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SECTION 1.2

—4 59. 12 -2z +2=0; no real zeros
no real zeros 61. 5!=120

5!__ 5-4.-3-2-1 _L 63 8! _8-7~6 5-4-3-2-1_56
8 8.7-6-5-4-3-2-1 336 o351 3.2-1-5-4-3-2-1
9! 9-8-7-6-5-4-3-2-1 7! 7!

—_— =84 . —_— = =1

316! 3-2-1-6-5-4-3-2-1 8 63 07! 1-7!

L P2_ D% + P2

P a0 D + poq1 and q1go are integers, and g1g2 # 0
2 142

Let 7 be a rational number and s an irrational number. Suppose 7+ s is rational. Then (r+s)—r =s
is rational which contradicts the fact that s is irrational.

(1—)5> <23> =22 by and gigo are integers, and gigs # 0
g1 q2 q192

The product of a rational and an irrational number may either be rational or irrational;
0-v/2=0 isrational, 1- V2 =+/2 isirrational.

V2 +3v/2 =442 irrational; 7+ (1—m) =1, rational
(V2)(v3) =6 irrational; (v2)(3v/2=6, rational.

Suppose that /2 = p/q where p and q are integers and ¢ # 0. Assume that p and ¢ have no common
factors (other than £1). Then p? = 2¢* and p? is even. This implies that p = 2r is even. Thus
2¢? = 4r® which implies that ¢? is even, and hence g is even. It now follows that p and g are both
even and contradicts the assumption that p and ¢ have no common factors.

Assume /3 = Z—), where p and ¢ have no common factors. Then 3 = fl)—z, so p* = 3¢%. Thus p? is
divisible by 3, and therefore p is divisible by 3, say p = 3a. Then 9a® = 3¢%, so 3a® = ¢°, where ¢
must also be divisible by 3, contracting out assumption.

Let = be the length of a rectangle that has perimeter P. Then the width y of the rectangle is given
by y = (P — z) and the area is

)@

It now follows that the area is a maximum when z = P/4. Since y = P/4 when z = P/4, the
rectangle of perimeter P having the largest area is a square.

2
Circle: perimeter 27rr =p = 71 = L = area=7ri="—

2r 47
p

2 2

p» _p
= area=2zx%=":"= < *—.
4 a=2"=96 S 4r

For an arbitrary rectangle, p = 2(z +y), so y= ‘g —z, and area = zy = z(g — z). This is the

square: perimeter 4z =p = I =

equation of an inverted parabola with vertex (hence maximum value) at z = % Thus y = g and the
rectangle is a square. The circle still has larger area.



PROJECT 1.2

SECTION 1.3

1. 2 terminates when g is of the form 2™5™ for m, n nonnegative integers.
q

3. (a) z=13.201201---, 1000z = 13201.201201---. Therefore, 999z = 13188 and z = 1—;’%
(b) 2.777 - = %"
2
(c) 2=0.2323---, 100z =23.2323---. Therefore, 99z =23 and z= £
= 3477
d) 4.163 = ——
(d) 900
Let x =0.999---, Then 10z2-2z=99-09, so z= g =1
SECTION 1.3
1. 2+3z<5 2. 1(2z+3)<6 3. 16z+64<16
3z <3 20+ 3 < 12 16z < —48
r<l1 2z <9 z< -3
Ans:  (—o00,1) Ans: (-o0,2) Ans:  (—o00,—-3]

4. 3z+5>1(z-2)
122 +20 >z -2

11z > —-22
> -2
Ans: (—=2,00)
7. 2 -1<0
(z+1)(z-1)<0
Ans:  (-1,1)

10. {2z -1)(3z -5) <0

Ans:  (—o0,0]U [%,%]

13. 1
—-<z
T
1
z——>0
T
2
-1
R

zz—1)(z+1)>0
(z+)z(z-1)>0
Ans:  (—1,0)U(1,00)

(1+2) < 3(1-2)

(I+2z)<2(1-1)

3+3z<2-2z
Sr < —1
x<—%

Ans:  (—o0,—1%)

1
2
3

8. z24+924+20<0
(z+5)(z+4) <0
Ans:  (-5,-4)

11. z8-222+z2>0

z(z -1)2>0
Ans:  [0,00)
14.
(by 1.3.1)

6. 3z—-2<1+6z
-3z <3
z> -1

Ans:  [-1,00)

9. z(z—-1)(x-2)>0

Ans:  (0,1)U (2, 00)

12. 224z +4<0
(6 -2)? <0
Ans: {2}

1
z+—-2>1
z

1
z+—-—-12>0
z

z? -~z +1
z
z(z? -z +1)>0

>0

(by 1.3.1)
z>0

Ans: (0, 00)
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15.

17.

19.

21.

23.

SECTION 1.3

4(z — 5)
4z —5)(3z +5) > 0

3z +5)(z—5) >0
Ans: (—oo, —g) U(5, 00)

(by 1.3.1)

2 _

T 9>O

z+1
(z+D(z~3)(z+3)>0

(z+3)(z+1(z-3)>0
Ans : (=3, -1)U(3,0)

(by 1.4.1)

23z - 2)(z+3)* <0
(z+3)32z(z-2)<0
Ans: (0,2)

*(z - 2)(z+6) >0
(x+6)z*(z—2)>0
Ans:  (—o0, —6)U(2,00)

1 4

:v—1+1:—6

z—6+4(z—1)

(z - 1)(z —6)
5z — 10

(z —1)(z - 6)

5(z —2)(z - 1)(z —-6)>0

(z—-1(z-2)(z—-6)>0
Ans:(1,2) U (6, )

>0

>0

>0

16.
1
2
3z -5 <
35 2<0
1-2(3z—5)
3z -5 <0
6 — 6z
3z —5 <0
6(1—z)(3z —5) <0 (by 1.3.1)
Ans: (—oo,l)U(g,oo)
18. \
z
z2 —4 <0
= 0 (by 1.3.1
—— < 3.
z-2)@+2) (by 1.3.1)
22z - 2)(z+2) <0
Ans: (—-2,00U(0,2)
20.
2z -3)(z+4)* >0
Ans:  (3,00)
22.
7z(zx —4)2 <0
Ans:  (—oc,0)
24.
3 5
-2 z-6 <0
3(z —6) — 5(z — 2)
G-9E-6
-2z -8 <0
(z —2)(z —6)
-2z +4)(z—2)(z-6) <0
Ans: (—4,2)U (6,00)



25.

27.

30.

33.

36.

39.

42.

45.

48.

50.

51.

52.

53.

54.

57.

SECTION 1.3

2% — 6 26.
2 _6z+5 0 _2c+8
2z -3)(z—-1)(z—-5) <0 2248z +7
2+ 4)(z+Tz+1) >0
(z-1(z-3)(z—-5)<0 :
Ans: (—7,-4)U(-1,00)
Ans: (—o00,1)U(3,5)
(—2,2) 28. (—o0,—1]U[1,c¢) 29.  (—o00,—3) U (3,00)
(0,2) 31. (%, g) 32. (—%, %)
(-1,0)U(0,1) 34. (-3,00U[0,3) 35. (3,2)U(2,3)
(—%’%)U(%a%) 37. (_5:3)U(3711)) 38. (%7%))
(-%,-%) 40. (3, L) 41.  (—o00,—4)U(-1,00)
(=00, —2) U (%, ) 43. (—00,—-$)U(2,00) 44. |z-0/<2o0r|z|] <2
lz -0/ <3or|z|]<3 46. |z-2[<2 47. |z —-2]<5
|z —(-2)]<2o0r|z+2| <2 49. |z —(-2){<borlz+2/<5

lt-2]<1 = |2z-4|=2lz-2/<2, so |2z —-4] <A truefor A>2.

lz-2|<A = 2z-2/=22-4/<24 = [2z-4/<3
provided that 0 < A < 2

lz+1] <A = |3z+3|=3z+1/<34 = [3z+3]<4
provided that0<A§%

lz+1]<2 = 3lz+1j=3z+3]<6 = |3z+3]<4

provided that A > 6
11 1 1 1
S < <1<VE<z 55 s<yE<l<—=<- 56 T < JEE

VT NZ] z+1 z+2

If a and b have the same sign, then ab > 0. Suppose that a < b. Then a—-b<0 and

1 a—2b
- - = 0.
a ab <

S|

Thus, (1/b) < (1/a).

5



58.

59.

60.

61.

62.

63.

64.

65.

SECTION 1.3

a2<bh? = bV-a?=0+apkb-a)>0 = b-a>0 = a<h

Witha>0and b>0
b>a = b-a=Wb+va)Vb-va)>0 = Vb-va>0 = Vb>Va

la — b =la+ (=) < |a| + [ —b] = |a] + [8].

By the hint
|lal = [8]|* = (la| — [b])? = |al* = 2]a| [b] + [b]* = a® — 2{ab] + *
< a? —2ab+b? = (a —b)*.

(ab < |ab])

Taking the square root of the extremes, we have

llal = ol | £ V(@ =b)2 =|a—b].

fa>0andb>0: |a+bl=a+b=|a|+|b.

Ifa<0andb<0: la+bl=—(a+b) =—-a—b=|a|+ b

Ifa>0and b<0: Ifa>|b then |a+b=a—|b] <a+l|b]=la|+ b
If a < |b] then |a + b| = |b| — a < |b] + a = |a| + [b].

Similarly, a < 0,6 >0 == |a+b| <|a|+|b|.

Thus equality holds iff @ and b are of the same sign.

With0<a<b
a(l+b)=a+ab<b+ab=>b(l+a).

Division by (1 + a)(1 + b) gives
a o b
l14+4a ~ 145

a < b+ c _ b + c < b + c
1+ea~14+b+c 14+b+c 1+4+b+c~1+b 1+c

by exercise 63

Suppose that a < b. Then

a+a < a+b< b+b___

2"2“2b'

a=

a+b
2

is the midpoint of the line segment ab.



SECTION 1.4

66. First inequality: a = (v/a)? < avb = Vab.
Last inequality: 3(a+5) < 2(b+b) =b.
Middle inequality:
0<(a—b)?=a®~2ab+ b2 = (a+b)? —4ab
4ab < (a + b)*
2vVab < (a+b) (by Exercise 59)
1
Vab < <5la+b)
SECTION 1.4
1. d(Py,P)=+/(6-52+(-3-02=+/1+9=+10
2. dP,P)=/(5-22+(5-22=3vV2
3. d(R,P)=+/PB-(-3)P+(-2-22=/64+16=4V5
4. d(Py,P) =+/(-5)?2+ (122 =13
5. d(Py,P)=(2-22+(-2-42=/0+36=6
6. d(Po,P)=+(-4-22+(T7T-72=6
2+6 4+8 —1 —1+5
7. (2=, 22} = .
(324 )=o) . (3 )-a
247 -3-3\ _ 5+5 ~1+46
9. (T 5 >_(§, 3) 10. ( > ) (5,9)
V3+0 0++3 a+3 3+a
11. =1 } =
1(2,2 1(v3, V3) 12m(2,2)
5-1 4 2 -3-(-7) 4 2
13. = = — = 4. = — = — == -
(—2)—4 -6 3 W m=% 673
b—a -1-(-1) o0
15. = = — 1 . = 7 — I —
m P 1 6. m 1= (=3) Z 0
17. m=0"Y _ Y% 18. m=J=% _ =% _%
zo—0 Ty 0—2x9 —Iy  Zo
19. Equation is in the form y = mz +b. Slope is 2; y-intercept is —4.



8 SECTION 1.4

20. Rewrite as 5z =6, 0or z = g, This is a vertical line with slope undefined, no y-intercept.

21. Write equation as y = z + 2. Slope is §; y-intercept is 2.
22. Write equation as y = 3z — £. Slope is 3, y-intercept is —3.

23. Write equation as y =

W~
8
+

Wi

Slope is %; y-intercept is %.

24. Write equation as y = %; This is a horizontal line. Slop is 0, y-intercept is %.

25. y=35zr+2 26. y=5z—2 27. y=-5z+2 28. y=-5r—2
29. y=3 30. y=-3 31. z=-3 32. z=3

33. Every line parallel to the z-axis has an equation of the form y = a constant. In this case y = 7.
34. Every line parallel to the y-axis has an equation of the form z = a constant. In this case z = 2.

35. The line 3y — 2z + 6 = 0 has slope % Every line parallel to it has that same slope. The line
through P(2, 7) with slope 2 has equation y — 7 = £(z — 2), which reduces to 3y — 2z — 17 =0.

36. The line y — 2z + 5 = 0 has slope 2. Every line perpendicular to it has the slope ——%. The line
through P(2, 7) with slope —% has equation y — 7 = —%(z — 2), which reduces to 2y + z — 16 = 0.

37. The line 3y — 2z + 6 = 0 has slope 2. Every line perpendicular to it has slope —3.
The line through P(2, 7) with slope —2 has equation y — 7 = —2(z — 2), which reduces to
9y + 32 — 20 = 0.

38. The line y — 2z + 5 = 0 has slope 2. Every line parallel to it has slope 2.
The line through P(2, 7) with slope 2 has equation y — 7 = 2(z — 2), which reduces to
y—22-3=0.

39. (iv2, iv2), (-3v2, -1V2) [Substitute y = z into 2% + y* = 1.]

2 2m -2 —2m
40. , , , Substitute ¥ = mz into z? + y% = 4.
(\/1+m2 \/1+m2> <ﬁ+m2 ﬁ+m2> [ Y Y ]

41. (3,4) [Write 4z + 3y = 24 as y = (6 — z) and substitute into 22 +y? =25]

—2mb  b(1 —m?
42.  (0,b), (1 +n;2’ (1 n ::2 )) [Substitute y = mz + b into 22 + y* = b?.]

43.  (1,1) 44. (-1,2) 45. (-

wlw
wloe

) 46. (-1 —33)

S

47. We select the side joining A(1,—2) and B(—1,3) as the base of the triangle.
length of side AB: /29
equation of line through A and B: 5z+2y—1=0

length of altitude from vertex C (2,4) to side AB : =




48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

SECTION 1.4

1 17 17
iangle: (V29 )| —=) ==
area of triangle 5 ( ) < 29) 5

Let A= (-1,1),B = (3,v2),C = (v/2, —1). Take AB as the base

Then |AB|=1/(3+1)2 + (VI-1)2 = /16+ (V2 - 1)2.

V21

The line th hAand Bisy—1=
e line throug an isy 311

(z+1),0r (1 -2z +4y—-3—-v2=0.

The height of the triangle is the distance from C to that line,

0-VBVE-4-3-v8 _ 9
(1-+v2)2 +42 (1-v2)2+16
So area:%bh= %\/16—%(\/5—1)2 9 :g,
16 + (V2 — 1)2
+1)2=z+1; parabola, vertex at (—1,1)

2’ —4r+4+y°+62+9=3+y+9 = Circle of center at(2, —3), radius 4

_ 2 1 2
20z —2)2+3(y+1)2=6, or (= 32) + (y-; Y 1;  ellipse, center at (2,—1)

P4yt -2+dy=-5 = (z-12+(y+2?=0
Circle of radius 0 = just one point (1, —2).

_9\2 _1)2
(y—2)2—4(x-1)2=4, or y 42) _ 7 D) =1, hyperbola, center at (1,2)

2’ +4r=4z+8 = (z+2)>=4(y+3), Parabola, vertex (-2, —3).

_ )2 2
4z -3~ (y+2?2=16, or (= 43) Y t62) = 1; hyperbola, center at (3, —2)

47> -8z +4+ 2 +4y+4=4 = 4(z-1)2+(y+2)2=4. ellipse, center at (1,-2)

Substitute y = m(z — 5) + 12 into z® + y? = 169 and you get a quadratic in z that involves m.
That quadratic has a unique solution iff m = —&. (A quadratic az® + bz 4 ¢ = 0 has a unique

solution iff b2 — 4ac = 0. This is clear from the general quadratic formula.)

(z —1)® + (y + 3)% = 25, so center at (1,—3). The radius through (4,1) is the line with

1 3
slope 1 +i’ = —%, so the tangent to the circleis (y — 1) = Z(z —4), or 4y—-3z+8=0.
: : . 3= (1)
The slope of the line through the center of the circle and the point P is -1 - —2, so the

slope of the tangent line is % The equation for the tangent line to the circle at P is

1
(y+1)=§(1‘—1), or z—2y—3=0.
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60.

61.

62.

63.

64.

65.

66.

67.

SECTION 1.4

. . —4-3 T oara . 3—-1 —4+3
Slope of line segment is 331 -4 Midpoint = (—2——, 5 ) =(1,-1).

1 4
Equation of perpendicular bisector: y + 5= ?(z -1).

midpoint of line segment PQ : <—2— g)
13

slope of line segment PQ : —

5
equation of the perpendicular bisector: y — g =— (%) (z — 5) or 3x+13y—-40=0

length of sides: PoPy : /(—4+4)2 + (—1-3)2 =4, PBPr:\/(2+4)?2+(1-3)2=V40
PP :/(2+4)*+ (1 +1)>=+40. isosceles.

. - =-1-3 . . _ 1-3 1
Slope of sides: Py P : 414 vertical side. PP : 374 = -3
1+1 1
Py = —-. i i .
PP 514" 3 Not right triangle

d(Po, ) = /(2= 17+ B3P = VI3, d(Po,Br)=+[Z- (CDF+(-0F =%,
d(Pl’P2) = \/[1 - (_1)]2 + (3 — 0)2 = \/1—3
Since  d(FPo,P1) =d(Py, P2), the triangle is isosceles.

Since [d{(Fo, P +1d (P, P,)]? = [d (B, P)))?, the triangle is a right triangle.

length of sides: PoPy : /(0+ 2)2+ (7 + 1)2 = V68, BB :/(3+2%+(2+1)2 =34
PP :+/(3-0)2+(2-7)%=+34. Isosceles.
7+ 1 2+1 2-7

3 5
— = — == Pe—— = ——. ight triangle.
) 4, PP 372 5 PP 370 3 right triangle

d(Po, P)=+/B-12+(@E-1? =13, d(P,Pp) =B~ (-2 +{@-3)>=V2%,
d(P,P) =+/[1-(-2)F+(1-3)2=+13.
Since d(Py,P1)=d (P, P), the triangle is isosceles.

slope of sides: PP :

Since [d(Po, P)* + [d(P1, P2))* = [d (Po, P,))*, the triangle is a right triangle.

Length of side: /(4 —0)2 + (3 — 0)2 = 5, so we need a point (z,y) that is a distance 5 from both

(0,0) and (4,3). Thus 22 + y% = 25 and (z — 4)% + (y — 3)® = 25. From this we get

36(25 — 22) = 252 — 400z + 64z%. Solving gives two possibilities for the third vertex:

1 —4v2 27
<2+§\/§7’ %va)’(g_%\/ﬁ’ %C)

The coordinates of M are (g, g), and
d(M,(0,0)) = d(M,(0,a)) = d(M,(0,0)) = 3Va* + t*.



68.

69.

70.

71.

72.

73.

SECTION 1.4 11

Let A =(~1,-2),B = (2,1),C = (4, -3).

—-— 1 1
Midpoint AB = (5, —5); distance to C = \/(4 — %)2 + (-3 - %)2 — ;\/i
2 5, . _ o 55 O
(5’ 5), distance to B = \/(2 —-3P+(+E2= 5\/5

Midpoint BC = (3,—1); distance to A= /(3 + 1)2 + (-2 + 1)% = 17.

Midpoint AC =

Denote the points (0,1), (3,4) and (—1,6) by A, B and C, respectively. The midpoints of the
line segments AB, AC, and BC are P (2,2), Q (0,3) and R (1,5), respectively.

An equation for the line through A and Ris: 2z =1.

An equation for the line through B and Q is: y = 1z +3.

An equation for the line through C and Pis: y—2= ——(x - 2).

These three lines intersect at the point (1, 13—0

b b 2b
The three midpoints are (g, 0) , <E¥’ 5) , and <g, -2—) Thus have equations y = 90— o (z — E) ,

b . a+c b
— 2c(I — ¢). These three lines intersect at <T’ 5)

= z,and y =
Yy P Y @

Let A(0,0) and B(a,0), a>0, be adjacent vertices of a parallelogram. If C (b, c) is the vertex
opposite B, then the vertex D opposite A has coordinates (a + b, c) [see the figure)].

(b, c) D
(a,0)
The line through A and D has equation: y = i b
The line through B and C has equation: y = (z —a).
These lines intersect at the point (a_ g) which is the midpoint of each of the line

segments AD and BC.

The midpoints M; = (931 + z2 y1+y2> M, = (Iz + 3 yz+y3) My = (l‘s + Z4 y3+y4)7

) 2 72 2 72

My= (23 VU gione of B = BTYL. Slope of MM = Y2292 = slope of I,
2 2 T3 — I T1 — T3

Similarly, slope of M>M; = slope of MyM;, so the quadrilateral is a parallelogram.

Since the relation between F and C is linear, F = mC + b for some constants m and C. Setting
C=0 and F =32 gives b=32 Thus F =mC + 32. Now, letting C =100 and F = 212
gives m = (212 — 32)/100 = 9/5. Therefore

F=§C+32



12 SECTION 1.5

The Fahrenheit and Centigrade temperatures are equal when
C=F=JC+3
which implies C = F = —40°.

373 - 273 ) 2297
. K-313=22T g 919 it
74, K-313=T2C(F-212) = K= F+
— 27
K -373= %"_—03(0 — 100) = K=(C+273, linear

SECTION 1.5

1. (a) £(0) = 2(0)% — 3(0) + 2 =2 () F(1) =2(1)2 —31) +2=1
(€) f(=2) =2(-2)2-3(-2)+2=16 (d) f(%) =2(3/2)2 -3(3/2)+2=2
2 () -3 OF © -3 (@ 5
3. (@) f(0)=v02+2-0=0 M) fA)=v12+2-1=3
() f(=2) =/ (-2)*+2(-2) =0 @) 7(3) =/3/2? +2(3/2) = 3 V21
4. ()3 (b) —1 (© 11 ) -3
2-0 2.1 1
5 (a)f(o)—[0+2|+02— (b)f(l)_|1+2|+12_§
2y o 2.3/ 12
(© 1=2) 2ol (22 (d)f(g)"u3/2y+2|+(3/2ﬁ 23
6. ()0 OF (€0 @ 5
7. (a) f(-z) = (-2)* - 2(-2) =2° + 2z (b) f(1/z) = (1/2)* —2(1/z) = : ;Q%
(c) fla+bd)=(a+b)?—-2(a+b)=a®>+2ab+b*>—2a—2b
T 1 z a+b
8. (a)f(—$)=—z2+1 (b)f(;)=x2+1 (C)f(a'*'b):m
9. (2) f(~2) =1+ (~2)? =V1+2? (b) f(1/z) = 1+ (1/2)? = |z|/V1 + 2?
(¢) fla+d)=+/1+(a+b)2=+va2+2ab+b*>+1
T 1 1 a+b
10.  (a) f(—m)z—m (b) f(;):m (c) f(a+b):m
11. (a) f(a+h) =2(a+ h)*> —3(a+ h) = 2a* + 4ah + 2h* — 3a — 3h
®) fla+h)—fa) _ 2(a + h)% ~ 3(a+ h)] — [2a* — 3a] _ dah + 2h* — 3h —dat k3

h h h



12.

13.

16.

19.

20.

21.

22,

23.

24.

25.

27.

29.

31.

33.

35.

37.

39.

SECTION 1.5

(@) fla+h) = ——
1 1

(b) flath)—f@) a+h-2 a-2 _ —h _ -1

h h ha+h—-2){a—2) (a+h—2)(a-2)
z=1,3 14. z2=0 15. z=-2
T=5+27 17. z£=-3,3 18. allz>0
dom (f) = (—o0,00); range(f) =[0,00)
dom (g) = (—00,00); range(g) = [~1,00)
dom (f) = (—00,00); range(f) = (—o0,0)
dom (g) = [0, 00); range(g) = [5,0)
dom (f) = (-00,0) U (0,00); range(f) = (0, 00)
dom () = (=c0,0) U (0,00); range(g) = (—00,0) U (0, o0)
dom (f) = (—o0,1]; range(f) = [0, 00) 26. dom(g) =[3,00); range(g) = [0,00)
dom(f) = (=0,7]; range(f) =[-1,00)  28. dom(g)=[1,00); range(g)=[-1,00)
dom (f) = (-00,2); range(f) = (0,00) 30. dom(g) =(-2,2); range(g) = [3,00)
horizontal line one unit above the z-axis. 32. horizontal line one unit below the z-axis.
line through the origin with slope 2. 34. line through (0,1) with slope 2.
line through (0,2) with slope 1. 36. line through (0, —3) with slope —32.
upper semicircle of radius 2 centered 38. upper semicircle of radius 3 centered
at the origin. at the origin.
dom (f) = (o0, 00) 40.  dom (f) = (—o0,00)

13
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41.

43.

45.

46.
47.
48.
49.

51.

52.

SECTION 1.5

dom (f) = (—00,0) U (0, c0); 42. dom(f) = (—o0,00);
range (f) = {-1,1}. range f = (—00, 00).
Y Y
X
2
L
X -1 K X
dom (f) = [0, o0); 44. dom (f) = (—00,0) U (0,2) U (200).
range (f) = [1, 00). range (f) = {—1} U (0, cc).
Y
Yy
2 / : S
1 1
x
12 x —1¥—*’
The curve is the graph of a function: domain [-2,2], range [-2,2].

Not a function.

The curve is not the graph of a function; it fails the vertical line test.
Function; domain: (—oo,00), range: (—1,1)

odd: f(-2)=(-z)% = -2®=—f(z) 50. even.

neither even nor odd: g(—z) = —z(-z — 1) =z(z +1); g(-z) #g(z) and g(-z)# —g(z)

odd. 53. even. 54. odd.



SECTION 1.5

55. (a) 56. (a)
Yy Yy
A B
A
0
-5 o) * T 3 2 zx
-20 -10
B
(b) —6.566, —0.493, 5.559 (b) —2.739, —0.427,0.298, 2.868
(c) A(—4,28.667), B (3,—28.500) (c) A(—1.968,13.016), B (2.032,17.015)
57. -5<z<8, 0<y<100 58. -10<z<10,-10<y < 32
Yy
20
100
10
-3. 0.2 6.6 * 2 4 6 x
2
59. A= e where C is the circumference; dom (A) = [0, c0)
7
[A 4 4 (AN a3
— 2 —_ i = —qpd == —_— = .
60. A=Adxr = r= e = V 37rr 37r (4ﬂ) W
61. V =s3/2 where s is the area of a face; dom V = [0, o)
) , an 3/2
62. A=6z2 = V:m_(g) .
63. S =3d? where d is the diagonal of a face; dom (S) = [0, c0)
d\° &v3
64- = = 3 = — = = —.
d=V3z = V=x (\/S) 9
V3, : .
65. A= = where z is the length of a side; dom (4) = [0, c0)
66. h=+c2-22 s0 V= :})’—wrzh = %wzzvé — 22,
67. Let y be the length of the rectangle. Then

x+2y+7r2—x:15 and

5 247 30

2 z O 2+

15



16 SECTION 1.6
15 24w 1 15 2w 30
The area A =zy+ 7 (z/2)? = (?— 1 z)z+§7rx2 = —2—1—7§z2 0<a< T
1 1 3 1 3
68. 3r+2y=15 = y=-(15-3z). A=zy+ -z £a: = —z(15 - 3z) + £z2.
2 2 2 2 4
69. Let y be the length of the beam. Then y = Vd? —z%, 0<z <d
The cross-sectional area A = zv/d? — z2.
70. 2(2ar+h)=30 = *—1—(15 h). V= 2h—i(ls—h)2
. T = r=o . =arth= .
b
71. The coordinates z and y are related by the equation y = — E(z -a), 0<z<a.
b b
The area A of the rectangle is given by A=zy =12 [— E(x - a)] = bz — - 2?2, 0<z<a.
. . . . Sa
72. Let £ = a be intercept. Then line is y = 5 a(a: — a), with y-intercept panrt
1 1 527
soareais A= Emy = §aa—5_£§, orinterms of z, A= %z—_ﬁ
73. Let P be the perimeter of the square. Then the edge length of the square is P/4 and the area of the
square is A; = (P/4)? = P?/16. Now, the circumference of the circle is 28 — P which implies that the
2
1 1 1
radius is — (28 — x). Thus, the area of the circleis Ac =7 |—=(28 = P)| = —(28 — P)2. and the
2 2r 47
. p? 1 5
total area is Ay + A, = == + —(28 = P)*, 0 < P <28
16 4w
r 10 1 1 1 (r\?
74. By simil i - == = —h. =-arth=<r(=) h=——=h%
y similar triangles, n = 207 SO T 2h Then V 37rr 37r <2> T
75.  Set length plus girth equal to 108. Then ! =108 —27r,and V = (108 - 27 )2,
SECTION 1.6
1. polynomial, degree 0 2. polynomial, degree 1 3. rational function
4. polynomial, degree 2 5. neither 6. polynomial, degree 4
7. neither 8. rational function. 9. neither
1
10. h(z) = ————, rational function
+8



11. dom (f) = (—o0,00) 12.

-0.

14. dom(f) = (—o0,00)

Y
1._
X
1
..1-.
T 5w
17. 2 —) = —
25 (180) 4
20. 450° = 57” rads
23. (_ 3_”) (@> — o700
2 e
26. —-330°

29. sinz=1%; z=n/6, 51/6

2

31. tan(z/2)=1; z=mn/2

SECTION 1.6 17

dom (f) = (—o0,-1)U(—1,00) 13. dom (f) = (—o0, )

207

-2

15. dom(f)={z: =

33. cosz=+2/2; z=n/4, Tn/4

35. cos2z=0; z=n/4, 3n/4, 5n/4, Tn/4

37. sin51° = (.7772

39. sin(2.352) =2 0.7101
41. tan72.4° = 3.1524

43. tan(11.249) = —3.8611

Y
| ] '
) |
: 2 : 10-L/
t |
| 1 x
-2 2 t + :
| : R
i ) -10¢
o If:s T\ 5w
18.  —210°= - rads 19.  (—300) (I%) =-3
T T ™
. — ] = 22, 3°=— rad
21 15 () = 53 =g s
1
24 215° 25. (51) <—8—0-) = 300°
3 i
3
27. 2 (@) =~ 114.59° 28. —£180°
™ T
30. 27/3, 4xn/3
32. @/2, 3m/2
34. 4n/3, 57/6 51/3 117/6
T 47
36. 3. 3
38. cos17° = (0.9563
40. cos(—13.461°) = 0.6258
42.  cot(—13.5°) = —4.1653
44. cot(7.311) = 0.6035
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45.
47.
49.
51.
53.
55.
57.
58.

59.

61.

63.

SECTION 1.6

sec(4.360) = —2.8974
sinz = 0.5231; z = 0.5505, = —0.5505
tanz = 6.7192; z = 1.4231, =+ 1.4231

secx = —4.4073; z = 1.7997, 7+ 1.7997

- =AfE

46.
48.
50.
52.

56.

60.

csc(—9.725) =2 3.3814

z = 2.5398
x = 2.9678
z = 0.0976

dom (g) = (—00, 00); range (g) = {1}
dom (F) = (—o0, 00); range (F) = [0, 2]

; range (f) = [1,00)

S . -7 by tx

SR PR S
L-d
A




65.
68.

71.

72.
73.

74.

75.

76.

77.

78.

79.

SECTION 1.6

odd 66. odd 67. even
even 69. odd 70. even

Assume that 8, > 6;. Let m; = tan6;, msy = tanfs.. The angle a between I; and I3 is the smaller

of 62 — 6; and 180° — [f, — 6;]. In the first case

tana = tanfd; — 6] = tanf —tanfy  my —my
- LR ~ 1+tan6, tanb, 14 mamy

mo — MM
In th d , t = tan[180° — (02 — 6,)] = — tan(fy ~ 6;) = - ————
n the second case, tana = tan| (62 — 64)] an(fz — 6;) T+ mams
Thus tana = |2 ™

1+ momy

1); a = 39° [m1=4:tan81, 6, = 76°; mgz%:tanez, 925'370]

23 M) ; a = 73° [m1=—3=tan01, 91%'1080; mzz%:tanﬁg, 922350]

(

(

(-5, %) a=17°  [my=4=tanf;, 6; = 76° my=19=tanfy, 6 = 87°]
(

—i—7, —%); o = 82° [mlzgztanﬁl, 6, = 40°; m2:—§=t3n02, 6y = 122°]
inf 6
sinf = s1r11 , cosf = cols , by similar triangles. All others follows.
¢
h=bsinA=asinB (seefigure)
sinA _ sinB
a - b b A a

o A .
Similarly, 524 - $inC

a c

A B

From the figure, h=csin A4,z =ccosA4, so

a® = h?+ (b—x)? B
= c?sin? A + b® — 2bccos A + ¢? cos? A
= b% + c® — 2bccos A

A:%ah:%azsinG

(see figure)




20 SECTION 1.6

80. (a)

Yy

40 f

-4 A 4
-40




cos .5x

\

DRV,

SECTION 1.7

cos 2X

21

NN/
\/

(c) A changes the amplitude; B stretches or compresses horizontally

..1.._

x

83. (b)
b
1 n odd
2
n even
1 - 1 *
(©) fi(@) 2 fr1(z) on[0,1];  frya(2) > ful
84. (a)
1
//‘/_/n—;_\ 0.8
0.5 0.6
0.4 0.4
0.¢ 0.2
% X X E 7t
'zi = I T Y 7% RN T T
(b) f(z) - lasz - 0. Asz — 0, g(z) oscillates faster and faster, but with decreasing
amplitudes; g(z) - 0 as z — 0.
SECTION 1.7
L (f+9@)=f2)+92)=3+3=2 2. (f-9(-1)=6
3. (f -g)(—2) = f(—Z)g(—2) =15- %— = % 4 5(1 =0
1y _ 1 1y _ 9 _ 27 f+g —
5 Cf -3 =26 -0 =2-0-3-=-% 6. (LX) (p=n
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10.

11.

12.

13.

14.

SECTION 1.7
(fog)() = flg(V)] = f(2) =3 8. (go f)(1) = g(0), undefined.
(f+9)(z) = flz) +g(z) =z-1; dom(f+g)=(—00,00)

(f —9)(z) = f(z) —9(z) =3z —5; dom(f —g) = (-00,00)
(f-9)(z) = f(z)g(z) = —22° + Tz — 6; dom (f - g) = (—00,00)

(F9)a) = 222 dom(fjg)={z: 2 #2)

(f+g)(z)=f(z)+g(z):z2+z—1+%; dom(f+g):(-oo,0)U(O,oo)
(f~9)@) = f(z) ~g(@) =2* ~z ~1- = dom(f ~g) = (~00,0) U (0,)

zt —
(- 9)(@) = fl@)g(z) = =L,

z3 —
(F19@ = 555

dom (f - g) = (—00,0) U (0, 00)

dom (f/g) = (—00,0) U (0,00) [g(0) is undefined.]

(f+9)@)=z+vVz—-1-vz+1 dom(f+g)=([1,00)
(f-g9)@)=vz-1+vz+1l-gz; dom(f—-g)=[1,00)
f9E)=vVr-1(z—Vz+1)=zv/z-1-v22-1; dom(f-g)=][1,00)

(f/g)(x>=x_7v‘”¢;%; dom(f/g) ={z:2>1 and & # 1(1+V5)}

(f + 9)(z) =sin®z + cos2z; dom (f + g) = (—oc, 00)
(f — g)(z) =sin?z —cos2z;; dom (f —g) = (~00,00)

(f-9)(z) =sin®zcos2z; dom(f-g) = (—o0,00)
sin2:t:_ 2n+1

(Fl9)(@) = ——; dom(f/g)={z:z# —

7, n=0+1,+2,---}

(a) (6f +3g)(z) = 6(z +1/v/z) + 3(vVz —2/Vz) =6z +3yz; >0
(b) (f-9)(@)=2+1/vVo - (Vo -2/Vz)=2+3/Vz-Vz; >0

© (/o)) = L2

z>0, z#2

-z, z<1 l—-z, z<1
(F+9@)=<2z-1, 1<z <2 (f-g9)z)=<2z-1, 1<z<2
2z — 2, :E_ZQ 2z, r>2

0, z<2
(f-g)(-'v)={

1-2z, z>2



15.

17.

19.

21.

23.

25.

27.

28.

29.

30.

i 2g
|
!
L o
T b c
Yy
I a 4
| rd
|
!
| ‘f
|
y
b -
{ ¢
A
y
|
; | /-8
[
YU | .
T a b c

(f 0 g)(z) = 22 + 5; dom (f 0 g) = (—00,00)

(fog)(z) =+vz2+5; dom(fog)=(—00,0) 26.

16.

18.

20.

22.

24.

(fog)(a) = ——; dom(fog)={z: z#0,2}

z—2’

(fog)e) =

17

; dom(fog) = {x # 1}

SECTION 1.7 23

y =0 i.e., the x-axis

O
o pm————

x
> >
I ¢
b
I
I
Vo
I
[
|
|
P
[
11 N—b
a [ c v

(f 0 g)(z) = (2z +5)% dom (f 0 g) = (~c0, c0)

(fo9)(@) =2+ &5 dom (fog) = [0,00)

(fog)(z) = V1 —cos? 2z = |sin2z|; dom (f o g) = (—o0, )

(fog)z) =+/1—2cosz; dom (fog)=[-m/3,57/3]
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31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42,

43.

44.

45.

46.

47.

48.

49.

50.

51.

SECTION 1

(fogoh)(z) =4[g(h(z))] = 4[h(z) — 1] = 4(” - 1);

(f o goh)(z) = f(g(h(2)))

7

1

(fogoh)(z) =

(Fogoh)(@) = flg(h(=)) = Fla(?) = f (

1
Take f(x)=; since

1
9(h(@) ~ 1/12h(z) + 1]

= flola”) = fl4a®

=2h(z) +1=2z% +1;

) =4z% -1

dom(fogoh)=

Take f(z) = az + b since f(g(z)) = f(z?) = az® + b= F(z)

Take f(z) =2sinz

Take f(z) = Va® — z,

Take g(z)= <1——

1
z4

since 2sin3z = F(z)

since  f(g(z)) =

a2z2
Take g(z)=2z° —1 (or —(22% — 1)) sinc
Take g(z) = =  since sin% = F(z)
(fog)(z) = 9(z) = Vz? = lz;
(g0 f(2) = g(f(2)) = [f(@)* = [Vz? ==,

(f o g)(z) = flg(2)) = 3g(z) + 1 =3z% +

(f o 9)(z) = f(g(z)) =1 —sin*z = cos z;

(f 0 0)@) = flg@) = 29(s) =25 = 1,
(fog)@) = flgla)) = (- +1=5;
even: (f9)(~2) = f(~a)g(~2) = (~£(2)) (-

fgisevensince (fg)(—z) = f(—z)g(-2z)

odd: (fg)(—=z) = f(~

(a) If f is even, then

1@ =

L,

(g0 f)(z)
(go

z?)
)2/3 since (——i—)

Take g(z) = a®z*(z # 0), since a?z? + —— =

(go

Nz) =g9(f(z)) = /(= +1) -
9(z))

1 1@+ +1
2z2+1>— 1/(2z2 + 1)
1+z* 1+ z?
=P = flea) = f (g )

= f(g(z)) = F(3z).

= f(z)g(z) =

= 9(@) =5

(F9)()-

= f(z)g(z) = (f9)(2)-

-z,
L,

z)g(—z) = (- f(2))(9(2)) =

—f(z)g(z) =

-1<z<0
z< -1

—(f9)(z).

1=

(—OO, OO)

dom fogoh)=(—00,00)

(272 +1) =222 + 2

:\/02_( —12) =+vaZ + 22 = F(x).
=[g(=)]*.
Flz) = £(g(z)) = (@) + —
AT}
e (228 -1)2+1=F(z) = f(g(x)) = [g(z)]* + 1.
= f(g(z)) = sin(g(z)).

z2>0
(g0 (z) =g(f(z)) = (f(z))? = Bz + 1)?

fz) = g(f(z)) = sin f(z) = sin(1 - z°)

T



52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

SECTION 1.7 25

(b) If f is odd, then z, 1<z<0
f2) = { -1, < -1
(a) f(z) =2%+1, ®) fl@)=-22-z

9(=2) = f(=2) + f[-(-2)] = f(-2) + f(z) = g(2)

h(=z) = f(=2) - f[-(=2)] = f(=2) - f(z) = ~[f(z) - f(~2)] = —h(z)

~

1@) = 3@ + 1) + 31f@) - 1(-a)]

fi

~~

even odd

fo fa fa f5 fe

f

fi

fo |fs|fa {fs |fs

f2

f2

filfalfs |fe |fs

f3

fs

fs |fi|fe |f2 | fa

fa

fa

fo |f2|fs |f1|fs

fs

fs

f3 fe | f1 |fa|f2

T

e

falfs|f2 |fs |1

(a) For fixed b, varying a varies the z-coordinate of the vertex of the parabola.

(b) For fixed a, varying b varies the y-coordinate of the parabola

a

(a)

(b)

(c)

(b)

1

=Z,

49

b = -—E
For a > 0, the graph of f(x — a) is the graph of f shifted horizontally a units to the right;

for a <0, the graph of f(z — a) is the graph of f shifted horizontally |a| units to the left.

For b > 1, the graph of f(bz) is the graph of f compressed horizontally; for 0 < b < 1, the
graph of f(bz) is the graph of f stretched horizontally; for —1 < b < 0, the graph of f(bx)
is the graph of f stretched horizontally and reflected in the y-axis; for b < —1, the graph of
f(bz) is the graph of f compressed horizontally and reflected in the y-axis.

The graph of f(z) + c is the graph of f shifted c units up if ¢ > 0 and shifted |c| units down if
c<0.

f(blz — a]) + ¢ =b3(z — a)® — 3b(z — a) + 1 + ¢. By stretching and shifting, get z-intercepts at
—-2,1/2,3 with a =1/2,b=2v3/5,c= -1.

For A > 0, the graph of Af is the graph of f scaled vertically by the factor A; for A4 < 0,
the graph of Af is the graph of f scaled vertically by the factor |A] and then reflected in the

T-axis.

See Exercise 59(b).
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62. (a) 'The graph of f(z —c) is the graph of f(z) shifted ¢ to the right (if ¢ < 0, this means the graph
is shifted |c| to the left.

(b) A changes the amplitude, B changes the period, C changes the phase.

PROJECT 1.7
1. (@) (fog)z)= 3[%(1: +5)]—-5=z and (gof)(z)= %[(32) —-5)+5]=z

(b) (2)* =z = Vz?

1
1—
(c)(fog)(x):l—__i_*_l:(l_i)_i_m:x and (gof)(z)z__iﬂ:(z+1)—1=x
T z+1
2. (a) fz)=4z -7
flol@)] =dlg@) -T=2 = glz)=jz+1.
(b) f(z) =1+ 322
fla@)=1+3g@P =2 = g@)=@E-1)}
z+2
(€) fle) = 222
o =222 s — s re=g@ 2 = o@= T

If g is the inverse of f, then the graph of g is the reflection of the graph of f in the line y = z.

SECTION 1.8

1. Let S be the set of integers for which the statement is true. Since 2(1) < 2!, S contains 1. Assume
now that k € S. This tells us that 2k < 2%, and thus

2k + 1) = 2k +2 < 2F 4+ 2 < 2F 4 2% = 2(2%) = 2FF1.

(k=>1)

This places k + 1 in S.
We have shown that
1€S andthat k€S impliess k+1€S.

It follows that S contains all the positive integers.

2. Use 1+2(n+1)=14+2n4+2<3"+2<3"+3"=2-3" < 3™
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Let S be the set of integers for which the statement is true. Since (1)(2) = 2 is divisible by 2,1 € S.

Assume now that k € S. This tells us that k(k + 1) is divisible by 2 and therefore
k+1)(k+2)=k(k+1)+2(k+1)
is also divisible by 2. This places k +1 € S.
We have shown that
1€ S and that k € Simpliesk+ 1€ S.

It follows that S contains all the positive integers.
Use 1+34+5+--+2n+1)-1)=n*+2n+1=(n+1)>

Use P+224 4+ k2 4+ (k+1)% = Lk(k+ 1)(2k + 1) + (k + 1)
=1k +Dk@k+1)+6(k+1)]
= L(k+1)(2k® + 7k + 6)
=§(k+1)(k+2)(2k + 3)

=ik+1)[(k+1)+ 12k +1) +1).
Use
P42+ 40+ (n+12 =142+ +n)2+ (n+1)
‘n(n +1

— _.2_)J + (n+1)® (by example 1)

nt +6n +13n?2 + 12n + 4
4
[tn+ D +2)]°

- 2
1+2+--+n+(n+1)?

By Exercise 6 and Example 1
P+2 4+ (=17 =[5 Dnf’ = {(n - 1)’n® < {n?*
and
P42+ 40 =[in(n+ 1) = ln?(n+1)? > Lnt,

By Exercise 5,
P42+ 4 (n-12=Ln-)n@2n-1)< In?

P+22 4+ 40’ =in(n+1)2n+1) > ind
Use
S T ST S
VI V2 V3 Voo V41

>n+ 'n+1_\/ﬁ):\/n+1.

1
\/n+1+\/r_t(\/n+1—\/ﬁ
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10.

11.

12.

13.

14.

SECTION 1.8

1 1 n 1 nn+2)+1

1
Use —t—+ = =

_n+1

1
12t 3 s T e DmEy

W\

Let S be the set of integers for which the statement is true. Since
32+ 4 91+2 =97 4 8 =35
is divisible by 7, we see that 1 € S.
Assume now that k € S. This tells us that
32k+1 4 9k+2 j5 divisible by 7.
It follows that
J2E+DHL | o(k+1)+2 _ 32, 32k+1 4 o gk+2
= Q.32+ 9. k2
= 7. 3%kF1 4 9(32KF1 4 2842)
is also divisible by 7. This places k +1 € S.
We have shown that

lesS and that k€S impliess k+1€S8.

It follows that S contains all the positive integers.

n>1: Trueforn=1  For the induction step, use

9t _8(n+1)—1=9-9"-8n—9—64n+64n =9(9" — 8n — 1) +64n
For all positive integers n > 2,
TR W AT DU ST A D
2 3 n n

To see this, let S be the set of integers n for which the formula holds. Since 1 — } = 3,
Suppose now that & € S. This tells us that

1 1 1 1
(1‘5) (1"?;)“'(1“%) a
and therefore that
1 1 1 1 1 1 1 k 1
(“5) (“3)“'(“%) (“m)w(“m) —E(m)—m-

This places k + 1 € S and verifies the formula for n > 2.

The product is n+1 se n+1 1 1 n—+1 n2+2n n+2
1 —_—u — — — _
p n ! 2n (TL + 1)2 27’L (n + 1)2 2(TL + 1)

ntl miDm+2) miDmid)

n+ 2
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15. From the figure, observe that adding a vertex Vy4i to an N-sided polygon increases the number of
diagonals by (N —2)+1 =N —1. Then use the identity

IN(N=3)+(N-1)= LN +1)(V+1-3).

16. From the figure for Exercise 15, observe that adding a vertex (Viv+1) to an N-sided polygon increases
the angle sum by 180°.

17.  Togo from k to k+1, take A = {ay, - ,ax41} and B = {ay, - -- ,ak } . Assume that B has 2% subsets:
By, By, -+ Byx. The subsets of A are then Bi, By, -+ , Byx together with

B;uU {ak+1} , BsU {ak+1} yorr 3 Bor U {ak.H} .
This gives 2(2%) = 2%+1 subsets for A.
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CHAPTER 2

SECTION 2.1

SECTION 2.1

1. (a) 2 (b) -1 (c) does not exist (d) -3
2. (a) -4 (b) —4 (c) —4 (d) 2
3. (a) doesnotexist (b) -3 (c) does not exist (d) -3
4. (a) 1 (b) does not exist (c) does not exist (d) 1
5. (a) does not exist (b) does not exist (c) does not exist d 1
6. (a) 1 (b) -2 (c) does not exist (d) -2
7. (a) 2 (b) 2 (c) 2 (d)y -1
8. (a) 2 (b) 2 (¢) 2 (d) 2
9. (a) 0 (b) O () 0 (d) 0
10. (a) does not exist (b) does not exist (c) does not exist (d) 1
11. ¢=0,6 12. ¢=3 13. -1 14. -3
15. 12 16. 5 17. 1 18. does not exist
19. 2 20. 4 21. does not exist 22. does not exist
23. lim 20 _jpma-
z-+3 T — z—3
2 _ _ 22
24, m S0 F% B o3y =0
z—3 x—3 z—3 T —3 z—3
z—3 z—-3
25. i = = lim ——; i
T3 22 6z +0  oms (z — 3)2 alcl—rms z—3’ does not exlst
2
. 22 -3z +2 ~1)(z -
26. lim =02, E=DE=D o
z—2 Tz —2 ) -2 z—2
z—2 z—2
27. lim—4—m—m——— =lim— 8 = - =
252 22 — 3z + 2 il—>m2(:c—1)(x—2) i5s 7 — 1 !
28. does not exist 29. does not exist
_ .2
30. lim (a: + 1) =2 81, lim 225" _ lim (2 — 52) = 2
z—1 z z—0 oot z—0
T — T — (1 1
32, lim ——— =lim ——— =i —Z )l =2
26 o B 3B g lb’%( 2 2
2
-1 —
33, lim 2t oy EZHEFD iy =0
z—=l z—1 z—+1 z—1 z—1



34.

35.

38.

41.

44.

47.

48.

49.

50.

51.

SECTION 2.1

miz:l = lim (z -~ )(e® + 2+ 1)(z - 1)(z + 1) =lm(@® +2+1)=3
0 36. does not exist 37. 1
3 39. 16 | 40. 0
does not exist 42, 2 43. does not exist
2 45. 4 46. 0
i VEFI=VE (VT V(P ET+V2)

z—1 r—1 z—1 (.’Il—l)(m—l-f-\/i)

) z? -1 . z+1 2 1
= lim lim

21 (- )(VZE +1+v2) =iV 1 14v2 2v2 V2

- 2 +5-+30 i (Vo2 +5 - /30) (V22 + 5+ v/30)
5 r—2>5 T o5 (:1:—5)(\/m+ \/%)

22 -5 z+5 10 5

= lim

f(2+R) - f(2) (2+h)2)—4=4+4h+h2—4

h h h
fC+h)-f2)
h

=4+h

lim

= lim (4 + h) =4
h—0 h—0

tangent line: y—4=4(z—-2) or y=4z —4

fle)=2>+1, ec=1, f1)=2

fA+h) - f1) [(1+hR)P+1]-2 _ 2+43h+3h° + A% -2

= — h 2
b 3 3 3+3h+h

i JAFR = FA) (3+3h+hA%) =3
h—0 h h—0

tangent line: y—2=3(x—-1) or y=3z-1

flxy=1-2z+2% c=-1, f(-1)=4
f=1+h) = f(=1) 1-2(-1+h)+(-1+h)? -4 4—-4h+h®>-4
h B h B h

f FCL4R) — F(-1)
h—0 h

=—4+h

= lim (-4 + h) = —4
h—0

25 (2~ 5) (V22 + 5+ v30) =5 vz £ 5+ /30  2v/30  v/30

31
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52.

53.

54.

55.

56.

SECTION 2.1

tangent line: y—4=—-4(z+1) or y=—-4z

fle)=1/z, c=2, f()=1/2

1 1 —h
f2+h)—f2) _24n 2 _22+h) _ -1
h B h T kR 2012+h)
_fe+R)—f2) . -1 1
Jim, h =IO Rl

1 1 1
tangent line: y—§=—z(q;—2) or y:_zx+1

fl@)=vz, c=1 f1)=1

FA+h)-f1) Vith-1_I+h-1 Vi+h+1 h _ 1

h - h B h Vith+1 A(l+h)+1 i+h+1
fOA+h)—-F1) L _1
1111—% h —ilzl—rﬁ)\/1+h+1_2

tangent line: y—1=3(z—1) or y=3z+3

f(0+h)—f(0)_|h|—0_{1 if h>0
h T R Tl -1 if h<O

f0+h) - f(0) f(0+h) - £(0)

N i = li =-1
=
Thus, lim w does not exist.

h—0 h

f(il?):\s/:?, c=0, f(O):O
FO+R)—f(O) VR 1

h h h2/3
. fO+h)—f(O) . 1 .
rlll_rﬁ) B —— ]llxg%) 727 does not exist

1
(a) For every nonzero integer n, f(1/nw) = sin <W> = sin(nm) = 0.

1

b F « _
(b) For every integer n, f <2n7r +(n/2)

1

(c) For every integer n, f (m

> = sin[2n7 + (7/2)] = sin(7/2) = 1.

) = sin[2nm + (37/2)] = sin(37/2) = —1.



SECTION 2.2 33

57. (a)

f(1/m) = f(2/m) = f(3/7) = f(4/m) =0 17|
() () () [T

: x
1
1 1 1
P = _— = _— = -1
f (37r/2> f (77r/2) ! <117r/2)
-1+
Y
(b) neither limit exists (c) P
X
58. O 59. 2 60. 0.167
61. 3 62. 0.693 63. 2.7182817
64.
z 3 3.1 3.14 3.141 3.1415 3.14159 3.141592
3° 27 30.135327 31.489136 31.523749 31.541070 31.544189 31.544258
3™ =2 31.5443
SECTION 2.2
1 z?(1+ )
1. = . o lm =/ —|im & =
2 2 il_I)I}) 5 i‘ﬁf}) s2(l+z)=0
1
3. lim z(1+2) = lim 1 +x; does not exist
z—0  2z? z—0 27
4 4
4. - 5. lim—— =1lim(z®+22 +z+1) =4
3 z=1 . — 1 z—1
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12.

15.

17.

21.

25.

27.

28.

29.

30.

31.

SECTION 2.2

does not exist

. z? - L {z—1){z+1) . z4+1 .
;l—>1x2-—2x+1 —IE—W _:ll—»n%z—l’ does not exist
-1 10. does not exist 11.
-1 13. O 14. O
. — T 2 — . . - 1=1
z]i)nZl‘*' f(ZL‘) xllgl‘* (ZE .’17) 2 16 z]igl— f(:l?) :x:-igl‘
1 18. 9 19. 1 20.
6, and &y 22. € and € 23. e 24.
2¢ 26. 6=5¢=05
Since
|(2z —5) — 3| = |2z — 8| = 2|z — 4],
we can take § = 1€
if 0<|z—4]<ie then, |(2z-5)-3/=2z—4|<e
Since
|(8z — 1) — 5| = |3z — 6] = 3|z — 2],
we can take § = Ze:
if 0<|z—2|<ie then, |(3z-1)-5/=3lz-2|<e
Since
|(6z — 7) — 11} = |6z — 18] = 6|z — 3],
we can take § = te:
if 0<l|z—3|<ie then |(6z—-7)-11]=6lz—3|<e
Since
I(2 —5z) — 2] = | - 5z| = 5|z,
we can take § = Le:

Since

7. does not exist

if 0<lz|<ie then, |(2-5z)—2|=5z|<e.

11 - 32| —5| =3z — 1| - 5| < [3z — 6] = 3|z — 2],

does not exist



32.

33.

34.

35.

36.

37.

38.

39.
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we can take § = Fe:
if 0<|z—2/<je then [|1-3z|-35|<3lz-2|<e

Take 6=€¢: if 0<|z-2|/<e then |jz—-2/-0l=|z—-2|<e¢

Statements (b), (e), {g), and (i) are necessarily true.

Suppose A # B and take e = ;|A— B|. Then |A— B|<e=%|A~— B| which is impossible.

0 mos=; @ =T = 2
@) (15-3) =¢ )t |ty -5 =0
O Imatyes @ e g
o (5 3) =0 o) 1| 5] =0

By (2.2.5) parts (i) and (iv) with L =0

(a) Suppose 7%1_}1116 f(z) =L, and let € > 0. Then there exists § > 0 such that
if 0<|z—c|<d, then |f(z)-L]<e
But then we also have
i 0<lo—cl <6 then [If(z)l—ILIl<|f(z)—L|<e

and therefore, lim |f(z)| = |L]
r—=c

(b) (i) Set f(z)=-2 forall z, andlet ¢=0. Then
lim |f(z)]=2=12] but lim f(z)=-2#2.
z—0 z—0

(ii) Set
-1 ifr <0
f(@) {1 ifr >0, © o
lim |f(z)l=1 but lim f(z) does not exist.
z—0 z—0
Let € > 0. If
lim f(z) = L,
T—rcC
then there must exist § > 0 such that
(%) if O<|z—c/<d then |[f(z)-L|<e.
Suppose now that
0<|hl <é.

Then
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40.

41.

42.

43.

44.

45.

46.

SECTION 2.2

O0<|(ec+h)—c|<d
and thus by (x)
[flc+h)—L|<e.
This proves that
if ii_)mcf(z) =L then ’lliir%)f(c-}-h) = L.
If, on the other hand,
lim f(c+h) = L,
then there must exist § > 0 such that
(%) if 0<|h|<d then |[f(c+h)—-L|<e
Suppose now that
O<lz—¢ <4
Then by (%)
|[fle+(z—¢))—Lj<e.
More simply stated,
|f(z) - L] <e.
This proves that
if ’lli_r)r%)f(c+h) =L then il_,mcf(x) =L.
See comment after (2.2.8).
(a) Set § = ey/c. By the hint,
if 0<l|z—c|<eye then |Vz—+c|< %|x—c| <.

(b) Setd=€2 If 0<z<e?, then |/z-0]=Z<e

Take § = minimum of 1 and ¢/5. If 0< |z —2|< 4§, then |z—2|<¢/5,
and Therefore |22 — 4| = |z — 2||z + 2| < (¢/5)(5) = €.
|22 =1 = |z +z+ 1|z -1 < 7|z — 1| < 7(e/T) = €.

Take § = minimum of 1and ¢/7. I 0<|z—-1] <4, then 0<z<2
and |z — 1} < ¢/7. Therefore
22— 1=z +z+ 1|z~ 1| <7z - 1] < T(e/7) = €.

Take d =2¢. If 0<|z—3] <4, then

|z — 3 1
— = —_— — -3
|Vz+1-2| \/m+2<2|z | <e

Set § =¢2. If3—e2<z<3, then —e2<z-3, 0<3-z<¢€
and therefore |v/3—z -0 <e.

lz+2] <5

Take d =¢. Suppose 0 < |z —0| < 4§, thatis, suppose 0<|z|<4. Then



47.

48.

49.
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for z rational |g(z) —0|=|z] <d=¢ andfor z irrational |g(z)—-0]=0<e

Thus, if 0<|z—-0] <4, then |g(z)—-0|<e thatis lim, ,0g(z)=0.

Suppose, on the contrary, that lim f(z) = L for some particular c¢. Taking e = %, there must exist
T—c¢
4 > 0 such that
if 0<|z-ec|<d, then |[f(z)-L|<3.

Let z; be a rational number satisfying 0 < |z; — ¢| < § and z5 an irrational number satisfying
0 < |z2 — ¢| < 4. (That such numbers exist follows from the fact that every interval contains both

rational and irrational numbers.) Now f(z;) = L and f(z2) = 0. Thus we must have both
1-Li<% and [0-L| <1

From the first inequality we conclude that L > % From the second, we conclude that L < % Clearly

no such number L exists.

We begin by assuming that xlirrcl_ f(z) = L and showing that
lim f(c—|h]) = L.
Let € > 0. Since zl_i)ncl_ f(z) = L, there exists § > 0 such that
(%) if c~0<z<c then |f(z)—L|<e
Suppose now that 0 < |h| < d. Then ¢ — 6 < ¢ — || < ¢ and, by (¥),
|7e=1Inl) - L|<e
Thus ’Ili_r)r})f(c~ |hl) = L.
Conversely we now assume that }il_)mo f(c—|h|) = L. Then for € > 0 there exists 6 > 0 such that
(%%) if 0<|h|<d then |f(c—|h])-L|<e
Suppose now that ¢ — 6 < z < ¢. Then 0 < ¢ —z < § so that, by (#x*),
fle-(e—a) —L|=1f() - L| <e.
Thus  lim f(z) = L.

T
We begin by assuming that lirn+ f(z) = L and showing that
r—c
lim f(e+[A]) = L.
Let € > 0. Since lim f(z) = L, there exists § > 0 such that
z—ct
(%) if c<z<c+d then |f(z)-L|<e
Suppose now that 0 < |h| < 8. Then ¢ < ¢+ |h| < ¢+ 6 and, by (%),
|fe+|n)-L|<e
Thus lim f(c+ |k|]) = L.
h—0

Conversely we now assume that %irr%) f(c+|h|) = L. Then for € > 0 there exists § > 0 such that
—
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50.

51.

52.

53.
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(%) if 0<|hl<d then |flc+|h|)—-L]|<e
Suppose now that ¢ < z < ¢+ 4. Then 0 < £ ~ ¢ < § so that, by (**),
[fle+(z~c)) - L|=1|f(z) - L] <e.
Thus  lim f(z) = L.

z—c
Suppose that ;1_)mc f(z) =L andlet e > 0. Then there exists § > 0 such that
if 0<|z—¢c| <34, then |f{z) - L| <e.
In particular, if e—d <z <e¢, then 0<|z—c¢] <éd and
[flz)—L|<e which implies lim f(z)=1L

T—rc

A similar argument shows that lim f(z) = L.
z—ct

Now suppose that lim+ f(z) = lim f(z) = L. Let € > 0. There exists ; > 0 such that if
T—cC T—rc™
¢c— 38, < z < cthen |f(z) — L| < ¢, and there exists &, > 0 such that if ¢ < z < ¢+ d2, then

|f(z) — L| < e. Choose § = min{d;,d2}. Then,
O<|lz—¢l<d = c—-f<z<c+d = |f(z)-Ll<e = li_»mcf(x):L
(a) Let e = L. Since ;L)mc f(z) = L, there exists § > 0 such that if 0 < |z —¢| <d then
L-f(z) <IL-f(z)]=|f(z) - LI <L

Therefore, f(z) > L—L=0 forall z € (c—4d,c+49); take v=34.

(b) Let ¢ = —L and repeat the argument in part (a).

Counterexample: Set

z if z# -1
f(x)_{ 1 if z=-1.
Then f(-1)=1>0 and limlf(:c) = I_i)m1 z = —1. By Exercise 51 (b),
T—H— z——

f(z) <0 forall z# —1 in an interval of the form (-1—v,-1+4%), v>0.

(a) Let lim f(z) =L and lim g(z) =M, andlet € > 0. There exist positive numbers
T—=rc r—c

&1 and &, such that
|f(z) = L) <€/2 if O<jz—c<é

and

lglz) — M| <e/2 if 0<|z—c<é
Let 4 = min (61,d2). Then

M-L=M-g(z)+g(z) - flz) + flz) - L > [M — g(z)] + [f(z) - L]
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55.

56.

57.

58.

59.
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SECTION 2.2

for all z such that 0 < |z — ¢| < é. Since ¢ is arbitrary, it follows that M > L.

(b) No. For example, if f(z)=z? and g(z) =|z|] on (~1,1), then f(z) < g(z) on (-1,1)

except at z =0, but lim 2® = lim |z| = 0.
z—0 z—0

Let e¢=1. Since ligl f(z) =L, thereexistsa 6 >0 such thatif 0<|z—¢]| <,
T c

then |f(z) — L] < e=1. Thus,
~l1< flz)—L<1 or

L-1<f(zx)<L+1

Take B =max{|L—1|,|[L+1]}. Then |f(z)] < B forall z such that 0 < |z —¢| < 4.

flz) =22% -3z, a=2, f(2)=2

——— 2 — ——
lim f(z) - fla) — lm 2z — 3z~ 2
T—a T —a z—a z—2

- 2
—lim EZH@EAD L err1) =5
z—2 z—2 z—2

tangent line: y—-2=5(z—~2) or y=>5xr—8.
f(x)=I3+1> a:—l, f(_l):o

_ 3
Lim M = lm x__+_1
z—ra r—a z——-1 41

(z+1)(z? —z+1)

= lim = lim (z*-z+1)=3
z——1 z+1 z——1
tangent line: y—-0=3(z+1) or y=3z+3.
flg) ==, a=4, f(4)=2
lim M:Iim \/E_2=lim ﬁ—2-\/§+2
z—a z—a z24 x—4 z—4 x —2 \/E+2
r—4 1

1
=lm —— = —lim —,—— ==
254 (z —4)(Vz +2) v} VI+2 4

tangent line: y—-2=3%(z-4) or y=}1z+1.

fley=1/(z+1), a=1, f(1)=1/2
1 __1
lim M:hm z+1 2
z—a IT—a z—1 z-—1
d —(z — 1
N Ll Gl {C A i  PYSIP
z—1 z—1 z—+1
tangent line: y—3=-3(z—-1) or y=—-3z+3.

jm JEHR = f@) Bk +2-(5z+2) 5k

h—0 h h—0 h h—0 h

4

39
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60. lim w = lim [2(‘7: + h)2 - 3(.’13 + h)] - (2;{;2 — 32;)
h—0 h >0 A

272+ 4zh +2h%2 -3z —3h — 222 + 3z
lim
h—0 h

(42— 3)h+ 21"

= i
= lim (4z — 3) +2h =4z — 3
h—0

61 pg JEtW =@ _ o [4e+h) +5E+h)?] - (o +5e)
h—0 h h—0 h

k(4 + 10z) + 5h?

= lim (4 + 10z + 5h) = 4+ 10z
h—0

flz+h) - f(z) [(z+R)®+2(z+h)+4] — (2° + 22+ 4)

2. I =1
62. jm h jimy R
. 23 +322h+3zh2 +h3 + 22 +2h +4—2% - 22 — 4
= lim
h—0 h
(322 +2)h+3zh? +h3
= lim
h—0 h
= lim (32° 4+ 2) + 3zh + h? = 3z° + 2
h—0
1 1
. fle+h)—fl@) . z+h+1l z+1 _ h
63. 1 = Tl =1 -
B0 h pm 3 P50 R+ h+ D@+ 1)
1 1

T T ATDE+D . @ i?

h—0 h e 5

= lim .
hoo h Ve+h+2++Vz+2

h
= lim
r=0 b (VT +h+2+ 7 +2)

1 1
= lim —
A0 T+ ht24+VZ+2 2/z +2




SECTION 2.3

— 3 -1
65. lim ST S/3) o 5 rrg 66. lm Y2 lxgs
z—)% r—3 z=1 -1
xz _ Q0 2% _ 9
67. lim > 2 1.00861 68. lim = (0.1.386
z—0 zo1 T —1
PROJECT 2.2

1. Fore=0.25 take 6§ = 0.1.

2. For e =0.5, take § = 0.75.

3. For e =0.25, take § = 0.23.

4. For e = 0.5, take 6§ = 0.25.

SECTION 2.3

1. (a) 3 (b) 4 (c)

2. (@ 5 (b) -8 (o

. 1 1 1 ]
3. ;IEB; (5_Z>(I—4)_il—rg

since lim
z—4 z—4

-2

For € = 0.10, take § = 0.04.

For € = 0.1, take § = 0.19.

For € = 0.1, take § = 0.14.

For € = 0.1, take & = 0.05.

d 0 (o

does not exist

does not exist (d o (e) 4/5

(

does not exist.

-1 1

4—zx 1 — lim 1
iz J\z—4)  Si 4z 16’

4. Theorem 2.3.10 does not apply since lixrg(z2 +z—-12)=0.
T—r

b S =t Y e =
5 3 6. 49 7. -3
8. 9 9. 5 10. 2
11. does not exist 12. - % 13. -1
14. 0 15. does not exist
16. Amh<1—%>=&i_%(h—1)=—1 17. llli_r)rth(1+%>—’lli_r)r%)(h+1)—l
2
18l 5= - 19, iy T = i S

® 3

(f)

9

41

Theorem 2.3.2 does not apply
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20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

SECTION 2.3
2 _ g2 _ 9)2 92)2
i & 26 @ZIEHDT g2 =0
z—>—2 T+ 2 z——2 z+2 z——2
. VT-2 . VJT-2 Jz+2 z—-4 1
= . - lim —— ==
il-rﬁ z—4 :11—121 z—-4 T 12 ok (z-4)(V/T+2) 4
. oxz—1 . Wr-1(/z+1)
= = =92
Py L S lim (v +1)
. z?-2-6 (z +2)(z —3) z—-3 2
lim —————=1 - > = Im = - —
z=1 (2 +2)2 e=1 (z+2)? z—1 T + 2 3
2 _ -
im (x—x.—6): MM: 1 I+3’ does not exist
r——2 (.’L‘ + 2)2 T—3—2 (.’L‘ + 2)2 z-271 + 2
1-1/h? R? -1 (h+1){h-1) . h+l .
im —— =1 = — = —; d t t
Ryl o Sy Al s S Y pim, ——  does not exis
. 1-1/R*  RB?P-1
TR PRy il ST
. 1-1/n h-1
iy
i LFLR R4h
im0 1+ 1/R2  hmo R2+1
t2+6t+5 (t+1)(t+5) t+5
im ————=lim —————= = lim —— =4
to—1 12 +3t+2 t—-1 (t+1)(E+2) to-1t+2
7= VI ¥ 27— VT T2
lim —z————4 = lim M: lim s ;  does not exist
z—2+ T —2 z—2+ r—2 2+ Jx — 2
i LT/t Bta_a
t—0 t—+—b/t—tl—>0 24+b b
im xz—l_l, (z—-D(z+1) im z+1 2
a3l 233 —1 291 z-1)(a+z+1) alz2+ac+1 3
21 (D42 +r+l) . s+ 4zt +a+1
lim = lim = lim =
el —1 251 (z—-1)(2¥+22+z+1) a1 3424 +1
. 2 1 . N
lim h? {1+ =} = lim (h* + h) =0
h—0 h h—0

. 1
%L“th(”ﬁ

. T
lim
z——4 (.’13 -+ 4

. ( 2z
lim +
z=—4 \z+4

h?+1
= lim + ;  does not exist
h—0
+ 8 = lim é:f—_té; does not exist
z+4 z--4 T +4
2 8
i) — lm X% fim 2=2
r+4 z——4 T + z——4

N



38.

39.

40.

41.

42.

43.

SECTION 2.3

. 2z 8 . 2z — 8 .
lim [ —— - = lim ;  does not exist
z——4 \z + 4 r+4 z——-4 T+ 4
. 1 1 4—z
@ 1 (5-5) =t 5T =0

o 1 [(G-5) ()= (%) ()] - m () -5

(d) lim 1.1 LY = lim i-e lim L ; does not exist
4 (\z 4)\z—-4 T zo4 dx(z —4)? T 254 dz(4— 1)’ ¢

2
(a) lim x—+z-+—m; does not exist
z—3 z—3
. r+z-12 . (z+4)(z-3) .
O I Tim T Ty =lnery =T
(@*+z-12%  (z+4)%(z-3)? 5 _
© I Ty sy s e e -9 o
i+ -12 . (z44)(z-3) . z+4 .
(d) i%w—;ﬁgw—i% _'1;—3’ does not exist
- 2 _ -
(2) lim fe) = F(4) = lim E—M: lim z =4
z—4 r—4 z—4 r—4 z—4
— 2 _ — —
(b) lim L& =S _ kG C e G k) R NP S
z—1 r—1 z—1 r—1 z—1 r—1 z—1
fle) - fQ1) . *—4z+3 (z-1)(z-3) _
R R N e maad . LA
- 2 _
(d) lim f&) - 12 = lim LMLAI; does not exist
z—3 z—3 -3 z—3
- 3 _
(@) tim 1D IO =2 s gy m oy
T3 z—3 z—3 I —3 z—3
— 3 _ _ 2
(b} lim M:lim z 8=1im (=2 +2z+4); does not exist
z—3 z—3 z—3 T — 3 z—3 -3
L f@)-f@) 2’ -27
© Ty im0
- 3 _
(@ tm TOZI Tl ey =s
z—1 z—1 z—1 £ —1 z—1

flz)=1/z, g(z)=-1/z withc=0

43



44 SECTION 2.3

44, Set, for instance,

f(x)z{o, z<c g(x):{l’ r<c

1, z>c¢ 0, z>¢

45. True. Let il_ymc [flz)+g())=L.I jl;_)mc g(z) = M exists, then 7lv_l_’rnc flz) = il_}rnc [flz)+g(z)—g(z)] =
L — M also exists. This contradicts the fact that ll_)mc f(z) does not exist.

46. False, because il_)mc g(z) = ll_)mc [f(z) + g(z) — f(x)] = 21:1_)mc [f(z) + g(z)] — }:1_)11’10 f(z). exists.

47. True. If ll_’mc \/7@ = L exists, then £1_+mc \/J—’m \/m = L? also exists.

48. False. Set f(z)= -1 forall z, ¢=0.

49. TFalse; for exampleset f(z) =z and ¢=0

50. False; for example, neither limit need exist: set f(z) =

1
(z —3)?
51. False; for example, set f(z) =1—22, g(z) =1+z?%, and c=0.
52. (a)If f(z) > g(z) then |f(z)—g(z)| = f(z) — g(z) and
HUF@ + 9@+ (@) — 9(@)} = 5 {f(2) + 9(z) + f(2) - 9(2)}

-2f(2) = f(z) = max {f(z), g(2)}-

[T (1

(b) min {f(z), g(2)} = 5 {[f(z) + g(2)] — |f () - g(a)[}
53. If glv_x_)mc fz)y=L and ll_)mc g(z)=1L, then

lim h@) = lim ${{f(@) + 9(a)] - £ () ~ (=)}

= lim 1[f() + 9(2)] - lim {(z) — g9(a)|

T
=LL+L)-YL-L)=L.

A similar argument works for H.

54. (a) Let € > 0. Since lim f(z) = L, there exists d; > 0 such that
T—cC

if 0<|z—¢ <é;1 then (x) |flz)—L|<e



SECTION 2.3
Let d; =min{jz; —¢| : 1 <i<n,z; #¢}. Then
(%) f(z)=g(z) if 0<|z—c|<d
Now, choose 6 = min {6y, d2}. Then,if 0<|z—-¢|<d

|f(z) —L|<e by (*), and

flz)=g(z) by (*).

Therefore, if 0 < |z —c¢] <9, then |g(z)—Li<e = li_r+n g(z) = L.
(b) If lii)n g(z) exists, then lii)n f(z) must exist by part (a).

55. (a) Suppose on the contrary that liin g(z) does exist. Let L = lim g(z). Then

—c

lim f(z)g(z) = il_)Inc f(z)-lim g(z)=0-L=0.

T—C ¢

This contradicts the fact that lim f(z)g(z) =1
T—cC

(b) ll_)mc g(z) exists since il_)mc glz) = i1_}mc % = %

56. Suppose li_r)n f(z) does not exist. Let g(z) = —f(z). Then lim g(z) does not exist.
T—rC

T—3C

Now, li_r)n [f(z) + g(z)] = lim[f(z) — f(z)] = lim 0 =0 exists. This contradicts the hypothesis.

T—rc T—rC

lim flz+h) - f(z) - lim z+h—zx

57 (a) h—0 h h—0 h =1
_ 2 _ .2 2 2 _ .2
(b) lim flz+h) - f(z) ~ lim (z+h)*—z  lim +2zh+h: -2z
ho0 h=0 h h—0 h
= lim(2z + h) =2z
h—0
© lim flz+h)—flz) _ i (z+h)?®—z% im z3 + 322h + 3zh? + % — 28
A0 h T RS0 T E=0 h
= lim (3z2 + 3zh + h?) = 322
h—0
@)  lim flz+h)—flz) i (z+h)*—2z' tim T + 423%h 4 622h% + 4zh® + bt — 1t
h—0 T h50 h T o0 h

= lim (42° + 62%h + 4zh? + h3) = 423
h—0

45



46 SECTION 2.4

. fleth)—fl@) . (g+h) -2 o e
(e) ’111_% h = flll-i)r%) 3 =nz for any positive integer n.
1 1
h) — — -
58. (a) lim LEFMS@ i sdh 2, 11
h—0 h R0 h h—0 z(z + h) z?
1 1
fle+h)—fx) .. (e+h)? 22 . —(Qz+h) 2
(b) 111—40 h - rlll—r>no h - ilLl—IEJ (z + h)2z? T3
1 1
f@+h)—flz) . (@+h® 8 . —(3z°+3zh+h* _ 3
(<) ilg% h B Ilzl—r% h B flLl—r')I%) (z + h)3z3 T
1 1
. flz+h)—fl@) . (c+R™ =z m .
@ g T <y B e

(e) From Exercise 57 (e) and part (d) of this Exercise, we have

n—1

. (z+h)—2" .
m-———————— =nzg for any nonzero integer n.

%I—m h

If n=0, f(z)=2=1(z#0) and

. fle+h)—flz) _ . _ o
’{%—#h——_o_w“(z;&m

Thus, the formula also holds for n = 0.

SECTION 2.4

1. (a) f is discontinuousatz=-3,0, 2, 6
(b) at —3, neither; f is continuous from the right at 0; at 2 and 6, neither

2. g is continuous on (—4,-—1), (-1,3], (3,5), (5,8]

3. continuous 4. continuous 5. continuous

6. continuous 7. continuous 8. jump discontinuity

9. removable discontinuity 10. removable discontinuity 11. jump discontinuity
12. removable discontinuity 13. continuous 14. indefinite discontinuity

15. jump discontinuity 16. continuous



SECTION 2.4

17. 18.
Yy
5 ; 20
2,4 :
g4t2.4) i 10
|
1
-~-3 -2 -1
1
! : ~10
- /2 -1 T 2 :
-1 -20
removable discontinuity at 2 removable discontinuity at 3
indefinite discontinuity at -3
19. 20.
Yy Yy
4 3
3
2
2
-3 -2 -1 -2 -1
no discontinuities no discontinuities
21. 22.
2
1
l M
-1 =

SV _

jump discontinuity at 1 removable discontinuity at 1



48 SECTION 2.4

23. 24.
1
2
-2 -1 1 2 —e 1
-1 -1
no discontinuities jump discontinuity at -2
25. 26.
\:
1
-2 -1 2
2
-1
) ™ 4
jump discontinuities at 0 and 2 jump discontinuity at -1
27. 28.
/ >
[o]
3
5
-3 -1 3
/ -2 1 2 3
removable discontinuity at -2; jump discontinuity at -3

jump discontinuity at 3 removable discontinuity at -1



29.

31.

33.

35.

36.

37.

38.

39.
41.
43.
44.
45.

SECTION 2.4

\

30.
! 2
3 o\ !
i\ o0—+—o0

o\ :

!
37 -1 1 2 3 !
(One possibility) (One possibility)
fl1)y=2 32. impossible
impossible; 34. f(1)=0

lim f(z)=-1; lim f(z)=1
z—1- z—1+

Since lim f(z)=1 and lim f(z)=A-3= f(1), take 4 = 4.

z—1~ z—1+

Since lim f(z)=4A4%=f(2) and lim f(z) =2(1 - A), we need 442 =2(1 — A)
z—2~ z—2+

or 242+ A—-1=0. Thisgives A=1, -1

The function f is continuous at z = 1 iff

fQ)=lim f(z)=A-B and lim f(z)=3

z—1— z—1+

are equal; that is, A — B = 3. The function f is discontinuous at z =2 iff

lim f(z)=6 and lim f(z)=f(2)=4B-A4

32— z-—2+

are unequal; that is, iff 4B — A # 6. More simply we have A~ B=3 with B #3:
A-B=3,4B-A#6 = A-B=3,3B-3#6 =— A-B=3, B#£3.

Discontinuous at z=1: lim f(z) # 1ini1+ flz) = A-B#3.
T—

z—1"
Continuous at z=2: lim f(z) = lim f(z) == 4B - A=6.
T2~ z—2+

Now,

4B—A=6,and A-B#3 => 4B—A=6and B+#3.
f(8) =% 40. f(5)=0
f5) =3 42.  f(5)=;

nowhere; see Figure 2.1.8
continuous only at z = 0.

z =0, z=2, and all non-integral values of z

49
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46.

47.

48.

49.

50.

SECTION 2.4
(a)

1/‘50 Qumm—r

P

(b) H. is continuous on (—00,¢) U [¢, 00).
P. . is continuous on (—00,¢) U [c,c+€) U [c+€,00).
8. 1is continuous on (—o0,¢) U (¢, 00).

(c) lim H.(z) =0, lim H.(z) =1, lim H.(z) does not exist.

T—c~ z—ct ¢

Refer to (2.2.5). Use the equivalence of (1) and (ii) setting L = f{(c).

(a) Let € = f(c) > 0. By the continuity of f at c, there exists 6 > 0 such that
|f(z) — f(c)| < f(e) forall z € (c—d,c+4).
This implies that f(z) >0 for all z € (¢ —4,c+ 6).
(b) Apply the result in part (a) to h(z) = —f(z).
(c) Apply the result in part (a) to h{z) = g(z) — f(z).

§
c

c
is "infinite" at c

Suppose that g does not have a non-removable discontinuity at ¢. Then either g is continuous at ¢ or

it has a removable discontinuity at c¢. In either case, limg(z) as z — c exists. Since g(z) = f(z)

except at a finite set of points z1,zs,...,Z,, lim f(z) exists as z — ¢ by Exercise 54, Section 2.3.

(a) Choose any point ¢ and let € > 0. Since f is continuous at ¢, there exists é > 0 such that

if |t —c| <8 then |f(z)— f(c)]<e.
Now, since
Hf@)] = 1fl < 1) = floll,
it follows that
Hf@)| = fle)ll<e if |z—c <é.

Thus, |f| is continuous at c.

(b)
T#1

1,
Let flx) = { ) Then f is not continuous at z = 1.

z=1.

However, [f(z)}}l =1 for all z is continuous everywhere.
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(c)
1

—1, « irratiional.

, z rational . .
Then f is nowhere continuous.

Let flz) = {

However, |f(z)]=1 for all z is continuous everywhere.

51. By implication, f is defined on (¢ — p,c+ p). The given inequality implies that B > 0. If B = 0, then
f = f(c) is a constant function and hence is continuous. Now assume that B > 0. Let € > 0 and let
6 = min{e/B, p}. If |z —c| <4 then z € (c—p, ¢+ p) and
f@) - f(|<Blz—c|<B-6<B-Z =¢

Thus, f is continuous at c.

52. Choose any point ¢ € (a,b), and let € > 0. Now choosing § =€, we have
if |z —¢| <4, z € (a,b), then |f(z)~- flo)]<|z—c/<d=¢

Thus, f is continuous at ¢, and it follows that f is continuous on (a,b.

h—0 h h-30
Therefore f is continuous at ¢ by Exercise 47.

5. i) - )= oy [LEED10 )y AN =1O) gy

54. Let fe(z) = ;[f(z)+f(~2)] and f,(z) = L[f(z) - f(—z)]. Then f, is an even function, f, is
an odd function, each function is continuous on (—o0,00), and f = f. + f,.

SECTION 2.5
. . 9 .
1. lim 5732 _ g 3 (sm%) =3(1) =3 2. lim —— =2 lim S = 9(1) =2
z—=0 I z—0 3z z—0 Sinzx z—=0 I
3z 3 5z 3 3 sindz 3 sind3z 3
3. i = lim — =—(1)=- .l == Ii = -
250 SNz 290 5 (sin52:> sW=5 4 Im=r=slm=—— =y
sin 4z 4z sindzx 2z
5. i = lim -~ .——. =2(1)(1) =
xl—rﬁ) sin 2z zl—% 2z 4z sin 2z W) =2
6 Jim sindz § Jim sin3z _3_
" 250 5z 5250 3z 5
<2 s 2 a2
7. lim =2 = limg (smf ) = limz - lim S22 — (1) =0
z—0 T z—0 T z—0 z—0
- 2 - -
8. lim SMnT 1 9. lim ST _ im (sin x)/z; does not exist
z—0 2 z0 g2 z0 T
2.2 2
10.  lim 222 = lim (sinz?) (Smm ) =0(1) = 0
z—0 z z—0 :1;2

<2 . 2
. sin“ 3z . 9 /sin3zx 9 9
1. iﬁ%ﬁr—mg( )‘3“’ 5



52

12.

13.

14.

16.

17.

18.

19.

20.

22,

23.

24.

25.

26.

28.

29.

SECTION 2.5

tan® 3z .9 1 sin® 3z 9

i = _— . = Z(1)(1) = =
I e =i 1 eowa @ar a VW T
2z 2z cos3x 2 3z 2 2
1 = 1i _ = 1 — = —(1 = —
il—rﬁ) tandz 250 sindz 50 3 (sm 31:) cos 3z 3( ) 3
4 4z si
lim r - lim M =0 15. limzcscz = lim — =1
z—0 cot3z z—0 cosdz z—0 z—0sinx
lim cosz — 1 _ _l lim 1—-coszx -0
z—0 2T 2 z—0 T
i 2 - z? 1+ cos2z - r?(1 + cos2zx)
e A— . = lim =2
z—01—cos2x =z—01—cos2x 1+ cos 2z z—0 sin? 2z
1/ 2z \? 1 1
—ili% 1 (sin 2:5) (1+ cos2z) = Z(l)(Z) =3

.z
lim

lim

2—2x_lim z—2 3z N\ _ [ 2 (1)____2_
220 sindz 20 3 sin3z /) 3 T3

— 2 _ 2 ain2 . 2
1 —sec?2z — lm tan? 2z 1 sin® 2z _ lin}) {_4 (sm Qx) 1 ] -4
z—

20 z2 z-0 2 250 22 cos? 2z 2z cos? 2z
1 1 i 1 22
lim = I lim 2RE_ 21. lim =% —lim(Qr +1)—— =1
z—0 2r cscx 2 z00 2 z—0 sinz z—0 sinz
lim 1 —cosdx im 1—cosdz [ 1+ cosdz - 1 — cos?® 4z
—_— = 1 = I1 T e E—————
250 9z? z—0 92 1+ cosdz 20 9z2(1 + cos4z)
, sin” 4z 16 . sin’4z 1 6 .1 8
=lim —————————— = — lim . =—.1.2==
z—0 922(1 + cos4z) 9 z—0 (4z)? l+4+cosdz 9 2 9
im tan3z m 1 sindrz im 3 sin 3z 1 §(1)(1) _§
250 222 + 5z =—0z(2x + 5) cos3z =02z + 5 3z cos3z 5 5
2 2 3 2 23 1
lim z2(1 + cot? 3z) = lim <z2 + M) = lim (1:2 + (—ZL s 1:) =04 (1)=
z—0 z—0 sin® 3z z—0 sin” 3z 9 9
! 1
-1 - 1 —
lim secT = lim £05Z = lim ST _
z—0 Isecx z—0 1 z—0 T
* (cosz)
- - — 2v2
iy LTcosz 1 cos(m/4) _ 4 22 o7, V2
c—ow/4 z /4 ™ 7
) sin? z . T sin z .
lim —————— = lim ————— - ——; does not exist
=0 (1l —cosz) -0 1—cosz x?
oy LCOST_ . COS (h+7/2) ~ bm —sinh _ 1
z—m/2z—7r/2 h—0 h h—0

h=z—m/2 cos (h + 7/2) = cos hcosm/2 — sin hsin /2



30.

31.

32.

33.

34.

35.

36.
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lim SBZ o sin(z — ) S
=T T — T T r—1m
g S (z+7/4) -1 i S0 (h+m/2) -1 ~ lim cosh—1 —0
z—m/4 z—w/4 h—0 h h—0
h=z-x/4
i sinfz + (n/3)] - 1 ~ lim sinfz — (7/6) + (7/2)] — 1 — tm cos[z — (7/6)] — 1 —0
/6 z — (7/6) /6 z — (n/6) 257 /6 z — (7/6)

Equivalently we will show that ’llirr%) cos (¢ + h) = cosc. The identity
—
cos(c+ h) =cosc cosh —sinc sinh
gives

lim cos(¢c+ h) = cosc <1im cos h) —sine (lim sin h) = (cosc)(1) — (sinc)(0) = cosc.
h—0 h—0

h—0

Let e > 0. There exists §; > 0 such that
if 0<|z|<d;, then |f(z)-L|<e
Take § =41/|al:

if 0<|z[<d, then 0<|az|=lallz| <& and |f(az)-L|<e.

flz) =sinz; a=w/4

fla+h) — f(a) sin (§ + h) —sin (%) sin (7 /4) cos h + cos (w/4) sin h — sin (7/4)

Jim, 3 = hm h ) h
. —sin(n/4) (1 —cosh) + cos (7/4) sinh
= lim
h—0 h

. . 1l—cosh . sinh V2
= —sin(w/4) ’Ill_r,r%) — + cos (w/4) }lll_r)r%) —, = cos (r/4) = 5
tangent line: 1y — —\g—i = ? (g; - %)

f(z) =cosz; a=m/3

fla+h) - f(a) i 8 (5 +h) —cos (%) cos (m/3) cos h — sin (7/3) sin h — cos (7/3)

Ilzli)r%) h h—0 h - I’lll—I)I%) h
. —cos(m/3) (1 —cosh) — sin (w/3) sinh
= lim
h—0 h
. l—cosh . sinh . V3
= —cos(7/3) ’1113%) — sin (7/3) illl—% = —sin(7/3) = — 5

1 V3 ™
t 1 : _——_— = = — - —
angent line: gy 5 2 (z 3)



54

37.

38.

39.

40.

41.

42,

43.

SECTION 2.5
flz) =cos2z; a=mn/6

fim flat+h)—fla) _ i cos2 (Z + h) — cos (2%) cos (2h + 7/3) — cos (7/3)

h—0 h h—0 h - flll—% h
i & (m/3) cos 2h — sin (w/3) sin 2h — cos (7/3)
T oo h
. 1—-cos2h . sin 2h
= — cos(7/3) ’lll_IEJ 2 ——— —sin (w/3) illl—r-)r%) 2

= — cos(m/3)-2-0—sin(/3)-2-1=—V3
. 1 ™
tangent line: y — 3= —\/?_,(z - g)

f(z) =sin3z; a=mn/2
i fla+h)—f(a) _ i sin3 (% + h) —sin (3%) i SR (3h + 37/2) — sin (37/2)

h—0 h h—0 h h—0 h
sin (3pi/2) cos 3h + cos (3w /2) cos 3h — sin (37/2)

= lim

"% 1~ cos3h 1~ bos3h

. — COS . — COos 9.0 —
IR M T 2070

tangent line: y— (—1)=0[z— (37/2)] or y=-1

For z#0, |z sin(l/z)| = |z||sin(1/z)| < |z|. Thus,
—|z| < |z sin(1/2)] < ||

Since lim (—|z|) = lim |z| =0, the result follows by the pinching theorem.
z—0 z—0

Since 0 < cos?[1/(z —m)] <1 forall z#m, wehave |(z—7) cos?[1/(z — 7)]| < |z — 7. Thus,
—|z — 7| < |(z — ) cos[l/(z = m)]| < |z — 7]

Since lim (—|z — 7|) = lim |z — x| =0, the result follows by the pinching theorem.
T—T T—T

For z close to 1(radian), 0 < sinz < 1. Thus,
0<|z—1sinz < |z — 1

and the result follows by the pinching theorem.

Clearly, |f(z)] <1 for all z. Therefore,
|z f(z)| < |z| which implies —|z| <zf(x) <|z| for all z.
The result follows by the pinching theorem.
Suppose that there is a number B such that |f(z)| < B for all z # 0. Then |z f(z)| < B|z| and
—Blz| <z f(z) < Blz|

The result follows by the pinching theorem.
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44. We have
f(m):z-@ and ‘i(_zz <B, z#0.
z T

Therefore, the result follows from Exercise 43.

45. Suppose that there is a number B such that f(:r:)_—L < B for z #c. Then
z—c
-L
0<15@) -1l =|E-o D < pa
T—c
By the pinching theorem, lim |f(z) — L| =0 which implies Ii_r’n flz) = L.
—c T c
46. Lete>0. Letd >0 besuch that for [§ — ¢ < p,
if |z — ¢| < & then |f(z)| < %.

In other words, B|f(z)| < e.

But |g(z)| < B, so |f(z)g(z)| < B|f(z)]. Thus |f(z)g(z)] < e.
SECTION 2.6
1. Let f(z) = 22® — 4z + 5z — 4. Then f is continuous on [1,2] and f(1) = -1 < 0. f(2) =6 > 0.

Thus by the intermediate-value theorem, there is a ¢ in [1, 2] such that f(c) = 0.
2. Let f(z) =2* —z — 1. Then f is continuous on [-1,1] and f(-1) =1>0, f(1)=-1<0.

Thus by the intermediate-value theorem, there is a ¢ in [~1, 1] such that f(c) = 0.

. 9 . . ™ T 72

3. Let f(z) =sinz +2cosz —z? Then f is continuous on [0, 5] and f(0) =2 >0, f(i) =1- 7 < 0.

Thus by the intermediate-value theorem, there is a ¢ in [0, g] such that f(c) = 0.
4. Let f(z) = 2tanz — . Then f is continuous on [0, g] and f(0) =0 <1, f(%) =2- g > 1.

Thus by the intermediate-value theorem, there is a c in [0, g] such that f(c) = 1.
5. Let f(z)=22-2+ L Then f is continuous on [l 1] and f(l) _ 1 >0, f(1)= 1 <0

2z’ 4’ 4 16 ’ 2 '

Thus by the intermediate-value theorem, there is a ¢ in [Z’ 1] such that f(c) = 0.
6. Let f(z) =z% +z3. Then f is continuous on [-1,1]and f(-1)=-2<1, f(1)=2>1.

Thus by the intermediate-value theorem, there is a ¢ in [~1, 1] such that f(¢) = 1.
7. Let f(z) =2° — v/ + 2. Then f is continuous on [1,2] and f(1) =1 -3 < 0, f(2)=6>0.

Thus by the intermediate-value theorem, there is a c in [1,2] such that f(c) = 0.

ie. & =c+2.
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8. Let f(z) = V22 — 3z — 2. Then f is continuous on [3,5] and f(3) = -2<0, f(5)= VIO +2>0.

Thus by the intermediate-value theorem, there is a ¢ in [3, 5] such that f(c) = 0.

9. Let R(z) = (z —2)%(10 — 2z). Then R(z) = 0 has solutions at z = 2 and z = 5.
Thus the intervals of interest are (—o0,2),(2,5) and (5, 00).

By inspection, R(z) > 0 on (—00,2) U (2,5).

1
10. Let R(z) = (2z — 1)(3z —5). 'Then R(z) =0 has solutions at z =0, z = 5 and z = g
15 5

) and (7, 00).

1
Thus the intervals of interest are (—oo,0), (0, -2—),( 3

23
1
By inspection R{z) > 0 on [0, 5] U [g, 00).
11. Let R(z) =2® —22% + 2. Then R(z) = 0 has solutions at z =0 and z = 1.
Thus the intervals of interest are (—oo, 0], [0, 1] and [1, o).

By inspection R(z) < 0 on (—co,0]U 1.

2x—6
2 —6z+5
rz=1and z =5.

12. Let R(z) = Then R(z) = 0 has a solution at z = 3 and is undefined at

Thus the intervals of interest are (—oo, 1), (1,3), (3,5) and (5, o).

By inspection R(z) < 0 on (—o0,1) U (3,5).

13. Let R(x):;i—l_*_mifi'

r=1and z =6.

Then R(z) = 0 has a solutions at z = 2 and is undefined at

Thus the intervals of interest are (—oc, 1), (1,2),(2,6) and (6, c0).
By inspection R(z) > 0 on (1,2) U (6, c0).

z? — 4z

14. Let R(IL') = m

Then R(z) = 0 has solutions at z = 0 and = = 4. and is undefined at
z = —2.
Thus the intervals of interest are (—oc, —2), (—2,0), (0,4) and (4, oc).

By inspection R(z) < 0 on (0,4).

15.  f(z) is continucus on [0,1]. f(0)=0<1land f(1)=4> 1.
Thus by the intermediate value theorem there is a ¢ in [0, 1] such that f(c) = 1.

16.  f(z) is continuous on [2,3]. f(2) = % >0 and £(3) = -% <0,

Thus by the intermediate value theorem there is a ¢ in [2, 3] (hence in (1, 4))such that f(c) =0.
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18.

19.

23.

27.

31.

32.
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Let f(z) =z® -4z +2. Then f(z) is continuous on [~3, 3].
Checking the integer values on this interval,
f(=3)=-13<0, f(-2)=2>0, f(0)=2>0, f(1)=-1<0,and f(2)=2>0.

Thus by the intermediate value theorem there are roots in (-3, —2), (0,1) and (1, 2).

Let f(z) =z2. Then f(z) is continuous on [1,2], f(1)=1<2and f(2)=4> 2.

Thus by the intermediate value theorem there is a ¢ in [1, 2] such that f(c) = 2.

20. 21. 22. Impossible

—
[ ]

(S0

24. 25. 26.

Impossible 28. 29, 30. Impossible

23
S S

K

Set g(z) = z — f(z). Since g is continuous on [0, 1] and g(0) < 0 < g(1), there exists c in [0, 1] such
that g(c) = c— f(c) = 0.

(a) Let S be the set of positive integers for which the statement is true. Then 1 € S
by hypothesis. Now assume that k € S. Then a* < bF and
a* ! = (a)ak < (a)b* < (b)bF = bFHL,

Therefore, £ + 1 € S and S is the set of positive integers.
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33.

34.

35.

36.

37.

38.
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(b) Clearly 0 is the unique nth root of 0. Choose any positive number z and let f(t) = t" — =.
Since f(0) = —z < 0 and f(t) — oo as t — oo, there exists a number ¢ > 0 such that f(c) = 0.

The number ¢ is an nth root of z. The uniqueness follows from part (a).

Since f is bounded on (—p, p), it follows from Exercise 43, Section 2.5, that li_r)r%) zf(z) = 0. Thus,
lim g(z) = lim zf(z) =0 = g(0)
z—0 z—0

which implies that g is continuous at 0.

Let h(z) = f(z) — g(z). Then, h is continuous on [a,d], and h(a) = f(a) ~ g(a) < 0, h(b) =
f(b) — g(b) > 0. By the intermediate value theorem, there exists a number ¢ € (a,b) such that
h(c) =0. Thus, f(c) = g(c).

The cubic polynomial P(z) = 2% + az? + bz + ¢ is continuous on (—o0,00).. Writing P as
3 a b c
P(:E)—II) <1+;+;§+$—3) z#£0

it follows that P(z) < 0 for large negative values of z and P(z) > 0 for large positive values of z.
Thus there exists a negative number N such that P(z) <0 for z < N, and a positive number

M such that P(z) >0 for z > M . By the intermediate-value theorem, P has a zeroin [N, M].

Think of the equator as being a circle and choose a reference point P and a positive direction. For
example, choose P to be 0° longitude and let "eastward” be the positive direction. Using radian
measure, let z, 0 < z < 27 denote the coordinate of a point z radians from P. Then, z and z + 7
are diametrically opposite points on the equator. Let T'(z) be the temperature at the point z, and
let f(z) = T(z) — T(z + 7). If £(0) = 0, then the temperatures at the points 0 and = are equal. If
f(z) # 0, then f(0) = T(0) — T(r) and f(x) = T(m) — T(2w) = t() — T'(0) have opposite sign. Thus,
there exists a point ¢ € (0,7) at which f(¢) =0, and T'(c) = T'(c+ 7).

Let A(r) denote the area of a circle with radius », r € [0,10]. Then A(r) = ar? is continuous
on [0,10], and A(0) = 0 and A(10) = 100w = 314. Since 0 < 250 < 314 it follows from the

intermediate value theorem that there exists a number c € (0, 10) such that A(c) = 250.

P
Let z and y be the dimensions of a rectangle in R. Then, 2z + 2y = P and y = 5 % The area
function

A(z) =9:y=:c(§——r) = -gx—:c2, z €[0,P/2]

is continuous. Therefore, A has a maximum value on [0, P/2]. Since

P P? P\?
A(m):;x—zzz—l—s——(x—z>



39.

40.

41.

42.

43.

44.

45.

46.

it is clear that the rectangle with maximum area has dimensions r = y = —.

¥
Inscribe a rectangle in a circle of radius R and

introduce a coordinate system as shown in the

SECTION 2.6

P
4

(x.v)

figure. Then the area of the rectangle is given by

A(z) = 4zvR? — 22, =z €[0,R).

Since A is continuous on [0, R], A has a maximum value.

f(0)=-4, f(1)=2. Thus, f hasazeroin (0,1) at r =0.771.

59

f(=3)=-9, f(-2)=35 f0)=3, f(1)=-1; f(1)=-1, f(2)=1 Thus, f hasa zeroin

(-3,-2,)in (0,1) and in (1,2).
r1 = —2.4909, 7, =0.6566, and rs = 1.8343

f(=2)=-25, f(-1)=1; f0)=1, f(1)=-1; f(1)=-1, f(2)=27 Thus, f has a zeroin

(-2,-1,)in (0,1) and in (1,2).
r = —1.3888, 19 =0.3345, and r3 =1.2146

F(—2) = —5.6814, f(~1)=1.1829; f(0) =05, f(1)=—0.1829;
Thus, f has a zeroin (—2,-1), in (0,1) and in (1, 2).
ri= —1.3482, 1o =0.2620, and 73 = 1.0816

f is bounded. 6l

max (f) =6 [f(0) = 6]
min (f) & —0.376 [f(1.46) = —0.376] 4

24
1 2 3 4 5
f is bounded.
max (f) =1 [f(1)=1] 1_Ly £
min(f) = -1 [f(~1) = -1]
— + X
-2 2
-1+

f is unbounded y

f(1) = -0.1829, f£(2) = 6.681
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47. f is bounded. ) y
max (f) = 0.5 p
min (f) = 0.3540 _ I
f x
-2 2
-14
PROJECT 2.6
2-1
Thus, minimum number of iterations required is n = 7.
181
~— ~1414 .
V2 198 1 0625
2-1

on <0.0001 = 2">10,000 == n>13.

Thus, minimum number of iterations required is n = 14.

2. flz)=z34+z-9;f(1)=~-7and f(2) =1. Therefore, f(c) = 0 for some c € (1,2).
24
A minimum of 7 iterations are required; ¢ =~ FZ ~ 1.9140625.

Accurate to 7 decimal places,-the root is ¢ ~ 1.9201751.

3. For f(z) = z® — 2, the first three iterations are:

¢ = % ~ 1.333...
Ccy = g =14
3 = % ~ 1.41176
For f(z) = z3 + z — 9, the first three iterations are:
¢ = 1—85- = 1.875

co ~ 1.918471
c3 ~ 1.920112

These approximations appear to converge more rapidly than the approximations

obtained by the bisection method.
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CHAPTER 3
SECTION 3.1
. flz+h)- flz) . 4-4 )
! — — — —
L fi(=) = lim K = fim =~ = fim0=0
2. f'(z) =lim fleth) - f(z) =lim < S =lim0=0
h—0 h h—0 h—0
3. flz)=lim JETN=F@) _ o RS- 2-3a] 3R o g
h—0 h h—0 h r—0 h h—0
4 fla)=lm LGN =S@ o Berh-U-[etl] by
h—0 h h—0 h h—0 h—0
_ _ 2 _ (5 2
r50 h h—0 h
_ _p2
i PR 59— Ry =5-2
h—0 h h—0
— 3 _ 3 1
6. fl(z)=lim JETN=F@) _ o RE+R)’+1]-[22° +1]
h—0 h h—0 h
. 2(z® +3z%h + 3zh? + R®) — 228 622h + 6zh? + 2h4
= lim = lim
h—0 h h—0 h
= lim (622 + 6zh + 2h?) = 622
h—0
fleth) - f@) _ (e h)t -t
! —_ —
A
. (z* 4+ 423h + 622h% + 4zh® + hY) — 24
= lim
ho0 h
= lim (423 + 622h + 4zh? + h®) = 42°
h—0
1 1
. fle+h)—flz) .. z+h+3 z+3
! —_ —
8. fz)=lim h ) K
lim (x+3)—(m+h+3)_hm —h
>0 h(z +h+3)(x+3) hooz(z+h+3)(z+3)
lim -1 ~ !
1 =
0 (z+h+3)(z+3) (z+3)2
. flz+h)-flz) . Vz+h-1-+z-1
! _ _
A R e h

im (z+h—-1)—(z-1) lim 1 1
= ]1 = =
0 h(vVT+h—-1+Vz-1) ha0z+h-1+vVo—-1 2V/z—1

61
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flz+h) - flz) - im [(z + k)% —4(z + h)] — [z° — 42]

o
f(z) = Jim, h 750 h
2 2, 13 _
:1im3xh+3zh +h 4h=lim(3z2+3zh+h2—4):3x2—4
h—0 h h—0
1 1
. flz+h)y—flz) . (z+h)? 22
! = —_— e .
fi(z) = Jim K pm h
2= (x> +2hz+h?) . —2z-h 2
= lim =lim ————oeu = —-—
h—0 hz?(z + h)? 0 z2(z + h)? z3
1 1
iy oy J@+h)— flz \/z+ V=
fi(z) = 1111-13) h h—+0 h
Vi-vVeih | (Vo-Veth) (VE+Vzth) z—(z+h)

B b EVETh A hyavETh(VEEVEER) b hyavaTh(vz+vaih)
. -1 a1
S havE i h(JEiVETh)  Zave

— —1)2 —
fl(2):hi£%f(2+h})L f(2)=}lll_l;r%)(3h }1L) 1
h—0 h—0
- h)?] = [7(2) = (2)?
fm_wﬂ“2f®:mmﬂm<2glu>(n
:Iim3h_h2—hm(3 h)=3
h—0 h—0
9 3
A = __:Z
f'(z)ziﬂof(“; f()_}g%mh 2
18-36+h) _ . -3 1

= ]lm —-== _ -

h—0 2h{(6 + h) h—)O 2(6 + h) 4

f2+h) -1 5 (2+h)"—5-21

troy s o
PO = =i h
_ 3 212 3 4
— lim ((4)2°h + (6)2°h* + (4)2h° + h m (=32 — 24k — 8h%) = —
h—0 h h—)O

R+ —f2) _ . (2+h+VET2R) -

oy 1
PO = A h

- lim (H—_\/‘H%—?) R Gt 2 kI

h—0 h h—0 h(v/4+2h+2)

= lim 3

2
1 e =
50 Vi+2h+2 2
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24.

25.
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27.
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e+ -f2) _ . V6-(2+h)—VE-2

F(2) = fl}g%) h h—0 h
. Vi-h-2  (VA-h-2)(Vi-h+2)
=lim ———— = lim

h—0 h h50 h(V4—h+2)
4—-—h-4

im L
h—=0 h (V4 —h —2)

-1
lim =—=
h—0 /4 — h + 2 4

Slope of tangent at (2,4) is /'(2) =4. Tangent y —4 = 4(z — 2);
normal y —4 = —X(z - 2).

1 1 1
1 ft tat (4,2)is ffd)=——==-. T ty—2=—,(z—4);
Slope of tangent at (4,2) is f'(4) A angent y 4,(z )3

normal y — 2 = —4(z — 4).
Slope of tangent at (4,4) is f'(4) = —3. Tangent y —4 = -3(z — 4);
normal y — 4 = 3(z —4).
Slope of tangent at (2,—3) is f'(2) = —3(2)? = —12. Tangent y +3 = —12(z — 2);
normal y + 3 = & (z — 2).
1,. 1 1 1
Slope of tangent at (-2, Z) is . Tangent y — 1= Z(z +2);

1
normal y — 1= —4(z + 2).

1 1 1
Slope of tangent at (—1, 5) is f/(-1)=-1/(-1+3)% = —%. Tangent y — 5= —Z(m +1);
1
normal y — 3= 4(z +1).

(a) f is not continuous at ¢ = —1 and ¢ =1; f has a removable discontinuity at ¢ = —1

and a jump discontinuity at ¢ = 1.

(b) f is continuous but not differentiable at ¢ =0 and ¢=3.

(a) f is not continuous at ¢ = 2; f has a jump discontinuity at 2

(b) f is continuous but not differentiable at ¢ = —2 and c¢=3.
at z = -1 28. atx:% 29. atz=0
4y ' 34 y

3

d N/

\ AV
\ A

-1

63
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30.

33.

34.

35.

36.

37.
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atrz=-2,2 31. atz=1 32.
Ay Ay
. X
> 1
-2 2

fl1)y=4
im (1+h)—f(1) ~ lim 4(1+h)—4 _4
h—0— h h—0- h

_ 2 —
lim Ff(L+h) f(l): lim 2(L+h)*+2 4:4
h—0+ h h—0+ h
fl(1)=6

_ 2 _
h—0— h h—0— h

_ 3 _
o fUER ) L RA+RS -3
h—0+ h h—0+ h
f'(—1) does not exist
f LMD R0
h—0~ h h—0- h

— — f(— 2 __
i LCELEM=FED o P20
h—0+ h h—0t h
f'(3) does not exist; f is not continuous at 3.
38. 39.

t

A A

at x =3
' B4

A

\L/ ®

Ay

Oresamee)
x
— e Ol
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43.
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50.
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41. y 42.

I ¥/ y
11——

L &

L N

X
.
L
_4[_1

flz) =2% c=1 44. f(z)=-2% c= -2 45. f(z)=+1; c=4

flz) =23 ¢=8 47. f(z)=cosz; c=7 48. f(z) =sinz; c=7/6

Since f(1) =1 and lir§1+ f(z) =2, f is not continuous at 1. Therefore, by (3.1.4),
z—

f is not differentiable at 1.

Continuity at z=1: lim f(z)=1= lim f(z)=A+B. Thus A+ B=1.

z—1~ z—1+
Differentiability at z = 1 :
. f(lL+h) - F(1)
1 —_
h—ly%l— h h—0- h h—0+ h
Therefore, A =3, — B=-2.

@ = {2775
. fO+R)-FO) . (h+1)2P-1 _
(b) hl—l—gl— AT hl—1>r(r)l- - h hl—1+r(r)1~ (h+2) =2,
SO+ -fO) _ . (h-12-1 _
i IO = g CF 0=
(a) hl_igl_ g(c+h})ll—g(c) :hl_if(r)l_ f(c+h})L—f(C) — f’(C)
i 9eth) —gla) _ . [F(Qe+h—0)+ fo)] - f(c) = (o)

Therefore, g is differentiable at ¢ and ¢'(c) = f'(c).
(b) ,

MRN

f(z) = ¢, ¢ any constant

r@={y 123
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55.

56.

57.
59.

60.

61.

62.

63.

SECTION 3.1

f@=lp+1l o f@= {7 127
f(@) = ls* -1
fl@)=2z+5 58. f(z) =—lz]
(a) J_lgl flz) = Il_igl_ f(z) = f(2) =2 Thus, f is continuous at z = 2.
vy _ o f@HR)—F2) L 24R7-(Q2+h) -2
0 f@)= gm 2ENZID g h p
f2+h)—f(2) .. 224+h)-2-2
o) = i FEEIE < i B
(c) No,since fL(2)# fi(2).
(a) F(z) = }ng%) (z + h)\/zh+ h—zyT
. z(Vz+h-VI)+h/T+h
= 5 h
hﬁoh(\/aT—(»\/—) +11m\/x+
=ive+VE=}va
e O+m)VO+h-0 . h/h _
(b) £+(0) = hIi)O*" h - hllg)l+ R 0
o) — i LE R — f2) V1-(@+h) - V1
@) f(z)=lim o lim -
= lim —h = —1
h_’0h<\/1—(x+h)+\/l—x) 21—z
s NTZR-=1_ 1
0 £.0)=im YT
)y fr()= hhrg_ ——1_}(;—”1) = hlir(r)l_ @ = hlirg_ \/_—Tih does not exist.
s o f(O+h) = £(0) . (1-R%)-1_
(&) £2(0) = hl-l-fg— - h hl—lm— h =0
(b) F1.(0) = hliI(r)l_ f(Lh})L_L(Q = hlirg1+ il does not exist

(¢c) f is not differentiable at 0; f is not continuous at 0.

Suppose  f'(c¢) = lim
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66.

67.

68.

SECTION 3.1

h) —
Then ,{irré ——f(c+ }z 1) =L exists and f is differentiable at c.
—

(a) No. Since f is not continuous at z # 0, f cannot be differentiable at z # 0.

. h .
(b) lim f(h) -0 _ ’lll—r*%o— =1, h rational
h=0 h lim — =0, h irrational
r=0 h
Therefore, lim w does not exist.
h—0 h
h2
lim — = ional
(c) lim g9(h) -~ 0 _ o 0, h rationa
R0 h .0 .
lim - =0, h irrational
h—0 h

Therefore, g is differentiable at 0 and ¢'(0) = 0.

(a) Since |sin(l/z)| <1 it follows that

—z< f(z) <z  and —2? < g(z) < z?

Thus 1in}) f(z)=f(0)=0 and lirr%) g(z) = ¢(0) =0, which implies that f and g
z—

are continuous at 0.

hsin(1/h) — 0

67

(b) }lll_rg) 3 = flll_% sin(1/h)  does not exist.
2 o _
() lim S =0 W ana /h)=0. Thus g is differentiable at 0 and ¢'(0) = 0.
h—0 h h—0
— 3 _ 3 2 3
£(2) = lim f2+h) f(2):lim 2+ AP +1]-(2 +1):lim 12h +6h% + h _19
h—0 h h—0 h h—0 h
3 _ _ 2
F@=tim 1@ SOy D=9 @@ 2y lim (22 + 2z + 4) = 12
z—2 r—2 z2—2 r—2 T2 r—2 z—2
- 2 _ _( _ 2
h—0 h h~—0 h h—0
iy = @ = F) (2P -82)—(=2) . (-2 -1) _ _
TO=Im =Wy =i Ty s lme-9=-1

vy o JBHR)=F(3) 1+(3+h) -2 . V4d+h-2 h _

f(3)=lim ———~ = lim =lim —=lim —————— = 1
h—0 h h—0 h h—0 h h—0 hy/4+h+2 4

f'(3) = lim *f(:c)—f(?)) = lim ———1+z_2zlim z-3 = lim ——1 ==
z—3 z—3 z—1 z—3 z—3 ($—3)(1/1+_’E+2 z=3/1+x+2



68

69.

70.

71.

72.

73.

SECTION 3.1

Pet) = g FELER = ICD)

h—0

= lim
h—0

(=1+R)1/3+1

(-1+h)3 41

(=14+h)*¥3 —(~1+h)Y3 +1

= li
hli% h

h

(-1 +h)2B3—(-1+h)/3+1

1

I =z
RO R (—1+R)E — (—1+h)/P+1 3

_ 1/3 1/3 L1 £2/3 _ g1/3 41
f'(-1) = lim =) - /1) li vl im 2 Tz Tl
z=-1 g —(—1) -1 r+1 z5-1 z+1 z2/3-21/3+1
z+1 1

I =-
1 (4 (2P -2/ +1) 3

11
. fO+R)—fO) .. R+2 2 _ . - . -
! = z = = = —_ — —
71(0) = fim, K pm A Rt D) AR ah+D) 4
1
:  f@)-f0) . z+2 2 _ -z . -1 1
= - = = = — =1 —_— -
7' alcl—rﬁ) z al:l—% z zh—% 2z(z + 2 z%Q(z+2) 4
D
5/2 _ o5/2
() D= BFENT 2 1<h<1

h
(b) f'(2) = 7.071

(c) D(0.001)=7.074, D(—0.001) = 7.068

(2 + h)2/3 _ 22/3
h

(a) D= -1<h<1
(b)  F'(2) = 0.529

(c) D(0.001) = 0.52909, D(—0.001) = 0.52918

(a) Let f(z)=4r — 3. (b)

Then f'(z)=4-3z% f(3/2)=2%

() (1.453,1.547)




SECTION 3.2

74. (a) Let f(z)=+=z—1. (b)
Then f'(z) = 23(1711?; @ =3 T T
T(x)=%1(z—-2)+1 £
(c) (1.875,2.125) g
; x
SECTION 3.2
1. Fl(z)=-1 2. Fl(z)=2 3. F'(z) =55z — 1822
4. F’(m):;—f 5. F'(z)=2az+b 6. F(z)=z3-224+z-1
VN e vy 2(2z) — (22 +2)32% 22 +6
7. F'(z) =223 8. Fl(z)= - =0
9. G'(z)=(=*-1)(1)+(z-3)(2z) =322 -6z — 1 10. F’(azc):1—+—zl2
, (1-2z)(32%) —2®(—1) _ 32? — 22°
11. G'(z) TSE = =22
vy (cx—d)a—(ax—b)c  bc—ad
12. Fla)= (cz — d)? " (cz - d)?
oy (2e+3)(22) — (22 - 1)(2)  2(z® +3z+1)
18. Gle) = (2z + 3)2 T T @z +3)
vy (@ +1)(282%) — (72 + 11)(1) _ 21z* + 282° — 11
4. Gle) = (z +1)2 ST (@r1)?
15. G')=-1D)1)+(-2)1)=2x-3
vy (z+2)(4z) — (222 +1)(1) 227 +8z -1
16. G'(z) = @1 2) = —@12e
oy (2—-2)1/z?) - (6-1/x)(1)  —2(32% —z+1)
7. ¢la) = (x—2)? T 22z - 2)?
18. G'(z) = z?(423) — (1 + z%)2z _ 2(z* — 1)
z* z8
19. G'(z) = (92% — 82%) (1 - ;15) + (.’r + %) (7227 — 7228) = ~80z° + 812% — 6427 + 6326
oo (-1 1 1N/-2y_ 1 2 3
20. G(m)_<—1—,‘7><1+:’r—2>+<1+5>(F)__F_F_;Z
21. fl(z)=-32(z-2)"% f(O)=-3 f1)=-1
22. fl(z)=3z3+2z; f'(0)=0, f(1)=5

69



SECTION 3.2

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

oy (l+z®)(-22)-(1-2°)(2z) -4z = iy —
f (IE) - (1‘+‘IE2)2 - (1+.’Z72)2’ f (0) —07 f (1) - 1
vy (@124 +1) - (22 +3+1)2z+1)  (z+Ddz+1)-2Q22° +z+1)
(=) = (x + 1)4 - (z+1)3 ’
F1O)=-1, fQ1)=%
vy lex+d)a—(az+b)c  ad—bec vy ad—bc .~ ad—bc
fi(=) = (cz + d)? " ez +d)?’ F0) = a2’ f(l)_(c+d)2
flz) = (cz?® + bz + a)(2az + b) — (az? + bz + ¢)(2cz + b); £(0) = b(aa— c), F(1) = 2(a —c)

(cz® + bz + a)?

F(z) = ok (z) + h(z); f'(0) = OR'(0) + A(0) = 0(2) +3 =3

f'(z) = 6zh(z) + 3z2h'(z) — 5; f'(0) = -5

o W@ KO 2 20
f'@) = W@+ o SO =HO+gam=2+5 =53
fia) = (o) + M2 I, gy o)+ 508 =2+ 5= 5

vy (+2)1) —=z(1) 2
fila) = (z +2)2 {(z+2)2

slope of tangent at (—4,2) : f'(—4) = },

equation for tangent: y — 2 = 1(z + 4)

fi(z) = (2° = 2z + 1)(4) + (4z — 5)(3z% — 2) = 1623 — 152% — 16z + 14
slope of tangent at (2,15) : f'(2) = 50,

equation for tangent: y — 15 = 50(z — 2)

f'(z) = (2% = 3)(5 - 32%) + (52 — 2°)(22);

slope of tangent at (1,—8): f/(1) = (—2)(2) + (4)(2) =4,

equation for tangent: y + 8 = 4(z — 1)

f(e) =22+ 3

slope of tangent at (—2,9) : f'(-2) = — 3,

equation for tangent: y — 9 = — 3(z + 2)

fllz)=(z-2)(2z - 1) + (22 —z — 11)(1) = 3(z — 3)(z + 1);

fllxr) =0at z=-1, 3; (—1,27), (3,-5)

16 2(z®+8)

2 2

_ (@2 +1)(5) - 5z(2z) _ 5(1—=z?)

flz)=2z+

fliz)=0atz=-2; (-2,12)

F(z) = = 2, fe)=0atz==1; (-1,-5/2), (1,5/2)

(22 +1)? (z2+1)



38.

39.

40.

41.

42,

43.

44.

45.

47.
49.

50.

51.

SECTION 3.2

f(z) =(z+2)(2z — 2) + (2% — 2z — 8)(1) = 32? — 12 = 3(2® — 4);

fl(z) =0at z==x2; (—2,0), (2,-32)

flz)=1-8/z% f'(z)=0atz=2; (2,3)
oy @B +4)(22-2) - (2 —2z+4)(2z)  2(z® - 4)
fl=) = @+ 47 T

f(z)=0atz=+2; (-2,3), (2,1)

’ 32 )

slope of line 4; slope of tangent f'(z) = —2z; —2z =4 at z = —2; (-2, -10)

slope of line 3/5; slope of tangent f'(z) = 322 — 3;

perpendicular when 322 — 3 = —

slope of line —1/5; slope of tangent 3z2 — 2z;

5. — 2. 2
»or=%% (-3

7 (5-%)

perpendicular when 3z% ~ 2z = 5; = =-1,5/3; (-1,-2), (3,£2)

slope of line 3/2; slope of tangent f'(z) =4 -2z; 4—-2z=3%atz=3; (3, )

flxy=2*+z2+2+C 46.
2% 3z 1
=22 48.
f(z) 3 5 + o +C
y
(5,6)
X
= T

f
_

‘x

[+

5

flz)=z*-22+42+C

25zt

ﬂ®=g+§"hﬁ+0
slope of tangent at (5,5) is f'(5) = —4
tangent y — 5 = —4(z — 5) intersects
z-axis at (2, 0)
normal y — 5 = ;(z — 5) intersects
z-axis at (—15,0)
area of triangle is

Hes+ %) = 12

slope of tangent at (2,5) is f'(2) = —4

tangent y — 5 = —4(z — 2) intersects

normal y — 5 = }(z — 2) intersects
z-axis at (—18,0)
area of triangle is

LG)(18+ 1) = 42

If the point (1,3) lies on the graph, we have f(1) = 3 and thus

(*) A+B+C=3.
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52.

53.

54.

55.

56.

57.

58.

59.

60.

SECTION 3.2

If the line 4z + v = 8 (slope —4) is tangent to the graph at (2,0), then
f(2) =0 and f'(2) = —4. Thus,
(%%) 4A+2B+C=0 and 44+ B=-4

Solving the equations in (x) and (**), we find that A=-1, B=0, C=4

First, f(1)=0and f/(1)=3 = A+B+C+D=0 and 34+2B+C =3
Next, f(2) =9 and f(2) =18 => 8A+4B+2C+D =9 and 124 +4B+C = 18
Solving these equations gives A=3, B=-6,C =6, D = —3.
Let f(z)=az?+br+c. Then f'(z)=2az+b and f'(z)=0 at z=-b/2a.
The derivative of p is the quadratic p'(z) = 3az? + 2bz + c. Its discriminant is
D = (2b)? — 4(3a)(c) = 4b* — 12ac
(a) p has two horizontal tangents iff p' has two real roots iff D > 0.

(b) p has exactly one horizontal tangent iff p has only one real root iff D = 0.

(c) p has no horizontal tangent iff p has no real roots iff D < 0.

Let f(z)=2®—z. The secant line through (-1, f(—1)) = (-1,0) and (2, f(2)) = (2,6) has slope

m:%:l Now, f/(z) =322—-1 and 3c?—1=2 implies c¢= -1, 1.
@ -F) -3

Maee =TT =5 g

oy M) -2(1) 1 o __

fl=z) = CEIE =Gy fllo=Lt = c=-1£2/2

Let f(z) =1/z, z > 0. Then f'(z) = —1/z*. An equation for the tangent line to the graph of f
at the point (a, f(a)), a > 0,is y = (—=1/a®)z + 2/a. The y-intercept is 2/a and the x-intercept
is 2a. The area of the triangle formed by this line and the coordinate axes is: A = % (2/a)(2a) =2

square units.

Let (z,y) be the point on the graph that the tangent line passes through.  f'(z) = 322, s0 23 -8 =

322(z —2). Thusz=2orz=-1. Thelinesarey—8=12(z—2)andy+1=3(z+1).

Let (z,y) be the point on the graph that the tangent line passes through.  f'(z) = 3z% — 1, so
23 —2—-2=(322—1)(z+2). Thusz =0orz = —3. Thelinesarey = —z and y+24 = 26(z +3).

(a) flc) =c% F'(z) = 32z% and f'(c) = 3¢*. Tangent line: y — ¢® = 3c%(z — ¢) or y = 3’z — 2¢%.

(b) We solve the equation 3c?z —2¢® = 23 :

2 —3%2+28=0 = (z—-c)(z?+cx—-2H)=0 = (z—0c)*(z+2c)=0
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62.
63.

64.

65.

66.

67.

68.

69.

70.

71.

SECTION 3.2 73

Thus, the tangent line at z = ¢, ¢ # 0 intersects the graph at z = —2c.

Since f and f + g are differentiable, g = (f + g) — f is differentiable. The functions f(z) =|z| and
g(z) = —|z| are not differentiable at z =0 yet their sum f(z)+ g(z) =0 is differentiable for all z.

No. If f and fg are differentiable, then ¢ = % will be differentiable where f(z) # 0.

(D=1 1,

it follows from the product and reciprocal rules that

(5= (5 1) = s (2125« 2 - =S

Since

(fgh)'(z) = [(f9)(@) - A(2)] = (f9)(@)R'(z) + h(2)[(F9) ()]
= f(2)g(x)h' (z) + h(z)[f(2)g'(z) + g(z) f' ()]
= f'(2)g(2)h(z) + f(z)g'(z)h(z) + f(z)g(z)h'(z)

F'(z) = 2 <1+%> 2% —z +1) + (2 +l)<$1>(2z 1)+ (2 4+ 1) (1+%> (62 — 1)
G'(z) = 2—7( )(x2+x+1)+\/a_:<(—1+_—§x)—2>(:1:2+z+1)+\/5<1+12z)(2x+1)
9(z) = [f(@) = f(z) - f(=)

g'(z) = f(z)f'(z) + f(2)f'(z) = 2f(z) ' (2)

Let g(z) = [f()]", where n is a positive integer. Let S be the set of positive integers for which g'(z) =
n[f(z)]"~* f'(z). Then, 1 € S. Assume that the positive integer k € S and let g(z) = [f(z)]**1. Then

9(@) = f@f@)]* and g'(2) = F@)R)f (@) f'(z) + [f@)]* £'(z) = (k+ D[f(@)]*F'(2)
Thus, £+ 1 € S, and the result holds for all positive integers n.
To show that the result holds for all negative integers, write g(z) = [f(z)]®, (n negative) as
1
T) = —————, where — n is a positive integer
1= [y ;

and use the quotient rule together with the result above.

g'(z) =3(z® — 222 + 2+ 2)%(322 — 4z + 1)

2 1° 2 19
' _ T (1+2z)2z — 12(2) _ 91 + 2)
7 =10 [1 + 22} (1+2z)? =20 (1+27)11
() fi(-1)= lim f(_1+h})L—f(—1) = lim (—1+h) —4(;1+h)+2_7

. —6h+h?
= lim

= —6
h—0t h




74 SECTION 3.2

o JB+R) - F@) (3+h)?—4@B+h)+2+1

, _ .
f-@3) = hl——>0— h hl—%l— h
2
= lim 2h + R =2
h—0~ h

(b) If g(z) =2% —4x+2 then ¢'(z) =2z-4, andg'(-1)=-6, ¢(3)=2

2. fi(e)= lim i i:i(a) = lim, 2 i:z(a) =g'(a)
Lo f@=F0) . g(e) =) _
e A

73. We want f to be continuous at £ = 2. That is, we want

i = = li .
Jim f(z) = f(2) = lim f(z)
This gives
(1) 84 +2B+2=4B - A.
We also want
H ] — 1~ ! .

x1—1>n2’1" f (I) xigl'*' f (:L‘)
This gives
(2) 12A+ B =4B.

Equations (1) and (2) together imply that A = —2 and B = -8.

74. First, we need, lim f(z)= lim+f(:z:), = A+B=-B-A+4 or A+B=2.
z——1

rz——1-

Next, we need, lim f'(z)= lim f'(z) = -24A=5B+ A or 3A+58=0.

z——1— z——17T

Solving these equations gives A =5, B = =3.

sin(0 + 0.001) — sin 0 sin{0 — 0.001) —sin 0

75.  (a) oo1 == 0.99999 —0001 = 0.99999
sin[(r/6) + 3881] —sin(7/6) L o gps7g  SmlT/6) “_0008311_ Sin(7/6) ~ ¢ 86628
sinf(r/4) + 8881] —sin(r/4) | s SOLE/4) - _00083]1_ SIn/4) & o.70746
sin[(/3) + 8881] —$in(n/3) o (4005, SOLT/3) - _00083]1_ SIn(™/3) o 9 50043
sinf(w/2) + 8881] —sin(T/2) o goges  SRLT/2) - _00083]1— SIn(T/2) o 9.0005

(b) cos0=1, cos(m/6)=0.866025, «cos(w/4)=0.707107, cos(w/3)=0.5, cos(n/2)=0

() ¥ f(z)=sinz then f'(z)=cosz.

76. (c)If f(z) =cosz then f'(z)= — sinz.



0+40.001 _ 50
2 2

SECTION 3.3

0-0.001 _ 50
2 2

77. — >~056 —_— >~ (0.69291
" @ 0.001 9339 ~0.001 ?
91+0.001 _ 91 1-0.001 _ o1
~1. 7 _— 1. 1
0.001 38678 —0.001 3858
92+0.001 _ 92 92-0.001 _ 92
—_— 277 —_— 2771
0.001 77355 —0.001 63
93+0.001 _ 93 93-0.001 _ 90
= 5.5471 ——— ¢ 5 5432
0.001 5-54710 —0.001 554326
f'(z)
(b) F2) = (0.693 (c) If f(z) =2" then f'(z)=2%K, where K =0.693.
78. (a) (b) y
201 204
104 104
' * S A x + + x
-4 \7 2 4 -4 -2 2 4
-10+4
r=-202% 2y = —2.731, x5 = —0.619,
z3 =0.730, x4 =1.619
SECTION 3.3
ay 3 ay 5
. —_ = — 2. = = —
1 Iz 12z° — 2z . 2z — 8z
dy 1 dy (1-12)2-2z(-1) 2
3. _= —_— 4. - = =
dz 1+ z2 dz (1-=z)? (1-—z)2
dy (1+2z?)(1) — z(27) 1-—2z? 3 s dy 5
5 == = . =z° —-g° —2z; — =3z° -2z -2
dz (1+ 22)? (1+ z2)? 6. y=o - ® ‘ v
v B (1-z)2z —2%(-1) z(2-1)
" odz (1-2)2  (1-12)2
8 2z —z? _d_y_(3+3$)(2—2m)—(2z—x2)(3)_2—235—:1:2
T YT 343z dr (3 + 3z2)2 T 3(1+12)2
9. W _ (z° - 1)32% — (2 +1)322 -6z
odz («® - 1) T (2% - 1)
dy (1+z)2z—-2%*(1) =2°+2z
10, — = =
dz (1+z)? (1+2)?

75



SECTION 3.3

d d
—— — = 12. - 2) =
— (e —5)=2 - (5z+2)=5

di (322 — 2-1)(2c + 5)] = (322 — =1)2 + (22 + 5)(6z + %) = 182% + 30z + 522
x

Ei% (222 + 3271)(22 — 3272)] = (222 + 327 1)(2 + 627%) + (22 — 327 %)(4z — 327 %) = 1227 + 272~*
d t (2 — D4 -t (6t?)  28°(8° - 2)

dt \2t3 -1, (23 — 1)2 T or - 1)

d (2 +1\ _d 2.1 _ 2 4 2(+2)

dt ¢4 Tdt \t ) 8 5 £

(1 - 2u)2 1 - 2u)

_ (ud + 1)(2u) — u?(3u?)  u(2-—-1u®)

)
2u ) (1 - 2u)2 — 2u(-2) 2
)

(u® 4+ 1)? (WP +1)?
a (v __u )_(u—l)(l)—u_(u+1)(1)—u
du \u—1 wu+1/  (u—1)2 (u+1)2
3 1 1 201+u?d)
T wW-12 0 (@12 (u?-1)2

[u?(1 - u?)(1-u¥)] = %[ 2yt — b 4+ u7] = 2u — 4u® - Sut + Tub

d (P+2+z+1 @ -2 -1)B22+2x+1) - (¢® + 2 + 2+ 1)(32° — 22 +1)
de \23 —224+z-1/ (28— 22 + 2 — 1)2

=2zt +222+1) =2
T (224 1D)2(z-1)2  (z-1)2

d (B4 +z-1\ (- +2+1)B22+22+1) - (P +22 +2-1)(Bz* - 2x +1)
de \ 28 —z24+z+1) (z3 — 22 + 1 +1)2

—2z* + 822 + 2)
(23 — 22 + z +1)2

Z—z: (z+1)%[(x+2)(x+3)]+(x+2)(x+3)%(x+1)
=(z+1)2z+5)+(z+2)(z+3)

Atz =2, Z—Z = (3)(9) + (4)(5) = 47.

dy

o (z + 1)(z? + 2)(3z2) + (z + 1)(z® + 3)(22) + (2% + 2)(z> + 3)(1)



25.

26.

27.

29.

31.

32.

33.

36.

39.

40.

Atz =2, Z—z — 3(6)(12) + 3(11)(4) + (6)(11) = 414.

by @+D2 6= DE -2 - (- e -2

SECTION 3.3

do (z +2)2
_(z+2)2z-3)~(z-1)(x—2)
(z + 2)2
At:l::2, d_y:w:l_
dr 16 4

' —-2?—-2  dy (2% +2)(4z® - 22) — (z* — 2? — 2)(22)
A (22 +2)?
Mooz G _68-(004_ 32

dz 36 9
f'(z) = 2122 — 30z*, f"(z) = 42z — 120z%  28.

fl(z)y=1+3z72, f'(z) = —623 30.

f'(z) = 10z* — 242% + 2, f"(z) = 402° — 722>

fl(z) =2z +2z73, f'(z) =2—62~*

flz)y=2z%—227%2 -3, f'(z)=4z+4273, f'(z)=4-12z~*

f(z) =4z -9z, f'(z)=4+9z72, f'(z)=—18z"3

dy _ dy dy
- =z‘4+z+1 34. Tz =2+410z 35. I
d’y d?y d*y
& Tl a2 — 0 &2
&y _, &y &y
dzx3 dz3 ~ dz3
dy 1 5 1 y . —4 dy
e =5z —51+1 37. I =3z°+ 3z 38. e
d*y ) d*y s d*y
d’y a3y _6 d?y
@ =1 43 ~0To0e &3
d [ d o1 d d ,
. [xa(:v—z )} = ﬂ[zz(l—%)]—a[x—% l=1-4z

d’ 2 d —1 & 2 2

E;E l:((t —3Z‘)E(£E+I ) —m[(l’ —3117)(1—:13 )]

d?

= &

z? — 3z — 1+ 327

=322 — 212

=6z +4z~2

=6-12¢"4

d
=—(2z-3-3r"%)=2+62"°

dz
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41.

42.

43.

44.

45.

47.

49.

50.

o1.

SECTION 3.3

d* g @& g & 2y @ —
Ez[&’z—x] d——[3 4z°] = ——[-—121:]—35[——24:1:]_——
d° d
ﬁ[az4+bx3+cx2+dx+e] = a—z—4[4az3+3bzz+2cz+d]
d3
=3 [12az® + 6bz + 2¢]
2 d
d? d? d? d?
E |:(1 + 2.’5)@ (5 - .’173)} = dz ) [(1 + 217)( 6z )] = (—i;f)‘. [—6.’13 - 122}2] = —-24
@ 1 d 2 @ [1 2
2 gt = |= -1
dz3 L dz? [e" = 52 ]} dz3 [9: (122 O)J
3 d
= s (122 - 10271 = [12 + 10272
= % [-20z73] = 60z™*
3 2 1
y:w4—%+2m3+0 46. y=%—+z—2+3fc+0
s 1 22° 5
y=m°—F+C 48. y=—3—+33—2x+0

Let p(z) =az?+br+c. Then p'(z) =2az+b and p"(z)=2a. Now
p’(1)=2a=4= a=2; pP(1)=212)1)+b=-2= b= -6;
p(1) =2(1)? -6(1)+c=3= c=7

Thus p(z) = 22% — 6z + 7.

p(z) = az® +bz? +cx +d p"(-1)=6 = a=1
p'(z) = 3az? + 2bz + ¢ pI(-1)=-2 = b=2
p''(z) = 6az + 2b pP(-1)=3 = c¢=4
p"'(z) = 6a ‘ p(-1)=0 = d=3

Therefore, p(z) = z° + 22% + 4z + 3.

(a) If k=n, ) (z) = n! (b) If k>n, f*(z) =0.

() If k<mn, fAz)y=nn-1Dn-2)---(n—k+ 1)z"*
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dr k

d
RASE— - — =01
52. (a) Zon = Man (b) e 0if k> n.

22 >0

53. Let f(a:):{O <0

@ £10) = i LOENIO _ y B0 g
o= [OER SO 0
f_(o)_hl—lg)l——h—_——hl—lfg—ﬁ_o

Therefore, f is differentiable at 0 and f'(0) = 0.

o r@={¥ 2

_ f(0+h) = £(0) 2h 0
n _ _ _
(¢) f1(0)= lim > = lim ——=2  and
PR (R O i () R (N
[0 = L h =y =0

Since fi(0) # f”(0), f"(0) does not exist.

/

’ x

(d)

2 >0
54. Let g(m)—{o 2 <0
Ciy e 9O0+R)—g(0) R0
(@) ¢,(0) = hl_l’r& h B hlg{)l+ =0 and
) . g(0+h)-g(0) .
= lim EM IO oy 2o
0= W5 =0
Therefore, g is differentiable at 0 and ¢'(0) = 0.
'z) = 3z2 >0
IE =10 z<0
' _ 2 _
1) = lim $OFN =8Oy 320 g

R0+ h T ho0+t R

79
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" T gl(o + h) — gl(o) I T 0
9-(0) = hl—lgl— h

Therefore, ¢’ is differentiable at 0 and g"(0) = 0.

322 >0

o) 9@ ={% 72

6z >0

" n
w1 9'(0+h)~g"(0) . 6h—0 _
© 0= lip, = =, =0 e
" "
" T g(0+h)_g (0)_ : _0__
9-(0) = hl—lf(I)l- h - hl—lgl— h 0

Since g/'(0) # g2'(0), g¢'"(0) does not exist.

(d) ¥

55. It suffices to give a single counterexample. For instance, if
f(z) = g(z) = z, then (fg)(z) = z* so that (fg)"(z) =2 but
f@)g"(z) + f'(z)g{z) =z-0+0-2=0.
56. Edg; [f(@)g' (z) — f'(2)g(2)] = [f(2)g"(z) + f'(2)g' (z)] - [f'(2)g' (z) + [ (z)g(=)]
= f(z)g"(z) — f"(z)g9(2)
57. f"(z)=6z; (a) z=0 () z>0 (c) <0
58. f'(z)=122%; (@) z=0 (b) allz#0 (c) none
59. f'(z)=1222+12x-24; (a) z=-2,1 (b) z<-2, z>1 (c) -2<z<1
60. f'(z)=12c2+18z-12; (a) z=-2, 3 (b) z<-2, z>% (¢ —-2<z<j

61. The result is true for n = 1:

dly_d_y_

ay _ — =2 — (1M1t
dz! dz z (=1)'1l=
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If the result is true for n = k:

% = (—1)kklz=F1
then the result is true for n =k + 1:
¢y _d [d"_y} _ g
dzk+tl — dx |dzF| dx
62. Y’ =-2z73, y'=6z7% y"=-242"5% ¢y =(-1)"(n+1)lz" (2

Let S be the set of positive integers for which the result holds. Then 1 € S. Assume that the positive

[(—1)kk!z—(k+l)] = (_1)(k+1)(k + 1)!$—(k+1)_1_

integer k € 5. Now,

d d
LS S ¢ B PREY 1. —(k+2)
y dz 4 dz [( DAk + 1)l ]

= —(=1)*(k + 2)(k + 1)1z~ D=1 = (_1)5+1 (k4 )1~ (k+3)

Thus, k+ 1 €5, and S is the set of positive integers.

63 — (wvw) = d_w+ d—v+vwd—u
. dz UvWw) = UV dz uwdz dz

64. (a) f(z)=32°-32+3z+3; fl(z)=3z>-6z+3
(b) (C) T = 0586, ro =2 3414

65. (a) f(z)=2+22-4z+1; f'(z)=3z*+2zx-4.
(b) (c) The graph is "falling” when f'(z) < 0;

The graph is "rising” when f'(z) > 0.
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66. f'(z)=32z2>-1, f'(1)=2; tangent:y=2(z—1).

(b) y (c) o =2
ﬂ(
+ t x
-2 2
67. (a) Let f(z)=32° -3z +4c+1. (b) y
Then f'(z)=22%—6z+4 and 251
f'(0)=4. T
©) Ll :
Tangent lineat z=0: y=4z+1
5+
V. — X
A

1

(c) Solving 12® —3z2+4z+1=4z+1 for z gives z =6; the graph and the tangent line

intersect at (6, 25).

PROJECT 3.3

1. g(z) = fi(z) = f(=)f(2)
g'(z) = f@[P @) + FP(=2)f () = f(2)3f2(2)f'(z) + *(2)f'(z) = 4f*(z) f' ().
2. Let S be the set of positive integers for which
(@) =nf*"(z)f (z)
We know that 1,2,3,4 € S.  Assume that the positive integer k € S;
that is, assume[f* ()]’ = kf*1(z)f'(z). Let g(z) = f¥*(z) = f(z)f*(z). Then
g'(z) = F@FF@)] + (=) f' ()
= f@)kf* () f'(2) + fH () f'(2)
= (k+ 1) f*(z)f'(2).
andsok+1€S. Thus, we conclude by mathematical induction

that the result holds for all positive integers n.

3. We know the result holds for all positive integers. If k = 0, then g(z) = [f(z)] = 1 (provided
f(z) #0) and ¢'(z) =0 =0[f(z)]"*. If k is a negative integer, then
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1
z)= ——, z)#0
0(0) = gy (F@) #0)
where n = —k is a positive integer. Thus

—-n n—1 ! ‘_ g
g'(z) = W (reciprocal rule) = ;L,J;r(l ) = =nf~""Hz)f (z) =k (z) ' ().

Thus the result holds for all integers n.

4. The result holds for n = 1,2,3. Assume that it holds for the integer n and consider:
(f -9 (2) = [(f - 9)"(=))
= [f"™(2)g(z) + nf" D (z)g'(2) + -+ () P (2)g® (@) + - + f(2)g™ ()]
The result follows after showing that
n n n+1
= =0,1,..
(k>+<k+1) <k+1> for k=0,1,...,n
SECTION 3.4
1. A=q7r?, a4 =21r. Whenr =2, aa =4r. 2. V=53, ﬂ:352. When s = 4, v = 48.
dr dr ds ds
1, dA dA dy 9 dy
. =-2? — =2z =4, — =4 . 2 =-z7% Wh =-1, —=-1.
3. A 2z 7 z. When z =4, 1 4 4 iz x en xr » In
1 dy —(2z+1) dy 5
5. = Z=—a" 2 Atzr=2 - =-—.
Y z(l+z)’ dz z%(l1+2z)? TS5 I 36
6 @:3x2—24z+45=3(z—3)(z~5)' d—y:0atx=35
T dz T odx T
7. V= %7”_3’ % = 472 = the surface area of the ball.
ds ds ds 1
8. = 2. _ = — = . _— = = —_—,
S = 4xr®, I 87r and o 8nrg at r =g - 1 = 1o -
d
9. y:2x2+z—1,g—g:4z+1; —g=4atx=%. Therefore zo = 3.
dz dz
A\’ ™ c\* ¢ dA_cC
10. = — = — : == — — _ = =
0. (@4 7r(2) ;& A=5d (b) 4 ”(%) i’ dC 2«
V2, AV 32
11. = == (L) = ¥Zys &L _2VE e
(a) w=sV2, V=s (\/5) Y T v
3
22 2 =362 5= _ao (2 Y3 V3,
b)) 22=s>+uw?=3s% 2=5/3. V= _(\/E)_gz’dz_?,z'
A dh A bh h
12. A= = - —_ 2 _ __n
bh = (constant) =— h AR 7 ® A
dA 1 dA
13. = = g2 - =
® =7 b ="
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14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27,

32.

37.

SECTION 3.4

- -4 -2
@ 02 0 Lot _ct(lag) ¥

2z r3 r3 \ 2 T
dA dA
el — = 27(2
(a) o 27r (b) o w(2r + h)
A dh A =277 (r + h) — 2772 2r+h
(c) b or 0 dr 272 2772 T
y=az?+br+c, z="bz?+az+c
d d
£=2az+b, £:2bm+a.
1
&y = dz iff 2ax+b=2bz+a. Witha #b, this occurs only at z = .
dz dz 2

rate of change = f(1)g(1)A'(1) + F(1)g' (VA1) + f/(1)g(1)R(1) =0+ 0+ (1)(2)(-2) = —4

z(5) = —6; v(t) =3 — 2t so v(5) = —7 and speed = 7; a(t) = —2 s0 a(5) = —2.
z(3) = —12; v(t) = 5 — 3t2 so v(3) = —22 and speed = 22; a(t) = —6t so a(3) = —18.
z(1) = 6; v(t) = —18/(t + 2)? so v(1) = —2 and speed = 2,

a(t) = 36/(t +2)% so a(l) =4/3.

z(3) = 1; v(t) = —6/(t + 3)% so v(3) = 1/6 = speed; a(t) = —12/(t + 3)° so a(3) = —1/18.

z(1) =0, v(t) = 4¢3 + 182 + 6t — 10 so v(1) = 18 and speed = 18,
a(t) = 12t? + 36t + 6 so a(1) = 54.

z(2) = —20; v(t) = 4t — 18% so v(2) = —4 and speed = 4,

a(t) = 12t? — 18 so a(2) = 30.

v(t) = 3t2 —6t+3 =3(t—1)2>0; the object never changes direction.

v(t) =1-— ﬁ; the object changes direction (from left to right) at t = —1 + /3.
v(t)=1- ﬁ . the object changes direction (from left to right) at t = —2 + /5.

v(t) = 4¢3 — 12¢*> + 8¢; the object changes direction at ¢ = 0 (left to right), ¢ =1

(right to left), t = 2 (left to right).

28. C 29. A 30. C 31. Aand B

B 33. A . 34. A 35. Aand C 36. B

The object is moving right when v(t) > 0. Here,

v(t) = 43 — 36t2 + 56t = 4t(t —2)(t —7); v(t) >0Owhen0<t<2and7<t.



38.

39.

40.

41.

42.

43.

44.
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The object is moving left when v(t) < 0. Here,

v(t) =32 —24t+21 =3¢t - 7)(t-1); v({t)<Owhenl<t<7.

The object is speeding up when v(¢) and a(t) have the same sign.

’U(t)=5t3(4—t) signofv(t): LR R R | L g
(l(t):20t2(3—t) Sigl’l ofa(t): LR R R R R R R R | R

0 3 : 4
Thus, 0<t<3 and 4<t.
The object is slowing down when v(¢) and a(t) have opposite sign.
U(t) =12t — 4t3 = 4t(3 - t2) sign of U(t) : "." +++4++++ ———~-
a(t) =12(1—1¢) sign of a(t) : tr+d oo _

0 1 V3 i
Thus, 1<t<+/3.
The object is moving left and slowing down when v(¢) < 0 and a(t) > 0.
v(t) =3¢ —-5)(t+1) sign of v(t) : 00 @o—memmmemmmmmmme O++++
a(t):ﬁ(t_Q) Sigll ofa(t); ———————— O++++++ 444+ 4++++4

0 2 5

Thus, 2<t<5.
The object is moving right and slowing down when v(t) > 0 and a(t) < 0.
v(t) =3(t—-5)(t+1) signofv(t): o __ _____ _____ +++
a(t) = 6(t — 2) signofa(t):  -—-—-- t+++tttbtt

0 2 5
This never happens.
The object is moving right and speeding up when v(¢) > 0 and a(t) > 0.
U(t):4t(t—2)(t—4) signofv(t): 4+ 4+t 4+ 0 — — O+++
a(t) = 4(3t? — 12t + 8) sign of a(t) : R R Orsasdas

Thus, 0 <t<2-32v3 and 4<t.

The object is moving left and speeding up when v(t) < 0 and a(t) < 0.

v(t) =48t — 2)(t — 4) sign of v(t) : +++++ -—-—- +++

a(t) = 4(382 — 12¢ + 8) sign of a(t) : M 1
4

Thus, 2 < t < 2+ 2V/3.



86

45.

46.

47.

48.

49.

50.

51.

SECTION 3.4

Since vg = 0 the equation of motion is

y(t) = —16t* + yo.
We want to find yo so that y(6) = 0. From

0= —16(6)" + yo
we get yo = 576 feet.
The equation of motion is: y(t) = —4.9t2 + yo. Therefore, the velocity is given by v(t) = —9.8t¢.
Since the object hits the ground at 98 m/sec., we have —9.8t = —98, and ¢ = 10.
Therefore, y(10) = 0 = —4.9(10)2 + yo and yo = 490 meters.
The object’s height and velocity at time ¢ are given by

y(t) = — %gbt2 + vot and v(t) = —gt + vo

Since the object’s velocity at its maximum height is 0, it takes vo/g seconds to reach
maximum height, and

y(vo/g) = — 3 9(vo/g)* + vo(vo/g) = v2/2g or v3/19.6 (meters)

Since yo = 0, we have y(t) = —16t% + vot = t(—16¢ + vg). Now,
y(8) =0 = wvp=(16)8 =128 = the initial velocity was 128 ft/sec.

At time ¢, the object’s height is y(t) = — %gt2 + gt + yo, and its velocity is v(t) = —gt +vo. Suppose
that y(t1) = y(t2), t1 # t2. Then

~ L gt? +vots + yo = — 1 gt + vob2 + vo
29t —13) = volta — t1)

gt2 -+ gtl) = 2’00
From this equation, we get —(—gt; + vo) = —gt2 + vo and so |v(t1)] = |v(t2)].

Since yo = 0, we have y(t) = —4.9t2 + vot = t(vo — 4.9¢) The object hits the ground at ¢t = v/4.9
sec., that is, the object is in the air for vo/4.9 sec. At its maximum height, the velocity of the object
is 0. Since v(t) = —9.8¢ + vo, we have —9.8t + vo = 0 and ¢ = v9/9.8 = 3 (vo/4.9). The result follows

from this.

In the equation
y(t) = —16t% + vot + yo
we take vy = —80 and yo = 224. The ball first strikes the ground when
—16t* — 80t +224 =0;
that is, at t = 2. Since
v(t) = y'(t) = —32t — 80,

we have v(2) = —144 so that the speed of the ball the first time it strikes the
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ground is 144 ft/sec. Thus, the speed of the ball the third time it strikes the
ground is 1 [£(144)] = 9 ft/sec.
Since yo = 0, we have y(t) = —16t> + vt.
y(2) =64 = -16(2)°+20=64 — ;=64 and y(t) = —16¢ + 64t
Now, at the maximum height, v(t) = —-32t+64 =0 — = 2. We already know

the height at ¢t = 2, namely 64 ft.

53. The equation is y(t) = —16¢? + 32t.  (Here yo = 0 and vy = 32.)

54.

55.

(a) We solve y(t) = 0 to find that the stone strikes the ground at ¢ = 2 seconds.
(b) The stone attains its maximum height when v(t) = 0. Solving
v(t)=—-32t+32=0, wegett=1 and, thus, the maximum height is y(1) = 16 feet.
(¢) We want to choose vg in
y(t) = —16t% + vyt
so that y(to) =36 when w(t) =0 for some time #.

From v(t)=-32t+vo=0 weget ¢t =wvo/32 so that

16 () 4 () =36, o 2 =36

Thus, vg = 48 ft/sec.
(a) Measuring height from the water surface, we have y(t) = —16¢? + yq, since vo(0) = 0.

If the stone hits the water 3 seconds later, then y(3) = —16(3)2 + yo = 0. so yo = 144.

(b) It takes yo,/1080 seconds for the sound of the splash to reach the man so the stone hits the
at time ¢ = 3 — y0/1080. Thus,
Y

2
y(t) = -16 (3 - ﬁ) +yo=0 = yo=13247ft.

For all three parts of the problem the basic equation is
y(t) = =16t + vot + yo
with
(%) y{to) =100 and y(to +2) =16
for some time tg > 0.

We are asked to find yo for a given value of vp.
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56.

57.

58.

59.

60.

61.

SECTION 3.4
From (%) we get
16 — 100 = y(to + 2) — y(to)
=[~16(to + 2)% + vo(to + 2) + yo] — [~ 16t0? + voto + Yo]
= —64ty — 64 + 2vg
so that
to = 31—2(1)0 + 10).

Substituting this result in the basic equation and noting that y(¢5) = 100, we have

10\? 1
~16 <U°+ O) + v (”‘”L 0)+y0:100

32 32
and therefore

2
_ (%) 25
(%) yo =100 — - + 7.

We use (#*) to find the answer to each part of the problem.

(a) vo=0soyo=221 (b) wo=—-5s0yo =YL ft (c) wo =10s0yp =100 ft

Let vg > 0 be the initial velocity. The equation of motion prior to the impact is: y(t) = —16t? —vpt +4.

/42 2 _
The ball hits the ground at time t = %M with velocity v = y/v2 + 256. The equation of

VvE + 256
motion following the impact is: y(t) = —16t2 + _@_{_

/U2 +2
T:%SG. Now, y(T) =4 = vo = 16v/3.

t. It reaches its maximum height at time

Let y/o > O be the initial height. The equation of motion becomes:

0=—16(8)2+5(8) +yo, S0 yo = 984 ft.

123
Using 0 = —16t> — 5t + 984, yields t = o & about 7.7 sec.

C(z) = 200 + 0.02z + 0.0001z%, C’(z) = 0.02 + 0.002z
Marginal cost at z = 100 units: C’(100) = 0.04
Actual cost of 101st unit: C(101) — C(100) = 0.0401

C(z) = 1000 + 2z + 0.02z2 + 0.0001z%, C’(z) = 2 + 0.04z + 0.0003z>
Marginal cost at z = 100 units: C’(100) =9
Actual cost of 101st unit: C(101) — C(100) = 9.05

10 1
C(z) = 200+ 0.01z + 70 C'(z) = 0.01 - g

Marginal cost at z = 100 units: C’(100) =0
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63.

64.

65.

66.
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Actual cost of producing the 101st unit: €(101) — C(100) =0
1
= 2 2 4 = ——
C(z) = 2000 + 2y/z, C'(z) 7z
Marginal cost at z = 100 units: C’(100) = 0.1
Actual cost of producing the 101st unit: C(101) — C(100) = 0.0998
z? , T
C(z) :1000+25x—1—0, C'(z)=25—-=
Marginal cost of producing 10 motors: C'(10) = 23
Actual cost of producing the 10th motor:  C(11) — C(10) = 22.90
(a) R'(z) = 24+ 10z — z2, and R'(z) > 0 on (0, 12)
(b) R"(z) = 10 — 2z, so R'(z) reaches a maximum when 10 — 2z = 0, or x = 5 units.
z? z?
(a) Profit function: P(z) = R(z) — C(z) = 20z — i (4z + 1400) = 16z — i 1400.
2
Break-even points: 16z — %6 — 1400 = 0 so z? — 800z + 70,000 = 0
Thus z = 100, or z = 700 units.
(b) P'(z) = 16 — %; P'(z)=0 => gz =400 units.
(¢)
y
C
R
X
(a) (b)
8000
Cos 3000
6000 2000
1000 Profit
4000
Revenu 200 400 60 800
-1000
2000 -2000
-3000
200 400 600 800 -4000

Break-even points at z = 81.11 and z = 631.19 Maximum profit at z = 336.11
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67. (a) wv(t)=3t2-14¢+10,0<t<5

(b) The object is moving to the right when 0 <t < 0.88 and when 3.79 <% <5.

The object is moving to the left when 0.88 < ¢ < 3.79

(c) vl The object stops at times ¢ = 0.88 and t = 3.79.

The maximum speed is v = 6.33 at t = 2.33.

-51
a
(d) a(t)=6t—14
104 7
The object is speeding up when v(¢) and a(t) have
the same sign: 0.88 <t < 2.33 and 3.79 <t <5. 1 3 s
The object is slowing down when ©(¢) and a(t) have ~104
opposite sign: 0 <t < 0.88 and 2.33 <t < 3.79.
10z
. = ————-4-0.7
68. (a) (b) P(x) 150252 0.75z
M y
c
R P
X
x /
1 2046, 7o = 4.53 175 units
SECTION 3.5

1. flz)=2*+222+1, f(z)=42°+4z=4z(2? +1)
f@) = (22 + 1?2, f(z) =2z + 1)(22) = 42(z® + 1)



10.

11.

12.

13.

14.

15.

16.

17.

18.

SECTION 3.5
flz)=2%-22+1, f'(z)=6z°—62? =6z2(z® —1)
fl@)=(z* = 1)*, f'(z) =2(z® - 1)(32?) = 62°(2° - 1)
flz) =8z + 1222 + 6z +1, f'(z) =24z + 24z + 6 = 6(2z + 1)°
fl@) =2z +1)° f'(z) =32z +1)*(2) = 6(2z + 1)
flz)=2%+3z* +322 +1, f'(z) =62° +122° + 67 = 6z(2% + 1)?
fl@)=(=*+1)°, f'(z) =3(z* +1)*(22) = 62(z® + 1)
flz)=2?+2+272, fl(zr)=2x-227%=2z(1—-z7*)
flz)=(z+ $—1)2, fliz)=2@z+zV)1-z73)=20(1+272)(1-z7%) =22(1 —z7%)
f(z) = 9z* — 122° + 422, f'(z) = 362% — 3672 + 8z = 42(3z — 2)(3z — 1)
flz) = (322 — 22)%, f'(z) = 2(32% — 22) (63 — 2) = 4z (3z — 2)(3z — 1)

File) =-11-22)2 2

T

(1-27)=2(1—-2z)"2

fl(z) =5(1+2z)" dd

T

(1 + 2z) = 10(1 + 2z)*

fI(IL') — 20(1.5 — xlO)lQ di (.’E5 _ :1210) _ 20( 5 _ 3310)19(5.’174 _ 10$9)

o (Y E () (03)
4 _

f@) =@ -2 -2

=0+ ft)=-41+1)"° %(1 +1)=—4(1+1¢)

F1(5) = 100(¢2 — 1)% %(ti’ —1) = 200¢(¢2 — 1)*®

d (t —t2) = 3(t — t2)2(1 - 2t)

1O =3-P

fl(t) =4@t+t72)3 %(t‘l +t72) =4t + 723 (=72 — 2t73)

2) :3<4z+3>2% <§§—f§)= (4m+3>2[(5x—2)4—(4z+3)5 _ 69(4z +3)°

5z — 2 5z — 2 (bz — 2)2 - (5z —2)4

91
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19.

20.

21.

22,

23.

24.

25.

26.

27.

28.

29.

SECTION 3.5

f'(z) =4< 3z )3 d ( 3z )=4< 3z )3{(z2+1)3—3z(2z) _ 3245%(1 - 2%)

2+1) dz \z2+1 2 +1 (22 + 1)2 (z2 +1)5
fiiz) =3[2z+1)%+ (z+ 1)"’]2 % [(2z + 1) + (z + 1)?]
=3[(2z+1)2 + (z + 1)?]* [2(22 + 1)(2) + 2(z + 1)(1))]

=6[(2z+1)2 + (z + 1)2)” (52 + 3)

2 22 2\ d (2 1 =z 3 z? -2
! = —| — —_— — —_ — —_— — = —| — — 2 1
f'(z) <3+2+1> dx<3+2+1> (3+2+x> (z*+z+1)

F(z) =206z + 2% +2] L [(62 +55) 1 + 2] = 2[(6z + 25)~1 + 2][1 — (62 + 25) (6 + 52%)]

dz

dy _dydu_ o
dr ~ dudr (1+ u?)?
At z =0, we have u = 1 and thus d_y :j:—l.

dr 4
dy dy du —a 3
2o o 1-u?)4 1
9z = du da (1—u?)-4(3z +1)%(3)

dy
At £ =0, we have u = 1 and thus e =0.
dy dydu (1—4u)2-2u(-4) 9 3 5 3
= =2 = -4 1)3(10z) = ——— - 40z(5z° + 1
dz  du dz (1 - 4u)? (52% +1)°(102) = g 53 - 402(52” + 1)

2

At z = 0, we have u = 1 and thus Z—z = 5(0) =0.
dy dy du 2 -1
v " duds Y ((l+x)2>

dy
At £ =0, we have u = 1 and thus Pl 2(—2) = —4.
dy dy du dr (1+ud)(—=7) - (1 —Tu)(2u)
Rt A e Mt i 2z)(2
dt ~ dudz dt 1+ u2)2 (22)(2)

_Tu? - 2u— 7(4 ) = 4z(Tz* + 122 - 2)  4(2t - 5)[7(2t — 5)* +12(2t — 5)* — 2]
Qx0T T roer v 22 | [(2t-5) +2(2t—5)° 1 2

dy _ dy dudz _ 9 ((1+z2)(—7) - (1 —7:15)(2:0)) (5)

dt  dudr dt (1+x2)2
10y Ao 22 =7 101 - 7(5t + 2))[7(5t +2) — 2(5¢ +2) — 7]
I G I R L+ (5t + 2)°2

dy dy ds dit 1

i R W e Rl



30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

dy

Atz=2,wehavet=4sothats=1andthusd—=
T

dy dyds dt _ 2 1 1
de ~ ds dt dz = (1—s)?

14 — ) ——
+t2 2z

d
Atx:2,wehavet:\/§ands:\/§/2.Thus%:

(£09)'(0) = f'(9(0)g'(0) = f(2)g'(0) = (H(1) =1

(g0 f)'(2)=4g'(f(2)f'(2Q)=¢'(1)f"(2) =(0)(1) =0
(f o R)'(0) = f'(R(0))A'(0) = f'(1)A'(0) = (1)(2) =2

SECTION 3.5

24)57=(4) = 16.
2 1
(1-v2/2)? (1 + %) 2v2

(fohog)(1) = f(h(g(1))) K (g(1))g'(1) = F'(QH'(1)g'(1) = (1)(1)(0) = 0

(go foh)'(2) =g'(f(h(2)) F' (R (2) = g'(1)F'(0)A'(2) = (0)(2)(2) = O

(goho f)(0) = g'(A(f(0))) H'(£(0))f(0) = g"(2)A'(1)f'(0) = (1)(1)(2) = 2

fi(z) = 4(z® + 2)3(3z2 + 1)

6+ 5v2.

f'(z) = 3(4)(z® + 2)2(32% 4+ 1) + 4(2® + 2)3(6z) = 12(z® + 7)?[(32® + 1)? + 2z(2® + z))

f'(z) = 10(z? — 5z + 2)°(2z — 5)

f"(z) = 9(10)(z? — 5z + 2)%(2z — 5)% + 10(z? — 5z + 2)°(2)

= (10)(z?® — 5z + 2)® [9(2z — 5)? + 2(z? — 5z + 2)]

, z \’ 1 322
@ =3(75) woar = ey

we oy 6z(1—x)* = 3c%(4)(1 —2)°(-1) _ 6z(1 +x)
fite) = = o) = U-op
F(2) =~ (22) = —e
* NS _\/1;2+1
P G s QU

VE D) (2 + 172

93



94

45.

47.

49.

50.

51.

52.

53.

54.

55.

56.

57.

59.

61.

63.

65.

66.

67.

68.

SECTION 3.5

] fx—=1Yy d [fz—-1Y\ 2 fr—1
2zf'(z* +1) 46. f (m) dz (:1:+1) B (x+1)2f ($+1>
) [f(@) +1f'(=) - [f(=) —1f"(=) _ _2f'(=)
Rl - [T + 1 =@+ 17

fl(z) = -4z(1+2%)73% (a) z=0 (b) z<0 (¢) z>0
fl(z) =2(1 - 2?)(-2z) = —4z(1 - 2z?); (a) 2=-1,0,1 (b)) —-1<z<0,z>1
(¢) z<-1,0<z<1

() z=+1 (b) —-1<z<l (¢ z<-1, z>1

F@) = (1 -2%)° +2(3)(1 - 2%)*(=22) = (1 — 2°)*(1 — 7z?);
(a) z==1, z=%2LV7 (b)) -:V/T<z<iV7
(z<-1, -1l<z<-3/7, Wi<z<l, z>1
v(t) = 5(t+ 1)(t — 9)%(t — 3); the object changes direction (from left to right) at ¢ = 3.
v(t) = (t —8)% +1(3)(t — 8)? = (t — 8)%(4t — 8);  the object changes direction (from left to right)
at t = 2.
v(t) = 12t3(¢2 — 12)3(¢2 — 4); the object changes direction (from right to left) at t = 2
and (from left to right) at t = 2+/3.

v(t) = 3(t% — 8t + 15)%(2t — 8); the object changes direction (from left to right) at ¢ = 4.

1 —T;!)nﬂ 58. —“——((1_ j_):;fx'

0 o
y=0"+1°+C 62. =(I2g1)2+c
y=(a*-2?%+C 64. :(I3;2)3+C’
(z) = 1 0p = 2z

Y, VO .
2 +1 241

H'(z) = 2f(z) f'(z) — 29(z)g'(z) = 2f(z)g(z) — 29(z) f(z) = O
T'(z) = 2f(2) - f'(z) +29(z) - g'(z) = 2f(2) - g(z) — 29(2) - f(z) = O

(a) Suppose f is even: [f(z)] = [f(=2)] = f'(=z)(-1) = = f'(-2z); thus f'(-z)=—f(2).



69.

70.

71.

72.

SECTION 3.5 95
(b) Suppose f is odd:  [f(@))' = ~[f(~a)} = —F/(~2)(-1) = f'(~2); thus f'(~2) = F'(a).
Suppose p(z) = (z — a)?q(z), where q(a) # 0. Then

P'(z) =2(z — a)g(z) + (z — a)’¢'(z) and p"(z) = 2¢(z) + 4(z - a)¢'(z) + (= — a)%¢" (z),
and it follows that p(a) = p'(a) = 0, and p"(a) # 0.
Now suppose that p(a) = p'(a) = 0 and p"(a) # 0.
pla)=0 = p(z)=(z—a)g(z) for some polynomial g.
Then p'(z) = g(z) + (z — a)g'(z) and
p@)=0 => g(a) =0 and sog(z) = (z — a)q(z)for some polynomialg.

Therefore, p(z) = (z — a)?q(z). Finally, p"(a) #0 implies q(a) # 0.

Suppose p(z) = (z — a)3q(z), where g(a) # 0. Then
p'(z) = 3(z — a)?q(z) + (z - 0)’¢(z)
p'(z) = 6(z — a)q(z) + 6(z — a)’¢'(z) + (z — a)°¢" ()
p"(z) = 6q(z) + 18(z — a)q'(z) + 9(z - a)*¢"(2) + (z — a)°¢"'(z)
and it follows that p(a) = p'(a) = p"(a) = 0, p"(a) # 0.
Now suppose that p(a) =p'(a) =p"(a) =0 and p"(a) # 0.
p(e) =0 = p(z)=(z—a)g(z) for some polynomial g.
Then p/(z) = g(z) + (z — a)g'(z) and
Pla)=0 = g(a)=0 andso g(z) = (z — a)h(z) for some polynomial A.
Therefore, p(z) = (z — a)?h(z). Now p'(z) = 2h(z) + 4(z — a)'(z) + (z — a)?h"(z) and
p"(@)=0 = h(a)=0 andso h(z)=(z — a)g(z) for some polynomial g.

Therefore, p(z) = (z — a)®q(z). Finally, p"'(a) # 0 implies g(a) # 0.

Let p be a polynomial function of degree n. The number a is a root of p of multiplicity k, (k< n)if
and only if p(a) =p'(a) =---=p*-(a) =0 and p¥(a) #0.

Let y = g(z) and suppose that f(y) = f[g(z)] = z. Differentiating this equation, we have
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d I 1] 1 :
—(fly)=fW9g'(x)=1 = ['(y)= -7~ provided g'(z) #0
dz g'(z)
dy dy dz 9
. —_——= — s — = — 4t —
& G- dn d o F 3)((1 1
Att=2, 2(2)=8 and d—g; = [3(8) - 3][4(2) — 1] = 1323.
74. A= \_/;3:27 where z = %gh. Now
dA  dAdz V3  2/3 23, dA
dr dv  dVdr dr
= i 3 —_— = 1 _— = —— = 22 = 2
75. V=3mr® and T 2 cm/sec. By the chain rule, 7 o 4d7r 7 8mre.
At the instant the radius is 10 centimeters, the volume is increasing at the rate
dv
i 87(10)2 = 8007 cm?/sec.
76. V= %m‘s, S =4rr?, and (il—‘; = 200.
ds _ds dr v
dt  dr dV dt
1
— . .9
8nr = 00
400

=8) whenr =25

The surface area is increasing 80 cm?/sec. at the instant the radius is 5 centimeters.

dKE) d(KE) dv dv
7. KE=1 2. = C— = —_.
MY T @ da N E
dF dF dr 2k 2k
78. = == . (49-98) - ———«+«——(49 - 9.8¢ <t<10
@ G =g w = s W98 - 490 ) 0<ts
dF 2k dF 2k
b) — =———(196); —(7) = ———(19.6).
(0) T ) = ~ Toz.gys 199 77 = [ozep 10 )
SECTION 3.6
d
1. —yz—3sin$—4secxtanx 2. @=2z secz + z2secz tanx
dz dx
d d
3. % _3p2cscr—adesczcotz 4. ¥ _9ginz cosz
dz dx
dy . dy
5, W _ O 2 2
7 2costsint 6 7 6t tant + 3t“sec”t
dy -3 d .. .3 d ~1/2 ¢in3
7. == =4sin’ Ju — (sin \/u) = 4sin® Vu cosvu — (vVu) = 2u sin® \/u cos/u
du du du
d . d
8. Y = cseu? - 2u? cscu? cot u? 9. & _ sec? 22 — (z?) = 2z sec? 22
du dz dzx



10.

12.

13.

15.

16.

17.

18.

19.

20.

21.

22.

SECTION 3.6 97

1 d
Z—z =27 sin vz 11. % =4[z + cot wz|3[1 — 7 csc? 7z
dy 2 2 2 2
i 3(z? — sec2x)?(2z — 2 sec 2z tan 2z) = 6(z* — sec2z)*(z — sec 2z tan2zx)
z
dy d%y . dy : d%y _
%—cosm, @—-—smz 14. E——smx, in? = —CoSzT
dy _ (1 +sinz)(— sin:.c) — cosz (cosz) _ —sinzg — (sin.2 T + cos? ) (1 +sing)!
dz (1 +sinz)? (1 +sinz)?
d2y . 2 d . . -2
e (1+sinz) o (1+sinz) = cosz (1 + sinx)
dy 2 2 2 2
it 3 tan®(27z) sec?(27x)(27) = 67 tan®(27z) sec’(27x)
z
d*y 2 2 2
i 67(2) tan(27x) sec? (2nz) sec? (27w z)(27) + 67 tan®(27z)(2) sec(2nz)[sec(2nz) tan(2wz)](27)
= 2472 tan(27z) sec?(2nz)[sec?(2rz) + tan®(27z)]
dy _ 2 d _ 2 9, q
Ty 3 cos? 2u 7u (cos 2u) = —6 cos” 2usin2u
d?y 9n d d
_ - — (sin 2 in2u — 2
702 6[cos® 2u 7 (sin 2u) + sin 2u T (cos? 2u)]
= —6[2 cos® 2u + sin 2u (—4 cos 2u sin 2u)] = 12 cos 2u [2 sin® 2u — cos? 2u]
dy . 4 =4
pri 5 sin®(3t) cos(3t)(3) = 15 sin*(3t) cos(3t)
d*y 3 2 s 4 : . 2 -2
o 15(4) sin®(3t) 3 cos?(3t) + 15 sin®(3t)[—3 sin(3t)] = 45 sin>(3t)[4 cos*(3t) — sin?(3t)]
d 2 d
E% = 2sec? 2t, gt—g =4sec2t pr (sec2t) = 8sec? 2t tan 2t
dy 2 d’y 2
Tu = —4 csc? du; JuE = —4(2) csc(4u)[— csc(4u) cot(4u)(4)] = 32 csc?(4u) cot(4u)
u
d
ﬁ = 12(3cos 3z) + 2zrsin 3z
d%y 5 _ .
i [z2(-9sin3z) + 2z(3 cos 3z)] + [2z(3 cos 3z) + 2(sin 3z)]
= (2 — 92?) sin 3z + 12z cos 3z
dy (1 —cosz)cosz —sinz (—[— sinz]) cost — 1 -1

dz (1 — cosz)? (1—-cosz)? 1-cosz
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23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

SECTION 3.6

2

Y _ sinz(l - cosz) "2

dz?

y=sin?z+cos’z =1 so Z‘Z ZZZ; 0

y=sec?z —tan’z =1 so j_i/ %

Zi(—]l::_‘1 (sinz) = ;;3 (cosz) = j_; (—sinz) = Edg (—cosz) =sinz
dd; (cosz) = dd—33 (- sinz) = dd22 (— cosz) = % (sinz) = cosz

d d

== [t o {cos 3t — 3t sin 3t)
_ 4
dt

[t2(—3sin 3t — 3sin 3t — 9¢ cos 3t)]

o [—6t% sin 3¢ — 92 cos 3t]

= (—18t? cos 3t — 12t sin 3t) + (27¢° sin 3¢ — 27¢% cos 3t)
= (27t% — 12¢) sin 3¢ — 45t cos 3¢

d [ d d d

— = 2| = 2[4 qin#2 — 2 [_942 qin #2

p [ pr (cost )] yr [—t sint?(2t)] i [—2¢2 sin t?]
= —4t sint? — 2t2 cost?(2t) = —4t(sint + ¢ cos t?)

% [f(sin3z)] = f'(sin 3x) Ed; (sin3z) = 3 cos 3z f'(sin 3z)

& (sinl(32)] = cos[f(32)]'(32)(3) = 8'(32) cosl (3]

d
ﬁ =cosz; slope of tangent at (0,0) is 1; tangent: y = z.

d
a—‘z =sec®z; slope of tangent at (7/6, /3/3) is sec®(w/6) = 4/3;

tangent: y — —\/— % ( - 67r)

d
% = —csc?z; slope of tangent at (%, \/?_)) is —4, an equation for

tangent: y—+/3=—4(z - %)

d
% = — sinz; slope of tangent at (0,1) is 0; tangent: y =1.

d
d_?; =secztanz, slope of tangent at (%, v/2) is v/2, an equation for

tangent is y — v2 = ﬁ(x - %)



36.

37.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

SECTION 3.6 99
dy .
5o = T oscn cotz, slope of tangent at (7/3, 2v/3/3) is —2/3;
tangent: y — %\/_ = — % (z — %W) .
d d
%:—sinx; =7 38. %:cosx; T=3m z=3n
d d 1 7
(—l%:cosx—\/gsinz; %:O gives tanx:—ﬁ; m:—g, %
d d 2
%:—sinz—\/gcosx; %:0 gives tanz = —/3; x_?w, -5573
d 3
£=2sinxcosa::sin2x; x:g, , ;
d 3
%:—2sinzcosm=—sin2x; x—g, , 77r
d d 3= 5w 7
ézsec2x—2; ﬁ:o gives secr = £v/2; x:%, %, %, Zﬂ
d: d 2 2r 4w 57
£=——3csczx+4; %:0 gives cscz:iﬁ; x:%, ?ﬂ, —g—,g
~— = 2secxtanz +sec” z; since secz is never zero, — =0 gives
dz dz
w11
2tanz +secz =0 sothat sinz = —-1/2; x:%, Tﬂ
d d
Yoo sz + 2 cscx cotz; since cscz is never zero, &0 gives
dzx dz
2cotz —cscz =0 sothat cosz=1/2; z:%, 5%
We want  v(t) >0 and a(t) >0.
’U(t) = 3cos3t Sign Of’U(t)Z +0———0+++0———0+ + +0— — —0+
a(t) = —9sin 3t sign of a(t) : TTTOR #0044 40 - =0k e
O % 5 x 2x 6% % Tx 4 3x 5z lx2x
8 3 2 3 ¢ 6 3 2 3 &
2 (s 4 117
Thus, t< —, —<t<—, =L <t<om
us Tt < 3 6 < 3 6 < 27
We want  v(¢) >0 and a(t)>0.
v(t) = —2sin 2t sign of v(¢t):
© gn of v(t) Bl B bkl R
a(t) = —4cos2t sign of a(t) : R S A T
T 3% FLL b S
Z 4 2 4
s 37 37 T
Th — <t —, —<t< —.
us, 5 <t< 1’ 5 <t < 1
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49.

50.

51.

52.

53.

54.

We want  v(t) >0

v(t) = cost +sint

a(t) = —sint + cost

Thus, 0<?< —

4

We want  v(t) >0

v(t) = cost —sint

SECTION 3.6

a(t) = —sint — cost
Y T
Th — <t < —.
us, 1 <t < 1

We want  v(t) >0

v(t) =1 —2sint

a(t) = —2cost

Thus, 5% <t< —=.

We want  v(t) >0

v(t) =1-+/2 cost

a(t) = /2 sint

Thus,

— <t <.
dy _ dy du do
dt ~ du dz dt

y =sec? 7wt — 1,

dy _dy dudz

dt ~ dudr dt

and a(t) > 0.
sign of v(t) :
++++t+++ 440 O+4+44
Sign Ofa(t) : 440 O++++++++++++
3x x : . >
0 % iy 57 7T 2x
T
and — <t< 27
4
and a(t) > 0.
sign of v(2): .
+++ - - +++++
signof a(t):  ~—---=-- ++++++ -
0 3 3@ s d
4 4 4 4
and a(t) > 0.
sign of v(¢) :
+P) e ——— Ottt 4444444444+ +++++
sign of a(t) 1 ~——-e-- D+t 4444+ttt t44440—m—mmmm
5x e >
© F 3 % £y 2
and a(t) > 0.

sign of v(t):

sign of a(t) :

—-- ++ 4o

bt

T
0 7

= (2u)(secz tanz)w = 27 sec® 7t tan 7t
dy 2
pri 2secrt (sec wttan wt)w = 2w sec® mttanwi

=3 [1(1 + u)]2 (%) (= sinz)(2) = 3 Bu + cos2t)r (= sin2t)

2

=3(cos*t)(—2 sint cost) = —6 cos® ¢ sint

T



55.

56.

57.

58.

59.

60.

61.

62.

63.

65.

67.

69.

SECTION 3.6

3
(b) y= [%(1 + cos 2t)} = cos® t; % = 6 cos® t(— sint) = —6 cos® ¢ sint¢
() B_ddudr_ T1, (-1 (= sinz)(2) =4 | =(1 ~ cos 26) it
Y oa T dude dt |2 p) \TEREE TR .

= 4sin® ¢ (2sint cost) = 8sin’ tcost
1 * .8 dy .7
(b) y= §(l—cos2t) =sin®t, Estm tcost
(a) % = Z—y Z—z % = (—2u)(— cscz cot z)(3) = (—2 csc(3t)(— csc(3t) cot(3t)3
u

= 6 csc?(3t) cot(3t)

(b) y=1-—-csc?(3t); dy = —2 csc(3t)[~ csc(3t) cot(3t)](3) = 6.csc?(3t) cot(3t)

dt
d_"( ) = (=1)"tD/2sinz, n odd
n \COST) = (-=1)*?cosz, n even
d fcosz — sinz(— sinz) — cos z(cos z) -1 5
— t = — = = —
(2) d (cotz) dz (sinx) sin®z sin® z e
d 1 -1 1 sinz
(b) d (secz) dz (cosx) cos? m( sinz) cosz cosz | orAne
d d 1 -1 -1 cosz
(c) dzx (cscz) dz (sinx) sian(cos 2 sinz sinz coeT cove
T

— (cosz) = — (51n(§x)) = —cos{-z) = —sinz
Differentiating both sides, 2 cos 2z = 2(cos®z — sin®z). Thus cos 2z = cos’z — sin’z.

. sin(0 + h) —sin0 . sinh sinz
F(0) = limp—0 ( ) = limy50 — = lim, 49

h h

. cos(0+ h) —cosO . cosh—-1 cosz — 1
f'(0) = limp o ( h) =lmpo —F— = limg o ———
f(z) =2sinz + 3cosz + C 64. f(z)=tanz+cotz+C

. —cos 3z csc2zx
f(z) =sin2z +secz + C 66. f(z)= 3 - +C

¢ 3

f(z) = sin(z?) + cos 2z + C 68. f(z)= anéx ) +sec2z +C

(@) f'(z) =sin(1/z) + z cos(1/x)(—1/z?)

=sin(1/z) — (1/z) cos(1/z)
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70.

71.

72.

SECTION 3.6
g'(z) = 2z sin(1/z) + z? cos(1/z)(—1/z?)

= 2z sin(1/z) — cos{1/x)

(b) lim ¢'(z) = lim [2z sin(1/z) — cos(1/z)] = — lim cos(1/z) does not exist
z—0 z—0 z—0

(2) f must be continuous at 0:

lim f(z) = lm cosz=1, lim f(z)= lim (ez+b) =b; thusb=1

z—0+ z—0t z—0~ z—0—

Differentiable at 0 :

i LW ZFO) o cosh =1
h—0+ h h—0+ h

lim f(h)—f(O)_ i ah+1—1:
h—0- h h—0+ h

Therefore, f is differentiable at 0ifa =0 and b = 1.

(b) y
£
/ X
(a) Continuity:
2 2
lim sinx:ﬁ, lim (az+b):ﬂ+b; thus —mi—*—bzﬁ
z— (27w /3~ 2 z—(2m /3~ 3 3 2
Differentiability:
1
lim cosz=-—, lim (a)=a; thus a=—¢
z—(27/3% z— (27 /3+ 2

Therefore, f is differentiable at 27/3 ifa = —% and b=1V3+ inm

(b) y

/[ 2m *

(a) Setting right and left-hand derivatives equal to each other at z = % yields
1 T 1

. T
—asing =gcosg, soa=-—g.

3 2 6
Setting right and left-hand values of f equal to each other at g yields

1 T T 1
1—— —_— = in — = —.
2cos3 b+s1n3, so b 1
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74.

75.

76.

77.

78.

SECTION 3.6

Let y(t) = A sinwt + B coswt. Then

y'(t) =wAcoswt—wBsinwt and y"(t) = —w?4 sinwt — w?B coswt
Thus,
d’y 2
EE +wy = 0.
(a) 0 = a cos(wt + ¢o); 0' = —aw sin(wt + ¢o); 8" = — aw? cos(wt + ¢o)

Thus, 6 satisfies the equation.

(b)

8 = a cos(wt + ¢)
= a cos(wt) cos ¢y — a sin(wt) sin ¢y

= A sin(wt) + B cos(wt) where A = —a singg, B = a cosdp

. dA
A=jctsing; — =1iccosz

2 dz
de 1 absinz
c=+a?+b2 —2abcosz; — = 2ab sinz) =
dr  2v/a? + b% — 2ab cosx( ) Va2 + b2 —2ab cos
9, 5 1 0.1 0.01 0.001
(a) Sl; 0.01743  0.01745  0.01745  0.01745  0.01745
e
b) —— 2.
(b) Jg5 = 0-01745
_ 2p
Let D(h) = f(O’Lh]z 1O _ cos : ! Then
D(0.1) = —0.0005 D(0.01) =0 D(0.001) = 0
D(~0.1) = 0.0005 D(~0.01) =0 D(0.001) = 0

By the chain rule, f'(z) = —2zsinz?, and f'(0) =0.
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104 SECTION 3.7

79. (a) (b) f{z)=0 at =0 and z=0.81
o (¢) fi(z)=0 at z2—1.25, z=—068, and z = 0.43
64+
2
t + + X
-3 -2 -1
80. (a) (b) (@
y ¥ y
P
£ £ . £
\’3 \5
81. (a) (b) (c)
y y y

SECTION 3.7

1. 2+t =4 2. 22+ -3y =0
dy 2 2dy dy
2ar:+2ydm 0 3z° + 3y Ir y+mdx
dy -z glg_y—xz
dz  y dr 2 -z
3. 42 + 9y? = 36 4. VT 47 =4
dy 1 1 dy
7 = = — 2 -9
8x+18ydz 0 NN
dy _ 4z dy _ VY
der 9y dz T



10.

11.

SECTION 3.7

ot +4¥y +yt =1

3dy 3d
42° + 122%y + 42° -2 + 4° aid =0
dx dz
dy T3 + 322y
dr ~  z3 4¢3

?—Py+ryi+yt=1

dy dy dy
2z — 2zy — 22 == + 4% + 2zy— + 2y—= =0
T Ty zdx+y+xyd$+ yd:r

dy  2zy—2z—y?
dz =~ 2zy+ 2y — z2

(z-y)?-y=0
2z — )(1—3—1) jz 0
dy _ 2(z—y)

dz 2(z—-y)+1
(y + 32)% — 42 = 01

d
2(y + 32) (%Jrs) —4=0

sin(z +y) = zy

dy\ _ dy
cos (z +y) <1+£> =z +y

dy _y-—cos(z+y)

dz  cos(z+y)—=z

dy dy dy y
= : 2 —_— = _—= = =
tanzy = zy; sec’(zy) <y+:rdz) +z 7 dr -
y? + 2zy = 16
dy dy
2= +2x—= +2y =90
ydx+ Id:z:+ Y
dy
= 4y=0.
(x+y)dz+y

Differentiating a second time, we have

d’y | dy dy
(z + )—+_<2+E>_0'
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106 SECTION 3.7

Substituting dy =Y , we have
dr z+vy
(4 )d2y y 2z +y 0 d>y  2zy +y? 16
T _— = 5 —_— = .
Y ar? (z+y) \z+y dz?  (z+vy)® (z+y)?
12. 2 - 2zy +4y* =3
dy dy
2z — 2y — 2r— = =90
T y xdz + 8ydm

d
z—y+(4y—z)£=0.

Differentiating a second time, we have

dy dy dy d*y
1-% <4——1> 24y -2)5 =0.

dz dx dx
d —
Substituting ﬁ = fy _2;, we have
Py 3 -2zy+4® -9
dz? (4y — )3 T (4y—12)¥
13. V4oy—z2=9

dy | dy _
2ydm+zE+y—2m_O.

Differentiating a second time, we have

dy\* d?y dy dy] | dy
et A hali: A 2 _9—
{Q(I) R e R R R 0

d
)Y 4o | (W R
Y e dz dz B
2% —
Substituting j—z = 2; n i, we have
d’y (22 —y)* + (22— y)(2y +2) — 2y +2)°
2 — =0
(y+$)dm2+2{ (2y + z)?
dy _10@y*+zy-2?) 90
dz? (2y + z)3 T 2y +3)3
14.
z? — 3ry =18

d
2m—3y—3x——zi =0.
dz
Differentiating a second time, we have

dy ,dy d’y
23— —3- —3-5=0



SECTION 3.7

oL dy 2z -3y
Substituting de = 3. 0 Ve have
@ ___6(9:—3y) ___6(m2—31:y) __6(18) _ 12
dz? 9z2 93 T9z3 T 18
15. 4tany = z°

d
4sec’ y % = 32?2

d
% = 2 z? cos? y
d%y

d
i gx cos?y + 21:2 (2 cosy(—siny)%)

3 9
= E:r cos?y — —8—x4sinycos3y

16. sin2x+cos2y =1
d

2 sinz cosz — 2 cosy siny—y =0
dx

d
sin2$—sin2yd—y =0
z

dy sin2z
dr  sin2y
. . dy
@ sin 2y(cos 2z)2 — sin 2x(cos 2y)2£
dz? sin? 2y
.. dy sin2z ]
Substituting 7 = sm 5 and using the double angle formulas, we find that

2

d’y 4 [cos® zcos® y(sin® y — sin® z) — sin® zsin® y(cos? y — cos® z)]

dzz = =0

sin? 2y

2

since sin’z =sin®y and cos?z = cos’y from the original equation.

17. 2?2 442 =9, 2z — Sy@ = 0.
dz
dy 5
At 2 t = = -, h
(53 )7 we ge dz ) T en, .
dy  (dy
2-8|y2 Y (%) | =0
8 [ydaﬂ * <dz> ] 0
At (5,2) we get
d*y 25 d?y 9
- 22 — = t _ Y = T T
2 8{ d12+64} 0 sotha 722 128

d d
18. 2’ +dzy+y°+5=0, 2w+dy+4zY 43,22 .

dz dz
dy . dy dy : L ,
At (2-1 t 4-4 — = = — =0.
(2,-1), we ge +38 Iz +3 7o 0 so Iz 0. Differentiating again,
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108 SECTION 3.7

dy dy y dy ? 2dy
244> — +4z— = =0
+ 7 +4d:c+ d2+6y Iz + 3y )
d%y d?y 2
At (2,-1) we get 2-+—11d2 OSOE -1
. dy
19. cos(z+2y)=0 —sin (z + 2y) 1+2% =0.

At (w/6, w/6), we get Z—z = —1/2. Then,

dy ? d%y
—cos (z + 2y) (14—2%) — sin (z + 2y) <2E> = 0.
At (n/6, m/6), we get

7r d%y d%y
_0055(0) —sin — (d2>=0 so that EZO'

d d
20. z =sin’y 1=2siny cosy—ﬂ:sinQy—y.
dz dz
d
At (1/2,7/4), we get d_y = 1. Differentiating again,
T
2

2
d
0 =2 cos2y (%) +sin2y#

At (1/2,7/4), we get ﬁ =0.
21. 2% + 3y =5 22. 9972 + 4y2 =72
d d
2+32L =0 18 + 8y—2 = 0
dz
slope of tangent at (-2,3): —2/3 slope of tangent at (2,3): ~3
tangent: y—3=-3(zr+2) tangent: y—3=—3(z—2)
normal: y—3=32(z+2) normal: y—3=2(z—2)
23. 22 oy +2y° =28 24. 2 — azy + 3ay? =
d d
23:+z—y+y+4yiy—:0 3x2—ay—az—y+6a———0
dz dx dz
slope of tangent at (—2,—-3): —1/2 slope of tangent at (a,a) : —2
tangent: y+3=—-%(z+2) tangent: y—a=—2(z—a)
normal: y+3=2(z+2) normal: y—a=3(z—-a)
25. 26.
T = COosy tanzy =z

d d
1= —siny ﬁ sec’(zy) (y + mﬁ) =1



27.

29.

30.

31.

32.

33.

34.

35.

~ 36.

37.

38.

39.

40.

SECTION 3.7

1 - —
slope of tangent at (5, %) : —\/—g slope of tangent at (1,7/4) : 2 7] T
tangent: y— — = 2 _1 tangent: y— — = 2= 7r( 1)
gent: Y-z =-x3 5 gent: y— 7= ——(s
normal: y— Z = ﬁ T 1 normal: _r___4 (z-1)
YT 2 I I B
dy 1, . _ d 3 —1/2 dy
at: A 1 1/2 7 (.3 — Z.2(,3 1 28. o1 —-2/3
Ir 2(z +1) 5 (z° + 1) o (z® +1) 8 7 sz +1)
dy _ 1 2 4 1)-1/2(2 D2 = (142 2 4 1)-1/2
Y=o (0 5)) + (@ + D2 = (14 207) (a2 +
d 3z 42
% =2z(z2 + 1)1/2 + 22 (1) (2% + 1)"1/3(22) = _—z:v::l—f
d 1 d
% = Z(:zac2 + 1)—3/425 (222 + 1) = z(22% +1)73/4
@y 4 —2/3 3 2 _ 3z +4
- = @+ 1)@+ 2P+ (2 + )3 (B) (z+2)73 = TR T
dy z(2z? — 5)
o ] -
dz 3 ’ 2—2z? 2—12/3—2?
d
d—z. =3(z* —z+1)V24s® - 1) = vVt —z+1(42% - 1)
d 1 d 1 1 1
i i R O /2 TS 7 AN Uy S pu ) S S v S
dz (\/E—*_ z’) dz (@ +a ) ’ ’ 2" (z—-1)
d ( Bo+I\ _1(3:+1\?/(2c+53-(Bz+1)2\ 13 2z +5
dx 20+5) 2\2z+5 (2z + 5)2 T 2(2z+5)2V 3z +1
d z _d 9 —1/2
E < :1;2-}-1)_&;(2:(2: +1) )

4
dz
d
prs
d

i

=z (—%(xz + 1)'3/2(2:1:)) (22 +1)72 = (22 4 1)73/2

x
_ — Va2 11
2H1\ _z2(3) @+ )R - @+ DV i _ -1
z z? z? z?+1

1

1
Sp—2/3 _

1/3 _*_m—l/S) — 3

S48 = %z—4/3(x2/3 -1)

cz+d cx+d (cz + d)?

az+b> _ % (az+b)—1/2 ((c:z:+d)a—(ax+b)c

_ad-bc cz+d
~ 2fcz+d)?2Vaz+b
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110 SECTION 3.7
41. (a) (b) (c)

-

Ll
X
x
—
L

42, y= (a2 + 12)1/2; dz = %(a"’ +z2)_1/2(2z) — x(a2 +z2)“1/2;
d?y B 1 _ a2
———de — ((12 + I2) 1/2 — 51‘((12 + x2) 3/2(2.'1:) = ————(a2 + x2)3/2
dy _ b d?y  —2b?
43. = 1/3. 29 — 2 -2/3. — —5/3
y = (a+bz)'/3; 4z =3 {a + bx) P o3 5 (a + bz)

4. y= m(a2 _ 22)1/2; Z_z — (a2 _ :4:2)1/2 + %z(a2 _ zz)—l/z(_2z) = (az — x2)1/2 — 2242 — :1:2)—1/2
Py 1,5 2 2 2\—1/2 _ 2 (_ 1\ (2 _ n2\—3/2 z(22” — 3a%)
- = L(a® - 2%)71/2(—2z) — 22(a® — 2?)7}/2 = 22 (- ) (a® — 2?)7%/?(-22) = (@ —22)372

45. y =/ tan+/7; fl_f: tan\/—+\/a?sec2\/_(2\/_> 2\/_tan\/—+—sec2\/—

2V
d? 2 2 2 -
ﬁ _ W sec vz (1 \4/; tan v/2(1/v/%) + sec/z sec/7 tan/z(1/2/T)
/@ sec? /T — tan /T + 2z sec® /T tan /T
N dz\/z
46. 1y = /T sin+/z; & _ sin v/ + /T cos /T ! sinﬁ+lcos\/a_:
' dz \/_ 2\/_ Nz 2

2 T T) —sin/z
%_ 2\/_cosﬁ(1/2Q sin v/z(1/ /) —%sin\/f(l/Z\/a_:)

_ Vzcosyz —sinyz  sinyz
- 4z3/2 4./x

. L . d o
47. Differentiation of z? +y? =r? gives 2z + 2ya% =0 so that the slope of the normal line is

-1y
dy/dz =z (z#0).

Let (o, yo) be a point on the circle. Clearly, if zo = 0, the normal line, z = 0, passes through the
origin. If z¢ # 0, the normal line is

Y—Yo = Yo (z — zo), which simplifiesto y = Yo z,

Zo Zo

a line through the origin.



48.

49.

50.

51.

52.

SECTION 3.7 111

dy dy 1
2 w2 = 1: Pl A
v=s Y odx 2y
When z =a, y==++/a.
1
1 ft t at (a, T —
Slope of tangent at (a,+/a) NG
1
ti f t line: - = —(z —
Equation of tangent line: y —+/a 2\/a(x a)
1
x-intercept: —+/a = m(m —-a) = z=-a
1
Slope of t tat (a,—/a@): ——n
ope of tangent at (a, —/a) a
1
Equation of tangent line: y++/a= — m(z —a)

x-intercept: +/a = (z—a) = z=-a

1
- NG
d,
For the parabola y? = 2pz +p?, we have 2yd—y = 2p and the slope of a tangent is given by m; = p/y.
z

For the parabola y? = p® — 2pz, we obtain ms = —p/y as the slope of a tangent. The parabolas
intersect at the points (0, +p). At each of these points m;my = —1; the parabolas intersect at right

angles.

For y = 2z, the slope is m; = 2. For 2% — zy + 232 = 28, we have

dy dy _ dy y—2z
2z —y xdz+4yd:c =0 so = _m2_4y—z
At a point of intersection of the line and the curve, we have my = 0 since y = 2z. Thus
tana=|—-m;| =2 = «=1.107(radians) = 63.4°
d d
For y = z? we have m; = d _ 2z; for £ =y® we have 3y2—y =1 or my= 2 = 1/3y2.
dz dz dz
At (1,1), mi =2, me=1/3 and
my —mg 2—(1/3) T
= = = 1 = —
tana 1= mim, ‘1+2(1/3) = « 1
At (0,0), m; =0 and m, is undefined. Thus a = 7/2.
dy dy z—1
—1)2+42=10; 2z—-1)+2y=—= =0 =2 =
@12+ =10, 2D+ =0, m=T- -2
dy dy T
2 —2)2=5; 2z+2(y-—2)-2 = _W__ T
Tt +(y—2° =5 2z+2y )5 =0 my=— —
The circles intersect at the points (—2,1) and (2, 3).
3+ 2
At (—2,1) omy = 3, mo = —2 and tana = {m. =1 Thus o= %
(—1/3)+2 T
At (2,3): =-1 = =|——"— =1 = —.
(2,3): m /3, ma 2 and tana ‘1+(_1/3)(_2) 1. Thus o 1
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53.

54.

55.

56.

57.

58.

59.

SECTION 3.7

d
The hyperbola and the ellipse intersect at the points (+£3,£2). For the hyperbola, i g and for

dz
i dy 4z ) 422 i .
the ellipse —— = — —. The product of these slopes is — —5. This product is —1 at each of the
dz 9y 9y2
points of intersection. Therefore the hyperbola and ellipse are orthogonal.
. . . dy 3z 3 5
The curves intersect at the points (%1,1). For the ellipse, il @ and for y° = z* we have
d 2 62 2 .
YW L The product of these slopesis — 2% _ _ % This product is —1 at each of the points
dz 3y? 6y y3
of intersection. Therefore the curves are orthogonal.
. dy z . . dy y .
For the circles, — = — =, y # 0, and for the straight lines, — =m = =, z # 0. Since the product
dz y dz z
of the slopes is —1, it follows that the two families are orthogonal trajectories.
d 1 d 2
For the parabolas, m; = Y _ ——, y # 0, and for the ellipses, ms = Y- _x’ y # 0. Let
dz 2ay dz Y
(zo,yo0) be a point of intersection of a parabola and an ellipse. Then
1 ( 2.’1}0 ) To . 2
my-msg = | ——] =~—5=~1 since g = ay;.
2ayo Yo ayg

The line z + 2y + 3 = 0 has slope m = —1/2. Thus, a line perpendicular to this line will have slope
2. A tangent line to the ellipse 4z% + y? = 72 has slope m = Z—z = - éyf Setting — 4?1‘ = 2 gives
y = —2z. Substituting into the equation for the ellipse, we have
47’ +42° =72 > 8P =72 = =23
It now follows that y = F6 and the equations of the tangents are:
at (3,-6): y+6=2(x—-3) or y=2z-12

at (=3,6): y—6=2(x+3) or y=2z+12

The line 2z + 5y — 4 = 0 has slope m = —2/5. A tangent line to the hyperbola 422 —y? = 36 has slope

d 4 2
% — 22 Therefore a normal line to the hyperbola will have slope m = — v, Setting — y__z
dz Y 4z 4z S
gives y = 8z/5. Substituting this into the equation for the hyperbola, we have

4:1:2—%:1:2:36 = z==5
It now follows that y = 8 when z = 5 and y = —8 when z = —5. The equations of the normals are:

at (5,8): y—-8=—-2(z—35) or y:—%z+10;

at (—5,-8): y+8=-2(z+5) or y=-2z—10.

Differentiate the equation (22 + y?)? = z? — y? implicitly with respect to z:

dy dy
2 2 — f— —_— —
2(z +y)<2m+2yd)—2x 2yd$



60.

61.

62.

SECTION 3.7

Now set dy/dz = 0. This gives
2z(z® +yH) ==z

x2+y2=; (z #0)

Substituting this result into the original equation, we get
1

2 _ 2
o -yt = -
Y71

Now

> +y?=1/2 V6 V2
m?_y2:1/4:>$_:*:_4—5 y_:t_4_

Thus, the points on the curve at which the tangent line is horizontal are:

(V6/4,v2/4), (V6/4,~v2/4), (—V6/4.V2/4), (- V6/4,—V2/4).

dy dy y\/3
2/8 4 2/3 — g2/3. 2.-1/3 , 2,-1/3%Y _ __(¥
(a) %3 + g4 a*®; iz + 5y o 0, and Iz (m)

1/3
Thus, the slope at (z1,y1), z1 #0is: m = — (ﬁ)

I
1/3
(b)y m=0: —<i—1) =0 = wy1=0andz; =%aq; (q,0), (~a,0)
1
1/3
m=1: —<g—1> =1 = y1=-2z and 21 =+ 1av2
1

1/3
m=-1: —(—y—l) =-1 = y =g and 1 =+ $aV?

Differentiate the equation z'/2 +y'/2 = ¢1/2 implicitly with respect to z :

1 ~1/2 1 _1/2dy_ L . dy y\1/2
29: + 2y ar = 0 which implies iz = (x)

An equation for the tangent line to the graph at the point (g, o) is

Yo 1/2
3/—?!02—(%) (w—zo)

The x- and y-intercepts of this line are

a= (z0y0)1/2 +z9 and b= (xoyo)l/2 +yo respectively.

Now
2
a+b= 2(z0y0)1/2 +Zo+yo = (xé/z + yé/z) =c.
; ; 2 2 dy dy T
The circle has equation 22 + (y —a)?* =1 and 2z +2(y —a)— = 0. Thus - = — .
dz dz y—a

d
A tangent line to the parabola has slope E‘y = 4z. Now
T
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i = z(dy—4a+1)=0 = 4dy—4a+1=0sincez#0

4z = —
y—a
It follows that
1 V15 15
y= - Z = I = iT —s Yy = §
15
Points of intersection: ( —?\/4: §>
dy dy z
2y—— = G AR
63. (a) y (b) 2z + Yy 0 and I v
' At (-v32,1/2), L=v3
d
/ \ AL (VB/2,1/2), L=-V3.
X dy
) ! -1), —==0.
! At (0,-1), -~
\i—V
() y=—-+1-2% for - %sté
1 V3
e g YEEER -y TYIm AR
yi (- 1/2) = lim = lim
h—0% h h—y0+ h
hm 3+ 4h—4h2 + /3 1
= 1 —_ — —
h—0+ 2h \/g
(1/2) = tim YETH —vG) _ o VT (L+h2 -
h—0~ h " h5o- h
. —/3—4h—4RZ + /3 1
= hm = —
h—0— 2h \/5
64. By numerical work, L = 98.6. Note that the given limit is f(1) where f(z) = z%°.

f'(z) = (98.6)z°™°, f'(1) =98.6

65. By numerical work, f'(16)20.375; from (3.7.1)
f'(z) = zx_IM and f'(16) = & = 0.375.

?

66. By numerical work L =2 0.125;
z2/5 — 4 . 1 1

. _ 1
N 16 a4 B2k s
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67. r=t y=+4—-t z=t y=-—V4-t
y y 2
x
14
X
-2 2
68. (2—x)y? =128 y
X
69. (a) The graph of z¢ = 22 — 42 is: y
X
(b) Differentiate the equation z* = z? — 4? implicitly with respect to z :
d
4z% = 25 — 2y =2
dz
Now set dy/dz = 0. This gives 4z® =2z which implies z = i%.
SECTION 3.8
dz dy
1 2y = —+2—==0
TEWEL T
d d d
(a) If ?d% =4, then % = —2 units/sec. (by If d—‘i{ = —2, then d—j = 4 units/sec.
dz dy dz y dy
2. z24y?=2 2r— 4+ 2y-2 = —=_22
Tt 4y 5, xdt+ydt 0 and o o
. dy dr 8 . .
At the point (3,4), i —2. Therefore, priaY the x-coordinate is
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increasing at the rate of 8/3 units per second.

dy dx dx dy
2 - 2 =4— d =~ _ 1,24
y=de+2), Wy =dy d G Ty
. dy dr .

At the point (7,6), i 3. Therefore i 6 -3 = 9 units/sec.

. dz dy dz dy dz
We are given — so 4y = (z + 2)? so0 4dt 2(z + )dt or — 5(z+2) o

d;
Atz =2, d—:z = 4. The distance from a point on the parabola to the point (—2,0) is given by
S =+/(z+2)2+y2 = /4y +y? since (z + 2)> = 4y. Now
as 1 24y dy

dy
L=y ) VA )= = ———
= =5 W Hy) T A ) Tt

d
Therefore, at the point (2,4), jf_ = ——6\/3=2 4=3V2.

Let s = /22 + y? denote the distance to the origin at time t. Since x = 4cost and y = 2sint,

we have
s(t) = V16cos? t + 4sin® ¢ = v/12cos? t + 4
ds _ 1 (12 cos? t + 4)71/2(—24 cost sint)
dt 2
_ —12 cost sint
V12 cos?t + 4
~12 i
Att=r/4 ds _ -1 cos(m/4) sin(w/4) _ _%m

dt /12 cos?(n/4) + 4

y:.’L‘\/—.'E-:.’I:S/Z; %:%xlﬂ%.
de _dy 3,1/2 4 8
Now —E:E:zgéo, = 3z =1 = m=§andy:§7.

Both coordinates are changing at the same rate at the point (4/9,8/27).

d d
Find 2 and a5 when V = 27m3
dt dt
given that Y oms /min.
dt
x () V=1 S=6z
X
X

Differentiation of equations (x) gives

av g dz ds dz

— = — — =12z —.

@~ M o T

When V =27, z = 3. Substituting z = 3 and dV/dt = -2, we get
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dz dz ds -2
-2= 27E so that i —2/27 and e 12(3) (2—7> = -8/3.
The rate of change of an edge is —2/27 m/min; the rate of change of the surface area is
—8/3 m? /min.
8. Find dar and 5 when r =101t
dt dt

given that % = 8 ft*/min.

(x) V=353, §=dnr?

Differentiation of equations () with respect to ¢ gives

av o dr as dr
pr 4rmr p and i 8mr e
Substituting r =10 and dV/dt =8, we get

dr dr 1 das 1 8
- 222 _ = — _— = = —,
8 = 47(10) 5 that 7= o and 7 87r(10)507r E

- . 1 . - .8 .
The radius is increasing o ft/min; the surface area is increasing z ft2 /min.
™

9. (a) A=3-10-10-sinf = 50 sinf (see the figure)
%]
10 10
a o 10 o .
(b) il 10° = 555(27) = s radians
dA dg
o 50 cos#@ s

A
At the instant 8 = 60° = 7/3 radians, (fi_t = 50 cos(n/3) 17r_8 >~ 4.36 cm?/min

(c) a4 =50cosf# =0 =6=m/2; the triangle has maximum area when 6 = /2.

do

10. The area of an equilateral triangle of side z is given by

1 zV3 V3 9 dA /3 dx

d
%% —k, and a _ @ akcm? /min.

Wh =
en r = a, T 7
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11.

12.

13.

14.

SECTION 3.8

We will find the values of I for which % <0

dl
A=lw w given that g =1 cm/sec and

P=201+w)=24

We combine A = lw and [ + w = 12 to write A = 12] — [2. Differentiating with respect to ¢,
we have

dA dl dl dl
— =12—-2l—=2(6-1)—.
dt 12dt 2 dt (6 l)dt
. dl dA
Since prie 1, ’r < 0 for [ > 6. The area of the rectangle starts to decrease when the length
is 6 cnt.

We have 2z + 2y = 24, or z +y = 12. Thus, A = zy = z(12 — z) = 12z — z°.

) dA dz dz
When A =32, z=4orz =28, and it follows that ks (12 — 21‘)E = :i:4-CE.

Find ﬁi_é when [ = 6 in.
dt

1
given that % = —2 in./sec.

5.7 By the Pythagorean theorem

1 2 + w? = 100.

Also, A = lw. Thus, A =1+/100 — [2. Differentiation with respect to t gives
A4 _ (L VE V- d
dt V100 -2/ dit dt
Substituting { = 6 and dl/dt = —2, we get

dA —6

o622 (-2 —9) = -T.

7 =0(3) o+ e

The area is decreasing at the rate of 7 in.?/sec.

dz _, 4y
at - YV
dz .
If y = 30ft and i 8 ft/min, then

2?2 +6%2=y% 2z

dy _zdy _ /(30)2—36

_ 16 :
dt — ydt 30 0o Vott/min
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d d
15. y a5 Compare _y to d—f = —13 mph
ad given that z = 16 and % =-17
X ’,
0 F when = y.’
a¥’
By the Pythagorean theorem z? + y? = 22. Thus
dz dy dz
Since z = y when z = 16, we have z = y = 8/2 and
d
2(8v2)(~13) +2(8v2) y 2(16)(~17).
Solving for dy/dt, we get
dy dy 1
_ = =_34 1 4
13\/§+\/§dt 3 - \/5( 3v/2 - 34) =
Thus, boat A wins the race
av 7
16. V= %7r1"3, 50 %1:— =4 rz?j—t— = 47rr2(—é). Thus at r =12 we have v —STGW cm?/min.
17. We want to find ad when dz =2 andz =12
dt dt 13
A=toigime, 0B [lagmeo T |®
) ’ dt |2 9/169 — 2 | dt
dz dA 119
— = = —_ = — t2
When p 2 and z = 12, o f /sec. <
dz dy dy z
18. 2 2=(13)% 22— +2 -
8 4 +y* = (13)% dt+ yd =0and — 5
d
since d—’t’ —0.5. Whenz =5, y = 12 and
y 13 dy
i 57 the top of the ladder is
< dropping 5/24 ft/sec.
19. We want to find dV/dt when V = 1000 ft*> and P = 5 Ib/in.? given that dP/dt = —0.05 Ib/in.? /hr.
Differentiating PV = C with respect to t, we get
dV dP av dv
== 5-— 4 1000(—0.05) = 0. = =10.
dt V so that 5 o +1000(—0.05) = 0. Thus, = 10
The volume increases at the rate of 10 ft3 /hr

20. PV =; V14d (14)PV°4V

4P _

dt

1.4P dV

Voodt

=0a
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L ~ v dP (14)50,
With V =10, P = 50 and T -1, we havegt— =~ "0 (-1)=7
The pressure is increasing 71b/in?/sec.

ds

21. Find when =z =31t (and s =4 ft)

dt
given that Z—j = 400 ft /min.

By similar triangles
X ] L 6

z+s s

L 6
Substitution of = 3 and s = 4 gives us =7 so that the lamp post is

L =10.5 ft tall. Rewriting

105 6 4
=- a
zT+s S
and differentiating with respect to t, we find that
ds 4dz 1600

dt  3dt 3
The shadow lengthens at the rate of 1600/3 ft/min.

ay
22. = —16t?; — = 32t
y(t) 6% — =3
.. . y 64
By similar triangles, s - 0ra
64
y 64z
Th = .
T
20 X
- 2
Now, % _ (0+2)(64) —bdzds _ 1280 do_ (20+2)* dy
dt 20 +2)2  dt  (20+7)? dt 1280 dt
dy dr (80)?
= = = —= = —-32. —_— = ——(=-32) = — ft .
Att=1, y=48, £ =60, and 7 32. Therefore, 7 1280( 32) 160 ft/sec

23.  Let W(t) = 150 (1 + s 7) - We want to find dW/dt when r = 400 given that
dr/dt = 10 mi/sec. Differentiating with respect to t, we get
dw 1 N7/ 1 \adr
T 300 <1 + 2000 T) (4000) @t
Now set r = 400 and dr/dt = 10. Then

-3
aw _ _ 300 (1 + 400 ) 10 = ().56341bs/sec

dt 4000 4000
m dM —3/2 dv my dv
24, M= . %M _ (1) (1?2 —ou/e) & = av
/——1_1)2/021 di m( 2) (1 v /C) ( QU/C) dt C2(1—’U2/C‘2)3/2 dt
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¢ dv ¢ dM m(c/2) c V3
= — d — = —. th —_— = —— = )
Hv=gamd Z =100 P F ~Fa_c/ad 100 25"
h
25. 4 Find ‘cil_t when h=3in.

ive tht‘g—‘i——lcuin/m'n
given tha o = g ./min.

- 6 By similar triangles

A

Thus V = $wr’h = $-wh3. Differentiating with respect to ¢ , we get

v 1 ,dh
When h = 3,
1 1 dh dh 1
—5——577'(9)&- and E——%

The water level is dropping at the rate of 1/2x inches per minute.

Y s
26. S > V= —:1);1rr2h and % =5 (similar triangles)
4 . dv 4 ,dh
= —rh®. Thus — = —7wh?—
soV 277rh us il Ll
8 dh
A soat — = 0.5 and h = 2,
dt
d
—% = % cubic ft per sec.
dv dr dSA dr dSA dr
27. — = 2 —_— = —. hen — = — =01
7 4nr 7 and 7 87r 7 Thus when 7 4 and o 0
dav 3 . .
we get r = 57 and e 107° cubic cm/min.
dv dh dh dh 2 dv
— 1..73. — — : - —
28. V= 7'("I'h,2 - §’/Th3, E = 271’1"]7,3{ - ﬂ'h?E, and E = 7—'{'(14h——h2) since r = 7and E = 2.
dh 8 . dh 2
(a) When h = 7/2, priaky in./sec. (b) When h =7, prialro in./sec.
29 Find i h =41t
. A ind — when 2 =
given that % = 2in./min.
8 3
* tan - = —
6 It () 2 =z
Differentiation of (*) with respect to # gives
Lefd _ 3ds d0 6 .0d
2dt 22 dt dt 22 2 dt

121
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Note that dz/dt = 2 in./min=1/6 ft/min. When z = 4, we have cos8/2 = 4/5 and thus

9 _ 6 (4\(1\_ 1
dt 16 \5 6/ 25

The vertex angle decreases at the rate of 0.04 rad/min.

60 y T

. dz do 60 .
With y = 100, and pri —10, we haveE =— (100)2(—10) = 0.06 rad/min.

31. Find (i_j when z = 1 mi

dd
given that gl 27 rad/min.

T
(*) tanf = T/—é =2z

Differentiation of (x) with respect to ¢ gives

a8 dz
292 922
VR T Y a

d
When z = 1, we get secd = /5 and thus d—j = 5.

The light is traveling at 57 mi/min.

df
32. (a) We have tanf = z, so sec? GQ = d_x Switching to radians, — = 4.
dt dt dt
d /
Thus at 8 = %, d_j = 87 mi/min.
1
(b) At 8 =0, gl 47 mi/min. 2
t X
z df 1 dz dz
33. Weh = — 20—- = — = — =4
e have tan @ 0 SO sec Gdt O& an 7 40
V5200 df 2
5,2 =60 and sech 0 50 - = &F rad/sec o
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dh -1
34. Wehave V =hnr?, so V =5007r cm®. Thus h = @, and — = —1000 ﬂ
r2 dt 3 di
_ dr 1 dh
At r =25 and o =5 we have i —4 cm/sec.

4 2
35. We havesinf = % so tanf = 3 =z Thus z = %h V=12 (H—xﬁh> = 36h + 16A°%.

R 2
dv dh dv dh 1
Thus — = 2h)— t —=1 = — = — ft/min.
us — (36+3 h)dt’ s0 at — 0 and h =2, = 10 /min
X
h
g
3
xdy ydz
_Y. 2 4o _ Tgr ~ Ygt
36. A X 1 tana—-;, sec QE—T‘
dy dz
da _ Tg "V a2
y dt z? z? + 92
dy dz
Tw T Ya
z2 + y?

B
dx dy
Now pri —30mph = —44 ft/sec and gl —22.5mph = —33 ft/sec.
At z =300, y = 400, we have

—33) - —44
do: _ 300(=33) — 400(—44) = 0.0308 the angle is increasing 0.0308 rad/sec.

dt ~ (300)2 + (400)2
37. Find d—9 when y=41t
dt
16+ given that dr _ 3 ft/sec.
16 dt
1y 16 2 2 2
i ) tanf = —, z°+4 (16)% = (16 + y)
1 x z
Differentiating tan 6 = 16/z with respect to ¢, we obtain
dé —-16 dz g -16 dz
2 = = = T cos?h—=
sec” @ 7 poRlr and thus o —y CosT O
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From z2 + (16)2 = (16 + y)? we conclude that z = 12, when y = 4. Thus

2
cosf = —~ E=§ and %:.—_———16 (?)() —3

16+y 20 5 it (12)? 25

The angle decreases at the rate of 0.12 rad/sec.

3 9  do 3 dz

. = — Nt — == — — —

) / 3 tan(a/2) = 23 seci(a/D 3G 22 dt’
X

andd—az——gd—z

dt y2 dt

Initially, y = 5 so z = 4. 8§ seconds later z = 12 so y = 1/(12)2 + (3)? = v/153. Therefore,
de  6dz 6

Pt i 1—53( y=-— 153’ the angle is decreasing — 6/153 rad/sec.

39. Find ﬁ when ¢ =6 min.
dt
tand = 100t 4
T 500+ 75t 20+ 3t
Differentiation with respect to t gives
soc? 951@ _ (20 +3t)4 —4t(3) 80
dt (20 + 3t)2 © (20 + 3t)2°
When t =6
tanf =22 =12 and sec’d =1+ (%)2 =3

so that

g 80 1 80

_ 80 361_ 4
dt ~ (20+3t)2 sec2d  (38)2 505 101

The angle increases at the rate of 4/101 rad/min.

X T do 1dz
40. = . 2 D=
N = g e = H o
H do 1 dz 9 H dz
= —— cos’a —

dt Hdt H? 4+ 52 dt

3600 = — miles.

d 2
We have H = 2 mi. and it—: = 400 mph. After 2 seconds, x = 400 ( ) 9



do 2 ~200(81)
dt 22+ (2/9)2(400) To82

rad/hr

PROJECT 3.8

d ds
1. length of arc = r6, speed = az[’r‘g] =T =W

2. v=rwsoKE = imriw.

3. We know that df/dt = w and, at time ¢, 6§ =8;. Therefore 8 = wi + 6.

T 164
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rad/sec.

z(t) = rcos(wt +6) and y(t) = rsin (wt+ 6).

z(t) = r cos(wt + 8p), y(t) =r sin(wt + 6p)
v(t) = z'(t) = —rw sin(wt + ) = —wy(t)

a(t) = —rw? cos(wt + o) = —w? z(t)

v(t) = y'(t) = rw cos(wt + Gp) = wz(t)
a(t) = —rw? sin(wt + Gy) = — w2 y(t)

1 dA 1 ,d8 1
. F h — 2 — 2 2
4 or the sector A 2r 9, ;= 2r F =3

For triangle T

A = £(2rsin £6)(r cos 16)

— 12090l 19y — L2
= 57%(2sin 50 cos 50) = 57r*sind,

%—Erzcosﬁg—ai—l
dt 2 a2

20 cosf  varies with 6.

For segment S

A= %7-29 — %72 sin@ = %7"2(9 —sin @),

dA 12(d9 d0> 1
2

r“w is constant.

= —r?w(1 — cosf) varies with 6.

It follows that

125
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A dA
5. From Exercise 4, id_tz = Lr2w cosf and —dt—s— = trw — 3r?w cosf
Now,
1 1 1
%r%; cosf = Erzw — §r2w cos§ = cosf= 5 = 6= %
SECTION 3.9
1. AV = (z+h)® —&°

= (z® + 32%h + 3zh® + A%) — 23
= 322h + 3zh® + R®,

dV = 3z%h,

AV —dV =3zh? + A3 (see figure)
2. The area of the ring can be thought of as the increase of the area of a disk as the radius increases
from r to r + h.
A=7r% so dA=2rrdr=2nrh
The exact area is: pi(r + h)2 — ar? = 7(r® + 2rh + h?) — nr? = 2arh + 7h®.
3. f(z)=42zY3 z=1000, R=10, f'(z)= %x—2/3

YIOI0 = f(z+h) = f(z) + hf'(z) = Y1000 + 10 [1(1000) /%) = 104

4. f(z)=+x, z=121, h=4, f'(gc):%_ﬂZ
\/W=f(x+h)2f(x)+hf’(x):\/1_2—1+4 L :11+l:l§’511-1888

24121 11 11
5. f(z) =24, z=16, h=-1, f'(z)=31z7%"

(15)/4 = f(z +h) = f(z) + hf'(z) = 16)V* + (=1) [3(16)"%/4] = 1§
1 -1

6. f($)=—x, z=2, h=-1, f@)=355
= ~ o) = L4 (o) =L = 2L o
751 =[G N =IE) b = 5 (Fl 5 = 555 = 0204

-J
iy

() =25, z2=32, h=-2, f'(z)= Lg—4/s
(30)1/5 = f(z + h) = f(z) + hf'(z) = (32)Y/5 + (-2) [1(32)7*/%] = 1.975

8. fla)=a2, =21, h=-1, f(z)=2N
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20.
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(26)%/° = f(z + h) = f(z) + hf'(z) = (27)¥* + (1) [2(27)"1/%] = 79_9 >~ 8.778
fle) =235, =32, h=1, f'(z)=2c"%5

(33)%5 = f(z +h) = f(z) + hf'(z) = (32)%/5 + (1) [2(32)"¥/5] =8.15

flz)=z"15 z=32 h=1, f'(z)=—2izg76/>
5

(33)71% = f(z + h) = f(z) + hf'(z) = (32)71/5 — (1) [1(32)~%/5] = % = 0.497

f(z) =sinz, =z= g, h= Jﬁ’ f'(z) =cosz

$in46° = f(z + h) = f(z) + hf'(z) —smz+ mcos% = g ( +I%) =~ (.719

flz) =cosz, z= -;E, h= ;r—o, f'(z) = — sinz

c0s62° = F(z + k) = f(z) + hf'(z) _cosg + ;T—O (— sing) - % - (%) (?) = 0.470
f(z) =tanz, z= %, h= —;%r, f'(z) =sec’z

tan28° = f(z + h) = f(z) + hf'(z )_tanf+ (_’r) (é) ST s

90 3 135
f(z) =sinz, z= ?}, h=-— ;—0, f'(z) =cosz
sin43° = f(z + h) = f(z) + hf'(z) = sin% + ( 17;0) cosI = ? — (%) (%—5) >~ (.682
f(2.8) = f(3) + (-0.2)f'(3) =2+ (-0.2)(2) = 1.6
F(5.4) = f(5) + (0.4)F'(5) = 1 + (0.4)(3) = 2.2
V(z) = nz®h; volume = V(r +1t) — V(r) 2 tV'(r) = 2xrht
Error in diameter = 0.3 = error in radius = 0.15.
(a) dS = 8nrh = 87(8)(0.15) = 9.67 cm?
(b) dV = 47r?h = 47(8)?(0.15) = 38.4 cm®
V(z) =23, V'(z)=3z2, AV =dV =V'(10)h = 300k
|[dV]| <3 = [300h]|<3 = |h|<0.01, error < 0.01 feet
(a) Let f(z) = V/Z. Then f'(z) = 7 and VZF I - vz = (1)f'(z) = flfi
Now, L<().01:—1— = z>50 = <z >2500.

2./t 100
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(b) Let f(z) = /4. Then f'(z) = 1z=¥/* and ¥z +1— ¢z = (1)f'(2) = ;7%
Now, +z73/%<0.002= Ezo_o — 3/4>125 = z>625
21. V(r)=2#xr® and dr=00l
V(r+0.01) — V(r) = V'(r)(0.01) = 2772(0.01)
= 27(600)2(0.01) (50 ft = 600 in)

=22619.5in® or 98 gallons (approx.)

av
22. V(r)=5wr’% e 4772,
dv 5
Now, V(r+h)—V(r)=8x(10)6= = h = 4xr*h. Therefore,
T
8% (10)° o
h= 27 (400072 = 0.0398 (miles) = 210 (feet)

23. P=2r,/ L implies P2 = 4r? L

g g

Differentiating with respect to %, we have

gpdf _4n? AL _ P2 dL o D4
dt g dt L dt L g
Thus d%i:%%
24. %g = —15 sec/hour = — §6(5)—0 By Exercise 23,
P B and db=- L=

With L = 90, we have dL = —90/120 = — 0.75; the pendulum should be shortened

0.75 cm to 89.25 cm.

25. L[ =2326ft, P=2sec, and dL =0.011ft

dP _1 dL
P 2 L
1 dL 1 0.01
P=_.2.p=2.2". ().
d 5 I P 5 396 2 dP =0.00307 sec

26. Each edge increases by 0.1%; take h = 0.001z.

d 12z(0.
S = 6z2, dS = 12zh, and —S§ _ _x(_gglﬂ

. d 2(0.001
A =z% dA=32%h, and TA _ 3270.0012) _ 4 503 = 0.3%.

3

= 0.002 = 0.2%.
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1, 1 dA . h
Alz) = 77 dA = szh, Vi 2z
h h 1
% <001 <= 2-<001 < -<0.005 within =%
A T x 2
(a) Let y = z™. Then dy = nz™ h.
n-—-1 01
To get — dy _nz'"h < 0.01, we need h < @—, that is, within 1 %.
Y zn z n
(b) Let y = 2!/, Then dy = 1z(1-)/np,
1 (1—n)/np, L
To get & _ &% T < 0.01, we need — < (0.01)n, that is, within n%.
y zl/n T
1 1
(8) Tns1 = 570+ 12 <z—) (b) x4 = 4.89898
1 7
(a) Tpt+1 = 5 1? <.’E ) (b) T4 = 4.12311
2 2 1
(a) Tn4l = g <$—> (b) T4 = 2.92402
4
(a) Tnt1 = g.’l)n +6 ( ) (b) T4 = 1.97435
Tn
_ TpSinZ, +CoSTy, ~
() Zpp1= pep——1 (b} x4 20.73909
: 2
X COST, —sSinz, — 12 ~
(a) zp41 = v (b) z4 = 0.87673
(@) z _ 2z,C08T, — 2sinz, ®) z 1.89549
nHl 2cosz, — 1 4=
223 — 1
(8) ZTpy1 = —2 (b) x4 = 1.86081
322 —4
Let f(z) = z!/3. Then f/(z) = 1 27%/3. The Newton-Raphson method applied to
this function gives:
f(zn) zy?
Tn+1 = Tn — Fi(zn) =Zn — I TE = —=2z,.
Choose any z; # 0. Then z5 = —22;, 73 = —213 = 42, ---,
Tp= -2z, =(-1)" 12"z, ---
(a) f is a continuous function, and f(1) = -2 <0, f(2)=3>0. Thus, f has a root in (1,2).

(b) f'(z) =62% — 6z and f/(1) = 0. Therefore, z; = 1 will fail to generate values that

129
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39.

40.

41.

42.
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will approach the root in (1,2).

223 — 322 -1

b

c =z, —
(¢) @nts =2n 622 — 6z,

21 =2, 73 = 1.75, 73 = 1,68254, x4 = 1.67768, f(z4) = 0.00020.

(a) Let f(z) =z* —22% — i. Then f'(z) = 4z® — 4z. The Newton-Raphson method

applied to this function gives:

4 2 _ 17
S T, ~ 2T, — 15
n+l — <4n —

423 — 4z,

_ 1 __1 _1 _ -11
Ifzy =3, then zo=—35, T3 =35, T, =(=1)"""3, ~--.

(by zy =2, =z9 =1.71094, z3=1.58569, z4=1.56165; f(z4)= 0.00748

(a) f(z) =z% —a; f'(z) = 2z. Substituting into (3.9.3), we have

2 2
z;—a z;+a 1 a
x =z, — = = - |z, + — 3 n>1
i & 2z, 2z, 2"z, -

1
(b) Let a =5, z; =2, and xn+1=§(a¢n+i), n > 1.

Then =, = 2.25, 3 = 2.23611, 24 = 2.23607, and f(z4) = 0.000009045.

(a) Let f(z) = z* — a. Then f'(z) = kz*~!. The Newton-Raphson method applied to

this function gives:

xfb——a_ 1 1 a
In+1:$n—m—$n—E$n+E$ﬁ—_l
1 a
:E (k—1)$n+F

(b) Let a =23, k=3 and z; = 3. Then

T, =3, T, =285185, gz;=2.84389, z,=2.84382; f(z4)= —0.00114

(a) Let f(z) =1 —a. Then f'(z) = —%. The Newton-Raphson method applied to

this function gives:

|
|
e

2
Tptl = Ty — =In+ Ty, —aT,

|
:Ht\>| =

2
= 2z, — az},
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(b) Let @ =2.7153, and z; = 0.3. Then

T3 = 0.35562, 3 =0.36785, =z, = z5 = 0.36828,

Thus 5= ~ 0.36828.
- —im 2P = (1 I (i 8 =
43. (a) and (b) 44. ’ll%g(h)_gl_r)r%) 3 h= <}1ll_r}% - }lll_r)r%)h =0
a5, pim 20 FB) _ a0l g 0B g o
h—0 h r—0 h h—0 h

lim Q%h—) _ Jim p 22Me2(h) (lim h) (lim @) (hm M) = (0)(0)(0) = 0

h0 h—0 h—0 h
46. (a) g(h) = f(z + h) — f(z) — mh.
(b Tim L) _ iy [[EFR = F(@) —m}

h—0 h h—0 h =fi@)-m=0iff m=f(z)

PROJECT 3.9

1. Let F(z) = f(r) —z. Then F is continuous on [a,b], and F(b) = f(b) —b < 0. If either
fl@)~a=0 or f(b) —b=0, thena and/or b is a fixed point. If f(a) —a # 0 and f(b) — b #0,
Then F(a) > 0 and F(b) < 0, and, by the intermediate value theorem, there exists at least one
c € (a,b) such that F(¢) = f(¢) —¢=0. The number c is a fixed point of f.

2. (a)Let F(z)=f(z)—z=22"—4z-3—2=22°~52x—3. Then F(1) = —6 < 0 and
F(2) =3 > 0. Therefore, F has a root in (1,2) which implies that f has a fixed
point in (1,2).

223 — 52, — 3

6z2 — 5
z1 =2, oy = 1.8421, 73 = 1.8231, 74 = 1.8220; f(zq) = 1.8233.

F'(z) = 62% - 5; Zp41 = Tn —

(b) Let F(z) =% cosz—=z. Then F(0)=1>0 and F(r/2) = —~n/2 < 0. Thus F has
a root in (0,7/2) which implies that f has a fixed point in (0, 7/2).

F'(z) =—%sinz—1 and

% COSZTp — Zp, COSZy — 2T5

_%sinmn—lz ™ sinz, + 2
z1 =0, =z =05, z3=04506, xz4=04502; f(z4)=0.45018

Tnt1 = ZTp —

(c) Let F(z) =2sinz+1—z. Then F(0)=1>0 and F(2)= —0.3938 < 0. Thus F has

aroot in (0,2) which implies that f has a fixed point in (0, 2).
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F'(z) =2 cosz —1 and
2sing, +1 -2,

Tn4l = ITn — 3
— 5 COSTp — 1

2, =2, @ =16017, z3=16640, z4=1.6638 f(zs)= 16638
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CHAPTER 4

SECTION 4.1

1. fis differentiable on (0,1), continuous on [0,1]; and f(0) = f(1) = 0.

fl(c) =3¢ —1; 302—1-——0:——‘>c=\/?§ <—\/T§¢(O,l)>

2. f is differentiable on (-2, 2), continuous on [-2,2]; and f(-2) = f(2) =0.
flc)=4c2 —4c; 4e(c®>-1)=0=c=0, %1

3. [ is differentiable on (0, 27), continuous on [0, 2x]; and f(0) = f(2r) = 0.

f'(c) = 2cos2¢; 2coch:O=>20=g+mr, and c:§+n§, n=0, %1, +2 ...
™ 3 om Iw

h =, —, —, —

Thus, ¢ T A 4 1

4. f is differentiable on (0, 8), continuous on [0, 8]; and f(0) = f(8) = 0.

21-c
f'(c) = %6_1/3 - %C—Z/S = g 27 f’(c) =0 = c=1.

fb)—fla) _4-1_

5. fllO=2 —H——F=5—5=3 2=3 = c=3/2

6. f’(c):ig—\/a—él, f(bz:i(a):_lzi(l_l):—?,; %—4:—3 = c=9/4

7.  f'(c) =3¢, f(bl)):i‘(a):237__11:13; 32=13 = c:-%\/ﬁ (—%\/ﬁisnotin [a,b])
5. plo=geve, OO 200 ap gy o oL

9. f’(c):\/%, f(bl)):i(a):;):éz—l; \/1__‘:_02:—1 = c:% 2

(_%\/i is not in [a, b])

10.  f'(c) =3c¢% -3, f(bl)):(]:(a) = 1__2(:; =_-2: 3?-3=-2 = c¢=+= \/?ﬁ

11.  fis continuous on [—1,1], differentiable on {—1,1) and f(—1) = f(1) = 0.

] —x(S—zz) 1 . . -
= , =0 for cin (—1,1) implies ¢ = 0.
f(ZL‘) (3_*_3;2)2\/1—-—;1;2 f'(e) ( ) p
, _ 2
12. (a) f'(z)=%z713 = 37178 #0 forall € (-1,1).

(b) f'(0) does not exist. Therefore, f is not differentiable on (—1,1).
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13. No. By the mean-value theorem there exists at least one number ¢ € (0,2) such that

Plg=IOI0 5,

14. No, by Rolle’s theorem: f(2) = f(3) = 1 but there is no value ¢ € (2,3) such that
f(e) =0.

15. fis everywhere continuous and everywhere differentiable except possibly at z = —1.
f is continuous at £ = —1: as you can check,

lim f(z) =0, _lir_n1+ f(z) =0, and f(-1)=0.

-1~
f is differentiable at z = —1 and f'(—1) = 2: as you can check,

G Ry (G N (O ER DR ()
h—0— h h—0+ h

=2.

Thus f satisfies the conditions of the mean-value theorem on every closed interval [a,b].

$ (2, 6) f'($)={3z2_§: 25:1
f@-f(=3) _6-(-4 _,
. 2-(-3) _2-(<3) _°
-1 1 >

fl(c)=2 with c€(-3,2) iff ¢=1 o -3<c<-L

16. f is continuous and differentiable everywhere; y
322, z<1
1 — ) > £
f("”)‘{ 3, z>1 sl

F@) = f(=1) _6-1

=3
2 (-1) 3 3 /1-
Forc<1, fi(¢)=3*=3% = c== J

<[5

Forc>1, fi(c)=3+#%

17. Let f(z) = Az? + Bz + C. Then f'(z) = 24z + B. By the mean-value theorem

. f(®) = fla)  (A¥* +Bb+C) - (Ad® + Ba+C)
fi(e) = b—a b—a
_AB =)+ Bb-9) _ 44048
b—a

Therefore, we have

b
2Ac+B:A(b+a)+B=>c:a_é+_
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1) - f(-1
f(l—)_(J:f—(l)—) =1 and f'(z) =-1/2z% <0; f is not continuous at 0.
1) — f(—
f(l)—_(f(l)—l) =0 and f'(z) is never zero. This result does not violate the mean-value theorem

since f is not differentiable at 0; the theorem does not apply.
_ 2z -4, z>1/2
fla) = {—2.7:—2, z<1/2

v 2, z>1/2
f(x)_{—Q, z<1/2

fi(z) #0 forall z # 3.

Rolle’s theorem is not violated because f is

not differentiable at z = 1.
Set P(z) = 6z* — 7z + 1. If there existed three numbers a < b < ¢ at which P(z) = 0, then by Rolle’s
theorem P’(z) would have to be zero for some z in (a, b) and also for some z in (b, ¢). This is not

the case: P'(z) = 24z® — 7 is zero only at = = (7/24)/3.

Set P(z) = 62° 4+ 13z + 1. Note that P(~1) < 0 and P(0) > 0. By the intermediate-value theorem,
the equation P(z) = 0 has at least one real root c. If this equation had another real root d, then
by Rolle’s theorem P’(z) would have to be zero for some x between ¢ and d. This is not the case:
P'(z) = 30z* + 13 is never zero.

Set P(z) = z* + 922 + 33z — 8. Note that P(0) < 0 and P(1) > 0. Thus, by the intermediate-value
theorem, there exists some number ¢ between 0 and 1 at which P(z) = 0. If the equation P(z) = 0
had an additional real root, then by Rolle’s theorem there would have to be some real number at
which P’(z) = 0. This is not the case: P'(z) = 3z® + 18z + 33 is never zero since the discriminant
b% — dac = (18) — 12(33) < 0.

(a) Suppose that f has two zeros, z1, T2 € (a,b). Then, f is differentiable on (z1,z2) and continuous
on [z1,z2]. By Rolle’s theorem, f’ has a zero in (z1,z2) which contradicts the hypothesis.

(b) If f had three zeros in (a,b), then, by Rolle’s’ theorem, f' would have at least two zeros
in (a,b) and f" would have at least one zero in (a,b) which contradicts the hypothesis.

Let ¢ and d be two consecutive roots of the equation P'(z) = 0. The equation P(z) = 0 cannot
have two or more roots between ¢ and d for then, by Rolle’s theorem, P’(z) would have to be zero
somewhere between these two roots and thus between ¢ and d. In this case ¢ and d would no longer
be consecutive roots of P'(z) = 0.

If f(z) =0 at a1, az, ...,a, then by Rolle’s theorem, f'(z) is zero at some number b; € (a;, as), at
some number by € (a2,a3), ..., at some number b,—1 € (an—1,a,); f’(z), in turn, must be zero at
some number ¢; € (b;, b2), at some number by € (bs,b3), ..., at some number ¢,_5 € (bp—2,bpn—1)-
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Suppose that f has two fixed points a, b € I, with a < b. Let g(z) = f(z) —z. Then g(a) = f(a)—a =
0 and g(b) = f(b) — b = 0. Since f is differentiable on I, we can conclude that g is differentiable
on (a,b) and continuous on [a,b]. By Rolle’s theorem, there exists a number ¢ € (a,b) such that
g'(c) = f'(c)—1=0 or f'(c) =1. This contradicts the assumption that f'(z) <1 on I.

Set P(zx) = 2% + az + b. It is obvious that for z sufficiently large, P(z) > 0 and for z sufficiently large
negative, P(z) < 0. Thus, by the intermediate-value theorem, the equation P(z) = 0 has at least one
real root.

If @ > 0, then P'(x) = 3z% + a is positive, except possibly at 0, where it remains nonnegative. It

follows that P is everywhere increasing and therefore it cannot take on the value 0 more than once.

Suppose now that @ < 0. Then —1+/3|a| and %v/3|a| are consecutive roots of the equation P'(z) =0
and thus, by Exercise 17, P cannot take on the value zero more than once between these two numbers.

(a) f'(z) = 322 —3 > 0 for all x in (—~1,1). Also, f is differentiable on (—1,1) and continuous on
[~1,1]. Thus there cannot be a and b in (—1,1) such that f(a) = f(b) = 0, or they would contradict
Rolle’s theorem.
(b) When f(z) =0, b= 3z — 2% = 2(3 — z?). When zisin (=1,1), then |z(3 — z%)| < 2.

Thus [b] < 2.

f'(z) = 322 — 3a® > 0 for all x in(—a,a). Also, f is differentiable on (—a,a) and continuous on
[~a,a]. Thus there cannot be b and ¢ in (—a, a) such that f(b) = f(c) =0, or they would contradict
Rolle’s theorem.

aztr
For p(z) = z"+az+b, p'(z) = nz" '+a, which has at most one real zero for n even (m =—= 1> .
n

If there were more than two distinct real roots of p(x), then by Rolle’s theorem there would be more
than one zero of p'(z). Thus there are at most two distinct real roots of p(z).

For p(z) = 2™ +az +b, p'(z) = nz" ! + a, which has at most two real zeros for n odd . If there
were more than three distinct real roots of p(z), then by Rolle’s theorem there would be more than
two zeros of p'(z). Thus there are at most three distinct real roots of p(z).

If z; = 7o, then |f(z1) — f(z2)| and |z; — 2| are both 0 and the inequality holds. If z; # z3, then
by the mean-value theorem

f(z1) — f(=z2)

I3 — T2

= f'(c)
for some number ¢ between z; and z5. Since |f'(¢)| < 1:

lf(ml) — f(z2)

T1 — T

<1 andthus |f(z1)— f(z2)| < |21 — 22]-

See the proof of Theorem 4.2.2.

la<z<b

Set, for instance, f(z) = {0 z=a,b
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(a) Let f(z) = cosz. Choose any numbers z and y, (assume z < y). By the mean-value theorem,

there is a number ¢ between z and y such that

i) - f=) .
vy 10 v —z|

COSY — COST .
|——y——|=|—smc]§1 = |cosz —cosy| < |z — y|

(b) Same argument as part (a) with f(z) =sinz.
(a) By the mean-value theorem, there exists a number ¢ € (a,b) such that f(b) — f(a) = f'(¢)(b—~a).

If f'(z) < M for all z € (a,b), then it follows that
f(0) < fla) + M(b - a)

(b) If f'{(z) > m for all z € (a,b), then it follows that
f(®) = f(a) +m(b—a)
(c) If|f'(z)| £ L on (a,b), then —L < f'(z) < L on (a,b) and the result follows from parts (a)
and (b).
Suppose g(z) # 0 for all z € [a, b] and let h(z) = % Then h is defined on [a, b] and h(a) = A(b) = 0.

Therefore, by Rolle’s theorem, there exists a number ¢ € (a, b) such that

L 9OFE) - [
PO =00 =0

Thus g(c) f'(c) — f(c)g'(c) = 0 which contradicts the given condition f(z)g'(z) — g(z)f'(z) # 0 for all
z € I. Thus, g has at least one zero in (a, b).

By reversing the roles of f and g, the same argument can be used to show that g cannot have two (or
more) zeros on (a, b).

Let f(z) = cosz and g{z) =sinz on I = (—00,0). Then

f@)g'(z) — g(z) f'(x) = cos®’z +sinz =1 forallz € ]

The result follows from Exercise 38.

We prove the result for &~ > 0. The proof for A < 0 is similar. If f is differentiable on (z,z + h),
it is continuous there and thus, by the hypothesis at £ and z + h continuous on [z,z + h]. By the
mean-value theorem, there exists ¢ in z,z + h) for which
z+h)— f(z
Multiplying through by (z + h) — z = h, we have
f(z+h) = f(z) = f'(c)h.

Since ¢ is between z and = + h, ¢ can be written

c=z+60h with 0<f<1.
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f'(zo +0y)y

fl(xO) — 3% f(.’l?() +y;_ f(.’Eo) — Z}l_r)%

(by the hint)

T !
= lim f (zo + 8y)

= lim f'(z)=1L

T—2T0

(by 2.2.5)

Suppose that f(a) = f(b) =k, and let g(z) = f(z) — k. Then g is differentiable on (a,b), continuous
on [a, ], and g(a) = g(b) = 0. Therefore, by Rolle’s theorem, there exists at least one number c € (a,b)
such that g'(¢) = 0. Since ¢'(z) = f'(z), it follows that f'(c) = 0.

Using the hint, F' is continuous on [a, b], differentiable on (a,b), and F(a) = F(b). Thus by Exercise
42, there is a ¢ in (a,b) such that F'(c) = 0.

Thus [£(b) — £(@)]g'(c) — [9(5) — g(@)]f'(c) = 0 and LI —F (@) _ f'(9

gb)—gla)  ¢'(0)

Let f(t) be a function telling the car’s velocity after ¢ hours. Then f(0) = 30 and f (i) =60. fis

1 1 1
differentiable on (1, =) and continuous on [1, Z]’ so by the mean-value theorem there is a ¢ in (1, Z)
such that f'(c) = 68 —t30 =120. i.e. The acceleration at time ¢ was 120 mph.

—t
Let fi(t) and fa(t) be the positions of the cars at time t. Consider f(t) = f1(t) — f2(t). Let T be
the time the cars finish the race. Then f(t) satisfies the hypothesis of Exercise 42, so thereis a cin

(0,T) such that f'(c) = 0. Hence f{(t) = f4(t), so the cars had the same velocity at time c.

The driver must have exceeded the speed limit at least once during the trip. Let s(t) denote the
driver’s position at time ¢, with s(0) = 0 and s(1.75) = 120. Then, by the mean-value theorem, there
exists at least one number ¢ € (0,1.75) such that
s(1.75) — s(0 120
v(e) = s'(c) = J—lﬁl = {7z =687

Let s(¢) denote the distance that the car has traveled in ¢ seconds since applying the brakes, 0 <t < 6.
Then s(0) = 0 and s(6) = 280. Assume that s is differentiable on (0,6) and continuous on [0, 6].
Then, by the mean-value theorem, there exists a time ¢ € (0,6) such that

s'(c) =v(e) = —————8(625 : S(O) = ?

Now v(0) > v(c) = 46.7 ft/sec. Thus, the driver must have been exceeding the speed limit (44 ft/sec)
at the instant he applied his brakes.

= 46.67 ft/sec

By the mean-value theorem, there exists a number ¢ € (z,z + Az) such that

plo=LEXEIE Afo @t a0 - f@) = F@As
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49. Let f(z) = /z. Then f'(z) = ﬁ Using Exercise 48, we have
V65 =64+ 1= f(64+1) = f(64) + f/(64)(1) = V64 + 1 _g0625

2v/64
50. (a) If f(z) = 0 had two solutions, then f'(z) = 0 would have at least one solution. But
fl(z) =32 -6x+6=3(z-1)2+3>0 forall z.
(b) f(2)=-4<0and f(3) =6 > 0. Therefore, f has a zero in (2, 3).

3 2
73 — 322 + 6z, — 12
- =2, T, = 2.6667, 23 = 2.522
322 — 6z, +6 = 1T 4T > T3 = 2.5229

(C) Tntl = Tn —

51. (a) Let f(z) =1+4z —2cosz, £ € I = (—00,00). If f had two (or more) zeros on I, then, by
Rolle’s theorem, f' would have to have a zero on I. But, f'(z) =4+ 2sinz > 0 on I. Thus f
has at most one zero on I.

(b) f(0)=-1 and f(1)=23.92. Thus f has a zeroin (0,1).

1+4z, —2cosz,
. = =0.2 =~ (.2361
it2snz, 1 =0, zo=0.25, z3=0.236

(b) Tp+1 = Tn —

52. f(z) =22% + 3z% — 3z — 2 is differentiable on (—2, 1), continuous on [-2, 1], and f(-2) = f(1) = 0.
fi(z) =62%+ 62— 3
flle) =0at ¢ = —1.366, c2 = 0.366

f'

AN
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53. f(z) =1—z® — cos(mz/2) is differentiable on (0, 1), continuous on [0,1], and f(0) = f(1) = 0.
fl(z) = -3z% + g sin(r z/2)

F(c) =0at c=0.676 M
0.4 {

-0.4+¢ C\f!
2 1 ! 1 4 2 1 3
54. f(z)==z +;; f(m):Qx—;E 55. f(z)=2z*—-Tz*+2; f'(z)=42" 14z
1 49 -72 147 3 f@3) - Q)

— _— = _— = — = —4——————:43—-— —_—
9(z) =2z o 2 2z — — 5 g(z) = 4z° — 14z 31 z° — 14z — 12
g(c) =0 at c=2.993 glc) =0 at ¢=2.205

f y
40+
T
204
X
2 4 -20

56. f(z)=xzcosz+4sinz; f'(z)=cosz—zsinc+4coszx=2>5cosz—zsinz and

f(m/2) — f(=7/2)

™

g{z) =5 cosz —z sinz — =5cosz —zsinz — —
™

g(c) =0 at ¢; = —0.872, co 2 0.872

SECTION 4.2
1. f(z)=322-3=3(z>-1)=3(z+1)(z—1)

f increases on (—oo, —1] and [1, 00), decreases on [—1, 1]
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f(z) = 32 — 6z = 3z(z — 2)

f increases on (—oo, 0] and {2, co), decreases on [0, 2]

f’(:c)=1__1_:z2—1:(:c+1)(z—1)

2 2 2

f increases on (—oo0, —1] and [I, c0), decreases on [—1,0) and (0,1] (f is not defined at 0)
f'(z) = 3(z — 3)%; f increases on (—00,c0).

f(z) = 32 + 42® = 2?(3 + 4x)

f increases on [~%, 00), decreases on (—oo, —3]

F'(z) = 322 + 6z + 2

f increases on (—o0, =1 — $v/3] and [-1—$v/3, ), decreases on [-1— 1v/3, -1 + /3]

f'(z) = 4z +1)°

f increases on [—1, co), decreases on (—o0, —1]

3
iz = 22X

f increases on [—oo, —1] and (0,00), decreases on [—1, 0)

— <2 —_—, <2
fay={27% ey =4 @

L 2 T z>2
z—2' %7 (z — 2)? v

f increases on (—o0, 2), decreases on (2, 00) (f is not defined at 2)

2
—z(2
fi(z) = (—1—_—%5_272)1;(—@; f increases on [—1,1], decreases on (—o0,—1] and [1, 00)
4z
(@17

f increases on (—co, —1) and (-1, 0], decreases on [0, 1) and (1, co) (f is not defined at +1)

HOES

_ (22 +1)(2z) —2*(2z) 2

(z2 +1)2 T (x2 +1)2

f increases on [0, co0), decreases on (—o0,0]

f'(z)

Ny

25, z < —V5 2z, z < —v5
f(z):{—(z -5),-vV5<z<V5 f’(x):{—2x,—\/5<x<\/5
z? - 5, VB <z 2z, V5 <z

f increases on [—/5, 0] and [v/5, o0), decreases on (—oo0, —/5] and [0, V/5]
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14. fl(z) =2z?(2Q)(1 +2) + (z+ 1)?(2z) = 2z(z + 1)(2z + 1)
f increases on [-1,—-1/2] and [2, ), decreases on (—oc, —1] and [-1/2,0]

2

15.  fl(z) = G

f increases on (—co, —1) and (-1, co) (f is not defined at —1)

) 32 2z%—16) 2z-2)(z+2)(z?+4
16. fi(a)=2- 5= (xmg _ 2z )(:cxs )(z2 + 4)

f increases on [—2,0) and [2,00), decreases on (—oc, —2] and (0, 2]

7(1-vz)°
vz (1+y3)%

oy —1 l+z
18 @) =gV 22

f decreases on (—oo, —2] and (—1,00); (f is not defined on (-2, —1]

2 2
19. fl(z)= 5 +$x2)2 lliiz f increases on [0, o), decreases on (—o0, 0]

2 -z -2, z< -1 2z — 1, r<-1
20. f(z)=<X -2 +z+2,-1<z<2 fllx)=¢ —2z+1,-1<z<2
22—z -2, z>2 2z — 1, z>2

17. f'(z) = -

f decreases on [0, c0)

f increases on [—1, 1] and [2, 00), decreases on (—oc, —1] and [1/22]

21. fl(z)= %1 /3_%; f decreases on (0, 3]

22. f'(zr)=1+4cosz>0; f increaseson [0,2r]
23. f'(z)=1+sinz >0; f increases on [0,27]

24. f'(z) = —2cosz sinz = —2sin2x; f increases on [w/2,7), decreases on [0, 7/2]

25. f'(z) = —2sin2z — 2sinz = —2sinz (2cosz +1);  f increases on [%m, w], decreases on [0, 2]

26. f'(z) = 2sinz cosz — /3 cosz = cosz (2sinz — V/3)

f increases on [, 17] and [Z7,7], decreases on [0, 37] and [}, 3]

27. f'(z) =3 +2sin2z; f increases on [0, Z7] and [, 7], decreases on [, 2]

3 3

28. %(%—m):f'(x) = f(I)Z%—CL‘-’rC

fi0)=1 == C=1. Thus, fz)=3iz-z+1.

3



29.

30.

31.

32.

33.

34.

35.

36.

37.

38.
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3

—(f——z =fl(z) = f(z):%——z+C

fM)=2 = 2=1-1+Cs0C=5% Thus, f(z)=1a%-z+&

%(xz_f,z):f'(z) — fl@)=2’—5z+C

f(2)=4 == 4=4-10+C,s0 C=10. Thus, f(z)=2?~ 5z+ 10.

%(z5+z4+x3+z2+z) =f'(z) = fl@y=2+2'+3+z+C

f0)=5 = 5=0+C, so C=5. Thus, f(z)=2+z'+23+224+2+5.
—2z7%2 = f'(z) = flz)=-22"%+C
f1)=0 = 0=-2+C,s0 C=2. Thus, f(z)=-22"2+4+2, z>0.

d (3 43 2 32\ _ o _3 a3 _ 2 3
da:(4z 3% =f(z) = f(x)—4:c 37 +C

fO)=1 = 1=0+4C, so C=1 Thus, f(z)=324°-22%3241 z>0.

% (~1o — By5) = fll) = f(g) = — o=t — Bgts 4

f)=0 = 0=-1-2+C, so C=%. Thus, f(z)=—-1z74-Bp¥/54+ 18 550

%(2x—cosx) =f{z) = [fl@)=2z—-cosz+C

fl0)=3 = 3=0-1+C, so C=4. Thus, f(z)=2z—cosz+4.
d 2 4 ‘ 2 4

T (22% +sinz) = f'(z) = f(z)=222+sinz+C

f0)=1 = 1=0+C, so C=1. Thus, f(z)=2z%+sinz+ 1.

Ay
1, r< -3 o
re=) G _
-2, 1<z : 2.7
f increases on (—oo, —3) and [~1, 1J; ' \/ \
decreases on [—3, —1] and [1, c0) / -3 2 -1 1 \ﬁ

2(z - 1), z<1

fl(z)= ~-1,1<z<3
-2, z>3

f decreases on (—oc, 1) and [1, co) \: \
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—2z, <1
39. fi(z) = -2,1<z<3
3, 3<z

f increases on (—o0, 0] and [3, o0);

decreases on [0, 1) and [1, 3]

1, z<0
2(z—-1),0<z<3
-1,3<z <7

2 z>7

40.  f'(z) =

)

f increases on (—o0, 0], [1,3], (7, c0);

decreases on [0, 1] and [3, 7)

41.

0.1

43.

Y

4
/_2 -W ! Y I
y
6¢ . ./
54
44
Al
" X
3 7
42, y
3
f
—'1 1
44.
y
\_, ¥ %
SN
-1 3



SECTION 4.2 145

45. v 46. )

-24.

47. 48. y

X _1_
£
49. Not possible; f is increasing, so f(2) must be greater than f(—1).
50. Not possible; by the intermediate-value theorem, f must have a zero in (3,5).
51. Let z(t) = t3 — 6t + 9¢ + 2. Then
v(t) =32 - 12t +9=3(t—1)(t - 3)
+++++t++ 0o~ - - -~ - — - - - O++++++
sign of v : c]) 11 ;_ é A
moving right moving left moving right

at) = 6t — 12 = 6(t — 2)
———————————————— O++++++++4++++
L | 1 v +l

sign of a : 0 1 2 3 1
velocity decr. incr. decr. incr.
sign of v : +++0 - - - - - 0+ ++
signofa: - - - - — 0+ + + + + +
1 A 1 >
1 2 3 z
speed decr incr decr incr
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52. Let z(t) = (2t — 1)(t — 1)%. Then
v(t) = 2(t — 1)(3t — 2)

sign of v :

at) = 2(6t — 5)

sign of @ :

sign of v :

sign of a :

moving

++++++ 0----0 ++++++

0

right

2/3

1
left right

——————— ++++++ 4+

+H+++++ 44

t-lf -

5/6

1

decr incr

t=2/3

1/27

53. Let z(t) = 2sin3¢t, t € [0,7]. Then

v(t) = 6cos 3t

sign of v :

a(t) = —18sin 3t

sign of a :

sign of v :

sign of a :

1 ] 1 1

P

>t

object moving right

| S U NN SR U E—
ot 3 5§ ¥ ¥ °

velocity decr.

++40—~——-——-—04++++ 0 — -
- - - 0 4+++4+0 - - - -
1 1 1 i L 1 1
0 /6 x/3 =x/2 2x/3 5x/6 =«
decr incr decr incr decr incr
l=7r.———-jl=%.

x
6




54.

55.

56.

57.

58.
59.

60.

61.
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Let z(t) = 3cos (2t + Z), t€ [0,2n]. Then

v(t) = —6sin (2t + )

S i i Pl e o el
. 3x T 11 18
sign of v : 0 k3 T & 5
moving left right left right left
a(t) = —12cos (2t + %)
sign of a : I YA T Y LA ¢
0o X 5 ox 137 o
g T K3 D
velocity  decr incr decr iner decr
sign of v : ==ttt —=-== ++++ - - -
. LT Ty S S L S S
sign of a : 0 13 73 nx iz t
+ - ¥ - o+ - o+ - +
. = »
emrrem. — A Ly X
-3 0 3

(a) M<LL<LKN (b) none (c) M=L=N

lim f(z) < f(b) and f(b) > lim f(z)

b~ z—bt

Suppose there is a ¢ in (a,b) such that f'(¢) < 0. Then by theorem 4.1.2, f(c+ h) < f(c) for h
sufficiently small. This contradicts the fact that f is increasing on (a,b). Thus f'(c) > 0 for all ¢ in
(a,b).

A proof is outlined just below the statement of the theorem.
(a) f'(z) = 2secz(secz tanz) = 2sec’ 7 tanz and g'(z) = 2tanz sec? z.

Therefore, f'(z) = ¢'(z) for all z € I.
(b) Evaluating sec’z —tan?z =C at z =0 gives C = 1.

1 1d 1 1

! = —: / = — — = — = —.

L(@)=; Llaz)=——(ar) = —(a) =,
Therefore, L(az) — L(z) = C for some constant C. Now set z = 1. Then
L{@)-L(1)=C = C=1L(a) since L(1)=0

Thus, L(az) = L(a) + L(z) and the result follows by letting z = .

Let f and g be functions such that f'(z) = —g(z) and g¢'(z) = f(z). Then:

(a) Differentiating f2(z) + g?(z) with respect to z, we have
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62.

63.

64.

SECTION 4.2

2f(2)f'(z) + 29(2)g'(z) = —2f(z)g(z) + 29(2) f(z) = 0.
Thus, f*(z) + ¢*(z) = C (constant).
(b) f(a) =1 and g(a) = 0 implies C' = 1. The functions f(z) = cos(z —a), g(z) = sin(z — a)

have these properties.

Suppose that f increases on (a,b) and is continuous on [a, b]. To show that f increases on [a, ],
we need only show that
fla) < f(z) < f(b) forall =z € (a,b).
Suppose on the contrary that there exists 7o € (a,b) for which f(zo) < f(a). Since f is continuous
from the right at a and f(a) — f(zo) > 0, there exists § > 0 such that
*) |f(z) — f(a)] < f(a) — f(zo) forall z € (a,a+9).
Now choose z; € (a,a + §) with z; < zo. On the one hand, by (*),
|f(z1) = f(a)l < f(a) - f(zo)
f(a) = fz1 < f(a) = f(zo)
f(zo) < f(z1)

On the other hand, since f increases on (a,b),
f(z1) < f(=o)

The assumption that there exists zo € (a,b) for which f(zo) < f(a) has led to a contradiction. We
can therefore conclude that

f(@) < f(z) forall z € (a,b).
A similar argument shows that

fl@) < f(b) forall z € (a,b).
Let f(z) = z — sinz. Then f'(z) =1 — cosz.
(a) f'(z) >0 forall z € (—co0,0) and f'(r) =0only at z = g +nr, n=0,x1, £2, ...

It follows from Theorem 4.2.3 that f is increasing on (—o0, 00).
(b) Since f is increasing on (—o0,0) and f(0) =0 —sin0 = 0, we have:
f(z) >0 forall z>0=z >sinz on (0,c0);

flz) <0 forall £<0=z <sinz on (—o0,0).

(a) Let h(z) = f(z) — g(z). Then K'(z) = f'(z) — ¢'(z) > 0 on (0,c), and h is increasing on (0, c).
Since h(0) = f(0) — g(0) = 0, it follows that h(z) > 0 on (0, c). Thus, f(z) > g(z) on (0,c).



65.

66.

67.

68.

69.

70.

71.
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(b) Again let h(z) = f(z) — g(z). Then h is increasing on (—c, 0) which implies that A(z) < 0 on this
interval since A(0) = 0. Therefore, f(z) < g(z) on (—c,0).

Let f(z) = tanz and g(z) = z for z € [0,7/2). Then f(0) = g(0) = 0 and f'(z) =sec’z > g'(z) = 1
for z € (0,7/2). Thus, tanz > z for z € (0,7/2) by Exercise 64(a).

Let f(z) = cosz — (1 — 1 2?) for z € [0,00). Then f(0) = 0 and f'(z) =sinz+2z =z —sinz > 0
for z € (0,00) by Exercise 63 (b). Thus, f(z) > 0 for € (0, 00) which implies cosz > 1 — % z% on
(0, 00).

Choose an integer n > 1. Let f(z) = (1+z)" and g(z) = 1 +nz, z > 0. Then, f(0) = g(0) = 1 and
fl(z) =n(l+2)" !> g¢(z) =n since (1 + )" ! > 1 for £ > 0. The result follows from Exercise
64(a).

Let f(z) = sing — (z — §2*). Then f(0) = 0 and f'(z) = cosz — (1 — 2%) > 0 by Exercise 66.
Therefore, f(z) > f(0) = 0 for all z € (0, 00) which implies sinz > z — £ 2% on (0, ).

4° = 0.06981 radians. By Exercises 63 and 68,

.6981)3
0.6981 — (_O_GiS—) = 0.06975 < sin 4° < 0.6981
1, 1, , . z3
(a) Let f(z) = cosz — (1 — 3% + 21" ). Then f(0) =0 and f'(z) = —sinz +z — 5 <0 by
1
Exercise 66. Therefore, f(z) < f(0) =0 on all z € (0,00), which implies cosz < 1 — §z2 + —Q}Zx‘*
on (0, c0).
1 1 1
(b) 6° = %. Using this forz in1— §z2 <cosz <1— 5:1;2 + ﬂm‘l,

=> 0.994517 < cos6° < 0.994522.

Let f(z) = 3z* — 102® — 42 + 10z + 9, = € [-2,5]. Then f'(z) = 122° — 3022 — 8z + 10.
F(z) =0 at = =~ —0.633, 0.5, 2.633
f is decreasing on [—2, —0.633]

and [0.5,2.633]
f is increasing on [—0.633,0.5]

and [2.633, 5]
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72. Let f(z) =22% — 2> — 13z -6, z € [-3,4]. Then f'(z) = 62 — 2z — 13.

f'(z) =0at z = —1.315, 1.648 y

f is decreasing on [—1.315,1.648] £ [f

/A oAl

73. Let f(z) =z cosz — 3sin2z, z € [0,6]. Then f'(z) = cosz — z sinz — 6 cos2z.

f is increasing on [—3, —1.315] and [1.648, 4]

f'(z) =0at =2 0.770, 2.155, 3.798, 5.812
f is decreasing on [0,0.770], [2.155,3.798]
and [5.812, 6]
f is increasing on [0.770, 2.155]
and [3.798,5.812]

74. Let f(z) = z* + 32% — 222 + 4z + 4, z € [-5,3]. Then f'(z) = 42° + 92% — 4z + 4.

f'l(z) =0 at ¢ = —2.747 y
£ is decreasing on [—5, —2.747) £
f is increasing on [—2.747, 3]
4 /—\- + x
-5
£
PROJECT 4.2
1. a 1...27 _ d_y _1_ _El_ 2
T [mgy + £ mv?] =mg— +2mdt(v )
=mgv + 5 m |2v—
W
= mgu +mu—

= mgv +mu(—g) (since dv/dt=a=—g)

=mgv —mgv =20

2. By Problem 1, mgy + %mv2 = C (constant). Since v = 0 at height y = yo, we have C = mgyo.

Thus,

2

mgyo = mgy + 3mv° and |v] = /2g(yo — y)
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8. y®)=39+y = gt=+29(y0—y)
v(t) = y'(t) = —gt Therefore, |v(t)] = +/2g(vo — y).
4. Setyy =150 y=0 and g = 9.8 in the equation |v| = +/2¢(yo — y). Then
[v] = +/2(9.8)(150) = 54.22 m/sec
SECTION 4.3
1. f'(z)=3z%2+3>0; no critical nos, no local extreme values
2. f'(z) =8z~ 8z =8x(z® —1); critical nos —1,0,1
f'(z) =24z -8; f"(-1)=f"(1)=16>0, f"(0) = -8 < 0;
F(0) = 6 local max, f(—1) = 4 local min, f(1) = 4 local min
1
3. fliz)=1- pox critical nos —1,1
2
fiz) ==, f'(-1)=-2, f"(1)=2 f(~1) = -2 local max, f(1) =2 local min
T
4
4. f'(z)=2z+ % = 2—:2:_—6; no critical nos (note: 0 is not in the domain of f),
z
no local extreme values
5. f'(z) =2z -32® =x(2-3z); critical nos 0, 2
(@) =2-6z; f1(0)=2, f"(2) =2
£(0) =0 local min, f(2) = 2 local max
6. flz)=-201-z)(1+2)+(1-2)%=(z-1)(3z+1); critical nos —%,1
flz)=(1+32)+3(z-1) =2z -1); f"(-3)=-4, f"(1)=4
f(=3) = £local max, f(1) = 0local min
2 ..
7. fl(z)= ; no critical nos, no local extreme values
(1-z)?
2 ~3)—(2- 8
8. fl(z)= (2+z)( (g)+ 1-()2 3z)(1) - _ o1 a:)2; no critical nos (note: —2 is not
in the domain of f), no local extreme values
2(2 1 1
9. fl(z)= —;Zi(f:—l))?; critical no ~3
f(—%) = —8 local max
R b S N ¢ I P
1. o Py o —
F -1 _1 0 x
2
max
z? — 16, < —4 2z, T < —4
10. f(z)=< 16—2%, —4<z<4 fllz) =4 -2z, -d<z<4

z? — 186, z>4 2z, z>4

151
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11.

12.

13.

14.

15.

16.

17.

18.
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f(-4)
f'(z) = 2*(5z = 3)(z — 1);

critical nos —4, 0, 4;

v+ ++++ 0+ +++++++0

—————— O++++4++

f(4) =0 local minima, f(0) = 16 local max

3 2238
d (5) =5

1

critical nos 0, ¢,

o .

fh o

3
5
max

, Tz — 2 2 4
f(x):3<x+2> (z +2)?
Fz) = (5 - 8z)(z — 1)%;

f(1) = 0 local min

»

1 x
min

no local extreme at 0

> 0; critical no 2, no local extreme values

critical nos g, 1

27
= 5545 local max

f(3)

no local extreme at 1

+++ 4+t ++E Q) ——mmmm————— 0 —————————=
f/_ * o >
: 5 1 x
8 no extreme
max

fllz)=—-1+2)%+ (1 -2)3)(1 +2)? =2(1+2)*(1 - 2z);

critical nos —1, 1

f (%) = 2% local max
+4+ ++++ - - - (B =1
f: 1‘ 1;2 —> no local extreme at —1
2
fl(z) = H; critical nos —2, 0
f(=2) = —4 local max
D ¢ JE T O+++++++
/. * O *- > = i
I 2 2 : > f(0) = 0 local min
max min
— ! z<0
, £<0 1=z2’
f@=q1z7 " rw=1"57
—_— T -
1+z - (1+z‘)2’m>0

critical no 0,

fi(=) = { ~(2z + 1),

2c+1, z<-2,z>1
—2<z<l’

f(0) = 0 local min

critical nos =2, —3, 1

1
27
f(=2) = 0 local min

1. . o Py » _1y =9
I 3 - : » f(=3%) = § local max
mn max e f(1) = 0 local min
3-4
fiz) = (1 -2)/% tx(l- )23 = E(T——I;W; critical nos 2, 1
s R f(3/4) = YOEl local max
f': 3 /‘ 7 ‘1 > no local extreme at 1

local max



19.

20.

21.

22.

23.

24,

25.

fl(z) = t2(Tz + 12)(z + 2)7%/%  critical nos -2, =32, 0
+e+++++++dne+++ 0 ———-mo-———— 0++++
I, - _ N _
k 2 1z %
no extreme 7 min
max

-1 1 32z — 1) .
f(z) @+ 172 + @97 GrDz-2° critical no 3

- - - - + + + +
fII A I ) >

-1 1/2 2

2-3z, z<-—; -3, z<-3%
flz)=< z+4,-3<z<3 fl(z) = 1, -i<z<3

3z — 2, 3<z 3, 3< g

critical nos —%, 3

------- dnes+++++s++dner+++ 4444

I, - . [

I B . >
mzin no extreme
7z?-1
fi(z) = %x"/s — g8 = 3 xz—/s; critical nos —1,0,1
z
+4+ - - 4 ++
f 1 1 i -
-1 0 1
fi(z) = 2274/3(z —1); critical nos 0, —1
———————————————— Q+++ttet st

’ o - »

f" 4 1 x
no extreme min
(z+1)322 —z® z%(2x+3) .
fi(z) = CFSE = EFEE ;  critical nos — %, 0
N
f/ . 1 1 ! 3
-3/2 -1 0

f'(z) = cosz —sinz; critical nos m, 37
f'(z) = —sinz —cosz, f"(ir)=-v2, f"(3%)=V2

f(%ﬂ) =12 local max, f (%

m) = —v/2 local min
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f(=7) =%

f(0) = 0 local min

)" local max

f (%) = % local min

local min

f-p=3

no local extreme at 3

f(=1) = 6 local max,
f(1) = —6 local min

no local extreme at 0

f(1) = 3 local min

no local extreme at 0

local min

f(=3)=%

no local extreme at 0
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T bw
26, Ho — 1 — 9 in O tical mom
6. f'(z)=1-2sin2z; critical nos 3’ 19
3
(&) = =4 V3 local max
12 2
e + + s 3
1. 1 1 A > 2x1) = = — == local min
f 0 m/12 5m/12 &M =53
27.  f'(z) = cosz (2sinz —+/3); critical nos im, im, 27
f(37) = f(27) = —2 local mins
———————— D44+ +4+40—~=-=04+4+4++4+4++++
fooe . . 2 0 f(37) =1—-+/3 local max
3
min mix m::n

28. f'(z) =2sinz cosz; critical nos ix, m, 37

f(in) =1= f(3n) local max

++ -+ 4+ - -
12 10 'n-/Jz fn- 3“1/2 > f(0) = 0 local min
29. f'(z) = cos’z —sin’z — 3cosz +2 = (2cosz — 1)(cosz — 1) critical pts 3, 7
f(3n) = 2r — 24/3 local min
12 T T T T S .
o % — f(&n) = L7+ 33 local max

min min
30. f'(z) =6sin’z cosz — 3 cosz = 3 cosz(2 sin®z — 1); critical nos i, i, 37

f(ix) = f(¢7) = —v/2 local mins

- - 4+ 4+ - - 4+
£ 2 1 L 1 . f(37) = —1 local max
0 T4 T/2  3m/4
31. (i) f increases on (¢ — 4, c] and decreases on [c, ¢ + 4).

(i) f decreases on (¢ — 4, ¢] and increases on [c¢, ¢+ ).

(i) If f/(z) > 0on (c—4, c)U(c, c+ 6), then, since f is continuous at ¢, f increases on (c — 4, c]
and also on [c, ¢+ &). Therefore, in this case, f increases on (¢ — 6, ¢+ 6). A similar argument
shows that, if f/(z) <0 on (c— 46, ¢) U (c, c+4), then f decreases on (¢ — ¢, ¢+ 9).

32. Set g(z) = —f(—=z) and apply the proof of the second derivative test already given.

b
33. Solving f'(z) = 2az + b =0 gives a critical point at z = ~5a Since f”(z) = 2a,
a
b
f has a local maximum at ~5, if a < 0 and a local minimum at ~ % ifa>0.
a
34. Setting f'(z) = 3az? + 2bx + ¢ = 0 and checking the discriminant, we get

(1) 2 local extrema if b* > 3ac

(2) 1 local extrema if 5% = 3ac



35.

36.

37.

38.
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(3) 0 local extrema if 5% < 3ac

P(z) = 2* — 82 + 222% — 242 + 4
P'(z) = 42® — 242? + 442 — 24
P"(z) = 122% — 48z + 44
Since P'(1) =0, P'(z) is divisible by z — 1. Division byz — 1 gives
P'(z) = (z — 1) (42° — 20z + 24) = 4(z — 1)(z — 2)(z — 3).
The critical pts are 1, 2, 3. Since
P"(1) >0, P"(2)<0, P"(3)>0,

P(1) = =5 is a local min, P(2) = —4 is a local max, and P(3) = —5 is a local min.

Since P'(z) < 0 for £ < 0, P decreases on (—oo, 0]. Since P(0) > 0, P does not take on the value 0
on (—oo, 0].

Since P(0) > 0 and P(1) < 0, P takes on the value 0 at least once on (0, 1). Since P'(z) < 0 on
(0, 1), P decreases on [0, 1]. It follows that P takes on the value zero only once on [0, 1].

Since P'(z) > 0 on (1, 2) and P'(z) < 0 on (2, 3), P increases on [1, 2] and decreases on [2, 3]. Since
P(1), P(2), P(3) are all negative, P cannot take on the value 0 between 1 and 3.

Since P(3) < 0 and P(100) > 0, P takes on the value 0 at least once on (3, 100). Since P'(z) > 0 on
(3, 100), P increases on [3, 100]. It follows that P takes on the value zero only once on [3, 100].

Since P'(z) > 0 on (100, o0), P increases on [100, c0). Since P(100) > 0, P does not take on the

value 0 on [100, o).

f has a local maximum at z = 0; f has a local minimum at z = —1 and z = 2.

(a) (b)

n even

Let f(z) = Az + Bz + C. Then f'(z) = 24z + B.
f(-=1)=3 = A-B+C=3 f(8)=-1 = 94A+3B+C=-1
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39.

40.

41.

42.

43.

SECTION 4.3

Since f has a minimum at z =2, f'(2)=4A+B =0

Solving for A, B, C,weget A=%, B=-2, C=31.
az .o a(d? —z%)
Let f(JJ) = m Then f (CL‘) = W Now
2 (12 2
! a 2 ' b (b —x)
= — = = b = —_——
F1(0) = l1=a and f'(z) 1 )7
b2 (b2 — 4
f'(—2)=———( 2):0 =b=42
(6 +4)

Thus, a =4 and b= +2.

(@) flz)=2P(1-2)%, p,¢>2 f(z)=2"""(1-2) ' [p-(p+q)7]

fl(.'II)ZO - .’IA'ZO,(C:l,.'L'———p—_I::E
b) peven, p—1 odd:
( p
- - ++
f: 6 '1 —= f has alocal min at z =0
(c) qeven, g—1odd:
. - - 4+
f: 0 i xa fhasalocalminatz =1
p p \*7M( g\ P
d "<__>:_ + ( ) ( > <0 = fhasalocalmaxatoz=—.
@ o) =702 e p+a
Let 6 be any positive number and consider f on the interval (—4,8). Let n be a positive integer
such that
1 1
0< ——— <6 and 0 < —7— <4
5 +2nm = +2nw
Then

1 1
. d —
f(%+2mr>>0an f<:21+2m><0

Thus f takes on both positive and negative values in every interval centered at 0 and it follows that

f cannot have a local maximum or minimum at 0.

If P is a maximum at = = zo, then P'(zg) = 0. But, P'(zo) = R(zo) — C(zo). Therefore,

R’(.’L‘o) = C’(ZL‘Q).

The function D(z) = /22 + [f(z)]? gives the distance from the origin to the point (z, f(z)) on the

graph of f. Since the graph of f does not pass through the origin,
2+ f(2)f' ()
z? + [f(z)]?

is defined for all z € dom (f). Suppose that D has a local extreme value at c. Then

D'(z) =



44.

45.

46.

47.
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D'(c) = % =0 et f(A)f () =0 and f(c) = —7(%
Suppose that ¢ # 0. The slope of the line through (0,0) and (c, f(c)) is given by mq = L(ci) and
the slope of the tangent line to the graph of f at z = ¢ is given by my = f'(c) = —%. Since
mimg = —1, these two lines are perpendicular. If ¢ = 0, then the tangent line to the graph of f is

horizontal and the line through (0,0) and (0, £(0)) is vertical.

If p is a polynomial of degree n, then p' has degree n — 1. This implies that p’ has at most

n — 1 zeros, and it follows that p has at most n — 1 local extreme values.

(a) Let f(z) = 2* — 722 — 8z — 3. Then f'(z) = 42® — 14z — 8 and f(z) = 1222 — 14. Since
f'(2) =—-4<0and f/(3) =58 >0, f'has at least one zero in (2,3). Since f"(z) > 0 for z € (2,3),
f' is increasing on this interval and so it has exactly one zero. Thus, f has exactly one critical number
c¢in (2,3).

(b) ¢=2.1091; f has alocal minimum at c.

(a) Let f(z) =z cosz. Then f'(z) = cosz —z sinz and f"(z) = —2sinz —z cosz. Since f(0) =
1>0and f'(7/2) = —7/2 <0, f'has at least one zero in (0,7/2). Since f"(z) < 0 for z € (0,7/2),
f' is decreasing on this interval and so it has exactly one zero. Thus, f has exactly one critical number
cin (0,7/2).

(b) ¢=0.8603; f has a local maximum at c.

2
(a) Let f(z) =sinz+ % —2z. Then f'(z) =cosz+z—2 and f"(z) = —sinz + 1. Since f'(2) =

—0.4161 <0 and f'(3) = 0.01 > 0, f' has at least one zero in (2,3). Since f”(z) >0 for z € (2,3),
f' is increasing on this interval and so it has exactly one zero. Thus, f has exactly one critical number
cin (2,3).

COSZTp + Ty — 2

(b) Tntl = Tp — m, ] = 3, Ty = 29883, T3 = 2.9883. Thus ¢ = 29883,

f has a local minimum at c.
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48. (a)

critical numbers: z; = —0.962, z; = 2.248

local extreme values: f(—0.692) == 29.342, f(2.248) = —8.766

(b) f is increasing on [—3,—0.692], and [2.248,4]; f is decreasing on [—0.692,2.248]

49. (a) y
15+

10+

$ /;\ + + X
-3 -1 1 3
-54

critical numbers: z; = —2.085, o = —1, z3 = 0.207, 24 = 1.096, z5 = 1.544

local extreme values:  f(—2.085) =2 —6.255, f(—1) =7, £(0.207) = 0.621, f(1.096) = 7.097,
F(1.544) = 4.635

(b) f is increasing on [—2.085, —1], [0.207,1.096], and [1.544,4]
f is decreasing on [—4, —2.085], [-1,0.207], and [1.096,1.544]

50. (a) y

critical numbers: 77 & —2.204, 7o = —0.654, z3 = 0.654, z4 = 2.204
local extreme values:  f(—2.204) = 2.226, f(—0.654) = —6.634, f(0.654) = 6.634,
£(2.204) = —2.226
(b) f is increasing on [—3. — 2.204], [—0.654,0.654], and [2.204, 3]
f is decreasing on [—~2.204, —0.654], and [0.654, 2.204]
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y
51.
24
f'
1+
} : + X
-2 -1 1 \e
critical numbers of f: z; = —1.326, 5 =0, 73 = 1.816
f"(-1.326) 2 -4 <0 = f has alocal maximum at z = —1.326
f"(0)=4>0 = f hasalocal minimum at z =90
f"(1.816) 2 —4 = f has a local maximum at z = 1.816
52.
y
f"
A
-4 / /
critical number of f: z; = —1.935
f"(—1.935) = 14.60 >0 = f has a local minimum at z = —1.935
SECTION 4.4
AR R R XN J
1. fl(z)=3%(z+2)72 2> -2 f: —
critical no —2; e
f(=2) =0 endpt and abs min; as z — 0o, f(z)— co; 50 no abs max
2. fl(z)=2z-3; criticalno £; f(3)=-1local and abs min
—————————— 0O++++++
3. fllz)=2z-4, z€(0,3); fe . .
0 2 0
critical nos 0, 2, 3; max min max
f(0) =1 endpt and abs max, f(2) = —3 local and abs min, f(3) = —2 endpt max
4. f'(z)=4z+5, z€(~2,0) pooe—— T, T
. T) = 4r , TE(—4,0); :
0 -5/4 2

critical nos -2, — %, 0;
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10.

11.

SECTION 4.4

f(~2) = —3 endpt max, f (= 2) = — 33 local and abs min, f(0) = —1 endpt and abs max

1 213 — 1
@) =2 - =

= ,z#0; f(2)=0 at z=271/8

2
critical no 2713 f(z) =2+ =, f" (271/3) =6
z

F(271/3) =272/3 4 91/3 = 272/3 1+ 2. 272/% = 3 . 272/3 Jocal min

Py =1-2 o — T L FEY
z) = = : 5 B -
critical no 2Y/3; £ (2!/3) = 3(2)7%/% local min
21‘3—1 1 —————— O+++4++ 4444+
P ae(ha) g I
d 10 A s
max min

critical nos X, 271/3_ 2;

10°

f(&) = 107%; endpt and abs max, f(27*/%) =3 .272/% local and abs min,

f(2) =41 endpt max

flo)=1-2, ze(1,vD) 7 - - - trd .

z3’ 1 2" \[2—

critical nos 1, 21/3, v/2;  f(1) = 2 endpt and abs max

F(2'/3) = 3(2)7%/% local and abs min, f (v2) = V2 + 3 endpt max

—Q+e++e

fllzy=22x-3, z€(0,2); f

o 3 2
critical nos 0, %, 2; max min max
f(0) =2 endpt and abs max, f(2) = —1 local and abs min,
f(2) =0 endpt max
, , - -t -+t
fli@)=2(z-1)(z-2)(2z-3); ze€ (0,4 f': 6 i '2 l:

critical nos 0, 1, 2,2, 4;  f(0) = 4 endpt max, f(1) = 0 local and abs min,

@)= 3 local max, f(2) = 0 local and abs min, f(4) = 36 endpt and abs max

(2——{1,‘)(2-{»—:1}) —————— Ot+++++++ 4+ 4444+

—31; " e g Ty
(4 +22)° » ze(=3:1) A S 1

fl(z) =

critical nos -3, -2, 1;
f(—3) = =% endpt max, f(—2)= —} local and abs min,

f(1) =% endpt and abs max
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13.

14.

15.

16.

17.

18.

19.
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2z e A s
(1+$2)2, xe( 172) f - _1 0 2

critical nos —1,0, 2; f(-1)=-— % endpt max, f(0) = 0 local and abs min,

fz) =

f(2) = £ endpt and abs max

) =2y (1-52). o207 e o,
critical nos 0, 1, 1;

f(0) =0 endpt and abs min, f(}) = local max, f(1) =0 local and abs min;

as T — 00, f(z) = 00; 50 no abs max

- + 4+ A+ - -
__2(2—1:2) z €(-2,2) f: 1 M e
4= z2)1/2’ )

2 V2 K

critical nos -2, —v2, v2,2;  f(—2) = 0 endpt max, f (~v/2) = —2 local and abs min,

(=) =

f(V2) =2 local and abs max, f(2) = 0 endpt min

3(2__1) L R R R | et
! = —-=, <3 r. - .
I == ° f s

critical nos 2, 3;
f(2) = 2 local and abs max, f(3) =0 endpt min;

asz = —o0, f(xr) > —o0; sono abs min

++++++++

Y

fiix)=2% (272 42732), >0 fli —
2

no critical nos; no extreme values.

________ d _————— e ———
F@)=-ta-1)720, o#1 E . »
1 x
critical no 1;
no local extremes; as z : io(;o J;Ezg :: ;ooo } no abs extremes
f’(:z:)=§ 3z — 1 ' ;. ++|++l-—-|+++\
3 (4z — 1)2/3(2z — 1)1/3’ /4 1/3  1/2 o
critical nos ¢, 3, 3; no extreme value at +
f(3) = % local max, f (%) = 0 local min
PP FEI LA PP —————
f'(z) =sinz (2cosz +V3) ,z € (0, 7); e . - .
é

critical nos 0, 37, m;
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#(0) = —v/3 endpt and abs min, f(27) = I local and abs max, f(7) = v/3 endpt min

( st ©, 2/3 ; +EE A H S
20. ) =—cscez+1, z€(0,2n/3); T L
f'() 0 1T_/2 2n/3

critical nos 1w, 2r (note: 0 is not in the domain)

No extreme value at i, f(27) =% (27 — v/3) endpt and abs max

21. f'(z) = —3sinz (2¢cos’z+1) <0, z € (0, 7); critical nos 0, 7;

f(0) = 5 endpt and abs max, f(v) = —5 endpt and abs min

22. f'(z)=2cos2z-1, z€(0,m): fl: = 1 1

critical nos 0, #m, 2w, m;  f(0) = 0 endpt min, f (37) = $v3 — g7 local and abs max,

6
f(2r) = = 3V3— 37 local and abs min, f(r) = —7 endpt max

23. f'(z) =sec?z—1>0, z€ (—im, im); critical nos —3m, 0;

f(~%ir) = 7 — /3 endpt and abs min, no abs max

24. fl(z)=2sinz cosz(2sinz—1), z€ (0,27m); f': o S S A S
’ 3 0 /4 m/2  2m/3
critical nos 0, #7, #7, 27;  f(0) = 0 endpt and abs max, f (37) = — § local and abs min,
f (A7) = 0 local and abs max, f (¢7) = — & endpt min
25.
Ay -2, O<z«l
T fil(z) = 1, 1<z<4
. ) -1, 4<z<7

M 4

critical nos 0,1,4,7

-2

f(0) = 0 endpt max, f(1) = —2 local and abs min,

f(4) = 1 local and absolute max, f(7) = —2 endpt and abs min

1, 8<zxz<-3 y
26. f{z)=<( 2z+1, -3I<z<?2
5, 2<z<H 10l

critical nos —8&, -3, — 5

1. . - :
3 .
f(—8) =1 endpt min, f(—3) = 6 local max /\
+— + + — X

f(=%) = — % local and abs min e -3 2 5




27.

28.

29.

30.

S
-

»
>
x

r— ] 3 &

f(—2) = 5 endpt max, f(—1) =2 local and abs min,

f(1) = 6 local and abs max, f(3) =2 local and abs min

—2z -2, -2<z<0
s -1, 0<z <2
file) = 1, 2<z<3
(z - 2)?, 3<zr<4

critical nos -2, -1, 0, 2, 3, 4;
f(—2) = 2 endpt min, f(—1) = 3 local and abs max,
f(0) not an extreme value, f(2) = 0 local and abs min,

f(3) = § local min, f(4) = £ endpt max

0

-1t

-2r

f(—3) =2 endpt and abs max, f(—1) =0 local min,

F(0) = 2 local and abs max,

—2x,
-2,
—z,

Note: 1 is not in the domain of f.

0<z<1
1<z <2
2<z<3

fi(z) =

critical nos 0, 2, 3;
f(0) = 0 endpt and abs max, f(2) = —2 local max,
f@3)=

- % endpt and abs min

F(2) = —2 local and abs min

SECTION 4.4 163
2z, —-2<z<-1
fl(z) =< 2~ 2z, ~l<z<3
1, 3<xr<b

critical nos -2, -1, 1,3

-1, 3<zr<-1

1 -1<z<0
! —_ ?

Fla)=9 9,4 0<z<3

2, 3<z <14
critical nos -3, —1, 0, 2

+ + x
1 2 3
£
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31.

33.

35.

36.

37.

38.

39.

SECTION 4.4
32.
y
6
1 T 1
/ ol 1 3\ ~
X
F(=3) =0 and f'(z) > 0 on (=3,-1) 34. 7
st
= f(-1)>0.
f(3)=0and f'(z) >0on (1,3) = f(1) <O.
It now follows that f has a zero on (—1,1),
contradicting the fact that f(z) # 0 for X N . Lk
-1 1 2
z € (-3,3). /

Let p(z) = «® + az? + bz + c. Then p'(z) = 3z% + 2az + b is a quadratic with discriminant A =
4a? — 12b = 4(a® — 3b). If a®> < 3b, then A < 0. This implies that p’(z) does not change sign on
(=0, 00) and hence p is either increasing on (—oo,o0) (if @ < 0) or decreasing (a > 0). In either case,
p has no extreme values. On the other hand, if a? — 3b > 0, then A > 0 and p’ has two real zeros,
¢1 and ¢2, from which it follows that p has extreme values at ¢; and c;. Thus, if p has no extreme

values, then we must have a® —3b < 0.

f@)=Q+5)"-(1+rx), >-1
fi@y=r[l+2)"'-1]; f(z=0 = z=0
f'(z) =r(r-1)(1+2z)"2% f"0)=r(r—1)>0 = f has alocal minimum at z =0

By Theorem 4.4.3, f(0) = 0 is the absolute minimum of f.

By contradiction. If f is continuous at c, then, by the first-derivative test (4.3.4), f(c) is not a local
maximum.

Since f(c) > f(z) for all z in some open interval around ¢, and likewise f(c) < f(z) for all z in some

open interval around ¢, it follows that f must be constant on some open interval containing c.

If f is not differentiable on (a, b)‘, then f has a critical point at each point ¢ in (a, b) where f'(c)
does not exist. If f is differentiable on (a, b), then by the mean-value theorem there exists c in (a, b)

where f'(c) = [f(b) — f(a)]/(b— a) = 0. This means c is a critical point of f.
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We give a proof by contradiction. Suppose for no ¢ in (c;,¢z) is f(c) a local minimum. By Theorem
2.6.2, f has a minimum on [c, ¢;] and, thus, this minimum must occur at ¢; or ¢. Suppose that fle)

is an endpoint minimum. Then for some §; > 0,

(*) (@) 2 fle), z€ler,er+41).
Since f(c1) is a local maximum, there exists d, > 0 such that
**) f@) < fla), z€(a —da,c1+8).
Set 6 = min [4;, d2). From (*) and (**), it follows that

flz)=f(a1), =z € (c1,c1+6).

This means that f has a local minimum on (c;, ¢z). The argument at ¢, is similar.

Let M be a positive number. Then
P(z) = M > apz™ = (Jap-1]z™ " + - +las|z + |ao] + M) for z >0

> anz" = (|ap-1] + - +la1] + |ao| + M) for z>1

It now follows that

e RSNt
Qn

Plz)-M>0 for zZK:(
(a) z(t) = Asin(wt + ¢o); z'(t) = wAcos(wt + ¢o); z"(t) = —w?Asin(wt + ¢q)
Thus, z"(t) + w?z(t) = 0.
(b) Absolute max: |4], absolute min: —|A4|

Let R be a rectangle with its diagonals having length ¢, and let z be the length of one of its sides.
Then the length of the other side is y = v/¢? — 22 and the area of R is given by

Alz) =z 2 — 22

Now 5
Alz) =2 — 22 — —r
2 _ 52
2 -2
T V2
and
2
A'(z):0:>x=\/7—c

2 2 2
It is easy to verify that A has a maximum at z = \/7_ ¢. Since y = \/7_ ¢ when z = % ¢, it follows

that the rectangle of maximum area is a square
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44.

45.

46.

47.
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Let S = 78 + y3 where z +y + 16. Then S(z) = z° + (16 — z)® and

S'(z) =322 -3(16—2)2=96(z —8); S'(z)=0 = z=8 = y=38
S'(z) =6z +6(16—-z); S"(8)=96 = S has alocal minimum at z =38
It now follows that S(8) is the absolute minimum of S.

v? cos 2z

Setting R'(z) = 16

=0, givesz = g— Since R”(%) =-—<0, z= % is a maximum.
Cut the wire into two pieces, one of length z and the other of length L — z. Suppose that the wire of

length z is used to form the equilateral triangle, and the other piece is used to form the square. Then

the area of the triangle is v/3z2/36, and the area of the square is (L — z®)/16. Now, let

V3 , 1 >
S(z) = 36 % +E(L—$)
Then 3
iy = Y3 L
) =Yoo-2(L-2)
4/3+9 1 .
)
Setting S’(z) = 0 we find that
9
= L.=0.5650L
4/3+9
Now,
S(0) = 11_6 L? = 0.0625L% (absolute maximum)
9
S| ———1L)20.0390L? (absolute minimum
(4\/5 +9 > (gbsole :
V3

S(L) = % L? =0.0481L7

~

To maximize the sum of the areas, use the wire to form a square; to minimize the sum, use z =

0.5650 L to form the triangle and the remainder to form the square.

critical nos: z; = —1.452, z2 = 0.760

y
f(—1.452) local maximum
10 £ £(0.727) local minimum
f(3) absolute maximum
5.1

f(—2.5) absolute minimum




49. Y
2_
AN / f
+ t 3 + + + X
w3 [ -\/\7 ’
_2_L
_3_.
50.
y
6 -+
4 +
ya
} 4 + x
-3 % 1
SECTION 4.5

SECTION 4.5

critical nos: ;7 = —2.179, z5 = 1, z3 = 1.158

f(1) local maximum

f

f(—2.179) absolute minimum

(
F(=2.179), £(1.158) local minima
(3) absolute maximum

(

critical numbers: z; = —1.683, z3 = —0.284,
z3 = 0.645, z4 = 1.760

F(—1.683), £(0.645) local maxima

f(—0.284), f(1.760) local minima

f(m) absolute maximum

f(—m) absolute minimum

critical nos: z; = —0.684, z, =0

f(—0.684) local maximum

£(0) local minimum

f(1) absolute maximum

f(=3) absolute minimum

1. Set P=2zy and y = 40 — z. We want to maximize

P(z) =x(40 — z), 0 <z < 40.

P(z)=40-2z, P'(z)=0 = =z =20.

Since P increases on (0, 20] and decreases on [20, 40), the abs max of P occurs when z = 20.

y = 20 and zy = 400.

The maximal value of zy is 400.

167

Then,
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2. Set A=gzyand 2z +2y=24o0ry=12—-z. We want to maximize
Alx) =z(12—-1z), 0<z <12.

A(x)=12-2z, P'(z)=0 = =z=6.

Since A increases on [0, 6] and decreases on [6, 12], the abs max of A occurs when z = 6. Then, y = 6.
The dimensions of the rectangle having perimeter 24 and maximum area are: 6 x 6.

Minimize P

3.
X
A=200 y P=z+2y, 200=1zy, y=200/z
777777777 BARN 77777777
4
P(m):x+-9—q, 0 <z
z
400
Plz)=1- — P(z)=0 = z=20
Since P decreases on (0, 20] and increases on [20, 0o), the abs min of P occurs when z = 20.
To minimize the fencing, make the garden 20 ft (parallel to barn) by 10 ft.
4. y Maximize A
/J A=2zy, y=4-7z°
N\,
[ x 2
Alz) =2z(4~12?) =8z — 223, 0<z<2
Al(z)=8-62%, P'l(z)=0 = =z= l
’ V3
Since A increases on [0,2/v/3] and decreases on [2/+/3,2], the abs max of A occurs when z = 2/V/3.
The maximal area is % V3.
5. Maximize A

A=zy, 2+y*>=8% y=+64-2z2

Alz) =zvV64 - 22, 0<z <8
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Az)=0 = z=4/2.

-z 64 — 22
Al(z) = V64 — 22 + = ;
() T <\/64 = z2> /64 = 52

Since A increases on (0, 4v/2] and decreases on [4v/2, 8), the abs max of A occurs when z = 4v/2.
Then, y =4v/2 and zy = 32.

The maximal area is 32.

Maximize S /"

S=w?l, w=2y, [ =2z where :z2—{-y2:4g

S(z) =8 (% - :1:2) z :2:1:(9 -42%), 0<z

—~
NS

Since S increases on [0,v/3/2] and decreases on [v/3/2,3/2], the abs max of S occurs when z = /3/2.

<3
S'(z) =18 — 2422, S'(z) =0 =—> z:‘/;.

The dimensions of the strongest beam are: v6 x /3.

Maximize 4

600 —
A==zy, 2y+ 3z =600, y:ﬂ#

Az) =2 (300 - 2z), 0<z < 200.
A'(z) =300—-3z, A'(z)=0 => z=100.

Since A increases on (0, 100] and decreases on [100, 200), the abs max of A occurs when z = 100.
Then, y = 150.

The playground of greatest area measures 100 ft by 150 ft. (The fence divider is 100 ft long.)

Minimize C = 300y + 400z y

00
A=5000=zy = y:%;p

1,500, 000
z

C(z) = +400z, z > 0;

C'(z) =

C'z) =0 = z=61.24.
3,000, 000
C'(z) = —

~ 1,5002, 000 400,
T

. C"(61.24) > 0. y

C has an abs min at = 61.24. The dimensions that will minimize the cost are: z = 61.24, y = 81.65.
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9. Maximize L

To account for the semi-circular portion admitting less

r light per square foot, we multiply its area by 1/3.

1 [ar?
L=2 - —
rh+3< 3 ),

2
" o +2h+nr =24, h=1(24-2r—77)

24 — 2r — mr 1
=2 —_— — 2
L r< 5 )+67rr

_ 5 9 30
L(r) = 24r — <2+67r>r, 0<r< Tia

5 72
! _ _ e ! — = .
L'(r) =24 (4+37r> r, L'(r)=0 = r 2+ 5n

Since L"(r) < 0 for all r in the domain of L, the local max at r = 72/(12 + 57) is the abs max.

For the window that admits the most light, take the radius of the semicircle as 257 =~ 2.6 ft and
72+ 24
the height of the rectangular portion as et >~ 5.32 ft.
12 + 57
10. X Maximize A
A=1zy, z+ 2y =800
y y

A(y) = (800 — 2y)y = 800y — 2y?, 0 <y < 400.
A(y) =800 -4y, A(y)=0 = y=200.
Since A increases on [0, 200] and decreases on [200,400], the abs max of A occurs when y = 200.

The dimensions of the field of maximum area are: 200 x 400.

Ay
(0,3)
11. ] : Maximize A
P A=x 3 Y (similar triangles)
= - = —— ilar
Y, 1 41—z g
d x
x 4=z > y=2(4-1)




12.

13.

14.

Since A increases on (0, 2] and decreases on [2,4), the abs max of A occurs when z = 2.

To maximize the area of the rectangle, take P as the point (2, 3) .

The equation of the third side is: y = mz + (1 — m).

SECTION 4.5

y=3x
A . m—1 N
The base of the triangle is: b = ——.
m
The two lines intersect when 3z = mz + (1 — m); (1,1)
1— —
— =i o a2
3—-m 3-m
1
We want to minimize
1m—-131-m) 3 (1-m)?
Am) 2 m 3-m  23m-—m? m <0
Wmy=-3mEAM=D ey = m=_3

The area of the triangle is a minimum when the slope of the line is —3.

Ay Minimize A
A = L(z-intercept)

Equation of line:

y-intercept:

1 5
A_—<2—-W—l) (5 —2m) =10 —2m — —

2

(y-intercept)
y—5=m(z~—2)
5

z-intercept: 2 — —
m

5—2m

Since A”(m) = —25/m3 > 0 for m < 0, the local min at m = —5/2 is the abs min.

The triangle of minimal area is formed by the line of slope —5/2.

Since lim A({m) = +o00, no minimum exists.
m—0—
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15. Maximize V.
50 — 222

V =2z2h, 2 (2z2 + zh + 2:1:h) =100, h= 3
x

92
V =922 <M>
3z
2x
s
X

Vieg) =82z — £2%, 0<z<5.

Vi(z) =20 —4z%, V'(z)=0 = =z=35/3.

Since V"'(z) = —8z < 0 on (0,5), the local max at = = 24/3 is the abs max.

The base of the box of greatest volume measures 3v/3 in. by 3+/3 in.

2
16. With no top, we have 2z + 2zh +4zh =100, or h= 503:cz )

2
- 2
Maximize V(z) = 2z? (503;!: ) =2 (50 —z%), 0<z<5V2

3
Vi(z) = % -2z, V'(z)=0 = =z= 2\/6_5

Since V"(z) = —4z < 0 on (0,5v/2), the local max at = = $v/6 is the abs max.

The base of the box of greatest volume measures $v/6 in. by 2v/6 in.

17. Maximize A

A= %hy

2t4+y=12 — y=12-22
Pythagorean Theorem:

O )

Thus, h=+/22 - (6 — )2 = /127 — 36.

e
Nhe

Alz) = (6 — z)v/12z — 36, 3 <z <6.

6 )_ 72 — 18z
12z — 36

Al(z) = —V122 - 36 + (6 — x) (

Alz)=0 = z=4.

T V12 -36"

Since A increases on (3,4] and decreases on [4,6), the abs max of A occurs at z = 4.

The triangle of maximal area is equilateral with side of length 4.
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18. It is sufficient to minimize the square of the distance:
S=(z-0)%+(y—6)>=8y+ (y—6)? since z?> =8y where y > 0.
S'y)y=2y-4, S'y=0 = y=2

The points on the parabola that are closest to (0, 6) are: (4,2) and (—4,2).

19. Minimize d

0 2oy d=1/(y? - 0)° + (y — 3)2

(52 %) The square-root function is increasing;

N

D(y) =y*+ (y—3)%, 1y real
D'(y) =4y +2(y-3)=(y—-1) (4> +4y+6), D'(y)=0at y=1

d is minimal when D = d? is minimal.

LA 4

Since D"(y) = 12y* + 2 > 0, the local min at y = 1 is the abs min.

The point (1,1) is the point on the parabola closest to (0, 3).

20. f(z) = Az"'2+Bg'/?, f(9)=6 = LA+3B=6.

, A B "4 B
f($)=2x—3/2+m§ fl9=0 = —+==

Solving the two equations gives: A =9, B = 1.

21. Maximize A
A=zy+ ?:c?, 30=3z+2, y= 30;37”
A(z) = 15z — gxz + \/Tgﬂ, 0 <z <10.
V3 30 10

A’ = — e ! = = — = — .

(z) =15 — 3z + 5 L Az)=0 = = 6-v3 - 11 (6+\/§)

: " \/g 10 :
Since A”(z) = -3+ - < 0 on (0,10), the local max at z = I (6 +/3) is the abs max.

The pentagon of greatest area is composed of an equilateral triangle with side %% (6 + \/§) =~ 7.03 in.

and rectangle with height 12 (5 — v/3) = 4.46 in.
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22. To maximize the area, use the cross-section that is wider at the top.

A(R) = 4h + W16 — B2, 0<h<4;

16 — 2h2 :
ARy =4+ ———; !
) J16 = 12 "
AR =0 = h=2/3 AN 4

4

The depth of the gutter that has maximum carrying capacity is: 21/3 inches.

23. Maximize V.
X F 4
4 Lk V = (8 — 22)(15 — 21)
| _ I
8-2x| >8" x>0
| L 8—-2x>0 = 0<z<4
T = 15— 22 > 0
| 15 -2x |
= Ea]
Y
16"

V(z) =120z — 462 + 423, 0<z <4.

Vi(z) = 120 — 92z + 1222 = 4(3z - 5)(z — 6), V'(z)=0at z=3.
Since V increases on (0, 3] and decreases on [3,4), the abs max of V occurs when z = 2.

The box of maximal volume is made by cutting out squares 5/3 inches on a side.

24. Minimize P
P =2z 4+ 2y;

(G- (y—6) =81 y= —— 46

y y - ? y_$_4 .

162
P'(z) =2 PV Pz)=0 = z=13
. " 324 . .
Since P"(z) = w_ap > 0 when z > 4, z = 13 is the abs min.
T —

The most economical page has dimensions: width 13 cm, length 15 cm.

25. Minimize AP + BP+CP =S
length AP = /9 + y?

length BP=6—-y

length CP = /9 + y?
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S(y)=6—-y+2/9+y* 0<y<6.
2
S'y) = -1+ 2=, Sy =0 = y=13

Ve

S(0)=12, S (\/5) =6+3vV3>112, and S(6) = 6v5 =134,

Since

the abs min of S occurs when y = /3.

To minimize the sum of the distances, take P as the point (0,v/3).

26. Refer to Exercise 25. Here we want to minimize

S(y)=3—-y+2/36+y%, 0<y<3.
2y
S'y)=-1+—==—, S'y) =0 = y=+12>3.
() %o ) y
Thus, the minimum must occur at one of the endpoints: S(0) = 15, S(3) = 2/45 < S(0).

To minimize the sum of the distances, take P = (0, 3).

27. Minimize L
LP=y?+(z+1)%
By similar triangles —2— = 8 4= §(9: +1)
Y 8 T YT g ’

L? = [(%) (:1:+1)r+(x+1)2:(m+1)2 <§+1)

Since L is minimal when L? is minimal, we consider the function

f(z) = (z +1)2 (2—3+1>, z > 0.

fl@) =2 +1) (% n 1) @1y (—128)

3

= 2(“‘:3” D [2°—64], flz)=0 = z=4

Since f decreases on (0,4] and increases on [4,00), the abs min of f occurs when z = 4.

The shortest ladder is 5/5 ft long.
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28. Maximize L=z +y. y 6
By similar triangles, = = ————
v B8~ Va? - 64
6z
Liz)=z+ ———=, 2>8
(=) V=2 — 64 P
384
! — —_—
L'(z) =1 (@ —64)3/2
L'(z)=0 = 1z =/64+(384)2/3210.81 8
L(10.81) = 19.73; the longest ladder is approximately 19.7 ft.
29. Maximize A
(We use feet rather than inches to reduce arithmetic.)
A=(L-1)(W-3)
2
LW=271 = W= f7
27 4 8 27 4
= (L — )= — - — - L
A= 1 ( L 3) 3 L 3
27 4
A==, AWl = L=_.
Since A'(L) = —54/L% <0 for 1< L < 8, the max at L =} is the abs max.
The banner has length 9/2 ft = 54 in. and height 6 ft = 72 in.
L
30. AssumeV =—-wr‘h=1, orh=—.
3 7l
7.6
Minimize surface area S = wrv/r? + h? = 7rr\/r2 + 2QT4 = v 1; + 9.
T
s _ -9 o _(9\P_ 3
dr ~ r2/n2r6 10 o\ 2n2 T 9%g%
3 L2_1_
== h = 1=3313:\/§r.
9 3 T3
“(z2)
31. Find the extreme values of A
N A=nr?+ 12
n
x
2mr +4z =28 = gz =7- 17T
. 2xr . 4x .
L circle ' J

square

Y
28 inches



32.

33.

34.
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14

. .

2
1
A(r) = 7r? + (7—57”‘) , 0<r<
Note: the endpoints of the domain correspond to the instances when the string is not cut: r = 0
when no circle is formed, r = 14/7 when no square is formed.

14
447

A’(r):27rr—7r(7—%7rr>, Alr)=0 = r=

Since A"(r) =27 +x2/2>0 on (0,14/7), the abs min of 4 occurs when r = 14/(4 4+ «) and the
abs max of A occurs at one of the endpts: A(0) =49, A(14/7) =196/ > 49.

(a) To maximize the sum of the two areas, use all of the string to form the circle.

(b) To minimize the sum of the two areas, use 2rr = 287/(4 + 7) = 12.32 inches of string for the
circle.

12 -z
Maximize V = z?h given that 22 + 4zh =12 = h= il

4z
12 — o2
V(a:):xz( 4;):31«—%953, 0<z<Vi2

Vi(z)=3-22% V'(z)=0 = z=2. SinceV increases on (0,2] and decreases on [2, v12),

V has an abs max at £ = 2; the maximum volume is V(2) = 4 cu ft.

Maximize V
f 3
A V =7r2h
X o By similar triangles
1
1 M 8 h 8
: —5__5—7' or h—g(S—’r‘).
L T 4
[
8 4 -
V(r):—s-r (6-r), 0<r<5.
, 8m 9 ,
V(r):?(lor—&‘), Viry=0 = r=10/3.

Since V increases on (0, 10/3] and decreases on [10/3, 5), the abs max of V occurs when r = 10/3.

The cylinder with maximal volume has radius 10/3 and height 8/3.

1
Maximize A = 2nrh = % r(5-r), 0<r<5, (h=2%(5-r)from Exercise 33).

A’(r):%r-(5—2r), Alr)=0 = r

3
2

,h=4.

rojun

The curved surface is a maximum when r =
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35.

36.

37.

SECTION 4.5
Minimize C
In dollars,
y
C = cost base + cost top + cost sides
= .35 (z2) + .15 (z?) + .20(4zy)
X
=122+ tay
12
= Volume = 2%y = 1250 y = 20
T
1
C(z) = %mz + -@—Q, z > 0.
C'z) =3 - %9 C@)=0 — =10,

Since C”(z) = 1+2000/z® > 0 for z > 0, the local min of C' at z = 10 is the abs min.
The least expensive box is 12.5 ft tall with a square base 10 ft on a side.

Maximize A = zy. By similar triangles

b—=x = 3’ 50 h

A(z):%x(b—x), 0<z<b * |
b b wy

AlE)=—-@0b-2z), Az)=0 = =z=:. :
b 2 x b-x

Since A is increasing on [0,b5/2] and decreasing on [b/2,b], A has an abs max at z = b/2

A(b/2) = L kb = 3 area of triangle ABC.

Minimize 4
A= 1(h)(2z) = hz

Triangles ADC and ABE are similar:
AD AB h _AB

DC - BE % 7 7
Pythagorean Theorem:
r? + (AB)? = (h — 7).
Thus
2
r? 4+ (ﬁl> =(h— r)2.
z

Solving this equation for & we find that




38.

39.
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222
h= 22 _ 12
2z%r
A(Z’) = m, x>,
4(2) (z® — %) (62%r) — 22°r(2z)  2z°%r (z? — 3r?)
xr) = = s
(22 - r2)? (22 — r2)?

Ay =0 = z=rV3.

Since A decreases on (r, rv/3] and increases on [rv/3, co), the local min at = = /3 is the abs
min of A. When z = r/3, we get h = 3r so that FC = 2rv/3 and AF = FC = VA2 + 22 = 2r/3.

The triangle of least area is equilateral with side of length 2r+/3.
Maximize A(z) =  (r + z)2vr? — 22
=(r+z)vri—-22, 0<z<r.

r? —rg — 222 T
A’(l‘):ﬁ,
re—=x
r r
A(z)=0 = z:g. x

Since A increases on [0,7/2] and decreases on [r/2,7], A has an abs max at z = r/2;

Ar/2) = %ﬁ r2.
Maximize V
V =ar’h
R By the Pythagorean Theorem,
R -7 o (2r)? + h? = (2R)?
- 2r
50

h =2VR? —r2,

V(r) =2rr2V/R2-r2, 0<r<R.
, r3 2nr (2R? — 3r?%)
Vi(r) =2n 2T\/R2—r2—m =

Vi(r)=0 = r=1iRV6.

Since V' increases on (0,3Rv6] and decreases on [3RV6, R), the local max at r = $RV6 is the
abs max.

The cylinder of maximal volume has base radius $Rv6 and height 2R+/3.
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40. Maximize A = 27rh = 47rV/R2 =12, 0<r <R, (h=2vVR?-r? from Exercise 39).

4m(R? — 2r?) R
A= "—ror", Ar)=0 = r=-—.
The curved surface is a maximum when r = —%, h = RV2.
41. Maximize V
V= %7‘(‘7‘2h
R
Pythagorean Theorem
N
R Casel: (h—R)?+r?=R?
\
7 Case2: (R-h)?+r2=R?
Casel: h>R Case2: h<R In both cases

r2 = R? — (R — h)? = 2hR — hZ.
V(h) = 1r (2R~ h%), 0<h<2R.

4
V’(h):%vr(4hR—3h2), VI(h) =0 at h:?R,

Since V increases on (0, #R] and decreases on [4R,2R), the local max at h = 3R is the abs max.

The cone of maximal volume has height %R and radius %R\/i

42. Maximize V = % nr?h, where r? + h* = @®.
V(h) = tw(a® —h*)h, 0<h<a,
Vi(h) = Lr(a® ~3R%), V'(R)=0 = h=

Maximum volume V (a/v/3) = Z ra3V/3.

5
=y
[

43. Minimize C

island

In units of $10, 000,

1 _ cost of cable cost of cable
' " underground under water
'
‘-z o = 34-z) + 5VIZ+1
power
station

Clearly, the cost is unnecessarily high if
z>4 or z<U0.
Clz)=12-3z+5vz2+1, 0<z <4

Sz

VZZ+ 1

C'(z) =-3+ C'(z)=0 = =z=3/4



44.

45.

46.

47.

48.
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Since the domain of C is closed, the abs min can be identified by evaluating C at each critical point:
C)=17, C(3)=16, C(4)=5V17=20.6.

The minimum cost is $160, 000.

Maximize a — 6.

Since the tangent function is an increasing function

on [0,7/2), it suffices to maximize tan(a — ).
7
- 1
tan(a—ﬁ):M; anaz—g, tanf = —.
1+ tano tanf T z
16 9
- 7 7z 9
s - T T _
Thus, we maximize T(z) = ; 6 0~ p2riad ® > 0.
+— 2 a
7(144 — z2) v P
-z
T’ = —— TI = = 12
@ =Gy T@W=0 = = x

Stand 12ft from the wall for the most favorable view.

—mW (mcosf — sin §)

P'(9) = (msind + cosb)? ;P is minimized when tanf =m.
202 ) 1
R(8) = 5— cos @ sin(f — a%’u? 0<f<s5m
geosta Rl = — [~ sin8 sin(§ — ) + cosf cos(f — a)
g cos? o
02
= 7 cos? cos(26 — a)

a b
mnimize .’1:2 (s — .’13)2
2a 2b ais
I’ = I’ :0 ——2 =
(@) =-3 T e (z) T= T

1
Minimize D = (y — v1)? + (z — 21)?, wherey = —E(ax —c).

D=2 (—%(aw —¢) —y1> (—%) +2(z—31) =0

b’z; — ac — aby; a’y; — bc — abzy
= = oY andthusy———a2+b2
a®y; — be — abz 2 b2z, — ac — ab 2
Thus d =D = \/("%:b—‘yl) (PR
_azy +by; + ¢

va? + b?
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49. The slope of the line through (a,b) and (z, f(z)) is —

Let D(z) = [z —a)®? + [b— f(z)]>. Then D'(z) =0
= 9o —a]+ 2 @) =0

= fl(z)= —%-

2 _ 2
50. Let P = (z1,23) and Q = (z2,z3). The slope of the line PQ zl—zz =13 +z2. Thisis
1~ %2

perpendicular to the slope of the tangent to the parabola through point P, which is 2z;.  Thus

1 .
T1 +T9 = T = = -1 — Y Now minimize:
1 1

D= (g} - 25)" + (&1 — 22)” = (2] — 23)° (1 + (21 + 72)°)

1\? 1
= {2 — ) (1+-—=
(x1+2$1> < +4x?>

o= o+ 2 () 3o ) (- 25) (1 25) -
- (o ) () ol o2

== zlzi\é— and y; =

51. Maximize 8

Since the tangent function increases on
[0,7/2), we can maximize § by maximizing tané.

tanf = tan (B — A)
tan B —tan A
1+tanBtan A

36/z—6/z 30z
14 (36/x)(6/z) T 22+ 216

Thus, we consider

30z
= = >
fle) z2 + 216’ =20
(z2 + 216) 30 — 303:(2:1:) 30 (216 -z )

fi=) = (@ + 216) (2 + 216)°

fllz) =0 = z=6V6.



52.

53.

54.

55.

56.
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Since f increases on [0,6v/6] and decreases on [6v/6, ), the local max at z = 61/6 is the abs max.
The observer should sit 6v/6 ft from the screen.

Let z be the number of passengers and R the revenue in dollars.

37z, 16<zxr<35

R(z) = { [37—1(z—35)]z, 35<az<48;

37, 16<z<35

R'<x>={
2z, 3B5<z<48.

The critical points are = = 16, 35, and 48. From R(16) = 592, R(35) = 1295, and R(48) = 1464 we
conclude that the revenue is maximized by taking a full load of 48 passengers.

Let = be the number of customers and P the net profit in dollars. Then 0 < z < 250 and

P(z) = 12z, 0<z <50
| [12 - 0.06(z — 50)]z, 50 < z < 250;

Ple) = 12, 0<z<50
=\ 62z — 0.062%, 50 < z < 250.

The critical numbers are z = 0, £ = 50, z = 125, and z = 250. From P(0) = 0, P(50) =
600, P(125) = 937.50, and P(250) = 0, we conclude that the net profit is maximized by servicing 125

customers.

40 —
Maximize P(zx) = 2cy + cz, where ¢ is the price of low-grade steel and y = < 52:) .

0—o
P(z) = 20(41%__5; )4
Pz = 20| 0= 2)(=8) = (40 = 5)(=D)]

(10 - 1)

1
P(z)=0 = 1z =10~ /20 or about 55 tons.

.A@):fgi%gfﬁﬂ,lyw):o — <7@y:0ff

Minimize SA = 2zrh + 2772, where 2r < h < 6 and 7r2h = 167 (hence h = g)
T

2
Thus SA = s2m + 2772, Differentiating, SA' = ___3227r +4rr =0
T r

= 73=8, sor=2feet and h =4 feet. Thus no minimum exists.
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1 800
57. y:mx—%(mz—kl)zz, When y = 0, g::mz__fll_
- 2
Differentiating z with respect tom, z'= 800 — 800m” _ 0
(m? +1)2

= m=1

22
58. When z =300, y=300m— —55—(7712 +1).

Differentiating y with respect tom, gy’ =300-225m =20

- m==
=3
59. Driving at z mph, the trip takes ?)xio hours and uses (2 + -é%m2> %(—) gallons of fuel.
1 309
Thus the expences are E =1.35 (2 + —z? 300 _ 13 —3@9 =0.675z — —0
600 z x z
. . . 3090 .
Differentiating, E' = 0.675+ —;—, which never equals zero.
z

Thus the minimal expenses occur at the endpoints:
z =235 orz =55

Evaluating E at these points shows that the mnimal expenses occur when the truck is driven at

55 mph.
income 200, 000n
60. W tt imize the rati = ’
€ want to maximize the rahio = S5~ = 1,000,000 + 100,000(1+ 2 + - + n — 1) + 5, 000, 000
_ 2n _ 4n
T 10n+1i(n—1n+50 n?+19n+100°
4z
Let S A—
et f®) = Ziigr v 1000 70
(22 + 19z + 100)4 — 4z(2z + 19) 4(100 — 72)
Then f'(z) = - =0
en f(z) (z2 + 19z + 100)2 (z2 + 19z + 100)?
== z =10.

Since f'(z) >0 forz <0, f'(z)<0forz>10, f hasan absolute maximum at z = 10.
A ten story building provides the greatest return on investment.
PROJECT 4.5

1. Distance over water: v/36 + z2.
Distance over land: 12 — z.

Total energy: E(z) = Wv/36 + 22 + L(12 — z).

2. W=15L, so E(z) =1.5Lv36 +2? + L(12—=z), for 0 <z < 12.
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1.5Lz

F(z)= ———_ —L=0 = gz=-2~536
(®) V36 + 22 V5
E'{z) <0 on (0 1—2—) and E'(z) >0 on (—13 12), so E has an absolute minimum at 12
7‘\/5 ﬁ’ ? ﬁ'
3. (@) W=kL, k>1, so E(z) =kLV36+ 22+ L{12 - z), for 0 < z < 12.
@)= % [0 = z=-—5
36 + z? k2 —1
6 6
E'(z) <0 on (0, —==——) and E'(z) >0 on ,12), so E has an absolute minimum
(z) 0, =) (z) (12
at —6——
k2 —1

(b) As k increases, z decreases.

As k — 17, z increases.

z=12 = k= ~1.12.

S

(d) No

SECTION 4.6
1. (a) fisincreasing on [a,b], [d,n]; f is decreasing on [b,d], [n,p)].
(b) The graph of f is concave up on (c, k), (I,m);
The graph of f is concave down on (a,c), (k,1), (m,p).
The x-coordinates of the points of inflection are: z=c¢, z=k, 2 =1, z =m.
2. (a) g is increasing on [a,b], [c,€], [m,n]; g is decreasing on [b,c], [e,m).
(b) The graph of g is concave up on (a,b), (b,d);
The graph of g is concave down on (d,m), (m,n).
The x-coordinate of the point of inflection is: z = d.
3. flz)=—-z72, f'(z)=22"3
concave down on (—o0, 0), concave up on (0, co); no pts of inflection
4. flz)y=1-272, f'(z)=2z"%
concave down on (—o0, 0), concave up on (0, co); no pts of inflection
5. f'(z) =3z2-3, f"(z)=6z;

concave down on (—oo, 0), concave up on (0, 00); pt of inflection (0, 2)

6. f'(z)=4x-5, f"(z)=4; concave up on (—oc,oc)
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10.

11.

12.

13.

14.

15.

16.

17.

SECTION 4.6

fll@)=2°~z, f'(z)=32"-1;

concave up on (—co, —4v/3) and (3v/3,

pts of inflection (—3v/3, —&) and (3v3, %)

f!(z) = 32? - 4z°,

concave down on (—oc, 0), and (3,

f'(z) = 6z — 122? = 6z(1 — 2z);

pts of inflection (0,0), (3, i)

Fz) = — 2?2 +1

concave down on (—oco, —1) and (0, 1),

pt of inflection (0,
-4
! —_
f (I) - ($_2)27

(22 —1)*

0)

(=) =

2 (22 +3)

fl/(iL') = (12 ~ 1)3

b

8 .
(z—2)%

), concave down on (—3v/3,

o0), concave up on (0, ) ;

concave down on (—o0, 2), concave up on (2, co); no pts of inflection

f'(z) = 42° — 4z,

F(z) = 1222 — 4
—1v/3) and (}v/3, ), concave down on (-1v3,

concave up on (—oo,

pts of inflection

(-
__3;2
flay=0-2)

(2 + 1)’

concave down on (—o0, —

1/3
3

VA, ) and (343, 8
we s 12z(z® - 3)
fi(z) = R

pts of inflection (—v/3,— £+v/3), (0,0), (V3, 2 V3)

i) = —t

concave up on (0, 0o);

f'@) = Lz ~3)4

concave up on (—oc, 3), concave down on (3, 00);

f'(z) = §(z +2)*/%,

concave down on (—oo

4 — 242

fl(z) = @

143z
227/ (1+ VZ)°

no pts of inflection

(=) =

, (@) =5 (- 3)7%

F1(@) = Rla + 27

2z(z* — 6)

fi(z) = A=)

pt of inflection (3, 0)

Note: dom (f) = [-2,2]

concave up on (—2,0), concave down on (0,2); pt of inflection (0,0)

fl(z) = 2sinzcosz =sin2z, f"(z) = 2cos2zx;

concave up on (0,

1
47'('

) and (2=, 7), concave down on (3

, 3n);

concave up on (—1, 0) and on (1, o0);

3) and (0, v/3), concave up on (—+/3, 0) and (V3,

, —2), concave up on (—2, c0); pt of inflection (-2, 0)

o) ;



18.

19.

20.

21.

22.

SECTION 4.6

pts of inflection (7, 3) and (3m, 1)
f'(z) = —4 cosz sinz — 2z, f"(z) = —4(cos’z —sin’z) — 2 = —4 cos2z — 2;

) %7") and (%77, TF), concave up on (%7;"

ts of inflection lﬂ' ﬂ and g7r 9 —8r*
P 37 718 3™ T 18

f'(z) =2z +2cos2z, f"(z)=2— 4sin2z;

concave down on (0 )5

Wity

L

concave up on (0, 15

5 105y,
L, m), concave down on (357, 57);

1 72 2 79 4 9572
pts of inflection (—71', ks ) and (5 +—57r)

7) and on

127 T 144 127 T 144

f'(z) = 4sin®z cosz, f'(z) = 4 sin® 2[3 cos? z — sin® z];

concave up on (0, t7) and (27, 7), concave down on (57, 37);
pts of inflection (37, %) and (27, )
flz) =2 -9z
Y
(a) f'(z) =3x>—-9=23(2%-23)
fl@)>0= < —V/3 or z2>V3; /
fliz) <0 = —/3< <3, | |
oS 5 x
Thus, f is increasing on (—oo, —v/3] U [v/3, o)
and decreasing on [—v/3,v/3].
(b) F(—=v3) =10.39 is a local maximum;
f(v/3) = —10.39 is a local minimum.
(c) f'(z) = bz;
The graph of f is concave up on (0, c0) and concave down on (—o0,0).
(d) point of inflection: (0,0)
f(z) = 3z* +42% + 1 y
(@) f'(z) = 1223 + 1222 = 122%(z + 1)
fl@)20=> z2> -1 10+
fllz) <0 = z<—1.
Thus, f is increasing on [—1, 00) . N
-2 -1 1 2

and decreasing on (—oc, —1].

(b) f(—1) =0 is a local minimum;

no local maxima.

187
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23.

24.

SECTION 4.6
(C) f/l(q;) = 3622 + 241z = 36z (iL‘ + %) :
The graph of f is concave up on (—oo, —%) and (0, o0); and concave down on (—_, 0) )

(d) points of inflection: (—%,41), (0,1)

@ flo=-2LL0e)

fi@) 20 = -1<z <Y

flz) <0 = z< -1 or z>1.

Thus, f is increasing on [—1,1];

and decreasing on (—o0, —1JU[1, c0).
(b) f(—1) = —1 is a local minimum;

f(1) = 1is a local maximum.

© ) = ZEE YAV

f'(z)>0 = z<—V3 or >3

f"(z) <0 = —v/3<z <3

The graph of f is concave up on (—+/3,0) U (v/3,00) and concave down
on (—oo, —v/3) U (0,v/3).

(d) points of inflection: (—+v/3,—v3/2), (0,0), (V3,v3/2)

flz) = 23z — 6)%/3

(a) f,(l') = $2/3£El':26)1/3

Flz)>0= <2, 2#0, or > 6;
21
fz)<0 = 2<z <6 , /\./x

Thus, f is increasing on (—o0, 2] U [6, o0)

and decreasing on {2, 6].

(b) f(2) = 2(4)/? is a local maximum;
f(8) = 0 is a local minimum.
-8
n — .
The graph of f is concave down on (0, 00) and concave down up (—oo, 0).

(d) point of inflection: (0,0)



25.

26.

27.

flz) =z +sinz, z€[-7,7]
(a) f'(z) =1+cosz

f{z) >0on (—m, )

SECTION 4.6

Thus, f is increasing on [—x, 7]. =
(b) No local extrema
(c¢) f(z)= —sinx

f'(z) >0 for z € (—m,0);

f'(z) <0 for z € (0,n).

The graph of f is concave up on (7,0) and concave down on (0, 7).

(d) point of inflection: (0,0)

f(z) =sinz +cosz, =z €[0,2n]
(a) f'(z) =cosz —sinz

fl(z)>0 = 0<z<im or

N[
)
IN
8
IA
N
3

flz)<0 = ingg%r

Thus, f is increasing on [0, 7] U [37,27] ;
f is decreasing on [i=, 37].

(b) f(m/4) = V2 is a local maximum;
f(57/4) = —v/2 is a local minimum.
(¢) f"(z) = ~sinz —cosz
ffzy>0 = %ﬂ' << %w;

f'@) <0 = 0<z<ir or Ir<z<2m

The graph of f is concave up on (%, Z7) and concave down on (0, 3m) U (Im,27).

74

(d) points of inflection: (3,0), (Zr,0)

z3, z<1
f<$)_{3$—2, z>1.

y=3x-2

! 3.’1)2, r < 1
@ r@={%" 5!
f'(z) > 0 on (—o0,0) U (0, ) yexd

Thus, f is increasing on (—co, cc).

(b) No local extrema

189
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6z, z<1

1" —
© ra={% I}
f(z) >0for z€(0,1); f"(z)<0forz € (—0o0,0).
Thus, the graph of f is concave up on (0, 1) and concave down on (—0c0,0).

The graph of f is a straight line for z > 1.

(d) point of inflection: (0,0)

2z + 4, z< -1
28. f(x):{s—x% z> 1. ¥
o 2, z<—1 21
(a) fl(z)= { -2z, > —1; 14
f/(z) > 0 on (~o0,0]; /2 4
f'(z) <0 on [0,00).

Thus, f is increasing on (—oc, 0] and decreasing on [0, co).
(b) f(0) =3 1is a local maximum.

r<—1

0
" — H
© r@={% I
f"(z) <0 for z € (—1,00).
Thus, the graph of f is concave down on (-1, c0).

The graph of f is a straight line for z < —1.

(d) There are no points of inflection.

N

29.

-2 1 ) .
-2 2
-1




31.

33.

34.

35.

36.

37.

SECTION 4.6 191

32.

RS

Since f"(z) =6z —2(a+b+¢), set $(a+b+c). Note that f”(d) =0 and that f is concave

d=
down on (—oo, d) and concave up on (d, oo); (d, f(d)) is a point of inflection.

w
|
[\
|
=
BN WA U oy 1

1 2 3 4

f'(z) =2cz— 2273, f"(z) = 2c+6z~* To have a point of inflection at 1 we need
f"1)=0 = 2c+6=0 = c=-3
Since (—1,1) lies on the graph, 1 = —a + b.

Since f"(z) exists for all z and there is a pt of inflection at z = }, we must have f” (1) = 0.

Therefore
0 =2a+ 2.
Solving these two equations, we find a = -3 and b= 1.
Verification: the function
fl@)= ——;—:103 + %x2
has second derivative f"(z) = —3z + 1. This does change sign at z = ;.

f(z) = Az'/2 + Bz71/2; f1)=4 = A+B=4.
f’(-’L‘) - %Ax—lﬂ _ %Bm—3/2’ fll(x) - _ %Ax—s/Z + %Bx—5/2_
To have a point of inflection at (1,4), we need f"(1)=0 = -1A4+3B=0.

Solving the two equations gives A =3, B = 1.

First, we require that (im,5) lie on the curve:

5=1A+B.
. d2y . : 1
Next we require that i —4Acos2z — 9Bsin 3z be zero (and change sign) at z = i
z
0=-24-9B.

Solving these two equations, we find A =18, B = —4.
Verification: the function

f(z) =18cos2z — 4sin3z



192

38.

39.

40.

41.

42,

SECTION 4.6
has second derivative f”(z) = —72cos2z + 36sin3z. This does change sign at z = .
flz)=Az? + Bz +C; f'(z)=2Az+B; f"(z)=24.
(a) Concaveup = f"(z)>0 = A>0; to decrease between A and B we need
f'(z) <0, for z between Aand B => B < —-24%
(b) Concave down = f"(z)<0 = A<O0; tohave f'(z)> 0 for z between A and B
we need 242 + B > 0 and 2AB + B > 0, that is, B > —2A4% and B(2A+1) > 0. If A > — 3,
then we need B > 0 (and automatically B > —242%). If A< — %, then we need B < 0 and
B > —2A%. The conditions are: —% <A<0,B>0, or AL— %, -242< B <.
Let f'(z) = 3z% — 6z + 3. Then we must have f(z) = 2 — 3z% + 3z + ¢ for some constant c. Note
that f”(z) =6z —6 and f”(1)=0. Since (1,—2) is a point of inflection of the graph of f, (1, ~2)
must lie on the graph. Therefore,
13 - 3(1)2+3(1) + ¢ = —2 which implies ¢= -3

and so f(z) = 2% — 32% + 3z - 3.
f'(z) = cosz and f"(z) = —sinz = — f(z).
Thus f is concave down when f’(z) <0 = f(z) >0.
Similarly, f is concave up when f“(z) >0 = f(z) <0.
g'(z) = —sinz and ¢"(z) = —cosz = —g(z), so g(z) has the same property.
(a) p"(z) = 6z + 2a is negative for z < —a/3, and positive for z > —a/3. Therefore, the graph of
p has a point of inflection at z = —a/3.

(b) p'(z) = 3z + 2az + b has two real zeros iff a® > 3b.
It is sufficient to show that the x-coordinate of the point of inflection is the x-coordinate of the mid-

point of the line segment connecting the local extrema. It is easy to show that the x-coordinate of the

point of inflection is zop = — %a. Now suppose that p has local extrema at z; and 2, 1 # z2. Then

p(r) =p'(z) =0 = 3z°+2azx; +b— (325 +2az,+b)=0 = 1 +z2=-2a.

Thus, 2. ;“ -

1,
3(1—.’170.



43. (a)

N W o

-4 -2 2 4

44. Let f(z) = ans™ 4+ an 12" 1 + ...+ a2z + a1 7 + aq.

(b) No.

SECTION 4.6 193

If f7(z) < 0and f'(z) < 0 for all z, then

f(z) < f'(0)z + f(0) on (0,00), which implies that

f(z) & —oc0 asz — oo.

Then f”(z) = n{n — 1)a,z™ 2 + ... + 2ay is a degree n — 2 polynomial which can have at most

n — 2 roots.

45. y

(a) concave up on (—4,—0.913) U (0.913,4)
concave down on (—0.913,0.913)
(b) pts of inflection at z = —0.913, 0.913

47. y

(a) concave up on:
(—m, —1.996) U (—.0345, 2.550)
concave down on:
(—1.996, —0.345) U (2.550, 1)
(b) pts of inflection at:

T = —1.996, —0.345, 2,550

46.

48.

Hence f has at most n — 2 points of inflection.

(a) concave up on (—1.077,1.077)
concave down on (—m, —1.077) U (1.077, )
(b) pts of inflection at z = —1.077, 1.077

+- +— X

(a) concave up on (—5,5)

(b) no pts of inflection
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49. y

fll

f 2 -1
-44

(a) concave up on:

(—2.726,0.402) U (1.823,2.5)

concave down on:

(-3,—2.726) U (0.402,1.823)
(b) pts of inflection at:

z = —2.726,0.402,1.823.

SECTION 4.7
1. (a) oo (b) —
(e) 0 fHlz=-1,z=1
2. (a)d (b) C
(dy=d (e)p
3. vertical: z = &; horizontal: y = 3
5. vertical: £ = 2; horizontal: none
7. vertical: £ = +3; horizontal: y =0
9. vertical: z = —%; horizontal: y = 4§

11. vertical: z = 2; horizontal: y = 0
13. vertical: none; horizontal: y = +3
15. vertical: z = 1; horizontal: y =0

17. vertical: none; horizontal: y =0

19. vertical: z = (2n + 1) «; horizontal: none

21.  f'(z) = §(z +3)"/% neither
2. f(@)= 22— )Y5 cusp
5. 76 = 42 (135 camgn

27.  f(—2) undefined; neither

D

50.
y
1
//\V/\ x
\
(a) concave up on:
(—2.743,-1.091) U (1.091, 2.743)
concave down on:
(-7, —2.743) U (—1.091,1.091) U (2.743,7)
(b) pts of inflection at:
z = —2.742,—-1.091,1.091,2.743
(c) o0 (d) 1
(gy=0,y=1
(c)z=a,z=0
£) ¢
4. vertical: z = —2; horizontal: none

6. vertical: none; horizontal: y =0
8. vertical: z = 16; horizontal: y =0

10. vertical: z = z; horizontal: y = %

3
12. vertical: z = 1; horizontal: y = —§
14. vertical: z = 8; horizontal: y =0
16. vertical: z = £1; horizontal: y = £2
18. vertical: none; horizontal: y =0
20. vertical: z = 2nw; horizontal: none
22.  f'(z) = 2z7%/% cusp
24. neither; f(—1) is not defined
26. f'(z) = I(z —5)%/% neither

28. f'(z) = $(2—z)"%"; tangent



29.

30.

31.

32.

34.
35.

37.

39.

40.

SECTION 4.7

z-1)"2, z>1
' _ 3 )
f (117) - {_%(1 . :E)_l/2, T < 1; Ccusp

f'(z) = (42 — 3)(z — 1)7*/%;  tangent

1 —23
s sz +8)7%, z>-8
2k {—%(HS)‘?/B, z<-g P
f is not defined for z > 2; neither 33.  f not continuous at 0; neither
f is not continuous at 0; neither
y ] 36. y
l 10
|
|
*_——“ll————y—z-l 5
_i\ 21 x
| =2
| -2 -1 1
|
lx=2
38.
y
y
10
. 5
2l
-1 R x - X
-3 1 b3 )
f(z) =z — 3z1/3
1 ¥y
(a)f'(z)=1—m L
f is increasing on (—oc, —~1J U [1, c0)
/
f is decreasing on [-1,1 / x
g
(b) f"(z) = 225/% T
concave up on (0, 00); concave down on (—cc, 0)
vertical tangent at (0, 0)
f(x) — $2/3 _ zl/s y
2013 — 1 2

— 2 .,.—1/3 1,.-2/3 _
(@) fi(z) = 52717 = 5272 = =7

f is increasing on [, c0) -
. _ ; x
f is decreasing on (—o0, §] 1 [-/1
-1

195
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41.

42.

43.

SECTION 4.7

2(1 — z'/3)

I _ — 2 =
(b) f(@) = —§a7 P+ 5270 = =

concave up on (0,1)
concave down on (—o0,0) U (1, 00)

vertical tangent at (0,0)

flz) = %x5/3 — 352/3
-2
(a) f'(z) = 2?/® — 22=1/% = 1;1/3

f is increasing on (—oc, 0] U [2, o0)

f is decreasing on [0, 2]

2z + 2
_ 2,1 2,.-4/3 _
() (@) = 3270 + §a =

-2 -1

1,-36)

concave up on (—1,00); concave down on (—oo, —1)

vertical cusp at (0,0)

f(z) = 1z

_ /2, >0
T (—2)?, z<o.
Lg=12, >0

@ 1) ={

-1 (—z)~Y2, z<0;
f is increasing on [0, o0)

f is decreasing on (—o0, (]
-L1z7%2 >0
b " — 4 ’
concave down on (—o00,0) U (0, 00)

vertical cusp at (0,0)

2,-3) F
vertical asymptote: z =1
horizontal asymptotes: y =0, y =2

no vertical tangents or cusps

44.

vertical asymptotes: z =1, z = -1
horizontal asymptote: y =1

no vertical tangents or cusps



45. y
no asymptotes
vertical cusp at (0,1)
47.

Yy

— v ——— e —————

horizontal asymptotes: y =-1, y=1

vertical tangent at (0,0)

49. (a) podd; (b) p even.
50. (a) Follow the hint.

(b) [r(z) - (az + b)) = f—((j—))

51.

/ | *

vertical asymptote: z =0

oblique asymptote: y =z

SECTION 4.7

46.
y
4
+ X
-2 2
-4
horizontal asymptote: y =4
vertical tangent at (0,1)
48.

-«

+ + X
-1 1 '.;\
no asymptotes

vertical tangent at (0, 1)

— 0 as z — £ oo, since deg[Q(z)] < deg[g(z)].

52.

10+

-+ 7 — X
—/2 2

104

vertical asymptote: =z = —1

oblique asymptote: y =2z + 3

197
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53. 54.
(NN
|
| y=x
|
|
i ’ x
|
i
Ix=1

vertical asymptote: =z =1

oblique asymptote: y ==z

SECTION 4.8

[Rough sketches; not scale drawings]

y
\10
-2 -1 1
-10

vertical asymptote: = =0

oblique asymptote: y=—-3z+1

£ 4

(2,0)

a

¥n

fi(z) =2(z-2)
f(z) =2
fro ST g++¢'++¢+++¢ R
2 x
I ++++++++¢¢¢++;+++4,¢¢
x
2. fl@)=1-(z-2)7
flz) =-2(z-2)
£1(e) = -2
+ + + - - =
Iz :
2
. tHFEHE 4
3. fix)=2-222+z+1
fllzy=Bz-1)(z-1)
f'(z) =6z —4
fI: 4+ 44 ) ———— D¢+ 4+ ++ 44+ 4+
1 4
O D++t sttt dttsss

2 -

x
3

/{;_,% (1,1)

A\ A"




flz)=2%—92° + 240 - 7
fi(z) =3z — 18z + 24

f(z) =6z — 18
+++ --- +++

SECTION 4.8

(2,13)

4,9
(3,11)

\ A0

f(z) = 2%+ 622, z€[-4,4]
fl(z) = 3z(z + 4)
F(z) = 6z + 12

________ Qe+ s+ 444+

a o

-4 0 4
f”' s LA R TR R

-4 -2 4

f(z) = z* — 82%, =z €[0,00)
f(z) = 42° — 16z

F'(z) = 1222 — 16
- — - 4+ 4+t 4+

0 2
. ==ttt ++ 4

1k’ (4,160)

(-4,32)

(-2,16)

\ A

15’ /

\ A

0 1.2

f(x) = %:1,‘3 — %22 —10z -1

fi(z) =2z -5)(z+2)

f'(z) =4z -1
tPt P~ — Q44+ +4+ 4+ 4+
. &
2 s x
2
f”- ————————— o##ﬁf#######’
. - | -
1 x

4

pa-g)
9

(2,-16)

2
(—z 1135

\ &
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10. f(l') =T m_la

flz) = z(2? + 4)? = z° + 8% + 162

f'(z) = 5z* + 2422 + 16

\ L

f(z) = 202° + 48z = 4z(5z% + 12)
f++++++++

0

——— -+ ++++

fH: )
0

flz) =2 +2z71
fliz)=22-2272=2(2* - 1) /2*

f(e) =2+ 4273

1.3)

O++4+ .
-z

b
b 4

f"_ ++¢Q————— thtt bttt

]
>
LA 4

asymptote: = =20

fliz)=14z72
@) = —o
+4++  +t+++
1
0

\

+ 4+ - -
fH: N
0

asymptote: y ==z
ﬂly
11. f(@) = (z —4)/z*

f'(z) = (8 — z)/=°

f'(z) = 2z — 24)/z*

fl . ——— ettt Pt — - - -
: ~ - >
[} 8 x
f”' —————————————— O++¢s
. Yoy I -
L
0 12 x

asymptotes: z =0, y=0

LA 4
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12. f(.T) = z3 = x_2 + —:1:—3 4y
2 6 —2z 6
@)= a=—a :
(-4 L3
" 6 24 6(z+4) x
(=) == 5 1o —>
ey oL 2,0
f! ' 1
-3 0
& + + -—— - + + +
L 1
-4 0
asymptotes: =0, y =0
y
13. flz) =232 -2z, z€0,4]
(1,1)
f’(.’lf) = - 1/2 (1 - 2‘.1/2)
() = —§z73/2 "
+ ° x
S |
f’: OOQA
0o 1 It
fll: ————————————————
° 1
l B4
14 fl@)=iz—-v7z, z€l0,9 r
f’(iL‘) — % _1 :15_1/2
f(z) = Famor2 N
flo === = t+E+++ o {2-3)
0 4 9
£ +++++++++
M L. —
0 9
15, f(z) =24 (x +1)8/5
f@) = 4o+ 1)/° t
f(z) = Z(z+1)~/°
;. mmme—————- 04‘00«5000¢¢oo+A
I - >
(-1, 2)
f”: 0#000000“0#000000000 ’ t
-1 x
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16.  f(z) =2+ (z+1)7/°
fie) =z +1)*°
f(z) = 5@+ 1)7%°

g cHEEE AL L A4S
=1
g mmm= kA EEF
. 1
-1

17. f(z) = 325 + 52°
f'(z) = 1522 (2% + 1)

f"(z) = 30z (22 + 1)

f/ . 44444444404+ 4+t EF 4+ e
: _ -~
»
] x
fll. ————————— O++++++ 4444+
: " o
Lal
0 x

18. f(z) = 3z* + 423
fl(z) = 1223 + 122% = 122%(z + 1)

f'(z) = 3622 + 24z = 12z(3z + 2)

A i
" 1 1
-1 0
" ++++ -~ +++
f ) R
2 0
3
19.

' R R L R R
f - >
>
2 x
f” ———————— dne+ +++ 44+ ¢4 44+
2

ny

Ay
(-1,2)
x
l $4
>
x
'
(-3-%)
S 7 x
A\ 4
(-1,-1)
[ B4
2,1)
>
X



20.

i

21.

i

22,

£

f@) =1+ (-2
f(@) =z - 9
'(z) = &(z - 277
- - ++ 4+ ++

2

[ R

fe) = s

f'(z) = —6(4z - 3)~?
f'(z) = 48(4z — 3)3

-
»
x

5 e —————— XX E RS LR
f o >
>
x

asymptotes: z =3/4, y=1/2

222

f(:c)—$+1

ey 2z(z +2)

f'(z) (z+1)2

H 4

f(x)_(x+1)3

+++ - -- +++
-2 0

Iz -——— 4+ 4+ + 4+

SECTION 4.8

\

2,1)

asymptote: y =2z —2

x
%
A}y [
{
1
i
|
]
|
|
{
_________ ‘..__.__.__._l_
i 72
i z
|
!
e
i, 47
x=-1 yn2x-2
v N
4 "
|
¥
/
(-2,-8), /
/,
/
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23.

i

24.

25.

fre

SECTION 4.8
__ = 4
f(.’l)) - (.’IJ + 3)2 I
x=-3 .
3—=z
’ — !
G O VE
L ] »
2z — 12 3 6 x
" _ . :
f'e) = (z +3) !
— Pt E IO
-3 : x
fII: —————————————— O+ + +
3 Tz
asymptotes: z=-3, y=0
A
T
/() 2 +1
1—g2 (l'é)
fl(z) = -8
(@ + 1)? , e :
() 2z(z? — 3)
@ +1)3 (-1-3)
-—— - ++++ - -
] '
-1 1
£ - - +++ - - - + +
1 1 1
3 0 3
asymptote: y =0
2
T
f(.’L‘) = 72 — 4 Ay
|
—8z |
fi(z) = 3 i i
=9 ]
8 (327 + 4) L |
Ny = —~——— 7 t -t 5 T
0= Ty N
| L
+ee e +¢¢+o—-———‘———— N { }
2 0 2 x !
x:’—z' =2
fll: #000“ ————————— AQ#*# N | l
-2 2 x
asymptotes: z=-2,z=2,y=1



26.

1

27.

i

28.

@)=~
, R
&)= o
" _ 16
£'@) = =
4
fr: === \ + + + +
4
asymptotes: z =4, y =2
f(@) = 2(1 - 2)'/?
f'(z) = 3(1—2)7/?(2 - 3q)

)
() =101
f'(@) = ;1 -2)"%*(3z ~ 4)

LR R R R TR L T

fl@)=(z -1 =2z -1)?
flz) =4(z - 1)° —4(z - 1)
f'(z) =12(z — 1) — 4

- - 44+ - 4+
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4y |

R

|

|

|

|

=2

2 TS
| o
I .

|

|

|

{

) |x=4
1} y
(z Zﬁ)
3
(1,0) x
I 4

0,-1)
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29. f(z) =z +sin2z, z¢€[0,7]
fi(z) =1+2cos2z .
f"(z) = —4sin2z
f" ++ 4430 Q+++4++
o 1 . =z x
f”- ------- =0ttt tt et s d
0 : *
30. f(z)=cos®z+6cosz, z€(0,7]
f!(z) = —3sinz(cos® z + 2)
f'(z) = —9cos®z
fl -~ - - - - ---- —
0] k)
1 -————|++++
r
2
31. f(z)=cos*z, =z€l0,n]
f'(z) = —4cos® zsinz

f"(z) = 4cos® z (3sin® z — cos? z)

O+t ¢4+ ++ 4+

ne

° B
2
f”' ——0++ 444404+ 44440~
R R
32.  f(z)=+v3z —cos2z, z€][0,n]
f'(z) =V3+2sin2z
f'(z) =4 cos2z
o, tEFEE - 4
0 o st
3 6
ot ymm oo KA
0 ™ 3m T
4 4

(x,x)

AY
(3:3+34)
#1 Eraa)
x
l %4
(0,7 ¢
(ixo0) :
x,-7)
y
1
T
16
1- i1 I} -
.3 ® & x x
6 2 [
y 4




33.

iE

34.

35.

36.

i

f(z) =2sin®z + 3sinz, z€[0,7]
f'(@) =3cosz (2sin’z + 1)
f'(z) = 9sinz (1 — 2sin® z)

0 5 x
2
fH +440————————— O+++
0 x = x
3 4

f(z) =sin'z, z¢[0,n]
f'(z) = 4sin® zcosz
f"(z) = 4sin® z (3 cos® z — sin’ z)

+4++++

Nl 1 A
0 ™ b
2
R o + +
A i 1 1
o r am
3 3
f@)=[z+1) -1 +1
f'(z) = 32®
f'(z) =6z
AR TR LT R RS
o —*
f”: ————————— Q++++++4++
o T

f(z) =23z +5)°

f'(z) = 52%(x + 3)(z + 5)
f(z) = 10z (222 + 12z + 15)
+ 4+ - - - 4+
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=i -

(] BN
1%
¢
ny

7 e
(=% =)
X
(x0)
Ay

\
Ny

(-5,0)

(-3,-108)
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37.  f(z) =2%(5—1z)3

f'(z) = 52(2 — 2)(5 — z)°
f(z) = 10(5 — 7) (22* — 8z + 5)
fl: ——ttt P G 0-—
0 2 5 x
fII_ th P et mm = 0“*“0—-
2—14-8_ 2..1{- 5 x
flz) = 4-2z+2% z<0,z>2
38. T 4+ 2z — 22, 0<z<?2
[ -242z, z<0,z>2
- 2 — 2z, 0<z<?2
'z 2, z<0,z>2
2, 0<z<2
foo A mmm AAH -
0 1 2
v, == +++++4+ - -
I s L
0 2
_ [4-27 |z| > 1
39. f(x)_{z2+2, -1<z<1
—2z lz| > 1
1] — 1
f(m)_{ 2%, -l<z<l1
" _ -2, |$|>1
f(”)_{ 2, -l<z<l1
f" +te+t+dne——w—p+ 4+ +dne——emwn
-1 0 1 14
fll ————— dne+ 4+ ++444+44+dne——--
-1 1 4

(2,108),

$7

©,0 @6

a;—




40.

41.

42.

flz) =z — ot/
@)y =1-}%s7
f”(ZII) — %1‘_5/3

+4+ 4+, - - -

vertical tangent at (0,0)

f(@) = (@ - 1)
(@) = 3(z = 1)7*/5(6z - 5)
f'(2) = F(z = 1)7/*(3z - 5)

————— O+s++dne et ettt ttessd

SECTION 4.8

i1 T
f,,_ I R R R R LN (7 Tr— O+ +++
PR S
vertical tangent at (1,0)
f@) = z*(@@ - 7)'/3
Tz(z — 6)
! —
f (.’II) - 3(1: _7)2/3
14222 — 24z + 63)
n —
.f (.’1:) - 9(1_7)5/3
+ + + - - - + + +
1 Y
0 6
f”: ————— N + + ' —J__+
7

vertical tangent at (7,0)

L300 o
-
topnf-
ol 4

(6,—36)
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43.

i

44.

45.

SECTION 4.8
f(z) = 2% — 6z/3
f(z) = 22723 (253 - 1)
f”(.’E) — %m—s/s (31’5/3 + 2)

__________ dpg ———==—0+++++
| -
- »
(1] 1 x
tt e —— dne ¢ ¢+t ¢+ttt 4444+

<
L 4

2z
1= 2 +1
, _ 2
=) (z2 + 1)3/2
—b6x

" _
f (:U)——- ($2+1)5/2
+++++++++

asymptotes: z =2, y=1

2 3% :
{3 \/
(1,-5)

47
_____________ =2
X
—>
y=-2

by

o e e e

————




46.

47.

48.

i

r 1/2
flz) = pe : z<~4,1z>0
—1/2
ra=2(s2;) e
" . -—4(.’L‘+1)
f (1') - (Z+4)5/22}3/2
+ + + , '++++
4 1
froot - - -
-4 1

asymptotes: z=—-4, y=1

fl@)=22(z2-2)""", |z1>2
f'(z) =z (2% — 4) (z* - 2) —3/2
f'(z) =2 (a2 +4) (> —2) "

——0+++ ——t 4+t 4
o o -
: »
-2 -‘ﬁ VY2 2 x
f//, et +Eettt e
. —0 © >
-2 vz x

asymptotes: z = —\/i, T = \/5

f(z) = 3cosdz, =z €[0,7]
f'(z) = —12sindzx

f"(z) = —48cos 4z

- - 4+ == 4+

1 L A A

0 L L 3m T
f”' 4_ + _3 _4_ + 4+ - -
‘ 1 1 1 1 1 A
01 3m 51 Inom

8 8 8 8
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| 4y
|
|
I
]
[
| o
1 s
|
|
|
|
x= -‘l

" Ay ,

I 1

] t

1 H

i 1

I |

| 1

| |

(-2,242) ! ' (z,242)
| ]
| {
. } i :
xu—y2 1 lx=V2
A ]
l B4
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49.  f(z) =2sin3z, z€[0,7]
f'(z) =6cos3z

f"(z) = —18sin 3z

f’ . 4440 - O++++4+0———
0o = 5 “px %
[ 2 4
fll. —————— O+4 ¢4 4440 ——cvmen
5 E 2x ‘x
3 3

50. f(z)=3+2cotzx+csclz, z€(0,7/2)

f'(z) = —2csc? z (1 + cot )

f'(z) =2csc?z (3cot?z + 2cotz + 1)

(N E |

TS S S S S A S S A A

0

asymptote: z =0

51.  f(z) =2tanz —sec’z, =z € (0,7/2)

= —(1 —tanz)?

f'(z) = 2sec’z (1 —tanz)

f'(z) = —2sec’z (3tan?z — 2tanz + 1)

f’: 44444440 mmmm e

[
nino

asymptote: z = iw

52. f(z) = 2cosz +sin’z
f'(z) = 2sinz (cosx — 1)

f'(z) =2(2cos’ z — cosz — 1)

fe -  +4+ -- ++

- 1 I 1 i i
-27 T 0 T 27w
£ '.++.".++.

s
2

A Y

wl®
eX
L 4

v

—»
“«@

L) =

Ny

npt



53.

i

54.

fre

55.

sin x
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f(x)zf_——sin—g’ z € (—m,m) , |
|
;N COSE |
fi(z) = (1 —sinz)? :
1 —sinz +cos® '
" — |
(@) (1 —sinz)3 _‘l = 51 *
2 zl
== 04+ +++dne—--- i
A A A A i3
x x
-x —-i' 0 7 .
f: t+++++++tdnetts
-« -3 o L4 x
asymptote: z = i
@)= =, z€(-mm)
= -,
1—cosz’ ’ ¥
i —sinz
fi(z) = (1 — cosz)?
1—cosz — cos®
" —_—
fle) = (1—cosz)3
+++4+ - - - -
6 x
I R
R

asymptote: z =10

(a) f increases on (—oo0,~1] U (0,1] U [3, c0);

f decreases on [—1,0) U [1,3]; critical numbers: z = —1,0,1, 3.

(c)

concave up on (—oo, —3) U (2, o0)

concave down on (—3,0) U (0, 2).

The graph does not necessarily have

a horizontal asymptote.
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56. (a)

(d) F is discontinuous at 0; lin}) sin(1/z) does not exist
z—

G is continuous at 0: |z sin(l/z)| = |z||sin(l/z)| < |z| = 0,

so that il_rﬂ) G(z) =0 = G(0).

H is continuous at 0: |z? sin(1/z)| = |z|? | sin(1/z)]| < |z|* = 0,

so that lim H{z) =0 = H(0).
z—0

() F is not differentiable at 0 since it is not continuous at 0.

G is not differentiable at 0: lim Glh) - G(O) = lim sin(1/h) does not exist.
h—0 h h—0
H(h) - H(0
H is differentiable at 0: H'(0) = lim H(r) - HO) = lim h sin(1/h) = 0.
h—0 h h—0
57.  Solve the equation
2 g2
A=A
for y:
b2 (11:2 _ a2)
2 _
y© = 2 and
b a?
=tV —a?=x-zyf/l-=
Yy -Vl -a 52 o

b
Now, for |z] large, y =+ —=z.
a



Since lim —= =0, sodoes lm f(z)— 22
+ z z—+oo

v=X"2
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216  SECTION 5.1
CHAPTER 5
SECTION 5.1
L Ly(P)=0(1) +3(p) +1(3) =5 U;(P)=id) +1h) +2(h) =1
2. Ly(P)=20)+ 1) +0d) +(-n)(1) =-2,
Us(P) = 1(3) + 5(55) + 1(5) +0(1) = 155
8. Ls(P)=3(3) + 15(3) +0(3) = 54, Us(P) =13+ i)+ 53 =&
4 LiP) =@+ 1) +0G) = & Us(P) =11+ »(D) +1(3) = &
5. LiP)=1(3)+53) =% Us(P) =33 +2) =2
6. Li(P) = 0(z) +3(35) + 3(35) + $(55) + 5(5) = 35,
Us(P) = 3(35) + 3(35) + 3(55) + 3(55) +1(%) = 35
7. LiP) =5 +0@) + 5B i) =% UP)=1§+ %G+ 1D +1G) =
8. LiP) =5+ 53 03 + %1+ i) =
Us(P) =11+ 53 + () + 3@ +1(5) = 3§
9. Ly(P)=0(5)+3(5)+0(5) =% Us(P)=3(§)+1(5) +1(5) = &
10.  Lg(P) = 5(5) + 0(§) + (-1)(§) = -5, Up(P) = 1(5) + 3(2) + 0(5) = 2%
11. (a) Ly(P)<Us(P) but 3£2.

©) P < [ f@E<uP) b sgz<s
(©) Ly(P) 5/1 f@)ds <U;(P) but 3<10£6.
-1
12. (a) Lf(P) = (IL‘() + 3)(.’131 - .'L‘o) + (:L‘l +3)(:C2 - .’171) +---+ (.’En—l +3)(-’L‘n - -'L'n—l),
Uf(P):(.’L‘l +3)(IL‘1—Ig)+($2+3)($2—$1)+"'+($n+3)(.’[n—$n_1)
(b) For each index 4

1
zi_1+3§§(zi_1+mi)+3§xi+3

Multiplying by Az; = z; — x;—1 gives

(zi—1 +3) Az; < %(zf —2? )+ 3(mi — zic1) < (xi + 3) Az,

Summing from 7 = 1 to ¢ = n, we find that

1 1
Ls(P) < (1" — 20%) + 3(z1 — 20) -+ + 5(@® = 2n1?) + 3(2n = Tno1) S Up(P)

2



SECTION 5.1
The middle sum collapses to

l(mn2 —20%) + 3(xn — 20) = %(b2 —a*)+3(b—a)

2
Thus
b 1 :
/ (z+3)dz:§(b2—a2)+3(b~a)
13. (a) Ls(P)=-3x1(z1 — o) — 3z2(z2 — 1) — -+ — 3%p(Tp — Tn_1),
Uf(P) = —31‘0(3}1 — IL‘o) et 3(1)1(1’2 - 2‘1) — = 3:En_1(fL‘n - iL‘n_l)

(b) For each index ¢
=3z; < —3(z; + zi-1) < —3zi-1.
Multiplying by Az; = z; — z;—; gives
—-3z; Az; < —3(2;® — 22_;) < —3z;_1 Az;.
Summing from i = 1 to ¢ = n, we find that
Lf(P) £ —§(2:® —20®) = -+ = §(zn? — 72 _) S Us(P).
The middle sum collapses to
—$(zn? — 3p?) = —2(b% — a?).
Thus

b
L¢{(P) < -—g(b2 —a®) <Ug(P) so that / ~3zdr = —g(b2 —a?).

14. (a) Lg(P)=(1+2z0)(z1 —z0) + (1 +221)(z2 — z1) + -+ + (1 + 2Tn-1)(Tp ~ T—1),
Us(P) = (14 2z )(z1 — zo) + 1+ 222)(z2 — 1) + -+ + (1 4 22) (Tr, — Tpo1)
(b) For each index 4
142z <14 (251 +25) <1+ 2z
Multiplying by Az; = z; — z;—1 gives
(1+22i-1) Az; < (75 — zi—1) + (22 — 22_)) < (1 + 22;) Az,
Proceeding as before, we get

/b (1+2z)dz = (b—a) + (b? — a?)

15. 16.

Ay A ‘
flo =22 (

217



218 SECTION 5.1
17. (a) Az =Azy = %, Azz = Azy = Azs =1

b) lIPII=1%

18. Since m; is the minimum of f on [z;_1,7;], and M; is the maximum on [z;_1, 2],

we have m; < f(z!) < M;, where, by summing, L¢(f) < S*(P) < Us(P).

19. Li(P) = zo%(z1 —m0) + 713 (@2 —z1) + - + 22 _ 1 (T — ZTn1)
Us(P) = 2:%(z1 — o) + 223 (72 — 71) + -+ - + %3 (Tn — Zp1)
For each index 4
i) < 3 (zd +zdzig + ol ) + 73 ) <z’

and thus by the hint

Adding up these inequalities, we find that
L#(P) < 1 (za* — 20*) < Us(P).
: : ! ', 1
Since z, = 1 and z¢ = 0, the middle term is r zodz = 1
0

20. (a) Lj(P)=z*(z1 — o) + T1*(z2 — 71) + - - + Tn1*(@n — Tn1),
Us(P) = z1%(z1 — 7o) + 224 (22 — 21) + - + Tn* (% — Tn-1)

(b) For each index ¢
zigt < ' +zlzi + $i2$i5—12 + iz 1’ + 3t <zt
Multiplying by Az; = z; — z;_1 gives

1 .
z;1* Az; < g(fcio —z;-1°) < z;* Az,

Summing and collapsing the middle sum gives



21.

22.

23.
24.

25.
26.

27.
28.
29.

30.

31.
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Li(P) < @® — 0®) < U (P),

Thus

1 1 1
Yde=<-(15-0%) = =.
/0 z dz 5( ) Z

Let P = {z¢,z1,%2,...,Zn} be a regular partition of [a, ] and let Az = (b — a)/n.
Since f is increasing on [a, b],

L¢(P)= f(zo)Az + f(z1)Az + - - + f(zp_1)AZ
and
Us(P) = f(z1)Az + f(z2)Az + -+ - + f(zn)Az.

Now,

Us(P) — Ly(P) = [f(zs) — f(z0)]Az = [f () — f(a)]Az.
Proceed as in Exercise 21.

Necessarily holds: Ly(P) < f:g(z) dr < fab f(z)dz < Ug(P).
Need not hold. Consider the partition {0,2,3} on [0,3] where f(z) =z and g(z) = 1.
Then [ f(z) dz = 4% and [’ g(z)dz =3, but Ly(P)=3 and L;(P)=2.
Necessarily holds: Ly(P) < f: g{z)dz < f: f(z)dz
Need not hold. Consider the partition {0,1,3} on [0,3] where f(z) =2 and g(z) =3 — z.
Then [ f(z)dz = 6 and [ g(z)dz = 4%, but U,(P)="7 and U;(P) = 6.
Necessarily holds: Uz(P) > [0 f(z)dz > [ g(z) dz
Need not hold. Use the same counter example as Exercise 24.
(a) By Definition 5.1.5, Lf(P) < I < Ug(P). Subtracting
L¢(P) from these inequalities gives

0<I-Lg(P) <Us(P) - Ly(P)
(b) From Definition 5.1.5,

Ly(P)-Us(P)<I-Us(P)<0

Now multiply by —1 and the result follows.
I —Lg(P)<Us(P)—- Ls(P) by Exercise 29

=|f(b) — f(a){Az by Exercise 21 and 22

similarly for Uf(P) -1

>0 for z € (0,2). Thus, f is increasing on [0, 2].

z
a) f'(z) =
@I = 5=
(b) Let P = {=zo,z1,...,Zn} be aregular partition of [0,2] and let Az =2/n
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By Exercise 30,

2 p—
/ £ -"«‘)dw—Lf(P) <1£2) - fO) % = 2(‘/57'1 Do 2-:7

It now follows that fo z)dz — Ly(P) < 0.1 if n>25.

(c) foz f(z)dz = 2.96

32. (a) fl(z)= 1+ ——> <0 on (0,1) = f is decreasing.

1
(b) Us(P) — [y f(z)dz < (1) - £(0 NAz =13 —1]5 = 5
so need i =0.05, or n=10.
2n -
(c) Using Us(P) with n =10, we have /o 1122 ds = Q.76

1(2)

33. Let S be the set of positive integers for which the statement is true. Since 1 = — = 1, 1€S.
Assume that k € S. Then

k(k+1
142+ +k+k+1l=0+2++k)+k+1= (2+)+k+1

k+1)(k+2)
AR

Thus, £+ 1 € S and so S is the set of positive integers.

34. See Exercise 5 in section 1.8.
35. Let f(z) = z and let P = {z0,Z1,%Z2,...,Zn} be a regular partition of [0,b]. Then Az =b/n
and z; = Q, 1=0,1,2,...,n
n

(a) Since f is increasing on [0, 8],

Ls(P) = [f(0)+f(2>+f<%> ++f<(”;—1)b)]%

& [1+2+ -+ (n—-1)+n]



36.

37.

38.

39.

40.
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(c) By Exercise 33,

¥ (n—1n b2 n(n+1)
b2 b2 2 b?
Asn =00, Ly(P)~ 5 and U(P) — 5 Therefore, [, zdz = 5

, sosince f(z) isincreasingon [0,Y],

S|o

(a) Note that z; = % and Az =
b= () () () () () ()= (=22 ()
:%35[02+12+22+---+(n—1)2].

(b) Similar to (a).
b (n-1)n(2n-1)

(c) By Exercise 34, Ls(P) = 3 ; , Ug(P)= = 5
mn-Dn@2n-1) 2 1 nEr+1)2n+1) 2 1
As 1 = o, 6n MCES 6n MK

3 b
1
so Lg(P),Us(P) = %, and therefore / 22de = §b3.
0

1 [nn+1) 1 1
n? 2 2n

1
(a) 'T'L;(l+2+---+n)=— 5 =_4

1
(a)ﬁ(12+22+---+n2)=n3 =+ —+—=

1 [n(n+1)(2n+1) 1 1 1
3 2n  6n?

Choose each z} so that f(z}) = m;. Then S} (P) = Ls(P).
Similarly, choosing each z} so that f(z}) = M; gives S}(P) = Us(P).

221
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41.

42.

43.
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1
Also, choosing each z7 so that f(z) = =(m; + M;) (they exist by the intermediate value theorem
g i i 2

gives

1
S;(P) = §(m1 + M)Az, + -+ + =(mp + Myp)Az,

N |

1
= §[m1Afc1 + - mpAz, + MiAzy + - + MaAzy,)

= 21Ls(P) + Uy (P)]

Let P be an arbitrary partition of [0, 4]. Since each m; = 2 and each M; > 2,

Ly(P)=2Azy +---+2Az, =2(Az1 + -+ Azy) =2-4=8
and
Ug(P)Z2A£L‘1+"'+2A.’L‘n=2(Al’1+"'+A2}n)=2'4-——8.

Thus
Ly(P) < 8 <Uy(P) for all partitions P of [0, 4].

Uniqueness:  Suppose that
(%) L,(P) < I <U,(P) for all partitions P of [0,4].

Since Ly(P) = 8 for all P, I is at least 8. Suppose now that I > 8 and choose a partition P of [0,4]
with max Az; < $(I — 8) and

O=z1 < <T;1 <3<z < - <xpy =4.

Then
Ug(P) =2Az; + -+ 2Az;,_1 + TAZ; + 202541 + -+ - + 2Az,

= 2(Azy + -+ Az,) + 5Az;

=8+5Az; <8+ 5(I-8) =1

and T does not satisfy (). This contradiction proves that I is not greater than 8 and therefore I = 8.

(a) (b) Areaz/5 f(z)dz
0

y 5
:/zzdx+/ rdzx
4 0 2
_ 1.3 12_2
) _32+2(5 2%)
2 5

7
x T 6

Let P = {zq,Z1,%2,...,Zs} be any partition of {2,10].

(a) Since each subinterval [z;—1,z;] contains both rational and irrational numbers, m; = 4
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and M; =7. Thus,
Lf(P) =4Az; +4Azs + - - + 4Az, = 4(A.’131 + Azy + -+ A:En) = 4(10 - 2) =32
and
Up(P) = TAzy + 7TAzg + - + TAz, = T(Azy + Azy + o+ Az,) =7(10-2) = 56
Therefore, Ly(P) <40 < Uy(P).
(b) Every number I € [32, 56] satisfies the inequalities
Li(P) <I<U¢(P) for all partitions P

(c) See part (a).

44. (a) Ly(P) =5.1331, Us(P)=5.9331
1
(b) i[Lf(P) + Us(P)] = 5.5331 (¢)S*(P) = 5.5371
45. (a) Ly(P) =0.6105, Us(P)=0.7105
1
(b) §[Lf (P) + Us(P)] = 0.6605 (c) S*(P) =2 0.6684
46. (a) Ly(P) = 3.9192, Us(P)=4.9192
1
(b) §[Lf(P) + Us(P)] = 4.4192 (c) S*(P) = 4.4094
PROJECT 5.1
1. (a) If the object traveled at its minimum speed m; on [t;—1,%;], then it would travel a distance of
m;At; units; if the object traveled at its maximum speed M; on [t;_1,%;], then it would travel a
distance of M;A¢#; units. Thus, the actual distance traveled, s;, must be somewhere inbetween. i.e.
miAt,- S 83 S MiAti, 1= 1,2, o 1
Adding these inequalities, we get
mi Aty +moAty + -+ + muAty, <D< MiAt + MaAty + -+ - + M, At,,
where D = s; + 53 + -+ s,. Since the result holds for any partition P, we have
b
D= / s(t) dt.
a
(b) Since m; < s(t30 < M; for each i,
mi Aty + maolts + - -+ + myAt, < S*(P) < MiAty + MaAty + -+ -+ M,At,,
b
Thus Hm S=*(P)= / s(t) dt.
f1P||—0 a
5 5 t2 5 55
2. Distance =/ s(t)dt =/ (t+3)dt= [—- + Bt] = — units.
0 0 2 o 2
3 3 £ 2 1% 33
3. Distance = / s(t)dt = / t*+t+1)dt= {- +—=+ t] = =~ units.
0 0 3 2 o 2
1 1 4 1 5
4. Distance :/ s(t) dt :/ (3 +2t)dt = | = +t2} = — units.
0 0 4 o 4
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5 2 5
1. (a) ‘/0f(:z:)d:r=/0f(:1:)dz+/2 flzydz=4+1=5
2 2 1
(b) /1f(x)dx:/0f(a:)dz—/0 f@)ds =4—6=—2
5 5 1
©) /1f(z)dz:/0f(z)da:—/o f@)dz=5-6=—1
0 2
@ o © [ tEde==[ r@d=-4

1 5
0 / f(w)dz=—/1 f@)dz =1

2. (a) /:f(x)dz=/18f(z)dx—/14f(z)dz=11-5:6
(b) A3f(x)dz=—/:f(x)dz=—7
© /13f(a:)dm=/14f(x)dx—/:f(z)dx=5—7=—2
(d) /:f(x)dx:/lsf(z)dz—/13f(z)dm=11—(—2):13
©) /84f(z)dx=—A8f<z)dx=—6
) A4f(x)dz=0

3. With P = {1, g 2} and f(z) = % , we have

7 2ds 5
. — = P) < — < = - 1.
05< Lf()_/1 ~ <UP)= 2 <

1
4. Using P = {0, %, 1}, we have 0.6 < 0.65 = L(P) < / dz <UsP=09<1.
0

1+ 22
5. (a) F(0)=0 (b) F'(z)=zVz +1 () F'(2)=2v3
2 0
d) F2) = / tVEF1dt () —F(z)= / NSO
0 z

w

6. (a) F(m)= tsintdt =0 (b) By Theorem 5.2.5, F'(z) = zsinz.

T

27
(¢) F(%)=ZsinZ=2 (d) F(27r)=/ tsintdt



7.

10.

11.

12,

13.

14.

15.

16.

() —F(z)= /”tsintdt.

1
(a) F’(:v):;>0 for z > 0.

Thus, F is increasing on (0, oc);

there are no critical numbers.

©

7

(@) F'(z) =z(z-3)?%

F is increasing on [0, 00);

F is decreasing on (—o0, 0];

critical numbers 0, —3.

e
24
—:1 1

Pesmm o @
Fo) = —v@ZTT  (3) —v2
Flz) = —zvz2 +1; (a) V2
F'(z) =sinnz (a) 0
F'(z) = coswz; (a) -1
F'(z) = (z + 1)° (a) 0

(a) Since P, C P, Uf(Pz) < Uf(Pl)
(b) Since P, C P, Ls(P) < L (P,)

O] =

1

1

but
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1
(b) F'(z)= - <0 for z>0.
The graph of F' is concave down on (0, co);

there are no points of inflection.

(b) F"(z) = (z—3)*+2z(z —3) =3(z - 3)(z — 1).
The graph of F is concave up on (—c0,1) U (3, 00),
The graph of F' is concave down on (1, 3),

Inflection points at z=1, z =3

4 —2z

(c) 37 (d) (x2+9)2

1O @) o

© -BE (@ —WEFT- 2

() 1 (d) wcoswz

(c) (d) —wsinnz

© F @ 31y
5% 4.
54 4.

but

We know this is true for a <c¢<b. Assume a<b.If c=a or c=b, the equality becomes

b b
/ flx)dt = / f(z)dt, trivially true. If c < a , we get
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17.

18.

19.

20.

21.

22.

23.

24.

25.
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/acf(t)dt+/cbf(t)dt=—/Caf(t)dt-%-/cbf(t)dt:/abf(t)dt, as desired

The cases a > b and a = b are proved in the same manner.

Let u = z%. Then F(u) = / t costdt and
1

dF _dF du _ 2\ _ o5 3
el dx—ucosu(3x)—3m coszs.
dF _ dF du

Let u = cosz.

— =— —=+/1-u?(—sinz) =v1—cos?z(—sinz) = —[sinz| sinz
dr du dz

1 z?
F(z) = / (t —sin®t) dt = — / (t — sin® t) dt. Let u = z%. Then
z 1

2

o F d
(2—3: = Ccli—u d—Z— = —(u —sin® u)(2z) = 2z [sin®(z?) — 7] .
dFF  dF du u? 1 T 1
tu=ve dr dudr 1+4+ut2yz 14222/
(@) F(0)=0
sin 2(0)
b FI =2 =
(1 + 0)?2 cos 2(0) — sin 2(0)(2)(0)
F” O = = 2
(a) F(0)=0
o, _ ¥ sin 2¢
(b) Let u = 2. Then f(u) = 2\/1—L+/O T dt.
dF  dF du sin 2y sin 22
& dmd T Tre ) =2 T %0
I z—-1 . "
Fl(z) = 1522 = 0 = =z =1is a critical number.
1+2z%) —2z(z—1) 1 . ..
F — 1" — — 1 .
(z) 05272 , so F''(1) 5 > 0 means z =1 is a local minimum
' z—4 . ips
F'(z) = 1T = 0 = <z =4is a critical number.
1 2y -2 -
F”(z):( +o7) - 23( 4), soF"(4)=i>0 means ¢ = 4

1+ 22)2 17

is a local minimum.

{

(a)

\S]
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F(z) =
2x+—2-x2—1 1<z<3

(c) f is discontinuous at z = 1, F is continuous but not differentiable at z = 1.

26. a
(a) ¢
5
3
2
1
1 2 3
(b)
10
8
6
2
1 2 3
3 2
%—%— 0<z<1
F(z) = )
172—6 l<z<3

(c) f is continuous at z = 1, but not differentiable. F is continuous and differentiable at z = 1.
d 2z 8 — 2z2
27. = — =
=g (1r5) = u oy
(a) f(0)= 5 (b) f(z) =0 at z=—-2, 2

—

28. (a) F(z) = / tf(t)dt =sinz ~ z cosz.

0
F'(z) =zf(z) =cosz —cosz +zsing =z sing = f(§)=sinZ=1

(b) f'(z) = coszx

29. By the hint M = F'(c) for some ¢ in (a, b). The result follows by observing that

— (
F(b):/ f()dt, F(a)=0, and F'(c)= f(c).
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30. Let €> 0. Since f is continuous at z, there exists § > 0 such that
* if |k| < d then [fz+k)— flz)] <e.
suppose now that |h| < 4. Obviously
my, = f(z + k) for some number k, which satisfies |f(k})| < 9.
and
My, = f(z + ki) for some number kj which satisfies |f(kj)| < 9.
It follows from (*) that
mp — f(z)| <e and |Mp— f(z)]<e
31. Set G(z) = / f(t)dt. Then F(z / F(t) dt + G(z). First, note that / f@)dt
is a constant. By (5.2.5) G, and thus F is continuous on [a, b}, is differentiable
n (a, b), and F'(z) = G'(z) = f(=z) for all z in (a, b).
32. Mimic the argument given for the right-hand limit.
33. (a) F(z)=—[; f(O)dt+ f5 f(t)dt and G(z) = —fo t)dt+ [y f(t)dt.
Thus F'(z) = f(z)dz + G'(z), so by theorem 4.2.4, F and G differ by a constant.
(b) F(z) — G(z) = —fo dt+f0 (t)dt
=—[SF@)dt+ [T F@ dt+ [ f(t)ydt = [P f(t)d
34. (a) F'(z) == ] f(u)du
(b) F'(1)=0
(©) F'(z) = 2£(z) + [ F(u) du
(d) F'(1) = f(1)
PROJECT 5.2
1. (a) Dom (F) = (—00,0)
(b) By Theorem 5.2.5, F is continuous on (00, 00).
(c) F(-z) :/ sin®(¢?) dt
0
Set u = —t. Then du = —dt, and u=0att=0, u=zatt= —z. Then
F(-z) = / sin?(—u)? (—du) = — / sin?(u2) du = — F(z).
0 0
2. (a) F is differentiable for all z by Theorem 5.2.5. (b) F'(z) = sin®(z?)

(c,d) F'(z) >0 for all z, and F'(z) = 0 only when z = +/nx for some integer n, n > 0.

Thus, F is increasing on (00, 00).



Thus, F' is increasing on (oo, 00).
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F'"(z) = 2 sin(2?) cos(2?)2z = 27 sin(222) F"(z) = Owhenz? = gw, n=0,1,2,.... That is, when

T = ++/nm/2. Since F" changes signs at each of these values, the points (:i:\/mr/Z, F (:i:\/mr/Z))
are points of inflection. The graph of F is concave up on (O, Vr/ 2) , concave down on (\ /72, \/E) ,

and so on.
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/1(23: ~3)dz = [z° - 3z]§ = (-2) — (0) = -2
[¢]

1 2
/ (3z + 2) dz = [3i+2z:l =7
o D 3

0

/0 5ztdr = [2°°, = (0) - (1) =1
2

1.]1% 16
2 2 = 2 Z 3 = —
./l(x—i-z)dz {z +3:c]1 3

4 4 9
/ 2\/5dm:2/ ml/zdz:2[§z3/2]
1 1

4 4 3 R
/ %dz=/ z3dr = {Zx“/ﬂ 443 = 334
0 0

o 4

4

1 1

5

5 5
| =i | 2(x—1)1/2dz:[§<x_1>3/2] _
?3 3 5,1 69
= |22, 2 2f _03
/1(2:3+5:c)dx [ 5% +2$]1 5

SN

4
Zi48/2 _ g1 = 22
3[ ) 3

(-1="=

32

/_(;(x+1)(a:—2)dx=/_(;(x2—z—2)da:= [f;_f;_zx]:: [0_ (:38__2+4>} =§
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24.

25.

26.

27.
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0 1 1.1° 7
S dt = |2tt+ 28| =——=
/1(t +t°)dt [4t +3 ) B

2 4 2 . 3., 1 3 13
—_ = - = | =t° — - = — — | ==4 = —
/1(3t+t2)dt /1(3t+4t ) dt [215 4t ]1 [(6 2) (2 >] 5
—1
/ 728dzr =0
-1

1 2 2 ! 2 2 4
3/2 _ 1/2 . 5/2 _z 3/2 — s_ 2z _ -
/o (= =) d [Sz 37 L [(5 3) 0} 15

1 4 4 ! 16
3/4 _ 1/2 — | Z 7/4 _ = 3/2 — _
/0 (z 2z/%) dz [7:5 3% L 3l

/01(:1: +1)ds = [11—8(1‘ + 1)18] 1 = l(218 -1)

a a 27¢@ 4 2
/ (\/——\/E)Zdz=/ (a—2\/£_lzl/2+z)dz:I:az—%\/az3/2+%—] =az——az+2—=la2
0 0 0

/1 (x —2)*dz = [%(z—2)3]1 :%(i

—1 1

2 2

6-t . -3 _ 42 [ aq3—2 —12_—_3 l__ _z
/1 = dt—/l(Gt t7 ) dt = [-3t 2+t = 73 [-3+1]=7
22—t ? -3 -2 2 172 _ 1L
/1 (t3 )dt-——/l(,?t —t7)dt=[-tT7 +1t ]1=Z

1 1 4 371

2/, _ 3 _ .2 N :_i
/Oz(:c l)dx—/o(x m)dw-[4 3]0 12

3 1 1 17°
2——— = | — 3 —_ =
/l(a: zz)d:zc [3:5 +x] 8

1

2 2 7

/ 2x(m2+1)dx=/ (223 + 2z) dz = [—+z2] =12--==>
1 1 2 1 2 2

/ 32%(z3 + 1) dz = / (3z° 4 3z%) dz = [—zﬁ + zs} =
0 0 2 2

w/2

/ coszdr = [sinz]T/* =1

0

/ 3sinzdr = [-3cosz); =6
0

w/4
/ 2sec’ rdr = 2 [tanm]g/4 =2
0



28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.
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/3 w/3 2\/5

secz tanz dr = [secx] jg =2 — ——
/6 3

—

cscz cotrdr = [— cscz]:% =—V2-(-2)=2-V2

T
<3
(=) ~

[y

n/3
/ —csc? zdz = [cotm]:;i = V3 _ 1
w/4 3
2
/ sinzdz = [~cosz]2" = —1—(=1) =0
0

coszdr = [lsinx} =0
2 0

o\a
[

w/3 2 1 w/3
(—m—2sec2x> dr = [—zz—Qtanx] = 2—2\/?:
T T 0 9

S~

w/2 /2

/ cscz(cotz — 3cscx) dx :/ (csczcotz — 3esc? z) dx = [— cscx+3cotx]:ﬁ =v2-4
n/4 w/4
3 d 3
/ [— (\/4-1—1'2)] da::[\/4+x2] =v13-2
o Ldz 0

7|'/2 d
. . w/2
[% (sin® :1:)] = [sin®z] " =1

S~

(a) F(z) = /195(154-2)2 dt = F'(z) = (z +2)?

z 13 gt 1
(b)/ (t+2)2dt= | — +22+4t] == +222 +4z—6=
1 3 ., 3 3

= Fl(z)=2z+4z+4=(z+2)°
(a) F(z):/ (cost —sint) dt = F'(z) =cosz —sinz
0
(b)/ (cost —sint)dt = [sint + cost]y = sinz — cosz — 1
0
= F'(z) =cosz —sinz

2z4+1
(a) F(z) = / 5 secu tan u du = F'(z) =sec(2z+ 1) tan 2z + 1)
1

2z+41

2z-+1
1
(b)/1 5 secu tanu du = [isecu]l =§sec(2z+1)~§secl
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40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.
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= F'(z) =sec(2z + 1) tan (2z + 1)

(a) F(z) = /2 t(t—1)dt = Fl'(z)=-z%*(2® - 1)2z

z2

2 £ 42 2 9 g6 gt
— = | - — = 2 4
() /Izt(t 1)d [3 2]12 37373

(a) F(z)z/j% (b) Flz)=-3+ ;%
(a) F(aa):/z V1+t2dt (b) F(z)=1+/z V1i+t2dt
3 3
4 31t
Area:/0 (4z — 2°)dz = [212—?]0:%2—

o o 2 ° 524
Area:/ (zvz + l)dxz/ (232 + 1)dz = [gzs/z+z] ==
1 1

1

w/4
Area:/ 2cos:cdx:2[sinz]z/:/2:\/§+2
—7/2

w/3
Area = / (secztanz)dr = [secz]g/3 =v2-1
0

(a) /25(15—3)dx: [%2—3:5]2:% (b) flx—:’,mx:Ls(s—zidﬂfss(x—ss)dz
2 IEZ
TaEN
(a) /_i(2a:+3)dx: [x2+3:v]2_4=6

2 —3/2 2
(b) / |2z + 3|dz = / (=2z-3)dz + / (2z + 3) dz = [—2® - 3z] :2/2 + [z* + 3z]
—4 —4

a2

() /_22(x2——1)d:v= [g—zr_z:g

v /_22|zz—1|dx:/_;l(z2——1)dz+/_11(1—a:2)dz+/12(m2—1)dx
et

(a) / B costdr = [sin:zc]’ir/2 =1
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n w/2 T
(b) / |cosz|dz = / cosz dz +/ —coszdr = [sinz:]if/2 +[-sinz]] , =3
w/2 w/2 w/2

t w31t £
51. (a) z(t) :/ (10u — u?) du = [5u2— —3—} =5t ——, 0<t<10

3
(b) /() =10 —2¢; v has an absolute maximum at ¢ = 5. The object’s position at £ = 5 is
250
5) = —.
2(5) = =

52. (a) We need z(t) such that z'(t) = 3sint +4cost and z(0) =1
Then z(t) = —3cost +4sint+C, z(0)=-3+C=1 = C=4
=> z(t) = —3cost + 4sint + 4.
(b) Maximum displacement when v(t) =0: 3sint+ 4cost = 0
= tant=—§ = sint=%, cost=-2

So Tmaz = _3(_?3) + 4(%) +4=9
! ' ! 1 T
53. / f(z)d:z::/ (2x+1)d:c+/ (4-z)dz = [x2+z]0+ [422__
0 0 1
4 0 4 370 2 4
54. / f(x)dz:/ xzdm+/(lz+2)dx:[m_ 4 z_+2x] _ 4
-2 —2 o 2 3] 5 4 0 3

™ w/3 - ) .
55. / f(il?) dz = / cosz dz + / |:l3.. T+ 1:' dr = [sin x]‘l:/ﬂ:'s/2 + l:il?_ i :E]
—m/2 —mw/2 /3 g o o3

2
_2+V3 o
2
3n/2 w/2 3n/2 1 1 3n/2
56. / f(z)dz = / 2sinzdx +/ —coszdr = [—2 cosar:]g/2 + [— sin :E:] =1
0 0 a2 2 2 x/2

57. (a) f is continuous on [-2,2].

i 1 |
For z € [-2,0], g¢(z) = / (t +2)dt = [59 + 24 = Exz + 2z +2.
—2 —9

0

For z € [0, 1], g(x)z/ (t+2)dt+/ 2dt =2+ [2t]; = 2 + 2.
—2 0

0 1 z
For z € [1, 2], g(z):/ (t+2)dt+/ 2dt+/ (4-2z)dr =2+2+[4t — *]] = 1+ 4z - 22
—2 0 1
Tt 4+ 2z 42, -2<z<0
Thus g(z) = 2z + 2, 0<z<1
1+ 4z — 22, 1<z<2
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(b) y
P : —+ x
17T 3 5

(¢) f is continuous on [—2,2]; f is differentiable on (—2,0), (0,1), and (1,2).

g is differentiable on (—2,2).
* z 9 317 % 2
58. (a) g(z)= flx)dt = (1-t)dt=|t——=| =z- +§, for —1<z<1
-1 -1 —1

1 T
g(w>=/ (1—t2)dt+/ ta=tepr=ter for 1<0<3

-1 1
3 @ 10 : 28
glz) = f(t)dt+/ (2t—5)dt=?+[t2—5t]3=?+x —5z, for 3<z <5
-1 3
y

(b)
3l
14 /
+— + t x
177 3
-6+

(¢) f is continuous on [-1,1) U (1,5], f is differentiable on (-1,1) U (1,3) U(3,5).

g is differentiable on (—1,1) U (1,5).
59. Follows from Theorem 5.3.2 since f(z) is an antiderivative of f'(z).

60. Let F(z) = f?(z). Then F'(z) =2f(z)f'(z).

b b
Thes [ @ = / F(#)dt = L[F() - F(a)] = 517°0) - (@)
A ECE S C - OPES ORI

62. For n =2 thisis (5.3.6). For the induction step, write

o fi(z) + aafo(z) + - + ongr fata (2),

[alfl(z) + azfz(.'l,‘) + -+ anfn(x)] + an+1fn+l(x)'
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SECTION 5.4
1

1 4
1. A=/0(2+x3)dx:[2m+%} :Z-

0

2 112 1
. = 2 -2 e —_— - —
2. A /0 (z+2)"°ds [I‘*'QL 1

s s 2 8 9 38
3. A=/ \/z+1dz=/ (z+ 1Y% de = [5(2:4—1)3/2:‘ 25[27—8]=?
3 3 3

8 1 8
4. A= / (3z° + %) dz = [z3 + Z$4] = 1536
0

5. / (2z% + 1) dm—/ol(4a:4+4z2+1)dx:[g—zs+§x3+zlz%

6. 4= [ s A—dr= (Va2

7. =/ (z® —4) dx—/12(4——z2)dx={4:5—?]?:[8—2}—[4—%]:;
8. = / coszdr = [smx]:?g = \/52_ 1

9. / sinzdz = cosm]:ﬁ =(0) — (—%) = %

10.

11.

12.
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13. &y

14.

(-4,8)

LA

15.

16.

17. Ay

ny

A= I — —z dz
[l 7]
10
z2 210 5/2
= —z
50

2
0

2
=50 — —‘5/—3_0(10)5/2 =10
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18.

A= [—z — (=V27z)]dz = 2;1—3

19.

6

- (1) o
:/322(3+x)1/2dx+/_62 [(3—{-1)1/2— %x} dz

Gl := [§—0]+[(18—9)—(§‘1)] :%2
20.

=18

21. A=/02[2z—z]dz+/24[4—x]dz

[52°]5 + 4z — 3271

=2+[8-6]=4

237

A:/Oz [V2z - (—V22)] dx+/28 [Voz -z +4] dz



26.

238 SECTION 5.4

22. 4y

(4, 16)

—x2 4+—»
y=x {x=4

A\ A

N -2

n/2
23. A= / [cosz — (4z% — 7%)] dz
—-m/2
= [sinz — £ + 7%z] 7:/:/2
= [1 - %7(3 + %7!'3] - [—1+ éws -
=2+ 278
T 71’3
24. A:/ (mv—:z:2——sin:1:)dx=F—2
y=xx-x2 0
w/2
25. A= / [z —sinz]dz
0
1:1.2 /2
= |5 +cos z}
22 0
T
=T
8
4

A:/ (z+1—cos:c)dx:g(7r+2)
0




27.

28.

29.

30.
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to 13 1, !
(a) /_3(:1; —z—6)dz=[§x — 5% _64_3:—?’

the area of the region bounded by the graph of f and the x-axis for z € [-3,-2]U[3,4]
minus the area of the region bounded the graph of f and the x-axis for z € [-2,3].

3

(b) A:/_;Z(xz—x—ﬁ)dm+/ (—z2+z+6)d:1:+/:(:v2—z—6)dx

-2

17 125 17 53
st[-it i 6]+ [faf - la?—6g]i = o i 2L 222

:[%zfi_%x?_ﬁx] 3 6 6 6 2

3
©) A:—/_z(xz—z—(i)dx:%

3n/4
(a) / 2sinz dz = [-2cos 1]3"/4 = V2 = area above — area below

—7w/2 —m
0 3r/4
(b) A= —2sinzdz +/ 2sinzdz = [2 cosar:](i,r/2 +[-2 cosac]g"/4 =v2+4
—n/2 0
0
(c) A= P —2sinzdr = [2 cos:::](iw/2 =2
2 2
1 1
3 (2 L o _
(a)[z(z z)dz [4:1: 2:1:J~2 0
1 2
(b) ’ A= [—/(ws—x)da:+/($3—m)dx]
2, 6) 0 1
= [t = 3o} 42 (3ot - b
1 9
l | =3t375
) -1 1 2 x
-2, -6)
(a) (cosz +sinz)dr = [sinz — cosz]” =0
—T ; —-7l'/4 371—/4 ™
(b) A= —/ f(z) da +/ f@de— [ f@)ds
—/4 3w /4

AN
7N
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s, 1, 65
31. (a) (z° —4z+2)de= |-z —22° +2z| = —
L 4 ., 4
(b) 7
15+
10+
VN
: ' \\/ : + x
-2 -1 1 2 3
0.54 1.68 3
A= (x3—4:c+2)dx—/ (% — 4z + 2)dz + (3 — 4z +2)dzx
-2 0.54 1.68
=[tz* - 227 + 2‘”]?24 —[tz*—222 + 2:1:](1):22 + [z - 227 + 21:]3_68

=852+ .814+8.54=17.87

/2 x/2 71'3
32. (a)/ (322 — 2cosz)dr = [x3—2sinz]_r/zzz—4
—-7/2

0.72 x/2
(b) y A= — / (322 — 2cosz)dz + 2/ (32% — 2cosz) dz
—0.72 0.72

61 >~ 745
24
-+ X

1 3
A= (:v2+1)dz+/(3—a:)dx
0 1

y
24
= [b2® + 2], + 32 - L 2%}
14
4 10
= - 2:—
3+ 3
I 3 x
y 1 2
34. A:/ 3\/Edz+/ (4 —2*)dz
3 0 1
[ 3/2]1 21?
= |2z +[4x—-——]
1 ° 3 1
5 11
_—..2 _= —
. x +3=3

33.
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w/4 w/2
35. A:/ sinxdz+/ coszdx
0 /4
= [ cosz]}/* + [sin x]:ﬁ
=922
w/2
36. y A:2/ (1+cosz—1)dz
0

2
\ = [2sin z]g/z
1
\ -
X

37.
10+
84
6__
4_.
2
1.32 2
Ag/ [3z+1_($3+2x)]dz+/ (% + 22 — (32 4+ 1)]dz
0 1.32
1.32 2
=/ (m+1—z3)d:1:+/ () —z—1)dz
0 1.32
= ot 4= oy ¢ ot - a7 ]l = 286
/1+vI7
38. v A= (4-2%— 2% +22%)dz
/1At
81 *
>~11.34




242 SECTION 5.5
SECTION 5.5
dz —4 1 _,
1. /:z:_4=/$ dz:—gz +C
1
2. /(z—l)zdz:/(x2—2x+1)dz:gxs—x2+x+0
Lo
3. (az+b)dz:§az +bz+C
2 1 3
4. /(ax +b)dz:§az +bz+C
5. d—x:/(1+:z:)_1/2dz=2(1+z)1/2+C’
Vvi+tz :
3
6. /x -:1da::/z‘2+z‘5dz=—x“1—lz“4+C’
T 4
7 / Z-1) —/( —edr=2a o 4 C
. g = [{z—=z z=g0 ta
8. / \/_-~L dw:/(zl/z—x_l/z) dz:gxs/2—2z1/2+0
N 3
1 b
9. /(t—a)(t—b)dtz/[tz——(a+b)t+ab]dt:§t3—a—;——t2+abt+C
1 1
10. /(t2—a)(t2—b)dt=/(t4—(a+b)t2+ab) dtzgts——?;(a+b)t3+abt+0
2 V(42 _
11. /Et—ﬂ——bzdt :/[t7/2—(a+b)t3/2+abt—‘/2]dt
Vit
= 292 — 2(a + b)t%/2 + 2abt}/? + C
1
12. /(2—\/5)(2+\/5)dz:/(4—x)dx=4x—§z2+0
/ 1 2
13, [ g@)g (@) do =3[9 +C
. 1.
14. sm:ccosxdzzism z+C
2 d 1 2
15. tanzsec’zdz = [ secz — [secz]dr = —sec’z+C
dr 2
2 d : 1. 2
tanzsec’zdr = | tanz — [tanz|dz = —tan“z + C
dz 2
7
16. /g(x) iz = ~—— +



17.

18.

19.

20.

21.

22,

23.

24.

25.

26.

SECTION 5.5

/ 32° d ! +C, (use Exercise 16)
——dz = — Xer
@rz ™ 3 +1 0 ¢

f(m):/f’(x)dzz/(?x—l)dx:x2—m+C.

Since f(3) =4, we get 4 =9 — 3 + C so that C = —2 and
flz) =2 -z -2

f(a:):/(3~4z)dx:3z—2x2+0, f)=6 = f($)=—2x2+3x+5

f(z) = /f(z /ax+b)dz—2az +bz +C.
Since f(2) =0, we get 0 = 2a + 2b+ C so that C = —2a — 2b and
f(z) = taz® + bz — 2a — 2b.

1
f(z) =/(ax2+bx+c)dz: Eax3+%bx2+cx+K,

f0)=0 = f(z)= %xs + gxz +cz

f(x):/f’(x)dz:/sinwdx:—cosm+C.
Since f(0) =2, we get 2= —1+ C so that C = 3 and
f(z) =3 —cosz.
f(:t):/coszdx:sinz+0, f(m) =3 = f(z) =3 +sinz
First,
/f” /6x—2)d2:—3:v -2z +C.
Since f'(0) =1, we get 1 =0+ C so that C =1 and
fl(z) =32 -2z +1.
Next,

=/f'(z)da::/(3z2—2z+1)da:=x3_z2 +r1+K.

Since f(0) =2, we get 2 =0+ K so that K =2 and
flzy =23 -2 +z+2.

fl(z) = /—12z2 dr=-42+C, f(0)=1 = f'(z)=—-4z%3+1

f(.’l,‘):/(—4z3+1)dz:-—:1;4+1;+K7 f0)=2 = flz)=—-2+z3+2

243
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27.

28.

29.

30.

31.

SECTION 5.5

First,
fllz) = /f”(x) dz = /(ar;2 —z)dz = %x:’ — %zQ +C.

Since f'(1) =0, we get 0 = 2 — 1 + C so that C = § and

Next,

_ [ _f(ls_ 12 1y, 14 15 1
f(x)—/f(z)dz—/<3g: 5% -+—6 dx—12x &% +6:z:+K.
+

Since f(1) =2, weget 2 =% — ¢ %+KsothatK=f—gand
zt 22 oz 23 1,
=2 I 2o (- 24% 422 +23).
flz) 56 +6+12 12(:1: z° + 2z + 23)
22 2
fo = [a-nd=2-F+C, F@=1= f@)=z-F+1
2 2 3 23 2 8
= _— 1 = —_—— — = = —— —_— —
f(z) /(.7; 2+)dz 5 6+z+K, f(2)=0 = f(x) g ta v 3

f’(z):/f”(:c)dx:/coszd:z:zsinz+C.
Since f'(0) =1, we get 1 =0+ C so that C =1 and
fi(z) =sinz + 1.
Next,
f(x)=/f’(x)dz=/(sinz+1)da::—cosz+:c+K.
Since f(0) = 2, we get 2 = —1+ 0+ K so that K = 3 and

f(z) = —cosz+z+3.
f’(x):/sinxdz:—cosx+0, fii0)y=-2 = f'(z)=—-cosz—1
f(x):/(—cosz—l)dx:—sinz—a:+K, fO=1 = f(z)=1-sinz~=z

First,

fi(z)= /f”(:z;) dr = /(21‘ —3)dz =2 -3z +C.
Then, ‘
[ 2 1 3 3 2
flz)= | fllx)yde = | (= —32:+C)dz:§:c — 5% +Cz+ K.
Since f(2) = —1, we get )
1) ~1=2-6+2C+K;
and, from f(0) = 3, we conclude that

(@) 3=0+K.



32.

33.

34.

35.

36.

38.

SECTION 5.5

Solving (1) and (2) simultaneously, we get K = 3 and C' = —1 so that

flz) =1z% — 322 - 3T+ 3.

fl(z):/(5—4I)dm=5x—2x2+0,

f(g;):/(Sz—QzQ—i—C)dx:gz2~§$3+Cz+K

5 2 2 5 7
1:——— :]_ frsad :—2 :——3 —-2 —_ -
f(1) 5 3+C+K , f0)=k = f(z) 377+ 5o+ pw =2

& |[1@a] =i [ L= o
[ 15@9"@) ~ 9(@)5"(@) da = / F(@)g" () + F'@)g' (@) - F @) (@) — 9() " (2)] do
=/ (~ @) @) - & (7 ]) dz = f(2)g'(2) - 9(2)f (@) + C

(a) z(t) = /v(t) dt = /(6t2 - 6)dt =2t -6t +C.

Since z(0) = —2, we get —2 =0+ C so that C = —2 and
z(t) = 2¢® — 6t — 2. Therefore z(3) = 34.

Three seconds later the object is 34 units to the right of the origin .

s-—/l (t)] dt = /|6t2—6|dt /1(6—6t2)dt+/13(6t2—6)dt

= [6t — 23]} + (213 — 63 = 4 + [36 — (—4)] = 44.

The object traveled 44 units.

(a) v(t) = /a(t) dt = /(t+2)3dt = %(t+2)4 +C,

v(0) =3 —> v(t) = i(t+2)4—1

(t+2)°
20

4 5
(b) x(t):/[(izi)—lJ dt:“;—g‘)—HK, 2(0) =0 = z(t) =

(@) vt)= [a@®)dt= /(t F1)"V2dt =20+ 1)Y2 4 C.

o(t) =20+ 1)2 -1
(b) We know v(¢) by part (a). Therefore,
z(t) = /v(t) dt = /{2(t +1)Y2 —1}dt = %(t +1)32 —t4+0.
Since z(0) = 0, we get 0 = £ — 0+ C so that
C=-% and z(t)=25¢+1)%2 -t~ 2.
2 3 2 3

@)= [t-na=5-C 40 0= 2 = sy =5 -2

8

—t— =

5

245
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39.

40.

41.

42.

43.

44.

SECTION 5.5
z(10) = —? : 285% units to the left of the origin.

10 1 10 2 3} £ 310
bs=/ v(t dt:/tl—tdt+/ ——tl—tdt:[————] —[———]
O o= [ W= [wi-gas [ a-ga= |55 ~[5-5]

851 2
= — =283- its.

3 833 units

(a) wp = 60 mph = 88 feet per second. In general, v(t) = at + vo. Here, in feet and

seconds, v(t) = —20¢ + 88. Thus v(t) = 0 at ¢t = 4.4 seconds.
(b) In general, z(t) = $at? + vot + zo. Here we take zg = 0. In feet and seconds
z(t) = ~10(4.4)% + 88(4.4) = 10(4.4)* = 193.6 ft.

Let acceleration =a. Then v(t) = / adt = at + vg.

[v(t) + volt + o

N

2(t) = /v(t) dt = /(at+v0)dt= Sat” +vot + 79 =

[w(®)]* = (at + v0)* = a®t® + 2avot + vo?
= vo® + a(at® + 2vgt)
= vo® + 2a(3at? + vot)

z(t) = %atz + vot + xp
= v + 2a[z(t) — z0]

1
(a) v(t) = at + vg, and by Exercise 40 z(t) = 5 [v(t) + vo}t, so

TR
[Note 60 mph = 88 ft/sec, 40 mph = 582 ft/sec;]

(b) t= v(ifg)vo = 582;—?488 = 3.6 sec

(c) We don’t know z(t) , so we will use ¢ = vt)—vo _0-88 = 10.8 sec

a T -8.15

(d) 2() = = [o(t) + vo]t = %[o +88]10.8 = 475.2 ft

1
2
The car can accelerate to 60 mph (88 ft/sec) in 20 seconds thereby covering a distance of 880 ft. It
can decelerate from 88 ft/sec to 0 ft/sec in 4 seconds thereby covering a distance of 176 ft. At full

speed, 88 ft/sec, it must cover a distance of

igz—g—q — 880 — 176 = 1584 ft.
. 1584
This takes 38 = 18 seconds. The run takes at least 20 + 18 + 4 = 42 seconds.

v(t) =/sintdt:—cost+C’, v(0) =vo = v(t) = —cost+wvg+1
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:c(t):/(—cost+’uo+1)dt:—sint-+—(vo+1)t+K, z(0) =z0 = z(t) = zo + (vo + 1)t — sint

45. o(t) = /a(t) dt = /(2A + 6Bt) dt = 24t + 3Bt* + C.
Since v(0) = vg, we have vg = 0 + C so that v(t) = 24t + 3Bt + vo.
z(t) = /v(t) dt = /(2At + 3Bt +vp) dt = At® + Bt® + vot + K.
Since z(0) = zo, we have zg = 0 + K so that K = z, and

z(t) = o + vot + At? + B3,
46. v(t):/costdt:sint+C’, v(0) =vo = v(t) =sint + vg
x(t):/(sint+vo)dt:—cost+vot+K, z(0) =20 = z(t) = zo + 1 + vot — cost

47. z'(t) =2 - 5, y'(t) = 3t,
z(t) = 383 — 5t + C. y(t)= 3t + K.
When ¢ = 2, the particle is at (4, 2). Thus, z(2) = 4 and y(2) = 2.
4=5-10+C = C=3. 2=6+K = K=-4
z(t) = 58° — 5t + 3L, y(t)= 312 — 4.
Four seconds later the particle is at (z(6), y(6)) = (182, 50).
2 2

48. :c(t):/(t-2)dt:%—2t+0, 2(4) =3 = z(t) = >~ 2% +3

2 2 1
y(t) = /\/Zdt = §t3/2 -’rK, y(4) =1 — y(t) — §t3/2 _ 33_

5 seconds later, ¢ =9, so position is (z(9),y(9)) = (&, 4L).

49. Since v(0) = 2, we have 2 = A -0+ B so that B = 2. Therefore
z(t) = /U(t) dt = /(At+2) dt = %AtQ +2t+C.

Since z(2) = z(0) — 1, we have
2A+4+C=C~-1 sothat A=-35.
50. z(t):/(At2+1)dt:%At3+t+C

z(l)—x(O):(§A+1+C)—C:§+1=O — A=-3

1/V3 1

(1—3t2)dt+/ (Bt? —1)dt = [t—t3];/‘/§+ [£® -]

Distance traveled = /
0 1/V3

51. z(t) :/v(t)dt:/sintdt: —cost+C
V3 V3
2

Since z(7/6) =0, we have 0=-—>-4C sothat C =

5 and z(t) = — — cost.
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52.

53.

54.

55.

SECTION 5.6

(a) Att=11%/6 sec. (b) We want to find the smallest ¢, > 7/6
for which z(tg) = 0 and v(tp) > 0. We get

to = 137 /6 seconds.

. 7r . T o 1
z(t)—/costdt—smt+0, z(g) —s1n€+C’—O = z(t) =sint 5
(a) z(t) =0 at t= 3 sec.

(b) z(#) =0and v(t) >0 = t= 1—23 sec

The mean-value theorem. With obvious notation

z(1/12) —z(0) 4

= = 48.
1/12 1/12 8

By the mean-value theorem there exists some time ¢y at which

2 (t) = x(1/112/)1—2— z(O).

(Taking the direction of motion as positive, speed and velocity are the same.) Let v be the speed of
the motorcycle at time 0, the time when the brakes are applied. The distance between the motorcycle
and the haywagon ¢ time units later is given by

d(t) = —%at2 + (v —v)t+s
[1t 4+ s gives the position of the haywagon, %at2 + vt gives the position of the motorcycle]. Collision
can be avoided only if the quadratic

d(t) = —%atQ + (v —v)t+s
remains positive. This can be true only if the discriminant of the quadratic,

B? — 4AC = (v; —v)? + 2as = (v —v1)* + 2as

remains negative. Observe that

(v—v1)+2as<0 if v<ov++/2lals

=2 = -] =2t—v "

1 _ Vo
vo~l =2t 1 —2tvg’

= )] =wnt-2t = ut)=

SECTION 5.6

u=2-—3x
: /i__Q /(2_3x)"2dx:_l/u'2du:lu‘1+C
du = —3de (2 — 3) 3 3

L@e-32)""+C



b

&

SECTION 5.6

U=2(E+1 d(E l/du
; — = | —=yu+C=vV2r+1+C
{du:Zdw } /\/2m+1 2 Ve

u=2z+1
; /\/2:c+1da:=/(2z+1)1/2dz:l/ul/zdu:1u3/2+C
du = 2dz 2 3

1
= 3(22+1)3/2 +C

u=azr+b
(22} e g

du = adzx

= -;E(aa:ﬁ-b)s/z +C

u=ar+b
{ }; /(am+b)3/4 dz = §/u3/4du: 2uyo

du =adzr

= %(az+b)7/4 +C

u=azl+b 1
; /QGI(axz +b)* dm:/u4 du=-u’+C
du = 2az dz 5

1
= g(am2 +b)°+C

u=4t2+9 t 1 du 1 1 i
: ———dt:—/—:——u‘1+0=—— 42 4+9) +C
{du:Stdt } /(47:2+9)2 8/ u? 8 8( )

u=1"+1 3t d
du = 2t dt (2 - 1) 2/ u 2u
3

“s@+n ¢

U:1+Is 1 4
; 2 (1 3\1/4 :_/ 1/4 g, _ 2% . 5/4
{d }, /:c(+x) dz 3/ du 5 +C

uw=3z2dz
_ 4

15(1 +8)t 4 C

249



250 SECTION 5.6

u=a+ bz"
10. ; / “Va+bzrdr = — /\/_du— B2
du = nbz™ ! dz bn
_ = n 3/2
3bn (a+bz™)"* +C
u=1+s* 1
1. ; /%ds:l/d—gz—lu‘2+0:——(1+sz)_2+c
du = 2sds 1+ s?) 2) u 4 4
u=6—5s°
12. : / / due 32 4
{du:——lOsds } \/6——'5? 7’ 10
_ -3 2/3
=19 -39 +C
13 u=x+1 i /Ldz_/(z2+1)"1/2mdz—l/u_1/2du
- du=2zdz |’ vzZ+1 9
=ul?+C =22 +1+C
u=1-—23 2
14. ; /_L___ — / :_u1/3_+_c
du = —3z% dz (1— z3)%/3 T3] werns
=-(1-2)+C
u=z>+1 3 5 ,
15. ; /0117(.'1) +1 / _3du———_+C
du =2z
:—Z(iL‘ +1) +C
u=1-z . 1 » 2 .
16. 5 /21‘3(1—1} )"1/4dm:__/u" / du = _—’LL/ +C
du = —4z% dz 2 3
:_2(1_$4)3/4+C
3
=zt 41 y
17. ; /_«1:_3/4 ($1/4 + 1) dr :4/u—2 du = —4y™! +C
du = %m“3/4dz

=4+ 1)1 +C

u=2z4+3c+1
18. { . 4 + 6

du
—‘——dI=2/——:4\/E+C

du = (2z + 3) dz 3+ 3z +1 N
=4vVz2+3z+1+C



19.

20.

21

22.

23.

24.

25.

26.

27.

n

du = —4a*z3 dz
u = aqa -+ bz"

du =bnz" ' dz ’

u=2z2+1
du =2zdz

Y =
du =

=1-a*z!

4+ 21°
6z% dz

=0 = u=1
rz=1 —= u=2 ’

r=-1 = u=2
r=0 = u=4

0; integrand is an odd function

du = 2rdr

{ u=r1>+16

u=a?—y?
du = -2y dy
3
Yy
2
du:—3y3 d
a
u=2z2+1
du = 4zdx

r=0 = u=16

b33
. A
’ / V1~ azt * 4at

SECTION 5.6

b b3
u—1/2 du = —2—0'?1‘U1/2 + C

b3
= —2—5‘1\/1 —aizt + C

zn! 1 du 2

—==—vu+C

— dr = — =
Vva + bz T Vu  bn

2
= %\/a-kbx"—*-C

1 \3 1 2
/ z(x2+1) dxz—/ uddu
0 2y

0 ) 1 4
; / 3z% (4 + 22°) dz=§/ u?du
2

1 (% du

3
r
; == &
r=3 = u:25} /0 Vr2 +16 2 16 \/17

y=0 = u=a

y=a = u=0

z=0 = u=1

=2 = u=09

25
:[ u16:1

2 a 0
}; / yva? —y? dy:—%/ w2 du
0 a?

= 1 [0 =1 (a®)? = LJaf?

2 9
}; /x\/2x2+1dz:%/ Vudu
0

251
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28.
u=22+11z=0 = u=1 2 e 1 r°
S T
du = 4zdz =2 = u=9 o (222+1) 4 J1
17 2
B dul, 9
29.
u=14gz z=1—= u=2 2 5
5 2 /x‘3(1+z )3dz—-——/ w3 du
du = -2z dz $—2:>U——Z 1 2
[
Tl 4], 400
30.
u=(z+2)(z+3) | z=0 = u=6 1 27 45 12
[ e[l
du = (2z + 5)dz z=1 = u=12 o (z+2)%(z+3) 6 U
1 12_ 1
Tl oulg 12
u=z+1
31. ; /z\/z+1dz=/(u_1)\/adu=/(u3/2_u1/2) du
du = dz

= %us/z _ %us/z +C = %(m+ 1)5/2 — %(z+ %2 +C

32. {duza:-—l}; /2xﬁdz=/2(u+l)\/ﬂdu=2/(u3/2+u1/2) du

u = dz

4 4 4 4
=—u5/2+§u3/2+0= g(x—1)5/2+§(x—1)3/2+0

5
uy=2z-—1 _
33. ; /.7:\/21‘—1d:1:=1/(u 1)\/1_Ldu=1/(u3/2+u1/2) du
du = dz 2 2 4
= B2 232 4 O = (22— 1)%2 + ~(2z — 1)3/2
10 +6u +C = 10(:1: ) 6(I ¥ icC
34. ; /t2t+38dt=—/—u—38u8du:—/ u® — 3u®) du
{du=2dt } ( ) 2 2( ) 4 ( )
-—i 0_i - 10 _ 9
= ¢ v +C (2t+3) 2(2t+3) +C
35 u=z+1 ‘ z=0 —= u=1 z+3 u+2
. du = dz r=1 — u=2 \/ﬁ— L \/—

= /2 (u1/2 + 2u_1/2) du
1

= (2032 + 4ul?]] = 2B +4v2 —2-4=12-

o
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u=z*+1 r=-1 = u=2 0 1 /1
36. ; / (z® +1) ¢ dz =—/(u—1)u6du
du = 2z dx =0 = u=1 1 2 Js
1L 14 1 % 255 127 769
-5/2“‘ —“”“—[Ié“ WYL, T T T Tm
37.
u=2z"+1 1 3
; /x\/a:2 ldz = = /\/_du——u2+C’— @2+ 1)z +C.
du = 2zdz 3
1 2 1 2
Also,1=(0?+1)+C = C=3=. Thusy=-(z2+1)% +=.
3 3 3 3
38.
u:l-f—\/_
-/—1_dx=_/u—zdu=l+0= L _+cC
du = ’ 2y/z(1+ /)2 u 1+vz
2f
Also 1__1 +C = C=0 Thusy=
"3 1++4 T
1
39. /cos(3x+1) z = —fracl3sin(3z + 1) + C 40. /sm?wxda:——%cos%rx-i-c
2 1 1
41. csc“ Ttz dr = —=cotmx + C sec 2z tan 2z dz = isec2x +C
7

43 u=d-z / (3 - 22)d / L sinudy =2 C=teos-2)+0C
. ; SIM{o —-2z)dr = [ —=sinuau = ~cosu+{C = =cos(3 —2z) +
du = —2dz 2 2 2

u=sinzx 1 1
44. { }; /sin2xcoszdz=/u2du=§u3+C=§sin3x+C

du = cosz dx

U= COST 1 1
45, {d }; /cos"‘a;sinxdx:/—u4du=—gu5+C=—gcos5x+C

uw = —sinz dz

2

u=z 1 1 1

46. ; /:csec2x2d:c: —-/seczuduz —tanu+C = =tanz® + C
du = 2z dx 2 2 2

u = gl/?
47. d ; /z_1/2sinz1/2dx:/2sinudu: —2cosu+C

u=1z71/24dz

= —2cosz'? +C
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48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

59.

’

uw = —2dz

{

/

SECTION 5.6

u=14sinz

du = coszdz

u=1-2zx

u=14+cosz
du = —sinzdz |’

cos?z

1

1 1
}; /csc(1—2x)cot(1—2z)dz= —§/cscucotudu: -2—cscu+C

1
= Ecsc(l —-2z)+C

; V1+sinz coszdz = ul/zdu=2u3/2+0
3

=2(1+sinz)¥? +C

sinz du
— /\/17 Vu V14 cosz +

dr = /sec2 zdr =tanzx +C

/(1-+—tan2 z) sec’ Tdz = /secszx+/tan2mseczzdx

1 1
:tanx+/u2du=tanz+§u3+0=tanz+§tan3z+c

{

f
{

{

J

sin“ z

u=1+tanz / J
; ———=ds =
du =sec’ zdz V1+tanz

u

du

1/3

/4

u = z°
du =2z dzx
1

2

sec?

1 1
}; /xsin3x2cosx2dx:/§sin3ucosudu:§sin4u+0

= isin*z?+C

dr = /csczxda:= —cotz+C

w2y =22+ C

=2(1+tanz)'/2 +C

12

=473 +7 1
}; /:czsin(élxs—?) dx:l/sinudu=——ﬁcosu+0

= 1222 dzx

the sine is an odd function

1
sec’ mz dr = = [tan 7]
s

1/3 _
/4 7 4

1 3
=13 cos(dz® —7) + C

w/3
58. / secztanzdz = [sec:r]’i/:'/3 =0
—m/3

3 2

= (V3-1) 60. /01 cos’ (gz) sin (72) dz = —2 [cos3 ET’]T =

2
3



61.

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

/2 1 1
/0 sin®zcoszdz = i [sin* m]g/2 =1

1 — cos 2z 1 1

-2 .

= ———dr==-z-—= +
/sm zdx / Z z sin2z + C

1 2 1 1
/cos2 dx:/$d$=§z+zsin2z+0

1
/00525xdz=/de:—m+—l—sin10x+0

2 20
1 — cosbx 1 1
in? = —_— = —x — — 8§l
/sm 3xd:c—/ 5 dx 23: 1231n6z+0

w/2 w/2 1 1 n/2
/ cos22:cd:1:=/ ﬂdz: —x+lsin4:z:
0 0 2 2 8 o

=T

2w 27
/ sin? zdz = [lx— lsin2z]
0 2 4 0

A= /2 [cosz — (—sinz)]dz = [sinz — cosz]o% =2
0

T 1
62. / zcoszldr = 3 [sin z°]
0

SECTION 5.6

m

_1 3
0—§sm7r

e ‘ 1, a1
A= (cosmz —sinmz)dz = = [sinwz + coswz]y* = =(vV2 - 1)
0 T ™

1/4 1/4 1 e
A= / (cos® mz — sin 7z) dz = / cos2nrdr == o [sin 2ma]l/* = =
0 0 i

1/4 1/4 1
/ (cos® mz + sin® nz) dr = / ldz = [av]é/4 =1
0

0

1/4
A= / (csc® rz — sec? nz) dz =
1/6

6

q =

—

1
sin2m+C=—§cos2:c+K where K =C+1

N =

1
(—2+\/?_>+——3

1
—[— cot wz — tan 7z]
™

v

1
27

1/4
1/6

m T
= (—2+cot— +tang)

> = 3%(4\/5—6)

. 1 1
51n:z:cosa::/—udu:-—§u2+K:—Ecos2m+K, (u = cosz)

2

255
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u=secz 1
75. (a) ; /seczztanzdx:/udu=§u+0

du = secztanz dz
=1isec’z+C

u =tanz 1
(b) ; /seczmtanxdz=/udu= §u2+0’

du = sec® zdxz

=L1tan’z +C’

() C'=C+4

T w/2
76. A=4/ \/rz—mzdx=4/ Vr2 —r2sin®u(rcosu)du (z =rsinu)
0 0
w/2

7\'/2 1 1
= 4/ r? cos® u du = 4r? [—u + = sin 2u} =7r
0 2 4 0

r. Ao 4b \/mdx _ 4b ( area of circle of radius a>
a Jo a 4
4b [ 7a®
Y (T) = mab
78. (a)

r=b+c = u=>

u=r—c|r=at+c —= u=a b+c b b
[ te-gde= [ = [ s
du = dz a o a

u= r=ac = u=a s b b
o [ G- [ rwdu= [ f@)de

r=bc = u=>»

du =

ngunlie

SECTION 5.7
b b b
1. Yes; /[f(m)—g(m)]dz:/ f(z)dz—/ olz)dz > 0.

2. No; take, for example, the function f(z) =z and g(z) =0on [-3,1].

3

3. Yes; otherwise we would have f(z) < g(z) for all z € [a, b] and it would follow that



10.

11.

12.

13.

14.

15.

16.

17.

18.

No;

Yes;

No;

Yes;

Yes;

SECTION 5.7

/a ’ flz)ds < / ' g(@) de.

take, for example, the function f(z) =0and g(z) = -1on [0,1].
take f(z) =0, g(z)=-1on[0,1].
b b b b
/ |f(z)|dz > / f(z)dz and we are assuming that / flz)dz > / g(z)dx.

take, for example, any odd function on an interval of the form [, c].

if f(z) #0 for each z € [a,b], then by continuity either f(z) > 0 for all z € [a, ]

?

or f(z) <O0forall z € [a,b]. In either case
b
[ f@ds 20
1 1 ‘
/ zdzx =0 but / |z|dz # 0.
1

-1 .

b
/ f@)dz| = 0] = 0

b
Yes; Us(P) 2/ flz)dz = 0.

No;

No;

if f(z) = 0 for all z € [a,b], then
b
/ f(z)dz =0, and Us(P) =0 forall P.
b
LAP) < [ f@)dz =0,

take f(z) = = on [-1.1];

1 1 9
/ zdr =0 but / ?dr =2
-1 -1 3

b b b
Yes; /[f(:c)+1]dx=/ f(x)dz+/ ldt=0+4+b—a=b—a.

a

- ! 4y 22
2(1+22)+5 dz V2z2 +7

—/1-4}-22 dt
| Jo V2t +5

257
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19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29,

&=

(a)

(b)

SECTION 5.7

10| = g |- [ 10w =1

'/ws dt 32
Jo Vi+e?

C V1+25

rr3 z% . : 2 ~2" 2
&_ntdt}:_i[/g Sl_mdt]=_sm1§x)(2g;)=——————sm(z)

t

L/ z2

-4
/ sin(¢?) dt} = —sin (tan® z) sec® z.

L/ tanx

[
:/uv f(@) dt] - % [/avf(t) dt_/au [0 dt] = f(v)g% _f(“)j_z'

r 2
“dt] 1d,, 1d 2z 1 1
/ 7]—;32.1;(?)‘55@—;7‘;—;

oz 1z
T 14z 2y 2(1+13)

z+z
/ dt _ 1 @
Jz 2+VE| 2+4VE g

T+1)— e

r r2z
/ tv1+¢2 dt] = 2z+/1+ (22)% (2) — tanz v/1 + tan® = (sec? z)

tanz

= 4z+/1 + 422 — tanz sec®r |secz|

1/:1: _ 2
/ cos 2t dt| = cos 2) (2 - cosbz (3) = _cos/z) _ 3cosbz
3z z z? z2

With P a partition of [a, b]
b
P < [ fa)ds.

If f is nonnegative on [a, b], then Ly(P) is nonnegative and, consequently, so is the integral.
If f is positive on [q, b], then L;(P) is positive and, consequently, so is the integral.

Take F' as an antiderivative of f on [a, b]. Observe that

b
F'(z) = f(z) on (a, b) and / f(z)dz = F(b) — F(a).
If f(z) > 0 on [a, b], then F is nondecreasing on [a, b] and F(b) — F(a) > 0.
If f(z) > 0 on [a, b], then F is increasing on [a, b] and F(b) — F(a) > 0.



30.

31.

32.

33.

34.

35.

36.

SECTION 5.7 259
Set h(z) = g(z) — f(z) and apply Property I to h.

Consider the trivial partition P of [a,b] into the single interval [a, b].
Then Ls(P)=m(b—a) and Us(P)= M(b-a).
Thus m(b —a) < f:f(z) dr < M(b—a).

Suppose f(c) > 0 for some c € (a,b). Then by Exercise 48, Section 2.4, there exists § > 0
such that f(z) > 0 for all z € (c~4,c+ ). Also, we can choose & such that (c—8,c+6) C (a,b) .
Then /b |f(z)|dz > /CH |f(z)|dz > 0, a contradiction. The same holds if f(c) < 0 for some c.
Thus f ((lx) = 0 for all :vc _66 (a,b). Then since f is continuous on [a,b] , we must have
fla) = f(b) =0,s0 f(z)=0forall z € [a,}].
H(z) /1‘3"4 zdt _ (U4t
2

12 2 4 dt 20
H@2)=2|%>-= +/ ==
@ [3 3} s 1+t 3

H(z) =1 / “lot - 3E(2)] dt,
T J3

H'(z) = ;—21 /3 “lot—3H'() dt + % 2z — 3H'(2)],

41 3
H'(2)=3—21/ [2¢t — 3H'(t)] dt+%[2-3—3H'(3)]
3
=l 042-H'(3) H'(3) =1
= 32 ( —s = 1.
(a) Let u = —z. Then du = —dz; and u=0whenz =0, u=a when z = —a.

/_af - / f(-u)du = /0 f(—u)du = /0 f(~z)dz

a 0 a
a)/_ orey f(a:)dx+/0 () dz

In first integral, use u = —z,du = —dz,u(—a) = a,u(0) = 0,z = —u, and note that

() = f(—u) = — f(u) since f is odd. Then

/_af —/Of(—u)duz/af(—u)duz—/af(u)du

So f(x /fu)du-}—/f dr =0
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(b) As above but now f(z) = f(-u ) since f is even, so
flz)dz = - /f—udu—/f—udu—/f ) du,

hence f(a:) dr = 2/ f(z) dz
—a 0

w/4
3. / (z +sin2z)dr =0 since f(z) =z +sin2z is an odd function.
—n/4

t3 3 t3
38. —— is an odd function, so / ——dt=0
1+1¢2 3 1+1t2

w/3 x/3
39. / (14 2% —cosz) dz = 2/ (1+2?—~cosz)dr since f(z) =1+z%—cosz isan even function.
—n/3 0
w/3

e 2 L s 2 2 3
2 (14+2°~cosz)de =2 |z+ -z° —sinzx =—7r+—7r -3
0 3 0 81

40. 2z and sinz are odd, and z? and cos 2z are even, so

/4 /4 2 1 /4 3
/ (m2—2z+sinz+cos2z)dz=2/ (a:2+cos29:)dx:2[—+—sin2z} =—+1
—x/4 0 3 2 o 96
PROJECT 5.7

1. (a) Let f(z)=2*-322+0.1z+1.
"y
. 5-‘-

(b) dom (f) = dom(g). A comparson of ranges is:

range (f) = [-1.37,00)
range (g) = [—0.34, o)
(c) Setting g(x) = f(z) gives

which implies f(z — 1) = f(z). This occurs at
the points where z = —0.6280,0.5200, 1.6081.
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2. (a) f(z)=2*-322+01z+1

(b) ¢ and h have the same domain as f. A comparson of ranges is:

range (f) = [-1.37,0)
range (h) = [-0.47, 00)

(c) The graphs of f, g, and A all intersect at the same points.

(d) They will all intersect at the same points. Proof:
flz—1)+kf(z)
E+1
Then f(z — 1) + kf(z) = (k+1)f(z), so weget f(z —1) = f(z).

i.e. We get the same points of intersection as in Project 1(c).

Let m(z) = be a moving average for f.

@
1
£
0.5
F
A X
1 2 3 4 5 ()
-0.5
-1

The moving average g smooths everything; the moving average F still oscillates, but it

oscillates “slower” and with less amplitude.

DII'—-‘

(b) In general, F'(z) = = [f(z) — f(z —a)] and

/ 70t = - [7(@) - f{z — a)) = F'(a)
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SECTION 5.8
1 AV—l/c(mx-i-b)dz—l[Exzﬁ-bx]c———f—b at z = ¢/2
. . .—c o _C 2 0— H -
1/ 1[z3]" V3
2. V.= - 2de =2 | = == =41,
AV 2/‘1mdm 2[3]_1 ;at 3
1/t
3. A.V.:§/ z3dr =0 since the integrand is odd; at z =0
—1
14 1[ 11 13
4. AVZ— _2d = - |—— —_— — = == t =2
3/13: * 3[le 31 ¢ *°
1 /2 1 /2 1 /2 12212
. V.= - dr = — == =12 = =41
5. AV 4/_2|.7:| z 2/0 |z| dz 2/:cd:c 2[ L 1, at =z
1 r8
6. A'V':Té /%de =0 (odd function); at; £ =20
-8
1 [? 1 o L /3
7. AV.=2 — z? =— (2= =3, =1+ -
Y, 2/0(2m z%) dz 2[9: 3]0 3 at z=1 3 3
1 r3
8. AV.=2 B-2z)dec=;[3z—2%],=0; atz==.
0
1 [ ’
9. A.V.:§ Oﬁdx—%[gz?’/?]o—l at =4
10 Av—1/2(4—xz)d =1 4z—f2 =8 m—:t%
T, Ty 3], 3 ER
11, AV.= 2 zﬂ'd—l[ 2" =0; at z=0,m,?2
. Ve=or | singds = 5[~ coszfy” =0; z=0,m 27
1 ™
12. A.V.:—/ cos:cdx:l[sinz]gzo; at T=_.
T Jo T 2
1 /° 12 ° 13
13. AV.= = dp — = |2 432 =29
(a)Vg/l\/Ea: 8[32: L ;
13 M
(b)ﬁ:g=>x:4.694 (c) s
14
1




14.

15.

16.

17.

18.

19.

20.

21.

(b)x3—x+1=4z; at z = 1.263

SECTION 5.8

k3 1 2
(a) AV. = —1—/ sinzdr = = [— coszly = =
T Jo s 7 .
2
(b) sinz = — == 0.691 (c)
14
12 [™/® 12 /6 12 {3
(a) AV. = [ _W/42cos2zdx =5 [sin 2z]"" ~n/a T 50 | g
(b) 2cos2z =1.426 at =z = +0.389
1 b 1 i1 pn+l _ gntl
AV. = "dr = = .
v b—af"z dz b—a[n+1a (n+1)(b—a)

(a) for constant f, f(b)(b—a) / flz
(b) for increasing f, f(b)(b~a) > / f(z)dx

(c) for decreasing f, f(b)(b— a) / f(z

Average of f' on [a, b]

b b b
(a) True, because / (Ff+g)dz= / fdz +/ gdz.

b b
(b) True, because / afdz = a/ fdz.

(c) False; take f(z)=g(z)=zon [0,1]: AV.(fg)==

RN AT R A
(a) A.V._ﬁ/0 ydx_ﬁ/o xdx_ﬁ[?

13 13 172 2
= dy = = dy = = |2432] =Z24/3
3/0“’ 3/0‘/177"’ 3[3‘” L 3V3

s [ rwe= g e

+
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1 V3 5 ; 3 1 V3 >
(c) AV. = ﬁ/o \/(z—O) + (22 - 0) dx—ﬁ/o zvV1+ 2?2 dz

-1 [1 1 +x2)3/2]

viog
/313 25‘/5

0

. 1
1
22. (a) Distance to z-axis is y, so A.V. = / ydr = / medzr = Zm-
0 0

1

1

(b) Distance to y-axis is z, so A.V. = / zdz = 3
0

1 1
1
(c) Distance to origin is /2% +y2, so A.V. = / z2 + m2z?dz = / zvV1+m2dz = 5\/ 1+ m?2
0 0

23.  The distance the stone has fallen after t seconds is given by s(t) = 16¢%.

(a) The terminal velocity after z seconds is s'(z) = 32z. The average velocity

—s(0
is Eﬂ—% = 16z. Thus the terminal velocity is twice the average velocity.
m f—
s(iz) —s(0
(b) For the first 1z seconds, aver. vel. = (—21)% = 8z.
1. _
2
_ (L

For the next %x seconds, aver. vel. = S(I)—S—(ﬁ = 24z.

T — 5.’1)

Thus, for the first %:c seconds the average velocity is one-third of the average velocity

during the next £z seconds.
a
24. Obviously since flz)dz =0
—a

25. Suppose f(z) #£ 0 for all z in (a,b). Then, since f is continuous, either
f(z) >0on (a,b) or f(z)>0on (a,b).
In either case, fab f(z)dz #£0.
26.

b 2 b
bia/ (mw+k)dz=5i—a[m—2§—+kzil

_ m(b+a)

k.
2 +

b+a

Thus, f takes on its average value at z =

27. (a)v(t) —v(0) = /Otadu; v(0) = 0. Thus v(t) = at.

t ¢
1
z(t) — z(0) = / v(u)du; z(0) = zo. Thus z(t) = / audu + zo = 5 at® + zo.
0 0

1 tz 1 1 ,]"
(1) Vavg = / atdt = = at?
ty —t1 Jy, ta—t1 {2 |,
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_ati—at?  w(ty) +u(ts)
2t —t) 2

6

28. (a) Mass: M:/b)\(x)dz= %dz:%[\/l-%xgzﬂ(ﬁ—l)

Center of mass:

1 b 1 /% 122 12 [Tu—-1
n=— A = —
z M/f’“”dz ), AT u a
12

7 7
12 (f——1—> w2 [2 32 2u1/2] _ _2ﬁ+1_
1

Ju M |3

6
() AV.= 1 \/2% =%=4(ﬁ—1).

L 2 )
29. (a) M= /0 kvVz dv =k [§x3/2J = gkL3/2
0

L L 9 L 2
Ty M :/ z (k\/E) dz =/ kz®/? dx = [_ka/Q] = ZkL5/?
0 0 5 0 5
zu = (3kL%2) [ (3KI¥?) = 31
o 2 1 N
(b) M:/ k(L - 2) dw:[—-k(L—z)} = —kL?
3 o 3
L
Ty M = / - z) dz :/ k (L’z — 2La* +2°) dz
0

=k [3L%2% — 2023 + Lof]) = LkL*

e = (HELY) / (3IF) = 1L

b
30. Ty M :/ zA(z) dz
a
Zq 2 Zn
=/ zA(z) dz -+-/ zA(z)dz +---+/ zA(z) dz
Zo xy Tn—-1
=2pm Myt zag, Mo+ - 4 221, My
51, LLM = LLM, + o0, M,

1 L
M) == (2M —
A <4LM 8L 1) saz; (M — M)

TrM, =

265
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2 1 7
32. By Exercise 30, zym M =zp, M1 +zpm, M2, sO gLM = ZLMl + gLM2.

2
Also, M;+ My =M. Solving gives: M; = %M, My = EM
33. Let M = f:”‘ kz dz, where a is the point of the first cut.
k22]*TY & , 2M — kL? 2M + kL2
Thus M = [—2—]0 = 5(2GL+L ) Hence a = ——*ECL—, and a+ L = T
1 b) —
34. The average slope of f on [a, ] is Y f: fl(z)dz = ILI))_‘—‘{(G).

Geometrically, this is the slope of the line through (a, f(a)), and (b, f(b)).

35. If f is continuous on [a, b], then, by Theorem 5.2.5, F satisfies the conditions of the mean-value
theorem of differential calculus (Theorem 4.1.1). Therefore, by that theorem, there is at least

one number c in (a, b) for which
Then

b
/ f(z)dz = F(b) - F(a) = F'(c)(b — a) = £(c) (b — a).

min of f average of f max of f
36.

IA
IA

on [¢c — h,c+ hj on [c— h,c+ h] on [c— h,c+ hj
By continuity, as h — 0%

min of f max of f
=+  f(¢) and = fle).
on [¢c— h,c+ hj on [c— h,c+A]

By the pinching theorem the middle term must also tend to f(c).

37. If f and g take on the same average value on every interval [a, z], then

zia/a f(t)dt:z—i—a/a g(t) dt.

Multiplication by (z — a) gives

/ax Ft)dt = /:g(t) dt.

Differentiation with respect to z gives f(z) = g(z). This shows that, if the averages are
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everywhere the same, then the functions are everywhere the same.

h—
38. Partition [a, b] into n subintervals of equal length Ta, where P = {zg,...,2,}

and z; is a point from [z;_;,z;]. Then the average value of f on [a,d] is:

bia/abf(z)dx:bia”;iﬁgo [f(zi‘)(b;a> £t (o) <b;“)}

= (bia) lim 5’”—“[f(z;)+---+f(z;)]

n—»o0 n

= lim L[f(@}) 4+ Fa)],

n—oo N

which is the limit of arithmetic averages of values of f on [a, b].

267
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CHAPTER 6

SECTION 6.1

(a) / [(0) = (~v/z)] dz + / [(0) - (z - 6)] da

(b) /_02 w+6)— (v*)] &y




10.

SECTION 6.1

[IC3%) o] e [[(557) -]

2 4
/ () = ()] dy + / ) - (3y — 8)] dy
0 2

/03/2[%——:1:] dx+/: 3 —z]dr

/2
y—zyl| dy

[ /i) - (-vATE)] as

[ o-w-9a

/02 o - (~2)] dz

/ 2 - (=) dy+/02[2—y}dy

269
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3 5
11. , (a) /_1 [2z) — (z—1)] dz +/3 [(9-z)—(z-1)] dz

o [ o)) oo ()

12.

13.

14.

15.
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16.
17.
p 1
— (1,1 x=y? = 2/ (3 - 3y2) dy
0
- (1,-1)
18.
19.

20.
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/4
21. y A= [sec’ z — cosz] dz
—r/4

w/4
=2 / [sec’ z — cosz] dz
0

= 2[tanx+sinz]g/4 =2[1+v2/2]=2+V2

22. y A

w/4 w/4
/ (tan® z — sin® z) dz = / (sec2 T — 3 + cos 2z
—x/4 —n/4 2 2

B {tanz 3 . sinzx]“/“ 5 8
2 4 | 2 4
—-n/2 w/2
23. A= [sin2z — 2cosz] dx + / [2cosz — sin 2z] dx
—-n —n/2
+/ [sin 2z — 2cosz] dz
w/2
=[5 cos2z — 2sinx]:/2 + [2sinz + § cos2:c]7:/7r2/2
+ [-% cos2z — 2cosz]:/2 =8
n/3 w/2
24. ' A= / (sin2z — sinz)dz + / (sinz — sin 2z) dz
0 w/3
[ cos 2z +COS$]"/3+ [ cosz + cos2avr/2 1
= | — — T - _
2 0 2 /3 2
/2
25. A =/ (sin* zcosz) dz
0
0.5 1
0.15 = / u* du, where u = sinz
0.05% °

-

) az
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«/8 w/4
26. A= / (cos2z — sin2z) dz + / (sin 2z — cos 2z) dz
1 0 /8
8 . /8 : /4
0.5 _ [sm22:c N co;Qz] 4 [_c0522:c 3 sm22:1:} /3o 1
0 w/8
>
T

1 1 3 1 4 ]! 2 3
27. A:/ 3r— -z dx+/ —z4+4—Zz|lde=|=2% +i—22+4z| =4
0 3 . 3 37 1, 3 .

28. A=/02 [@+1-(1-3)] dz+/:[(x+1)—(4x—8)] dz = [%;]:-f— [—3’2i2+9z]2=g

29. A=/_12[x—(—2)] dz+/15[1—(—2)]dx+/57 [—g—z+177—(—2)] do

1 39
=[5 z? +2:c]_2 + [3:15]? 322+ %x]s =5
1
30. y A :/ [V~ (~9)] au
0
£5 1
=/ W +y)dy
0
3 y21' 5
- ~ 4/3
. . [ 2]
-1 1 [4 2], 4

3
31. ] d:c-+-/ [6—2*—(-z)] dz
0
0 3
—lzz] +[6z—lz3+lz2] =27
-3 3 2 1o
4p 2
32 y A:/O (\/4})1?— —-> dz
4p 4p
2 z3 16
— 4p = 3/2 _ — 2
[V P3® 121)}0 37

4p
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Ve 1 2
33. / [c— 2] dx:—/ [4- 2% do
0 2 Jo

y
4 _1.31V3_1 _ 1,3
[cz—32%], =35 [42—57%],
c
203/2 =8 and c=4%/3
3 3
L |
-2 2 x
C= 4%

¢ 1 /2 . ¢ 1 . w/2 1
34. We want coszdz = 3 coszdr = [sing];= 3 [sinz]y’" = 3
0 0

. 1
=>s1nc=§ = c=

35. A:/l(\/4—x2—\/?_>:z:)dx 36. A=/1(\/§xdx+/2\/4——x2dz
0 0 1

37.
2
39.
y=bx’
- a ba'n.+1
The area under the curve is A, = / bx™dxr = .
0 n+1
1
/ For the rectangle, A, = ba™*!. Thus the ratio is 1
. n




40.

41.

42.

43.

44.

45.

y=l+a-ax

\

SECTION 6.1

Vi
(a) A= (1+a-az?)dz
0
[ azs]@_zz(ua) 1+a

z+arx — —— =
0 3

3

1.79
A / [z+2— (z* — 227)] dz

1.49

:[2:1: —Zx——z + £ :1:]1'?49%7.93

A=0.67

3 4
V=8-12/ [4——332] dz
_3 9
3
:96-2/ [4—éx2] dz
0 9

=192 [4z — £ %]

= 1536 cu. in.= 0.89 cu. ft.

b

) A= /—dz—[ ]1:1_%.

(b) 1—5—)1 as b - oo, so it has finite area.

a)A:/;b\/Lde:[Q\/ﬂi:

(b) 2v/b—2 = 00 as b— oo, so it has ”infinite” area.
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b 1-p b
46. 2 (a)A:/ —l—dx:r ] =L[1—b1—1’].
1.5 1 2P 1-p]; p-1
1 A— 25 as b— o
0.5 P
(b) A—» —c0as b— o
PROJECT 6.1
1 1
- L d — L(z)]d. 1
1. (a) C= f() [I - (x)] T — fO [IE = (lz)] z :2/ [IE—L(.’E)]dIC
fy zdz [T]o 0

1
(b) The area between y = z and the Lorenz curve must be between 0 and 3" The area under

y =z isequal to % Thus their ratio must be between 0 and 1.
A coefficient close to 1 would mean the curve is close to the line y = .
Thus the income distribution would be almost absolutely equal.

Similarly, a coeflicient close to 0 would give a very unequal income distribution.

3. 1935, L(z) = z24.
1 z 3471
Thus C = 2/ (x—2**)dz =2 [7 - ——} =~ 0.412
Y 0
1947, L(z) = z*5.
1 z 22671
Thus C = 2/ (x —2*5)dz =2 {7 - —] > 0.231
0

4. (a) L is defined and continuous on [0,1], and L(0) =0, L(1)=1.

_ 5% (z? +12)

L'(z) = @197 >0 on (0,1) = increasing.
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40z(12 — =2
L'(z) = —a:—;ﬁ;i:l >0on (0,1) = concave up

b) C=2 /01 [z — L(z)] dz = 2(0.2) [f(0.1) + £(0.3) + - - + £(0.9)] = 0.472

(©) C=0463

SECTION 6.2 1 371

1. V=/ 7 [(2)” - (0)°] dx:wF—} =2
p Y 0 3], 3
I 2

ER 4
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Ay

£} 4

3 T 27
_ 2/3 4 _ s/3_ T AT
6. \% /07r|: x]dw 'n'[sz 5}0 5
9
- :/ ]dx+/ [(10—36)2—(1)2] dz
9
/ (zf -1 da:+/ 7 (99 — 20z + z*) dz
2
2 9
=7r[lx7—x] +7r[99x—10x2+—1-23] =37907r
7 1 3], 21
4 5
8. 4 V=/ 7r[:1:—1]da:+/ T[(6—2)%-1] dz
1 4
[z2 ]4 { (6 — z)3 ]"’ 35
=7|——-z| +7|— —z| = —7
) 2 1 3 4 6
' NG
i 4 5
by 2
9. 1 2.0 Vv=1|[ = [(m +2)* — (2?) ] dz

2
/,

2
/ m(z* +4z+4-2*) dz
-1

72
= [32° 4+ 227 + 4z ~ %zs]Q_l =57

L)X

.




10.

11.

12.

13.

14.

y=secx

(z.42)

s
A

[NIE]

N

L 4
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V:/IW[(Q—xV—z‘j dx:w[—@_x)s—fi];:

3 )

V:/Zw[\/mrdx=2/:7r(4—x2) dz

—2

217 32
3], 3

:2%{4{5—— ==

72
—

5

1 2
V =2 (Volume of cone of radius 1, height 1)=2 - 3T =37

w/4
Vz/ 7rsec2mdx:7r[tanz]g/4=7r
0

3w /4
V= //4 7 [esc?z — 0] dz =7 [— co’cx]:’;é4 =2
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w/2
15. V:/ s [(z+1)2 —(cosa:)2] dz
/y=x+1 0
:/ T [(z+ 1)* - (— + —~cos2z>} dz
o 272
£y /2 2
2 1 3 1 1 . T
:71'|:§(.’E+1) —§x—zsm2z]0 :-2—;(7r2+67r+6)
y=co8x ?
/2 z 1 LA |
16. v v =/ nsinlzdr =7 [— - —sin2x] = —7(x +2)
1 _—” 2 4 _— 8
t X
s s
4 2
4 2 16
y T ogq4 T
17. A = z = — =
I v /0”(2) =1 l=3
y=4
r
1
18. v V = (Volume of cone of radius 6, height 2)=§7r62-2=247r

19.




20.

21.

22.

23.

24.

SECTION 6.2 281

2 572
2
v=/ W[4z_y4]dy:7r{16y_y_} _ 256
2 5/, 5

L 4

b 4
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25.
26.
X
3
T 2 T 1 T 16
27. (a) V= ( 7~2_9:2> dw:8/ (7‘2—.'172)(1:1::8[7‘22:——1;3} _ 165
-7 0 3 1o 3

(b) V=/T7‘i§(2 r2—x2)2dx:2\/§/Or(rz_xZ)dzzéig)ﬁTS

-r

4
28. For each 7 € [-3,3], the length of the base of the cross-section at z is 2y = g\/ 9 — 2.

(a) The area of each truangle is ﬁsz.

4

' V3 16

3
Thus V = — (9—1:2)dx:%/ (9 —z%)dzx
.49 9 J_s

313
_ 8300, 2] 16
9 3],

(b) The area of each square is s?

3 3
ThusV:/ 1—62(9—x2)dm:l§/ (9 —2%)dz

16 273
= — - — = 64.
9 {Qx 3]_3 6

2 2 2 s 8 1 1> 512
29. (a) V=/ (4—3:2) dz=2/‘ (16—-8x2+z)dx=2[16x——x3+—x] =—
—2 0 3 5 |, 15

2r (4—22\? T [? o2 m (256 64

(half sphere of radius 3.



30.

31.

32.

33.

34.

SECTION 6.2

(c) V:/_Z‘/;(z;—z?)zdz:‘/75/02(4—3:2)2dz=?(2_5§> zllﬁx/ﬁ

=4h

1 3 1
(a) V=/ 2\/5hd:1:+/ 2-%\/3—zhdx=%[x3/2} +

0 1

(b) V=/01<%-2\/3_:-\/§\/5) dm+/3<%-\/§ 3—z-ﬁ- 3—z> dz

:\/5/ zdr+—/ —-x)

(c) V:/(Jl(%~2\/a_c-\/5>dx+/l (%«/5 3—x-g-m> dz
:/Olzdx-i-%/lsw—z)dz:g

4 ) 4 4
(@) v=/ (W3 = (Vi dy= [ dyay = [257] = 22

4 7|1 24
(b) V= dy— ydy =5 |5y | =4m
o] 0

() V= / dy—\/_/ ydy = 8V3

(a) v=/ (3—3y2hdy = h[3y - ¢*]", = 4h

(b) V= 3 3y? 3 3y%) 9\/_/ -2y +¢*)
_9\/5 2 5 P10 12
—T[y‘gy*‘?_;?“?_’
Tl 1 1 12
c V:/ —(3—-3y") = (3 — 3y*) dy = —-[Volume in (b)] = =
() 2= 3)306 -3 dy \/?—)[ ume in (b)] = —
4 314
(a) V:/(4—m)2dz:[16z—4zz+x—} _
5 3/, 3
1 [ ) 1 , 3] 16
(b) V_Z/O (4-2z) dz_z[16w—4:c +—L_?
a b2 b2 a
(a) Area of each triangle = y2, thusV:2/ b — —2? ) dr =2 bz — —2°
0 a2 3(12 0
=%ab2.

3

283



284 SECTION 6.2

16
(b) Area of each square = 4y%, thus V = 4- the answer to part (a) = —ab®.

3
a 2
c) Area of each triangle =2y, thus V=2 /] 24/b2— b—z2 dz
g o2
0

a 2 . e
=L [PVa2 —z?dz =2 [%\/a2—x2+%sm 1%] = abm.
0

2
a 2 2b2 a 2b2 1 a
/ W(” 1“2_2) to =20 [w(@ - a0 = Tow |- 3]

—-a 0

252 2 4
= —7 (—a3) = —wab?

35.

<
I

The specified frustum is generated by revolving
the region {2} about the y-axis.

h i 2
V:/ W[T Ry—i—R] dy
0 h

h r—-R gk
=”[3(r—3)( h “R) 0
- 3(:111%) (* - B*) = 2L (2 + R + R?)

4

39. Capacity of basin = £ (377r®) = Zar3.

2
Volume of water = / T [ r2 — x? ] dz
/2

T

(2)

The basin is (Z7r?) (100) / (37r®) = 311 % full.

T

2 T
n[ 7'2-372} d.’L':ﬂ'/ (r2—z2)d:c:§—7rr3.
2

(b) Volume of water = /
r/3 81

2r/3

= Zwaa (twice the volume of cone of radius @a, height §)



45.

SECTION 6.2
The basin is (

&3) (100) / (3ar3) = 142 % full.

b 2 b T
40. VZ/?T(\/'I‘Z—Z'2) dzzw/(r2—x2)dz=7r[2
a a

T 3 T
41. V:/ 7rr2—y2dy=7r{r21 ——y—} :z[2r3—3r2h+h3].
h 31, 3

310 1
iz — ?] =ar’(b—a) - 57r(b3 —-a%).

42. Imagine the punchbowl upside down on the z,y-plane centered over the origin.

12 3712 2
(a) V = 7r/ (144 — ) dy = [144;, - %} = r(1584 — 1721
1 1

10 4211
(b) V= 7r/ (144 —yHdy == {144y - ?}
1 1

) in® or about 13.7 gallons.

= 9637 in® or about 13.1 gallons.

b 2 1
43. (a) 3 (b) A(d) :/1 z75dr =3(bs ~ 1)
b
2 (c) V(b) =/1 w(z=3)? do = 3r(1 - b°3)
1
(d)Asb = o0,A() = ooandV(h) =
1 2 3
44. (a) A(c) = /1 "8 dg = [3z%]i = 3(1 - ¢3).

(c) Vie) = 7T/Cl(.’13_%)2 de =7 [—31;‘%]1 —

c

(d) Asc—> 00, ¢ =0 andc % — oo

Thus A(c) -+ 3, and V{c) = oo.

If the depth of the liquid in the container is h feet, then the volume of the liquid is:

V(h)=/oh7r(\/m)2dy:/oh[y+1] dy.

Differentiation with respect to t gives

dV dV dh dh
E——E'E—ﬂ'(h-‘i—l)a.

Now, since (fi_t =2, 1t follows that fiﬁ 2

=% . Th
a7t D) us

285

3.
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46.

47.

48.

49.

50.

51.

52.

53.

SECTION 6.2

2 1 2
dn = — = —ft/min and dn = — ft/min.
dt|,., 27 w dt|,_, 37

Outer radius = f(z) + k, inner radius = k, so V = f: 7 ([f(z) + k]* — k?) dz.

The cross section with coordinate z is a washer with outer radius k, inner radius k¥ — f(z),

and area
A(z) = 7k* —xlk - f(@)* =7 (2kf(z) - [f(2)])
Thus

V= [ n(2hie) - @) do

(a) Outer radius = f(z) — k, inner radius = g(z) — k.

b
0V = [ 7 (k- 9@ - k- f@I) do
V= /04 7 [4y/z — 3] dz =7 [-2cosz]; — g /07r(1 — cos2z) dz

V:/O37r<[(:l:+1)+1]2_[(m_1)2+1]2) dz:/037r[(z+2)2—($2_2$+2)2] e

3 573 72
:/ 7(10z — 72% + 42° — ') de =7 [52:2— zz3+x4— x_} =
0 3 5 Jo

’f 1 ,]* 40 1 T 1
V=/0 7r[2sinx—sin2x] dz:w[§z3/2—§z2]0=-—3z:47r—g[1—§sin2x} =47 - =7

™ ™
V:/ 7 [(1 - cosz)? — (1 — sinz)?] dz:w/ (2sinz — 2cosx + cos2z) dz
w/4 w/4

:W{—Zcosm—2sinm+lsin2z} =§+2\/§
2 /4 2
® 2 2 2
v V:/0 71'([3:1:—)—1)] - [2* = 2z — (-1)] )dm
5 5
157 :7r/ [3$+1]2d:1:—/ [z —1]" dz
0 0
10 + 5 1
y=x -2X
54

= 2507

AR '4.’/.-53
A




SECTION 6.2

1 1
54. (a) V:/ 2m(2 + z) (Vz — 2%) dn:=27r/ (2x1/2—2x2+z3/2—z3) dr = 22
0 0 30
1 1 17
(b) V:/ 27(3 — z) (Vz — °) dx:27r/ (3x1/2—3$2—x3/2+z3) dx:l—o'zr
0 0

55.

(a)V:/jw[(x/Zm)Q—z?] dz
:77/04 [4z — 2°] dz

R T

4
1 4 2
= oyt =32+ 8yl d
), [my v 8y] !

56. () V = w[(S—Z—i—)4—(5—\/ﬂ)2]dy:7r/() (10@—%%?—6)@

4

4 2 4 1
57. (a) V= / s <x3/2> dr = 7r/ dr=n {_14} — 647
0 0 4

0

(b) V:/OSW(4—y3/2)2 dy:w/os (16—8y2/3+y4/3> dy

8
=7 [16y — Ly5/3 + ?,—y7/3]0 = 102,

(c) V=/O47r [(8)2 = (8—13/2)2] dz:ﬂ/: (16:153/2——3:3) dz

(d) V=/087r[(4)2—- (y2/3)2] dy:7r/08 (16—y4/3) dy:w[le—%y”s]S:—s—l—%w

287
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8 8
58. (a) V= / 7ry4/3 dy =7 [:§y7/3:' — 3_&4_77-
0 7 0 7

4 4 32
(b)V:/ 7r(8—:c3/2)2dm=7r/ (64—16z3/2+x3) dz:w[64z~€x5/2+—

0 0
8 8
©V=[ [ @a-y] a =7r/ 8y* —y**)dy == [25—41/5/3 - 2y
0 0
4 2414
@QV=] n[8 -2 dx:w[64z——] = 1927
0 4 0
SECTION 6.3
1 1
1. 4y / V:/ 27rz[z-—0]dz:27r/ 7% dz
:(l,l) 0 0
' 1,]" 2n
=9 |28 ==
w[gx]o ”
3 3
2. V=/ 27r:z:(3—:r:)d:c:27r/ (3z — z%) dx
0 0
3z %)%
—or | 2| =
-3
4 4
3. Vz/ 2rz [z — 0] d:z;:27r/ %% dg
0 0
4 128
=27 [%1’5/2]0 = —5-‘71'
:
x=4

2 572
4. y V = / 2nzz® dz = 2% F—] = %ﬂ‘
0 5 g 5
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1
V:/?Wz[ﬁ—zs]dm
0
1
:21/ 11:3/2— 4 d
7'0 ( :1:)1:1:
27r[2 zs}

2
5

52 _ 1
5

‘5.’1,' 0:

A Y y=2x

7/ (4,4)

wy

V:/ol%rz [m1/3—x2] dz:=27r/01 (z4/3—x3) dzx
L8 _F

411
o {3 _] o
0

7 4| 14

y=x

2 4
V:/ 27ra:[2m——x]dx+/ 2z (4 —z) dz
4 0 2

2 4
:27r/ z2dn:+27r/ (42:—:52) dz
0 2

=27 [%zs]z + 27 [2."52 - %xs]; = 16x

y:

—r
3 5
V:/ 27rz(z—1)da:+/ 2nz(6 —z — 1) dz
1 3

3 5
:27r/ (mz—z)d:c+27r/ (5z — 2?) dz
1 3

cw[3-5]on]

p)
] + 27
1

2 oz

3 2

2 375
5z z} — odr
313

2

V:/Ol27rz[(\/5)—(—\/5)] dz+/1427m:[(\/5)—(x—2)] dzx

/4 (x3/2 ——z2+2:r) dx

1
=47r/ 23?2 dz + 27
0 1

2
5

72

5’/’1’

= dm [22772]) + 27 [3097 -} 4 07); =

(1,-1)

ny
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1 4
10. V:/ 27r:1;-2\/5d:1:+/ 21z(2 — z + /) dz
y 0 1
1 4
0 1
- +— X 1 3 4
! 1 Can | 2052 por 2o T 4 2] 272,
5 0 3 5 , 5

3
11. V:/ 2rx [\/9—:1:2 —(—\/9—9:2 )] dz
G 1/2
=47r/ z(9-2%)"" dz
0
> _ 3/2]° _
P =ar[-1(9-2?) ]0—367r
1 2
12. V=/ 27ra:-2xdz+/ 27z - 2v2 —zdx
y 0 1
1 0
1 :47r/0 zzdz—47r/1 2-uwvVudu (u=2-1)
37 4 2 o]° 76
=47 [——] - 47 {—usﬂ——us/?] = —
N * 3 1, 3 5 .15
-1
2
13. = —
3 Ay 1% /0277y [6 - 3y] dy

2
= 67T/ (2y — y2) dy
0

= 6w [y2 - %yB:lé =8r




15.

17.

Ay

SECTION 6.3

V:/o' 2ry[(Vy ) — (=¥ )l dy
9
- 4r 3/2
! /0 v

=t P17 = gt

8 8
V= / 2nyy P dy = 27r/ y*/? dy
0 0

3 8 768
=927 |2¢73| = =
“[7” L 7"

1

V=/ 2wy [yl/s—yz] dy
° 1

=27r/0 (y4/3—y3) dy

_ 3,7/3 1,411 _ 5
=2m [3y"° — ytly = o7

19.

(-1,1)

h y

L 4

1 1
V= / 2ny(\Vy — yHdy = 27r/ (y3/2 -y dy
0 0

2 w1t 2
—or 282 2 | 2
”[51’ 5]0 5"

1 4

v:/ 27ry[(\/17)—(—\/z7)]dy+/ 2y (VT ) — (v - 2)] dy
0 ) . 1

:47r/ y3/2dy+27r/ (y3/2—y2+2y) dy

=4 (3], + 2 (277 — 3P + 7)) = B

LA 4

291



292 SECTION 6.3
1 4

V:/ 27ry2\/37dy+/ 2my(2 -y +y)dy
0 1

20.
1 4
=47r/ y3/2dy+27r/(2y—y2+y3/2)dy
0 1
2 1! ¥ 2 .t T2
— A | 24572 o |y2 = Y- 4 22| - 2
A _ 4 8
21. Y /"2’ V=/ 2”?/[31‘%] dy+/ 2”3/[4-%] dy
(4.8) ® 8 !
=7r/ y2dy+7r/ (8y —y*) dy
0 4
y=x 4 8
(4,4) =7 [39°%] + 7 [4° - 3¥°], = 64m
>
x=4
4 7
22. V=/ 27ry(y—1)dy+/ 2ry(8 —y —1)dy
1 4
4 7
=27r/(y2—y)dy+27f/(7y—y2)dy
1 4
3 274 2 317
¥y Ty: oy
=92 L L 2 _ - = =172
”[3 2L+ ”[2 3]4 "
1
23. Ay V:/ 27ry[\/1~y2-(1—y)] dy
0

RY

1 2
V= / 2my2/ydy + / 2my2(2 — y) dy
0 1

24.
y
2 1 2
=47r/ y3/2dy+47r/ (2y — y?) dy
0 1
2 .1 317 64
=4 £.5/2 4 2_J = 27
¥ w[sy ]o+ W{y 314 15"




25.

26.

27.

28.

29.

30.

31.

32.

(a)

(2)

(b)

e 2 @ 47b 1 @
V:/ o {Qbﬂfl_x_zjl dz:4ib/ x(a2—12)1/2 dz = =70 [——(az—x2)3/2] _=
0 a a Jo a 3 0

SECTION 6.3

1 1
V=/ 21z [1— /z] dz (b) V:/ rytdy

0 0
-

=759l =57

1 1 y4 1 5
V:/ 277(2—y)y2dy=27r/ @yt —y¥dy=2n|=y* - | =7
o 0 3 4/, 6
1 1
V:/ 7r(x—x4) dz (b) V=/ 277.7}(\/37“1!2) dy
0 0
1 3w
:w[%mQ—%xs]ozﬁ

1 1
V:/ 27r(z+2)(\/5—:1:2)d:c:27r/ (z3/2+2\/_—2m2—z3) dz
0 0

2 4 2 41t 49
—or |£p5/2 L Zp8/2 _ 403 —
7[‘1:51‘ +3:z: 31' 1), 3O7r

1
V:/ (VI +2° - +2)? dy
0

V=/1 2nz - 22 dz (b)Vz/lw(l—y)dy
0 0
=2 [}a*],= 3
V:/lw[(\/a‘c+1)2—(x2+1)2} dz
0

— . 2 _ ' 3/2 .2 .3
V—/ 27r(y+1)(\/z7—y)dy—27r/(y +Vy -y —y°)dy
0 0

2 2 v oyt 29
-9 Ly8/2 282 2 d | 270,
i [5y M- Ty v

b b
V = / 27ry2?a\/b2 —y2dy = 4%(1 y(b2 - y2)1/2 dy
0 0

4d7a 1., 23/2b_4 9
2 { 3(b y*) 0—37rab

293
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33.

34.

35.

36.

37.

SECTION 6.3
5 By the shell method
a/2 a
Vz/ 2z (\/Z’;z) dx+/ 2rx [\/E (a—x)] dz
0 a/2
a/2 a
=273 / z2 dm+27r\/§/ (az — 2%) dz
0 a/2
a/2 a
=2mV/3 l:1:3 +omV3 |25 — lz3 = ﬁa%
37 |, 2" 3%, 4
(aTO) :
T —a rT4—a
V= / 2rz (\/r2 —z2 - a) dz = 27r/ [:1c(r2 e am] dx
0 0
=27 —l(r2 —2)%/% 2 g2 T = l7r(21"3 + a® ~ 3ar?)
3 2% |, 3
8 8 3 8
(a) V= / 27y [4 — y2/3] dy = 27r/ (4y - y5/3) dy = 27 [2y2 - gys/?’} = 64n
0 0 0
4 4
(b) V= / 27 (4 — x) [2:3/2] dr = 271'/ (413/2 - xs/z) dz
0 0
= 25 a7/ - 3712 = 2t
8 8
€ V= / 27 (8 — ) [4 - y2/3] dy = 27r/ (32 _ay — 8y 4 y5/3) dy
0 0
= 2r [32y — 2% — ByS/% + 1% = ir
4 4 2 L)% 512
d Vv =/ 2wz [13/2] dr = 27r/ /% de = 2nr {—27/2] = —7
0 0 7 0 7
‘ 4 2 .,]" 384
() V= / o2rz(8 — z8/?) dr = 27r/ (8z — 2%/%) dz = 2 |42 — 222 = =r
0 0 7 0 7
s 2/3 ¥ 2/3 . 5/3 24 53 3 g3 ® 576
(b) V=/27r(8—y)y dy=27r/(8y —y ) dy =2m |y - 2y ="
o o | 5 g |,” 5
4 8
(c) V:/ or(4 — z)(8 — z°/? da::27r/ (8y2/% — y®*) dy
0 0
8 2 .,]% 3456
— 9 305 — ag2 _ Op5/2 4 L 12| 2290
T {3 x z 5x + 71: . 3% T
8 8 3 8
d V= / o2y /3 dy = 27r/ P dy =27 [_ys/s} = 1927
0 0 8 0
(a) F'(z) =sinz+zxcosz —sinz = zcosz = f(z).



39.

40.

41.

42,

43.

44.

(b)

SECTION 6.3 295

w/2
V:/ 27r:v-coszdz:27r[zsinz+cos:c]g/2:7r2—27r
0

v By the shell method
2 4
V:/ 2rz(z? —2z+2)dz+/ 2rz(z+2 -2z +2) dz
0 2

2 4
=27 / (z® — 22% + 2z) dz + 27r/ (4 — z?) dz
0 2

]
E]

4 2 374
=27 [x_ - g:c?’ + xﬂ +27 [2:1:2 - x—} =167
4 3 0 31,

T2 4
1 2 \/Z; 4
V:/ 2\/§7rz2dz+/ 2rzv4 — 22 dx (b) V:/ W[‘l—gyﬂ dy
0 1 0
V3 V3
4 4 8/37
V: 4—— 2 d = 4 — =8 =
fomle g amr oG] =%

V:/lﬂ(ﬁx)zdz+/2w(\/m>2 dx

1

0
V3
V= 2Ty
0

-]

1 2 372
use (a): V:37r/0 :I:Zd:z~}-7r/1 (4—x2)dx:7r[x3](l)+7r{4x—%] =§7r
1

4 2
V=/ 2\/?_>7rz(2—x)dx+/ 27(2 — £)\/4 — 22 dx
0 1

V:/Oﬁw[(%%)?—(?—\/fl—“y?ﬂ dy

V:/Olw[(\/:?z+1)2—12] dm+/127r{(\/m+1)2—12] dz

V:/O\/E27r(y+1) (\/ﬁ—%) dy

b+a

V= 2rz/a? — (z — b)2dx

b—a

V:/aavr [(b+ \/m)z— (b—\/m)T dy

a a a
V=/ 27r(a—x)2\/a2—x2dz:47ra/ \/az—x2dm—47r/ zvVa? —z2dx
—a —a

—a

1 Q
= 4ra( Area of half circle) — 4 {—§(a2 - :r2)3/2] =4ra-7ma® — 0 = 47203
—a
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h
r B 2 377 2
45. V=/27rx(h——z)dz=27rh T h.
0 T 2 3r 0 3 ¥
46. V:2/ 2rz\/r? — 22 dx
N
0 1
=—27r/ u? du (where u = r? — z?)
h2/4
2
h?/4  gp8 R
_o9.[2,32 _ :
=27 [suZ]O 5 \
I
SECTION 6.4
4
1 A =] Vzdr==>
Ay 0
4
1
zTA :/ xﬁdzzg—, 7= 2
0 5
‘1 3
7A =/ s (Va) de=4, §=7

1
Ve =21yA=8n, V,=271ZA= 57

2. A :/msdm:éi
0
2
32 8
TA :/0 :cz?’dx—g, f:g
2
1 64 16
TA = T (332 It 7=
Y /OQ(x)dw - T=
4
Ve 27ryA:—127—87r, Vy =21TA = —7
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_ 3
T=c
7
1.2
- > y_25
Vy:fZﬂiA:%'/r
! 5
A :/(ﬁ—ﬁ)dz:—-
o 12
! 1 12
TA =/0 x(\/E—:v3)da:=g, T=o
' 5 3
gA = - — 5 = — U= —
y ; 5e—2)dz=o0, T=5
_ 5 _ 2
V =27ryA=ﬁ7r, Vy:27m:A=g7r
3
A :/(2x—2)dm:4
1
s 28 7
z /lz(x ) dz 5 T3
3
P, e, 40 _ 10
jA ‘/1 02y~ @] as =%, 7=%
Ve =2gA=n, V,=2TA=n
x=3 x;
. . 1 3
6l i / A ——?:~3-1—§
: 4
TA :/ z(6 -3x)dz =2, T=-
1 3
2
1 1
A yA = = (6% — (32)°) dz:—s, 7=5
,’E 1 2 2
S V, =2agA=15m, V,=2%TA=4dn
g r L
1 2
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1
7. :/ 6 (z +2x)]dz:—36-
=A _ 3
TA :/ :v +2)]d =4, T=7
7A 352 _ 22
s =/ ””“)]d = T73
Ve =277 Vy =2nTA =8n
3
8. A =/ [(z+1)~1] dz =9
0
3
TA =/0z[(x +1) 1]dz=%, E:%
3
1 999 111
gA = — y=——
v L g+ - Tldr=7, §=15
Ve =27ryA:?7r, Vy:27rfA=8—17r
1 2 1
9. A :/ {(1—x)—(1—\/5)]d:1::—
0 3
1 2 2
TA :/Om[(l—:c)—(l—\/:f)]dxzﬁ, T =
v :% by symmetry
Ve, =2ngA= %7(, Vy = fgw by symmetry
T 1 7=2
10. _r_1_
A 4 2 4
TA :/ (\/1-—z2+x—1)dz—— T = 2
6’ 3(m —2)
T = 2 by symmetr
T =3y y

— 7r _ ™
Vz = 2’/TyA = 5, Vy = 27T1‘A = g




SECTION 6.4

Ay
11. A =/ deJ::Z
(2,4) 12 3
15 45
TA = 2 dr = — T = —
z /12:(35) r=2, T=5
2
1 2 31 93
TA = - 2 — Y= —
Y lz(z)dz 100 Y770
Ve =27r§A=%7r, Vy:27rfA:%7r
(1,1)
x=1 ; 8 17
12. A =/ (2} - 1)dz = =
1 4
8
; a = [ o B o882
) / 74 _/1 =l D) dz = 14 T 119
8
1 58 116
1 7A = | 2@ -1)de==, T=—
/ ] 1 5z Jdz =15, U= 5
; + 21
1 sx Ve :27@14::55—87@ Vy=27rEA=3T7r
13. A =1bh=4 by symmetry, T=3
by 3
_ 20 _ 5
gA =/ yl6-y)—yldy=—, ¥=73
1
Ve :27@14:%#, Vy = 27TA = 24«7
(L (5,1\
AN
9
14. A =3

3
TA :/ z(2z —z)dx =9, T=2
0

3
1 27
yA :/ —(4z2——x2) dr=—, y=3
o 2 2
Vo =2nyA=2Tm, V,=2rTA=187

299



300 SECTION 6.4

15. (3, 5)

8 32
16. A:/ (4z — z° —2x+3)dm=?

2
TA / (22 — 2% + 3) dz 23?=>T:1
oA = 1 9 32 _ 3
17. (1, %)
3
18. A:/ (2a:+3—z2)dx:%
—1
s 32
fA:/ z(2z4+3-1)dr =" = =1
-1
3
1 544 17
TA = — {2 7t = — Yy = —
7] /_12[(x+3) z'] dz E 7=~
19. (3 3)
2
200 A= | (z—-22+V2r)dz =2
0
2
28 14
TA = — 72 = — T = —
z /Ox(m z* + V2z)dzx ' 5
21 22 11
TA = — — 22 _ P Fr——
0] /02[(33 z%)? — 2z dz 15 7] 15

21. (2, 4)

6 6
22. A:/(Gm—m2—6+x)d$; EA:/ z(6z — z° — 6 + z) dx;
1

JA = / [(6z — z%)? (6—1)]dm.ﬁf:7 7=35

—2_7
23. (-%,0)

24, Az/oa(\/——\/E)de; EA:/Oam(\/E—\/E)de;

<3|
Il
w2

7A= [ Fa- VA = 7=
0



25.

26.

27.

28.

29.

30.

SECTION 6.4

(a) (0,0) by symmetry

(b) £ smaller quarter disc, ), the larger quarter disc

1 o 2 _ 8.
A = EW’ Ay = m; T =Y, = 5}—’ Ty =Yy = 3—’” (Problem 1)
8 2 /1 \ 63 15
* (37r> M -5 (16”) 24’ 16"

__ (83 157\ 14 14 (symmetry)
T= 24 16 ) " 5n0 YT TT 5y \Symmelry

- _ 14
(C) T = 07 y - 571_
1 ~
A= iwab; T =0 by symmetry.
@ b
YA = 1 —Va? —z? dz:gab2=> y:ﬁ.
a2 \a 3 3n

Use theorem of Pappus. Centroid of rectangle is located
+ a)’ + by’ its
¢ 5 3 un
from line {. The area of the rectangle is ab. Thus,

2

volume = 27 l:c—i- (9)2+ <g)2} (ab) = wab (2c+\/az—+b2).

(2) Ar=1h-b=1hb; Ay =1ib-2=1pp
h/3 Az = Lbh — (A1 + Ap) = 1bh — 1bh = L.
A
b/3
(b)  Hypotenuse has equation hz + by — bh = 0, so distance from (%, %) to hypotenuse is
L e B
VR 3VRZ + b2
bh 1 7b2h?
V= 27dA =2 ——2_  Zpp— "0
© " IR 2 Rt

(V)

(@ (Gazh) () (Fa+353h) (0 (3a+35b 3h)

1.1 1
(a) V=254 =2x §h §bh =3 mbh*  [using Exercise 29(c)]

301



302 SECTION 6.4
_ 1 1 1
(b) V=2r7A=27 g(a +b) Ebh =3 7(a + b)bh.

8l. (a) V =~Z%aR®sin®0+ LnR%sin®fcosd = LwR3sin®#(2sin6 + cosb)

®) z 174 1w R®sin® 6 (2sin§ + cos ) 2R sinf (2sinf + cosf)
T = = —
2rA 27 (3R?sinf cosf + 1w R?sin® 6) 3 (msinf + 2 cosh)

32. (a) z=0,=0 (by symmetry).

4
(b) =0 (by symmetry about y-axis), F=r+ -?)—T by Example 6.
m
{¢) Z=0 (by symmetry about y-axis).

%/_% [(r—%— r2—x2)2—(—-r)2] dz:l[r/_rr\/m(m%/_rr(r?—x?)dz]
1

A
r7rr2+23 r (3r+4
= ——nD _ -7 - —
S P 3\ 7+8

(d) asin(c): T=0, (bysymmetry about y-axis), 7g=-% ( s

Il

g

&) =0, =0 (by symmetry).
() A=mr? +4r?

r 2r
TA= z (2r + /72 —m2> dz +/ 21?2 — (z —71)2dz =0+ T, Aq,

_  _ Aqg, + 4r 7r? )2 T (3r+4
= I = = _ — = —
Ty T )i a6\ n+4

3 4
By symmetry about theliney =z, y=7= % ( T )

(g A= gm"2 + 472

B 3m+4\ 7r? +4r? r (37+4
3rr2+4r2 3

TA=T A = r
= r= - =

TS0 U2 £SU0 U2 6\ m+4 T+8
y =0, (by symmetry about x-axis).

33. (a) The mass contributed by [z;—1,z;] is approximately A(z}) Az; where z} is the midpoint of
[z;~1,2i}. The sum of these contributions,
AMzy) Az + -+ A (z)) Az,

is a Riemann sum, which as ||P]| = 0, tends to the given integral.

(b) Take M; as the mass contributed by [z;_1,2;]. Then zp, M; = z7A(z}) Az; where z¥ is the
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midpoint of [z;_1, z;]. Therefore

cuM =z, My + -+ 30, My = 2iA (2]) Ay + - + 20X (22) Az,

As [|P]| = 0, the sum on the right converges to the given integral.

PROJECT 6.4

1. Let P ={=o,21,...,%.} be a partition of [a,b]. P breaks up [a,d] into n subintervals [z;_1,z;].

Choose z; as the midpoint of [z;_;,z;]. By revolving the ith midpoint rectangle about z-axis,
we obtain a solid cylinder of volume V; = 7 [f (z?)]® Az; and centroid (center) on the z-axis at
z = zj. The union of all these cylinders has centroid at z = Zp where

zpVp = wzi [f (1)) Azy + - + 72 [f (z3))° Az,
(Here Vp represents the union of the n cylinders. ) As ||P|| — 0, the union of the cylinders

tends to the shape of S and the equation just derived tends to Formula 6.4.5.

2. Let P = {z0,21,...,2,} be a partition of [a,b]. P breaks up [a,}] into n subintervals [Zi—1, ;).

Choose z} as the midpoint of [z;_;,z;]. By revolving the ith midpoint rectangle about y-axis,

we obtain a solid cylinder of volume V; = 27z} f (z) Az; and centroid (center) on the y-axis

at y = % f(z7). The union of all these cylindrical shells has centroid at y = Yp where
TpVp = 72 [f (@) Azy + - 4wz, [f (23)] D

(Here Vp represents volume of the union of the n cylindrical shells. ) As [|P|] = 0, the union

of the cylinders tends to the shape of S and the equation just derived tends to Formula 6.4.6.

(1 N\t TN,
=k x<§7rr h)_/o ’/T:L'(E.’E) da:_zwrh

T = (37nr?h?) /(37r2h) = 2h.

The centroid of the cone lies on the axis of the cone at a distance %h from the vertex.

(b) The hemisphere is obtained by rotating f(z) = vr2 — 22,z € [0,r], around the z-axis.

2 T 2 47T 4
Vz=§7rr3; EVx=/O 7r:c(r2—$2)dz:7r[r2%—%:l0:7rrz
3
=T = % (%’ units from the center of the base along the axis).

¢ p? 2 @ p? 1
() Ve = / 7 (a® — :c2) dr = §7rab2, TV, = / T (a2 - xz) dr = -ma’b?
0 0

(
2rab?) = 3a;  centroid (2a, 0)
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. ! 2 1 _ 1 2 1
(dy @) V= ; W(\/E) dm:iﬂ, :ch:/Oﬂx(\/E) d:L'=-'?;7r

T = (%7() /(%ﬂ') = %; centroid (%, 0)

! 4 ! 1
(i) Vy= / 2mx/T dr = =T 7V, = / 7z (VI )2 dz = 37
0 0

7= (37) /(%’ﬂ‘) =2, centroid (0, =)

2
2
(e) 1)) Vp= 7r(4—.7:2)2d:z:=i67r
0 15
2 4-22)37° 32
TV, = 7rm(4—$2)2dz:7r{—( x)] =§—7T _ T =
0 6 0 3

2
i) V= / 2nz(4 — 2?) dx = 87
0

SECTION 6.5

[+ 1)3]4 = 817.5 ft-Ib

4
1. W:/:v(x2+1)2dx= .
1

| =

° 2152

8 9
2. W:/ 2m\/x+1d:c:/ 2(u—1)\/ﬂdu=2[§u5/2—gu3/2} 1
3 4 4

3

3 3
3. W:/ - /——z2+7dx:%[(x2+7)%]0:%(64—7%)f‘5—1b
1
5 3 sin2z)? 1
4. — 2 — _:I_:_ SlL_ = (— — -
w /0 (z* + cos2z dz [3 +— A (192+2)ft Ib

pi 1 1 T 5 1
5. W= / (z +sin2z)dz = [5 z? — = cos 29:} = 3—7r2 — - Newton-meters
w/6 /6

2 72 4

/2 cos2z /2
6. W= ——=2 gz =|@2+sin2z)?] =0
/0 V2 +sin 2z z [( in 2z) ]o

7. By Hooke’s law, we have 600 = —k(—1). Therefore k = 600.

The work required to compress the spring to 5 inches is given by



10.

11.

12.

SECTION 6.5

5 1 5
W= / 600(z ~ 10) dz = 600 [—xz - 10.7:]
10 2 10

= 7500 in-1lb, or 625 ft-1b

3 213
Work done by spring = —5 = / —kzdr = —k [%J = 4k = k= Z
1

1
s 2 4

We want s such that —6:/ —i—zdx:—§s— = =£ feet.

0

42 =

To counteract the restoring force of the spring we must apply a force F(z) = kz.

Since F'(4) = 200, we see that k = 50 and therefore F{(z) = 50z.

1 3/2 225
(a) W= 50z dz = 25 ft-1b by W= 50z dz = e ft-1b
0 0

a k ) 2a k 9 k 5
(a) W = —kzdr = —-a* = —kzdr=——-(2a)* =4 —=a° | = 4W
A 2 A 2 2
na
(b) / —kzdr = —gn2a2 =n?W
0
2a k k
(c) / ~kzdr = —§(é1a2 ~a?) =3 (—5(12) =3W

(d)/ —kmdz:/ —kzdz—/ —kzdz =n*W - W = (n®* - 1)W
a 0 0

Let L be the natural length of the spring.

2.1-L 1 r22-L
/ krdr = —/ kx dx
2-L 2J21-1
]2.2—L

21-L
[%kzz] -L = % [lkzz 2.1—L

2

Solve this equation for L and you will find that L = 1.95.
Answer: 1.95 ft

b 6
(a) W= / os(z)A(z)dz = / 62.5z 4w dz = 4,5007 ft-1b
a 0

6
b)) W= / 62.5 (z + 5) - 4w dz = 12,0007 ft-Ib.
0
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13. (a) W= / (z + 3) (60) (8 (2\/ —x2)
—960/ 22 g

3
+2880/ V9 —1z2 dz
0
| P

area of quarter
circle of radius 3

3
=960 [~ (9 - 2*)|  +2880 [3]

= (8640 + 6480r) ft-1b

(b)W:/3(z+7(60 (2\/ —z2 do= 960/ dm+6720/ V99— 22 d
0

= (8640 + 15120n) fi-1b

3 3 3
14. W:/ 60(3—z)16\/9—z2d$=720-4/ \/9—:c2da:—960/ V9 — 22dz
0 0 0

3
= 720(97) — 960 [—%(9 — x2)3/2] = (64807 — 8640) ft-1b
0

15. By similar triangles

E:h;x so that y:z(h—m).
r y h

Thus, the area of a cross section of the
fluid at a depth of x feet is

2

my? = 7!'-;;5 (h—2)%.

B/2 2 2 rh/2 1
(a) W= / z0 |i7r%2- (h— :1:)2} de = 777 / (h?z — 2ha? + 2%) dz = %anﬁh? ft-1b
o X 0

"/2 2 2 11 7 |
(b) W= / (z +k)o |: (h—1z) } dz = mwrzhzo + ﬂrrrzhka ft-1b



16.

17.

18.

19.

20.

21.

22,

SECTION 6.5

h 2 2 41h
h— 1
W = /0 o(h - x)vr;;(h —z)%dz = m% {—( 47”) h = Jomr’h? ft-lb.

y=%m2,0§z§4

12 4 12
(a) W = / o(12 — y)mz? dy = g”/ (12y —y*) dy
0 0

3412
= %71'0' 6y — L | = —mo(288) = 38470 newton-meters.
3 5, °3

12 4 12
(b) W = / o(13 —y)mz? dy = 57!‘0’/ (13y — y*) dy
0 0

12

4 13y %17 4 _
= gm0 { 5 T3 T 5#0(360) = 48070 newton-meters.
" s M1 1 1
e[ [ S ] o[
I r r T - T2 T1

80 1 80
W = / (80 — 2)15dz = 15 [8035 -5 :1:2] = 48,000 ft-1b
0 0

(2) W =wd ft-Ib

(b) component of force along the inclined plane=wsin§ 1b

distance traveled:_i ft; W = (wsin 9)i = wd ft-1b.
sinf sin @

100
(a) W =200-100 = 20,000 ft-1b b) W= / [(100 — z) + 200] dz
0

100
= / (400 — 2z) dz
0

= [400z — 22],” = 30,000 ft-lb

(a) Loses 50 pounds over 100 feet, so weight z feet from top is

50 T
= — (100 = ) = hd
W(z) = 200 100( 00 — z) = 150 + 5

100 T
Thus,  work = / (150 n —) dz = 17,500 ft-1b
o 2

100
(b) Just add the work done lifting the chain, namely / 2z dz = 10,000 ft-1b.
0

Total work =27, 500 ft-1b
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23.

24.

25.

26.

27.

28.

29.

30.

SECTION 6.5

The bag is raised 8 feet and loses a total of 3 pounds at a constant rate. Thus, the bag loses sand at
3
the rate of 3/8 1b/ft. After the bag has been raised z feet it weighs 100 — —gz pounds.

W = /<100—— dr = 100—3i = 788 ft-Ib.
16 |,

1
Wieght at depth z is 40 — %(8.3) (40 — z) = 0.415z + 23.4.

40 2 40
Thus W = (0.415z + 23.4) dz = [0.415% + 23.4:CJ = 1268 ft-Ib.
0 0

! !
(a) W= / zodr = él—al2 ft-1b by W= / (z+1Dodz = 2012 ft-1b
0 0

h
1
Work = wh + / cxdr = (wh + 50h2> ft-1b.
0

Thirty feet of cable and the steel beam weighing a total of
800 + 30(6) = 980 1b
are raised 20 feet. The work requires (20)(980) ft-1b.

Next, the remaining 20 feet of cable is raised a varying distance and wound onto the steel drum. Thus
the total work is given by

20

= (20) (980) + 6z dz = 19,600 + 1, 200 = 20,800 ft-Ib.
0

Reaches height  at time ¢ = x/n, and at that time weighs w — 8.3pt = w — 8.3pz/n pounds,
m 4.1 2
Therefore, work= / (w - 8.3p£) dr = (wm _ 415pm ) ft-1b.
0 n T

By the hint
o1, 1,
W = dz—/ madz—/ mv—da:— mvdv— —mv =§Ub-—§v
0
(a) Acceleration: a= % feet /sec?, Force: F =ma= %a = 3—2(2)— . % = 550 lbs
dW 88
v(t) =at, so p= - = F(z(t)) v(t) = 550 - 1—5t

The engine must be able to sustain this until ¢ = 15,

so need p = 550.88 ft-1b/s = 88 horse power.

(b) Now there is a

- 3000 component of gravity acting against the motion, so the total force

}

1001
-30

V10016
p = 670.88 ft-Ib/sec = 107.2 horse power.

W
o
[an]

needed is 550 +

=~ 670 lbs, so the required power 1s:



31.

32.

SECTION 6.6

(a) The work required to pump the water out of the tank is given by

10 10
W = (62.5)m 5%z dz = 1562.57 [%xﬂ =~ 184,078 ft-1b
5 5

A %—horsepower pump can do 275 ft-lb of work per second. Therefore it will take

184,078

775 = 669 seconds = 11 min, 10 sec, to empty the tank.

(b) The work required to pump the water to a point 5 feet above the top of the tank
is given by

10

10 10
W= / (62.5)7 5%(z + 5) dz = / (62.5)7 5%z dr + / (62.5)7 5° dz = 306796 ft-1b
5 5 5

It will take a %—horsepower pump approximately 1,116 sec, or 18 min, 36 sec, in this case.

(a)

8 4
W = / 60z167 dz + / 60(z + 8)7(16 — %) dz
0 0

2718 4
= 960 [%] + 607r/ (128 + 16z — 822 — 2%) dz
0 0

3 494
= 30,7207 + 60 | 128z + 827 — 5% _ &
3 1),

= 30,7207 + 24, 3207

= 55,0407 ~ 172, 913ft-Ibs.

(b) Pump does %(550) = 275 ft-lbs/sec.

Therefore, it will take 172,913

~ 629 seconds, or 10.5 minutes.

SECTION 6.6

1.

2.

3.

6
F= / (62.5) - z - 8dz = 250 [z2] = 9000 Ib
0

10
F= / 62.5 -z - 6dz = (62.5)(3) [¢*], = 15,750 Ib
4

The width of the plate z meters below the surface is given by w(z) = 60 + 2(20 — z) = 100 — 2z

(see the figure). The force against the dam is

20
F= 9800z (100 — 2z) dz

Z‘T(‘) 0
i

20
= 9800 / (100z — 2z%) dz
0

309
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20

= 9800 [502:2 — %$3]0

2 1.437 x 108 Newtons

e

20
F= / 9800 - z - 5.dz = (4900)(5) [#%] , = 4,287,500 N
15

5. The width of the gate z meters below its top is given by w(z) = 4+ 2z (see the figure).

The force of the water against the gate is

3
F:/ 9800(10 + z) (4+§z> dz
0

| I T 3

| 2
I X1 =9800/ [—m2+§3+40] dx
: l

T
[y | y \ = 9800 [22® + L2 + 40z]]
1 4 1

=~ 1.7052 x 10% Newtons

75 2
6. (a) F =/ 62.5z - 1000 dz = (62.5)(1000) (%) =175, 781, 250 Ibs.
0

50 2
(b) F = / 62.5z - 1000 dz = (62.5)(1000) (%) = 78,125,000 Ibs.
0

3 2
7. F:/ (60)z |124/1 — — | dz
0 9
3 1/2
6 =240/ z(9-2%)"" dz
0

3
=240[-1(9-2*)"*] =21601b

A

ellipse: ;):—2 + %3 =1
16 16 16
8. F= / crw(z)dr = / 7022v16 — zdr = 140/ zv16 — xdz
4 4 o] 0 0
0 32 322 572 °
=-140 [ (16 —u)Vudu = —40 | —u’/? — Zu
16 16 3 5 16

114,688

b
3
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9. By similar triangles
4v/2 y
= SO =42 - 1.
Wz 2 42 -z Y
4v2
F:/ (62.5) [2 (4v2 —z)] dz
0
4v2
:125/ (4\/51'—3:2) dx:M\/_Z_ Ib
o 3
5 . . W(z) b5-z
10. r By similar triangles, =T = W({)=5—-=z.
t
t
‘5 5 2 315
! F= / 62.52(5 — z) dz = 62.5 [51 _ x_} _ 15,625
: 0 2 3 0 12
2
11. F:/ (62.5)-z-2v/4 —z2dzx
0

2
/ = 125/ 24— 22 dz
0

2
=12 [(4-47)""] =333331b

4
12. F:/ 62.5y2+/4 — ydy
0

13. F=/0460m(2 16—x2)dx

4 1/2
= 120/ z (16 —2%)"" dz
0

4
=120~} (16 - 2)*"*] = 25601

—
Y16 x2

4

(u+4)V/16 — u? du
4

8
14. F:/ 60z2\/16—(x—4)2dz:120/
0
4 4
:120/ ux/16-—u2du+120-4/ V16 —u?du
—4 -4

=0+ 120 - 4[Area of half circle]=480 - % - 167 = 3840~ Ib.
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15. (a) The width of the plate is 10 feet and the depth of the plate ranges from 8 feet to 14 feet. Thus

14
F= [ 625z(10)dz = 41,250 Ib.
8

(b)  The width of the plate is 6 feet and the depth of the plate ranges from 6 feet to 16 feet. Thus

16
F= 62.5z (6) dz = 41,250 lb.
6

50
16. W(z)=2ar=30nr. F= / 602307 dz = 9007502 = 2, 250, 0007 Ib.
0

17. (a) Force on the sides:

1 2
F= /0 (9800) z 14 dz + /0 (9800)(1 + ) 7(2 — 7) dz

2
= 68,600 [z°], + 68, 600/ [2+z —2%] do
0
= 68,600 + 68,600 [2z + 12? — 12%]"

= 297,267 Newtons

(b) Force at the shallow end:
1
F= / (9800) - z - 8dz = 39,200 [z?]; = 39,200 Newtons
0
Force at the deep end:

3
F= / (9800) - - 8 dz = 39,200 [¢?] = 352,800 Newtons
0

18. Following the argument given for a vertical plate, the approximate force on the : th strip is
oz;w(z;)secHAr;
Therefore, the force F on the plate is given by

b
F=/ ozw(z)secfdz

14 1
1 3 2
19. F= [ (9800) (1 + ?x> -85\7/— dr = 392,0004 [3: + %ﬁ] 422217 x 10° Newtons
0 0
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20. = [5%° 62.52(1000) sec(n/6) dz

125,000
V3

f 62.5z(1000) sec(m/6) dz

z 100
[_] = 361,000,000 lbs
2 0

125,000
V3

75
{:‘_} = 203,000, 000 lbs
2 o

b b
21. F:/ ozw(z)dz = 0/ zw(z)dr = oTA

where A is the area of the submerged surface and 7 is the depth of the centroid.

_ h
22. From Exercise 21, F, = 0%1A; = ch1A1, Fy =chyAs. Since Ay = Ay, Fp= —2F1
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CHAPTER 7

SECTION 7.1

1. Suppose f(z1) = f(z2) 1 # z2. Then

3.

9.

521 +3 =5224+3 = x1 =29; Vv

f is one-to-one

f)==
St+3==z
St=z-3
t=t(z—3)
FHz) = 3(z - 3)

Suppose f(z1) = f(z2) z1 # z2. Then
4z — T =429 — 7 = x) = Tg;

f is one-to-one

fA)==z
4 ~-T==z
b =a+7

f is not one-to-one; e.g.  f(1) = f(-1)

f'(z) =5z* >0 on (—o00,00) and
f'(z) =0 only at = =0; f is increasing.

Therefore, f is one-to-one.

fy==
t+l1=2z
t=z-1
t=(z—1)*/°

fH@) =@ -1°

f'(z) =922 > 0 on (—o0,00) and
f'(z) =0 only at z = 0; f is increasing.

Therefore, f is one-to-one.

8.

@) = 5= 5)
@) = 32 - 4)
@) =2,

not one-to-one; e.g.

@) = o+ 1)



ft)y==
1+38 =z
t*=1(z-1)
t=[t-1]"°
@) = e -1

11. f'(z) =3(1—z)* > 0on (—oc,00) and
f'(z) = 0 only at = =1; f is increasing.

Therefore, f is one-to-one.

f) =2
1-t3 =2
1—t=2g'?
t=1-2'3

13. f'(z)=3(=+1)2>0 on(—o0,00) and

f'(x) =0only at z = —1; f is increasing.

Therefore, f is one-to-one.
fA)y=z
t+1)¥+2=1
t+1)®=z-2
t+1=(z—2)"3
t=(z—-2) -1

I OEICERAES

15. f’(z):sziz/s>0for all z # 0;

f is increasing on (—o0, 00)

ft)y==
35 =z
t = 25/3

@) =2

12. not one-to-one;

14. flz) = %(mlﬁ +1)

16. flz)=(01-z3+2

SECTION 7.1

e.g.

1(0)

£(2).

315
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17.  f'(z) =3(2—3z)% >0 for all z and 18. not one-to-one; e.g. f(1)= f(-1)
f'(z) =0only at z = 2/3; f is increasing

ft)=z
2-3t)¥ ==z
2 —3t=2/"
3t=2—g/3
t=30-o)
fHe) = 32— 2/3)
1 1
19. f’(x)z—z—2<0forallz#0; 20. fl(z) = - =

f is decreasing on (—o00,0) U (0, cc)

HOEE:
1

;=2

p=1

e

1

-1 _

Fie) =<

21. fis not one-to-one; eg. f(3)=f(2) 22. not one-to-one; eg. f(1) = f(2)

3z? T
— < —1- . -1 —
@1 S 0 for all z # —1; 24. =) T

f is decreasing on (—oo, —1) U (=1, 00)

ft)==
1
B+l

23. f'(z)= -

1=

=

| |

?
(-

HI'-—‘ HIP—‘
\/



25.

27.

28.

30.

32.

33.

34.

SECTION 7.1

i) = (T—iT)z >0 for all z # —2; 26. not one-to-one; e.g. f(1)= f(-3)

f is increasing on (—oo, —2) U (=2, 00)

fy==z
t+2

b R
t+1
t+2=zxt+zx

tl—-z)=2-2
=2
T 1l-x
_z—2

fH =) =

l—-z

they are equal.

29.

31.

(a) Suppose f and g are one-to-one, and that f (g(z;)) = f (g(z2)). Then since f is one-to-one,
g(z1) = g(z2), and since g is one-to-one this implies z; = z5.

(b) Since g7* (f7 (£ (9(2)))) = g7 (9(=)) = @, we have (fog)™ =g o f70.

f'(z) =32 >00n I = (~00,00) and f'(z) = 0 only at z = 0; f is increasing on I and so
it has an inverse.
1

) =9 and F@=12 (O = 55 =3

ﬂﬂ:—rﬁﬂ;(fﬂ%®=fuiu»:ﬂén:‘%
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35. fllz)=1+ 71—2_: > 0on I = (0,00); fisincreasing on I and so it has an inverse.
1 3 ' 2

fW=8and f)=1+5=35 ()@ =mr5=33"3

_ 1 1 1
Cf)  f0) 2

36. f'(z) =1+cosz; (f71) (0)

37. f(z)=2—sinz >0onl =(-o00,00); f isincreasing on I and so it has an inverse.

fr/D) =x and fw/D =1 (£ (0) = Fprm =1

2 1 1 25

. f@=goE U O=5rma = re - 2

39. f'(z) =sec?z >0o0nI=(-n/2,7/2); fisincreasing on I and so it has an inverse.

' — 4 -1y’ = 1 _1
fm/8)=V3and fix/3)=4 (17)(V3)=mrm =1
1 1 1

20. fl@=sat+62+2% (F) (9= 7 T P C 3

3 .
41. f'(z) =32+ — >0 onI=(0,00); f isincreasingon / and so it has an inverse.
T

f)y=2and f/(1)=6; fV(2)= f%l) _ %

42. f'(z)=1-sinz >0on I = [0,n], with f(z) = 0 for only one value on I and so it has an inverse.

flm)=—-land f'(m)=1; f7¥(-1)= =1

43. Let z € dom (f~!) and let f(z) = z. Then

1 B 1 1
(f1@) 1+ [f (@) 1+

a4 (1)@=

45. Let z € dom (f~!) and let f(z) = z. Then

SN 1 _ 1
U&= 55 = e ror - ice

46. (a) The figure indicates that f is one-to-one. (b)

1V (z+1)V3, z<-1
— @) =




47.

48.

49.

50.

51.

52.

SECTION 7.1

(a) iy _ (cx+dla—(ax+bec  ad—be
filz) = (cz + d)? = lzrd? z # —djc

Thus, f'(z) #0 iff ad—bc#0.

(b) at+b
=z
ct+d
at +b=ctz + dz

(a—cx)t=dz—b

drx—b _ dr —b
t= )=

a—cz’ a—cx

az+b dr—b

_ -1
f=f = cx+d a-—cz

= %’z +ab— acz® = cdz® + d’z — bd
— a=-—d aslong aseither borc#0.

Ifb=c¢c=0, thena=+d.

(a) f'(z) =v1+42% >0, so f is always increasing, hence one-to-one.

Sy 111
® U O= oy = 7o = &

(@) fl(z) =+/16+ (22)4 (2) =8/1+ 2% > 0 for all z.
(b) Since f(1/2) = 0, we have
(f_ ) (0) = f

11 V1T
(1/2)  2y17 34

(a) g(t) > 0 or g(t) <0 on [a,b], with g(£) = 0 only at ”isolated” points.
(b) g(z) # 0
(© (F71) (=) =

1
g(z)

319

(a) g(z1) = g(z2) = f(z1+c)=flza+c) = z1+c=az3+c = T, = 7o, S0 g is one-to-one.

gty =z = f(t+c)=2 = t+c=f"12) = t=fz)-¢

= g7 N z)=f"(z)—c

(b) A(z1) = h(z2) => f(cz1) = flexs) => cxy =cxy = z1 = 2, 50 h is one-to-one.

ht)=2 = flct) =z —> ct=f-1(z) => t:%f‘l(z)

= g7 @)=~ (a)
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53. (a)
; _ 1
9 = )
1 T — 1 1 T 7 T
g"(z) —( o@D 5 f'[g9(z)]g' ()
@]
T Fle@)?

(b) If f is increasing and its graph is concave up (down), then the graph of g is concave
down (up). On the other hand, if f is decreasing then the graphs of f and g have the

the same concavity.

54. (a) No. If p is a polynomial of even degree, then EIE p(z) =00 or lim p(z) = —co.
T o

z—too

(b) Yes, for instance P(z) = z° has an inverse.  P(z) = z® — z does not have an inverse.

55. Let f(z) =sinz and let y = f~!(z). Then

siny =z
dy
s A
cosy ——
dy 1
-~ = +a/2
Iz = cosy (y # £7/2)
1 1
V1—-sin?y V1-2? (=7 £
1 2 dy
56. Lety = f~!(z). Then tany =z, so sec Yo, = 1.
d 1
Thus % = ey cos?y = e (see figure).
57. f'(z) =3z%+3 >0 for all z; 58. f'(z)= gz_ws >0 (z#0)
f is increasing on (—co, c0) f is increasing on (—o0, 00)

y

4 y

’ J/V

2 //

/ e

v / '
/ 1

~——— /O 2 x
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59. f'(z) =8cos2z >0, z € (—n/4,7/4); 60. f'(z)=sin3z >0, z € (0,7/3)
f is increasing on [—n/4, 7 /4] f is increasing on [0, 7 /3]
Yy
4.—
IV
! 1 !
i 47
_4
SECTION 7.2
1. In20=In2+1n10=2.99 2. In16=1In2*=4In2=278
3. lnl.6=1n%:2ln4—ln10%‘0.48 4. In3*=4In32>4.40
5. In0l=In7;=Inl-In102-2.30 6. I25=In22=In10-In4=091
7. In72=In2Z =In8+In9-In10=1.98 8. Inv630=1In(9-7-10) = (In9+1In7+1n10) = 3.23
9. Inv2 =3ln2=035 10. In04=In;5=In4-Inl10=-0.91
Ay

1 T
12. A:/ ldt:_/ Lt
a:t 1 t

=—Inz =In(l/z)

area=Inn

1
13. S[Ly(P)+Us(P)) =% [{85 + 18911 ~ 0 406 14. In2.5= 5 [Ls(P) + Us(P)] =0.921

15. (a) In52=In5+1(0.2)=165 16. (a) In10.3=In10+ & (0.3) = 2.33
(b) In48=In5- 1 (0.2) =157 (b) In9.6=1n10+ 5 (—0.4) = 2.26
(c) In5.5=1In5+%(0.5)=1.71 (c) Im11=In10+ L (1) =240
17. z=¢2 18. :z::é 19. 2—-Inz=0 or lnz=0. Thus z=¢€2 or z=1.

20. Iz’ ln@r-1)=0=— M2 =0 = Y& _1 — 51
z
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21. In[(2z + 1) (z +2)] = 2In(z + 2)
n[2z+1)(z+2)] = [(a: + 2)2]
2z +1)(z+2) = (z+2)°

2 4+z-2=0
(z+2)(z—-1)=0
rz=-2,1
We disregard the solution £ = —2 since it does not satisfy the initial equation.

Thus, the only solution is z = 1.

1 (z +2)? (z + 2)2 -2
22. 21n(z+2)—§1n:c4———1n g :1:1ne=>—z2—=e:>z=m
23. See Exercises 3.1, Definition (3.1.5).
1 1
im —2 = i(lna:) = - =1
=1 z—-1 dr e=1  ZTlz—1

24. (a) By the mean-value theorem with f(z) = Ilnz, there exists ¢ between 1 and x such that

Inz — 1 -1
nxfllnl:f’(c)zz, so Ing=2"=.

x ¢
1 1 z—1
Ifr>1,then ~<=-<land z—1>0 so — <lhz<z-1
z ¢ x

1 —
If 0 <z <1, then 1<—<land r—1<0 so u<1nac<av—1
¢ =z z

1 | 1 1
by =< 2T <1 forz>1, 1< nm<—for:1:<1,
z z-1 z—1 =z
so by the pinching theorem  lim =lml=Ilim-=1
z=1z—1 z-<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>