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Preface

This book grew out of an MBA course in analysis of financial time series that I have
been teaching at the University of Chicago since 1999. It also covers materials of
Ph.D. courses in time series analysis that I taught over the years. It is an introduc-
tory book intended to provide a comprehensive and systematic account of financial
econometric models and their application to modeling and prediction of financial
time series data. The goals are to learn basic characteristics of financial data, under-
stand the application of financial econometric models, and gain experience in ana-
lyzing financial time series.

The book will be useful as a text of time series analysis for MBA students with
finance concentration or senior undergraduate and graduate students in business, eco-
nomics, mathematics, and statistics who are interested in financial econometrics. The
book is also a useful reference for researchers and practitioners in business, finance,
and insurance facing Value at Risk calculation, volatility modeling, and analysis of
serially correlated data.

The distinctive features of this book include the combination of recent devel-
opments in financial econometrics in the econometric and statistical literature. The
developments discussed include the timely topics of Value at Risk (VaR), high-
frequency data analysis, and Markov Chain Monte Carlo (MCMC) methods. In par-
ticular, the book covers some recent results that are yet to appear in academic jour-
nals; see Chapter 6 on derivative pricing using jump diffusion with closed-form for-
mulas, Chapter 7 on Value at Risk calculation using extreme value theory based on
a nonhomogeneous two-dimensional Poisson process, and Chapter 9 on multivari-
ate volatility models with time-varying correlations. MCMC methods are introduced
because they are powerful and widely applicable in financial econometrics. These
methods will be used extensively in the future.

Another distinctive feature of this book is the emphasis on real examples and data
analysis. Real financial data are used throughout the book to demonstrate applica-
tions of the models and methods discussed. The analysis is carried out by using sev-
eral computer packages; the SCA (the Scientific Computing Associates) for build-
ing linear time series models, the RATS (Regression Analysis for Time Series) for
estimating volatility models, and the S-Plus for implementing neural networks and
obtaining postscript plots. Some commands required to run these packages are given

xi



xii PREFACE

in appendixes of appropriate chapters. In particular, complicated RATS programs
used to estimate multivariate volatility models are shown in Appendix A of Chap-
ter 9. Some fortran programs written by myself and others are used to price simple
options, estimate extreme value models, calculate VaR, and to carry out Bayesian
analysis. Some data sets and programs are accessible from the World Wide Web at
http://www.gsb.uchicago.edu/fac/ruey.tsay/teaching/fts.

The book begins with some basic characteristics of financial time series data in
Chapter 1. The other chapters are divided into three parts. The first part, consisting
of Chapters 2 to 7, focuses on analysis and application of univariate financial time
series. The second part of the book covers Chapters 8 and 9 and is concerned with
the return series of multiple assets. The final part of the book is Chapter 10, which
introduces Bayesian inference in finance via MCMC methods.

A knowledge of basic statistical concepts is needed to fully understand the book.
Throughout the chapters, I have provided a brief review of the necessary statistical
concepts when they first appear. Even so, a prerequisite in statistics or business statis-
tics that includes probability distributions and linear regression analysis is highly
recommended. A knowledge in finance will be helpful in understanding the applica-
tions discussed throughout the book. However, readers with advanced background in
econometrics and statistics can find interesting and challenging topics in many areas
of the book.

An MBA course may consist of Chapters 2 and 3 as a core component, followed
by some nonlinear methods (e.g., the neural network of Chapter 4 and the appli-
cations discussed in Chapters 5-7 and 10). Readers who are interested in Bayesian
inference may start with the first five sections of Chapter 10.

Research in financial time series evolves rapidly and new results continue to
appear regularly. Although I have attempted to provide broad coverage, there are
many subjects that I do not cover or can only mention in passing.

I sincerely thank my teacher and dear friend, George C. Tiao, for his guid-
ance, encouragement and deep conviction regarding statistical applications over the
years. I am grateful to Steve Quigley, Heather Haselkorn, Leslie Galen, Danielle
LaCourciere, and Amy Hendrickson for making the publication of this book pos-
sible, to Richard Smith for sending me the estimation program of extreme value
theory, to Bonnie K. Ray for helpful comments on several chapters, to Steve Kou
for sending me his preprint on jump diffusion models, to Robert E. McCulloch for
many years of collaboration on MCMC methods, to many students of my courses in
analysis of financial time series for their feedback and inputs, and to Jeffrey Russell
and Michael Zhang for insightful discussions concerning analysis of high-frequency
financial data. To all these wonderful people I owe a deep sense of gratitude. I
am also grateful to the support of the Graduate School of Business, University of
Chicago and the National Science Foundation. Finally, my heart goes to my wife,
Teresa, for her continuous support, encouragement, and understanding, to Julie,
Richard, and Vicki for bringing me joys and inspirations; and to my parents for their
love and care.

R.S.T.
Chicago, Illinois
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CHAPTER 1

Financial Time Series and
Their Characteristics

Financial time series analysis is concerned with theory and practice of asset val-
uation over time. It is a highly empirical discipline, but like other scientific fields
theory forms the foundation for making inference. There is, however, a key feature
that distinguishes financial time series analysis from other time series analysis. Both
financial theory and its empirical time series contain an element of uncertainty. For
example, there are various definitions of asset volatility, and for a stock return series,
the volatility is not directly observable. As a result of the added uncertainty, statistical
theory and methods play an important role in financial time series analysis.

The objective of this book is to provide some knowledge of financial time series,
introduce some statistical tools useful for analyzing these series, and gain experi-
ence in financial applications of various econometric methods. We begin with the
basic concepts of asset returns and a brief introduction to the processes to be dis-
cussed throughout the book. Chapter 2 reviews basic concepts of linear time series
analysis such as stationarity and autocorrelation function, introduces simple linear
models for handling serial dependence of the series, and discusses regression models
with time series errors, seasonality, unit-root nonstationarity, and long memory pro-
cesses. Chapter 3 focuses on modeling conditional heteroscedasticity (i.e., the condi-
tional variance of an asset return). It discusses various econometric models developed
recently to describe the evolution of volatility of an asset return over time. In Chap-
ter 4, we address nonlinearity in financial time series, introduce test statistics that can
discriminate nonlinear series from linear ones, and discuss several nonlinear models.
The chapter also introduces nonparametric estimation methods and neural networks
and shows various applications of nonlinear models in finance. Chapter 5 is con-
cerned with analysis of high-frequency financial data and its application to market
microstructure. It shows that nonsynchronous trading and bid-ask bounce can intro-
duce serial correlations in a stock return. It also studies the dynamic of time duration
between trades and some econometric models for analyzing transactions data. In
Chapter 6, we introduce continuous-time diffusion models and Ito’s lemma. Black-
Scholes option pricing formulas are derived and a simple jump diffusion model is
used to capture some characteristics commonly observed in options markets. Chap-
ter 7 discusses extreme value theory, heavy-tailed distributions, and their application
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2 FINANCIAL TIME SERIES AND THEIR CHARACTERISTICS

to financial risk management. In particular, it discusses various methods for calcu-
lating Value at Risk of a financial position. Chapter 8 focuses on multivariate time
series analysis and simple multivariate models. It studies the lead-lag relationship
between time series and discusses ways to simplify the dynamic structure of a mul-
tivariate series and methods to reduce the dimension. Co-integration and threshold
co-integration are introduced and used to investigate arbitrage opportunity in finan-
cial markets. In Chapter 9, we introduce multivariate volatility models, including
those with time-varying correlations, and discuss methods that can be used to repa-
rameterize a conditional covariance matrix to satisfy the positiveness constraint and
reduce the complexity in volatility modeling. Finally, in Chapter 10, we introduce
some newly developed Monte Carlo Markov Chain (MCMC) methods in the statis-
tical literature and apply the methods to various financial research problems, such as
the estimation of stochastic volatility and Markov switching models.

The book places great emphasis on application and empirical data analysis. Every
chapter contains real examples, and, in many occasions, empirical characteristics of
financial time series are used to motivate the development of econometric models.
Computer programs and commands used in data analysis are provided when needed.
In some cases, the programs are given in an appendix. Many real data sets are also
used in the exercises of each chapter.

1.1 ASSET RETURNS

Most financial studies involve returns, instead of prices, of assets. Campbell, Lo,
and MacKinlay (1997) give two main reasons for using returns. First, for average
investors, return of an asset is a complete and scale-free summary of the investment
opportunity. Second, return series are easier to handle than price series because the
former have more attractive statistical properties. There are, however, several defini-
tions of an asset return.

Let P; be the price of an asset at time index 7. We discuss some definitions of
returns that are used throughout the book. Assume for the moment that the asset
pays no dividends.

One-Period Simple Return
Holding the asset for one period from date + — 1 to date ¢ would result in a simple
gross return

P;
Py

1+R = or Pr=P_i(1+R) (1.1)

The corresponding one-period simple net return or simple return is

P _P—Po

- P Py

R; (1.2)



ASSET RETURNS 3

Multiperiod Simple Return
Holding the asset for k periods between dates t — k and ¢ gives a k-period simple
gross return

P, P, P, P
14+ Ri[k] = —— = 1 5 2L kAt
Py P P Pr_i
=0+R)A+R—1)--- (I + Ri—gy1)
k—1

= H(l + R j).
=0

Thus, the k-period simple gross return is just the product of the k one-period simple
gross returns involved. This is called a compound return. The k-period simple net
return is R;[k] = (Py — Pr—)/ Pr—k.

In practice, the actual time interval is important in discussing and comparing
returns (e.g., monthly return or annual return). If the time interval is not given, then
it is implicitly assumed to be one year. If the asset was held for k years, then the
annualized (average) return is defined as

k-1 1/k
Annualized {R,[k]} = [H(l + R,j)} —1.

j=0

This is a geometric mean of the k one-period simple gross returns involved and can
be computed by

1 k—1
Annualized {R;[k]} = exp [E Zln(l + Rt_‘,)] —1,
=0

where exp(x) denotes the exponential function and In(x) is the natural logarithm
of the positive number x. Because it is easier to compute arithmetic average than
geometric mean and the one-period returns tend to be small, one can use a first-order
Taylor expansion to approximate the annualized return and obtain

Annualized {Ri[k]} ~ > Ry (1.3)
Jj=0

Accuracy of the approximation in Eq. (1.3) may not be sufficient in some applica-
tions, however.

Continuous Compounding

Before introducing continuously compounded return, we discuss the effect of com-
pounding. Assume that the interest rate of a bank deposit is 10% per annum and
the initial deposit is $1.00. If the bank pays interest once a year, then the net value
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Table 1.1. Illustration of the Effects of Compounding: The Time Interval Is 1 Year and
the Interest Rate is 10% per Annum.

Type Number of payments Interest rate per period Net Value

Annual 1 0.1 $1.10000

Semiannual 2 0.05 $1.10250

Quarterly 4 0.025 $1.10381

Monthly 12 0.0083 $1.10471
0.1

Weekly 52 — $1.10506
52

Dail 365 01 $1.10516

aily 65 .
Continuously 00 $1.10517

of the deposit becomes $1(1+0.1) = $1.1 one year later. If the bank pays inter-
est semi-annually, the 6-month interest rate is 10%/2 = 5% and the net value is
$1(1 4 0.1/2)> = $1.1025 after the first year. In general, if the bank pays inter-
est m times a year, then the interest rate for each payment is 10%/m and the net
value of the deposit becomes $1(1 + 0.1/m)™ one year later. Table 1.1 gives the
results for some commonly used time intervals on a deposit of $1.00 with inter-
est rate 10% per annum. In particular, the net value approaches $1.1052, which is
obtained by exp(0.1) and referred to as the result of continuous compounding. The
effect of compounding is clearly seen.
In general, the net asset value A of continuous compounding is

A = Cexp(r x n), (1.4)

where r is the interest rate per annum, C is the initial capital, and » is the number of
years. From Eq. (1.4), we have

C = Aexp(—r x n), (1.5)

which is referred to as the present value of an asset that is worth A dollars n years
from now, assuming that the continuously compounded interest rate is r per annum.

Continuously Compounded Return
The natural logarithm of the simple gross return of an asset is called the continuously
compounded return or log return:

P
P

rr=In(1+ R) =1In =Pt — Pi—1, (1.6)

where p; = In(#). Continuously compounded returns r; enjoy some advantages
over the simple net returns R;. First, consider multiperiod returns. We have
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relk] =In(1 + R;[k]) = In[(1 + R)(A + Ri—1) - - - (1 + Ri—k+1)]
=In(l1 +R) +In(1+ R—1) +---+1In(1 + Rr—x+1)

=r+r-1+--+r—kt1-

Thus, the continuously compounded multiperiod return is simply the sum of contin-
uously compounded one-period returns involved. Second, statistical properties of log
returns are more tractable.

Portfolio Return

The simple net return of a portfolio consisting of N assets is a weighted average
of the simple net returns of the assets involved, where the weight on each asset is
the percentage of the portfolio’s value invested in that asset. Let p be a portfolio
that places weight w; on asset 7, then the simple return of p at time ¢ is R, ; =
ZlNzl w; R;;, where R;; is the simple return of asset i.

The continuously compounded returns of a portfolio, however, do not have the
above convenient property. If the simple returns R;, are all small in magnitude, then
we haver), ; ~ ZINZ | Wiris, where r, ; is the continuously compounded return of the
portfolio at time ¢. This approximation is often used to study portfolio returns.

Dividend Payment

If an asset pays dividends periodically, we must modify the definitions of asset
returns. Let D; be the dividend payment of an asset between dates t — 1 and ¢ and P;
be the price of the asset at the end of period ¢. Thus, dividend is not included in P;.
Then the simple net return and continuously compounded return at time ¢ become

P+ Dy

R, =
! P

—1, r,=In(P; + D;) — In(P;_1).

Excess Return

Excess return of an asset at time 7 is the difference between the asset’s return and the
return on some reference asset. The reference asset is often taken to be riskless, such
as a short-term U.S. Treasury bill return. The simple excess return and log excess
return of an asset are then defined as

Zi =R — Ror, zr =11 —ror, (1.7)

where Ro; and ro, are the simple and log returns of the reference asset, respectively.
In the finance literature, the excess return is thought of as the payoff on an arbitrage
portfolio that goes long in an asset and short in the reference asset with no net initial
investment.

Remark: A long financial position means owning the asset. A short position
involves selling asset one does not own. This is accomplished by borrowing the asset
from an investor who has purchased. At some subsequent date, the short seller is
obligated to buy exactly the same number of shares borrowed to pay back the lender.
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Because the repayment requires equal shares rather than equal dollars, the short seller
benefits from a decline in the price of the asset. If cash dividends are paid on the asset
while a short position is maintained, these are paid to the buyer of the short sale. The
short seller must also compensate the lender by matching the cash dividends from his
own resources. In other words, the short seller is also obligated to pay cash dividends
on the borrowed asset to the lender; see Cox and Rubinstein (1985).

Summary of Relationship
The relationships between simple return R; and continuously compounded (or log)
return r; are

rr=In(l+R;), R, =e€"—1.
Temporal aggregation of the returns produces

I+ Rkl =T+ R)(I+ Ri—1) -+ (1 + Re—g+1),
nlkl=ri+r_1+- +r—gs1.

If the continuously compounded interest rate is r per annum, then the relationship
between present and future values of an asset is

A =Cexp(r xn), C = Aexp(—r xn).

1.2 DISTRIBUTIONAL PROPERTIES OF RETURNS

To study asset returns, it is best to begin with their distributional properties. The
objective here is to understand the behavior of the returns across assets and over
time. Consider a collection of N assets held for T time periods, say ¢t = 1,...,T.
For each asset i, let r;j; be its log return at time ¢. The log returns under study
are {ri;;i = 1,...,N;t = 1,...,T}. One can also consider the simple returns
{Ris;i =1,...,N;t = 1,..., T} and the log excess returns {z;;;i = 1,..., N;
t=1,...,T}L

1.2.1 Review of Statistical Distributions and Their Moments

We briefly review some basic properties of statistical distributions and the moment
equations of a random variable. Let R be the k-dimensional Euclidean space. A
point in R¥ is denoted by x € R*. Consider two random vectors X = (X1, ..., Xz)
and Y = (Yq,..., Yq)/. Let P(X € A,Y € B) be the probability that X is in the
subspace A C R* and Y is in the subspace B C R9. For most of the cases considered
in this book, both random vectors are assumed to be continuous.
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Joint Distribution
The function

Fxy(x,y;0)=PX <x,Y <y),

where x € RP,y € RY, and the inequality “<” is a component-by-component
operation, is a joint distribution function of X and Y with parameter 6. Behavior
of X and Y is characterized by Fy y (x, y; 6). If the joint probability density function
fr,y(x,y; 0) of X and Y exists, then

x oy
Fxyx,y; 0) = / f fr.yw,z; O)dzdw.
—0Q —0Q

In this case, X and Y are continuous random vectors.

Marginal Distribution
The marginal distribution of X is given by

Fx(x;0) = Fxy(x,00,...,00; 0).

Thus, the marginal distribution of X is obtained by integrating out Y. A similar defi-
nition applies to the marginal distribution of Y.
If k = 1, X is a scalar random variable and the distribution function becomes

Fx(x) = P(X <x;0),

which is known as the cumulative distribution function (CDF) of X. The CDF of a
random variable is nondecreasing [i.e., Fx(x1) < Fx(x2) if x; < x7, and satisfies
Fx(—o0c) = 0 and Fx(oo) = 1]. For a given probability p, the smallest real number
X, such that p < Fx(x)) is called the pth quantile of the random variable X. More
specifically,

xp =inf{x | p < Fx(x)}.

We use CDF to compute the p value of a test statistic in the book.

Conditional Distribution
The conditional distribution of X given Y <y is given by

PX=xY=<y)

Fxjy<y(x; 0) = PY <y)

If the probability density functions involved exist, then the conditional density of X
givenY =y is
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fx,y(x»y; 0)

) 1.8
fy(: 0) 19

Sapy (e 0) =

where the marginal density function f,(y; 8) is obtained by

oo
50300 = [ fiy ey 0)ax.
—0oQ
From Eq. (1.8), the relation among joint, marginal, and conditional distributions is

Jry(®,9:0) = fuy(x; 0) x f,,(y; 6). (1.9)

This identity is used extensively in time series analysis (e.g., in maximum likeli-
hood estimation). Finally, X and Y are independent random vectors if and only if

frly@; 0) = fi(x; 0). In this case, fy y(x,y; 0) = fe(x; 0) fy(y; 0).

Moments of a Random Variable
The £-th moment of a continuous random variable X is defined as

mng(Xe)zf x'fx)dx,

—0o0

where “E” stands for expectation and f(x) is the probability density function of
X. The first moment is called the mean or expectation of X. It measures the central
location of the distribution. We denote the mean of X by 1. The £-th central moment
of X is defined as

o]

my = E[(X — py)'] = / (x — )b f(x) dx

—0o0

provided that the integral exists. The second central moment, denoted by axz, mea-
sures the variability of X and is called the variance of X. The positive square root, oy,
of variance is the standard deviation of X. The first two moments of a random vari-
able uniquely determine a normal distribution. For other distributions, higher order
moments are also of interest.

The third central moment measures the symmetry of X with respect to its mean,
whereas the 4th central moment measures the tail behavior of X. In statistics, skew-
ness and kurtosis, which are normalized 3rd and 4th central moments of X, are often
used to summarize the extent of asymmetry and tail thickness. Specifically, the skew-
ness and kurtosis of X are defined as

_ 3 _ 4
Sty — E [M] ke —E [M} |
O (o2

X X
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The quantity K(x) — 3 is called the excess kurtosis because K (x) = 3 for a nor-
mal distribution. Thus, the excess kurtosis of a normal random variable is zero. A
distribution with positive excess kurtosis is said to have heavy tails, implying that
the distribution puts more mass on the tails of its support than a normal distribution
does. In practice, this means that a random sample from such a distribution tends to
contain more extreme values.

In application, skewness and kurtosis can be estimated by their sample counter-

parts. Let {x, ..., x7} be a random sample of X with T observations. The sample
mean is
1 I
=z Z X, (1.10)
t=

the sample variance is

. I ¥ X
D= 2w =i’ (1.11)
T =l
the sample skewness is
S() = ——— Z(xt )’ (1.12)
(T - 1) o7 =
and the sample kurtosis is
K= (T_l) 4Z<x, 0 (1.13)

Under normality assumption, S(x) and K (x) are distributed asymptotically as nor-
mal with zero mean and variances 6/ 7 and 24/ T, respectively; see Snedecor and
Cochran (1980, p. 78).

1.2.2 Distributions of Returns

The most general model for the log returns {r;y;;i = 1,...,N;¢t = 1,...,T}isits
joint distribution function:

Fr(rll?"”er;rlz’""er;"';rlT7"'?rNT; Y; 6)’ (1‘14)

where Y is a state vector consisting of variables that summarize the environment
in which asset returns are determined and 6 is a vector of parameters that uniquely
determine the distribution function F, (.). The probability distribution F(.) governs
the stochastic behavior of the returns r;; and Y. In many financial studies, the state
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vector Y is treated as given and the main concern is the conditional distribution of
{ri¢} given Y. Empirical analysis of asset returns is then to estimate the unknown
parameter 0 and to draw statistical inference about behavior of {r;;} given some past
log returns.

The model in Eq. (1.14) is too general to be of practical value. However, it pro-
vides a general framework with respect to which an econometric model for asset
returns r;; can be put in a proper perspective.

Some financial theories such as the Capital Asset Pricing Model (CAPM) of
Sharpe (1964) focus on the joint distribution of N returns at a single time index ¢
(i.e., the distribution of {ry;, ..., ry;}). Other theories emphasize the dynamic struc-
ture of individual asset returns (i.e., the distribution of {r;y, ..., r;7} for a given asset
i). In this book, we focus on both. In the univariate analysis of Chapters 2 to 7, our
main concern is the joint distribution of {rit}thl for asset i. To this end, it is useful
to partition the joint distribution as

F(rit,...,rit;0) = F(riyn)F(ria | rig) -+ F(riT | rit—1, ..., 1i1)

T
= F@ri) [[FCie | rigmt, o). (1.15)
=2

This partition highlights the temporal dependencies of the log return r;;. The main
issue then is the specification of the conditional distribution F (r;; | r; ;—1, -)—in par-
ticular, how the conditional distribution evolves over time. In finance, different dis-
tributional specifications lead to different theories. For instance, one version of the
random-walk hypothesis is that the conditional distribution F(rj; | ris—1,...,7i1)
is equal to the marginal distribution F(r;;). In this case, returns are temporally inde-
pendent and, hence, not predictable.

It is customary to treat asset returns as continuous random variables, especially
for index returns or stock returns calculated at a low frequency, and use their proba-
bility density functions. In this case, using the identity in Eq. (1.9), we can write the
partition in Eq. (1.15) as

r
fit s 0) = fois O [ [ £ i I riiet, . 71, 6). (1.16)

=2

For high-frequency asset returns, discreteness becomes an issue. For example, stock
prices change in multiples of a tick size in the New York Stock Exchange (NYSE).
The tick size was one eighth of a dollar before July 1997 and was one sixteenth of
a dollar from July 1997 to January 2001. Therefore, the tick-by-tick return of an
individual stock listed on NYSE is not continuous. We discuss high-frequency stock
price changes and time durations between price changes later in Chapter 5.

Remark: On August 28, 2000, the NYSE began a pilot program with seven
stocks priced in decimals and the American Stock Exchange (AMEX) began a pilot
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program with six stocks and two options classes. The NYSE added 57 stocks and
94 stocks to the program on September 25 and December 4, 2000, respectively. All
NYSE and AMEX stocks started trading in decimals on January 29, 2001.

Equation (1.16) suggests that conditional distributions are more relevant than
marginal distributions in studying asset returns. However, the marginal distributions
may still be of some interest. In particular, it is easier to estimate marginal distri-
butions than conditional distributions using past returns. In addition, in some cases,
asset returns have weak empirical serial correlations, and, hence, their marginal dis-
tributions are close to their conditional distributions.

Several statistical distributions have been proposed in the literature for the
marginal distributions of asset returns, including normal distribution, lognormal dis-
tribution, stable distribution, and scale-mixture of normal distributions. We briefly
discuss these distributions.

Normal Distribution
A traditional assumption made in financial study is that the simple returns {R;; | t =
1,..., T} are independently and identically distributed as normal with fixed mean

and variance. This assumption makes statistical properties of asset returns tractable.
But it encounters several difficulties. First, the lower bound of a simple return is
—1. Yet normal distribution may assume any value in the real line and, hence, has
no lower bound. Second, if R;; is normally distributed, then the multiperiod simple
return R;;[k] is not normally distributed because it is a product of one-period returns.
Third, the normality assumption is not supported by many empirical asset returns,
which tend to have a positive excess kurtosis.

Lognormal Distribution

Another commonly used assumption is that the log returns r; of an asset is inde-
pendent and identically distributed (iid) as normal with mean p and variance o 2.
The simple returns are then iid lognormal random variables with mean and variance

given by

2
E(R;) = exp (u + %) —1, Var(R) = expu 4+ o2)[exp(c?) — 1]. (1.17)

These two equations are useful in studying asset returns (e.g., in forecasting using
models built for log returns). Alternatively, let m| and m; be the mean and vari-
ance of the simple return R;, which is lognormally distributed. Then the mean and
variance of the corresponding log return r; are

mp; + 1 my
Er)=In| ————— |, Var)=In|l+—|.
1+ 2 1 +my)
(14mp)?

Because the sum of a finite number of iid normal random variables is normal,
r¢[k] is also normally distributed under the normal assumption for {r;}. In addition,
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there is no lower bound for r;, and the lower bound for R; is satisfied using 1 + R, =
exp(r;). However, the lognormal assumption is not consistent with all the properties
of historical stock returns. In particular, many stock returns exhibit a positive excess
kurtosis.

Stable Distribution

The stable distributions are a natural generalization of normal in that they are sta-
ble under addition, which meets the need of continuously compounded returns ;.
Furthermore, stable distributions are capable of capturing excess kurtosis shown by
historical stock returns. However, non-normal stable distributions do not have a finite
variance, which is in conflict with most finance theories. In addition, statistical mod-
eling using non-normal stable distributions is difficult. An example of non-normal
stable distributions is the Cauchy distribution, which is symmetric with respect to its
median, but has infinite variance.

Scale Mixture of Normal Distributions

Recent studies of stock returns tend to use scale mixture or finite mixture of normal
distributions. Under the assumption of scale mixture of normal distributions, the log
return r; is normally distributed with mean p and variance ollie,r,~N (u, o).
However, o2 is a random variable that follows a positive distribution (e.g., o ~2 fol-
lows a Gamma distribution). An example of finite mixture of normal distributions
is

ri~ (1= X)N(u,00) + XN (., 03),

where 0 < o < 1, 612 is small and 022 is relatively large. For instance, with ¢ =
0.05, the finite mixture says that 95% of the returns follow N (i, 012) and 5% follow
N(u, 022). The large value of 022 enables the mixture to put more mass at the tails of
its distribution. The low percentage of returns that are from N (u, 022) says that the
majority of the returns follow a simple normal distribution. Advantages of mixtures
of normal include that they maintain the tractability of normal, have finite higher
order moments, and can capture the excess kurtosis. Yet it is hard to estimate the
mixture parameters (e.g., the « in the finite-mixture case).

Figure 1.1 shows the probability density functions of a finite mixture of nor-
mal, Cauchy, and standard normal random variable. The finite mixture of normal
is 0.95N (0, 1) + 0.05N (0, 16) and the density function of Cauchy is

fx) = —00 < X < OQ.

m(1+x2)

It is seen that Cauchy distribution has fatter tails than the finite mixture of normal,
which in turn has fatter tails than the standard normal.
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Figure 1.1. Comparison of finite-mixture, stable, and standard normal density functions.

1.2.3 Multivariate Returns

Letr, = (ris,...,rny) be the log returns of N assets at time ¢. The multivariate
analyses of Chapters 8 and 9 are concerned with the joint distribution of {r,}thl.
This joint distribution can be partitioned in the same way as that of Eq. (1.15). The
analysis is then focused on the specification of the conditional distribution function
F(ry | r—1,...,r1,0). Inparticular, how the conditional expectation and conditional
covariance matrix of r;, evolve over time constitute the main subjects of Chapters 8
and 9.

The mean vector and covariance matrix of a random vector X = (X1, ..., X)) are
defined as

E(X) = l‘l’X - [E(Xl)a LRI ) E(Xp)]/v
Cov(X) =%, = E[(X — pt)(X — )]

provided that the expectations involved exist. When the data {x1,...,xr} of X are
available, the sample mean and covariance matrix are defined as

_ 1 I . 1 I _ .
O, = 7;"" Se=2 ;m TR TR
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These sample statistics are consistent estimates of their theoretical counterparts pro-
vided that the covariance matrix of X exists. In the finance literature, multivariate
normal distribution is often used for the log return r;.

1.2.4 Likelihood Function of Returns

The partition of Eq. (1.15) can be used to obtain the likelihood function of the log
returns {ry, ..., rr} of an asset, where for ease in notation the subscript i is omitted
from the log return. If the conditional distribution f(r; | r,—1, ..., r1, @) is normal
with mean 4, and variance o2, then @ consists of the parameters in 4, and ;> and
the likelihood function of the data is

_ _ 2
(re — ) j|’ (1.18)

T
1
i, ..., rr;0) = f(r;; 0 ex
G 75 0) = f(n )l|=2|\/ﬁat P[ 202

where f(r1; 0) is the marginal density function of the first observation r;. The value
of @ that maximizes this likelihood function is the maximum likelihood estimate
(MLE) of 8. Since log function is monotone, the MLE can be obtained by maximiz-
ing the log likelihood function,

1 -0 — . I ¢ 2 (rt_ﬂt)z
nf(rl,...,rT,H)—lnf(r1,0)—§Z In@27) +In(o;) + ——— |,

=2 Oi

which is easier to handle in practice. Log likelihood function of the data can be
obtained in a similar manner if the conditional distribution f(r; | r,—1,...,r1; 0) is
not normal.

1.2.5 Empirical Properties of Returns

The data used in this section are obtained from the Center for Research in Secu-
rity Prices (CRSP) of the University of Chicago. Dividend payments, if any, are
included in the returns. Figure 1.2 shows the time plots of monthly simple returns
and log returns of International Business Machines (IBM) stock from January 1926
to December 1997. A time plot shows the data against the time index. The upper plot
is for the simple returns. Figure 1.3 shows the same plots for the monthly returns of
value-weighted market index. As expected, the plots show that the basic patterns of
simple and log returns are similar.

Table 1.2 provides some descriptive statistics of simple and log returns for
selected U.S. market indexes and individual stocks. The returns are for daily and
monthly sample intervals and are in percentages. The data spans and sample sizes are
also given in the table. From the table, we make the following observations. (a) Daily
returns of the market indexes and individual stocks tend to have high excess kurtoses.
For monthly series, the returns of market indexes have higher excess kurtoses than
individual stocks. (b) The mean of a daily return series is close to zero, whereas that
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Figure 1.2. Time plots of monthly returns of IBM stock from January 1926 to December
1997. The upper panel is for simple net returns, and the lower panel is for log returns.
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Figure 1.3. Time plots of monthly returns of the value-weighted index from January 1926
to December 1997. The upper panel is for simple net returns, and the lower panel is for log
returns.
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Table 1.2. Descriptive Statistics for Daily and Monthly Simple and Log Returns of
Selected Indexes and Stocks. Returns Are in Percentages, and the Sample Period Ends
on December 31, 1997. The Statistics Are Defined in Equations (1.10) to (1.13), and VW
and EW Denote Value-Weighted and Equal-Weighted Indexes.

Stan. Excess
Security Start Size Mean Dev. Skew. Kurt. Min. Max.
(a) Daily simple returns (%)
VW 62/7/3 8938 0.049 0.798 —1.23 30.06 —17.18 8.67
EW 62/7/3 8938  0.083 0.674 —1.09 18.09 —10.48 6.95
LL.LB.M. 62/7/3 8938  0.050 1.479 0.01 11.34 —2296 12.94
Intel 72/12/15 6329  0.138 2.880 —0.17 6.76 —29.57 26.38
3M 62/7/3 8938  0.051 1.395 —0.55 16.92 —2598 11.54
Microsoft 86/3/14 2985  0.201 2.422 —0.47 12.08 -30.13 17.97
Citi-Grp 86/10/30 2825  0.125 2.124 —0.06 9.16 —-21.74  20.75
(b) Daily log returns (%)

VW 62/7/3 8938  0.046 0.803 —1.66 40.06 —18.84 8.31

EW 62/7/3 8938  0.080 0.676  —1.29 19.98 —11.08 6.72
IL.LB.M. 62/7/3 8938  0.039 1.481 —0.33 15.21 —-26.09 12.17
Intel 72/12/15 6329  0.096 2.894 —0.59 8.81 —35.06 2341
3M 62/7/3 8938  0.041 1.403 —1.05 27.03 —-30.08 10.92
Microsoft 86/3/14 2985 0.171 2443  —1.10 19.65 —35.83 16.53
Citi-Grp 86/10/30 2825  0.102 2.128 —0.44 10.68 —24.51 18.86

(c) Monthly simple returns (%)
\AY 26/1 864  0.99 5.49 0.23 8.13 —29.00 38.28
EW 26/1 864  1.32 7.54 1.65 15.24 —-31.23  65.51
I.LB.M. 26/1 864  1.42 6.70 0.17 1.94 —26.19 35.12
Intel 72/12 300 2.86 12.95 0.59 3.29 —44.87  62.50
3M 46/2 623  1.36 6.46 0.16 0.89 —27.83  25.77
Microsoft 86/4 141  4.26 10.96 0.81 2.32 —2491 51.55
Citi-Grp 86/11 134 2.55 9.17 —-0.14 0.47 —26.46  26.08
(d) Monthly log returns (%)

VW 26/1 864 0.83 5.48 —0.53 7.31 —-3425 3241
EW 26/1 864 1.04 7.24 0.34 8.91 —37.44 50.38
I.LB.M. 26/1 864 1.19 6.63 —-0.22 2.05 -30.37  30.10
Intel 72/12 300 2.03 12.63 —-0.32 3.20 —59.54  48.55
3M 46/2 623 1.15 6.39 —0.14 1.32 —-32.61 2292
Microsoft 86/4 141 3.64 10.29 0.29 1.32 —28.64 41.58
Citi-Grp 86/11 134 2.11 9.11 —-0.50 1.14 -30.73 23.18

of a monthly return series is slightly larger. (c) Monthly returns have higher stan-
dard deviations than daily returns. (d) Among the daily returns, market indexes have
smaller standard deviations than individual stocks. This is in agreement with com-
mon sense. (e) The skewness is not a serious problem for both daily and monthly
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Figure 1.4. Comparison of empirical and normal densities for the monthly simple and log
returns of IBM stock. The sample period is from January 1926 to December 1997. The left
plot is for simple returns and the right plot for log returns. The normal density, shown by the
dashed line, uses the sample mean and standard deviation given in Table 1.2.

returns. (f) The descriptive statistics show that the difference between simple and log
returns is not substantial.

Figure 1.4 shows the empirical density functions of monthly simple and log
returns of IBM stock. Also shown, by a dashed line, in each graph is the nor-
mal probability density function evaluated by using the sample mean and standard
deviation of IBM returns given in Table 1.2. The plots indicate that the normality
assumption is questionable for monthly IBM stock returns. The empirical density
function has a higher peak around its mean, but fatter tails than that of the corre-
sponding normal distribution. In other words, the empirical density function is taller,
skinnier, but with a wider support than the corresponding normal density.

1.3 PROCESSES CONSIDERED

Besides the return series, we also consider the volatility process and the behavior of
extreme returns of an asset. The volatility process is concerned with the evolution of
conditional variance of the return over time. This is a topic of interest because, as
shown in Figures 1.2 and 1.3, the variabilities of returns vary over time and appear in
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clusters. In application, volatility plays an important role in pricing stock options. By
extremes of a return series, we mean the large positive or negative returns. Table 1.2
shows that the minimum and maximum of a return series can be substantial. The
negative extreme returns are important in risk management, whereas positive extreme
returns are critical to holding a short position. We study properties and applications
of extreme returns, such as the frequency of occurrence, the size of an extreme, and
the impacts of economic variables on the extremes, in Chapter 7.

Other financial time series considered in the book include interest rates, exchange
rates, bond yields, and quarterly earning per share of a company. Figure 1.5 shows
the time plots of two U.S. monthly interest rates. They are the 10-year and 1-year
Treasury constant maturity rates from April 1954 to January 2001. As expected, the
two interest rates moved in unison, but the 1-year rates appear to be more volatile.
Table 1.3 provides some descriptive statistics for selected U.S. financial time series.
The monthly bond returns obtained from CRSP are from January 1942 to December
1999. The interest rates are obtained from the Federal Reserve Bank of St Louis.
The weekly 3-month Treasury Bill rate started on January 8, 1954, and the 6-month
rate started on December 12, 1958. Both series ended on February 16, 2001. For the
interest rate series, the sample means are proportional to the time to maturity, but
the sample standard deviations are inversely proportional to the time to maturity. For

(a) 10-year maturity
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Figure 1.5. Time plots of monthly U.S. interest rates from April 1954 to January 2001: (a) the
10-year Treasury constant maturity rate, and (b) the 1-year maturity rate.
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Table 1.3. Descriptive Statistics of Selected U.S. Financial Time Series. The Data Are in
Percentages. The Weekly 3-Month Treasury Bill Rate Started from January 8, 1954 and
the 6-Month Rate Started from December 12, 1958.

Stan. Excess
Maturity Mean Dev. Skew. Kurt. Min. Max.

(a) Monthly bond returns: Jan. 1942 to Dec. 1999, T = 696

30 years 0.43 2.53 0.66 2.77 —7.73 13.31
20 years 0.45 243 0.79 4.08 —8.41 15.24
10 years 0.45 1.97 0.71 2.72 —6.67 10.00
5 years 0.46 1.39 0.87 6.61 —5.80 10.61
1 year 0.44 0.53 2.50 16.72 —-1.72 5.61

(b) Monthly Treasury rates: Apr. 1953 to Jan. 2001, T = 574

10 years 6.74 2.75 0.74 0.30 2.29 15.32
5 years 6.59 2.78 0.83 0.63 1.85 15.93
3 years 6.43 2.82 0.89 0.85 1.47 16.22
1 year 6.05 2.93 1.01 1.29 0.82 16.72

(c) Weekly Treasury Bill rates: end on February 16, 2001

6 months 6.08 2.56 1.26 1.82 2.35 15.76
3 months 5.51 2.76 1.14 1.88 0.58 16.76

the bond returns, the sample standard deviations are positively related to the time
to maturity, whereas the sample means remain stable for all maturities. Most of the
series considered have positive excess kurtoses.

With respect to the empirical characteristics of returns shown in Table 1.2, Chap-
ters 2 to 4 focus on the first four moments of a return series and Chapter 7 on
the behavior of minimum and maximum returns. Chapters 8 and 9 are concerned
with moments of and the relationships between multiple asset returns, and Chapter 5
addresses properties of asset returns when the time interval is small. An introduction
to mathematical finance is given in Chapter 6.

EXERCISES

1. Consider the daily stock returns of Alcoa (aa), American Express (axp), Walt
Disney (dis), Chicago Tribune (trb), and Tyco International (tyc) from January
1990 to December 1999 for 2528 observations. You may obtain the data directly
from CRSP or from files on the Web. The original data are the holding period
returns from CRSP. Those on files have been transformed into log returns and
are in percentages. Stock tick symbols are used to create file names (e.g., “d-
aa9099.dat” contains the daily log returns of Alcoa stock from 1990 to 1999).
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* Compute the sample mean, variance, skewness, excess kurtosis, minimum, and
maximum of the daily log returns.

* Transform the log returns into simple returns. Compute the sample mean, vari-
ance, skewness, excess kurtosis, and minimum and maximum of the daily sim-
ple returns.

* Are the sample means of log returns statistically different from zero? Use the
5% significance level to draw your conclusion and discuss their practical impli-
cations.

Consider the monthly stock returns of Alcoa (aa), General Motors (gm), Walt Dis-
ney (dis), and Hershey Foods (hsy) from January 1962 to December 1999 for 456
observations and those of American Express (axp) and Mellon Financial Corpo-
ration (mel) from January 1973 to December 1999 for 324 observations. Again,
you may obtain the data directly from CRSP or from the files on the Web. Tick
symbols and years involved are used to create file names (e.g., “m-mel7399.dat”
contains the monthly log returns, in percentage, of Mellon Financial Corporation
stock from January 1973 to December 1999).

* Compute the sample mean, variance, skewness, excess kurtosis, and minimum
and maximum of the monthly log returns.

* Transform the log returns into simple returns. Compute the sample mean, vari-
ance, skewness, excess kurtosis, and minimum and maximum of the monthly
simple returns.

* Are the sample means of log returns statistically different from zero? Use the
5% significance level to draw your conclusion and discuss their practical impli-
cations.

Focus on the monthly stock returns of Alcoa from 1962 to 1999.

* What is the average annual log return over the data span?
* What is the annualized (average) simple return over the data span?

* Consider an investment that invested one dollar on the Alcoa stock at the begin-
ning of 1962. What was the value of the investment at the end of 19997 Assume
that there were no transaction costs.

Repeat the same analysis as the prior problem for the monthly stock returns of
American Express.

Obtain the histograms of daily simple and log returns of American Express stock
from January 1990 to December 1999. Compare them with normal distributions
that have the same mean and standard deviation.

Daily foreign exchange rates can be obtained from the Federal Reserve Bank of
Chicago. The data are the noon buying rates in New York City certified by the
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Federal Reserve Bank of New York. Consider the exchange rates of Canadian
Dollar, German Mark, United Kingdom Pound, Japanese Yen, and French Franc
versus the U.S. Dollar from January 1994 to February 2001. The exchange values
are payable in foreign currencies, except for U.K. Pound which is in U.S. Dollars.
The data are also available in the file “forex-c.dat.”

* Compute the daily log returns of the five exchange rate series.

* Compute the sample mean, variance, skewness, excess kurtosis, and minimum
and maximum of the five log return series.

* Discuss the empirical characteristics of these exchange rate series.
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CHAPTER?2

Linear Time Series Analysis
and Its Applications

In this chapter, we discuss basic theories of linear time series analysis, introduce
some simple econometric models useful for analyzing financial time series, and
apply the models to asset returns. Discussions of the concepts are brief with empha-
sis on those relevant to financial applications. Understanding the simple time series
models introduced here will go a long way to better appreciate the more sophisti-
cated financial econometric models of the later chapters. There are many time series
textbooks available. For basic concepts of linear time series analysis, see Box, Jenk-
ins, and Reinsel (1994, Chapters 2 and 3) and Brockwell and Davis (1996, Chapters
1-3).

Treating an asset return (e.g., log return r; of a stock) as a collection of ran-
dom variables over time, we have a time series {r;}. Linear time series analysis
provides a natural framework to study the dynamic structure of such a series. The
theories of linear time series discussed include stationarity, dynamic dependence,
autocorrelation function, modeling, and forecasting. The econometric models intro-
duced include (a) simple autoregressive (AR) models, (b) simple moving-average
(MA) models, (c) mixed autoregressive moving-average (ARMA) models, (d) sea-
sonal models, (e) regression models with time series errors, and (f) fractionally dif-
ferenced models for long-range dependence. For an asset return r;, simple models
attempt to capture the linear relationship between r; and information available prior
to time 7. The information may contain the historical values of ; and the random vec-
tor Y in Eq. (1.14) that describes the economic environment under which the asset
price is determined. As such, correlation plays an important role in understanding
these models. In particular, correlations between the variable of interest and its past
values become the focus of linear time series analysis. These correlations are referred
to as serial correlations or autocorrelations. They are the basic tool for studying a
stationary time series.

22
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2.1 STATIONARITY

The foundation of time series analysis is stationarity. A time series {r;} is said to
be strictly stationary if the joint distribution of (4, ..., ry) is identical to that of
(rty+¢» - - - » ry+1) for all #, where k is an arbitrary positive integer and (1, ..., )
is a collection of k positive integers. In other words, strict stationarity requires that
the joint distribution of (4, ..., r,) is invariant under time shift. This is a very
strong condition that is hard to verify empirically. A weaker version of stationarity
is often assumed. A time series {r;} is weakly stationary if both the mean of r; and
the covariance between r, and r;_, are time-invariant, where ¢ is an arbitrary integer.
More specifically, {r;} is weakly stationary if (a) E(r;) = u, which is a constant, and
(b) Cov(rs, r1—¢) = ye, which only depends on £. In practice, suppose that we have
observed T data points {r; | t = 1, ..., T}. The weak stationarity implies that the
time plot of the data would show that the T values fluctuate with constant variation
around a constant level.

Implicitly in the condition of weak stationarity, we assume that the first two
moments of r; are finite. From the definitions, if r; is strictly stationary and its first
two moments are finite, then r; is also weakly stationary. The converse is not true in
general. However, if the time series r; is normally distributed, then weak stationarity
is equivalent to strict stationarity. In this book, we are mainly concerned with weakly
stationary series.

The covariance y; = Cov(r;, r;—¢) is called the lag-¢ autocovariance of r;. It
has two important properties: (a) y9p = Var(r;) and (b) y—¢ = y¢. The second
property holds because Cov(ry, 71—(—g) = Cov(ri—(—¢),7:) = Cov(riye, 1) =
Cov(ry, ryy—¢), where t; =t + £.

In the finance literature, it is common to assume that an asset return series is
weakly stationary. This assumption can be checked empirically provided that a suffi-
cient number of historical returns are available. For example, one can divide the data
into subsamples and check the consistency of the results obtained.

2.2 CORRELATION AND AUTOCORRELATION FUNCTION

The correlation coefficient between two random variables X and Y is defined as

| Coxy) EIX )Y — )]
+/Var(X) Var(Y) \/E(X — u)2E®Y — My)z’

Px,y

where ) and @y are the mean of X and Y, respectively, and it is assumed that the
variances exist. This coefficient measures the strength of linear dependence between
X and Y, and it can be shown that —1 < p, , < 1 and py y = py x. The two random
variables are uncorrelated if p, , = 0. In addition, if both X and Y are normal
random variables, then o, y, = 0 if and only if X and Y are independent. When the
sample {(x;, y,)}tT=1 is available, the correlation can be consistently estimated by its
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sample counterpart

Zthl(Xt =)y —y)
I - 02 X Gy - 92

Px,y =

where X = Zthl x;/T and y = Zthl y¢/T are the sample mean of X and Y,
respectively.

Autocorrelation Function (ACF)

Consider a weakly stationary return series r,. When the linear dependence between
r; and its past values r;_; is of interest, the concept of correlation is generalized to
autocorrelation. The correlation coefficient between r; and r,_, is called the lag-£
autocorrelation of r, and is commonly denoted by p¢, which under the weak station-
arity assumption is a function of £ only. Specifically, we define

Cov(r,ri—e)  _ Covlrr, o) _ 7 2.

pe= / Var(ry) Var(r;—p) Var(r;) Y0

where the property Var(r;) = Var(r;—_,) for a weakly stationary series is used. From
the definition, we have pg = 1, py = p—¢, and —1 < p; < 1. In addition, a weakly
stationary series 7; is not serially correlated if and only if p; = O for all £ > 0.

For a given sample of returns {r,}thl, let 7 be the sample mean (i.e., ¥ =
ZLI r¢/T). Then the lag-1 sample autocorrelation of r; is

5 = Zamali =it =)
PUICED,

Under some general conditions, §; is a consistent estimate of p;. For example, if
{r;} is an independent and identically distributed (iid) sequence and E(r,z) < 00,
then p; is asymptotically normal with mean zero and variance 1/T'; see Brockwell
and Davis (1991, Theorem 7.2.2). This result can be used in practice to test the null
hypothesis H, : pi = 0 versus the alternative hypothesis H, : p; # 0. The test
statistic is the usual 7 ratio, which is /7 p; and follows asymptotically the standard
normal distribution. In general, the lag-¢ sample autocorrelation of r; is defined as

R ZzT:Z-H(”t —1)(r—e —7)
pe =

S — )2

, 0<e<T-—1. (2.2)

If {r;} is an iid sequence satisfying E (r,z) < 00, then py is asymptotically normal
with mean zero and variance 1/ T for any fixed positive integer £. More generally, if
r; 1s a weakly stationary time series satisfying r, = pu + Z?:o Yia;—;, where g = 1
and {a;} is a Gaussian white noise series, then py is asymptotically normal with mean
zero and variance (1 + 2 Z?:l piz) /T for £ > g. This is referred to as Bartlett’s for-
mula in the time series literature; see Box, Jenkins, and Reinsel (1994). The previous
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result can be used to perform the hypothesis testing of H, : p = 0vs H, : pg # 0.
For more information about the asymptotic distribution of sample autocorrelations,
see Fuller (1976, Chapter 6) and Brockwell and Davis (1991, Chapter 7).

In finite samples, pg is a biased estimator of pg. The bias is in the order of 1/ T,
which can be substantial when the sample size T is small. In most financial applica-
tions, 7 is relatively large so that the bias is not serious.

Portmanteau Test
Financial applications often require to test jointly that several autocorrelations of r;
are zero. Box and Pierce (1970) propose the Portmanteau statistic

Q* m)=TY p;
(=1

as a test statistic for the null hypothesis H, : p; = --- = p, = 0 against the
alternative hypothesis H, : p; # 0 for some i € {1, ..., m}. Under the assumption
that {r,} is an iid sequence with certain moment conditions, Q* (m) is asymptotically
a chi-squared random variable with m degrees of freedom.

Ljung and Box (1978) modify the Q*(m) statistic as below to increase the power
of the test in finite samples,

2

Qm)=T(T+2)) Pe_.
=1

T 2.3)

In practice, the selection of m may affect the performance of the Q(m) statistic.
Several values of m are often used. Simulation studies suggest that the choice of
m =~ In(T) provides better power performance.

The function gy, 02, . . . is called the sample autocorrelation function (ACF) of r,.
It plays an important role in linear time series analysis. As a matter of fact, a linear
time series model can be characterized by its ACF, and linear time series modeling
makes use of the sample ACF to capture the linear dynamic of the data. Figure 2.1
shows the sample autocorrelation functions of monthly simple and log returns of
IBM stock from January 1926 to December 1997. The two sample ACFs are very
close to each other, and they suggest that the serial correlations of monthly IBM stock
returns are very small, if any. The sample ACFs are all within their two standard-error
limits, indicating that they are not significant at the 5% level. In addition, for the
simple returns, the Ljung—Box statistics give Q(5) = 5.4 and Q(10) = 14.1, which
correspond to p value of 0.37 and 0.17, respectively, based on chi-squared distribu-
tions with 5 and 10 degrees of freedom. For the log returns, we have Q(5) = 5.8 and
Q(10) = 13.7 with p value 0.33 and 0.19, respectively. The joint tests confirm that
monthly IBM stock returns have no significant serial correlations. Figure 2.2 shows
the same for the monthly returns of the value-weighted index from the Center for
Research in Security Prices (CRSP), University of Chicago. There are some signifi-
cant serial correlations at the 5% level for both return series. The Ljung—Box statis-
tics give Q(5) = 27.8 and Q(10) = 36.0 for the simple returns and Q(5) = 26.9
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Figure 2.1. Sample autocorrelation functions of monthly simple and log returns of IBM
stock from January 1926 to December 1997. In each plot, the two horizontal lines denote
two standard-error limits of the sample ACF.

and Q(10) = 32.7 for the log returns. The p values of these four test statistics are
all less than 0.0003, suggesting that monthly returns of the value-weighted index are
serially correlated. Thus, the monthly market index return seems to have stronger
serial dependence than individual stock returns.

In the finance literature, a version of the Capital Asset Pricing Model (CAPM)
theory is that the return {r;} of an asset is not predictable and should have no auto-
correlations. Testing for zero autocorrelations has been used as a tool to check the
efficient market assumption. However, the way by which stock prices are determined
and index returns are calculated might introduce autocorrelations in the observed
return series. This is particularly so in analysis of high-frequency financial data. We
discuss some of these issues in Chapter 5.

2.3 WHITE NOISE AND LINEAR TIME SERIES

White Noise
A time series r; is called a white noise if {r,;} is a sequence of independent and
identically distributed random variables with finite mean and variance. In particular,
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Figure 2.2. Sample autocorrelation functions of monthly simple and log returns of the value-
weighted index of U.S. Markets from January 1926 to December 1997. In each plot, the two
horizontal lines denote two standard-error limits of the sample ACF.

if 7, is normally distributed with mean zero and variance o2, the series is called a
Gaussian white noise. For a white noise series, all the ACFs are zero. In practice,
if all sample ACFs are close to zero, then the series is a white noise series. Based
on Figures 2.1 and 2.2, the monthly returns of IBM stock are close to white noise,
whereas those of the value-weighted index are not.

The behavior of sample autocorrelations of the value-weighted index returns indi-
cates that for some asset returns it is necessary to model the serial dependence before
further analysis can be made. In what follows, we discuss some simple time series
models that are useful in modeling the dynamic structure of a time series. The con-
cepts presented are also useful later in modeling volatility of asset returns.

Linear Time Series
A time series r; is said to be linear if it can be written as

o0
ro=n+ Y Yia, 2.4)
i=0
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where p is the mean of 74, Y9 = 1 and {a,} is a sequence of independent and iden-
tically distributed random variables with mean zero and a well-defined distribution
(i.e., {a;} is a white noise series). In this book, we are mainly concerned with the
case where a; is a continuous random variable. Not all financial time series are lin-
ear, however. We study nonlinearity and nonlinear models in Chapter 4.

For a linear time series in Eq. (2.4), the dynamic structure of r; is governed by
the coefficients 1/;, which are called the y-weights of r; in the time series literature.
If r; is weakly stationary, we can obtain its mean and variance easily by using the
independence of {a;} as

o
E(r)=p,  Var(n) =0, Y ¥},
i=0

where aaz is the variance of a;. Furthermore, the lag-¢ autocovariance of r; is

ye = Cov(r, 11—¢) = E |:<Z I/Iiati> (Z Wjat@j>:|
i=0 j=0
=F (Z wil/fjat—iat—fi—j)

ij=0
o0 o0

= Z 1/fj+el/ij(a12,g,j) =0, Z Vivjte
j=0 j=0

Consequently, the 1r-weights are related to the autocorrelations of r; as follows:

w . .
op = E _ Zi:O Yivite 0> 0 (2.5)

wo YR

where {9 = 1. Linear time series models are econometric and statistical models used
to describe the pattern of the 1r-weights of ;.

2.4 SIMPLE AUTOREGRESSIVE MODELS

The fact that the monthly return r; of CRSP value-weighted index has a statistically
significant lag-1 autocorrelation indicates that the lagged return r,_; might be useful
in predicting r;. A simple model that makes use of such predictive power is

re = ¢o + ¢1r1—1 + as, (2.6)

where {a;} is assumed to be a white noise series with mean zero and variance %2.

This model is in the same form as the well-known simple linear regression model in
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which r; is the dependent variable and r,_ is the explanatory variable. In the time
series literature, Model (2.6) is referred to as a simple autoregressive (AR) model
of order 1 or simply an AR(1) model. This simple model is also widely used in
stochastic volatility modeling when r; is replaced by its log volatility; see Chapters 3
and 10.

The AR(1) model in Eq. (2.6) has several properties similar to those of the simple
linear regression model. However, there are some significant differences between the
two models, which we discuss later. Here it suffices to note that an AR(1) model
implies that, conditional on the past return r;_1, we have

E(ry | ri—1) = ¢o + dp1ri—1,  Var(ry | r—1) = Var(a,) = o2

That is, given the past return r;_1, the current return is centered around ¢ + ¢17,—1
with variability craz. This is a Markov property such that conditional on r;_1, the
return r; is not correlated with r,_; fori > 1. Obviously, there are situations in which
r;—1 alone cannot determine the conditional expectation of r; and a more flexible
model must be sought. A straightforward generalization of the AR(1) model is the
AR(p) model

re=¢¢0+ ¢1ri—1 + -+ Ppri—p +as, 2.7

where p is a non-negative integer and {a, } is defined in Eq. (2.6). This model says that
the past p values r;—_; (i = 1, ..., p) jointly determine the conditional expectation
of r; given the past data. The AR(p) model is in the same form as a multiple linear
regression model with lagged values serving as the explanatory variables.

2.4.1 Properties of AR models

For effective use of AR models, it pays to study their basic properties. We discuss
properties of AR(1) and AR(2) models in detail and give the results for the general
AR(p) model.

AR(1) Model

We begin with the sufficient and necessary condition for weak stationarity of the
AR(1) model in Eq. (2.6). Assuming that the series is weakly stationary, we have
E(r;) = u, Var(r;) = yp, and Cov(r,, 7,— ) = y;, where u and yy are constant and
y;j is a function of j, not . We can easily obtain the mean, variance, and autocor-
relations of the series as follows. Taking the expectation of Eq. (2.6) and because
E(a;) = 0, we obtain

E(ri) = ¢o+ $1E(ri—1).
Under the stationarity condition, E(r;) = E(r,—1) = p and hence

o
1—¢1

w=¢o+oipn or E(r)=p=
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This result has two implications for r;. First, the mean of r; exists if ¢; # 1. Second,

the mean of 7; is zero if and only if ¢9 = 0. Thus, for a stationary AR(1) process, the

constant term ¢y is related to the mean of r; and ¢9 = O implies that E(r;) = 0.
Next, using ¢9 = (1 — ¢1)u, the AR(1) model can be rewritten as

re—p=¢1(r—1 — ) +a. (2.8)
By repeated substitutions, the prior equation implies that
re—u=a; + ¢ra;-1 +¢12“z—2 + -

= Z¢ia[7i. (29)
(=0

Thus, r; — w is a linear function of a;,—; for i > 0. Using this property and the
independence of the series {a,}, we obtain E[(r; — p)a;+1] = 0. By the stationarity
assumption, we have Cov(r;_1,a;) = E[(r;—1 — n)a;] = 0. This latter result can
also be seen from the fact that r;_ occurred before time ¢ and a; does not depend on
any past information. Taking the square, then the expectation of Eq. (2.8), we obtain

Var(r,) = ¢3 Var(r,_1) + o2,

where o is the variance of @, and we make use of the fact that the covariance
between ;1 and a; is zero. Under the stationarity assumption, Var(r;) = Var(r;_1),
so that

2

Var(r,) = 1_—%
1

provided that qb]z < 1. The requirement of qb]z < 1 results from the fact that the
variance of a random variable is bounded and non-negative. Consequently, the weak
stationarity of an AR(1) model implies that —1 < ¢; < 1. Yetif —1 < ¢ < 1,
then by Eq. (2.9) and the independence of the {a,} series, we can show that the mean
and variance of r; are finite. In addition, by the Cauchy—Schwartz inequality, all the
autocovariances of r; are finite. Therefore, the AR(1) model is weakly stationary. In
summary, the necessary and sufficient condition for the AR(1) model in Eq. (2.6) to
be weakly stationary is | ¢ | < 1.

Autocorrelation Function of an AR(1) Model

Multiplying Eq. (2.8) by a;, using the independence between a; and r,_1, and taking
expectation, we obtain

Ela;(re — )] = Ela;(r—1 — p)1 + E(a?) = E(a?) = o2,
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where aaz is the variance of a;. Multiplying Eq. (2.8) by (r,—_¢ — ), taking expecta-
tion, and using the prior result, we have

. ¢1y1+0az ife =0
"=y ife >0,

where we use Yy = y_¢. Consequently, for a weakly stationary AR(1) model in
Eq. (2.6), we have
o2
Var(ry) = yo = ﬁ and y; = @1ye—1, for £>0.
!

From the latter equation, the ACF of r; satisfies

pe=¢1p¢—1, for £>0.
Because pg = 1, we have p; = q‘)f. This result says that the ACF of a weakly

stationary AR(1) series decays exponentially with rate ¢ and starting value py = 1.
For a positive ¢1, the plot of ACF of an AR(1) model shows a nice exponential decay.
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Figure 2.3. The autocorrelation function of an AR(1) model: (a) for ¢; = 0.8, and (b) for
d)] == —08
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For a negative ¢, the plot consists of two alternating exponential decays with rate
¢12. Figure 2.3 shows the ACF of two AR(1) models with ¢; = 0.8 and ¢y = —0.8.

AR(2) Model
An AR(2) model assumes the form

e =¢o+ $1r—1 + 2rr—2 +a;. (2.10)
Using the same technique as that of the AR(1) case, we obtain

__ %
1—¢1—¢

provided that ¢1 + ¢» # 1. Using ¢o = (1 — ¢p1 — ¢2)t, we can rewrite the AR(2)
model as

E(r) =p

(re =) =¢1(ri—1 — ) + 2(ri—2 — ) +a;.
Multiplying the prior equation by (r,—¢ — 1), we have
(ri—e =) (ri—p) = ¢1(ri—e— ) (r—1 — ) + 2 (ri—e — ) (ri—2 — ) + (re—¢ — W ay.-
Taking expectation and using E[(r;—¢ — w)a;] = 0 for £ > 0, we obtain
Ye=¢1ve—1 +$2ye—2, for £>0.

This result is referred to as the moment equation of a stationary AR(2) model. Divid-
ing the previous equation by yp, we have the property

pe = @1po—1 + ¢2p¢—2, for £ >0, 2.11)

for the ACF of r;. In particular, the lag-1 ACF satisfies

P1 = @100 + ¢20-1 = ¢1 + P201.
Therefore, for a stationary AR(2) series r;, we have pg = 1,

__n
1—¢2
P = 1001+ 2002, £=>2.

P1

The result of Eq. (2.11) says that the ACF of a stationary AR(2) series satisfies the
second order difference equation

(1—¢1B—¢2B*p; =0,
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where B is called the back-shift operator such that Bpy = py—;. This difference
equation determines the properties of the ACF of a stationary AR(2) time series. It
also determines the behavior of the forecasts of r;. In the time series literature, some
people use the notation L instead of B for the back-shift operator. Here L stands for
lag operator. For instance, Lr; = r,—1 and Ly = Yy—1.

Corresponding to the prior difference equation, there is a second order polynomial
equation

x> —p1x — ¢ =0.

Solutions of this equation are the characteristic roots of the AR(2) model, and they

are
b1 E/o] + 40

X =
2

Denote the two characteristic roots by w; and ;. If both w; are real valued, then the
second order difference equation of the model can be factored as (1 —w; B)(1—w;B)
and the AR(2) model can be regarded as an AR(1) model operates on top of another
AR(1) model. The ACF of 7; is then a mixture of two exponential decays. Yet if ¢% +
4¢, < 0, then w; and w; are complex numbers (called a complex conjugate pair),
and the plot of ACF of r, would show a picture of damping sine and cosine waves.
In business and economic applications, complex characteristic roots are important.
They give rise to the behavior of business cycles. It is then common for economic
time series models to have complex-valued characteristic roots. For an AR(2) model
in Eq. (2.10) with a pair of complex characteristic roots, the average length of the
stochastic cycles is

r 360°
— cos~ g1/ 2v/=d2)1

where the cosine inverse is stated in degrees.

Figure 2.4 shows the ACF of four stationary AR(2) models. Part (b) is the ACF of
the AR(2) model (1—0.6B+0.4B%)r; = a;. Because ¢12+4¢2 =0.364+4x(—0.4) =
—1.24 < 0, this particular AR(2) model contains two complex characteristic roots,
and hence its ACF exhibits damping sine and cosine waves. The other three AR(2)
models have real-valued characteristic roots. Their ACFs decay exponentially.

Example 2.1. As an illustration, consider the quarterly growth rate of U.S.
real gross national product (GNP), seasonally adjusted, from the second quarter of
1947 to the first quarter of 1991. This series is used in Chapter 4 as an example of
nonlinear economic time series. Here we simply employ an AR(3) model for the
data. Denoting the growth rate by r;, we can use the model building procedure of the
next subsection to estimate the model. The fitted model is
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Figure 2.4. The autocorrelation function of an AR(2) model: (a) ¢; = 1.2 and ¢, = —0.35,
(b) ¢ = 0.6 and ¢, = —0.4, (c) ¢; = 0.2 and ¢, = 0.35, (d) ¢; = —0.2 and ¢, = 0.35.

re = 0.0047 + 0.35r;—1 + 0.18r;—2 — 0.14r,_3 + a;, 6, =0.0098.  (2.12)
Rewriting the model as
ry —0.357,-1 — 0.18r,—2 + 0.14r,_3 = 0.0047 + a,,
we obtain a corresponding third-order difference equation
(1—0.35B —0.18B% +0.14B%) =0,
which can be factored as
(14 0.52B)(1 — 0.87B + 0.27B%) = 0.

The first factor (1 4+ 0.52B) shows an exponentially decaying feature of the GNP
growth rate. Focusing on the second-order factor 1 — 0.87B — (=0.27)B2 = 0, we
have ¢7 +4¢» = 0.87% +4(—0.27) = —0.3231 < 0. Therefore, the second factor of
the AR(3) model confirms the existence of stochastic business cycles in the quarterly
growth rate of U.S. real GNP. This is reasonable as the U.S. economy went through
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expansion and contraction periods. The average length of the stochastic cycles is
approximately

L 360°
~ cos 1/ (2v/—h2)]

which is about 3 years. If one uses a nonlinear model to separate U.S. economy into
“expansion” and “contraction” periods, the data show that the average duration of
contraction periods is about three quarters and that of expansion periods is about
3 years; see the analysis in Chapter 4. The average duration of 10.83 quarters is a
compromise between the two separate durations. The periodic feature obtained here
is common among growth rates of national economies. For example, similar features
can be found for OECD countries.

= 10.83 quarters,

Stationarity

The stationarity condition of an AR(2) time series is that the absolute values of its
two characteristic roots are less one or, equivalently, its two characteristic roots are
less than one in modulus. Under the prior condition, the recursive equation in (2.11)
ensures that the ACF of the model converges to zero as the lag ¢ increases. This
convergence property is a necessary condition for a stationary time series. In fact,
the condition also applies to the AR(1) model where the polynomial equation is
x — ¢1 = 0. The characteristic root is x = ¢1, which must be less than 1 in modulus
for r; to be stationary. As shown before, py = qﬁf for a stationary AR(1) model. The
condition ensures that py — 0 as £ — o0.

AR(p) Model
The results of AR(1) and AR(2) models can readily be generalized to the general
AR(p) model in Eq. (2.7). The mean of a stationary series is

o)
l—¢r—--—¢p

E(r) =

provided that the denominator is not zero. The associated polynomial equation of the
model is

-1 -2
xP —xP™" — ™" — - — ¢, =0,

which is referred to as the characteristic equation of the model. If all the characteris-
tic roots of this equation are less than one in modulus, then the series r; is stationary.
For a stationary AR(p) series, the ACF satisfies the difference equation

(1—¢1B—¢B>—---—¢,B")py =0, for £>0.

The plot of ACF of a stationary AR(p) model would then show a mixture of damp-
ing sine and cosine patterns and exponential decays depending on the nature of its
characteristic roots.
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2.4.2 Identifying AR Models in Practice

In application, the order p of an AR time series is unknown. It must be specified
empirically. This is referred to as the order determination of AR models, and it
has been extensively studied in the time series literature. Two general approaches
are available for determining the value of p. The first approach is to use the partial
autocorrelation function, and the second approach uses some information criterion
function.

Partial Autocorrelation Function (PACF)

The PACEF of a time series is a function of its ACF and is a useful tool for determining
the order p of an AR model. A simple, yet effective way to introduce PACF is to
consider the following AR models in consecutive orders:

re = o1 + ¢1,171-1 + ey,

rr = Qo2 + ¢12r—1 + P2.2r—2 + e,

re =03+ ¢13r-1 + P23r1—2 + $33r1-3 + €3,

Ft = Qo4 + P1.4r1—1 + P2art—2 + G3471-3 + Paari—4 + ey,

where ¢y ;, ¢ j, and {e},} are, respectively, the constant term, the coefficient of r;_;,
and the error term of an AR(j) model. These models are in the form of a multiple
linear regression and can be estimated by the least squares method. As a matter of
fact, they are arranged in a sequential order that enables us to apply the idea of partial
F test in multiple linear regression analysis. The estimate qASLl of the first equation is
called the lag-1 sample PACF of r,. The estimate qASz,z of the second equation is the
lag-2 sample PACF of r;. The estimate q33,3 of the third equation is the lag-3 sample
PACEF of r,, and so on.

From the definition, the lag-2 PACF &2,2 shows the added contribution of r;_»
to r; over the AR(1) model r, = ¢ + ¢1r:—1 + e1;. The lag-3 PACF shows the
added contribution of r;_3 to r; over an AR(2) model, and so on. Therefore, for an
AR(p) model, the lag-p sample PACF should not be zero, but (ﬁ ;,j should be close
to zero for all j > p. We make use of this property to determine the order p. Indeed,
under some regularity conditions, it can be shown that the sample PACF of an AR(p)
process has the following properties:

* qu, p converges to ¢, as the sample size T goes to infinity.
° (};g’g converges to zero for all £ > p.

¢ The asymptotic variance of qAbg‘ ¢is 1/T for £ > p.

These results say that, for an AR(p) series, the sample PACF cuts off at lag p.
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Table 2.1. Sample Partial Autocorrelation Function and Akaike Information Criterion
for the Monthly Simple Returns of CRSP Value-Weighted Index from January 1926 to
December 1997.

p 1 2 3 4 5
PACF 0.11 -0.02 —0.12 0.04 0.07
AIC ~5.807 —5.805 —5.817 ~5.816 ~5.819
P 6 7 8 9 10
PACF ~0.06 0.02 0.06 0.06 —0.01
AIC —5.821 ~5.819 —5.820 —5.821 —5.818

As an example, consider the monthly simple returns of CRSP value-weighted
index from January 1926 to December 1997. Table 2.1 gives the first 10 lags of
sample PACF of the series. With T = 864, the asymptotic standard error of the
sample PACF is approximately 0.03. Therefore, using the 5% significant level, we
identify an AR(3) or AR(5) model for the data (i.e., p = 3 or 5).

Information Criteria

There are several information criteria available to determine the order p of an AR
process. All of them are likelihood based. For example, the well-known Akaike Infor-
mation Criterion (Akaike, 1973) is defined as

-2 2
AIC = T In(likelihood) + T X (number of parameters), (2.13)

where the likelihood function is evaluated at the maximum likelihood estimates and
T is the sample size. For a Gaussian AR(¢) model, AIC reduces to

20
AIC() = In(67) + -

where &52 is the maximum likelihood estimate of oaz, which is the variance of ay,
and T is the sample size; see Eq. (1.18). In practice, one computes AIC({) for
{ =0,..., P, where P is a prespecified positive integer and selects the order k
that has the minimum AIC value. The second term of the AIC in Eq. (2.13) is called
the penalty function of the criterion because it penalizes a candidate model by the
number of parameters used. Different penalty functions result in different informa-
tion criteria.

Table 2.1 also gives the AIC for p = 1, ..., 10. The AIC values are close to each
other with minimum —5.821 occurring at p = 6 and 9, suggesting that an AR(6)
model is preferred by the criterion. This example shows that different approaches
for order determination may result in different choices of p. There is no evidence
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to suggest that one approach outperforms the other in a real application. Substantive
information of the problem under study and simplicity are two factors that also play
an important role in choosing an AR model for a given time series.

Parameter Estimation

For a specified AR(p) model in Eq. (2.7), the conditional least squares method,
which starts with the (p + 1)th observation, is often used to estimate the parame-
ters. Specifically, conditioning on the first p observations, we have

rn=¢o+p1ri1 4+ bpripta, t=p+1,...,T,

which can be estimated by the least squares method. Denote the estimate of ¢; by qAbi.
The fitted model is

P = 430 +<131”t—1 +---+ éﬁrt—p
and the associated residual is
ar =r; — Iy
The series {a,} is called the residual series, from which we obtain

T ~2
A2 Zt:p+l a;
aTT-2p—1"

For illustration, consider an AR(3) model for the monthly simple returns of the value-
weighted index in Table 2.1. The fitted model is

re = 0.0103 4+ 0.104r,_; — 0.010r;—2 — 0.120r,—3 + a;, 6, = 0.054.

The standard errors of the coefficients are 0.002, 0.034, 0.034, and 0.034, respec-
tively. Except for the lag-2 coefficient, all parameters are statistically significant at
the 1% level.

For this example, the AR coefficients of the fitted model are small, indicating that
the serial dependence of the series is weak, even though it is statistically significant
at the 1% level. The significance of $o of the entertained model implies that the
expected mean return of the series is positive. In fact, i = 0.0103/(1 — 0.104 +
0.010 + 0.120) = 0.01, which is small, but has an important long-term implication.
It implies that the long-term return of the index can be substantial. Using the multi-
period simple return defined in Chapter 1, the average annual simple gross return is
[]—[fﬁ 1+ R;)]'%/864 _ 1 ~ 0.1053. In other words, the monthly simple returns of
the CRSP value-weighted index grew about 10.53% per annum from 1926 to 1997,
supporting the common belief that equity market performs well in the long term. A
one-dollar investment at the beginning of 1926 would be worth about $1350 at the
end of 1997.
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Model Checking

A fitted model must be examined carefully to check for possible model inadequacy.
If the model is adequate, then the residual series should behave as a white noise.
The ACF and the Ljung-Box statistics in Eq. (2.3) of the residuals can be used to
check the closeness of a; to a white noise. For an AR(p) model, the Ljung-Box
statistic Q (m) follows asymptotically a chi-squared distribution with m — p degrees
of freedom. Here the number of degrees of freedom is modified to signify that p
AR coefficients are estimated. If a fitted model is found to be inadequate, it must be
refined.

Consider the residual series of the fitted AR(3) model for the monthly value-
weighted simple returns. We have Q(10) = 15.8 with p value 0.027 based on
its asymptotic chi-squared distribution with 7 degrees of freedom. Thus, the null
hypothesis of no residual serial correlation in the first 10 lags is rejected at the 5%
level, but not at the 1% level. If the model is refined to an AR(5) model, then we have

ry = 0.0092 + 0.107r,_; — 0.001r,_2 — 0.123r;,_3 + 0.028r;_4 + 0.069r;_5 + a,

with 6, = 0.054. The AR coefficients at lags 1, 3, and 5 are significant at the 5%
level. The Ljung—Box statistics give Q(10) = 11.2 with p value 0.048. This model
shows some improvements and appears to be marginally adequate at the 5% signif-
icance level. The mean of r; based on the refined model is also very close to 0.01,
showing that the two models have similar long-term implications.

2.4.3 Forecasting

Forecasting is an important application of time series analysis. For the AR(p) model
in Eq. (2.7), suppose that we are at the time index & and are interested in forecasting
rh4¢, where £ > 1. The time index 4 is called the forecast origin and the positive
integer ¢ is the forecast horizon. Let 7, (£) be the forecast of rj4, using the minimum
squared error loss function. In other words, the forecast 7¢ (£) is chosen such that

Elrpse — (O] < min E (rj - 27,

where g is a function of the information available at time /4 (inclusive). We referred
to 7, (£) as the £-step ahead forecast of r; at the forecast origin &.

1-Step Ahead Forecast
From the AR(p) model, we have

Thal = @0 + d17p + - + dpriyp1—p + apt1.

Under the minimum squared error loss function, the point forecast of rj| given the
model and observations up to time 4 is the conditional expectation
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P
Fn(1) = E@ngr | rarnts ) = o+ Y dirnrii

i=1

and the associated forecast error is

en(1) = rpgp1 — in(1) = apy1.

Consequently, the variance of the 1-step ahead forecast error is Var[e,(1)] =
Var(ap4+1) = oaz. If a; is normally distributed, then a 95% 1-step ahead interval
forecast of rjy1 is 7,(1) & 1.96 x o,. For the linear model in Eq. (2.4), a;+1 is also
the 1-step ahead forecast error at the forecast origin ¢. In the econometric literature,
ay+1 is referred to as the shock to the series at time ¢ + 1.

In practice, estimated parameters are often used to compute point and interval
forecasts. This results in a conditional forecast because such a forecast does not
take into consideration the uncertainty in the parameter estimates. In theory, one can
consider parameter uncertainty in forecasting, but it is much more involved. When
the sample size used in estimation is sufficiently large, then the conditional forecast
is close to the unconditional one.

2-Step Ahead Forecast

Next consider the forecast of rj,4, at the forecast origin /4. From the AR(p) model,
we have

T2 = G0 + P1rpt1 + -+ Ppruvo—p + anyo.
Taking conditional expectation, we have
(2 = E@rna |ty ri=1,..) = o+ d17n (1) + dorn + -+ dprinsa—p
and the associated forecast error
en(2) = rpv2 — 1 (2) = $1lrnr1 — Fn(D] + any2 = apt2 + Prap+1.

The variance of the forecast error is Var[e,(2)] = (1 + d)lz)oaz. Interval forecasts
of rj42 can be computed in the same way as those for rj41. It is interesting to see
that Var[e;(2)] > Var[ey(1)], meaning that as the forecast horizon increases the
uncertainty in forecast also increases. This is in agreement with common sense that
we are more uncertain about rj42 than rp4 at the time index A for a linear time

series.

Multistep Ahead Forecast
In general, we have

Phate =G0+ G1inpe—1+ -+ dprpre—p + anye.
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The £-step ahead forecast based on the minimum squared error loss function is the
conditional expectation of 7,y given {rh,i};’io, which can be obtained as

P
Fr(0) = o+ Y _ difn(t — i),

i=1

where it is understood that 7, (i) = rp4; if i < 0. This forecast can be computed
recursively using forecasts 7, (i) for i = 1,...,£ — 1. The £-step ahead forecast
error is ey (£) = rpe — 7 (£). It can be shown that for a stationary AR(p) model,
7 (£) converges to E(r;) as £ — 0o, meaning that for such a series long-term point
forecast approaches its unconditional mean. This property is referred to as the mean
reversion in the finance literature. The variance of the forecast error then approaches
the unconditional variance of r;.

Table 2.2 contains the 1-step to 6-step ahead forecasts and the standard errors of
the associated forecast errors at the forecast origin 858 for the monthly simple return
of the value-weight index using an AR(5) model that was re-estimated using the
first 858 observations. The actual returns are also given. Because of the weak serial
dependence in the series, the forecasts and standard deviations of forecast errors
converge to the sample mean and standard deviation of the data quickly. For the
first 858 observations, the sample mean and standard error are 0.0098 and 0.0550,
respectively.

Figure 2.5 shows the 1- to 6-step ahead out-of-sample forecasts and their two
standard-error limits for the monthly log returns of value-weighted index. As in
Table 2.2, the following AR(5) model

ry = 0.0075 4 0.103r;—1 4+ 0.002r; 5 — 0.114r,_3 + 0.032r,_4 4 0.084r;_5 4 ay,

where 6, = 0.054, is built and used to produce the forecasts. For this example, the
forecasts are close to the actual values, and the actual values are all within the 95%
interval forecasts. For this particular series, the AR models for monthly simple and
log returns are close.

Remark: The prior time series analysis was carried out using the SCA package.
The commands used are given in Appendix A.

Table 2.2. Multistep Ahead Forecasts of an AR(5) Model for the Monthly Simple
Returns of CRSP Value-Weighted Index. The Forecast Origin Is 858.

Step 1 2 3 4 5 6
Forecast 0.0071 —0.0008 0.0086 0.0154 0.0141 0.0100
Std. Error 0.0541 0.0545 0.0545 0.0549 0.0549 0.0550

Actual 0.0762 —0.0365 0.0580 —0.0341 0.0311 0.0183
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Figure 2.5. Plot of 1- to 6-step ahead out-of-sample forecasts for the monthly log returns of
the CRSP value-weighted index. The forecast origin is + = 858. The forecasts are denoted

by “0” and the actual observations by a dot. The two dashed lines denote two standard-error
limits of the forecasts.

2.5 SIMPLE MOVING-AVERAGE MODELS

‘We now turn to another class of simple models that are also useful in modeling return
series in finance. These models are called moving-average (MA) models. There are
several ways to introduce MA models. One approach is to treat the model as a simple
extension of white noise series. Another approach is to treat the model as an infinite-
order AR model with some parameter constraints. We adopt the second approach. As
is shown in Chapter 5, the bid-ask bounce in stock trading may introduce an MA(1)
structure in a return series.

There is no particular reason, but simplicity, to assume a priori that the order of
an AR model is finite. We may entertain, at least in theory, an AR model with infinite
order as

rr=¢@o+ @1ri—1 + Parr2 + - +ay.

However, such an AR model is not realistic because it has infinite many parameters.
One way to make the model practical is to assume that the coefficients ¢;s satisfy
some constraints so that they are determined by a finite number of parameters. A
special case of this idea is

re=¢o — O1ri—1 — 02 — 013 — -+ ay, (2.14)
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where the coefficients depend on a single parameter 8 via ¢; = —9{ fori > 1. For
the model in Eq. (2.14) to be stationary, §; must be less than one in absolute value;
otherwise, Gf and the series will explode. Because |6; | < 1, we have 9{ — 0 as
i — 00. Thus, the contribution of r,_; to r; decays exponentially as i increases. This
is reasonable as the dependence of a stationary series r; on its lagged value r;_;, if
any, should decay over time.

The model in Eq. (2.14) can be rewritten in a rather compact form. To see this,
rewrite the model as

reA O+ 04 = o+ a. (2.15)
The model for r;_1 is then
P+ 02 + 023+ =¢o + a1 (2.16)
Multiplying Eq. (2.16) by 6; and subtracting the result from Eq. (2.15), we obtain
re=¢o(l —61) +a — a1,
which says that except for the constant term r, is a weighted average of shocks a;
and a;_1. Therefore, the model is called an MA model of order 1 or MA(1) model
for short. The general form of an MA(1) model is
re =co+a —01a;,_1, 2.17)

where cg is a constant and {a,} is a white noise series. Similarly, an MA(2) model is
in the form

rr=co+a —6ia;,_1 —bra;_» (2.18)
and an MA(g) model is
rr=co+a —01a-1— - —04a, ¢, (2.19)
where g > 0.

2.5.1 Properties of MA Models

Again, we focus on the simple MA(1) and MA(2) models. The results of MA(q)
models can easily be obtained by the same techniques.

Stationarity

MA models are always weakly stationary because they are finite linear combinations
of a white noise sequence for which the first two moments are time-invariant. For
example, consider the MA(1) model in Eq. (2.17). Taking expectation of the model,
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we have
E(r;) = co,
which is time-invariant. Taking the variance of Eq. (2.17), we have
Var(ry) = o2 + 6702 = (14 6})a2,

where we use the fact that a; and a;_; are uncorrelated. Again, Var(r;) is time-
invariant. The prior discussion applies to general MA(g) models, and we obtain two
general properties. First, the constant term of an MA model is the mean of the series
[i.e., E(r;) = col. Second, the variance of an MA(g) model is

Var(r)) = (1467 + 65 + -+ +6,)o,.

Autocorrelation Function
Assume for simplicity that c9 = O for an MA(1) model. Multiplying the model by
r:r_¢, we have

Fe—ers = re—gay — O1ri—ga;—1.
Taking expectation, we obtain
Y= —01%2, and y, =0, for £>1.

Using the prior result and the fact that Var(r;) = (1 + 012)%2, we have
po=1 pi1=——>, pe=0 for £>1.

Thus, for an MA(1) model, the lag-1 ACF is not zero, but all higher order ACFs are
zero. In other words, the ACF of an MA(1) model cuts off at lag 1. For the MA(2)
model in Eq. (2.18), the autocorrelation coefficients are

—01 + 610, —6>

= , m=——"7—  pr=0, for £>2.
1462 +062 1467 + 63

P1

Here the ACF cuts off at lag 2. This property generalizes to other MA models. For
an MA(g) model, the lag-¢ ACF is not zero, but p, = 0 for £ > g. Consequently,
an MA(g) series is only linearly related to its first ¢ lagged values and hence is a
“finite-memory” model.

2.5.2 Identifying MA Order

The ACF is useful in identifying the order of an MA model. For a time series r; with
ACF py, if p4 # 0, but pg = 0 for £ > g, then r; follows an MA(g) model.
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Figure 2.6. Time plot and sample autocorrelation function of the monthly simple returns of
the CRSP equal-weighted index from January 1926 to December 1997.

Figure 2.6 shows the time plot of monthly simple returns of the CRSP equal-
weighted index from January 1926 to December 1997 and the sample ACF of the
series. The two dashed lines shown on the ACF plot denote the two standard-error
limits. It is seen that the series has significant ACF at lags 1, 3, and 9. There are some
marginally significant ACF at higher lags, but we do not consider them here. Based
on the sample ACF, the following MA(9) model

ry=co+a —01a;,-1 — 603a,_3 — Oga; o

is identified for the series.

2.5.3 Estimation

Maximum likelihood estimation is commonly used to estimate MA models. There
are two approaches for evaluating the likelihood function of an MA model. The first
approach assumes that the initial shocks (i.e., a; for t < 0) are zero. As such, the
shocks needed in likelihood function calculation are obtained recursively from the
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model, starting with a; = r1 — ¢o and ap = ry — co + 61a;. This approach is referred
to as the conditional likelihood method and the resulting estimates are the condi-
tional maximum likelihood estimates. The second approach treats the initial shocks
a;, t <0, as additional parameters of the model and estimate them jointly with other
parameters. This approach is referred to as the exact likelihood method. The exact
likelihood estimates are preferred over the conditional ones, but they require more
intensive computation. If the sample size is large, then the two types of maximum
likelihood estimates are close to each other. For details of conditional and exact like-
lihood estimates of MA models, readers are referred to Box, Jenkins, and Reinsel
(1994) or Chapter 8.

For illustration, consider the monthly simple return series of the CRSP equal-
weighted index and the specified MA(9) model. The conditional maximum likeli-
hood method produces the fitted model

ry =0.01324a,+0.1775a;—1 —0.1324a,_34+0.1349a,_9, 6, = 0.0727, (2.20)

where standard errors of the coefficient estimates are 0.0030, 0.0327, 0.0328, and
0.0328, respectively. The Ljung—Box statistics of the residuals give Q(10) = 11.4
with p value 0.122, which is based on an asymptotic chi-squared distribution with
7 degrees of freedom. The model appears to be adequate except for a few marginal
residual ACFs at lags 14, 17, and 20. The exact maximum likelihood method pro-
duces the fitted model

ry = 0.013244a,+0.1806a,_; —0.1315a¢;_3+0.1379a;_9, 6, = 0.0727, (2.21)

where standard errors of the estimates are 0.0029, 0.0329, 0.0330, and 0.0328,
respectively. The Ljung—Box statistics of the residuals give Q(10) = 11.6 with p
value 0.116. This fitted model is also adequate. Comparing models (2.20) and (2.21),
we see that for this particular instance, the difference between the conditional and
exact likelihood methods is negligible.

2.5.4 Forecasting Using MA Models

Forecasts of an MA model can easily be obtained. Because the model has finite
memory, its point forecasts go to the mean of the series quickly. To see this, assume
that the forecast origin is /. For the 1-step ahead forecast of an MA(1) process, the
model says

Thtl = €0+ apt1 — O1ap.
Taking the conditional expectation, we have

Fr(1) = E(rhgt | Photh—t, ...) = co — Orap

en(1) = rpqe1 — (D) = apya.
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The variance of the 1-step ahead forecast error is Var[e;(1)] = aaz. In practice, the
quantity a; can be obtained in several ways. For instance, assume that ag = 0, then
a; = r; — cp, and we can compute a; for 2 < t < h recursively by using a; =
ry — co + 61a;—1. Alternatively, it can be computed by using the AR representation
of the MA(1) model; see Subsection 2.6.5.

For the 2-step ahead forecast from the equation

T2 = co + apyo — Ghapy,

we have

Pr(2) = E(rpqo | rpyth—t, ...) = co,

en(2) = rpp2 — () = apyo — Gr1ap41.

The variance of the forecast error is Var[ey, (2)] = (1 + 912)0“2, which is the variance
of the model and is greater than or equal to that of the 1-step ahead forecast error.
The prior result shows that for an MA(1) model the 2-step ahead forecast of the
series is simply the unconditional mean of the model. This is true for any forecast
origin h. More generally, 7, (¢£) = c¢o for £ > 2. In summary, for an MA(1) model,
the 1-step ahead point forecast at the forecast origin % is ¢y — 61a;, and the multistep
ahead forecasts are cg, which is the unconditional mean of the model. If we plot the
forecasts 7, (£) versus £, we see that the forecasts form a horizontal line after one
step.
Similarly, for an MA(2) model, we have

Thye = Co + apge — O1apre—1 — Oapye—2,
from which we obtain

Pr(1) = co — Orap — Orap—1
Fr(2) = co — Ohap

) =co, for £>2.

Thus, the multistep ahead forecasts of an MA(2) model go to the mean of the series
after two steps. The variances of forecast errors go to the variance of the series after
two steps. In general, for an MA(q) model, multistep ahead forecasts go to the mean
after the first g steps.

Table 2.3 gives some forecasts of the MA(9) model in Eq. (2.20) for the monthly
simple returns of the equal-weighted index at the forecast origin 1 = 854. The
sample mean and standard error of the first 854 observations of the series are 0.0131
and 0.0757, respectively. As expected, the table shows that (a) the 10-step ahead
forecast is the sample mean, and (b) the standard deviations of the forecast errors
converge to the standard deviation of the series as the forecast horizon increases.
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Table 2.3. Forecast Performance of an MA(9) Model for the Monthly Simple Returns
of the CRSP Equal-Weighted Index. The Forecast Origin is # = 854. The Model Is
Estimated by the Conditional Maximum Likelihood Method.

Step 1 2 3 4 5
Fest .0026 —.0016 .0239 .0133 .0072
S. Er .0730 .0741 .0741 .0747 .0747
Actu. —.0479 —.0213 .0851 .0442 .0486
Step 6 7 8 9 10
Fest .0163 .0106 .0186 .0087 .0131
S. Er .0747 .0747 .0747 .0747 .0754
Actu. .0271 .0814 —.0257 —.0198 —.0226
Summary

A brief summary of AR and MA models is in order. We have discussed the following
properties:

¢ for MA models, ACF is useful in specifying the order because ACF cuts off at
lag g for an MA(q) series;

* for AR models, PACF is useful in order determination because PACF cuts off
at lag p for an AR(p) process;

* an MA series is always stationary, but for an AR series to be stationary, all of
its characteristic roots must be less than 1 in modulus;

¢ for a stationary series, the multistep ahead forecasts converge to the mean of the
series and the variances of forecast errors converge to the variance of the series.

2.6 SIMPLE ARMA MODELS

In some applications, the AR or MA models discussed in the previous sections
become cumbersome because one may need a high-order model with many param-
eters to adequately describe the dynamic structure of the data. To overcome this
difficulty, the autoregressive moving-average (ARMA) models are introduced; see
Box, Jenkins, and Reinsel (1994). Basically, an ARMA model combines the ideas
of AR and MA models into a compact form so that the number of parameters used
is kept small. For the return series in finance, the chance of using ARMA models is
low. However, the concept of ARMA models is highly relevant in volatility model-
ing. As a matter of fact, the generalized autoregressive conditional heteroscedastic
(GARCH) model can be regarded as an ARMA model, albeit nonstandard, for the at2
series; see Chapter 3 for details. In this section, we study the simplest ARMAC(1, 1)
model.
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A time series r, follows an ARMAC(1, 1) model if it satisfies
re — ¢iri—1 = ¢o +a; — O1a,-1, (2.22)

where {a,;} is a white noise series. The left-hand side of Eq. (2.22) is the AR com-
ponent of the model and the right-hand side gives the MA component. The constant
term is ¢g. For this model to be meaningful, we need ¢; # 61; otherwise, there is a
cancellation in the equation and the process reduces to a white noise series.

2.6.1 Properties of ARMA(1, 1) Models

Properties of ARMA(1, 1) models are generalizations of those of AR(1) models with
some minor modifications to handle the impact of the MA(1) component. We start
with the stationarity condition. Taking the expectation of Eq. (2.22), we have

E(ry) — g1 E(ri—1) = ¢o + E(ar) — 01 E(ar-1).
Because E(a;) = 0 for all i, the mean of r; is

®o
1 —¢1
provided that the series is weakly stationary. This result is exactly the same as that
of the AR(1) model in Eq. (2.6).

Next, assuming for simplicity that ¢g = 0, we consider the autocovariance func-
tion of r,. First, multiplying the model by a, and taking expectation, we have

E(r)=pn=

E(ria;) = E(a?) — 01 E(aq;a,—1) = E(a?) = o2, (2.23)
Rewriting the model as
re=¢ir—1 +ar — a1
and taking the variance of the prior equation, we have
Var(ry) = ¢f Var(ri—1) + 07 + 007 — 20101 E(ri—1a,-1).

Here we make use of the fact that r,_1 and a; are uncorrelated. Using Eq. (2.23), we
obtain

Var(r;) — ¢7 Var(r,_1) = (1 — 26161 + 67)a2.
Therefore, if the series r; is weakly stationary, then Var(r;) = Var(r,_) and we have

(1 —2¢16) + 6302

Var(ry) =
t 1_ ¢12
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Because the variance is positive, we need ¢12 < 1 (e, |¢1] < 1). Again, this is
precisely the same stationarity condition as that of the AR(1) model.
To obtain the autocovariance function of r;, we assume ¢9 = 0 and multiply the
model in Eq. (2.22) by r;_; to obtain
FiTi—g — Q1re—1F1—g = atTr—g — O1a1—171—¢.
For £ = 1, taking expectation and using Eq. (2.23) for r — 1, we have

Y — ¢1y0 = —01072,

where y; = Cov(ry, r—¢). This result is different from that of the AR(1) case for
which y1 — ¢1y0 = 0. However, for £ = 2 and taking expectation, we have

Y2 — 11 =0,
which is identical to that of the AR(1) case. In fact, the same technique yields
ve—¢1ye—1 =0, for £>1. (2.24)

In terms of ACF, the previous results show that for a stationary ARMA(1, 1) model

2
10,4

o1 =¢1 — . pe=di1pe—1, for £>1.
Y0

Thus, the ACF of an ARMA(1, 1) model behaves very much like that of an AR(1)
model except that the exponential decay starts with lag 2. Consequently, the ACF of
an ARMA(1, 1) model does not cut off at any finite lag.

Turning to PACF, one can show that the PACF of an ARMA(1, 1) model does not
cut off at any finite lag either. It behaves very much like that of an MA(1) model
except that the exponential decay starts with lag 2 instead of lag 1.

In summary, the stationarity condition of an ARMA(1, 1) model is the same as
that of an AR(1) model, and the ACF of an ARMA(1, 1) exhibits a similar pattern
like that of an AR(1) model except that the pattern starts at lag 2.

2.6.2 General ARMA Models
A general ARMA(p, g) model is in the form

P q
rr = ¢O+Z¢i”z—i +a — Zeial—is
i=1 i=1

where {a;} is a white noise series and p and g are non-negative integers. The AR
and MA models are special cases of the ARMA(p, g) model. Using the back-shift
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operator, the model can be written as

(1-¢p1B—---—¢pB)yry =¢pop+ (1 —-6B—---—6,BN)a,. (2.25)
The polynomial 1 —¢; B —- - -—¢, B” is the AR polynomial of the model. Similarly,
1—-61B—---—0,B? is the MA polynomial. We require that there are no common fac-

tors between the AR and MA polynomials; otherwise the order (p, g) of the model
can be reduced. Like a pure AR model, the AR polynomial introduces the character-
istic equation of an ARMA model. If all of the solutions of the characteristic equation
are less than 1 in absolute value, then the ARMA model is weakly stationary. In this
case, the unconditional mean of the model is E(r;) = ¢o/(1 — 1 — --- — ¢p).

2.6.3 Identifying ARMA Models

The ACF and PACF are not informative in determining the order of an ARMA model.
Tsay and Tiao (1984) propose a new approach that uses the extended autocorrelation
function (EACF) to specify the order of an ARMA process. The basic idea of EACF
is relatively simple. If we can obtain a consistent estimate of the AR component of an
ARMA model, then we can derive the MA component. From the derived MA series,
we can use ACF to identify the order of the MA component.

The derivation of EACF is relatively involved; see Tsay and Tiao (1984) for
details. Yet the function is easy to use. The output of EACF is a two-way table,
where the rows correspond to AR order p and the columns to MA order ¢. The the-
oretical version of EACF for an ARMA(1, 1) model is given in Table 2.4. The key
feature of the table is that it contains a triangle of “O” with the upper left vertex
located at the order (1, 1). This is the characteristic we use to identify the order of
an ARMA process. In general, for an ARMA(p, g) model, the triangle of “O” will
have its upper left vertex at the (p, g) position.

For illustration, consider the monthly log stock returns of the 3M Company from
February 1946 to December 1997. There are 623 observations. The return series
and its sample ACF are shown in Figure 2.7. The ACF indicates that there are no

Table 2.4. The Theoretical EACF Table for an ARMA(1, 1) Model, Where “X” Denotes
Nonzero, “O” Denotes Zero, and “*” Denotes Either Zero or Nonzero. This Latter Cat-
egory Does Not Play Any Role in Identifying the Order (1, 1).

MA

AR
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Figure 2.7. Time plot and sample autocorrelation function of the monthly log stock returns
of 3M Company from February 1946 to December 1997.

significant serial correlations in the data at the 5% level. Table 2.5 shows the sample
EACF and a corresponding simplified table for the series. The simplified table is
constructed by using the following notation:

1. “X” denotes that the absolute value of the corresponding EACF is greater than
orequal to 2/+/T, which is twice of the asymptotic standard error of the EACF;

2. “O” denotes that the corresponding EACF is less than 2/+/T in modulus.

The simplified table clearly exhibits a triangular pattern of “O” with its upper left
vertex at the order (p, g) = (0, 0). The only exception is a single “X” in the first
row, which corresponds to a sample EACF of 0.09 that is only slightly greater than
2/+/623 = 0.08. Therefore, the EACF suggests that the monthly log returns of 3M
stock follow an ARMA(0, 0) model (i.e., a white noise series). This is in agreement
with the result suggested by the sample ACF in Figure 2.7.

Once an ARMA(p, q) model is specified, its parameters can be estimated by
either the conditional or exact likelihood method. In addition, the Ljung—Box statis-
tics of the residuals can be used to check the adequacy of a fitted model. If the model
is correctly specified, then Q(m) follows asymptotically a chi-squared distribution
with m — g degrees of freedom, where g denotes the number of parameters used in
the model.
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Table 2.5. Sample Extended Autocorrelation Function and a Simplified Table for the
Monthly Log Returns of 3M Stock from February 1946 to December 1997.

(a) Sample extended autocorrelation function

MA order: g
1 2 3 4 5 6 7 8 9 10 11 12

—-.04 —-07 -.01 02 06 —-00 .02 —-01 —-06 .03 .09 .01
—.49 01 -06 -03 —-00 06 .01 .01 —-.01 -.05 .02 .08 .02
—.18 —.05 0or -02 06 03 02 -01 —-00 .01 .05 .05
15 40 —-.01 -.01 .05 —-00 03 —-03 —-.00 .00 .02 .05
04 39 —-08 -—-.01 01 —-01 04 02 .02 —-.00 .01 .03
24 41 .07 .23 .01 .01 .05 —-.03 02 —-.01 .00 .04
—-.37 06 31 20 —-09 .01 .06 —.03 .02 —-.01 .00 .03

L1
Eeo|
(@, W

o
[\

AW = O
I |

—_ —_

w o]

|
=
|

(b) Simplified EACF table

MA order: g
D 0 1 2 3 4 5 6 7 8 9 10 11 12
0 o o o o o o o o o (6] (6] X O
1 X o o o o o o o o (6] (6] o o
2 X X o o o o o o o (6] (6] o o
3 X X X o o o o o o (6] (6] o o
4 X o X o o o o o o (6] (6] o o
5 X X X o X o o o o (6] (6] o o
6 o X o X X o o o o (6] (6] o o

2.6.4 Forecasting Using an ARMA Model

Like the behavior of ACF, forecasts of an ARMA(p, ¢) model have similar char-
acteristics as those of an AR(p) model after adjusting for the impacts of the MA
component on the lower horizon forecasts. Denote the forecast origin by 4. The 1-
step ahead forecast of r,41 can be easily obtained from the model as

P q
(1) = EGait | rnsrnets ) = o+ Y dirhri—i — ) Gi@nsi—i,
i=1

i=1

and the associated forecast error is ey (1) = rp41 — Fr(1) = ap41. The variance of
1-step ahead forecast error is Var[e;(1)] = %2~ For the £-step ahead forecast, we
have

p q
Fn€) = ECrnye | rnrnets ) = go+ Y $ifn(€ — Drnpe—i — y_ Oian(€ — i)
i=1 i=1



54 LINEAR TIME SERIES ANALYSIS AND ITS APPLICATIONS

where it is understood that 7, (£ — i) = rpy¢—; if £ —i < 0 and a, (€ — i) = 0 if
£ —i>0anda,({ —i) = apye—i if £ —i < 0. Thus, the multistep ahead forecasts
of an ARMA model can be computed recursively. The associated forecast error is

en(l) =rppe — i (0),

which can be computed easily via a formula to be given in the next subsection.

2.6.5 Three Model Representations for an ARMA Model

In this subsection, we briefly discuss three model representations for a stationary
ARMA ((p, q) model. The three representations serve three different purposes. Know-
ing these representations can lead to a better understanding of the model. The first
representation is the ARMA(p, ¢g) model in Eq. (2.25). This representation is com-
pact and useful in parameter estimation. It is also useful in computing recursively
multistep ahead forecasts of r;; see the discussion of the last subsection.

For the other two representations, we use long division of two polynomials. Given
two polynomials ¢(B) = 1—_1_ ¢ B' and6(B) = 1—Y_7_, 6; B', we can obtain,
by long division, that

OB) | yB 4 B+ =y (B) (2.26)
$(B)

and (B)
% —1- 7B —mB*— - =n(B). 2.27)

For instance, if (B) = 1 — ¢1 B and 8(B) = 1 — 01 B, then

1-61B 2 2 3
V(B) = {g = 1+ @1 —0)B 40191~ 0)B> + 91 (1 — 0B + -
1—¢1B
n(B) = % =1—(¢1—6)B —61($1 —61)B> — 67 ($1 —61)B> —---.
— 6B

From the definition, ¥ (B)w(B) = 1. Making use of the fact that Bc = ¢ for any
constant (because the value of a constant is time-invariant), we have

%o $o ) )

el T ——— and = .

o1 1-6i—---—0, o) 1—¢1—--—¢p
AR Representation

Using the result of long division in Eq. (2.27), the ARMA(p, ¢) model can be written
as

o

W= +mor 2+ m3r 3+ ay. (2.28)
=61 — - — 6,
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This representation shows the dependence of the current return r; on the past returns
rt—i, wherei > 0. The coefficients {r;} are referred to as the w-weights of an ARMA
model. To show that the contribution of the lagged value r;_; to r; is diminishing as
i increases, the m; coefficient should decay to zero as i increases. An ARMA(p, q)
model that has this property is said to be invertible. For a pure AR model, 8(B) = 1
so that 7 (B) = ¢(B), which is a finite-degree polynomial. Thus, 7; = 0 fori >
p, and the model is invertible. For other ARMA models, a sufficient condition for
invertibility is that all the zeros of the polynomial 6(B) are greater than unity in
modulus. For example, consider the MA(1) model r; = (1 — 01 B)a;. The zero of the
first order polynomial 1 — 61 B is B = 1/6;. Therefore, an MA(1) model is invertible
if | 1/61 | > 1. This is equivalent to |61 | < 1.

From the AR representation in Eq. (2.28), an invertible ARMA(p, g) series r; is a
linear combination of the current shock a; and a weighted average of the past values.
The weights decay exponentially for more remote past values.

MA Representation
Again, using the result of long division in Eq. (2.26), an ARMA(p, ¢) model can
also be written as

rn=p+a +yia_1 +vra 2+ =pu+ Y(Ba, (2.29)

where u = E(r;) = ¢o/(1 — ¢1 — - - — ¢p). This representation shows explicitly
the impact of the past shock a,_; (i > 0) on the current return r,. The coefficients
{¢;} are referred to as the impulse response function of the ARMA model. For a
weakly stationary series, the v; coefficients decay exponentially as i increases. This
is understandable as the effect of shock a,_; on the return r; should diminish over
time. Thus, for a stationary ARMA model, the shock a;_; does not have a permanent
impact on the series. If ¢9 # 0, then the MA representation has a constant term,

which is the mean of 7, [i.e., ¢po/(1 — 1 — - - - — Pp].
The MA representation in Eq. (2.29) is also useful in computing the variance of a
forecast error. At the forecast origin &, we have the shocks ay, ap—1, . ... Therefore,

the £-step ahead point forecast is
() = u+ Yean + Yerap—1 + -, (2.30)
and the associated forecast error is
en(f) = apye + Yianre—1 + -+ Ye—1an41.
Consequently, the variance of ¢-step ahead forecast error is
Varlen (O] = (1 +¥f + -+ ¥7 o2, (2.31)

which, as expected, is a nondecreasing function of the forecast horizon £.
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Finally, the MA representation in Eq. (2.29) provides a simple proof of mean
reversion of a stationary time series. The stationarity implies that 1/; approaches zero
as i — oo. Therefore, by Eq. (2.30), we have 7, (£) — u as £ — oo. Because 7, (£)
is the conditional expectation of 7, at the forecast origin /4, the result says that in
the long-term the return series is expected to approach its mean, that is, the series
is mean reverting. Furthermore, using the MA representation in Eq. (2.29), we have
Var(r;) = (1 + Zfil wl.z)aaz. Consequently, by Eq. (2.31), we have Var[e;,(£)] —
Var(r;) as £ — oo. The speed by which 7, (£) approaches u determines the speed of
mean reverting.

2.7 UNIT-ROOT NONSTATIONARITY

So far we have focused on return series that are stationary. In some studies, interest
rates, foreign exchange rates, or the price series of an asset are of interest. These
series tend to be nonstationary. For a price series, the nonstationarity is mainly due
to the fact that there is no fixed level for the price. In the time series literature, such
a nonstationary series is called unit-root nonstationary time series. The best known
example of unit-root nonstationary time series is the random-walk model.

2.7.1 Random Walk

A time series {p;} is a random walk if it satisfies
Pt = Pi—1 + ay, (2.32)

where pg is a real number denoting the starting value of the process and {a;} is a
white noise series. If p; is the log price of a particular stock at date ¢, then pg could
be the log price of the stock at its initial public offering (i.e., the logged IPO price).
If a; has a symmetric distribution around zero, then conditional on p;_1, p; has a
50-50 chance to go up or down, implying that p, would go up or down at random.
If we treat the random-walk model as a special AR(1) model, then the coefficient
of p;—1 is unity, which does not satisfy the weak stationarity condition of an AR(1)
model. A random-walk series is, therefore, not weakly stationary, and we call it a
unit-root nonstationary time series.

The random-walk model has been widely considered as a statistical model for
the movement of logged stock prices. Under such a model, the stock price is not
predictable or mean reverting. To see this, the 1-step ahead forecast of model (2.32)
at the forecast origin 4 is

Pr(1) = E(pns1 | Phs Ph—1,--.) = Dhs

which is the log price of the stock at the forecast origin. Such a forecast has no
practical value. The 2-step ahead forecast is
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P2 = E(prs2 | phs Ph—1s--) = E(prhy1 + ans2 | Phs Ph—1, - - )
= E(pn+1 | pr, Ph—1s...) = pp(1) = pp,

which again is the log price at the forecast origin. In fact, for any forecast horizon
£ > 0, we have

Pn(t) = pp.

Thus, for all forecast horizons, point forecasts of a random-walk model are simply
the value of the series at the forecast origin. Therefore, the process is not mean-
reverting.

The MA representation of the random-walk model in Eq. (2.32) is

Dr=a+a-1+a-2+---.

This representation has several important practical implications. First, the £-step
ahead forecast error is

en(0) = apye +-- -+ ant1,

so that Var[e, (£)] = Zoaz, which diverges to infinity as £ — oo. The length of an
interval forecast of pj4¢ will approach infinity as the forecast horizon increases.
This result says that the usefulness of point forecast p;(£) diminishes as £ increases,
which again implies that the model is not predictable. Second, the unconditional
variance of p; is unbounded because Var[ej, (£)] approaches infinity as £ increases.
Theoretically, this means that p; can assume any real value for a sufficiently large .
For the log price p; of an individual stock, this is plausible. Yet for market indexes,
negative log price is very rare if it happens at all. In this sense, the adequacy of a
random-walk model for market indexes is questionable. Third, from the representa-
tion, ¥; = 1 for all i. Thus, the impact of any past shock a;_; on p,; does not decay
over time. Consequently, the series has a strong memory as it remembers all of the
past shocks. In economics, the shocks are said to have a permanent effect on the
series.

2.7.2 Random Walk with a Drift

As shown by empirical examples considered so far, the log return series of a market
index tends to have a small and positive mean. This implies that the model for the
log price is

pr=pn+pi—1+a, (2.33)

where u = E(p; — p:—1) and {a;} is a white noise series. The constant term p of
model (2.33) is very important in financial study. It represents the time-trend of the
log price p; and is often referred to as the drift of the model. To see this, assume that
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the initial log price is pg. Then we have

pP1 =K+ po+ai
p2=pu+pr+a=2u+po+a+a

pr=tp+po+a+a—1+---+ar.

The last equation shows that the log price consists of a time trend ¢ and a pure
random-walk process th-:l a;. Because Var(ZEZ1 a;) = toaz, where oaz is the vari-
ance of a,, the conditional standard deviation of p; is </f6,, which grows at a slower
rate than the conditional expectation of p,. Therefore, if we graph p; against the time
index ¢, we have a time trend with slope . A positive slope p implies that the log
price eventually goes to infinity. In contrast, a negative u implies that the log price
would converge to —oo as ¢ increases. Based on this discussion, it is not surprising
to see that the log return series of the CRSP value- and equal-weighted indexes have
a small, but statistically significant, positive mean.

To illustrate the effect of the drift parameter on the price series, we consider the
monthly log stock returns of the 3M Company from February 1946 to December
1997. As shown by the sample EACF in Table 2.5, the series has no significant serial
correlation. The series thus follows the simple model

rs =0.01154+a;, &, =0.0639, (2.34)

where 0.0115 is the sample mean of 7, and has a standard error 0.0026. The mean of
the monthly log returns of 3M stock is, therefore, significantly different from zero at
the 1% level. We use the log return series to construct two log price series—namely,

t

t
pt=Zri and pf:Zai,
i=1

i=1

where a; is the mean-corrected log return in Eq. (2.34) (i.e., a; = r; — 0.0115). The
p; is the log price of 3M stock, assuming that the initial price is zero (i.e., the log
price of January 1946 was zero). The p; is the corresponding log price if the mean
of log returns were zero. Figure 2.8 shows the time plots of p, and p; as well as a
straight line y, = 0.0115 x ¢. From the plots, the importance of the constant 0.0115
in Eq. (2.34) is evident. In addition, as expected, the slope of the upward trend of p;
is about 0.0115.

Finally, it is important to understand the meaning of a constant term in a time
series model. First, for an MA(g) model in Eq. (2.19), the constant term is sim-
ply the mean of the series. Second, for a stationary AR(p) model in Eq. (2.7) or
ARMA(p, g) model in Eq. (2.25), the constant term is related to the mean via
n = ¢o/(1 —¢1 —--- — ¢p). Third, for a random walk with a drift, the constant
term becomes the time slope. These different interpretations for the constant term
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Figure 2.8. Time plots of log prices for 3M stock from February 1946 to December 1997,
assuming that the log price of January 1946 was zero. The dashed line is for log price without
time trend. The straight line is y, = 0.0115 x ¢.

in a time series model clearly highlights the difference between dynamic and usual
linear regression models.

Another important difference between dynamic and regression models is shown
by an AR(1) model and a simple linear regression model,

re = @0+ ¢1ri—1 +a; and y; = Bo + Bi1xs + ar.

For the AR(1) model to be meaningful, the coefficient ¢; must satisfy |¢; | < 1.
However, the coefficient 81 can assume any fixed real number.

2.7.3 General Unit-Root Nonstationary Models

Consider an ARMA model. If one extends the model by allowing the AR polynomial
to have 1 as a characteristic root, then the model becomes the well-known autoregres-
sive integrated moving-average (ARIMA) model. An ARIMA model is said to be
unit-root nonstationary because its AR polynomial has a unit root. Like a random-
walk model, an ARIMA model has strong memory because the ; coefficients in
its MA representation do not decay over time to zero, implying that the past shock
a;—; of the model has a permanent effect on the series. A conventional approach for
handling unit-root nonstationarity is to use differencing.
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Differencing

A time series y; is said to be an ARIMA(p, 1, q) process if the change series ¢; =
v+ — yt1—1 = (1 — B)y; follows a stationary and invertible ARMA(p, ¢) model. In
finance, price series are commonly believed to be nonstationary, but the log return
series, r; = In(p;) — In(p;—1), is stationary. In this case, the log price series is
unit-root nonstationary and hence can be treated as an ARIMA process. The idea of
transforming a nonstationary series into a stationary one by considering its change
series is called differencing in the time series literature. More formally, ¢; = y; —y;—1
is referred to as the first differenced series of y,;. In some scientific fields, a time
series y; may contain multiple unit roots and needs to be differenced multiple times
to become stationary. For example, if both y, and its first differenced series ¢; =
Yt — Y¢—1 are unit-root nonstationary, but s; = ¢; —c;—1 = y; —2y;—1+y;—2 is weakly
stationary, then y; has double unit roots, and s; is the second differenced series of
v¢. In addition, if s; follows an ARMA(p, g) model, then y; is an ARIMA(p, 2, gq)
process. For such a time series, if s; has a nonzero mean, then y; has a quadratic time
function and the quadratic time coefficient is related to the mean of s;. The seasonally
adjusted series of U.S. quarterly gross domestic product implicit price deflator might
have double unit roots. However, the mean of the second differenced series is not
significantly different from zero; see Exercises of the chapter. Box, Jenkins, and
Reinsel (1994) discuss many properties of general ARIMA models.

2.7.4 Unit-Root Test

To test whether the log price p; of an asset follows a random walk or a random walk
with a drift, we employ the models

pr=@1pr—1 + e (2.35)
pr=¢o+d1pi—1te, (2.36)

where e; denotes the error term, and consider the null hypothesis H, : ¢1 = 1 versus
the alternative hypothesis H, : ¢; < 1. This is the well-known unit-root testing
problem; see Dickey and Fuller (1979). A convenient test statistic is the 7 ratio of the
least squares (LS) estimate of ¢; under the null hypothesis. For Eq. (2.35), the LS
method gives

T T In
o 2121 Pt—1Dt ~2 Z;:l(l’z - ¢1Pt—l)2
e

¢ = : =
Zthl th—l r-1

3

where pg = 0 and T is the sample size. The ¢ ratio is

‘131 -1 i Z,T=1 Pt—1€;

std(é1) @m ’

DF = t-ratio =
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which is commonly referred to as the Dickey—Fuller test. If {e, } is a white noise series
with finite moments of order slightly greater than 2, then the DF-statistic converges
to a function of the standard Brownian motion as 7 — 00; see Chan and Wei (1988)
and Phillips (1987) for more information. If ¢g is zero but Eq. (2.36) is employed
anyway, then the resulting ¢ ratio for testing ¢y = 1 will converge to another non-
standard asymptotic distribution. In either case, simulation is used to obtain critical
values of the test statistics; see Fuller (1976, Chapter 8) for selected critical values.
Yet if ¢9 # 0 and Eq. (2.36) is used, then the 7 ratio for testing ¢; = 1 is asymp-
totically normal. However, large sample sizes are needed for the asymptotic normal
distribution to hold. Standard Brownian motion is introduced in Chapter 6.

2.8 SEASONAL MODELS

Some financial time series such as quarterly earning per share of a company exhibits
certain cyclical or periodic behavior. Such a time series is called a seasonal time
series. Figure 2.9(a) shows the time plot of quarterly earning per share of Johnson
and Johnson from the first quarter of 1960 to the last quarter of 1980. The data
obtained from Shumway and Stoffer (2000) possess some special characteristics. In
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Figure 2.9. Time plots of quarterly earning per share of Johnson and Johnson from 1960 to
1980: (a) observed earning, (b) log earning.
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particular, the earning grew exponentially during the sample period and had a strong
seasonality. Furthermore, the variability of earning increased over time. The cyclical
pattern repeats itself every year so that the periodicity of the series is 4. If monthly
data are considered (e.g., monthly sales of Wal-Mart Stores), then the periodicity is
12. Seasonal time series models are also useful in pricing weather-related derivatives
and energy futures.

Analysis of seasonal time series has a long history. In some applications, sea-
sonality is of secondary importance and is removed from the data, resulting in a
seasonally adjusted time series that is then used to make inference. The procedure
to remove seasonality from a time series is referred to as seasonal adjustment. Most
economic data published by the U.S. government are seasonally adjusted (e.g., the
growth rate of domestic gross product and the unemployment rate). In other appli-
cations such as forecasting, seasonality is as important as other characteristics of
the data and must be handled accordingly. Because forecasting is a major objective
of financial time series analysis, we focus on the latter approach and discuss some
econometric models that are useful in modeling seasonal time series.

2.8.1 Seasonal Differencing

Figure 2.9(b) shows the time plot of log earning per share of Johnson and John-
son. We took the log transformation for two reasons. First, it is used to handle the
exponential growth of the series. Indeed, the new plot confirms that the growth is
linear in the log scale. Second, the transformation is used to stablize the variability
of the series. Again, the increasing pattern in variability of Figure 2.9(a) disappears
in the new plot. Log transformation is commonly used in analysis of financial and
economic time series. In this particular instance, all earnings are positive so that no
adjustment is needed before taking the transformation. In some cases, one may need
to add a positive constant to every data point before taking the transformation.

Denote the log earning by x;. The upper left panel of Figure 2.10 shows the sample
ACF of x;, which indicates that the quarterly log earning per share has strong serial
correlations. A conventional method to handle such strong serial correlations is to
consider the first differenced series of x; [i.e., Ax; = x; — x;,—1 = (1 — B)x;]. The
lower left plot of Figure 2.10 gives the sample ACF of Ax;. The ACF is strong when
the lag is a multiple of periodicity 4. This is a well-documented behavior of sample
ACEF of a seasonal time series. Following the procedure of Box, Jenkins, and Reinsel
(1994, Chapter 9), we take another difference of the data—that is,

Ag(Ax;) = (1 — BYAX, = Axp — Axp—g = X — Xp—1 — Xy—4 + X1—5.

The operation Ay = (1 — B?) is called a seasonal differencing. In general, for a
seasonal time series y; with periodicity s, seasonal differencing means

Agyr = Y1 — yi—s = (1 = B)y;.

The conventional difference Ay, = y;—y;—1 = (1 — B)y; is referred to as the regular
differencing. The lower right plot of Figure 2.10 shows the sample ACF of A4Ax;,
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Figure 2.10. Sample ACF of the log series of quarterly earning per share of Johnson and
Johnson from 1960 to 1980, where x, is the log earning, “dx” is the first differenced series,
“ds” is the seasonally differenced series, and “dxds” denotes series with regular and seasonal
differencing.

which has a significant negative ACF at lag 1 and a marginal negative correlation at
lag 4. For completeness, Figure 2.10 also gives the sample ACF of the seasonally
differenced series A4x;.

2.8.2 Multiplicative Seasonal Models

The behavior of the sample ACF of (1 — BY(1 — B)x; in Figure 2.10 is common
among seasonal time series. It led to the development of the following special sea-
sonal time series model

(1 —B%)(1—B)x, = (1 —60B)(1 — ©B%)a,, (2.37)

where s is the periodicity of the series, a; is a white noise series, |6 | < 1,and |® | <
1. This model is referred to as the airline model in the literature; see Box, Jenkins,
and Reinsel (1994, Chapter 9). It has been found to be widely applicable in modeling
seasonal time series. The AR part of the model simply consists of the regular and
seasonal differences, whereas the MA part involves two parameters. Focusing on the
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MA part (i.e., on the model),

w;=1-0B)1 —-0OBa; =a; —0a;_1 — Oa;_s +0Oa;_s_1,
where w; = (1 — B*)(1 — B)x; and s > 1. Itis easy to obtain that E(w;) = 0 and

Var(wy) = (1 +6%)(1 + 0257
Cov(w;, wy—1) = —6(1 + @2)0112
Cov(wy, w—s41) = 0O0?
Cov(wy, wi—s) = —O(1 + 607
Cov(wy, wi—s—1) = 9@0112

Cov(ws, wi—g) =0, for €£#0,1,s—1,s,5+ 1.
Consequently, the ACF of the w; series is given by

—60 -0 e
P1 = m, Ps = 1+—®T Ps—1 = Ps+1 = P1Ps = m,
and pp = 0for¢ > 0Oand £ # 1,5 — 1, s, s + 1. For example, if w; is a quarterly
time series, then s = 4 and the ACF is nonzero at lags 1, 3, 4, and 5 only.
It is interesting to compare the prior ACF with those of the MA(1) model y; =
(1 — 8B)a; and the MA(s) model z; = (1 — ®B*)a,. The ACF of y, and z; series
are

-6
m@)=T15?mw pe(y) =0, £€>1,

ps(2) = and p¢(z) =0, £>0,#s.

-0
1+ 62’
We see that (i) p1 = p1(y), (i) ps = ps(z), and (iii) ps—1 = ps+1 = p1(y) X
0s(2). Therefore, the ACF of w, at lags (s — 1) and (s 4+ 1) can be regarded as
the interaction between lag-1 and lag-s serial dependence, and the model of w; is
called a multiplicative seasonal MA model. In practice, a multiplicative seasonal
model says that the dynamics of the regular and seasonal components of the series
are approximately orthogonal.

The model

w, = (1 —60B — OB%)q, (2.38)
where |6 | < 1 and |®| < 1, is a nonmultiplicative seasonal MA model. It is

easy to see that for the model in Eq. (2.38), ps+1 = 0. A multiplicative model is
more parsimonious than the corresponding nonmultiplicative model because both
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models use the same number of parameters, but the multiplicative model has more
nonzero ACFs.

Example 2.2. In this example, we apply the airline model to the log series
of quarterly earning per share of Johnson and Johnson from 1960 to 1980. Based on
the exact likelihood method, the fitted model is

(1 —B)(1 — BHx, = (1 —0.678B)(1 —0.314B%)a,, 6, = 0.089,

where standard errors of the two MA parameters are 0.080 and 0.101, respectively.
The Ljung-Box statistics of the residuals show Q(12) = 10.0 with p value 0.44. The
model appears to be adequate.

To illustrate the forecasting performance of the prior seasonal model, we reesti-
mate the model using the first 76 observations and reserve the last eight data points
for forecasting evaluation. We compute 1-step to 8-step ahead forecasts and their
standard errors of the fitted model at the forecast origin 7 = 76. An antilog trans-
formation is taken to obtain forecasts of earning per share using the relationship
between normal and log-normal distributions given in Chapter 1. Figure 2.11 shows
the forecast performance of the model, where the observed data are in solid line,

25

20

earning
1

1978 1979 1980 1981

year

Figure 2.11. Out-of-sample point and interval forecasts for the quarterly earning of Johnson
and Johnson. The forecast origin is the fourth quarter of 1978. In the plot, solid line shows
the actual observations, dots represent point forecasts, and dashed lines show a 95% interval
forecasts.
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point forecasts are shown by dots, and the dashed lines show 95% interval forecasts.
The forecasts show a strong seasonal pattern and are close to the observed data.

When the seasonal pattern of a time series is stable over time (e.g., close to a
deterministic function), dummy variables may be used to handle the seasonality. This
approach is taken by some analysts. However, deterministic seasonality is a special
case of the multiplicative seasonal model discussed before. Specifically, if ® = 1,
then model (2.37) contains a deterministic seasonal component. Consequently, the
same forecasts are obtained by using either dummy variables or a multiplicative sea-
sonal model when the seasonal pattern is deterministic. Yet use of dummy variables
can lead to inferior forecasts if the seasonal pattern is not deterministic. In practice,
we recommend that the exact likelihood method should be used to estimate a multi-
plicative seasonal model, especially when the sample size is small or when there is
the possibility of having a deterministic seasonal component.

2.9 REGRESSION MODELS WITH TIME SERIES ERRORS

In many applications, the relationship between two time series is of major interest.
The Market Model in finance is an example that relates the return of an individual
stock to the return of a market index. The term structure of interest rates is another
example in which the time evolution of the relationship between interest rates with
different maturities is investigated. These examples lead to the consideration of a
linear regression in the form

riy = o+ Bro + ey, (2.39)

where rq; and ry; are two time series and e; denotes the error term. The least squares
(LS) method is often used to estimate model (2.39). If {¢;} is a white noise series,
then the LS method produces consistent estimates. In practice, however, it is common
to see that the error term e, is serially correlated. In this case, we have a regression
model with time series errors, and the LS estimates of « and 8 may not be consistent.

Regression model with time series errors is widely applicable in economics and
finance, but it is one of the most commonly misused econometric models because
the serial dependence in e; is often overlooked. It pays to study the model carefully.

We introduce the model by considering the relationship between two U.S. weekly
interest rate series:

1. r1;: The 1-year Treasury constant maturity rate.
2. r3;: The 3-year Treasury constant maturity rate.

Both series have 1967 observations from January 5, 1962 to September 10, 1999 and
are measured in percentages. The series are obtained from the Federal Reserve Bank
of St Louis. Figure 2.12 shows the time plots of the two interest rates with solid
line denoting the 1-year rate and dashed line the 3-year rate. Figure 2.13(a) plots ry;
versus r3;, indicating that, as expected, the two interest rates are highly correlated.
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Figure 2.12. Time plots of U.S. weekly interest rates (in percentages) from January 5, 1962
to September 10, 1999. The solid line is the Treasury 1-year constant maturity rate and the

dashed line the Treasury 3-year constant maturity rate.
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Figure 2.13. Scatterplots of U.S. weekly interest rates from January 5, 1962 to September 10,
1999: (a) 3-year rate versus 1-year rate, and (b) changes in 3-year rate versus changes in 1-year
rate.
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A naive way to describe the relationship between the two interest rates is to use the
simple model 3; = o 4+ Bri; + e;. This results in a fitted model

r3y = 0911 4 0.924r; + ¢, 6, = 0.538 (2.40)

with RZ = 95.8%, where the standard errors of the two coefficients are 0.032 and
0.004, respectively. Model (2.40) confirms the high correlation between the two
interest rates. However, the model is seriously inadequate as shown by Figure 2.14,
which gives the time plot and ACF of its residuals. In particular, the sample ACF of
the residuals is highly significant and decays slowly, showing the pattern of a unit-
root nonstationary time series. The behavior of the residuals suggests that marked
differences exist between the two interest rates. Using the modern econometric ter-
minology, if one assumes that the two interest rate series are unit-root nonstationary,
then the behavior of the residuals of Eq. (2.40) indicates that the two interest rates are
not co-integrated; see Chapter 8 for discussion of co-integration. In other words, the
data fail to support the hypothesis that there exists a long-term equilibrium between
the two interest rates. In some sense, this is not surprising because the pattern of
“inverted yield curve” did occur during the data span. By inverted yield curve, we
mean the situation under which interest rates are inversely related to their time to
maturities.

b
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Figure 2.14. Residual series of linear regression (2.40) for two U.S. weekly interest rates:
(a) time plot, and (b) sample ACF.
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Figure 2.15. Time plots of the change series of U.S. weekly interest rates from January 12,
1962 to September 10, 1999: (a) changes in the Treasury 1-year constant maturity rate, and
(b) changes in the Treasury 3-year constant maturity rate.

The unit-root behavior of both interest rates and the residuals of Eq. (2.40) leads
to the consideration of the change series of interest rates. Let

1. ci; =riy —r11—1 = (1 — B)ry; for t > 2: Changes in the 1-year interest rate;
2. ¢3y =r3 —r3,—1 = (1 — B)r3; for t > 2: Changes in the 3-year interest rate,

and consider the linear regression c3; = o+ B¢ +e;. Figure 2.15 shows time plots of
the two change series, whereas Figure 2.13(b) provides a scatterplot between them.
The change series remain highly correlated with a fitted linear regression model

given by
¢3 =0.0002 +0.7811¢cy; + ¢;, 6. = 0.0682, (2.41)

with R? = 84.8%. The standard errors of the two coefficients are 0.0015 and 0.0075,
respectively. This model further confirms the strong linear dependence between
interest rates. Figure 2.16 shows the time plot and sample ACF of the residuals of
Eq. (2.41). Once again, the ACF shows some significant serial correlation in the
residuals, but the magnitude of the correlation is much smaller. This weak serial
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Figure 2.16. Residual series of the linear regression (2.41) for two change series of U.S.
weekly interest rates: (a) time plot, and (b) sample ACF.

dependence in the residuals can be modeled by using the simple time series models
discussed in the previous sections, and we have a linear regression with time series
errors.

The main objective of this section is to discuss a simple approach for building
a linear regression model with time series errors. The approach is straightforward.
We employ a simple time series model discussed in this chapter for the residual
series and estimate the whole model jointly. For illustration, consider the simple
linear regression in Eq. (2.41). Because residuals of the model are serially correlated,
we identify a simple ARMA model for the residuals. From the sample ACF of the
residuals shown in Figure 2.16, we specify an MA(1) model for the residuals and
modify the linear regression model to

3 =a+ Beiy +e, e =ar —01a,1, (2.42)

where {a,} is assumed to be a white noise series. In other words, we simply use an
MA(1) model, without the constant term, to capture the serial dependence in the error
term of Eq. (2.41). The resulting model is a simple example of linear regression with
time series errors. In practice, more elaborated time series models can be added to a
linear regression equation to form a general regression model with time series errors.
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Estimating a regression model with time series errors was not easy before the
advent of modern computers. Special methods such as the Cochrane—Orcutt estima-
tor have been proposed to handle the serial dependence in the residuals; see Greene
(2000, p. 546). By now, the estimation is as easy as that of other time series models.
If the time series model used is stationary and invertible, then one can estimate the
model jointly via the maximum likelihood method. This is the approach we take by
using the SCA package. For the U.S. weekly interest rate data, the fitted version of
model (2.42) is

c3r = 0.0002 + 0.7824c¢y; +¢;, e =ar +0.2115a,—;, 6, = 0.0668, (2.43)

with R? = 85.4%. The standard errors of the parameters are 0.0018, 0.0077, and
0.0221, respectively. The model no longer has a significant lag-1 residual ACF, even
though some minor residual serial correlations remain at lags 4 and 6. The incremen-
tal improvement of adding additional MA parameters at lags 4 and 6 to the residual
equation is small and the result is not reported here.

Comparing the models in Eqs. (2.40), (2.41), and (2.43), we make the following
observations. First, the high R? and coefficient 0.924 of model (2.40) are misleading
because the residuals of the model show strong serial correlations. Second, for the
change series, R? and the coefficient of ¢1; of models (2.41) and (2.43) are close. In
this particular instance, adding the MA(1) model to the change series only provides a
marginal improvement. This is not surprising because the estimated MA coefficient
is small numerically, even though it is statistically highly significant. Third, the anal-
ysis demonstrates that it is important to check residual serial dependence in linear
regression analysis.

Because the constant term of Eq. (2.43) is insignificant, the model shows that the
two weekly interest rate series are related as

r3s =13,t—1 + 0782(1’1; — r1’171) +a; + 0.21261[71.
The interest rates are concurrently and serially correlated.

Summary
We outline a general procedure for analyzing linear regression models with time
Series errors:

1. Fit the linear regression model and check serial correlations of the residuals.

2. If the residual series is unit-root nonstationary, take the first difference of both
the dependent and explanatory variables. Go to step 1. If the residual series
appears to be stationary, identify an ARMA model for the residuals and modify
the linear regression model accordingly.

3. Perform a joint estimation via the maximum likelihood method and check the
fitted model for further improvement.
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To check the serial correlations of residuals, we recommend that the Ljung—Box
statistics be used instead of the Durbin—Watson (DW) statistic because the latter
only considers the lag-1 serial correlation. There are cases in which residual serial
dependence appears at higher order lags. This is particularly so when the time series
involved exhibits some seasonal behavior.

Remark: For aresidual series e; with 7 observations, the Durbin—Watson statis-
tic is
T
N lez(ez - 61—1)2

T
Do et2

Straightforward calculation shows that DW =~ 2(1 — p1), where p; is the lag-1 ACF
of {e;}.

DW

2.10 LONG-MEMORY MODELS

We have discussed that for a stationary time series the ACF decays exponentially to
zero as lag increases. Yet for a unit-root nonstationary time series, it can be shown
that the sample ACF converges to 1 for all fixed lags as the sample size increases; see
Chan and Wei (1988) and Tiao and Tsay (1983). There exist some time series whose
ACF decays slowly to zero at a polynomial rate as the lag increases. These processes
are referred to as long-memory time series. One such an example is the fractionally
differenced process defined by

(1-B)Y%x =a, —-05<d<0.5, (2.44)

where {a;} is a white noise series. Properties of model (2.44) have been widely stud-
ied in the literature (e.g., Hosking, 1981). We summarize some of these properties
below.

1. If d < 0.5, then x; is a weakly stationary process and has the infinite MA
representation

d(l+d)---(k—1+4d)
k!

o0
Xp=a + Y viai, with Yy =
i=1

_(k+d-1)!
T okld-=1!
2. If d > —0.5, then x; is invertible and has the infinite AR representation

~d(1—d)-- (k—1-ad)
k!

o0
X = Znix,,i +a;, with m =

i=1
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_(k—d—1)
T kl(=d =1’

3. For —0.5 < d < 0.5, the ACF of x; is

dl+d)---(k—=1+4d)
Ok = , k=1,2,....
1-d)2—-d) - (k—d)

In particular, p; =d/(1 — d) and

—d)!
Pk X ﬁkw*l, as k — oo.

4. For —0.5 <d < 0.5, the PACFof x; is ¢y x =d/(k —d) fork =1,2,....

5. For —0.5 < d < 0.5, the spectral density function f(w) of x;, which is the
Fourier transform of the ACF of x;, satisfies

f@) ~w 2 as o—0, (2.45)

where w € [0, 2] denotes the frequency.

Of particular interest here is the behavior of ACF of x; when d < 0.5. The property
says that p; ~ k>¢~1, which decays at a polynomial, instead of exponential, rate. For
this reason, such an x; process is called a long-memory time series. A special char-
acteristic of the spectral density function in Eq. (2.45) is that the spectrum diverges
to infinity as @ — 0. However, the spectral density function of a stationary ARMA
process is bounded for all w € [0, 2r].

Earlier we used the binomial theorem for noninteger powers

i afd\ e (d _dd—1---(d—k+1)
(1=B)y=3 (-1 (k)B, (k)_ o .

k=0

If the fractionally differenced series (1 — B)?x, follows an ARMA(p, ¢) model, then
x; is called an ARFIMA(p, d, q) process, which is a generalized ARIMA model by
allowing for noninteger d.

In practice, if the sample ACF of a time series is not large in magnitude, but decays
slowly, then the series may have long memory. As an illustration, Figure 2.17 shows
the sample ACFs of the absolute series of daily simple returns for the CRSP value-
and equal-weighted indexes from July 3, 1962 to December 31, 1997. The ACFs are
relatively small in magnitude, but decay very slowly; they appear to be significant
at the 5% level even after 300 lags. For more information about the behavior of
sample ACF of absolute return series, see Ding, Granger, and Engle (1993). For the
pure fractionally differenced model in Eq. (2.44), one can estimate d using either a
maximum likelihood method or a regression method with logged periodogram at the
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Figure 2.17. Sample autocorrelation function of the absolute series of daily simple returns for
the CRSP value- and equal-weighted indexes: (a) the value-weighted index return, and (b) the

equal-weighted index return.

lower frequencies. Finally, long-memory models have attracted some attention in the
finance literature in part because of the work on fractional Brownian motion in the

continuous-time models.

APPENDIX A: SOME SCA COMMANDS

A. Commands Used in Section 2.4

The data file is m-vw.dat and comments start with “~”. These comments explain the

function of each command.

-- load data into SCA and denote the series by vw.
input vw. file 'm-vw.dat’

-- compute 10 lags of PACF.

pacf vw. maxl 10.

-- compute AIC for AR(1l) to AR(10).

miden vw. no ccm. arfits 1 to 10.

-- specify an AR(3) model and denote the model by ml.

tsm ml. model (1,2,3)vw=cO+noise.
-- estimate the model and store the residuals in rl.



APPENDIX A: SOME SCA COMMANDS

estim ml. hold resi(rl)

-- compute ACF of the residuals, including Q statistics.
acf rl.

-- refine the model to an AR(5).

tsm ml. model (1,2,3,4,5)vw=cO+noise.

-- estimate the model and store the residuals in rl.
estim ml. hold resi(rl)

-- compute ACF of the residuals.

acf rl. maxl 10.

-- compute p-value of the Q(5) statistic.
p=1.0-cdfc(11.2,5)

-- print p-value.

print p

-- re-estimate the model using the first 858 observations.

estim ml. span 1,858.

-- compute l-step to 6-step ahead forecasts at origin 858.

ufore ml. orig 858. nofs 6.
-- quit SCA.
stop

B. Commands used in Section 2.9

75

The 1-year maturity interest rates are in the file “wgslyr.dat” and the 3-year rates are

in the file “wgs3yr.dat.”

-- load the data into SCA, denote the data by ratel and rate3.

input date, ratel. file ‘wgslyr.dat’

input date,rate3. file ’‘wgs3yr.dat’

-- specify a simple linear regression model.

tsm ml. model rate3=b0+ (bl)ratel+noise.

-- estimate the specified model and store residual in rl.
estim ml. hold resi(rl).

-- compute 10 lags of residual acf.

acf rl. maxl 10.

-- difference the two series, denote the new series by clt and c3t

diff old ratel,rate3. new clt, c3t. compress.

-- specify a linear regression model for the differenced data

tsm m2. model c3t=h0+(hl)clt+noise.

-- estimation

estim m2. hold resi(r2).

-- compute residual acf.

acf r2. maxl 10.

-- specify a regression model with time series errors.
tsm m3. model c3t=g0+(gl)clt+(l)noise.

-- estimate the model using the exact likelihood method.
estim m3. method exact. hold resi(r3).

-- compute residual acf.

acf r3. maxl 10.

-- refine the model to include more MA lags.

tsm m4. model c3t=g0+(gl)clt+(1,4,6)noise.

-- estimation

estim m4. method exact. hold resi(r4d).
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-- compute residual acf.
acf r4d. maxl 10.

-- exit SCA

stop

EXERCISES

1.

Suppose that the simple return of a monthly bond index follows the MA(1)
model

R[ =a; + 0.261[_1, Ogq = 0.025.

Assume that ajgp = 0.01. Compute the 1-step and 2-step ahead forecasts of the
return at the forecast origin + = 100. What are the standard deviations of the
associated forecast errors? Also compute the lag-1 and lag-2 autocorrelations of
the return series.

Suppose that the daily log return of a security follows the model
ry = 001 + 0.27'[_2 + ag,

where {a,} is a Gaussian white noise series with mean zero and variance 0.02.
What are the mean and variance of the return series r,? Compute the lag-1 and
lag-2 autocorrelations of r;. Assume that rjop = —0.01, and r99 = 0.02. Com-
pute the 1- and 2-step ahead forecasts of the return series at the forecast origin
t = 100. What are the associated standard deviations of the forecast errors?

The file “bnd.dat” contains simple returns of monthly indexes of U.S. govern-
ment bonds with maturities in 30 years, 20 years, 10 years, 5 years, and 1 year
(in column order). The data are obtained from CRSP, and the sample period is
from January 1942 to December 1999. Build an AR or MA model for the simple
return of bond index with maturity 5 years. Is the fitted model adequate?

Consider the sampling period from January 1990 to December 1999. Are the
daily log returns of ALCOA stock predictable? You may test the hypothesis
using (a) the first 5 lags of the autocorrelation function, and (b) the first 10 lags of
the autocorrelation function. Draw your conclusion by using the 5% significance
level. The data are available from CRSP.

Consider the daily log returns of Hewlett-Packard stock, value-weighted index,
equal-weighted index, and S&P 500 index from January 1980 to December 1999
for 5056 observations. The returns include all distributions and are in percent-
ages. The data can be obtained from CRSP or from the file “d-hwp3dx8099.dat,”
which has four columns with the same ordering as stated before. For each return
series, test the hypothesis H, : p; = --- = pjp = 0 versus the alternative
hypothesis H, : p; # 0 forsomei € {1, ..., 10}, where p; is the lag-i autocor-
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10.

relation. Draw your conclusion based on the 5% significance level. Compare the
results between returns of individual stocks and market indexes.

. Consider the monthly log returns of CRSP equal-weighted index from January

1962 to December 1999 for 456 observations. You may obtain the data from
CRSP directly or from the file “m-ew6299.dat” on the Web.

* Build an AR model for the series and check the fitted model.
* Build an MA model for the series and check the fitted model.

* Compute 1- and 2-step ahead forecasts of the AR and MA models built in the
previous two questions.

* Compare the fitted AR and MA models.

. Column 3 of the file “d-hwp3dx8099.dat” contains the daily log returns of the

CRSP equal-weighted index from January 1980 to December 1999.

* Build an AR model for the series and check the fitted model.
* Build an ARMA model for the series and check the fitted model.

* Use the fitted AR model to compute 1-step to 7-step ahead forecasts at the
forecast origin December 27, 1999 (i.e., h = 5052). Note that for this particu-
lar instance the lag-5 coefficient is statistically significant. This might be due
to the weekend effects.

. Again, consider the daily log return of CRSP equal-weighted index from Jan-

uary 1980 to December 1999. Create indicator variables for Mondays, Tues-
days, Wednesdays, and Thursdays and use a regression model, possibly with
time series errors, to study the effects of trading days on the index return. What
is the fitted model? Are there serial correlations in the residuals?

. This problem is concerned with the dynamic relationship between the spot

and futures prices of the S&P500 index. The data file “sp5Smay.dat” has three
columns: log(futures price), log(spot price), and cost-of-carry (x 100). The data
were obtained from the Chicago Mercantile Exchange for the S&P 500 stock
index in May 1993 and its June futures contract. The time interval is 1 minute
(intraday). Several authors used the data to study index futures arbitrage. Here
we focus on the first two columns. Let f; and s, be the log prices of futures
and spot, respectively. Consider y; = f; — f;—1 and x; = s; — s;—1. Build a
regression model with time series errors between {y,} and {x,}, with y, being
the dependent variable.

The data file “qunemrate.dat” contains the U.S. quarterly unemployment rate,
seasonally adjusted, from 1948 to the second quarter of 1991. Consider the
change series y;, = x; — x;_1, where x; is the quarterly unemployment rate.
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Build an AR model for the y; series. Does the fitted model suggest the existence
of business cycles?

11. The quarterly gross domestic product implicit price deflator is often used as a
measure of inflation. The file “gdpipd.dat” contains the data for U.S. from the
first quarter of 1947 to the last quarter of 2000. The data are seasonally adjusted
and equal to 100 for year 1996. Build an ARIMA model for the series and check
the validity of the fitted model. The data are obtained from the Federal Reserve
Bank of St Louis.
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CHAPTERS33

Conditional Heteroscedastic Models

The objective of this chapter is to study some econometric models available in the
literature for modeling the volatility of an asset return. These models are referred to
as conditional heteroscedastic models.

Volatility is an important factor in options trading. Here volatility means the con-
ditional variance of the underlying asset return. Consider, for example, the price of a
European call option, which is a contract giving its holder the right, but not the obli-
gation, to buy a fixed number of shares of a specified common stock at a fixed price
on a given date. The fixed price is called the strike price and is commonly denoted
by K. The given date is called the expiration date. The important time duration here
is the time to expiration, and we denote it by £. If the holder can exercise her right
any time on or before the expiration date, then the option is called an American call
option. The well-known Black—Scholes option pricing formula states that the price
of a European call option is

In(P;/Kr—%)
X=

¢ =P®(x)—Kr t®(x—0,4/0), and
t t t Ut\/z

1
+ za,«/Z, (3.1

where Py is the current price of the underlying stock, r is the risk-free interest rate,
oy is the conditional standard deviation of the log return of the specified stock, and
@ (x) is the cumulative distribution function of the standard normal random variable
evaluated at x. A derivation of the formula is given later in Chapter 6. The formula
has several nice interpretations, but it suffices to say here that the conditional vari-
ance of the log return of the underlying stock plays an important role. This volatility
evolves over time.

Volatility is also important in risk management. As discussed in Chapter 7, volatil-
ity modeling provides a simple approach to calculating value at risk of a financial
position. Finally, modeling the volatility of a time series can improve the efficiency
in parameter estimation and the accuracy in interval forecast.

The univariate volatility models discussed in this chapter include the autoregres-
sive conditional heteroscedastic (ARCH) model of Engle (1982), the generalized
ARCH (GARCH) model of Bollerslev (1986), the exponential GARCH (EGARCH)

79
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model of Nelson (1991), the conditional heteroscedastic autoregressive moving-
average (CHARMA) model of Tsay (1987), the random coefficient autoregressive
(RCA) model of Nicholls and Quinn (1982), and the stochastic volatility (SV)
models of Melino and Turnbull (1990), Harvey, Ruiz, and Shephard (1994), and
Jacquier, Polson, and Rossi (1994). We also discuss advantages and weaknesses
of each volatility model and show some applications of the models. Multivariate
volatility models, including those with time-varying correlations, are discussed in
Chapter 9.

3.1 CHARACTERISTICS OF VOLATILITY

A special feature of stock volatility is that it is not directly observable. For exam-
ple, consider the daily log returns of IBM stock. The daily volatility is not directly
observable from the returns because there is only one observation in a trading day. If
intraday data of the stock, such as 5-minute returns, are available, then one can esti-
mate the daily volatility. The accuracy of such an estimate deserves a careful study,
however. Furthermore, stock volatility consists of intraday volatility and variation
between trading days. The unobservability of volatility makes it difficult to evaluate
the forecasting performance of conditional heteroscedastic models. We discuss this
issue later.

In options markets, if one accepts the idea that the prices are governed by an
econometric model such as the Black—Scholes formula, then one can use the price
to obtain the “implied” volatility. Yet this approach is often criticized for using a
specific model, which is based on some assumptions that might not hold in practice.
For instance, from the observed prices of a European call option, one can use the
Black—Scholes formula in Eq. (3.1) to deduce the conditional standard deviation o;.
The resulting value of (7[2 is called the implied volatility of the underlying stock.
However, this implied volatility is derived under the log normal assumption for the
return series. It might be very different from the actual volatility. Experience shows
that implied volatility of an asset return tends to be larger than that obtained by using
a GARCH type of volatility model.

Although volatility is not directly observable, it has some characteristics that are
commonly seen in asset returns. First, there exist volatility clusters (i.e., volatility
may be high for certain time periods and low for other periods). Second, volatility
evolves over time in a continuous manner—that is, volatility jumps are rare. Third,
volatility does not diverge to infinity—that is, volatility varies within some fixed
range. Statistically speaking, this means that volatility is often stationary. Fourth,
volatility seems to react differently to a big price increase or a big price drop. These
properties play an important role in the development of volatility models. Some
volatility models were proposed specifically to correct the weaknesses of the existing
ones for their inability to capture the characteristics mentioned earlier. For example,
the EGARCH model was developed to capture the asymmetry in volatility induced
by big “positive” and “negative” asset returns.
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3.2 STRUCTURE OF A MODEL

Let r, be the log return of an asset at time index ¢. The basic idea behind volatility
study is that the series {r;} is either serially uncorrelated or with minor lower order
serial correlations, but it is dependent. For illustration, Figure 3.1 shows the ACF and
PACEF of some functions of the monthly log stock returns of Intel Corporation from
January 1973 to December 1997. The upper left panel shows the sample ACF of the
return, which suggests no significant serial correlations except for a minor one at
lag 7. The upper right panel shows the sample ACF of the absolute log returns (i.e.,
| ¢ ]), whereas the lower left panel shows the sample ACF of the squared returns
r,z. These two plots clearly suggest that the monthly returns are not independent.
Combining the three plots, it seems that the returns are indeed serially uncorrelated,
but dependent. Volatility models attempt to capture such dependence in the return
series.

To put the volatility models in a proper perspective, it is informative to consider
the conditional mean and conditional variance of r, given Fy_j—that is,

pwe=E@ | F—1),  of =Var(r, | F—1) = E[(rr — u)* | F—1l,  (3.2)
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Figure 3.1. Sample ACF and PACF of various functions of monthly log stock returns of Intel
Corporation from January 1973 to December 1997: (a) ACF of the log returns, (b) ACF of the
squared returns (lower left), (c) ACF of the absolute returns (upper right), and (d) PACF of the
squared returns.
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where F;_; denotes the information set available at time # — 1. Typically, F;_; con-
sists of all linear functions of the past returns. As shown by the empirical examples
of Chapter 2 and Figure 3.1, serial dependence of a stock return series r; is weak if it
exists at all. Therefore, the equation for u, in (3.2) should be simple, and we assume
that r, follows a simple time series model such as a stationary ARMA(p, g) model.
In other words, we entertain the model

p 9
re=gtan,  pe=do+ ) bir-i— ) biai, (3.3)

i=1 i=1

for r;, where p and g are non-negative integers.

Model (3.3) illustrates a possible financial application of the linear time series
models of Chapter 2. The order (p, g) of an ARMA model may depend on the fre-
quency of the return series. For example, daily returns of a market index often show
some minor serial correlations, but monthly returns of the index may not contain
any significant serial correlation. One may include some explanatory variables to the
conditional mean equation and use a linear regression model with time series errors
to capture the behavior of u,. For example, a dummy variable can be used for the
Mondays to study the effect of weekend on daily stock returns.

Combining Egs. (3.2) and (3.3), we have

02 = Var(r; | Fi—1) = Var(a, | Fi—1). (3.4)

The conditional heteroscedastic models of this chapter are concerned with the evolu-
tion of o;2. The manner under which o evolves over time distinguishes one volatility
model from another.

Conditional heteroscedastic models can be classified into two general categories.
Those in the first category use an exact function to govern the evolution of 012,
whereas those in the second category use a stochastic equation to describe atz. The
GARCH model belongs to the first category, and the stochastic volatility model is in
the second category.

For simplicity in introducing volatility models, we assume that the model for the
conditional mean is given. However, we estimate the conditional mean and variance
equations jointly in empirical studies. Throughout the book, a; is referred to as the
shock or mean-corrected return of an asset return at time ¢ and oy is the positive
square-root of otz. The model for u; in Eq. (3.3) is referred to as the mean equation
for r; and the model for 0,2 is the volatility equation for r;. Therefore, modeling
conditional heteroscedasticity amounts to augmenting a dynamic equation to a time
series model to govern the time evolution of the conditional variance of the shock.

3.3 THE ARCH MODEL

The first model that provides a systematic framework for volatility modeling is the
ARCH model of Engle (1982). The basic idea of ARCH models is that (a) the mean-
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corrected asset return a; is serially uncorrelated, but dependent, and (b) the depen-
dence of a; can be described by a simple quadratic function of its lagged values.
Specifically, an ARCH(m) model assumes that

2 2 2
a; = O€g, Gl =00 + alat,] + e + amat_mv (35)

where {¢;} is a sequence of independent and identically distributed (iid) random vari-
ables with mean zero and variance 1, o9 > 0, and «; > 0 for i > 0. The coefficients
o; must satisfy some regularity conditions to ensure that the unconditional variance
of a; is finite. In practice, ¢, is often assumed to follow the standard normal or a
standardized Student-¢ distribution.

From the structure of the model, it is seen that large past squared shocks {atz_ m

iti=1
imply a large conditional variance atz for the mean-corrected return a;. Consequently,
a; tends to assume a large value (in modulus). This means that, under the ARCH
framework, large shocks tend to be followed by another large shock. Here I use the
word fend because a large variance does not necessarily produce a large variate. It
only says that the probability of obtaining a large variate is greater than that of a
smaller variance. This feature is similar to the volatility clusterings observed in asset
returns.

The ARCH effect also occurs in other financial time series. Figure 3.2 shows the
time plots of (a) the percentage changes in Deutsche Mark/U.S. Dollar exchange rate
measured in 10-minute intervals from June 5, 1989 to June 19, 1989 for 2488 obser-
vations, and (b) the squared series of the percentage changes. Big percentage changes
occurred occasionally, but there exist certain stable periods. Figure 3.3(a) shows the
sample ACF of the percentage change series. Clearly, the series has no serial cor-
relation. Figure 3.3(b) shows the sample PACF of the squared series of percentage
changes. It is seen that there are some big spikes in the PACF. Such spikes suggest
that the percentage changes are not independent and have some ARCH effects.

Remark: Some authors use /4, to denote the conditional variance in Eq. (3.5). In
this case, the shock becomes a; = +/h;¢;.

3.3.1 Properties of ARCH Models
To understand the ARCH models, it pays to carefully study the ARCH(1) model
a; = 01€;, 0,2 =ap+ otlatzfl,
where «g > 0 and «; > 0. First, the unconditional mean of a; remains zero because
E(a;) = E[E(a; | Fi—1)] = E[o:E(€;)] = 0.
Second, the unconditional variance of a, can be obtained as

Var(a;) = E(a;) = E[E(a; | Fi-1)] = Eao + a10; ) = a0 + a1 E(a;_)).
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Figure 3.2. (a) Time plot of 10-minute returns of the exchange rate between Deutsche Mark
and Dollar, and (b) the squared returns.

Because q; is a stationary process with E(a;) = 0, Var(a;) = Var(a;—1) = E(atz_l).
Therefore, we have Var(a;) = oo + o1 Var(a;) and Var(a;) = «p/(1 — 7). Because
the variance of a; must be positive, we need 0 < «; < 1. Third, in some applications,
we need higher order moments of a; to exist and, hence, @; must also satisfy some
additional constraints. For instance, to study its tail behavior, we require that the
fourth moment of a; is finite. Under the normality assumption of ¢; in Eq. (3.5), we
have

E(a} | Fi—1) =3[E(@] | F-)P =3(a0 + a1a; ;).
Therefore,
E(a}) = E[E(a} | F,—1)] = 3E(ao 4+ a1a?_ |)? = 3E[a3 + 2001’ | + oda} 1.
If a; is fourth-order stationary with m4 = E (af), then we have

my = 3[0{% + 2apo; Var(ay) + a%m4]

o]

=32 (142
a0(+ 1 —ag

) + 30112m4.
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Figure 3.3. (a) Sample autocorrelation function of the return series of Mark/Dollar exchange
rate, and (b) sample partial autocorrelation function of the squared returns.

Consequently,

3ad(1 +ar)
(I —an( =3

my =

This result has two important implications: (a) since the fourth moment of a; is posi-
tive, we see that o1 must also satisfy the condition 1—304% > (; thatis, 0 < oc% < 1/3;
and (b) the unconditional kurtosis of a, is

E(a}) a3l +a) (1 —ap)? 1 —a?
= X =3 > 3.
[Var(a)l* (1 —ap)(1 —3a}) al 1302

Thus, the excess kurtosis of a; is positive and the tail distribution of a; is heavier
than that of a normal distribution. In other words, the shock a; of a conditional Gaus-
sian ARCH(1) model is more likely than a Gaussian white noise series to produce
“outliers.” This is in agreement with the empirical finding that “outliers” appear more
often in asset returns than that implied by an iid sequence of normal random variates.
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These properties continue to hold for general ARCH models, but the formulas
become more complicated for higher order ARCH models. The condition «; > 0 in
Eq. (3.5) can be relaxed. It is a condition to ensure that the conditional variance atz
is positive for all ¢. In fact, a natural way to achieve positiveness of the conditional

variance is to rewrite an ARCH(m) model as
2
ay = 01€;, o, = Qo + A;n’tilQAm,t_l, (36)

where A, ;-1 = (@;—1,...,a1—y) and Q is a m x m non-negative definite matrix.
The ARCH(m) model in Eq. (3.5) requires €2 to be diagonal. Thus, Engle’s model
uses a parsimonious approach to approximate a quadratic function. A simple way to
achieve Eq. (3.6) is to employ a random-coefficient model for a;; see the CHARMA
and RCA models discussed later.

3.3.2 Weaknesses of ARCH Models

The advantages of ARCH models include properties discussed in the previous sub-
section. The model also has some weaknesses:

1. The model assumes that positive and negative shocks have the same effects on
volatility because it depends on the square of the previous shocks. In practice,
it is well known that price of a financial asset responds differently to positive
and negative shocks.

2. The ARCH model is rather restrictive. For instance, ozl2 of an ARCH(1) model

must be in the interval [0, %] if the series is to have a finite fourth moment. The
constraint becomes complicated for higher order ARCH models.

3. The ARCH model does not provide any new insight for understanding the
source of variations of a financial time series. They only provide a mechanical
way to describe the behavior of the conditional variance. It gives no indication
about what causes such behavior to occur.

4. ARCH models are likely to overpredict the volatility because they respond
slowly to large isolated shocks to the return series.

3.3.3 Building an ARCH Model

A simple way to build an ARCH model consists of three steps: (1) build an economet-
ric model (e.g., an ARMA model) for the return series to remove any linear depen-
dence in the data, and use the residual series of the model to test for ARCH effects;
(2) specify the ARCH order and perform estimation; and (3) check the fitted ARCH
model carefully and refine it if necessary. More details are given later.

Modeling the Mean Effect and Testing
An ARMA model is built for the observed time series to remove any serial corre-
lations in the data. For most asset return series, this step amounts to removing the
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sample mean from the data if the sample mean is significantly different from zero.
For some daily return series, a simple AR model might be needed. The squared series
a,2 is used to check for conditional heteroscedasticity, where a; = r; — u; is the resid-
ual of the ARMA model. Two tests are available here. The first test is to check the
usual Ljung-Box statistics of a,2; see McLeod and Li (1983). The second test for
conditional heteroscedasticity is the Lagrange multiplier test of Engle (1982). This
test is equivalent to the usual F statistic for testing o; = 0 (i = 1,...,m) in the

linear regression
2 2 2 ¢ 1 T
ay = oo +a1a;_ + -+ oma;_, +e, =m+1,...,T,

where e; denotes the error term, m is a prespecified positive integer, and 7T is the
sample size. Let SSRy = ZthmH(atz — 5))2, where @ is the sample mean of atz,

and SSR; = Zthm +187, where ¢, is the least squares residual of the prior linear
regression. Then we have

_ (SSRo— SSRi)/m
"~ SSR{/(T —2m —1)’

which is asymptotically distributed as a chi-squared distribution with m degrees of
freedom under the null hypothesis.

Order Determination

If the test statistic F is significant, then conditional heteroscedasticity of a; is
detected, and we use the PACF of a,z to determine the ARCH order. Using PACF of
al2 to select the ARCH order can be justified as follows. From the model in Eq. (3.5),
we have

2 2 2
o =aotooia;_+ -+ ama;_,.

For a given sample, a? is an unbiased estimate of o2. Therefore, we expect that a?
is linearly related to atz_l, ...,a’_,, in a manner similar to that of an autoregressive
model of order m. Note that a single atz is generally not an efficient estimate of
0,2, but it can serve as an approximation that could be informative in specifying the
order m.

Alternatively, define n; = at2 — 0,2. It can be shown that {n;} is an un-correlated

series with mean 0. The ARCH model then becomes
a,2 =+ a1a,2_1 + -+ amatz_m + s,

which is in the form of an AR(m) model for at2, except that {n,} is not an iid series.
From Chapter 2, PACF of at2 is a useful tool to determine the order m. Because
{n:} are not identically distributed, the least squares estimates of the prior model are
consistent, but not efficient. The PACF of a? may not be effective when the sample
size is small.



88 CONDITIONAL HETEROSCEDASTIC MODELS

Estimation
Two likelihood functions are commonly used in ARCH estimation. Under the nor-
mality assumption, the likelihood function of an ARCH(m) model is

flai,...,ar | o)

= flar | Fr—0) flar—1 | Fr—2)--- f(am+1 | Fw) f(a1, ..., an | )

T 1 2
a;

| | exp|:——:|xf(a1,...,am|a),
2072

t=m+1 | /27-[at2 t

where a = (ap, @1, ..., ay) and f(ay, ..., ay, | @) is the joint probability density
function of a1, . .., ay,. Since the exact form of f(ay, ..., an, | o) is complicated, it
is commonly dropped from the prior likelihood function, especially when the sample
size is sufficiently large. This results in using the conditional likelihood function

T 2
1 a
f(aerlv""aT|a3a17-"1am)= | | exp[_gtz}a

t=m+1 /2w f

where o? can be evaluated recursively. We refer to estimates obtained by maximiz-
ing the prior likelihood function as the conditional maximum likelihood estimates
(MLE) under normality.

Maximizing the conditional likelihood function is equivalent to maximizing its
logarithm, which is easier to handle. The conditional log likelihood function is

T 2
1 1 la

Udmat,....ar | o ar, ... am) = § —=1In@n) — = In(0}) — = —%.
t=m+1 2 2 261

Since the first term In(277) does not involve any parameters, the log likelihood func-
tion becomes

T
1 la
Lamrrs--var | auar . am) == ) [ In(0’) + 5—’2}

t=m+1

where 0> = ag + alaf_l + .-+ +apya’_,, can be evaluated recursively.

In some applications, it is more appropriate to assume that €, follows a heavy-
tailed distribution such as a standardized Student-¢ distribution. Let x, be a Student-¢
distribution with v degrees of freedom. Then Var(x,) = v/(v —2) for v > 2, and we
use €; = xy/+/v/(v — 2). The probability density function of ¢; is

2 _(U+1)/2
fle | v) = — @D/ (1 n ve_’2> . v>2, 3.7

/2w —-2)r
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where I"(x) is the usual Gamma function [i.e., '(x) = fooo y*~le=Vdy]. Using a; =
os€;, we obtain the conditional likelihood function of a;s as

f(am-l—la-"»aT | a»Am)

3 11[ ro+bm 1f @ ~w+D)/2
s T/ = D7 o (v — 2)02 ’

where v > 2 and A,;, = (a1, a2, ..., a,). We refer to the estimates that maximize the
prior likelihood function as the conditional MLE under ¢-distribution. The degrees of
freedom of the #-distribution can be specified a priori or estimated jointly with other
parameters. A value between 3 and 6 is often used if it is prespecified.

If the degrees of freedom v of Student-¢ distribution is prespecified, then the con-
ditional log likelihood function is

4 v+1 a? 1 2
Lamyt,.-..,ar | o, Ay) = — Z ) In 1+m +§1n(at) .
- t

t=m+1

(3.8)

If one wishes to estimate v jointly with other parameters, then the log likelihood
function involving degrees of freedom

La@my1, ..., ar | o, v, Ap)
= (T —m)[In(T"'((v+ 1)/2)) — In(I"(v/2)) — 0.5In((v — 2)7)]

+Lam+1,--.,ar | o, Ap),

where the second term is given in Eq. (3.8).

Model Checking
For an ARCH model, the standardized shocks
- az
ar = —
Ot

are iid random variates following either a standard normal or standardized Student-¢
distribution. Therefore, one can check the adequacy of a fitted ARCH model by
examining the series {a,}. In particular, the Ljung—Box statistics of a; can be used to
check the adequacy of the mean equation and that of 51,2 can be used to test the validity
of the volatility equation. The skewness, kurtosis, and quantile-to-quantile plot (i.e.,
QQ-plot) of {a;} can be used to check the validity of the distribution assumption.

Forecasting
Forecasts of the ARCH model in Eq. (3.5) can be obtained recursively as those of an
AR model. Consider an ARCH(m) model. At the forecast origin 4, the 1-step ahead
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2 .
forecast of Ojpy 18

o,%(l) =ao+ ona;zl 4+ 4+ amaiﬂ_m.
The 2-step ahead forecast is
07(2) = a0 + a10; (1) + 0aj + -+ + Ay s

and the ¢-step ahead forecast for a;% At

o () = a0+ Y _ oy (L —1), (3.9)

i=1

where 67 (¢ — i) =aj_,_,if¢ —i <0.

3.3.4 Examples

In this subsection, we illustrate ARCH modeling by considering two examples.

Example 3.1. We first apply the modeling procedure to build a simple
ARCH model for the monthly log stock returns of Intel Corporation. The sample
ACF and PACF of the squared returns in Figure 3.1 clearly show the existence of
conditional heteroscedasticity. Thus, it is unnecessary to perform any statistical tests
to confirm the need of ARCH modeling, and we proceed to identify the order of an
ARCH model. The sample PACF in the lower right panel of Figure 3.1 indicates that
an ARCH(3) model might be appropriate. Consequently, we specify the model

rr=u-+a;,, a =o€, atz =+ alatz_l + azatz_z + a3a[2_3

for the monthly log returns of Intel stock. Assuming that ¢; are iid standard normal,
we obtain the fitted model

re =0.0196 4+ a,, o} =0.0090 +0.2973a> | 4 0.0900a> , 4 0.0626a> 5,

where the standard errors of the parameters are 0.0062, 0.0013, 0.0887, 0.0645,
and 0.0777, respectively. While the estimates meet the general requirement of an
ARCH(3) model, the estimates of oy and a3 appear to be statistically nonsignificant
at the 5% level. Therefore, the model can be simplified.

Dropping the two nonsignificant parameters, we obtain the model

re =0.0213 +a;,, o2 =0.00998 4 0.4437a> ,, (3.10)

where the standard errors of the parameters are 0.0062, 0.00124, and 0.0938, respec-
tively. All the estimates are highly significant. Figure 3.4 shows the standardized
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Figure 3.4. Model checking statistics of the Gaussian ARCH(1) model in Eq. (3.10) for the
monthly log stock returns of Intel from January 1973 to December 1997: parts (a), (b), and
(c) show the sample ACF of the standardized shocks, their squared series, and absolute series,
respectively, and (d) is the time plot of standardized shocks.

shocks and the sample ACF of some functions of the standardized shocks. The
Ljung-Box statistics of the standardized shocks {a;} give Q(10) = 12.53 with p
value 0.25 and those of {&f} give Q(10) = 17.23 with p value 0.07. Consequently,
the ARCH(1) model in Eq. (3.10) is adequate for the data at the 5% significance
level.

The ARCH(1) model in Eq. (3.10) has some interesting properties. First, the
expected monthly log return for Intel stock is about 2.1%, which is remarkable. Sec-
ond, &f = 0.444% < 1/3 so that the unconditional fourth moment of the monthly log
return of Intel stock exists. Third, the unconditional variance of r; is 0.00998/(1 —
0.4437) = 0.0179. Finally, the ARCH(1) model can be used to predict the monthly
volatility of Intel stock returns.

t Innovation
For comparison, we also fit an ARCH(1) model to the series, assuming that €, follows
a standardized Student-¢ distribution with 5 degrees of freedom. The resulting model
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is
re =0.0222 +a;, o =0.0121 +0.3029a7 |, (3.11)

where the standard errors of the parameters are 0.0019, 0.1443, and 0.0061, respec-
tively. All the estimates are significant at the 5% level, but the ¢ ratio of & is only
2.10. The unconditional variance of a; is 0.0121/(1 — 0.3029) = 0.0174, which is
close to that obtained under normality. The Ljung—Box statistics of the standardized
shocks give Q(10) = 13.66 with p-value 0.19, confirming that the mean equation
is adequate. However, the Ljung—Box statistics for the squared standardized shocks
show Q(10) = 23.83 with p value 0.008. The volatility equation is inadequate at the
5% level. We refine the model by considering an ARCH(2) model and obtain

re = 0.0225 +a;. o2 =0.0113 +0.226a> | +0.108a2 ,, (3.12)

where the standard errors of the parameters are 0.006, 0.002, 0.135, and 0.094,
respectively. The coefficient of alz_l is marginally significant at the 10% level, but
that of atzf2 is only slightly greater than its standard error. The Ljung—Box statistics
for the squared standardized shocks give Q(10) = 8.82 with p value 0.55. Conse-
quently, the fitted ARCH(2) model appears to be adequate.

Comparing models (3.10), (3.11), and (3.12), we see that (a) using a heavy-tailed
distribution for €; reduces the ARCH effect, and (b) the difference among the three
models is small for this particular instance. Finally, a more appropriate conditional
heteroscedastic model for this data set is a GARCH(1, 1) model, which is discussed
in the next section.

Example 3.2. Consider the percentage changes of the exchange rate between
Mark and Dollar in 10-minute intervals. The data are shown in Figure 3.2(a). As
shown in Figure 3.3(a), the series has no serial correlations. However, the sample
PACF of the squared series a,2 shows some big spikes, especially at lags 1 and 3.
There are some large PACF at higher lags, but the lower order lags tend to be more
important. Following the procedure discussed in the previous subsection, we specify
an ARCH(3) model for the series. Using the conditional Gaussian likelihood func-
tion, we obtain the fitted model

07 =0.22 x 107 4 0.3284> | 4 0.073a> , +0.103a? ;,

where all the estimates are statistically significant at the 5% significant level, and
the standard errors of the parameters are 0.46 x 10~%,0.0162, 0.0160, and 0.0147,
respectively. Model checking, using the standardized shock 4, indicates that the
model is adequate.

Remark: The estimation of conditional heteroscedastic models of this chapter
is carried out by the Regression Analysis of Time Series (RATS) package. There are
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other softwares available, including Eviews, Scientific Computing Associates (SCA),
and S-Plus.

34 THE GARCH MODEL

Although the ARCH model is simple, it often requires many parameters to ade-
quately describe the volatility process of an asset return. For instance, consider the
monthly excess returns of S&P 500 index. An ARCH(9) model is needed for the
volatility process. Some alternative model must be sought. Bollerslev (1986) pro-
poses a useful extension known as the generalized ARCH (GARCH) model. For a
log return series r;, we assume that the mean equation of the process can be ade-
quatedly described by an ARMA model. Let a; = r; — i, be the mean-corrected log
return. Then a; follows a GARCH(m, s) model if

m N
2 2 2
a; = o€, o; =ot0+Zotiat7i +Zﬁja,fj, (3.13)
i=1 j=1

where again {¢,;} is a sequence of iid random variables with mean 0 and variance 1.0,
ay > 0,0, >0, f; > 0, and Z?if(m’s) (o; + Bi) < 1. Here it is understood that
a; =0fori > mand B; = 0 for j > s. The latter constraint on «; + 8; implies that
the unconditional variance of a; is finite, whereas its conditional variance otz evolves
over time. As before, ¢; is often assumed to be a standard normal or standardized
Student-¢ distribution. Equation (3.13) reduces to a pure ARCH(m) model if s = 0.
To understand properties of GARCH models, it is informative to use the following
representation. Let n; = at2 — 0,2 so that 0,2 = a,2 — n;. By plugging a,z_i =a? . —

1—i
n—i(i =0,...,s) into Eq. (3.13), we can rewrite the GARCH model as

max(m,s)

N
ai =0+ Y (i+Bar+n— ) Bimi-j. (3.14)
j=1

i=1

It is easy to check that {n;} is a martingale difference series [i.e., E(1;) = 0 and
cov(ns, ni—j) =0 for j > 1]. However, {n,} in general is not an iid sequence. Equa-
tion (3.14) is an ARMA form for the squared series atz. Thus, a GARCH model can
be regarded as an application of the ARMA idea to the squared series a,2. Using the
unconditional mean of an ARMA model, we have

o)
— D) (4 )

E(a}) =

provided that the denominator of the prior fraction is positive.
The strengths and weaknesses of GARCH models can easily be seen by focusing
on the simplest GARCH(1, 1) model with
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ol =ap+aa’, +piot,, O0<a,pr <1 (a1 +p1) <l (3.15)

First, a large a;_ | or o/, gives rise to a large o;”. This means that a large a;_,

tends to be followed by another large atz, generating, again, the well-known behavior
of volatility clustering in financial time series. Second, it can be shown that if 1 —
202 — (a1 + B1)? > 0, then

E@) _ 30— (a1 +p)’]
[E@)P? 1= (a1 +BD)? — 207

Consequently, similar to ARCH models, the tail distribution of a GARCH(1, 1) pro-
cess is heavier than that of a normal distribution. Third, the model provides a simple
parametric function that can be used to describe the volatility evolution.

Forecasts of a GARCH model can be obtained using methods similar to those of
an ARMA model. Consider the GARCH(1, 1) model in Eq. (3.15) and assume that
the forecast origin is /. For 1-step ahead forecast, we have

2 2 2
Ojy1 = o + onaj, + oy,

where aj, and U}% are known at the time index h. Therefore, the 1-step ahead forecast
is

ahz(l) =y + alaz + ,310,,2.

For multistep ahead forecasts, we use a> = o¢? and rewrite the volatility equation

in Eq. (3.15) as
ol = a0+ (a1 + 1o +aro} (el — ).
When ¢t = h + 1, the equation becomes
Oprn =0 + (1 + B)oj | + 10y, (65 — ).

Since E (eg 41— 1| Fp) = 0, the 2-step ahead volatility forecast at the forecast origin
h satisfies the equation

0 (2) = a0 + (a1 + B)af (D).
In general, we have
o () = ap + (a1 + Bof (L — 1), £> 1. (3.16)

This result is exactly the same as that of an ARMA(1, 1) model with AR polynomial
1 — (o1 + B1)B. By repeated substitutions in Eq. (3.16), we obtain that the £-step
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ahead forecast can be written as

aoll — (a1 + B1) 1 _
o2(0) = PO 1L + Bt a2(1).
1 —a; — B
Therefore,
2 o0
o2(l) > ————— as £ — 00
h l—a; — B

provided that o + 1 < 1. Consequently, the multistep ahead volatility forecasts of
a GARCH(1, 1) model converge to the unconditional variance of a; as the forecast
horizon increases to infinity provided that Var(a,) exists.

The literature on GARCH models is enormous; see Bollerslev, Chou, and Kroner
(1992), Bollerslev, Engle, and Nelson (1994), and the references therein. The model
encounters the same weaknesses as the ARCH model. For instance, it responds
equally to positive and negative shocks. In addition, recent empirical studies of high-
frequency financial time series indicate that the tail behavior of GARCH models
remains too short even with standardized Student-¢ innovations.

3.4.1 An Illustrative Example

The modeling procedure of ARCH models can also be used to build a GARCH
model. However, specifying the order of an GARCH model is not easy. Only
lower order GARCH models are used in most applications, say GARCH(I, 1),
GARCH(2, 1), and GARCH(1, 2) models. The conditional maximum likelihood
method continues to apply provided that the starting values of the volatility {0,2} are
assumed to be known. Consider, for instance, a GARCH(1, 1) model. If 012 is treated
as fixed, then 0;2 can be computed recursively for a GARCH(1, 1) model. In some
applications, the sample variance of a, serves as a good starting value of 012. The
fitted model can be checked by using the standardized residual a; = a;/o0; and its
squared process.

Example 3.3. In this example, we consider the monthly excess returns of
S&P 500 index starting from 1926 for 792 observations. The series is shown in Fig-
ure 3.5. Denote the excess return series by r;. Figure 3.6 shows the sample ACF of r;
and the sample PACF of rtz. The r; series has some serial correlations at lags 1 and
3, but the key feature is that the PACF of r,2 shows strong linear dependence. If an
MA(3) model is entertained, we obtain

re = 0.0062 + a; + 0.0944a,_1 — 0.1407a,_3, &, =0.0576

for the series, where all of the coefficients are significant at the 5% level. However,
for simplicity, we use instead an AR(3) model

Iy = Q1ri—1 + ¢ar—2 + ¢3r—3 + Po +a;.
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Figure 3.5. Time series plot of the monthly excess returns of S&P 500 index.
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Figure 3.6. (a) Sample ACF of the monthly excess returns of S&P 500 index, and (b) sample
PACEF of the squared monthly excess returns.
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The fitted AR(3) model, under the normality assumption, is

re = 0.088r,_1 — 0.023r,_ — 0.123r,_3 + 0.0066 +a;, &2 =0.00333. (3.17)

a

For the GARCH effects, we use the GARCH(1, 1) model
a; = 0;€¢;, 0'12 =g+ ,310371 + alatzfl.
A joint estimation of the AR(3)-GARCH(1, 1) model gives

re = 0.021r,_1 — 0.034r;_5 — 0.013r,_3 + 0.0085 + a;
o7 = 0.000099 + 0.84760, | +0.1219a? .

From the volatility equation, the implied unconditional variance of g, is

0.000099

= 0.00325,
1 —0.8476 — 0.1219

which is very close to that of Eq. (3.17). However, ¢ ratios of the parameters in
the mean equation suggest that all AR coefficients are insignificant at the 5% level.
Therefore, we refine the model by dropping all AR coefficients. The refined model
is

re = 0.0065 +a;, o2 =0.00014 4 0.8220072 | + 0.13524> ,. (3.18)

The standard error of the parameter in the mean equation is 0.0015, whereas those
of the parameters in the volatility equation are 0.00002, 0.0208, and 0.0166, respec-
tively. The unconditional variance of a; is 0.0001/(1 — 0.822 — 0.1352) = 0.00324.
This is a simple stationary GARCH(1, 1) model. Figure 3.7 shows the estimated
volatility process and the standardized shocks a; = a;/o; for the GARCH(1, 1)
model in Eq. (3.18). The a; series looks like a white noise process. Figure 3.8 pro-
vides the sample ACF of the standardized shocks a; and the squared process 51,2.
These ACFs fail to suggest any significant serial correlations in the two processes.
More specifically, we have Q(10) = 10.32(0.41) and Q(20) = 22.66(0.31) for a;,
and Q(10) = 8.83(0.55) and Q(20) = 15.82(0.73) for 51,2, where the number in
parentheses is the p value of the test statistic. Thus, the model appears to be ade-
quate. Note that the fitted model shows & + ,31 = (0.9572, which is close to 1. This
phenomenon is commonly observed in practice and it leads to imposing the con-
straint ] + 81 = 1 in a GARCH(1, 1) model, resulting in an integrated GARCH (or
IGARCH) model; see Section 3.5.

Finally, to forecast the volatility of monthly excess returns of S&P500 index, we
can use the volatility equation in Eq. (3.18). For instance, at the forecast origin , we
have o7, | = 0.00014 4 0.8225;7 + 0.1352a;. The 1-step ahead forecast is then



98 CONDITIONAL HETEROSCEDASTIC MODELS

o
73
&
g
.90
“ 3
(=)
S
[«
1940 1960 1980
year
[\l
§ =
b=
7
~
1940 1960 1980
year

Figure 3.7. (a) Time series plot of estimated volatility for the monthly excess returns of S&P
500 index, and (b) the standardized shocks of the monthly excess returns of S&P 500 index.
Both plots are based on the GARCH(1, 1) model in Eq. (3.18).

of(1) = 0.00014 + 0.82207 + 0.1352a7,

where ay, is the residual of the mean equation at time 2 and oﬁ is obtained from
the volatility equation. The starting value crg is fixed at either zero or the uncon-
ditional variance of a,. For multistep ahead forecasts, we use the recursive for-
mula in Eq. (3.16). Table 3.1 shows some mean and volatility forecasts for the
monthly excess return of S&P500 index with forecast origin # = 792 based on
the GARCH(1, 1) model in Eq. (3.18).

t Innovation
Assuming that ¢, follows a standardized Student-f distribution with 5 degrees of
freedom, we reestimate the GARCH(1, 1) model and obtain

e = 0.0085 +a;, o2 =0.00018 4 0.1272a> | +0.821757 ,, (3.19)

where the standard errors of the parameters are 0.0014, 0.55x 1074, 0.0349, and
0.0382, respectively. This model is essentially an IGARCH(1, 1) model as &; + ﬁl ~
0.96, which is close to 1. The Ljung—Box statistics of the standardized residuals give
0(10) = 10.45 with p value 0.40 and those of the {51,2} series give Q(10) = 9.33
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Figure 3.8. Model checking of the GARCH(1, 1) model in Eq. (3.18) for monthly excess
returns of S&P 500 index: (a) Sample ACF of standardized shocks, and (b) sample ACF of the
squared standardized shocks.

with p value 0.50. Thus, the fitted GARCH(1, 1) model with Student-¢ distribution
is adequate.

Estimation of Degrees of Freedom
If we further extend the GARCH(1, 1) model by estimating the degrees of freedom
of the Student-¢ distribution used, we obtain the model

re = 0.0083 +a;, o =0.00017 4 0.1227a> | +0.819307 ,, (3.20)

Table 3.1. Volatility Forecasts for the Monthly Excess Returns of S&P500 Index. The
Forecast Origin Is 2 = 792, Which Corresponds to December, 1991. Here Volatility
Denotes Conditional Variance.

Horizon 1 2 3 4 5 00

Return 0.0065 0.0065 0.0065 0.0065 0.0065 0.0065

Volatility 0.00311 0.00312 0.00312 0.00313 0.00314 0.00324




100 CONDITIONAL HETEROSCEDASTIC MODELS

where the estimated degrees of freedom is 6.51. Standard errors of the estimates
in Eq. (3.20) are close to those in Eq. (3.19). The standard error of the estimated
degrees of freedom is 1.49. Consequently, we cannot reject the hypothesis of using a
standardized Student-¢ distribution with 5 degrees of freedom at the 5% significance
level.

3.4.2 Forecasting Evaluation

Since the volatility of an asset return is not directly observable, comparing the fore-
casting performance of different volatility models is a challenge to data analysts. In
the literature, some researchers use out-of-sample forecasts and compare the volatil-
ity forecasts af (¢) with the shock a,zl ¢ in the forecasting sample to assess the fore-
casting performance of a volatility model. This approach often finds a low correla-
tion coefficient between a,zZ ¢ and a,f (€). However, such a finding is not surprising
because aﬁ ¢ alone is not an adequate measure of the volatility at time index & + £.
Consider the 1-step ahead forecasts. From a statistical point of view, E (aﬁ 41 | Fn)
= a,% 1 so that aﬁ 41 18 a consistent estimate of 0'}% 41~ But it is not an accurate esti-

mate of 0;% 1 because a single observation of a random variable with a known mean
value cannot provide an accurate estimate of its variance. Consequently, such an
approach to evaluate forecasting performance of volatility models is strictly speak-
ing not proper. For more information concerning forecasting evaluation of GARCH
models, readers are referred to Andersen and Bollerslev (1998).

3.5 THE INTEGRATED GARCH MODEL

If the AR polynomial of the GARCH representation in Eq. (3.14) has a unit root, then
we have an IGARCH model. Thus, IGARCH models are unit-root GARCH models.
Similar to ARIMA models, a key feature of IGARCH models is that the impact of
past squared shocks n;—; = afﬁi - ot{i fori > 0 on al2 is persistent.

An IGARCH(1, 1) model can be written as
a =o€, of =ao+pioSy + (11— Boa;y,

where {¢;} is defined as before and 1 > B; > 0. For the monthly excess returns of
S&P 500 index, an estimated IGARCH(1, 1) model is

Iy :00067+a,, ay = O1€;
o7 = 0.000119 + 0.805907 | +0.1941a’ |,
where the standard errors of the estimates in the volatility equation are 0.0017,

0.000013, and 0.0144, respectively. The parameter estimates are close to those of
the GARCH(1, 1) model shown before, but there is a major difference between the
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two models. The unconditional variance of a;, hence that of r;, is not defined under
the above IGARCH(1, 1) model. This seems hard to justify for an excess return
series. From a theoretical point of view, the IGARCH phenomenon might be caused
by occasional level shifts in volatility. The actual cause of persistence in volatility
deserves a careful investigation.

When «; + 81 = 1, repeated substitutions in Eq. (3.16) give

of () =0 (1) + (€ — Dag, €>1,

where h is the forecast origin. Consequently, the effect of o}%(l) on future volatili-
ties is also persistent, and the volatility forecasts form a straight line with slope «.
Nelson (1990) studies some probability properties of the volatility process 0,2 under
an IGARCH model. The process o2 is a martingale for which some nice results are
available in the literature. Under certain conditions, the volatility process is strictly
stationary, but not weakly stationary because it does not have the first two moments.

The case of «g = 0 is of particular interest in studying the IGARCH(1, 1) model.
In this case, the volatility forecasts are simply a}%(l) for all forecast horizons. This
special IGARCH(1, 1) model is the volatility model used in RiskMetrics, which is
an approach for calculating Value at Risk; see Chapter 7.

3.6 THE GARCH-M MODEL

In finance, the return of a security may depend on its volatility. To model such a phe-
nomenon, one may consider the GARCH-M model, where “M” stands for GARCH
in mean. A simple GARCH(1, 1)-M model can be written as

2
rn=p+co; +a, a =o€,

02 =ap+aja’ | + ol ,, (3.21)

where © and ¢ are constant. The parameter c is called the risk premium parameter.
A positive ¢ indicates that the return is positively related to its past volatility. Other
specifications of risk premium have also been used in the literature, including r;, =
n+ cor +ay.

The formulation of the GARCH-M model in Eq. (3.21) implies that there are
serial correlations in the return series ;. These serial correlations are introduced
by those in the volatility process {crlz}. The existence of risk premium is, therefore,
another reason that some historical stock returns have serial correlations.

For illustration, we consider a GARCH(1, 1)-M model for the monthly excess
returns of S&P 500 index from January 1926 to December 1991. The fitted model is

e = 0.0028 + 1.9907 + a;, o/ =0.00016 +0.1328a> | +0.813707 ,,

where the standard errors for the two parameters in the mean equation are 0.0022
and 0.7425, respectively, and those for the parameters in the volatility equation are
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0.00002, 0.0220, and 0.0192, respectively. The estimated risk premium for the index
return is positive and significant at the 5% level. The idea of risk premium applies to
other GARCH models.

3.7 THE EXPONENTIAL GARCH MODEL

To overcome some weaknesses of the GARCH model in handling financial time
series, Nelson (1991) proposes the exponential GARCH (EGARCH) model. In par-
ticular, to allow for asymmetric effects between positive and negative asset returns,
he considers the weighted innovation

gle) =0 +ylle | — E(le DI, (3.22)

where 6 and y are real constants. Both ¢; and |¢;| — E(| € |) are zero-mean iid
sequences with continuous distributions. Therefore, E[g(¢;)] = 0. The asymmetry
of g(€;) can easily be seen by rewriting it as

D=0 - y)e —vE(e]) ife <0.

Remark: For the standard Gaussian random variable €;, E(| ¢, |) = +/2/7. For
the standardized Student-¢ distribution in Eq. (3.7), we have

20 =2 ((v + 1) /2)

Q4D == hram

An EGARCH(m, s) model can be written as

1+ 1B+ -+ BB°
m=m&IMﬁ=%+law (e, (3.23)
"B —a,

where o is a constant, B is the back-shift (or lag) operator such that Bg(e;) =
g(e—1),and 1+ BB+ -+ BsB*and 1 — 1B — -+ - — o, B™ are polynomials
with zeros outside the unit circle and have no common factors. By outside the unit
circle, we mean that absolute values of the zeros are greater than 1. Again, Eq. (3.23)
uses the usual ARMA parameterization to describe the evolution of the conditional
variance of a;. Based on this representation, some properties of the EGARCH model
can be obtained in a similar manner as those of the GARCH model. For instance, the
unconditional mean of ln(olz) is ag. However, the model differs from the GARCH
model in several ways. First, it uses logged conditional variance to relax the positive-
ness constraint of model coefficients. Second, the use of g(¢;) enables the model to
respond asymmetrically to positive and negative lagged values of ;. Some additional
properties of the EGARCH model can be found in Nelson (1991).
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To better understand the EGARCH model, let us consider the simple model with
order (1, 0)

a; = 0,€, (1 —aB) ln(atz) =1 —-a)ay + g(e—1), (3.24)

where ¢;s are iid standard normal and the subscript of «; is omitted. In this case,
E(| &) = «/2/m and the model for ln(af) becomes

+ O+ vy ife,1 >0,
(1 - aB)In(o?) = ax+ (0 + y)e— e 1> (3.25)
ax+ O -y ife 1 <0,

where oy, = (1 — a)ap — +/2/my. This is a nonlinear function similar to that of
the threshold autoregressive model (TAR) of Tong (1978, 1990). It suffices to say
that for this simple EGARCH model the conditional variance evolves in a nonlinear
manner depending on the sign of a,_1. Specifically, we have

eXp[(é’ + )= ] ifa,_1 >0,
2 20 -1
o/ =02 exp(as)

exp[(@ - y)a’—‘z'] ifa;_1 <O.
91

The coefficients (0 + y) and (0 — y) show the asymmetry in response to positive
and negative a;_1. The model is, therefore, nonlinear if y 7 0. For higher order
EGARCH models, the nonlinearity becomes much more complicated. Cao and Tsay
(1992) use nonlinear models, including EGARCH models, to obtain multistep ahead
volatility forecasts. We discuss nonlinearity in financial time series in Chapter 4.

3.7.1 An Illustrative Example

Nelson (1991) applies an EGARCH model to the daily excess returns of the value-
weighted market index from the Center for Research in Security Prices from July
1962 to December 1987. The excess returns are obtained by removing monthly Trea-
sury bill returns from the value-weighted index returns, assuming that the Treasury
bill return was constant for each calendar day within a given month. There are 6408
observations. Denote the excess return by r;. The model used is as follows:

re=¢o+ prr—1 +col +a (3.26)

1+ BB

mg(éz—l),

In(o?) = ap + In(1 + wN;) +
where 0t2 is the conditional variance of a; given F;_1, N; is the number of nontrading
days between trading days r — 1 and ¢, &g and w are real parameters, g(¢;) is defined
in Eq. (3.22), and ¢, follows a generalized error distribution with probability density



104 CONDITIONAL HETEROSCEDASTIC MODELS

Table 3.2. An Estimated AR(1)-EGARCH(2, 1) Model for the Daily Excess Returns of
the Value-Weighted CRSP Market Index: July 1962 to December 1987.

Par. e w y o o) B
Est. —10.06 183 .156 1.929 —.929 —.978
Err. .346 .028 .013 .015 .015 .006
Par. 0 bo b1 c v

Est. —.118 3.5.107 205 —3.361 1.576

Err. .009 9.9.107 .012 2.026 .032

function

vexpl—(1/2)]x/ "]
2200 (1)

, —<x<oo, 0<v<oo,

fx) =

where again I'(.) is the gamma function and
A =[22Vr(1/v)/ TG/

Similar to a GARCH-M model, the parameter ¢ in Eq. (3.26) is the risk premium
parameter. Table 3.2 gives the parameter estimates and their standard errors of the
model. The mean equation of model (3.26) has two features that are of interest. First,
ituses an AR(1) model to take care of possible serial correlation in the excess returns.
Second, it uses the volatility crlz as a regressor to account for risk premium. The
estimated risk premium is negative, but statistically insignificant.

3.7.2 Another Example

As another illustration, we consider the monthly log returns of IBM stock from Jan-
uary 1926 to December 1997 for 864 observations. An AR(1)-EGARCH(1, 0) model
is entertained and the fitted model is

ry = 0.0105 + 0.092)’;_1 + ay, ay = O01€; (327)
gle—1)
In(02) = —5.496 4 —~—U
n(o7) = =5496+ T 0esen
2(6_1) = —0.0795¢,_ + 0.2647 [| € 1] — ,/2/;1] , (3.28)

where {¢;} is a sequence of independent standard Gaussian random variates. All
parameter estimates are statistically significant at the 5% level. For model check-
ing, the Ljung-Box statistics give Q(10) = 6.31(0.71) and Q(20) = 21.4(0.32)
for the standardized residual process a; = a;/0; and Q(10) = 4.13(0.90) and
0(20) = 15.93(0.66) for the squared process Zzlz, where again the number in paren-
theses denotes p value. Therefore, there is no serial correlation or conditional het-
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eroscedasticity in the standardized residuals of the fitted model. The prior AR(1)-
EGARCH(1, 0) model is adequate.

From the estimated volatility equation in (3.28) and using /2/7 ~ 0.7979, we
obtain the volatility equation as

0.1852¢;—1 ife;_1 >0

In(o?) = —1.001 4 0.856In(c2 ) + {_0'3 Me . ifey < 0.

Taking antilog transformation, we have

0.1852¢,_ ~
2 2%0.856_—1.001 e “-1 ife_1 >0
—1 e X

o, =0 .
' o032t ife | < 0.

This equation highlights the asymmetric responses in volatility to the past positive
and negative shocks under an EGARCH model. For example, for a standardized
shock with magnitude 2 (i.e., two standard deviations), we have

of(e—1 = =2) _ exp[—0.3442 x (=2)] _ L0318 _ | 374,
a,z(et_l =2) exp(0.1852 x 2)

Therefore, the impact of a negative shock of size two standard deviations is about
37.4% higher than that of a positive shock of the same size. This example clearly
demonstrates the asymmetric feature of EGARCH models. In general, the bigger the
shock, the larger the difference in volatility impact.

3.7.3 Forecasting Using an EGARCH Model

We use the EGARCH(1, 0) model to illustrate multistep ahead forecasts of EGARCH
models, assuming that the model parameters are known and the innovations are stan-
dard Gaussian. For such a model, we have

In(o?) = (1 —anag + a1 In(o? ) + gle—1),
gle—1) =01 +y(le1 | —/2/m).

Taking exponentials, the model becomes

2 20

o = o,_ expl(1 — ap)ap] explg(e—1)],
gle—1) =0¢—1 +y(le—1|—/2/7). (3.29)

Let & be the forecast origin. For the 1-step ahead forecast, we have

of ) = o expl(1 — ap)aol explg(en)],

where all of the quantities on the right-hand side are known. Thus, the 1-step ahead
volatility forecast at the forecast origin £ is simply 83(1) = ohz 41 given earlier. For
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the 2-step ahead forecast, Eq. (3.29) gives

07y = 0 expl(1 — a)ao] explg(ensn)].

Taking conditional expectation at time %, we have

G7(2) = 6,1 (1) expl(1 — arn)exo| Epfexplg (ent 1)1},

where Ej denotes a conditional expectation taking at the time origin 4. The prior
expectation can be obtained as follows:

Efexplg(e)]} = / explfe + v (€ | — 2/ f (€)de

oo
1
= exp <—)/ 2/m ) [/0 e0t7)e N e/ e

+ / e L —eny
e —€ €
—00 V2

= exp (~yy/27) [T 200 + ) + 0 0y — )],

where f(€) and @ (x) are the probability density function and CDF of the standard
normal distribution, respectively. Consequently, the 2-step ahead volatility forecast
is

52(2) = 621 (1) exp [(1 —a)ap — 2/n]
x [exp((6 +7)2/2000 + y) + expl(® — 1)?/2)0 (7 — 6) ]

Repeating the previous procedure, we obtain a recursive formula for j-step ahead
forecast

~ 20

G (/) =8, (j = D) exp(w)

x [expl(@ +1)2/2106 + 1) +expl@ — /207 - 0)]

where w = (1 — a)ag — y+/2/7. The values of ®(0 + y) and ®(0 — y) can be
obtained from most statistical packages. Alternatively, accurate approximations to
these values can be obtained by using the method in Appendix B of Chapter 6.

For illustration, consider the AR(1)-EGARCH(1, 0) model of the previous sub-
section for the monthly log returns of IBM stock. Using the fitted EGARCH(1, 0)
model, we can compute the volatility forecasts for the series. At the forecast ori-
gin t = 864, the forecasts are &8264(1) = 6.05 x 1073, G364(2) = 5.82 x 1073,
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&8264(3) = 5.63 x 1073, and G464(10) = 4.94 x 1073, These forecasts converge
gradually to the sample variance 4.37 x 1073 of the shock process a; of Eq. (3.27).

3.8 THE CHARMA MODEL

Many other econometric models have been proposed in the literature to describe the
evolution of the conditional variance o*t2 in Eq. (3.2). We mention the conditional
heteroscedastic ARMA (CHARMA) model that uses random coefficients to produce
conditional heteroscedasticity; see Tsay (1987). The CHARMA model is not the
same as the ARCH model, but the two models have similar second-order conditional
properties. A CHARMA model is defined as

re=psta, a =08ua-1+ a2+ + dmtGr—m + N, (3.30)
where {n;} is a Gaussian white noise series with mean zero and variance 0,72,
{6:} = {(B1s,...,8m)} is a sequence of iid random vectors with mean zero and
non-negative definite covariance matrix {2, and {§;} is independent of {r,}. In this
section, we use some basic properties of vector and matrix operations to simplify the
presentation. Readers may consult Appendix A of Chapter 8 for a brief review of
these properties. For m > 0, the model can be written as

/
ar =a,_16: + 1,

where @, = (a;—1,...,a;—p) is a vector of lagged values of a; and is available at
time t — 1. The conditional variance of a; of the CHARMA model in Eq. (3.30) is
then

2 2 /
of =0y ta,_, Cov(é;)a;_1

=07+ @1 Q)1 ). (3.31)

Denote the (i, j)th element of {2 by w;;. Because the matrix is symmetric, we have
wij = wj;. If m =1, then Eq. (3.31) reduces to atz = o,% + a)natz_l, which is an
ARCH(1) model. If m = 2, then Eq. (3.31) reduces to

ol = 0,72 + wnal + 2016162 + onal,,
which differs from an ARCH(2) model by the cross-product term a;_ja;—>. In gen-
eral, the conditional variance of a CHARMA(m) model is equivalent to that of

an ARCH(m) model if 2 is a diagonal matrix. Because ) is a covariance matrix,

which is non-negative definite, and 0,72 is a variance, which is positive, we have

o} > o,% > 0 for all ¢. In other words, the positiveness of o/ is automatically

satisfied under a CHARMA model.
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An obvious difference between ARCH and CHARMA models is that the latter
use cross-products of the lagged values of a; in the volatility equation. The cross-
product terms might be useful in some applications. For example, in modeling an
asset return series, cross-product terms denote interactions between previous returns.
It is conceivable that stock volatility may depend on such interactions. However,
the number of cross-product terms increases rapidly with the order m, and some
constraints are needed to keep the model simple. A possible constraint is to use
a small number of cross-product terms in a CHARMA model. Another difference
between the two models is that higher order properties of CHARMA models are
harder to obtain than those of ARCH models because it is harder to handle random
coefficients than constant coefficients.

For illustration, we employ the CHARMA model

re = ¢o + as, ar = 011ar—1 + 621012 + 1

for the monthly excess returns of S&P 500 index used before in GARCH modeling.
The fitted model is

r; = 0.00635 + ay, 0,2 = 0.00179 + (a;—1, atfz)ﬁ(atfl ,ai—2)

where

0 0.1417(0.0333) —0.0594(0.0365)
~ 1 —0.0594(0.0365)  0.3081(0.0340)

and the numbers in parentheses are standard errors. The cross-product term of Q has
a t ratio of —1.63, which is marginally significant at the 10% level. If we refine the
model to

re = ¢o + ay, ar = 81,a;—1 + 82a; 3 + 831a4,_3 + 1y,
but assume that §3; is uncorrelated with (§1;, §2;), then we obtain the fitted model
ry = 0.0068 + a;, Utz = .00136 + (as-1, a2, at—3)§(at—la a—2,a,-3)',

where the elements of €2 and their standard errors, shown in parentheses, are

A 0.1212(.0355) —0.0622(.0283) 0
$ = | —0.0622(.0283)  0.1913(.0254) 0
0 0 0.2988(0.0420)

All of the estimates are now statistically significant at the 5% level. From the model,
a; = r; — 0.0068 is the deviation of the monthly excess return from its average. The
fitted CHARMA model shows that there is some interaction effect between the first
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two lagged deviations. Indeed, the volatility equation can be written approximately
as

02 =0.00136 + 0.12a> | — 0.12a;_1a;—2 + 0.19a> , + 0.30a> ;.

The conditional variance is slightly larger when a,_1a,_> is negative.

3.8.1 Effects of Explanatory Variables

The CHARMA model can easily be generalized so that the volatility of r, may
depend on some explanatory variables. Let {x;;} ; be m explanatory variables avail-
able at time 7. Consider the model

m
ry = W + a, a = Z(Sitxi,t—l + s, (3.32)
i=1
where 6; = (817,...,8m:) and 5, are random vector and variable defined in

Eq. (3.30). Then the conditional variance of a; is

2 2
of =07+ X1u—1s o s X =D 15 Xmg—1)

In application, the explanatory variables may include some lagged values of a;.

3.9 RANDOM COEFFICIENT AUTOREGRESSIVE MODELS

In the literature, the random coefficient autoregressive (RCA) model is introduced
to account for variability among different subjects under study, similar to the panel
data analysis in econometrics and the hierarchical model in statistics. We classify
the RCA model as a conditional heteroscedastic model, but historically it is used
to obtain a better description of the conditional mean equation of the process by
allowing for the parameters to evolve over time. A time series 7; is said to follow an
RCA(p) model if it satisfies

p
=0+ Y (¢ +8idri—i +a, (3.33)

i=1

where p is a positive integer, {6;} = {(817,...,8,:)'} is a sequence of independent
random vectors with mean zero and covariance matrix {15, and {6,} is independent
of {a;}; see Nicholls and Quinn (1982) for further discussions of the model. The
conditional mean and variance of the RCA model in Eq. (3.33) are

P
o= E | Fo) =Y ¢iaii, 0 =041, p)Qsriot, .., ri-p),
i=1
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which is in the same form as that of a CHARMA model. However, there is a subtle
difference between RCA and CHARMA models. For the RCA model, the volatility
is a quadratic function of the observed lagged values r;_;. Yet the volatility is a
quadratic function of the lagged innovations a;—; in a CHARMA model.

3.10 THE STOCHASTIC VOLATILITY MODEL

An alternative approach to describe the volatility evolution of a financial time series
is to introduce an innovation to the conditional variance equation of a;; see Melino
and Turnbull (1990), Harvey, Ruiz, and Shephard (1994) and Jacquier, Polson, and
Rossi (1994). The resulting model is referred to as a stochastic volatility (SV) model.
Similar to EGARCH models, to ensure positiveness of the conditional variance, SV
models use In(c2) instead of o>. A SV model is defined as

a =016, (1—a1B—+ —anB™)In(0}) = oo+, (3.34)

where ¢;s are iid N (0, 1), v;s are iid N (0, 03), {e;} and {v,} are independent, o is a
constant, and all zeros of the polynomial 1 — /" | a; B! are greater 1 in modulus.
Introducing the innovation v; substantially increases the flexibility of the model in
describing the evolution of af, but it also increases the difficulty in parameter esti-
mation. To estimate a SV model, we need a quasi-likelihood method via Kalman
filtering or a Monte Carlo method. Jacquier, Polson, and Rossi (1994) provide some
comparison of estimation results between quasi-likelihood and Monte Carlo Markov
Chain (MCMC) methods. The difficulty in estimating a SV model is understandable
because for each shock a; the model uses two innovations ¢; and v;. We discuss
a MCMC method to estimate SV models in Chapter 10. For more discussions on
stochastic volatility models, see Taylor (1994).

The appendixes of Jacquier, Polson, and Rossi (1994) provide some properties of
the SV model when m = 1. For instance, with m = 1, we have

oo o2

—2) = N(un, op),

In(c?) ~ N ,
oo (7
and E(a?) = explun + 1/Q20P)1, E(a}) = 3exp[2u; + 2071, and corr(a?, a? ;) =
[exp(ofa’) — 11/[3exp(c?) — 1]. Limited experience shows that SV models often
provided improvements in model fitting, but their contributions to out-of-sample
volatility forecasts received mixed results.

3.11 THE LONG-MEMORY STOCHASTIC VOLATILITY MODEL

More recently, the SV model is further extended to allow for long memory in volatil-
ity, using the idea of fractional difference. As stated in Chapter 2, a time series is a
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Figure 3.9. The sample ACF of daily absolute log returns for the S&P 500 index, and the
IBM stock for the period from July 3, 1962 to December 31, 1997. The two horizontal lines
denote the asymptotic 5% limits.

long-memory process if its autocorrelation function decays at a hyperbolic, instead
of an exponential, rate as the lag increases. The extension to long-memory models in
volatility study is motivated by the fact that autocorrelation function of the squared or
absolute-valued series of an asset return often decays slowly, even though the return
series has no serial correlation; see Ding, Granger, and Engle (1993). Figure 3.9
shows the sample ACF of the daily absolute returns for IBM stock and the S&P 500
index from July 3, 1962 to December 31, 1997. These sample ACFs are positive and
of moderate magnitude, but decay slowly.
A simple long-memory stochastic volatility (LMSV) model can be written as

ar = o, oy =oaexp(u/2), (1 —B)u =, (3.35)

where o > 0, ¢s are iid N (0, 1), n;s are iid N (0, 0,%) and independent of ¢;, and
0 < d < 0.5. The feature of long memory stems from the fractional difference
(1 — B)?, which implies that the ACF of u, decays slowly at a hyperbolic, instead of
an exponential, rate as the lag increases. For model (3.35), we have
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ln(atz) =1In(o?) +u; + ln(elz)
= [In(6?) + E(In€>)] + u, + [In(e?) — E(Ine?)]
=u + U + €y.

Thus, the ln(atz) series is a Gaussian long-memory signal plus a non-Gaussian
white noise; see Breidt, Crato, and de Lima (1998). Estimation of the long-memory
stochastic volatility model is complicated, but the fractional difference parameter d
can be estimated by using either a quasi-maximum likelihood method or a regres-
sion method. Using the log series of squared daily returns for companies in S&P
500 index, Bollerslev and Jubinski (1999) and Ray and Tsay (2000) found that the
median estimate of d is about 0.38. For applications, Ray and Tsay (2000) study
common long-memory components in daily stock volatilities of groups of compa-
nies classified by various characteristics. They found that companies in the same
industrial or business sector tend to have more common long-memory components
(e.g., big U.S. national banks and financial institutions).

3.12 AN ALTERNATIVE APPROACH

French, Schwert, and Stambaugh (1987) consider an alternative approach for volatil-
ity estimation that uses high-frequency data to calculate volatility of low-frequency
returns. In recent years, this approach has attracted some interest due in part to the
availability of high-frequency financial data, especially in the foreign exchange mar-
kets (e.g., Andersen, Bollerslev, Diebold, and Labys, 1999).

Suppose that we are interested in the monthly volatility of an asset for which
daily returns are available. Let 7" be the monthly log return of the asset at month ¢.
Assume that there are n trading days in month 7 and the daily log returns of the asset
in the month are {r; ;};_,. Using properties of log returns, we have

n

m

ry = E Tti.
i=1

Assuming that the conditional variance and covariance exist, we have

n

Var(r" | Fi1) = ) Var(rei | Fr-1) +2)_ Covl(rei, 7 j) | Fial,  (3.36)

i=1 i<j
where F;_j denotes the information available at month # — 1 (inclusive). The prior

equation can be simplified if additional assumptions are made. For example, if we
assume that {r; ;} is a white noise series, then

Var(r" | F;—1) = n Var(r;,1),
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where Var(r;1) can be estimated from the daily returns {r;;}_; by

52— S (rei =)

- n—1

)

where 7; is the sample mean of the daily log returns in month ¢ (ie., r; =
Y, re.i/n). The estimated monthly volatility is then

n

N n _

2= § (rei — )2 (3.37)
i=1

n—1
If {r; ;} follows an MA(1) model, then
Var(r* | Fi—1) = nVar(r,1) +2(n — 1) Cov(ry 1, 11,2),
which can be estimated by

n

n n—1
52 = 3 i =2 2 i — )i —F). (338)
1 i=1

n—1:&

The previous approach for volatility estimation is simple, but it encounters sev-
eral difficulties in practice. First, the model for daily returns {r; ;} is unknown. This
complicates the estimation of covariances in Eq. (3.36). Second, there are roughly
21 trading days in a month, resulting in a small sample size. The accuracy of the
estimates of variance and covariance in Eq. (3.36) might be questionable. The accu-
racy depends on the dynamic structure of {r; ;} and their distribution. If the daily log
returns have high excess kurtosis and serial correlations, then the sample estimates
6,%, in Eqgs. (3.37) and (3.38) may not even be consistent; see Bai, Russell, and Tiao
(2000). Further research is needed to make this approach valuable.

Example 3.4. Consider the monthly volatility of the log returns of S&P 500
index from January 1980 to December 1999. We calculate the volatility by three
methods. In the first method, we use daily log returns and Eq. (3.37) (i.e., assum-
ing that the daily log returns form a white noise series). The second method also
uses daily returns but assumes an MA(1) model [i.e., using Eq. (3.38)]. The third
method applies a GARCH(1, 1) model to the monthly returns from January 1962 to
December 1999. We use a longer data span to obtain a more accurate estimate of the
monthly volatility. The GARCH(1, 1) model used is

" =0.658+a;, a =o€, of =3.34940.086a> , +0.73507 ,,
where ¢, is a standard Gaussian white noise series. Figure 3.10 shows the time plots

of the estimated monthly volatility. Clearly the estimated volatilities based on daily
returns are much higher than those based on monthly returns and a GARCH(1, 1)
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Figure 3.10. Time plots of estimated monthly volatility for the log returns of S&P 500 index
from January 1980 to December 1999: (a) assumes that the daily log returns form a white noise
series, (b) assumes that the daily log returns follow an MA(1) model, and (c) uses monthly
returns from January 1962 to December 1999 and a GARCH(1, 1) model.

model. In particular, the estimated volatility for October 1987 was about 680 when
daily returns are used. The plots shown were truncated to have the same scale.

Remark: 1In Eq. (3.37), if we further assume that the sample mean 7; is zero,
then we have 62 ~ >"'_ r?,. In this case, the cumulative sum of squares of daily
log returns in a month can be used as an estimate of monthly volatility.

3.13 APPLICATION

In this section, we apply the volatility models discussed in this chapter to investigate
some problems of practical importance. The data used are the monthly log returns of
IBM stock and S&P 500 index from January 1926 to December 1999. There are 888
observations, and the returns are in percentages and include dividends. Figure 3.11
shows the time plots of the two return series.
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Figure 3.11. Time plots of monthly log returns for IBM stock and S&P 500 index. The sample
period is from January 1926 to December 1999. The returns are in percentages and include
dividends.

Example 3.5. The questions we address here are whether the daily volatility
of a stock is lower in the Summer and, if so, by how much. Affirmative answers to
these two questions have practical implications in stock option pricing. We use the
monthly log returns of IBM stock shown in Figure 3.11(a) as an illustrative example.

Denote the monthly log return series by r;. If Gaussian GARCH models are enter-
tained, we obtain the GARCH(1, 1) model

ry = 1234—0099}”;_1 + a;, ay = 01€;
o7 =3.206 +0.103a>_ | +0.82507 |, (3.39)

for the series. The standard errors of the two parameters in the mean equation are
0.222 and 0.037, respectively, whereas those of the parameters in the volatility equa-
tion are 0.947, 0.021, and 0.037, respectively. Using the standardized residuals a, =
a; /o;, we obtain Q(10) = 7.82(0.553) and Q(20) = 21.22(0.325), where p value is
in parentheses. Therefore, there are no serial correlations in the residuals of the mean
equation. The Ljung—Box statistics of the &,2 series show Q(10) = 2.89(0.98) and
0(20) = 7.26(0.99), indicating that the standardized residuals have no conditional
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heteroscedasticity. The fitted model seems adequate. This model serves as a starting
point for further study.

To study the Summer effect on stock volatility of an asset, we define an indicator
variable

(3.40)

I 1 if ¢ is June, July, or August
"7 10 otherwise

and modify the volatility equation to
2 _ 2 2 2 2
of =ag+aia;_; + Pio;_y + ui(aoo + oroa;_; + Pioo,_y).

This equation uses two GARCH(1, 1) models to describe the volatility of a stock
return; one model for the Summer months and the other for the remaining months.
For the monthly log returns of IBM stock, estimation results show that the estimates
of a1 and B¢ are statistically nonsignificance at the 10% level. Therefore, we refine
the equation and obtain the model

ry = 1.21 +0.099rt_1 + ay, ay = 01€;
o} =4.539 +0.113a> | +0.81607 | — 5.154u;. (3.41)

The standard errors of the parameters in the mean equation are 0.218 and 0.037,
respectively, and those of the parameters in the volatility equation are 1.071, 0.022,
0.037, and 1.900, respectively. The Ljung—Box statistics for the standardized residu-
als a; = a; /oy show Q(10) = 7.66(0.569) and Q(20) = 21.64(0.302). Therefore,
there are no serial correlations in the standardized residuals. The Ljung-Box statis-
tics for 5,2 give Q(10) = 3.38(0.97) and Q(20) = 6.82(0.99), indicating no con-
ditional heteroscedasticity in the standardized residuals, either. The refined model
seems adequate.

Comparing the volatility models in Egs. (3.39) and (3.41), we obtain the following
conclusions. First, because the coefficient —5.514 is significantly different from zero
with p value 0.0067, the Summer effect on stock volatility is statistically significant
at the 1% level. Furthermore, the negative sign of the estimate confirms that the
volatility of IBM monthly log stock returns is indeed lower during the Summer.
Second, rewrite the volatility model in Eq. (3.41) as

52— | 0615+ 0.113a> | +0.8160 | if ¢ is June, July, or August
T 714539+ 0.113a> | +0.81602 ,,  otherwise.

The negative constant term —0.615 = 4.539 — 5.514 is counterintuitive. However,
since the standard errors of 4.539 and 5.514 are relatively large, the estimated differ-
ence —0.615 might not be significantly different from zero. To verify the assertion,
we refit the model by imposing the constraint that the constant term of the volatil-
ity equation is zero for the Summer months. This can easily be done by using the
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equation

ol =a1a’ |+ o> +y(l —u).

The fitted model is

ry =121 +0.099r;_1 +a;, a; =o€
02 =0.114a? | +0.81102 | +4.552(1 — u,). (3.42)

The standard errors of the parameters in the mean equation are 0.219 and 0.038,
respectively, and those of the parameters in the volatility equation are 0.022, 0.034,
and 1.094, respectively. The Ljung—Box statistics of the standardized residuals show
Q(10) = 7.68 and Q(20) = 21.67 and those of the Zztz series give Q(10) = 3.17
and Q(20) = 6.85. These test statistics are close to what we had before and are not
significant at the 5% level.

The volatility Eq. (3.42) can readily be used to assess the Summer effect on the
IBM stock volatility. For illustration, based on the model in Eq. (3.42), the medians
of a,2 and 0,2 are 29.4 and 75.1, respectively, for the IBM monthly log returns in
1999. Using these values, we have 0,2 =0.114 x29.4+0.811 x 75.1 = 64.3 for the
Summer months and o> = 68.8 for the other months. Ratio of the two volatilities is
64.3/68.8 &~ 93%. Thus, there is a 7% reduction in the volatility of the monthly log
return of IBM stock in the Summer months.

Example 3.6. The S&P 500 index is widely used in the derivative markets.

As such, modeling its volatility is a subject of intensive study. The question we ask

in this example is whether the past returns of individual components of the index

contribute to the modeling of the S&P 500 index volatility in the presence of its own

returns. A thorough investigation on this topic is beyond the scope of this chapter, but

we use the past returns of IBM stock as explanatory variables to address the question.

The data used are shown in Figure 3.11. Denote by r; the monthly log return series

of S&P 500 index. Using the r; series and Gaussian GARCH models, we obtain the
following special GARCH(2, 1) model

1 =0.609 +a, a =o€, of=071740.147a> ,+0.8397 . (3.43)

The standard error of the constant term in the mean equation is 0.138 and those of
the parameters in the volatility equation are 0.214, 0.021, and 0.017, respectively.
Based on the standardized residuals a; = a; /oy, we have Q(10) = 11.51(0.32) and
0(20) = 23.71(0.26), where the number in parentheses denotes p value. For the
&lz series, we have Q(10) = 9.42(0.49) and Q(20) = 13.01(0.88). Therefore, the
model seems adequate at the 5% significance level.

Next we evaluate the contributions, if any, of using the past returns of IBM stock,
which is a component of the S&P 500 index, in modeling the index volatility. As a
simple illustration, we modify the volatility equation as

otz =ap+ azatz_z + :31‘7;2—1 + y(xi—1 — 1.24)2,



118 CONDITIONAL HETEROSCEDASTIC MODELS

Table 3.3. Fitted Volatilities for the Monthly Log Returns of the S&P 500 Index from
July to December 1999 Using Models with and without the Past Log Return of IBM
Stock.

Month 7/99 8/99 9/99 10/99 11/99 12/99
Model (3.43) 26.30 26.01 24.73 21.69 20.71 22.46
Model (3.44) 23.32 23.13 22.46 20.00 19.45 18.27

where x; is the monthly log return of IBM stock and 1.24 is the sample mean of x;.
The fitted model for r; becomes

rr =0.616 +a;, a; = o,

of = 1.069 +0.148a” , +0.83407 | — 0.007(x,—1 — 1.24)%.  (3.44)

The standard error of the parameter in the mean equation is 0.139 and those of the
parameters in the volatility equation are 0.271, 0.020, 0.018, and 0.002, respectively.
For model checking, we have Q(10) = 11.39(0.33) and Q(20) = 23.63(0.26)
for the standardized residuals a; = a;/o; and Q(10) = 9.35(0.50) and Q(20) =
13.51(0.85) for the Zztz series. Therefore, the model is adequate.

Since the p value for testing y = 0 is 0.0039, the contribution of the lag-1 IBM
stock return to the S&P 500 index volatility is statistically significant at the 1% level.
The negative sign is understandable because it implies that using the lag-1 past return
of IBM stock reduces the volatility of the S&P 500 index return. Table 3.3 gives the
fitted volatility of S&P 500 index from July to December of 1999 using models (3.43)
and (3.44). From the table, the past value of IBM log stock return indeed contributes
to the modeling of the S&P 500 index volatility.

3.14 KURTOSIS OF GARCH MODELS

Uncertainty in volatility estimation is an important issue, but it is often overlooked.
To assess the variability of an estimated volatility, one must consider the kurtosis of
a volatility model. In this section, we derive the excess kurtosis of a GARCH(1, 1)

model. The same idea applies to other GARCH models, however. The model consid-
ered is

2 2 2
a; = o6, of =op+aja;_ + pro/y,
where ag > 0, 1 > 0, 81 = 0, a1 + B < 1, and {¢,} is an iid sequence satisfying

E(e) =0, Var(e)=1, E(eh=Kc+3,
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where K. is the excess kurtosis of the innovation €,;. Based on the assumption, we
have

* Var(a;) = E(07) = ao/[1 — (a1 + B)].
* E(at) = (K¢ + 3)E(0}*) provided that E (o) exists.

Taking the square of the volatility model, we have

4 2, 24 2 4 2 2 2 2
o, = oy +oaja; |+ Bio, | + 2a01a;_| + 2a0p10,_; + 201 B10,_1a;_;.

Taking expectation of the equation and using the two properties mentioned earlier,
we obtain

a2l +a1 + Bi)

E(oh =
@ [1 — (e + BDI[I —af(Ke +2) — (a1 + B1)?]

provided that 1 > a1 + 1 > Oand 1 — a%(KG +2) — (a1 + /31)2 > 0. The excess
kurtosis of ay, if it exists, is then

E(a})

[E@)?

_ (K +3)[1 = (1 + A1)’
1 =207 — (@1 + B1)* — Kearf

a =

This excess kurtosis can be written in an informative expression. First, consider
the case that ¢; is normally distributed. In this case, K. = 0, and some algebra shows
that

2
K© = barj
1 — 203 — (a1 + f1)?

where the superscript (g) is used to denote Gaussian distribution. This result has two
important implications: (a) the kurtosis of a; exists if 1 — 205% — (a1 + B1)? > 0, and

(b) if @y = 0, then Ka(g) = 0, meaning that the corresponding GARCH(1, 1) model
does not have heavy tails.
Second, consider the case that ¢, is not Gaussian. Using the prior result, we have

Ke — Ke(op + B1) + 60{% + 3Ke(¥%
1 — 207 — (a1 + B1)? — Keaf

K, =

K[l —2af — (a1 + B1)*] + 607 + 5K o}
1 =207 — (a1 + 1)? — Kearf
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K+ K+ KK
- LkKkS®

This result was obtained originally by George C. Tiao; see Bai, Russell, and Tiao
(2001). It holds for all GARCH models provided that the kurtosis exists. For instance,
if B1 = 0, then the model reduces to an ARCH(1) model. In this case, it is easy to

verify that KL(,g) = 6a% /(1= 30(%) provided that 1 > 301% and the excess kurtosis of
as is

_ Ke+3)—ap) ,_ K +2Kca} + 60}
T = (Ke +3) 1 -3 — Kea?

Ke(1 —303) + 6af + 5Kca?
1— 305% — Kea%

Ke+ K + 3K K
1 -1k k®

The prior result shows that for a GARCH(1, 1) model the coefficient a; plays a
critical role in determining the tail behavior of a;. If «; = 0, then Ka(g) = 0 and
K, = K. In this case, the tail behavior of a; is similar to that of the standardized
noise €. Yetif o > 0, then K,gg) > (0 and the a; process has heavy tails.

For a (standardized) Student-¢ distribution with v degrees of freedom, we have
E(ef) = 6/(v—4)+3if v > 4. Therefore, the excess kurtosis of ¢; is K, = 6/(v—4)
for v > 4. This is part of the reason that we used #5 in the chapter when the degrees of
freedom of ¢ distribution are prespecified. The excess kurtosis of a; becomes K, =

(64 v+ 1) K1/ [v—4— K] provided that 1—2a2(v—1)/(v—4) — (@1 +81)? > 0.

APPENDIX A. SOME RATS PROGRAMS FOR ESTIMATING
VOLATILITY MODELS

The data file used in the illustration is “sp500.dat,” which contains the monthly
excess returns of S&P 500 index with 792 observations. Comments in a RATS pro-
gram start with “*”.

A. A Gaussian GARCH(1, 1) Model with a Constant Mean Equation

all 0 792:1

open data sp500.dat

data (org=obs) / rt

*** initialize the conditional variance function
set h = 0.0

*** gpecify the parameters of the model

nonlin mu a0 al bl
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*** gpecify the mean equation

frml at = rt(t)-mu

*** gpecify the volatility equation

frml gvar = alO+al*at(t-1)**2+bl*h(t-1)

*** gpecify the log likelihood function

frml garchln = -0.5*log(h(t)=gvar(t))-0.5%at(t)**2/h(t)
*** gample period used in estimation

smpl 2 792

***% initial estimates

compute a0 = 0.01, al = 0.1, bl = 0.5, mu = 0.1
maximize (method=bhhh, recursive, iterations=150) garchln
set fv = gvar(t)

set resid = at(t)/sqgrt(fv(t))

set residsg = resid(t)*resid(t)

*** Checking standardized residuals

cor (gstats,number=20, span=10) resid

*** Checking squared standardized residuals

cor (gstats, number=20, span=10) residsqg

B. A GARCH(1, 1) Model with Student-f Innovation

all 0 792:1

open data sp500.dat

data(org=obs) / rt

set h = 0.0

nonlin mu a0 al bl v

frml at = rt(t)-mu

frml gvar = alO+al*at(t-1)**2+bl*h(t-1)
frml tt = at(t)**2/(h(t)=gvar(t))

frml tln = $LNGAMMA ((v+1)/2.)-%LNGAMMA (v/2.)-0.5*log(v-2.)
frml gln = tln-((v+1l)/2.)*log(l.0+tt(t)/(v-2.0))-0.5*1log(h(t))

smpl 2 792

compute a0 = 0.01, al = 0.1, bl = 0.5, mu = 0.1, v = 10
maximize (method=bhhh, recursive, iterations=150) gln

set fv = gvar(t)

set resid = at(t)/sqgrt(fv(t))

set residsqg = resid(t)*resid(t)

cor (gstats, number=20, span=10) resid

cor (gstats,number=20, span=10) residsqg
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C. An AR(1)-EGARCH(1,0) Model for Monthly Log Returns of IBM Stock

all 0 864:1

open data m-ibm.dat

data(org=obs) / rt

set h = 0.0

nonlin c0 pl th ga a0 al

frml at = rt(t)-cO-pl*rt(t-1)

frml epsi = at(t)/(sqgrt(exp(h(t))))

frml g = th*epsi(t)+ga* (abs(epsi(t))-sgrt(2./%PI))
frml gvar = al*h(t-1)+(1-al)*al0+g(t-1)

frml garchln = -0.5* (h(t)=gvar(t))-0.5*epsi(t)**2
smpl 3 864



122 CONDITIONAL HETEROSCEDASTIC MODELS

compute c0 = 0.01, pl = 0.01, th = 0.1, ga = 0.1
compute a0 = 0.01, al = 0.5

maximize (method=bhhh, recursive, iterations=150) garchln
set fv = gvar(t)

set resid = epsi(t)

set residsqg = resid(t)*resid(t)

cor (gstats, number=20, span=10) resid

cor (gstats, number=20, span=10) residsqg

EXERCISES

1. Derive multistep ahead forecasts for a GARCH(1, 2) model at the forecast ori-
gin h.

2. Derive multistep ahead forecasts for a GARCH(2, 1) model at the forecast ori-
gin h.

3. Suppose that ri,...,r, are observations of a return series that follows the
AR(1)-GARCH(1, 1) model

2 2 2
rr=w+o1ir1+a, a =o€, of =ap+aia,_+ oy,

where ¢, is a standard Gaussian white noise series. Derive the conditional log
likelihood function of the data.

4. In the previous equation, assume that €; follows a standardized Student-z distri-
bution with v degrees of freedom. Derive the conditional log likelihood function
of the data.

5. Consider the monthly log return of Intel stock from 1973 to 1997. Build a
GARCH model for the series and compute 1 to 5-step ahead volatility forecasts
at the forecast origin December 1997.

6. The file “m-mrk.dat” contains monthly simple returns of Merck stock. There are
three columns—namely, monthly simple returns, years, and months. Transform
the simple returns to log returns.

* Is there evidence of ARCH effects in the log returns? Use Ljung—Box statistics
for the squared returns with 5 and 10 lags of autocorrelation and 5% signifi-
cance level to answer the question.

* Use the PACF of the squared log returns to identify an ARCH model for the
data and fit the identified model. Write down the fitted model.

7. The file “m-mmm.dat” contains two columns. They are monthly simple return
and date for 3M stock. Transform the returns to log returns.



EXERCISES 123

* Isthere evidence of ARCH effects in the log returns? Use Ljung—Box statistics
with 5 and 10 lags of autocorrelation and 5% significance level to answer the
question.

* Use the PACF of the squared returns to identify an ARCH model. What is the
fitted model?

* There are 623 data points. Use the fitted model earlier to predict the volatilities
for t = 624 and ¢t = 625 (the forecast origin is 623).

* Build a ARCH-M model for the log return series of 3M stock. Test the hypoth-
esis that the risk premium is zero at the 5% significance level. Draw your
conclusion.

* Build an EGARCH model for the log return series of 3M stock. Use the fitted
model to compute 1- and 2-step ahead volatility forecasts at the forecast origin
h = 623.

8. The file “m-gmsp5099.dat” contains the monthly log returns, in percentages, of
General Motors stock and S&P 500 index from 1950 to 1999. The GM stock
returns are in column 1.

* Build a GARCH model with Gaussian innovations for the log returns of GM
stock. Check the model and write down the fitted model.

* Build a GARCH-M model with Gaussian innovations for the log returns of
GM stock. What is the fitted model?

* Build a GARCH model with Student-z distribution with 6 degrees of freedom
for the GM log returns. Check the model and write down the fitted model.

* Build a GARCH model with Student-¢ distribution for the log returns of GM
stock, including estimation of the degrees of freedom. Write down the fitted
model. Let v be the degrees of freedom of the Student-¢ distribution. Test the
hypothesis H, : v = 6 versus H, : v # 6, using the 5% significance level.

* Build an EGARCH model for the log returns of GM stock. What is the fitted
model?

* Compare all the volatility models obtained for the log returns of GM stock. Is
there any significant difference? Why?

9. Again, consider the file “m-gmsp5099.dat.”

* Build a Gaussian GARCH model for the monthly log returns of S&P 500
index. Check the model carefully.

* Is there a Summer effect on the volatility of the index return? Use the GARCH
model built in part (a) to answer this question.

* Are lagged returns of GM stock useful in modeling the index volatility? Again,
use the GARCH model of part (a) as a baseline model for comparison.
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10. The file “d-ibmln.dat” contains the daily log returns, in percentages, of IBM
stock from July 1962 to December 1997 with 8938 observations. The file has
only one column. Fit a GARCH(1, 1) model to the series. What is the fitted
model?
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CHAPTER 4

Nonlinear Models
and Their Applications

This chapter focuses on nonlinearity in financial data and nonlinear econometric
models useful in analysis of financial time series. Consider a univariate time series
xt, which, for simplicity, is observed at equally spaced time intervals. We denote
the observations by {x; | t = 1,..., T}, where T is the sample size. As stated in
Chapter 2, a purely stochastic time series x; is said to be linear if it can be written as

o0
Xo=pA+ Y Yiai, (4.1)
i=0

where (1 is a constant, v; are real numbers with Y9 = 1, and {a;} is a sequence
of independent and identically distributed (iid) random variables with a well-
defined distribution function. We assume that the distribution of a; is continuous
and E(a;) = 0. In many cases, we further assume that Var(q;) = 0a2 or, even
stronger, that a; is Gaussian. If oaz Zloil %2 < 00, then x; is weakly stationary (i.e.,
the first two moments of x; are time-invariant). The ARMA process of Chapter 2 is
linear because it has an MA representation in Eq. (4.1). Any stochastic process that
does not satisfy the condition of Eq. (4.1) is said to be nonlinear. The prior definition
of nonlinearity is for purely stochastic time series. One may extend the definition
by allowing the mean of x; to be a linear function of some exogenous variables,
including the time index and some periodic functions. But such a mean function can
be handled easily by methods discussed in Chapter 2, and we do not discuss it here.
Mathematically, a purely stochastic time series model for x; is a function of an iid
sequence consisting of the current and past shocks—that is,

X = f(a,, ar—1, .. ) (42)

The linear model in Eq. (4.1) says that f(.) is a linear function of its arguments.
Any nonlinearity in f(.) results in a nonlinear model. The general nonlinear model
in Eq. (4.2) is not directly applicable because it contains too many parameters.

126
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To put nonlinear models available in the literature in a proper perspective,
we write the model of x; in terms of its conditional moments. Let F;_; be the
o-field generated by available information at time ¢+ — 1 (inclusive). Typically, F;_1
denotes the collection of linear combinations of elements in {x;_1, x;—2, ...} and
{a;—1,a;—2, ...}. The conditional mean and variance of x; given F;_| are

w=E@ | F_1) =g(Fi—1), o =Var(x, | F_1) = h(F_), (4.3)

where g(.) and k(.) are well-defined functions with A(.) > 0. Thus, we restrict the
model to

xr = g(Fi—1) + Vh(Fi_1)e,

where €, = a;/0; is a standardized shock. For the linear series x; in Eq. (4.1), g(.)
is a linear function of elements of F;_{ and h(.) = cra2. The development of non-
linear models involves making extensions of the two equations in Eq. (4.3). If g(.)
is nonlinear, x; is said to be nonlinear in mean. If h(.) is time-variant, then x; is
nonlinear in variance. The conditional heteroscedastic models of Chapter 3 are non-
linear in variance because their conditional variances otz evolve over time. In fact,
except for the GARCH-M models, in which u; depends on crtz and hence also evolves
over time, all of the volatility models of Chapter 3 focus on modifications or exten-
sions of the conditional variance equation in Eq. (4.3). Based on the well-known
Wold Decomposition, a weakly stationary and purely stochastic time series can be
expressed as a linear function of uncorrelated shocks. For stationary volatility series,
these shocks are uncorrelated, but dependent. The models discussed in this chapter
represent another extension to nonlinearity derived from modifying the conditional
mean equation in Eq. (4.3).

Many nonlinear time series models have been proposed in the statistical literature,
such as the bilinear models of Granger and Andersen (1978), the threshold autore-
gressive (TAR) model of Tong (1978), the state-dependent model of Priestley (1980),
and the Markov switching model of Hamilton (1989). The basic idea underlying
these nonlinear models is to let the conditional mean u; evolve over time according
to some simple parametric nonlinear function. Recently, a number of nonlinear mod-
els have been proposed by making use of advances in computing facilities and com-
putational methods. Examples of such extensions include the nonlinear state-space
modeling of Carlin, Polson, and Stoffer (1992), the functional-coefficient autoregres-
sive model of Chen and Tsay (1993a), the nonlinear additive autoregressive model of
Chen and Tsay (1993b), and the multivariate adaptive regression spline of Lewis and
Stevens (1991). The basic idea of these extensions is either using simulation meth-
ods to describe the evolution of the conditional distribution of x; or using data-driven
methods to explore the nonlinear characteristics of a series. Finally, nonparametric
and semiparametric methods such as kernel regression and artificial neural networks
have also been applied to explore the nonlinearity in a time series. We discuss some
nonlinear models in Section 4.1 that are applicable to financial time series. The dis-
cussion includes some nonparametric and semiparametric methods.
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Apart from the development of various nonlinear models, there is substantial
interest in studying test statistics that can discriminate linear series from nonlinear
ones. Both parametric and nonparametric tests are available. Most parametric tests
employ either the Lagrange multiplier or likelihood ratio statistics. Nonparametric
tests depend on either higher order spectra of x; or the concept of dimension corre-
lation developed for chaotic time series. We review some nonlinearity tests in Sec-
tion 4.2. Sections 4.3 and 4.4 discuss modeling and forecasting of nonlinear models.
Finally, an application of nonlinear models is given in Section 4.5.

4.1 NONLINEAR MODELS

Most nonlinear models developed in the statistical literature focus on the conditional
mean equation in Eq. (4.3); see Priestley (1988) and Tong (1990) for summaries
of nonlinear models. Our goal here is to introduce some nonlinear models that are
applicable to financial time series.

4.1.1 Bilinear Model

The linear model in Eq. (4.1) is simply the first-order Taylor series expansion of the
f () function in Eq. (4.2). As such, a natural extension to nonlinearity is to employ
the second-order terms in the expansion to improve the approximation. This is the
basic idea of bilinear models, which can be defined as

4 q m. s
xi=c+ Y ¢ixi—Y O+ > Biki-iaj+a, 4.4
j=l

i=1 i=1 j=1

where p, g, m, and s are non-negative integers. This model was introduced by
Granger and Andersen (1978) and has been widely investigated. Subba Rao and
Gabr (1984) discuss some properties and applications of the model, and Liu and
Brockwell (1988) study general bilinear models. Properties of bilinear models such
as stationarity conditions are often derived by (a) putting the model in a state-space
form, and (b) using the state transition equation to express the state as a product
of past innovations and random coefficient vectors. A special generalization of the
bilinear model in Eq. (4.4) has conditional heteroscedasticity. For example, consider
the model

S
Xo=pA+ Y Biaria +a, (4.5)
i=1

where {a,;} is a white noise series. The first two conditional moments of x; are

2
)
E(x; | Fi—1) =um, Var(x, | Fi—p) = (1 + Zﬂi%—i) (Ta2,

i=1

which are similar to that of the RCA or CHARMA model of Chapter 3.
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Example 4.1. Consider the monthly simple returns of CRSP equal-weighted
index from January 1926 to December 1997 for 864 observations. Denote the series
by R;. The sample PACF of R; shows significant partial autocorrelations at lags 1 and
3, whereas that of th suggests that the conditional heteroscedasticity might depend
on the past three innovations. Therefore, we employ the special bilinear model

Ri=u~+¢1R—1 + @3R3+ (1 + Brar—1 + frar—2 + B3ar—3)a;

for the series. Assuming that the conditional distribution of @, is normal, we use the
conditional maximum likelihood method and obtain the fitted model

R, = 0.014 4+ 0.160R,_; — 0.104R,_3
+ (14 0.337a,_1 — 0.022a,_5 — 0.601a,_3)ay, (4.6)

where 62 = .0052 and the standard errors of the parameters are, in the order of

appearance, 0.003, 0.026, 0.018, 0.083, 0.084, and 0.079. The only insignificant esti-
mate is the coefficient of a;_,. Define

R, —0.014—0.160R,_; + 0.014R,_3
T 140.3374,_; — 0.022d,_5 — 0.6014,_3°

A

az

where @, = 0 for t < 3 as the residual series of the model. The sample ACF of
a; shows no significant serial correlations, but the series is not independent because
the squared series &tz has significant serial correlations. The validity of model (4.6)
deserves further investigation. For comparison, we also consider an ARCH(3) model
for the series and obtain

R, = 0.013 +0.222R,_| — 0.140R;_3 + a;,
o2 = 0.002 4 0.168a2 | 4 0.00001a> , + 0.274a? ,, (4.7)

where all estimates but the coefficient of atz_2 are highly significant. The standardized
residual series and its squared series show no serial correlations, indicating that the
ARCH(3) model is adequate for the data. Models (4.6) and (4.7) appear to be similar,
but the latter seems to fit the data better.

4.1.2 Threshold Autoregressive (TAR) Model

This model is motivated by several nonlinear characteristics commonly observed in
practice such as asymmetry in declining and rising patterns of a process. It uses
piecewise linear models to obtain a better approximation of the conditional mean
equation. However, in contrast to the traditional piecewise linear model that allows
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for model changes to occur in the “time” space, the TAR model uses threshold space
to improve linear approximation. Let us start with a simple two-regime AR(1) model

{—I.Sxfl +a; ifx;_1 <O,
Xt =

0.5x—14+a  ifx,_1 >0, (4.8)

where a;s are iid N (0, 1). Here the delay is 1 and the threshold is 0. Figure 4.1
shows the time plot of a simulated series of x; with 200 observations. A horizon-
tal line of zero is added to the plot, which illustrates several characteristics of TAR
models. First, despite of the coefficient —1.5 in the first regime, the process x; is
geometrically ergodic and stationary. In fact, the necessary and sufficient condition
for model (4.8) to be geometrically ergodic is ¢§1) <1, ¢1(2) < 1, and ¢§1)¢§2) <1,
where ¢® is the AR coefficient of regime i; see Petruccelli and Woolford (1984)
and Chen and Tsay (1991). Ergodicity is an important concept in time series analy-
sis. For example, the statistical theory showing that the sample mean x = Zthl xi/T
of x; converges to the mean of x; is referred to as the ergodic theorem, which can
be regarded as the counterpart of the central limit theory for the iid case. Second,
the series exhibits an asymmetric increasing and decreasing pattern. If x,_; is neg-
ative, then x; tends to switch to a positive value due to the negative and explosive
coefficient —1.5. Yet when x;_1 is positive, it tends to take multiple time indexes
for x; to reduce to a negative value. Consequently, the time plot of x;, shows that
regime 2 has more observations than regime 1, and the series contains large upward

obs
— N,
Y

Rl i
R W R

0 50 100 150 200
time index

Figure 4.1. Time plot of a simulated two-regime TAR(1) series.
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jumps when it becomes negative. The series is therefore not time-reversible. Third,
the model contains no constant terms, but E(x;) is not zero. The sample mean of the
particular realization is 0.61 with a standard deviation 0.07. In general, E(x;) is a
weighted average of the conditional means of the two regimes, which are nonzero.
The weight for each regime is simply the probability that x; is in that regime under
its stationary distribution. It is also clear from the discussion that, for a TAR model
to have zero mean, nonzero constant terms in some of the regimes are needed. This
is very different from a stationary linear model for which a nonzero constant implies
that the mean of x; is not zero.

A time series x; is said to follow a k-regime self-exciting TAR (SETAR) model
with threshold variable x;_ if it satisfies

= 46V ==V, +a”, iy <xia <vj, 49)
where k and d are positive integers, j = 1,...,k, y;s are real numbers such that

—00 =Y <Y < -+ < V=1 < Yk = 00, the superscript (j) is used to signify the
regime, {at(j )} are iid sequences with mean 0 and variance o' and are mutually inde-
pendent for different j. The parameter d is referred to as the delay parameter and y s
as the thresholds. Here it is understood that the AR models are different for different
regimes; otherwise, the number of regimes can be reduced. Equation (4.9) says that
a SETAR model is a piecewise linear AR model in the threshold space. It is similar
in spirit to the usual piecewise linear models in regression analysis, where model
changes occur in the order by which observations are taken. The SETAR model is
nonlinear provided that k > 1.

Properties of general SETAR models are hard to obtain, but some of them can
be found in Tong (1990), Chan (1993), Chan and Tsay (1998), and the references
therein. In recent years, there is increasing interest in TAR models and their applica-
tions; see, for instance, Hansen (1997), Tsay (1998), and Montgomery et al. (1998).
A testing and modeling procedure for univariate SETAR models is proposed in Tsay
(1989). The SETAR model in Eq. (4.9) can be generalized by using a threshold vari-
able z, that is measurable with respect to F;_; (i.e., a function of elements of F;_p).
The main requirements are that z; is stationary with a continuous distribution func-
tion over a compact subset of the real line and that z,_, is known at time ¢. Such a
generalized model is referred to as an open-loop TAR model.

An important application of SETAR models in finance is to handle the asymmetric
responses in volatility between positive and negative returns. The models can also be
used to study arbitrage tradings in index futures and cash prices; see Chapter 8 on
multivariate time series analysis. Here we focus on volatility modeling.

Example 4.2. To illustrate the application of TAR models in finance, we con-
sider the daily log returns, in percentages and including dividends, of IBM stock
from July 3, 1962 to December 31, 1999 for 9442 observations. Figure 4.2 shows the
time plot of the series. The volatility seems to be larger in recent years. If GARCH
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Figure 4.2. Time plot of the daily log returns for IBM stock from July 3, 1962 to Decem-
ber 31, 1999.

models of Chapter 3 are entertained, we obtain the following AR(2)-GARCH(1, 1)
model for the series

ry = 0067 — 0.023}}_2 + az, ay = 01€;
02 =0.031 +0.076a> | +0.9150" |, (4.10)

where r; is the log return, {¢;} is a Gaussian white noise sequence with mean zero and
variance 1.0, the standard errors of the parameters in the mean equation are 0.013
and 0.011, respectively, and those of the volatility equation are 0.003, 0.002, and
0.003, respectively. All estimates but the coefficient of r,_, are highly significant.
The Ljung-Box statistics of the standardized residuals give Q(10) = 11.31(0.33)
and Q(20) = 27.00(0.14), where the number in parentheses denotes p value.
For the squared standardized residuals, we obtain Q(10) = 11.86(0.29) and
0(20) = 19.19(0.51). The model is adequate in modeling the serial dependence
and conditional heteroscedasticity of the data. But the unconditional mean for r; of
model (4.10) is 0.065, which is substantially larger than the sample mean 0.045,
indicating that the model might be misspecified. The TAR model can be used to
refine the model by allowing for asymmetric response in volatility to the sign of
shock a,_1. More specifically, we consider an AR(2)-TAR-GARCH(1, 1) model for
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the series and obtain

ry = 0043 — 0.022)’[_2 + ag, ay = Or€;
o? = 0.002 +0.097a?_, +0.95407 |
+ (0.056 — 0.051a? | — 0.0670> )1 (a;—1 > 0),

where I (a;—1) = 1if a,_1 > 0 and it is zero otherwise. Because the estimate 0.002
of the volatility equation is insignificant at the 5% level, we further refine the model
to

rr =0.043 — 0.022r,_2 +a;, a; =o€
o} =0.098a_, +0.9540> |
+ (0.060 — 0.052a? | — 0.06902 ) (a;—1 > 0), (4.11)

where the standard errors of the two parameters in the mean equation are 0.013 and
0.010, respectively, and those of the TAR-GARCH(1, 1) model are 0.003, 0.004,
0.005, 0.004, and 0.009. All of the estimates are statistically significant at the 5%
level. The unconditional mean for r, of model (4.11) is 0.042, which is very close
to the sample mean of r;. Residual analysis based on the Ljung—Box statistics finds
no significant serial correlations or conditional heteroscedasticity in the standard-
ized residuals. The AR coefficient in the mean equation is small, indicating that, as
expected, the daily log returns of IBM stock are essentially serially uncorrelated.
However, the volatility model of the returns shows strong dependence in the innova-
tional process {«,; } and evidence of asymmetry in the conditional variance. Rewriting
the TAR-GARCH(1, 1) equation as

2 _ {0.09&;}1 +0.954072 ifa,_1 <0 @.12)

77 10.060 4 0.046a2 , +0.88502 , ifa,_; > 0,

we obtain some interesting implications. First, if we interpret a,—; as the devia-
tion of IBM daily log return from its conditional expectation, then volatility follows
essentially an IGARCH(1, 1) model without a drift when the deviation is nonposi-
tive. Second, when the deviation is positive, the volatility has a persistent parameter
0.046 4+ 0.885 = 0.931, which is close to, but less than, 1. Therefore, the volatil-
ity follows a GARCH(1, 1) model when the deviation is positive. Consequently, the
volatility responds differently to positive and negative shocks. Finally, other thresh-
old volatility models have also been proposed in the literature (e.g., Rabemananjara
and Zakoian, 1993; Zakoian, 1994).

Remark: The RATS program used to estimate the AR(2)-Tar-GARCH(1, 1)
model is in the appendix.
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4.1.3 Smooth Transition AR (STAR) Model

A criticism of the SETAR model is that its conditional mean equation is not continu-
ous. The thresholds {y;} are the discontinuity points of the conditional mean function
;. In response to this criticism, smooth TAR models have been proposed; see Chan
and Tong (1986) and Teridsvirta (1994) and the references therein. A time series x; is
said to follow a two-regime STAR(p) model if it satisfies

P P
Xt—d — A
X =co+ Y oixi—i+F <f) (Cl + Z¢l,ixt—i) +a, (413

i=1 i=1

where d is the delay parameter, A and s are parameters representing the location and
scale of model transition, and F(.) is a smooth transition function. In practice, F(.)
often assumes one of three forms—namely, logistic, exponential, or a cumulative
distribution function. From Eq. (4.13), the conditional mean of a STAR model is a
weighted linear combination between the following two equations:

P
mu=co+ Y $oixii,
i=1

P
w2 = (co +c1) + Z(¢O,i + ¢1,i) %
i=1
The weights are determined in a continuous manner by F( #). The prior two
equations also determine properties of a STAR model. For instance, a prerequisite
for the stationarity of a STAR model is that all zeros of both AR polynomials are
outside the unit circle. An advantage of the STAR model over the TAR model is that
the conditional mean function is differentiable. However, experience shows that the
transition parameters A and s of a STAR model are hard to estimate. In particular,
most empirical studies show that standard errors of the estimates of A and s are often
quite large resulting in ¢ ratios about 1.0; see Terdsvirta (1994). This uncertainty leads
to various complications in interpreting an estimated STAR model.

Example 4.3. To illustrate the application of STAR models in financial time
series analysis, we consider the monthly simple stock returns for Minnesota Mining
and Manufacturing (3M) Company from February 1946 to December 1997. If ARCH
models are entertained, we obtain the following ARCH(2) model

R =00144a, a =o1&, of =0.003+0.108a> | +0.151a> ,, (4.14)

where standard errors of the estimates are 0.002, 0.0003, 0.045, and 0.058, respec-
tively. As discussed before, such an ARCH model fails to show the asymmetric
responses of stock volatility to positive and negative prior shocks. The STAR model
provides a simple alternative that may overcome this difficulty. Applying STAR mod-
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els to the monthly returns of 3M stock, we obtain the model

Rt =0.017 + ag, ay = O0z€;,
0.002 — 0.314a? ,
1 + exp(—1000a;_1)’

02 = (0.002 4+ 0.256a> , + 0.141a> ,) + (4.15)

where the standard error of the constant term in the mean equation is 0.002 and
those of the estimates in the volatility equation are 0.0003, 0.092, 0.056, 0.001, and
0.102, respectively. The scale parameter 1000 of the logistic transition function is
fixed a priori to simplify the estimation. This STAR model provides some support
for asymmetric responses to positive and negative prior shocks. For a large negative
a;—1, the volatility model approaches the ARCH(2) model

o7 = 0.002 +0.256a” | +0.141a? ,.
Yet for a large positive a;_1, the volatility process behaves like the ARCH(2) model
o2 = 0.005 — 0.058q7 | + 0.141a?_,.

The negative coefficient of afi1 in the prior model is counterintuitive, but the magni-
tude is small. As a matter of fact, for a large positive shock a;_1, the ARCH effects
appear to be weak even though the parameter estimates remain statistically signifi-
cant. The RATS program used is given in the appendix.

4.1.4 Markov Switching Model

The idea of using probability switching in nonlinear time series analysis is discussed
in Tong (1983). Using a similar idea, but emphasizing aperiodic transition between
various states of an economy, Hamilton (1989) considers the Markov switching
autoregressive (MSA) model. Here the transition is driven by a hidden two-state
Markov chain. A time series x; follows an MSA model if it satisfies

o+ Y0 prixisi+ay ifs =1,
= S . (4.16)
¢+ Zi:l @2ixi—i +ay ifs; =2,

where s; assumes values in {1, 2} and is a first-order Markov chain with transition
probabilities

P(;=2s,1=1D)=wi, P(y=1]s85-1=2)=ws.

The innovational series {aj;} and {ay;} are sequences of iid random variables with
mean zero and finite variance and are independent of each other. A small w; means
that the model tends to stay longer in state i. In fact, 1/wj; is the expected duration
of the process to stay in State i. From the definition, an MSA model uses a hidden
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Markov chain to govern the transition from one conditional mean function to another.
This is different from that of a SETAR model for which the transition is determined
by a particular lagged variable. Consequently, a SETAR model uses a deterministic
scheme to govern the model transition, whereas an MSA model uses a stochastic
scheme. In practice, the stochastic nature of the states implies that one is never cer-
tain about which state x; belongs to in an MSA model. When the sample size is
large, one can use some filtering techniques to draw inference on the state of x;. Yet
as long as x;_4 is observed, the regime of x; is known in a SETAR model. This dif-
ference has important practical implications in forecasting. For instance, forecasts of
an MSA model are always a linear combination of forecasts produced by submodels
of individual states. But those of a SETAR model only come from a single regime
provided that x;,_, is observed. Forecasts of a SETAR model also become a linear
combination of those produced by models of individual regimes when the forecast
horizon exceeds the delay d. It is much harder to estimate an MSA model than other
models because the states are not directly observable. Hamilton (1990) uses the EM
algorithm, which is a statistical method iterating between taking expectation and
maximization. McCulloch and Tsay (1994) consider a Markov Chain Monte Carlo
(MCMC) method to estimate a general MSA model. We discuss MCMC methods in
Chapter 10.

McCulloch and Tsay (1993) generalize the MSA model in Eq. (4.16) by letting the
transition probabilities w; and w, be logistic, or probit, functions of some explana-
tory variables available at time ¢ — 1. Chen, McCulloch, and Tsay (1997) use the idea
of Markov switching as a tool to perform model comparison and selection between
non-nested nonlinear time series models (e.g., comparing bilinear and SETAR mod-
els). Each competing model is represented by a state. This approach to select a model
is a generalization of the odds ratio commonly used in Bayesian analysis. Finally,
the MSA model can easily be generalized to the case of more than two states. The
computational intensity involved increases rapidly, however. For more discussions of
Markov switching models in econometrics, see Hamilton (1994, Chapter 22).

Example 4.4. Consider the growth rate, in percentage, of U.S. quarterly real
gross national product (GNP) from the second quarter of 1947 to the first quarter
of 1991. The data are seasonally adjusted and shown in Figure 4.3, where a hor-
izontal line of zero growth is also given. It is reassuring to see that a majority of
the growth rates are positive. This series has been widely used in nonlinear analysis
of economic time series. Tiao and Tsay (1994) and Potter (1995) use TAR models,
whereas Hamilton (1989) and McCulloch and Tsay (1994) employ Markov switch-
ing models.

Employing the MSA model in Eq. (4.16) with p = 4 and using a Markov Chain
Monte Carlo method, which is discussed in Chapter 10, McCulloch and Tsay (1994)
obtain the estimates shown in Table 4.1. The results have several interesting find-
ings. First, the mean growth rate of the marginal model for State 1 is 0.909/(1 —
0.265 — 0.029 4 0.126 + 0.11) = 0.965 and that of State 2 is —0.42/(1 — 0.216 —
0.628 + 0.073 + 0.097) = —1.288. Thus, State 1 corresponds to quarters with posi-
tive growth, or expansion periods, whereas State 2 consists of quarters with negative
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Figure 4.3. Time plot of the growth rate of U.S. quarterly real GNP from 1947.11 to 1991.1.
The data are seasonally adjusted and in percentages.

growth, or a contraction period. Second, the relatively large posterior standard devi-
ations of the parameters in State 2 reflect that there are few observations in that state.
This is expected as Figure 4.3 shows few quarters with negative growth. Third, the
transition probabilities appear to be different for different states. The estimates indi-
cate that it is more likely for the U.S. GNP to get out of a contraction period than to
jump into one—0.286 versus 0.118. Fourth, treating 1/w; as the expected duration
for the process to stay in State i, we see that the expected durations for a contraction

Table 4.1. Estimation Results of a Markov Switching Model with p = 4 for the Growth
Rate of U.S. Quarterly Real GNP, Seasonally Adjusted. The Estimates and Their Stan-
dard Errors Are Posterior Means and Standard Errors of a Gibbs Sampling with 5000
Iterations.

State 1
Parameter C; ol b b3 [N o; w;
Estimate 0.909 0.265 0.029 —0.126 —0.110 0.816 0.118
Std. Error 0.202 0.113 0.126 0.103 0.109 0.125 0.053
State 2
Estimate —0.420 0.216 0.628 —0.073 —0.097 1.017 0.286

Std. Error 0.324 0.347 0.377 0.364 0.404 0.293 0.064
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period and an expansion period are approximately 3.69 and 11.31 quarters. Thus, on
average, a contraction in the U.S. economy lasts about a year, whereas an expansion
can last for 3 years. Finally, the estimated AR coefficients of x;_; differ substan-
tially between the two states, indicating that the dynamics of the U.S. economy are
different between expansion and contraction periods.

4.1.5 Nonparametric Methods

In some financial applications, we may not have sufficient knowledge to pre-specify
the nonlinear structure between two variables Y and X. In other applications, we
may wish to take advantage of the advances in computing facilities and computa-
tional methods to explore the functional relationship between Y and X. These con-
siderations lead to the use of nonparametric methods and techniques. Nonparametric
methods, however, are not without any cost. They are highly data-dependent and can
easily result in overfitting. Our goal here is to introduce some nonparametric methods
for financial applications and some nonlinear models that make use of nonparamet-
ric methods and techniques. The nonparametric methods discussed include kernel
regression, local least squares estimation, and neural network.

The essence of nonparametric methods is smoothing. Consider two financial vari-
ables Y and X, which are related by

Yt =m(Xt) +a,, (417)

where m(.) is an arbitrary, smooth, but unknown function and {a;} is a white noise
sequence. We wish to estimate the nonlinear function m(.) from the data. For sim-
plicity, consider the problem of estimating m(.) at a particular date for which X = x.
That is, we are interested in estimating m(x). Suppose that at X = x we have
repeated independent observations yp, ..., yr. Then the data become

yvy=mx)+a, t=1,...,T.

Taking the average of the data, we have

ZzT=1 i ZzT=1 a:
T =m(x) + T

By the Law of Large Number, the average of the shocks converges to zero as T
increases. Therefore, the average y = Zthl v:/T is a consistent estimate of m(x).
That the average y provides a consistent estimate of m(x) or, alternatively, that the
average of shocks converges to zero shows the power of smoothing.

In financial time series, we do not have repeated observations available at X = x.
What we observed are {(y;, x;)} fort = 1, ..., T. But if the function m(.) is suffi-
ciently smooth, then the value of Y; for which X; & x continues to provide accurate
approximation of m(x). The value of Y; for which X, is far away from x provides
less accurate approximation for m(x). As a compromise, one can use a weighted
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average of y, instead of the simple average to estimate m(x). The weight should be
larger for those Y; with X, close to x and smaller for those Y; with X; far away from
x. Mathematically, the estimate of m(x) for a given x can be written as

1 T
i) = = wix)y, (4.18)
t=1

where the weights w;(x) are larger for those y, with x; close to x and smaller for
those y; with x; far away from x.

From Eq. (4.18), the estimate m(x) is simply a local weighted average with
weights determined by two factors. The first factor is the distance measure (i.e., the
distance between x; and x). The second factor is the assignment of weight for a given
distance. Different ways to determine the distance between x; and x and to assign
the weight using the distance give rise to different nonparametric methods. In what
follows, we discuss the commonly used kernel regression and local linear regression
methods.

4.1.5.1 Kernel Regression

Kernel regression is perhaps the most commonly used nonparametric method in
smoothing. The weights here are determined by a kernel, which is typically a proba-
bility density function, is denoted by K (x), and satisfies

K(x) >0, / K@) dz =1,

However, to increase the flexibility in distance measure, one often rescales the kernel
using a variable 2 > 0, which is referred to as the bandwidth. The rescaled kernel
becomes

Kp(x) = %K(x/h), /Kh(z)dz =1. (4.19)

The weight function can now be defined as

Kp(x — xt)

, (4.20)
S Kn(x = xp)

wy(x) =

where the denominator is a normalization constant that makes the smoother adaptive
to the local intensity of the X variable and ensures the weights sum to 7. Plugging
Eq. (4.20) into the smoothing formula (4.18), we have the well-known Nadaraya—
Watson kernel estimator

A 1< S Kn(x = x)yr
mx) == wx)y === ; (4.21)
T zZI: t t Zthl Kp(x — x¢)
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see Nadaraya (1964) and Watson (1964). In practice, many choices are available
for the kernel K (x). However, theoretical and practical considerations lead to a few
choices, including the Gaussian kernel

K () 1 x2
=— —exp|-——
YTl WY

and the Epanechnikov kernel (Epanechnikov, 1969)

0.75 x2 X
Kn) === (1= ’('E'S‘)’

where 7 (A) is an indicator such that /(A) = 1 if A holds and 7 (A) = 0 otherwise.
Figure 4.4 shows the Gaussian and Epanechnikov kernels for 2 = 1.

To understand the role played by the bandwidth #, we evaluate the Nadaraya—
Watson estimator with the Epanechnikov kernel at the observed values {x;} and con-
sider two extremes. First, if 4 — 0, then

~ 1 (0)ys
m(x;) —> s
K, (0)
< |
(=)
@ |
(=)
2 < |
(=)
o
(=)
< |
S

-3 -2 -1 0 1 2 3

Figure 4.4. Standard normal kernel (solid line) and Epanechnikov kernel (dashed line) with
bandwidth & = 1.
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indicating that small bandwidths reproduce the data. Second, if 4 — oo, then

i1 Kn )y IXT: .
P = )

mx) > —5——— =

y
ZtT:I K(0) r r=1

suggesting that large bandwidths lead to an oversmoothed curve—the sample mean.
In general, the bandwidth function 4 acts as follows. If 4 is very small, then the
weights focus on a few observations that are in the neighborhood around each x;.
If & is very large, then the weights will spread over larger neighborhoods of x;.
Consequently, the choice of 4 plays an important role in kernel regression. This is
the well-known problem of bandwidth selection in kernel regression.

4.1.5.2 Bandwidth Selection

There are several approaches for bandwidth selection; see Hirdle (1990). The first
approach is the plug-in method, which is based on the asymptotic expansion of the
mean squared error (MSE) for kernel smoothers

El[m(x) — m(x)]?,

where m(.) is the true function. Under some regularity conditions, one can derive
the optimal bandwidth that minimizes the MSE. The optimal bandwidth typically
depends on several unknown quantities that must be estimated from the data with
some preliminary smoothing. Several iterations are often needed to obtain a rea-
sonable estimate of the optimal bandwidth. In practice, the choice of preliminary
smoothing can become a problem.

The second approach to bandwidth selection is the leave-one-out cross-validation.
First, one observation (x, y;) is left out. The remaining 7 — 1 data points are used
to obtain the following smoother at x;

. 1
mp,j(xj) = T—1 Z wy (X)) 1,
t#]

which is an estimate of y;. Second, perform Step-1 for j = 1,..., T and define the
function

1 T
CV(h) == ) Ly = ihn jGHPW(x)),
j=1

where W (.) is a non-negative weight function that can be used to down-weight the
boundary points if necessary. Decreasing the weights assigned to data points close to
the boundary is needed because those points often have fewer neighboring observa-
tions. The function C V (k) is called the cross-validation function because it validates
the ability of the smoother to predict { y,}thl. One chooses the bandwidth /4 that
minimizes the CV (.) function.
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4.1.5.3 Local Linear Regression Method

Assume that the second derivative of m(.) in model (4.17) exists and is continuous
at x, where x is a given point in the support of m(.). Denote the data available by
{(yr, xt)}tT: 1- The local linear regression method to nonparametric regression is to
find a and b that minimize

T
L(a,b) =) [y —a—bx —x)Kp(x —x;), (4.22)

=1

where K (.) is a kernel function defined in Eq. (4.19) and # is a bandwidth. Denote
the resulting value of a by a. The estimate of m(x) is then defined as a.

Under the least squares theory, Eq. (4.22) is a weighted least squares problem and
one can derive a closed-form solution for a. Specifically, taking the partial derivatives
of L(a, b) with respect to both a and b and equating the derivatives to zero, we have
a system of two equations with two unknowns:

T T T
Y Kntx—x)yi=ay Kn(x—2x)+bY (x—x)Kp(x —x)

t=1 t=1 t=1

T T
D vl —x)Kn(x —x) =ay (x — x)Kn(x — x,)
t=1

=1

T
b (x =) Kn(x = x0).
t=1
Define

T
ste= Y Kn(x—x)x—x)f €£=0,1,2.

t=1

The prior system of equations becomes

sT0 sTaflal _ Zthl Kp(x —x1)y

sT.1 Sta|b Zszl(x —x)Kn(x —xp)y ]
Consequently, we have

T T
ST2 Y oy Kn(x —x)ye —st10 2 (x — x) Kp(x — x)yr
ST,05T,2 — S%,l

a=

The numerator and denominator of the prior fraction can be further simplified as
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T T
st.2 Y Kn(x —x)y — st ) _(x = x)Kn(x = x0)y:
=1 t=1

[Kn(x — x:)(s7,2 — (x — X0)s7,1) 1)1

[
M~

1

~
Il

T T
2
ST,05T,2 — ST = E Kp(x — x)s12 — E (x — X)) Kn(x — x;)s7,1
t=1

t=1
T

=Y Kn(x — x)lst.2 — (x — x)s7.1].
t=1

In summary, we have

S (4.23)
t=1

a=

where w; is defined as
wy = Kp(x — x)[s72 — (x — xp)s7.1]-

In practice, to avoid possible zero in the denominator, we use 71 (x) next to estimate
m(x)

T
D1 Wi

. (4.24)
Zl‘T:l wy + %

mx) =

Notice that a nice feature of Eq. (4.24) is that the weight w; satisfies

T
Z(x - x,)w, =0.
t=1

Also, if one assumes that m(.) of Eq. (4.17) has the first derivative and finds the
minimizer of

T
> = a)*Ki(x — xo).
t=1

then the resulting estimator is the Nadaraya—Watson estimator mentioned earlier. In
general, if one assumes that m (x) has a bounded k-th derivative, then one can replace
the linear polynomial in Eq. (4.22) by a (k — 1)-order polynomial. We refer to the
estimator in Eq. (4.24) as the local linear regression smoother. Fan (1993) shows
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that, under some regularity conditions, the local linear regression estimator has some
important sampling properties. The selection of bandwidth can be carried out via the
same methods as before.

4.1.5.4 Time Series Application

In time series analysis, the explanatory variables are often the lagged values of the
series. Consider the simple case of a single explanatory variable. Here model (4.17)
becomes

xr =m(x—1) + ar,

and the kernel regression and local linear regression method discussed before are
directly applicable. When multiple explanatory variables exist, some modifications
are needed to implement the nonparametric methods. For the kernel regression, one
can use a multivariate kernel such as a multivariate normal density function with a
prespecified covariance matrix:

I I
Kp(x) = ——ex (——x’2_1x> ,
vz s 12 TP\ 2n2

where p is the number of explanatory variables and ¥ is a prespecified positive-
definite matrix. Alternatively, one can use the product of univariate kernel functions
as a multivariate kernel—for example,

< 1) .

L 0.75 x?
Kp(x) E m (1 h%) 1(
This latter approach is simple, but it overlooks the relationship between the explana-
tory variables.

The following nonlinear models are derived with the help of nonparametric
methods.

Xi

hi

4.1.6 Functional Coefficient AR Model

Recent advances in nonparametric techniques enable researchers to relax parametric
constraints in proposing nonlinear models. In some cases, nonparametric methods
are used in a preliminary study to help select a parametric nonlinear model. This is
the approach taken by Chen and Tsay (1993a) in proposing the functional-coefficient
autoregressive (FAR) model that can be written as

x = fiXe— X1+ -+ (X)X p +ay, (4.25)

where X;_1 = (x;—1, ..., Xx;—¢) is a vector of lagged values of x;. If necessary, X,
may also include other explanatory variables available at time t — 1. The functions
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fi(\) of Eq. (4.25) are assumed to be continuous, even twice differentiable, almost
surely with respect to their arguments. Most of the nonlinear models discussed before
are special cases of the FAR model. In application, one can use nonparametric meth-
ods such as kernel regression or local linear regression to estimate the functional
coefficients f;(.), especially when the dimension of X,_; is low (e.g., X;_1 is a
scalar). Recently, Cai, Fan, and Yao (1999) apply the local linear regression method
to estimate f;(.) and show that substantial improvements in 1-step ahead forecasts
can be achieved by using FAR models.

4.1.7 Nonlinear Additive AR Model

A major difficulty in applying nonparametric methods to nonlinear time series anal-
ysis is the “curse of dimensionality.” Consider a general nonlinear AR(p) process
xr = f(x;—1, ..., X—p) +a;. A direct application of nonparametric methods to esti-
mate f(.) would require p-dimensional smoothing, which is hard to do when p is
large, especially if the number of data points is not large. A simple, yet effective way
to overcome this difficulty is to entertain an additive model that only requires lower
dimensional smoothing. A time series x; follows a nonlinear additive AR (NAAR)
model if

P
X = fo)+ Y fil-i) +a, (4.26)
i=1

where f;(.)s are continuous functions almost surely. Because each function f;(.)
has a single argument, it can be estimated nonparametrically using one-dimensional
smoothing techniques and hence avoids the curse of dimensionality. In application,
an iterative estimation method that estimates f;(.) nonparametrically conditioned on
estimates of f;(.) for all j # i is used to estimate a NAAR model; see Chen and
Tsay (1993b) for further details and examples of NAAR models.

The additivity assumption is rather restrictive and needs to be examined carefully
in application. Chen, Liu, and Tsay (1995) consider test statistics for checking the
additivity assumption.

4.1.8 Nonlinear State-Space Model

Making using of recent advances in MCMC methods (Gelfand and Smith, 1990),
Carlin, Polson, and Stoffer (1992) propose a Monte Carlo approach for nonlinear
state-space modeling. The model considered is

St = fi(Si—1) tur,  xe = g(S) + vy, (4.27)
where S; is the state vector, f;(.) and g;(.) are known functions depending on some

unknown parameters, {u,} is a sequence of iid multivariate random vectors with zero
mean and non-negative definite covariance matrix ¥, {v;} is a sequence of iid ran-
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dom variables with mean zero and variance ovz, and {u,} is independent of {v;}.
Monte Carlo techniques are employed to handle the nonlinear evolution of the state
transition equation because the whole conditional distribution function of S; given
S;—1 is needed for a nonlinear system. Other numerical smoothing methods for non-
linear time series analysis have been considered by Kitagawa (1998) and the ref-
erences therein. MCMC methods (or computing-intensive numerical methods) are
powerful tools for nonlinear time series analysis. Their potential has not been fully
explored. However, the assumption of knowing f;(.) and g;(.) in model (4.27) may
hinder practical use of the proposed method. A possible solution to overcome this
limitation is to use nonparametric methods such as the analyses considered in FAR
and NAAR models to specify f;(.) and g;(.) before using nonlinear state-space mod-
els.

4.1.9 Neural Networks

A popular topic in modern data analysis is neural network, which can be classified
as a semiparametric method. The literature on neural network is enormous, and its
application spreads over many scientific areas with varying degrees of success; see
section 2 of Ripley (1993) for a list of applications and section 10 for remarks con-
cerning its application in finance. Cheng and Titterington (1994) provide information
on neural networks from a statistical viewpoint. In this subsection, we focus solely
on the feed-forward neural networks in which inputs are connected to one or more
neurons, or nodes, in the input layer, and these nodes are connected forward to fur-
ther layers until they reach the output layer. Figure 4.5 shows an example of a simple
feed-forward network for univariate time series analysis with one hidden layer. The
input layer has two nodes, and the hidden layer has three. The input nodes are con-
nected forward to each and every node in the hidden layer, and these hidden nodes
are connected to the single node in the output layer. We call the network a 2-3-1 feed-
forward network. More complicated neural networks, including those with feedback
connections, have been proposed in the literature, but the feed-forward networks are
most relevant to our study.

HCoZ—
ek i lale)

Hidden Layer

Figure 4.5. A feed-forward neural network with one hidden layer for univariate time series
analysis.
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4.1.9.1 Feed-Forward Neural Networks

A neural network processes information from one layer to the next by an “activation
function.” Consider a feed-forward network with one hidden layer. The jth node in
the hidden layer is defined as

hj = fj (aoj' + Z wini) (4.28)

i—j

where x; is the value of the ith input node, f;(.) is an activation function typically
taken to be the logistic function

exp(z)

fj(Z) = m,

ap; is called the bias, the summation i — j means summing over all input nodes
feeding to j, and w;; are the weights. For illustration, the jth node of the hidden
layer of the 2-3-1 feed-forward network in Figure 4.5 is

= xp(ao; + wijx1 + wzjx2) L i=1,23 (4.29)
1 4+ exp(ao; + wijx1 + w2jx2)

For the output layer, the node is defined as
o=/, <a00 +y wjoh,) : (4.30)
j—o

where the activation function f,(.) is either linear or a Heaviside function. If f,(.) is
linear, then

k
0 = apo + Z wjohj,
j=1

where k is the number of nodes in the hidden layer. By a Heaviside function, we mean
fo(z) = 1ifz > 0 and f,(z) = 0 otherwise. A neuron with a Heaviside function
is called a threshold neuron, with “1” denoting that the neuron fires its message. For
example, the output of the 2-3-1 network in Figure 4.5 is

0 = o + Wioht + woehs + w3eh3
if the activation function is linear; it is

0= 1 ifagy + wioht + waohy + wighs > 0
0 if agy + wioht + waohs + wishs <0

if f,(.) is a Heaviside function.
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Combining the layers, the output of a feed-forward neural network can be written
as

o= f, |:Ol00 + Z u)j,,fj (Ol()j + Z wijxi>:| . 4.31)

j—o i—j

If one also allows for direct connections from the input layer to the output layer, then
the network becomes

o= f, |:oz00 + Zaioxi + Z Wijo fj <Ol()j + Z wijxi>:| , 4.32)

i—o j—o i—j

where the first summation is summing over the input nodes. When the activation
function of the output layer is linear, the direct connections from the input nodes
to the output node represent a linear function between the inputs and output. Con-
sequently, in this particular case model (4.32) is a generalization of linear models.
For the 2-3-1 network in Figure 4.5, if the output activation function is linear, then
Eq. (4.31) becomes

3
0 = Qo +ijohj,
Jj=1

where £ is given in Eq. (4.29). The network thus has 13 parameters. If Eq. (4.32) is
used, then the network becomes

2 3
0 =g + Zaioxi + ijohj,
i=1 j=1

where again 4 is given in Eq. (4.29). The number of parameters of the network
increases to 15.

We refer to the function in Eq. (4.31) or (4.32) as a semiparametric function
because its functional form is known, but the number of nodes and their biases and
weights are unknown. The direct connections from the input layer to the output layer
in Eq. (4.32) mean that the network can skip the hidden layer. We refer to such a
network as a skip-layer feed-forward network.

Feed-forward networks are known as multilayer percetrons in the neural network
literature. They can approximate any continuous function uniformly on compact sets
by increasing the number of nodes in the hidden layer; see Hornik, Stinchcombe, and
White (1989), Hornik (1993), and Chen and Chen (1995). This property of neural
networks is the universal approximation property of the multilayer percetrons. In
short, feed-forward neural networks with a hidden layer can be seen as a way to
parametrize a general continuous nonlinear function.
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4.1.9.2 Training and Forecasting

Application of neural networks involves two steps. The first step is to train the net-
work (i.e., to build a network, including determining the number of nodes and esti-
mating their biases and weights). The second step is inference, especially forecasting.
The data are often divided into two nonoverlapping subsamples in the training stage.
The first subsample is used to estimate the parameters of a given feed-forward neu-
ral network. The network so built is then used in the second subsample to perform
forecasting and compute its forecasting accuracy. By comparing the forecasting per-
formance, one selects the network that outperforms the others as the “best” network
for making inference. This is the idea of cross-validation widely used in statistical
model selection. Other model selection methods are also available.

In a time series application, let {(r;,x;) | t = 1,..., T} be the available data
for network training, where x; denotes the vector of inputs and r; is the series of
interest (e.g., log returns of an asset). For a given network, let o; be the output of
the network with input x;; see Eq. (4.32). Training a neural network amounts to
choosing its biases and weights to minimize some fitting criterion—for example, the
least squares

T

§T = "(rn— o).

t=1

This is a nonlinear estimation problem that can be solved by several iterative meth-
ods. To ensure the smoothness of the fitted function, some additional constraints can
be added to the prior minimization problem. In the neural network literature, Back
Propagation (BP) learning algorithm is a popular method for network training. The
BP method, introduced by Bryson and Ho (1969), works backward starting with the
output layer and uses a gradient rule to modify the biases and weights iteratively.
Appendix 2A of Ripley (1993) provides a derivation of Back Propagation. Once a
feed-forward neural network is built, it can be used to compute forecasts in the fore-
casting subsample.

Example 4.5. To illustrate applications of neural network in finance, we con-
sider the monthly log returns, in percentages and including dividends, for IBM stock
from January 1926 to December 1999. We divide the data into two subsamples. The
first subsample consisting of returns from January 1926 to December 1997 for 864
observations is used for modeling. Using model (4.32) with three inputs and two
nodes in the hidden layer, we obtain a 3-2-1 network for the series. The three inputs
are r;_1, r+—2, and r;_3, and the biases and weights are given next:

Fr =322—1.81f1(r;—1)—228 f2(r;—1) —0.097;,_1 —0.05r;_» — 0.12r,_3, (4.33)
where r,_1 = (r;—1, r+—2, r+—3) and the two logistic functions are

exp(—8.34 — 18.97r;—1 + 2.17r;—p — 19.17r,_3)

fir-0) =7 exp(—8.34 — 18.97r,_1 + 2.17r,—2 — 19.17r,_3)
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exp(39.25 — 22.17r,_1 — 17.34r,_5 — 5.98r,_3)

Al =17 exp(39.25 — 22.17r,—1 — 17.34r,—> — 5.98r,_3)

The standard error of the residuals for the prior model is 6.56. For comparison, we
also built an AR model for the data and obtained

re = 1.101 +0.077r,—1 + a;, o0, = 6.61. (4.34)

The residual standard error is slightly greater than that of the feed-forward model in
Eq. (4.33).

Forecast Comparison

The monthly returns of IBM stock in 1998 and 1999 form the second subsample and
are used to evaluate the out-of-sample forecasting performance of neural networks.
As a benchmark for comparison, we use the sample mean of r; in the first subsample
as the 1-step ahead forecast for all the monthly returns in the second subsample. This
corresponds to assuming that the log monthly price of IBM stock follows a random
walk with a drift. The mean squared forecast error (MSE) of this benchmark model
is 91.85. For the AR(1) model in Eq. (4.34), the MSE of 1-step ahead forecasts is
91.70. Thus, the AR(1) model outperforms slightly the benchmark. For the 3-2-1
feed-forward network in Eq. (4.33), the MSE is 91.74, which is essentially the same
as that of the AR(1) model.

Remark: The estimation of feed-forward networks is done by using the
S-Plus program with default starting weights; see Venables and Ripley (1999) for
more information. Our limited experience shows that the estimation results vary.
For the IBM stock returns used in Example 4.5, the out-of-sample MSE for a 3-2-1
network can be as low as 89.46 and as high as 93.65. If we change the number of
nodes in the hidden layer, the range for the MSE becomes even wider. The S-Plus
commands used in Example 4.5 are given in Appendix B.

Example 4.6. Nice features of the feed-forward networks include its flexi-
bility and wide applicability. For illustration, we use the network with a Heaviside
activation function for the output layer to forecast the direction of price movement
for IBM stock considered in Example 4.5. Define a direction variable as

d = {1 ifr, >0
"7 lo ifr <o,

We use eight input nodes consisting of the first four lagged values of both r, and
d; and four nodes in the hidden layer to build an 8-4-1 feed-forward network for
d; in the first subsample. The resulting network is then used to compute the 1-step
ahead probability of an “upward movement” (i.e., a positive return) for the following
month in the second subsample. Figure 4.6 shows a typical output of probability
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Figure 4.6. One-step ahead probability forecasts for a positive monthly return for IBM stock
using an 8-4-1 feed-forward neural network. The forecasting period is from January 1998 to
December 1999.

forecasts and the actual directions in the second subsample with the latter denoted
by “0.” A horizontal line of 0.5 is added to the plot. If we take a rigid approach by
lettlng d, = 1if the probability forecast is greater than or equal to 0.5 and d, =0
otherwise, then the neural network has a successful rate of 0.58. The success rate of
the network varies substantially from one estimation to another, and the network uses
49 parameters. To gain more insight, we did a simulation study of running the 8-4-1
feed-forward network 500 times and computed the number of errors in predicting
the upward and downward movement using the same method as before. The mean
and median of errors over the 500 runs are 11.28 and 11, respectively, whereas the
maximum and minimum numbers of errors are 18 and 4. For comparison, we also
did a simulation with 500 runs using a random walk with a drift—that is,

G _ [l ifA=119+6 20
"7 10 otherwise,

where 1.19 is the average monthly log return for IBM stock from January 1926 to
December 1997 and {¢,} is a sequence of iid N (0, 1) random variables. The mean and
median of the number of forecast errors become 10.53 and 11, whereas the maximum
and minimum numbers of errors are 17 and 5, respectively. Figure 4.7 shows the
histograms of the number of forecast errors for the two simulations. The results show
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Figure 4.7. Histograms of the number of forecasting errors for the directional movements of
monthly log returns of IBM stock. The forecasting period is from January 1998 to December
1999.

that the 8-4-1 feed-forward neural network does not outperform the simple model
that assumes a random walk with a drift for the monthly log price of IBM stock.

4.2 NONLINEARITY TESTS

In this section, we discuss some nonlinearity tests available in the literature that have
decent power against the nonlinear models considered in Section 4.1. The tests dis-
cussed include both parametric and nonparametric statistics. The Ljung—Box statis-
tics of squared residuals, the bispectral test, and the BDS test are nonparametric
methods. The RESET test (Ramsey, 1969), the F tests of Tsay (1986, 1989), and
other Lagrange multiplier and likelihood ratio tests depend on specific parametric
functions. Because nonlinearity may occur in many ways, there exists no single test
that dominates the others in detecting nonlinearity.

4.2.1 Nonparametric Tests

Under the null hypothesis of linearity, residuals of a properly specified linear model
should be independent. Any violation of independence in the residuals indicates inad-
equacy of the entertained model, including the linearity assumption. This is the basic
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idea behind various nonlinearity tests. In particular, some of the nonlinearity tests
are designed to check for possible violation in quadratic forms of the underlying
time series.

4.2.1.1 Q-Statistic of Squared Residuals
McLeod and Li (1983) apply the Ljung—Box statistics to the squared residuals of an
ARMA(p, g) model to check for model inadequacy. The test statistic is

m A2 2
Q(m) = T<T+2>Z%,

i=1

where T is the sample size, m is a properly chosen number of autocorrelations
used in the test, a, denotes the residual series, and p; (atz) is the lag-i ACF of atz.
If the entertained linear model is adequate, Q(m) is asymptotically a chi-squared
random variable with m — p — ¢ degrees of freedom. As mentioned in Chapter 3,
the prior Q-statistic is useful in detecting conditional heteroscedasticity of a; and is
asymptotically equivalent to the Lagrange multiplier test statistic of Engle (1982)
for ARCH models; see subsection 3.3.3. The null hypothesis of the statistics is
H,: B =---= Bn =0, where B; is the coefficient of atzﬂ. in the linear regression

a? = Bo+ pra’, + -+ Buat, + e

fort =m +1,..., T.Because the statistic is computed from residuals (not directly
from the observed returns), the number of degrees of freedomism — p — q.

4.2.1.2 Bispectral Test

This test can be used to test for linearity and Gaussianity. It depends on the result
that a properly normalized bispectrum of a linear time series is constant over all
frequencies and that the constant is zero under normality. The bispectrum of a time
series is the Fourier transform of its third-order moments. For a stationary time series
x; in Eq. (4.1), the third-order moment is defined as

cw,v) =g D ViVkruVito, (4.35)

k=—00

where u and v are integers, g = E(af), Yo = 1, and ¥ = 0 for k < 0. Taking
Fourier transforms of Eq. (4.35), we have

b3(wy, wy) = &F[—(wl + wy) T (w)T (wo), (4.36)

where I'(w) = Ziio Yy, exp(—iwu) withi = +/—1, and w; are frequencies. Yet the
spectral density function of x; is given by
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2
o
p(w) = Z£IT @),
T

where w denotes the frequency. Consequently, the function

b3(wr, 2
b(wy, wp) = | b3(wi, wa) | = constant for all (w1, wy). 4.37)
p(wi) p(wz) p(wi + wa)

The bispectrum test makes use of the property in Eq. (4.37). Basically, it estimates
the function (w1, wy) in Eq. (4.37) over a suitably chosen grid of points and applies
a test statistic similar to Hotelling’s T? statistic to check the constancy of b(wi, wy).
For a linear Gaussian series, E(a,3 ) = g = 0 so that the bispectrum is zero for all
frequencies (w1, wy). For further details of the bispectral test, see Priestley (1988),
Subba Rao and Gabr (1984), and Hinich (1982). Limited experience shows that the
test has decent power when the sample size is large.

4.2.1.3 BDS Statistic

Brock, Dechert, and Scheinkman (1987) propose a test statistic, commonly referred
to as the BDS test, to detect the iid assumption of a time series. The statistic is, there-
fore, different from other test statistics discussed because the latter mainly focus on
either the second- or third-order properties of x;. The basic idea of the BDS test is
to make use of “correlation integral” popular in chaotic time series analysis. Given a

k-dimensional time series X; and observations {X t};Ti |» define the correlation inte-
gral as
Cr(5) li 2 E Is(X;, X;) (4.38)
frd m —— [y i), .
k oo Ti(Ti — 1) &= SR 2

where I5(u, v) is an indicator variable that equals one if || # — v || < &, and zero oth-
erwise, where || . || is the supnorm. The correlation integral measures the fraction of
data pairs of {X,} that are within a distance of § from each other. Consider next a time
series x;. Construct k-dimensional vectors X f = (X, X141, - - » Xr1k—1) , which are
called k-histories. The idea of the BDS test is as follows. Treat a k-history as a point
in the k-dimensional space. If {x,}[T=1 are indeed iid random variables, then the k-
histories {X; tTi | should show no pattern in the k-dimensional space. Consequently,
the correlation integrals should satisfy the relation C(8) = [C} (8)]]‘. Any departure
from the prior relation suggests that x; are not iid. As a simple, but informative exam-
ple, consider a sequence of iid random variables from the uniform distribution over
[0, 1]. Let [a, b] be a subinterval of [0, 1] and consider the “2-history” (x;, x;41),
which represents a point in the two-dimensional space. Under the iid assumption,
the expected number of 2-histories in the subspace [a, b] X [a, b] should equal the
square of the expected number of x; in [a, b]. This idea can be formally examined
by using sample counterparts of correlation integrals. Define
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Ce.T) = Do LXEL XD, t=1k

i<j

2
T (T — 1)

where Ty =T — £+ 1 and X = x; if £ = 1 and X} = Xlk if £ = k. Under the null
hypothesis that {x,} are iid with a nondegenerated distribution function F(.), Brock,
Dechert, and Scheinkman (1987) show that

Ci(8,T) — [C1(8)]F  with probability 1, as T — oo
for any fixed k and §. Furthermore, the statistic VT{Ck(8,T) — [Ci(8, T)IF} is
asymptotically distributed as normal with mean zero and variance
k—1 o
ol(8) =4 |:Nk +2) NEICH 4 (k- 1)’C* - kzNCQk_z} :
Jj=1
where C = [[F(z+8) — F(z—8)ldF(z)and N = [[F(z+8) — F(z — 8)I’dF (2).

Note that C; (8, T) is a consistent estimate of C, and N can be consistently estimated
by

6
NG, T) = 1 s 1 s .
G =+ 7T =) ; 5 (xr, x5) I (X, X4 )
The BDS test statistic is then defined as
Di(8, T) = NT{Ck(8, T) — [C1(8, T)IF} /0w (8, T), (4.39)

where oy (8, T) is obtained from oy (§) when C and N are replaced by C1(8, T) and
N (6, T), respectively. This test statistic has a standard normal limiting distribution.
For further discussion and examples of applying the BDS test, see Hsieh (1989)
and Brock, Hsieh, and LeBaron (1991). In application, one should remove linear
dependence, if any, from the data before applying the BDS test. The test may be
sensitive to the choices of § and k, especially when k is large.

4.2.2 Parametric Tests

Turning to parametric tests, we consider the RESET test of Ramsey (1969) and its
generalizations. We also discuss some test statistics for detecting threshold nonlin-
earity. To simplify the notation, we use vectors and matrices in the discussion. If
necessary, readers may consult Appendix A of Chapter 8 for a brief review on vec-
tors and matrices.

4.2.2.1 The RESET Test
Ramsey (1969) proposes a specification test for linear least squares regression anal-
ysis. The test is referred to as a RESET test and is readily applicable to linear AR
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models. Consider the linear AR(p) model
x=X,_,¢+a, (4.40)

where X;—1 = (1, x,—-1,...,x-p) and ¢ = (o, ¢1,...,¢p) . The first step of
the RESET test is to obtain the least squares estimate ¢A> of Eq. (4.40) and compute
the fit X, = X|_,¢, the residual 4, = x; — X;, and the sum of squared residuals
SSRy = Z[T:p T1 &tz, where T is the sample size. In the second step, consider the
linear regression

a=X,_jou +M,_jar + v, (4.41)

where M;_| = ()?tz, e )Ef“)’ for some s > 1, and compute the least squares

residuals

A

n , o~ o~
v =a, —X,_jo1 —M,_ja

and the sum of squared residuals SSR; = Z[T: Pt 92 of the regression. The basic
idea of the RESET test is that if the linear AR(p) model in Eq. (4.40) is adequate,
then a1 and a; of Eq. (4.41) should be zero. This can be tested by the usual F
statistic of Eq. (4.41) given by

_ (SSRo—SSR1)/g
T SSR/(T—p—9)

with g=s+p+1 (4.42)

which, under the linearity and normality assumption, has an F distribution with
degrees of freedom gand 7 — p — g.

Remark: Because )?tk fork = 2,...,s + 1 tend to be highly correlated with
X;_1 and among themselves, principal components of M;_ that are not co-linear
with X;_; are often used in fitting Eq. (4.41). Principal component analysis is a
statistical tool for dimension reduction; see Chapter 8 for more information.

Kennan (1985) proposes a nonlinearity test for time series that uses fctz only and
modifies the second step of the RESET test to avoid multicollinearity between )2,2
and X;_1. Specifically, the linear regression (4.41) is divided into two steps. In step

2(a), one removes linear dependence of )2,2 on X;_1 by fitting the regression
a2 /
X =X,_B+tu

and obtaining the residual i; = )?3 — X;_18. In step 2(b), consider the linear regres-
sion

ar = ura + vy,
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and obtain the sum of squared residuals SSR; = ZLPH (@ — 0,60 = ZLPH f),z
to test the null hypothesis o = 0.

4.2.2.2 TheF Test

To improve the power of Kennan’s and RESET tests, Tsay (1986) uses a dif-
ferent choice of the regressor M;_;. Specifically, he suggests using M;_| =
vech(Xt,lX;_l), where vech(A) denotes the half-stacking vector of the matrix
A using elements on and below the diagonal only; see Appendix B of Chap-
ter 8 for more information about the operator. For example, if p = 2, then
M, = (th,lyxt—lxz—z,xf,z)/- The dimension of M,_; is p(p + 1)/2 for an
AR(p) model. In practice, the test is simply the usual partial F statistic for testing
o = 0 in the linear least squares regression

X = X;_IQS +M;_IO{ + ey,

where e; denotes the error term. Under the assumption that x; is a linear AR(p)
process, the partial F statistic follows an F distribution with degrees of freedom g
and T — p — g — 1, where g = p(p + 1)/2. We refer to this F test as the Ori-F test.
Luukkonen, Saikkonen, and Terisvirta (1988) further extend the test by augmenting
M, _; with cubic terms x?_i fori =1,...,p.

4.2.2.3 Threshold Test
When the alternative model under study is a SETAR model, one can derive specific
test statistics to increase the power of the test. One of the specific tests is the likeli-
hood ratio statistic. This test, however, encounters the difficulty of undefined param-
eters under the null hypothesis of linearity because the threshold is undefined for a
linear AR process. Another specific test seeks to transform testing threshold nonlin-
earity into detecting model changes. It is then interesting to discuss the differences
between these two specific tests for threshold nonlinearity.

To simplify the discussion, let us consider the simple case that the alternative
model is a two-regime SETAR model with threshold variable x;_,. The null hypoth-
esis is H,: x; follows the linear AR(p) model

p
X =0+ ) dixi—i+ar, (4.43)

i=1

whereas the alternative hypothesis is H,: x; follows the SETAR model

(1) P (D) .
by +DF b ximi +ay ifxi_g <1y
=170 =170 ' ' (4.44)

2 2 .
¢(() )+ > ¢i( xii+ay ifxi_g>ri

where ry is the threshold. For a given realization {x,}tT=1 and assuming normality,

let lo(c}, 5512) be the log likelihood function evaluated at the maximum likelihood

estimates of ¢ = (¢, ..., #),)" and aaz. This is easy to compute. The likelihood
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function under the alternative is also easy to compute if the threshold r; is given.
Let I1(r1; ¢y, 612; b, &22) be the log likelihood function evaluated at the maximum
likelihood estimates of ¢; = ((]5(()'), ey q)g))’ and oiz conditioned on knowing the
threshold 7. The log likelihood ratio /(1) defined as

I(r)) = Ly (r1; @1, 625 a, 63) — lo(@, 62,

is then a function of the threshold r1, which is unknown. Yet under the null hypoth-
esis, there is no threshold and r; is not defined. The parameter r; is referred to as a
nuisance parameter under the null hypothesis. Consequently, the asymptotic distri-
bution of the likelihood ratio is very different from that of the conventional likelihood
ratio statistics. See Chan (1991) for further details and critical values of the test. A
common approach is to use Imax = sup, <r <u [(r1) as the test statistic, where v and u
are prespecified lower and upper bounds of the threshold. Davis (1987) and Andrews
and Ploberger (1994) provide further discussion on hypothesis testing involving nui-
sance parameters under the null hypothesis. Simulation is often used to obtain empir-
ical critical values of the test statistic Imax, which depends on the choices of v and u.
The average of I(r;) over r| € [v, u] is also considered by Andrews and Ploberger
as a test statistic.

Tsay (1989) makes use of arranged autoregression and recursive estimation to
derive an alternative test for threshold nonlinearity. The arranged autoregression
seeks to transfer the SETAR model under the alternative hypothesis H, into a model
change problem with the threshold r; serving as the change point. To see this,
the SETAR model in Eq. (4.44) says that x; follows essentially two linear models
depending on whether x,_; < rj or x;,_g > r;. For a realization {xt}tTZ], Xi_4 can
assume values {x1, ..., xr_g}. Let x(1) < x) < -+ < x(7—q) be the ordered statis-
tics of {xl}trzjd (i.e., arranging the observations in increasing order). The SETAR
model can then be written as

p
X(j)+d = Bo + Z,Bix(j)+d—i +agy4a, j=1,....T —d, (4.45)

i=1

where 8; = ¢i(1) ifxjy <riand B; = ¢i(2) if x(jy > r1. Consequently, the threshold
r1 is a change point for the linear regression in Eq. (4.45), and we refer to Eq. (4.45)
as an arranged autoregression (in increasing order of the threshold x,_;). Note that
the arranged autoregression in Eq. (4.45) does not alter the dynamic dependence of x;
onx,; fori =1,..., p because x(j)4q still depends on x(j)14—; fori =1,..., p.
What is done is simply to present the SETAR model in the threshold space instead of
in the time space. That is, the equation with a smaller x,_; appears before that with
a larger x;_4. The threshold test of Tsay (1989) is obtained as follows.

¢ Step 1: Fit the Eq. (4.45) using j = 1, ..., m, where m is a pre-specified pos-
itive integer (e.g., 30). Denote the least squares estimates of §; by S; m, where
m denotes the number of data points used in estimation.
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* Step 2: Compute the predictive residual

p
Am1)+d = Xentybd — Bom — D BimXimt1)td—i
i=1

and its standard error. Let €(,41)+q4 be the standardized predictive residual.

* Step 3: Use the recursive least squares method to update the least squares esti-
mates to B; ,,+1 by incorporating the new data point Xx(;;41)44-

* Step 4: Repeat Steps 2 and 3 until all data points are processed.

* Step 5: Consider the linear regression of the standardized predictive residual

p
ontjyrd =0+ D CiXuijyrd—i v, j=1,....T—d—m (446)
i=1

and compute the usual F statistic for testing o; = 0 in Eq. (4.46) for i =
0, ..., p. Under the null hypothesis that x; follows a linear AR(p) model, the
F ratio has a limiting F distribution with degrees of freedom p + 1 and T —
d—m—p.

We refer to the earlier F test as a Tar-F test. The idea behind the test is that under
the null hypothesis there is no model change in the arranged autoregression in
Eq. (4.45) so that the standardized predictive residuals should be close to iid with
mean zero and variance 1. In this case, they should have no correlations with the
TEgressors X(yn j)+d—i- For further details including formulas for a recursive least
squares method and some simulation study on performance of the Tar-F test, see
Tsay (1989). The Tar-F test avoids the problem of nuisance parameters encountered
by the likelihood ratio test. It does not require knowing the threshold r;. It simply
tests that the predictive residuals have no correlations with regressors if the null
hypothesis holds. Therefore, the test does not depend on knowing the number of
regimes in the alternative model. Yet the Tar-F test is not as powerful as the likeli-
hood ratio test if the true model is indeed a two-regime SETAR model with a known
innovational distribution.

4.2.3 Applications

In this subsection, we apply some of the nonlinearity tests discussed previously to
five time series. For a real financial time series, an AR model is used to remove any
serial correlation in the data, and the tests apply to the residual series of the model.
The five series employed are as follows:

1. rq;: A simulated series of iid N (0, 1) with 500 observations.

2. ry: A simulated series of iid Student-# distribution with 6 degrees of freedom.
The sample size is 500.
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3. a3z;: The residual series of monthly log returns of CRSP equal-weighted index
from 1926 to 1997 with 864 observations. The linear AR model used is

(1 —0.180B + 0.099B> — 0.105B°)r3; = 0.0086 + as;.

4. a4;: The residual series of monthly log returns of CRSP value-weighted index
from 1926 to 1997 with 864 observations. The linear AR model used is

(1 —0.098B + 0.111B> — 0.088B°)r4; = 0.0078 + ay;.

5. as;: The residual series of monthly log returns of IBM stock from 1926 to 1997
with 864 observations. The linear AR model used is

(1 =0.077B)rs; = 0.011 4 as;.

Table 4.2 shows the results of nonlinearity test. For the simulated series and IBM
returns, the F tests are based on an AR(6) model. For the index returns, the AR
order is the same as the model given earlier. For the BDS test, we chose § = 6, and
8 = 1.56, with k = 2,...,5. Also given in the table are the Ljung-Box statistics
that confirm no serial correlation in the residual series before applying nonlinearity
tests. Compared with their asymptotic critical values, the BDS test and the F tests
are insignificant at the 5% level for the simulated series. However, the BDS tests are
highly significant for the real financial time series. The F tests also show significant
results for the index returns, but they fail to suggest nonlinearity in the IBM log

Table 4.2. Nonlinearity Tests for Simulated Series and Some Log Stock Returns. The
Sample Size of Simulated Series is 500 and That of Stock Returns is 864. The BDS Test
Usesk =2,...,5.

Q Q BDS(§ = 1.56,)
Data (®)] (10) 2 3 4 5
N(0,1) 3.2 6.5 —0.32 —0.14 —0.15 —0.33
te 0.9 1.7 —0.87 —1.18 —1.56 —1.71
In(ew) 2.9 49 9.94 11.72 12.83 13.65
In(vw) 1.0 9.8 8.61 9.88 10.70 11.29
In(ibm) 0.6 7.1 4.96 6.09 6.68 6.82
d=1 BDS(§ = 6,)
Data Ori-F Tar-F 2 3 4 5
N(0,1) 1.13 0.87 —0.77 —0.71 —1.04 —1.27
te 0.69 0.81 —0.35 —0.76 —1.25 —1.49
In(ew) 5.05 6.77 10.01 11.85 13.14 14.45
In(vw) 4.95 6.85 7.01 7.83 8.64 9.53

In(ibm) 1.32 1.51 3.82 4.70 5.45 5.72
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returns. In summary, the tests confirm that the simulated series are linear and suggest
that the stock returns are nonlinear.

4.3 MODELING

Nonlinear time series modeling necessarily involves subjective judgment. However,
there are some general guidelines to follow. It starts with building an adequate linear
model on which nonlinearity tests are based. For financial time series, the Ljung—Box
statistics and Engle’s test are commonly used to detect conditional heteroscedasticity.
For general series, other tests of Section 4.2 apply. If nonlinearity is statistically sig-
nificant, then one chooses a class of nonlinear models to entertain. The selection here
may depend on the experience of the analyst and the substantive matter of the prob-
lem under study. For volatility models, the order of an ARCH process can often be
determined by checking the partial autocorrelation function of the squared series. For
GARCH and EGARCH models, only lower orders such as (1, 1), (1, 2), and (2, 1)
are considered in most applications. Higher order models are hard to estimate and
understand. For TAR models, one may use the procedures given in Tong (1990) and
Tsay (1989, 1998) to build an adequate model. When the sample size is sufficiently
large, one may apply nonparametric techniques to explore the nonlinear feature of the
data and choose a proper nonlinear model accordingly; see Chen and Tsay (1993a)
and Cai, Fan, and Yao (1999). The MARS procedure of Lewis and Stevens (1991)
can also be used to explore the dynamic structure of the data. Finally, information
criteria such as Akaike information criterion (Akaike, 1974) and the generalized odd
ratios in Chen, McCulloch, and Tsay (1997) can be used to discriminate between
competing nonlinear models. The chosen model should be carefully checked before
it is used for prediction.

44 FORECASTING

Unlike the linear model, there exist no closed-form formulas to compute forecasts of
most nonlinear models when the forecast horizon is greater than 1. We use paramet-
ric bootstraps to compute nonlinear forecasts. It is understood that the model used in
forecasting has been rigorously checked and is judged to be adequate for the series
under study. By a model, we mean the dynamic structure and innovational distribu-
tions. In some cases, we may treat the estimated parameters as given.

4.4.1 Parametric Bootstrap

Let T be the forecast origin and £ be the forecast horizon (¢ > 0). That is, we are at
time index T and interested in forecasting x74¢. The parametric bootstrap considered
computes realizations x741, . .., X74¢ sequentially by (a) drawing a new innovation
from the specified innovational distribution of the model, and (b) computing x74;
using the model, data, and previous forecasts x741, ..., Xx74;—1. This results in a
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realization for x74,. The procedure is repeated M times to obtain M realizations of
x7+¢ denoted by {x(TJll}ﬁ’lz 1- The point forecast of x7¢ is then the sample average
of x(TQ ¢ Let the forecast be x7(£). We used M = 3000 in some applications and the
results seem fine. The realizations {x;j}r e}?” | can also be used to obtain an empirical
distribution of x7.,. We make use of this empirical distribution later to evaluate

forecasting performance.

4.4.2 Forecasting Evaluation

There are many ways to evaluate the forecasting performance of a model, rang-
ing from directional measures to magnitude measures to distributional measures.
A directional measure considers the future direction (up or down) implied by the
model. Predicting that tomorrow’s S&P 500 index will go up or down is an example
of directional forecasts that are of practical interest. Predicting the year-end value of
the daily S&P 500 index belongs to the case of magnitude measure. Finally, assessing
the likelihood that the daily S&P 500 index will go up 10% or more between now and
the year end requires knowing the future conditional probability distribution of the
index. Evaluating the accuracy of such an assessment needs a distributional measure.

In practice, the available data set is divided into two subsamples. The first sub-
sample of the data is used to build a nonlinear model, and the second subsample is
used to evaluate the forecasting performance of the model. We refer to the two sub-
samples of data as estimation and forecasting subsamples. In some studies, a rolling
forecasting procedure is used in which a new data point is moved from the fore-
casting subsample into the estimation subsample as the forecast origin advances. In
what follows, we briefly discuss some measures of forecasting performance that are
commonly used in the literature. Keep in mind, however, that there exists no widely
accepted single measure to compare models. A utility function based on the objective
of the forecast might be needed to better understand the comparison.

4.4.2.1 Directional Measure

A typical measure here is to use a 2 x 2 contingency table that summarizes the
numbers of “hits” and “misses” of the model in predicting ups and downs of x7¢ in
the forecasting subsample. Specifically, the contingency table is given as

Predicted
Actual up down
up my mia mjo
down my my Moo
moy Mmoo m

where m is the total number of £-step ahead forecasts in the forecasting subsample,
m11 is the number of “hits” in predicting upward movements, m>; is the number of
“misses” in predicting downward movements of the market, and so on. Larger values
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in m1; and mjp indicate better forecasts. The test statistic

2 lOmOJ )2

2
(mz]
Z Z mi()mO/

i=1j=1

can then be used to evaluate the performance of the model. A large x2 signifies that
the model outperforms the chance of random choice. Under some mild conditions,
x? has an asymptotic chi-squared distribution with 1 degree of freedom. For further
discussion of this measure, see Dahl and Hylleberg (1999).

For illustration of the directional measure, consider the 1-step ahead probability
forecasts of the 8-4-1 feed-forward neural network shown in Figure 4.6. The 2 x 2
table of “hits” and “misses” of the network is

Predicted
Actual up down
up 12 2 14
down 8 2 10
20 4 24

The table shows that the network predicts the upward movement well, but fares
poorly in forecasting the downward movement of the stock. The chi-squared statistic
of the table is 0.137 with p value 0.71. Consequently, the network does not signifi-
cantly outperform a random walk model with equal probabilities for “upward” and
“downward” movements.

4.4.2.2 Magnitude Measure

Three statistics are commonly used to measure performance of point forecasts. They
are the mean squared error (MSE), mean absolute deviation (MAD), and mean abso-
lute percentage error (MAPE). For ¢-step ahead forecasts, these measures are defined
as

.
MSE(@©) = — ; Xrtorj = x4 (OF (4.47)
m—1
MAD() = Z | X7+ = X7+ (O) | (4.48)
]
1 m—1 (¢
MAPE®W) = = S [ 70O | (4.49)
=0 | XT+j+e

where m is the number of ¢-step ahead forecasts available in the forecasting sub-
sample. In application, one often chooses one of the above three measures, and the
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model with the smallest magnitude on that measure is regarded as the best £-step
ahead forecasting model. It is possible that different £ may result in selecting differ-
ent models. The measures also have other limitations in model comparison; see, for
instance, Clements and Hendry (1993).

4.4.2.3 Distributional Measure

Practitioners recently began to assess forecasting performance of a model using
its predictive distributions. Strictly speaking, a predictive distribution incorporates
parameter uncertainty in forecasts. We call it conditional predictive distribution if
the parameters are treated as fixed. The empirical distribution of x74, obtained by
the parametric bootstrap is a conditional predictive distribution. This empirical distri-
bution is often used to compute a distributional measure. Let u7 (£) be the percentile
of the observed x74¢ in the prior empirical distribution. We then have a set of m
percentiles {ur4 (E)};’?:_O] , where again m is the number of £-step ahead forecasts in
the forecasting subsample. If the model entertained is adequate, {u74;(£)} should
be a random sample from the uniform distribution on [0, 1]. For a sufficiently large
m, one can compute the Kolmogorov—Smirnov statistic of {ur;(£)} with respect
to uniform [0, 1]. The statistic can be used for both model checking and forecasting
comparison.

4.5 APPLICATION

In this section, we illustrate nonlinear time series models by analyzing the quarterly
U.S. civilian unemployment rate, seasonally adjusted, from 1948 to 1993. This series
was analyzed in detail by Montgomery, Zarnowitz, Tsay, and Tiao (1998). We repeat
some of the analyses here using nonlinear models. Figure 4.8 shows the time plot of
the data. Well-known characteristics of the series include that (a) it tends to move
countercyclically with U.S. business cycles, and (b) the rate rises quickly, but decays
slowly. The latter characteristic suggests that the dynamic structure of the series is
nonlinear.

Denote the series by x; and let Ax; = x; — x;— be the change in unemployment
rate. The linear model

(1 —0.31B*(1 —0.65B)Ax; = (1 — 0.78B%a;, 62 =0.090 (4.50)

was built by Montgomery et al. (1998), where the standard errors of the three coef-
ficients are 0.11, 0.06, and 0.07, respectively. This is a seasonal model even though
the data were seasonally adjusted. It indicates that the seasonal adjustment procedure
used did not successfully remove the seasonality. This model is used as a benchmark
model for forecasting comparison.

To test for nonlinearity, we apply some of the nonlinearity tests of Section 4.2 with
an AR(5) model for the differenced series Ax;. The results are given in Table 4.3.
All of the tests reject the linearity assumption. In fact, the linearity assumption is
rejected for all AR(p) models we applied, where p =2, ..., 10.
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Figure 4.8. Time plot of the U.S. quarterly unemployment rate, seasonally adjusted, from
1948 to 1993.

Using a modeling procedure similar to that of Tsay (1989), Montgomery et al.
(1998) build the following TAR model for the Ax; series:

0.01 +0.73Ax;—1 + 0.10Ax;—» + ai; if Ax;—p <0.1,
Ax, = 4.51)

0.18 +0.80Ax;—1 — 0.56Ax;_» + ay; otherwise.

The sample variances of aj; and ay; are 0.76 and 0.165, respectively, the standard
errors of the three coefficients of Regime 1 are 0.03, 0.10, and 0.12, respectively,
and those of Regime 2 are 0.09, 0.1, and 0.16. This model says that the change in
the U.S. quarterly unemployment rate, Ax;, behaves like a piecewise linear model in
the reference space of x;_» — x,_3 with threshold 0.1. Intuitively, the model implies
that the dynamics of unemployment act differently depending on the recent change
in the unemployment rate. In the first regime, the unemployment rate has had either

Table 4.3. Nonlinearity Test for Changes in the U.S. Quarterly Unemployment Rate:
1948.11-1993.1V. An AR(5) Model Was Used in the Tests, Where LST Denotes the Test of
Luukkonen et al. (1988) and TAR(d) Means Threshold Test with Delay d.

Type Ori-F LST TAR(1) TAR(2) TARQ3) TAR(4)

Test 2.80 2.83 2.41 2.16 2.84 2.98
p value .0007 .0002 .0298 .0500 .0121 .0088
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a decrease or a minor increase. Here the economy should be stable, and essentially
the change in the rate follows a simple AR(1) model because the lag-2 coefficient is
insignificant. In the second regime, there is a substantial jump in the unemployment
rate (0.1 or larger). This typically corresponds to the contraction phase in the busi-
ness cycle. It is also the period during which government interventions and industrial
restructuring are likely to occur. Here Ax; follows an AR(2) model with a posi-
tive constant, indicating an upward trend in x;. The AR(2) polynomial contains two
complex characteristic roots, which indicate possible cyclical behavior in Ax;. Con-
sequently, the chance of having a turning point in x; increases, suggesting that the
period of large increases in x; should be short. This implies that the contraction
phases in the U.S. economy tend to be shorter than the expansion phases.

Applying a Markov Chain Monte Carlo method, Montgomery et al. (1998) obtain
the following Markov switching model for Ax;:

—0.07 + O.SSA)C[_l - 0.0SA.X;_z + €11 if Sy = 1
Ax, = (4.52)
0.16 + O.86A)C[_] — 0.38Ax,_2 + €2¢ if St = 2.

The conditional means of Ax; are —0.10 for s, = 1 and 0.31 for s; = 2. Thus,
the first state represents the expansionary periods in the economy, and the second
state represents the contractions. The sample variances of €1; and €y; are 0.031 and
0.192, respectively. The standard errors of the three parameters in state s, = 1 are
0.03, 0.14, and 0.11, and those of state s; = 2 are 0.04, 0.13, and 0.14, respectively.
The state transition probabilities are P(s; = 2 | s,—1 = 1) = 0.084(0.060) and
P(ss = 1| s,—1 = 2) = 0.126(0.053), where the number in parentheses is the
corresponding standard error. This model implies that in the second state the unem-
ployment rate x; has an upward trend with an AR(2) polynomial possessing complex
characteristic roots. This feature of the model is similar to the second regime of the
TAR model in Eq. (4.51). In the first state, the unemployment rate x; has a slightly
decreasing trend with a much weaker autoregressive structure.

Forecasting Performance
A rolling procedure was used by Montgomery et al. (1998) to forecast the unemploy-
ment rate x;. The procedure works as follows:

1. Begin with forecast origin 7 = 83, corresponding to 1968.1I which was used
in the literature to monitor performance of various econometric models in fore-
casting unemployment rate. Estimate the linear, TAR, and MSA models using
the data from 1948.1 to the forecast origin (inclusive).

2. Perform I-quarter to 5-quarter ahead forecasts and compute the forecast errors
of each model. Forecasts of nonlinear models used are computed by using the
parametric bootstrap method of Section 4.4.

3. Advance the forecast origin by 1 and repeat the estimation and forecasting
processes until all data are employed.

4. Use MSE and mean forecast error to compare performance of the models.
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Table 4.4. Out-of-Sample Forecast Comparison Among Linear, TAR, and MSA Models
for the U.S. Quarterly Unemployment Rate. The Starting Forecast Origin is 1968.11,
Where the Row Marked by “MSE” Shows the MSE of the Benchmark Linear Model.

(A) Relative MSE of forecast

Model 1-step 2-step 3-step 4-step 5-step

(a) Overall comparison

Linear 1.00 1.00 1.00 1.00 1.00
TAR 1.00 1.04 0.99 0.98 1.03
MSA 1.19 1.39 1.40 1.45 1.61
MSE 0.08 0.31 0.67 1.13 1.54

(b) Forecast origins in economic contractions

Linear 1.00 1.00 1.00 1.00 1.00

TAR 0.85 0.91 0.83 0.72 0.72

MSA 0.97 1.03 0.96 0.86 1.02

MSE 0.22 0.97 2.14 3.38 3.46
(c) Forecast origins in economic expansions

Linear 1.00 1.00 1.00 1.00 1.00

TAR 1.06 1.13 1.10 1.15 1.17

MSA 1.31 1.64 1.73 1.84 1.87

MSE 0.06 0.21 0.45 0.78 1.24

(B) Mean of forecast errors

Model 1-step 2-step 3-step 4-step 5-step
(a) Overall comparison

Linear .03 .09 17 25 .33

TAR —.10 —.02 —.03 —-.03 —.01

MSA .00 —.02 —.04 —-.07 —.12
(b) Forecast origins in economic contractions

Linear 0.31 0.68 1.08 1.41 1.38

TAR 0.24 0.56 0.87 1.01 0.86

MSA 0.20 0.41 0.57 0.52 0.14
(c) Forecast origins in economic expansions

Linear —.01 .00 .03 .08 17

TAR —.05 —.11 —.17 —.19 —.14

MSA -.03 —-.08 -.13 -.17 —.16
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Table 4.4 shows the relative MSE of forecasts and mean forecast errors for the
linear model in Eq. (4.50), the TAR model in Eq. (4.51), and the MSA model in
Eq. (4.52), using the linear model as a benchmark. The comparisons are based on
overall performance as well as the status of the U.S. economy at the forecast origin.
From the table, we make the following observations:

1. For the overall comparison, TAR model and the linear model are very close
in MSE, but the TAR model has smaller biases. Yet the MSA model has the
highest MSE, but smallest biases.

2. For forecast origins in economic contractions, the TAR model shows improve-
ments over the linear model both in MSE and bias. The MSA model also shows
some improvement over the linear model, but the improvement is not as large
as that of the TAR model.

3. For forecast origins in economic expansions, the linear model outperforms
both nonlinear models.

The results suggest that the contributions of nonlinear models over linear ones in
forecasting the U.S. quarterly unemployment rate are mainly in the periods when the
U.S. economy is in contractions. This is not surprising because, as mentioned before,
it is during the economic contractions that government interventions and industrial
restructuring are most likely to occur. These external events could introduce nonlin-
earity in the U.S. unemployment rate. Intuitively, such improvements are important
because it is during the contractions that people pay more attention to economic
forecasts.

APPENDIX A. SOME RATS PROGRAMS FOR NONLINEAR
VOLATILITY MODELS

A. This program was used to estimate an AR(2)-TAR-GARCH(1, 1) model
for daily log returns of IBM stock. The data file is ‘“‘d-ibmIn99.dat.”

all 0 9442:1

open data d-ibmln99.dat

data (org=obs) / rt

set h = 0.0

*nonlin mu pl p2 a0 al a2 b0 bl b2

nonlin mu p2 al a2 b0 bl b2

*frml at = rt(t)-mu-pl*rt(t-1)-p2*rt(t-2)

frml at = rt(t)-mu-p2*rt(t-2)

frml u = (at(t-1)/abs(at(t-1))+1.0)/2.0

frml gvarl = al*at(t-1)**2+a2*h(t-1)

frml gvar = gvarl(t)+u(t)* (bO+bl*at(t-1)**2+b2*h(t-1))
frml garchln = -0.5*log(h(t)=gvar(t))-0.5*at(t)**2/h(t)
smpl 4 9442

compute mu = 0.03, pl = 0.1, p2 = -0.03
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compute a0 = 0.1, al = 0.1, a2 = 0.6, b0 = 0.1, bl = 0.05
compute b2 = 0.1, a3 = 0.1, b3 = 0.1

maximize (method=simplex,iterations=10) garchln

smpl 4 9442

maximize (method=bhhh, recursive, iterations=150) garchln
set fv = gvar(t)

set resid = at(t)/sqgrt(fv(t))

set residsqg = resid(t)*resid(t)

cor (gstats, number=20, span=10) resid

cor (gstats,number=20, span=10) residsqg

B. This program was used to estimate a smooth TAR model for the monthly
simple returns of 3M stock. The data file is “m-mmm.dat.”

all 0 623:1

open data m-mmm.dat

data(org=ocbs) / mmm

set h = 0.0

nonlin a0 al a2 a00 all mu

frml at = mmm(t) - mu

frml varl = aO+al*at(t-1)**2+a2*at(t-2)**2

frml var2 = alOO+all*at(t-1)**2

frml gvar = varl(t)+var2(t)/(l.0+exp(-at(t-1)*1000.0))

frml garchlog = -0.5*log(h(t)=gvar(t))-0.5*at(t)**2/h(t)
smpl 3 623

compute a0 = .01, al = 0.2, a2 = 0.1

compute a00 = .01, all = -.2, mu = 0.02

maximize (method=bhhh, recursive, iterations=150) garchlog
set fv = gvar(t)

set resid = at(t)/sqrt(fv(t))
set residsqg = resid(t)*resid(t)
cor (gstats,number=20, span=10) resid
cor (gstats,number=20, span=10) residsqg

APPENDIX B. S-PLUS COMMANDS FOR NEURAL NETWORK

The following commands are used in S-Plus to build the 3-2-1 skip-layer feed-
forward network of Example 4.5. A line starting with “#” denotes comment. The
data file is “m-ibmln.dat.”

# load the data into S-Plus workspace.
x_scan(file='m-ibmln.dat"’)

# select the output: r(t)

v_x[4:864]

# obtain the input variables: r(t-1), r(t-2), and r(t-3)
ibm.x_cbind(x[3:863],x[2:862],x[1:861])

# build a 3-2-1 network with skip layer connections

# and linear output.

ibm.nn_nnet (ibm.x,y, size=2,linout=T, skip=T,maxit=10000,
decay=1le-2,reltol=1e-7,abstol=1e-7,range=1.0)

# print the summary results of the network
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summary (ibm.nn)

# compute \& print the residual sum of squares.

sse_sum( (y-predict (ibm.nn, ibm.x)) "2)

print (sse)

#eigen (nnet.Hess (ibm.nn,ibm.x,y),T) $Svalues

# setup the input variables in the forecasting subsample
ibm.p_cbind (x[864:887],x[863:886],x[862:885])

# compute the forecasts

vh_predict (ibm.nn, ibm.p)

# The observed returns in the forecasting subsample
yo_x[865:888]

# compute \& print the sum of squares of forecast errors
ssfe_sum( (yo-yh) "2)

print (ssfe)

# quit S-Plus

al()

EXERCISES

1. Consider the monthly log returns of General Electric (GE) stock from January
1926 to December 1999. You may download the data from CRSP or use the file
“m-ge2699.dat” on the Web. The log returns in the file are in percentages. Build a
threshold GARCH model for the series using a;—; as the threshold variable with
zero threshold, where a;_1 is the shock at time t — 1. Check the fitted model.

2. Suppose that the monthly log returns of GE stock, measured in percentages, fol-
lows a smooth threshold GARCH(1, 1) model. For the sampling period from Jan-
uary 1926 to December 1999, the fitted model is

rt=1.06+at, ar = O01€;

0} =0.103a? | 4+ 0.95207 | + (4.490 — 0.1930 ),

1 + exp(—10a;—1)

where all of the estimates are highly significant, the coefficient 10 in the exponent
is fixed a priori to simplify the estimation, and {e,;} are iid N (0, 1). Assume that
agsg = 16.0 and ogge = 50.2, what is the 1-step ahead volatility forecast Gggg (1)?
Suppose instead that aggg = —16.0, what is the 1-step ahead volatility forecast
G (1)?

3. Suppose that the monthly log returns, in percentages, of a stock follow the fol-
lowing Markov switching model
r[:l.25+a[, ay = Or€;

2 [0.10a? | +0.9307 , if s, =1
4.2440.10a” | +0.7807 | ifs, =2,

o; =

where the transition probabilities are
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P(St =2 | St—1 = 1) = 015, P(S[ =1 | St—1 = 2) = 0.05.

Suppose that ajgpp = 6.0, 01200 = 50.0 and s100 = 2 with probability 1.0; what
is the 1-step ahead volatility forecast at the forecast origin + = 100? Also, if
the probability of s1990 = 2 is reduced to 0.8, what is the 1-step ahead volatility
forecast at the forecast origin + = 100?

4. Again, consider the monthly log returns of GE stock from January 1926 to
December 1999. Reserve the returns in 1998 and 1999 for forecasting evaluation.

* Fit a 3-2-1 feed-forward neural network to the return series and calculate
the mean squared error of the 1-step ahead forecasts in the forecasting sub-
sample. Write down the biases and weights of the network in the estimation
subsample.

* Suppose that we are interested in forecasting the direction of the 1-month
ahead stock movement. Fit a 6-5-1 feed-forward neural network to the return
series using a Heaviside function for the output node. Compute the 1-step
ahead forecasts in the forecasting subsample and compare them with the
actual movements.

5. Because of the existence of inverted yield curves in the term structure of interest
rates, the spread of interest rates should be nonlinear. To verify this, consider
the weekly U.S. interest rates of (a) Treasury 1-year constant maturity rate, and
(b) Treasury 3-year constant maturity rate. As in Chapter 2, denote the two interest
rates by r; and r3;, respectively, and the data span is from January 5, 1962 to
September 10, 1999. The data are in files “wgs3yr.dat” and “wgslyr.dat” on the
Web.

* Lets; = r3; — rq; be the spread in log interest rates. Is {s;} linear? Perform
some nonlinearity tests and draw the conclusion using the 5% significance
level.

® Lets, = (r3y —r3,—1) — (r1; —r1,,—1) = 8y — 5;—1 be the change in interest
rate spread. Is {s;} linear? Perform some nonlinearity tests and draw the
conclusion using the 5% significance level.

* Build a threshold model for the s; series and check the fitted model.

* Build a threshold model for the s;* series and check the fitted model.
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CHAPTERS

High-Frequency Data Analysis
and Market Microstructure

High-frequency data are observations taken at fine time intervals. In finance, they
often mean observations taken daily or at a finer time scale. These data have become
available primarily due to advances in data acquisition and processing techniques,
and they have attracted much attention because they are important in empirical
study of market microstructure. The ultimate high-frequency data in finance are the
transaction-by-transaction or trade-by-trade data in security markets. Here time is
often measured in seconds. The Trades and Quotes (TAQ) database of the New York
Stock Exchange (NYSE) contains all equity transactions reported on the Consoli-
dated Tape from 1992 to present, which includes transactions on NYSE, AMEX,
NASDAQ, and the regional exchanges. The Berkeley Options Data Base provides
similar data for options transactions from August 1976 to December 1996. Trans-
actions data for many other securities and markets, both domestic and foreign,
are continuously collected and processed. Wood (2000) provides some historical
perspective of high-frequency financial study.

High-frequency financial data are important in studying a variety of issues related
to trading process and market microstructure. They can be used to compare the effi-
ciency of different trading systems in price discovery (e.g., the open out-cry system
of NYSE and the computer trading system of NASDAQ). They can also be used to
study the dynamics of bid and ask quotes of a particular stock (e.g., Hasbrouck, 1999;
Zhang, Russell, and Tsay, 2001b). In an order-driven stock market (e.g., the Taiwan
Stock Exchange), high-frequency data can be used to study the order dynamic and,
more interesting, to investigate the question “who provides the market liquidity.”
Cho, Russell, Tiao, and Tsay (2000) use intraday 5-minute returns of more than 340
stocks traded in the Taiwan Stock Exchange to study the impact of daily stock price
limits and find significant evidence of magnet effects toward the price ceiling.

However, high-frequency data have some unique characteristics that do not appear
in lower frequencies. Analysis of these data thus introduces new challenges to finan-
cial economists and statisticians. In this chapter, we study these special characteris-
tics, consider methods for analyzing high-frequency data, and discuss implications
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of the results obtained. In particular, we discuss nonsynchronous trading, bid-ask
spread, duration models, price movements that are in multiples of tick size, and
bivariate models for price changes and time durations between transactions associ-
ated with price changes. The models discussed are also applicable to other scientific
areas such as telecommunications and environmental studies.

5.1 NONSYNCHRONOUS TRADING

We begin with nonsynchronous trading. Stock tradings such as those on the NYSE
do not occur in a synchronous manner; different stocks have different trading fre-
quencies, and even for a single stock the trading intensity varies from hour to hour
and from day to day. Yet we often analyze a return series in a fixed time interval such
as daily, weekly, or monthly. For daily series, price of a stock is its closing price,
which is the last transaction price of the stock in a trading day. The actual time of the
last transaction of the stock varies from day to day. As such we incorrectly assume
daily returns as an equally-spaced time series with a 24-hour interval. It turns out
that such an assumption can lead to erroneous conclusions about the predictability
of stock returns even if the true return series are serially independent.

For daily stock returns, nonsynchronous trading can introduce (a) lag-1 cross-
correlation between stock returns, (b) lag-1 serial correlation in a portfolio return,
and (c) in some situations negative serial correlations of the return series of a single
stock. Consider stocks A and B. Assume that the two stocks are independent and
stock A is traded more frequently than stock B. For special news affecting the market
that arrives near the closing hour on one day, stock A is more likely than B to show
the effect of the news on the same day simply because A is traded more frequently.
The effect of the news on B will eventually appear, but it may be delayed until the
following trading day. If this situation indeed happens, return of stock A appears
to lead that of stock B. Consequently, the return series may show a significant lag-
1 cross-correlation from A to B even though the two stocks are independent. For
a portfolio that holds stocks A and B, the prior cross-correlation would become a
significant lag-1 serial correlation.

In a more complicated manner, nonsynchronous trading can also induce erroneous
negative serial correlations for a single stock. There are several models available in
the literature to study this phenomenon; see Campbell, Lo, and MacKinlay (1997)
and the references therein. Here we adopt a simplified version of the model pro-
posed in Lo and MacKinlay (1990). Let r; be the continuously compounded return
of a security at the time index ¢. For simplicity, assume that {r;} is a sequence of
independent and identically distributed random variables with mean E(r;) = w and
variance Var(r;) = o2. For each time period, the probability that the security is not
traded is 7, which is time-invariant and independent of r;. Let r{ be the observed
return. When there is no trade at time index ¢, we have ry = 0 because there is
no information available. Yet when there is a trade at time index ¢, we define r{ as
the cumulative return from the previous trade (i.e., v} = r; +r—1 + -+ + ri—g,,
where k; is the largest non-negative integer such that no trade occurred in the periods
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t—kit — ks +1,..., ¢t — 1). Mathematically, the relationship between r; and r/ is
0 with probability &
re with probability (1 — )2
e+ re— with probability (1 — 7)?x

o _ Jri+ri—1+r—2 with probability (1 — )%’ 1)

Zf:o Fr—i with probability (1 — 77)?7*~!

These probabilities are easy to understand. For example, r{ = r; if and only if there
are trades at both t and ¢t — 1, r = r; + r;— if and only if there are trades at ¢ and
t —2,butnotrade att — 1, and r/ = r; 4+ r,—1 + r;—2 if and only if there are trades
at t and ¢t — 3, but no trades at ¢t — 1 and ¢ — 2, and so on. As expected, the total
probability is 1 given by

1
7t+(1—7T)2[1+7r+712~|—-~-]=ﬂ+(1—JT)21—=JT+1—7T=1~
— 7T

We are ready to consider the moment equations of the observed return series {r/’}.
First, the expectation of r; is

EGH)=0—-m)EGr)+ (1 —2)’7E(r +r_1)+---

= -m’u+0-m)2m2u+ 1 —7)*7?3u+ -
= (1= )2l 4+ 27 + 372 +dnd 4]

1
=(1=n)Vu— = . 52
(I—m) Paiar =M (52)
In the prior derivation, we use the result 1 + 27 + 3xl 4434+ = ﬁ Next,
for the variance of r?, we use Var(r®) = E[(r?)*] — [E(r?)]* and
E(r?)? = (1 = m)?E[r)H + (1 — 1) T E[(r + r—1)* ] + -
=1 —m)*(0* + u?) + 720 +4u?) + 71> (Bo? + 9u?) + ] (5.3)
=0 —m)Ho [l +27 +372 4+ -1+ p2 [l +47 + 972+ -]} (5.4)
2
=02+M2[— — 1}. (5.5)
1—7m

In Eq. (5.3), we use

k 2 k k 2
E (Z r,_,'> = Var (Z rt_,') + |:E (Z r,_,ﬂ = (k+ Do? + [k + Du)?

i=0 i=0
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under the serial independence assumption of r;. Using techniques similar to that of
Eq. (5.2), we can show that the first term of Eq. (5.4) reduces to o2, For the second
term of Eq. (5.4), we use the identity

2 1
T d-m3 (1-m?

1 +47 + 972 + 1673 + -

which can be obtained as follows: Let
H=1+474+97>+ 167 +--- and G=1437+572+Tn>+ ...
Then (1 —7)H = G and

(1—m)G =1+27+2n2+27° 4 -

=2(l4+n+n’+--)—1= 2 _
B C(1-m
Consequently, from Eqs. (5.2) and (5.5), we have
2 2
Var(r{) = o2+ /Lz — 1] - ,uz =02+ T . (5.6)
1—m 1—m

Consider next the lag-1 autocovariance of {r{}. Here we use Cov(r{,r;_|) =
E(rfr? . )—E (r,O)E (rt 1) =E@r! ) — ,u The question then reduces to finding
E(r{r{_,). Notice that r/r;_, is zero if there is no trade at ¢, no trade at t — 1, or no
trade at both 7 and ¢ — 1. Therefore, we have

0 with probability 27 — 72
Feri—1 with probability (1 — )3
re(re—1 +ri—2) with probability (1 — )37
roro | = T”t (re—1 +ri—2+r-3) ?Jvith probability (1 — 7)372 57
(O ) with probability (1 — 7)37k~!

Again the total probability is unity. To understand the prior result, notice that
r{r)_ = rry—1 if and only if there are three consecutive trades at t — 2, t — 1,

and ¢. Using Eq. (5.7) and the fact that E(r;r;—;) = E(r))E(r;—j) = w? for j > 0,
we have

E@r]r]_ 1)—(1—77) {E(riri—1) + TE[ri(ri—1 4+ ri—2)]

+7’E |:rt (i r,,~>i| +.1

=1 —m)u’l +27 +372% 4+ 1= —mu’
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The lag-1 autocovariance of {r/} is then
Cov(r/,r_)) = —mu’. (5.8)

Provided that p is not zero, the nonsynchronous trading induces a negative lag-1
autocorrelation in r; given by

—(1 = m)mp?
(1 —-=m)o?24+2mu?

p1(r{) =
In general, we can extend the prior result and show that
Cov(ry, rt"_j) =7, j>1.

The magnitude of the lag-1 ACF depends on the choices of u, m, and ¢ and can
be substantial. Thus, when p # 0, the nonsynchronous trading induces negative
autocorrelations in an observed security return series.

The previous discussion can be generalized to the return series of a portfolio that
consists of N securities; see Campbell, Lo, and MacKinlay (1997, Chapter 3). In
the time series literature, effects of nonsynchronous trading on the return of a single
security are equivalent to that of random temporal aggregation on a time series, with
the trading probability 7= governing the mechanism of aggregation.

5.2 BID-ASK SPREAD

In some stock exchanges (e.g., NYSE) market makers play an important role in facil-
itating trades. They provide market liquidity by standing ready to buy or sell when-
ever the public wishes to sell or buy. By market liquidity, we mean the ability to buy
or sell significant quantities of a security quickly, anonymously, and with little price
impact. In return for providing liquidity, market makers are granted monopoly rights
by the exchange to post different prices for purchases and sales of a security. They
buy at the bid price P, and sell at a higher ask price P,. (For the public, Py is the
sale price and P, is the purchase price.) The difference P, — Py is call the bid-ask
spread, which is the primary source of compensation for market makers. Typically,
the bid-ask spread is small—namely, one or two ticks.

The existence of bid-ask spread, although small in magnitude, has several impor-
tant consequences in time series properties of asset returns. We briefly discuss the
bid-ask bounce—namely, the bid-ask spread introduces negative lag-1 serial corre-
lation in an asset return. Consider the simple model of Roll (1984). The observed
market price P, of an asset is assumed to satisfy

S
Pi= P 413, (5.9)
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where § = P, — P, is the bid-ask spread, P is the time-¢ fundamental value of the
asset in a frictionless market, and {/;} is a sequence of independent binary random
variables with equal probabilities (i.e., I; = 1 with probability 0.5 and = —1 with
probability 0.5). The I; can be interpreted as an order-type indicator, with 1 signify-
ing buyer-initiated transaction and —1 seller-initiated transaction. Alternatively, the
model can be written as

+S/2 with probability 0.5,

_ *
Pr= P+ {—5/2 with probability 0.5.

If there is no change in P/, then the observed process of price changes is
S
APt :(11—1171)5. (510)

Under the assumption of I; in Eq. (5.9), E(I;) = 0 and Var(I/;) = 1, and we have
E(AP;) =0and

Var(AP,) = 522 (5.11)
Cov(AP,, AP_1) = —S%/4 (5.12)
Cov(AP, AP_j) =0, j>1. (5.13)

Therefore, the autocorrelation function of A P; is

0.5 ifj=1,

The bid-ask spread thus introduces a negative lag-1 serial correlation in the series
of observed price changes. This is referred to as the bid-ask bounce in the finance
literature. Intuitively, the bounce can be seen as follows. Assume that the fundamen-
tal price P;* is equal to (P, + Pp)/2. Then P; assumes the value P, or Pp. If the
previously observed price is P, (the higher value), then the current observed price is
either unchanged or lower at Pp. Thus, A P; is either O or —S. However, if the pre-
vious observed price is P, (the lower value), then A P; is either O or S. The negative
lag-1 correlation in A P; becomes apparent. The bid-ask spread does not introduce
any serial correlation beyond lag 1, however.

A more realistic formulation is to assume that P;* follows a random walk so that
AP} = P’ — P’ | = ¢, which forms a sequence of independent and identically
distributed random variables with mean zero and variance o2. In addition, {¢} is
independent of {I;}. In this case, Var(AP,) = o2 + S%/2, but Cov(AP;, AP,_j)
remains unchanged. Therefore,

—5%/4

AP)= ———— <
p1( ") 52/2+02_
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The magnitude of lag-1 autocorrelation of A P; is reduced, but the negative effect
remains when S = P, — P, > 0. In finance, it might be of interest to study the
components of the bid-ask spread. Interested readers are referred to Campbell, Lo,
and MacKinlay (1997) and the references therein.

The effect of bid-ask spread continues to exist in portfolio returns and in multivari-
ate financial time series. Consider the bivariate case. Denote the bivariate order-type
indicator by I, = (Iy;, Io;)’, where I, is for the first security and I, for the second
security. If I1; and I, are contemporaneously correlated, then the bid-ask spreads
can introduce negative lag-1 cross-correlations.

5.3 EMPIRICAL CHARACTERISTICS OF TRANSACTIONS DATA

Let #; be the calendar time, measured in seconds from midnight, at which the i-th
transaction of an asset takes place. Associated with the transaction are several vari-
ables such as the transaction price, the transaction volume, the prevailing bid and ask
quotes, and so on. The collection of #; and the associated measurements are referred
to as the transactions data. These data have several important characteristics that do
not exist when the observations are aggregated over time. Some of the characteristics
are given next.

1. Unequally spaced time intervals: Transactions such as stock tradings on an
exchange do not occur at equally spaced time intervals. As such the observed
transaction prices of an asset do not form an equally spaced time series. The
time duration between trades becomes important and might contain useful
information about market microstructure (e.g., trading intensity).

2. Discrete-valued prices: The price change of an asset from one transaction to
the next only occurs in multiples of tick size. In the NYSE, the tick size was
one eighth of a dollar before June 24, 1997, and was one sixteenth of a dollar
before January 29, 2001. All NYSE and AMEX stocks started to trade in dec-
imals on January 29, 2001. Therefore, the price is a discrete-valued variable in
transactions data. In some markets, price change may also be subject to limit
constraints set by regulators.

3. Existence of a daily periodic or diurnal pattern: Under the normal trading con-
ditions, transaction activity can exhibit periodic pattern. For instance, in the
NYSE, transactions are heavier at the beginning and closing of the trading
hours and thinner during the lunch hours, resulting in a “U-shape” transac-
tion intensity. Consequently, time durations between transactions also exhibit
a daily cyclical pattern.

4. Multiple transactions within a single second: It is possible that multiple trans-
actions, even with different prices, occur at the same time. This is partly due
to the fact that time is measured in seconds that may be too long a time scale
in periods of heavy tradings.
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Table 5.1. Frequencies of Price Change in Multiples of Tick Size for IBM Stock from
November 1, 1990 to January 31, 1991.

Number (tick) <-3 -2 -1 0 1 2 >3

Percentage 0.66 1.33 14.53 67.06 14.53 1.27 0.63

To demonstrate these characteristics, we consider first the IBM transactions data
from November 1, 1990 to January 31, 1991. These data are from the Trades, Orders
Reports, and Quotes (TORQ) dataset; see Hasbrouck (1992). There are 63 trading
days and 60,328 transactions. To simplify the discussion, we ignore the price changes
between trading days and focus on the transactions that occurred in the normal trad-
ing hours from 9:30 am to 4:00 pm Eastern Time. It is well known that overnight
stock returns differ substantially from intraday returns; see Stoll and Whaley (1990)
and the references therein. Table 5.1 gives the frequencies in percentages of price
change measured in the tick size of $1/8 = $0.125. From the table, we make the
following observations:

. About two-thirds of the intraday transactions were without price change.
. The price changed in one tick approximately 29% of the intraday transactions.
. Only 2.6% of the transactions were associated with two-tick price changes.

B W N -

. Only about 1.3% of the transactions resulted in price changes of three ticks or
more.

5. The distribution of positive and negative price changes was approximately
symmetric.

Consider next the number of transactions in a 5-minute time interval. Denote the
series by x;. That is, x1 is the number of IBM transactions from 9:30 am to 9:35 am
on November 1, 1990 Eastern time, x5 is the number of transactions from 9:35 am to
9:40 am, and so on. The time gaps between trading days are ignored. Figure 5.1(a)
shows the time plot of x;, and Figure 5.1(b) the sample ACF of x; for lags 1 to 260. Of
particular interest is the cyclical pattern of the ACF with a periodicity of 78, which
is the number of 5-minute intervals in a trading day. The number of transactions
thus exhibits a daily pattern. To further illustrate the daily trading pattern, Figure 5.2
shows the average number of transactions within 5-minute time intervals over the 63
days. There are 78 such averages. The plot exhibits a “smiling” or “U” shape, indi-
cating heavier tradings at the opening and closing of the market and thinner tradings
during the lunch hours.

Since we focus on transactions that occurred in the normal trading hours of a
trading day, there are 59,838 time intervals in the data. These intervals are called the
intraday durations between trades. For IBM stock, there were 6531 zero time inter-
vals. That is, during the normal trading hours of the 63 trading days from Novem-
ber 1, 1990 to January 31, 1991, multiple transactions in a second occurred 6531
times, which is about 10.91%. Among these multiple transactions, 1002 of them had
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Figure 5.1. IBM intraday transactions data from 11/01/90 to 1/31/91: (a) the number of trans-
actions in 5-minute time intervals, and (b) the sample ACF of the series in part(a).
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Figure 5.2. Time plot of the average number of transactions in 5-minute time intervals. There
are 78 observations, averaging over the 63 trading days from 11/01/90 to 1/31/91 for IBM
stock.
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Table 5.2. Two-Way Classification of Price Movements in Consecutive Intraday Trades
for IBM Stock. The Price Movements Are Classified Into “Up,” “Unchanged,” and
“Down.” The Data Span is From 11/01/90 to 1/31/91.

ith trade
(i — Dth trade “p “0” “r Margin
“q 441 5498 3948 9887
“0” 4867 29779 5473 40119
“r 4580 4841 410 9831
Margin 9888 40118 9831 59837

different prices, which is about 1.67% of the total number of intraday transactions.
Therefore, multiple transactions (i.e., zero durations) may become an issue in statis-
tical modeling of the time durations between trades.

Table 5.2 provides a two-way classification of price movements. Here price move-
ments are classified into “up,” “unchanged,” and “down.” We denote them by “+,”
“0,” and “—,” respectively. The table shows the price movements between two con-
secutive trades (i.e., from the [i — 1]th to the ith transaction) in the sample. From the
table, trade-by-trade data show that

1. consecutive price increases or decreases are relatively rare, which are about
441/59837 = 0.74% and 410/59837 = 0.69%, respectively;

2. there is a slight edge to move from “up” to “unchanged” than to “down”; see
row 1 of the table;

3. there is a high tendency for price to remain “unchanged”;

4. the probabilities of moving from “down” to “up” or “unchanged” are about the
same. See row 3.

The first observation mentioned before is a clear demonstration of bid-ask bounce,
showing price reversals in intraday transactions data. To confirm this phenomenon,
we consider a directional series D; for price movements, where D; assumes the value
+1, 0, —1 for “up,” “unchanged,” and “down” price movement, respectively, for the
ith transaction. The ACF of {D;} has a single spike at lag 1 with value —0.389, which
is highly significant for a sample size of 59,837 and confirms the price reversal in
consecutive trades.

As a second illustration, we consider the transactions data of IBM stock in
December 1999 obtained from the TAQ database. The normal trading hours are from
9:30 am to 4:00 pm Eastern time, except for December 31 when the market closed
at 13:00 pm. Comparing with the 1990-1991 data, two important changes have
occurred. First, the number of intraday tradings has increased sixfold. There were
134,120 intraday tradings in December 1999 alone. The increased trading intensity
also increased the chance of multiple transactions within a second. The percentage
of trades with zero time duration doubled to 22.98%. At the extreme, there were
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Figure 5.3. IBM transactions data for December 1999. The plot shows the number of trans-
actions in each trading day with the after-hours portion denoting the number of trades with
time stamp after 4:00 pm.

42 transactions within a given second that happened twice on December 3, 1999.
Second, the tick size of price movement was $1/16 = $0.0625 instead of $1/8.
The change in tick size should reduce the bid-ask spread. Figure 5.3 shows the daily
number of transactions in the new sample. Figure 5.4(a) shows the time plot of time
durations between trades, measured in seconds, and Figure 5.4(b) is the time plot of
price changes in consecutive intraday trades, measured in multiples of the tick size
of $1/16. As expected, Figures 5.3 and 5.4(a) show clearly the inverse relationship
between the daily number of transactions and the time interval between trades. Fig-
ure 5.4(b) shows two unusual price movements for IBM stock on December 3, 1999.
They were a drop of 63 ticks followed by an immediate jump of 64 ticks and a drop
of 68 ticks followed immediately by a jump of 68 ticks. Unusual price movements
like these occurred infrequently in intraday transactions.

Focusing on trades recorded within the regular trading hours, we have 61,149
trades out of 133,475 with no price change. This is about 45.8% and substantially
lower than that between November 1990 and January 1991. It seems that reducing
the tick size increased the chance of a price change. Table 5.3 gives the percentages
of trades associated with a price change. The price movements remain approximately
symmetric with respect to zero. Large price movements in intraday tradings are still
relatively rare.

Remark: The record keeping of high-frequency data is often not as good as that
of observations taken at lower frequencies. Data cleaning becomes a necessity in
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Figure 5.4. IBM transactions data for December 1999. Part (a) is the time plot of time dura-
tions between trades and part (b) is the time plot of price changes in consecutive trades mea-
sured in multiples of the tick size of $1/16. Only data in the normal trading hours are included.

high-frequency data analysis. For transactions data, missing observations may hap-
pen in many ways, and the accuracy of the exact transaction time might be question-
able for some trades. For example, recorded trading times may be beyond 4:00 pm
Eastern time even before the opening of after-hours tradings. How to handle these
observations deserves a careful study. A proper method of data cleaning requires a

Table 5.3. Percentages of Intraday Transactions Associated with a Price Change for IBM
Stock Traded in December 1999. The Percentage of Transactions without Price Change
Is 45.8% and the Total Number of Transactions Recorded within the Regular Trading
Hours Is 133,475. The Size Is Measured in Multiples of Tick Size $1/16.

(a) Upward movements

size 1 2 3 4 5 6 7 > 7
percentage 18.03 5.80 1.79 0.66 0.25 0.15 0.09 0.32

(b) Downward movements

percentage 18.24 5.57 1.79 0.71 0.24 0.17 0.10 0.31
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deep understanding of the way by which the market operates. As such, it is important
to specify clearly and precisely the methods used in data cleaning. These methods
must be taken into consideration in making inference.

Again, let t; be the calendar time, measured in seconds from the midnight, when
the ith transaction took place. Let P; be the transaction price. The price change
from the (i — 1)th to the ith trade is y; = AP, = P;, — P;,_, and the time duration
is At; = t; — t;_1. Here it is understood that the subscript i in At; and y; denotes the
time sequence of transactions, not the calendar time. In what follows, we consider
models for y; and At; both individually and jointly.

5.4 MODELS FOR PRICE CHANGES

The discreteness and concentration on “no change” make it difficult to model the
intraday price changes. Campbell, Lo, and MacKinlay (1997) discuss several econo-
metric models that have been proposed in the literature. Here we mention two mod-
els that have the advantage of employing explanatory variables to study the intraday
price movements. The first model is the ordered probit model used by Hauseman,
Lo, and MacKinlay (1992) to study the price movements in transactions data. The
second model has been considered recently by McCulloch and Tsay (2000) and is a
simplified version of the model proposed by Rydberg and Shephard (1998); see also
Ghysels (2000).

5.4.1 Ordered Probit Model

Let y/ be the unobservable price change of the asset under study (i.e., y; = P —
Py’ ), where P is the virtual price of the asset at time 7. The ordered probit model
assumes that y* is a continuous random variable and follows the model

v =xiB+e, (5.15)

where x; is a p-dimensional row vector of explanatory variables available at time
ti—1, B is a k x 1 parameter vector, E(¢; | x;) = 0, Var(e; | x;) = aiz, and
Cov(ej, €j) = Ofori # j. The conditional variance O’iz is assumed to be a posi-
tive function of the explanatory variable w;—that is,

of =g, (5.16)

where g(.) is a positive function. For financial transactions data, w; may contain the
time interval #; — #;_1 and some conditional heteroscedastic variables. Typically, one
also assumes that the conditional distribution of €; given x; and w; is Gaussian.
Suppose that the observed price change y; may assume k possible values. In the-
ory, k can be infinity, but countable. In practice, k is finite and may involve combin-
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ing several categories into a single value. For example, we have k = 7 in Table 5.1,
where the first value “—3 ticks” means that the price change is —3 ticks or lower. We
denote the k possible values as {sy, ..., sx}. The ordered probit model postulates the
relationship between y; and y;" as

vi=s;j if aj1 <y <a;, j=1,...k, (5.17)

where o s are real numbers satisfying —00 = ag < a1 < -+ < o1 < o = 00.
Under the assumption of conditional Gaussian distribution, we have

P(yi=sjlxi,w;) =Plaj1 <x;B+e€ <aj|x;,w)

PxiB+e <ay|xi,w) ifj=1
= P(aj_1<xiﬁ+e,~§aj|xi,wi) ifj=2,...,k—1
Plag—1 <x;B+¢€ | xi,w;) if j =k
—xi3 e
CD[O[;’_(WI_)] if j =1
a‘—x,ﬂ Ol',l—x,'ﬂ epos
= q>|:oj'i(wi)]_q>|:/0'i(wi) ] ifj=2....k=1
a_—x,-,B . .
1—q>[ 1 ] if j = k,

(5.18)

where @ (x) is the cumulative distribution function of the standard normal random
variable evaluated at x, and we write o; (w;) to denote that O'iz is a positive function
of w;. From the definition, an ordered probit model is driven by an unobservable
continuous random variable. The observed values, which have a natural ordering,
can be regarded as categories representing the underlying process.

The ordered probit model contains parameters 3, «; (i = 1, ...,k — 1), and those
in the conditional variance function o; (w;) in Eq. (5.16). These parameters can be
estimated by the maximum likelihood or Markov Chain Monte Carlo methods.

Example 5.1. Hauseman, Lo, and MacKinlay (1992) apply the ordered pro-
bit model to the 1988 transactions data of more than 100 stocks. Here we only report
their result for IBM. There are 206,794 trades. The sample mean (standard devia-
tion) of price change y;, time duration At;, and bid-ask spread are —0.0010(0.753),
27.21(34.13), and 1.9470(1.4625), respectively. The bid-ask spread is measured in
ticks. The model used has nine categories for price movement, and the functional
specifications are

3 3 3
XiB=PIALT+ D Borryico+ D BusaSPSi_y + O Bus7IBSiy

v=I1 v=1 v=1

3
+ Y Bur10lTa(Vioy) x IBS; ] (5.19)

v=1
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o (wi) = 1.0 + y{ At} + Y3 AB;_1, (5.20)

where T3 (V) = (V* — 1) /A is the Box-Cox (1964) transformation of V with A €
[0, 1] and the explanatory variables are defined by the following:

At} = (t; — t;—1)/100 is a rescaled time duration between the (i — 1)th and ith
trades with time measured in seconds.

AB,_; is the bid-ask spread prevailing at time #;_1 in ticks.

yi—y(v = 1,2, 3) is the lagged value of price change at #;_, in ticks. With
k =9, the possible values of price changes are {—4, —3, -2, —1,0, 1, 2, 3, 4}
in ticks.

Vi_y(v =1, 2, 3) is the lagged value of dollar volume at the (i — v)th transac-
tion, defined as the price of the (i — v)th transaction in dollars times the number
of shares traded (denominated in hundreds of shares). That is, the dollar volume
is in hundreds of dollars.

SP5;_,(v = 1,2, 3) is the 5-minute continuously compounded returns of the
Standard and Poor’s 500 index futures price for the contract maturing in the
closest month beyond the month in which transaction (i — v) occurred, where
the return is computed with the futures price recorded one minute before the
nearest round minute prior to t;_, and the price recorded 5 minutes before this.

IBS;_,(v = 1, 2, 3) is an indicator variable defined by
1 if Py > (PO, + P )2
IBS;_y =1 0 ifP_y=(P" +P )2
-1 ifPy < (Pill_U+PiL7_v)/2,

where PJ‘? and le? are the ask and bid price at time ¢;.

The parameter estimates and their ¢ ratios are given in Table 5.4. All the ¢ ratios
are large except one, indicating that the estimates are highly significant. Such high ¢
ratios are not surprising as the sample size is large. For the heavily traded IBM stock,
the estimation results suggest the following conclusions:

1.

2.

The boundary partitions are not equally spaced, but are almost symmetric with
respect to zero.

The transaction duration At; affects both the conditional mean and conditional
variance of y; in Egs. (5.19) and (5.20).

. The coefficients of lagged price changes are negative and highly significant,

indicating price reversals.

. As expected, the bid-ask spread at time #;_1 significantly affects the condi-

tional variance.
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Table 5.4. Parameter Estimates of the Ordered-Probit Model in Eq. (5.19) and Eq. (5.20)
for the 1988 Transaction Data of IBM, Where ¢ Denotes the ¢ Ratio.

(a) Boundary partitions of the probit model

Par. o (0% o3 Oy 5 (073 (0% g

Est. —4.67 —4.16 —3.11 —1.34 1.33 3.13 421 473
—1457 —-157.8 —171.6  —1555 154.9 167.8 1522 138.9

~

(b) Equation parameters of the probit model

Par. Vi %) Bi: AtF Baiy B3 B Bs Bs
Est. 0.40 0.52 —0.12 —1.01 —0.53 —0.21 1.12 —0.26
t 15.6 71.1 —11.4 —135.6 —85.0 —47.2 54.2 —12.1

Par. B7 Bs Bo: Bio B B2 Bis
Est. 0.01 —-1.14 —0.37 —0.17 0.12 0.05 0.02
t 0.26 —63.6 -21.6 —10.3 47.4 18.6 7.7

5.4.2 A Decomposition Model

An alternative approach to modeling price change is to decompose it into three com-
ponents and use conditional specifications for the components; see Rydberg and
Shephard (1998). The three components are an indicator for price change, the direc-
tion of price movement if there is a change, and the size of price change if a change
occurs. Specifically, the price change at the ith transaction can be written as

Vi = Pli — Pli—l = A,’DiSi, (521)

where A; is a binary variable defined as
A — 1 if there is a price change at the ith trade (5.22)
" 7|0 if price remains the same at the ith trade. ’

D, is also a discrete variable signifying the direction of the price change if a change
occurs—that is,

1 if price increases at the ith trade
Dil(Ai=1= {—1 if price drops at the ith trade, (3.23)
where D; | (A; = 1) means that D; is defined under the condition of A; = 1, and S;
is size of the price change in ticks if there is a change at the ith trade and S; = 0 if
there is no price change at the ith trade. When there is a price change, S; is a positive
integer-valued random variable.
Note that D; is not needed when A; = 0, and there is a natural ordering in the
decomposition. D; is well defined only when A; = 1 and S; is meaningful when
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A; = 1 and D; is given. Model specification under the decomposition makes use of
the ordering.

Let F; be the information set available at the i th transaction. Examples of elements
in Fyare Ati_j, Aj—j, D;—j,and S;_; for j > 0. The evolution of price change under
model (5.21) can then be partitioned as

P(y; | Fi-1) = P(A;D;S; | Fi—1)
=P(S; | Di, Ai, FF_)P(D; | A;, Fi—)P(A; | Fi—1). (5.24)

Since A; is a binary variable, it suffices to consider the evolution of the probability
pi = P(A; = 1) over time. We assume that

In (2 8 al (5.25)
n =x; or pi=—, .
1—pi ' P B
where x; is a finite-dimensional vector consisting of elements of F;_; and 3 is a
parameter vector. Conditioned on A; = 1, D; is also a binary variable, and we use
the following model for §; = P(D; = 1| A; = 1),
(2 5 i (5.26)
n =z or § =——, .
1—s ) 47 P e

where z; is a finite-dimensional vector consisting of elements of F;_; and ~ is
a parameter vector. To allow for asymmetry between positive and negative price
changes, we assume that

g ifDi=14A;=1

gOa) ifDi=—1,A; =1, (5.27)

S,'|(Dl',A,'=1)’\'l+{

where g(A) is a geometric distribution with parameter A and the parameters A ;
evolve over time as

)\j,i ewiej )
In 71—)»1'1' =w;0; or )»j,,':m, j=u,d, (5.28)

where w; is again a finite-dimensional explanatory variables in F;_; and 6; is a
parameter vector.

In Eq. (5.27), the probability mass function of a random variable x, which follows
the geometric distribution g(1), is

px=m)=r21-0)", m=0,1,2,....
We added 1 to the geometric distribution so that the price change, if it occurs, is at

least 1 tick. In Eq. (5.28), we take the logistic transformation to ensure that A;; €
[0, 1].
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The previous specification classifies the ith trade, or transaction, into one of three
categories:

1. no price change: A; = 0 and the associated probability is (1 — p;);

2. aprice increase: A; = 1, D; = 1, and the associated probability is p;5;. The
size of the price increase is governed by 1 + g(X,.;).

3. aprice drop: A; = 1, D; = —1, and the associated probability is p; (1 — §;).
The size of the price drop is governed by 1 4+ g(A4.;).

Let I;(j) for j = 1,2, 3 be the indicator variables of the prior three categories. That
is, I;(j) = 1 if the jth category occurs and /; (j) = O otherwise. The log likelihood
function of Eq. (5.24) becomes

In[P(y; | Fi—)] = 1;(1) In[(1 — p)] + L;(2)[In(p;) + In(5;)
+1In(hyi) + (Si — D In(1 — Ay )]
+ Li3)n(p;) +In(1 — &) + In(ha,i) + (S; — D 1In(l — Aq,i)],

and the overall log likelihood function is
n
I[P (1, | F)l =Y _InP(yi | Fiop)l, (5.29)
i=1

which is a function of parameters 3, v, 8, and 6.

Example 5.2. We illustrate the decomposition model by analyzing the intra-
day transactions of IBM stock from November 1, 1990 to January 31, 1991. There
were 63 trading days and 59,838 intraday transactions in the normal trading hours.
The explanatory variables used are

1. A;_1: The action indicator of the previous trade (i.e., the [i — 1]th trade within
a trading day).

D;_1: The direction indicator of the previous trade.

Si—1: The size of the previous trade.

Vi_1: The volume of the previous trade, divided by 1000.
At;_1: Time duration from the (i — 2)th to (i — 1)th trade.

B A;: The bid-ask spread prevailing at the time of transaction.

SANRUEE S o

Because we use lag-1 explanatory variables, the actual sample size is 59,775. It turns
out that V;_1, Af;_1 and BA; are not statistically significant for the model enter-
tained. Thus, only the first three explanatory variables are used. The model employed
is
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1H< b >=ﬂo+51Ai1
1 —pi
S
In =y + v1Di-1 (5.30)
1—4;
)\4 .
In (1 _M)\luz) = 0y,0 + 0u,15i-1
in (=24 Z 040+ 601 S
=)~ 1,0 + 604,181

The parameter estimates, using the log-likelihood function in Eq. (5.29), are given
in Table 5.5. The estimated simple model shows some dynamic dependence in the
price change. In particular, the trade-by-trade price changes of IBM stock exhibit
some appealing features:

1. The probability of a price change depends on the previous price change.
Specifically, we have

P(A;j=1]A;_1 =0)=0258, P(A;=1]|A;_; =1)=0.476.

The result indicates that a price change may occur in clusters and, as expected,
most transactions are without price change. When no price change occurred
at the (i — 1)th trade, then only about one out of four trades in the subse-
quent transaction has a price change. When there is a price change at the
(i — 1)th transaction, the probability of a price change in the ith trade increases
to about 0.5.

2. The direction of price change is governed by

0.483 if D, =0 (i.e., Aj_1 = 0)
P(D;i=1|Fi_i,A;) = 10085 ifD;_y=1,4; =1
0.904 ifDi_y=—1,4; =1.

This result says that (a) if no price change occurred at the (i — 1)th trade, then
the chances for a price increase or decrease at the ith trade are about even; and
(b) the probabilities of consecutive price increases or decreases are very low.
The probability of a price increase at the ith trade given that a price change

Table 5.5. Parameter Estimates of the ADS Model in Eq. (5.30) for IBM Intraday Trans-
actions: 11/01/90 to 1/31/91.

Parameter Bo Bi Y0 V1 Ou0 01 4.0 04,1

Estimate ~ —1.057 0962 —0.067 —2.307 2235 —-0.670 2.085 —0.509
Std.Err. 0.104 0.044 0.023 0.056 0.029 0.050 0.187 0.139
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occurs at the ith trade and there was a price increase at the (i — 1)th trade is
only 8.6%. However, the probability of a price increase is about 90% given
that a price change occurs at the ith trade and there was a price decrease at the
(i — Dyth trade. Consequently, this result shows the effect of bid-ask bounce
and supports price reversals in high-frequency trading.

3. There is weak evidence suggesting that big price changes have a higher prob-
ability to be followed by another big price change. Consider the size of a price
increase. We have

Sil1(Di=1) ~14g0ui), Aui=2235-06708;_,.

Using the probability mass function of a geometric distribution, we obtain that
the probability of a price increase by one tick is 0.827 at the ith trade if the
transaction results in a price increase and S;_; = 1. The probability reduces to
0.709 if S;—; = 2 and to 0.556 if S;_; = 3. Consequently, the probability of
a large S; is proportional to S;_; given that there is a price increase at the ith
trade.

A difference between the ADS and ordered probit models is that the ADS model
does not require any truncation or grouping in the size of a price change.

5.5 DURATION MODELS

Duration models are concerned with time intervals between trades. Longer dura-
tions indicate lack of trading activities, which in turn signify a period of no new
information. The dynamic behavior of durations, thus, contains useful information
about intraday market activities. Using concepts similar to the ARCH models for
volatility, Engle and Russell (1998) propose an autoregressive conditional duration
(ACD) model to describe the evolution of time durations for (heavily traded) stocks.
Zhang, Russell, and Tsay (2001) extend the ACD model to account for nonlinearity
and structural breaks in the data. In this section, we introduce some simple duration
models. As mentioned before, intraday transactions exhibit some diurnal pattern.
Therefore, we focus on the adjusted time duration

AL = AL /f (1), (5.31)

where f(#;) is a deterministic function consisting of the cyclical component of Af;.
Obviously, f(¢;) depends on the underlying asset and the systematic behavior of the
market. In practice, there are many ways to estimate f(¢;), but no single method
dominates the others in terms of statistical properties. A common approach is to use
smoothing spline. Here we use simple quadratic functions and indicator variables to
take care of the deterministic component of daily trading activities.
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For the IBM data employed in the illustration of ADS models, we assume

.
f@) =expld(t))], d() =ﬁo+Zﬂjfj(ti), (5.32)
j=1
where
- — 38700\ >
[t —43200)? o (220N ey < 43200
fi(t) = — 14400 ) f3(t) = 7500
0 otherwise,
t; — 48600 >
t; — 483002 — (7> if ; > 43200
L) =— W . falt) = 9000
0 otherwise,

fs(t;) and fg(¢;) are indicator variables for the first and second 5 minutes of market
opening [i.e., f5(.) = 1 if and only if # is between 9:30 am and 9:35 am Eastern

(a) (©
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Figure 5.5. Quadratic functions used to remove the deterministic component of IBM intraday
trading durations: (a)—(d) are the functions f;(.) to f1(.) of Eq. (5.32), respectively.
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Time], and f7(#;) is the indicator for the last 30 minutes of daily trading [i.e., f7(#;) =
1 if and only if the trade occurred between 3:30 pm and 4:00 pm Eastern Time].
Figure 5.5 shows the plot of f;(.) fori = 1,...,4, where the time scales in the
x-axis is in minutes. Note that f3(43,200) = f4(43,200), where 43,200 corresponds
to 12:00 noon.

The coefficients B; of Eq. (5.32) are obtained by the least squares method of the
linear regression

7
In(AG) = Bo+ ) Bifi(t) +ei.
=1

J

The fitted model is

In(Af;) = 2.555 + 0.159 £, (t;) + 0.270 f>(t;) + 0.384 £3(t;)
+0.061 f4(t;) — 0.611 f5(t;) — 0.157 fo(1;) + 0.073 f2(1;).

Figure 5.6 shows the time plot of average durations in 5-minute time intervals over
the 63 trading days before and after adjusting for the deterministic component. Part
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Figure 5.6. IBM transactions data from 11/01/90 to 1/31/91: (a) The average durations in 5-
minute time intervals, and (b) the average durations in 5-minute time intervals after adjusting
for the deterministic component.
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(a) is the average durations of At; and, as expected, it exhibits a diurnal pattern. Part
(b) is the average durations of Ati* (i.e., after the adjustment), and the diurnal pattern
is largely removed.

5.5.1 The ACD Model

The autoregressive conditional duration (ACD) model uses the idea of GARCH mod-
els to study the dynamic structure of the adjusted duration At of Eq. (5.31). For ease
in notation, we define x; = At/.

Let ¢; = E(x; | Fi—1) be the conditional expectation of the adjusted duration
between the (i — 1)th and ith trades, where F;_; is the information set available at
the (i — 1)th trade. In other words, ; is the expected adjusted duration given F;_1.
The basic ACD model is defined as

Xi = i€, (5.33)

where {€;} is a sequence of independent and identically distributed non-negative ran-
dom variables such that E'(¢;) = 1. In Engle and Russell (1998), ¢; follows a standard
exponential or a standardized Weibull distribution, and 1/; assumes the form

/A :a)-i-zij,'_j +Za)j1,ﬁ,'_j. (5.34)

j=1 j=1

Such a model is referred to as an ACD(r, s) model. When the distribution of ¢; is
exponential, the resulting model is called an EACD(r, s) model. Similarly, if ¢; fol-
lows a Weibull distribution, the model is a WACD(r, s) model. If necessary, readers
are referred to Appendix A for a quick review of exponential and Weibull distribu-
tions.

Similar to GARCH models, the process n; = x; — v; is a Martingale difference
sequence [i.e., E(n; | F;—1) = 0], and the ACD(r, s) model can be written as

max(r,s) K
Xi=w+ (yj +wj)xi—j — Z“’/”“—f + 75, (5.35)
j=1 j=1

which is in the form of an ARMA process with non-Gaussian innovations. It is under-
stood here that y; = 0 for j > r and w; = 0 for j > 5. Such a representation can
be used to obtain the basic conditions for weak stationarity of the ACD model. For
instance, taking expectation on both sides of Eq. (5.35) and assuming weak station-
arity, we have

w

— Yy + w))

E(x;) =
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Therefore, we assume w > O and 1 > 3 (y; +w;) because the expected duration is
positive. As another application of Eq. (5.35), we study properties of the EACD(1, 1)
model.

EACD(, 1) Model
An EACD(1, 1) model can be written as

Xi =vi€i, Yi=w+yixi-1 +o1i-1, (5.36)

where ¢; follows the standard exponential distribution. Using the moments of a stan-
dard exponential distribution in Appendix A, we have E(¢;) = 1, Var(¢;) = 1, and
E(eiz) = Var(x;) + [E(x;)]> = 2. Assuming that x; is weakly stationary (i.e., the
first two moments of x; are time-invariant), we derive the variance of x;. First, taking
expectation of Eq. (5.36), we have

E(x;) = E[E(Yi€; | Fi-)] = EWi), EW) =0+ yEMxi-1) + o EWi-1).
(5.37)

Under weak stationarity, E(v;) = E(;—1) so that Eq. (5.37) gives

px = E(x;) = E(Yi) = (5.38)

l—yi—or

Next, because E (e?) = 2, we have E(x?) = E[E(Y7€? | Fi_1)] = 2E(Y?).
Taking square of v; in Eq. (5.36) and expectation and using weak stationarity of
Y¥; and x;, we have, after some algebra, that

1— (1 +o1)?
1-— 2)/12 — a)% —2y1w1

EW?) = 13 x (5.39)

Finally, using Var(x;) = E (x?) — [E(x;)]? and E (x?) = 2E(?), we have

1-— a)2 — 2)/10)1
Var(x;) = 2E(Y7) — u3 = pi3 :

X )
1 —wf —2p101 — 2y}

where wy is defined in Eq. (5.38). This result shows that, to have time-invariant
unconditional variance, the EACD(1, 1) model in Eq. (5.36) must satisfy 1 > 2)/12 +
w% + 2y1w1. The variance of an WACD(1, 1) model can be obtained by using the
same techniques and the first two moments of a standardized Weibull distribution.

ACD Models with a Generalized Gamma Distribution

In the statistical literature, intensity function is often expressed in terms of hazard
function. As shown in Appendix B, the hazard function of an EACD model is con-
stant over time and that of an WACD model is a monotonous function. These hazard
functions are rather restrictive in application as the intensity function of stock trans-
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actions might not be constant or monotone over time. To increase the flexibility of the
associated hazard function, Zhang, Russell, and Tsay (2001) employ a (standardized)
generalized Gamma distribution for €;. See Appendix A for some basic properties of
a generalized Gamma distribution. The resulting hazard function may assume vari-
ous patterns, including U shape or inverted U shape. We refer to an ACD model with
innovations that follow a generalized Gamma distribution as a GACD(r, s) model.

5.5.2 Simulation

To illustrate ACD processes, we generated 500 observations from the ACD(1, 1)
model

xi = yi€i, Y =034+02x;_14+0.7¢;_ (5.40)

using two different innovational distributions for ¢;. In case 1, €; is assumed to follow
a standardized Weibull distribution with parameter « = 1.5. In case 2, €; follows a
(standardized) generalized Gamma distribution with parameters k = 1.5 and @ =
0.5.

Figure 5.7(a) shows the time plot of the WACD(1, 1) series, whereas Figure 5.8(a)
is the GACD(1, 1) series. Figure 5.9 plots the histograms of both simulated series.

(a) A simulated WACD(1,1) series
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Figure 5.7. A simulated WACD(1, 1) series in Eq. (5.40): (a) the original series, and (b) the
standardized series after estimation. There are 500 observations.
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Figure 5.8. A simulated GACD(1, 1) series in Eq. (5.40): (a) the original series, and (b) the
standardized series after estimation. There are 500 observations.
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Figure 5.9. Histograms of simulated duration processes with 500 observations:
(a) WACD(1, 1) model, and (b) GACD(1, 1) model
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Figure 5.10. The sample autocorrelation function of a simulated WACD(1, 1) series with 500
observations: (a) the original series, and (b) the standardized residual series.

The difference between the two models is evident. Finally, the sample ACF of the
two simulated series are shown in Figure 5.10(a) and Figure 5.11(b), respectively.
The serial dependence of the data is clearly seen.

5.5.3 Estimation

For an ACD(r, s) model, let i, = max(r, s) and x;, = (x1, ..., x;)". The likelihood
function of the durations xq, ..., x7 is
T
fer|0) = [ [] f@ilF. 0)} x fxi, | 0).
i=iy+1

where 6 denotes the vector of model parameters, and T is the sample size. The
marginal probability density function f(x;, | ) of the previous equation is rather
complicated for a general ACD model. Because its impact on the likelihood function
is diminishing as the sample size T increases, this marginal density is often ignored,
resulting in the use of conditional likelihood method. For a WACD model, we use
the probability density function (pdf) of Eq. (5.55) and obtain the conditional log
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Figure 5.11. The sample autocorrelation function of a simulated GACD(1, 1) series with 500
observations: (a) the original series, and (b) the standardized residual series.

likelihood function

T
x| 0,x;) = Z aln |:F <1 + é>:| +In (;ﬁ)

i=ig+1

+a1n<x_"_>_ w , (5.41)

where ¥; = a)—}—Z;:l YiXi—j +Zj-:1 OiVi—j, 0= (0, V1,....Vr 01, ..., 05 )
and x = (Xj,+1,...,x7)". When ¢ = 1, the (conditional) log likelihood function
reduces to that of an EACD(r, s) model.

For a GACD(r, s) model, the conditional log likelihood function is

T RN
(x16.x,)=Y In <L>+(m—1)1n(x,-)—,<a1n(w,-)—<;—1;> . (5.42)

izt N i

where A = I'(k)/T'(k + é) and the parameter vector @ now also includes «. As
expected, whenk = 1, A =1/T(1+ é) and the log likelihood function in Eq. (5.42)
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reduces to that of a WACD(r, s) model in Eq. (5.41). This log likelihood function
can be rewritten in many ways to simplify the estimation.

Under some regularity conditions, the conditional maximum likelihood estimates
are asymptotically normal; see Engle and Russell (1998) and the references therein.
In practice, simulation can be used to obtain finite-sample reference distributions for
the problem of interest once a duration model is specified.

Example 5.3. (Simulated ACD(1,1) series continued) Consider the simulated
WACD(1,1) and GACD(1, 1) series of Eq. (5.40). We apply the conditional likeli-
hood method and obtain the results in Table 5.6. The estimates appear to be reason-
able. Let I/A/i be the 1-step ahead prediction of ¥; and €; = x;/ 1/}5 be the standardized
series, which can be regarded as standardized residuals of the series. If the model
is adequately specified, {€;} should behave as a sequence of independent and iden-
tically distributed random variables. Figure 5.7(b) and Figure 5.8(b) show the time
plot of €; for both models. The sample ACF of ¢; for both fitted models are shown in
Figure 5.10(b) and Figure 5.11(b), respectively. It is evident that no significant serial
correlations are found in the €; series.

Example 5.4. As an illustration of duration models, we consider the trans-
action durations of IBM stock on five consecutive trading days from November 1 to
November 7, 1990. Focusing on positive transaction durations, we have 3534 obser-
vations. In addition, the data have been adjusted by removing the deterministic com-
ponent in Eq. (5.32). That is, we employ 3534 positive adjusted durations as defined
in Eq. (5.31).

Figure 5.12(a) shows the time plot of the adjusted (positive) durations for the first
five trading days of November 1990, and Figure 5.13(a) gives the sample ACF of
the series. There exist some serial correlations in the adjusted durations. We fit a
WACD(1, 1) model to the data and obtain the model

X; = Vier, Y =0.169 4 0.064x;_; + 0.885v;_, (5.43)

Table 5.6. Estimation Results for Simulated ACD(1,1) Series with 500 Observations:
(a) for WACD(1,1) Series and (b) for GACD(1,1) Series.

(2) WACD(1,1) model

Parameter w Y1 W) o
True 0.3 0.2 0.7 1.5
Estimate 0.364 0.100 0.767 1.477
Std Error (0.139) (0.025) (0.060) (0.052)

(b) GACD(1,1) model

Parameter w Y1 w1 o K
True 0.3 0.2 0.7 0.5 1.5
Estimate 0.401 0.343 0.561 0.436 2.077

Std Error 0.117) (0.074) (0.065) (0.078) (0.653)
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Figure 5.12. Time plots of durations for IBM stock traded in the first five trading days of
November 1990: (a) the adjusted series, and (b) the normalized innovations of an WACD(1, 1)
model. There are 3534 nonzero durations.

where {¢;} is a sequence of independent and identically distributed random variates
that follow the standardized Weibull distribution with parameter & = 0.879(0.012),
where 0.012 is the estimated standard error. Standard errors of the estimates in
Eq. (5.43) are 0.039, 0.010, and 0.018, respectively. All ¢ ratios of the estimates
are greater than 4.2, indicating that the estimates are significant at the 1% level.
Figure 5.12(b) shows the time plot of € = x;/ 1%, and Figure 5.13(b) provides the
sample ACF of ¢;. The Ljung—Box statistics show Q(10) = 4.96 and Q(20) = 10.75
for the €; series. Clearly, the standardized innovations have no significant serial cor-
relations. In fact, the sample autocorrelations of the squared series {éiz} are also small
with Q(10) = 6.20 and Q(20) = 11.16, further confirming lack of serial dependence
in the normalized innovations. In addition, the mean and standard deviation of a stan-
dardized Weibull distribution with @ = 0.879 are 1.00 and 1.14, respectively. These
numbers are close to the sample mean and standard deviation of {¢;}, which are 1.01
and 1.22, respectively. The fitted model seems adequate.

In model (5.43), the estimated coefficients show P; + @1 ~ 0.949, indicating
certain persistence in the adjusted durations. The expected adjusted duration is
0.169/(1 — 0.064 — 0.885) = 3.31 seconds, which is close to the sample mean 3.29
of the adjusted durations. The estimated « of the standardized Weibull distribution
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Figure 5.13. The sample autocorrelation function of adjusted durations for IBM stock traded
in the first five trading days of November 1990: (a) the adjusted series, and (b) the normalized
innovations for a WACD(1, 1) model.

is 0.879, which is less than but close to 1. Thus, the conditional hazard function is
monotonously decreasing at a slow rate.

If a generalized Gamma distribution function is used for the innovations, then the
fitted GACD(1, 1) model is

xi = vYi€i, Y =0.141 4+ 0.063x;—1 + 0.897¢; 1, (5.44)

where {€;} follows a standardized, generalized Gamma distribution in Eq. (5.56)
with parameters k = 4.248(1.046) and « = 0.395(0.053), where the number in
parentheses denotes estimated standard error. Standard errors of the three parame-
ters in Eq. (5.44) are 0.041, 0.010, and 0.019, respectively. All of the estimates are
statistically significant at the 1% level. Again, the normalized innovational process
{é;} and its squared series have no significant serial correlation, where €; = x;/ 1&1‘
based on model (5.44). Specifically, for the €; process, we have Q(10) = 4.95 and
0(20) = 10.28. For the él.z series, we have Q(10) = 6.36 and Q(20) = 10.89.

The expected duration of model (5.44) is 3.52, which is slightly greater than that
of the WACD(1, 1) model in Eq. (5.43). Similarly, the persistence parameter y; + @
of model (5.44) is also slightly higher at 0.96.
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Remark: Estimation of EACD models can be carried out by using programs for
ARCH models with some minor modification; see Engle and Russell (1998). In this
book, we use either the RATS program or some Fortran programs developed by the
author to estimate the duration models. Limited experience indicates that it is harder
to estimate a GACD model than an EACD or a WACD model. RATS programs used
to estimate WACD and GACD models are given in Appendix C.

5.6 NONLINEAR DURATION MODELS

Nonlinear features are also commonly found in high-frequency data. As an illus-
tration, we apply some nonlinearity tests discussed in Chapter 4 to the normal-
ized innovations €; of the WACD(1, 1) model for the IBM transaction durations in
Example 5.4; see Eq. (5.43). Based on an AR(4) model, the test results are given in
part (a) of Table 5.7. As expected from the model diagnostics of Example 5.4, the
Ori-F test indicates no quadratic nonlinearity in the normalized innovations. How-
ever, the TAR-F test statistics suggest strong nonlinearity.

Based on the test results in Table 5.7, we entertain a threshold duration model
with two regimes for the IBM intraday durations. The threshold variable is x;_ (i.e.,
lag-1 adjusted duration). The estimated threshold value is 3.79. The fitted threshold
WACD(1, 1) model is x; = ¥;¢€;, where

0.020 4 0.257x;—1 + 0.847y;—1, € ~w(0.901) ifx;—1 <3.79
vi =
l 1.808 + 0.027x;—1 + 0.501¢;—1, & ~ w(0.845) if x;—; > 3.79,
(5.45)

Table 5.7. Nonlinearity Tests for IBM Transaction Durations from November 1 to
November 7, 1990. Only Intraday Durations Are Used. The Number in the Parenthe-
ses of Tar-F Tests Denotes Time Delay.

(a) Normalized innovations of a WACD(1,1) model

Type Ori-F Tar-F(1) Tar-F(2) Tar-F(3) Tar-F(4)

Test 0.343 3.288 3.142 3.128 0.297

p value 0.969 0.006 0.008 0.008 0.915
(b) Normalized innovations of a threshold WACD(1,1) model

Type Ori-F Tar-F(1) Tar-F(2) Tar-F(3) Tar-F(4)

Test 0.163 0.746 1.899 1.752 0.270

p value 0.998 0.589 0.091 0.119 0.929
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where w (o) denotes a standardized Weibull distribution with parameter «. The num-
ber of observations in the two regimes are 2503 and 1030, respectively. In Eq. (5.45),
the standard errors of the parameters for the first regime are 0.043, 0.041, 0.024,
and 0.014, whereas those for the second regime are 0.526, 0.020, 0.147, and 0.020,
respectively.

Consider the normalized innovations €; = x;/ 1@,‘ of the threshold WACD(1, 1)
model in Eq. (5.45). We obtain Q(12) = 9.8 and Q(24) = 23.9 for é; and Q(12) =
8.0 and Q(24) = 16.7 for @l?. Thus, there are no significant serial correlations in the
€; and @iz series. Furthermore, applying the same nonlinearity tests as before to this
newly normalized innovational series €;, we detect no nonlinearity; see part (b) of
Table 5.7. Consequently, the two-regime threshold WACD(1, 1) model in Eq. (5.45)
is adequate.

If we classify the two regimes as heavy and thin trading periods, then the threshold
model suggests that the trading dynamics measured by intraday transaction durations
are different between heavy and thin trading periods for IBM stock even after the
adjustment of diurnal pattern. This is not surprising as market activities are often
driven by arrivals of news and other information.

The estimated threshold WACD(1, 1) model in Eq. (5.45) contains some insignif-
icant parameters. We refine the model and obtain the result:

0.225x;—1 +0.867yi—1, € ~w(0.902) ifx;—1 <3.79
1.618 +0.614vy;—1, € ~ w(0.846) if x;j—1 > 3.79.

All of the estimates of the refined model are highly significant. The Ljung-Box
statistics of the standardized innovations €; = x; /1/;1' show Q(10) = 5.91(0.82)
and Q(20) = 16.04(0.71) and those of éiz give Q(10) = 5.35(0.87) and Q(20) =
15.20(0.76), where the number in parentheses is the p value. Therefore, the refined
model is adequate. The RATS program used to estimate the prior model is given in
Appendix C.

5.7 BIVARIATE MODELS FOR PRICE CHANGE AND DURATION

In this section, we introduce a model that considers jointly the process of price
change and the associated duration. As mentioned before, many intraday transactions
of a stock result in no price change. Those transactions are highly relevant to trading
intensity, but they do not contain direct information on price movement. Therefore,
to simplify the complexity involved in modeling price change, we focus on transac-
tions that result in a price change and consider a price change and duration (PCD)
model to describe the multivariate dynamics of price change and the associated time
duration.

We continue to use the same notation as before, but the definition is changed to
transactions with a price change. Let #; be the calendar time of the ith price change
of an asset. As before, #; is measured in seconds from midnight of a trading day. Let
Py, be the transaction price when the ith price change occurred and At; = t; —t;_| be
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the time duration between price changes. In addition, let N; be the number of trades
in the time interval (¢;_1, ¢;) that result in no price change. This new variable is used
to represent trading intensity during a period of no price change. Finally, let D; be
the direction of the ith price change with D; = 1 when price goes up and D; = —1
when the price comes down, and let S; be the size of the ith price change measured
in ticks. Under the new definitions, the price of a stock evolves over time by

P, =P, +D;S;, (5.46)

and the transactions data consist of {A¢;, N;, D;, S;} for the ith price change. The
PCD model is concerned with the joint analysis of (At;, N;, D;, S;).

Remark: Focusing on transactions associated with a price change can reduce
the sample size dramatically. For example, consider the intraday data of IBM stock
from November 1, 1990 to January 31, 1991. There were 60,265 intraday trades, but
only 19,022 of them resulted in a price change. In addition, there is no diurnal pattern
in time durations between price changes.

To illustrate the relationship among the price movements of all transactions and
those of transactions associated with a price change, we consider the intraday trad-
ings of IBM stock on November 21, 1990. There were 726 transactions on that day
during the normal trading hours, but only 195 trades resulted in a price change. Fig-
ure 5.14 shows the time plot of the price series for both cases. As expected, the price
series are the same.

The PCD model decomposes the joint distribution of (At;, N;, D;, S;) given F;_q
as

f(Ati, Ni, D;, Si | Fi—1)
= f(Si | Di, Ni, Aty, Fi_) f(D;i | Ni, A, Fi_) f(N; | Ati, Fi—y) f(AL | Fizy).
(5.47)

This partition enables us to specify suitable econometric models for the conditional
distributions and, hence, to simplify the modeling task. There are many ways to
specify models for the conditional distributions. A proper specification might depend
on the asset under study. Here we employ the specifications used by McCulloch and
Tsay (2000), who use generalized linear models for the discrete-valued variables and
a time series model for the continuous variable In(Af;).

For the time duration between price changes, we use the model

In(At;) = Bo + B1 In(Ati—1) + B2Si—1 + o€, (5.48)

where o is a positive number and {¢;} is a sequence of iid N (0, 1) random variables.
This is a multiple linear regression model with lagged variables. Other explanatory
variables can be added if necessary. The log transformation is used to ensure the
positiveness of time duration.
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Figure 5.14. Time plots of the intraday transaction prices of IBM stock on November 21,
1990: (a) all transactions, and (b) transactions that resulted in a price change.

The conditional model for N; is further partitioned into two parts because empir-
ical data suggest a concentration of N; at 0. The first part of the model for N; is the
logit model

p(N; =0 A, Fi_1) = logit[ag + o1 In(A)], (5.49)

where logit(x) = exp(x)/[1 + exp(x)], whereas the second part of the model is

explyo + y1 In(Ag)]
Ni | (N; >0,At;, Fi_) ~1+gA), A= ;

= , (5.50)
1 4 explyo + y1 In(Af)]

where ~ means “is distributed as,” and g(}) denotes a geometric distribution with
parameter A, which is in the interval (0, 1).
The model for direction D; is

D; | (N;, At;, Fi—1) = sign(u; + oi€), (5.51)

where € is a N (0, 1) random variable, and
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wi = wo + w1 D1 + wy In(At;)
4
> Divj
j=1

In(o;) = B =B|IDi—1+ D;—2+ D3+ Dj_4]|.

In other words, D; is governed by the sign of a normal random variable with mean ;
and variance aiz. A special characteristic of the prior model is the function for In(o;).
For intraday transactions, a key feature is the price reversal between consecutive
price changes. This feature is modeled by the dependence of D; on D;_; in the
mean equation with a negative w; parameter. However, there exists occasional local
trend in the price movement. The previous variance equation allows for such a local
trend by increasing the uncertainty in the direction of price movement when the past
data showed evidence of a local trend. For a normal distribution with a fixed mean,
increasing its variance makes a random draw have the same chance to be positive
and negative. This in turn increases the chance for a sequence of all positive or all
negative draws. Such a sequence produces a local trend in price movement.

To allow for different dynamics between positive and negative price movements,
we use different models for the size of a price change. Specifically, we have

Si | (Di = —1, Ni, At;, Fi—1) ~ p(Agi) + 1, with (5.52)
In(Aq.i) = 1a.0 + a1 Ni + na.2In(A4) +na3S8i-1

Si | (Di =1, N;, Ati, Fi_1) ~ p(Ay,;) +1, with (5.53)
In(Ay,i) = Nu,0 + N1 Ni + nu 2 In(AL) + 1y 35i—1,

where p(A) denotes a Poisson distribution with parameter A, and 1 is added to the
size because the minimum size is 1 tick when there is a price change.

The specified models in Eqs. (5.48)—(5.53) can be estimated jointly by either the
maximum likelihood method or the Markov Chain Monte Carlo methods. Based
on Eq. (5.47), the models consist of six conditional models that can be estimated
separately.

Example 5.5. Consider the intraday transactions of IBM stock on November
21, 1990. There are 194 price changes within the normal trading hours. Figure 5.15
shows the histograms of In(A¢;), N;, D;, and S;. The data for D; are about equally
distributed between “upward” and “downward” movements. Only a few transactions
resulted in a price change of more than 1 tick; as a matter of fact, there were seven
changes with two ticks and one change with three ticks. Using Markov Chain Monte
Carlo (MCMC) methods (see Chapter 10), we obtained the following models for the
data. The reported estimates and their standard deviations are the posterior means
and standard deviations of MCMC draws with 9500 iterations. The model for the
time duration between price changes is

In(Af;) = 4.023 + 0.032In(At;_1) — 0.025S;_1 + 1.403¢;,
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Figure 5.15. Histograms of intraday transactions data for IBM stock on November 21, 1990:
(a) log durations between price changes, (b) direction of price movement, (c) size of price
change measured in ticks, and (d) number of trades without a price change.

where standard deviations of the coefficients are 0.415, 0.073, 0.384, and 0.073,
respectively. The fitted model indicates that there was no dynamic dependence in the
time duration. For the N; variable, we have

Pr(N; > 0| At;, Fi—1) = logit[-0.637 4+ 1.7401In(Az;)],

where standard deviations of the estimates are 0.238 and 0.248, respectively. Thus,
as expected, the number of trades with no price change in the time interval (¢;_1, t;)
depends positively on the length of the interval. The magnitude of N; when it is
positive is

expl0.178 — 0.910In(A7)]
Ni | (N;i >0,A1, F;o)) ~14+g(), &= :
i | (Ni >0, A, Fio) ~ 1+ gOa), - A 1 + expl0.178 — 0.910In(A%;)]

where standard deviations of the estimates are 0.246 and 0.138, respectively. The
negative and significant coefficient of In(A¢;) means that N; is positively related to
the length of the duration Az; because a large In(Atf;) implies a small A;, which
in turn implies higher probabilities for larger N;; see the geometric distribution in
Eq. (5.27).
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The fitted model for D; is

wi = 0.049 — 0.840D;_1 — 0.004 In(Az;)
In(o;) =0.244| Di_1 + Di_2 + D;_3 4+ Dj_4/|,

where standard deviations of the parameters in the mean equation are 0.129, 0.132,
and 0.082, respectively, whereas that for the parameter in the variance equation is
0.182. The price reversal is clearly shown by the highly significant negative coef-
ficient of D;_1. The marginally significant parameter in the variance equation is
exactly as expected. Finally, the fitted models for the size of a price change are

In(hq.;) = 1.024 — 0.327N; + 0.4121In(At;) — 4.4745;_,
In(hyi) = —3.683 — 1.542N; + 0.419In(Af;) + 0.9218;_1,

where standard deviations of the parameters for the “down size” are 3.350, 0.319,
0.599, and 3.188, respectively, whereas those for the “up size” are 1.734, 0.976,
0.453, and 1.459. The interesting estimates of the prior two equations are the negative
estimates of the coefficient of N;. A large N; means there were more transactions in
the time interval (#;_1, ;) with no price change. This can be taken as evidence of no
new information available in the time interval (#;_, t;). Consequently, the size for
the price change at #; should be small. A small A, ; or A, ; for a Poisson distribution
gives precisely that.

In summary, granted that a sample of 194 observations in a given day may not
contain sufficient information about the trading dynamic of IBM stock, but the fitted
models appear to provide some sensible results. McCulloch and Tsay (2000) extend
the PCD model to a hierarchical framework to handle all the data of the 63 trad-
ing days between November 1, 1990 and January 31, 1991. Many of the parameter
estimates become significant in this extended sample, which has more than 19,000
observations. For example, the overall estimate of the coefficient of In(A#;_1) in the
model for time duration ranges from 0.04 to 0.1, which is small, but significant.

Finally, using transactions data to test microstructure theory often requires a care-
ful specification of the variables used. It also requires a deep understanding of the
way by which the market operates and the data are collected. However, ideas of the
econometric models discussed in this chapter are useful and widely applicable in
analysis of high-frequency data.

APPENDIX A. REVIEW OF SOME PROBABILITY DISTRIBUTIONS

Exponential distribution
A random variable X has an exponential distribution with parameter 8 > 0 if its
probability density function (pdf) is given by
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le’x/ﬁ ifx>0
fx|p=1p

0 otherwise.

Denoting such a distribution by X ~ exp(8), we have E(X) = 8 and Var(X) =

The cumulative distribution function (CDF) of X is

0 ifx <0
Falpr= {1 — e /B ifx > 0.
When 8 = 1, X is said to have a standard exponential distribution.

Gamma function
For x > 0, the gamma function I"(«x) is defined by

oo
I'k) = / e dx.
0
The most important properties of the gamma function are:

1. Foranyx > 1, (k) = («k — D'k — 1).
2. For any positive integer m, ['(m) = (m — 1)!.

3.1} = .

The integration

y
I'(y|«) =/ e ™¥dx, y>0
0

213

B.

is an incomplete gamma function. Its values have been tabulated in the literature.
Computer programs are now available to evaluate the incomplete gamma function.

Gamma distribution

A random variable X has a Gamma distribution with parameter « and 8 (x > 0,

B > 0) if its pdf is given by

1
fx 1w, )= BT

0 otherwise.

xk—le=x/B ifx >0

By changing variable y = x /B, one can easily obtain the moments of X:

my __ * m _ 1 * k+m—1_—x/B
E(X )—/0 X f(x|/c,,8)dx—,3KF(K)/0 X e dx
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_ B Ooyx+m—le—ydy _ BT (k +m)

T Jo (k)

In particular, the mean and variance of X are E(X) = k8 and Var(X) = K,Bz. When
B = 1, the distribution is called a standard Gamma distribution with parameter «.
We use the notation G ~ Gamma(x) to denote that G follows a standard Gamma
distribution with parameter «. The moments of G are

'k +m)

E@™ =T

. m>0. (5.54)

Weibull distribution
A random variable X has a Weibull distribution with parameters « and 8 (o > O,
B > 0) if its pdf is given by

“le=G/B* ifx >0

g x”
ﬂx'“’ﬂ):{ 0 ifx <0,

where B and « are the scale and shape parameters of the distribution. The mean and
variance of X are

(1+2) e (2 -[r ()]
EX)=pT(1+—=), vax)=p2{r(1+=)-|r(1+-
o o o

and the CDF of X is

0 ifx <0
Fx|a B)= {l_e—(X/ﬂ)“ if x > 0.

When o = 1, the Weibull distribution reduces to an exponential distribution.
Define Y = X/[BI'(1 + é)]. We have E(Y) = 1 and the pdf of Y is

1\1* 1 *
FOola) = a[r <1+;>} y“_lexp{— [r <1+a>y} } ify>0
0 otherwise,
(5.55)
where the scale parameter S disappears due to standardization. The CDF of the stan-

dardized Weibull distribution is

0 ify <0

F(yla)= 1_exp{_|:r<1+é>yi|} ify >0,

and we have E(Y) = 1 and Var(Y) = I'(1 + %)/[F(l + é)]2 — 1. For a duration
model with Weibull innovations, the prior pdf is used in the maximum likelihood
estimation.
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Generalized Gamma distribution
A random variable X has a generalized Gamma distribution with parameter «, 8, k
(¢ > 0,8 > 0, and ¥ > 0) if its pdf is given by

LOé_lex |:— <£>°‘i| ifx >0
fx|a,B.k)={ BT (k) P B -
0 otherwise,

where B is a scale parameter, and o and « are shape parameters. This distribution

can be written as
X o
-3
B

where G is a standard Gamma random variable with parameter «. The pdf of X can
be obtained from that of G by the technique of changing variables. Similarly, the
moments of X can be obtained from that of G in Eq. (5.54) by

wLk+3) BTk +73)

E(X™) = E[(BG"/*)"] = " E(G™/*) = B k) T

When « = 1, the generalized Gamma distribution reduces to that of a Weibull
distribution. Thus, the exponential and Weibull distributions are special cases of the
generalized Gamma distribution.

The expectation of a generalized Gamma distribution is E(X) = Bl'(k +
%) / I'(«). In duration models, we need a distribution with unit expectation. There-
fore, defining a random variable Y = A X/8, where A = I'(k)/T'(x + é), we have
E(Y) =1 and the pdf of Y is

Kko—1

ay Y\%1 .
———exp|—(= ify>0

f(y | a, k) = AT (k) p[ ()\.) ] Y (556)
0 otherwise,

where again the scale parameter 8 disappears and A = I'(k)/ '(k + é).

APPENDIX B. HAZARD FUNCTION

A useful concept in modeling duration is the Hazard function implied by a distribu-
tion function. For a random variable X, the survival function is defined as

Sx)=PX>x)=1—-—P(X <x)=1-CDF(x), x>0,

which gives the probability that a subject, which follows the distribution of X, sur-
vives at the time x. The hazard function (or intensity function) of X is then defined
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W
h(x) = S (5.57)

where f(.) and S(.) are the pdf and survival function of X, respectively.

Example 5.6. For the Weibull distribution with parameters « and S, the sur-
vival function and hazard function are:

S(x |, B) =exp | — )\ hx |, B) = —xo=1 x>0
P\ pe

In particular, when @ = 1, we have h(x | B) = 1/8. Therefore, for an exponential
distribution, the hazard function is constant. For a Weibull distribution, the hazard is
a monotone function. If @ > 1, then the hazard function is monotonously increas-
ing. If « < 1, the hazard function is monotonously decreasing. For the generalized
Gamma distribution, the survival function and hence, the hazard function involve the
incomplete Gamma function. Yet the hazard function may exhibit various patterns,
including U shape or inverted U shape. Thus, the generalized Gamma distribution
provides a flexible approach to modeling the duration of stock transactions.
For the standardized Weibull distribution, the survival and hazard functions are

S(yla)zeXp{—[F<1+$>y} }
h(y|ot)=oz|:l‘(1+é>:| ye oy >o.

APPENDIX C. SOME RATS PROGRAMS FOR DURATION MODELS

The data used are adjusted time durations of intraday transactions of IBM stock from
November 1 to November 9, 1990. The file name is “ibm1to5.dat” and it has 3534
observations.

A. Program for Estimating a WACD(1, 1) Model

all 0 3534:1

open data ibmlto5.dat

data (org=obs) / x rl

set psi = 1.0

nonlin a0 al bl al

frml gvar = al0+al*x(t-1)+bl*psi(t-1)

frml gma = $LNGAMMA (1.0+1.0/al)

frml gln =al*gma(t)+log(al)-log(x(t)) $
+al*log(x(t)/(psi(t)=gvar(t)))-(exp(gma(t))*x(t)/psi(t))**al
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smpl 2 3534

compute a0 = 0.2, al = 0.1, bl = 0.1, al = 0.8
maximize (method=bhhh, recursive, iterations=150) gln
set fv = gvar(t)

set resid = x(t)/fv(t)

set residsqg = resid(t)*resid(t)

cor (gstats, number=20, span=10) resid

cor (gstats, number=20, span=10) residsqg

B. Program for Estimating a GACD(1, 1) Models

all 0 3534:1

open data ibmlto5.dat

data(org=obs) / x rl

set psi = 1.0

nonlin a0 al bl al ka

frml cv = al+al*x(t-1)+bl*psi(t-1)

frml gma = SLNGAMMA (ka)

frml lam = exp(gma(t))/exp ($LNGAMMA (ka+(1.0/al)))

frml xlam = x(t)/(lam(t)* (psi(t)=cv(t)))

frml gln =-gma(t)+log(al/x(t))+ka*al*log(xlam(t))-(xlam(t))**al
smpl 2 3534

compute a0 = 0.238, al = 0.075, bl = 0.857, al = 0.5, ka = 4.0
nlpar (criterion=value, cvcrit=0.00001)

maximize (method=bhhh, recursive, iterations=150) gln

set fv = cv(t)

set resid = x(t)/fv(t)

set residsqg = resid(t)*resid(t)

cor (gstats,number=20, span=10) resid

cor (gstats,number=20, span=10) residsqg

C. A program for estimating a Tar-WACD(1, 1) model. The threshold 3.79 is
prespecified.

all 0 3534:1

open data ibmlto5.dat

data(org=obs) / x rt

set psi = 1.0

nonlin al a2 al b0 b2 bl

frml u = ((x(t-1)-3.79)/abs(x(t-1)-3.79)+1.0)/2.0
frml cpl = al*x(t-1)+a2*psi(t-1)

frml gmal = $SLNGAMMA (1.0+1.0/al)

frml cp2 = b0+b2*psi(t-1)

frml gma2 = $LNGAMMA (1.0+1.0/bl)

frml cp = cpl(t)*(1l-u(t))+cp2(t)*u(t)
frml glnl =al*gmal (t)+log(al)-log(x(t)) $

+al*log(x(t)/(psi(t)=cp(t)))-(exp(gmal(t))*x(t)/psi(t))**al
frml gln2 =bl*gma2(t)+log(bl)-log(x(t)) $
+bl*log(x(t)/(psi(t)=cp(t)))-(exp(gma2(t))*x(t)/psi(t))**bl

frml gln = glnl(t)*(1l-u(t))+gln2(t)*u(t)
smpl 2 3534
compute al = 0.2, a2 = 0.85, al = 0.9
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compute b0 = 1.8, b2 = 0.5, bl = 0.8

maximize (method=bhhh, recursive,iterations=150) gln
set fv = cp(t)

set resid = x(t)/fv(t)

set residsg = resid(t)*resid(t)

cor (gstats,number=20, span=10) resid

cor (gstats, number=20, span=10) residsg

EXERCISES

1. Let r; be the log return of an asset at time . Assume that {r,} is a Gaussian white
noise series with mean 0.05 and variance 1.5. Suppose that the probability of a
trade at each time point is 40% and is independent of r;. Denote the observed
return by r7. Is r/ serially correlated? If yes, calculate the first three lags of auto-
correlations of r/.

2. Let P; be the observed market price of an asset, which is related to the fundamen-
tal value of the asset P via Eq. (5.9). Assume that AP = P’ — P} | forms
a Gaussian white noise series with mean zero and variance 1.0. Suppose that the
bid-ask spread is two ticks. What is the lag-1 autocorrelation of the price change
series AP, = P, — P,_1 when the tick size is $1/8? What is the lag-1 autocorre-
lation of the price change when the tick size is $1/16?

3. The file “ibm-d2-dur.dat” contains the adjusted durations between trades of IBM
stock on November 2, 1990. The file has three columns consisting of day, time of
trade measured in seconds from midnight, and adjusted durations.

(a) Build an EACD model for the adjusted duration and check the fitted model.
(b) Build a WACD model for the adjusted duration and check the fitted model.

(¢) Build a GACD model for the adjusted duration and check the fitted model.

(d) Compare the prior three duration models.

4. The file “mmm9912-dtp.dat” contains the transactions data of the stock of 3M
Company in December 1999. There are three columns: day of the month, time
of transaction in seconds from midnight, and transaction price. Transactions that
occurred after 4:00 pm Eastern time are excluded.

(a) Isthere a diurnal pattern in 3M stock trading? You may construct a time series
n;, which denotes the number of trades in 5-minute time interval to answer
this question.

(b) Use the price series to confirm the existence of bid-ask bounce in intraday
trading of 3M stock.

(¢) Tabulate the frequencies of price change in multiples of tick size $1/16. You
may combine changes with 5 ticks or more into a category and those with —5
ticks or beyond into another category.

5. Consider again the transactions data of 3M stock in December 1999.
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(a) Use the data to construct an intraday 5-minute log return series. Use the sim-
ple average of all transaction prices within a 5-minute interval as the stock
price for the interval. Is the series serially correlated? You may use Ljung—
Box statistics to test the hypothesis with the first 10 lags of sample autocor-
relation function.

(b) There are seventy-seven 5-minute returns in a normal trading day. Some
researchers suggest that the sum of squares of the intraday 5-minute returns
can be used as a measure of daily volatility. Apply this approach and calculate
the daily volatility of the log return of 3M stock in December 1999. Discuss
the validity of such a procedure to estimate daily volatility.

6. The file “mmm9912-adur.dat” contains an adjusted intraday trading duration of
3M stock in December 1999. There are thirty-nine 10-minute time intervals in
a trading day. Let d; be the average of all log durations for the ith 10-minute
interval across all trading days in December 1999. Define an adjusted duration as
tj/ exp(d;), where j is in the ith 10-minute interval. Note that more sophisticated
methods can be used to adjust the diurnal pattern of trading duration. Here we
simply use a local average.

(a) Is there a diurnal pattern in the adjusted duration series? Why?

(b) Build a duration model for the adjusted series using exponential innovations.
Check the fitted model.

(¢) Build a duration model for the adjusted series using Weibull innovations.
Check the fitted model.

(d) Build a duration model for the adjusted series using generalized Gamma
innovations. Check the fitted model.

(e) Compare and comment on the three duration models built before.
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CHAPTERG®G

Continuous-Time Models and
Their Applications

Price of a financial asset evolves over time and forms a stochastic process, which is
a statistical term used to describe the evolution of a random variable over time. The
observed prices are a realization of the underlying stochastic process. The theory
of stochastic process is the basis on which the observed prices are analyzed and
statistical inference is made.

There are two types of stochastic process for modeling the price of an asset. The
first type is called the discrete-time stochastic process, in which the price changes at
discrete time points. All the processes discussed in the previous chapters belong to
this category. For example, the daily closing price of IBM stock on the New York
Stock Exchange forms a discrete-time stochastic process. Here the price changes
only at the closing of a trading day. Price movements within a trading day are not
necessarily relevant to the observed daily price. The second type of stochastic process
is the continuous-time process, in which the price changes continuously, even though
the price is only observed at discrete time points. One can think of the price as the
“true value” of the stock that always exists and is time varying.

For both types of process, the price can be continuous or discrete. A continu-
ous price can assume any positive real number, whereas a discrete price can only
assume a countable number of possible values. Assume that the price of an asset is
a continuous-time stochastic process. If the price is a continuous random variable,
then we have a continuous-time continuous process. If the price itself is discrete, then
we have a continuous-time discrete process. Similar classifications apply to discrete-
time processes. The series of price change in Chapter 5 is an example of discrete-time
discrete process.

In this chapter, we treat the price of an asset as a continuous-time continuous
stochastic process. Our goal is to introduce the statistical theory and tools needed
to model financial assets and to price options. We begin the chapter with some ter-
minologies of stock options used in the chapter. In Section 6.2, we provide a brief
introduction of Brownian motion, which is also known as a Wiener process. We then
discuss some diffusion equations and stochastic calculus, including the well-known
Ito’s lemma. Most option pricing formulas are derived under the assumption that the
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price of an asset follows a diffusion equation. We use the Black—Scholes formula
to demonstrate the derivation. Finally, to handle the price variations caused by rare
events (e.g., a profit warning), we also study some simple diffusion models with
jumps.

If the price of an asset follows a diffusion equation, then the price of an option
contingent to the asset can be derived by using hedging methods. However, with
jumps the market becomes incomplete and there is no perfect hedging of options.
The price of an option is then valued either by using diversifiability of jump risk
or defining a notion of risk and choosing a price and a hedge that minimize this
risk. For basic applications of stochastic processes in derivative pricing, see Cox and
Rubinstein (1985) and Hull (1997).

6.1 OPTIONS

A stock option is a financial contract that gives the holder the right to trade a certain
number of shares of a specified common stock by a certain date for a specified price.
There are two types of options. A call option gives the holder the right to buy the
underlying stock; see Chapter 3 for a formal definition. A put option gives the holder
the right to sell the underlying stock. The specified price in the contract is called the
strike price or exercise price. The date in the contract is known as the expiration date
or maturity. American options can be exercised at any time up to the expiration date.
European options can be exercised only on the expiration date.

The value of a stock option depends on the value of the underlying stock. Let
K be the strike price and P be the stock price. A call option is in-the-money when
P > K, at-the-money when P = K, and out-of-the-money when P < K. A put
option is in-the-money when P < K, at-the-money when P = K, and out-of-the-
money when P > K. In general, an option is in-the-money when it would lead
to a positive cash flow to the holder if it were exercised immediately. An option is
out-of-the-money when it would lead to a negative cash flow to the holder if it were
exercised immediately. Finally, an option is at-the-money when it would lead to zero
cash flow if it were exercised immediately. Obviously, only in-the-money options are
exercised in practice. For more description on options, see Hull (1997).

6.2 SOME CONTINUOUS-TIME STOCHASTIC PROCESSES

In mathematical statistics, a continuous-time continuous stochastic process is defined
on a probability space (2, F, P), where 2 is a nonempty space, F is a o-field con-
sisting of subsets of 2, and P is a probability measure; see Chapter 1 of Billingsley
(1986). The process can be written as {x(n, )}, where ¢ denotes time and is continu-
ous in [0, oo). For a given ¢, x(n, t) is a real-valued continuous random variable (i.e.,
a mapping from €2 to the real line), and n is an element of €2. For the price of an asset
at time ¢, the range of x(n, t) is the set of non-negative real numbers. For a given
n, {x(n, t)} is a time series with values depending on the time ¢. For simplicity, we
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write a continuous-time stochastic process as {x;} with the understanding that, for a
given ¢, x; is a random variable. In the literature, some authors use x(¢) instead of x;
to emphasize that ¢ is continuous. However, we use the same notation x;, but call it a
continuous-time stochastic process.

6.2.1 The Wiener Process

In a discrete-time econometric model, we assume that the shocks form a white noise
process, which is not predictable. What is the counterpart of shocks in a continuous-
time model? The answer is the increments of a Wiener process, which is also known
as a standard Brownian motion. There are many ways to define a Wiener process
{w,;}. We use a simple approach that focuses on the small change Aw; = w;4ar — wy
associated with a small increment Az in time. A continuous-time stochastic process
{w,} is a Wiener process if it satisfies

1. Aw; = e+/At, where € is a standard normal random variable, and
2. Aw; is independent of w; forall j < 1.

The second condition is a Markov property saying that conditional on the present
value w;, any past information of the process, w; with j < ¢, is irrelevant to the
future w;4¢ with £ > 0. From this property, it is easily seen that for any two nonover-
lapping time intervals A and A, the increments w;, 4o, — Wy, and w4 A, — Wy, are
independent. In finance, this Markov property is related to a weak form of efficient
market.

From the first condition, Awy is normally distributed with mean zero and variance
At. That is, Aw; ~ N(0, At), where ~ denotes probability distribution. Consider
next the process w;. We assume that the process starts at + = 0 with initial value wy,
which is fixed and often set to zero. Then w; — wg can be treated as a sum of many
small increments. More specifically, define T = ALt, where At is a small positive
increment. Then

T T
w; — Wy = WT Ar —w0=Z Aw; =Z€i\/At,

i=1 i=1
where Aw; = w; A — w(—1) A+ Because ¢;’s are independent, we have

T
E(w; —wo) =0, Var(w, — wg) = Z At =T At = 1.

i=1

Thus, the increment in w; from time O to time ¢ is normally distributed with mean
zero and variance ¢. To put it formally, for a Wiener process w;, we have that w; —
wo ~ N (0, t). This says that the variance of a Wiener process increases linearly with
the length of time interval.
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Figure 6.1. Four simulated Wiener processes.

Figure 6.1 shows four simulated Wiener processes on the unit time interval [0, 1].
They are obtained by using a simple version of the Donsker’s Theorem in the statis-
tical literature with n = 3000; see Donsker (1951) or Billingsley (1968).

Donsker’s Theorem

Assume that {z;}?_, is a sequence of independent standard normal random variates.

For any ¢ € [0, 1], let [n¢] be the integer part of nt. Define w, ; = ﬁ Z,[”z’} zi. Then
wy,; converges in distribution to a Wiener process w; on [0, 1] as n goes to infinity.
The four plots start with wg = 0, but drift apart as time increases, illustrating that
the variance of a Wiener process increases with time. A simple time transformation
from [0, 1) to [0, o0) can be used to obtain simulated Wiener processes for ¢ €

[0, 00).

Remark: A formal definition of a Brownian motion w; on a probability space
(2, F, P) is that it is a real-valued, continuous stochastic process for t > 0 with
independent and stationary increments. In other words, w; satisfies

1. continuity: the map from ¢ to w; is continuous almost surely with respect to
the probability measure P;

2. independent increments: if s < ¢, w; — w; is independent of w, for all v < s;
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3. stationary increments: if s < ¢, w; — wy and w;_; — wo have the same proba-
bility distribution.

It can be shown that the probability distribution of the increment w; — wjy is normal
with mean (¢t — s) and variance o2(¢ — s). Furthermore, for any given time indexes
0<t <t <- - <, the random vector (wy,, Wy,, . .., Wy, ) follows a multivariate
normal distribution. Finally, a Brownian motion is standard if wy = 0 almost surely,
u =0,ando? = 1.

Remark: An important property of Brownian motions is that their paths are not
differentiable almost surely. In other words, for a standard Brownian motion wy, it
can be shown that dw; /dt does not exist for all elements of 2 except for elements
in a subset 21 C 2 such that P(£27) = 0. As a result, we cannot use the usual
intergation in calculus to handle integrals involving a standard Brownian motion
when we consider the value of an asset over time. Another approach must be sought.
This is the purpose of discussing Ito’s calculus in the next section.

6.2.2 Generalized Wiener Processes

The Wiener process is a special stochastic process with zero drift and variance pro-
portional to the length of time interval. This means that the rate of change in expecta-
tion is zero and the rate of change in variance is 1. In practice, the mean and variance
of a stochastic process can evolve over time in a more complicated manner. Hence,
further generalization of stochastic process is needed. To this end, we consider the
generalized Wiener process in which the expectation has a drift rate u and the rate
of variance change is 2. Denote such a process by x, and use the notation dy for a
small change in the variable y. Then the model for x; is

dx; = pndt + o dwy, 6.1)
where w; is a Wiener process. If we consider a discretized version of Eq. (6.1), then
X — X0 :,ut—i—ae\/;

for increment from O to 7. Consequently,
E(x; — x9) = ut, Var(x; — xg) = o’t.

The results say that the increment in x; has a growth rate of u for the expectation
and a growth rate of o2 for the variance. In the literature, & and o of Eq. (6.1) are
referred to as the drift and volatility parameters of the generalized Wiener process x;.

6.2.3 Ito’s Processes

The drift and volatility parameters of a generalized Wiener process are time-
invariant. If one further extends the model by allowing p and o to be functions
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of the stochastic process x;, then we have an Ito’s process. Specifically, a process x;
is an Ito’s process if it satisfies

dx; = pu(xe, t)dt + o (x, 1) dwy, (6.2)

where w; is a Wiener process. This process plays an important role in mathematical
finance and can be written as

' t
Xt =X0+/ ulxs, s)ds +/ o (xg,s) dws,
0 0

where xo denotes the starting value of the process at time 0 and the last term on the
right-hand side is a stochastic integral. Equation (6.2) is referred to as a stochastic
diffusion equation with w(x;, ¢t) and o (x;, t) being the drift and diffusion functions,
respectively.

The Wiener process is a special Ito’s process because it satisfies Eq. (6.2) with
n(x;,t) =0and o (x;, 1) = 1.

6.3 ITO’S LEMMA

In finance, when using continuous-time models, it is common to assume that the price
of an asset is an Ito’s process. Therefore, to derive the price of a financial derivative,
one needs to use Ito’s calculus. In this section, we briefly review Ito’s lemma by
treating it as a natural extension of the differentiation in calculus. Ito’s lemma is the
basis of stochastic calculus.

6.3.1 Review of Differentiation

Let G (x) be a differentiable function of x. Using Taylor expansion, we have

3 , 133G 3
AG =G0+ Ax) = Gx) = —— Ax + 5= (AN + === (A0 + -+
dx X dx3

When G is a function of x and y, we have

AG aGA +3GA +132 (A ) 82GAA+132 (A)+
=— — —— x
ox dy 2 9x2 dxdy 2 9y?

Taking the limit as Ax — 0 and Ay — 0, we have
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6.3.2 Stochastic Differentiation

Turn next to the case in which G is a differentiable function of x; and ¢, and x; is an
Ito’s process. The Taylor expansion becomes

G G 19°6 ., 3%G 19%G
AG = — Ax+— A1+~ —(Ax)*+ — Ax At +

A2+, (63
0x at 282 dxot 232( )y 63

A discretized version of the Ito’s process is
Ax =t At 4+ oeV At, (6.4)

where, for simplicity, we omit the arguments of i and o, and Ax = x;4ar — X7
From Eq. (6.4), we have

(Ax)? = p2(AD? + 022 At + 2uce(A)? = 02> At + H(Ar),  (6.5)

where H (Atr) denotes higher order terms of At. This result shows that (Ax)? con-
tains a term of order Az, which cannot be ignored when we take the limit as At — 0.
However, the first term in the right-hand side of Eq. (6.5) has some nice properties:

E(c%€® At) = o At,
Var(o2€% At) = E[o*e¢*(A1)?] — [E(c2€? A = 20* (A2,

where we use E(e*) = 3 for a standard normal random variable. These two prop-
erties show that 02€? At converges to a nonstochastic quantity o> Ar as At — 0.
Consequently, from Eq. (6.5), we have

(Ax)?> > o2dt as At — 0.

Plugging the prior result into Eq. (6.3) and using the Ito’s equation of x; in Eq. (6.2),
we obtain

which is the well-known Ito’s lemma in Stochastic Calculus.

Recall that we suppressed the argument (x;, t) from the drift and volatility terms
@ and o in the derivation of Ito’s lemma. To avoid any possible confusion in the
future, we restate the lemma as follows.
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Ito’s Lemma
Assume that x; is a continuous-time stochastic process satisfying

dx; = pu(xe, 1) dt + o (x4, 1) dwy,

where w; is a Wiener process. Furthermore, G (x;, t) is a differentiable function of
x; and t. Then,

G G 13°G G
dG = |:—,u(xt, )+ +5530 z(x,,t):| dt + Ea(xt,t)dwt. (6.6)

Example 6.1. As a simple illustration, consider the square function
G(wy, t) = wt2 of the Wiener process. Here we have pu(w;, t) =0, o (ws, ) = 1 and

G G 92G
— = 2wla - =Y, —_— s = 2~
owy ot dw?

Therefore,

1
dwt2 = (Zwt x 040+ 3 X 2 X 1> dt +2w; dwy, = dt + 2w, dwy. (6.7)

6.3.3 An Application

Let P; be the price of a stock at time #, which is continuous in [0, 00). In the literature,
it is common to assume that P; follows the special Ito’s process

dPtZMPtdt+UPtdwt, (68)

where © and o are constant. Using the notation of the general Ito’s process in
Eq. (6.2), we have w(x;,t) = ux; and o(x;,t) = ox;, where x; = P;. Such a
special process is referred to as a geometric Brownian motion. We now apply the
Ito’s lemma to obtain a continuous-time model for the logarithm of the stock price
P;. Let G(Py, t) = In(Py) be the log price of the underlying stock. Then we have

G 1 3G _ 10°G  1-1
T 29p? 2P

’

ap, P’ at

Consequently, via Ito’s lemma, we obtain

1 1-1 1 2
dIn(P;) = <P WP + EP_GZP )dt + FaPtdw, = (M — 7) dt + o dwy.
t t
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This result shows that the logarithm of a price follows a generalized Wiener Process
with drift rate s — 0>/2 and variance rate o2 if the price is a geometric Brownian
motion. Consequently, the change in logarithm of price (i.e., log return) between cur-
rent time ¢ and some future time 7 is normally distributed with mean (/L—O'z /2)(T —
t) and variance o 2(T —t). If the time interval T —7 = A is fixed and we are interested
in equally spaced increments in log price, then the increment series is a Gaussian
process with mean (u — 02/2) A and variance 02 A.

6.3.4 Estimation of i« and o

The two unknown parameters u and o of the geometric Brownian motion in Eq. (6.8)
can be estimated empirically. Assume that we have n 4 1 observations of stock price
P, at equally spaced time interval A (e.g., daily, weekly, or monthly). We measure
A in years. Denote the observed prices as {Py, P, ..., P,} and let r; = In(P;) —
In(P;_y) fort =1,...,n.

Since P; = P;_1exp(r;), r; is the continuously compounded return in the tth
time interval. Using the result of the previous subsection and assuming that the stock
price P; follows a geometric Brownian motion, we obtain that r; is normally dis-
tributed with mean (i — 0'2/2) A and variance o> A. In addition, ;s are not serially
correlated.

For simplicity, define u, = E(r;) = (u — 02/2) A and orz = Var(r;) = o2 A.
Let 7 and s, be the sample mean and standard deviation of the data—that is,

n n

- =17t 1 -

r= 72[_1 . S = E (re —7)2.
n n—1 oy

As mentioned in Chapter 1, 7 and s, are consistent estimates of the mean and standard
deviation of r;, respectively. That is, ¥ — u, and s, — o, as n — 00. Therefore,
we may estimate o by

Sy

e

&:

Furthermore, it can be shown that the standard error of this estimate is approximately
0 /+/2n. From [i, = F, we can estimate y by

When the series r; is serially correlated or when the price of the asset does not
follow the geometric Brownian motion in Eq. (6.8), then other estimation methods
must be used to estimate the drift and volatility parameters of the diffusion equation.
We return to this issue later.
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Example 6.2. Consider the daily log returns of IBM stock in 1998. Fig-
ure 6.2(a) shows the time plot of the data, which have 252 observations. Figure 6.2(b)
shows the sample autocorrelations of the series. It is seen that the log returns are
indeed serially uncorrelated. The Ljung—Box statistic gives Q(10) = 4.9, which
is highly insignificant compared with a chi-squared distribution with 10 degrees of
freedom.

If we assume that the price of IBM stock in 1998 follows the geometric Brownian
motion in Eq. (6.8), then we can use the daily log returns to estimate the parameters
u and o. From the data, we have r = 0.002276 and s, = 0.01915. Since 1 trading
day is equivalent to A = 1/252 year, we obtain that

Sy . r
= 0.3040, = — + = 0.6198.
JA K=

o=

|

Thus, the estimated expected return was 61.98% and the standard deviation was
30.4% per annum for IBM stock in 1998.

The normality assumption of the daily log returns may not hold, however. In this
particular instance, the skewness —0.464(0.153) and excess kurtosis 2.396(0.306)
raise some concern, where the number in parentheses denotes asymptotic standard
error.
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Figure 6.2. Daily returns of IBM stock in 1998: (a) log returns, and (b) sample autocorrela-
tions.
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Example 6.3. Consider the daily log return of the stock of Cisco Systems,
Inc. in 1999. There are 252 observations, and the sample mean and standard devi-
ation are 0.00332 and 0.026303, respectively. The log return series also shows no
serial correlation with Q(12) = 10.8, which is not significant even at the 10% level.
Therefore, we have

s 00032 _ o F L8
o=—= —— = . . = — a— . .
JA  J1.0/2520 H=AT72

Consequently, the estimated expected return for Cisco Systems’ stock was 92.4% per
annum, and the estimated standard deviation was 41.8% per annum in 1999.

6.4 DISTRIBUTIONS OF STOCK PRICES AND LOG RETURNS

The result of the previous section shows that if one assumes that price of a stock
follows the geometric Brownian motion

dPt = /LPtdt+O'Ptdwt,
then the logarithm of the price follows a generalized Wiener process

2

din(P;) = (u — %) dt + o dw;,

where P; is the price of the stock at time ¢ and w; is a Wiener process. Therefore, the
change in log price from time ¢ to T is normally distributed as

2
In(Pr) — In(P,) ~ N [(u - %) (T — 1), (T — t):| . (6.9)
Consequently, conditional on the price P; at time ¢, the log price at time T > ¢ is
normally distributed as
2

In(Pr) ~ N [m(P,) + (M - %) (T —1),0X(T — t):| : (6.10)

Using the result of lognormal distribution discussed in Chapter 1, we obtain the (con-
ditional) mean and variance of Pr as

E(Pr) = Prexp[u(T —1)],
Var(Pr) = P2 exp[2u(T — 0)l{explo*(T — )] — 1}.

Note that the expectation confirms that w is the expected rate of return of the stock.
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The prior distribution of stock price can be used to make inference. For example,
suppose that the current price of Stock A is $50, the expected return of the stock is
15% per annum, and the volatility is 40% per annum. Then the expected price of
Stock A in 6-month (0.5 year) and the associated variance are given by

E(Pr) = 50exp(0.15 x 0.5) = 53.89,
Var(Pr) = 2500 exp(0.3 x 0.5)[exp(0.16 x 0.5) — 1] = 241.92.
The standard deviation of the price 6 months from now is +/241.92 = 15.55.

Next, let r be the continuously compounded rate of return per annum from time ¢
to T. Then we have

Pr = Prexp[r(T —1)],

where T and ¢ are measured in years. Therefore,

1 Pr
r= In| —).
T—1t Py
By Eq. (6.9), we have

P 2
In (%) ~N [(u - %) (T — 1), (T — t):| .

Consequently, the distribution of the continuously compounded rate of return per

annum is
N o o2
r~ - —.
I T

The continuously compounded rate of return is, therefore, normally distributed with
mean u — o2/2 and standard deviation o /v/T — 1.

Consider a stock with an expected rate of return of 15% per annum and a volatility
of 10% per annum. The distribution of the continuously compounded rate of return
of the stock over two years is normal with mean 0.15—0.01/2 = 0.145 or 14.5% per
annum and standard deviation 0.1/+/2 = 0.071 or 7.1% per annum. These results
allow us to construct confidence intervals (C.I.) for r. For instance, a 95% C.I. for r
is 0.145£1.96 x 0.071 per annum (i.e., 0.6%, 28.4%).

6.5 DERIVATION OF BLACK-SCHOLES DIFFERENTIAL EQUATION

In this section, we use Ito’s lemma and assume no arbitrage to derive the Black—
Scholes differential equation for the price of a derivative contingent to a stock valued
at P;. Assume that the price P; follows the geometric Brownian motion in Eq. (6.8)
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and G; = G(Py, 1) is the price of a derivative (e.g., a call option) contingent on P;.
By Ito’s lemma,

g — 29 P+8G,+182G,
T\ T T T 22

9G
ang) dt + a—Pt’motdw,.

The discretized versions of the process and previous result are

APt:MPtAt+UPZAwt, (6.11)

3G, 3G, 13°G, , , 3G,
AG, = | —uP + —+ = Pr| At + —0 P Aw,, (6.12
' (BPIMHL ” +23P;20 ; +8P,Ut wy, (6.12)

where A Py and AG, are changes in P, and G, in a small time interval A¢. Because
Aw; = e+/Af for both Egs. (6.11) and (6.12), one can construct a portfolio of the
stock and the derivative that does not involve the Wiener process. The appropriate
portfolio is short on derivative and long %—(Iit’ shares of the stock. Denote the value of
the portfolio by V;. By construction,

G,
Vi=—-Gi+ —P;. 6.13
' r+ P, ! (6.13)
The change in V; is then
G,
AV, = —-AG,+ — AP;. (6.14)
8P,

Substituting Eqs. (6.11) and (6.12) into Eq. (6.14), we have

G, 10%G
AV, = <__’ _ - ’asz) At. (6.15)

This equation does not involve the stochastic component Aw,. Therefore, under the
no arbitrage assumption, the portfolio V; must be riskless during the small time inter-
val At. In other words, the assumptions used imply that the portfolio must instanta-
neously earn the same rate of return as other short-term, risk-free securities. Other-
wise there exists an arbitrage opportunity between the portfolio and the short-term,
risk-free securities. Consequently, we have

AV, =1V, At, (6.16)

where r is the risk-free interest rate. By Eqs. (6.13) to (6.16), we have

3G, 13°G, 5, 3G,
— 4= PXlAt=r (G, — — P ) At
<3t Tapr "\ aR

Therefore,
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2
—L 4 rP—L 4 -0%P? opz = "Gr. (6.17)

This is the Black—Scholes differential equation for derivative pricing. It can be solved
to obtain the price of a derivative with P; as the underlying variable. The solution so
obtained depends on the boundary conditions of the derivative. For a European call
option, the boundary condition is

Gr =max(Pr — K, 0),

where T is the expiration time and K is the strike price. For a European put option,
the boundary condition becomes

Gt =max(K — Pr,0).

Example 6.4. As a simple example, consider a forward contract on a stock
that pays no dividend. In this case, the value of the contract is given by

G; = P, — Kexp[—r(T —1)],

where K is the delivery price, r is the risk-free interest rate, and T is the expiration
time. For such a function, we have

G G 392G
B—II = —rKexp[—r(T —1)], —L d

0P - 3P,2

’

Substituting these quantities into the left-hand side of Eq. (6.17) yields
—rKexpl—r(T —t)]+rP; =r{P; — K exp[—r(T — 1)1},

which equals the right-hand side of Eq. (6.17). Thus, the Black—Scholes differential
equation is indeed satisfied.

6.6 BLACK-SCHOLES PRICING FORMULAS

Black and Scholes (1973) successfully solve their differential equation in Eq. (6.17)
to obtain exact formulas for the price of European call and put options. In what
follows, we derive these formulas using what is called Risk-Neutral Valuation in
finance.

6.6.1 Risk-Neutral World

The drift parameter i drops out from the Black—Scholes differential equation. In
finance, this means the equation is independent of risk preferences. In other words,
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risk preferences cannot affect the solution of the equation. A nice consequence of
this property is that one can assume that investors are risk-neutral. In a risk-neutral
world, we have the following results:

* The expected return on all securities is the risk-free interest rate r, and

* The present value of any cash flow can be obtained by discounting its expected
value at the risk-free rate.

6.6.2 Formulas

The expected value of a European call option at maturity in a risk-neutral world is
E*[maX(PT - K7 0)]7

where E,. denotes expected value in a risk-neutral world. The price of the call option
at time ¢ is

¢t = exp[—r(T — t)]E«[max(Pr — K, 0)]. (6.18)

Yet in a risk-neutral world, we have © = r, and by Eq. (6.10), In(P7) is normally
distributed as

2
In(Pr) ~ N [m(P,) + (r - %) (T —1), (T — t)i| .

Let g(Pr) be the probability density function of Pr. Then the price of the call option
in Eq. (6.18) is

¢ = expl—r(T —1)] /K (Pr — K)g(Pr)dPr.

By changing the variable in the integration and some algebraic calculations (details
are given in Appendix A), we have

¢t = P ®(hy) — Kexp[—r(T —1)]®(ho), (6.19)

where ®(x) is the cumulative distribution function (CDF) of the standard normal
random variable evaluated at x,

_ In(P/K) + (r +02/2(T — 1)

he oT —t
_In(P/K)+ (=0T =1, —
h_ = Gm = h+ o T f.

In practice, ® (x) can easily be obtained from most statistical packages. Alternatively,
one can use an approximation given in Appendix B.
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The Black—Scholes call formula in Eq. (6.19) has some nice interpretations. First,
if we exercise the call option on the expiration date, we receive the stock, but we have
to pay the strike price. This exchange will take place only when the call finishes in-
the-money (i.e., Pr > K). The first term P;® (k) is the present value of receiving
the stock if and only if Pr > K and the second term —K exp[—r(T — t)]®(h_)
is the present value of paying the strike price if and only if Pr > K. A second
interpretation is particularly useful. As shown in the derivation of Black—Scholes
differential equation in Section 6.5, ®(hy) = g—%’ is the number of shares in the
portfolio that does not involve uncertainty, the Wiener process. We know that ¢; =
P;®(hy) + B;, where B, is the dollar amount invested in risk-free bonds in the
portfolio (or short on the derivative). We can then see that B, = —K exp[—r(T —
1)]® (h_) directly from inspection of the Black—Scholes formula. The first term of
the formula P;® (k) is the amount invested in the stock, whereas the second term,
K exp[—r(T — t)]®(h-), is the amount borrowed.

Similarly, we can obtain the price of a European put option as
pr = Kexpl—r(T —t)]®(—=h-) — Pid(—hy). (6.20)

Since the standard normal distribution is symmetric with respect to its mean 0.0, we
have ®(x) = 1—®(—x) for all x. Using this property, we have ® (—h;) = 1 —®(h;).
Thus, the information needed to compute the price of a put option is the same as that
of a call option. Alternatively, using the symmetry of normal distribution, it is easy
to verify that

pr — ¢ = Kexp[—r(T — )] — P,
which is referred to as the put-call parity and can be used to obtain p; from ¢;.

Example 6.5. Suppose that the current price of Intel stock is $80 per share
with volatility o = 20% per annum. Suppose further that the risk-free interest rate
is 8% per annum. What is the price of a European call option on Intel with a strike
price of $90 that will expire in 3 months?

From the assumptions, we have P, = 80, K =90, T — ¢t = 0.25, 0 = 0.2, and
r = 0.08. Therefore,

In(80/90) + (0.08 + 0.04/2) x 0.25
= = —0.9278
0.24/0.25

h_=hy —0.2v0.25 =-1.0278.

hy

Using any statistical software (e.g., Minitab or SCA), or the approximation in
Appendix B, we have

®(—0.9278) = 0.1767, &(—1.0278) = 0.1520.
Consequently, the price of a European call option is

¢ = $80D(—0.9278) — $90d (—1.0278) exp(—0.02) = $0.73.
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The stock price has to rise by $10.73 for the purchaser of the call option to break
even.
Under the same assumptions, the price of a European put option is

pr = $90exp(—0.08 x 0.25)d(1.0278) — $80% (0.9278) = $8.95.

Thus, the stock price can rise an additional $1.05 for the purchaser of the put option
to break even.

Example 6.6. The strike price of the previous example is well beyond the
current stock price. A more realistic strike price is $85. Assume that the other con-
ditions of the previous example continue to hold. We now have P, = 80, K = 85,
r =0.08,and T — r = 0.25, and the /;s become

i ' .04/2) x 0.2
_ In(80/85) + (0.084+0.04/2) x 0.25 _ ..
0.24/0.25

h_ =hi —0.2v/0.25 = —0.456246.

hy

Using the approximation in Appendix B, we have ®(—0.356246) = 0.3608 and
®(—0.456246) = 0.3241. The price of a European call option is then

¢ = $859(—0.356246) — $85 exp(—0.02) P (—0.456246) = $1.86.

The price of the stock has to rise by $6.86 for the purchaser of the call option to
break even. Yet under the same assumptions, the price of a European put option is

e = $85 exp(—0.02)d(0.456246) — $80D (0.356246)
= $85exp(—0.02) x 0.6759 — $80 x 0.6392 = $5.18.

The stock price must fall $0.18 for the purchaser of the put option to break even.

6.6.3 Discussion

From the formulas, the price of a call or put option depends on five variables—
namely, the current stock price Py, the strike price K, the time to expiration 7 — ¢
measured in years, the volatility o per annum, and the interest rate » per annum. It
pays to study the effects of these five variables on the price of an option.

6.6.3.1 Marginal Effects

Consider first the marginal effects of the five variables on the price of a call option
¢;. By marginal effects we mean that changing one variable while holding the others
fixed. The effects on a call option can be summarized as follows.
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Figure 6.3. Marginal effects of the current stock price on the price of an option with K = 80,
T —t =0.2506 =0.3,and r = 0.06: (a) call option, and (b) put option.

1. The current stock price P;: ¢; is positively related to In( P;). In particular, ¢; —
Oas P — Oand ¢; — oo as P; — oo. Figure 6.3(a) illustrates the effects with
K =80, r = 6% per annum, 7 — t = 0.25 years, and 0 = 30% per annum.

2. The strike price K: ¢; is negatively related to In(K). In particular, ¢; — P; as
K —-0Oandc¢, — Oas K — oo.

3. Time to expiration: ¢, is related to T — ¢ in a complicated manner, but we can
obtain the limiting results by writing 4 and A_ as

In(P;/K) N (r+02/)JT =1t

hi = oT —t o
W In(P;/K) N (r—o?/)JT =t

oT —t o

If , < K,then¢, > OQas (T —t) - 0.If P, > K,then¢, — P, — K as
(T —t) > 0and ¢;, — P, as (T —t) — oo. Figure 6.4(a) shows the marginal
effects of T —t on ¢, for three different current stock prices. The fixed variables
are K = 80, r = 6%, and 0 = 30%. The solid, dotted, and dashed lines of the
plot are for P, = 70, 80, and 90, respectively.
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Figure 6.4. Marginal effects of the time to expiration on the price of an option with K = 80,
o = 0.3, and r = 0.06: (a) call option, and (b) put option. The solid, dotted, and dashed lines
are for the current stock price P, = 70, 80, and 90, respectively.

4. Volatility o: Rewriting 44 and A_ as

In(P,/K)4+r(T —t) o
= —JT =
* oT —t * 2 g
_ In(P/K)+r(T —1) o

oT —t 2

h_

we obtain that (a) if In(P;/K) +r(T —t) < 0,thenc; — 0aso — 0, and
() if In(P;/K) +r(T —t) > 0, thenc; - P, — Ke 7T~ as ¢ — 0 and
¢ — Py as 0 — oo. Figure 6.5(a) shows the effects of o on ¢; for K = 80,
T —t = 0.25, r = 0.06, and three different values of P;. The solid, dotted,
and dashed lines are for P, = 70, 80, and 90, respectively.

5. Interest rate: ¢; is positively related to r such that ¢; — P; asr — oo.

The marginal effects of the five variables on a put option can be obtained similarly.
Part (b) of Figures 6.3-6.5 illustrates the effects for some selected cases.
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Figure 6.5. Marginal effects of stock volatility on the price of an option with K = 80,7 —¢ =
0.25, and r = 0.06: (a) call option, and (b) put option. The solid, dotted, and dashed lines are
for the current stock price P, = 70, 80, and 90, respectively.

6.6.3.2 Some Joint Effects

Figure 6.6 shows the joint effects of volatility and strike price on a call option, where
the other variables are fixed at P, = 80,7 = 0.06, and T — t = 0.25. As expected,
the price of a call option is higher when the volatility is high and the strike price is
well below the current stock price. Figure 6.7 shows the effects on a put option under
the same conditions. The price of a put option is higher when the volatility is high
and the strike price is well above the current stock price. Furthermore, the plot also
shows that the effects of a strike price on the price of a put option becomes more
linear as the volatility increases.

6.7 AN EXTENSION OF ITO’S LEMMA

In derivative pricing, a derivative may be contingent on multiple securities. When the
prices of these securities are driven by multiple factors, the price of the derivative is a
function of several stochastic processes. The two-factor model for the term structure
of interest rate is an example of two stochastic processes. In this section, we briefly
discuss the extension of Ito’s lemma to the case of several stochastic processes.
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Figure 6.6. Joint effects of stock volatility and the strike price on a call option with P, = 80,
r=0.06,and T —t = 0.25.

Value of a put

% - %
2 S s s 0.
o 5 T (6
% O .:,,,..‘%‘ =55 )
< “‘5‘%’?,3%3;5@” oA \’A\.\\“\J
v ¥ 02

Figure 6.7. Joint effects of stock volatility and the strike price on a put option with K = 80,
T —t=0.25,and r = 0.06.
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Consider a k-dimensional continuous-time process x; = (xy;, ..., Xk;), Where k
is a positive integer and x;; is a continuous-time stochastic process satisfying

dxi; = wi(x)dt +o;(x)) dwiy, i=1,...,k, (6.21)

where w;; is a Wiener process. It is understood that the drift and volatility functions
Wi(xir) and o; (x;;) are functions of time index ¢ as well. We omit ¢ from their argu-
ments to simplify the notation. For i # j, the Wiener processes w;; and w;, are
different. We assume that the correlation between dw;; and dwj, is p;;. This means
that p;; is the correlation between the two standard normal random variables ¢; and
€; defined by Aw;; = ¢; At and Awj;, = €; At. Assume that G; = G(x;, 1) be a
function of the stochastic processes x;; and time ¢. The Taylor expansion gives

k k 2
9G, 2G, 1 R
AG =3 28 Axip+ L At 4 - 0 Ay Ax;
’ ;8)6,-[ Xt +2;; xR

The discretized version of Eq. (6.21) is
Awi = wi(xy) At +o0i(xp) Awie, i=1,...,k.

Using a similar argument as that of Eq. (6.5) in Section 6.3, we can obtain that

lim (Ax;)* — o/ (x,)dr (6.22)
At—0
A11m0 Axip Axjy — 0i(x;)oj(x,)pijdt. (6.23)
t—

Using Eqgs. (6.21)—(6.23), taking the limit as At — 0, and ignoring higher order
terms of A¢, we have

3G, 3G, 1 392G,
dG, = — — 4= —0; () pij | dt
t [; e i)+ S ;; T, O 001 <0y

+ Z o 01X . (6.24)

This is a generalization of Ito’s lemma to the case of multiple stochastic processes.

6.8 STOCHASTIC INTEGRAL

We briefly discuss stochastic integration so that the price of an asset can be obtained
under the assumption that it follows an Ito’s process. We deduce the integration result
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using the Ito’s formula. For a rigorous treatment on the topic, readers may consult
textbooks on stochastic calculus. First, like the usual integration of a deterministic
function, integration is the opposite side of differentiation so that

t
/ dxg = x; — X0
0

continues to hold for a stochastic process x;. In particular, for the Wiener process wy,
we have fot dwg = w; because wg = 0. Next, consider the integration fol wg dwg.
Using the prior result and taking integration of Eq. (6.7), we have

t
u)t2 =t+2/ wg dwy.
0
Therefore,
t l )
ws dws = —(w; —1).
0 2

This is different from the usual deterministic integration for which fé ydy =
2
7 = ¥)/2-
Turn to the case that x; is a geometric Brownian motion—that is, x, satisfies

dx; = puxidt + o xs dwy,

where w1 and o are constant with o > 0; see Eq. (6.8). Applying the Ito’s lemma to
G(x;, t) = In(x;), we obtain

o2
din(x;)) = n— > dt + o dw;.

Taking integration and using the results obtained before, we have

t 02 t t
/ din(xs) = n — > / ds +o / dwy.
0 0 0

Consequently,
In(x,) = In(xo) + (1 — 0%/2)1 + ow,
and

x = xoexpl(n — 0%/2)t + ow].
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Changing the notation x; to P; for the price of an asset, we have a solution for the
price under the assumption that it is a geometric Brownian motion. The price is

P, = Pyexpl(n — 02/2)t + ow;]. (6.25)

6.9 JUMP DIFFUSION MODELS

Empirical studies have found that the stochastic diffusion model based on Brownian
motion fails to explain some characteristics of asset returns and the prices of their
derivatives (e.g., the “volatility smile” of implied volatilities; see Bakshi, Cao, and
Chen, 1997, and the references therein). Volatility smile is referred to as the convex
function between the implied volatility and strike price of an option. Both out-of-
the-money and in-the-money options tend to have higher implied volatilities than
at-the-money options especially in the foreign exchange markets. Volatility smile
is less pronounced for equity options. The inadequacy of the standard stochastic
diffusion model has led to the developments of alternative continuous-time models.
For example, jump diffusion and stochastic volatility models have been proposed in
the literature to overcome the inadequacy; see Merton (1976) and Duffie (1995).

Jumps in stock prices are often assumed to follow a probability law. For example,
the jumps may follow a Poisson process, which is a continuous-time discrete process.
For a given time ¢, let X; be the number of times a special event occurs during the
time period [0, ¢]. Then X, is a Poisson process if

m.em

Pr(X; =m) =

exp(—At), X > 0.
m!

That is, X; follows a Poisson distribution with parameter At. The parameter A gov-
erns the occurrence of the special event and is referred to as the rate or intensity of
the process. A formal definition also requires that X; be a right-continuous homoge-
neous Markov process with left-hand limit.

In this section, we discuss a simple jump diffusion model proposed by Kou
(2000). This simple model enjoys several nice properties. The returns implied by the
model are leptokurtic and asymmetric with respect to zero. In addition, the model
can reproduce volatility smile and provide analytical formulas for the prices of many
options. The model consists of two parts, with the first part being continuous and
following a geometric Brownian motion and the second part being a jump process.
The occurrences of jump are governed by a Poisson process, and the jump size
follows a double exponential distribution. Let P; be the price of an asset at time ¢.
The simple jump diffusion model postulates that the price follows the stochastic
differential equation

dP; al
—- = hdt +0dw; +d Y U=, (6.26)

! i=1
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where w; is a Wiener process, n; is a Poisson process with rate A, and {J;} is a
sequence of independent and identically distributed nonnegative random variables
such that X = In(J) has a double exponential distribution with probability density
function

1
fx(x) = z—e—‘x—K'/", 0<n<l. (6.27)
n

In model (6.26), n;, w;, and J; are independent so that there is no relation between the
randomness of the model. Notice that n, is the number of jumps in the time interval
[0, ¢] and follows a Poisson distribution with parameter At, where A is a constant. At
the ith jump, the proportion of price jump is J; — 1.
The double exponential distribution can be written as
& with probability 0.5
X—w= {—g with probability 0.5, (6.28)

where & is an exponential random variable with mean 7 and variance 5>. The proba-
bility density function of § is

1
fx) == 0<x < oo.
n

Some useful properties of the double exponential distribution are

K

E(X) =k, Var(X)=2n, E() = 1 ¢

— 2
For finite samples, it is hard to distinguish a double exponential distribution from a
Student-¢ distribution. However, a double exponential distribution is more tractable
analytically and can generate a higher probability concentration (e.g., higher peak)
around its mean value. As stated in Chapter 1, histograms of observed asset returns
tend to have a higher peak than the normal density. Figure 6.8 shows the probability
density function of a double exponential random variable in the solid line and that
of a normal random variable in the dotted line. Both variables have mean zero and
variance 0.0008. The high peak of the double exponential density is clearly seen.
Solving the stochastic differential equation in Eq. (6.26), we obtain the dynamics
of the asset price as

1y
P = Pyexpl(n — 02/t + ow 1] | /i, (6.29)
i=1

where it is understood that ]_[?:1 = 1. This result is a generalization of Eq. (6.25)
by including the stochastic jumps. It can be obtained as follows. Let #; be the time
of the ith jump. For ¢ € [0, #1), there is no jump and the price is given in Eq. (6.25).
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Figure 6.8. Probability density functions of a double exponential and a normal random vari-
able with mean zero and variance 0.0008. The solid line denotes the double exponential dis-
tribution.

Consequently, the left-hand price limit at time ¢ is

Ptl_ = Ppexp[(n — 02/2)t1 +owy ]
At time 71, the proportion of price jump is J; — 1 so that the price becomes

Py =(+Ji =P = 1P = Poexpl(u — a2 /2)t1 + owy, 1.
Fort € (1, t2), there is no jump in the interval (#1, ¢] so that
Pr = Py expl(p —0?/2)(t — 1) + o (wy — wy)].

Plugging in Py, we have

P, = Pyexpl(pn — o2/2)t + ow;1J;.

Repeating the scheme, we obtain Eq. (6.29).
From Eq. (6.29), the simple return of the underlying asset in a small time incre-
ment At becomes

Pt+At _ Pt 1 ) Ni4-At
Pust 2P op| (1= 302) Artotuia—wo+ 3 Xi| -1,
Py 2 i=n,+1
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where it is understood that a summation over an empty set is zero and X; = In(J;).
For a small Af, we may use the approximation ¢* ~ 1 + x 4 x?/2 and the result
(Aw;)? ~ At discussed in Section 6.3 to obtain

Pt+At _ Pt 1 ) Ni4+-At 1 ) )
—— =~ |u—=z0" ) At+0Aw; + Z J,'—I—Eo (Awy)

Py 2 i=n;+1
Ni+At
~ u At +oev At + Z X,
i=n;+1

where Aw; = w;yAr — Wy and € is a standard normal random variable.

Under the assumption of Poisson process, the probability of having one jump in
the time interval (¢, r + At] is A At and that of having more than one jump is 0(Af),
where the symbol o(At) means that if we divide this term by At then its value tends
to zero as At tends to zero. Therefore, for a small Az, by ignoring multiple jumps,
we have

nit X; ~ {Xn,ﬂ with probability A A
N

) 0 with probability 1 — A Ar.
i=n;+1

Combining the prior results, we see that the simple return of the underlying asset is
approximately distributed as

WQMAI—%JE\/E%—IXX, (6.30)
t
where I is a Bernoulli random variable with Pr(I = 1) = A At and Pr(I = 0) =
1 — A Atf, and X is a double exponential random variable defined in Eq. (6.28).
Equation (6.30) reduces to that of a geometric Brownian motion without jumps.

Let G = pu At +0e+/At +1 x X be the random variable in the right-hand side of
Eq. (6.30). Using the independence between the exponential and normal distributions
used in the model, Kou (2000) obtains the probability density function of G as

2 2
2(x) = A Atedz At)2P) {e"’/”fb (a)n —0 At) 4o (a)r} +o At)}
2n

on/ At ona/ At
1 x — At
1—AA , 6.31
+( t)o«/Atf< o/ At ) ( )

where w = x — u At — k, and f(.) and ®(.) are, respectively, the probability den-
sity and cumulative distribution functions of the standard normal random variable.
Furthermore,

E(G) = pu At +kh Af, Var(G) = 02 At 4+ A At[2n% + k2(1 — L AD)].
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Figure 6.9. Density comparisons between a normal distribution and the distribution of
Eq. (6.31). The dotted line denotes the normal distribution. Both distributions have mean zero
and variance 2.0572x107*. (a) Overall comparison, (b) comparison of the peaks, (c) left tails,
and (d) right tails.

Figure 6.9 shows some comparisons between probability density functions of a nor-
mal distribution and the distribution of Eq. (6.31). Both distributions have mean zero
and variance 2.0572 x 10~*. The mean and variance are obtained by assuming that
the return of the underlying asset satisfies © = 20% per annum, o = 20% per annum,
At = 1 day = 1/252 years, . = 10, k = —0.02, and n = 0.02. In other words, we
assume that there are about 10 daily jumps per year with average jump size —2%,
and the jump volatility is 2%. These values are reasonable for a U.S. stock. From
the plots, the leptokurtic feature of the distribution derived from the jump diffusion
process in Eq. (6.26) is clearly shown. The distribution has a higher peak and fatter
tails than the corresponding normal distribution.

6.9.1 Option Pricing under Jump Diffusion

In the presence of random jumps, the market becomes incomplete. In this case, the
standard hedging arguments are not applicable to price an option. But we can still
derive an option pricing formula that does not depend on attitudes toward risk by
assuming that the number of securities available is very large so that the risk of the
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sudden jumps is diversifiable and the market will therefore pay no risk premium over
the risk-free rate for bearing this risk. Alternatively, for a given set of risk premiums,
one can consider a risk-neutral measure P* such that

4 i=1
=(r—ap)dt +odw; +d |:Z(Ji - 1)} ,
i=1

where r is the risk-free interest rate, / = exp(X) such that X follows the double
exponential distribution of Eq. (6.27), ¥ = /(1 — 772) — 1,0 < n < 1, and the
parameters «, n, ¥, and o become risk-neutral parameters taking consideration of
the risk premiums; see Kou (2000) for more details. The unique solution of the prior
equation is given by

02 nt
P, = Pyexp r—T—Mp t+ ow; ll].li.

To price a European option in the jump diffusion model, it remains to compute the
expectation, under the measure P*, of the discounted final payoff of the option. In
particular, the price of a European call option at time 7 is given by

¢ = Eule”" T (Pr — K)4]

_ 2
=E, |:er(Tt) (Ptexp|:<2 Aw)(T—t)—i—U\/T t6:|1_[.] - ) :|,
i=1 +

(6.32)

where T is the expiration time, (7" — ¢) is the time to expiration measured in years,
K is the strike price, (y)+ = max(0, y), and € is a standard normal random variable.
Kou (2000) shows that c; is analytically tractable as

T AT =" 2T (- —1
MT—1) J
Cf_ZZ nl 22)1—1( n—1 )

n=1 j=

X (At j+Aznj+ A3 ) (6.33)

+ e—)\(T—t) [P[e_)hw(T_t)@(h_‘_) _ Ke_r(T_t)(D(h_):I ,

where ®(.) is the CDF of the standard normal random variable,

1

A—n7 " axmi ] Bb) —eTIIKSG)

1
Al nj = Pte—kw(T t)+nk _ [
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1
Agpj = Eefr<Tft>fw/n+az<rft>/<2n2) K

Vil 1 oyT—1\ 1
S | Hhj(c_
X,E;[a—w—z ]( : ) Vo e

1
Aspj = 5efr(Tfl)+w/n+02(Tft)/(2772)K

UN/T—ti 1
XZ[ (1+n)1’]< " )mm”'“*)

_ In(P/K) + (r £6%/2 = A (T — 1) + nx

oJT —1
In(P;/K) + (r £02%/2 — xy)(T —1)

B oJT —1
o ami w
= n oT —t
w=I(K/P)+ (T —1)— (r —c?/2)(T —t) — nk

ok

v = m -1,

and the Hh;(.) functions are defined as
1 * n_—s/2
th(x):—' (s —x)'e ds, n=0,1,... (6.34)
n! J,

and Hh_|(x) = exp(—x2/2), which is ~/27 f(x) with f(x) being the probability
density function of a standard normal random variable; see Abramowitz and Stegun
(1972). The H h, (x) functions satisfy the recursion

nHhy(x) = Hhy2(x) —xHh,—1(x), n>1, (6.35)

with starting values Hh_1(x) = e**/2 and Hho(x) = V27 ®(—x).

The pricing formula involves an infinite series, but its numerical value can be
approximated quickly and accurately through truncation (e.g., the first 10 terms).
Also, if A = 0 (i.e., there are no jumps), then it is easily seen that ¢; reduces to the
Black—Scholes formula for a call option discussed before.

Finally, the price of a European put option under the jump diffusion model con-
sidered can be obtained by using the put-call parity—that is,

pr=ci+Ke"TD _p,.
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Pricing formulas for other options under the jump diffusion model in Eq. (6.26) can
be found in Kou (2000).

Example 6.7. Consider the stock of Example 6.6, which has a current price
of $80. As before, assume that the strike price of a European option is K = $85 and
other parameters are r = 0.08 and T — ¢ = 0.25. In addition, assume that the price
of the stock follows the jump diffusion model in Eq. (6.26) with parameters A = 10,
k = —0.02, and n = 0.02. In other words, there are about 10 jumps per year with
average jump size —2% and jump volatility 2%. Using the formula in Eq. (6.33), we
obtain ¢; = $2.25, which is higher than $1.86 of Example 6.6 when there are no
jumps. The corresponding put option assumes the value p; = $5.57, which is also
higher than what we had before. As expected, adding the jumps while keeping the
other parameters fixed increases the prices of both European options. Keep in mind,
however, that adding the jump process to the stock price in a real application often
leads to different estimates for the stock volatility o .

6.10 ESTIMATION OF CONTINUOUS-TIME MODELS

Next we consider the problem of estimating directly the diffusion equation (i.e., the
Ito’s process) from discretely-sampled data. Here the drift and volatility functions
u(xs, t) and o (x4, t) are time-varying and may not follow a specific parametric form.
This is a topic of considerable interest in recent years. Details of the available meth-
ods are beyond the scope of this chapter. Hence, we only outline the approaches pro-
posed in the literature. Interested readers can consult the corresponding references
and Lo (1988).

There are several approaches available for estimating a diffusion equation. The
first approach is the quasi-maximum likelihood approach, which makes use of the
fact that for a small time interval dw; is normally distributed; see Kessler (1997) and
the references therein. The second approach uses methods of moments; see Con-
ley, Hansen, Luttmer, and Scheinkman (1997) and the references therein. The third
approach uses nonparametric methods; see Ait-Sahalia (1996, 1997). The fourth
approach uses semiparametric and reprojection methods; see Gallant and Long
(1997) and Gallant and Tauchen (1997). Recently, many researchers have applied
Markov Chain Monte Carlo methods to estimate the diffusion equation; see Eraker
(2001) and Elerian, Chib, and Shephard (2001).

APPENDIX A. INTEGRATION OF BLACK-SCHOLES FORMULA

In this appendix, we derive the price of a European call option given in Eq. (6.19).
Let x = In(Pr). By changing variable and using g(Pr)d Pr = f(x) dx, where f(x)
is the probability density function of x, we have
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o0
¢t = exp[—r(T — t)]/ (Pr — K)g(Pr)d P,
K
o0
=T / (e* — K) f(x)dx
In(K)

= "T—D UO@ e f(x)dx — K/oo f(x)dxj|. (6.36)
In(K) 1

n(K)

Because x = In(P7) ~ N[In(P;) + (r — 02/2)(T —t), o*(T — 1)], the integration
of the second term of Eq. (6.36) reduces to

00 In(K)

f(x)dx:l—/ fx)dx

In(K) —00

— 1 — CDF(In(K))
=1—-®(-h_-)=d(h-),

where CDFIn(K)) is the cumulative distribution function (CDF) of x = In(Pr)
evaluated at In(K), ®(.) is the CDF of the standard normal random variable, and

_In(K) —In(P) — (r — 02/2)(T — 1)

—h_
oT —t
_ —In(P/K) — (r —o?/2)(T — 1)
N oT —t '
The integration of the first term of Eq. (6.36) can be written as
[00 1 [x —In(P) — (r —2/2)(T —1)]?
————exp|x — 5 dx,
n(K) V270 2(T —t) 204(T — 1)

where the exponent can be simplified to

= {In(P) + (r —0?/2)(T = D}

20%(T —t)
_ _x— {n(P) ;0(2;’(;—17 I;Z)(T 2l +In(P;) +r(T —1).

Consequently, the first integration becomes

/OO e* f(x)dx
1

n(K)

[x = {In(P) + (r +0*/2)(T — t)}]z] d
- X,

o 1
= P T / exp [
' k) /2m+/02(T — 1) 20T — 1)
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which involves the CDF of a normal distribution with mean In(P;) + (r + o2 /2)(T —
t) and variance ¢2(T — t). By using the same techniques as those of the second
intergation shown before, we have

o0

/ e f(xydx = Pre" T d(hy),

In(K)

where A is given by

_ In(P/K)+ (r +0%/2)(T — 1)
oT —t '

Putting the two integration results together, we have

hy

¢ =e TP T DD(hy)— KP(h_)] = P, d(hy) — Ke " T D).

APPENDIX B. APPROXIMATION TO STANDARD
NORMAL PROBABILITY

The CDF @ (x) of a standard normal random variable can be approximated by

O () = 1 — f(O)letk 4+ c2k? + c3k3 4 cak* + sk ifx > 0
T = d(—x) ifx <0,

where f(x) = exp(—x2/2)/+/2m, k = 1/(1 + 0.2316419x), ¢; = 0.319381530,
¢ = —0.356563782, ¢c3 = 1.781477937, c4 = —1.821255978, and ¢5 =
1.330274429.

For illustration, using the earlier approximation, we obtain ®(1.96) = 0.975002,
$(0.82) = 0.793892, and ®(—0.61) = 0.270931. These probabilities are very close
to that obtained from a typical normal probability table.

EXERCISES

1. Assume that the log price p; = In(P;) follows a stochastic differential equation
dp; = ydt + o dwy,

where w; is a Wiener process. Derive the stochastic equation for the price P;.

2. Considering the forward price F of a nondividend-paying stock, we have
Frr =Pt

where r is the risk-free interest rate, which is constant and P; is the current
stock price. Suppose P; follows the geometric Brownian motion d Py = u Pydt +
o P; dw;. Derive a stochastic differential equation for F; r.
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3. Assume that the price of IBM stock follows the Ito’s process
dPt =uPtdt+aP,dw,,

where © and o are constant and w; is a standard Brownian motion. Consider
the daily log returns of IBM stock in 1997. The average return and the sample
standard deviation are 0.00131 and 0.02215, respectively. Use the data to estimate
the parameters p and o assuming that there were 252 trading days in 1997.

4. Suppose that the current price of a stock is $120 per share with volatility o = 50%
per annum. Suppose further that the risk-free interest rate is 7% per annum and the
stock pays no dividend. (a) What is the price of a European call option contingent
on the stock with a strike price of $125 that will expire in 3 months? (b) What is
the price of a European put option on the same stock with a strike price of $118
that will expire in 3 months? If the volatility o is increased to 80% per annum,
then what are the prices of the two options?

5. Derive the limiting marginal effects of the five variables K, P;, T —¢, 0, and r on
a European put option contingent on a stock.

6. A stock price is currently $60 per share and follows the geometric Brownian
motion d P, = uP; dt+o P; dt. Assume that the expected return ¢ from the stock
is 20% per annum and its volatility is 40% per annum. What is the probability
distribution for the stock price in 2 years? Obtain the mean and standard deviation
of the distribution and construct a 95% confidence interval for the stock price.

7. A stock price is currently $60 per share and follows the geometric Brownian
motion d Py = u Py dt+o P; dt. Assume that the expected return p from the stock
is 20% per annum and its volatility is 40% per annum. What is the probability
distribution for the continuously compounded rate of return of the stock over 2
years? Obtain the mean and standard deviation of the distribution.

8. Suppose that the current price of Stock A is $70 per share and the price follows
the jump diffusion model in Eq. (6.26). Assume that the risk-free interest rate is
8% per annum and the stock volatility is 30% per annum. In addition, the price
on average has about 15 jumps per year with average jump size —2% and jump
volatility 3%. What is the price of a European call option with strike price $75
that will expire in 3 months? What is the price of the corresponding European put
option?
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CHAPTER?7

Extreme Values, Quantile
Estimation, and Value at Risk

Extreme price movements in the financial markets are rare, but important. The stock
market crash on Wall Street in October 1987 and other big financial crises such as the
Long Term Capital Management have attracted a great deal of attention among prac-
titioners and researchers, and some people even called for government regulations on
the derivative markets. In recent years, the seemingly large daily price movements in
high-tech stocks have further generated discussions on market risk and margin set-
ting for financial institutions. As a result, value at risk (VaR) has become a widely
used measure of market risk in risk management.

In this chapter, we discuss various methods for calculating VaR and the statisti-
cal theories behind these methods. In particular, we consider the extreme value the-
ory developed in the statistical literature for studying rare (or extraordinary) events
and its application to VaR. Both unconditional and conditional concepts of extreme
values are discussed. The unconditional approach to VaR calculation for a finan-
cial position uses the historical returns of the instruments involved to compute VaR.
However, a conditional approach uses the historical data and explanatory variables
to calculate VaR.

Other approaches to VaR calculation discussed in the chapter are RiskMetrics,
econometric modeling using volatility models, and empirical quantile. We use daily
log returns of IBM stock to illustrate the actual calculation of all the methods dis-
cussed. The results obtained can therefore be used to compare the performance of
different methods. Figure 7.1 shows the time plot of daily log returns of IBM stock
from July 3, 1962 to December 31, 1998 for 9190 observations.

7.1 VALUE AT RISK

There are several types of risk in financial markets. Credit risk, liquidity risk, and
market risk are three examples. Value at risk (VaR) is mainly concerned with mar-
ket risk. It is a single estimate of the amount by which an institution’s position in a
risk category could decline due to general market movements during a given holding

256
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Figure 7.1. Time plot of daily log returns of IBM stock from July 3, 1962 to December 31,
1998.

period; see Duffie and Pan (1997) and Jorion (1997) for a general exposition of VaR.
The measure can be used by financial institutions to assess their risks or by a reg-
ulatory committee to set margin requirements. In either case, VaR is used to ensure
that the financial institutions can still be in business after a catastrophic event. From
the viewpoint of a financial institution, VaR can be defined as the maximal loss of
a financial position during a given time period for a given probability. In this view,
one treats VaR as a measure of loss associated with a rare (or extraordinary) event
under normal market conditions. Alternatively, from the viewpoint of a regulatory
committee, VaR can be defined as the minimal loss under extraordinary market cir-
cumstances. Both definitions will lead to the same VaR measure, even though the
concepts appear to be different.

In what follows, we define VaR under a probabilistic framework. Suppose that
at the time index ¢t we are interested in the risk of a financial position for the next
£ periods. Let AV (£) be the change in value of the assets in the financial position
from time ¢ to ¢t + £. This quantity is measured in dollars and is a random variable
at the time index ¢. Denote the cumulative distribution function (CDF) of AV (£) by
Fy(x). We define the VaR of a long position over the time horizon ¢ with probability

p as

p = Pr[AV(£) < VaR] = Fy(VaR). (7.1)
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Since the holder of a long financial position suffers a loss when AV (£) < 0, the
VaR defined in Eq. (7.1) typically assumes a negative value when p is small. The
negative sign signifies a loss. From the definition, the probability that the holder
would encounter a loss greater than or equal to VaR over the time horizon £ is p.
Alternatively, VaR can be interpreted as follows. With probability (1 — p), the poten-
tial loss encountered by the holder of the financial position over the time horizon £
is less than or equal to VaR.

The holder of a short position suffers a loss when the value of the asset increases
[i.e., AV (£) > 0]. The VaR is then defined as

p=Pr[AV(0) > VaR] = 1 — Pr[AV () < VaR] = 1 — F;(VaR).

For a small p, the VaR of a short position typically assumes a positive value. The
positive sign signifies a loss.

The previous definitions show that VaR is concerned with tail behavior of the
CDF Fy(x). For a long position, the left tail of F;(x) is important. Yet a short posi-
tion focuses on the right tail of Fy(x). Notice that the definition of VaR in Eq. (7.1)
continues to apply to a short position if one uses the distribution of —AV (£). There-
fore, it suffices to discuss methods of VaR calculation using a long position.

Fo any univariate CDF Fy(x) and probability p, such that 0 < p < 1, the quantity

xp = inf{x | F¢(x) > p}

is called the pth quantile of Fy(x), where inf denotes the smallest real number satis-
fying Fy(x) > p. If the CDF F;(x) of Eq. (7.1) is known, then VaR is simply its pth
quantile (i.e., VaR = x). The CDF is unknown in practice, however. Studies of VaR
are essentially concerned with estimation of the CDF and/or its quantile, especially
the tail behavior of the CDF.

In practical applications, calculation of VaR involves several factors:

1. The probability of interest p, such as p = 0.01 or p = 0.05.

2. The time horizon £. It might be set by a regulatory committee, such as 1 day
or 10 days.

3. The frequency of the data, which might not be the same as the time horizon ¢.
Daily observations are often used.

4. The CDF F;(x) or its quantiles.

5. The amount of the financial position or the mark-to-market value of the port-
folio.

Among these factors, the CDF Fy(x) is the focus of econometric modeling. Different
methods for estimating the CDF give rise to different approaches to VaR calculation.

Remark: The definition of VaR in Eq. (7.1) is in dollar amount. Since log returns
correspond approximately to percentage changes in value of a financial position,
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we use log returns 7; in data analysis. The VaR calculated from the quantile of the
distribution of ;41 given information available at time ¢ is therefore in percentage.
The dollar amount of VaR is then the cash value of the financial position times the
VaR of the log return series.

Remark: VaR is a prediction concerning possible loss of a portfolio in a given
time horizon. It should be computed using the predictive distribution of future returns
of the financial position. For example, the VaR for a 1-day horizon of a portfolio
using daily returns r; should be calculated using the predictive distribution of r,4 1
given information available at time ¢. From a statistical viewpoint, predictive distri-
bution takes into account the parameter uncertainty in a properly specified model.
However, predictive distribution is hard to obtain, and most of the available methods
for VaR calculation ignore the effects of parameter uncertainty.

7.2 RISKMETRICS

J.P. Morgan developed the RiskMetrics™ methodology to VaR calculation; see
Longerstaecy and More (1995). In its simple form, RiskMetrics assumes that the
continuously compounded daily return of a portfolio follows a conditional normal
distribution. Denote the daily log return by r; and the information set available at
time t — 1 by F;_;. RiskMetrics assumes thatr; | F;—_1 ~ N (ur, Uz2)a where (i, is the
conditional mean and otz is the conditional variance of r;. In addition, the method
assumes that the two quantities evolve over time according to the simple model:

w=0, of=act, +0-—a)y?, 1>a>0. (7.2)

Therefore, the method assumes that the logarithm of the daily price, p; = In(P;),
of the portfolio satisfies the difference equation p; — p;—1 = a;, where a; = or¢;
is an IGARCH(1, 1) process without a drift. The value of « is often in the interval
0.9, 1).

A nice property of such a special random-walk IGARCH model is that the con-
ditional distribution of a multiperiod return is easily available. Specifically, for a
k-period horizon, the log return from time ¢ 4 1 to time ¢ + k (inclusive) is r¢[k] =
ri41 + -+ + Fr4k—1 + r+k. We use the square bracket [k] to denote a k-horizon
return. Under the special IGARCH(1,1) model in Eq. (7.2), the conditional distribu-
tion r/[k] | F; is normal with mean zero and variance 0,2 [k], where af[k] can be
computed using the forecasting method discussed in Chapter 3. Using the indepen-
dence assumption of €; and model (7.2), we have

k
o7 [kl = Var(r;[k] | F}) =) Var(a;; | F),

i=1

where Var(a;4; | F;) = E (Gt2+i | Fy) can be obtained recursively. Using r;—; =

a;—1 = oy_1€;—1, we can rewrite the volatility equation of the IGARCH(1, 1) model
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in Eq. (7.2) as
02 =02+ (1 —a)o2 (&, —1) forallt.

In particular, we have

ol =0k + (=)o, (el —1) for i=2,...k
Since E(eteri_1 — 1| F;) = 0fori > 2, the prior equation shows that

E(o}; | F)=E(0};_ | F) for i=2,.... k. (7.3)

For the 1-step ahead volatility forecast, Eq. (7.2) shows that az2+1 = aa,2 +(1 —oz)rlz.
Therefore, Eq. (7.3) shows that Var(r,; | Fy) = Ut2+1 for i > 1 and hence, otz[k] =
kcrt2+1. The results show that r;[k] | F; ~ N(O, kgz2+1 ). Consequently, under the
special IGARCH(1, 1) model in Eq. (7.2) the conditional variance of r;[k] is propor-
tional to the time horizon k. The conditional standard deviation of a k-period horizon
log return is then v/koy 1.

Suppose that the financial position is a long position so that loss occurs when
there is a big price drop (i.e., a large negative return). If the probability is set to 5%,
then RiskMetrics uses 1.650,41 to measure the risk of the portfolio—that is, it uses
the one-sided 5% quantile of a normal distribution with mean zero and standard
deviation o4 1. The actual 5% quantile is —1.650; 1, but the negative sign is ignored
with the understanding that it signifies a loss. Consequently, if the standard deviation
is measured in percentage, then the daily VaR of the portfolio under RiskMetrics is

VaR = Amount of Position x 1.650741,
and that of a k-day horizon is
VaR (k) = Amount of Position x 1.65x/%ot+1,

where the argument (k) of VaR is used to denote the time horizon. Consequently,
under RiskMetrics, we have

VaR (k) = vk x VaR.

This is referred to as the square root of time rule in VaR calculation under RiskMet-
rics.

Example 7.1. The sample standard deviation of the continuously com-
pounded daily return of the German Mark/U.S. Dollar exchange rate was about
0.53% in June 1997. Suppose that an investor was long in $10 million worth of
Mark/Dollar exchange rate contract. Then the 5% VaR for a 1-day horizon of the
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investor is
$10,000,000 x (1.65 x 0.0053) = $87,450.
The corresponding VaR for 1-month horizon (30 days) is

$10,000,000 x (/30 x 1.65 x 0.0053) ~ $478,983.

Example 7.2. Consider the daily IBM log returns of Figure 7.1. As men-
tioned in Chapter 1, the sample mean of the returns is significantly different from
zero. However, for demonstration of VaR calculation using RiskMetrics, we assume
in this example that the conditional mean is zero and the volatility of the returns
follows an IGARCH(1, 1) model without a drift. The fitted model is

rn=a, a=o1¢, of=093960>,+ (1-0.9396)a>,, (7.4)

where {€;} is a standard Gaussian white noise series. As expected, this model is
rejected by the Q-statistics. For instance, we have a highly significant statistic
Q(10) = 56.19 for the squared standardized residuals.

From the data and the fitted model, we have rgj99 = —0.0128 and 692190 =
0.0003472. Therefore, the 1-step ahead volatility forecast is 892190(1) = 0.000336.

The 5% quantile of the conditional distribution r9191 | Fg1901is —1.65x+/0.000336 =
—0.03025, where it is understood that the negative sign signifies a loss. Conse-
quently, the 1-day horizon 5% VaR of a long position of $10 million is

VaR = $10,000,000 x 0.03025 = $302,500.

The 1% quantile is —2.3262 x 4/0.000336 = —0.04265, and the corresponding 1%
VaR for the same long position is $426,500.

7.2.1 Discussion

An advantage of RiskMetrics is simplicity. It is easy to understand and apply.
Another advantage is that it makes risk more transparent in the financial markets.
However, as security returns tend to have heavy tails (or fat tails), the normality
assumption used often results in underestimation of VaR. Other approaches to VaR
calculation avoid making such an assumption.

The square root of time rule is a consequence of the special model used by Risk-
Metrics. If either the zero mean assumption or the special IGARCH(1, 1) model
assumption of the log returns fails, then the rule is invalid. Consider the simple
model:

rn=pn+a, a =o€, u#*O

otz = ototz_l + (1 — (x)atz_l,
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where {¢,;} is a standard Gaussian white noise series. The assumption that u # 0
holds for returns of many heavily traded stocks on the NYSE; see Chapter 1. For
this simple model, the distribution of r,1 given F; is N (u, 0t2+1)' The 5% quantile
used to calculate the 1-period horizon VaR becomes p — 1.650;1. For a k-period
horizon, the distribution of r,[k] given F; is N (kpu, k<712+ 1)» where as before r[k] =
ri41 + -+ - + r4k. The 5% quantile used in k-period horizon VaR calculation is
kp — 1.65vkor41 = vk(vkp — 1.650,41). Consequently, VaR(k) # vk x VaR
when the mean return is not zero. It is also easy to show that the rule fails when the
volatility model of the return is not an IGARCH(1, 1) model without a drift.

7.2.2 Multiple Positions

In some applications, an investor may hold multiple positions and needs to compute
the overall VaR of the positions. RiskMetrics adopts a simple approach for doing
such a calculation under the assumption that daily log returns of each position follow
arandom-walk IGARCH(1, 1) model. The additional quantities needed are the cross-
correlation coefficients between the returns. Consider the case of two positions. Let
VaR; and VaR; be the VaR for the two positions and pj2 be the cross-correlation
coefficient between the two returns—that is,

p12 = Cov(ris, rar)/[Var(ri,) Var(ry) 1%

Then the overall VaR of the investor is

VaR = \/ VaR? + VaR3 + 2p1,VaR; VaR.

The generalization of VaR to a position consisting of m instruments is straightfor-
ward as

m
VaR? +2) " pijVaR; VaR},

i=1 i<j

m
VaR =
where p;; is the cross-correlation coefficient between returns of the ith and jth
instruments and VaR; is the VaR of the ith instrument.

7.3 AN ECONOMETRIC APPROACH TO VAR CALCULATION

A general approach to VaR calculation is to use the time-series econometric models
of Chapters 2 to 4. For a log return series, the time series models of Chapter 2 can
be used to model the mean equation, and the conditional heteroscedastic models
of Chapter 3 or 4 are used to handle the volatility. For simplicity, we use GARCH
models in our discussion and refer to the approach as an econometric approach to
VaR calculation. Other volatility models, including the nonlinear ones in Chapter 4,
can also be used.
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Consider the log return r; of an asset. A general time series model for 7, can be
written as

P q
re=do+ Y Gir—i+ta— Y Oja; (1.5)
i=1 j=1
ar = 01€;
u v
0o? =ap+ Zaiatz_i + Zﬁjfftz—j- (7.6)
i=1 j=1

Equations (7.5) and (7.6) are the mean and volatility equations for r;. These two
equations can be used to obtain 1-step ahead forecasts of the conditional mean and
conditional variance of r; assuming that the parameters are known. Specifically, we
have

P q
R =do+ ) $irey1oi — Y _0jari-;
i=1 j=1

u v

~2 2 2

67 (1) =ap + E aiag, | _; + E ﬂjaH_l_j.
i=1 j=1

If one further assumes that ¢; is Gaussian, then the conditional distribution of r,4|
given the information available at time ¢ is N[7,(1), 6,2(1)]. Quantiles of this condi-
tional distribution can easily be obtained for VaR calculation. For example, the 5%
quantile is 7, (1) — 1.656;(1). If one assumes that ¢; is a standardized Student-7 dis-
tribution with v degrees of freedom, then the quantile is 7 (1) — £¥(p)6;(1), where
t)(p) is the pth quantile of a standardized Student- distribution with v degrees of
freedom.

The relationship between quantiles of a Student-# distribution with v degrees of
freedom, denoted by #,, and those of its standardized distribution, denoted by ¢, is

_ _ tu q _ * #
p=Prit < q) _Pr(\/v/(v—Z) : Jv/(v—2)> _Pr<t” 8 m>

where v > 2. That s, if g is the pth quantile of a Student-¢ distribution with v degrees
of freedom, then g/+/v/(v —2) is the pth quantile of a standardized Student-¢
distribution with v degrees of freedom. Therefore, if €, of the GARCH mode