corresponding components of &
successively. For the (m + 1)st iteration, we revert back to the first row of A and the
first component of b; that is,

a

ala;’

z(mH) = 2(m) 4y (bl - aT:z:("‘))
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We continue with the (m + 2)nd iteration using the second row of A and second
component of b, and so on, repeating the cycle every m iteration. We can view the
scalar p as the step size of the algorithm. The reason for requiring that i be between
0 and 2 will become apparent from the convergence analysis.

We now prove the convergence of Kaczmarz’s algorithm, using ideas from Kacz-
marz’s original paper [51] and subsequent exposition by Parks [74].

Theorem 12.3 In Kaczmarz’s algorithm, if '@ = 0, then ¥ - z* =
AT(AATY bask - . 0
Proof. We may assume without loss of generality that ||a;|| = 1,¢ = 1,...,m. For

if not, we simply replace each a; by a;/||a|| and each b; by b;/||a|.

We first introduce the following notation. Foreach j = 0, 1,2,.. ., let R(j) denote
the unique integer in {0, ..., m — 1} satisfying j = lm + R(j) for some integer {;
that is, R(j) is the remainder that results if we divide j by m.

Using the above notation, we can write Kaczmarz’s algorithm as

Using the identity ||z + y||*> = ||z||* + ||lyl|* + 2(z, y), we obtain
et —2*|? = |lz® — 2" + pbrgkyr1 — @Ry 1178 aRE) 1|1
= |l® —z*|* + 12 (brgy+1 — aﬁ(k)ﬂw(k))z
+ 20(bR(k)+1 — GRey 418 )aF gy (@H) — ).
Substituting ag(k) +1T" = bp(k)+1 into the above equation, we get
e+ —a*P = [l2®) — 2| = (2~ 1) bru 1 — Shpyae ™)’
= |le® —2*|* - p(2 - p)(@fpy (@ —2*))%
Because 0 < i < 2, the second term on the right-hand side is nonnegative, and hence
[+ — 2|2 < |2 - 2|,

Therefore, {||z*) — =*||?} is a nonincreasing sequence that is bounded below,
because ||«(¥) — z*||? > 0 for all k. Hence, {||jz®) — x*||2} converges (see
Theorem 5.3). Furthermore, we may write

k-1
lz® — 2712 = [l2© — 2*|I? - u(2 - 1) S (@G ey (@D —2))%

i=0
Because {||z¥) — 2*||2} converges, we conclude that

(o]
Z(ag(i)q—l (m(z) - w*))z < og,
1=0
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which implies that
ag(k)ﬂ(m(") —z*) = 0.

Observe that
&®+D — 2®2 = 12 (brry11 — aFy1e™®)? = B2 (afpy 1 @® —27))?

and therefore ||z(*t1) — z(®)|[2 - 0. Note also that because {|lz®) — z*||*}
converges, {z(*)} is a bounded sequence (see Theorem 5.2).

Following Kaczmarz [51], we introduce the notation z(ms) 2 plrmts) o, =
0,1,2,...,5s =0,...,m—1. With this notation, we have, foreachs = 0,...,m-1,

a?ﬂ(-’”(r's) —z*) =0

as r — oco. Consider now the sequence {z("% : r > 0}. Because this sequence is
bounded, we conclude that it has a convergent subsequence—this follows from the
Bolzano-Weierstrass theorem (see [2, p. 70]; see also Section 5.1 for a discussion of
sequences and subsequences). Denote this convergent subsequence by {z("% : r €
£}, where £ is asubset of {0, 1,...}. Let z* be the limit of {z{"® : r € £}. Hence,

al(z* —z*) =0.

Next, note that because ||z(*+1) — 2(¥)||2 - 0 as k — oo, we also have ||z("1) —
(™92 - 0asr — oco. Therefore, the subsequence {z(™1) : € £} also converges
to z*. Hence,

al(z* —z*) =0.

Repeating the argument, we conclude that foreachi = 1,...,m,
al(z* —z*) =0.

In matrix notation, the above equations take the form
A(z"—z*) =0.

Now, (¥} € R(AT) for all k because (®) = 0 (see Exercise 12.19). Therefore,
z* € R(AT), because R(AT) is closed. Hence, there exists y* such that z* =
ATy*. Thus,

Az"—z*) = AATy* — AT(AAT) 'b)
= (AAT)y" -b
0.

Because rank A = m, y* = (AAT)~1b and hence z* = z*. Therefore, the
subsequence {||z™®—z*||% : r € £} convergesto 0. Because {||™0—z*||? : r € £}
is a subsequence of the convergent sequence {||z{*) — z*||?}, we conclude that the
sequence {[|z*) — z*||?} converges to 0; that is, z¥) — z*. |
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For the case where (®) # 0, Kaczmarz’s algorithm converges to the unique point
on {z : Az = b} minimizing the distance ||z — x(?)|| (see Exercise 12.20).

If we set 4 = 1, Kaczmarz’s algorithm has the property that at each iteration k,
the “error” bpky 41 — @Rt 125D satisfies

br(k)+1 — a’g(k)+1$(k+l) =0

(see Exercise 12.22). Substituting bp(x)4+1 = a};( k) 41", we may write

ARy (D —z) = 0.

Hence, the difference between x(*+1) and the solution &* is orthogonal to @ g(k) 1.
This property is illustrated in following example.

1 -1 2
el 5) oefi)
Inthiscase, z* = [5,3]7. Figure 12.4 shows a few iterations of Kaczmarz’s algorithm
with 4 = 1 and (® = 0. We have a] = [1,-1], af =[0,1], b, = 2, by = 3.
In Figure 12.4, the diagonal line passing through the point [2,0]7 corresponds to
the set {z : aTx = b}, and the horizontal line passing through the point [0, 3]7
corresponds to the set {z : @] = by }. To illustrate the algorithm, we perform three

iterations:
w _ [0 ol 1],
x -0] +(2 0)2 [_1 =14l

2 = [4]+e-co[]]- 3]
N R

As Figure 12.4 illustrates, the property

Example 12.7 Let

@Ry (*) —2*) =0

holds at every iteration. Note the convergence of the iterations of the algorithm to
the solution. |

12.5 SOLVING Ax = b IN GENERAL

Consider the general problem of solving a system of linear equations

Az =0b,
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/!

Figure 12.4 Ilterations of Kaczmarz’s algorithm in Example 12.7

where A € R™*", and rank A = r. Note that we always have r < min{m, n).
In the case where A € R**" and rank A = n, the unique solution to the above
equation has the form * = A~'b. Thus, to solve the problem in this case it is
enough to know the inverse A~L. In this section, we analyze a general approach to
solving Az = b. The approach involves defining a pseudoinverse or generalized
inverse of a given matrix A € R™*", which plays the role of A~" when A does not
have an inverse (e.g., when A is not a square matrix). In particular, we discuss the
Moore-Penrose inverse of a given matrix A, denoted At

In our discussion of the Moore-Penrose inverse, we use the fact that a nonzero
matrix of rank r can be expressed as the product of a matrix of full column rank
r and a matrix of full row rank r. Such a factorization is referred to as the full-
rank factorization. The term full-rank factorization in this context was proposed by
Gantmacher [30] and Ben-Israel and Greville [4]. We state and prove the above result
in the following lemma.

Lemma 12.3 Full-rank factorization. Let A € R™*", rank A = r < min(m, n).
Then, there exist matrices B € R™*" and C € R"*™ such that

A=BC,

where
rank A = rank B =rankC =r.

O
Proof. Because rank A = r, we can find r linearly independent columns of A.
Without loss of generality, let a;,as, ..., a, be such columns, where a; is the ith

column of A. The remaining columns of A can be expressed as linear combinations
of a;,as,...,a,. Thus,a possible choice for the full-rank matrices B and C' are

B = lai,...,a] € R™",
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1 -~ 0¢Cr+1 - Cn
C = € Rrxn,
0 .- 1 Crr+1 " Crn
where the entries ¢; ; are such that for each j = r + 1,...,n, we have a; =
c1,ja1 + -+ ¢pjar. Thus, A = BC. |

Note that if m < n and rank A = m, then we can take
B=1,, C=A,

where I, is the m xm identity matrix. If, on the other hand, m > nandrank A = n,

then we can take
B = A, C = In.

Example 12.8 Let A be given by

2 1 -2 5
A=11 0 -3 2
3 -1 -13 5

Note that rank A = 2. We can write a full-rank factorization of A based on the proof
of Lemma 12.3:

2 1
1 0 -3 2
a=1tol[p ) 7]

] = BC.
-1

We now introduce the Moore-Penrose inverse and discuss its existence and unique-
ness. For this, we first consider the matrix equation

AXA= A,

where A € R™*" is a given matrix, and X € R"*™ is a matrix we wish to
determine. Observe that if A is a nonsingular square matrix, then the above equation
has the unique solution X = A~!. We now define the Moore-Penrose inverse, also
called the pseudoinverse or generalized inverse.

Definition 12.1 Given A € R™*", a matrix A! € R"*™ is called a pseudoinverse

of the matrix A if
AAtA= A,

and there exist matrices U € R**™, V € R™*™ such that

At =UA"T and At =ATV.
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The requirement At = UAT = ATV can be interpreted as follows. Each row
of the pseudomverse matrix A" of A is a linear combination of the rows of A7, and
each column of A' is a linear combination of the columns of A”

For the case in which a matrix A € R™*" with m > n and rank A = n, we can
easily check that the following is a pseudoinverse of A:

AT = (ATA)"1 AT,

Indeed, A(ATA)"LATA = A, and if we define U = (ATA) ! and V =
A(ATA)1(ATA) 1 AT then At = UAT = ATV. Note that, in fact, we have
A'A = I,. For this reason, (AT A)~* AT is often called the left pseudoinverse of
A. This formula also appears in least-squares analysis (see Section 12.1).

For the case in which a matrix A € R™*"™ with m < n andrank A = m, we can
easily check, as we did in the previous case, that the following is a pseudoinverse of
A:

At = AT(AAT) L,

Note that in this case, we have AA! = I.,. For this reason, AT(AAT)~! is often
called the right pseudoinverse of A. This formula also appears in the problem of
minimizing ||z|| subject to Ax = b (see Section 12.3).

Theorem 12.4 Let A € R™* ™. If a pseudoinverse At of A exists, then it is unique.
O

Proof. Let AI and A; be pseudoinverses of A. We show that A‘; = A;. By

definition,
AAlA=AAlA=A,

and there are matrices U, U5 € R**™, V1, V3 € R™*™ such that

Al U, A" = ATV,
Al = U,AT=ATV,.

Let
D=Al-AllU=U,-U,,Vv=V,-V,.
Then, we have
O=ADA,D=UA"=A"V.
Therefore, using the above two equations, we have
(DATDA=ATD"DA=A"VTADA =0,

which implies that
DA =0.
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On the other hand, because DA = O, we have
DDT = DAUT = O,

which implies that
D=Al-Al=0

and hence
Al = Al

From the above theorem, we know that, if a pseudoinverse matrix exists, then it
is unique. Our goal now is to show that the pseudoinverse always exists. In fact, we
show that the pseudoinverse of any given matrix A is given by the formula

Al =ctBt,

where BT and C' are the pseudoinverses of the matrices B and C that form a
full-rank factorization of A; that is, A = BC where B and C are of full rank (see
Lemma 12.3). Note that we already know how to compute B and C*, namely,

B'=(B"B)"'BT,

and
ct=cTce?)-L

Theorem 12.5 Let a matrix A € R™*" have a full-rank factorization A = BC,
withrank A =rank B =rankC =r, B € R™*", C € R™*". Then,

At =Bt

Proof. We show that
At =ctB =cT(ccT) - (BTB)"'BT

satisfies the conditions of Definition 12.1 for a pseudoinverse. Indeed, first observe
that
AC'B'A = Bcc®(ccT)-Y(BTB)"'BTBC = BC = A.

Next, define
U=cTiecchH-yBTB)cch)c

and
v = B(BTB)"'(ccT)"(BTB)'B*.

It is easy to verify that the matrices I/ and V' above satisfy

At=c'Bt =UAT = ATv.
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Hence,
At = ctB'.
is the pseudoinverse of A. [ |

Example 12.9 Continued from Example 12.8. Recall that

2 1 -2 5 2 1
1 0 -3 2
A—{l 0 -3 2]_[1 O:I[O 1 4 1]_BC.

3 -1 -13 5 3 -1
We compute
1 ({5 2 5
t —(pTav-1pT _ -~
B'=(B'B)"B —27[16 1 —11]’
and
9 5
115 7
t _ ~T Ty—1 _ *
Cl=CCC) =% |7 13
23 17
Thus,
125 23 -10

1 137 17 =52
2052 {173 -1 -178
387 63 -T2

At=ctBt =

We emphasize that the formula A? = C' B does not necessarily holdif A = BC
is not a full-rank factorization. The following example, which is taken from [30],
illustrates this point.

Example 12.10 Let
A=[1}.

Obviously, At = A"1 = A = [1]. Observe that A can be represented as
A=[01] [}] - BC.

The above is not a full-rank factorization of A. Let us now compute Bfand Ct. We
have

Bt = BT(BBT)“1=[2],

ct = (cTc) e =[1/2 1/2].

(Note that the formulas for B! and C' here are different from those in Example 12.9
because of the dimensions of B and C in this example.) Thus,

c'Bt =[1/2],
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which is not equal to A, [ |
‘We can simplify the expression
At =ctB' =cTcc?)-1(BTB)"'BT

to
At =cT(BTACT)'B".

The above expression is easily verified simply by substituting 4 = BC. This
explicit formula for AT is attributed to C. C. MacDuffee by Ben-Israel and Greville
[4]. Ben-Israel and Greville report that around 1959, MacDuffee was the first to
point out that a full-rank factorization of A leads to the above explicit formula.
However, they mention that MacDuffee did it in a private communication, so there is
no published work by MacDuffee that contains the result.

We now prove two important properties of A' in the context of solving a system
of linear equations Ax = b.

Theorem 12.6 Consider a system of linear equations Ax = b, A € R™*",
rank A = r. The vector z* = A'b minimizes ||Az — b||?> on R*. Further-
more, among all vectors in R" that minimize || Az — b||, the vector x* = A'b is
the unique vector with minimal norm. O

Proof. We first show that * = A'b minimizes || Az — b||2 over R*. To this end,
observe that for any & € R",

| Az — b]|? Az — z*) + Az” - b|]®

= [|A(z —2*)|)? + ||Az* - b]|® + 2[A(z — =*)]T (Az" - b).

‘We now show that
[A(z — 2*)]T(Az* - b) = 0.

Indeed
[A(x — 2*))T(Az* - b) = (z-z")T(ATAz* — ATb)
= (x-z*)T(ATAAT™D - ATD).
However,
ATAAY = cTBTBccT(cct)"{(BTB) BT = AT,
Hence,

[A(z — ")]T(Az* - b) = (z — =*)T(ATb - ATb) = 0.
Thus, we have

Az - bl* = || Az — =°)|* + | Az" — b]|.
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Because
lA(z — x™)|]? > 0,

we obtain
|Az — b|)* > [|Az* - b]|

and thus =* minimizes || Az — b]|?.

We now show that among all z that minimize || Az — b||2, the vector z* = A'bis
the unique vector with minimum norm. So let & be a vector minimizing || Ax — b||%.
We have

ll1* (& - =*) + 27|

& — *|)® + ||lz*]|* + 22T (Z — z*).

Observe that
2T (3 -z*) =0,
To see this, note that
*T((i: _ m*)
(Ate)T (& — A'b)
b"B(BTB) T(ccT)yTc(z - cTccTy"Y(BTB)'BTb)
= 'B(BTB)"T(ccT)"T[cz - (BTB) !B b,

T

H

where the superscript —7" denotes the transpose of the inverse. Now, || Az — b||> =
[|B(Cz) — b||*>. Because & minimizes ||Az — b||*> and C is of full rank, then
y* = CZ minimizes || By — b||? over R" (see Exercise 12.23). Because B is of full
rank, by Theorem 12.1, we have C& = y* = (BTB)‘IBTb. Substituting this into
the above equation, we get z*T (£ — x*) = 0.

Therefore, we have

817 = (l*||* + [1& — =*|1*.
For all  # x*, we have
I - z*[I” > 0,

and hence
Z(* > [l=*||®

or equivalently
N2l > [l=*]].

Hence, among all vectors minimizing || Az — b||?, the vector z* = A'b is the unique
vector with minimum norm. [ |

The generalized inverse has the following useful properties (see Exercise 12.24):

a. (AT)! = (ANT,
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b. (Af)f = A

The above two properties are similar to those that are satisfied by the usual matrix
inverse. However, we point out that the property (A; As)" = AzAl{ does not hold
in general (see Exercise 12.26).

Finally, it is important to note that we can define the generalized inverse in
an alternative way, following the definition of Penrose. Specifically, the Penrose
definition of the generalized inverse of a matrix A € R™*” is the unique matrix
A € R ™ satisfying the following properties:

1. AATA = 4A;

2. ATAAY = AT,
3. (AANT = AAl,
4. (ATA)T = A'A.

The Penrose definition above is equivalent to Definition 12.1 (see Exercise 12.25).
For more information on generalized inverses and their applications, we refer the
reader to the books by Ben-Israel and Greville [4], and Campbell and Meyer [18].

EXERCISES

12.1 A rock is accelerated to 3, 5, and 6 m/s? by applying forces of 1, 2, and 3 N,
respectively. Assuming Newton’s law F' = ma, where F' is the force and a is the
acceleration, estimate the mass m of the rock using the least squares method.

12.2 A spring is stretched to lengths L = 3, 4, and 5 cm under applied forces F' = 1,
2, and 4 N, respectively. Assuming Hooke’s law L = a + bF’, estimate the normal
length @ and spring constant b using the least squares approach.

12.3 Suppose that we perform an experiment to calculate the gravitational constant
g as follows. We drop a ball from a certain height, and measure its distance from the
original point at certain time instants. The results of the experiment are shown in the
following table.

Time (seconds) 1.00 2.00 3.00
Distance (meters) 5.00 19.5 44.0

The equation relating the distance s and the time ¢ at which s is measured is given

by
L
8§ = — .
2g
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a. Find a least-squares estimate of ¢ using the experimental results from the above
table.

b. Suppose that we take an additional measurement at time 4.00, and obtain a
distance of 78.5. Use the recursive least-squares algorithm to calculate an
updated least-squares estimate of g.

12.4 Suppose we wish to estimate the value of the resistance R of a resistor. Ohm’s
Law states that if V' is the voltage across the resistor, and [ is the current through
the resistor, then V' = IR. To estimate K, we apply a 1 amp current through the
resistor and measure the voltage across it. We perform the experiment on n voltage
measuring devices, and obtain measurements of V;,...,V,. Show that the least
squares estimate of R is simply the average of V1,...,V,,.

12.5 The table below shows the stock prices for three companies, X, Y, and Z,
tabulated over three days:

Day
1 2 3
X 6 4 5
Y 1 1 3
zZ 21 2

Suppose an investment analyst proposes a model for the predicting the stock price of
X based on those of Y and Z:

px = apy + bpz,

where px, py, and pz are the stock prices of X, Y, and Z, respectively, and a, b are
real-valued parameters. Calculate the least squares estimate of the parameters a and
b based on the data in the above table.

12.6 We are given two mixtures, A and B. Mixture A contains 30% gold, 40% silver,
and 30% platinum, whereas mixture B contains 10% gold, 20% silver, and 70%
platinum (all percentages of weight). We wish to determine the ratio of the weight
of mixture A to the weight of mixture B such that we have as close as possible to a
total of 5 ounces of gold, 3 ounces of silver, and 4 ounces of platinum. Formulate
and solve the problem using the linear least-squares method.

12.7 Background: If Ax + w = b, where w is a “white noise” vector, then define
the least-squares estimate of x given b to be the solution to the problem

minimize, || Az — b||°.
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Application: Suppose a given speech signal {uy, : k= 1,...,n} (withuy € R)
is transmitted over a telephone cable with input-output behavior given by y =
ayr—1 + bug + v, where, at each time k, yx € R is the output, ux € R is the input
(speech signal value), and v, represents white noise. The parameters a and b are
fixed known constants, and the initial condition is yo = 0.

We can measure the signal {y} at the output of the telephone cable, but we cannot
directly measure the desired signal {u;} or the noise signal {v; }. Derive a formula

for the linear least-squares estimate of the signal {u; : k = 1,...,n} given the signal
{yr :k=1,...,n}.
Note: Even though the vector v = [vy,...,v,]T is a white noise vector, the vector

Dv (where D is a matrix) is, in general, not.

12.8 Line Fitting. Let [z1,y1]7,. .., [%p,¥p)T, p > 2, be points in R2. We wish to
find the straight line of best fit through these points (“best” in the sense that the total
squared error is minimized); that is, we wish to find a*, b* € R to minimize

r
fla,b) =) (azi +b—y;)°.
=1
Assume that the z;, i = 1,...,p, are not all equal. Show that there exist unique

parameters o* and &* for the line of best fit, and find the parameters in terms of the
following quantities:

— 1<E
X = Eiz:;a:ia

- 1<
Yy = - Zyis
p i=1
1 14
X2 = =) 13
p =1
_ 1<
Y2 = - yz27
P i=1
— 1<
XY = - Tt
P =1

12.9 Suppose that we take measurements of a sinusoidal signal y(¢) = sin(wt + 6)
at times %1,...,tp, and obtain values y1,...,yp, where —7/2 < wi; + 0 < 7/2,
i =1,...,p, and the ¢; are not all equal. We wish to determine the values of the
frequency w and phase 6.

a. Express the problem as a system of linear equations.
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b. Find the least-squares estimate of w and 6 based on part a. Use the following
notation:

p1=1
p
= = 1yg
pi:l
_ 1<
TY = —Zt,— arcsin y;,
o

_ 1
Yy = - Z arcsin y;.

12.10 We are given a point [z, yo]T € R2. Consider the straight line on the R?
plane given by the equation y = mz. Using a least squares formulation, find the
point on the straight line that is closest to the given point [zg, o], where the measure
of closeness is in terms of the Euclidean norm on R?.

Hint: The given line can be expressed as the range of the matrix A = [1,m]7.

12.11 Consider the affine function f : R® — R of the form f(z) = a”x + ¢, where
acR'andce R

a. We are given a set of p pairs (x1,1),...,(@p, Yp), where 2; € R*, y; € R,
i =1,...,p. We wish to find the affine function of best fit to these points,
where “best” is in the sense of minimizing the total square error

> (f(@s) — i)

i=1

Formulate the above as an optimization problem of the form: minimize || Az —
b||? with respect to z. Specify the dimensions of A, z, and b.

b. Suppose that the points satisfy
Tyt t+T,=0

and
Yz + - +ypTpy = 0.

Find the affine function of best fit in this case, assuming it exists and is unique.

12.12 For the system shown in Figure 12.5, consider a set of input-output pairs
(ulayl)a' DR (unayn)s Whereuk € R, Yk € ]R, k= 1, ey
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Up ———> P Y&

Figure 12.5 Input-output system in Exercise 12.12

a. Suppose we wish to find the best linear estimate of the system based on the
above input-output data. In other words, we wish to find a 8, € R to fit the
model yx = Our, k = 1,...,n. Using the least squares approach, derive a
formula for @,, basedon w1, ...,u, and yq,...,¥n.

b. Suppose the data in part a is generated by
Yk = ouk + €k,

where 6 € R and u = 1 for all k. Show that the parameter 0, in part a
converges to 8 as n — oo if and only if

1 n
i, =0

12.13 Consider a discrete-time linear system z,4; = azg + buy, where uy, is the
input at time k, z; is the output at time k, and a,b € R are system parameters.
Suppose that we apply a constant input v = 1 for all k£ > 0, and measure the first 4
values of the output to be z9 = 0, z; = 1, x5 = 2, z3 = 8. Find the least-squares
estimate of a and b based on the above data.

12.14 Consider a discrete-time linear system xpy1 = axp + buy, where uy is the
input at time k, xj is the output at time k, and a,b € R are system parameters.
Given the first n + 1 values of the impulse response hy, . . ., by, find the least squares
estimate of @ and b. You may assume that at least one k. is nonzero.

Note: The impulse response is the output sequence resulting from an inputof ug = 1,
uy, = 0 for k # 0, and zero initial condition zg = 0.

12.15 Consider a discrete-time linear system zz.1 = ax; + bug, where uy is the
input at time k, zj, is the output at time k, and a, b € R are system parameters. Given
the first n + 1 values of the step response sp,...,Sn, Where n > 1, find the least
squares estimate of a and b. You may assume that at least one s;, is nonzero.

Note: The step response is the output sequence resulting from an input of u; = 1 for
k > 0, and zero initial condition o = 0 (i.e., s¢ = o = 0).

12.16 Let A € R™**, b € R™, m < n,rank A = m, and £y € R". Consider the
problem

minimize |z — o]
subject to Az =b.
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Show that the above problem has a unique solution given by
z* = AT(AAT) b+ (I, - AT(AAT) "1 A)x,.

12.17 Given A € R™*", m < n,rank A =m, and by,...,b, € R™, consider the
problem

minimize | Az — by ||® + || Az — ba||® + - -+ + || Az — by||*. (12.1)
Suppose that z] is the solution to the problem

minimize [|Az — ;%

wherei = 1,...,p. Write the solution to (12.1) in terms of z{, . .., z.

12,18 Let A € R™*", b € R™, m < n, and rank A = m. Show that x* =
AT(AAT) b is the only vector in R(AT) satisfying Az* = b.

12.19 Show that in Kaczmarz’s algorithm, if 2(®) = 0, then z*) € R(AT) for all
k.

12.20 Consider Kaczmarz's algorithm with 2(®) # 0.

a. Show that there exists a unique point minimizing ||z — (% || subject to {z :
Ax = b}.

b. Show that Kaczmarz’s algorithm converges to the point in part a.
12.21 Consider Kaczmarz’s algorithm with z(® = 0, where m = 1; that is,

A=[aT] e R"*" anda # 0, and 0 < p < 2. Show that there exists 0 < y < 1
such that [|2*+1) — z*|| < 7||2® — z*|| forall k > 0.

12.22 Show thatin Kaczmarz’s algorithm, if 1 = 1,thendp(zy41 —ag(k)ﬂ z(*+1) —
0 for each k.

12.23 Consider the problem of minimizing || Az — b||? over R", where A € R™*",
b € R™. Let x* be a solution. Suppose that A = BC is a full-rank factorization of
A; thatis, rank A = rank B = rankC = r, and B € R"*", C € R™*". Show
that the minimizer of | By — b|| over R" is Cz*.

12.24 Prove the following properties of generalized inverses:
a. (ATt = (ANHT,
b. (AT)t = A.
12.25 Show that the Penrose definition of the generalized inverse is equivalent to

Definition 12.1.
12.26 Construct matrices A; and A, such that (A4, A;)! # AjAl.
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13

o Unconstmined
Optimization and Neural

Networks

13.1 INTRODUCTION

In this chapter, we apply the techniques of the previous chapters to the training
of feedforward neural networks. Neural networks have found numerous practical
applications, ranging from telephone echo cancellation to aiding in the interpretation
of EEG data (see, e.g., [78] and [53]). The essence of neural networks lies in the
connection weights between neurons. The selection of these weights is referred
to as training or learning. For this reason, we often refer to the weights as the
learning parameters. A popular method for training a neural network is called the
backpropagation algorithm, based on an unconstrained optimization problem, and
an associated gradient algorithm applied to the problem. This chapter is devoted
to a description of neural networks and the use of techniques we have developed in
preceding chapters for the training of neural networks.

An artificial neural network is a circuit composed of interconnected simple circuit
elements called neurons. Each neuron represents a map, typically with multiple
inputs and a single output. Specifically, the output of the neuron is a function of
the sum of the inputs, as illustrated in Figure 13.1. The function at the output of
the neuron is called the activation function. We use the symbol given in Figure 13.2
to pictorially represent a single neuron. Note that the single output of the neuron
may be applied as inputs to several other neurons, and therefore the symbol for a
single neuron shows multiple arrows emanating from it. A neural network may
be implemented using an analog circuit. In this case, inputs and outputs may be
represented by currents and voltages.

219
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g i

Figure 13.1 A single neuron

Figure 13.2 Symbol for a single neuron

Input Layer Hidden Layers Output Layer

Figure 13.3 Structure of a feedforward neural network

A neural network consists of interconnected neurons, where the inputs to each
neuron consists of weighted outputs of other neurons. The interconnections allow
exchange of data or information between neurons. In a feedforward neural network,
the neurons are interconnected in layers, so that the data flow only in one direction.
Thus, each neuron receives information only from neurons in the previous layer:
the inputs to each neuron are weighted outputs of neurons in the previous layer.
Figure 13.3 illustrates the structure of feedforward neural networks. The first layer
in the network is called the input layer, and the last layer is called the output layer.
The layers in between the input and output layers are called hidden layers.

We can view a neural network as simply a particular implementation of a map from
R™ toR™, where n is the number of inputs 1, . . . , Z,,, and m is the number of outputs
Y1,.--,Ym- The map thatis implemented by a neural network depends on the weights
of the interconnections in the network. Therefore, we can change the mapping that
is implemented by the network by adjusting the values of the weights in the network.
The information about the mapping is “stored” in the weights over all the neurons, and
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thus the neural network is a distributed representation of the mapping. Moreover, for
any given input, the computation of the corresponding output is achieved through the
collective effect of individual input-output characteristics of each neuron; therefore,
the neural network can be considered as a parallel computation device. We point
out that the ability to implement or approximate a map encompasses many important
practical applications. For example, pattern recognition and classification problems
can be viewed as function implementation or approximation problems.

Suppose that we are given a map F : R® — R™ that we wish to implement
using a given neural network. OQur task boils down to appropriately selecting the
interconnection weights in the network. As mentioned earlier, we refer to this task
as training of the neural network, or learning by the neural network. We use input-
output examples of the given map to train the neural network. Specifically, let

(®d,1,Yg1)s- -5 (®d,ps Ya,p) € R* x R™, where each y, ; is the output of the map
F corresponding to the input z4;; that is, y;; = F(x4,). We refer to the set
{(@da,1,Y41)s- - (TdpyYa )} as the training set. We train the neural network by

adjusting the weights such that the map that is implemented by the network is close
to the desired map F'. For this reason, we can think of neural networks as function
approximators.

The form of learning described above can be thought of as learning with a teacher.
The teacher supplies questions to the network in the form of €4,,...,Z4,p, and
also tells the network the correct answers Y4 ;,...,Y4,- 1raining of the network
then comprises applying a training algorithm that adjusts weights based on the error
between the computed output and the desired output; that is, the difference between
Y4, = F(x4,:) and the output of the neural network corresponding to z4,;. Having
trained the neural network, our hope is that the network correctly “generalizes” the
examples used in the training set. By this we mean that the network should correctly
implement the mapping F and produce the correct output corresponding to any input,
include those that were not a part of the training set.

As we shall see in the remainder of this chapter, the training problem can be
formulated as an optimization problem. We can then use optimization techniques
and search methods (e.g., steepest descent, conjugate gradients [50], and quasi-
Newton) for selection of the weights. The training algorithms are based on such
optimization algorithms.

In the literature, the form of learning described above is referred to as supervised
learning, for obvious reasons. The term supervised learning suggests that there is also
a form of learning called unsupervised learning. Indeed, this is the case. However,
unsupervised learning does not fit into the framework described above. Therefore,
we do not discuss the idea of unsupervised learning any further. We refer the reader
interested in unsupervised learning to [41].

13.2 SINGLE-NEURON TRAINING

Consider a single neuron, as shown in Figure 13.4. For this particular neuron, the
activation function is simply the identity (linear function with unit slope). The neuron
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Figure 13.4 A single linear neuron

implements the following (linear) map from R™ to R:

n
y= E wiwizmTw,

i=1
where ¢ = [z4,..., mn]T € R” is the vector of inputs, ¥ € R is the output, and
w = [wy,...,w,]T € R™ is the vector of weights. Suppose that we are given a

map F' : R* — R. We wish to find the value of the weights w,, ..., w, such that
the neuron approximates the map F as closely as possible. To do this, we use a
training set consisting of p pairs {(®4,1,Yd,1)s-- ., (Td,p,Yd,p)}, Where x4, € R*
andyq; € R i = 1,...,p. Foreach i, yg; = F(xq,;) is the “desired” output
corresponding to the given input x4 ;. The training problem can then be formulated
as the following optimization problem:

P

N | T 2
minimize —2' Z (yd,i - :L'd,,-w) ’
i=1
where the minimization is taken over all w = [wy,...,ws]T € R*. Note that

the objective function represents the sum of the squared errors between the desired
outputs yq ; and the corresponding outputs of the neuron :1:5, ;w. The factor of 1/2 is
added for notational convenience and does not change the minimizer.

The above objective function can be written in matrix form as follows. First define
the matrix X 4 € R**? and vector y, € R? by

X4 = [®a1- Tap)
Yd1

Yg = :
Yd,p

Then, the optimization problem becomes

1
minimize —2-Hyd - X T2
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Training
Algorithm Yd

Figure 13.5 Adaline

There are two cases to consider in the above optimization problem: p < n and
p > n. We first consider the case where p < n, that is, where we have at most
as many training pairs as the number of weights. For convenience, we assume
that rank X g = p. In this case, there are an infinitely many points satisfying
Yy, =X gw. Hence, there are infinitely many solutions to the above optimization
problem, with the optimal objective function value of 0. Therefore, we have a choice
of which optimal solution to select. A possible criterion for this selection is that of
minimizing the solution norm. This is exactly the problem considered in Section 12.3.
Recall that the minimum norm solution is w* = X z(X ¥ X 4)"'y,;. An efficient
iterative algorithm for finding this solution is Kaczmarz’s algorithm (discussed in
Section 12.4). Kaczmarz’s algorithm in this setting takes the form

(%4
w1 = 4k 4 k d,R(k)T
||fL'd.R(k)||
where w(® = 0, and

€k = Ya,R(k) — f'v‘dT,R(k)w(k)'

Recall that R(k) is the unique integer in {0,...,p — 1} satisfying k¥ = Ip + R(k)
for some integer [; that is, B(k) is the remainder that results if we divide & by p (see
Section 12.4 for further details on the algorithm).

The above algorithm was applied to the training of linear neurons by Widrow and
Hoff (see [95] for some historical remarks). The single neuron together with the
above training algorithm is illustrated in Figure 13.5, and is often called Adaline, an
acronym for “adaptive linear element.”

We now consider the case where p > n. Here, we have more training points than
the number of weights. We assume that rank X 3; = n. In this case, the objective
function % lyq— X Twl||? is simply a strictly convex quadratic function of w, because

the matrix X g X 5 is a positive definite matrix. To solve this optimization problem,
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we have at our disposal the whole slew of unconstrained optimization algorithms
considered in the previous chapters. For example, we can use a gradient algorithm,
which in this case takes the form

w*) = w® 4 o X 1e®),

where e®) = gy, — XTw®),

The above discussion assumed that the activation function for the neuron is the
identity map. The derivation and analysis of the algorithms can be extended to the
case of a general differentiable activation function f,;. Specifically, the output of the
neuron in this case is given by

Y= fa (Zw,zz) fo (@"w) .

The algorithm for the case of a single training pair (x4, y,) has the form

wh+D) = qpk) 4, ShTd

llzall?’

where the error is given by
ex =Yd— fa (mgw(k)) :

For a convergence analysis of the above algorithm, see [45].

13.3 BACKPROPAGATION ALGORITHM

In the previous section, we considered the problem of training a single neuron. In
this section, we consider a neural network consisting of many layers. For simplicity
of presentation, we restrict our attention to networks with three layers, as depicted in
Figure 13.6. The three layers are referred to as the input, hidden, and output layers.
There are n inputs z;, where i = 1,...,n. We have m outputs y;, s = 1,...,m.
There are | neurons in the hidden layer. The outputs of the neurons in the hidden
layer are z;, where j = 1,...,1. Theinputs z1, ..., z, are distributed to the neurons
in the hidden layer. We may think of the neurons in the input layer as single-input-
single-output linear elements, with each activation function being the identity map.
In Figure 13.6, we do not explicitly depict the neurons in the input layer; instead,
we illustrate the neurons as signal spliters. We denote the activation functions of the
neurons in the hidden layer by £, where j = 1,...,1, and the activation functions of
the neurons in the output layer by f2, where s = 1,. .., m. Note that each activation
function is a function from R to R.
We denote the weights for inputs into the hidden layer by 'w;-‘i, i1 =1,...,n

Jj=1,...,l. Wedenote the weights for inputs from the hidden layer into the output

layer by wsJ ,i=1,...,1,8=1,...,m. Given the weights w . and wsJ , the neural
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Input Hidden Output
Layer Layer Layer

Figure 13.6 A three-layered neural network

network implements a map from R™ to R™. To find an explicit formula for this map,
let us denote the input to the jth neuron in the hidden layer by v;, and the output of
the jth neuron in the hidden layer by z;. Then, we have

n
_ b
v = Y whz

i=1
n
h h
fi| 2w ]
i=1

The output from the sth neuron of the output layer is

Zj

{
— fo E : 0
Ys = fs Wg;2j

=1

Therefore, the relationship between the inputs z;,7 = 1,. . ., n, and the sth output y,
is given by
l
v = f D wiif(vs)
=1

3 n
_ o o ph h
= | Dowiiff | Do wha
j=1 i=1

= Fs(131, . ..,:L'n).
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The overall mapping that the neural network implements is therefore given by

k51 Fl(.'El,...,.’En)

Ym Fr(z1,...,20)

We now consider the problem of training the neural network. As for the single
neuron considered in the last section, we analyze the case where the training set
consists of a single pair (z4,y,), where g € R" and y; € R™. In practice, the
training set consists of many such pairs, and training is typically performed with each
pair at a time (see, e.g., [46] or [83]). Our analysis is therefore also relevant to the
general training problem with multiple training pairs.

The training of the neural network involves adjusting the weights of the net-
work such that the output generated by the network for the given input &g =
[Ta1,...,Tan)T is as close to y, as possible. Formally, this can be formulated
as the following optimization problem:

1 2
minimize —2— ; (yds - ys) b

where y,, s = 1,...,m, are the actual outputs of the neural network in response to
the inputs z41, . .., Z4n, as given by
1 n
h h
¥s = f5 ngjfj (Z wjixi)

j:l i=1
The above minimization is taken over all w;‘z wg,t =100, 5 =1,...,10
s =1,...,m. For simplicity of notation, we use the symbol w for the vector

w ={w;-‘,-,w§j ti=1,...,n,7=1,...,, s=1,...,m},

and the symbol E for the objective function to be minimized; that is,

1 m
§ Z (yds - ys)2
s=1

1 m ! n
= 33 (v (st (e
s=1

j=1 =1

it

E(w)

2

To solve the above optimization problem, we use a gradient algorithm with fixed
step size. To formulate the algorithm, we need to compute the partial derivatives of
E with respect to each component of w. For this, let us first fix the indices ¢, j and s.
We first compute the partial derivative of £ with respect to wg;. For this, we write

m l 2
p=1 g=1

E(w) =

B =
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where, foreachqg=1,...,1,
n
=1 (S e
i=1
Using the chain rule, we obtain
1
OF ,

g (W) = — (s~ y:) £ (Z w) 2,

$j =1
where f;" : R — R is the derivative of f2. For simplicity of notation, we write

69 = (yds ys (Z wsqzq>

We can think of each 4, as a scaled output error, because it is the difference between
the actual output y, of the neural network and the desired output y4,, scaled by

f" (E =1 wy q). Using the &5 notation, we have

0F
51;:;(’1.0) = —632’]‘.

We next compute the partial derivative of £ with respect to w . We start with the
equation

E(w) = 2Z(ydp £ (prqf" (Zwmd»)

Using the chain rule once again, we get

OE e
67;"1(1”) = _pgl (ydp - yp (Zw zq) wp]fh (Zw .’L'dr> Tdi,

where f' : R — R is the derivative of f%. Simplifying the above yields

aawf;: (w) = (ZJ wm) fJ ('UJ):Id,

Jt

We are now ready to formulate the gradient algorithm for updating the weights of
the neural network. We write the update equations for the two sets of weights wg;

and w . separately. We have

wg](k+1) — wo(k)+n5(k)2(-k)

w;'i(k+1) — h(k) +7 (Z é(k),wo(k)) ( (k))xd“
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where 77 is the (fixed) step size, and
W = S utWay,
=1
(k) b, (k)
% 7(4),

il
® _ g (z w:,gk>zgk>),

q:l

I
(-0 52 (S0
g=1

The update equation for the weights wg; of the output layer neurons is illustrated
in Figure 13.7, whereas the update equation for the weights w}‘i of the hidden layer
neurons is illustrated in Figure 13.8.

The above update equations are referred to in the literature as the backpropagation
algorithm. The reason for the name “backpropagation” is that the output errors
JYC) e 6 are propagated back from the output layer to the hidden layer, and are
used in the update equation for the hidden layer weights, as illustrated in Figure 13.8.
In the above discussion, we assumed only a single hidden layer. In general, we
may have multiple hidden layers—in this case, the update equations for the weights
will resemble the equations derived above. In the general case, the output errors are
propagated backward from layer to layer and are used to update the weights at each
layer.

We summarize the backpropagation algorithm qualitatively as follows. Using the
inputs z4; and the current set of weights, we first compute the quantities vJ(.k) , z](k),
y,(,k) and 6%, in turn. This is called the forward pass of the algorithm, because
it involves propagating the input forward from the input layer to the output layer.
Next, we compute the updated weights using the quantities computed in the forward
pass. This is called the reverse pass of the algorithm, because it involves propagating
the computed output errors 5§’“) backwards through the network. We illustrate the
backpropagation procedure numerically in the following example.

8(®

Example 13.1 Consider the simple feedforward neural network shown in Fig-
ure 13.9. The activation functions for all the neurons are given by f(v) =
1/(1 4+ e™?). This particular activation function has the convenient property that
f'(v) = f(©)(1 — f(v)). Therefore, using this property, we can write

2
(ya — 1) f' (z wi’qzq)

¢=1

(ya—y1)f (Z wlanQ) (1 -f (E wfg%))
g=1 g=1

(ya —y1)ui (1 — 1)

o1
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s-th output neuron

From
Hidden
Layer
Y
g
(k)
Yds~Y:
X - S 78
To
Hidden — 5
Layer ®)
Zj > X n
ng(k)
Wsoj(k+1)

Figure 13.7 llustration of the update equation for the output layer weights

Suppose that the initial weights are wfl(o) = 0.1, wfz(o) = 0.3, wg‘f") = 0.3,
wh® = 0.4, w® =04, and w?” = 0.6. Let x4 = [0.2,0.6]T and y; = 0.7.
Perform one iteration of the backpropagation algorithm to update the weights of the

network. Use a step size of n = 10.
To proceed, we first compute

v§°’ = wfl(o)a:,ﬂ + wféo)mdz =0.2
U.go) = wgl(o)xdl + wgéo)zdg =0.3.

Next, we compute

1
1
4" = J0)") = 7o = 05744,
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j-th hidden neuron

To Output
Layer

- (K

From
Output
Layer

whtker)

Figure 13.8 Illustration of the update equation for the hidden layer weights

‘We then compute
y¥ = 1 (wi? 2" + wif? ) = £(0.5646) = 0.6375,
which gives an output error of
67 = (va - 91" (1 - i) = 0.01444.

This completes the forward pass.
To update the weights, we use

wﬁl) w‘fgo) + n5§0)2§0) = 0.4794

wi = w4 nsl® = 0.6830,
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Figure 13.9 Neural network for Example 13.1

and, using the fact that f’(v(-o)) =f (v§0))(1 - f (v(-o))) = z](-o)(l ~ z](-o)), we get

wh) = Wl 450w 01 - 2Nz = 0.1029
wh(l) — w12(0) + ndgo) (1,§0)Zl (1 ))de = 0.3086
wgl(l) - hl(O) +n5(0) o(o) (0 1- (0))Id1 — 0.3042
ng(I) = (0) + 776(0 wlzo)zgo)(l - Zgo))ltdz = 0.4127.

Thus, we have completed one iteration of the backpropagation algorithm. We can
easily check that y(l = 0.6588, and hence |yq — ygl)l < |yq — y§°)|; that is, the
actual output of the neural network has become closer to the desired output as a result
of updating the weights.

After 15 iterations of the backpropagation algorithm, we get

wi™ = 0.6365
wi® = 0.8474
wff“) = 0.1105
wi{® = 0.3315
wh® = 0.3146
wi® = 0.4439.

The resulting value of the output corresponding to the input z, = [0.2,0.6]7 is
y{1) = 0.6997. i

In the above example, we considered an activation function of the form
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f(v)
i+

.

10 0 10

v

Figure 13.10 The sigmoid function

The above function is called a sigmoid, and is a popular activation function used in
practice. The sigmoid function is illustrated in Figure 13.10. It is possible to use a
more general version of the sigmoid function, of the form

B

T4e (0

The parameters 3 and 8 represent scale and shift parameters, respectively. The
parameter @ is often interpreted as a threshold. If such an activation function is used
in a neural network, we would also want to adjust the values of the parameters 3 and
8, which also affect the value of the objective function to be minimized. However, it
turns out that these parameters can be incorporated into the backpropagation algorithm
simply by treating them as additional weights in the network. Specifically, we can
represent a neuron with activation function g as one with activation function f with
the addition of two extra weights, as shown in Figure 13.11.

g(v) =

Example 13.2 Consider the same neural network as in Example 13.1. We introduce
shift parameters 8;, 63, and 65 to the activation functions in the neurons. Using the
the configuration illustrated in Figure 13.11, we can incorporate the shift parameters
into the backpropagation algorithm. We have

vy = wflxdl + w{‘zmdg -6,
Ug = wglacdl + wé‘zwdg — 0,
znn = f(wn)

z2 = f(v2)

y1 = fl(whz +wihze —6s)
0 = (Wa—-y)nl-wn),

where f is the sigmoid function:
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p

14e-(v1-6)

p

1+e(V1-0)

Figure 13.11 The above two configurations are equivalent

The components of the gradient of the objective function E with respect to the shift

parameters are:

OF
59—1(11’)

OF
%(w)

oFE
%(w)

(511.0?121(1 - Zl)
5111)‘1)2252(1 - zg)

d1.

In the next example, we apply the network discussed in Example 13.2 to solve the
celebrated Exclusive OR (XOR) problem (see [83]).

Example 13.3 Consider the neural network of Example 13.2. We wish to train
the neural network to approximate the Exclusive OR (XOR) function, defined in
Table 13.1. Note that the XOR function has two inputs and one output.

To train the neural network, we use the following training pairs:

x40 =1[0,0],
Tg1 = [O’ 1]T7
zd,2 = [l’O]Ta

Ty3 = [la I]T’

Ya0 =0
ya1 =1
Yaz2 =1
ya,3 = 0.

We now apply the backpropagation algorithm to train the network using the above
training pairs. To do this, we apply the above pairs one per iteration, in a cyclic
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Table 13.1 Truth table for XOR function

z1 T2 F(z1,z2)

6 o0 0
0 1 I
1 0 1
1 1 0

fashion. In other words, in the kth iteration of the algorithm, we apply the pair
(Za,R(k), Ya,R(k))> Where, as in Kaczmarz’s algorithm, R(k) is the unique integer in
{0, 1,2, 3} satisfying k = 41 + R(k) for some integer /; that is, R(k) is the remainder
that results if we divide & by 4 (see Section 12.4).

The experiment yields the following weights (see Exercise 13.5):

wf = -11.01
wi, = 10.92
wh = 7777
wl, = -8403
wh = -5.593
wh, = -5638
6, = -3277
6, = -—8.357
63 = 5.261.

Table 13.2 shows the output of the neural network with the above weights corre-
sponding to the training input data. Figure 13.12 shows a plot of the function that is
implemented by this neural network. [ |

For a more comprehensive treatment of neural networks, see [39], [40], or [100].
For applications of neural networks to optimization, signal processing, and control
problems, see [19] and [48].

EXERCISES

13.1 Consider a single linear neuron, with n inputs (see Figure 13.4). Suppose that
we are given X 4 € R**? and y,; € RP representing p training pairs, where p > n.
The objective function to be minimized in the training of the neuron is

1
£w) = 5llys - XFuwll.
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Table 13.2 Response of the trained network of Example 13.3

r 2 n

0 0 0.007
0 1 099
1 0 099
1 1 0.009

Figure 13.12 Plot of the function implemented by the trained network of Example 13.3

a. Find the gradient of the objective function.

b. Write the conjugate gradient algorithm for training the neuron.

¢. Suppose that we wish to approximate the function F' : R2 — R given by
F(x) = (sinzy)(cos z2).

Use the conjugate gradient algorithm from part b to train the linear neuron,
using the following training points:

{:B ;21,22 = —0.5, 0, 05}
It may helpful to use the MATLAB routine from Exercise 10.8.

d. Plot the level sets of the objective function for the problem in part c, at levels
0.01, 0.1, 0.2, and 0.4. Check if the solution in part ¢ agrees with the level
sets.
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e. Plot the error function e(z) = F(z) — w*Tx versus z; and x4, where w* is
the optimal weight vector obtained in part c.

13.2 Consider the Adaline, depicted in Figure 13.5. Assume we have a single training

pair (x4,y4), where 4 # 0. Suppose that we use the Widrow-Hoff algorithm to
adjust the weights:

(k+1) = (k) 4, CETd

w w + :Bdde

b

where e;, = yq — xTw*).
a. Write an expression for ex; as a function of e and u.

b. Find the largestrange of values for u for which e, — 0 (for any initial condition
(0)
w'Y).

13.3 Asin Exercise 13.2, consider the Adaline. Consider the case in which there are
multiple pairs in the training set {(Z4,1,¥4,1),- .-, (®d,p, Ya,p)}, Where p < n, and
rank X g = p (the matrix X 4 has x4 ; as its ith column). Suppose that we use the
following training algorithm:

wtD) = w® + X (XTX ) pue®,
where e(®) = 3y, — XTw® and p is a given constant p X p matrix.
a. Find an expression for e(*+1) as a function of e(*) and .

b. Find a necessary and sufficient condition on u for which e(*) — 0 (for any
initial condition w(?).

13.4 Consider the three-layered neural network described in Example 13.1 (see Fig-
ure 13.9). Implement the backpropagation algorithm for this network in MATLAB.
Test the algorithm for the training pair 4 = [0,1]7 and y4 = 1. Use a step size of
1 = 50 and initial weights as in the Example 13.1.

13.5 Consider the neural network of Example 13.3, with the training pairs for the
XOR problem. Use MATLAB to implement the training algorithm described in
Example 13.3, with a step size of 7 = 10.0. Tabulate the outputs of the trained
network corresponding to the training input data.
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Genetic Algorithms

14.1 BASIC DESCRIPTION

In this chapter, we discuss genetic algorithms and their application to solving opti-
mization problems. Genetic algorithms are radically different from the optimization
algorithms discussed in previous chapters. For example, genetic algorithms do not
use gradients or Hessians. Consequently, they are applicable to a much wider class
of optimization problems.

A genetic algorithm is a probabilistic search technique that has its roots in the
principles of genetics. The beginnings of genetic algorithms is credited to John
Holland, who developed the basic ideas in the late 1960s and early 1970s. Since
its conception, genetic algorithms have been used widely as a tool in computer
programming and artificial intelligence (e.g., {42], [58], and [68]), optimization (e.g.,
[24], [48], and [92]), neural network training (e.g., [59]), and many other areas.

Suppose that we wish to solve an optimization problem of the form

maximize f(=)
subject to x €.

The underlying idea of genetic algorithms applied to the above problem is as follows.
We start with an initial set of points in §2, denoted P(0). We call P(0) the initial
population. We then evaluate the objective function at points in P(0). Based on this
evaluation, we create a new set of points P(1). The creation of P(1) involves certain
operations on points in P(0), called crossover and mutation, to be discussed later.
We repeat the above procedure iteratively, generating populations P(2), P(3),.. .,
until an appropriate stopping criterion is reached. The purpose of the crossover and

237
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mutation operations is to create a new population with an average objective function
value that is higher than the previous population. To summarize, the genetic algorithm
iteratively performs the operations of crossover and mutation on each population to
produce a new population until a chosen termination criterion is met.

The terminology used in describing genetic algorithms is adopted from genetics.
To proceed with describing the details of the algorithm, we need the additional ideas
and terms described below.

14.1.1 Chromosomes and Representation Schemes

First, we point out that, in fact, genetic algorithms do not work directly with points in
the set €2, but rather with an encoding of the points in 2. Specifically, we need first to
map 2 onto a set consisting of strings of symbols, all of equal length. These strings
are called chromosomes. Each chromosome consists of elements from a chosen set
of symbols, called the alphabet. For example, a common alphabet is the set {0,1},
in which case the chromosomes are simply binary strings. We denote by L the length
of chromosomes (i.e., the number of symbols in the strings). To each chromosome
there corresponds a value of the objective function, referred to as the fitness of the
chromosome. For each chromosome &, we write f(x) for its fitness. Note that, for
convenience, we use f to denote both the original objective function as well as the
fitness measure on the set of chromosomes.

The choice of chromosome length, alphabet, and encoding (i.e., the mapping from
Q2 onto the set of chromosomes), is called the representation scheme for the problem.
Identification of an appropriate representation scheme is the first step in using genetic
algorithms to solve a given optimization problem.

Once a suitable representation scheme has been chosen, the next phase is to
initialize the first population P(0) of chromosomes. This is usually done by a
random selection of a set of chromosomes. After we form the initial population
of chromosomes, we then apply the operations of crossover and mutation on the
population. During each iteration k of the process, we evaluate the fitness f(z(*)) of
each member z(¥) of the population P(k). After the fitness of the whole population
has been evaluated, we then form a new population P(k + 1) in two stages.

14.1.2 Selection and Evolution

In the first stage, we apply an operation called selection, where we form a set M (k)
with the same number of elements as P(k). This number is called the population
size, which we denote by N. The set M (k), called the mating pool, is formed from
P(k) using a random procedure as follows: each point m{*) in M (k) is equal to
z*) in P(k) with probability

f(z®)

FR)

Fk) =Y 5@®)

where
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and the sum is taken over the whole of P(k). In other words, we select chromosomes
into the mating pool with probabilities proportional to their fitness.

The above selection scheme is also called the roulette-wheel scheme, for the
following reason. Imagine a roulette wheel in which each slot is assigned to a
chromosome in P(k); some chromosomes may be assigned multiple slots. The
number of slots associated with each chromosome is in proportion to its fitness. We
then spin the roulette wheel and select (for inclusion in M (k)) the chromosome on
whose slot the ball comes to rest. This procedure is repeated N times, so that the
mating pool M (k) contains N chromosomes.

An alternative selection scheme is the fournament scheme, which proceeds as
follows. First, we select a pair of chromosomes at random from P(k). We then
compare the fitness values of these two chromosomes, and place the fitter of the
two into M (k). We repeat this operation until the mating pool M (k) contains NV
chromosomes.

The second stage is called evolution: in this stage, we apply the crossover and
mutation operations. The crossover operation takes a pair of chromosomes, called
the parents, and gives a pair of offspring chromosomes. The operation involves
exchanging substrings of the two parent chromosomes, described below. Pairs of
parents for crossover are chosen from the mating pool randomly, such that the
probability that a chromosome is chosen for crossover is p,. We assume that whether
a given chromosome is chosen or not is independent of whether or not any other
chromosome is chosen for crossover.

We can pick parents for crossover in several ways. For example, we may randomly
choose two chromosomes from the mating pool as parents. In this case, if V is the
number of chromosomes in the mating pool, then p. = 2/N. Similarly, if we
randomly pick 2k chromosomes from the mating pool (where k < N/2), forming
& pairs of parents, we have p, = 2k/N. In the above two examples, the number of
pairs of parents is fixed and the value of p, is dependent on this number. Yet another
way of choosing parents is as follows: given a value of p., we pick a random number
of pairs of parents such that the average number of pairs is p.IV/2.

Once the parents for crossover have been determined, we apply the crossover
operation to the parents. There are many types of possible crossover operations. The
simplest crossover operation is the one-point crossover. In this operation, we first
choose a number randomly between 1 and L — 1 according to a uniform distribution,
where L is the length of chromosomes. We refer to this number as the crossing
site. Crossover then involves exchanging substrings of the parents to the left of the
crossing site, as illustrated in Figure 14.1 and in the following example.

Example 14.1 Suppose that we have chromosomes of length L = 6 over the binary
alphabet {0,1}. Consider the pair of parents 000000 and 111111. Suppose that
the crossing site is 4. Then, the crossover operation applied to the above parent
chromosomes yields the two offspring 000011 and 111100. | |

We can also have crossover operations with multiple crossing sites, as illustrated
in Figure 14.2 and in the following example.
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Parent chromosomes Offspring chromosomes

AR e ) ERRR2 | |
t t

L 1 | I 525 3
t

Crossing site
Figure 14.1 Tllustration of basic crossover operation

Parent chromosomes Offspring chromosomes

; T e

Crossing sites

Figure 14.2 Tllustration of two-point crossover operation

Example 14.2 Consider two chromosomes, 000000000 and 111111111, of length
L = 9. Suppose that we have two crossing sites, at 3 and 7. Then, the crossover op-
eration applied to the above parent chromosomes yields the two offspring 000111100
and 111000011. | |

After the crossover operation, we replace the parents in the mating pool by their
offspring. The mating pool has therefore been modified, but still maintains the same
number of elements.

Next, we apply the muzation operation. The mutation operation takes each chro-
mosome from the mating pool and randomly changes each symbol of the chromosome
with a given probability p,,. In the case of the binary alphabet, this change corre-
sponds to complementing the corresponding bits; that is, we replace each bit with
probability p,, from O to 1, or vice versa. If the alphabet contains more than two
symbols, then the change involves randomly substituting the symbol with another
symbol from the alphabet. Typically, the value of p,, is very small (e.g., 0.01), so
that only a few chromosomes will undergo a change due to mutation, and of those
that are affected, only a few of the symbols are modified. Therefore, the mutation
operation plays only a minor role in the genetic algorithm relative to the crossover
operation.

After applying the crossover and mutation operations to the mating pool M (k),
we obtain the new population P(k + 1). We then repeat the procedure of evaluation,
selection, and evolution, iteratively. We summarize the genetic algorithm as follows.
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Genetic Algorithm

1. Set k := 0; form initial population P(0);
. Evaluate P(k);

. If stopping criterion satisfied, then stop;
. Select M (k) from P(k);

. Evolve M (k) to form P(k + 1);

AN W W N

. Setk :=k + 1, go to step 2.
A

=

ow chart illustrating the above algorithm is shown in Figure 14.3

k:=0
Form P(0)

Y
Evaluate P(k)

Stopping
Criterion
Satisfied?

Selection

M(k)
\

Evolution

[Crossover }<—(%o)

‘ P(k+1)

k:=k+1

Figure 14.3 Flow chart for the genetic algorithm

During the execution of the genetic algorithm, we keep track of the best-so-far
chromosome; that is, the chromosome with the highest fitness of all the chromosomes
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evaluated. After each iteration, the best-so-far chromosome serves as the candidate
for the solution to the original problem. Indeed, we may even copy the best-so-
far chromosome into each new population, a practice referred to as elitism. The
elitist strategy may result in domination of the population by “super chromosomes.”
However, practical experience suggests that elitism often improves the performance
of the algorithm.

The stopping criterion can be implemented in a number of ways. For example, a
simple stopping criterion is to stop after a prespecified number of iterations. Another
possible criterion is to stop when the fitness for the best-so-far chromosome does not
change significantly from iteration to iteration.

The genetic algorithm differs from the algorithms discussed in previous chapters
in several respects:

1. It works with an encoding of the feasible set rather than the set itself;

2. It searches from a set of points rather than a single point at each iteration;
3. It does not use derivatives of the objective function;

4. It uses operations that are random within each iteration.

Application of the genetic algorithm to an optimization problem is illustrated in
the following example.

Example 14.3 Consider the MATLAB “peaks” function f : R — R given by
e_(1+1)2_y2
3

(see also [48, pp. 178-180] for an example involving the same function). We wish
to maximize f over the set @ = {[z,y]T € R? : -3 < z,y < 3}. A plot of
the objective function f over the feasible set {2 is shown in Figure 14.4. Using
the MATLAB function fminunc (from the Optimization Toolbox), we found the
optimal point to be [—0.0093, 1.5814]7, with objective function value 8.1062.

To apply the genetic algorithm to solve the above optimization problem, we use a
simple binary representation scheme with length L = 32, where the first 16 bits of
each chromosome encode the z component, whereas the remaining 16 bits encode
the y component. Recall that z and y take values in the interval [—3, 3]. We first map
the interval [—3, 3] onto the interval [0, 216 — 1], via a simple translation and scaling.
The integers in the interval [0, 2'® — 1] are then expressed as binary 16 bit strings.
This defines the encoding of each component z and y. The chromosome is obtained
by juxtaposing the two 8 bit strings. For example, the point [z,y]T = [-1,3]7 is
encoded as (see Exercise 14.1 for a simple algorithm for converting from decimal
into binary)

o) =302 0 102t y8) e

01010101010101011111111111111111.

encode&' r=-1 encodedy = 3

Using a population size of 20, we apply 50 iterations of the genetic algorithm
on the above problem. We used parameter values of p, = 0.75 and p,, = 0.0075.
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Figure 14.4 Plot of f for Example 14.3

Figure 14.5 shows plots of the best, average, and worst objective function values
in the population for every iteration (generation) of the algorithm. The best-so-far
solution obtained at the end of the 50 iterations is [0.0615, 1.5827]T, with objective
function value 8.1013. Note that this solution and objective function value are very
close to those obtained using MATLAB. |

14.2 ANALYSIS OF GENETIC ALGORITHMS

In this section, we use heuristic arguments to describe why genetic algorithms work.
As pointed out before, the genetic algorithm was motivated by ideas from natural
genetics [42]. Specifically, the notion of “survival of the fittest” plays a central
role. The mechanisms used in the genetic algorithm mimic this principle. We
start with a population of chromosomes, and selectively pick the fittest ones for
reproduction. From these selected chromosomes, we form the new generation by
combining information encoded in them. In this way, the goal is to ensure that the
fittest members of the population survive, and their information content is preserved
and combined to produce even better offspring.

To further analyze the genetic algorithm in a more quantitative fashion, we need
to define a few terms. For convenience, we only consider chromosomes over the
binary alphabet. We introduce the notion of a schema (plural: schemata) as a set
of chromosomes with certain common features. Specifically, a schema is a set of
chromosomes that contain 1s and Os in particular locations. We represent a schema
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Figure 14.5 The best, average, and worst objective function values in the population for
every iteration (generation) of the genetic algorithm in Example 14.3

using a string notation over an extended alphabet {0, 1, *}. For example, the notation
1 % 01 represents the schema

1x01 = {1001,1101},
and the notation 0 * 101x represents the schema
0 % 101 = {001010,001011,011010,011011}.

In the schema notation, the numbers 0 and 1 denote the fixed binary values in the
chromosomes that belong to the schema. The symbol %, meaning “don’t care”,
matches either O or 1 at the positions it occupies. Thus, a schema describes a set of
chromosomes that have certain specified similarities. A chromosome belongs to a
particular schema if for all positions j = 1, ..., L the symbol found in the jth position
of the chromosome matches the symbol found in the jth position of the schema, with
the understanding that any symbol matches *. Note that if a schema has r “don’t
care” symbols, then it contains 2" chromosomes. Moreover, any chromosome of
length L belongs to 2L schemata.

Given a schema that represents good solutions to our optimization problem, we
would like the number of matching chromosomes in the population P(k) to grow
as k increases. This growth is affected by several factors, which we analyze in the
following discussion. We assume throughout that we are using the roulette-wheel
selection method.

The first key idea in explaining why the genetic algorithm works is the observation
that if a schema has chromosomes with better-than-average fitness, then the expected
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(mean) number of chromosomes matching this schema in the mating pool M (k)
is larger than the number of chromosomes matching this schema in the population
P(k). To quantify this assertion, we need some additional notation. Let H be a
given schema, and let e(H, k) be the number of chromosomes in P (k) that match
H; that is, e(H, k) is the number of elements in the set P(k) N H. Let f(H, k) be
the average fitness of chromosomes in P(k) that match schema H. This means that
if HNP(k) = {z1,...,Te(m,x) ) then

fl@) + -+ f(@e(ap)
e(H, k) '
Let N be the number of chromosomes in the population, and F(k) be the sum of

the fitness values of chromosomes in P(k), as before. Denote by F'(k) the average
fitness of chromosomes in the population; that is,

Fiiy = T8 = L5 ).

Finally, let m(H, k) be the number of chromosomes in M (k) that match H, in other
words, the number of elements in the set M (k) N H.

f(H’k) =

Lemma 14.1 Let H be a given schema, and M(H, k) the expected value of m(H, k)
given P(k). Then,

f(H k)
F(k)

M(H, k) = e(H,k).

O
Proof. Let P(k) N H = {@1,...,Zeak)}- In the remainder of the proof, the
term “expected” should be taken to mean “expected, given P(k).” For each element

m®) € M(k) andeachi = 1,...,e(H, k), the probability that m*) = z; is given
by f(x;)/F(k). Thus, the expected number of chromosomes in M (k) equal to x; is

flzs)  f(=i)
NE® T TR

Hence, the expected number of chromosomes in P(k) N H that are selected into
M(k) is

e(H,k)

fla:) _ YR fl@) 1 f(Hk)
2 O N N0

i=1

e(H,k).

Because any chromosome in M (k) is also a chromosome in P(k), the chromosomes
in M (k) N H are simply those in P(k) N H that are selected into M (k). Hence,

f(H, k)

MUH,K) = S0

e(H,k).
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The above lemma quantifies our assertion that if a schema H has chromosomes
with better than average fitness (i.e., f(H,k)/F(k) > 1), then the expected number
of chromosomes matching H in the mating pool M (k) is larger than the number of
chromosomes matching H in the population P(k).

We now analyze the effect of the evolution operations on the chromosomes in
the mating pool. For this, we need to introduce two parameters that are useful in
the characterization of a schema, namely, its order and length. The order o(S) of
a schema S is the number of fixed symbols (non-*x symbols) in its representation
(the notation o(S) is standard in the literature on genetic algorithms, and should not
be confused with the “little-oh” symbol defined in Section 5.6). If the length of
chromosomes in S is L, then o(S) is L minus the number of * symbols in S. For
example,

o(1x01)=4-1=3,

whereas
o(0x1%01)=6-2=4.

The length [(S) of a schema S is the distance between the first and last fixed symbols
(i.e., the difference between the positions of the rightmost fixed symbol and the
leftmost fixed symbol). For example,

(1%x01) =4—1=3,

whereas
l(0x101x)=5-1=4.

Note that for a schema S with chromosomes of length L, the order o(S) is a number
between 0 and L, and the length {(S) is a number between 0 in L — 1. The order
of a schema with all * symbols is 0; its length is also 0. The order of a schema
containing only a single element (i.e., its representation has no * symbols) is L, e.g.,
0(1011) = 4 — 0 = 4. The length of a schema with fixed symbols in its first and last
positionsis L — 1,e.g., {(0*x1) =4 -1 =3. _

We first consider the effect of the crossover operation on the mating pool. The
basic observation in the following lemma is that given a chromosome in M (k) N H,
the probability that it leaves H after crossover is bounded above by a quantity that is
proportional to p, and I(H).

Lemma 14.2 Given a chromosome in M (k) N H, the probability that it is chosen
for crossover and neither of its offspring is in H is bounded above by

I(H)

ch—l

O

Proaf. Consider a given chromosome in M (k) N H. The probability that it is chosen
for crossover is p.. If neither of its offspring is in H, then the crossover point must
be between the corresponding first and last fixed symbols of H. The probability of
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this is [(H)/{(L — 1). Hence, the probability that the given chromosome is chosen
for crossover and neither of its offspring is in H is bounded above by

I(H)
P 7

From the above lemma, we conclude that given a chromosome in M (k) N H, the
probability that either it is not selected for crossover, or at least one of its offspring is
in H after the crossover operation, is bounded below by

I(H)
1- Pe L——I .
Note that if a chromosome in H is chosen for crossover, and the other parent chro-
mosome is also in H, then both offspring are automatically in H (see Exercise 14.2).
Hence, for each chromosome in M (k) N H, there is a certain probability that it will
result in an associated chromosome in H (either itself or one of its offspring) after
going through crossover (including selection for crossover), and that probability is
bounded below by the above expression.
We next consider the effect of the mutation operation on the mating pool M (k).

Lemma 14.3 Given a chromosome in M (k) N H, the probability that it remains in
H after the mutation operation is given by

(1 —pm)"(H).

]

Proof. Given a chromosome in M (k) N H, it remains in H after the mutation
operation if and only if none of the symbols in this chromosome that correspond to
fixed symbols in H is changed by the mutation operation. The probability of this
event is (1 — py,)°UD, |

Note that if p,, is small, the expression (1 — p,,)°(¥) above is approximately

equal to
1 - pro(H).

The following theorem combines the results of the preceding lemmas.

Theorem 14.1 Let H be a given schema, and E(H,k + 1) the expected value of
e(H,k + 1) given P(k). Then,

(k4 1) > (1-peg s ) (= om0 (L) ettt
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Proof. Consider a given chromosome in M (k)N H. If, after the evolution operations,
it has a resulting chromosome that is in H, then that chromosome isin P(k+ 1) N H.
By Lemmas 14.2 and 14.3, the probability of this event is bounded below by

(l—pc 1H )>(1 m) .

Therefore, because each chromosome in M (k) N H results in a chromosome in
P(k + 1) N H with a probability bounded below by the above expression, the
expected value of e(H, k + 1) given M (k) is bounded below by

(1- 2% ) @ = p) (e, ).

Taking the expectation given P(k), we get

E(Hk+1) > (1 per ) ) (1~ pu)™ ™D M(H, K).

Finally, using Lemma 14.1, we arrive at the desired result. [ ]

The above theorem indicates how the number of chromosomes in a given schema
changes from one population to the next. Three factors influence this change, reflected
by the three terms on the right-hand side of inequality in the above theorem, namely,
1 - pd(H)/(L - 1), (1 = pn)°H), and f(H,k)/F(k). Note that the larger the
values of these terms, the higher the expected number of matches of the schema H
in the next population. The effect of each term is summarized as follows:

o The term f(H, k)/F (k) reflects the role of average fitness of the given schema
H—the higher the average fitness, the higher the expected number of matches
in the next population.

e Theterm 1 — p I(H)/(L — 1) reflects the effect of crossover—the smaller the
term p.l(H)/(L — 1), the higher the expected number of matches in the next
population.

e The term (1 — p,,, )°(*) reflects the effect of mutation—the larger the term, the
higher the expected number of matches in the next population.

In summary, we see that a schema that is short, low order, and has above average fitness
will have on average an increasing number of its representatives in the population
from iteration to iteration. Observe that the encoding is relevant to the performance
of the algorithm. Specifically, a good encoding is one that results in high-fitness
schemata having small lengths and orders.

14.3 REAL-NUMBER GENETIC ALGORITHMS

The genetic algorithms described thus far operate on binary strings, representing
elements of the feasible set 2. Binary encodings allow us to use the schema theory,
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described in the previous section, to analyze genetic algorithms. However, there are
some disadvantages to operating on binary strings. To see this, let g : {0,1}* —
represent the binary “decoding” function; that is, if & is a binary chromosome,
g(x) € N is the point in the feasible set & C R™ whose encoding is . Therefore,
the objective function being maximized by the genetic algorithm is not f itself
but rather the composition of f and the decoding function g. In other words, the
optimization problem being solved by the genetic algorithm is

maximize flg(x))
subject to z € {y e {0,1}F : g(y) € O}.

This optimization problem may be more complex than the original optimization
problem. For example, it may have extra maximizers, making the search for a global
maximizer more difficult.

The above motivates a consideration of genetic algorithms that operate directly on
the original optimization problem. In other words, we wish to implement a genetic
algorithm that operates directly on R™. The steps of this algorithm will be the same
as before (see Figure 14.3), except that the elements of the population are points
in the feasible set (2, rather than binary strings. We will need to define appropriate
crossover and mutation operations for this case.

For crossover, we have several options. The simplest is to use averaging: for
a pair of parents z and y, the offspring is 2 = (x + y)/2 (this type of crossover
operation is used, e.g., in {75]). This offspring can then replace one of the parents.
Alternatively, we may produce two offspring as follows: z; = (x +y)/2 + w; and
z2 = (z +y)/2 + w,, where w; and w- are two randomly generated vectors (with
zero mean). If either offspring lies outside €2, we have to bring the offspring back into
1, using for example a projection (see Section 22.2). A third option for crossover
is to take random convex combinations of the parents. Specifically, given a pair of
parents « and y, we generate a random number a € (0, 1), and then produce two
offspring z; = az + (1 — a)y and 25 = (1 — a)x + ay. This method of crossover
ensures that the offspring are always in the feasible set, provided the feasible set is
convex. A fourth option is to perturb the above two points by some random amount:
z; = ax + (1 — a)y + w; and z2 = (1 — o)z + ay + w2, where w; and wy are
two randomly generated vectors (with zero mean). In this case, we have to check for
feasibility of the offspring, and use projections if needed.

For mutation, a simple implementation is to add a random vector to the chromo-
some. Specifically, given a chromosome x, we produce its mutation as ' = = + w
where w is a random vector with zero mean. This mutation operation is also called a
“real number creep” (see, e.g., [75]). As before, we have to ensure that the mutated
chromosome is feasible. If not, we may use a projection. An alternative method for
mutation is to replace the chosen chromosome with a random convex combination
of the chromosome with a random point in the feasible set; that is, we generate a
random number ¢ € (0, 1) and a random pointw € , and setz’ = az + (1 - a)w.
Provided the feasible set is convex, the mutated chromosom will always be feasible.
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Example 14.4 Consider again the function f : R> — R from Example 14.3. We
apply a real-number genetic algorithm to find a maximizer of f, using a crossover
operation of the fourth type described above, and a mutation operation of the second
type above. With a population size of 20, we apply 50 iterations of the genetic
algorithm. As before, we used parameter values of p, = 0.75 and p,, = 0.0075.
Figure 14.6 shows plots of the best, average, and worst objective function values
in the population for every iteration (generation) of the algorithm. The best-so-far
solution obtained at the end of the 50 iterations is [~0.0096, 1.5845]7, with objective
function value 8.1061, which is close with the result of Example 14.3. [ |
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Figure 14.6 The best, average, and worst objective function values in the population for
every iteration (generation) of the real-number genetic algorithm in Example 14.4

EXERCISES

14.1 This problem has four parts.

a. Let (I);p be the decimal representation for a given integer, and let
amm—1 -+ ap be its binary representation; that is, each a; is either 0 or
1, and
(I)m = q,,2™ + am_12m_1 + -+ 0,121 + a02°.

Verify that the following is true:

(D10 = (-~ ((@m2 + @m-1)2 + @m—2)2 + Gm_3) - )2 + a1)2 + a).



b.

C.

14.3
follows. Given a pair of binary chromosomes of length L, we independently choose
two random numbers, uniform over 1,...,L — 1. We call the two numbers ¢; and
c2, where ¢; < ¢a. If ¢; = €2, we do not swap any symbols (i.e., leave the two given
parent chromosomes unchanged). If ¢; < ¢, we interchange the (c; + 1)st through
cath bits in the given parent chromosomes.
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The second expression in part a suggests a simple algorithm for converting from
decimal representation to equivalent binary representation, as follows. Divid-
ing both sides of the expression in part a by 2, the remainder is ag. Subsequent
divisions by two yield the remaining bits a1, as, . . ., @, as remainders.

Use this algorithm to find the binary representation of the integer ()19 = 1995.

Let (F)1o be the decimal representation for a given number in [0, 1], and let
0.a—1a_2 - - - be its binary representation, that is,

(F)IO = a_12_1 + a_22_2 + -

If the above expression is multiplied by 2, the integer part of the product is
a—1. Subsequent multiplications yield the remaining bits a_3,a_3,.... As
in part b, the above gives a simple algorithm for converting from a decimal
fraction to its binary representations.

Use this algorithm to find the binary representation of (F');19 = 0.7265625.

Note that we can combine the algorithms from parts b and c to convert an arbi-
trary positive decimal representation into its equivalent binary representation.
Specifically, we apply the algorithms in parts b and ¢ separately to the integer
and fraction parts of the given decimal number, respectively.

The procedure in part ¢ may yield an infinitely long binary representation. If
this is the case, we need to determine the number of bits required to keep at
least the same accuracy as the given decimal number. If we have a d-digit
decimal fraction, then the number of bits b in the binary representation must
satisfy 27 < 10~¢, which yields b > 3.32d.

Convert 19.95 to its equivalent binary representation with at least the same
degree of accuracy (i.e., to two decimal places).

14.2 Given two chromosomes in a schema H, suppose that we swap some (or all) of
the symbols between them at corresponding positions. Show that the resulting two
chromosomes are also in H. From this fact, we conclude that given two chromosomes
in H, both offspring after the crossover operation are also in H. In other words, the
crossover operation preserves membership in H.

Consider a two-point crossover scheme (see Example 14.2), described as

Prove the analog of Lemma 14.2 for this case, given below.
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Lemma: Given a chromosome in M (k) N H, the probability that it is chosen for
crossover and neither of its offspring is in H is bounded above by

(]

Hint: Note that the two-point crossover operation is equivalent to a composition of
two one-point crossover operations (i.e., doing two one-point crossover operations in
succession).

14.4 State and prove the analog of Lemma 14.2 for an n-point crossover operation.
Hint: See Exercise 14.3.

14.5 Implement the roulette-wheel selection scheme using MATLAB.
Hint: Use the MATL.AB functions sum, cumsum, and £ind.

14.6 Implement the crossover operation (one-point) using the MATLAB, assuming
we are given two binary parent chromosomes.

14.7 Implement the mutation operation using the MATLAB function xoxr, assuming
that the chromosomes in the mating pool are binary vectors.

14.8 Write a MATLAB routine to implement a genetic algorithm using a binary
encoding. Test your implementation on the following functions:

a. f(x) = —15sin*(2z) — (z — 2)® + 160, |z| < 10.
b. f(z,y) = 3(1—2)? e~ ~WtD* _10 (& — g3 — y5) e=2"~V* -—-—e_(”;)tyz ,
|z|, |y] < 3 (considered in Example 14.3).

14.9 Write a MATLAB routine to implement a real-number genetic algorithm. Test
your implementation on the function f(x) = 2 sin(z,) + z2sin(5z) with the
constraintset @ = {z : 0 < x; < 10,4 < z2 < 6}.
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15

Introduction to Linear
Programming

15.1 A BRIEF HISTORY OF LINEAR PROGRAMMING

The goal of linear programming is to determine the values of decision variables that
maximize or minimize a linear objective function, where the decision variables are
subject to linear constraints. A linear programming problem is a special case of
a general constrained optimization problem. In the general setting, the goal is to
find a point that minimizes the objective function and at the same time satisfies the
constraints. We refer to any point that satisfies the constraints as a feasible point. In
a linear programming problem, the objective function is linear, and the set of feasible
points is determined by a set of linear equations and/or inequalities.

In this part, we study methods for solving linear programming problems. Linear
programming methods provide a way of choosing the best feasible point among the
many possible feasible points. In general, the number of feasible points is infinitely
large. However, as we shall see, the solution to a linear programming problem can
be found by searching through a particular finite number of feasible points, known as
basic feasible solutions. Therefore, in principle, we can solve a linear programming
problem simply by comparing the finite number of basic feasible solutions and
finding one that minimizes or maximizes the objective function—we refer to this
approach as the “brute-force approach.” For most practical decision problems, even
this finite number of basic feasible solutions is so large that the method of choosing
the best solution by comparing them to each other is impractical. To get a feel for
the amount of computation needed in a brute-force approach, consider the following
example. Suppose that we have a small factory with 20 different machines producing
20 different parts. Assume that any of the machines can produce any part. We

255
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also assume that the time for producing each part on each machine is known. The
problem then is to assign a part to each machine so that the overall production time is
minimized. We see that there are 20! (20 factorial) possible assignments. The brute-
force approach to solving this assignment problem would involve writing down all the
possible assignments and then choosing the best one by comparing them. Suppose
that we have at our disposal a computer that takes 1 usec (10~ seconds) to determine
each assignment. Then, to find the best (optimal) assignment this computer would
need 77, 147 years (working 24 hours a day, 365 days a year) to find the best solution.
An alternative approach to solving this problem is to use experienced planners to
optimize this assignment problem. Such an approach relies on heuristics. Heuristics
come close, but give suboptimal answers. Heuristics that do reasonably well, with
an error of, say, 10%, may still not be good enough. For example, in a business that
operates on large volumes and a small profit margin, a 10% error could mean the
difference between loss and profit.

Efficient methods for solving linear programming problems became available in
the late 1930s. In 1939, Kantorovich presented a number of solutions to some
problems related to production and transportation planning. During World War
II, Koopmans contributed significantly to the solution of transportation problems.
Kantorovich and Koopmans were awarded a Nobel Prize in economics in 1975
for their work on the theory of optimal allocation of resources. In 1947, Dantzig
developed a new method for solving linear programs, known today as the simplex
method (see [22] for Dantzig’s own treatment of the algorithm). In the following
chapters, we discuss the simplex method in detail. The simplex method is efficient and
elegant. However, it has the undesirable property that, in the worst case, the number
of steps (and hence total time) required to find a solution grows exponentially with
the number of variables. Thus, the simplex method is said to have exponential
worst-case complexity. This led to an interest in devising algorithms for solving
linear programs that have polynomial complexity, that is, algorithms that find a
solution in an amount of time that is bounded by a polynomial in the number of
variables. Khachiyan, in 1979, was the first to devise such an algorithm. However, his
algorithm gained more theoretical than practical interest. Then, in 1984, Karmarkar
proposed a new linear programming algorithm that has polynomial complexity, and
appears to solve some complicated, real-world problems of scheduling, routing and
planning more efficiently than the simplex method. Karmarkar’s work led to the
development of many other non-simplex methods commonly referred to as interior-
point methods. This approach is currently still an active research area. For more
details on Karmarkar’s and related algorithms, see [28], [38], [52], [86], and [89].
Some basic ideas illustrating Khachiyan’s and Karmarkar’s algorithms are presented
in Chapter 18.
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15.2 SIMPLE EXAMPLES OF LINEAR PROGRAMS

Formalily, a linear program is an optimization problem of the form:

minimize Tz
subject to Az =0
x>0,

where ¢ € R", b € R™, and A € R™*". The vector inequality & > 0 means that
each component of & is nonnegative. Several variations to the above problem are
possible; for example, instead of minimizing, we can maximize, or the constraints
may be in the form of inequalities, such as Ax > b, or Ax < b. We also refer to
these variations as linear programs. In fact, as we shall see later, these variations can
all be rewritten into the standard form shown above.

The purpose of this section is to give some simple examples of linear program-
ming problems illustrating the importance and the various applications of linear
programming methods.

Example 15.1 This example is adapted from [88]. A manufacturer produces four
different products X, X2, X3, and X4. There are three inputs to this production
process: labor in man weeks, kilograms of raw material A, and boxes of raw mate-
rial B. Each product has different input requirements. In determining each week’s
production schedule, the manufacturer cannot use more than the available amounts
of manpower and the two raw materials. The relevant information is presented in
Table 15.1. Every production decision must satisfy the restrictions on the availability
of inputs. These constraints can be written using the data in Table 15.1. In particular,
we have

1+ 222+ x3+224 < 20
6xy + 5x2 + 323 + 224 < 100
3z; +4xs + 923 + 1224 < T75.

Because negative production levels are not meaningful, we must impose the fol-
lowing nonnegativity constraints on the production levels:

z; 20, +=12,34.

Now, suppose that one unit of product X; sells for $6, and X, X3, and X, sell
for $4, $7, and $5, respectively. Then, the total revenue for any production decision
(x1,22,%3,T4) is

f(z1, @2, 23,24) = 621 + 429 + Txg + 524.

The problem is then to maximize f, subject to the given constraints (the three
inequalities and four nonnegativity constraints). Note that the above problem can be
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Table 15.1 Data for Example 15.1

Products Input
Inputs X1 X2 X3 X4 Availabilities
man weeks 1 2 1 2 20
kilograms of material A 6 5 3 2 100
boxes of material B 3 4 9 12 75
production levels T1 Tz Tz X4
written in the compact form:
maximize f(2) = maximize c’x
subjectto Ax < b
xz > 0,
where
¢’ = 1[6,4,7,5)],
r = [x17z21z33$4]T7
1 21 2
A = 6 5 3 21,
3 4 9 12
20
b = 100
75

Another example that illustrates linear programming involves determining the
most economical diet that satisfies the basic minimum requirements for good health.

Example 15.2 Diet problem. This example is adapted from [64]. Assume there are
n different food types available. The jth food sells at a price ¢; per unit. In addition
there are m basic nutrients. To achieve a balanced diet, you must receive at least b;
units of the ith nutrient per day. Assume that each unit of food j contains a;; units of
the ith nutrient. Denote by z; the number of units of food j in the diet. The objective
is to select the z;’s to minimize the total cost of the diet, that is,

minimize ¢1z; + ¢exy + <« - + c Iy
subject to the nutritional constraints

a1171 +apxs + -+ atn > b
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Table 15.2 Data for Example 15.3

Production time (hours/unit) Available time

Machine X1 X2 (hours)
M, 1 1 8
My 1 3 18
M, 2 1 14

Total 4 5

02171 + @22T2 + - + AT > b2

\Y
o~
2

Am1T1 + Gm2T2 + - + Gpnln
and the nonnegativity constraints
I Z 0,932 Z 0,...,$n Z 0.

In the more compact vector notation, this problem becomes:

minimize Tz
subject to Ax > b
x>0,
where z is an n-dimensional column vector, that is, T = [21,T3,...,7s]7, T is

an n-dimensional row vector, A is an m X n matrix, and b is an m-dimensional
column vector. We call the above problem the diet problem, and will return to it in
Chapter 17. |

In the next example, we consider a linear programming problem that arises in
manufacturing.

Example 15.3 A manufacturer produces two different products X; and X5 using
three machines M;, M>, and M3. Each machine can be used only for a limited
amount of time. Production times of each product on each machine are given in
Table 15.2. The objective is to maximize the combined time of utilization of all three
machines.

Every production decision must satisfy the constraints on the available time. These
restrictions can be written down using data from Table 15.2. In particular, we have

T +zx, < 8
18
14,

Ty + 3z <
<

2z, + x4
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where z, and z2 denote the production levels. The combined production time of all
three machines is
f(xl,ilfz) =4z + 5z5.

Thus, the problem in compact notation has the form

maximize cFz
subject to Az <b
z >0,
where
ct = [4,5),
r = [E1,$2]T,
11
A = 1 3,
2 1
b = [8,18,14]7.

In the following example, we discuss an application of linear programming in
transportation.

Example 15.4 A manufacturing company has plants in cities A, B, and C. The
company produces and distributes its product to dealers in various cities. On a
particular day, the company has 30 units of its productin A, 40 in B, and 30 in C. The
company plans to ship 20 units to D, 20 to E, 25 to F, and 35 to G, following orders
received from dealers. The transportation costs per unit of each product between the
cities are given in Table 15.3. In the table, the quantities supplied and demanded
appear at the right and along the bottom of the table. The quantities to be transported
from the plants to different destinations are represented by the decision variables.
This problem can be stated in the form:

minimize 771 + 10z12 + 1413 + 8x14 + 7291 + 11xgs + 12293
+ 6x94 + 5x31 + 8232 + 15233 + 9234

subjectto =z +z12+ 213 +714 = 30
Toy +Ta2 +T23 +T24 = 40

r31 +T32 + T3z +134¢ = 30

11 +xan +r31 = 20

Tia +To2 +x32 = 20

T3+ Toz +x33 = 25

ZT14 + T4 + 234 = 35,
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Table 15.3 Data for Example 15.4

To D E F G Supply
From

A $7 3510 $14 38 30
B $7 $11 $12 36 40
C $5 $8 815 %9 30
Demand 20 20 25 35 100

and
11,%12y...,T34 Z 0.

In this problem, one of the constraint equations is redundant because it can be
derived from the rest of the constraint equations. The mathematical formulation of
the transportation problem is then in a linear programming form with twelve (3x4)
decision variables and six (3 + 4 — 1) linearly independent constraint equations.
Obviously, we also require nonnegativity of the decision variables, since a negative
shipment is impossible and does not have any valid interpretation.

Next, we give an example of a linear programming problem arising in electrical
engineering.

Example 15.5 This example is adapted from [72]. Figure 15.1 shows an electric
circuit that is designed to use a 30 V source to charge 10 V, 6 V, and 20 V batteries
connected in parallel. Physical constraints limit the currents I, I3, I3, Ij,and I to a
maximumof 4 A,3 A,3 A,2 A, and 2 A, respectively. In addition, the batteries must
not be discharged, that is, the currents I, I, I3, I, and I5 must not be negative. We
wish to find the values of the currents I, . . ., I5 such that the total power transferred
to the batteries is maximized.

The total power transferred to the batteries is the sum of the powers transferred to
each battery, and is given by 10I; + 61, 4+ 2015 W. From the circuit in Figure 15.1,
we observe that the currents satisfy the constraints I} = Iy + Is,and I3 = Iy + Is.
Therefore, the problem can be posed as the following linear program:

maximize 1015 4 614 + 2015
subject to L=0L+1;
L=+ 15
L1 <4
I, <3
I3 <3
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Figure 15.1 Battery charger circuit for Example 15.5
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Figure 15.2 Wireless communication system in Example 15.6

I3 <2
I <2
I, I, 13,14, 15 > 0.

Finally, we present an example from wireless communications.

Example 15.6 Consider a wireless communication system as shown in Figure 15.2.
There are n “mobile” users. For each ¢ = 1,...,n, user ¢ transmits a signal to the
base station with power p; and an attenuation factor of A; (i.e., the actual received
signal power at the base station from user ¢ is h,;p;). When the base station is receiving
from user ¢, the total received power from all other users is considered “interference”
(i.e., the interference for user 7 is j»i hipj). For the communication with user i
to be reliable, the signal-to-interference ratio must exceed a threshold -y;, where the
“signal” is the received power for user :.

We are interested in minimizing the total power transmitted by all the users subject
to having reliable communications for all users. We can formulate the problem as a
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linear programming problem of the form
T

minimize c
subject to Ax >b
x> 0.

We proceed as follows. The total power transmitted is py + - - - + pn. The signal-to-
interference ratio for user 7 is

hip
Zj;‘:i h;p;
Hence, the problem can be written as
minimize pr+ - +pn
hipi .

subject to ——LZW,z:L...,n

Zj;éi h;p;

Pr,---3Pn 2 0.

We can write the above as the linear programming problem

minimize p1+---+pn
subject to hipi—finhijZO, i=1,...,n
J#
Pl P 2 0
In matrix form, we have
c = [1,...,1]T
b -nh: - —mby
—v2hy ho o —=Yahy
A = . . .
~Ynh1 —vnhe - hg
b = 0.

For more examples of linear programming and their applications in a variety of
engineering problems, we refer the reader to [1], [22], [23], [32], and [79]. For
applications of linear programming to the design of control systems, see [21]. Linear
programming also provides the basis for theoretical applications, as, for example, in
matrix game theory (discussed in [13]).

15.3 TWO-DIMENSIONAL LINEAR PROGRAMS

Many fundamental concepts of linear programming are easily illustrated in two-
dimensional space. Therefore, we first consider linear problems in R? before dis-
cussing general linear programming problems.
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Consider the following linear program (adapted from [88]):

maximize Tz
subject to Az <b
x>0,
where
cT = [1,5],
r = [zl>z2]T1
. 5 6
4 =[5
b = [30,12]7.

First, we note that the set of equations {cTz = xz, + 522 = f, f € R} specifies a
family of straight lines in R2. Each member of this family can be obtained by setting
f equal to some real number. Thus, for example, z; + 522 = —5, z; + 5z2 = 0,
and z; + 5z2 = 3 are three parallel lines belonging to the family. Now, suppose
that we try to choose several values for z; and zo and observe how large we can
make f, while still satisfying the constraints on z; and z5. We first try z; = 1 and
z2 = 3. This point satisfies the constraints. For this point, f = 16. If we now select
z1; = 0 and z3 = 5 then f = 25, and this point yields a larger value for f than does
x = [1,3]T. There are infinitely many points [z;,z2]T satisfying the constraints.
Therefore, we need a better method than “trial-and-error” to solve the problem. In
the following sections, we develop a systematic approach that considerably simplifies
the process of solving linear programming problems.

In the case of the above example, we can easily solve the problem using geometric
arguments. First let us sketch the constraints in R2. The region of feasible points (the
set of points x satisfying the constraints Az < b, > 0) is depicted by the shaded
region in Figure 15.3.

Geometrically, maximizing ¢7z = z; + 5z subject to the constraints can be
thought of as finding the straight line f = z; + 5z that intersects the shaded region
and has the largest f. The coordinates of the point of intersection will then yield
a maximum value of ¢Tz. In our example, the point [0,5]7 is the solution (see
Figure 15.3). In some cases, there may be more than one point of intersection; all of
them will yield the same value for the objective function ¢’ z, and therefore any one
of them is a solution.

15.4 CONVEX POLYHEDRA AND LINEAR PROGRAMMING

The goal of linear programming is to minimize (or maximize) a linear objective

function

T
C'T=C1T; +Cxy+ -+ Crlp
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Figure 15.3 Geometric solution of a linear program in R?

subject to constraints that are represented by linear equalities and/or inequalities.
For the time being, let us only consider constraints of the form Az < b, x > 0.
In this section, we discuss linear programs from a geometric point of view (for a
review of geometric concepts used in the section, see Chapter 4). The set of points
satisfying these constraints can be represented as the intersection of a finite number of
closed half-spaces. Thus, the constraints define a convex polytope. We assume, for
simplicity, that this polytope is nonempty and bounded. In other words, the equations
of constraints define a polyhedron M in R". Let H be a hyperplane of support of this
polyhedron. If the dimension of M is less than n, then the set of all points common to
the hyperplane H and the polyhedron M coincides with M. If the dimension of M is
equal to n, then the set of all points common to the hyperplane H and the polyhedron
M is aface of the polyhedron. If this face is (n — 1)-dimensional, then there exists
only one hyperplane of support, namely, the carrier of this face. If the dimension
of the face is less than n — 1, then there exists an infinite number of hyperplanes of
support whose intersection with this polyhedron yields this face (see Figure 15.4).

The goal of our linear programming problem is to maximize a linear objective
function f(€) = ¢Tx = 171 + - - - + ¢z, on the convex polyhedron M. Next, let
H be the hyperplane defined by the equation

c'z=0.

Draw a hyperplane of support H to the polyhedron M, which is parallel to H and
positioned in such a way that the vector ¢ points in the direction of the halfspace that
does not contain M (see Figure 15.5). The equation of the hyperplane H has the
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O-dimensional
face

1-dimensional
face

Figure 15.4 Hyperplanes of support at different boundary points of the polyhedron M

Figure 15.5 Maximization of a linear function on the polyhedron M

form
Tz =8,

and for all z € M, we have ¢T& < 3. Denote by M the convex polyhedron that
is the intersection of the hyperplane of support H with the polyhedron M. We now
show that f is constant on M and that M is the set of all points in M for which f
attains its maximum value. To this end, let y and z be two arbitrary points in M.

This implies that both y and z belong to . Hence,
fly)=cly=p8=c"z=f(2),

which means that f is constant on M.

Let y be a point of M, and let z be a point of M \ M, that is, x is a point of M

that does not belong to M (see Figure 15.5). Then,
cfz < p=cy,

which implies that

flx) < f(y)-
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Figure 15.6 Unique maximum point of f on the polyhedron M

Thus, the values of f at the points of M that do not belong to M are smaller than the
values at points of M. Hence, f achieves its maximum on M at points in M.

It may happen that M contains only a single point, in which case f achieves its
maximum at a unique point. This occurs when the the hyperplane of support passes
through an extreme point of M (see Figure 15.6).

15.5 STANDARD FORM LINEAR PROGRAMS

We refer to a linear program of the form

minimize Tz
subject to Az =0
z>0

as a linear program in standard form. Here A is an m X n matrix composed of real
entries, m < n, rank A = m. Without loss of generality, we assume b > 0. If a
component of b is negative, say the ith component, we multiply the ith constraint by
—1 to obtain a positive right-hand side.

Theorems and solution techniques for linear programs are usually stated for prob-
lems in standard form. Other forms of linear programs can be converted to the
standard form, as we now show. If a linear program is in the form

minimize Tz
subject to Ax > b
x>0,

then by introducing so-called surplus variables y;, we can convert the original prob-
lem into the standard form

minimize Tz
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subject to Gi1T1 + QT2+ F QinTn —Yi = b, i=1,...,m
T 20,2?2 20)""1"1’& > 0
”n 20,?/2 2077ym 20
In more compact notation, the above formulation can be represented as

minimize Tz
subject to Az — I,y =[A,-1I,] [:] =b
20,920,

where I, is the m x m identity matrix.
If, on the other hand, the constraints have the form

Az
x

IV A

b
0,
then we introduce slack variables y; to convert the constraints into the form

Az + Iy = [A, I,] [;] =b
z20,y20,
where y is the vector of slack variables. Note that neither surplus nor slack variables

contribute to the objective function ¢’ z.
At first glance, it may appear that the two problems

minimize Tz
subject to Az >b
x>0

and

minimize 'z

subject to Az —-I,y=0>b
T 20'
y>0

are different, in that the first problem refers to intersection of half-spaces in the
n-dimensional space, whereas the second problem refers to an intersection of half-
spaces and hyperplanes in the (n + m)-dimensional space. It turns out that both
formulations are algebraically equivalent in the sense that a solution to one of the
problems implies a solution to the other. To illustrate this equivalence, we consider
the following examples.
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AX2

Projection of C4

onto x4-axis \

X4

Figure 15.7 Projection of the set C3 onto the x;-axis

Example 15.7 Suppose that we are given the inequality constraint
I S 7.

We convert this to an equality constraint by introducing a slack variable zz > 0 to
obtain

T1+xz9 = T
To _>_ 0.

Consider the sets C; = {z1 : 21 < 7} and Cy = {z1 : 21 + 22 = 7,22 > 0}. Are
the sets C'; and C5 equal? It is clear that indeed they are; in this example, we give
a geometric interpretation for their equality. Consider a third set C3 = {[z1,z2]7 :
z1 + x2 = 7,22 > 0}. From Figure 15.7, we can see that the set C; consists of all
points on the line to the left and above the point of intersection of the line with the x4 -
axis. This set, being a subset of R?, is of course not the same set as the set C; (a subset
of R). However, we can project the set C3 onto the z; -axis (see Figure 15.7). We
can associate with each point z; € C; a point [x1,0]7 on the orthogonal projection
of C3 onto the 1, -axis, and vice versa. Note that Cy = {z; : [z1,z2])T € C3} = C.

Example 15.8 Consider the inequality constraints

a1y +asxs < b
z1,72 2 0,

where a3, a2, and b are positive numbers. Again, we introduce a slack variable
z3 > 0to get

a1x1 +aszes+x3 = b
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AX3

Projection of C4 onto
b the (x4,%0)-plane

X1 a4

Figure 15.8 Projection of the set C3 onto the (z1, z2)-plane

z1,%2, 3 > 0.

Define the sets
C1 = {[z1,22)" t @171 + azzz < b, 71,20 > 0},
Cy = {[z1,72]" : @121 + azze + 23 = b, T1, 72,23 > 0},
C; = {[$1,$27$3]T=a1m1 + asxs + 3 = b, T1,22,23 > 0}.

We again see that C3 is not the same as C;. However, the orthogonal projection
of C3 onto the (zr;,z2)-plane allows us to associate the resulting set with the set
C1. We associate the points [z1,z2,0]7 resulting from the orthogonal projection
of C5 onto the (x;,z2)-plane with the points in C (see Figure 15.8). Note that
Cs :{[$1,$2]T1[$1,$2,(L‘3]T603}201. [ ]

Example 15.9 Suppose that we wish to maximize
f(x1,22) = c1w1 + c22

subject to the constraint

b

anT) +axnr; = b

a11T1 + a12%2

IA

I1,22, 2 07

where, for simplicity, we assume that each a;; > 0and by, b, > 0. The set of feasible
points is depicted in Figure 15.9. Let C; C R? be the set of points satisfying the
above constraints.
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aq1Xq+ajaXa<hy

Figure 15.9 The feasible set for Example 15.9

Introducing a slack variable, we convert the above constraints into standard form:

b
az1T1 +axprs = b
z > 0,i=1,23.

a11x + a2 + 3

Let C» C R? be the set of points satisfying the above constraints. As illustrated in
Figure 15.10, this set is a line segment (in R®). We now project C3 onto the (x1, T2)-
plane. The projected set consists of the points [z1, 2, O]T, with [z, 24, .’L'3]T € Cy
for some 3 > 0. In Figure 15.10 this set is marked by a heavy line in the (z1, z3)-
plane. We can associate the points on the projection with the corresponding points
in the set C|.

The following is an example of converting an optimization problem into a standard
form linear programming problem.

Example 15.10 Consider the following optimization problem

maximize To — I
subject to Jr1=129—-5
lze| <2
1 <0.

To convertthe problem into a standard form linear programming problem, we perform
the following steps:

1. Change objective function to: minimize x; — z3.
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aq1Xq+aqoXo+xg=by

X2
s
414
~Z
/ by Projection of C, onto
apy (X1 .x2)-plane
X4
Figure 15.10 Projection of C; onto the (21, z2)-plane
2. Substitute z; = —zi.

3. Write |z2| < 2asz3 < 2and -z < 2.

4. Introduce slack variables x3 and x4, and convert the above inequalities to
T2 +z3 =2and —z2 + x4 = 2.
5. Writezs =u —v,u,v > 0.
Hence, we obtain
minimize -z —u+v
subject to i +u—v=>5
u—v+2x3=2
v—u+x4 =2

zy,u,v,Z3,24 > 0.

15.6 BASIC SOLUTIONS

We have seen in Section 15.5 that any linear programming problem involving inequal-
ities can be converted to standard form, that is, a problem involving linear equations
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with nonnegative variables:

minimize Tz
subject to Az =0
x>0,

wherec € R*, A ¢ R™*", b€ R™, m < n,rankA = m, and & > 0. In the
following discussion, we only consider linear programming problems in standard
form.

Consider the system of equalities

Ax =0,

where rank A = m. In dealing with this system of equations, we frequently need to
consider a subset of columns of the matrix A. For convenience, we often reorder the
columns of A so that the columns we are interested in appear first. Specifically, let
B be a square matrix whose columns are m linearly independent columns of A. If
necessary, we reorder the columns of A so that the columns in B appear first: A has
the form A = [B, D], where D is an m x (n - m) matrix whose columns are the
remaining columns of A. The matrix B is nonsingular, and thus we can solve the
equation
Bzx B = b

for the m-vector  g. The solution is x5 = B~b. Let & be the n-vector whose first
m components are equal to g, and the remaining components are equal to zero, that
is, z = [¢%,07]7. Then, « is a solution to Az = b.

Definition 15.1

We call [25, 077 a basic solution to Az = b with respect to the basis B. We
refer to the components of the vector g as basic variables, and the columns
of B as basic columns.

If some of the basic variables of a basic solution are zero, then the basic solution is
said to be a degenerate basic solution.

A vector x satisfying Az = b, £ > 0, is said to be a feasible solution.
A feasible solution that is also basic is called a basic feasible solution.

If the basic feasible solution is a degenerate basic solution, then it is called a
degenerate basic feasible solution.

Note that in any basic feasible solution, zg > 0.

Example 15.11 Consider the equation Az = b with

1 1 -1 4 8
A:[al,a2,a3aa’4]:[1 -2 =1 1]’ b=[2]!
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where a; denotes the ith column of the matrix A.

Then, £ = [6,2,0,0]7 is a basic feasible solution with respect to the basis
B = [a1,a2), ¢ = [0,0,0,2]7 is a degenerate basic feasible solution with respect
to the basis B = [a3,a4] (as well as [a;,a4] and [a2,a4]), ¢ = [3,1,0,1]T is a
feasible solution that is not basic, and = [0,2,—6,0]7 is a basic solution with
respect to the basis B = [az, @3], but is not feasible. B

Example 15.12 As another example, consider the system of linear equations Az =
b, where
23 -1 -1 -1
A_[4 1 1 —2}’ b“[QJ'
We now find all solutions of this system. Note that every solution & of Az = b has
the form & = v + h, where v is a particular solution of Az = b and h is a solution

to Az = 0.
We form the augmented matrix [A, b] of the system:

[A’b]:[Q 3 -1 -1 —1].

41 1 -2 9

Using elementary row operations, we transform the above matrix into the form (see
the next chapter) given by

The corresponding system of equations is given by

1l

T —I3 — -1
1+53 54

x—z——ﬂ
1T T T

14
5

Solving for the leading unknowns z; and z2, we obtain

= B it
L TR A
13

3 TE

T2

. T . .
where 3 and x4 are arbitrary real numbers. If [x1, T2, 23,%4] is a solution, then
we have

= 14 -5+ =t
r = 5 5.5‘
T = 1 + 33
> 7 775
ry3 = S8

T4 = t7
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where we have substituted s and ¢ for x3 and z4, respectively, to indicate that they
are arbitrary real numbers.
Using vector notation, we may write the above system of equations as

14 2 1
1 B} 3 2
i3 I i IS B Y I
| |0 | TP 1 0
T4 1] 0 1

Note that we have infinitely many solutions, parameterized by s,¢ € R For the
choice s = { = 0 we obtain a particular solution to Az = b, given by

-

14
o)

v = 05
0

Any other solution has the form v + h, where

3
5
1
0

SN

h=s +t

= O Owi-

The total number of possible basic solutions is at most

n n! 4!
(m) = m!(n — m)! - 21(4 — 2)! =6.

To find basic solutions that are feasible, we check each of the basic solutions for

feasibility.
Our first candidate for a basic feasible solution is obtained by setting zz = z4 = 0,
which corresponds to the basis B = [aj,as]. Solving Bzp = b, we obtain

zp = [14/5, —11/5]T, and hence ¢ = [14/5, —-11/5, O,O]T is a basic solution that
is not feasible.

For our second candidate basic feasible solution, we set o = x4 = 0. We have
the basis B = [a;,a3]. Solving Bzp = b yields &5 = [4/3,11/3)7. Hence,
x = [4/3,0,11/3,0]" is a basic feasible solution.

A third candidate basic feasible solution is obtained by setting z2 = z3 = 0.
However, the matrix

B =la1,a4] = [i :;]

is singular. Therefore, B cannot be a basis, and we do not have a basic solution
corresponding to B = [a1, a4).

We get our fourth candidate for a basic feasible solution by setting £, = z4 = 0.
We have a basis B = [az, @3], resulting in 2 = [0, 2, 7, 0]%, which is a basic feasible
solution.
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Our fifth candidate for a basic feasible solution corresponds to setting 1 = z3 =
0, with the basis B = [a2, a4]. This results inz = [0, —11/5,0, —28/5]T, which is
a basic solution that is not feasible.

Finally, the sixth candidate for a basic feasible solution is obtained by settin
z1 = z2 = 0. This results in the basis B = [a3,a4), and z = [0,0,11/3,-8/3] ",
which is a basic solution but is not feasible. |

15.7 PROPERTIES OF BASIC SOLUTIONS

In this section, we discuss the importance of basic feasible solutions in solving
linear programming (LP) problems. We first prove the fundamental theorem of LP,
which states that when solving an LP problem, we need only consider basic feasible
solutions. This is because the optimal value (if it exists) is always achieved at a basic
feasible solution. We need the following definitions.

Definition 15.2

Any vector x that yields the minimum value of the objective function ¢’ & over
the set of vectors satisfying the constraints Az = b, £ > 0, is said to be an
optimal feasible solution.

v

An optimal feasible solution that is basic is said to be an optimal basic feasible
solution.

Theorem 15.1 Fundamental Theorem of LP. Consider a linear program in standard
form.

1. Ifthere exists a feasible solution, then there exists a basic feasible solution;

2. If there exists an optimal feasible solution, then there exists an optimal basic
Seasible solution.

0

Proof. We first prove part 1. Suppose that = [z;,...,%,]7 is a feasible solution,
and it has p positive components. Without loss of generality, we can assume that the
first p components are positive, whereas the remaining components are zero. Then,
in terms of the columns of A = [ay,...,a,,. .., ;] this solution satisfies

T101 + 2202 + - -+ 2pap = b.

There are now two cases to consider.

Case I: If a1, a3, ..., a, are linearly independent, then p < m. If p = m, then
the solution x is basic and the proof is completed. If, on the other hand, p < m,
then, since rank A = m, we can find m — p columns of A from the remaining n — p
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columns so that the resulting set of m columns forms a basis. Hence, the solution x
is a (degenerate) basic feasible solution corresponding to the above basis.

Case 2: Assume that a1,@s,...,a, are linearly dependent. Then, there exist
numbers y;, ¢ = 1,...,p, not all zero, such that

a1 +yeas + -+ ypap, = 0.

We can assume that there exists at least one y; that is positive, for if all the y; are
nonpositive, we can multiply the above equation by —1. Multiply the above equation
by a scalar £ and subtract the resulting equation from z1@1 + z2a2 + - - +zpa, = b
to obtain

(1 —ey1)ar + (z2 —ey2)az + - + (Tp —€ypla, = b.

Let
y=[y1,...,yp,0,...,0]T.

Then, for any €, we can write
Alxz —ey] =b.

Lete = min{a;/y; : ¢ =1,...,p, y; > 0}. Then, the first p components of € — ey
are nonnegative, and at least one of these components is zero. We then have a feasible
solution with at most p — 1 positive components. We can repeat this process until we
get linearly independent columns of A, after which we are back to Case 1. Therefore,
part 1 is proved.

We now prove part 2. Suppose that £ = [z;,...,2,]7 is an optimal feasible
solution, and only the first p variables are nonzero. Then, we have two cases to
consider. The first case (Case 1) is exactly the same as in part 1. The second
case (Case 2) follows the same arguments as in part 1, but in addition we must
show that & — ey is optimal for any e. We do this by showing that ¢y = 0.
To this end, assume ¢’y # 0. Note that for & of sufficiently small magnitude
(le] € min{lz;/yi| : i = 1,...,p, yi # 0}), the vector z — ey is feasible. We
can choose ¢ such that ¢’z > e¢Tx — ecTy = ¢T(x — ey). This contradicts the
optimality of . We can now use the procedure from part 1 to obtain an optimal basic
feasible solution from a given optimal feasible solution. |

Example 15.13 Consider the system of equations given in the previous example
(Example 15.12). Find a nonbasic feasible solution to this system, and then use
the method in the proof of the fundamental theorem of LP to find a basic feasible
solution.

Recall that solutions for the system given in the previous example have the form

14
oy 3

5
0
0

2
5

xr=

bt O O N
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where s,t € R. Note thatif s = 4 and ¢t = 0 then

o =

[ T SQESHTENSHT=N

is a nonbasic feasible solution.
There are constants y;, ¢ = 1,2, 3, such that

y1a1 +y2as +y3az = 0.

For example, let

2
i = - ga
3
Y2 = ga
Ys = 1.
Note that
A(zo —ey) = b,
where )
§5
y=1 3
0
If € = 1/3, then )
3
0
L1 =Tg —EY = 11
3
0
is a basic feasible solution. ]

Observe that the fundamental theorem of LP reduces the task of solving a linear
programming problem to that of searching over a finite number of basic feasible
solutions. That is, we need only check basic feasible solutions for optimality. As
mentioned before, the total number of basic solutions is at most

(m) = e =

Although this number is finite, it may be quite large. For example, if m = 5 and

n = 50, then
(") = (5O> = 2,118, 760.
m 5
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This is potentially the number of basic feasible solutions to be checked for optimality.
Therefore, a more efficient method of solving linear programs is needed. To this end,
in the next section, we analyze a geometric interpretation of the fundamental theorem
of LP. This leads us to the simplex method for solving linear programs, which we
discuss in the following chapter.

15.8 A GEOMETRIC VIEW OF LINEAR PROGRAMS

Recall that a set @ C R" is said to be convex if, for every z,y € © and every real
number a, 0 < a < 1, the point o + (1 — @)y € ©. In other words, a set is
convex if, given two points in the set, every point on the line segment joining these
two points is also a member of the set.

Note that the set of points satisfying the constraints

Az =b, >0

is convex. To see this, let z; and x; satisfy the constraints, thatis, Az; = b, z; > 0,
i =1,2. Then, foralla € (0,1), Aoz + (1 —a)x2) = Az +(1—-a)Azy = b.
Also, for a € (0,1), we have ax; + (1 — a)zy > 0.

Recall that a point = in a convex set © is said to be an extreme point of © if
there are no two distinct points x; and x5 in © such that = ax; + (1 — a)x; for
some « € (0,1). In other words, an extreme point is a point that does not lie strictly
within the line segment connecting two other points of the set. Therefore, if x is an
extreme point, and = axy + (1 — @)z for some 1,22 € © and a € (0, 1), then
x1 = &3. In the following theorem, we show that extreme points of the constraint
set are equivalent to basic feasible solutions.

Theorem 15.2 Let Q) be the convex set consisting of all feasible solutions, that is, all

n-vectors x satisfying
Az =b, x>0,

where A € R™*" m < n. Then, x is an extreme point of Q if and only if x is a
basic feasible solution to Ax = b, x > 0. m]

Proof. =: Suppose that x satisfies Az = b,z > 0, and it has p positive components.
As before, without loss of generality, we can assume that the first p components are
positive, and the remaining components are zero. We have

r1a) + 202 + -+ Tpap = b.
Lety;,i = 1,...,p, be numbers such that
Y101 + Y209 + -+ ypa, = 0.

We show that each y; = 0. To begin, multiply this equation by € > 0, then add and
subtract the result from the equation x;a; + z2a2 + -+ + xpa, = bto get

(z1 +ey1)ar + (22 +eya)as + -+ (zp +eypla, = b
(z1 —ey1)ay + (22 —eyr)az + -+ (zp — cyp)ap b.
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Because each z; > 0, € > 0 can be chosen such that each z; + ey;,z; —ey; > 0
(e.g.,e =min{|z;/y;| : i =1,...,p, y; #Z 0}). For such a choice of ¢, the vectors
21 = [z +eyr, T2 +eys,...,Tp + €Yp,0,...,017
2o = [Ty —EY1, T2 —EY2,--.,Tp — EYp, 0,...,0]T
belong to ). Observe that & = 321 + 3 z2. Because  is an extreme point, z; = z».
Hence, each y; = 0, which implies that the a; are linearly independent.

<=: Let ¢ € (2 be a basic feasible solution. Let ¢, 2z € 2 be such that
z=ay+(1-o0)z

for some o € (0,1). We show that y = 2, and conclude that & is an extreme point.
Because y,z > 0, and the last n — m components of x are zero, the last n — m
components of ¥ and 2z are zero as well. Furthermore, since Ay = Az = b,

a1+ +ym@pm =b
and

2101+ -+ 2m@m = b.

Combining the above two equations yields
(y1 —z1)a1 + -+ (Ym — 2m)am = 0.

Because the columns a4, ...,a, are linearly independent, we have y; = z;, i =
1,...,m. Therefore, y = z, and hence x is an extreme point of 2. [ |

From the above two theorems, it follows that the set of extreme points of the
constraintset (2 = {x : Az = b,z > 0} is equal to the set of basic feasible solutions
to Az = b, z > 0. Combining the above observation with the fundamental theorem
of LP, we can see that in solving linear programming problems we need only examine
the extreme points of the constraint set.

Example 15.14 Consider the following LP problem:

maximize 3z; + 519

subjectto 7 +5z3 < 40
21 +22 < 20

T1+x2 < 12

zy,z2 2> 0.

We introduce slack variables x3, x4, Z5 to convert the above LP problem into standard
form:
minimize — 3z, — 5z9
subject to x; + 5z + 3 = 40
21+ T2+ 34 20
1 + 22 + 5 = 12
T1,...,Ts5

v
=)
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In the remainder of the example, we consider only the problem in standard form. We
can represent the above constraints as

1 5 1 0 0 40
{2 4+2: |1 +2310) +24 |1 +251]0 = 20|,
1 1 0 0 1 12
L1y.043T5 2 07

that is, ya1 + Z202 + T3a3 + T4a4 + T5a5 = b, > 0. Note that
x = [0,0,40,20,12]T

is a feasible solution. But, for this x, the value of the objective function is zero. We
already know that the minimum of the objective function (if it exists) is achieved
at an extreme point of the constraint set () defined by the above constraints. The
point [0, 0, 40, 20, 12]7 is an extreme point of the set of feasible solutions, but it turns
out that it does not minimize the objective function. Therefore, we need to seek the
solution among the other extreme points. To do this, we move from one extreme point
to an adjacent extreme point such that the value of the objective function decreases.
Here, we define two extreme points to be adjacent if the corresponding basic columns
differ by only one vector. We begin with = [0, 0, 40, 20, 12]T. We have

0a; + 0ag + 40a3 + 20a4 + 12a5 = b.

To select an adjacent extreme point, let us choose to include a; as a basic column in
the new basis. We need to remove either a3, a4 or as from the old basis. We proceed
as follows. We first express @, as a linear combination of the old basic columns:

a1 = laz + 2a4 + las.
Multiplying both sides of this equation by £, > 0, we get
€101 = €103 + 2e1a4 + €105

We now add the above equation to the equation Oa; +0as +40a3 +20a4s +12a5 = b.
Collecting terms yields

e1a1 + 0as + (40 — 61)03 + (20 - 261)0,4 + (12 - 61)(15 =b.

We want to choose €, in such a way that each of the above coefficients is nonnegative,
and at the same time one of the coefficients of either a3, a4, or as becomes zero.
Clearly €; = 10 does the job. The result is

10a; + 30as + 2as = b.
The corresponding basic feasible solution (extreme point) is

[10,0,30,0,2]".
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For this solution, the objective function value is —30, which is an improvement
relative to the objective function value at the old extreme point.

We now apply the same procedure as above to move to another adjacent extreme
point, which hopefully further decreases the value of the objective function. This
time, we choose as to enter the new basis. We have

1 9 1
as = 50,1 + 5&3 + 50,5,

1 9 1
(10 - 562) ai + €202 + (30 - 552) as + (2 - '2—62) as = b.

Substituting €5 = 4, we obtain

and

8a; + 4as + 12a3 = b.

The solution is [8,4, 12,0,0]7 and the corresponding value of the objective function
is —44, which is smaller than the value at the previous extreme point. To complete
the example, we repeat the procedure once more. This time, we select a4 and express
it as a combination of the vectors in the previous basis, a;, a2, and a;:

as = a; — a2 + 4as,
and hence
(8—e3)ay +(4+e3)az + (12 —4e3)az +c3a4 = b.

The largest permissible value for €3 is 3. The corresponding basic feasible solution is
[5,7,0,3,0]7, with an objective function value of —50. The solution [5,7,0,3,0]7
turns out to be an optimal solution to our problem in standard form. Hence, the
solution to the original problem is [5,7]T, which we can easily obtain graphically
(see Figure 15.11). [ |

The technique used in the above example for moving from one extreme point
to an adjacent extreme point is also used in the simplex method for solving LP
problems. The simplex method is essentially a refined method of performing these
manipulations.

EXERCISES

15.1 Convert the following linear programming problem to standard form:

maximize 2x1 + x5

subject to 0<r <2
T1+z22 <3
1+ 225 <5

1'220
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Figure 15.11 A graphical solution to the LP problem in Example 15.14

15.2 Consider a discrete-time linear system zxy1 = ez + buy, where uy is the
input at time k, z;, is the output at time k, and a, b € R are system parameters. Given
an initial condition xy = 1, consider the problem of minimizing the output z, at time
2 subject to the constraint that |u;| < 1,7 =0, 1.

Formulate the problem as a linear programming problem, and convert it into
standard form.

15.3 Consider the optimization problem

minimize c1)z1] + calza| + - + enlznl

subject to Ax = b,

where ¢; # 0,¢ = 1,...,n. Convert the above problem into an equivalent standard
form linear programming problem.

Hint: Givenany z € R, we can find unique numbers z7, 2~ € R, z+,z~ > 0, such
that|z| =zt +z- andz =xF —z~.

15.4 Does every linear programming problem in standard form have a nonempty
feasible set? If yes, prove. If no, give a specific example.

Does every linear programming problem in standard form (assuming a nonempty
feasible set) have an optimal solution? If yes, prove. If no, give a specific example.
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15.5 A cereal manufacturer wishes to produce 1000 pounds of a cereal that contains
exactly 10% fiber, 2% fat, and 5% sugar (by weight). The cereal is to be produced
by combining four items of raw food material in appropriate proportions. These four
items have certain combinations of fiber, fat, and sugar content, and are available at
various prices per pound, as shown below:

Item 1 2 3 4
% fiber 3 8 16 4
% fat 6 46 9 9
Josugar 20 S5 4 O
Price/lb. 2 4 1 2

The manufacturer wishes to find the amounts of each of the above items to be used
to produce the cereal in the least expensive way. Formulate the problem as a linear
programming problem. What can you say about the existence of a solution to this
problem?

15.6 Suppose a wireless broadcast system has n transmitters. Transmitter j broad-
casts at a power of p; > 0. There are m locations where the broadcast is to be
received. The “path gain” from transmitter j to location i is g; ;; that is, the power
of the signal transmitted from transmitter j received at location ¢ is g; jp;. The
total received power at location ¢ is the sum of the received powers from all the
transmitters.

Formulate the problem of finding the minimum sum of the transmit powers subject
to the requirement that the received power at each location is at least P.

15.7 Consider the system of equations:

T
2 -1 2 -1 3 T2 14
1 2 3 1 0 Tz | = 5
1 0 -2 0 -5 T4 -10
5

Check if the system has basic solutions. If yes, find all basic solutions.

15.8 Solve the following linear program graphically:

maximize 2z1 + 5z2
subject to 0<z2 <4
0 S T2 S 6

1+ 22 < 8.
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15.9 The optimization toolbox in MATLAB provides a function, 1inprog, for
solving linear programming problems. Use the function 1inprog to solve the
problem in Example 15.5. Use the initial condition 0.
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16

Simplex Method

16.1 SOLVING LINEAR EQUATIONS USING ROW OPERATIONS

The examples in the previous chapters illustrate that solving linear programs involves
the solution of systems of linear simultaneous algebraic equations. In this section, we
describe a method for solving a system of n linear equations in n unknowns, which
we use in subsequent sections. The method uses elementary row operations and
corresponding elementary matrices. For a discussion of numerical issues involved in
solving a system of simultaneous linear algebraic equations, we refer the reader to
[27] and [37].

An elementary row operation on a given matrix is an algebraic manipulation of
the matrix that corresponds to one of the following:

1. Interchanging any two rows of the matrix;
2. Multiplying one of its rows by a real nonzero number;
3. Adding a scalar multiple of one row to another row.

An elementary row operation on a matrix is equivalent to premultiplying the matrix
by a corresponding elementary matrix, which we define next.

Definition 16.1 We call E an elementary matrix of the first kind if E is obtained
from the identity matrix I by interchanging any two of its rows. |

287
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An elementary matrix of the first kind formed from I by interchanging the ith and
the jth rows has the form

r-1 1

0 1 +— ithrow

1 0 +—— jthrow

Note that E is invertible and E = E~!.

Definition 16.2 We call E an elementary matrix of the second kind if E is obtained
from the identity matrix I by multiplying one of its rows by a real number a # 0. il

The elementary matrix of the second kind formed from I by multiplying the ith
row by a # 0 has the form

1 -
' 0
1
E = a «—— ithrow
1
0
- 1 -
Note that F is invertible and
[1 h
) 0
1
El'= 1/a +— ithrow
1
0
- 1 -

Definition 16.3 We call E an elementary matrix of the third kind if E is obtained
from the identity matrix I by adding /4 times one row to another row of I. [ |
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An elementary matrix of the third kind obtained from I by adding J times the jth
row to the 7th row has the form

1
1 ... B +— ithrow
1 +— jthrow

1

Observe that F is the identity matrix with an extra 3 in the (¢, j)th location. Note
that E is invertible and

"1 -
1 - -8 +— ithrow

El=
1 +— jthrow

1

Definition 16.4 An elementary row operation (of first, second, or third kind) on a
given matrix is a premultiplication of the given matrix by a corresponding elementary
matrix of the respective kind. [ |

Because elementary matrices are invertible, we can define the corresponding
inverse elementary row operations.

Consider a system of n linear equations in n unknowns z1, Za, . . . , T, With right-
hand sides by, ba, . .., by,. In matrix form, this system may be written as
Az = b,
where
xr = [.’171, e .,.’l,‘n]T,
b = [by,.. .,bn]T,
A e Rﬂ. Xn

If A is invertible then
z=A"1b.

Thus, the problem of solving the system of equations Az = b, with A € R**"
invertible is related to the problem of computing A~*. We now show that A™* can
be effectively computed using elementary row operations. In particular, we prove the
following theorem.
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Theorem 16.1 Let A € R™*" be a given matrix. Then, A is nonsingular(invertible)
if and only if there exist elementary matrices E;, 1 = 1,...,t, such that
E,. - -E;F1A=1
O

Proof. =: If A is nonsingular then its first column must have at least one nonzero
clement, say a;; # 0. Premultiplying A by an elementary matrix of the first kind of
the form

[0 1

E,

1 0 «— jthrow

- 1 -

brings the nonzero element a;; to the location (1,1). Hence, in the matrix £, A, the

element a;; # 0. Note that since E; is nonsingular, F'; A is also nonsingular.
Next, we premultiply E;1 A by an elementary matrix of the second kind of the

form
1/(111
1
E; =
1

The result of this operation is the matrix E; F1 A with unity in the location (1,1). We
next apply a sequence of elementary row operations of the third kind on the matrix
EyF | A. Specifically, we premultiply E2 E'1 A by n — 1 elementary matrices of the
form

1 1
-—Qa9] 1 .
E3= 1 1"'1ET‘: 1 3

1 —Qan1 1

where r = 24+ n — 1 = n + 1. The result of these operations is the nonsingular

matrix B B
1 a2 -+ Gin
G2 -+ Q2n

E,-Er_]_ et E2E1A =
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Because the matrix E, - - - E'{ A is nonsingular, its submatrix

Q2 --- Q2n

dn2 te ann

must be nonsingular too. The above implies that there is a nonzero element a;;,
where 2 < j < n. Using an elementary operation of the first kind, we bring this
element to the location (2,2). Thus, in the matrix

E,E, - E A

the (2, 2)th element is nonzero. Premultiplying the above matrix by an elementary
matrix of the second kind yields the matrix

E.2E. ;- EA,

in which the element in the location (2, 2) is unity. As before, we premultiply this
matrix by n — 1 elementary row operations of the third kind, to get a matrix of the
form

1 0 a3z - g
0 1 @3 -+ azq
E,--E,...-E,A=|0 0 as - as
0 0 &nS énn

where s = r +2+n — 1 = 2(n + 1). The above matrix is nonsingular. Hence, there
is a nonzero element @;3, 3 < j < n. Proceeding in a similar fashion as before, we
obtain

E,--E,--E,---E1A=1,

where t = n(n + 1).
«: If there exist elementary matrices E1, ..., E; such that

E,  -EA=1,
then clearly A is invertible, with
A'=E, - Ei.
|

The above theorem suggests the following procedure for finding A, if it exists.
We first form an augmented matrix

(A, 1].

We then apply elementary row operations to [A, I] so that A is transformed into I,

that is, we obtain
E,---E\[AI|=[1,B].
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It then follows that
B=E,---E;=A"1

Example 16.1 Let

2 5 10 0
1 1 1 0
A= -2 -10 =30 1
-1 -2 -3 0
Find A™'.
We form an augmented matrix
2 5 10 01 0 00O
1 1 1 00100
[4,1]= -2 -10 =30 1 0 0 1 0}’
-1 -2 -3 0 00 01

and perform row operations on this matrix. Applying row operations of the first and
third kinds yields

1 1 1 00 1 00
0 3 8§ 01 -2 00
0O -8 -281 0 2 1 0
0 -1 -2 00 1 01

We then interchange the second and fourth rows and apply elementary row operations
of the second and third kinds to get

10 -1 00 2 0 1
01 2 00 -10 -1
00 2 01 1 0 3
00 -12 10 -6 1 -8

Now multiply the third row by 1/2 and then perform a sequence of the elementary
operations of the third kind to obtain

1000 ¥ 5 o0 3
0100 -1 -2 0 -4
0010 3 3 0 3
0001 6 0 1 10
Hence,
1 5 g &
-21—220—24
AT =0 0 g
2 2 2
6 0 1 10
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We now return to the general problem of solving the system of equations Az = b,
A € R™"_ If A exists then the solution is * = A~ 'b. However, we do not need
an explicit expression for A~ to find the solution. Indeed, let A~' be expressed as
a product of elementary matrices

A '=E,E,_,---E;.

Thus,
E;---EiAxz =E;---Eb

and hence
x=F,---FE\b.

The above discussion leads to the following procedure for solving the system Ax = b.
Form an augmented matrix

[A,b].

Then, perform a sequence of row elementary operations on this augmented matrix
until we obtain

[1,b].

From the above, we have that if  is a solution to Az = b, then it is also a solution
to EAx = Eb, where E = E;--- E represents a sequence of elementary row
operations. Because FA = I, and Eb = b, it follows that ¢ = b is the solution to
Ax = b, A € R"*" invertible.

Suppose now that A € R™*™ where m < n, and rank A = m. Then, A is not
a square matrix. Clearly in this case the system of equations Az = b has infinitely
many solutions. Without loss of generality, we can assume that the first 71 columns
of A are linearly independent. Then, if we perform a sequence of elementary row
operations on the augmented matrix [A, b] as before, we obtain

[I7 D’ B]’
where D is an m x (n — m) matrix. Let x € R" be a solution to Az = b, and
writt z = [z§,z]]7, where zg € R™, zp € R"~™). Then, [I, D]z = b, which

we can rewrite as xp + Dxp = b,or xp = b — Dz p. Note that for an arbitrary
zp € R"™ if g = b — Dz p, then the resulting vector x = [z5,z5] T isa

-7
solution to Az = b. In particular, [b" ,07]7 is a solution to Az = b. We often

~T
refer to the basic solution [b , 07T as a particular solution to Az = b. Note that
[~(Dzp)T,zL]7 is a solution to Az = 0. Any solution to Az = b has the form

o= [o] < [27]

for some zp € Rin—m)
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16.2 THE CANONICAL AUGMENTED MATRIX

Consider the system of simultaneous linear equations Az = b, rank A = m. Using
a sequence of elementary row operations, and reordering the variables if necessary,
we transform the system Ax = b into the following “canonical form™:

T + Y1 m+1Tm+1 T+ o+ Y1nTn = Y10
T2 + Yom+1Tmtl - F YT = Y20
Tm+ Ymm+1Zm+1 + 0+ YmnZn = Ymo-

The above can be represented in matrix notation as
[Ima Ym,n—m]z = Yo-
Formally, we define the canonical form as follows.

Definition 16.5 A system Az = b is said to be in canonical form if, among the
n variables, there are m variables with the property that each appears in only one
equation, and its coefficient in that equation is unity. |

A system is in canonical form if by some reordering of the equations and the
variables it takes the form [I,,, Y 1n n—m]® = y,. If a system of equations Az = b
is not in canonical form, we can transform the system into canonical form by a
sequence of elementary row operations. The system in canonical form has the same
solution as the original system Az = b, and is called the canonical representation
of the system with respect to the basis a1,...,a,,. There are, in general, many
canonical representations of a given system, depending on which columns of A we
transform into the columns of I,,, (i.e., basic columns). We call the augmented matrix
I m, Y m.n—m,Yo] of the canonical representation of a given system the canonical
augmented matrix of the system with respect to the basis a4, ..., a,,. Of course,
there may be many canonical augmented matrices of a given system, depending on
which columns of A are chosen as basic columns.

The variables corresponding to basic columns in a canonical representation of a
given system are the basic variables, whereas the other variables are the nonbasic
variables. In particular, in the canonical representation [I ., Y m n—m]|x = y, of 2
given system, the variables x1, . . ., T, are the basic variables, and the other variables
are the nonbasic variables. Note that in general the basic variables need not be the
first m variables. However, in the following discussion we assume, for convenience
and without loss of generality, that the basic variables are indeed the first m variables
in the system. Having done so, the corresponding basic solution is

Iy = %o,
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Tm = Ym0,
Tm+1 = 0,
Tn = 0,

that is,

mz[%o].

Given asystem of equations Az = b, consider the associated canonical augmented
matrix

10 -+ 0 yimyr - Y1n Y10

01 0 yam+1 ¢ Y2 Y20
[Im,Ym,n-—m;yO] = : . . . .

0 0 -+ 1 Ymmst " YUmn Ymo

From the arguments above, we conclude that
b = y10a;1 +y20az + - + YmoGm-

In other words, the entries in the last column of the canonical augmented matrix
are the coordinates of the vector b with respect to the basis {ai,...,an}. The
entries of all the other columns of the canonical augmented matrix have a similar
interpretation. Specifically, the entries of the jth column of the canonical augmented
matrix, j = 1,...,n, are the coordinates of a; withrespect to the basis {a1, ..., am}.
To see this, note that the first m columns of the augmented matrix form a basis (the
standard basis). Every other vector in the augmented matrix can be expressed as
a linear combination of these basis vectors by reading the coefficients down the
corresponding column. Specifically, leta},i = 1,...,n+1, be the ith column in the
above augmented matrix. Clearly, since af, ..., al, form the standard basis, then
form<j<n,
@ = Y1) + Y285+ F Ymjlpy,.

Let a;, 1 = 1,...,n be the ith column of A, and a,+1 = b. Now, a} = Fa,,
t = 1,...,n + 1, where E is a nonsingular matrix that represents the elementary
row operations needed to transform [A,b] into [I,, Y 1y, n—m, Yyg). Therefore, for
m < j < n, we also have

a; = Y1501 + Y2502 + -+ YmiQm.

16.3 UPDATING THE AUGMENTED MATRIX

To summarize the previous section, the canonical augmented matrix of a given system
Az = b specifies the representations of the columns a;, m < j < n, in terms of the
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basic columns a,,...,a,,. Thus, the elements of the jth column of the canonical
augmented matrix are the coordinates of the vector a; with respect to the basis
@i, ...,Qn. The coordinates of b are given in the last column.

Suppose that we are given the canonical representation of a system Ax = b. We
now consider the following question: If we replace a basic variable by a nonbasic
variable, what is the new canonical representation corresponding to the new set of
basic variables? Specifically, suppose that we wish to replace the basis vector a,,
1 < p < m, by the vector a,, m < g < n. Provided the first m vectors with a,
replaced by a, are linearly independent, these vectors constitute a basis and every
vector can be expressed as a linear combination of the new basic columns.

Let us now find the coordinates of the vectors a4, .. ., @, with respect to the new
basis. These coordinates form the entries of the canonical augmented matrix of the
system with respect to the new basis. In terms of the old basis, we can express a4 as

m m
Qg = Yig®i = Y YigQi + Ypg@p-
i=1 i=1
i#p
Note that the setof vectors {a1, . ..,8p-1,84,8p+1, - - -, @, } is linearly independent

if and only if ypq # 0. Solving the above equation for a,, we get

1 = Yi
ap = —a; — Z Yia g,.
Ypq iy Ira
i#p
Recall that in terms of the old augmented matrix, any vector @;, m < j < n, can be
expressed as
a; = Y1581 + Y2502 + - + Ymj@m.

Combining the last two equations yields

m
Ypj Yrj
a; = Z (yij - yﬂyiq> a; + yﬂaq-

o1 g Py
i#p
Denoting the entries of the new augmented matrix by y;J we obtain
Ypj .
Vi = i v, i £ D,
Ypq
’ Ypj
Ypi = -
P Ypq

Therefore, the entries of the new canonical augmented matrix can be obtained from
the entries of the old canonical augmented matrix via the above formulas. The above
equations are often called the pivot equations, and y,, the pivot element.

We refer to the operation on a given matrix by the above formulas as pivoting
about the (p, q)th element. Note that pivoting about the (p, ¢)th element results in
a matrix whose gth column has all zero entries, except the (p, ¢)th entry, which is
unity. The pivoting operation can be accomplished via a sequence of elementary row
operations, as was done in the proof of Theorem 16.1.
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16.4 THE SIMPLEX ALGORITHM

The essence of the simplex algorithm is to move from one basic feasible solution to

another until an optimal basic feasible solution is found. The canonical augmented

matrix discussed in the previous section plays a central role in the simplex algorithm.
Suppose that we are given the basic feasible solution

z=[T,...,ZTm,0,...,0T, 2, >0, i=1,...,m

or equivalently
a1+ -+ Tpay =b.

In the previous section, we saw how to update the canonical augmented matrix if we
wish to replace a basic column by a nonbasic column, that is, if we wish to change
from one basis to another by replacing a single basic column. The values of the
basic variables in a basic solution corresponding to a given basis are given in the
last column of the canonical augmented matrix with respect to that basis, that is,
T; = 4, ¢ = 1,...,m. Basic solutions are not necessarily feasible, that is, the
values of the basic variables may be negative. In the simplex method, we want to
move from one basic feasible solution to another. This means that we want to change
basic columns in such a way that the last column of the canonical augmented matrix
remains nonnegative. In this section, we discuss a systematic method for doing this.
In the remainder of this chapter, we assume that every basic feasible solution of

Ax = b

T 0

v

is a nondegenerate basic feasible solution. We make this assumption primarily for
convenience—all arguments can be extended to include degeneracy.

Let us start with the basic columns a,, . . ., @n,, and assume that the corresponding
basic solution £ = [y10,.-.,Ymo0,0,...,0]7 is feasible, that is, the entries y;o,
i = 1,...,m, in the last column of the canonical augmented matrix are positive.

Suppose that we now decide to make the vector a4, ¢ > m, a basic column. We first
represent a4 in terms of the current basis as

Qg = Y1401 + Y2402 + - - + YmgOm-
Multiplying the above by € > 0 yields
EQg = EY1401 + EY24a2 + - + EYmqQm.
We combine the above equation with
Y10a1 + - + Ymo@m = b
to get

(y10 — €qu)al + (Y20 — €y2q)@2 + - - + (ymo — Equ)am +ea; =b.
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Note that the vector ) i}
Y10 — €Y14

Ymo — EYmyq
0

0

where £ appears in the gth position, is a solutionto Az = b. If ¢ = 0, then we obtain
the old basic feasible solution. As € is increased from zero, the gth component of
the above vector increases. All other entries of this vector will increase or decrease
linearly as € is increased, depending on whether the corresponding y;, is negative or
positive. For small enough £, we have a feasible but nonbasic solution. If any of the
components decreases as & increases, we choose ¢ to be the smallest value where one
(or more) of the components vanishes. That is,

¢ = min{yio/yiq : Yig > 0}

With the above choice of €, we have a new basic feasible solution, with the vector a,
replacing a,, where p corresponds to the minimizing index p = arg min; {y;0/yiq :
¥ig > 0}. So, we now have a new basis a1,...,85_1,8p41,...,@m,Qq. As We
can see, a, was replaced by a, in the new basis. We say that a, enters the basis,
and a,, leaves the basis. If the minimum in min; {yi0/ysq : ¥iq > 0} is achieved by
more than a single index, then the new solution is degenerate and any of the zero
components can be regarded as the component corresponding to the basic column
that leaves the basis. If none of the y;, are positive, then all components in the vector
(Y10 = €Y1g) - - 1 Ym0 — EYmgs 0y 1€, .o, O]T increase (or remain constant) as € is
increased, and no new basic feasible solution is obtained, no matter how large we
make €. In this case, there are feasible solutions having arbitrarily large components,
that is, the set 2 of feasible solutions is unbounded.

So far, we have discussed how to change from one basis to another, while preserv-
ing feasibility of the corresponding basic solution, assuming that we have already
chosen a nonbasic column to enter the basis. To complete our development of the
simplex method, we need to consider two more issues. The first issue concerns the
choice of which nonbasic column should enter the basis. The second issue is to find
a stopping criterion, that is, a way to determine if a basic feasible solution is optimal
or not. To this end, suppose that we have found a basic feasible solution. The main
idea of the simplex method is to move from one basic feasible solution (extreme point
of the set ) to another basic feasible solution at which the value of the objective
function is smaller. Because there is only a finite number of extreme points of the
feasible set, the optimal point will be reached after a finite number of steps.

We already know how to move from one extreme point of the set §} to a neighboring
one, by updating the canonical augmented matrix. To see which neighboring solution
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we should move to and when to stop moving, consider the following basic feasible

solution
[xg, OT]T = [ym, N ,ymo,O, ceey O]T

together with the corresponding canonical augmented matrix, having an identity
matrix appearing in the first m columns. The value of the objective function for any
solution x is

Z2=c0C121 +Caxg+ -+ Crhlp.

For our basic solution, the value of the objective function is
— — T —
2z =Z%p = CgRTB = C1¥10 + -+ CmYmo,
where
T
cg =[er,62,-..,Cm).

To see how the value of the objective function changes when we move from one basic
feasible solution to another, suppose that we choose the gth column, m < ¢ < n, to
enter the basis. To update the canonical augmented matrix, letp = arg min;{yio/yiq :
Yig > 0}, and € = ypo/ypq- The new basic feasible solution is

[ Y10 — €Y1q ]

Ymo — EYmgq
0

L 0 _
Note that the single ¢ appears in the gth component, whereas the pth component is
zero. Observe that we could have arrived at the above basic feasible solution by
simply updating the canonical augmented matrix, using the pivot equations from the
previous section:

Ypj .
Vi; = Vi~ Yiq, i # D,
Ypq
! Ypj
Ypi — —
b Ypq

where the gth column enters the basis, and the pth column leaves (i.e., we pivot about
the (p, ¢)th element). The values of the basic variables are entries in the last column
of the updated canonical augmented matrix.

The cost for this new basic feasible solution is

z = calyo— que) + o+ em(Ymo — qus) + Cq€
= 204 [cg = (C1y10 + -+ + Cm¥Ymg))e,
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where 29 = c1y10 + * - - + CmYmo- Let
Zg =CiY1q +  + CmYmg-

Then,
z =29+ (cq — 7g)e.

Thus, if
z—29 = (cqg — 2zg)e <0,

then the objective function value at the new basic feasible solution above is smaller
than the objective function value at the original solution (i.e., z < zp). Therefore, if
¢ — zq < 0, then the new basic feasible solution with @, entering the basis has a
lower objective function value.
On the other hand, if the given basic feasible solution is such that for all ¢ =
m+1,...,n,
cg— 2420,

then we can show that this solution is in fact an optimal solution. To show this, recall
from Section 16.1 that any solution to Ax = b can be represented as

r = [yo] + [_Ym,n-me:I
0 rp

for some xp = [Tmy1,---,Zn]’ € R(»=™)  Using similar manipulations as the
above, we obtain . ‘
e =2+ Z (ci — zi)xs,
i=m+1

where z; = c1y1i+ - + CmYmir it = m+1,...,n. For afeasible solution, we have
z; > 0,i=1,...,n. Therefore,if ¢; — z; > 0 foralli =m + 1,...,n, then any
feasible solution  will have objective function value ¢Tx no smaller than zg.

Letr; =0fori=1,...,m,andr; =¢; —z;fori =m+1,...,n. Wecall r;
the ith reduced cost coefficient or relative cost coefficient. Note that the reduced cost
coefficients corresponding to basic variables are zero.

‘We summarize the above discussion with the following result.

Theorem 16.2 A basic feasible solution is optimal if and only if the corresponding
reduced cost coefficients are all nonnegative. O

At this point, we have all the necessary steps for the simplex algorithm:

The Simplex Algorithm

1. Form a canonical augmented matrix corresponding to an initial basic feasible
solution.

2. Calculate the reduced cost coefficients corresponding to the nonbasic variables.
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3. If r; > 0O for all §, stop—the current basic feasible solution is optimal.
4. Selecta g such thatry < 0.

5. If no y;; > 0, stop—the problem is unbounded; else, calculate p =
arg min;{y0/¥yiq : Yiq > 0}. (If more than one index ¢ minimizes yio/yiq, We
let p be the smallest such index.)

6. Update the canonical augmented matrix by pivoting about the (p, ¢)th element.

7. Go to step 2.

We state the following result for the simplex algorithm, which we have already
proved in the foregoing discussion.

Theorem 16.3 Suppose that we have an LP problem in standard form that has an
optimal feasible solution. If the simplex method applied to this problem terminates,
and the reduced cost coefficients in the last step are all nonnegative, then the resulting
basic feasible solution is optimal. O

Example 16.2 Consider the following linear program (see also Exercise 15.8):

maximize [2 5] [2]
subjectto x; < 4
Tz < 6
z1+z2 < 8
1,2 > 0

We solve this problem using the simplex method.
Introducing slack variables, we transform the problem into standard form

minimize —211 — 529 — 0x3 — 024 — Oz
subject to T + T3 = 4
T2 + x4 6
Ty +xo +25 = 8
T1,...,25 > 0.

The starting canonical augmented matrix for this problem is

a a a3 a; as b
1 0 1 0 0 4
06 1 0 1 0 6
1 1 0 0 1 8

Observe that the columns forming the identity matrix in the above canonical aug-

mented matrix do not appear at the beginning. We could rearrange the augmented
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matrix so that the identity matrix would appear first. However, this is not essential
from the computational point of view.
The starting basic feasible solution to the problem in standard form is

z = [0,0,4,6,8]T.

The columns a3, a4, and a5 corresponding to x3, T4, and x5 are basic, and they form
the identity matrix. The basis matrix is B = [a3,a4,as] = I

The value of the objective function corresponding to this basic feasible solution is
z = 0. We next compute the reduced cost coefficients corresponding to the nonbasic
variables x; and x5. They are

rL=c¢1 — 21 = ¢~ (Cay11 + cayar + CsY31) = —2,
To =Cy — 29 = Cp — (C3y12 + Csly22 + 053/32) = —5.

We would like now to move to an adjacent basic feasible solution for which the
objective function value is lower. Naturally, if there are more than one such solution,
it is desirable to move to the adjacent basic feasible solution with the lowest objective
value. A common practice is to select the most negative value of r; and then to
bring the corresponding column into the basis (see Exercise 16.12 for an alternative
rule for choosing the column to bring into the basis). In our example, we bring a,
into the basis, that is, we choose a2 as the new basic column. We then compute
p = argmin{yio/yi2 : yi2 > 0} = 2. We now update the canonical augmented
matrix by pivoting about the (2, 2)th entry using the pivot equations:

Yi; = Yij— yTyzz, 1 #£2,
e b
Vi Y2

The resulting updated canonical augmented matrix is:

a, a, a3 ays az b
1 0 1 0 0 4
0O 1 0 1 0 6
1 0 0 -1 1 2

Note that a entered the basis, and a4 left the basis. The corresponding basic feasible
solution is = [0, 6,4,0,2]T. We now compute the reduced cost coefficients for the
nonbasic columns:

™ =Cl—21:-—2
T4=C4—Z4=5.

Because r; = —2 < 0, the current solution is not optimal, and a lower objective
function value can be obtained by bringing a; into the basis. Proceeding to update
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the canonical augmented matrix by pivoting about the (3, 1)th element, we obtain:

a a; a3 a4 as b
0o 0 1 1 -1 2
0 1 0 1 0 6
1 0 0 -1 1 2

The corresponding basic feasible solution is z = [2,6,2,0, O]T. The reduced cost
coefficients are

Tqg =C4 —24 = 3

s = C5 — 25 = 2.
Because no reduced cost coefficient is negative, the current basic feasible solution

x = [2,6,2,0,0]7 is optimal. The solution to the original problem is therefore
T3 = 2, &3 = 6, and the objective function value is 34. [ |

We can see from the above example that we can solve a linear programming
problem of any size using the simplex algorithm. To make the calculations in the
algorithm more efficient, we discuss the matrix form of the simplex method in the
next section.

16.5 MATRIX FORM OF THE SIMPLEX METHOD

Consider a linear programming problem in standard form

minimize Tz
subject to Az =0
z > 0.

Let the first m columns of A be the basic columns. The columns form a square
m X m nonsingular matrix B. The nonbasic columns of A form an m x (n —m)
matrix D. We correspondingly partition the cost vectoras ¢’ = [ck, ck]. Then, the
original linear program can be represented as follows:

minimize cgmB +cTxp
Tp
zg >0, zp > 0.

subject to (B, D] [wB] =Bzp+Dxzp=0»

If zp = O, then the solution z = [x5,z5]7 = [zF,07]7 is the basic feasible
solution corresponding to the basis B. It is clear that for this to be a solution, we
need xg = B~ 1b, that is, the basic feasible solution is

.- [2)7]
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The corresponding objective function value is

2z =c5B™'b.
If, on the other hand,  p # 0, then the solution = [azg, :BE]T
case, T g is given by

is not basic. In this

xp = B"'b— B 'Dzp,

and the corresponding objective function value is

z = cgcc3+clT)wD
= c&(B7'b- B 'Dxp) + chep
= c¢EB o+ (¢} - cEB'D)xp.

Defining i
rh =¢h -cEB™'D,

we obtain
z =12z + Tng.

The elements of the vector r p are the reduced cost coefficients corresponding to the
nonbasic variables.

If rp > 0, then the basic feasible solution corresponding to the basis B is optimal.
If, on the other hand, a component of ; is negative, then the value of the objective
function can be reduced by increasing a corresponding component of x p, that is, by
changing the basis.

We now use the above observations to develop a matrix form of the simplex
method. To this end, we first add the cost coefficient vector ¢7 to the bottom of the
augmented matrix [A, b] as follows:

A bl _[B D b
¢’ 0] |k :

We refer to the above matrix as the tableau of the given LP problem. The tableau
contains all relevant information about the linear program.

Suppose that we now apply elementary row operations to the tableau such that the
top part of the tableau corresponding to the augmented matrix [A, b] is transformed
into canonical form. This corresponds to premultiplying the tableau by the matrix

Bl 0
of 1]|°
The result of this operation is

B o][B D b] [I, B'D B™'b
o7 1||ch e§ 0] |k F 0 |-
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We now apply elementary row operations to the above tableau so that the entries
of the last row corresponding to the basic columns become zero. Specifically, this
corresponds to premultiplication of the above tableau by the matrix

I, O
-c§ 1|
The result is

I, o01(1, B'D B
—cE 1| |k § 0

I B™'D B
10T L-¢IB'D -cLB7'b|”

We refer to the resulting tableau above as the canonical tableau corresponding to the
basis B. Note that the first m entries of the last column of the canonical tableau,
B~'b, are the values of the basic variables corresponding to the basis B. The entries
of ¢§ — ¢L B~ D in the last row are the reduced cost coefficients. The last element
in the last row of the tableau, —ch_lb, is the negative of the value of the objective
function corresponding to the basic feasible solution.

Given an LP problem, we can in general construct many different canonical
tableaus, depending on which columns are basic. Suppose that we have a canonical
tableau corresponding to a particular basis. Consider the task of computing the tableau
corresponding to another basis that differs from the previous basis by a single vector.
This can be accomplished by applying elementary row operations to the tableau in
a similar fashion as discussed above. We refer to this operation as updating the
canonical tableau. Note that updating of the tableau involves using exactly the same
update equations as we used before in updating the canonical augmented matrix,
namely, fors =1,...,m+1,

Ypj .
Yij = Ui — lig, i # D,
Ypq
’ Ypj
Yyi = )
y 2] ypq

wherey;; and i, ; arethe (i, 7)th entries of the original and updated canonical tableaus,
respectively.

Working with the tableau is a convenient way of implementing the simplex algo-
rithm, since updating the tableau immediately gives us both the values of the basic
variables and the reduced cost coefficients. In addition, the (negative of the) value of
the objective function can be found in the lower right-hand corner of the tablean. We
illustrate the use of the tableau in the following example.

Example 16.3 Consider the following linear programming problem:

maximize 7z, + 624
subject to 2r1 4+ 12 <3
Ty +410 < 4

T1,Z3 2 0.
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We first transform the problem into standard form so that the simplex method can
be applied. To do this, we change the maximization to minimization by multiplying
the objective function by —1. We then introduce two nonnegative slack variables, z3
and z4, and construct the tableau for the problem:

a; az a4z a4 b
2 1 1 0 3
1 4 0 1 4

0

¢ -1 -6 0 0

Notice that the above tableau is already in canonical form with respect to the basis
[@s, a4]. Hence, the last row contains the reduced cost coefficients, and the rightmost
column contains the values of the basic variables. Because 7y = —7 is the most
negative reduced cost coefficient, we bring a; into the basis. We then compute
the ratios y10/y11 = 3/2 and y20/y21 = 4. Because y10/y11 < ¥Y20/Y21, We get
p = argmin;{yi0/yi1 : ¥y > 0} = 1. We pivot about the (1, 1)th element of the
tableau to obtain

[wry
=

0

=]
I DI ~1 B[

|

N
O = O
o] N vojen pofeo

wjen
[

In the second tableau above, only 4 is negative. Therefore, ¢ = 2 (i.e., we bring as
into the basis). Because

Yo _ 4 Y20 5

20 -3, 420 2
Y12 Y T

we have p = 2. We thus pivot about the (2, 2)th element of the second tableau to
obtain the third tableau below:

4 _1 8
LA
N A
00 % 3 F

Because the last row of the third tableau above has no negative elements, we conclude
that the basic feasible solution corresponding to the third tableau is optimal. Thus,
21 =8/7, 25 = 5/7, x3 = 0, 24 = 0 is the solution to our LP in standard form, and
the corresponding objective value is —86/7. The solution to the original problem is
simply z; = 8/7, z2 = 5/7, and the corresponding objective value is 86/7. |

Degenerate basic feasible solutions may arise in the course of applying the simplex
algorithm. In such a situation, the minimum ratio y;o/yiq is 0. Therefore, even
though the basis changes after we pivot about the {p, ¢)th element, the basic feasible
solution does not (and remains degenerate). It is possible that if we start with a basis
corresponding to a degenerate solution, several iterations of the simplex algorithm
will involve the same degenerate solution, and eventually the original basis will occur.
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The whole process will then repeat indefinitely, leading to what is called cycling. Such
a scenario, although rare in practice, is clearly undesirable. Fortunately, there is a
simple rule for choosing ¢ and p, due to Bland, that eliminates the cycling problem
(see Exercise 16.12):

g = min{i:r; <0}
= min{j : yjo/yiq = miin{yiO/yiq :yig > 0}}.

16.6 THE TWO-PHASE SIMPLEX METHOD

The simplex method requires starting with a tableau for the problem in canonical
form, that is, we need an initial basic feasible solution. A brute force approach to
finding a starting basic feasible solution is to arbitrarily choose m basic columns and
transform the tableau for the problem into canonical form. If the rightmost column
is positive, then we have a legitimate (initial) basic feasible solution. Otherwise, we
would have to pick another candidate basis. Potentially, this brute force procedure
requires ( :};) tries, and is therefore not practical.

Certain LP problems have obvious initial basic feasible solutions. For example, if
we have constraints of the form Az < b and we add m slack variables 23, ..., Zym,
then the constraints in standard form become

waaf7]-o [1]0

where 2 = [z1, ... ,zm]T. The obvious initial basic feasible solution is

)

and the basic variables are the slack variables. This was the case in the example in
the previous section.
Suppose that we are given a linear program in standard form:

minimize Tz
subject to Ax=0b
x> 0.

In general, an initial basic feasible solution is not always apparent. We therefore
need a systematic method for finding an initial basic feasible solution for general LP
problems, so that the simplex method can be initialized. For this purpose, suppose
that we are given an LP problem in standard form. Consider the following associated
artificial problem:

minimize yi+y2+---+ym
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subject to (A4, I,] [z] =b

HE

where y = [y1,-- ., ym]|T. We call y the vector of artificial variables. Note that the
artificial problem has an obvious initial basic feasible solution:

0
Nk
We can therefore solve this problem by the simplex method.

Proposition 16.1 The original LP problem has a basic feasible solution if and only
if the associated artificial problem has an optimal feasible solution with objective
Junction value zero. O

Proof. =: If the original problem has a basic feasible solution @, then the vector
[£7,07]7 is a basic feasible solution to the artificial problem. Clearly, this solution
has an objective function value of zero. This solution is therefore optimal for the
artificial problem, since there can be no feasible solution with negative objective
function value. ‘

<: Suppose that the artificial problem has an optimal feasible solution with
objective function value zero. Then, this solution must have the form [:z:T, OT]T,
where > 0. Hence, we have Az = b, and « is a feasible solution to the original
problem. By the fundamental theorem of LP, there also exists a basic feasible solution.

Assume that the original LP problem has a basic feasible solution. Suppose that
the simplex method applied to the associated artificial problem has terminated with an
objective function value of zero. Then, as indicated in the proof above, the solution
to the artificial problem will have all y; = 0, ¢ = 1,...,m. Hence, assuming
nondegeneracy, the basic variables are in the first n components, that is, none of the
artificial variables are basic. Therefore, the first n components form a basic feasible
solution to the original problem. We can then use this basic feasible solution (resulting
from the artificial problem) as the initial basic feasible solution for the original LP
problem (after deleting the components corresponding to artificial variables). Thus,
using artificial variables, we can attack a general linear programming problem by
applying the two-phase simplex method. In phase I, we introduce artificial variables
and the artificial objective function, and find a basic feasible solution. In phase II, we
use the basic feasible solution resulting from phase [ to initialize the simplex algorithm
to solve the original LP problem. The two-phase simplex method is illustrated in
Figure 16.1.

Example 16.4 Consider the following linear programming problem:

minimize 2z1 + 3z
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]
PHASE 11 . PHASE I
(Finding an Y (Finding a basic

optimal solution) | feasible solution)

]

\ >

Optimal Solution
Feasible set

Figure 16.1 Illustration of the two-phase simplex method

subject to 4y + 229 > 12,
r1 +4x9 > 6,
T1,22 Z 0.

First, we express the problem in standard form by introducing surplus variables:

minimize 2z; + 3x2
subject to dr; + 229 — 23 = 12
1 +4r9 — 24 =6

T1,...,24 > 0.

For the above LP problem, there is no obvious basic feasible solution that we can use
to initialize the simplex method. Therefore, we use the two-phase method.

Phase 1. We introduce artificial variables z5,zg > 0, and an artificial objective
function x5 + . We form the corresponding tableau for the problem:

a ax a3 as as ag b
4 2 -1 0 1 0 12
1 4 0 -1 0 1 6
0

T 90 0o o0 0 1 1 o0

[+4

To initiate the simplex procedure, we must update the last row of the above tableau
to transform it into canonical form. We obtain

ay Qa2 az a4 as Qg b
4 2 -1 0 1 0 12
1 4 0 -1 0 1 6

-5 -6 1 1 0 0 -18
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The basic feasible solution corresponding to the above tableau is not optimal. There-
fore, we proceed with the simplex method to obtain the next tableau:

Lo
0 j
0 3

We still have not yet reached an optimal basic feasible solution. Performing another
iteration, we get

2 1 2 1 18
A T A
01 77 -3 —11 % 7
00 0 0O 1 1 0

Both of the artificial variables have been driven out of the basis, and the current basic
feasible solution is optimal. We now proceed to phase II.

Phase 11. We start by deleting the columns corresponding to the artificial variables
in the last tableau in phase I, and revert back to the original objective function. We
obtain

a, a2 a3 Qa4 b

2 1 18
A
0 1 5 -5 3

e 2 3 0 0 O

We transform the last row so that the zeros appear in the basis columns, that is, we
transform the above tableau into canonical form:

2 1 18
1077 7
1 2 6
01 i -7 7
5 4 _54
00IZ7 7

All the reduced cost coefficients are nonnegative. Hence, the optimal solution is
T
18 6
=157 0’ 0
* { 77 ]

and the optimal cost is 54/7. [ |

16.7 THE REVISED SIMPLEX METHOD

Consider an LP problem in standard form with the matrix A of size m x n. Suppose
that we use the simplex method to solve the problem. Experience suggests that if
m is much smaller than n, then, in most instances, pivots will occur in only a small
fraction of the columns of the matrix A. The operation of pivoting involves updating
all the columns of the tableau. However, if a particular column of A never enters
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any basis during the whole simplex procedure, then computations performed on this
column are never used. Therefore, if m is much smaller than n, the effort expended
on performing operations on many of the columns of A may be wasted. The revised
simplex method reduces the amount of computation leading to an optimal solution
by eliminating operations on columns of A that do not enter the bases.

To be specific, suppose that we are at a particular iteration tn the simplex algorithm.
Let B be the matrix composed of the columns of A forming the current basis, and
let D be the matrix composed of the remaining columns of A. The sequence
of elementary row operations on the tableau leading to this iteration (represented
by matrices E1,. .., E}) corresponds to premultiplying B, D, and bby B™' =
E} - - - E1. In particular, the vector of current values of the basic variables is B ~1p.
Observe that computation of the current basic feasible solution does not require
computation of B~ L D: all we need is the matrix B™!. In the revised simplex method,
we do not compute B~ D. Instead, we only keep track of the basic variables and
the revised tableau, which is the tableau [B_l, B _lb]. Note that this tableau is only
of size m x (m + 1) (compared to the tableau in the original simplex method, which
ism x (n + 1)). To see how to update the revised tableau, suppose that we choose
the column @, to enter the basis. Lety, = B_laq, Yo = [vo1,--- ,yOm}T =B b,
and p = argmin, {yi0/Yiq : Yiq > 0} (as in the original simplex method). Then, to
update the revised tableau, we form the augmented revised tableau [ B -1 Yo, yq], and
pivot about the pth element of the last column. We claim that the first m + 1 columns
of the resulting matrix comprise the updated revised tableau (i.e., we simply remove
the last column of the updated augmented revised tableau to obtain the updated
revised tableau). To see this, write B lasB™! = E; --- Ey, and let the matrix
FE 41 represent the pivoting operation above (i.e., Fy 4 Y, = €ps the pth column of
the m x m identity matrix). The matrix E', is given by

1 —~Y1q/Ypq 0
Eppy = 1/ypq
0 —Yma/Ypq 1

Then, the updated augmented tableau resulting from the above pivoting operation
is [Erx1 B_l,EkHyo, ep). Let Bpew be the new basis. Then, we have B;elw =
Ery;---E;. But notice that B;elw = Ek_HB‘l, and the values of the basic
variables corresponding to Bi,e. are given by ¥g,.w = Fr+1Yo- Hence, the updated
tableau is indeed [B 2, Yonew) = [Ex+1B ™, Exs19g).

We summarize the above discussion in the following algorithm.

The Revised Simplex Method
1. Form a revised tableau corresponding to an initial basic feasible solution
(B, yol-
2. Calculate the current reduced cost coefficients vector via

rD =¢b - ATD,
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where
T _ Tnp-1
A —-CBB .

3. If r; > O for all j, stop—the current basic feasible solution is optimal.

4. Select a ¢ such that 7y < O (e.g., the g corresponding to the most negative ),
and compute
y,=B "1aq.

5. If no y;q4 > O, stop—the problem is unbounded; else, compute p =
arg min, {yio/Yiq : Yig > 0}.

6. Form the augmented revised tableau [B~?, Yo, Y,)> and pivot about the pth
element of the last column. Form the updated revised tableau by taking the

first m + 1 columns of the resulting augmented revised tableau (i.e., remove
the last column).

7. Go to step 2.

The reason for computing 7 p in two steps as indicated in Step 2 is as follows.
We first note that rp = ¢k — ¢c5B~'D. To compute c5B~' D, we can either
do the multiplication in the order (¢5B~')D or ¢§(B~' D). The former involves
two vector-matrix multiplications, whereas the latter involves a matrix-matrix mul-
tiplication followed by a vector-matrix multiplication. Clearly the former is more
efficient.

As in the original simplex method, we can use the two-phase method to solve a
given LP problem using the revised simplex method. In particular, we use the revised
tableau from the final step of phase I as the initial revised tableau in phase II. We
illustrate the method in the following example.

Example 16.5 Consider solving the following LP problem using the revised simplex
method:

maximize 3z; + Sz

subject to T1+22<4
521+ 3z2 > 8
T1,Z2 2 0.

First, we express the problem in standard form by introducing one slack and one
surplus variable, to obtain

minimize —-3z; — 5z,
subject to 1+ 22 +23=4
51 + 312 — 24 =8

T1y...,24 > 0.
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There is no obvious basic feasible solution to the above LP problem. Therefore, we
use the two-phase method.

Phase I. We introduce one artificial variable x5 and an artificial objective function
x5. The tableau for the artificial problem is

ay a; daz a4y as b

1 1 1 0 0 4

5 3 0 -1 1 8

¢ 0 0 0 0 1 0

We start with an initial basic feasible solution and corresponding B ~! as shown in
the following revised tableau

Variable B™' y,

I3 1 0 4
I 01 8
We compute
AT = B =|0,1],
rh = ¢ch—-ATD =[0,0,0]-[5,3,—1] = [-5, =3,1] = [r1,72,74).

Because r; is the most negative reduced cost coefficient, we bring @, into the basis.
To do this, we first compute ¥, = B~ 'a,;. In this case ¥y, = a;. We get the
augmented revised tableau:

Variable B™! Yo ™

T3 1 0 4 1
Ty 01 8 5
We then compute p = arg min;{yio/¥iq : ¥ig > 0} = 2, and pivot about the 2nd

element of the last column to get the updated revised tableau:

Variable B™' g,

zz 1 —5 2
zn 0 ¢ ¢
We next compute
AT = ch_l = [0,0]
rT = & —ATD=[0,0,1] = [r2,r4,75] > OT.

The reduced cost coefficients are all nonnegative. Hence, the solution to the artificial
problem is [8/5,0,12/5,0, O]T. The initial basic feasible solution for phase II is
therefore [8/5,0,12/5,0]7.
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Phase I1. The tableau for the original problem (in standard form) is:

a; a; a3 a4 b
1 1 1 0 4
5 3 0 -1 8
¢ -3 =5 0 0 0

As the initial revised tableau for phase II, we take the final revised tableau from phase
1. We then compute

LB~ =[0,-3] [é ‘1%] = [0,—5] ,

rL = ¢L_ATD=[-50] - [0,~§] [1 0 } - [—-lf —5} = [r2,74].

AT

3 -1 57 5
We bring a, into the basis, and compute y, = B ~La, to get:

Variable B! 1y, w,

—

1 2
I3 1 -z

3
1 8
Iy 0 5 5

(=i SRR =A0] ]

In this case, we get p = 2. We update this tableau by pivoting about the 2nd element
of the last column to get

Variable B™!' y,

We compute
- 1 -1 5
AT = cfB™!'=(0,-5] [0 %3] = [0,~§],
51 (1 0
‘!'g = C%“ATD=[—3,0]" [07—5] {5 _1] = [3)—_] =[T1,7'4]~

We now bring a4 into the basis:

Variable B~! gy, 1y,

o

T3 1
0 1
To 3

RIS

We update the tableau to obtain:
Variable B™' 1y,

Ty 3 -1 4
2 1 0 4
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We compute

AT = 5B =[0,-5] 3 -1 [-5,0],

1 0
11

rD = 5 -AT"D=[-3,01-[-5,0] {5 0} = (2,5} = [r1,73]-
The reduced cost coefficients are all positive. Hence, [0,4,0,4]% is optimal. The
optimal solution to the original problem is [0, 4]%. |
EXERCISES

16.1 Consider the following standard form LP problem:

minimize 2ry — 9 — T3

subject to 3z +zo+14=4
61+ 222+ 23 +134 =35
r1,%2,23,24 2> 0.

a. Write down the A, b, and ¢ matrices/vectors for the problem.

b. Consider the basis consisting of the third and fourth columns of A, ordered
according to [a4,a3]. Compute the canonical tableau corresponding to this
basis.

¢. Write down the basic feasible solution corresponding to the above basis, and
its objective function value.

d. Write down the values of the reduced cost coefficients (for all the variables)
corresponding to the above basis.

e. Is the basic feasible solution in part ¢ an optimal feasible solution? If yes,
explain why. If not, determine which element of the canonical tableau to
pivot about so that the new basic feasible solution will have a lower objective
function value.

f. Suppose we apply the two-phase method to the problem, and at the end of
phase I, the tableau for the artificial problem is

0 0 -11 2 -1 3
14} 0 -p } o}
0 0 0 0 1 1 O

Does the original problem have a basic feasible solution? Explain.
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g. From the final tableau for phase I in part f, find the initial canonical tableau for
phase II.

16.2 Use the simplex method to solve the following linear program:

maximize 1 + 22 + 323
subject to T +23=1
zz+23=2

Z1,%2,%3 Z 0.

16.3 Consider the linear program:

maximize 2z + x4

subject to 0<z; L5
0<z, L7
) +22 <9.

Convert the problem to standard form and solve it using the simplex method.

16.4 Consider a standard form linear programming problem (with the usua! A, b,
and ¢). Suppose that it has the following canonical tableau:

0101 -1 5
1200 -2 6
0 310 -3 7
0 400 -4 8

a. Find the basic feasible solution corresponding to the above canonical tableau,
and the corresponding value of the objective function.

b. Find all the reduced cost coefficient values associated with the above canonical
tableau.

¢. Does the given linear programming problem have feasible solutions with arbi-
trarily negative objective function values?

d. Suppose column a; enters the basis. Find the canonical tableau for the new
basis.

e. Find a feasible solution with objective function value equal to —100.

f. Find a basis for the nullspace of A.
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16.5 Consider the problem:
maximize —x1 — 2z4
subject to 120
z2 > 1.

a. Convert the problem into a standard form linear programming problem.

b. Use the two-phase simplex method to compute the solution to the above given
problem, and the value of the objective function at the optimal solution of the
given problem.

16.6 Consider the linear programming problem:

minimize —I
subject to T1—22=1
Ty, T2 Z 0.

a. Write down the basic feasible solution for z; as a basic variable.
b. Compute the canonical augmented matrix corresponding to the basis in part a.

¢. If we apply the simplex algorithm to this problem, under what circumstance
does it terminate? (In other words, which stopping criterion in the simplex
algorithm is satisfied?)

d. Show that in this problem, the objective function can take arbitrarily negative
values over the constraint set.

16.7 Find the solution and the value of the optimal cost for the following problem
using the revised simplex method:

minimize T1 + T2

subject to 1+ 222 >3
221 + 12> 3
z1,22 > 0.

Hint: Start with x, and x5 as basic variables.

16.8 Solve the following linear programs using the revised simplex method:

a. maximize —4x; — 323 subject to

5ty +xy 2> 11
-2z -3 < -8
r1+2x3 > 7

1,29 > 0.
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b. maximize 6z; + 4xs + 7x3 4 524 subject to

T+ 223+ x3+224 < 20
6zy + 522+ 323 +2z4 < 100

3z; +4xs + 923+ 1224 < 75

Ty,T2,x3,24 > 0.

16.9 Consider a standard form linear programming problem, with

0201 7 6
A:1100,b:8,c=(;2
0 310 9 s

Suppose that we are told that the reduced cost coefficient vector corresponding to
some basis is 77 = [0, 1,0,0].

a. Find an optimal feasible solution to the given problem.
b. Find an optimal feasible solution to the dual of the given problem.

¢. Find cs.

16.10 Consider the linear programming problem:

minimize Cc1%1 + Cax2
subject to 2r) + 19 =2

Z1, z2A Z 0)

where ¢1,c2 € R Suppose that the problem has an optimal feasible solution that is
not basic.

a. Find all basic feasible solutions.
b. Find all possible values of ¢; and ¢3.

¢. At each basic feasible solution, compute the reduced cost coefficients for all
nonbasic variables.

16.11 Suppose we apply the Simplex method to a given linear programming problem,
and obtain the following canonical tableau:

0 B

O O -
| 2
[4%)

O e OO

OO O -

S O U



EXERCISES 319

For each of the following conditions, find the set of all parameter values o, 3,7, ¢
that satisfy the given condition.

a. The problem has no solution because the objective function values are un-
bounded.

b. The current basic feasible solution is optimal, and the corresponding objective
function value is 7.

¢. The current basic feasible solution is not optimal, and the objective function
value strictly decreases if we remove the first column of A from the basis.

16.12 Consider the following linear programming problem (attributed to Beale—see
[28, p. 43]):

.. 3 1
minimize —Zl'4 + 205 — 51:6 + 67
1
subject to ry + Zm4 —8x5 —x¢ +927 =0

1 1
T9 + 5.7:4 — 12x5 — §w6 +3z7=0
T3 +x6 =1
Zyy...,27 2 0.
a. Apply the simplex algorithm to the problem using the rule that ¢ is the index
corresponding to the most negative r4. (As usual, if more than one index ¢

minimizes y,o/yiq, let p be the smallest such index.) Start with z1, 3, and z3
as initial basic variables. Notice that cycling occurs.

b. Repeat part a using Bland’s rule for choosing g and p:

g = min{i:r; <0}
p min{j : yjo/Yjq = min{yio/Yiq : yig > 0}}.

Note that Bland’s rule for choosing p corresponds to our usual rule that if more
than one index ¢ minimizes y;0/y:4, We let p be the smallest such index.

16.13 Write a simple MATLAB function that implements the simplex algorithm.
The inputs are ¢, A, b, and v, where v is the vector of indices of basic columns.
Assume that the augmented matrix [A, b} is already in canonical form, that is, the v;th
column of A is [0,...,1,...,0]7, where 1 occurs in the ith position. The function
should output the final solution and the vector of indices of basic columns. Test the
MATLAB function on the problem in Example 16.2.
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16.14 Write a MATLAB routine that implements the two-phase simplex method. It
may be useful to use the MATLAB function of Exercise 16.13. Test the routine on
the problem in Example 16.5.

16.15 Write a simple MATLAB function that implements the revised simplex algo-
rithm. The inputs are ¢, A, b, v, and B, where v is the vector of indices of basic
columns, that is, the 7th column of B is the v;th column of A. The function should
output the final solution, the vector of indices of basic columns, and the final B~
Test the MATLAB function on the problem in Example 16.2.

16.16 Write a MATLAB routine that implements the two-phase revised simplex
method. It may be useful to use the MATLAB function of Exercise 16.15. Test the
routine on the problem in Example 16.5.
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Duality

17.1 DUAL LINEAR PROGRAMS

Associated with every linear programming problem is a corresponding “dual” linear
programming problem. The dual problem is constructed from the cost and constraints
of the original, or “primal,” problem. Being an LP problem, the dual can be solved
using the simplex method. However, as we shall see, the solution to the dual can also
be obtained from the solution of the primal problem, and vice versa. Solving an LP
problem via its dual may be simpler in certain cases, and also often provides further
insight into the nature of the problem. In this chapter, we study basic properties of
duality, and provide an interpretive example of duality. Duality can be used to improve
the performance of the simplex algorithm (leading to the so called *“‘primal-dual”
algorithm), as well as to develop non-simplex algorithms for solving LP problems
(such as Khachiyan’s algorithm and Karmarkar’s algorithm). We do not discuss
this aspect of duality any further in this chapter. For an in-depth discussion of the
primal-dual method, as well as other aspects of duality, see, for example, {64]. For a
description of Khachiyan’s algorithm and Karmarkar’s algorithm, see Chapter 18.
Suppose that we are given a linear programming problem of the form
T

minimize cx
subject to Az > b
z2>0.

We refer to the above as the primal problem. We define the corresponding dual
problem as

maximize ATy

321
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subject to ATAa<eT
A>0.

We refer to the variable A € R™ as the dual vector. Note that the cost vector ¢ in
the primal has moved to the constraints in the dual. The vector b on the right-hand
side of Az > b becomes part of the cost in the dual. Thus, the roles of b and ¢ are
reversed. The form of duality defined above is called the symmetric form of duality.

Note that the dual of the dual problem is the primal problem. To see this, we first
represent the dual problem in the form

minimize AT(-b)
subject to AT(-4) > =T
A>0.

Therefore, by the symmetric form of duality, the dual to the above is

maximize (-eDz
subject to (-A)x < -b
x> 0.

Upon rewriting, we get the original primal problem.

Consider now an LP problem in standard form. This form has equality constraints,
Az = b. To formulate the corresponding dual problem, we first convert the equality
constraints into equivalent inequality constraints. Specifically, observe that Az = b
is equivalent to

minimize c'x
. A b
subject to [—AJ T > [—b]
xz > 0.

The above LP problem is in the form of the primal problem in the symmetric form
of duality. The corresponding dual is therefore

maximize [uT vT] [ _bb]

subject to [uT v7] [_f;] <eT

u,v > 0.
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Table 17.1 Symmetric Form of Duality

Primal Dual
minimize Tz maximize ATb
subjectto Az > b subjectto ATA <cT
z>0 A>0

Table 17.2 Asymmetric Form of Duality

Primal Dual
minimize Tz maximize ATb
subjectto Ax=b subjectto ATA <7
>0

After a simple manipulation the above dual can be represented as

maximize (u—-v)Th
subject to (u-v)Ta<e”
u,v > 0.

Let A = u — v. Then, the dual problem becomes

maximize ATy
subject to ATA <.

Note that since A = u — v and u, v > 0, the dual vector A is not restricted to be
nonnegative. We have now derived the dual for a primal in standard form. The above
form of duality is referred to as the asymmetric form of duality.

We summarize the above forms of duality in Tables 17.1 and 17.2.

Note that in the asymmetric form of duality, the dual of the dual is also the primal.
We can show this by reversing the arguments we used to arrive at the asymmetric
form of duality, and using the symmetric form of duality.

Example 17.1 This example is adapted from [64]. Recall the diet problem (see
Example 15.2). We have n different types of food. Our goal is to create the
most economical diet and at the same time meet or exceed nutritional requirements.
Specifically, let a;; be the amount of the th nutrient per unit of the jth food, b; the
amount of the 4th nutrient required, 1 < ¢ < m, c; the cost per unit of the jth food,
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and z; the number of units of food 7 in the diet. Then, the diet problem can be stated
as follows:

minimize c1T1 +caZa + -+ CuZp
subjectto anry +aTas + -+ aipTn > by
a21%1 + @22T2 + -+ -+ aA2,Tn 2> b
Ami%1 + amaZ2 + -+ AmnTn > by
T1,.--,Zn = 0.

Now, consider a health food store that sells nutrient pills (all m types of nutrients
are available). Let A; be the price of a unit of the ith nutrient in the form of nutrient
pills. Suppose that we purchase nutrient pills from the health food store at the above
price such that we exactly meet our nutritional requirements. Then, ATb is the
total revenue to the store. Note that since prices are nonnegative, we have A > 0.
Consider now the task of substituting nutrient pills for natural food. The cost of
buying pills to synthetically create the nutritional equivalent of the ith food is simply
A1a1; + -+ + Amapmi. Because ¢ is the cost per unit of the ith food, if

Ao+ -+ Amami < iy

then the cost of the unit of the ith food made synthetically from nutrient pills is less
than or equal to the market price of a unit of the real food. Therefore, for the health
food store to be competitive, the following must hold:

Arair + -+ Am@m < a

A101p + -+ An8mn < Cae

The problem facing the health food store is to choose the prices A1, . . ., A, such that
its revenue is maximized. This problem can be stated as:
maximize ATp
subject to ATA< T
A>0.

Note that the above is simply the dual of the diet problem. [ |
Example 17.2 Consider the following linear programming problem:

maximize 2x7 + 5x2 + 23
subject to 2xy — x5 + Tx3
Ty + 3x2 + 423

3z, + 62 + 3

Iy, T2, T3

IV A IA A
O w v o
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Find the corresponding dual problem and solve it.
We first write the primai problem in standard form by introducing slack variables
Z4,Zs5,Te. This primal problem in standard form is

minimize [cT, 0Tz
subject to [A, Tz =0
x>0,
where z = [z;,...,26]7, and
2 -1 7 6 -2
A = ]. 3 4 N b = 9 y Cc = —5
3 6 1 3 -1

The corresponding dual problem (asymmetric form) is
maximize ATp .
subject to AT(A, 1 < [e7,07).

Note that the constraints in the dual can be written as:

T

ATA c
0.

A

IA A

To solve the above dual problem, we use the simplex method. For this, we need to
express the problem in standard form. We substitute A by — A, and introduce surplus
variables to get:

minimize 6A; + 9A2 + 33

subjectto  2A; + A2 +3A3 — A4 2
A1+ 3 +6A3 = Ag = 5
Th1+4h2+ A3 X =1

Al,...,x > 0.

There is no obvious basic feasible solution. Thus, we use the two-phase simplex
method to solve the problem.

Phase I. We introduce artificial variables A7, Ag, Ag and the artificial objective
function Ay + Ag + Ag. The tableau for the artificial problem is

/\1 /\2 /\3 )\4 )\5 As A7 )\3 Ag (4

21 3 -1 0 0 1 0 0 2

-1 3 6 0 -1 0 O 1 O 5

7T 4 1 0 0 -1 0 0 1 1

Cost 0O 0 O O O O 1 1 1 O
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We start with an initial feasible solution and corresponding B~':

Variable B7! 1y,

My 100 2
s 010 5
¢ 001 1
We compute
ry = [0,0,0,0,0,0}—[8,8,10,-1,—1,—1] = [-8,—8,—10,1,1,1]

= [7”1,7‘2,7‘3,7'4,7‘5,7"6]-

Because 73 is the most negative reduced cost coefficient, we bring the third column
into the basis. In this case y; = [3,6, 1]7. We have

Variable B™!  y, ys3

A7 100 2 3
As 010 5 6
Ao 001 1 1

By inspection, p = 1, so we pivot about the first element of the last column. The
updated tableau is:
Variable B! Yo

A3 1 00 2
As -2 1 0 1
do -3 01 3
We compute
4 14 10
rg: —_, - — —Z 1,1,— = [7'1,7'277'477'577'6,7‘7]'

37 3 I 37 ) ) 3
We bring the second column into the basis to get:

Variable B! Yo Y

[

A3 L 00 2 %

s -2 10 1 1

o -3 01 5 %

We update the tableau to get

Variable B! Yo

4 1 7

Y F . &R

A -7 0 i1
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We compute

r_ [74 21 3 32 14

— 131 11 113111 T yT4,75,T6,77, .
Tp 11’ 117 ) 117 11’ 11 [7’1 T4,75,T6,T7 T9]

We bring the fourth column into the basis:

Variable B! Yo Ya
4 1 7 4
A3 7 0 -7 11 1
_2 -3 10 21
Ag 11 1 1T 11 111
_1 3 1 1
A2 11 0 11 11 11
The updated tableau becomes
- -1
Variable B Yo
4 3 17
A3 0 51 —a1 o1
11 3 10
A e T
1 6 1
A2 0 =31 a1 31

We compute
Tg = [070’01 1, 1’ 1] = [7'1,7'5,7'6,7'7,7'8,7'9].

Because all the reduced cost coefficients are nonnegative, we terminate phase I.

Phase 11. We use the last tableau in phase [ (where none of the artificial variables
are basic) as the initial tableau in phase II. Note that we now revert back to the original
cost of the dual problem in standard form. We compute

y7 - 62115
b T T

We bring the first column into the basis to obtain the augmented revised tableau

] =[r1,75,76].

Variable B! Yo Ui
4 3 17 25
A =1 5 —5 a3 ot
1 6 1 43
Az 0 =3 21 a1 3
We update the tableau to get
Variable B! Yo
7 1 36
w LBz
15 2
N N A+
1 6 1
A 0 -5 & =

We compute
186 15 39

T _ | =2 22 22 o
Tp = [43 >43a43:, [r27T5)T6]-
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Because all the reduced cost coefficients are nonnegative, the current basic feasible
solution is optimal for the dual in standard form. Thus, an optimal solution to the

original dual problem is
1 T
a=f-20-2]"

43’7 43

17.2 PROPERTIES OF DUAL PROBLEMS

In this section, we present some basic results on dual linear programs. We begin with
the weak duality lemma.

Lemma 17.1 Weak Duality Lemma. Suppose that  and X are feasible solutions to
primal and dual LP problems, respectively (either in the symmetric or asymmetric
form). Then, cTx > ATb. u]

Proof. We prove this lemma only for the asymmetric form of duality. The proof for
the symmetric form involves only a slight modification (see Exercise 17.1).
Because 2 and A are feasible, we have Az = b, x > 0, and ATA < cT.
Postmultiplying both sides of the inequality AT A < €7 by = > 0 yields AT Az <
e¢Tz. But Az = b, hence ATb < ¢Tz. [ |

The weak duality lemma states that a feasible solution to either problem yields a
bound on the optimal cost of the other problem. The cost in the dual is never above
the cost in the primal. In particular, the optimal cost of the dual is less than or equal
to the optimal cost of the primal, that is, “maximum<minimum.” Hence, if the cost
of one of the problems is unbounded, then the other problem has no feasible solution.
In other words, if “minimum= —o0” or “maximum= +00”, then the feasible set in
the other problem must be empty.

Theorem 17.1 Suppose that o and Mg are feasible solutions to the primal and dual,
respectively (either in symmetric or asymmetric form). IfcTzy = ,\5 b, then x4 and
Ao are optimal solutions to their respective problems. a

Proof. Let x be an arbitrary feasible solution to the primal problem. Because Ag
is a feasible solution to the dual, by the weak duality lemma, clz > )\:3'1 b. So, if
cTzg = Al b, then cTxy = A) b < cT'z. Hence, x is optimal for the primal.

On the other hand, let A be an arbitrary feasible solution to the dual problem.
Because xg is a feasible solution to the primal, by the weak duality lemma, ¢Txo >
ATb. Therefore, if ¢Txo = ATb, then ATb < Ty = ALb. Hence, Ay is optimal
for the dual. |

We can interpret the above theorem as follows. The primal seeks to minimize its
cost, and the dual seeks to maximize its cost. Because the weak duality lemma states
that “maximum<minimum”, each problem “seeks to reach the other.” When their
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costs are equal for a pair of feasible solutions, both solutions are optimal, and we
have “maximum=minimum.”

It turns out that the converse to the above theorem is also true, that is,
“maximum=minimum” always holds. In fact, we can prove an even stronger re-
sult, known as the duality theorem.

Theorem 17.2 Duality Theorem. If the primal problem (either in symmetric or
asymmetric form) has an optimal solution, then so does the dual, and the optimal
values of their respective objective functions are equal. O

Proof. 'We first prove the result for the asymmetric form of duality. Assume that the
primal has an optimal solution. Then, by the fundamental theorem of LP, there exists
an optimal basic feasible solution. As is our usual notation, let B be the matrix of
the corresponding m basic columns, D the matrix of the n — m nonbasic columns,
cp the vector of elements of ¢ corresponding to basic variables, cp the vector of
elements of c corresponding to nonbasic variables, and 7 p the vector of reduced cost
coefficients. Then, by Theorem 16.2,

rL=c5-cEB™'D > 0"

Hence,
cEB'D < L.
Define
AT = cTBB_l.
Then,

¢EB'D=XTD < c}.
We claim that A is a feasible solution to the dual. To see this, assume for convenience
(and without loss of generality) that the basic columns are the first m columns of A.
Then,
ATA = M [B, D] = [c},ATD] < ¢}, eh] = 7.
Hence, AT A < ¢T and thus AT = ¢, B! is feasible.
We claim that A is also an optimal feasible solution to the dual. To see this, note
that
ATb=cLB b =cLas.
Thus, by Theorem 17.1, A is optimal.
We now prove the symmetric case. First, we convert the primal problem for the
symmetric form into the equivalent standard form by adding surplus variables:

minimize [eT,07] [ a: ]
Yy
subject to (4, ~-1] [Z] =b

HE
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Note that z is optimal for the original primal problemif and only if [z, (Az — b)T]T
is optimal for the primal in standard form. The dual to the primal in standard form is
equivalent to the dual to the original primal in symmetric form. Therefore, the above
result for the asymmetric case applies to the symmetric case.

This completes the proof. [ |

Example 17.3 Recall Example 17.1, where we formulated the dual of the diet prob-
lem. From the duality theorem, the maximum revenue for the health food store is the
same as the minimum cost of a diet that satisfies all of the nutritional requirements,
thatis, cTx = ATb. [ |

Consider a primal-dual pair in asymmetric form. Suppose that we solve the primal
problem using the simplex method. The proof of the duality theorem suggests a way
of obtaining an optimal solution to the dual by using the last row of the final simplex
tableau for the primal. First, we write the tableau for the primal problem:

A b] [B D b
¢ 0| |k f '

Suppose that the matrix B is the basis for an optimal basic feasible solution. Then,
the final simplex tableau is

I B'D B b
of %L —ctB7'b |’

where 7T, = ¢, — ¢5 B! D. In the proof of the duality theorem, we have shown
that AY = ¢, B~ is an optimal solution to the dual. The vector A can be obtained
from the final tableau above. Specifically, if rank D = m, then we can solve for A
using the vector 7 p, via the equation

Ty _ T __.T
A'D =cp—7rp.

Of course, it may turn out that rank D < m. In this case, as we now show, we
have additional linear equations that allow us to solve for A. To this end, recall that
AT B = . Therefore, if we define 7 = [07, 7], then combining the equations
ATD= el —rE and ATB = ck yields

ATA=cT -17,

The vector A may be easy to obtain from the equation A*D = ¢§ - r% if D
takes certain special forms. In particular, this is the case if D has an m X m identity
matrix embedded in it, that is, by rearranging the positions of the columns of D, if
necessary, D has the form D = [I,,,, G], where G is an m x (n — 2m) matrix. In

this case, we can write the equation AT D = ¢F — r7, as

AT, ATG) = [ef &)~ [rT T &)
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Hence, A is given by

T__ T T
A =Cr —Tr.

In other words, the solution to the dual is obtained by subtracting the reduced costs co-
efficients corresponding to the identity matrix in D from the corresponding elements
in the vector c (i.e., ¢j).

For example, if we have a problem where we introduced slack variables, and the
basic variables for the optimal basic feasible solution do not include any of the slack
variables, then the matrix I has an identity matrix embedded in it. In addition, in
this case we have ¢; = 0. Therefore, A\ = —7; is an optimal solution to the dual.

Example 17.4 In Example 17.2, the tableau for the primal in standard form is

a1 [¢)] a3 a4 as Qg b
2 -1 7 1 0 0
1 3 4 0 1 0
3 6 1 6 0 1
¢ -2 -5 -1 0 0 0

[N ULV e B e )

If we now solve the problem using the simplex method, we get the following final
simplex tableau:

1

(3

1 39

15 6
g, 0l 0 a
_14 _21 _ 25 186
4913 0 0 43 1 743 43
19 _ 1 xZ 15
43 1 0 43 0 43 43
1 36 114

T 24 36 114
r n 00 0 & i

S
w,

We can now find the solution of the dual from the above simplex tableau using the

equation A" D = ¢}, — rL:

210
1
[Al,/\z,)\g] 1 0 0= {’—‘2,0, 0] - [24 36] .
3 01

43'43°43
Solving the above, we get

r [ 1 36
A ‘[ 3% )

which agrees with our solution in Example 17.2. [ |

We end this chapter by presenting the following theorem, which describes an
alternative form of the relationship between the optimal solutions to the primal and
dual problems.

Theorem 17.3 Complementary Slackness Condition. The feasible solutions x and
A to a dual pair of problems (either in symmetric or asymmetric form) are optimal if
and only if
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1. (cT - ATA):B = 0, and
2. AT(Az -b) =0.
a

Proof. We first prove the result for the asymmetric case. Note that condition 2 holds
trivially for this case. Therefore, we only consider condition 1.

= If the two solutions are optimal, then by Theorem 17.2, ¢Ta = AT b. Because
Az = b, we also have (¢T — AT A)z = 0.

<: If (¢ — ATA)x = 0, then 7z = AT Az = ATb. Therefore, by Theo-
rem 17.1,  and A are optimal.

We now prove the result for the symmetric case.

=: We first show condition 1. If the two solutions are optimal, then by Theo-
rem 17.2, ¢Tx = ATbh. Because Az > band A > 0, we have

(T -ATA)z =cTx - ATAz = ATb- ATAz = AT (b- Az) < 0.

On the other hand, since AT A < ¢T andz > 0, we have (cT - ATA)a: > 0. Hence,
(T - ATA)w = 0. To show condition 2, note that since Ax > band A > 0, we
have AT (Az — b) > 0. On the other hand, since ATA < ¢7 and = > 0, we have
MAz-b)=ATA-cDz<0.

«: Combining conditions 1 and 2, we get cTz = AT Az = ATb. Hence, by
Theorem 17.1, « and X are optimal. |

Note that if = and A are feasible solutions for the dual pair of problems, we can
write condition 1, that is, (c¢T — ATA):I: = 0, as “z; > 0 implies M, = ¢,
i =1,...,n", that is, for any component of x that is positive, the corresponding
constraint for the dual must be an equality at A. Also, observe that the statement
“z; > 0implies ATa,- = ¢;” is equivalent to “Ma; <¢; implies x; = 0. A similar
representation can be written for condition 2.

Consider the asymmetric form of duality. Recall that for the case of an optimal
basic feasible solution x, 7T = ¢T — AT A is the vector of reduced cost coefficients.
Therefore, in this case, the complementary slackness condition can be written as
rTz =0.

Example 17.5 Suppose you have 26 dollars and you wish to purchase some gold.
You have a choice of four vendors, with prices (in dollars per ounce) of 1/2,1,1/7,
and 1/4, respectively. You wish to spend your entire 26 dollars by purchasing gold
from these four vendors, where z; is the dollars you spend on vendori,i = 1,2, 3, 4.

a. Formulate the linear programming problem (in standard form) that reflects
your desire to obtain the maximum weight in gold.

b. Write down the dual of the linear programming problem in part a, and find the
solution to the dual.

¢. Use the complementary slackness condition together with part b to find the
optimal values of z,,. .., 4.
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Solutions:

a. The corresponding linear programming problem is:

minimize —(2z1 + x2 + T3 + 4xy4)
subject to T+ 22 +x3+24 =26
T1,22,73,%4 Z 0.

b. The dual problem is:

maximize 26
subject to AL -2
AL -1
AL -7
A< -4
The solution is clearly A = —7. (Note: It is equally valid to have a dual

problem with variable A’ = —).)

¢. By the complementary slackness condition, we know that if we can find a vector
 that is feasible in the primal and satisfies (—(2,1,7,4] - (-7)[1,1,1,1])x =
0, then this & is optimal in the primal (original) problem. We can rewrite the
above conditions as
[1,1,1, 1]z = 26, x>0, [5,6,0,3]xz =0.

Byz>0 and [5,6,0,3]z = 0, we conclude that z; = z3 = z4 = 0, and by
[1,1,1, 1]z = 26 we then conclude that = = [0, 0,26,0]7.

EXERCISES

17.1 Prove the weak duality lemma for the symmetric form of duality.
17.2 Find the dual of the optimization problem in Exercise 15.6.

17.3 Consider the following linear program:

maximize 2z, + 3z,
subject to 1+ 2290 <4
221 + 122 <5

Z1, T2 Z 0.
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a. Use the simplex method to solve the above problem.

b. Write down the dual of the above linear program, and solve the dual.

17.4 Consider the linear program

minimize 4x1 + 32

subject to Sz +x9 > 11
221+ 222> 8
T +229 27
1,29 > 0.

Write down the corresponding dual problem, and find the solution to the dual. (Com-
pare the above problem with the one in Exercise 16.8, part a.)

17.5 Consider the linear programming problem
minimize 'z
subject to Az <b.
a. Find the dual to the above problem.

b. Suppose b = 0, and there exists a vector 4 > 0 such that yT A + ¢T = 07.
Does the above given problem have an optimal feasible solution? If yes, find
it. If no, explain why not. Give complete explanations.

17.6 Consider the linear program

minimize 1+ -+ Zp, T1,-..,Zn € R
subject to a1z + 0y, =1
Ty > 0,

where 0 < a; < a; < -+ < ay.

a. Write down the dual to the above problem, and find a solution to the dual in
termsof ay,...,an,.

b. State the duality theorem, and use it to find a solution to the primal problem
above.

¢. Suppose that we apply the simplex algorithm to the primal problem. Show
that if we start at a nonoptimal initial basic feasible solution, the algorithm
terminates in one step if and only if we use the rule where the next nonbasic
column to enter the basis is the one with the most negative reduced cost
coefficient.
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17.7 Consider the linear programming problem

maximize clz
subject to Ax <0
x>0,
where ¢ = [1,1,...,1]7. Assume that the problem has a solution.

a. Write down the dual of the above problem.
b. Find the solution to the above problem.

c. What can you say about the constraint set for the above problem?

17.8 Consider a given linear programming problem in standard form (written in the
usual notation).

a. Write down the associated artificial problem for the given problem (used in the
two-phase method).

b. Write down the dual to the artificial problem from part a.

c. Prove that if the given original linear programming problem has a feasible
solution, then the dual problem in part b has an optimal feasible solution.

17.9 Consider an LP problem in standard form. Suppose that z is a feasible solution
to the problem. Show that if there exist A and u such that

ATax+p = ¢
pTz = 0
p >0,

then x is an optimal feasible solution to the LP problem, and A is an optimal
feasible solution to the dual. The above are called the Karush-Kuhn-Tucker optimality
conditions for LP, which are discussed in detail in Chapters 20 and 21.

17.10 Consider the linear program:

maximize cT:z:,
subject to Az <b,

where ¢ € R*, b € R™, and A € R™>*". Use the symmetric form of duality
to derive the dual of this linear program, and show that the constraint in the dual
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involving A can be written as an equality constraint.
Hint: Writex = u — v, withu,v > 0.

17.11 Consider the linear program:

maximize 1 + 22

subject to 1+ 222> 3
22y + 22 2> 3
z1,23 > 0.

The solution to the problem is [1, 1] (see Exercise 16.7). Write down the dual to the
above problem, solve the dual, and verify that the duality theorem holds.

17.12 Consider the problem

minimize Tz, rzelR?
subject to x> 0.

For this problem we have the following theorem.
Theorem: A solution to the above problem exists if and only if ¢ > 0. Moreover, if
a solution exists, 0 is a solution.

Use the duality theorem to prove the above theorem (see also Exercise 21.11).

17.13 Let A be a given matrix, and b a given vector. Show that there exists a vector
a such that Az > b and z > 0 if and only if for any given vector y satisfying
ATy < 0andy > 0, we have b'y <o0.

17.14 Let A be a given matrix, and b a given vector. Show that there exists a vector
x such that Az = b and & > 0 if and only if for any given vector y satisfying
ATy < 0, we have bTy < 0. This result is known as Farkas’s transposition
theorem.

17.15 Let A be a given matrix, and b a given vector. Show that there exists a vector
x such that Az < b if and only if for any given vector y satisfying ATy = 0 and
y > 0, we have bTy > 0. This result is known as Gale’s transposition theorem.

17.16 Let A be a given matrix, and b a given vector. Show that there exists a vector
 such that Az < 0 if and only if for any given vector y satisfying ATy = 0 and
y > 0, we have y = 0 (i.e.,, ¥y = 0 is the only vector satisfying ATy = 0 and
y > 0). This result is known as Gordan’s transposition theorem.

17.17 Suppose you are presented with a “black box™ that implements a function
f defined as follows: given positive integers m and n, a matrix A € R™*", and
a vector b € R™, the value of f(m,n, A,b) is a vector x = f(m,n, A,b) that
satisfies Az > b.
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Now, given A € R™*", b € R™, and ¢ € R", consider the linear programming
problem

T

minimize c'x
subject to Az >b
x> 0.

Express a solution to this problem in terms of the function f given above. In other
words, show how we can use the “black box™ above to solve this linear programming
problem.

Hint: Find the appropriate inputs to the black box such that the output immediately
gives a solution to the linear programming problem. You should use the black box
only once.

17.18 Consider the quadratic programming problem

o 1 7
minimize ST @

subject to Az < b,

where A € R™*" and b € R™. Call the above problem the primal problem.
Consider the associated dual quadratic programming problem

1
maximize —EyT(AAT)y —bTy
subject to y2>0.
Let f, and f2 be the objective functions of the primal and dual, respectively.
a. State and prove a “weak duality lemma” in this setting.

b. Show that if @y and y, are feasible points in the primal and dual, and
fi(zo) = fa(yye), then oy and y, are optimal solutions to the primal and
dual, respectively.

Hint: The techniques used in the linear programming duality results are applicable
in this exercise.
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18

Non-Simplex Methods

18.1 INTRODUCTION

In the previous chapters, we studied the simplex method, and its variant, the revised
simplex method, for solving linear programming problems. The method remains
widely used in practice for solving LP problems. However, the amount of time
required to compute a solution using the simplex method grows rapidly as the number
of components n of the variable € R" increases. Specifically, it turns out that the
relationship between the required amount of time for the algorithm to find a solution
and the size n of x is exponential in the worst case. An example of an LP problem
for which this relationship is evident was devised by Klee and Minty in 1972 [55].
Below, we give a version of the Klee-Minty example, taken from [6]. Let n be given.
Lete? = [10"71,1072,...,10%, 1], b = [1,10%,10%,...,102(»~U]T and

1 0 0 0

2 x 10! 1 0 0

A= | 2x10? 2x10t 1 e 0
2x 10"t 2x10"2% ... 2x10! 1

Consider the following LP problem:

maximize Tz
subject to Az <b
x>0

339
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The simplex algorithm applied to the above LP problem requires 2" — 1 steps to find
the solution. Clearly in this example the relationship between the required amount
of time for the simplex algorithm to find a solution and the size n of the variable =
is exponential. This relationship is also called the complexity of the algorithm. The
simplex algorithm is therefore said to have exponential complexity. The complexity
of the simplex algorithm is also often written as O(2" — 1).

Naturally, we would expect that any algorithm that solves LP problems would have
the property that the time required to arrive at a solution increases with the size n of
the variable . However, the issue at hand is the rate at which this increase occurs. As
we have seen above, the simplex algorithm has the property that this rate of increase is
exponential. For a number of years, computer scientists have distinguished between
exponential complexity and polynomial complexity. If an algorithm for solving LP
problems has polynomial complexity, then the time required to obtain the solution is
bounded by a polynomial in n. Obviously, polynomial complexity is more desirable
than exponential complexity. Therefore, the existence of an algorithm for solving LP
problems with polynomial complexity is an important issue. This issue was partially
resolved in 1979 by Khachiyan (also transliterated as Hacijan) [54], who proposed an
algorithm that has a complexity O(n* L), where, roughly speaking, L represents the
number of bits used in the computations. The reason that we consider Khachiyan’s
algorithm (also called the ellipsoid algorithm) as only a partial resolution of the above
issue is that the complexity depends on L, which implies that the time required to
solve a given LP problem increases with the required accuracy of the computations.
The existence of a method for solving LP problems with a polynomial complexity
bound based only on the size of the variable n (and possibly the number of constraints)
remains a difficult open problem [38]. In any case, computational experience with
Khachiyan’s algorithm has shown that it is not a practical alternative to the simplex
method [10]. The theoretical complexity advantage of Khachiyan’s method relative
to the simplex method remains to be demonstrated in practice.

Another non-simplex algorithm for solving LP problems was proposed in 1984
by Karmarkar [52]. Karmarkar’s algorithm has a complexity of O(n3-5L), which is
lower than that of Khachiyan’s algorithm. The algorithm is superior to the simplex
algorithm from a complexity viewpoint, but has its drawbacks. Improved methods
along similar lines, called interior-point methods, have received considerable interest
since Karmarkar’s original paper. Well-implemented versions of these methods are
very efficient, especially when the problem involves a large number of variables [38].

This chapter is devoted to a discussion of non-simplex methods for solving LP
problems. In the next section, we discuss some ideas underlying Khachiyan’s algo-
rithm. We then present Karmarkar’s algorithm in the section to follow.

18.2 KHACHIYAN’'S METHOD

Our description of the Khachiyan’s algorithm is based on [5] and [6]. The method
relies on the concept of duality (see Chapter 17). Our exposition of Khachiyan’s
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algorithm is geared toward a basic understanding of the method. For a detailed
rigorous treatment of the method, we refer the reader to [73].
Consider the (primal) linear programming problem:

T

minimize c'z
subject to Az >b
x> 0.

We write the corresponding dual problem:

maximize ATp
subject to MTa< T
A>0.

Recall that the above two LP problems constitute the symmetric form of duality. From
Theorem 17.1, if © and A are feasible solutions to the primal and dual problems,
respectively, and ¢7x = ATb, then x and A are optimal solutions to their respective
problems. Using this result, we see that to solve the primal problem it is enough to
find a vector [£7, AT]7 that satisfies the following set of relations:

Tz = ¥
Ar > b
AT < ¢
z > 0
A >0

Note that the equality Tz = b7 A is equivalent to the two inequalities

cTz-bTA

0
Tz +bTA 0.

IAIA

Taking this into account, we can represent the previous set of relations as

T b7 0
-cT b7 0
—-A 0 T —-b
I, o [)\] =lo
0 AT c
0 . 0

Therefore, we have reduced the problem of finding an optimal solution to the primal-
dual pair into one of finding a vector [z 7, AT]T that satisfies the above system of
inequalities. In other words, if we can find a vector that satisfies the above system
of inequalities, then this vector gives an optimal solution to the primal-dual pair.
On the other hand, if there does not exist a vector satisfying the above system
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of inequalities, then the primal-dual pair has no optimal feasible solution. In the
subsequent discussion, we simply represent the system of inequalities as

Pz <gq,
where
e’ -b7 0
—cT bT 0
—A 0 x —-b
0 AT c
0 -1, 0

In our discussion of Khachiyan’s algorithm, we not be specifically using the above
forms of P, q, and 2; we simply treat Pz < g as a generic matrix inequality, with
P, g, and z as generic entities. Let r and s be the sizes of g and z, respectively, that
is, PER™,ze¢R,andg e R".

Khachiyan’s method solves the LP problem by first determining if there exists a
vector z that satisfies the above inequality Pz < g, that is, the algorithm decides if
the above system of linear inequalities is consistent. If the system of inequalities is
consistent, then the algorithm finds a vector z satisfying the system. In the following,
we refer to any vector satisfying the above system of inequalities as a solution to the
system. We assume that the entries in P and g are all rational numbers. This is
not a restriction in practice, since any representation of our LP problem on a digital
computer will involve only rational numbers. In fact, we further assume that the
entries in P and q are all integers. We can do this without loss of generality since
we can always multiply both sides of the inequality Pz < g by a sufficiently large
number to get only integer entries on both sides.

Before discussing Khachiyan’s algorithm, we first introduce the idea of an “ellip-
soid.” To this end, let 2 € R® be a given vector, and let @ be an s x s nonsingular
matrix. Then, the ellipsoid associated with @ centered at z is defined as the set

Eq(z) ={z+Qy:y e R, |yl < 1}.

The main idea underlying Khachiyan’s algorithm is as follows. Khachiyan’s
algorithm is an iterative procedure, where at each iteration we update a vector z(*)
and a matrix Q. Associated with 2(*) and Q, is an ellipsoid Eq, (2®). At
each step of the algorithm, the associated ellipsoid contains a solution to the given
system of linear inequalities. The algorithm updates z2(*) and @, in such a way
that the ellipsoid at the next step is “smaller” than that of the current step, but at
the same time is guaranteed to contain a solution to the given system of inequalities,
if one exists. If we find that the current point z(¥) satisfies Pz(*) < g, then we
terminate the algorithm and conclude that z{*) is a solution. Otherwise, we continue
to iterate. The algorithm has a fixed prespecified maximum number of iterations N
to be performed, where N is a number that depends on L and s. Note that we are not
free to choose N—it is computed using a formula that uses the values of L and s. The
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constant L is itself a quantity that we have to compute beforehand, using a formula
that involves P and g. When we have completed IV iterations without finding a
solution in an earlier step, we terminate the algorithm. The associated ellipsoid will
then have shrunk to the extent that it is smaller than the precision of computation. At
this stage, we will either discover a solution inside the ellipsoid, if indeed a solution
exists, or we will find no solution inside the ellipsoid, in which case we conclude that
no solution exists.

As we can see from the above description, Khachiyan’s approach is a radical
departure from the classical simplex method for solving LP problems. The method
has attracted a lot of attention, and many studies have been devoted to it. However, as
we pointed out earlier, the algorithm is of little practical value for solving real-world
LP problems. Therefore, we do not delve any further into the details of Khachiyan’s
algorithm. We refer the interested reader to {73].

Despite its practical drawbacks, Khachiyan’s method has inspired other re-
searchers to pursue the development of computationally efficient algorithms for
solving LP problems with polynomial complexity. One such algorithm is attributed
to Karmarkar, which we discuss in Section 18.4.

18.3 AFFINE SCALING METHOD

18.3.1 Basic Algorithm

In this section, we describe a simple algorithm, called the affine scaling method,
for solving linear programming problems. This description is to prepare the reader
for our discussion of Karmarkar’s method in the next section. The affine scaling
method is a an interior-point method. Such methods differ fundamentally from the
classical simplex method in one main respect: an interior-point method starts inside
the feasible set and moves within it toward an optimal vertex. In contrast, the simplex
method jumps from vertex to vertex of the feasible set seeking an optimal vertex.
To begin our description of the affine scaling method, consider the LP problem

T

minimize c'x
subject to Az =b
xz>0.

Note that the feasibility constraints have two parts: Ax = b and x > 0. Suppose
we have a feasible point z(?) that is strictly interior (by strictly interior we mean that
all of the components of 2(?) are strictly positive). We wish to find a new point z(\)
by searching in a direction d'® that decreases the objective function. In other words,
we set

z) = 2 4+ q,d®,

where oy is a step size. In the gradient method (Chapter 8), we used the negative
gradient of the objective function for the search direction. For the LP problem, the
negative gradient of the objective function is —e. However, if we set d® = —¢, the
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point (1) may not lie inside the feasible set. For (1) to lie inside the feasible set,
it is necessary that d® be a vector in the nullspace of A. Indeed, because z(© s
feasible, we have Az(®) = b. We also require that Az(!) = b. Combining these
two equations yields

A (:1:(1) - a:(o)) = aoAd(o) =0.

To choose a direction d(® that lies in the nullspace of A but is still “close” to
—c, we orthogonally project —c onto the nullspace of A and take the resulting
projection as d®. The orthogonal projection of any vector onto the nullspace of A
involves multiplication by the following matrix P, called the orthogonal projector
(see Section 3.3 and also Example 12.4):

P=1I,-AT(AAT) A

We set d© to be in the direction of the orthogonal projection of —e¢ onto the nullspace

of A:
d® = —Pe.

It is easy to check that APc = 0 and hence Az(!) = b. In summary, given a feasible
point (%, we find a new feasible point 2(!) using

z® = 20 - oy Pe,

where the choice of the step size ¢ is discussed later in this section. The above
choice of (1) can be viewed as one iteration of a projected gradient algorithm,
discussed in Section 22.3.

We now make the observation that the point (%) should be chosen close to the
center of the feasible set. Figure 18.1 illustrates this observation. Comparing the
center and non-center starting points in the figure, we can see that if we start at the
center of the feasible set, we can take a larger step in the search direction. This larger
step from the center point should yield a lower cost value for the new point compared
with the step originating from the non-center point.

Suppose we are given a point 2(® that is feasible but is not a center point. We
can transform the point to the center by applying what is called an affine scaling. For
simplicity, suppose that A = [1,1,...,1]/n and b = [1]. It is easy to see that the
center of this feasible set is the point e[1,..., 1]7. To transform z© to e, we use
the affine-scaling transformation

e = D;'a®,

where Dy is a diagonal matrix whose diagonal entries are the components of the
vector (9, that is,
29 .. 0
Dy = diag[xgo), )
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7’
7’

7”7
- level set of ¢Tx

Figure 18.1 Results of projected gradient step from center and non-center points

Note that Dy is invertible because we assumed that (%) is strictly interior. For
general A and b we will still use the same affine-scaling transformation as above. In
general, we may not precisely be at the center of the feasible set, but we hope that
the transformed point will be “close” to the center. At least the point e is equidistant
from the boundaries of the positive orthant {x : > 0}.

Once the starting point is at (or close to) the center of the feasible set after
performing the affine-scaling transformation, we can proceed as described before.
Because we have transformed the original vector 2(®) via pre-multiplication by Dy 1
effectively changing the coordinate system, we also need to represent the original
LP problem in the new coordinates. Specifically, the LP problem in the transformed
coordinates takes the form

minimize etz
subject to AgZ =b
z >0,
where
&g = Dgec
Ay = AD,.

In the new (Z) coordinate system, we construct the orthogonal projector
P — T P —_ T - _
Py=1,-A,(4,4,)7'4,

and set d® to be in the direction of the orthogonal projection of —&p onto the
nulispace of Ag:

&(0) = -—Poéo.
Then, compute Z(!) using

21 = 20 - 0o Pyao,
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where (0 = Dy 12£(0). To obtain a point in the original coordinates, we perform

the transformation
=) = Doz

The above procedure takes a point 2(®) and generates a new point ("), This
procedure can be represented as

2@ = 20 1 4,d©®

where _
d® = —DyPDye.

We repeat the procedure iteratively to generate a sequence of points {z(¥)}, where

kD) = 20 4 o g(®)

with
Dy = diag[xgk), z®)
A, = AD;
Pk = I,- AZ(A)‘,A:)_IA]C
d(k) = —kakaC.

Ateach stage of the algorithm, we have to ensure that the point z{*) is strictly interior.
Note that the condition Az(*) = b is automatically satisfied at each stage because
of the way we select d® . However, we also need to guarantec that :rgk) > 0 for
i = 1,...,n. This can be done through appropriate choice of the step size oy,
discussed next.

The main criterion for choosing «, is to make it as large as possible, but not so
large that some components of z(*+1) become nonpositive. That is, we select a so
that x§k+l) = xﬁ’“’ + akdgk) >0fori =1,...,n. To proceed, first define

2

TR = i -t
k {i:;?e 1)n<0} dEk)
The number 7 represents the largest value of the step size aj such that all the
components of z(¥+1) are nonnegative. To ensure that (*+1) is strictly interior, we
use a step size of the form oy = ary, where a € (0, 1). Typical values of o for this
method are & = 0.9 or 0.99 (see [70, p. 572]).

Unlike the simplex method, the affine scaling method will not reach the optimal
solution in a finite number of steps. Therefore, we need a stopping criterion. For
this, we can use any of the stopping criteria discussed in Section 8.2. For example,
we can stop if

lcz(E+1) — eq ()|
max(1, lex(®)])

where € > 0 is a prespecified threshold (see also [70, p. 572] for a similar stopping
criterion, as well as an alternative criterion involving duality).

<e,
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18.3.2 Two-Phase Method

To implement the affine scaling method described above, we need an initial feasible
starting point that is strictly interior. We now describe a method to find such a starting
point. After the starting point is found, we can then proceed to search for an optimal
solution to the problem. This approach involves two phases: in phase I, we find an
initial strictly interior feasible point, and in phase II, we use the result of phase I to
initialize the affine scaling algorithm to find an optimal solution. This procedure is
analogous to the two-phase simplex algorithm described in Section 16.6.

We now describe phase I of the two-phase affine scaling method. Let u be an
arbitrary vector with positive components, and let

v=>b— Au.

If v = 0, then u is a strictly interior feasible point. We can then set 2(® = y and
proceed to phase II where we apply the affine scaling method as described before.
On the other hand, if v # 0, we construct the following associated artificial problem:

minimize y

subject to [A,v] [;] =b

i

The above artificial problem has an obvious strictly interior feasible point:

1]

Using the above point as the initial point, we can apply the affine scaling algorithm
to the artificial problem. Because the objective function in the artificial problem is
bounded below by 0, the affine scaling method will terminate with some optimal
solution.

Proposition 18.1 The original LP problem has a feasible solution if and only if the
associated artificial problem has an optimal feasible solution with objective function
value zero. a
Proof =: If the original problem has a feasible solution x, then the vector [z, 0]
is a feasible solution to the artificial problem. Clearly, this solution has an objective
function value of zero. This solution is therefore optimal for the artificial problem,
since there can be no feasible solution with negative objective function value.

<«: Suppose that the artificial problem has an optimal feasible solution with
objective function value zero. Then, this solution must have the form [zT,0]7,
where @ > 0. Hence, we have Az = b, and x is a feasible solution to the original
problem. |
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Suppose the original LP problem has a feasible solution. By the above proposition,
if we apply the affine scaling method to the artificial problem (with initial point
[wT,1]T), the algorithm will terminate with objective function value zero. The
optimal solution will be of the form [xT,0]7. We argue that = will in general be a
strictly interior feasible point. It is easy to see that © > 0. To convince ourselves
that each component of & will be positive in general, note that the subset of optimal
feasible solutions of the artificial problem in which one or more among the first n
components are zero is a very “small” or “thin” subset of the set of all optimal feasible
solutions. By “small” or “thin” we mean in the sense that a 2-dimensional plane in
R® is small or thin. In particular, the “volume” of the 2-dimensional plane in R® is
zero. Thus, it is very unlikely that the affine scaling algorithm will terminate with
an optimal feasible solution in which one or more among the first n components are
zero.

Having completed phase I as described above, we then use the first n components
of the terminal optimal feasible solution for the artificial problem as our initial
point for the affine scaling method applied to the original LP problem. This second
application of the affine scaling algorithm constitutes phase II.

In theory, phase I generates a feasible point to initiate phase II. However, because
of the finite precision of typical computer implementations, the solution obtained
from phase I may not, in fact, be feasible. Moreover, even if the initial point
in phase II is feasible, in practice the iterates may lose feasibility owing to finite
precision computations. Special procedures for dealing with such problems are
available. For a discussion of numerical implementation of affine scaling algorithms,
see [28, Section 7.1.2].

18.4 KARMARKAR’S METHOD

18.4.1 Basic ldeas

Like the affine scaling method, Karmarkar’s method for solving LP problems dif-
fers fundamentally from the classical simplex method in various respects. First,
Karmarkar’s method is an interior-point method. Another difference between Kar-
markar’s method and the simplex method is that the latter stops when it finds an opti-
mal solution. On the other hand, Karmarkar’s method stops when it finds a solution
that has an objective function value that is less than or equal to a prespecified fraction
of the original guess. A third difference between the two methods is that the sim-
plex method starts with LP problems in standard form, whereas Karmarkar’s method
starts with LP problems in a special canonical form, which we call Karmarkar’s
canonical form. We discuss this canonical form in the next subsection. While more
recent interior-point methods are recognized to be superior to Karmarkar’s original
algorithm in efficiency and robustness, a study of Karmarkar’s method provides an
informative introduction to the study of more advanced interior-point methods.
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18.4.2 Karmarkar’s Canonical Form

To apply Karmarkar’s algorithm to a given LP problem, we must first transform the
given problem into a particular form, which we refer to as Karmarkar’s canonical
form. Karmarkar’s canonical form is written as:

minimize Tz
subject to Ax =0

i.?)i:l

i=1

x>0,

where & = [z1,...,2,]7. As in our discussion of Khachiyan’s method, we assume
without loss of generality that the entries of A and ¢ are integers.

We now introduce some notation that allows convenient manipulation of the
canonical form. First, let e = [1,...,1]7 be the vector in R® with each component
equal to 1. Let §2 denote the nullspace of A, that is, the subspace

Q={zeR": Az =0}.
Define the simplex in R™ by
A={zxecR:efx =1, >0}
We denote the center of the simplex A by
e {1 1]T
Qg = —= |—~,...,— -
n n n

Clearly ap € A. With the above notation, Karmarkar’s canonical form can be
rewritten as

minimize 'z
subject to z€ENNA,
Note that the constraint set {(or feasible set) Q2 N A can be represented as

ONA = {zeR":Axz=0,eTz=1, >0}

frexe 2] 2] o0}

Example 18.1 Consider the following LP problem, taken from [90]:

il

minimize 5z, + 4x5 + 823
subject to T +2a+23=1
Ty,T2,T3 Z 0.
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X4

Figure 18.2 The feasible set for Example 18.1

Clearly the above problem is already in Karmarkar’s canonical form, with ¢7 =
[5,4,8].and A = O. The feasible set for this example is illustrated in Figure 18.2. Il

Example 18.2 Consider the following LP problem, taken from [80]:

minimize 3z + 3z — 3
subject to 2r1 — 32+ 23 =0
1+ x2+z3=1
T1,T2,T3 2 0
The above problem is in Karmarkar’s canonical form, with T = [3,3,-1], and

A = [2,-3,1]. The feasible set for this example is illustrated in Figure 18.3
(adapted from [80}). [ ]

0
1/4
1 3/4 QNA

X1 [ 0
Figure 18.3 The feasible set for Example 18.2

We show later that any LP problem can be converted into an equivalent problem
in Karmarkar’s canonical form.
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18.4.3 Karmarkar’'s Restricted Problem

Karmarkar’s algorithm solves LP problems in Karmarkar’s canonical form, with the
following assumptions:

A. The center ag of the simplex A is a feasible point, that is, ag € ;

B. The minimum value of the objective function over the feasible set is zero;

]

D. We are given a termination parameter ¢ > 0, such that if we obtain a feasible
point x satisfying

C. The (m + 1) x n matrix

has rank m + 1;

T
x

— <27,

C’ Qg

then we consider the problem solved.

Any LP problem that is in Karmarkar’s canonical form and that also satisfies the
above four assumptions is called a Karmarkar’s restricted problem. In the following,
we discuss the above assumptions and their interpretations.

We begin by looking at assumption A. We point out that this assumption is not
restrictive, since any LP problem that has an optimal feasible solution can be converted
into a problem in Karmarkar’s canonical form that satisfies assumption A. We discuss
this in the next subsection.

We next turn our attention to assumption B. Any LP problem in Karmarkar’s
canonical form can be converted into one that satisfies assumption B, provided we
know beforehand the minimum value of its objective function over the feasible set.
Specifically, suppose that we are given an LP problem where the minimum value of
the objective function is M. As in [80], consider the function f(z) = ¢Tz — M.
Then, using the property that eT@ = 1 on the feasible set, we have that for any
feasible x,

f@=cTe—M=cTe - MeTz =(cT — MeT)x = &7z,

where 7 = ¢ — MeT. Notice that the above objective function has a minimum
value of zero, and is a linear function of . We can replace the original objective
function with the new objective function above, without altering the solution.

Example 18.3 Recall the LP problem in Example 18.1:

minimize 511 + 4x9 + 8x3
subject to T +z2+z3=1

Ty,T2,T3 Z 0.
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The problem satisfies assumption A (and assumption C), but not assumption B, since
the minimum value of the objective function over the feasible set is 4. To convert
the above into a problem that satisfies assumption B, we replace ¢” = [5,4, 8] by

&’ =[1,0,4]. |
Example 18.4 The reader can easily verify that the LP problem in Example 18.2
satisfies assumptions A, B, and C. B

Assumption C is a technical assumption that is required in the implementation of
the algorithm. Its significance will be clear when we discuss the update equation in
Karmarkar’s algorithm.

Assumption D is the basis for the stopping criterion of Karmarkar’s algorithm. In
particular, we stop when we have found a feasible point satisfying cTz /cTay < 279.
Such a stopping criterion is inherent in any algorithm that uses finite precision
arithmetic. Observe that the above stopping criterion depends on the value of cT ay.
It will turn out that Karmarkar’s algorithm uses ag as the starting point. Therefore,
we can see that the accuracy of the final solution in the algorithm is influenced by the
starting point.

18.4.4 From General Form to Karmarkar’s Canonical Form

We now show how any LP problem can be coverted into an equivalent problem in
Karmarkar’s canonical form. By “equivalent” we mean that the solution to one can
be used to determine the solution to the other, and vice versa. To this end, recall
that any LP problem can be transformed into an equivalent problem in standard
form. Therefore, it suffices to show that any LP problem in standard form can be
transformed into an equivalent problem in Karmarkar’s canonical form. In fact, the
transformation given below (taken from [52]) will also guarantee that assumption A
of the previous subsection is satisfied.
To proceed, consider a given LP problem in standard form:

minimize clz, zeR®
subject to Az =0
x>0

We first present a simple way to convert the above problem into Karmarkar’s canonical
form, ignoring the requirement to satisfy assumption A. For this, define a new variable

z =
]. :

Also define ¢’ = [¢T,0]T and A" = [A, —b]. Using this notation, we can now
rewrite the above LP problem as

. T
minimize ¢z, z € R*H!

subject to Az=0
z2>0.
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We need one more step to transform the problem into one that includes the constraint

that the decision variables sum to 1. For this, lety = [y1,...,¥n, Yn+1]? € R*TL,
where
= T i=1,...,n
Yo T oA A aat 1 T
1
Yn+1

T+t T+ 1
This transformation from « to y is called a projective transformation. It can be
shown that (see later):
Tz=0 & ¢Ty=0
Az =b & A'y=0
z>0 & y=>0.

Therefore, we have transformed the given LP problem in standard form into the
following problem, which is in Karmarkar’s canonical form:

minimize Ty, y € R*!
subject to Ay=0

eTy =1

y=>0.

The above transformation technique can be modified slightly to ensure that as-
sumption A holds. We follow the treatment of [5S2]. We first assume that we
are given a point @ = [as,...,ay) that is a strictly interior feasible point, that is,
Aa = b, and @ > 0. We show later how this assumption can be enforced. Let
P, denote the positive orthant of R", givenby P, = {x € R* : = > 0}. Let
A = {z € R : eTz = 1, > 0} be the simplex in R"*!. Define the map
T:.P + A by

T(w) = [Tl (:E), v 7Tn+l(a:)]T
with
Tifa;

T; = i=1,...
l(z) z1/a1+"'+$n/an+1, 1 ? ,n

1
zifar+---+anfan+ 1

Tat1(x)

We call the map T a projective transformation of the positive orthant P, into
the simplex A (for an introduction to projective transformations, see [49]). The
transformation T' has several interesting properties (see Exercises 18.4, 18.5 and
18.6). In particular, we can find a vector ¢! € R**! and a matrix A’ € Rm*(n+1)
such that for each € R",

cx=0 & ¢ " T(xz)=0,
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and
Az =b & A'T(xz)=0

(see Exercise 18.5 and 18.6 for the forms of A’ and ¢’). Note that for each z € R™,
we have eTT(z) = 1, that is, T(x) € A. Furthermore, note that for each x € R",

x>0 & T(z) > 0.

Taking the above into account, consider the following LP problem (where y is the
decision variable):

minimize Ty

subject to Ay=0
efy=1
y2>0.

Note that the above LP problem is in Karmarkar’s canonical form. Furthermore, in
light of the definitions of ¢’ and A’, the above LP problem is equivalent to the original
LP problem in standard form. Hence, we have converted the LP problem in standard
form into an equivalent problem in Karmarkar’s canonical form. In addition, because
a is a strictly interior feasible point, and ag = T'(a) is the center of the simplex
A (see Exercise 18.4), the point ay is a feasible point of the transformed problem.
Hence, assumption A of the previous subsection is satisfied for the above problem.

In the above, we started with the assumption that we are given a point a that is
a strictly interior feasible point of the original LP problem in standard form. To see
how this assumption can be made to hold, we now show that we can transform any
given LP problem into an equivalent problem in standard form where such a point a
is explicitly given. To this end, consider a given LP problem of the form:

T

minimize cx
subject to Ax>b
x > 0.

Note that any LP problem can be converted into an equivalent problem of the above
form. To see this, recall that any LP problem can be transformed into an equivalent
problem in standard form. But, any problem in standard form can be represented as
above, since the constraint Az = b can be written as Az > b, —Ax > —b. We
next write the dual to the above problem:

maximize AT
subject to MTAa< T
A>0.

As we did in our discussion of Khachiyan’s algorithm, we now combine the primal
and dual problems to get:

Tz -bTA = 0
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Axz > b
ATA < ¢
z > 0

A > 0.

As we pointed out in the previous section on Khachiyan’s algorithm, the original LP
problem is solved if and only if we can find a pair (x, A) that satisfies the above set of
relations. This follows from the Theorem 17.1. We now introduce slack and surplus
variables » and v to get the following equivalent set of relations:

Te—bTA = 0
Az —v = b
ATA+u = ¢

z, A\ u,v > 0.

Let zp € R*, Ag € R™, up € R”, and vy € R™ be points that satisfy o > 0,
Ao > 0, ug > 0, and vg > 0. For example, we could choose g = [1,.. ., l]T, and
likewise with Ag, ug, and vg. Consider the LP problem

minimize z

subject to cTe—bT A+ (—cTxo+ b7 Xo)z =0
Az — v+ (b— Azo+vo)z=Db
AT A +u+(c-ATx)z=¢
z,\u,v,z>0.

We refer to the above as the Karmarkar’s artificial problem, which can be represented
in matrix notation as

minimize Tz
subject to Az =b
>0,
where
g = [&7,AT, T, 07,27
e = [Ogm+2n’ l]T
) c’ b7 of 0L (=cTzo+bTNp)
A = A Onmxm Omxn —Im (b— Axg+ vg)
Oan AT In Onxm (C - ATAO)

b = [0, bT,cT]T

(the subscripts above refer to the dimensions/sizes of the corresponding matri-
ces/vectors). Observe that the following point is a strictly interior feasible point
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for the above problem:

T Zo
A Ao
u| = | uo
v To
z 1

Furthermore, the minimum value of the objective function for Karmarkar’s artificial
problem is zero if and only if the previous set of relations has a solution, that is, there
exists x, A, u and v satisfying

Tz—-bT'A =
Ax —v =
ATx+u =
T\ u,v >

c 06 oo

Therefore, Karmarkar’s artificial LP problem is equivalent to the original LP problem:

T

minimize czz
subject to Ax > b
x> 0.

Note that the main difference between the original LP problem above and Kar-
markar’s artificial problem is that we have an explicit strictly interior feasible point
for Karmarkar’s artificial problem, and hence we have satisfied the assumption that
we imposed at the beginning of this subsection.

18.4.5 The Algorithm

We are now ready to describe Karmarkar’s algorithm. Keep in mind that the LP
problem we are solving is a Karmarkar’s restricted problem, that is, a problem in
Karmarkar’s canonical form and satisfies assumptions A, B, C, and D. For conve-
nience, we restate the problem:

minimize Tz, e R*

subject to z€NNA,
where @ = {z € R* : Az = 0}, and A = {z € R" : Tz = 1,z > 0}.
Karmarkar’s algorithm is an iterative algorithm that, given an initial point (®) and

parameter g, generates a sequence x(V, (® ... &™)  Karmarkar’s algorithm is
described by the following steps:

1. Initialize: Set k := 0; 29 = a¢ = e/n;

2. Update: Set z(**+1) = ¥(x(*)), where ¥ is an update map described below;
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3. Check stopping criterion: Ifthe condition T z¥) /eT2(®) < 279 s satisfied,
then stop;
4. Iterate: Setk :=k + 1, goto 2.

We describe the update map ¥ as follows. First, consider the first step in the
algorithm: 2(9) = ay. To compute (1), we use the familiar update equation

w(l) f—t m(o) + ad(0>’

where a is a step size and d© )is an update direction. The step size o is chosen to be
a value in (0,1). Karmarkar recommends a value of 1/4 in his original paper [52].
The update direction d® is chosen as follows. First, note that the gradient of the
objective function is ¢. Therefore, the direction of maximum rate of decrease of the
objective function is —c. However, in general, we cannot simply update along this
direction, since (! is required to lie in the constraint set

QNA = {zeR":Ax=0,eTz =1,z >0}

A 0
{wER":[eT]z= [1],3:20}
n 0
z€R*: Box = 1 ,x >0,
where By € RM*TD*7 js given by

Bo=| 5]

€

Note that since (@ € QN A, then for z(V) = 2@ + ad® to also liein 2 N A, the
vector d'°) must be an element of the nullspace of Bq. Hence, we choose d© to be
in the direction of the orthogonal projection of —¢ onto the nullspace of By. This
projection is accomplished by the matrix Py given by

P, =1, - Bl (B,BY)'B,.
Note that BOB?; is nonsingular by assumption C. Specifically, we choose d® tobe
the vector d® = —r&(® where

A(0) __ Pyc
¢ = ’
|| Pocl|

and r = 1/y/n(n — 1). The scalar r is incorporated into the update vector d(®
for the following reason. First, observe that r is the radius of the largest sphere
inscribed in the simplex A (see Exercise 18.7). Therefore, the vector d 0) = r&©@
points in the direction of the projection & of ¢ onto the nullspace of By, and
z® = 20 4 od® is guaranteed to lie in the constraint set & N A. In fact, (V)
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liesinthe set QN AN {x : ||z — ao|| < r}. Finally, we note that (1) is a strictly
interior point of A.

The general update step £(**1) = ¥(x(*)) is performed as follows. We first
give a brief description of the basic idea, which is similar to the update from z(®) to
x(1) described above. However, note that z(*) is, in general, not at the center of the
simplex. Therefore, let us first transform this point to the center. To do this, let Dy
be a diagonal matrix whose diagonal entries are the components of the vector x(¥),
that is,

£ 0
Dg=| : -
0 .- z®

It turns out that because £(©) is a strictly interior point of A, =¥} is a strictly interior
point of A for all k (see Exercise 18.10). Therefore, DD, is nonsingular, and

l/xgk) - 0
D=1 :
0 1/1;%’“)

Consider the mapping U, : A = A givenby Uy (x) = D 'x/eT D 'x. Note that
Ui(z®) = e/n = ag. We use Uy, to change the variable from x to Z = U(z).
We do this so that 2{*) is mapped into the center of the simplex, as indicated above.
Note that Uy, is an invertible mapping, withz = U (%) = DyZ/e? D;Z. Letting
z(*) = Ug(x®) = ao, we can now apply the procedure that we described before
for getting (1) from (®) = a,. Specifically, we update Z(*) to obtain Z(**+1) using
the update formula 25+1) = 2 + ad®. To compute d'*), we need to state the
original LP problem in the new variable Z:

minimize c'Dyx
subject to AD,z =0
Z €A

The reader can easily verify that the above LP problem in the new variable & is
equivalent to the original LP problem in the sense that ¢* is an optimal solution to
the original problem if and only if U (x*) is an optimal solution to the transformed
problem. To see this, simply note that Z = U (z) = Dy 'z/eT Dy 'z, and rewrite
the objective function and constraints accordingly (see Exercise 18.8). As before, let

_[AD,
oo |42
We choose d¥) = —ré® | where é*) is the normalized projection of — (¢ D)7 =

—D;.c onto the nullspace of By, and r = 1/4/n(n — 1) as before. To determine
&%), we define the projector matrix Py, by

P, =1I,- BT (B:BI)'B;.
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Note that Bka is nonsingular (see Exercise 18.9). The vector é®) is therefore
given by

sk) _ _PrDrc
||Py Dgel}
The direction vector d*? is then
PkaC
d® = —pa®) = _p B R
| Px Dyl

The updated vector £+1) = £(*) +ad™ is guaranteed to lie in the transformed fea-
sible set {Z : AD,& = 0} NA. The final step is to apply the inverse transformation
U;' to obtain ztk+1);

2+ = (k) = Dz
k eTij(kH) :

Note that z{**1) lies in the set @ N A. Indeed, we have already seen that U and
U, "' map A into A. To see that Az(**+1) = 0, we simply premultiply the above
expression by A and use the fact that A D, z*+1) = 0,

We now summarize the update z(¥+1) = ¥ (%)) as:

1. Compute the matrices:

2P ... 0
D, = . . :
o - z%k)
_ [ADy
Bk —_ [ eT :I .

2. Compute the orthogonal projector onto the nullspace of By:
P, =1, - Bl (ByB}) 'B;.

3. Compute the normalized orthogonal projection of ¢ onto the nullspace of By:
stk _ _PrDre
| PxDyell’
4. Compute the direction vector:

d® = —ré(k),
where r = 1/4/n(n — 1).
5. Compute Z**1) using:

g5 = go + ad®,
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where « is the prespecified step size, a € (0, 1).
6. Compute z(¥*1) by applying the inverse transformation U ,:1:

g*+) = ytt*t)) = Dzt :
: eTDki(k'H)

The matrix Py in step 2 is needed solely for computing P D¢ in step 3. In fact,
the two steps can be combined in an efficient way without having to compute Py
explicitly, as follows. We first solve a set of linear equations By, ny = B.D;c
(for the variable y), and then compute P Dyc using the expression Py Dyc =
Dyre— B{y.

For more details on Karmarkar’s algorithm, see [28], [38], [52], and [89]. For an
informal introduction to the algorithm, see {80]. For further reading on other non-
simplex methods in linear programming, see [28], [38], [70], and [86]. An interesting
three-article series on developments of the linear programming area before and after
1984 appeared in SIAM News, Vol. 22, No. 2, March 1989. The first article in this
journal issue contains an account by Wright on recent progress and a history of linear
programming from the early 1800s. The second article, by Anstreicher, focuses on
interior-point algorithms developed since 1984. Finally in the third article in the
series, Monma surveys computational implementations of interior-point methods.

EXERCISES

18.1 Write a simple MATLAB function to implement the affine scaling algorithm.
The inputs are ¢, A, b, and 29 where 2 is a strictly feasible initial point. Test
the function on the problem in Example 16.2; use (® = [2,3,2,3, 3]7.

18.2 Write a MATLAB routine that implements the two-phase affine scaling method.
It may be useful to use the MATLAB function of Exercise 18.1. Test the routine on
the problem in Example 16.5.

18.3 For a given linear programming problem of the form

minimize cl'z
subject to Az >b
x>0,

the associated Karmarkar’s artificial problem can be solved directly using the affine
scaling method. Write a simple MATLAB program to solve problems of the form
above by using the affine scaling algorithm applied to the associated Karmarkar’s
artificial problem. It may be useful to use the MATLAB function of Exercise 18.1.
Test your program on the problem in Example 15.14.
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184 Leta € R*,a > 0. Let T = [11,. .., T,41] be the projective transformation
of the positive orthant P, of R™ into the simplex A in R"*?, given by

i/a . .
Ti(x) = { "31/01+fb-'-{—(::,‘/a,,+1a ifl1<i<n
njatFegayn fi=n+l

Prove the following properties of T' (see [52]):
1. T is a one-to-one mapping, that is, T'(z) = T'(y) implies that z = y;

2. T maps Py onto A\ {Z : 41 = 0} = {T € A : Toqy > 0}, thatis, for
eachy € {x € A : zp41 > 0}, there exists z € P, such thaty = T'(x);

3. The inverse transformation of T exists on {x € A : z,1 > 0}, and is given
by T™' =[T7,..., T ", with T, (y) = aithi /yn+13

4. T maps a to the center of the simplex A, that is, T(a) = e/(n + 1) =
1/(n+1),...,1/(n+1)] € R**;

5. Suppose that z satisfies Az = b,andy = T(x). Letz’ = [y1a1,...,Yntn]%.
Then, Az’ = by, ;.

18.5 Let T be the projective transformation in Exercise 18.4, and A € R™*" a
given matrix. Prove that there exists a matrix A’ € R™*("t1) sych that Az = b if
and only if A'T(z) = 0.

Hint: Let the ith columnof A’ be givenby a; timesthe ithcolumnof 4,7 = 1,...,n,
and the (n + 1)st column of A’ be given by —b.

18.6 Let T be the projective transformation in Exercise 18.4, and ¢ € R™ a given
vector. Prove that there exists a vector ¢/ € R™*! such that ¢Tx = 0 if and only if
¢TT(z) = 0.

Hint: Use property 3 in Exercise 18.4, with the ¢/ = [c},...,c},]T given by
¢; =aici,i=1,...,n,andc;,,; =0.

187 Let A = {z € R* : €Tz = 1, > 0} be the simplex in R*, n > 1,
and let ag = e/n be its center. A sphere of radius r centered at ao is the set
{x € R* : ||z — ao||] < r}. The sphere is said to be inscribed in A if {z €
R” : ||z — aol| = r,eTx = 1} C A. Show that the largest such sphere has radius

r=1/y/n(n-1).
18.8 Consider the following Karmarkar’s restricted problem:

minimize Tz
subject to Ar =0
x € A.
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Let ko € A be a strictly interior point of A, and D be a diagonal matrix whose
diagonal entries are the components of xg. Define the map U : A — A by
U(z) = D'z/eTD 'z. Let # = U(x) represent a change of variable. Show
that the following transformed LP problem in the variable &

minimize Dz
subject to ADZ =0
TeEA

is equivalent to the original LP problem above, in the sense that * is an optimal
solution to the original problem if and only if Z* = U (a*) is an optimal solution to
the transformed problem.

189 Let A € R™*" m < n,and 2 = {z : Az = 0}. Suppose that A satisfies
rank [eAT] =m+ L.

Let g € AN ) be a strictly interior point of A C R™, and D be a diagonal matrix
whose diagonal entries are the components of . Consider the matrix B defined by

AD
5= [47].
Show that rank B = m + 1, and hence BB7 is nonsingular.

18.10 Show that in Karmarkar’s algorithm, (¥} is a strictly interior point of A.
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Problems with Equality
Constraints

19.1 INTRODUCTION

In this part, we discuss methods for solving a class of nonlinear constrained opti-
mization problems that can be formulated as:

minimize f(x)
subject to hi(z) =0, i=1,...,m
g](m)SO: j=19"',p7

wherez e R*, f:R* -2 R h; : R* 2 R, g; : R* - R, and m < n. In vector
notation, the problem above can be represented in the following standard form:

minimize flz)
subject to h(z)=0
g(x) <0,

where h : R —» R™, and g : R — RP. As usual, we adopt the following
terminology.

Definition 19.1 Any point satisfying the constraints is called a feasible point. The
set of all feasible points

{z € R" : h(zx) = 0,g(x) < 0}

is called the feasible set. [ ]
365
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Optimization problems of the above form are not new to us. Indeed, linear
programming problems of the form

minimize Tz
subject to Az =b
x>0,

which we studied in Part II1, are of this type.

As we remarked in Part II, there is no loss of generality by considering only
minimization problems. For if we are confronted with a maximization problem, it
can be easily transformed into the minimization problem by observing that

maximize f(x) = minimize — f{z).

We illustrate the problems we study in this part by considering the following
simple numerical example.

Example 19.1
minimize (x1 —1)2 425 -2
subject to To—x1 =1,
T + T2 < 2.

This problem is already in the standard form given earlier, with f(z;,22) = (21 —
)2+ 25 — 2, h(z1,73) = T3 — 71 — 1, and g(71,22) = 71 + 72 — 2. This problem
turns out to be simple enough to be solved graphically (see Figure 19.1). In the
figure the set of points that satisfy the constraints (the feasible set) is marked by the
heavy solid line. The inverted parabolas represent level sets of the objective function
f—the lower the level set, the smaller the objective function value. Therefore, the
solution can be obtained by finding the lowest level set that intersects the feasible set.
In this case, the minimizer lies on the level set with f = —1/4. The minimizer of

the objective function is z* = [1/2,3/2]”. |

In the remainder of this chapter, we discuss constrained optimization problems
with only equality constraints. The general constrained optimization problem is
discussed in the chapters to follow.

19.2 PROBLEM FORMULATION

The class of optimization problems we analyze in this chapter is
minimize f(x)
subject to h(x) =0,

wherez € R*, f:R* 5 R, h:R* - R™, h = [hy,..., k)7, and m < n. We
assume that the function h is continuously differentiable, that is, h € C.
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Figure 19.1 Graphical solution to the problem in Example 19.1

We introduce the following definition.

Definition 19.2 A point z* satisfying the constraints h; (€*) = 0,...,hp(z*) =
0 is said to be a regular point of the constraints if the gradient vectors

Vhi(x*),..., Vhn(x*) are linearly independent. [ |
Let Dh(z*) be the Jacobian matrix of h = [hy, ..., hn|T atz*, given by
Dhy(z*) Vh (z*)T
Dh@)=| : |=|
Dhy,(z*) Vhm(z*)T

Then, * is regular if and only if rank Dh(x*) = m, that is, the Jacobian matrix is
of full rank.

The set of equality constraints hy(x) = 0,...,hn(x) =0, h; : R* = R,
describes a surface

S={zeR":h(z)=0,...,hn(z) =0}
Assuming the points in S are regular, the dimension of the surface S is n — m.

Example 19.2 Let n = 3 and m = 1 (i.e., we are operating in R®). Assuming that
all points in S are regular, the set S is a two-dimensional surface. For example, let
hl(:l:) =9 — 1‘% =0.

Note that Vhi(z) = [0, 1, —223]7, and hence for any € R®, VA (z) # 0. In this
case,
dim S =dim{z: hi(z) =0} =n—-m = 2.
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See Figure 19.2 for a graphical illustration. |

X4
Tif
Xo

S={[x1. XpXal" : Xp-¥5=0}

Figure 19.2 A two-dimensional surface in R®

Example 19.3 Let n = 3 and . = 2. Assuming regularity, the feasible set S is a
one-dimensional object (i.e., a curve in R®). For example, let

hl(:l:) = In,
ho(z) = x9— 3.

In this case, Vhy () = [1,0,0]7, and Vh(z) = [0, 1, —2z3]. Hence, the vectors
Vhi(x) and Vhy(z) are linearly independent in R®. Thus,

dim S =dim{z: hi(x) =0, ho(z) =0} =n-m=1.

See Figure 19.3 for a graphical illustration. [ |

xz-x§=0

. 2
S={[X1,X2,X3] T : Xo-X5=0, X1=0}

Figure 19.3 A one-dimensional surface in R?

19.3 TANGENT AND NORMAL SPACES

In this section, we discuss the notion of a tangent space and normal space at a point
on a surface. We begin by defining a “curve” on a surface S.
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Definition 19.3 A curve C on a surface S is a set of points {z(t) € S : t € (a,b)},
continuously parameterized by ¢ € (a,b); that is, = : (a,b) — S is a continuous
function. [ |

A graphical illustration of the definition of a curve is given in Figure 19.4. The
definition of a curve implies that all the points on the curve satisfy the equation
describing the surface. The curve C passes through a point * if there exists t* &€
(a, b) such that 2(t*) = =*.

Figure 19.4 A curve on a surface

Intuitively, we can think of a curve C = {x(t) : t € (a,b)} as the path traversed
by a point x traveling on the surface S. The position of the point at time ¢ is given
by z(t).

Definition 19.4 The curve C' = {x(t) : t € (a, b)} is differentiable if
z:(t
P T
Todt :
Ta(t)

exists for all ¢ € (a,b).
The curve C' = {z(t) : t € (a,b)} is twice differentiable if

%1 (t)
at) = 220 =

En(t)
exists for all ¢t € (a, b). |

Note that both &(¢) and &(¢) are n-dimensional vectors. We can think of &(%)
and &(t) as the “velocity” and “acceleration,” respectively, of a point traversing the
curve C with position x(t) at time ¢. The vector &(t) points in the direction of the
instantaneous motion of z(t). Therefore, the vector &(¢*) is tangent to the curve C
at * (see Figure 19.5).
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x(b)

x(t)
x(t)

curve C
x(a)

Figure 19.5 Geometric interpretation of the differentiability of a curve

We are now ready to introduce the notions of a tangent space. For this, recall the

set
S={z e R": h(z) =0},

where h € CL. We think of S as a surface in R".

Definition 19.5 The tangent space at a point £* on the surface S = {z € R" :
h{x) = 0} is the set
T(z") = {y : Dh(z")y = 0}.

|
Note that the tangent space T'(x*) is the nullspace of the matrix Dh(x*), that is,
T(z*) = N(Dh(z")).

The tangent space is therefore a subspace of R™.

Assuming x* is regular, the dimension of the tangent space is n — m, where m is
the number of equality constraints k;(z*) = 0. Note that the tangent space passes
through the origin. However, it is often convenient to picture the tangent space as a
plane that passes through the point *. For this, we define the fangent plane at * to
be the set

TPz =T +z*={z+z*:x € T(z")}.

Figure 19.6 illustrates the notion of a tangent plane. Figure 19.7 illustrates the
relationship between the tangent plane and the tangent space.

Example 19.4 Let
S‘:{:BERS 2h1($)=$1 =0, hz(w) =21 — X3 =0}
Then, S is the z3-axis in R? (see Figure 19.8).

We have
o = [T22] -1 5, ]
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Tangent Plane

Figure 19.6 The tangent plane to the surface S at the point z*

Because Vh; and Vhy are linearly independent when evaluated at any € S, all the
points of S are regular. The tangent space at an arbitrary point of S is

T(x) = {y:Vhi(z)Ty=0, Vhy(zx)"y =0}
B 1 0 o] |¥|_
= y'[l -1 0] y2| =0
Y3

{[0,0,a]T : a € R}
the z3-axis in R3.

In this example, the tangent space T'(x) at any point & € S is a one-dimensional
subspace of R3. [

Intuitively, we would expect the definition of the tangent space at a point on a
surface to be the collection of all “tangent vectors” to the surface at that point. We
have seen that the derivative of a curve on a surface at a point is a tangent vector to
the curve, and hence to the surface. The above intuition agrees with our definition
whenever x* is regular, as stated in the theorem below.

Theorem 19.1 Suppose x* € S is a regular point, and T'(x*) is the tangent space
atx*. Then, y € T(x*) if and only if there exists a differentiable curve in S passing
through x* with derivative y at x*. O

Proof. <: Suppose there existsacurve {z(t) : t € (a,b)}in S such that z(t*) = =*
and &(t*) = y for some ¢* € (a,b). Then,

h(z(t)) =0
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TP(x*)

T(x*)

TP(x*)

X4

Figure 19.7 Tangent spaces and planes in R? and R3

for all t € (a,b). If we differentiate the function h(z(t)) with respect to ¢ using the
chain rule, we obtain

dith(z(t)) = Dh(z(t))x(t) =0
forall t € (a,b). Therefore, at t*, we get
Dh(z*)y =0,
and hence y € T'(z*).
=: To prove this, we need to use the implicit function theorem. We refer the

reader to [64, p. 298). [ |

We now introduce the notion of a normal space.
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A X3

h,=0

Vhy(x)

Figure 19.8 Thesurface S={x € R®: 2, =0, z; — z2 = 0}
Definition 19.6 The normal space N(x*} at a point * on the surface S = {z €
R? : h(x) = 0} is the set

N(z*)={z € R" :z = Dh(z*)Tz, z ¢ R™}.

We can express the normal space N(z*) as
N(z*) = R (Dh(z")7),

that is, the range of the matrix Dh(z*)7. Note that the normal space N (z*) is the
subspace of R" spanned by the vectors Vh(x*),..., Vhny(z*), that is,

N(z*)

span[Vhy(x*),..., Vhn(z")]
= {zeR":2=51Vh(x)+ -+ z2aVhn(z*), z1,-..,2m € R}

Note that the normal space contains the zero vector. Assuming x* is regular, the
dimension of the normal space N (x*) is m. As in the case of the tangent space, it is
often convenient to picture the normal space N (x*) as passing through the point &*
(rather than through the origin of R™). For this, we define the normal plane at £* as
the set

NP(z*)=N(x")+z*={x+x*€R" :z € N(z")}.

Figure 19.9 illustrates the normal space and plane in R® (i.e.,n = 3and m = 1).
We now show that the tangent space and normal space are orthogonal complements
of each other (see Section 3.3).
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NP (x*)

TP(x*)

Figure 19.9 Normal space in R®

Lemma 19.1 We have T(xz*) = N(z*)! and T(z*)* = N(z*). ]
Proof. By definition of T'(x*), we may write
T(x*)={yc R :zTy =0forallz € N(z*)}.

Hence, by definition of N (z*), we have T'(z*) = N(z*)1. By Exercise 3.6, we
also have T(z*)* = N(z*). ]

By the above lemma, we can write R™ as the direct sum decomposition (see
Section 3.3):
R* = N(z*) & T(z*),

that is, given any vectorv € R™, there are unique vectorsw € N(z*)andy € T (x*)
such that
v=w+Y.

19.4 LAGRANGE CONDITION

In this section, we present a first-order necessary condition for extremum problems
with constraints. The result is the well-known Lagrange’s theorem. To better
understand the idea underlying this theorem, we first constder functions of two
variables and only one equality constraint. Let A : R2 — R be the constraint
function. Recall that at each point & of the domain, the gradient vector Vh(x) is
orthogonal to the level set that passes through that point. Indeed, let us choose a
point z* = [z}, z3]T such that h(z*) = 0, and assume Vh(z*) # 0. The level set
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through the point z* is the set {z : h(x) = 0}. We then parameterize this level set in
a neighborhood of * by a curve {«(¢)}, that is, a continuously differentiable vector
function z : R — R2 such that

x(t) = [xl(t) , t€(a,b), =" =z(t*), z(*)#0, t* € (a,b).
Io (t)

We can now show that Vh(z*) is orthogonal to &{¢*). Indeed, because h is constant

on the curve {x(t) : t € (a,b)}, we have that for all ¢ € (a,b),

h(z(t)) = 0.
Hence, for all ¢ € (a,b),
d
Eh(a:(t)) =0.
Applying the chain rule, we get

%h(w(t)) = Vh(z(t)Tz(t) = 0.

Therefore, Vh(x*) is orthogonal to & (t*).

Now suppose that z* is a minimizer of f : R — R on the set {z : h(z) = 0}.
We claim that V f(x*) is orthogonal to &(¢*). To see this, it is enough to observe
that the composite function of ¢ given by

¢(t) = f(z(t))

achieves a minimum at t*. Consequently, the first-order necessary condition for the
unconstrained extremum problem implies

Ao wy _
—d—t(t y=0.
Applying the chain rule yields
d
0= —¢(t") = V(@) &) = V(") 2(t").

Thus, V f(x*) is orthogonal to &(t*). The fact that &(¢*) is tangent to the curve
{z(t)} at z* means that V f(x*) is orthogonal to the curve at * (see Figure 19.10).

Recall that Vh(z*) is also orthogonal to &(t*). Therefore, the vectors Vh(z*)
and Vf(x*) are “parallel”, that is, V f(z*) is a scalar multiple of Vh(x*). The
above observations allow us now to formulate Lagrange’s theorem for functions of
two variables with one constraint.

Theorem 19.2 Lagrange’s Theorem for n = 2, m = 1. Let the point x* be a
minimizer of f : B2 — R subject to the constraint h(z) = 0, h : B2 — R Then,
Vi(x*) and Vh(z*) are parallel. That is, if Vh(xz*) # 0, then there exists a scalar
A* such that

Vi(@*)+ X' Vh(z*)=0.
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=3

Figure 19.10 The gradient V f (x™) is orthogonal to the curve {x(t)} at the point =* that
is a minimizer of f on the curve

In the above theorem, we refer to A* as the Lagrange multiplier. Note that the
theorem also holds for maximizers. Figure 19.11 gives an illustration of Lagrange’s
theorem for the case where z* is a maximizer of f over the set {x : h(x) = 0}.

Lagrange’s theorem provides a first-order necessary condition for a point to be a
local minimizer. We call this condition the Lagrange condition, which consists of
two equations:

Vilx*)+X'Vh(z*) = 0
h(z) = 0.
Note that the Lagrange condition is only necessary but not sufficient. In Figure 19.12,
we illustrate a variety of points where the Lagrange condition is satisfied, including
a case where the point is not an extremizer (neither a maximizer nor a minimizer).

We now generalize Lagrange’s theorem for the case when f : R* — R and
h:R* -5 R™,m<n.
Theorem 19.3 Lagrange’s Theorem. Let x™ be a local minimizer (or maximizer)
of f : R* = R subjectto h(x) =0, h: R® - R™, m < n. Assume that x* is a
regular point. Then, there exists \* € R™ such that

Df(x*) + XTDh(z*) = 07.

Proof. We need to prove that

Vf(z*) = —Dh(z*)TA*
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z=f(x1,X2)

Figure 19.11 lllustration of Lagrange’s theorem forn =2, m =1

for some A* € R™, that is, Vf(z*) € R(Dh(z*)T) = N(z*). But, by
Lemma 19.1, N(z*) = T(z*)*. Therefore, it remains to show that Vf(z*) €
T(z*)*t.

We proceed as follows. Suppose

yeT(x").

Then, by Theorem 19.1, there exists a differentiable curve {z(t) : t € (a,b)} such
that for all t € (a, b),
h(z(t)) = 0,

and there exists t* € (a, b) satisfying
z(t") =z, z({t") =y.

Consider now the composite function ¢(t) = f(x(t)). Note that ¢t* is a local
minimizer of this function. By the first-order necessary condition for unconstrained
local minimizers (see Theorem 6.1),

dé

() =0.

Applying the chain rule yields
dd) * *\ o (4% * «\T
(") = Df(z")a(t') = Di @)y = VI(=")Ty = 0.

Soally € T(z*) satisfy
Viz*)Ty =0,
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V f(x*)
Vh(x*)

h=0

(a) (b)

AVh(x7)

(©) (d

Figure 19.12 Four examples where the Lagrange condition is satisfied: (a) maximizer, (b)
minimizer, (¢} minimizer, (d) not an extremizer (adapted from {87])

that is
Vi) e T(z*)l.

This completes the proof. | |

Lagrange’s theorem states that if * is an extremizer, then the gradient of the
objective function f can be expressed as a linear combination of the gradients of
the constraints. We refer to the vector A™ in the above theorem as the Lagrange
multiplier vector, and its components the Lagrange multipliers.

Observe that * cannot be an extremizer if

Vf(z") g N(z").

This situation is illustrated in Figure 19.13
It is convenient to introduce the so-called Lagrangian function! : R* x R™ — R,
given by
Wz, A) 2 f(x) + ATh(z).
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Figure 19.13 An example where the Lagrange condition does not hold

The Lagrange condition for a local minimizer £* can be represented using the
Lagrangian function as
Di(z*, A\*) = 0T

for some A", where the derivative operation D is with respect to the entire argument
[=7, /\T]T. In other words, the necessary condition in Lagrange’s theorem is equiv-
alent to the first-order necessary condition for unconstrained optimization applied to
the Lagrangian function.

To see the above, denote the derivative of | with respect to & as D;l, and the
derivative of [ with respect to X as D,l. Then,

Dl(z, A) = [D;l(x, A), Dyl(z, A)].
Note that D, I(z,A) = Df(x) + AT Dh(z) and D,l(z,\) = h(z)T. Therefore,
the Lagrange’s theorem for a local minimizer =* can be stated as
D l(z*,A*) = oF
Dyl(z*,A*) = 07
for some A*, which is equivalent to
Di(z*,X*) = 0T,
In other words, the Lagrange condition can be expressed as DI(z*, A*) = 07
The Lagrange condition is used to find possible extremizers. This entails solving
the equations:
D,l(x,A) = oF
Dyl(z,N) = oT.
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The above represents n + m equations in n + m unknowns. Keep in mind that the
Lagrange condition is only necessary, but not sufficient; that is, a point * satisfying
the above equations need not be an extremizer.

Example 19.5 Given a fixed area of cardboard, we wish to construct a closed card-
board box with maximum volume. We can formulate and solve this problem using
the Lagrange condition. Denote the dimensions of the box with maximum volume
by z1, 2, and z3, and let the given fixed area of cardboard be A. The problem then
can be formulated as

maximize T1T2T3
) A
subject to T1T2 + X223 + T3T1 = bR
We denote f(x) = —z12223, and h(x) = 122 + Z2x3 + z321 — A/2. We
have Vf(x) = —[z273, 2173, 2122]T and VA(x) = [z2 + 23,21 + 23,21 + 2]7.

Note that all feasible points are regular in this case. By the Lagrange condition, the
dimensions of the box with maximum volume satisfies

T2z3 — A(T2 + 23)
z173 — Mx1 + 23)
2122 — Mz +22) =

s © O O

1Ty + Tal3 + 321 =

where A € R

We now solve the above equations. First, we show that that z,, 2, 3, and A are all
nonzero. Suppose z; = 0. By the constraints, we have zoxs = A/2. However, the
second and third equations in the Lagrange condition yield Azy = Azs = 0, which
together with the first equation implies z2x3 = 0. This contradicts the constraints.
A similar argument applies to =3 and x3.

Next, suppose A = 0. Then, the sum of the three Lagrange equations gives
T2x3 + T1Z3 + T122 = 0, which contradicts the constraints.

We now solve for z1, x2, and 3 in the Lagrange equations. First, multiply the
first equation by z; and the second by z2, and subtract one from the other. We arrive
at z3A\(zy — z2) = 0. Because neither =3 nor A can be zero (by part b), we conclude
that z; = x2. We similarly deduce that 3 = z3. From the constraint equation, we
obtain z; = z2 = z3 = /A/6.

Notice that we have ignored the constraints that z;, z2, and z3 are positive so
that we can solve the problem using Lagrange’s theorem. However, there is only
one solution to the Lagrange equations, and the solution is positive. Therefore, if
a solution exists for the problem with positivity constraints on the variables z1, z3,
and z3, then this solution must necessarily be equal to above solution obtained by
ignoring the positivity constraints. |

Next we provide an example with a quadratic objective function and a quadratic
constraint.
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Example 19.6 Consider the problem of extremizing the objective function
f(@) =27 + 23

on the ellipse
{[z1,22]T : h(z) = 2} + 223 — 1 =0}.

We have
Vfx) = [2x1,2x]7,
Vh(z) = [2z1,4z5]7.
Thus,
D l(x,\) = D;[f(z) + Ah(x)] = [221 + 2Az1, 222 + 4A74],
and

Dyl(z,\) = h(z) = z] + 222 - 1.

Setting D, I(z,)\) = 07 and Dyl(zx,\) = 0 we obtain three equations in three
unknowns

221 +2Xz; = 0
21‘2 + 4/\1172 = 0
i 4223 = 1

All feasible points in this problem are regular. From the first of the above equations,
we get either z; = 0 or A = —1. For the case where z; = 0, the second and third
equations imply that A = —1/2 and z5 = £1/+/2. For the case where A = —1, the
second and third equations imply that z; = £1 and zo = 0. Thus, the points that
satisfy the Lagrange condition for extrema are

A e R A

Because

fa) = fa®) = 3

and
F@®) = fa®) =1

we conclude that if there are minimizers, then they are located at (1) and £(? | and if
there are maximizers, then they are located at (®) and 2(%). It turns out that, indeed,
() and () are minimizers and 23 and (4 are maximizers. This problem can
be solved graphically, as illustrated in Figure 19.14. [ |

In the above example both the objective function f and the constraint function
h are quadratic functions. In the next example, we take a closer look at a class
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AX2

Figure 19.14 Graphical solution of the problem in Example 19.6

of problems where both the objective function f and the constraint k are quadratic
functions of n variables.

Example 19.7 Consider the following problem:
zTQx
TPz’

where @ = Q7 > 0,and P = PT > 0. Note that if a pointx = [z;,...,2,]7 isa
solution to the problem, then so is any nonzero scalar multiple of it,

maximize

tr = [tr1,...,tx,)T, t#0.
Indeed,
(tx)TQ(tx) t*2'Qx z"TQux
(tz)TP(tz) t2xzTPx zTPx’

Therefore, to avoid the multiplicity of solutions, we further impose the constraint

TPz =1.

The optimization problem becomes

maximize zTQx
subject to 2T Px =1.
Let us write
flg) = 2'Q=

h(z) = 1-azfPx.
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Any feasible point for this problem is regular (see Exercise 19.9). We now apply
Lagrange’s method. We first form the Lagrangian function

I(z,\) =zTQz + A1 — zT Px).
Applying the Lagrange condition yields
D l(z,\) = 227Q -2xzTP =07,
Dyl(z,)) = 1-zTPzx=0.
The first of the above equations can be represented as
Qxr —APx =0

or

(AP - Q)z = 0.

This representation is possible because P = PT and Q = Q7. By assumption
P > 0, hence P! exists. Premultiplying (AP — Q) = 0 by P~!, we obtain

M, -P'Qxz=0

or, equivalently,
P1Qz = Ax.

Therefore, the solution, if it exists, is an eigenvector of P~'Q, and the Lagrange
multiplier is the corresponding eigenvalue. As usual, let z* and A* be the optimal
solution. Because z*T Pz* = 1, and P! Qz* = M\*x*, we have

N =2 TQz*.

Hence, \* is the maximum of the objective function, and therefore is, in fact, the
maximal eigenvalue of P_lQ. ]

In the above problems, we are able to find points that are candidates for extremizers
of the given objective function subject to equality constraints. These critical points
are the only candidates because they are the only points that satisfy the Lagrange
condition. To classify such critical points as minimizers, maximizers, or neither, we
need a stronger condition—possibly a necessary and sufficient condition. In the next
section, we discuss a second-order necessary condition and a second-order sufficient
condition for minimizers.

19.5 SECOND-ORDER CONDITIONS

We assume that f : R® — Rand h : R® — R™ are twice continuously differentiable,
thatis, f,h € C2. Let

Iz, \) = f(z) + ATh(z) = f(x) + Mhi(@) + - + Aphn(2)
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be the Lagrangian function. Let L(z,A) be the Hessian matrix of I(x, A) with
respect to x, that is,

L(m,)\) = F(m) + /\1H1(:13) + -+ /\mHm(:B),

where F'(x) is the Hessian matrix of f at z, and H () is the Hessian matrix of Ay,
atz,k=1,...,m,given by

2

%?‘(l:) o anazl (ﬂ))
Hk(:l)) =
sTh(z) - %%f(z)

We introduce the notation [AH (x)]:
AH(z)] = M H(z) + - + A Hp (2).
Using the above notation, we can write
L(z,\) = F(x) + [AH(x)].

Theorem 19.4 Second-Order Necessary Conditions. Let x* be a local minimizer of
f:R® — Rsubjecttoh(z) =0, h: R* - R™, m < n, and f,h € C2. Suppose
x* is regular. Then, there exists \* € R™ such that

1. Df(z*) + A*TDh(z*) = 07; and

2. forally € T(x*), we have yT L(z*, X*)y > 0.

O

Proof. The existence of A* € R™ such that Df(z*) + AT Dh(z*) = 07 follows
from Lagrange’s theorem. It remains to prove the second part of the result. Suppose
y € T(x*), that is, y belongs to the tangent space to S = { € R" : h(z) = 0} at

x*. Because h € C?, following the argument of Theorem 19.1, there exists a twice
differentiable curve {z(t) : t € (a,b)} on S such that

z(t’) =a*, =(t*) =y

for some t* € (a, b). Observe that by assumption, ¢* is a local minimizer of the func-
tion ¢(¢) = f(x(t)). From the second-order necessary condition for unconstrained
minimization (see Theorem 6.2), we obtain

¢ ..
2z )20

Using the following formula

& Wz = 207 L o) + y & 2 0
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and applying the chain rule yields

2
TH) = ZDfEE)sE)

(T F(z*)z(t") + Df(z*)&(t*)
= y'F(z*)y + Df(z*)&(t*) > 0.

Because h(z(t)) = 0 for all £ € (a,b), we have

d—ZX'Th(a:(t)) =

i
Thus, for all ¢ € (a, b),
) _
j?/\*Th(a:(t)) - %,\*T%h(m(t))}
- % Z)\k—hk(m(t)]
-5 ZA:th(w»ds(t)]
k=1

- Z,\k 4 (Dhe(a(®)(0)

X [2()T Hi(2(t)&(t) + Dhe(2(2))é(2)]

]
il

i ()N H (2 ()] () + X7 Dh(z(t))é(t)

[
'*]

In particular, the above is true for ¢ = ¢*, that is,
y [\ H(z*)ly + AT Dh(z*)&(t*) = 0.
Adding the above equation to the inequality
Yy F(z")y + Df(z")E(t") > 0
yields
y" (F(z*) + [N H(2")])) y + (Df(=") + AT Dh(2*))&(t") > 0.
But, by Lagrange’s theorem, D f (z*) + A*T Dh(z*) = 07. Therefore,
y" (F(=z*) + N H(z"))y = y" L(z", A"y 2 0,

which proves the result. [ |
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Observe that L(xz, A) plays a similar role as the Hessian matrix F(x) of the
objective function f did in the unconstrained minimization case. However, we now
require that L(z*, A*) > 0 only on T'(z*) rather than on R",

The above conditions are necessary, but not sufficient, for a point to be a local
minimizer. We now present, without a proof, sufficient conditions for a point to be a
strict local minimizer.

Theorem 19.5 Second-Order Sufficient Conditions. Suppose f, h € C? and there
exist a point x* € R and \* € R™ such that

1. Df(z*) + X*TDh(z*) = 07; and

2. forally € T(x*), y # 0, we have y" L{z*, \*)y > 0.
Then, x* is a strict local minimizer of f subject to h(z) = 0. O
Proof. The interested reader can consult [64, p. 307] for a proof of this result. |

The above theorem states that if an x* satisfies the Lagrange condition, and
L{z*, A"} is positive definite on T'(x*), then x* is a strict local minimizer. A similar
result to Theorem 19.5 holds for a strict local maximizer, the only difference being
that L{x*, A*) be negative definite on T(x*). We illustrate this condition in the
following example.

Example 19.8 Consider the following problem:

zTQux
zTPx’

o-[t8 [3)

As pointed out earlier, we can represent the above problem in the equivalent form

maximize

where

maximize zTQx
subject to TPz =1.

The Lagrangian function for the transformed problem is given by
l(z,\) = 27Qz + A\(1 — 2T Px).
The Lagrange condition yields
M -P7'Q)z =0,

where

_ 2 0
P IQ:[O 1].



MINIMIZING QUADRATICS SUBJECT TO LINEAR CONSTRAINTS 387

There are only two values of X that satisfy (A\I — P~'Q)x = 0, namely, the eigen-
values of P1Q: A\; = 2, A\; = 1. We recall from our previous discussion of this
problem that the Lagrange multiplier corresponding to the solution is the maximum
eigenvalue of P~ Q, namely, A\* = \; = 2. The corresponding eigenvector is the
maximizer, that is, the solution to the problem. The eigenvector corresponding to the
eigenvalue \* = 2 satisfying the constraint z7 Pz = 1is £z*, where

T
1
zt={—,0] .
7"
At this point, all we have established is that the pairs (+x*, A*) satisfy the
Lagrange condition. We now show that the points £z* are, in fact, strict local

maximizers. We do this for the point *. A similar procedure applies to —x*. We
first compute the Hessian matrix of the Lagrangian function. We have

L(z*,A") = 2Q — 2P = [8 _02] .

The tangent space T(z*) to {z : 1 — zT Pz = 0} is
T(z") = {yeR:zTPy=0}

= {y:[V2,0ly =0}
= {y:y= [O,a]T, a € R}.

Note that for each y € T(x*),y # 0,

yTL(z*, \*)y = [0, d] {8 _?2] [2} = —2a% < 0.

Hence, L(z*,X*) < 0 on T'(z*), and thus z* = [1/+/2,0]7 is a strict local maxi-
mizer. The same is true for the point —x*. Note that

m*TQa:*
TPz 2

which, as expected, is the value of the maximal eigenvalue of P~ Q. Finally, we

point out that any scalar multiple tx* of *, t # 0, is a solution to the original
problem of maximizing 7 Qz /27 Pzx. [ |

19.6 MINIMIZING QUADRATICS SUBJECT TO LINEAR CONSTRAINTS
Consider the problem

S 1
minimize ia:TQ:c

subject to Az =b,
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where Q > 0, A € R™*", m < n, rank A = m. This problem is a special
case of what is called a quadratic programming problem (the general form of a
quadratic programming problem includes the constraint > 0). Note that the
constraint set contains an infinite number of points (see Section 2.3). We now show,
using Lagrange’s theorem, that there is a unique solution to the above optimization
problem. Following that, we provide an example illustrating the application of this
solution to an optimal control problem.
To solve the problem, we first form the Lagrangian function

I(z,A) = -;:a:TQx +AT(b - Az).
The Lagrange condition yields
D l(x*, \*) =2*TQ - x*TA =07.
Rewriting, we get
z*=Q 1ATA".
Premultiplying both sides of the above by A gives
Az = AQTATA".

Using the fact that Az* = b, and noting that AQ ™' A7 is invertible because Q > 0
and rank A = m, we can solve for A* to obtain

A* = (AQ1AT) 1p.

Therefore, we obtain
z* = Q_IAT(AQ—IAT)—Ib.
The point z* is the only candidate for a minimizer. To establish that z* is indeed

a minimizer, we verify that * satisfies the second-order sufficient conditions. For
this, we first find the Hessian matrix of the Lagrangian function at (z*, A*). We have

L(z*,\") =Q,

which is positive definite. Thus, the point * is a strict local minimizer. We will see
in Chapter 21 that * is, in fact, a global minimizer.

The special case where @ = I,,, the n x n identity matrix, reduces to the problem
considered in Section 12.3. Specifically, the problem in Section 12.3 is to minimize
the norm {|z|| subject to Az = b. The objective function here is f(x) = ||z||, which
is not differentiable at & = 0. This precludes the use of Lagrange’s theorem because
the theorem requires differentiability of the objective function. We can overcome
this difficulty by considering an equivalent optimization problem:

1
minimize —2—||:1:||2

subject to Az =b.
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The objective function ||z||%/2 has the same minimizer as the previous objective
function ||z||. Indeed, if «* is such that for all z € R™ satisfying Az = b, ||z*|| <
lz||, then [|z*||?/2 < ||x||?/2. The same is true for the converse. Because the
problem of minimizing {|z||? /2 subject to Az = b is simply the problem considered
above with @ = I,,, we easily deduce the solution to be z* = AT(AAT)~ b,
which agrees with the solution in Section 12.3.

Example 19.9 Consider the discrete-time linear system model
Ty = azTr-1 + bug, k>1,

with initial condition zo given. We can think of {z} as a discrete-time signal that
is controlled by an external input signal {us}. In the control literature, z; is called
the state at time k. For a given zg, our goal is to choose the control signal {us} so
that the state remains “small,” over a time interval [1, N}, but at the same time the
control signal is “not too large.” To express the desire to keep the state {z} small,
we choose the control sequence to minimize

1 N
5 Z.’E?.
i=1

On the other hand, maintaining a control signal that is not too large, we minimize

1 N
EZU?
i=1

The above two objectives are conflicting in the sense that they cannot, in general,
be simultaneously achieved—minimizing the first may result in large control effort,
while minimizing the second may result in large states. This is clearly a problem that
requires compromise. One way to approach the problem is to minimize a weighted-
sum of the above two functions. Specifically, we can formulate the problem as:

N
L 1 s
minimize 3 ,~§=1 (gz? + ru?)
subject to Tr = axkp—1 +bug, k=1,...,N, zo given,

where the parameters ¢ and r reflect the relative importance of keeping the state small
versus keeping the control effort not too large. This problem is an instance of the
linear quadratic regulator (LQR) problem (see, e.g., [11], [15], [62], [63], or [71]).

To solve the above problem, we can rewrite it as a quadratic programming problem.
Define

_ |eIn O
Q - [0 TIN]
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M1 0 -b 0
A = —a 1 —b
| 0 -a 1 0 --. —b
(a:vo
0 T
b = r z=[t1,...,ZN,U1,-..,uN]" .
L O

With these definitions, the problem reduces to the previously considered quadratic
programming problem

1
minimize §zTQz
subject to Az = b,
where Q is 2N x 2N, Ais N x 2N, and b € RY . The solution is
Z* - Q—IAT(AQ—IAT)—lb.

The first N components of 2* represent the optimal state signal in the interval [1, N],
whereas the second N components represent the optimal control signal.

In practice, the computation of the matrix inverses in the above formula for z*
may be too costly. There are other ways to tackle the problem by exploiting its
special structure. This is the study of optimal control (see, e.g., [11], [15], [62], [63],
or [71)).

[

The following example illustrates an application of the above discussion.

Example 19.10 Credit-card holder dilemma. Suppose we currently have a credit-
card debt of $10,000. Credit-card debts are subject to a monthly interest rate of 2%,
and the account balance is increased by the interest amount every month. Each month,
we have the option of reducing the account balance by contributing a payment to the
account. Over the next 10 months, we plan to contribute a payment every month in
such a way as to minimize the overall debt level while at the same time minimize the
hardship of making monthly payments.

We solve our problem using the LQR framework as described in Example 19.9.
Let the current time be 0, x; the account balance at the end of month k, and u; our
payment in month k. We have

Ty =1.02:):k_1——uk, k=1,...,10,

that is, the account balance in a given month is equal to the account balance in the
previous month plus the monthly interest on that balance minus our payment that
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month. Our optimization problem is then

- 1¢-
minimize 5 Z; (q:l:,2 + ruf)
subject to zr = 1.02x4 1 —ug, k=1,...,10, zg = 10000,

which is an instance of the LQR problem. The parameters ¢ and r reflect our priority
in trading off between debt reduction and hardship in making payments. The more
anxious we are to reduce our debt, the larger the value of ¢ relative to 7. On the other
hand, the more reluctant we are to make payments, the larger the value of r relative
togq.
The solution to the above problem is given by the formula derived in Example 19.9.
In Figure 19.15, we plot the monthly account balances and payments over the next
10 months using ¢ = 1 and r = 10. We can see here that our debt has been reduced
to fess than $1,000 after 10 months, but with a first payment close to $3,000. If we
feel that a payment of $3,000 is too high, then we can try to reduce this amount by
increasing the value of r relative to g. However, going too far along these lines can
lead to trouble. Indeed, if we use ¢ = 1 and r = 300 (see Figure 19.16), although the
monthly payments do not exceed $400, the account balance is never reduced by much
below $10,000. In this case, the interest on the account balance eats up a significant
portion of our monthly payments. In fact, our debt after 10 months will be higher
than $10,000.
|

EXERCISES

19.1 Find local extremizers for the following optimization problems:

a.
minimize zf + 2z120 + 3m§ + 4z + S50 + 623
subject to T+ 2z, =3
4z1 + dzz = 6;
b.
maximize 471 + 23
subject to i +22=9;
c.
maximize T1Z2

subject to i +4si=1.
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Figure 19.15 Plots for Example 19.10 withg = 1 and r = 10
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Figure 19.16 Plots for Example 19.10 with ¢ = 1 and » = 300
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19.2 Consider the problem
minimize f (:c)
subject to h(z) =0,

where f : R2 > R, h: R2 - R, and Vf(z) = [21, 71 + 4]T. Suppose that z* is
an optimal solution, and Vi(z*) = [1,4]7. Find V f(z*).

19.3 Consider the problem
minimize |z - 2o]|?
subject to llzl> =9,
where zg = [1,v/3]T.
a. Find all points satisfying the Lagrange condition for the problem.

b. Using second-order conditions, determine whether or not each of the points in
part a are local minimizers.

19.4 We wish to construct a closed box with minimum surface area that encloses a
volume of V' cubic feet, where V > 0.

a. Let a, b, and ¢ denote the dimensions of the box with minimum surface area
(with volume V). Derive the Lagrange condition that must be satisfied by a,
b, and c.

b. What does it mean for a point 2™ to be a regular point in this problem? Is the
point z* = [a, b, c]T a regular point?

¢. Find a, b, and c.

d. Does the pointz* = [a, b, ¢] found in part c satisfy the second-order sufficient
condition?

19.5 Find local extremizers of
a. f(z1,22,73) = 2% + 333 + x5 subject to 2? + 2 + 22 = 16;

b. f(z1,72) = z? + 22 subject to 3z? + 4172 + 672 = 140.

19.6 Consider the problem

minimize 2z + 32 — 4, T,22 €R

subject to I172 = 6.
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a. Use Lagrange’s theorem to find all possible local minimizers and maximizers.

b. Use the second-order sufficient conditions to specify which points are strict
local minimizers and which are strict local maximizers.

¢. Are the points in part b global minimizers or maximizers? Explain.

19.7 Find all solutions to the problem

maximize zT 3 4 x
0 3
subject to llz||®> = 1.

19.8 Consider a matrix A € R™*", Define the induced 2-norm of A, denoted
|- A]|2, to be the number

lAllz = max{[|Az| : z € R", ||lz|| =1},

where the norm || - || on the right-hand side above is the usual Euclidean norm.

Suppose the eigenvalues of AT Aare N ,« - -, A (ordered from largest to smallest).
Use Lagrange’s theorem to express ||A||2 in terms of the above eigenvalues (cf.
Theorem 3.8).

19.9 Let P = PT be a positive definite matrix. Show that any point z satisfying
1 —aTPx = 0 is a regular point.

19.10 Consider the problem:

maximize axy + bz, z1,r2 €ER

subject to 2+l =2
where a,b € R. Show that if [1, 1]7 is a solution to the problem, then a = &.

19.11 Consider the problem:

minimize T1T2 — 211, z1,22 €ER
subject to 22 —22=0.
a. Apply Lagrange’s theorem directly to the problem to show that if a solution
exists, it must be either [1,1]7 or [-1,1]7.

b. Use the second-order necessary conditions to show that [—1, 1] cannot pos-
sibly be the solution.
17

¢. Use the second-order sufficient conditions to show that [1,1]" is a strict local

minimizer.
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19.12 Let A € R™*", m < n,rank A = m, and &y € R". Let * be the point on
the nullspace of A that is closest to &y (in the sense of Euclidean norm).

a. Show that z* is orthogonal to z* — x¢.

b. Find a formula for 2* in terms of A and xq.

19.13 Consider the quadratic programming problem

1
minimize EmTQa:
subject to Az = b,

where Q = QT >0, A € R"" m < n, and rank A = m. Use the Lagrange
condition to derive a closed-form solution to the problem.

19.14 Let L be an n x n real symmetric matrix, and let M be a subspace of R”
with dimensionm < n. Let {b;,...,b,} C R be a basis for M, and let B be the
n X m matrix with b; as the ith column. Let L be the m x m matrix defined by
Ly = BTLB. Show that L is positive semidefinite (definite) on M if and only if
L, is positive semidefinite (definite).

Note: This result is useful for checking that the Hessian of the Lagrangian function
at a point is positive definite on the tangent space at that point.

19.15 Consider the sequence {:ck}, z € R, generated by the recursion
Tpe1 =azg +bug, k>0 (a,b € R, a,b#0),

where ug, uy, us, . . . is a sequence of “control inputs,” and the initial condition zo # 0
is given. The above recursion is also called a discrete-time linear system. We wish
to find values of control inputs uo and u; such that o = 0, and the average input
energy (u2 + u?)/2 is minimized. Denote the optimal inputs by u and u}.

a. Find expressions for ug and u} in terms of a, b, and zg.

b. Use the second-order sufficient conditions to show that the point u* =
[ug,u}]T in part a is a strict local minimizer.

19.16 Consider the discrete-time linear system z, = 2x-1 + ux, £ > 1, with
zo = 1. Find the values of the control inputs ©; and u, to minimize

1 1
73 + iuf + gug
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20

Problems with Inequality
Constraints

20.1 KARUSH-KUHN-TUCKER CONDITION

In the previous chapter, we analyzed constrained optimization problems involving
only equality constraints. In this chapter, we discuss extremum problems that also
involve inequality constraints. The treatment in this chapter parallels that of the
previous chapter. In particular, as we shall see, problems with inequality constraints
can also be treated using Lagrange multipliers.

‘We consider the following problem:

minimize f(z)
subject to h(z) =0,
g(z) <0,

where f :R* > R A:R* - R*, m <n,and g : R* — RP. For the above
general problem, we adopt the following definitions.

Definition 20.1 An inequality constraint g;(x) < 0 is said to be active at z* if
gj(z*) = 0. Itis inactive at =* if g;(z*) < 0. [ |

By convention, we consider an equality constraint h;(z) = 0 to be always active.

Definition 20.2 Let z* satisfy h(z*) = 0, g(z*) < 0, and let J(z*) be the index
set of active inequality constraints, that is,

J(x*) = {j: g;(x*) = 0}.
397
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Then, we say that 2* is a regular point if the vectors
Vh‘i(a:*)a Vg,(:l:*), 1 S t S m, .7 € J(m*)
are linearly independent. [ |

We now prove a first-order necessary condition for a point to be a local minimizer.
We call this condition the Karush-Kuhn-Tucker (KKT) condition. In the literature,
this condition is sometimes also called the Kuhn-Tucker condition.

Theorem 20.1 Karush-Kuhn-Tucker (KKT) Theorem. Let f,h,g ¢ C!. Let z*
be a regular point and a local minimizer for the problem of minimizing f subject to
h{zx) =0, g(x) < 0. Then, there exist \* € R™ and p* € RP such that

1L p*>0;
2. Df(z*) + A*TDh(x*) + p*T Dg(z*) = 07;
3 wTg(z*)=0.
|

In the above theorem, we refer to A™ as the Lagrange multiplier vector, and p* as
the Karush-Kuhn-Tucker (KKT) multiplier vector. We refer to their components as
Lagrange multipliers and Karush-Kuhn-Tucker (KKT) multipliers, respectively.

Before proving this theorem let us first discuss its meaning. Observe that p; > 0
(by condition 1) and g;(x*) < 0. Therefore, the condition

pTg(@*) = pig1 (@) + - + phgp(z®) =0

implies that if g;(z*) < 0, then u} = 0, that is, for all j ¢ J(x*), we have u} = 0.
In other words, the KKT multipliers u} corresponding to inactive constraints are
zero. The other KKT multipliers, uf, ¢ € J(x*), are nonnegative; they may or may
not be equal to zero.

Example 20.1 A graphical illustration of the Karush-Kuhn-Tucker (KKT) theorem
is given in Figure 20.1. In this two-dimensional example, we have only inequality
constraints g;(x) < 0, j = 1,2,3. Note that the point * in the figure is indeed a
minimizer. The constraint gs{x) < 0 is inactive, that is, g3(z*) < 0; hence u3 = 0.
By the KKT theorem, we have

V(@) + piVar(z*) + u3Vge(x*) =0,
or, equivalently,
Vi(x®) = —uiVa(z®) — u3Vga(z7),

where 7 > 0 and p3 > 0. It is easy to graphically interpret the KKT condition
above for this example. Specifically, we can see from the Figure 20.1 that V f(z*)
must be a linear combination of the vectors —Vg; (z*) and —V g2 (x*) with positive
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Figure 20.1 1llustration of the Karush-Kuhn-Tucker (KKT) theorem

coefficients. This is exactly reflected in the above equation, where the coefficients
41 and p3 are the KKT multipliers. [ |

We apply the KKT condition in the same way we apply any necessary condition.
Specifically, we search for points satisfying the KKT condition and treat these points
as candidate minimizers. To summarize, the KKT condition consists of five parts
(three equations and two inequalities):

L p*>0;

2. Df(z*) + AT Dh(z*) + p*T Dg(z*) = 07;
3. pTg(a*) =0;

4. h(x*) = 0;

5. g(xz*) <0.

We now prove the KKT theorem.

Proof of Karush-Kuhn-Tucker Theorem. Letx* be aregular local minimizer of f on
the set {z : h(x) = 0,g(x) < 0}. Then, x* is also a regular local minimizer of f
ontheset {x : h{z) = 0,9;(x) = 0,j € J(x*)} (see Exercise 20.13). Note that the
latter constraint set involves only equality constraints. Therefore, from Lagrange’s
theorem, it follows that there exist vectors A* € R™ and p* € R? such that

Df(z*) + A*TDh(z*) + u*T Dg(z*) = 07,
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where for all j € J(z*), we have p; = 0. To complete the proof it remains to show
that for all j € J(z*), we have u} > O (and hence for all j = 1,...,p, we have
#; 2 0,ie., p* > 0). We use a proof by contradiction. So suppose that there exists

j € J(z*) such that 5 < 0. Let S and T'(x*) be the surface and tangent space
defined by all other active constraints at *. Specifically,

§={z:h(z) =0,g:(x) = 0,i € J(z"),i # j},

and
T(z*) = {y: Dh(z")y =0,Dgi(z™)y =0,i € J(z*),i # j}.

We claim that, by the regularity of z*, there exists y € T(m*) such that
Dg;(x™)y #0.

To see this, suppose that for all y € T'(z*), Vg;(x*)Ty = Dgi(xz*)y = 0. This
implies that Vg;(z*) € T(z*)1. By Lemma 19.1, this, in turn, implies that

Vg;(x*) € span[Vhi(z*),k =1,...,m,Vg(x*),i € J(x),i # j).

But this contradicts the fact that * is a regular point, which proves our claim.
Without loss of generality, we assume that we have y such that Dg;(xz*)y < 0.
Consider the Lagrange condition, rewritten as

Df(z") + X" Dh(z") + p;Dyg;(=*) + ) _ ui Dgi(x*) = 0T
i#j

If we postmultiply the above by y, and use the fact that y € T(:r*), we get
Df(x")y = —u;Dg;(=")y.
Because Dg;(z*)y < 0, and we have assumed that ¢} < 0, we have
Df(z*)y < 0.

Because y € T'(x*), by Theorem 19.1 we can find a differentiable curve {z(t) :
t € (a,b)} on S such that there exists t* € (a,b) with z(t*) = z* and (t*) = v.
Now,

d * *
S (@) = Df(a")y <0.

The above means that there is a § > O such that for all t € (t*,t* + J], we have
f=®) < f(=(t)) = f(z7).

On the other hand,

2 0i(2(") = Dgj(a")y <0,
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Figure 20.2 Circuit in Example 20.2

and for some ¢ > 0 and all ¢ € [t*,t* + €], we have that g;(2(t)) < 0. Therefore,
for all t € (¢*,t* + min(d, )], we have that g;(x(¢)) < 0 and f(x(t)) < f(z*).
Because the points x(t), ¢ € (t*,t* + min(4, )], are in S, they are feasible points
with lower objective function values than z*. This contradicts the assumption that
x* is a local minimizer, and hence the proof is completed. |

Example 20.2 Consider the circuit in Figure 20.2. Formulate and solve the KKT
condition for the following problems.

a. Find the value of the resistor R > 0 such that the power absorbed by this
resistor is maximized.

b. Find the value of the resistor R > 0 such that the power delivered to the 10 2
resistor is maximized.

Solutions:

a. The power absorbed by the resistor R is p = i*R, where i = 17on. The
optimization problem can be represented as

minimize — —ﬂ(—)—k;
(10 + R)?
subject to —-R<0.

The derivative of the objective function is

_400(10 + R)® ~ 800R(10+ R) _  400(10 - R)

(10+ R)* - (10+R)3 °
Thus, the KKT condition is
_400(10 ~ R) B 0
(10 + R)®
g =0
pR = 0
0.

|
o
IA
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We consider two cases. In the first case, suppose 4 > 0. Then, R = 0. But
this contradicts the first condition above. Now suppose x4 = . Then, by the
first condition, we have R = 10. Therefore, the only solution to the KKT
conditionis R =10, g = 0.

b. The power absorbed by the 10 { resistor is p = i210, where i = 20/(10 + R).
The optimization problem can be represented as

minimize _ 4000
(10 + R)?
subject to -R<0.
The derivative of the objective function is
8000
(10 + R)%”
Thus, the KKT condition is
8000 - 0
aw+Rrs * T
p =20
pR = 0
-R < 0.

As before, we consider two cases. In the first case, suppose i > 0. Then, R =
0, which is feasible. For the second case, suppose p = (). But this contradicts
the first condition. Therefore, the only solution to the KKT conditionis R = 0,
u=S_8.

In the case when the objective function is to be maximized, that is, when the
optimization problem has the form

maximize f(x)
subject to h(z)=0
g(x) <0,

the KKT condition can be written as
L p*>0;
2. —=Df(z*) + T Dh(z*) + u*TDg(z*) = 07}
3. wTg(z*) =0;
4. h(z*) =0;
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5. g(z*) <0.

The above is easily derived by converting the maximization problem above into a
minimization problem, by multiplying the objective function by —1. It can be further
rewritten as

L p* <05
2. Df(z*) + X*TDh(z*) + w*T Dg(z*) = 07
3. wTg(z*) =0;

4. h(z*) = 0;

5. g{z*) < 0.

The above form is obtained from the previous one by changing the signs of 4™ and
A and multiplying condition 2 by —1.

We can similarly derive the KKT condition for the case when the inequality
constraint is of the form g(x) > 0. Specifically, consider the problem

minimize flx)
subject to h(z)=0
g(x) > 0.

We multiply the inequality constraint function function by ~1, to obtain —g(z) < 0.
Thus, the KKT condition for this case is

1p* >0
2. Df(z*) + AT Dh(z*) — p*T Dg(z*) = 07;
3. wTg(z*) =0;
4. h(z*) = 0;
5. g(=*) > 0.
Changing the sign of p* as before, we obtain
L p* <05
2. Df(z*) + A*TDh(z*) + w*T Dg(z*) = 07;
3. wTlg(z*) =0;
4. h(z*) = 0;
5. g(z*) > 0.
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For the problem

maximize f(x)
subject to h{z)=0
g9(z) 20,

the KKT condition is exactly the same as in Theorem 20.1.

Example 20.3 In Figure 20.3, the two points & and x5 are feasible points, that is,
g(x1) > 0and g(x2) > 0, and they satisfy the KKT condition.

The point x; is a maximizer. The KKT condition for this point (with KKT
multiplier p;) is:

Loy 20;

2. Vfi(x1) + mVg(x,) = 0;
3. pg(x) =06;

4. g(x1) > 0.

The point 5 is a minimizer of f. The KKT condition for this point (with KKT
multiplier p) is:

Lope <05

2. Vf(z2) + p2Vg(z2) = 0;
3. pag(z2) = 0;

4. g(x2) > 0.

Example 20.4 Consider the problem

minimize flz1,x2)
subject to z1,12 >0,

where
f(z,22) = xf +w§ + z122 — 327

The KKT condition for this problem is
Lop=[p,p]7 <0
2. Df(z) + uT = 07;
3. uTz=0;
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Vi(x4)

f=02

f=C1
C4<Co<C3<Cy

Figure 20.3 Points satisfying the KKT condition (z; is a maximizer and @2 is a minimizer)

4. = > 0.
We have
Df(:l:) = [2$1 +x3-3, 21+ 2£E2].
This gives
229+ 22+ = 3
T+ 222 +ps = 0
iz + pare = 0.

We now have four variables, three equations, and the inequality constraints on each
variable. To find a solution (x*, t*), we first try

;1.1‘:0, .'l:;=0,

which gives
=S a3
1= 9 Ho = 2
The above satisfies all the KKT and feasibility conditions. In a similar fashion, we
can try

which gives
z; =0, pi =3.
This point clearly violates the nonpositivity constraint on uJ.

The feasible point above satisfying the KKT condition is only a candidate for
a minimizer. However, there is no guarantee that the point is indeed a minimizer,
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because the KKT condition is, in general, only necessary. A sufficient condition for

a point to be a minimizer is given in the next section. [ |
The above example is a special case of a more general problem of the form

minimize f(=x)
subject to xz>0.

The KKT condition for this problem has the form

nw < 0
Vf(x)+pn = 0
uTz = 0
x > 0
From the above, we can eliminate u to obtain
Vi) > 0
2TVfix) = 0
z > 0.

Some possible points in R? that satisfy the above conditions are depicted in Fig-
ure 20.4.

For further results related to the KKT condition, we refer the reader to [67,
Chapter 7).

20.2 SECOND-ORDER CONDITIONS

As in the case of extremum problems with equality constraints, we can also give
second-order necessary and sufficient conditions for extremum problems involving
inequality constraints. For this, we need to define the following matrix:

L(z, A ) = F(z) + [AH(z)] + [0G(z)),
where F(x) is the Hessian matrix of f at &, and the notation [A H (x)] represents
[AH (z)] = MH:i(z) + - - + Am Hp(2),
as before. Similarly, the notation [#G ()] represents
MG (@)] = mGi(x) + - + ppGp(),

where G, () is the Hessian of g, at &, given by

62 02
83”: (x) o aznakzl (x)

Gi(x) =

829 92 :
T (@) - wx(x)
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%2
f=C1
f=C2
el Vi)
C1<Co
\\ ’X1
| *2
C{<Ca<C3

L.

x*

Xy

VH(x*)

x* \ \ Xy
f=C1 f=02 f=C3

Figure 20.4 Some possible points satisfying the KKT condition for problems with positive

constraints (adapted from [9])

In the following theorem, we use

T(z*)={y € R* : Dh(z*)y =0, Dg;(z*)y =0, j € J(z")},

that is, the tangent space to the surface defined by active constraints.

Theorem 20.2 Second-Order Necessary Conditions. Let £* be a local minimizer of
f:R® = Rsubjecttoh(x) =0, g(z) <O, h:R*" > R*", m<n,g:R* > R,
and f,h,g € C% Suppose x* is regular. Then, there exist \* € R™ and p* € RP

such that:

L p* >0, Df(z*) + A" Dh(z*) + p*TDg(z*) = 07, u*Tg(z*) = 0; and

2. Forally € T(z*) we have y" L(z*,\*, u*)y > 0.
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Proof. Part 1is simply a result of the KKT theorem. To prove part 2, we note that
because the point 2* is a local minimizer over {z : h(z) = 0, g(z) < 0}, it is
also a local minimizer over {z : h(z) = 0, g;(x) = 0, j € J(z*)}, that is, the
point * is a local minimizer with active constraints taken as equality constraints
(see Exercise 20.13). Hence, the second-order necessary conditions for equality
constraints (Theorem 19.4) are applicable here, which completes the proof. [ |

We now state the second-order sufficient conditions for extremum problems in-
volving inequality constraints. In the formulation of the result, we use the following
set:

T(z*,u*) = {y : Dh(z")y = 0, Dgi(z*)y = 0,i € J(z*, pu*)},

where J(z*, n*) = {i : gi(x*) = 0,4 > 0}. Note that J(z*, u*) is a subset of
J(x*), that is, J(x*, u*) C J{(z*). This, in turn, implies that 7'(x*) is a subset of
T(x*, u*), that is, T(a:"‘) C T(z*, u*).

Theorem 20.3 Second-Order Sufficient Conditions. Suppose f,g,h € C? and
there exist a feasible point ©* € R™ and vectors \* € R™ and p* € RP, such that:

L p* >0, Df(x*) + X*T Dh(z*) + p*TDg(z*) = 07, w*Tg(x*) = 0; and
2. Forally € T(z*,pu*), y # 0, we have yT L(z*, \*, u*)y > 0.
Then, x* is a strict local minimizer of [ subject to h(x) = 0, g(z) < 0. a
Proof. For a proof of this theorem, we refer the reader to [64, p. 317]. [ |

A similar result to Theorem 20.3 holds for a strict local maximizer, the only
difference being that we need p* < 0 and that L(z*, ™) be negative definite on
T(z*, p*).

With the above result, we can now analytically solve the problem in Example 19.1,
which we previously solved graphically.

Example 20.5 We wish to minimize f(z) = (z; — 1)? + 12 — 2 subject to
h(z) = z2—x21—-1=0,
g{x) = z+z2-2<0.
For all z € R?, we have
Dh(z) =[-1,1], Dg(z) =[1,1].

Thus, Vh(z) and Vg(x) are linearly independent and hence all feasible points are
regular. We first write the KKT condition. Because D f(x) = [2z; — 2, 1], we have

Df(x) + ADh(zx) + uDg(x) = 22, — 2 - A+ p, 1+ A+ 4] = 0F
wzy+r2—2) = 0

p >0

rp—21—-1 = 0

Ty t+z2—-2 < 0.
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To find points that satisfy the above conditions, we first try p > 0, which implies
z1 + 2 — 2 = 0. Thus, we are faced with a system of four linear equations

2r1 —2- A+ 0
1+Ax+p =0
T2—21—-1 = 0
1+ T — 2 = 0.
Solving the above system of equations we obtain
1 3
-7;1-57 132—‘2', A——l,[l—o.

However, the above is not a legitimate solution to the KKT condition, because we
obtained p = 0, which contradicts the assumption that y2 > 0.

In the second try, we assume g = 0. Thus, we have to solve the following system
of equations

2c1-2-X = 0
1+
372—331—1 = 0,

il
=

and the solutions must satisfy
g(.’E],Zz) =x+z3—-2<0.

Solving the above equations, we obtain

1 3
= .2225, A=-1.

.’I)1=2

Note that z* = [1/2,3/2]7 satisfies the constraint g(x*) < 0. The point z* satisfy-
ing the KKT necessary condition is therefore the candidate for being a minimizer.

We now verify if z* = [1/2,3/2]T, \* = —1, u* = 0, satisfy the second-order
sufficient conditions. For this, we form the matrix

L(z*, A%, n*) )+ N H(z") + p*G(z™)

[ ] o5 o+ lo o

We then find the subspace

T(z*,u") = {y : Dh(z")y = 0}.
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Note that, because p* = 0, the active constraint g(x*) = 0 does not enter the
computation of 7'(z*, u*). Note also that in this case, T'(x*) = {0}. We have

T(e*,u*) = {y: [-1, 1y = 0} = {[a,a]" :a € R}.

We then check for positive definiteness of L(z*, A*, u*) on T(x*, 4*). We have
* * * 2 0
yTL(z*, X", u*)y = [a,q] [0 0] [Z] = 2a’.

Thus, L(x*, \*, u*) is positive definite on T(x*, u*). Observe that L(z*, X\*, u*)
is, in fact, only positive semidefinite on R?.

By the second-order sufficient conditions, we conclude that * = [1/2,3/2]" is
a strict local minimizer.

EXERCISES

20.1 Find local extremizers for
a. z} + 23 — 2z, — 10z5 + 26 subject to ;22 — 73 < 0,521 + 32 < 5;

b. 2% + z2 subjecttoz; > 0,23 > 0,21 +z2 > 5;

c. 22 + 62177 — 4z1 — 237 subject to 22 + 275 < 1,271 — 225 < 1.

20.2 Find local minimizers for z% + z2 subjectto z3 + 2z172+ 23 = 1,72 ~ 2, < 0.

20.3 Write down the Karush-Kuhn-Tucker condition for the optimization problem
in Exercise 15.6.

20.4 Consider the problem
minimize 22— (21 -2 +3
subject to T > 1,

where z; and x4 are real variables. Answer each of the following questions, making
sure that you give complete reasoning for your answers.

a. Write down the KKT condition for the problem, and find all points that satisfy
the condition. Check whether or not each point is regular.

b. Determine whether or not the point(s) in part a satisfy the second-order neces-
sary condition.

¢. Determine whether or not the point(s) in part b satisfy the second-order suffi-
cient condition.
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20.5 Consider the problem
minimize T3
subject to Ty > —(z1 — 1) + 3.
a. Find all points satisfying the KKT condition for the problem.
b. For each point x* in part a, find T'(z*), N (z*), and T(z*).

c. Find the subset of points from part a that satisfy the second-order necessary
condition.

20.6 Consider the optimization problem
minimize f(z)
subject to z e
where f(z) = 7122, where = [z1,22]T,and @ = {z € R? : 21 = z,, 71 > 0}.
a. Find all points satisfying the KKT condition.

b. Do each of the points found in part a satisfy the second-order necessary condi-
tion?

¢. Do each of the points found in part a satisfy the second-order sufficient condi-

tion?

20.7 Consider the problem

1
minimize §||Aa: - bl?
subject to 1+ 4Ty =1
Tiye.. 80 2 0.
a. Write down the KKT condition for the problem.

b. Define what it means for a feasible point * to be regular in this particular given
problem. Are there any feasible points in this problem that are not regular? If
yes, find them. If not, explain why not.

208 Let g : R* — R and o € R™ be given, where g{xo) > 0. Consider the
problem

. 1
minimize -2-“2 - zo||?

subject to g(z) <0.
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Suppose x* is a solution to the problem, and g € C*. Use the KKT theorem to decide
which of the following equations/inequalities hold:
i g(z*) <0
ii. g(z*)=0
iii. (z* — 29)TVg(z*) <0
iv. (* —xo)TVg(z*) =0

v. (z* — zo)TVg(z*) > 0.

20.9 Consider a square room, with corners located at [0,0]7, [0,2]7, [2,0]7, and

[2,2]% (in R?). We wish to find the point in the room that is closest to the point
3,4]".

a. Guess which point in the room is the closest point in the room to the point
[3,4]T.

b. Use the second-order sufficient conditions to prove that the point you have
guessed is a strict local minimizer.

Hint: Minimizing the distance is the same as minimizing the square distance.

20.10 Consider the quadratic programming problem

. 1
minimize ia:TQ:v
subject to Az < b,

where Q = Q7 > 0, A € R™*", and b > 0. Find all points satisfying the KKT
condition.

20.11 Consider the problem

minimize c’x
subject to Az <0,

where A € R™*"™, m < n, is of full rank. Use the KKT theorem to show that if
there exists a solution, then the optimal objective function value is 0.

20.12 Consider a linear programming problem in standard form (see Chapter 15).
a. Write down the Karush-Kuhn-Tucker condition for the problem.

b. Use part a to show that if there exists an optimal feasible solution to the linear
program, then there exists a feasible solution to the corresponding dual problem
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that achieves an objective function value that is the same as the optimal value
of the primal (compare this with Theorem 17.1).

c. Useparts aand b to prove thatif z* is an optimal feasible solutions of the primal,
then there exists a feasible solution A* to the dual such that (cT —A*T A)z* = 0
(compare this with Theorem 17.3).

20.13 Consider the constraint set S = {x : h(z) = 0,g(x) < 0}. Letz* € S be
a regular local minimizer of f over S, and J(x*) the index set of active inequality
constraints. Show that x* is also a regular local minimizer of f over the set S’ =
{z:h(x)=0,g;(x) =0,j € J(z*)}.

20.14 Solve the following optimization problem using the second-order sufficient
conditions:

minimize 3 + 5
subject to i —2,-4<0
o —x1 —2<0.

See Figure 21.1 for a graphical illustration of the problem.

20.15 Solve the following optimization problem using the second-order sufficient
conditions:

minimize T3 + o3
subject to z — x% -4>0
ry — 10 S 0.

See Figure 21.2 for a graphical illustration of the problem.

20.16 Consider the problem

minimize z} + 23

subject to 4—1;,-12<0
3z — 2, <0
-3z — 21 <0.

Figure 21.3 gives a graphical illustration of the problem. Deduce from the figure
that the problem has two strict local minimizers, and use the second-order sufficient
conditions to verify the graphical solutions.

20.17 Consider the problem:

1
minimize 5 |||
subject to ale=b

x>0,
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wherea € R*, a > 0,and b € R, b > 0. Show that if a solution to the problem
exists, then it is unique, and find an expression for it in terms of a and b.

20.18 Consider the problem:
minimize (z1 — a)® + (z2 — b)?, T1,T2 €R
subject to 2+,

where a,b € R are given constants satisfying a + b2 > 1.

a. Let * = [z],23]7 be a solution to the above problem. Use the first-order
necessary conditions for unconstrained optimization to show that (z})? +
2
(z3)° = 1.

b. Use the KKT theorem to show that the solution z* = [z}, z3]7 is unique, and
has the form z} = aa, z5 = ab, where a € R is a positive constant.

¢. Find an expression for a (from part b) in terms of @ and b.

20.19 Consider the problem:

minimize  z2 + (2 + 1), zy,z3 €R

subject to Ta > exp(ry)

(exp(z) = €? is the exponential of z). Let z* = [z},x3]7 be the solution to the
problem.

a. Write down the KKT condition that must be satisfied by x*.
b. Prove that 3 = exp(z}).

¢. Prove that -2 < z] < 0.

20.20 Consider the problem
minimize c’z+8
1
subject to §||:1:||2 <1,

where ¢ € R, ¢ # 0. Suppose £* = e is a solution to the problem, where o € R
and e = [1,...,1]7, and the corresponding objective value is 4.

a. Show that ||z*||? = 2.

b. Find « and ¢ (they may depend on ).
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20.21 Consider the problem with equality constraint:

minimize f(z)
subject to h(z) =0.

We can convert the above into the equivalent optimization problem
minimize f(x)
1
subject to §||h(:1:)||2 <0.

Write down the KKT condition for the equivalent problem (with inequality con-
straint), and explain why the KKT theorem cannot be applied in this case.

2022 Letf; :R* > Rand f, : R* = R, f1, f> € C*. Consider the problem
minimize max{fi(x), fo(x)}.
Show that if z* is a local minimizer, then there exist p7, 45 € R such that
uiou3 20,  piVAE) V(@) =0,  pi+p =1,

and pi} = 0if f;(z™) < max{fi(z"), fa(z*)}.
Hint: Consider the problem: minimize z subjectto z > f;(x),i =1, 2.
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21

Convex Optimization
Problems

21.1 INTRODUCTION

The optimization problems posed at the beginning of this part are, in general, very
difficult to solve. The source of these difficulties may be in the objective function
or the constraints. Even if the objective function is simple and “well behaved,” the
nature of the constraints may make the problem difficult to solve. We illustrate some
of these difficulties in the following examples.

Example 21.1 Consider the optimization problem
minimize zi + 13
subject to Te —x1—2<0
3 —2,-4<0.
The problem is depicted in Figure 21.1. As we can see in Figure 21.1, the con-
strained minimizer is the same as the unconstrained minimizer. At the minimizer,
all the constraints are inactive. If we had only known about this fact we could have

approached this problem as an unconstrained optimization problem using techniques
from Part IL. |

Example 21.2 Consider the optimization problem
minimize 3 + 3
subject to 1 —10<0
T — :cg —4>0.

417



418 CONVEX OPTIMIZATION PROBLEMS

X4 -10=0

Figure 21.2 Situation where only one constraint is active

The problem is depicted in Figure 21.2. At the solution, only one constraint is active.
If we had only known about this we could have handled this problem as a constrained
optimization problem using the Lagrange multiplier method. [ |

Example 21.3 Consider the optimization problem

minimize z? + 3
subject to 4—3;-22<0
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A2
4 <+
4-x4 -x§=0
40
3*?:%\
1 -
A T L L i é L] —7‘r T ’X1
14
3 Xy
f=10

Figure 21.3 Situation where the constraints introduce local minimizers

3I2 — Iy S 0
—3z5 —z1 <0
The problem is depicted in Figure 21.3. This example illustrates the situation where

the constraints introduce local minimizers, even though the objective function itself
has only one unconstrained global minimizer. |

Some of the difficulties illustrated in the above examples can be eliminated if
we restrict our problems to convex feasible regions. Admittedly, some important
real-life problems do not fit into this framework. On the other hand, it is possible to
give results of a global nature for this class of optimization problems. In the next
section, we introduce the notion of a convex function, which plays an important role
in our subsequent treatment of such problems.

21.2 CONVEX FUNCTIONS

We begin with a definition of the graph of a real-valued function.
Definition 21.1 The graph of f : 2 = R, 2 C R, is the set of points in @ x R C
R**! given by
{lz, f(@)]" ;2 € Q}.
| |

We can visualize the graph of f as simply the set of points on a “plot” of f(z)
versus x (see Figure 21.4). We next define the “epigraph” of a real-valued function.

Definition 21.2 The epigraph of a function f : ! = R, Q C R", denoted epi(f), is
the set of points in {2 x R given by

epi(f) = {[z, 8T :x € N, BER,B > f(z)}.
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epigraph of f

graph of f

X
Figure 21.4 The graph and epigraph of a function f : R » R

The epigraph epi(f) of a function f is simply the set of points in 2 x R on or

above the graph of f (see Figure 21.4). We can also think of epi(f) as a subset of
Rt

Recall that a set @ C R" is convex if for every ¢;,2; € Q and a € (0,1),
ax; + (1 — a)xz € Q (see Section 4.3). We now introduce the notion of a “convex
function.”

Definition 21.3 A function f : & = R, @ C R”, is convex on §} if its epigraph is a
convex set. |

Theorem 21.1 Ifafunction f : 2 = R, Q C R, is convex on §, then S is a convex
set. O

Proof. We prove this theorem by contraposition. Suppose that {2 is not a convex set.
Then, there exist two points y, and ¥, such that for some a € (0, 1),

z=ay; +(1-a)y, ¢

Let
B = f(y1), B2 = f(ya)-

Has

belong to the graph of f, and hence also the epigraph of f. Let

w=a[g:]+(1—a) [g:].

Then, the pairs

We have
_ z
w= [aﬂl +(1—a)ﬂz] '
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But note that w ¢ epi(f), because z & Q. Therefore, epi(f) is not convex, and
hence f is not a convex function. [ |

The next theorem gives a very useful characterization of convex functions. This
characterization is often used as a definition for a convex function.

Theorem 21.2 A function f : £} — R defined on a convex set @ C R” is convex if
and only if for all z,y € Q and all a € (0,1), we have

flaz + (1 -a)y) < af(x) + (1 - ) f(y).

Proof. <: Assume that forall z,y € Q and a € (0, 1),

flaz + (1 - a)y) < af(z) + (1 - )f(y).

Let [2T,a]T and [yT,b]T be two points in epi(f), where a,b € R From the
definition of epi(f) it follows that

f®)<a, f(y)<b
Therefore, using the first inequality above, we have
flaz+ (1 - a)y) < aa+ (1 — a)b.
Because 2 is convex, ax + (1 — a)y € 2. Hence,

[a:t:+ (1-a)y

oo+ (1 - a)b] € epi(f),

which implies that epi( f) is a convex set, and hence f is a convex function.
=: Assume that f :  — R is a convex function. Let z,y € € and

fl&)=a, fly)=b.

T Y .
l:a:| 3 [b] Eepl(f)
Because f is a convex function, its epigraph is a convex subset of R**1. Therefore,
for all @ € (0, 1), we have

o[e]+o-alt)- [m10zg] conn

Thus,

The above implies that for all « € (0, 1),

flaz + (1 -a)y) Soa+(1-a)b=af(x)+(1-a)f(y)
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f(y)

flax+(1-0)y)

Y

Figure 21.5 Geometric interpretation of Theorem 21.2

Thus, the proof is completed. [ |

In the above theorem, the assumption that £ be open is not necessary, as long as
f € C! on some open set that contains 2 (e.g., f € C! on R?).

A geometric interpretation of the above theorem is given in Figure 21.5. The
theorem states that if f : £ — R is a convex function over a convex set §?, then for
all ¢,y € Q, the points on the line segment in R**! connecting [z, f(x)]7 and
[¥7, f(¥)]T must lie on or above the graph of f.

Definition 21.4 A function f : @ — R on a convex set 2 C R” is strictly convex if
forallz,y € Q, z # y, and & € (0, 1), we have

flaxz + (1-a)y) < af(x)+(1-a)f(y)
]

From the above definition, we see that for a strictly convex function, all points on the
open line segment connecting the points [z7, f(z)]T and [y7, f(y)]7 lie (strictly)
above the graph of f.

Definition 21.5 A function f : @ — R on a convex set 2 C R™ is (strictly) concave
if —f is (strictly) convex. |

Note that the graph of a strictly concave function always lies above the line segment
connecting any two points on its graph.

Example 21.4 Let f(z) = z122. Is f convex over 2 = {x : z; > 0, z2 > 0}?
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The answer is no. Take, for example, z = [1,2]7 € and y = [2,1]T € Q.
Then,

ar+(1-a)y = [f;g]

Hence,
flax+(1~a)y) =2 -a)(1+a)=2+a-ad?,

and
af(x) + (1 -a)f(y) =2.
If, for example, & = 1/2 € (0,1), then

1 1 9 1 1

f (§$+ 59) =32 3f@+5f),

which shows that f is not convex over (1. |
The above numerical example is an illustration of the following general result.

Proposition 21.1 A quadratic form f : @ = R Q C R?, given by f(z) = 27 Qx,
Qe R, Q = Q7 is convexon QU ifand only if forall z,y € Q, (x — )T Q(x —
y) > 0. o

Proof. The result follows from Theorem 21.2. Indeed, the function f(z) = z7Qzx
is convex if and only if for every o € (0, 1), and every , ¥y € R™ we have

flez+ (1 -a)y) < af(z) + (1 - a)f(y),
or equivalently
af(x)+(1-a)f(y) - flax+ (1 -a)y) 2 0.
Substituting for f into the left-hand side of the above equation yields
oz’ Qx + (1 - a)y"Qy — (cz + (1 - 1)) Q(az + (1 - a)y)
= oxTQz +y"Qy - ayTQy - o*zTQx
- (a—20)xTQy - (1 -2a+ot)yTQy
= a(l-a)2"Qz - 20(1 - )" Qy + a(1 — a)y" Qy
= a(l-a)(z-9)7Qx-y)
Therefore, f is convex if and only if
o1 - a)(z - 1)TQx —y) 20,
which proves the result. [

Example 21.5 In the previous example, f(x) = z;x3, which can be written as
f(z) = 27 Qx, where
01

@=3li o]
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LetQ={z:z >0},andz = [2,2]T € O,y =[1,3]T € Q. We have
v=2=11

(y-z)"Qy—=)= %[—1,1] [(1) (1)] [—11] =-1<0.

Hence, by the above theorem, f is not convex on 2. |

and

Differentiable convex functions can be characterized using the following theorem.

Theorem 21.3 Let f : @ = R, f € C!, be defined on an open convex set (} C R".
Then, f is convex on Q ifand only if forall x,y € Q,

f(y) 2 f(=) + Df(x)(y - =).
=

Proof. =: Suppose f : 2 = Risdifferentiable and convex. Then, by Theorem21.2,
for any ¢, € 2 and & € (0,1) we have

fley + (1 - a)z) < af(y) + (1 — ) f(z).
Rearranging terms yields
flz+aly-=) - f(x) <a(f(y) - f(z)
Upon dividing both sides of the above inequality by o we get
f@+aly —z)) - f(z)

4]

< f(y) - f(=)-

If we now take the limit as &« — 0 and apply the definition of the directional derivative
of f at z in the direction y — x (see Section 6.2), we get

Df(z)(y —z) < fly) — f(=)
or
f(y) 2 f(=) + Df(x)(y — ).
<: Assume that Q is convex, f : ! — R is differentiable, and for all z,y € 0,
fy) 2 f(z) + Df(=)(y — ).
Letu,v € Qand a € (0,1). Because 2 is convex,
w=ou+(l-ajv e

We also have

f(u) 2 f(w) + Df(w)(u - w)
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ft-—---

fOY+DIX)(y-x) - ---=
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Figure 21.6 Geometric interpretation of Theorem 21.3

and

f() 2 fw) + Df(w)(v — w).
Multiplying the first of the above inequalities by « and the second by (1 — &), and
then adding them together yields

af(u) +(1-a)f(v) 2 f(w) + Df(w)(au+ (1 - a)v ~w).

But
w=ou+ (1 -a)v.
Hence,
af(u)+ (1 -a)f(v) > flau + (1 - a)v).
Hence, by Theorem 21.2, f is a convex function. [ |

A geometric interpretation of the above theorem is given in Figure 21.6. To explain
the interpretation, let @y € Q. The function g(z) = f(xo) + D f(zo)(x — x¢) is
the linear approximation to f at &p. The theorem says that the graph of f always lies
above its linear approximation at any point. In other words, the linear approximation
to a convex function f at any point of its domain lies below epi(f).

For functions that are twice continuously differentiable the following theorem
gives another possible characterization of convexity.

Theorem 21.4 Let f : @ — R f € C?, be defined on an open convex set 8 C R™.
Then, f is convex on QU if and only if for each & € ), the Hessian F(x) of f at x is
a positive semidefinite matrix. O
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Proof <«: Let z,y € (). Because f € C?, by Taylor’s theorem there exists
a € (0, 1) such that

1) = f(z) + Df(x)y ~ @) + 3 (u ~ )" F(z + ofy — 2)(y - ).
Because F'(x + a(y — x)) is positive semidefinite,
(y —z)"Flay + (1 -a)z)(y —z) > 0.

Therefore, we have
fy) 2 f(z)+ Df(z)(y — =),

which implies that f is convex, by Theorem 21.3.

=: We use contraposition. Assume that there exists € 2 such that F'(x) is not
positive semidefinite. Therefore, there exists d € R™ such that d” F(z)d < 0. By
assumption, €2 is open; thus, the point & is an interior point. By the continuity of
the Hessian matrix, there exists a nonzero s € R such that z + sd € (O, and if we
write y = x + sd, then for all points z on the line segment joining  and ¥, we have
d?” F(z)d < 0. By Taylor’s theorem there exists o € (0, 1) such that

f@) + Df(x)(y — =) + -;—(y ~ ) F(z +a(y - 2))(y - z)

f@)+Df(x)(y—z)+ %sszF(m + asd)d.

Iy

Because a € (0,1), the point £ + asd is on the line segment joining « and y, and

therefore
dTF(zx + asd)d < 0.

Because s # 0, we have s > 0, and hence

f(y) < f(z) + Df(z)(y — ).
Therefore, by Theorem 21.3, f is not a convex function. [ |

The above theorem can be strengthened to include non-open sets by modifying the
condition to be (y — )T F(z)(y — =) > 0 for all ¢,y € N (and assuming f € C?
on some open set that contains 2; for example, f € C? on R?). A similar proof as
the above can be used in this case.

Note that by definition of concavity, a function f : @ — R, f € C?, is concave
over the convex set 2 C R™ if and only if for all z € §2, the Hessian F(z) of f is
negative semidefinite.

Example 21.6 Determine whether the following functions are convex, concave or
neither:

1. f:R >R, f(z) = —82%;
2. f:R® 5 R f(z) =422 + 323 + 52% + 67122 + z173 — 321 — 272 + 15;
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3. f R > R, f(z) = 22179 — 7% — 8.
Solutions:

1. We use Theorem 21.4. We first compute the Hessian, which in this case is just
the second derivative: (d2f/dz?)(z) = —16 < O for all z € R Hence, f is
concave over R

2. The Hessian matrix of f is

8 6 1
Fx)=|6 6 0
1 0 10

The leading principal minors of F'(:x) are

Al = 8>0,
8 6
Ay = det [6 6] =12>0,

A; = detF(z)=114>0.

Hence, F(z) is positive definite for all z € R3. Therefore, f is a convex
function over 3.

3. The Hessian of f is
-2 2
Fo =3 3.

which is negative semidefinite for all z € R?. Hence, f is concave on R?.

21.3 CONVEX OPTIMIZATION PROBLEMS

In this section we consider optimization problems where the objective function is a
convex function, and the constraint set is a convex set. We refer to such problems as
convex optimization problems or convex programming problems. Optimization prob-
lems that can be classified as convex programming problems include linear programs,
and optimization problems with quadratic objective function and linear constraints.
Convex programming problems are interesting for several reasons. Specifically, as
we shall see, local minimizers are global for such problems. Furthermore, first-order
necessary conditions become sufficient conditions for minimization.

Our first theorem below states that in convex programming problems, local mini-
mizers are also global. ’

Theorem 21.5 Let f : Q — R be a convex function defined on a convex set ) C R™.
Then, a point is a global minimizer of f over S} if and only if it is a local minimizer

of f. [}
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Proof. =: This is obvious.

<: We prove this by contraposition. Suppose that * is not a global minimizer
of f over Q. Then, for some y € {2, we have f(y) < f(z*). By assumption, the
function f is convex, and hence for all @ € (0,1),

flay + (1 -a)z*) <af(y) + (1 - a)f(z*).
Because f(y) < f(z*), we have
af(y) + (1 - a)f(z*) = o(f(y) - f(x")) + f(z*) < f(z*).
Thus, for all a € (0, 1),
fley +(1-oa)z®) < f(z7).

Hence, there exist points that are arbitrarily close to =* and have lower objective
function value. For example, the sequence {y,, } of points given by

=1 + ({1 1 z*
yn - ny n
converges to £*, and f(y,,) < f(x*). Hence, * is not a local minimizer, which

completes the proof. |

We now show that the set of global optimizers is convex. For this, we need the
following lemma.

Lemma 21.1 Let g : Q — R be a convex function defined on a convex set } C R™.
Then, for each c € R, the set

F.={xe:g(x)<c}
is a convex set. . O

Proof. Letz,y € T'.. Then, g(x) < cand g(y) < c¢. Because g is convex, for all
a € (0,1),
g(az + (1 - a)y) < ag(z) + (1 —a)g(y) <c.

Hence, ax + (1 — a)y € T, which implies that I'; is convex. |

Corollary 21.1 Let f : @ — R be a convex function defined on a convex set ! C R™.
Then, the set of all global minimizers of f over (2 is a convex set. a

Proof. The result follows immediately from the previous lemma by setting

c= Elelgf(w)
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We now show that if the objective function is continuously differentiable and
convex, then the first-order necessary condition (see Theorem 6.1) for a point to be a
minimizer is also sufficient. We use the following lemma.

Lemma 21.2 Let f : Q — R be a convex function defined on the convex set (1 C R”,
and f € C on an open convex set containing ). Suppose the point * € §) is such
that for all ¢ € ), T # x*, we have

Df(x®)(z —z7) > 0.

Then, x* is a global minimizer of f over ). O
Proof. Because the function f is convex, by Theorem 21.3, for all € (2, we have
@) > f(@*) + Df(x")(z - =*).

Hence, the condition D f (x*)(x — =*) > 0 implies that f{z) > f(z*). |

Observe that for any x € (1, the vector £ — * can be interpreted as a feasible
direction at £* (see Definition 6.2). Using the above lemma, we have the following
theorem (cf. Theorem 6.1).

Theorem 21.6 Let f : @ — R be a convex function defined on the convex set
Q C R, and f € C' on an open convex set containing 2. Suppose the point =* € (2
is such that for any feasible direction d at x*, we have

dTvf(z*) > 0.
Then, * is a global minimizer of f over §Q. O
Proof. Letx € 1, x # x=*. By convexity of {1,
¥ talz-—x)=ar+(1-a)z” €N

for all @ € (0,1). Hence, the vector d = & — x* is a feasible direction at z* (see
Definition 6.2). By assumption,

Df(z*)(z —z*) =d" Vf(z") > 0.
Hence, by Lemma 21.2, z* is a global minimizer of f over (1. [ |

From the above theorem, we easily deduce the following corollary (compare this
with Corollary 6.1).

Corollary 21.2 Let f : O — R f € C!, be a convex function defined on the convex
set @ C R™. Suppose the point x* € () is such that

Vf(x*)=0.
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Then, x* is a global minimizer of f over 1. o
We now consider the constrained optimization problem

minimize flz)
subject to h(x) = 0.

We assume that the feasible set is convex. An example where this is the case is when
h(z) = Az —b.

The following theorem states that provided the feasible set is convex, the Lagrange
condition is sufficient for a point to be a minimizer.

Theorem 21.7 Let f : R® — R, f € C!, be a convex function on the set of feasible
points
Q={zeR":h(z)=0},

where h : R* — R™, h € C!, and Q is convex. Suppose there exist x* €  and
A* € R™ such that
Df(z*) + A*TDh(z*) = 07.

Then, x* is a global minimizer of f over (). O
Proof. By Theorem 21.3, for all z € {2, we have
f(x) 2 f(=") + Df (") (x — z7).
Substituting D f(x*) = —A*T Dh(z*) into the above inequality yields
f(z) > f(&*) - X*T Dh(z*)(z — z*).
Because Q is convex, (1 — a)z* + az € Q for all & € (0,1). Thus,
hiz"+alz—-z*))=h(l-a)z*+ax)=0

forall & € (0,1). Premultiplying by A*7, subtracting A*7 h(2*) = 0, and dividing
by «, we get
NTh(z* + a(z — x*)) - X Th(z*)
«
for all & € (0,1). If we now take the limit as & — 0 and apply the definition of the
directional derivative of \*” kb at 2* in the direction & — * (see Section 6.2), we get

=0

XTDh(z*)(x — z*) = 0.

Hence,
() > f(z7),

which implies that =* is a global minimizer of f over . [ |
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Consider the general constrained optimization problem

minimize f(z)
subject to h(z)=0
g(z) <0.

As before, we assume that the feasible set is convex. This is the case if, for example,
the two sets {x : h(x) = 0} and {x : g(x) < 0} are convex, because the feasible
set is the intersection of these two sets (see also Theorem 4.1). We have already
seen an example where the set {x : h(z) = 0} is convex. On the other hand,
an example where the set {z : g(x) < 0} is convex is when the components of
g = [g1,.--,9p]T are all convex functions. Indeed, the set {x : g(z) < 0} is the
intersection of the sets {x : g;(x) < 0},¢ = 1,...,p. Because each of these sets is
convex (by Lemma 21.1), their intersection is also convex.

We now prove that the Karush-Kuhn-Tucker (KKT) condition is sufficient for a
point to be a minimizer to the above problem.

Theorem 21.8 Let f : R™ — R, f € C!, be a convex function on the set of feasible
points
Q= {zeR": h(z) = 0,g(x) < 0},

where h : R* — R™, g : R* — RP, h,g € C!, and Q is convex. Suppose there
existz* € O, A" € R™, and p* € RP, such that

1. pu*>0;

2. Df(x*) + X" Dh(z*) + p*T Dg(x*) = 07; and

3. wTg(z*)=0.
Then, x* is a global minimizer of f over Q. O
Proof. Suppose x € . By convexity of f and Theorem 21.3,

f(x) > f(@") + Df(z")(x — z*).
Using condition 2, we get
f(x) > f(z*) = X" Dh(z*)(z — =*) — " Dg(z*)(x — =*).

As in the proof of Theorem 21.7, we can show that A*T Dh(z*)(x — z*) = 0. We

now claim that *7 Dg(x*)(x — 2*) < 0. To see this, note that because {2 is convex,

(1-a)z*+ax € Nforalla € (0,1). Thus,
gz*+a(z—z"))=g((1—-a)z*+axz) <0

for all & € (0,1). Premultiplying by u*T > 07 (by condition 1), subtracting

u*Tg(x*) = 0 (by condition 3), and dividing by a, we get

wlg(z* + alx —z*)) — p*Tg(z*)
(47

<0.
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We now take the limit as a — 0 to obtain u*7 Dg(z*)(z — z*) < 0.
From the above, we have

fl@) > f(@*)—XTDh(z*)(x —2*) - p*" Dg(z")(z — «*)
> f(=*)
for all & € 1, and the proof is completed. ]

Example 21.7 A bank account starts out with 0 dollars. At the beginning of each
month, we deposit some money into the bank account. Denote by z} the amount
deposited in the kth month, k£ = 1,2,. . .. Suppose the monthly interest rate is » > 0,
and the interest is paid into the account at the end of each month (and compounded).
We wish to maximize the total amount of money accumulated at the end of n months,
such that the total money deposited during the n months does not exceed D dollars
(where D > 0).

To solve this problem, we first show that the problem can be posed as a linear
program, and is therefore a convex optimization problem. Let y; be the total amount
in the bank at the end of the kth month. Then, yr = (14 7)(yx—1 +z&). k > 1, with
yo = 0. Therefore, we want to maximize y, subject to the constraint that z, > 0,
k=1,...,n,andz; + -- - + z,, < D. It is easy to deduce that

Yn=(1+r)"z1 + 1+ "oy + -+ (L +1r)z,.

Letc? = [(14r)™, (1+7)* L, ..., (1+7)).eT =[1,...,1],and z = [z, ..., z,]T.
Then, we can write the problem as

maximize Tz
subject to ez <D
x>0,

which is a linear program.

It is intuitively clear that the optimal strategy is to deposit D dollars in the first
month. To show that this strategy is indeed optimal, we use Theorem 21.8. Let
z* =[D,0,...,0]T € R". Because the problem is a convex programming problem,
it suffices to show that =* satisfies the KKT condition (see Theorem 21.8). The KKT
condition for this problem is

_cT + ”(l)eT —_ ”(2)7'
p(e"z* ~ D)
u(2)Tw*

efz*-D

o oo oooo

_w*

ey
pu®

eT:z:

IV IA IV IV IAIA

T

R
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where p() € Rand u® € R*. Letp® = (14r)"and p® = (1+r)"e—ec. Then,
it is clear that the KKT condition is satisfied. Therefore, z* is a global minimizer. il

For extensions of the theory of convex optimization, we refer the reader to [99,
Chapter 10]. The study of convex programming problems also serves as a prerequisite
to nondifferentiable optimization (see, e.g., [25]).

EXERCISES

21.1 Consider the function
f(@) = 227 Qa - =,

where @ = QT > 0, and z,b € R*. Define the function ¢ : R = R by
#(a) = f(z + ad), where z,d € R™ are fixed vectors, and d # 0. Show that ¢(a)
is a strictly convex quadratic function of a.

21.2 Show that f(x) = x;z is a convex function on = {[a,ma] : a € R},
where m is any given nonnegative constant.

21.3 Suppose the set @ = {x : h(x) = ¢} is convex, where h : R* - Randc € R
Show that h is convex and concave over (2.

214 Let 2 C R" be an open convex set. Show that a symmetric matrix € R"
is positive semidefinite if and only if for each z,y € Q, (z ~ ¥)7Q(x — y) > 0.
Show that a similar result for positive definiteness holds if we replace the “>" by
“>” in the above inequality.

21.5 Consider the problem
minimize %HA:!: - bl|?

subject to 1+, =1
271,...,17"20

(see also Exercise 20.7). Is the problem a convex optimization problem? If yes, give
a complete proof. If no, explain why not, giving complete explanations.

21.6 Consider the optimization problem
minimize f(x)
subject to x € Q,

where f(x) = 2,23, where ¢ = [z1,22]T,and Q = {x € B? : 1, = 5, 71 > 0}.
(See also Exercise 20.6.) Show that the problem is a convex optimization problem.
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21.7 Consider the convex optimization problem

minimize f(=@)
subject to xz €.

Suppose the points y € 2 and z € Q are local minimizers. Determine the largest
set of points G C (2 for which you can be sure that every point in G is a global
minimizer.

21.8 Consider the optimization problem

1
minimize imTQa:
subject to Ax =b,

where Q € R*™*", Q = QT >0, A€ R™**" andrank A = m.

a. Find all points satisfying the Lagrange condition for the problem (in terms of
Q. A, and b).

b. Are the points (or point) global minimizers for the above problem?

219 Let f : R = R, f € C!, be a convex function on the set of feasible points
Q={zecR :a7z+b;>0, i=1,...,p},

where a1,...,a, € R?, and by,...,b, € R Suppose there exist z* € 5, and
p* € R?, p* < 0, such that
Df(z*) + Z u;ajT =07,
JEJ(T*)
where J(z*) = {i : aF'z* + b; = 0}. Show that z* is a global minimizer of f over
Q.

21.10 Consider the problem: minimize ||z (z € R?) subjectto aTx > b, where
a € R" is a nonzero vector, and b € R, b > 0. Suppose z* is a solution to the
problem.

a. Show that the constraint set is convex.
b. Use the KKT theorem to show that aTz* = b.

¢. Show that ™ is unique, and find an expression for z* in terms of a and b.

21.11 Consider the problem

minimize Lz, zeR®

subject to x> 0.
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For this problem we have the following theorem (see also Exercise 17.12).
Theorem: A solution to the above problem exists if and only if ¢ > 0. Moreover, if
a solution exists, 0 is a solution.

a.

b.

C.

Show that the above problem is a convex programming problem.

Use the first-order necessary condition (for set constraints) to prove the above
theorem.

Use the KKT condition to prove the above theorem.

21.12 Consider a linear programming problem in standard form.

b.

C.

d.

Derive the KKT condition for the problem.

Explain precisely why the KKT condition are sufficient for optimality in this
case.

Write down the dual to the standard form primal problem (see Chapter 17).

Suppose x* and A are feasible solutions to the primal and dual, respectively.
Use the KKT condition to prove that if the complementary slackness condition
(e — A*T A)x* = 0 holds, then z* is an optimal solution to the primal
problem. Compare the above with Exercise 20.12.

21.13 Let a probability vector be any vector p € R” satisfyingp; > 0,i =1,...,n,
andpy +---+p, =1.
Letp € R™ and g € R™ be two probability vectors. Define

D(p,q) = p1log (‘Z—;) 4+ pplog (Z_’g) ,

n

where log is the natural logarithm function.

a.

b.

Let §2 be the set of all probability vectors (with fixed n). Show that €2 is convex.

Show that, for each fixed p, the function f defined by f(q) = D(p,q) is
convex over ().

. Show the following: D(p, q) > 0 for any probability vectors p and q. More-

over, D(p,q) = Oif and only if p = q.

. Describe an application of the result of part c.

21.14 This exercise is about linear matrix inequalities (see [ 12] for more information
on the topic).
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a. Show that if A € R**"™ and B € R"*" are symmetric and A > 0, B > 0,
then for any o € (0,1), we have aA + (1 — a)B > 0. The notation “> 0
denotes positive semidefiniteness.

b. Consider the following optimization problem:

minimize Tz

n
subject to Fq + Zz,-Fj >0,
=1

where & = [z1,...,2,]T € R” is the decision variable, ¢ € R”, and
Fo,Fyq,...,F, € R**™ are symmetric.

Show that the above problem is a convex optimization problem.

¢. Consider the linear programming problem

minimize Tz

subject to Az > b,

where A € R™*", b € R™, and the inequality Az > b has the usual
elementwise interpretation. Show that this linear programming problem can
be converted to the problem in part b.

Hint: First consider diagonal F';.

2115 LetU; : R - R, U; € C1,i = 1,...,n, be a set of concave increasing
functions. Consider the optimization problem:

n
maximize Z Ui(x;)
=1
n
subject to Zzi <C,
i=1

where C' > 0 is a given constant.
a. Show that the above optimization problem is a convex optimization problem.

b. Show that z* = [z},...,%z%]T is an optimal solution to the above opti-
mization problem if and only if there exists a scalar x* > 0 such that
z; = argmax,(Ui(z) — p*z). (The quantity U;(x) has the interpretation

of the “utility” of x, whereas p* has the interpretation of a “price” per unit of

z.)

c. Showthat )" z} =C.
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21.16 Give an example of a function f : R2 - R, aset 2 = {x : g(x) <0},and a
regular point «* € 2, such that the following all hold simultaneously:

1. z* satisfies the FONC for set constraint 2 (Theorem 6.1);

2. x* satisfies the KKT condition for inequality constraint g(z)} < 0 (Theo-
rem 20.1);

3. x* satisfies the SONC for set constraint 2 (Theorem 6.2);

4. x* does not satisfy the SONC for inequality constraint g(z) < 0 (Theo-
rem 20.2).

Be sure to show carefully that your choice of f, 2 = {x : g(x) < 0}, and z* satisfies
all the conditions above simultaneously.
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Algorithms for Constrained
Optimization

22,1 INTRODUCTION

In Part IT we discussed algorithms for solving unconstrained optimization problems.
This chapter is devoted to a treatment of some simple algorithms for solving special
constrained optimization problems. The methods here build on those of Part II.

We begin our presentation in the next section with a discussion of projected
methods, including a treatment of projected gradient methods for problems with linear
equality constraints. We then consider penalty methods. This chapter is intended
as an introduction to some basic ideas underlying methods for solving constrained
optimization problems. For an in-depth coverage of the subject, we refer the reader
to [8].

22.2 PROJECTIONS

The optimization algorithms considered in Part II have the general form

where d'*) is typically a function of V f (%)), The value of (*) is not constrained
to lie inside any particular set. Such an algorithm is not immediately applicable to
solving constrained optimization problems in which the decision variable is required
to lie within a prespecified constraint set.

Consider the optimization problem

minimize f(x)

439
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subject to z e

If we use the algorithm above to solve this constrained problem, the iterates x(*)
may not satisfy the constraints. Therefore, we need to modify the algorithms to
take into account the presence of the constraints. A simple modification involves the
introduction of a projection. The idea is as follows. If z(¥) + akd(") is in §2, then
we set £kt = £(8) 4 o, d® as usual. If, on the other hand, 2(*) + o, d®) is not
in 2, then we “project” it back into ) before setting 2(*+1).

To illustrate the projection method, consider the case where the constraint set
2 C R" is given by

OQ={x:; <z;<u;,1=1,...,n}.
In this case, Q is a “box” in R". Given a point x € R", define y = II[x] € R" by

u; ifx; > ug
yi=94 z; ifli <z <y
;i ifz; <l

The point II[z] is called the projection of = onto 2. Note that II[x] is actually
the “closest” point in §2 to . Using the projection operator II, we can modify the
previous unconstrained algorithm as follows:

2+ = [I[z®) 4 ard®).

Note that the iterates (%) now all lie inside . We call the above algorithm a
projected algorithm.
In the more general case, we can define the projection onto (:

II[z] = argmin ||z — z||.
z€Q

In this case, I[x] is again the “closest” point in § to 2. This projection operator
is well defined only for certain types of constraint sets-—for example, closed convex
sets. For some sets §, the “arg min” above is not well defined. If the projection IT
is well defined, we can similarly apply the projected algorithm

2+ = T[z® 4 0, d®)].

In some cases, there is a formula for computing II[z]. For example, if 2 is a
“box” constraint set as described above, then the formula given previously can be
used. Another example is where (2 is a linear variety (plane), which is discussed in the
next section. In general, even if the projection IT is well defined, the computation of
II[z] given  may not be easy. Often, the projection II[x] may have to be computed
numerically. However, the numerical computation of II[x] itself entails solving an
optimization algorithm. Indeed, the computation of II[z] may be as difficult as the
original optimization problem, as is the case in the following example:

minimize |||
subject to x €.
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Note that the solution to the problem in this case can be written as IT[0]. Therefore, if
0 ¢ (2, the computation of a projection is equivalent to solving the given optimization
problem.

22.3 PROJECTED GRADIENT METHODS

In this section, we consider optimization problems of the form

minimize f(=x)

subject to Az =0b,
where f : R* -2 R, A € R™**, m < n,rank A = m, b € R™. We assume
throughout that f € C!. In the above problem, the constraint set is @ = {z : Az =
b}. The specific structure of the constraint set allows us to compute the projection

operator IT using the orthogonal projector (see Section 3.3). Specifically, II[x] can
be defined using the orthogonal projector matrix P given by

P=1I,-AT(AAT)'A
(see Example 12.4). Two important properties of the orthogonal projector P that we
use in this section are (see Theorem 3.5):
1. P=P7T;and
2. PP=P.

Another property of the orthogonal projector that we need in our discussion is
given in the following lemma.

Lemma 22.1 Let v € R*. Then, Pv = 0 if and only if v € R(AT). In other
words, N(P) = R(AT). Moreover, Av = 0 if and only if v € R(P), that is,
N(A) = R(P). O

Proof. =>: We have
Pv = (I,-ATAAT) 1A)w
v - AT(AAT) ! Av.
If Pv = 0, then
v=AT(AAT)'Av

and hence v € R(AT).
<=: Suppose there exists u € R™ such that v = ATu. Then,

Pv = (I,—-AT(AAT)"'A)ATu
= ATu—-AT(AAT)*AATu
= 0.
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Hence, we have proved that N'(P) = R(AT).
Using a similar argument as above, we can show that A'(A) = R(P). [ |

Recall that in unconstrained optimization, the first-order necessary condition for
a point 2* to be a local minimizer is V f(z*) = 0 (see Section 6.2). In optimization
problems with equality constraints, the Lagrange condition plays the role of the first-
order necessary condition (see Section 19.4). When the constraint set takes the form
{z : Az = b}, the Lagrange condition can be written as PV f(x*) = 0, as stated
in the following proposition.

Proposition 22.1 Let z* € R" be a feasible point. Then, PV f(x*) = 0 if and only
if * satisfies the Lagrange condition. |

Proof By Lemma 22.1, PV f(z*) = 0 if and only if we have Vf(z*) € R(AT).
This is equivalent to the condition that there exists A* € R™ such that V f(z*) +
ATA* = 0, which, together with the feasibility equation Az = b, constitutes the
Lagrange condition. |

In the remainder of this section, we discuss the projection method applied specif-
ically to the gradient algorithm (see Chapter 8). Recall that the vector —V f(x)
points in the direction of maximum rate of decrease of f at . This was the
basis for gradient methods for unconstrained optimization, which have the form
kD) = k) — o, Vf(x®)), where ay is the step size. The choice of the step
size oy, depends on the particular gradient algorithm. For example, recall that in the
steepest descent algorithm, o, = argmin, o f(@®) — aV f(2*)).

The projected version of the gradient algorithm has the form

e*+D) = T[z®) — 0,V f(2)).

We refer to the above as the projected gradient algorithm. It turns out that we can
express the projection II in terms of the matrix P as follows:

Hz® — o, Vf(x®)] = 2® - 0 PV f(2),

assuming (¥} € Q. Although the above formula can be derived algebraically
(see Exercise 22.1), it is more insightful to derive the formula using a geometric
argument, as follows. In our constrained optimization problem, the vector —V f(x)
is not necessarily a feasible direction. In other words, if z(¥) is a feasible point
and we apply the algorithm x(*+1) = 2(*) — o, V f(2(*)), then **+1) need not
be feasible. This problem can be overcome by replacing —V f(z*)) by a vector
that points in a feasible direction. Note that the set of feasible directions is simply
the nullspace A'(A) of the matrix A. Therefore, we should first project the vector
—V f(x) onto N'(A). This projection is equivalent to multiplication by the matrix
P. In summary, in the projection gradient algorithm, we update (%) according to

the equation
e*+1) = ¢® _ o, PV f(2®).

The projected gradient algorithm has the following property.
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Proposition 22.2 In a projected gradient algorithm, if z(9 s feasible, then each
x%) is feasible, that is, for each k > 0, Az*) = b. ]

Proof. We proceed by induction. The result holds for k = 0 by assumption. Suppose
now that Az(¥) = b. We now show that Az**1) = b. To show this, first observe
that PV f(z(®)) € N'(A). Therefore,

Az = A@@®) - 0 PV f(z ™))
= Az® — 0, APVf(z®)
= b,

which completes the proof. [ |

The projected gradient algorithm updates ¥ in the direction of — PV f(z()).
This vector points in the direction of maximum rate of decrease of f at (%) along
the surface defined by Ax = b, as described in the following argument. Let = be
any feasible point and d a feasible direction such that ||d{| = 1. The rate of increase
of f at x in the direction d is {V f (), d). Next, we note that because d is a feasible
direction, it lies in A’(A) and hence by Lemma 22.1, we have d € R(P) = R(PT).
So, there exists v such that d = Pv. Hence,

(Vi(x),d) = (Vf(z), PTv) = (PVf(z),v).
By the Cauchy-Schwarz inequality,
(PV f(x),v) < [|PVf(z)llllv]l

with equality if and only if the direction of v is parallel with the direction of PV f(x).
Therefore, the vector — PV f(x) points in the direction of maximum rate of decrease
of f at  among all feasible directions.

Following the discussion in Chapter 8 for gradient methods in unconstrained
optimization, we suggest the following gradient method for our constrained problem.
Suppose we have a starting point :c(o), which we assume is feasible, that is, Az(® =
b. Consider the point £ = (% — o PV f(x(®)), where a € R. As usual, the scalar
« is called the step size. By the above discussion,  is also a feasible point. Using a
Taylor series expansion of f about (%), and the fact that P = P? = PT P, we get

1@ - aPYIE®) = (@) -aVi@)TPVf?)+ola)
1@®) - allPYF ) + o(a).

Thus, if PVf(2(©®) # 0, that is, 2(®) does not satisfy the Lagrange condition,
then we can choose an « sufficiently small such that f(z) < f(z()), which means
that z = z(® — o PV f(z(®) is an improvement over (®). This is the basis for
the projected gradient algorithm z(*t1) = 2(*) — o, PV f(2(¥)), where the initial
point z(® satisfies Az(® = b, and ay, is some step size. As for unconstrained
gradient methods, the choice of o determines the behavior of the algorithm. For
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small step sizes, the algorithm progresses slowly, while large step sizes may result in
a zig-zagging path. A well-known variant of the projected gradient algorithm is the
projected steepest descent algorithm, where oy, is given by

ap = argmin f(z® — aPV f(z®)).
a>0

The following theorem states that the projected steepest descent algorithm is a
descent algorithm, in the sense that at each step the value of the objective function
decreases.

Theorem 22.1 If{ z® } is the sequence of points generated by the projected steepest
descent algorithm and if PV f(x®)) # 0, then f(z**+D) < f(x®)). m]

Proof. First, recall that

D) = 2 _ o, PUF(z®),
where a > 0 is the minimizer of

o) = f(2V ~ aPVf(z®))
over all a > Q. Thus, for & > 0, we have

dr(ar) < dr(a).

By the chain rule,
d
#0) = 2
~Vf® - oPVf(x®)TPVf(x®)
—V (@ TPVf(z®).

Using the fact that P = P? = PTP, we get
$1(0) = -Vf(®)TPTPVf(a®) = | PVf(=¥)|? <0,

because PV f(x(¥)) # 0 by assumption. Thus, there exists & > 0 such that
¢1(0) > ¢x(a) forall a € (0,a). Hence,

F@®H) = geln) < $1(a) < $1(0) = £(=®)
and the proof of the theorem is completed. [ |

In the above theorem we needed the assumption that PV f(x(*)) # 0 to prove that
the algorithm possesses the descent property. If for some k, we have PV f(z(*)) =
0, then by Proposition 22.1 the point (%) satisfies the Lagrange condition. This
condition can be used as a stopping criterion for the algorithm. Note that in this
case, ¢(¥*+1) = g(*)  For the case where f is a convex function, the condition
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PV f(z(®)) = 0 is, in fact, equivalént to (¥ being a global minimizer of f over
the constraint set { : Az = b}. We show this in the following proposition.

Proposition 22.3 The point * € R" is a global minimizer of a convex function f
over {x : Az = b} ifand only if PV f(x*) = 0. O

Proof. We first write h(z) = Ax — b. Then, the constraints can be written as
h(z) = 0, and the problem is of the form considered in previous chapters. Note that
Dh(z) = A. Hence, z* € R” is a global minimizer of f if and only if the Lagrange
condition holds (see Theorem 21.7). By Proposition 22.1, this is true if and only if
PV f(x*) = 0, and the proof is completed. |

For an application of the projected steepest descent algorithm to minimum fuel
and minimum amplitude control problems in linear discrete systems, see [57].

22.4 PENALTY METHODS

In this section, we consider constrained optimization problems of the form

minimize f(z)

subject to an(z) <0
g2(x) <0
gp(w) S 01

where f : R* 2 R, g; : R* - R, ¢ = 1,...,p. Considering only inequality
constraints is not restrictive, because an equality constraint of the form h(x) = 0 is
equivalent to the inequality constraint ||h(z)||*> < 0 (however, see Exercise 20.21 for
a caveat). We now discuss a method for solving the above constrained optimization
problem using techniques from unconstrained optimization. Specifically, we approx-
imate the constrained optimization problem above by an unconstrained optimization
problem
minimize f(x) + vP(z),

where v € R is a positive constant, and P : R* — R is a given function. We then
solve the associated unconstrained optimization problem, and use the solution as an
approximation to the minimizer of the original problem. The constant vy is called the
penalty parameter, and the function P is called the peralty function. Formally, we
define a penalty function as follows.

Definition 22.1 A function P : R* — R is called a penalty function for the above
constrained optimization problem if it satisfies the following three conditions:

1. P is continuous;
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2. P(x) > O0forallz € R*;
3. P(x) = 0if and only if  is feasible, that is, g, (2) <0,...,g,(x) <O0.
|

Clearly, for the above unconstrained problem to be a good approximation to the
original problem, the penalty function P must be appropriately chosen. The role of
the penalty function is to “penalize” points that are outside the feasible set. Therefore,
it is natural that the penalty function be defined in terms of the constraint functions
g1s...,9p. A possible choice for P is

P(z) =Y g} (=),
i=1

where

0 if g;(x) <0

gi(m) if g; (:1:) > 0.

We refer to the above penalty function as the absolute value penalty function, because
it is equal to ) |gi(x)|, where the summation is taken over all constraints that are
violated at . We illustrate this penalty function in the following example.

yﬂ@=mwm&@n={

Example 22.1 Let gy, g; : R — Rbedefined by g;(z) = £—2, g2(x) = —(z+1)3.
The feasible set defined by {z € R : g1(x) < 0,g2(x) < 0} is simply the interval
[—1,2]. In this example, we have

0 ifr<2
+ — = =
(@) = max(0,0:()) { T —2 otherwise
0 ifz> -1
+ = 0 = -
92 (2) max(0, g2 (z)) { —(z +1)% otherwise,
and
x—2 ifz>2
P(z) =g () +g5(z) =¢ 0 if-1<z<2
—(z+1)3 ifzr< -1.
Figure 22.1 provides a graphical illustration of g* for this example. |

The absolute value penalty function may not be differentiable at points £ where
gi(x) = 0, as is the case at the point x = 2 in Example 22.1 (notice, though, that in
Example 22.1, P is differentiable at x = —1). Therefore, in such cases we cannot
use techniques for optimization that involve derivatives. A form of the penalty
function that is guaranteed to be differentiable is the so-called Courant-Beltrami
penalty function, given by

P

P@)=) (sf@)’.

i=1
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A P()

g3(x) 01(x)

T Y v -

0 2 X

Figure 22.1 g% for Example 22.1

In the following discussion, we do not assume any particular form of the penalty
function P. We only assume that P satisfies conditions 1-3 given in Definition 22.1.

The penalty function method for solving constrained optimization problems in-
volves constructing and solving an associated unconstrained optimization problem,
and using the solution to the unconstrained problem as the solution to the original
constrained problem. Of course, the solution to the unconstrained problem (the
approximated solution) may not be exactly equal to the solution to the constrained
problem (the true solution). Whether or not the solution to the unconstrained problem
is a good approximation to the true solution depends on the penalty parameter -y and
the penalty function P. We would expect that the larger the value of the penalty
parameter -y, the closer the approximated solution will be to the true solution, be-
cause points that violate the constraints are penalized more heavily. Ideally, in the
limit as ¥ — oo, the penalty method should yield the true solution to the constrained
problem. In the remainder of this section, we analyze this property of the penalty
function method.

In our analysis of the penalty method, we adopt the following setting. Recall that
the original constrained optimization problem is:

minimize f(z)
subject to gi1{x) <0
g2(z) <0
gp(z) <0.
Denote by =* a solution (global minimizer) to the above problem. Let P be a penalty
function for the problem. For each k = 1,2,..., let 4 € R be a given positive

constant. Define an associated function g(v;, ) : R* — R by

g(vk, x) = f(x) + 7 P(x).
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For each k, we can write the following associated unconstrained optimization prob-
lem:
minimize  g(v, ).

Denote by z(¥) a minimizer of q(y,z). The following technical lemma describes
certain useful relationships between the constrained problem and the associated
unconstrained problems.

Lemma 22.2 Suppose {7} is a nondecreasing sequence, that is, for each k, we
have vy, < Yg+1. Then, for each k we have

L q(k41, %) > g, 0))
2. P(z*+D) < P(z®)
3. fa®H)) > fz®)
4. f(x*) = g, x®) > f(a®).
0

Proof We first prove part 1. From the definition of ¢ and the fact that {v;} is an
increasing sequence, we have

a(ver1, By = f(@FD) 4oy PEFD) > f(2*FD) 4 4 P(2EHD),
Now, because z'*) is a minimizer of g(x, ),
a(ve, 2 ™) = f(@®) + 1 P@E®) < f@*HD) + 3 P2*HY).

Combining the above, we get part 1.
We next prove part 2. Because z(¥) and (**1) minimize q(yx, ) and g(x41, ),
respectively, we can write

g, z®) = f@®) + wP@®) < F@*H) + 4 P@HD),
q(Yer1,2®) = f@®)) 4y P(a®HD) < f(@®) + yea P(@F).
Adding the above inequalities yields
Y P(@®) + 1 P(* ) < 41 P(&®) 4+ 9 P(2*HD).
Rearranging, we get
(et1 = %) P(@®) < (141 — ) P(&®).

We know by assumption that vx41 > Y. If ve4+1 > 7%, then we get P(;,;(k+1)) <
P(z®). If, on the other hand, k41 = Yk, then clearly *+1) = £*) and so
P(z(k+t1)) = P(2(*)). Therefore, in either case, we arrive at part 2.

We now prove part 3. Because z(*) is a minimizer of g(7x, ), we obtain

a(ve, z®) = f(z®) + % P(®)) < f(2®FD) + 3 P(x*+D),
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Therefore,
F@*D) 2 f@0) + q(P®) - PE)).

From part 2, we have P(z(®) — P(z(*+1)) > 0, and 74 > 0 by assumption;

therefore, we get
f@®D) > f(a®).

Finally, we now prove part 4. Because z(¥) is a minimizer of g(yx, z), we get
f@*) + wP(x*) > qlw, z®) = f(@®) + % P(z®).

Because =* is a minimizer for the constrained optimization problem, we have
P(z*) = 0. Therefore,

f(@) > f(@®) + nPe®).
Because P(z(*)) > 0 and y; > 0,
f@*) > gy, 2®) > f&®),
which completes the proof. [ |

With the above lemma, we are now ready to prove the following theorem.

Theorem 22.2 Suppose the objective function f is continuous, and ~y, — 00 as
k — oo. Then, the limit of any convergent subsequence of the sequence {:1:(")} isa
solution to the constrained optimization problem. ]

Proof. Suppose {(™*)} is a convergent subsequence of the sequence {z(¥)}. (See
Section 5.1 for a discussion of sequences and subsequences.) Let & be the limit
of {(™¥)}. By Lemma 22.2, the sequence {g(7x,z(*))} is nondecreasing and
bounded above by f(x*). Therefore, the sequence {g(yx,z*))} has a limit ¢* =
limg 00 ¢(72, (®) such that ¢* < f(x*) (see Theorem 5.3). Because the function
f is continuous, and f(z(™*)) < f(z*) by Lemma 22.2, we have

lim f (m(m~)) =f ( lim :z:("”‘)) = f(&) < f(z*).
k—o0 k—o0
Because the sequences {f(z(™))} and {q(ym,,z(™*))} both converge, the se-
quence {ym, P(x(™))} = {g(¥m,,2(™*)) — f(x(™*))} also converges, with
Jim ym, Pa(™) = ¢" - f().

By Lemma 22.2, the sequence { P(x(*))} is nonincreasing and bounded from below
by 0. Therefore, { P(x(*))} converges (again see Theorem 5.3), and hence so does
{P(x(™))}. Because v, — 0o, we conclude that

lim P(z(™)) = 0.

k= oo
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By continuity of P, we have
0= lim P(z(™) =P ( lim m(""’)) = P(&),
k—o0 k—o0

and hence & is a feasible point. Because f(x*) > f(&) from above, we conclude
that £ must be a solution to the constrained optimization problem. |

If we perform an infinite number of minimization runs, with the penalty parameter
Yk — oo, then the above theorem ensures that the limit of any convergent subse-
quence is a minimizer £* to the original constrained optimization problem. There
is clearly a practical limitation in applying this theorem. It is certainly desirable
to find a minimizer to the original constrained optimization problem using a sin-
gle minimization run for the unconstrained problem that approximates the original
problem using a penalty function. In other words, we desire an exact solution to
the original constrained problem by solving the associated unconstrained problem
(minimize f(x) + vP(x)) with a finite v > 0. It turns out that indeed this can be
accomplished, in which case we say that the penalty function is exact. However, it
is necessary that exact penalty functions be nondifferentiable, as shown in {7], and
illustrated in the following example.

Example 22.2 Consider the problem

minimize f(z)
subject to z € {0,1],

where f(z) = 5 — 3z. Clearly, the solution is z* = 1.

Suppose we use the penalty method to solve the problem, with a penalty function
P that is differentiable at z* = 1. Then, P'(z*) = 0, because P(z) = 0 for all
z € [0,1]. Hence, if we let ¢ = f + vP, then ¢’(z*) = f'(z*) + yP'(z*) # 0 for
all finite v > 0. Hence, z* = 1 does not satisfy the first-order necessary condition
to be a local minimizer of g. Thus, P is not an exact penalty function. [ |

Here, we prove a result on the necessity of nondifferentiability of exact penalty
functions for a special class of problems.

Proposition 22.4 Consider the problem

minimize f(z)
subject to T €,
with Q C R™ convex. Suppose the minimizer x* lies on the boundary of , and there
D,

exists a feasible direction d at &* such that d”V f(x*) > 0. If P is an exact penalty
function, then P is not differentiable at x*. a

Proof. We use contraposition. Suppose P is differentiable at &*. Then,
dTVP(z*) = 0, because P(x) = 0 for all z € Q. Hence, if we let g = f + 7P,



EXERCISES 451

then dT Vg(x*) > 0 for all finite v > 0, which implies that Vg(z*) # 0. Hence,
z* is not a local minimizer of g, and thus P is not an exact penalty function. [ |

Note that the result of the above proposition does not hold if we remove the
assumption that d” Vf(z*) > 0. Indeed, consider a convex problem where
Vi(x*) = 0. Choose P to be differentiable. Clearly, in this case we have
Vg(z*) = Vf{z*) + yVP(x*) = 0. The function P is therefore an exact penalty
function, although differentiable.

For further reading on the subject of optimization of nondifferentiable functions,
see, for example, [25]. The references [8] and [70] provide further discussions
on the penalty method, including nondifferentiable exact penalty functions. These
references also discuss exact penalty methods involving differentiable functions;
these methods go beyond the elementary type of penalty method introduced in this
chapter.

EXERCISES

221 Let A € R™*" , m < n,rank A =m,and b € R™. Define Q2 = {z : Az =
b} and let o € 2. Show that for any y € R",

H[zo + y| = zo + Py,
where P = I — AT(AAT) 1A,
Hint: Use Exercise 6.4 and Example 12.4.

222 Let f : R* — R be givenby f(z) = 12T7Qx — z7c, where @ = Q7 > 0.
We wish to minimize f over {# : Ax = b}, where A € R™*™, m < n, and
rank A = m. Show that the projected steepest descent algorithm for this case takes

the form BT pok)
2+ = o) _ (97 PIT N bk
gBTPQPg® *

where
g(k) — Vf(:z:(k)) — Q:z:(k) -c,

and P=1, - AT(AAT) 1A
22.3 Consider the problem
e 1o 2
minimize 3 |||
subject to Az =b,

where A € R™*" m < n, and rank A = m. Show that if z(9) € {z : Az = b},
then the projected steepest descent algorithm converges to the solution in one step.
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22.4 Show that in the projected steepest descent algorithm, we have that for each %,
a. g-+UT pg(¥) = 0; and

b. the vector z(¥+1) — x(¥) i5 orthogonal to the vector z(k+2) — g(k+1),

22.5 Consider the simple optimization problem:
minimize T
subject to z > a,

where o € R. Suppose we use the penalty method to solve this problem, with penalty

function
P(z) = (max(a — z,0))?

(the Courant-Beltrami penalty function). Given a number £ > 0, find the smallest
value of the penalty parameter - such that the solution obtained using the penalty
method is no further than ¢ from the true solution to the given problem. (Think of €
as the desired accuracy.)

22.6 Consider the problem

1
minimize 3 |||
subject to Ax =b,

where A € R™*" b € R™, m < n, and rank A = m. Let * be the solution.
Suppose we solve the problem using the penalty method, with the penalty function

P(x) = || Az - b]]*.
Let , be the solution to the associated unconstrained problem with the penalty
parameter ¥ > 0, that is, 7, is the solution to
. 1
minimize §||:r:||2 + 7]l Az — b]%.
a. Suppose
A=]1 1], b=[1}.

Verify that 7, converges to the solution z* of the original constrained problem
asy — oo.

b. Prove that 7 — &* as y — oo holds in general.
Hint: Use the following result: There exist orthogonal matrices U € R™*™
and VT € R**" such that

A=U[S 0O)VT,
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where

S = diag (/M (AAT), ...,/ Am(AAT)
(Va0 frnta )

is a diagonal matrix with diagonal elements that are the square-roots of the
eigenvalues of AAT.

The above result is called the singular value decomposition (see, e.g., [43,
p. 411]).
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Absolute value, 16
Absolute value penalty function, 446
Activation function, 219
Active constraint, 397
Adaline, 223, 236
Adaptive linear element, 223
Additivity, 16
Affine function, 55, 56, 215
Affine scaling, 343, 344
Affine scaling method, 343-348
artificial problem, 347
stopping criterion, 346
strictly interior feasible point,
343
Algorithm
affine scaling, 343-348
backpropagation, 219, 224-234
BFGS, 180-184
Broyden-Fletcher-Goldfarb-
Shanno, see BFGS algo-
rithm
complexity of, 256, 340
conjugate gradient, see Conju-
gate gradient algorithm

Index

convergence of, see Convergence

Davidon-Fletcher-Powell,  see
DFP algorithm

DFP, 176-180

ellipsoid, see Khachiyan’s
method

exponential complexity, 340

fixed step size, 127, 132,226

for constrained optimization,
439-451

genetic, 237-250

globally monotone, 137

gradient, 113-134

Gram-Schmidt, 152, 164

interior-point, 256, 340, 343,
348, 360

iterative, 109, 138. See also
Search methods

Kaczmarz’s, 201-204, 223

Karmarkar’s, see Karmarkar’s
method

Khachiyan’s, 256, 340-343, 355

polynomial complexity, 340

probabilistic, 237



Algorithm (Continued)
projected, 440
projected gradient, 344,441-445
projected steepest descent, 444
quasi-Newton, see  Quasi-
Newton methods
rank one, 171-175
rank two, 176
RLS, 196-201
secant method, 106-108
simplex, see Simplex method
single-rank symmetric, 171
SRS, 171
steepest descent, 115-122
symmetric Huang family, 186
variable metric, 176
Widrow-Hoff, 223, 236
Alphabet in genetic algorithm, 238
argmin, 74
Artificial neural networks, see Feed-
forward neural networks
Artificial problem
in affine scaling method, 347
in Karmarkar’s method, 355
Artificial problem in simplex method,
307
Associative, 6, 7
Asymmetric duality, 323
Augmented matrix, 274
Az = b, see Linear equations

Backpropagation algorithm, 219,
224-234
as a gradient algorithm, 226
forward pass, 228
reverse pass, 228
Ball, 44
Banana (Rosenbrock’s) function, 60,
138, 150, 165, 186
Basic columns, 273
Basic feasible solution, 255, 273, 276,
279,297
Basic solutions, 272-276
Basic variables, 273, 294
Basis

INDEX 463

definition of, 8
entering, 298
in linear equations, 273, 294, 296
leaving, 298
natural, 9
orthogonal, 25
Beltrami, 446
Best-so-far chromosome, 241
BFGS algorithm, 180-184
Big-oh notation, 65, 130
Bland’s rule, 307, 319
Bolzano-Weierstrass theorem, 52,203
Boundary, 44
Boundary point, 44
Bounded above, 51
Bounded below, 51
Bounded sequence, 50, 51
Bounded set, 45
Broyden, 180
Broyden-Fletcher-Goldfarb-Shanno
algorithm, see BFGS
algorithm

Canonical augmented matrix, 294—
295

Canonical form, 294

Canonical representation, 294

Canonical tableau, 305

Carrier of polyhedron, 46

Cauchy-Schwarz inequality, 17, 113,
180, 443

Chain rule, 59

Characteristic equation, 22

Characteristic polynomial, 22

Chromosome in genetic algorithm,
238

Circuit, 107, 219, 261, 401

Citation style, 4

Closed set, 45

Column vector, 5

Commutative, 6

Compact set, 45

Compatible matrix norm, 32

Complementarity, 180

Complementary slackness, 331, 435
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Complex inner product, 18
Complex vector space, 9
Complexity of algorithm, 256, 340
exponential, 340
polynomial, 340
Component of vector, 5
Composite function, 59, 77, 80, 375
Concave function, 422. See also Con-
vex function
Condition number, 129
Conjugate direction methods, 151~
164
Conjugate gradient algorithm
Fletcher-Reeves formula, 163
Hestenes-Stiefel formula, 162
nonquadratic problems, 161-164
Polak-Ribiére formula, 162
Powell formula, 164
quadratic problems, 158-161
Stopping criterion, 163
Consistent linear inequalities, 342
Constratned optimization, 73, 255,
365
Constraint
active, 397
convex, 427
equality, 366, 415
functional, 74
inactive, 397
inequality, 397, 445
set, 74
Constraint set, 73. See also Feasible
set
Continuity, 18, 54, 369, 449
Continuous function, 18, 54, 369, 449
Continuously differentiable function,
59, 366, 424
Contradiction, proof, 2
Contraposition, proof, 2
Contrapositive, 2
Control system, 90, 388-390, 395,
445
Convergence
fixed step size gradient algo-
rithm, 127

globally convergent, 123
gradient algorithms, 125
Kaczmarz’s algorithm, 202
linear (first-order), 130
locally convergent, 123
Newton’s method, 143
of sequence of matrices, 52
orderof, 129,131, 133, 134, 136,
143
penalty method, 449
quadratic (second-order), 130
rate of, 123, 130
ratio, 129
steepest descent algorithm, 127
Convergent sequence, 49
Convex combination, 42, 249
Convex constraint, 427
Convex function, 419-427
definition of, 420
differentiable, 424
equivalent definition of, 421
minimizers of, 427
optimization of, 427-433
quadratic, 423
strict, 422
twice differentiable, 425
Convex optimization, 427433
Convex programming, see Convex op-
timization
Convex set, 42-44
definition of, 42, 279, 420
extreme point, 279, 280
extreme point of, 44, 282
in definition of convex function,
420
polyhedron, 46, 265
polytope, 46, 265
properties of, 43
supporting hyperplane, 45, 265
Coordinates, 9
Cost function, 73
Courant-Beltrami penalty function,
446,452

- Cramer’s rule, 29
"Crossing site, 239



Crossover in genetic algorithm, 239
crossing site, 239
multiple-point crossover, 239,

251
one-point crossover, 239
Curve, 369
Cycling in simplex method, 307, 319

Dantzig, 256
Davidon, 176
Davidon-Fletcher-Powell algorithm,
see DFP algorithm
Decision variable, 73, 255, 436
Decomposition
direct sum, 25, 374
orthogonal, 25, 195
Decreasing sequence, 49
Degenerate basic feasible solution,
273,277, 306
DeMorgan’s law, 1
Derivative, 56, 75
partial, 57
Derivative descent search, 134
Derivative matrix, 58
Descent property, 117, 123, 125, 145,
146, 167, 444
Determinant, 11
DFP algorithm, 176180
Diagonal matrix, 23, 344, 358, 436,
453
Diet problem, 258, 323, 330
Differentiable curve, 369
Differentiable function, 56, 57, 369
Dimension, 8, 367
Direct sum decomposition, 25, 374
Directional derivative, 75
Discrete Fourier series, 194
Discrete-time linear system, 90, 216,
389, 395
Distributive, 7
Dual linear program, 321, 341
Dual quadratic program, 337
Duality
asymmetric, 323
dual problem, 321, 341

INDEX 465

dual quadratic program, 337
dual vector, 322
duality theorem, 329
in quasi-Newton methods, 180
Karush-Kuhn-Tucker  (KKT)
conditions, 335
primal problem, 321, 341
primal quadratic program, 337
quadratic programming, 337
symmetric, 322, 341
weak duality lemma, 328
Duality theorem, 329
Dyadic product, 171

Edge of polyhedron, 46
Eigenvalue

definition of, 22

maximal, 126

minimal, 126

of symmetric matrix, 24, 30
Eigenvector

definition of, 22

of symmetric matrix, 24

orthogonal, 24

relation to Q-conjugacy, 165
Electric circuit, 261, 401
Elementary matrix

elementary row operation, 289

first kind, 287

second kind, 288

third kind, 288
Elementary row operation, 289
Elitism in genetic algorithm, 242
Ellipsoid, 342
Ellipsoid algorithm, see Khachiyan’s

method
Encoding in genetic algorithm, 238,
242,249

Epigraph, 419
Equality constraint, 366,415
Estimation, 107, 192,212
Euclidean inner product, 16
Euclidean norm, 17
Evolution in genetic algorithm, 239
Exact penalty function, 450
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Exclusive OR, see XOR
Expanding subspace theorem, 157
Exponential complexity, 340
Extreme point, 44, 279, 280, 282
Extremizer, see Minimizer

Face of polyhedron, 46, 265
Farkas’s transposition theorem, 336
Feasible direction, 75, 429, 450
Feasible point, 255, 365
Feasible set, 73, 365
Feedforward neural networks, 219-
234
activation function, 219
Adaline, 223
backpropagation algorithm, 219,
224-234
function approximation, 221
hidden layer, 220
input layer, 220
learning, 219
neuron, 219
output layer, 220
single-neuron training, 221-224
supervised learning, 221
training, 219
training set, 221
unsupervised learning, 221
weights, 219, 220
Fibonacci search, 95-103
Fibonacci sequence, 96
First-order necessary condition
equality constraint (Lagrange),
375, 376
in convex optimization, 429
inequality constraint (KKT), 398
interior case, 77
set constraint, 76
Fitness in genetic algorithm, 238
Fitting straight line, 88, 191, 196,214,
215
Fixed step size, 127, 132, 226
Fletcher, 163, 176, 180
Fletcher-Reeves formula, 163

FONC, see First-order necessary con-
dition
Fourier series, 194
Frobenius norm, 31
Full-rank factorization, 205
Function
affine, 55, 56, 215
banana, 60, 138, 150, 165, 186
composite, 59, 77, 80, 375
concave, 422. See also Convex
function
continuous, 18, 54, 369, 449
continuously differentiable, 59,
366, 424
convex, 419427
cost, 73
derivative matrix of, 58
derivative of, 56, 75
differentiable, 56, 57, 369
directional derivative of, 75
gradient of, 58, 63,75, 113
graph of, 63,419
Jacobian matrix of, 58
Lagrangian, 378, 384
linear, see Linear transformation
matrix-valued, 54
maximum rate of decrease, 114
maximum rate of increase, 62,
113
notation, 3
objective, 73
partial derivative of, 57
penalty, 445
Powell, 140
Rosenbrock’s, 60, 138, 150, 165,
186
sigmoid, 232
twice continuously differen-
tiable, 59, 425
twice differentiable, 58, 369
uniformly continuous, 19
unimodal, 91
utility, 436
Function approximation, 221
Functional constraint, 74



Fundamental theorem of algebra, 22

Fundamental theorem of linear alge-
bra, 35

Fundamental theorem of LP, 276

Gale’s transposition theorem, 336
Gauss-Newton method, 148
Generalized inverse, 205, 206
Genetic algorithm, 237-250
alphabet, 238
analysis of, 243-248
best-so-far chromosome, 241
chromosome, 238
crossover, 239
elitism, 242
encoding, 238, 242, 249
evolution, 239
fitness, 238
initial population, 237
length of schema, 246
mating pool, 238
mutation, 240
offspring, 239
order of schema, 246
parents, 239
population size, 238
real-number, 248-250
representation scheme, 238
roulette-wheel scheme, 239
schema, 243
selection, 238
stopping criterion, 242
tournament scheme, 239
Global minimizer, 74, 84, 388, 427—-
431, 434, 445
Globally convergent, 123
Globally monotone algorithm, 137
Golden Section, 93
Golden Section search, 91-95
Goldfarb, 180
Gordan’s transposition theorem, 336
Gradient, 58, 63, 75,113
Gradient descent algorithm, see Algo-
rithm, gradient
Gradient methods, 113-134
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backpropagation algorithm, 219,
224-234
constrained optimization, see
Projected gradient methods
convergence of, 122—-128
convergence rate of, 129—-134
descent property, 117, 123, 125
fixed step size, 127
order of convergence, 133
projected, 441445
stopping criterion, 117
Gram matrix, 190
Gram-Schmidt, 152, 164
Grammian, 190
Graph, 63,419
Greatest lower bound, 51

Hacijan, see Khachiyan
Half-space, 40, 265

negative, 41

positive, 41
Hessian, 59, 384, 425
Hessian matrix, 75
Hestenes-Stiefel formula, 162
Hidden layer in neural network, 220
Hoff, 223
Holland, John, 237
Homogeneity, 16, 18
Hyperplane

definition of, 39

supporting, 45, 265

tangent to graph, 63
Huang family, 186

Identity matrix, 13

Image of matrix, see Range of matrix
Implicit function theorem, 372
Impulse response, 216

Inactive constraint, 397

Inconsistent system of equations, 187
Increasing sequence, 49

Indefinite matrix, 30

Induced matrix norm, 32, 394
Induction, principle of, 3

Inequality constraint, 397, 445
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Infimum, see Greatest lower bound
Inner product
complex, 18
Euclidean, 16
properties of, 16
Innovation, 198
Input layer in neural network, 220
Interior, 44
Interior point, 44
Interior-point method, 256, 340, 343,
348, 360
Inverse
continuity of, 54
matrix, 13
Inverse Hessian, 168
Invertible matrix, see Nonsingular
matrix
Iterative algorithm, 109, 138. See also
Search methods

Jacobian matrix, 58
Jordan form, 53

Kaczmarz’s algorithm, 201-204, 223
Kantorovich, 256
Karmarkar, 256, 340
Karmarkar’s method, 256, 340, 348-
360
artificial problem, 355
complexity, 340
Karmarkar’s canonical form,
348-350, 352
Karmarkar’s restricted problem,

351-352
projective transformation, 353,
361

simplex, 349
stopping criterion, 352, 357
strictly interior feasible point,
345,353
Karush-Kuhn-Tucker condition, see
KKT condition
Karush-Kuhn-Tucker multiplier, see
KKT multiplier
Karush-Kuhn-Tucker theorem, 398

Kernel of matrix, see Nullspace of ma-
trix

Khachiyan, 256, 340

Khachiyan’s method, 256, 340-343,
355

KKT condition, 398, 399, 403, 431

KKT multiplier, 398, 404

KKT theorem, 398

Klee-Minty problem, 339

Koopmans, 256

Kuhn-Tucker condition, see KKT
condition

Lagrange condition, 376, 379, 430,
442
Lagrange multiplier, 376, 378
Lagrange’s theorem, 375, 376
Lagrangian function, 378, 384
Leading principal minor, 27
Learning in neural network, 219
Least upper bound, 51
Least-squares, 187-196, 207
nonlinear, 146
Left pseudoinverse, 207
Level set, 60, 113, 116
Levenberg-Marquardt algorithm, 149
Levenberg-Marquardt modification,
145
Limit of sequence, 49
Line fitting, 88, 191, 196, 214, 215
Line search, 109, 115, 145, 162, 163,
168, 182
Line segment, 39, 42
Linear combination, 7
Linear convergence, 130
Linear dynamical system, see
Discrete-time linear system
Linear equations
augmented matrix, 274
basic solution, 273
basis, 273, 294, 296
canonical augmented matrix,
294
canonical form, 294
degenerate basic solutions, 273



Linear equations (Continued)
existence of solution, 14
inconsistent, 187
Kaczmarz’s algorithm, 201-204
least-squares solution, 187, 188,
190

minimum norm solution, 200,
210,223, 388

overdetermined, 187

particular solution, 293

pivot, 296, 299, 310

solving in general, 187-212

solving using row operations,
287-293

Linear function, see Linear transfor-

mation

Linear inequalities
consistent, 342
in linear programming, 255, 257,

265
Linear least-squares, 187-196, 207
Linear matrix inequalities, 435
Linear programming
affine scaling method, 343-348
artificial problem in affine scal-
ing method, 347

artificial problem in Karmarkar’s
method, 355

artificial problem in simplex
method, 307

artificial variables in simplex
method, 308

as constrained problem, 366

asymmetric duality, 323

basic columns, 273

basic feasible solution, 255, 273,
276,279,297

basic solutions, 272-276

basic variables, 273, 294

Bland’s rule, 307, 319

brief history of LP, 255

canonical augmented matrix,
294

canonical tableau, 305
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complementary slackness, 331,
435

cycling, 307, 319

degenerate basic feasible solu-
tion, 273, 277, 306

dual problem, 321, 341

duality, see Duality

duality theorem, 329

examples of, 88, 257-263

extreme point, 279, 280, 282

feasible solution, 273

fundamental theorem of LP, 276

geometric view of, 279

interior-point method, 256, 340,
343, 348, 360

Karmarkar’s method, see Kar-
markar’s method

Karush-Kuhn-Tucker condition,
335,412

Khachiyan’s method, 256, 340—
343, 355

Klee-Minty problem, 339

optimal basic feasible solution,
276

optimal feasible solution, 276

primal problem, 321, 341

reduced cost coefficient, 300,
304, 305, 332

revised simplex method, 310-
315

simplex method, 256, 287-315

slack variable, 268

standard form, 267, 272

surplus variable, 267

symmetric duality, 322, 341

tableau, 304

two dimensional, 263

two-phase affine scaling method,
347

two-phase simplex method, 307~
310

weak duality lemma, 328

Linear quadratic regulator, 389
Linear regression, see Line fitting
Linear space, see Vector space
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Linear transformation, 21, 57

Linear variety, 41

Linearly dependent, 7

Linearly independent, 7, 152, 273,
367, 398

Little-oh notation, 66, 77

Local minimizer, 74-76, 80, 82, 376,
384, 386, 398, 407, 408,
427

Locally convergent, 123

Lower bound, 51

LP, see Linear programming

LQR, 389

MacDuffee, 210
Mating pool in genetic algorithm, 238
MATLAB, xiii, 110, 111, 118, 120,
138, 165, 186, 236, 242,
243, 252, 285, 319, 320,
360
Matrix
compatible norm, 32
condition number, 129
continuous, 54
convergence of sequence, 52
definition of, 10
derivative, 58
determinant, 11
diagonal, 23, 344, 358, 436, 453
eigenvalue of, see Eigenvalue
eigenvector of, see Eigenvector
elementary, see Elementary ma-
trix
full-rank factorization, 205
function, matrix-valued, 54
game theory, 263
generalized inverse, 205, 206
Gram, 190
Hessian, 59, 73, 384, 425
identity, 13
image of, see Range of matrix
indefinite, 30
induced norm, 32, 394
inverse, 13

invertible, see Nonsingular ma-
trix
Jacobian, 58
Jordan form, 53
kernel of, see Nullspace of ma-
trix
leading principal minor of, 27
left pseudoinverse, 207
linear matrix inequalities, 435
minor of, 12
Moore-Penroseinverse, 205, 206
negative definite, 30
negative semidefinite, 30
nonsingular, 13, 181, 187, 198,
273,290
notation, 10
nullspace of, 25, 35, 196, 316,
344,370
orthogonal, 25, 452
orthogonal projector, 25, 26,
195, 344, 345, 359, 441
Penrose generalized inverse, 212
positive definite, 30
positive semidefinite, 30
principal minor of, 27
pseudoinverse, 205, 206
range of, 25, 35
rank of, 10-13
representation of linear transfor-
mation, 21
right pseudoinverse, 207
sequence of, 52
series of, 53
similar, 22
Sylvester’s criterion, 27
symmetric, 13, 24, 30, 121
transformation, 21
transpose of, 13
Matrix norm, 31-35
Matrix-valued function, 54
Minimizer
description of, 73
global, 74, 84, 388, 427-431,
434, 445



Minimizer (Continued)

local, 74-76, 80, 376, 384, 398,

407,427

strict global, 74

strict local, 74, 82, 90, 386, 408
Minor

definition of, 12

leading principal, 27

principal, 27
Minty, 339
Monotone sequence, 49, 51
Moore-Penrose inverse, 205, 206
Morrison, 181, 198
Mutation in genetic algorithm, 240

Natural basis, 9
Negative definite
matrix, 30
quadratic form, 27
Negative half-space, 41
Negative semidefinite
matrix, 30
quadratic form, 27
Neighborhood, 44
Neural networks, see Feedforward
neural networks
Neuron, 219
Newton’s method
convergence of, 143
descent direction, 144
descent property, 145
for nonlinear least-squares, 146—
149
Gauss-Newton method, 148
general, 139-149
Levenberg-Marquardt modifica-
tion of, 145
modification of, 145
of tangents, 105
one dimensional, 103-105
order of convergence, 143
Newton-Raphson method, see New-
ton’s method
Nondecreasing sequence, 49
Nondifferentiable optimization, 433

INDEX 471

Nondifferentiable penalty function,
450
Nonincreasing sequence, 49
Nonlinear least-squares, 146
Nonsingular matrix, 13, 181, 187,
198,273,290
Norm
p-norm, 18
compatible, 32
Euclidean, 17
Frobenius, 31
general vector norm, 18
induced, 32, 394
matrix, 31-35
properties of, 17
Normal, 41, 62
Normal plane, 373
Normal space, 373, 374
Notation, 3
Nullspace of matrix, 25, 35, 196, 316,
344,370

Objective function, 73
Offspring in genetic algorithm, 239
One-dimensional search methods,
91-109
Open set, 45
Optimal basic feasible solution, 276
Optimal control, 388, 390, 395, 445
Optimal feasible solution in LP, 276
Optimization
constrained, 73, 255, 365
convex, 427433
linear, see Linear programming
nondifferentiable, 433
unconstrained, see Uncon-
strained optimization
with equality constraints, 365
with inequality constraints, 397
Optimization algorithm, see Search
methods
Order of convergence, 129, 131, 133,
134, 1306, 143
Order symbol, 130
Order symbols, 65
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Orthant, 353

Orthogonal, 62

Orthogonal basis, 25

Orthogonal complement, 25, 196, 373

Orthogonal decomposition, 25, 195

Orthogonal matrix, 25, 452

Orthogonal projection, 25, 189, 344,
345, 359

Orthogonal projector, 25, 26, 195,
344, 345, 359, 441

Orthogonal vectors, 17

Outer product, 171

Output layer in neural network, 220

Overdetermined system of equations,
187

Parents in genetic algorithm, 239
Partial derivative, 57
Particular solution, 293
Penalty function, 445
Penalty method, 445451
absolute value penalty function,
446
convergence, 449
Courant-Beltrami penalty func-
tion, 446, 452
exact penalty function, 450
nondifferentiable penalty func-
tion, 450
penalty function, 445
penalty parameter, 445
Penalty parameter, 445
Penrose, see Moore-Penrose inverse
Penrose generalized inverse, 212
Perp, see Orthogonal complement
Pivot, 296, 299, 310
Polak-Ribiere formula, 162
Polyhedron
carrier of, 46
definition of, 46
edge of, 46
face of, 46, 265
in linear programming, 264267
vertex of, 46
Polynomial complexity, 340

Polynomial, characteristic, 22
Polytope
definition of, 46
in linear programming, 265
Population in genetic algorithm, 237,
238
Positive definite
matrix, 30
quadratic form, 26
relation to eigenvalues, 30
Sylvester’s criterion, 27
Positive half-space, 41
Positive orthant, 353
Positive semidefinite
matrix, 30
quadratic form, 26
relation to eigenvalues, 30
relation to principal minors, 30
Positivity, 16, 18
Powell, 140, 164, 176
Powell formula, 164
Powell function, 140
Primal linear program, 321, 341
Primal quadratic program, 337
Primal-dual method, 321
Principal minor, 27
Principle of induction, 3
Probabilistic search technique, 237
Product
dyadic, 171
inner, 16, 18
outer, 171
Product rule, 59
Projected algorithm, 440
Projected gradient method, 344
Projected gradient methods, 441445
stopping criterion, 444
Projected steepest descent algorithm,
444
Projection, 249, 440. See also Or-
thogonal projection.
Projective transformation, 353, 361
Proof
contradiction (reductio ad absur-
dum), 2



Proof (Continued)
contraposition, 2
direct method, 2
methods of, 1-3
principle of induction, 3
Pseudoinverse, 205, 206
Pythagorean theorem, 18

Q-conjugate
definition of, 151
linear independence, 152
relation to eigenvectors, 165
relation to orthogonality, 165
Quadratic convergence, 130
Quadratic form
convex, 423
definition of, 26
maximizing, 383, 386
negative definite, 27
negative semidefinite, 27
positive definite, 26
positive semidefinite, 26, 30
Sylvester’s criterion, 27
Quadratic programming, 337, 388,
395,412
Quasi-Newton methods, 167184
approximating inverse Hessian,
168
BFGS algorithm, 180-184
complementarity, 180
conjugate direction property, 170
descent property, 167
DFP algorithm, 176-180
duality, 180
rank one formula, 171-175
rank two update, 176
single-rank symmetric, 171
symmetric Huang family, 186
variable metric algorithm, 176

Range of matrix, 25, 35

Rank of matrix, 10-13

Rank one formula, 171-175
Rank two update, 176

Rate of convergence, 123, 130
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Ratio of convergence, 129

Rayleigh’s inequality, 34, 82, 126,
127,133

Real vector space, 5

Recursive least-squares, see RLS al-
gorithm

Reduced cost coefficient, 300, 304,
305, 332

Reductio ad absurdum, 2

Reeves, 163

Regular point, 367, 371, 376, 398

Relative cost coefficient, see Reduced
cost coefficient

Representation scheme in genetic al-
gorithm, 238

Revised simplex method, 310-315

Revised tableau, 311

Ribiére, 162

Right pseudoinverse, 207

RLS algorithm, 196-201

Rosenbrock’s function, 60, 138, 150,
165, 186

Roulette-wheel scheme, 239

Row operations, 287-293

Row vector, 5

Scalar, 7
Scale parameter, 232
Schema in genetic algorithm, 243
length of, 246
order of, 246
Schmidt, see Gram-Schmidt
Schwarz, see Cauchy-Schwarz in-
equality
Search methods
conjugate direction methods,
151-164
conjugate gradient algorithm,
158-164
constrained optimization, 439
451
derivative descent search, 134
Fibonacci, 95-103
general algorithm, 184
genetic algorithm, 237-250
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Search methods (Continued)
Golden Section, 91-95
gradient methods, 113-134
Kaczmarz’s algorithm, 201-204,
223
line search, 109, 115, 145, 162,
163, 168, 182
neural network training, 221
Newton’s method, 103-105,
139-149
Newton-Raphson method, see
Newton’s method
one-dimensional, 91-109
penalty method, 445-451
probabilistic, 237
projected, 440
projected gradient methods,
441-445
quasi-Newton methods, 167184
secant method, 106-108
steepest descent method, 115-
122
Secant method, 106-108
Second-order necessary condition
equality constraints, 384
inequality constraints, 407
interior case, 81
set constraint, §0
Second-order sufficient condition
equality constraints, 386
inequality constraints, 408
interior case, 82
set constraint, 89
Selection in genetic algorithm, 238
Sequence
bounded, 50, 51
bounded above, 51
bounded below, 51
convergent, 49
decreasing, 49
Fibonacci, 96
greatest lower bound, 51
increasing, 49
least upper bound, 51
limit, 49

lower bound, 51
monotone, 49, 51
nondecreasing, 49, 448
nonincreasing, 49
of matrices, 52
of real numbers, 49
order of convergence, 129, 131,
133,134, 136, 143
subsequence of, 51
upper bound, 51
Set
boundary of, 44
bounded, 45
closed, 45
compact, 45
constraint, 73. See also Feasible
set
convex, see Convex set
feasible, 73, 365
interior of, 44
minus, 3
notation, 3
open, 45
simplex, 349
subset of, 3
Set constraint, 74
Shanno, 180
Sherman-Morrison formula, 181, 198
Shift parameter, 232
Sigmoid, 232
Signal-to-interference ratio, 79, 86
Similar matrices, 22
Simplex, 349
Simplex algorithm, see Simplex
method
Simplex method, 256, 287-315
algorithm, 297-303
artificial problem, 307
artificial variables, 308
Bland’s rule, 307, 319
canonical augmented matrix,
294-295
canonical tableau, 305
complexity, 340
cycling, 307, 319



Simplex method (Continued)
exponential complexity, 340
matrix form, 303-307
reduced cost coefficient, 300,
304, 305, 332

revised simplex method, 310-
315

revised tableau, 311

row operations, 287-293

stopping criterion, 298, 317

tableau, 304

two-phase, 307-310

updating augmented matrix,
295-296

updating canonical tableau, 305

Simultaneous equations, see Linear

equations

Single-rank symmetric algorithm, 171

Singular value decomposition, 453

Slack variable, 268

SONC, see Second-order necessary

condition

SOSC, see Second-order sufficient

condition

Span, 8

Sphere, 361

SRS algorithm, 171

Standard form linear program, 267,

272

Statement
biconditional, 1
conditional, 1

Steepest ascent, 62

Steepest ascent method, see Steepest

descent method

Steepest descent
order of convergence, 133

Steepest descent method, 115-122
for constrained optimization,

444
for quadratic, 120
projected, 444
Step response, 216
Step size, 114, 127, 135, 146, 202,
226,442,443

INDEX 475

Stiefel, 162
Stopping criterion
affine scaling method, 346
conjugate gradient method, 163
genetic algorithm, 242
gradient method, 117
Karmarkar’s method, 352, 357
line search, 111
projected gradient method, 444
simplex method, 298, 317
Strictly interior feasible point, 343,
345,353
Subsequence, 51
Subset, 3
Subspace, 8
Supervised learning, 221
Supporting hyperplane, 45, 265
Supremum, see Least upper bound
Surface, 367, 370
Surplus variable, 267
SVD, see Singular value decomposi-
tion
Sylvester’s criterion, 27
Symmetric duality, 322, 341
Symmetric Huang family, 186
Symmetric matrix, 13, 24, 30, 121
Symmetry, 16

Tableau in linear programming, 304

Tangent line, 62

Tangent plane, 62, 370

Tangent space, 370, 371, 374

Tangent vector, 58, 62, 369, 371

Taylor series, 64—68, 139, 143, 443.
See also Taylor’s theorem

Taylor’s formula, 64, 66, 67. See also
Taylor’s theorem

Taylor’s theorem, 64, 77, 80, 82, 114,
426

Termination criterion, see Stopping
criterion

Threshold, 232

Tournament scheme, 239

Training of neural network, 219

Training set, 221



476 INDEX

Transformation
affine scaling, 344
linear, 21, 57
matrix, 21
matrix representation of, 21
projective, 353, 361
Transportation problem, 256, 260
Transpose
matrix, 13
vector, 5
Transposition theorems, 336
Triangle inequality, 18
Truth table, 1
Tucker, see KKT condition
Twice continuously differentiable
function, 59, 425
Twice differentiable function, 58, 369
Two-dimensional linear program, 263
Two-phase affine scaling method, 347
Two-phase simplex method, 307-310

Uncertainty range, 93
Unconstrained optimization

basics of, 73

conditions for, 75-83
Uniform continuity, 19
Uniformly continuous function, 19
Unimodal, 91
Unsupervised learning, 221
Upper bound, 51
Utility function, 436

Variable metric algorithm, 176
Variety, linear, 41
Vector

column, 5

complex, 9
component of, 5
convex combination, 42, 249
definition of, 5
difference, 6
field, 58
linearly combination, 7
linearly dependent, 7
linearly independent, 7, 152,
273,367, 398

normal, 41
orthogonal, 17
row, 5
tangent, 58, 62, 369, 371
transpose of, 5
zero vector, 6

Vector field, 58

Vector space
basis for, 8
complex, 9
definition of, 5
dimension of, 8
real, 5
subspace of, 8

Vertex of polyhedron, 46

Weak duality lemma, 328
Weierstrass theorem, 32, 45
Weights in neural network, 219, 220
Widrow, 223

Widrow-Hoff algorithm, 223, 236

XOR, 233,236

Zero vector, 6





