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Preface 

This relatively short book surveys the entire field of 

chemistry from the point of view of symmetry. We present 

many examples from chemistry as well as from other fields, in 

order to emphasize the unifying nature of the concepts of sym- 

metry 

We hope that all those chemists, both academic and 

industrial, who take broader perspectives, will benefit from our 

work. 

Although this book did not have to be written, we felt the 

need to write it. We hope that readers will share some of the 

excitement, aesthetic pleasure and learning that we have 

experienced during its preparation. In the course of our work 

we have become ever more conscious of the diverse manifesta- 

tions of symmetry in chemistry, and in the world at large. We 

believe that this consciousness will also develop in the reader. 

Despite its breadth, our book was not intended to be com- 

prehensive or to be a specialized treatise in any specific area. 

Rather, after acquiring a broad perspective, the reader may then 

refer to the excellent monographs which provide detailed treat- 

ments of specialized topics. We ourselves have relied heavily on 

these monographs and have listed them among the references 

given at the end of each chapter. 

We would like especially to note here two classics in the 

literature of symmetry which have strongly influenced us: 

Weyl’s “Symmetry” and Shubnikov and Koptsik’s “Symmetry 

in Science and Art”. 

Our book has a simple structure. After the introduction 

(Chapter 1), the simplest symmetries are presented using 

chemical and non-chemical examples (Ch. 2). Molecular ge- 

ometry is then discussed in qualitative terms (Ch. 3). Group 

theoretical methods (Ch. 4) are applied in an introductory 

manner to the symmetries of molecular vibrations (Ch. 5), elec- 

tronic structure (Ch. 6), and chemical reactions (Ch. 7). These 

chapters are followed by a descriptive discussion of space- 

group symmetries (Ch. 8) including the symmetries of crystals 

(Ch. 9). 

The general perception of symmetry that most people have 

is sufficient for reading Chapters 1, 2, 3, 8, and 9. However, in 

order to appreciate Chapters 5, 6, and 7, the introduction to 

group theory given in Chapter 4 is necessary. Chapter 4 also 

deals with antisymmetry. 
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The progenitor of the present hook was published in 
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we appreciate the permission of the publishers to use some of its 
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pointing them out to us. 
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stages of this project. Dipl.-Chem. Rudolf Mutter (Universitat 
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1 Introduction 

Fundamental phenomena and laws of nature are related to 

symmetry and, accordingly, symmetry is one of science’s basic 

concepts. Perhaps it is so important in human creations because 

it is omnipresent in the natural world. Symmetry is beautiful 

although alone it may not be enough for beauty, and absolute 

perfection may even be irritating. Usefulness and function and 

aesthetic appeal are the origins of symmetry in the worlds of 

technology and the arts. 

Much has been written about symmetry, for example, in Bela 

Bartok’s music [1-1]. It is not known, and perhaps never will be, 

however, whether he consciously applied symmetry or was 

simply led intuitively to the Fibonacci numbers and the golden 

ratio so often present in his music. Another unanswerable 

question is how these symmetries contribute to the appeal of 

Bartok’s music, and how much of this appeal originates from 

our innate sensitivity to symmetry. Bartok himself always 

refused to discuss the technicalities of his composing and liked 

merely to state, “We create after Nature”. 

The above example illustrates how we like to consider 

symmetry in a broader sense than it appears in geometry. The 

symmetry concept provides a good opportunity to widen our 

horizons and to bring chemistry closer to other fields of human 

activities. An interesting aspect of the relationship of chemistry 

with other fields was expressed by Vladimir Prelog in his Nobel 

lecture [1-2]: “Chemistry takes a unique position among the 

natural sciences for it deals not only with material from natural 

sources but creates the major parts of its objects by synthesis. In 

this respect, as stated many years ago by Marcelin Berthelot, 

chemistry resembles the arts; the potential of creativity is terri- 

fying.” 

Of course, even the arts are not just for arts’ sake and 

chemistry is certainly not done just for chemistry’s sake. But in 

addition to creating new healing medicines, heat-resistant 

materials, pesticides, and explosives, chemistry is also a play- 

ground for the organic chemist to synthesize exotica including 

propellane and cubane, for the inorganic chemist to prepare 

compounds with multiple metal-metal bonds, for the stereo- 

chemist to model chemical reactions after a French parlor trick 

(cf Sect. 2.7), and for the computational chemist to create 

undreamed-of molecules and to write exquisitely detailed 

scenarios of as yet unknown reactions using the computer. 

1 



Symmetry considerations play no small role in all these 

activities. The importance of blending fact and fantasy was 

succinctly expressed by Arthur Koestler [1-3]: “Artists treat facts 

as stimuli for the imagination, while scientists use their imagina- 

tion to coordinate facts.” An early illustration of an imaginative 

use of the concept of shape is furnished by Coulson [1-4] citing 

Lucretius from the first century B.C. who wrote that “atoms 

with smooth surfaces would correspond to pleasant tastes, such 

as honey; but those with rough surfaces would be unpleasant.” 

Chemical symmetry has been noted and investigated for 

centuries in crystallography, which is at the border between 

chemistry and physics. It was probably more physics when 

crystal morphology and other properties of the crystal were 

described, and more chemistry when the inner structure of the 

crystal and the interactions between the building units were 

considered. Later, discussion of molecular vibrations, the selec- 

tion rules and other basic principles in all kinds of spectroscopy 

also led to a uniquely important place for the concept in 

chemistry with equally important practical implications. 

The discovery of the handedness or chirality of crystals and 

then of molecules led the symmetry concept nearer to the real 

chemical laboratory. It was still, however, not the chemist, in the 

classical sense of the profession, who was most concerned 

about symmetry, but the stereochemist, the structural chemist, 

the crystallographer, and the spectroscopist. It is not yet two 

decades from the days when, in discussing the importance of 

symmetry in chemistry, some sort of an apology was felt neces- 

sary for giving so much attention to this concept. Symmetry 

was then considered to lose its significance as soon as the mole- 

cules, the main category of chemical objects, entered the most 

usual chemical change, the chemical reaction. Orbital theory 

and the discovery of the conservation of orbital symmetry have 

removed this last blindfold. The 1981 Nobel prize in chemistry 

awarded to Fukui [1-5] and Hoffmann [1-6] signifies these 

achievements. 

The question may also be asked as to whether “chemical 

symmetry” differs from any other kind of symmetry.? Symme- 

tries in the various branches of the sciences are perhaps charac- 

teristically different, and could be hierarchically related.? The 

symmetry in the great conservation laws of physics (see, for 

example, [1-7]) is of course present in any chemical system. The 

symmetry of molecules and their reactions is part of the fabric 

of biological structure. Left-and-right symmetry is so important 

for living matter that it may be matched only by the importance 

of “left-and-right” symmetry (.?) in the world of the elementary 

particles - as if a circle is closed, but that is, of course, a gross 

oversimplification. What may be safely asserted, however, is 

that the symmetry concept has some bridging and unifying role 

2 



not only between, say, science and art, but also among the 

various branches of the sciences themselves. 

But what is symmetry.? We may not be able to answer this 

question satisfactorily, at least not in all its possible aspects. 

According to Russian crystallographer (and symmetrologist) 

E. S. Fedorov, “symmetry is the property of geometrical figures 

to repeat their parts, or more precisely, their property of 

coinciding with their original position when in different posi- 

tions”. According to the geometer H. S. M. Coxeter [1-8], 

“When we say that a figure is ’symmetrical’ we mean that there 

is a congruent transformation which leaves it unchanged as a 

whole, merely permuting its component elements.” Fedorov’s 

definition is cited here after another noted symmetrologist (and 

crystallographer), A. V Shubnikov [1-9], who adds that while 

symmetry is a property of geometrical figures, obviously “mate- 

rial figures” may also have symmetry. Shubnikov further says 

that only parts which are in some sense equal among them- 

selves can be repeated, and notes the existence of two kinds of 

equality, to wit congruent equality and mirror equality. These 

two equalities are the subsets of the metric equality concept of 

Mobius, according to whom “figures are equal if the distances 

between any given points on one figure are equal to the dis- 

tances between the corresponding points on another figure” 

[1-9]. 
Symmetry also connotes harmony of proportions, however, 

- a rather vague notion according to Weyl [1-10]. This very 

vagueness, at the same time, often comes in handy when 

relating symmetry and chemistry, or generally speaking, when- 

ever the symmetry concept is applied to real systems. Mislow 

and Bickart [1-11] communicated an epistemological note on 

chirality in which much of what they have to say about chirality, 

as this concept is being applied to geometrical figures versus 

real molecules, solvents, and crystals, is true about the sym- 

metry concept as well. Mislow and Bickart argue “that it is 

unreasonable to draw a sharp line between chiral and achiral 

molecular ensembles: in contrast to the crisp classification of 

geometric figures, one is dealing here with a fuzzy borderline 

distinction, and the qualifying ’operationally’ should be implic- 

itly or explicitly attached to ’achiral’ or ’racemic’ whenever one 

uses these terms with reference to observable properties of a 

macroscopic sample.” Further, Mislow and Bickart state that 

“when one deals with natural phenomena, one enters ’a stage 

in logic in which we recognize the utility of imprecision’ [1-12].” 

The human ability to geometrize non-geometrical phenomena 

greatly helps to recognize symmetry even in its “vague” and 

“fuzzy” variations. In accordance with this, Weyl [1-10] referred 

to Diirer who “considered his canon of the human figure more 

as a standard from which to deviate than as a standard toward 

which to strive.” 

3 



Symmetry in its rigorous sense helps us to decide problems 

quickly and qualitatively. The answers lack detail, however 

[1-13]. On the other hand, the vagueness and fuzziness of the 

broader interpretation of the symmetry concept allow us to talk 

about degrees of symmetry, to say that something is more sym- 

metrical than something else. An absolutist geometrical 

approach would allow us to distinguish only between symmet- 

rical and asymmetrical possibly with dissymmetrical thrown in 

for good measure. So there must be a range of criteria according 

to which one can decide whether something is symmetrical, 

and to what degree. These criteria may very well change with 

time. A case in point is the question as to whether or not mole- 

cules preserve their symmetry upon entering a crystal structure 

or upon the crystal undergoing phase transition. Our notion 

about structures and symmetries may evolve as more accurate 

data become available (though their structures and symmetries 

are unchanged, of course, by our notions). 

There is the remarkable phenomenon of statistical sym- 

metry noted by Loeb [1-14]. There are some apparently totally 

asymmetrical structures in which characteristic parameters are, 

however, subject to certain well-defined constrained patterns 

when averaged according to some system. Recognizing struc- 

tural and other kinds of regularities has always been considered 

important in chemistry. 

The history of periodic tables, following Mendeleev’s semii- 

nal discovery, also demonstrates chemists’ never-ending quest 

for beauty and harmony [1-15]. Approximately 700 periodic 

tables were published during the first one hundred years after 

the original discovery in 1869. Mazurs [1-15] has collected, 

systematized and analyzed them in a unique study. Classifica- 

tion of all the tables reduced their number to 146 different types 

and subtypes which are described by such terms as “helices, 

space lemniscates, space concentric circles, space squares, 

spirals, series tables, zigzags, parallel lines, step tables, tables 

symmetrical about a vertical line, mirror image tables, tables of 

one revolution and of one row, tables of planes, revolutions, 

cycles, right side as well as left side electronic configuration 

tables, tables of concentric circles and parallel lines, right side as 

well as left side shell and subshell tables.” Fig. 1-1 and Fig. 1-2 

reproduce two of Mazurs’ own tables, one with concentric 

circles in space, representing subshells and period cones 

stretched vertically; and the other with parallel lines in the 

plane with bilateral symmetry. 

The quest for symmetry and harmony has, of course, con- 

tributed more than mere aesthetics in establishing the Periodic 

Table of the elements. Beauty and usefulness are blended in it in 

a natural fashion. C. A. Coulson, theoretical chemist and pro- 

fessor of mathematics, concluded his Faraday lecture on sym- 

metry [1-4] with the words: “Man’s sense of shape - his feeling 
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Figure 1-1. 
Periodic system by Mazurs 

[1-15] with concentric circles 

in space representing the 

subshells with 2, 6, 10, and 

14 elements on them, and 

with period cones stretched 

vertically. From Graphic 

Representations of the 

Periodic System During One 

Hundred Years, Revised (2nd) 

edition, © 1974 by The 

University of Alabama Press. 

Used by permission. 

New periods Shells and subshells 

1 HOHe 1s 

2 LiCZ>Be 2s 

for form - the fact that he exists in three dimensions - these 

must have conditioned his mind to thinking of structure, and 

sometimes encouraged him to dream dreams about it. I recall 

that it was Kekule himself who said: ’Let us learn to dream, 

gentlemen, and then we shall learn the truth! Yet we must not 

carry this policy too far. Symmetry is important, but it is not 

everything. To quote Michael Faraday writing of his childhood: 

’Do not suppose that I was a very deep thinker, and was marked 

as a precocious person. I was a lively imaginative person, and 

could believe in the Arabian Nights as easily as in the Encyclo- 

pedia. But facts were important to me, and saved me.’ It is when 

symmetry interprets facts that it serves its purpose: and then it 

delights us because it links our study of chemistry with another 

5 



Figure 1-2. 
Periodic system by Mazurs 

[1-15] with parallel lines and 

bilateral symmetry. The sub- 

shell lines are arranged in the 

order in which they are filled 

by electrons. The subshell 

lines of each period are 

connected to form inverted 

trapezoids. From Graphic 

Representations of the 

Periodic System During One 

Hundred Years, Revised (2nd) 

edition, © 1974 by The 

University of Alabama Press. 

Used by permission. 

New 

periods: 
Shells and 

subshells: 

1 

2 
3 

7 

8 

H He 

Li Be 

B^C N 0 F^Ne 

Na Mg 

Al^Si P S CI-^Ar 

K Ca 

Sc^Ti V Cr Mn Fe Co Ni Cu^Zn 

Go Ce As Se Br'A<r 

Y ^Zr Nb Mo Tc Ru Rh Pd Ag Cd 

In Sn Sb Te ^I^Xe 

Cs Ba 

La Ce Pr Nd Pm Sm Eu Gd Tb Dy Ho Er Tm rb 

Lu Hf Ta W Re Os Ir Pt AuMlg 

Tl Pb Bi Po At^'^Rn 

Fr Ra 

Ac Th Pa U Np Pu Am Cm Bk Cf Es Fm Md'^o 

Lw Ku 105 106 107 108 109 110 111 112 

113^114 115 116 117 118 

119 120 

1 s 

2 s 

2 P 

3s 

3p 

4 s 

3d 

4p 

5 s 

4d 

5p 

6 s 

4f 

5d 

6p 

7s 

5f 

6d 

7p 

8s 

world of the human spirit - the world of order, pattern, beauty, 

satisfaction. But facts come first. Symmetry encompasses much 

- but not quite all!” 
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2 Simple and Combined 
Symmetries 

2.1 Bilateral Symmetry 

The simplest and most common of all symmetries is bilateral 

symmetry. Yet at first sight it does not appear so overwhel- 

mingly important in chemistry as in every-day life. The human 

body has bilateral symmetry, except for the asymmetric loca- 

tion of some internal organs. A unique description of the sym- 

metry of the human body is given by Thomas Mann in The 

Magic Mountain [2-1] as Hans Castorp is telling about his love to 

Clawdia Chauchat: “How bewitching the beauty of a human 

body, composed not of paint or stone, but of living, corruptible 

matter, charged with the secret fevers of life and decay! Con- 

sider the wonderful symmetry of this structure: shoulders and 

hips and nipples swelling on either side of the breast, and ribs 

arranged in pairs, and the navel centered in the belly’s softness, 

and the dark sex between the thighs. Consider the shoulder 

blades moving beneath the silky skin of the back, and the back- 

bone in its descent to the paired richness of the cool buttocks, 

and the great branching of vessels and nerves that passes from 

the torso to the arms by way of the arm pits, and how the 

structure of the arms corresponds to that of the legs!” 

The bilateral symmetry of the human body is emphasized by 

the static character of many Egyptian sculptures (Fig. 2-1). 

Mobility and dynamism in sculptures, however, would not 

diminish the impression of bilateralness of the human body 

(Fig. 2-2). 

Already Kepler [2-2] noted in connection with the shape of 

the animals that the “upper and lower depends on their habitat, 

which is the surface of the earth ... The second distinction of 

front and back is conferred on animals to put in practice 

motions that tend from one place to another in a straight line 

over the surface of the earth ... bodily existence entailed the 

third diameter, of right and left, should be added, whereby an 

animal becomes so to speak doubled.” The three diameters of 

Kepler suggest a Cartesian coordinate system [2-3]. 

Bilateral symmetry is indeed very common in the animal 

kingdom. It always appears when up and down as well as forward 

and backward different, whereas leftbound and rightbound 

motion have the same probability. As translational motion 

along a straight line is the most characteristic for the vast ma- 
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Figure 2-1. 
Egyptian sculpture emphasiz- 

ing bilateral symmetry from 

B.C. 2720. Photo of Lehnert 

& Landrock Art Publishers, 

Cairo. Used by permission. 

Figure 2-2. 
Mobility does not diminish 

the perception of bilaterality 

of the human body. Photo- 

graph by the authors in Sans- 

souci, Potsdam. 

jority of the animals on Earth, their bilateral symmetry is trivial. 

This symmetry is characterized by a reflection plane or mirror 

plane, hence its usual label m. The relationship between trans- 

lational motion and symmetry plane is especially clearly felt in 

M.C. Escher’s “Curl-up” shown in Fig. 2-3. 
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Figxire 2-4. 
Accidental bilateral symmetry 

of trees. 

(a) “dree near Aveley, hssex” 

photojnraph used by kind 

permission r;f C. d. Ballard, 

fb) Photograph by the 

authors. 

In contra.sl to the widc.spread occurrence of bilateral sym- 

metry in the animal world, for a tree it may only be accidental 

(Vlir. 2-4) or man-made (Fi^. 2-5). Generally, however, trees as 

well as other plants have radial, or cylindrical, or conical sym- 

metries with respect to the trunk or stem. Although these sym- 

metries are very approximate in reality, they are clearly seen in 

several examples in h'ig. 2-6. 
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Figure 2-5. 
Man-made bilateral symmetry 

of a tree. Photograph by the 

authors. 

Figure 2-6. 
Approximate radial and 

conical symmetries in trees. 

Photographs by the authors. 
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Bilateral symmetry, and symmetry in general has been re- 

lated to the creation itself (see e.g. Fig. 2-7) and often appears in 

expressions of religion (see e.g. Fig. 2-8). 

Figure 2-7. 
(a) William Blake; “The Ancient 
of Days” 1794. Reproduction 
by permission of the Syndics 
of the Fitzwilliam Museum, 
Cambridge, England. 

(b) “Here Creates God Sky 
and Earth, Sun and Moon and 
All Elements” from Bible 
moralisee, c. 1220-1250. 
Reproduced by permission of 
the Austrian National Library, 
Vienna. 

Figure 2-8. 
(a) From Zagorsk. Photograph 
by the authors. 

(b) Trinity by Rublev. 

The symmetry plane of the human face is sometimes 

emphasized by artists. Some examples are cited in Fig. 2-9. Of 

course, there are minute variations, or even considerable ones, 

between the left and right sides of the human face, as is seen, for 

example, in Fig. 2-10. Faces are often idealized, however, by 

perfect left-and-right symmetry as in the example of a sculpture 

from the Charles bridge in Prague (Fig. 2-11). 
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Figure 2-9. 

The bilateral symmetry of the 

human face as indicated by 

artists 

(a) Henri Matisse: “Woman’s 

portrait”. Reproduction by 

permission of The Hermitage, 

Leningrad. 

(b) George Buday: “Miklos 

Radnoti”, wood-cut, 1969. 

Reproduced by kind permis- 

sion of George Buday, R. E. 

(c) Jend Barcsay: “Woman’s 

head”, 1961. Reproduced by 

permission. 

Figure 2-10. 
Eszter Hargittai in front of a 

shop-window (1980). Photo- 

graph by the authors. 

Figure 2-11. 
Sculpture from the Charles 

bridge, Prague. Photograph by 

the authors. 
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The origin and meaning of the deviations from bilateral sym- 

metry of the human face are still being intensively studied. 

Fig. 2-12 shows a face expressing distaste. This photograph is 

accompanied by two composite pictures according to Sackeim 

et al. [2-4]. The composite pictures lend added emphasis to the 

differences between the two sides of the face. There have been 

speculations that the right-hand side of the human face is gen- 

erally more “public” while the left-hand side is more “private.” It 

has also been argued that the right-hand side is more charac- 

teristic for the whole face than the left-hand side. These views 

have been a matter of controversy for some time. Recently, a 

consensus seems to have been reached. The accepted view is 

that the two sides of the face indeed differ in expressing 

emotions. The left-hand side probably expresses them more 

strongly than the right-hand side (cf Sackeim et al. [2-4] and 

references therein). An early detection of differences in the two 

sides of the face can be seen on the triple portrait of the English 

King Charles I painted by van Dyck about 1637 (Fig. 2-13). An 

interesting discussion of the differences between the left and 

right hemispheres of the brain was given by Springer and 

Deutsch [2-5]. 

Figure 2-12. 

Face expressing distaste [2-4]. 

Reproduced by permission. 

Copyright 1978 by the Ameri- 

can Association for the 

Advancement of Science. 

(a) Left-side composite. 

(b) Original face. 

(c) Right-side composite. 

Figure 2-13. 

Sir Anthony van Dyck; 

“Charles I in Three Positions”. 

The Queen’s Gallery, London. 

Reproduced by permission. 

Copyright reserved. 
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EL:i:rr£ s'.Tnmetrv' has outstanding importance in man- 

mair ?c ects- This symmetry, of course, has a functional pur- 

r.'se. The biiateral svmmetr)" of various vehicles, for example, is 

ee:erTrTiei bv their translational motion. On the other hand, 

er.e r’.'buh-c-ai svmmetry of the Lunar Module is consistent 

-^_eh :ti benction ot vertical motion with respect to the moon’s 

s_rth:e. Shubnikov and Koptsik [2-6] noted that the motorcycle 

■^.eh I side car may be disappearing because its shape suggests 

sere har rather than translational motion. 

Fas: moving clouds tend to assume shapes with bilateral 

srtnmetr'r as thev are moving along the earth’s surface. On the 

ohner hand, clouds moving primarily in the vertical direction 

wrd inave cndindrical symmetry, similar to, say, mushrooms or 

v-aicanos. and for similar reasons. 

Other examples for cylindrical symmetry, related to the pre- 

lerentiai importance of the vertical direction are the salt 

columns in the Dead Sea (Fig. 2-14a) as well as the stalactites 

and the stalagmites in caves (Fig. 2-14b), both formed of 

calcium carbonate. 

b Calcium carbonate stalac- 

tites and stalaornites in a cave. o 

Photographs by the authors. 



Figure 2-15. 

(a) Electrolytically deposited 

copper, magnification x 1000. 

Courtesy of Dr. Maria Kazi- 

nets, University of Beersheva, 

1983. 

(b) Directionally solidified 

iron dendrites from an iron- 

copper alloy after dissolving 

away the copper, magnifica- 

tion X 2600. Courtesy of Dr. 

J. Morral, The University of 

Connecticut, 1984. 

The occurrence of radial type symmetries rather than more 

restricted ones necessitates a spatial freedom in all relevant 

directions. Thus, for example, the copper formation in Fig. 

2-15a has a tendency to form cylindrically symmetric structures. 

On the other hand, the solidified iron dendrites obtained from 

iron-copper alloys, after dissolving away the copper, display 

bilateral symmetry in Fig. 2-15b. 

Both folk music and music by master composers are rich in 

various symmetries. Fig. 2-16 shows two examples with bilateral 

symmetry. The first example (Fig. 2-16a) is from a Hungarian 

folk song entitled “Crunchy Cherries Are Ripening”. The 

sequence is A, AVAJ, A where the upper index indicates a 5 

sound shift to higher frequencies and the lower index v indicates 

some minute variation. Another example is from Bartok s Alic- 

rocosmos series written specifically for children. Fig. 2-16b of 

Unisolo No. 6 illustrates a mirror plane which includes a sound. 

Figure 2-16. 

(a) Hungarian folk-song 

“Crunchy Cherries Are 

Ripening”. 

- ^ 

(b) Bartok: “Microcosmos, 

Unisono No. 6.” 

6. 
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Figure 2-17. 
(a) Bartok: “Microcosmos, 

Unisono No. 1.” 

The introductory piece of the Microcosmos is depicted in 

Fig. 2-17a. It has only approximate bilateral symmetry though 

the two halves are markedly present. The sound distribution in 

both halves corresponds to the golden mean as the time 

c 

placement of the highest pitch divides the two periods into two 

unequal parts. The ratio of the durations a/b is equal to the ratio 

of the larger part to the whole, b/c. That is exactly the definition 

of the golden mean. 

When some school children in their early teens were asked to 

express their impressions in drawing while listening to this 

piece of music for the first time, they invariably produced 

patterns with bilateral symmetry [2-7]. Two of the drawings are 

reproduced in Fig. 2-17b, and one drawing is singled out in 

Fig. 2-17c in which the sounds were expressed by (colored) 

areas with good proportion. 

rf— 3  -p 0 1 1 P f 1 
— # n 9— —1  
—■  Tt Tl ' ^ ' FT T1 ^ 4   1 1 U 1 1 1  1 tl 

(b) Drawings inspired by the 

“Unisono No. 1” by early 

teenagers, Komlo Music 

School. Courtesy of Maria 

Apagyi, 1983. 

(c) Drawing inspired by the 

“Unisono No. 1” by 12-year 

old child, Komlo Music 

School. Courtesy of Maria 

Apagyi, 1983. 
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Figure 2-18. 
Edge-on view of a typical 

galaxy and other galaxies in 

gradually more tilted posi- 

tions [2-9]. Reproduced by 

kind permission of R. Jastrow. 

NGC 4565 Viewed edge-on 

NGC 4216 Tilted 15 degrees 

NGC 7331 Tilted 30 degrees 

NGC 5457 Viewed face-on 

Changing from Microcosmos to the “macro’cosmos, a typi- 

cal galaxy of the universe would display bilateral symmetry if 

viewed edge-on as shown in Fig. 2-18. The more highly tilted 

pictures reveal the spiral structure of galaxies [2-8, 2-9]. 

Weyl [2-10] calls bilateral symmetry also heraldic symmetry 

as it is so common in coats of arms. Characteristically, the Habs- 

burg and the Romanov eagles were double headed (Fig. 2-19) 

and the Albanian eagle still is. 
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(b) The Romanov eagle (from Irkutsk). 

(a) The Habsburg eagle (from 

Prague). 

Figure 2-19. 

Double-headed eagles. 

Photographs by the authors. 

2.2 Rotational Symmetry 

Staying with heraldry, the simple and powerful oriental sign 

yin yang appears with its contour in the South Korean coat of 

arms in Fig, 2-20a, It has two-fold rotational symmetry in that a 

half rotation about the axis perpendicular to the midpoint of 

the drawing brings back the original figure. This rotation axis is 

called a symmetry axis. The geometrical motif of the trademark 

in Fig. 2-20b has also this two-fold rotational symmetry with a 

slight inconsistency in the middle wave line. The Taiwanese 

stamp of Fig. 2-20c displays a two-fold symmetrical figure of the 

two fish reminiscent of yin yang. 

Figure 2-20. 
(a) The contour of yin yang 

- the principal motif of the 

South Korean coat of arms. 

(b) The trademark of a 

Hungarian washing machine 

company HAJDUSAGI 

IPARMUVEK. w 
HAJDU (c) Taiwanese stamp. 
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Figure 2-21. 
(a) Two-fold rotational 

symmetry displayed by a 

Washington, D.C., sculpture of 

two interweaving fish. Photo- 

graph by the authors. 

The orderoia rotation symmetry axis tells us how many times 

the original figure is reproduced during a complete rotation. 

The elemental angle is the smallest angle of rotation by which the 

original figure can be reproduced. Thus for two-fold rotational 

symmetry the order of the rotation axis is obviously two and the 

elemental angle is 180°. The corresponding numbers for three- 

fold rotational symmetry are three and 120°. Fig. 2-21 illustrates 

two-fold and three-fold rotational symmetries by sculptures of 

interweaving fish. The one with a trio of fish in Prague is quite 

analogous to the two fish sculpture in Washington, D.C. 

(b) Tbree-fold rotational sym- 

metry displayed by a Prague 

sculpture of three interwea- 

ving fish. Photograph by the 

authors. 
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Fig. 2-22 further illustrates three-fold rotational symmetry. 

Four-fold rotational symmetry characterizes the popular chil- 

dren’s toy the pinwheel shown in Fig. 2-23a. This is also the 

symmetry of the swastika, an ornament since prehistoric times 

but also associated with the shameful period of nazism and the 

Third Reich. Fig. 2-23b illustrates this symmetry in John Heart- 

field’s antinazi poster [2-11] from 1934. A rosette on the regalia 

of the first Hungarian king (Fig. 2-23c) and an American Indian 

decoration (Fig. 2-23d) also display four-fold symmetry. Ameri- 

can quilts provide a wealth of symmetries. The exclusively rota- 

tional symmetries are generally rare but they can often be found 

in the so-called friendship quilts which were made by exchang- 

ing patterns among a circle of friends. The oak leaf wreath quilt 

cited in Fig. 2-23e has four-fold rotational symmetry and is said 

to have been used primarily for decorating a man’s room as it 

was believed to have strength and dignity as well as simplicity 

[2-13]. A four-fold rotationally symmetric jellyfish and a flower 

are illustrative examples from the living world in Fig. 2-24. 

Figure 2-22. 
(a) Three-blade propeller. 

(b) Window decoration with 

three-fold rotational sym- 

metry in an ancient Italian 

town. Photograph by the 

authors. 

Figure 2-23. 
(a) Children’s toy pinwheel. 

(b) John Heartfield: “Blut und 

Eisen”, 1934 [2-11]. Reproduced 

by permission from Verlag der 

Kunst, Dresden. All rights 

reserved. 
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(c) Rosette on the regalia of 

the first Hungarian king. 

Figure 2-24. 
(a) Jellyfish with four-fold 

rotational symmetry; Aurelia 

insulinda, after [2-6]. 

(b) Flower with four-fold rota- 

tional symmetry; Vinca minor, 

photograph by the authors. 

Figure 2-25. 
Flowers in a stone-carving on 

old ruins along Via Appia 

Antica in Rome. The left one 

has only (four-fold) rotational 

symmetry while the right one 

has a combination of a rota- 

tion axis and its intersecting 

symmetry planes. Photograph 

by the authors. 

(d) American Indian (South- (e) Friendship quilt displaying 

ern Appalachian) decoration oak leaf wreath [2-13]. 

[2-12]. 

It is very rare in the living world to find creatures which 

would have only rotational symmetry [2-6]. An example is the 

above mentioned jellyfish from the animal world. Such exclu- 

sively rotational symmetry may be a consequence of preferen- 

tial rotational motion in capturing food. Petals folded like a fan 

lead to a rotational axis and this is not so rare among flowers. 

Some of these arrangements, however, may have originated 

from flowers with higher symmetry by genetic mutation. 

Fig. 2-25 shows some old ruins along Via Appia Antica in 

Rome depicting two flowers, one with only rotational sym- 

metry and another with higher symmetry. 
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Five-fold rotational symmetry is displayed by the flowers in 

Fig. 2-26 while six-fold rotation characterizes the Star of David 

and the six-blade windmill in Fig. 2-27. 

Figure 2-26. 
Flowers with exclusively five- 

fold rotational symmetry. 

(a) Vinca minor from Hungary. 

Photograph by the authors. 

(b) Frangipani (Plumeria apo- 

cynacea) from Hawaii. Photo- 

graph courtesy of John Tucker, 

Willimantic Photo Club, 1984. 

Figure 2-27. 
(a) Star of David. New York, 

NY, 5 Avenue and W 65 

Street. Photograph by the 

authors. 

(b) Six-blade windmill. 
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Figure 2-28. 
The rotating circular plate has 

an infinite-fold rotational sym- 

metry axis. If the rotation 

stops, an infinite number of 

symmetry planes intersecting 

the rotation axis will become 

apparent. 

The order of rotation axes (n) may be 1, 2, 3,... up to infinity, 

thus it may be any integer. The order 1 means that a complete 

rotation is needed to bring back the original figure, thus there is 

an absence of symmetry which means asymmetry. A one-fold 

rotation axis is an identity operator. The other extreme is the 

infinite order. This means that any, even infinitesimally small, 

rotation leads to congruency. A circular plate would not be a 

satisfactory example as it has symmetry planes in addition to 

the infinite-fold rotation axis. However, a rotating circular plate 

lacks those symmetry planes and has a mere o°-fold rotational 

symmetry axis (Fig. 2-28). 

A series of rosettes with only rotational symmetry is shown 

in Fig. 2-29. Decorations displaying exclusively rotational sym- 

metry often occur in certain folk arts. The otherwise wide- 

spread symmetry plane in decorations is easily eliminated by 

interweaving the motifs. A detailed symmetry analysis of the 

Pueblo Indian pottery decorations has been presented [2-14]. 

There is a wealth of design with rotational symmetry only 

(Fig. 2-30). 

Figure 2-29. 
Rosettes displaying rotational 

symmetry. They were prepared 

with the children’s toy Spiro- 

graph by Balazs Hargittai, 1980 
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IXv.v.uioas with rotational 
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v.'o;.;u\':v and copyright 

th.c Pix'sidcnt and Fellows 

of : iar\ ard College. The origi- 
o..f, desigOiS were drawn by 
Sarah. W'hitnev Powell and 
Pa: Sara W'estman. 

2.3 Combined Symmetries 

The symmetry plane and the rotation axis are symmetry ele- 

ments. If a figure has a symmetry element, it is symmetrical. If it 

has no symmetry element, it is asymmetrical. Even an asymmet- 

rical figure has a one-fold rotation axis; or actually, an infinity of 

one-told rotation axes. 

The application of a symmetry element is a symmetry 

operation. The symmetry elements are also called symmetry 

operators. Fhe consequence of a symmetry operation is a sym- 

metry translormation. Strict definitions refer to geometrical 

symmetry, and will serve us as guidelines only. They will be 

followed qualitatively in our discussion of primarily nongeome- 

tric symmetries, according to the ideas of the Introduction. 
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So far symmetries with eitheva. symmetry plane or's. rotation 

axis have been discussed. These symmetry elements may also 

be combined. The simplest case occurs when a symmetry plane 

includes a rotation axis. 

2.3.1 A Rotation Axis with 
Intersecting Symmetry Planes 

A dot between n and m in the label n ■ m indicates that the 

axis is in the plane. This combination of a rotation axis and a 

symmetry plane produces further symmetry planes, d'heir total 

number will be n as a consequence of the application of the 

>7-fold rotational symmetry to the symmetry plane. 

The complete set of symmetry operations of a figure is its 

symmetry group. Fig. 2-31 shows an example of a three-fold 

rotation axis in a symmetry plane. The rotation axis will, of 

course, rotate not only the flower but any other symmetry 

element, in this case the symmetry plane, as well. The 120° 

rotations will generate altogether three symmetry planes, and 

these planes will make an angle of 60° with each other. This very 

symmetry has already been represented by the flower on the 

right-hand half of the stone carving shown in Fig. 2-25. Some 

primitive organisms are shown in Fig. 2-32 after Hackel [2-15]. 

They all have five-fold rotation axes and some of them have 

intersecting (vertical) symmetry planes as well. The symmetry 

class of the starfish in the middle is, for example, 5 • m. This star- 

fish consists of ten congruent parts, with each pair related by a 

symmetry plane. The whole starfish is unchanged either by 

360°/5 = 72° rotation around the rotation axis, or by mirror 

reflection through the symmetry planes which intersect at an 

Figure 2-31. 
Norwegian tulip: example of a 

three-fold rotational axis at the 

intersection of the symmetry 

planes. Note the similarity to 

the right-hand flower on the 

Via Appia Antica ruins of 

Fig. 2-25. Photograph by the 

authors. 
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Figure 2-32. 
Starfish and other primitive 

organisms possessing a five- 

fold rotational symmetry axis. 

The axis may or may not 

have symmetry planes inter- 

secting it; Hackel [2-15]. 

Figure 2-33. 
Flower displaying 5 • m sym- 

metry. Photograph by the 

authors. 

angle of 36°. Five-fold symmetry with five-fold rotation and 

coinciding mirror reflection is quite common among fruits and 

flowers. An example is shown in Fig. 2-33. On the other hand, 

this symmetry is conspicuously absent in the world of crystals as 

will be discussed in more detail later. 
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2.3.2 A Rotation Axis with 
a Perpendicular Symmetry Plane 

Figure 2-34. 
Rotating bicone and cylinder 

possessing °° : m symmetry. 

The general label of this symmetry combination is n\m, 

where the colon indicates the orthogonality of the n-^o\<^ rota- 

tion axis and the symmetry plane. The simplest case \sn = \ cor- 

responding to mere bilateral symmetry. The other extr.eme case 

is when the rotation axis has infinite order, and there is a sym- 

metry plane perpendicular to it, °° : m. Such is the symmetry of 

the rotating bicone and rotating cylinder as shown in Fig. 2-34. 

The rotation excludes the symmetry planes coinciding with the 

rotation axis. Such symmetry planes would not permit the 

bicone and the cylinder to have only rotational symmetry. 

2.3.3 A Rotation Axis with 
Intersecting Symmetry Planes and 
a Perpendicular Symmetry Plane 

This combination of symmetries is labeled m- n\m and it 

is characteristic of highly symmetrical objects. Accordingly, 

their shapes are relatively simple. As seen in Fig. 2-35, some 

Figure 2-35. 
Prisms, bipyramids, bicone, 

cylinder, ellipsoid; examples of 

m- n\m symmetry. 

fundamental shapes have m- n\m symmetries. Examples 

include the square prism, m- ^\m, the pentagonal prism, 

m - the trigonal bipyramid, the square bipyramid, 

m- ^-.m, and the bicone, cylinder, and the ellipsoid, all having 

m- oo - m symmetry. One of the most beautiful and most com- 

mon examples of this symmetry is the m - (d\m symmetry of 

snowflakes. 
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Figure 2-36. 
Snowflake showing virtually 

perfect symmetry of design 

after Nakaya [2-16]. Reprinted 

by permission. 

(a) Photomicrograph. 

(b) Sketch of part of the 

crystal. 

Figure 2-37. 
The story of the creation of 

the great variety of snowflake 

shapes according to Jean Effel 

(“La Creation du Monde”). 

Reproduced by permission. © 

Mme Jean Effel and Agence . 

Hoffman, Paris. 

2.3.3.1 The Shape and Symmetry of Snowflakes 

The magnificent hexagonal symmetry of snow crystals, the 

virtually endless variety of their shapes and their natural beauty 

make them outstanding examples of symmetry. The fascination 

in the shape and symmetry of snowflakes goes far beyond the 

scientific interest in their formation, variety and properties. The 

morphology of the snowflakes is determined by their internal 

structures and the external conditions of their formation. It is 

remarkable, however, how relatively little has been firmly 

established about the mechanism of snowflake formation. Of 

course, it is well known that the internal hexagonal arrange- 

ment of the water molecules produced by the hydrogen bonds 

is responsible for the hexagonal symmetry of snowflakes. 

However, it remains a puzzle why there is a countless number of 

different shapes of snowflakes, and furthermore why even the 

smallest variations from the basic underlying shape of a snow- 

flake are repeated in all six directions. 

The practically perfect symmetry of snowflake design is 

illustrated by a photomicrograph and a sketch in Fig. 2-36 

after Nakaya [2-16]. The artist Jean Effefs presentation of the 

origin of the great variety of snowflakes is shown in Fig. 2-37. 

As the real puzzling questions concerning snowflakes are 

related to their morphology rather than to their internal struc- 

<CONCOUR^ D'HEXAGONES > 

Histoire des cristaux de neige 

— Tous premiers ex aquo ! Impossible de 
choisir : on realisera tous les projets... 
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tures, these questions will be discussed at some length in the 

present section. Recently, the process of solidification of fluids 

into crystals has been simulated using mathematical models. 

The investigation of the relative stability of various shapes is 

especially rewarding [2-17]. These simulations showed that 

crystals with sharp tips grew rapidly and had high stability, 

while crystals with fat shapes grew slowly and were less stable. 

However, when these slowly growing shapes were slightly 

perturbed, they tended to split into sharp, rapidly growing tips. 

This observation led to the hypothesis of the so-c2\\ed points of 

marginal stability. 

According to the marginal stability model, the snow crystal 

may start with a relatively stable shape. The crystal may, how- 

ever, be easily destabilized by a small perturbation. A rapid 

process of crystallization from the surrounding water vapor 

ensues. The rapid growth gradually transforms the crystal into 

another semi-stable shape. A subsequent perturbation may then 

occur resulting again in a new direction of growth with a dif- 

ferent rate. The marginal stability of the snowflake makes the 

growing crystal very sensitive to even slight changes in its 

microenvironment. The hypothesis has been worked out by 

theoretical physicist Langer according to a recent publication 

[2-17]. 
The uniqueness of snowflakes may be related to the marginal 

stability. The ice starts crystallizing in a flat six-fold pattern of 

water crystals so it is growing in six equivalent directions. As the 

ice is quickly solidifying, latent heat is released which flows 

between the growing six bulges. The released latent heat 

retards the growth in the areas between these bulges. This 

model accounts for the dendritic or tree-like growth. Both the 

minute differences in the conditions of two growing crystals and 

their marginal stability make them develop differently. “Some- 

thing that is almost unstable, will be very susceptible to changes, 

and will respond in a large way to a small force” [2-17]. At each 

step of growth slightly new microenvironmental conditions are 

encountered, causing new and new variations in the branches. 

However, it is assumed that each of the six branches will 

encounter exactly the same microenvironmental conditions, 

hence their almost exact likeness. 

The marginal stability model is attractive in its explanation 

of the great variety of snowflake shapes. It is somewhat less 

convincing in explaining the repetitiveness of the minute varia- 

tions in all six directions since the microenvironmental changes 

may occur also across the snowflakes themselves and not only 

between the spaces assigned to different snowflakes. 

In order to explain the morphological symmetry of the den- 

dritic snow crystals, McLachlan [2-18] suggested a mechanism 

about three decades ago which has not yet been seriously chal- 

lenged. This author posed the very question already mentioned 
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above: “How does one branch of the crystal know what the 

other branches are doing during growth?” [2-18]. McLachlan 

noted that the kind of regularity encountered among the snow- 

flakes is not uncommon among flowers and blossoms or among 

sea animals in which hormones and nerves coordinate the deve- 

lopment of the living organisms. 

McLachlan’s explanation for the coordination of the growth 

among the six branches of a snow crystal is based on the 

existence of thermal and acoustical standing waves in the 

crystal. As the snowflake grows by deposition of water mole- 

cules upon a small nucleus, it undergoes thermal vibrations at 

temperatures between 250 and 273 K. The water molecules 

strike and bounce off the nucleus and those which stay add to 

the growth. Branching occurs at points with high concentration 

of water molecules. If the starting ice nucleus has the hexagonal 

shape shown in Fig. 2-38a and the conditions favor dendritic 

growth, then the six corners would be receiving more molecules 

and would be releasing more heat of crystallization than the 

flat portions. The dendritic development evolving from this 

situation is shown in Fig. 2-38b. The next stage in the develop- 

ment of a snowflake is the production of a new set of equally 

spaced dendritic branches determined by the modes of vibra- 

tion along the spines of the flake. The long spines of Fig. 2-38c 

are thought to be particular molecular arrays which correspond 

to the ice structure. The molecules are vibrating and the energy 

distribution between the modes of vibration is influenced by the 

boundary conditions. When one of the spines becomes “heavily 

loaded” at som.e point, then nodes are induced along this spine. 

These nodes will ejeet dendritic branches that are equally 

spaeed as indicated in Fig. 2-3 8d through f The question of how 

the standing waves in one of the six branches are coupled with 

those in the other branches is answered by considering the 

torque about an axis through the intersection point. This torque 

transmits the same frequencies and induces the same nodes in 

all the branches. Thus, McLachlan asserts that the dendritic 

development is identical in all six branches and is independent 

of the particular branch in which the change in the conditions 

occurred. 

An eloquent description of the beauty and symmetry of 

snowflakes is given by Thomas Mann in The Magic Mountain 

[2-1]: “... Indeed, the little soundless flakes were coming down 

more quickly as he stood. Hans Castorp put out his arm and let 

some of them to rest on his sleeve; he viewed them with the 

knowing eye of the nature-lover. They looked mere shapeless 

morsels; but he had more than once had their like under his 

good lens, and was aware of the exquisite precision of form 

displayed by these little jewels, insignia, orders, agraffes - no 

jeweller, however skilled, could do finer, more minute work. Yes, 

he thought, there was a difference, after all, between this light. 
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Figure 2-38. 
(a-f) McLachlan’s [2-18] 

representation of the coordi- 

nated growth of the six bran- 

ches of the snowflake based 

on his standing wave theory. 

The original photographs 

were from Bentley’s collection 

[2-19]. 

soft, white powder he trod with his skis, that weighed down the 

trees, and covered the open spaces, a difference between it and 

the sand on the beaches at home, to which he had likened it. For 

this powder was not made of tiny grains of stone; but of myriads 

of tiniest drops of water, which in freezing had darted together 

in symmetrical variation - parts, then, of the same inorganic 

substance which was the source of protoplasm, of plant life, of 

the human body. And among these myriads of enchanting little 

stars, in their hidden splendour that was too small for man’s 

naked eye to see, there was not one like unto another, and end- 

less inventiveness governed the development and unthinkable 

differentiation of one and the same basic scheme, the equilate- 

ral, equiangular hexagon. Yet each, in itself - this was the 
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uncanny, the anti-organic, the life-denying character of them all 

- each of them was absolutely symmetrical, icily regular in form. 

They were too regular, as substance adapted to life never was to 

this degree - the living principle shuddered at this perfect preci- 

sion, found it deathly, the very marrow of death - Hans Castorp 

felt he understood now the reason why the builders of antiquity 

purposely and secretely introduced minute variation fromi 

absolute symmetry in their columnar structures.” 

The coldness and lifelessness of too much symmetry is as 

beautifully expressed by Thomas Mann as the beauty of the 

hexagonal symmetry of the snow crystal. Michael Polanyi 

[2-20] remarked that an environment that was perfectly 

ordered was not a suitable human habitat. Crystallographers 

Fedorov and Bernal simply stated “Crystallization is death” 

[2-21]. 

Human interest in snowflakes has a long history. The oldest 

known recorded statement on snowflake forms dates back to 

the second century B.C. and comes from China according to 

Needham and Lu Gwei-Djen [2-22]. “Flowers of plants and 

trees are generally five-pointed, but those of snow are always 

six-pointed”... was stated as early as in 135 B.C. [2-23]. Six was a 

symbolic number for water in many classical Chinese writings 

[2-22]. The contrast between five-pointed plant structures and 

six-pointed snowflakes has become a literary commonplace in 

subsequent centuries. Of several other relevant citations col- 

lected by Needham and Lu Gwei-Djen [2-22], another is 

reproduced here, from a statement by a physician from 1189, “... 

the reason why double-kernelled peaches and apricots are 

harmful to people is that the flowers of these trees are proper- 

ly speaking fivepetalled yet if they develop with sixfold 

(symmetry) twinning will occur. Plants and trees all have the 

fivefold pattern; only the yellow-berry and snowflake crystals 

are hexagonal. This is one of the principles of Yin and Yang. So 

if double-kernelled peaches and apricots with an (aberrant) 

sixfold (symmetry) are harmful, it is because these trees have 

lost their standard rule”. 

The examination of snowflake shapes and their comparison 

with other shapes has apparently been a great achievement in 

East Asia. The involvement of Yin and Yang amply demon- 

strates how much importance could be given to these studies. 

As a forerunner of the modern investigations of the correla- 

tion between snowflake shapes and environmental, i.e., meteo- 

rological conditions, the following passage from the thirteenth 

century is cited [2-22]: “The Yin embracing the Yang gives hail, 

the Yang embracing the Yin gives sleet. When snow gets six- 

pointedness, it becomes snow crystals. When hail gets three- 

pointedness, it becomes solid. This is the sort of difference that 

arises from Yin and Yang.” 



The first known sketches of snowflakes from Europe in 

the sixteenth century did not reflect their hexagonal shape. 

Johannes Kepler was the first in Europe, who recognized the 

hexagonal symmetry of the snowflakes as he described it in his 

Latin tractate entitled The Six-cornered Snowflake [2-2] 

published in 1611. By this time Kepler had already discovered 

the first two laws of planetary motion and thus found the true 

celestial geometry when he turned his attention to the snow- 

flakes. He considered their perfect form and, for the first time, 

sought the origin of shape and symmetry in the internal struc- 

ture. The relationship between crystal habit and the internal 

structure will be discussed in the chapter on crystals (Chap. 9). 

Figure 2-39. 
Snow crystals by Descartes 
from 1635 after Nakaya [2-16]. 
Reprinted by permission. 
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Descartes observed and recorded the shapes of snow crys- 

tals. Some of his sketches from 1635 are reproduced in Fig. 2-39 

after Nakaya [2-16]. As these were the first drawings of hexago- 

nal snowflakes recorded, it was quite an achievement that even 

rare versions such as those composed of a hexagonal column 

with plane crystals developed at both ends could be found 

among them. More of such important contributions in this field 

(cf [2-2, 2-16, 2-24]), among them Hooke’s observations using 

his microscope, occured in the seventeenth century. Branching 

in snow crystals has also been recorded by several investigators. 

Among the later works, Scoresby’s observations and sketches 

are especially important [2-25]. Fig. 2-40 reproduces some of 

them. Scoresby who later became an arctic scientist made these 

drawings in his log book in 1806 at the age of 16 while he was on 

a voyage with his father to the Greenland whale fisheries. A 

few years after the publication of Scoresby’s work (1820), the 

Japanese Doi communicated a series of excellent sketches 

some of which are reproduced in Fig. 2-41. 

There are two fundamental books - collections of snowflake 

pictures available today as a result of photomicrography. Bent- 

ley [2-19] devoted his lifetime to taking photomicrographs of 

snow crystals and collected at least 6000 of them. About half 
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Figure 2-40. 
Scoresby’s sketches of snow- 

flakes from his log book (1806), 

after Stamp and Stamp [2-25]. 

Reproduced by permission. 
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of them appeared in his book co-authored with Humphreys 

[2-19]. This most well-known book on snowflakes is probably 

unsurpassable. Bentley’s photomicrographs have been repro- 

duced innumerable times in various places - sometimes without 

indicating the source. Some characteristic examples of snow- 

flakes from this collection are shown in Fig. 2-42. 

Figure 2-41. 
Snow crystals from Sekka 

Zusetsu ofDoi (from 1832), 

after Nakaya [2-16]. Reprinted 

by permission. 

Figure 2-42. 
Snowflake photomicrographs 

by Bentley, after Bentley and 

Humphreys [2-19]. 
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Figure 2-43. 
Nakaya’s general classification 
of snow crystals [2-16]. 

Reprinted by permission. 

The other outstanding contribution is Nakaya’s [2-16]. He 

recorded the naturally occurring snow crystals, classified them, 

and investigated their mass, speed of fall, electrical properties, 

frequency of occurrence, and so on. In addition Nakaya and 

co-workers developed methods of producing snow crystals arti- 

ficially. They succeeded in determining the conditions of forma- 

tion of all different types of snowflakes. A few examples of 

Nakaya’s studies are cited here [2-16]. 

The general classification of snow crystals by Nakaya is 

given in Table 2-1 and Fig. 2-43. The hexagonal plane crystals 

are the most common and most well-known. They will be 

described in more detail, following Nakaya’s classification. 

Simple plate (Pla). Such a shape develops when the degree of 

supersaturation-is low and the temperature goes beyond the 

limit of dendritic development. 

Branches in sector form (Plb) and broad branches (Pld) are both 

intermediate types between the simple plate and the dendritic 

type. 

Simple stellar form (Pie). This is the simplest dendritic type 

with six straight branches extended from the center. 

Dendritic form (Plf). When the simple stellar form further 

develops there are twigs emanating from the six main branches. 

This form is also called the regular dendritic form. 

Femlike crystal (Pig). It has well-developed twigs arranged 

parallel with each other. 

Plate with twigs (Pic) or with dendritic extensions (Pli). These 

are combinations of the plate type and dendritic branches. The 

plate form usually develops in the upper atmosphere. The den- 

drites are formed when the snow crystals approach the ground. 
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Whether simple extensions appear at the corners or larger den- 

drites develop, will depend on the thickness of the atmospheric 

layer and the weather conditions. 

Dendritic form with plates (Plh). This is the opposite type to 

the plate with dendritic extensions (Pli) as the plates develop at 

the points of the six dendritic branches. 

To emphasize the m ■ 6'.m symmetry of the snowflakes, 

Fig. 2-44 presents a fernlike crystal. Its central part is somewhat 

thick and the crystal is becoming thinner nearing the tips. 

Nakaya made important contributions not only to observing 

the perfect or near perfect symmetries of the snow crystals but 

also distortions from hexagonal symmetry. Of course, the 

atomic arrangement is always hexagonal, but the morphology 

or crystal habit may be less than perfectly regular hexagonal. 

Nakaya calls such crystals malformed and states that these 

asymmetric crystals may be more common than the symmetric 

ones. Of course, the question of symmetry is a matter of degree. 

Even the snowflakes which are considered to be most sym- 

metrical may reveal slight differences in their branches when 

examined closely. Fig. 2-45 shows, however, an obviously asym- 

metric snowflake whose development was probably influenced 

by the nonuniformity of the density of the surrounding water 

vapor. 

Figure 2-44. 
Fernlike snowflake after 

Nakaya [2-16]. Reprinted by 

permission. 

Figure 2-45. 
Malformed, asymmetric snow 

flake after Nakaya [2-16]. 

Reprinted by permission. 
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Table 2-1. General Classification of Snow Crystals by Nakaya [2-16] 

Main Groups Subgroups Types 

Needle (N) 1. Simple a. Elementary needle 

b. Bundle of needles 

2. Combination 

Columnar (C) 1. Simple a. Pyramid 
' b. Bullet 

c. Hexagonal 

2. Combination a. Bullets 

b. Columns 

Plane (P) 1. Regular, a. Simple plate 

developed in plane b. Branches in sector form 

c. Plate with simple extensions 

d. Broad branches 

e. Simple stellar form 

f Ordinary dendritic form 

g- Fernlike 

h. Stellar form with plates at 

ends 

i. Plate with dendritic extensions 

2. With irregular number a. Three-branched 

of branches b. Four-branched 

c. Others 

3. With twelve branches a. Fernlike 

b. Broad branches 

4. Malformed many varieties 

5. Spatial assemblage of a. Spatial hexagonal 

plane branches b. Radiating 
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Main Groups Subgroups Types 

Column/plane 1. Column with plane a. Column with plates 

combinations (CP) at both ends b. Column with dendrites 

c. Capped columns 

2. Bullets with plates a. Bullets with plates 

b. Bullets with dendrites 

3. Irregular 

Columnar with extended 

side planes (S) 

Rimed (R) 1. Rimed 

crystals with cloud 

particles attached 2. Thick plate 

3. Graupellike a. Hexagonal 

b. Lump 

4. Graupel a. Hexagonal 

b. Lump 

c. Conelike 

Irregular snow particle (I) 1. Ice 

2. Rimed 

3. Miscellaneous 
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2.4 Inversion 

Figure 2-46. 
The l,2-dibromo-l,2-dichloro- 

ethane molecule. Its center of 

symmetry is the midpoint of 

the C-C bond. An inversion is 

equivalent to the consecutive 

application of a two-fold rota- 

tion axis and a reflection 

plane. 

What is the symmetry of the l,2-dibromo-l,2-dichloro- 

ethane molecule as shown in Fig. 2-46.? There is obviously no 

symmetry plane and no rotation axis. However, any two atoms 

of the same kind are related by a line connecting them and 

going through the midpoint of the central bond. This midpoint 

is the only symmetry element of this molecule and it is called 

the symmetry center or inversion point. The application of this 

symmetry element interchanges the atoms, or more generally, 

any two points located at the same distance from the center 

along the line going through the center. This interchange is 

called inversion. 

An inversion may also be represented as the consecutive 

application of two simple symmetry elements, namely a two- 

fold rotation and mirror-reflection, or vice versa. For the mole- 

cule of Fig. 2-46 this could be described for example in the 

following way: (a) rotate the molecule by 180° about the C-C 

bond as the rotation axis and (b) apply a symmetry plane per- 

pendicular to and bisecting the C-C bond; or (a) apply a two- 

fold rotation axis perpendicular to the ClCCCl plane and going 

through the midpoint of the C-C bond and then (b) apply a 

mirror plane coinciding with the ClCCCl plane. These opera- 

tions are indicated in Fig. 2-46 and in both examples the results 

are invariant to the order in which the two operations are 

performed. 

The parallelepiped of Fig. 2-47 is a typical example of an 

object possessing a center of symmetry. Each apex, edge, and 

face has its corresponding one through the inversion center. If 
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Figure 2-47, 
Parallelepiped: Illustration 

for an object with center of 

symmetry. 

there is any direction of a line or a segment of a face, the 

symmetry center will invert that direction and the counterpart 

line or face are obtained. 

The sphere is a highly symmetrical object which possesses a 

center of symmetry. Conjugate locations on the surface of a 

sphere are related by an inversion through the center of sym- 

metry. The geographical consequences of such an inversion are 

emphasized in a newspaper article on New Zealand by James 

Reston in his Letter from Wellington. Searchfor End of the Rainbow 

[2-26]: “... Nothing is quite the same here. Summer is from 

December to March. It is warmer in the North Island and colder 

in the South Island. The people drive on the left rather than on 

the right. Even the sky is different - dark blue velvet with stars of 

the Southern Cross - and the fish love the hooks ... ”. Madrid, 

Spain corresponds approximately to Wellington, New Zealand, 

by inversion. 

The notation of the symmetry center or inversion center is 1 

while the corresponding combined application of two-fold 

rotation and mirror-reflection may also be considered to be just 

one symmetry transformation. The symmetry element is called 

a mirror-rotation symmetry axis of the second order,^r two- 

fold mirror-rotation symmetry axis and it is labeled 2. Thus 

1-2. 

A literary example of inversion is taken from a short story 

entitled The same in man by the Hungarian author Prigyes 

Karinthy [2-27]. It is, in fact, represented by some edited frag- 

ments. There are three characters: Bella the beloved lady. Fox 

the office employee, and Bella s suitor Sandor who is also Fox’s 

director. The editing means that the two meetings of Bella with 

Sandor and of the director with Fox are presented in a parallel 

way rather than consecutively. 
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Bella = B, Fox = F Sandor/Director = S/D 

B ... sometimes I just gaze 

before me without thinking 

of anything 

S/D 

F ... sometimes I just gaze 

before me without thinking 

of anything 

Bella! If only you knew 

how beautifully you 

expressed yourself... 

B Sometimes I have the 

feeling that I’d like to be 

somewhere other than 

where I am. I can’t say 

where, somewhere I 

haven’t been before. 

... On my money.? Then 

you’d better go to a lunatic 

asylum, that’s where cases 

like you are treated... 

F ... I often have the feel- 

ing that I’d like to be 

somewhere other than 

where I am. I don’t know 

where, anywhere, some- 

where, I haven’t been 

before. 

S/D 

Bella, how true, how won- 

derful... How did you put 

it.? Let me engrave it in the 

records of my mind... 

B I think people are not 

born to what they later 

become. 

Bella! How very true! How 

exquisitely said. 

B (manages an overacted 

sigh) 

The nuthouse, man, the 

nuthouse. That’s where 

you belong. 

F Sir, I think people are 

not born to what they later 

become. 

S/D 

You don’t say so.? Have 

you got any more of that 

rubbish to give me.? Aren’t 

you ashamed of yourself, a 

grown-up man, to talk all 

that rot instead of trying to 

apologize for your stupi- 

dity.? 

F (sighs) 

S/D 

Bella ... you must tell me What are you puffing for.? 

why you sigh! Eh.? Do you want tu puff 

me away.? 

F Who knows.? I don’t 

know myself 

B Who knows ... I don’t 

know myself 

S/D 



I do, Bella ... it was an 

answer to my question. 

After that answer Fm 

perfectly clear about our- 

selves. I won’t ask you any 

further questions. I feel 

that I understand you and 

admire you. I do not want 

anything of you. (Moves 

closer and closer to her) 

B (brushes off one of the 

figurines while backing 

out) Oh dear! What a 

fright it gave me! How 

clumsy I am! 

(getting up) Who knows.? 

You don’t know yourself? 

You’ve got the cheek to 

say that to my face? You’ll 

know soon enough, I tell 

you! (He brandishes the 

file as he approaches) 

F (backs nervously away 

and knocks down another 

figurine) 

S/D 

(passionately) Clumsy? Oh, 

no, Bella ... believe me 

there was so much of 

yourself in that movement, 

of your admirable dream- 

like self I admire you for 

that movement. (Kisses her 

hand). 

Idiot! Clumsy idiot! Can’t 

you see? Isn’t it enough 

that you don’t do a stroke 

of work, that you have to 

break things as well? Let 

me inform you you’re 

sacked from the first of 

next month. Take yourself 

off! (Throws the file after 

Fox) Sending fools like him 

here to pester me! 

The two-fold mirror-rotation axis is the simplest among the 

mirror-rotation axes. The object shown in Fig. 2-48a has a four- 

fold mirror-rotation axis. It was prepared from a square shape 

with an obliquely inscribed square. The emerging corners are 

bent alternately up and down. The interesting object obtained 

in this way has a two-fold rotation axis perpendicular to the 

square plane and intersecting its midpoint. Moreover, a 90° 

rotation about the rotation axis plus a reflection through the 

square plane also brings the object into coincidence with itself 

This combined operation is determined by a four-fold mirror- 

rotation axis labeled 4. Generally speaking, a 2?/-fold mirror- 

rotation axis consists of the following operations: a rotation by 

(360/272)° and a reflection by the plane perpendicular to the 

rotation axis. Another example, a six-fold mirror-rotation axis, 

is shown in Fig. 2-48b. It should be noted that in the objects 

occuring in Fig. 2-48, only mirror-rotation axes with an even 

order i!ln) can be present. 
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Figure 2-48. 
(a) An example of four-fold 

mirror-rotation symmetry. 

(b) An example of six-fold 

mirror-rotation symmetry. 

Figure 2-49. 
The midpoint of the cylinder 

is a singular point. 

oo 

The symmetry of the snowflake involves this type of mirror- 

rotation axis. The snowflake obviously has a center of sym- 

metry. The symmetry class m ■ 6\m contains a center of sym- 

metry at the intersection of the six-fold rotation axis and the 

perpendicular symmetry plane. In general, for 2i\\m- n\m sym- 

metry classes with n even, the point of intersection of the ;7-fold 

rotation axis and the perpendicular symmetry plane is also a 

center of symmetry. When n is odd in an tw n\m symmetry 

class, however, there is no center of symmetry present. 

2.5 Singular Point 
and Translational Symmetry 

The midpoint of a square is unique, there is no other point 

equivalent to it. It is called a singular point. A corner of the same 

square is not singular, the symmetry transformations of the 

square reproduce it, and there are altogether four equivalent 

corner points of the square. 

Fig. 2-49 shows a cylinder. Its midpoint is singular whereas all 

the other points on its infinite-order rotation axis are not 

unique. The symmetry plane perpendicular to this rotation axis 

doubles all the points of the axis except the midpoint. 

An arbitrarily chosen point in a square will have 7 other equi- 

valent points because of the symmetry transformations of the 

square as shown in Fig. 2-50. Altogether there will therefore be 

eight equivalent points. However, if the chosen point coincides 

with one of the corners of the square, there will only be four 

equivalent points. The same argument applies if the point 

happens to be on one of the symmetry axes of the square. The 
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Figure 2-50. 
The singular point and the 

multiplicity of points of a 

square. 

multiplicity of a corner point of the square or any point on a 

symmetry axis is two. The product of the number of equivalent 

points and multiplicity is constant (viz. eight for the square). 

Finally, if the chosen point coincides with the midpoint of the 

square, the number of equivalent points will be one, and the 

multiplicity will be eight. 

In an asymmetric figure each point is singular and the multi- 

plicity of each point is one. 

The symmetry classes characterizing figures or objects 

which have at least one singular point are called point groups. 

The point group of the Escher drawing of Fig. 2-5 la is expressed 

by the symmetry class 3 • m. The drawing presents angels and 

bats with gradually changing sizes. There is one singular point 

at the midpoint. Another Escher drawing is shown in Fig. 2-5lb. 

It also presents angels and bats with unchanging sizes. If it is 

supposed that the drawing is a fragment of an infinitely large 

one, there is no singular point on it. Assuming an infinite 

extent for this drawing is natural because of its periodicity. The 

other drawing, on the other hand, has a circle limit. The absence 

of a singular point leads to regularity expressed in infinite repeti- 

tion which characterizes translational symmetry. This kind of 

symmetry precludes the presence of singular points though 

does not preclude the presence of a singular line or plane. The 

symmetry classes characterizing entities with translational 

symmetry are called space groups. One-dimensional space 

groups describe the symmetries involving infinite repetition or 

periodicity in one direction, two-dimensional space groups 

those involving periodicity in two directions and three-dimen- 
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Figure 2-51. 
(a) M. C. Escher: “Circle 

Limit IV” Collection Haags 

Gemeentemuseum - The 

Hague. Reproduced with 

permission. © M. C. Escher 

Heirs c/o Cordon Art - 

Baarn - Holland. 

(b) M. C. Escher: “Angels and 

bats” [2-28]. Reproduced by 

permission of the Internatio- 

nal Union of Crystallography. 

sional space groups describe the symmetry classes when perio- 

dicity is present in all three directions. Fig. 2-52 and Table 2-2 

summarize the possible cases considering the dimensionality 

and periodicity. The nomenclature is somewhat inconsistent 

but has some relationship to Abbott’s classic “Flatland” [2-29]. 
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Pointland 

Lineland 

Flatland 

Spaceland 

Figure 2-52. 
Dimensionality and periodicity 

in point groups and space 

groups. This figure is consist- 

ent with Table 2-2. 

Table 2-2. Dimensionality {ni) and Periodicity {n) of Symmetry Groups after Engelhardt [2-30] 

Periodicity 

Dimensionality 

n = 0 

No Periodicity 

n = 1 

Periodicity 

in One 

n == 2 

Periodicity 

in Two 

n = 'h 

Periodicity 

in Three 

\ Direction Directions Directions 

m = ^ 

Dimensionless G2 

m = \ 

One-dimensional Gl Gl 

m = 2 

Two-dimensional Gl Gl Gl 

m ^ 

Three-dimensional Gi Gi G! 
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2.6 Polarity 

Figure 2-53. 
(a) Centrosymmetric rhombic 

bipyramidal acetanilide crystals 

from Groth’s Chemische 

Kristallographie [2-32]. 

(b) Noncentrosymmetric 

rhombic pyramidal p-chloro- 

acetanilide crystal from 

Groth’s Chemische Kristallo- 

graphie [2-32]. 

A line is polar if its two directions can be distinguished and 

a plane is polar if its two surfaces are not equivalent. This 

definition of polarity has, of course, nothing to do with charge 

separation. A polar line has a “head” and a “tail” and a polar 

plane has a “front” and a “back”. A vertical line on the surface of 

the Earth is polar with respect to gravity and a sheet of paper 

with one of its sides painted is polar with respect to its color. 

An axis is polar if its two ends are not brought into coinci- 

dence by the symmetry transformations of the symmetry group 

of its figure. An analogous definition applies to the two sides of a 

polar plane. 

If a symmetry group includes a center of symmetry, polarity 

is excluded. It has already been seen (cf e.g. Fig. 2-47) that in a 

centrosymmetric figure a directed line or segment of a face 

change direction by the inversion. In the case of the absence of 

a center of symmetry, there will be at least one directed line 

or face which is not accompanied by parallel counterparts 

reversed in direction. 

The significance of polar axes can be demonstrated, for 

example, in crystal morphology. Recently, Curtin and Paul 

[2-31] have summarized the chemical consequences of the 

polar axis in organic crystal chemistry. A few examples will be 

mentioned here following Curtin and Paul. Fig. 2-53a shows 

two centrosymmetric acetanilide crystals. The faces occur in 

parallel pairs in both habits. On the other hand, the p-chloro- 

acetanilide crystal shown in Fig. 2-53b is noncentrosymmetric 

and some of the faces occur without parallel ones at the oppo- 

site end of the crystal. This crystal has a polar axis parallel to its 

long direction. 

The morphological symmetry differences between the acet- 

anilide and p-chloroacetanilide crystals originate from their 

internal structures and are reflected in the differences of the 

molecular arrangements in Figs. 2-54a and b after Curtin and 

Paul [2-31]. The acetanilide molecules appear in pairs and the 

two molecules in each pair are related by an inversion center. 

On the other hand, the p-chloroacetanilide molecules are all 

aligned in one direction. 

Even very simple structures may form polar crystals. For 

example, in a polar crystal composed of diatomic molecules AB, 

the molecular axis will be oriented more along the polar direc- 
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Figure 2-54. 
(a) The centrosymmetric 

arrangement of acetanilide 

molecules of the crystal result- 

ing in centrosymmetric crystal 

habit. Reprinted with permis- 

sion from [2-31]. Copyright 

(1981) American Chemical 

Society. 

(b) The p-chloroacetanilide 

molecules are aligned in a 

head-tail orientation resulting 

in the occurrence of a polar 

axis of the crystal habit. 

Reprinted with permission 

from [2-31]. Copyright (1981) 

American Chemical Society. 

lion of the crystal than perpendicular to it. Furthermore, as 

there is an ABAB... array in the crystal, it is required that the 

spacings between the atom A and the two adjacent atoms B be 

unequal in order to have a polar axis present, 

A B A B A B   

Curtin and Paul characterize this situation from the point of 

view of a submicroscopic traveler proceeding along this array of 

atoms. The observer is able to determine the direction of travel 

thanks to the difference in spacings. The distance is always 

longer from atom B to atom A and shorter from atom A to the 

next atom B in one direction whereas the reverse is true in the 

opposite direction. 

It is not required that a molecule possess a large dipole 

moment in order to be suitable for building polar crystal habits. 
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Curtin and Paul cite the nearly “nonpolar” l-tert-butyl-4 
methylbenzene molecule 

which crystallizes in a polar habit with one end of the crystal 

being formed by the methyl groups and the other end by the 

tert-butyl groups. It is not fully understood why some classes 

of substances prefer to form polar crystals while others with 

similar potentials do not. Aromatic compounds with certain 

functional groups (e.g. amino group) more often form polar 

crystals than do such compounds with other groups (such as 

carboxyl group). A/(?//^-disubstituted benzene derivatives crys- 

tallize more often in a polar habit than do ortho ^ccvApara deriva- 

tives. Sometimes the molecular polar axis is oriented almost 

perpendicular to the crystal polar axis and only a small compo- 

nent of the molecular polarity contributes to the crystal polarity. 

Crystal polarity may have important consequences in the 

chemical behavior. In solid/gas reactions, for example, crystal 

polarity may be a source of considerable anisotropy. In the 

following reactions. 

C6H5COOH 

crystalline 

benzoic acid 

+ NH3 - C6H5COO- NH4+ 

gaseous 

ammonia 

C6H5COOCOC6H5 
crystalline 

benzoic anhydride 

+ NH3 - C6H5CONH2 

+ CsHsCOO- NH4+ gaseous 

ammonia 

Paul and Curtin [2-33] observed that the attack of the gas 

occurred at the crystal sides and not at the best developed top 

crystal faces. These top faces mainly consist of aromatic rings 

whereas the acid and anhydride groups are exposed at the sides. 

Curtin and Paul [2-31] also reported a particularly interest- 

ing comparison of two solid/gas reactions. Again the gas 

was ammonia. In one case the solid was a centrosymmetric 

p-chlorobenzoic anhydride crystal, and in the other a noncen- 

trosymmetric p-bromobenzoic anhydride crystal: 

0 

-0 

p-chlorobenzoic anhydride 
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Br - 0 — Br 

p-bromobenzoic anhydride 

The molecular packings of the two crystals are shown in Fig. 

2-55 after Curtin and Paul [2-31]. The reaction for the centro- 

symmetric chloro derivative proceeded uniformly on all sides 

but not on the top face at which the p-chlorophenyl groups 

pointed. The situation is rather different in the case of the polar 

crystals of p-bromobenzoic anhydride, which crystallizes in 

Figure 2-55. 
(a) The molecular arrange- 

ment in the centrosymmetric 

p-chlorobenzoic anhydride 

crystal. Reprinted with permis- 

sion from [2-31]. Copyright 

(1981) American Chemical 

Society. 

(b) The molecular arrange- 

ment in the noncentrosym- 

metric p-bromobenzoic anhy- 

dride crystal. Reprinted with 

permission from [2-31]. 

Copyright (1981) American 

Chemical Society. 

different habits (Fig. 2-56) although the internal crystal struc- 

ture is the same. In the photographs of reacting crystals shown 

in Fig. 2-56, the polar axis is vertical. The most dramatic effect 
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Figure 2-56. 
The reaction of polar p-bro- 

mobenzoic anhydride crystals 

with gaseous ammonia. The 

crystal plates with the polar 

axis are along the long direc- 

tion of the crystals. Reprinted 

with permission from [2-34]. 

Copyright (1981) American 

Chemical Society. 

of the reaction sequence is a very clear preference for reaction at 

one end of the polar direction compared to the other, whereas 

no such effect was noted for the p-chloroderivative. In addition, 

there is less reaction at the side faces in the p-bromo crystals 

than in the p-chloro crystals, an effect not directly attributable 

to polarity [2-34]. 

It has been suggested [2-35] that even substances usually 

crystallizing in a centrosymmetric crystal may be induced to 

form polar crystals if subjected to an electric field during the 

crystallization process. Such attempts have not yet been suc- 

cessful for the p-chlorobenzoic anhydride although they have 

been reported to work for some other compounds [2-31]. 

2.7 Chirality 

There are many objects both animate and inanimate which 

have no symmetry planes but which occur in pairs related by a 

symmetry plane and whose mirror images cannot be super- 

posed. Fig. 2-57 shows a pair of rosettes, a detail from Bach’s 

The Art of the Fugue, a pair of molecules and a pair of crystals. 
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Figure 2-57. 
(a) Two five-fold rotationally 

symmetrical rosettes. The 

individual rosettes have no 

symmetry plane but the pair 

is related by mirror symmetry. 

Prepared with the children’s 

toy Spirograph by Balazs 

Hargittai, 1980. 

(b) J. S. Bach; “Die Kunst der 

Fuge, Contrapunctus XVIII”, 

detail. 

CHO 

(c) Glyceraldehyde molecules. CH2OH 

CHO 

HO \ H 

CH2OH 

(d) Tartaric acid crystals. 
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W H. Thompson - Lord Kelvin wrote [2-36]: “I call any 

geometrical figure or group of points chiral’ and say it has 

’chirality’, if its image in a plane mirror, ideally realized, cannot 

be brought into coincidence with itself” He called forms of the 

same sense “homochiral” and forms of the opposite sense 

“heterochiral”. The most common example of a heterochiral 

form is hands. Indeed, the word chirality itself comes from the 

greek xeip, hand. Figs. 2-58 and 2-59 show some heterochiral 

and homochiral pairs of hands. 

Figure 2-58. 

Heterochiral pairs of hands. 

(a) Albrecht Diirer: “Praying 

hands”. Albertina Graphic 

Collection, Vienna. Reproduced 

with permission. 

(b) Tomb in the Jewish ceme- 

tery, Prague. Photograph by 

the authors. 

(c) Vera Szekely: “I would like 

to be loved”. Petdfi Literary 

Museum, Budapest. Repro- 

duced with permission. 

(d) An illustration from a 

book discussing the possibili- 

ties of life in outer space 

[2-37]. Reproduced by per- 

mission from R. N. Bracewell. 

(e) United Nations stamp for 

the “World Food Programme”. JS 
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Figure 2-59. 
A homochiral pair of hands: 

Two right hands on a U. S. 

stamp. 

Figure 2-60. 
Examples of left-handed and 

right-handed helices [2-40]. 

Reproduced with permission, 

© 1981 by the Benjamin/ 

Cummings Publishing Co., 

Menlo Park, CA. 

A chiral object and its mirror image are enantiomorphous, 

and they are each other’s enantiomorphs. Louis Pasteur first 

suggested that molecules can be chiral. In his famous experi- 

ment in 1848, he recrystallized a salt of tartaric acid and 

obtained two kinds of small crystals which were mirror images 

of each other. They had the same chemical composition, but 

differed in their optical activity. One was laevo-active (L) and 

the other was dextro-active (D). Since the true absolute confi- 

guration of molecules could not be determined at the time, an 

arbitrary convention was applied which, luckily proved to coin- 

cide with reality. If a molecule or a crystal is chiral, it is neces- 

sarily optically active. The converse is, however, not true. There 

are, in fact nonenantiomorphous symmetry classes of crystals 

which may exhibit optical activity. 

Whyte [2-38] extended the definition of chirality: “Three- 

dimensional forms (point arrangements, structures, displace- 

ments, and other processes) which possess non-superposable 

mirror images are called ’chiral’.” A chiral process consists of 

successive states all of which are chiral. The two main classes of 

chiral forms are screws and skews. Screws may be conical or 

cylindrical and are ordered with respect to a line. Examples 

for the latter are the left-handed and right-handed helices in 

Fig. 2-60. The skews, on the other hand, are ordered around 

their center. Examples are chiral molecules having a point- 

group symmetry. 
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From the point of view of molecules, or crystals, left and right 

are intrinsically equivalent. An interesting overview of the left/ 

right problem in science is given by Gardner [2-39]. Distin- 

guishing between left and right has also considerable social, 

political, psychological connotations (see e.g. Weyl [2-10]). For 

example, left-handedness in children is viewed with varying 

degrees of tolerance in different parts of the world. Fig. 2-61 

shows a classroom at The University of Connecticut with differ- 

ent (homochiral and heterochiral) chairs to accomodate both 

the right-handed and the left-handed students. Older class- 

rooms at the same University have chairs for the right-handed 

only (Fig. 2-62). 

Figure 2-61. 
Classroom at The University 

of Connecticut with homochi- 

ral and heterochiral chairs for 

both the right-handed and the 

left-handed students. Photo- 

graph by the authors. 

Figure 2-62. 
Older classrooms have chairs 

for the right-handed students 

only. Photograph by the 

authors. 

2.7.1 Asymmetry and Dissymmetry 

The simplest chiral molecules are those in which a carbon 

atom is surrounded by four different ligands - atoms or groups 

of atoms at the vertices of a tetrahedron. All the naturally 

occurring amino acids are chiral, except glycine. 

Symmetry operations of the first kind and of the second kind 

are sometimes distinguished in the literature (cf [2-41]). Opera- 

tions of the first kind are sometimes also called even numbered 

operations. For example, the identity operation is equivalent to 

two consecutive reflections from a symmetry plane. It is an even 

numbered operation, an operation of the first kind. Simple 
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rotations are also operations of the first kind. Mirror-rotation 

leads to figures consisting of right-handed and left-handed 

components, and therefore is an operation of the second kind. 

Simple reflection is also an operation of the second kind as it 

may he considered as a mirror-rotation about a one-fold axis. 

A simple reflection is related to the existence of two enantio- 

morphic components in a figure. Fig. 2-63 illustrates these 

distinctions by a series of simple sketches after Shubnikov 

[2-41]. In accordance with the above description, chirality is 

sometimes defined as the absence of symmetry elements of the 

second kind. 

Figure 2-63. 
Examples of symmetry opera- 

tions of the first kind (a) and 

of the second kind (b) after 

Shubnikov [2-41]. 

Shubnikov [2-41] noted more than a quarter of a century ago 

that the terms asymmetry and dissymmetry are often confused 

in the literature. Unfortunately this confusion has not yet disap- 

peared. Shubnikov pointed out that the scientific meaning of 

these terms is in complete conformity with the grammar of 

these words: asymmetry means the absence of symmetry, and 

dissymmetry means the derangement of symmetry. Pasteur 

used “dissymmetry” for the first time as he designated the 

absence of elements of symmetry of the second kind in a figure. 

Accordingly, dissymmetry did not exclude elements of sym- 

metry of the first kind. Pierre Curie suggested an even broader 

application of this term. He called a crystal dissymmetric in case 

of the absence of those elements of symmetry upon which 

depends the existence of one or another physical property in 

that crystal. In Pierre Curie’s original words [2-42]: “Dissym- 

metry creates the phenomenon.” Namely, a phenomenon exists 

and is observable due to dissymmetry, i.e., due to the absence of 

some symmetry elements from the system. Finally, Shubnikov 

called dissymmetry the falling out of one or another element of 

symmetry from a given group. He argued that to speak of the 

absence of elements of symmetry makes sense only when these 

symmetry elements are present in some other structures. 
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Figure 2-64. 
Quartz crystals. 

Thus from the point of view of chirality, any asymmetric 

figure is chiral, but asymmetry is not a necessary condition for 

chirality. All dissymmetric figures are also chiral if dissymmetry 

means the absence of symmetry elements of the second kind. In 

this sense, dissymmetry is synonymous with chirality. 

An assembly of molecules may be achiral for one of two 

reasons. Either all the molecules present are achiral, or the two 

kinds of enantiomorphs are present in equal amounts. Chemical 

reactions between achiral molecules lead to achiral products. 

Either all product molecules will be achiral or the two kinds of 

chiral molecules will be produced in equal amounts. Chiral 

crystals may sometimes be obtained from achiral solutions. 

When this happens, the two enantiomorphs will be obtained in 

(roughly) equal numbers, as was observed by Pasteur. Quartz 

crystals are an inorganic example of chirality (Fig. 2-64). 

Roughly equal numbers of left-handed and right-handed 

crystals are obtained from the achiral silica melt. 

2.7.2 Relevance to Origin of Life 

The situation with respect to living organisms is unique. 

Living organisms contain a large number of chiral constituents, 

but only L-amino acids are present in proteins and only D-nuc- 

leotides in nucleic acids. This happens in spite of the fact that 

the energy of both enantiomorphs is equal and their formation 

has equal probability in an achiral environment. However, only 

one of the two occurs in nature, and the particular enantio- 

morphs involved in the life processes are the same in humans, 

animals, plants, and microorganisms. The origin of this pheno- 

menon is a great puzzle which according to Prelog [2-44] may 

be regarded as a problem of molecular theology. 

This problem has long fascinated those interested in the 

molecular basis of the origin of life, e.g., [2-8,2-43]. There are in 

fact two questions. One is why do all the amino acids in a pro- 

tein have the same L-configuration or why do all the compo- 

nents of a nucleic acid, that is, all its nucleotides, have the same 

Z)-configuration.? The other question, the more intriguing one, 

is why that particular configuration happens to be the L for the 

amino acids and why it happens to be the D for nucleotides in 

all living organisms.? This second question seems to be impos- 

sible to answer satisfactorily at the present time. 

According to Prelog [2-44], a possible explanation is that the 

creation of living matter was an extremely improbable event, 

which occurred only once. We may then suppose that if there 

are living forms similar to ours on a distant planet, their molecu- 
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lar structures may be the mirror image of the corresponding 

molecular structures on the earth. We know of no structural 

reason at the molecular level for living organisms to prefer one 

type of chirality (There may be reasons at the atomic nuclear 

level. The violation of parity at the nuclear level has a huge lit- 

erature, cf, e.g., [2-39]). Of course, once the selection is made, 

the consequences of this selection must be examined in relation 

to the first question. The fact remains, however, that chirality is 

intimately associated with life. This means that at least dissym- 

metry and possibly asymmetry are basic characteristics of living 

matter. 

Although Pasteur believed that there is a sharp gap between 

vital and nonliving processes, he attributed the asymmetry of 

living matter to the asymmetry of the structure of the universe 

and not to a vital force. Pasteur himself wrote that he was 

inclined to think that life, as it appears to us, must be a product 

of the dissymmetry of the universe [2-45]. 

Concerning the first question, Orgel [2-8] suggests that we 

compare the DNA structure to a spiral staircase. The regular 

DNA right-handed double-helix is composed of Z)-nucleotides. 

On the other hand, if a DNA double-helix were synthesized 

from L-nucleotides, it would be left-handed. These two helices 

can be visualized as right-handed and left-handed spiral stair- 

cases, respectively. Both structures can perform useful func- 

tions. A DNA double-helix containing both D- and L-nucle- 

otides, however, could not form a truly helical structure at all 

since its handedness would be changing. Just consider the 

analogous spiral staircase that Orgel suggested as shown in 

Fig. 2-65. 

If each component of a complex system is replaced by its 

mirror image, the mirror image of the original system is ob- 

tained. However, if only some components of the complex 

system are replaced by their mirror images, a chaotic system 

emerges. Chemical systems that are perfect mirror images of 

each other behave identically, whereas systems in which some 

but not all components are mirror images have quite different 

chemical properties. If, for example, a naturally occurring 

enzyme made up of L-amino acids synthesizes a D-nucleotide, 

then the corresponding artificial enzyme obtained from 

ZLamino acids would synthesize the L-nucleotide. On the other 

hand, a corresponding polypeptide containing both D- and 

L-amino acids would probably lack the enzymic activity. 

Figure 2-65. 
A spiral staircase which 

changes its chirality [2-8]. 

Reproduced by permission 

from L. E. Orgel. 
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2.7.3 “La coupe du roi” 

One of the many chemical processes where chirality/achira- 

lity relationships may be important is the fragmentation of 

some molecules and the reverse process of the association of 

molecular fragments. An exceptionally interesting case has 

been described recently. Mislow et al. [2-46] have reported the 

synthesis of 4-(bromomethyl)-6-(mercaptomethyl)[2.2]meta- 

cyclophane 

in chiral forms 

The stereochemistry of this compound has unique implications 

for the discussion of chirality. From the chemical point of view, 

the use of this compound in the synthesis of the dimer repre- 

sented the first demonstration that an achiral object can be 

bisected into homochiral halves, and, conversely, that two 

homochiral objects can be combined to give an achiral whole. 

The usual cases are those in which an achiral object is bisected 

into achiral or heterochiral halves. On the other hand, if an 

achiral object can be bisected into two homochiral halves, it 

cannot be bisected into two heterochiral ones. A relatively 

simple case is the tessellation of planar achiral figures into achi- 

ral, heterochiral and homochiral segments. Some examples are 

shown in Fig. 2-66. For a detailed discussion see [2-6, 2-46]. 

Mislow et al. [2-46] have cited a French parlor trick called “la 

coupe du roi” - or the royal section in which an apple is bisected 

into two homochiral halves, as shown in Fig. 2-67. An apple can 

be easily bisected into two achiral halves. On the other hand, it 

is impossible to bisect an apple into two heterochiral halves. 

Two heterochiral halves, however, can be obtained from two 

apples, both cut into two homochiral halves in the opposite 

sense, see Fig. 2-67. 

According to “la coupe du roi” [2-46] two vertical half cuts 

are made through the apple. One from the top to the equator, 

and another, perpendicularly, from the bottom to the equator. In 



c 

Figure 2-66. 
Dissection of planar achiral 

figures into (a) achiral, (b) 

heterochiral and (c) homochi- 

ral segments; some examples. 

Figaire 2-67. 
The French parlor trick “La 

coupe du roi” after Mislow 

et al. [2-46]. An apple can 

be cut into two homochiral 

halves in two ways which 

are enantiomorphous to each 

other. An apple cannot be cut 

into two heterochiral halves. 

Two heterochiral halves origi- 

nating from two different 

apples cannot be combined 

into one apple. Used with 

permission. Copyright (1983) 

American Chemical Society. 

addition, two nonadjacent quarter cuts are made along the 

equator. If all this is properly done, the apple should separate 

into two homochiral halves as seen in Fig. 2-67. 

The work of Mislow et al. [2-46] was preceded by a synthetic 

study in which Misumi et al. [2-47] prepared the “cis” and 

“trails” dimers of metacyclophanes: 
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“cis” dimer of metacyclophanes 

“trans” dimer of metacyclophanes 

The synthesis was achieved by reacting the dibromide and 

dithiol derivatives of metacyclophane: 

Such a reaction yielded an approximately equimolar mixture of 

the “cis” and “trans” dimers. 

Mislow et al. [2-46] have shown that two homochiral 4-(bro- 

momethyl)-6-(mercaptomethyl) [2.2]metacyclophane molecu- 

les can only give the “cis” dimer as shown in Fig. 2-68a. This is, of 

course, true for either form of the homochiral pairs. On the 

other hand, the reaction between two heterochiral 4-(bromo- 

methyl)-6-(mercaptomethyl) [2.2] metacyclophane molecules 

can only give the “trans” dimer (Fig. 2-68b). Finally, a racemic 

mixture of these molecules will yield a 1:1 mixture of the “cis” 

and “trans” dimers (Fig. 2-68c), as the statistical probability of 

the process shown in Fig. 2-68b is twice as high as that of each 

of the two reactions represented in Fig. 2-68a. The reaction of 

the two homochiral metacyclophane derivatives (Fig. 2-68a) 

which yields the achiral “cis” dimer is a stereochemical reverse 

coupe du roi! 

2.7.4 A Rotation Axis with 
Perpendicular Two-fold Rotation Axes 

The symmetry class \s n:2 when a principal axis of rotation 

of order n occurs with two-fold rotation axes perpendicular to it. 

All objects having n\2 symmetry are chiral. This symmetry 

may also be derived by eliminating all the symmetry planes 
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from m- n\m symmetry. Thus, for example, if the polyhedra 

shown in Fig. 2-35 are twisted along their principal axis of 

rotation, the m- ri'.m symmetry reduces to ;z: 2 symmetry. The 

symmetry planes vanish while the principal axis as well as the 

axes perpendicular to it remain. The twisting along the princi- 

pal axis may, of course, take place in the left-handed or in the 

right-handed direction hence the mirror images. 

Figure 2-68. 
(a) The reaction product is 

the “cis” dimer of two homo- 

chiral 4-(bromomethyl)-6- 

(mercaptomethyl) [2.2]meta- 

cyclophanes. 

(b) The reaction product is 

the “trans” dimer of two hete- 

rochiral 4-(bromomethyl)-6- 

(mercaptomethyl) [2.2]meta- 

cyclophane molecules. 

(c) The reaction product is a 

1:1 mixture of the two dimers 

when the 4-(bromomethyl)-6- 

(mercaptomethyl) [2.2]meta- 

cyclophane molecules are pre- 

sent in a racemic mixture. 

racemic mixture 

4- 
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Figure 2-69. 
Regular polygons. 

Figure 2-70. 
The five Platonic solids. 

2.8 Regular Polyhedra 
“A convex polyhedron is said to be regular if its faces are 

regular and equal, while its vertices are all surrounded alike” 

[2-48]. A polyhedron is convex if every dihedral angle is less 

than 180°. The dihedral angle is the angle formed by two 

polygons joined along a common edge. 

There are only five regular convex polyhedra, a very small 

number indeed. The regular convex polyhedra are called Plato- 

nic solids because they constituted an important part of Plato’s 

natural philosophy. They are: the tetrahedron, cube (hexa- 

hedron), octahedron, dodecahedron, and the icosahedron. The 

faces are regular polygons, either regular triangles, regular 

pentagons, or squares. 

A regular polygon has equal interior angles and equal sides. 

Fig. 2-69 presents a regular triangle, a regular quadrangle, i.e., 

square, a regular pentagon, and so on. The circle is obtained in 

the limit as the number of sides approaches infinity. The regular 

polygons have an ;^-fold rotational symmetry axis perpendicu- 

lar to their plane and going through their midpoint. Here n is 

1, 2, 3, ... up to infinity for the circle. 

The five regular polyhedra are shown in Fig. 2-70. Their 

characteristic parameters are given in Table 2-3. According to 

Weyl [2-10], the existence of the tetrahedron, cube, and octa- 

hedron is a fairly trivial geometric fact. On the other hand, Weyl 

considered the discovery of the regular dodecahedron and the 

regular icosahedron “one of the most beautiful and singular 

discoveries made in the whole history of mathematics”. How- 

ever, to ask the question who first constructed the regular poly- 

hedra is according to Coxeter [2-48] like asking the question 

who first used fire. 

Table 2-3. Characteristics of the Regular Polyhedra 

Name Polygon Number 

of 

Faces 

Vertex 

Figure 

Number 

of 

Vertices 

Number 

of 

Edges 

Tetrahedron 3 4 3 4 6 

Cube 4 6 3 8 12 

Octahedron 3 8 4 6 12 

Dodecahedron 5 12 3 20 30 

Icosahedron 3 20 5 12 30 
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Figure 2-71. 
Radiolarians from Hackel’s 

book [2-15]. 

j 

Figure 2-72. 
An artist’s representation of 

the pentagonal dodecahedron, 

Horst Janssen: “ChriStall- 

Knecht” (crystal slave). 

Reproduced by permission. 

Figure 2-73. 
Kepler’s planetary model 

based on the regular solids 

[2-50]. 

Many primitive organisms have the shape of the pentagonal 

dodecahedron. As will be seen later, it is not possible to have 

crystal structures having this symmetry. Belov [2-49] suggested 

that the pentagonal symmetry of the primitive organisms repre- 

sents their defense against crystallization. Several radiolarians 

from Hackel’s book [2-15] are shown in Fig. 2-71. An artist’s 

representation of the pentagonal dodecahedron is shown in 

Fig. 2-72, entitled “ChriStall-Knecht” (crystal slave). 

Fig. 2-73 sliows Kepler’s planetary model based on the regu- 

lar solids. According to this model the greatest distance of one 
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Figure 2-74. 
Characteristic symmetry 

elements of the Platonic 

solids. 

planet from the sun stands in a fixed ratio to the least distance of 

the next outer planet from the sun. There are five ratios describ- 

ing the distances of the six planets which were known to Kepler. 

A regular solid can be interposed between two adjacent planets 

so that the inner planet, when at its greatest distance from the 

sun, lays on the inscribed sphere of the solid, while the outer 

planet, when at its least distance, lays on the circumscribed 

sphere. 

Arthur Koestler in “The Sleepwalkers” [2-51] called this 

planetary model “Kepler’s most spectacular failure”. However, 

the planetary model which is also a densest packing model 

probably symbolizes Kepler’s best attempt at attaining a unified 

view of his work both in astronomy and in what we would call 

today crystallography. The ratios of the Copernican distances 

of the planets to the sun and the ratios of the inscribed spheres 

to those circumscribing the regular solids are cited in Table 2-4 

as given by Schneer [2-52] according to Kepler [2-50]. 

There are several excellent monographs on regular figures, 

two of which are especially noteworthy [2-48, 2-53]. 

The Platonic solids have very high symmetries and one 

very important common characteristic. None of the rotational 

symmetry axes of the regular polyhedra is unique, but each 

axis is associated with several equivalent axes to itself The 

five regular solids can be classified into three symmetry clas- 

ses: 

Tetrahedron 3/2 ■ m = 3/4 

Cube and Octahedron 3/4 • m = 6/4 

Dodecahedron and 

Icosahedron 3/5 • m = 3/10 

It is equivalent to describe the symmetry class of the tetra- 

hedron as 3/2 • or 3/ 4. The skew line relating two axes means 

that they are not orthogonal. The symbol 3/2 • m denotes a 

three-fold axis, and a two-fold axis which are not perpendicular, 

and a symmetry plane which includes these axes. These three 

symmetry elements are indicated in Fig. 2-74. The symmetry 

class 3/2 • m is equivalent to a pair of a three-fold axis and a 

four-fold mirror-rotation axis. In both cases the three-fold axes 

connect one of the vertices of the tetrahedron with the mid- 

point of the opposite face. The four-fold mirror-rotation axes 

coincide with the two-fold axes. The presence of the four-fold 

mirror-rotation axis is easily seen if the tetrahedron is rotated by 

a quarter of rotation about a two-fold axis and is then reflected 

by a symmetry plane perpendicular to this axis. The symmetry 

operations chosen as basic will then generate the remaining 

symmetry elements. Thus the two descriptions are equivalent. 
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Table 2-4. Kepler’s Ratios after Schneer [2-52] 

Ratio of Inscribed to 

Circumscribing Sphere 

(x 1000) 

Ratio of Inner to Outer Planetary 

Orbit (x 1000) Using the Copernican 

Distances 

1000 Saturn 

Cube 577 572 Jupiter/Saturn 

Tetrahedron 333 290 Mars/Jupiter 

Dodecahedron 795 658 Earth/Mars 

Icosahedron 795 719 Venus/Earth 

Octahedron 577 500 Mercury/Venus 

Characteristic symmetry elements of the cube are shown in 

Fig. 2-74. Three different kinds of symmetry planes go through 

the center of the cube parallel to its faces. Furthermore, six sym- 

metry planes connect the opposite edges and also diagonally 

bisect the faces. The four-fold rotation axes connect the mid- 

points of opposite faces. The six-fold mirror-rotation axes coin- 

cide with three-fold rotation axes. They connect opposite 

vertices and are located along the body diagonals. The symbol 

Z/4 does not directly indicate the symmetry planes connecting 

the midpoints of opposite edges, the two-fold rotation axes, or 

the center of symmetry. These latter elements are generated by 

the others. The presence of a center of symmetry is well seen by 

the fact that each face and edge of the cube has its parallel 

counterpart. The tetrahedron, on the other hand, has no center 

of symmetry. 

The octahedron is in the same symmetry class as the cube. 

The antiparallel character of the octahedron faces is especially 

conspicuous. As seen in Fig. 2-74, its four-fold symmetry axes 

go through the vertices, the three-fold axes through the face 

midpoints, and the two-fold axes go through the edge mid- 

points. 

The pentagonal dodecahedron and the icosahedron are in 

the same symmetry classes. The five-fold, three-fold and two- 

fold rotation axes intersect the midpoints of faces, the vertices 

and the edges of the dodecahedron, respectively (Fig. 2-74). 

On the other hand, the corresponding axes intersect the ver- 

tices, and the midpoints of faces and edges of the icosahedron 

(Fig. 2-74). 
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Figure 2-75. 
The four regular star poly- 

hedra. 

Figure 2-76. 
Some semiregular polyhedra. 

Consequently, the rive regih.ir yolvhedra exhibit a dual rela- 

tionship as regards their raees: and vertex figures. Fhe tetra- 

hedron is self dual Table 2-e 

It the detinition ot regtil.ir px^lvhedra is not restrieted to eon- 

vex figures, their number rises from fve to nine. Fhe additional 

tour are depicted in Fig. 2-75 :or more information see, e.g., 

[2-48, 2-53]). They are ciilied bv fne common name of regular 

star polyhedra. 

The sphere deserv es memioii- 1: is one of the simplest pos- 

sible figures, and, accordingiv ore wnh liigh and eomplieated 

symmetix’. It has an infinite number of rotation axes with infinite 

order. .\I1 ot them coincide wifr bodo diagonals going through 

the midpoint of the sphere. The midpoint, which is also a singu- 

lar point, is the center of symmemv of the sphere. Fhe following 

symmetrv' elements may be chosen as basic ones: two infinite 

order rotation axes which .ire no: perpendicular plus one 

symmetrv’ plane. Therefore, the syrnmetn' class of the sphere is 
oo/oo . jji Concerning the symmetry of the sphere Kepes [2-54] 

quotes Copernicus: "... the spherical is the form of all forms 

most perfect, having need of no .irticnlation: and the splierical is 

the form of greatest volumetric vUipaciiy. best able to contain 

and circumscribe all else: and .ill the separated parts of the 

world - I mean the sun. the moon, and the stars - are observed 

to have spherical form: and .ill things; tend to limit themselves 

under this form - as appears in drops of water and other liquids - 

whenever of themselves they tend to limit themselves. So no 

one may doubt that the spheric.il is the form of the world, the 

divine body'! 

In addition to the regular polyhedra. there are various fami- 

lies of polyhedra with decreased degrees of regiilaritv [2-48, 

2-53, 2-55]. The so-called .'cnr'npm..;'- or .Vrchimedian polv- 

hedra are similar to the Platonic polyhedra in that all their faces 

are regular and all their venices are congruent. 1 lowever, the 

polygons of their faces are not all of the same kind. Fhe thirteen 

semiregular polyhedra are listed in Fable 2-5 and some of tliem 

are also shown in Fig. 2-76. Table 2-5 also enumerates their 

rotation axes. 

The simplest semiregular polyhedra are obtained bv svm- 

metrically shaving otf the comers of the regular solids. Fhev are 

the truncated regular polyhedra and are marked (a) in Fable 2-5. 

Two semiregular polyhedra belong to the so-called quasiregular 

polyhedra. They have two kinds of faces, and eaeh faee of cme 

kind is entirely surrounded by faces of the other kind. Fhev are 

marked (b) in Table 2-5. The remaining six semiregailar polv- 

hedra may be derived from the other semiregnlar polvhedra. 

The prisms and antiprisms are also important poK hedron 

families. A prism has two congruent and parallel faees and thev 

are joined by a set of parallelograms, .\n antiprism also has two 

congruent and parallel fices but they are joined bv a set of 
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f" ig'ure 2-77. 

Prisms and antiprisms. 

triangles. There is an infinite number of prisms and antiprisms 

and some of them are shown in Fig. 2-77. A prism or an anti- 

prism is semiregular if all its faces are regular polygons. A cube 

can be considered a square prism, and an octahedron can be 

considered a triangular antiprism. 

There are additional important polyhedra which are impor- 

tant in discussing molecular geometries and crystal structures. 

Table 2-5. The Thirteen Semiregular Polyhedra 

No. Name Faces 

Number of 

Vertices Edges 

Number of Rotation Axes 

2-fold 3-fold 4-fold 5-fold 

1 Truncated tetrahedron^’ 8 12 18 3 4 0 0 

2 Truncated cube^^ 14 24 36 6 4 3 0 

3 Truncated octahedron^’ 14 24 36 6 4 3 0 

4 Cuboctahedron’’^ 14 12 24 6 4 3 0 

5 Truncated cuboctahedron 26 48 72 6 4 3 0 

6 Rhombicuboctahedron 26 24 48 6 4 3 0 

7 Snub cube 38 24 60 6 4 3 0 

8 Truncated dodecahedron^’ 32 60 90 15 10 0 6 

9 Icosidodecahedron*^^ 32 30 60 15 10 0 6 

10 Truncated icosahedron^^ 32 60 90 15 10 0 6 

11 Truncated icosidodecahedron 62 120 180 15 10 0 6 

12 Rhombicosidodecahedron 62 60 120 15 10 0 6 

13 Snub dodecahedron 92 60 150 15 10 0 6 

Truncated regular polyhedra Quasiregular polyhedra 
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3 Molecules: 
Shape and Geometry 

A molecule is not simply a collection of its constituent 

atoms. It is kept together by interactions among those atoms. 

Thus for some purposes it is better to consider the molecule as 

consisting of the nuclei of its constituent atoms and its electron 

density distribution. Generally it is the geometry and symmetry 

of the arrangement of the atomic nuclei that is considered to be 

the geometry and symmetry of the molecule itself 

Molecules are finite figures with at least one singular point in 

their symmetry description. Thus point groups are applicable 

to them. There is no inherent limitation on the available sym- 

metries for molecules. On the other hand, severe restrictions 

apply to the symmetry of crystals, as will be seen later. In fact the 

molecules occupy a lower, more fundamental level in the hier- 

archy of structures than do crystals. Many crystals themselves 

are built from molecules. 

Molecules in the gas phase are considered to be free mole- 

cules. They are so far apart that they are unperturbed by in- 

teractions from other molecules. On the other hand, intermole- 

cular interactions may occur between the molecules in con- 

densed phases, i. e. in liquids, melts, amorphous solids, or crys- 

tals. In the present discussion all molecules will be assumed 

unperturbed by their environment, regardless of the phase or 

state of matter in which they exist. The possible influence of in- 

termolecular interactions will be considered later, in the discus- 

sion of crystals. 

The molecules are never motionless. They are performing 

vibrations all the time. In addition, the gaseous molecules, and 

also the molecules in liquid, are performing rotational and trans- 

lational motion as well. Molecular vibrations constitute relative 

displacements of the atomic nuclei with respect to their equilib- 

rium positions and occur in all phases, including the crystalline 

state, and even at the lowest possible temperatures. The magni- 

tude of molecular vibrations is relatively large, amounting to 

several percent of the internuclear distances. Typically, there are 

about 10^^ to 10^^ vibrations per second. 

Symmetry considerations are fundamental in any descrip- 

tion of molecular vibrations, as will be seen later in detail. First, 

however, the molecular symmetries will be discussed, ignoring 

entirely the motion of the molecules. Various molecular sym- 

metries will be illustrated by numerous examples. A simple 
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model will also be discussed to gain some insight into the origins 

of the various shapes and symmetries in the world of molecules. 

Our considerations will be restricted, however, to relatively 

simple, thus rather symmetrical systems. The importance and 

consequences of intramolecular motion involving relatively 

large amplitudes, will be commented upon in the final section 

of this chapter. 

3.1 Formulae, Isomers 

Figure 3-1. 
Structural isomerism of the 

molecules with the same 

empirical formula C2H4O2. 

The empirical formula of a chemical compound expresses its 

composition. For example C2H4O2 indicates that the molecule 

consists of two carbon, four hydrogen and two oxygen atoms. 

This formulation, however, provides no information on the 

order in which these atoms are linked. This empirical formula 

may correspond to methyl formate, acetic acid, and glycol alde- 

hyde. Only the structural formulae for these compounds, shown 

in Fig. 3-1, distinguish among them. This is called structural iso- 

merism. The formulae in Fig. 3-1 may also be written in a sim- 

pler way. 

HCOOCH3 CH3COOH HCOCH2OH 

H 0 0 H 
\ / \ / \ 1 

c—0-C-H H-C-C c—c-o-i 
/ \ / \ / 1 

1 H H 0-H H H 

Although these molecules, as a whole, are not symmetric, some 

of their component parts may be symmetrical. They possess 

what is called local symmetry. Similar atomic groups in different 

molecules often have similar geometries, and thus similar local 

symmetries. The structural formulae reveal considerable infor- 

mation about these local symmetries, or at least their similari- 

ties and differences in various molecules. The above simplified 

structural formulae are especially useful in this respect. This 

approach is widely applicable in organic chemistry where rela- 

tively few kinds of atoms build an enormous number of different 

molecules. A far greater diversity of structural peculiarities is 

characteristic for inorganic compounds. 
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The symbol for the carbon atom occurs twice in all three 

simplified structural formulae above, a fact that indicates differ- 

ences in their structural positions. The same argument applies 

to the oxygen atoms. On the other hand, three hydrogens are 

equivalent in both methyl formate and acetic acid, with the 

fourth being different in the two molecules. There are three dif- 

ferent types of hydrogen positions in glycol aldehyde. 

Structural isomerism is also called constitutional isomerism. 

The constitution of the molecule is a description of the way in 

which the atoms are bonded, i. e., their connectivity. Molecules 

which have the same constitution may differ in the spatial 

arrangement of their atoms. Two different kinds of isomerism 

arise from the differences in these spacial arrangements. One is 

called enantiomerism and this is when the isomers are related as 

an object is to its mirror image. This isomerism is the conse- 

quence of chirality and thus has already been discussed. The 

other is rotational isomerism. It may occur when two bonds in a 

molecule are separated by a third one. 

3.2 Rotational Isomerism 

The four-atomic chain is the simplest system for which 

rotational isomerism is possible. It is shown in Fig. 3-2. 

Rotational isomers, or conformers, are various forms of the 

same molecule related by rotation around a bond as axis. The 

various rotational forms of a molecule are described by the 

same empirical formula and by the same structural formula. 

Only the relative positions of the two bonds (or groups of 

atoms) at the two ends of the rotation axis are changed. The 

molecular point groups for various rotational isomers may be 

entirely different. 

Figure 3-2. 
Rotational isomerism of a 

four-atomic chain. 

Rotational isomers can be conveniently represented by so- 

called projection formulae in which the two bonds (or groups of 

atoms) at the two ends are projected onto a plane which is per- 

pendicular to the central bond. This plane is denoted by a circle 

whose center coincides with the projection of the rotation axis. 
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The bonds in front of this plane are drawn as originating from 

the center. The bonds behind this plane, i. e. the bonds from the 

other end of the rotation axis, are drawn as originating from the 

perimeter of the circle. A rotational isomer of l,2-dibromo-l,2- 

dichloroethane, BrClHC-CHClBr, is represented in this way in 

Fig. 3-3. This kind of representation is also called a Newman 

projection. The form shown in Fig. 3-3 is a so-called staggered 

one as the bonds of one group appear alternately between the 

bonds of the other group in the projection. When the bonds 

coincide in the projection, the rotational isomer is said to be 

eclipsed. 

Figure 3-3. 
Newman projection represen- 

tation of a rotational isomer 

of l,2-dibromo-l,2-dichloro- 

ethane. 

The drawings by Degas “End of the Arabesque” and “Seated 

Dancer Adjusting Her Shoes” may be looked at as illustrations 

of the staggered and eclipsed conformations of A2B-BC2 mole- 

cules. They are shown in Fig. 3-4a. Their projection-like repre- 

sentations are given in Fig. 3-4b, while the conformers of 

the molecules are depicted in Fig. 3-4c. Degas’ drawings are also 

helpful in understanding the representation for the rotational 

isomers described above. The projections in Fig. 3-4 represent 

views along the B-B bond, i. e. the dancer’s body. The plane 

bisecting the B-B bond is shown by the circle and it corresponds 

to the dancer’s skirt. The dancer’s arms and legs refer to the 

bonds B-A and B-C, respectively. Incidentally, the bouquet in 

the right hand of the dancer in the staggered conformation may 

be viewed as a different substituent. 

Two important cases in rotational isomerism may be distin- 

guished by considering the nature of the central bond. When it 

is a double bond, rotation of one form into another is hindered 

by a very high potential barrier. This barrier may be so high that 

the two rotational isomers will be stable enough to make their 

physical separation possible. An example is 1,2-dichloroethyl- 

ene (Fig. 3-5). The symmetry of the cis isomer is characterized 

by two mutually perpendicular mirror planes generating also a 

two-fold rotational axis. This symmetry class is labeled mm. An 

equivalent notation is C2V will be seen in the next section. The 

trans isomer has one two-fold rotation axis with a perpendicular 

symmetry plane, its symmetry class is 1./m [C^h)- 
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Figure 3-4. 
Illustration for the projection- 

al representation of rotational 

isomers [3-1]. 

(a) Left: a drawing after 

Degas’ “End of the Arab- 

esque” by Ferenc Lantos 

[3-2(a)]. 

Right: a drawing after Degas’ 

“Seated Dancer Adjusting Her 

Shoes” by Ferenc Lantos 

[3-2 (b)]. 

(b) Contour drawings of the 

dancers. 

(c) Staggered and eclipsed 

rotational isomers of the 

A2BBC2 molecule by Newman 

projections representing view 

along the B-B bond. 

Figure 3-5. 
1,2-Dichloroethylene: cis and 

trans isomers. 

H 
/ 

C 

Cl 
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Rotational isomerism relative to a single bond is illustrated 

by ethane and 1,2-dichloroethane in Fig. 3-6. During a complete 

rotation of one methyl group around the C-C bond relative to 

the other methyl group, the ethane molecule appears three 

times in the stable staggered form and three times in the unstable 

eclipsed form. As all the hydrogen atoms of one methyl group 

are equivalent, the three energy minima are equivalent, and so 

are the three energy maxima, as seen in Fig. 3-6a. The situation 

becomes more complicated when the three ligands bonded to 

the carbon atoms are not the same. This is seen for 1,2-dichlo- 

roethane in Fig. 3-6b. There are three highly symmetrical 

forms. Of these two are staggered with C^h and symmetries, 

respectively. The third is an eclipsed form with C^v symmetry. 

This form has Gl/Cl and H/H eclipsing. There is no other fully 

eclipsed form because of insufficient symmetry [3-3]. 

Figure 3-6. 
Potential energy functions for 

rotation about a single bond, 

cp is the angle of rotation. 

Newman projections of the 

symmetrical rotational iso- 

mers are also shown with 

their point-group symmetries, 

(a) Ethane, H3C-CH3. There 

are two different symmetrical 

forms. Both the staggered form 

with symmetry and the 

eclipsed form with sym- 

metry occur three times in a 

complete rotational circuit. 

(b) 1,2-Dichloroethane, 

CIH2C-CH2CI. There is no 

other symmetrical form in the 

region between the two sym- 

metrical staggered forms 

shown. Only partial eclipsing 

can occur here because of 

insufficient symmetry 

(cf [3-3]). The eclipsed form 

with C2v symmetry and the 

staggered form with C2h 

symmetry occur once, while 

the staggered form with Q 

symmetry occurs twice in a 

complete rotational circuit. 

C, 2v C c ih 
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Fig. 3-6 shows only the symmetrical conformers by pro- 

jection formulae. The symmetrical forms always belong to 

extreme energies, either minima or maxima. The barriers to 

internal rotation in the potential energy functions depicted in 

Fig. 3-6 are about 10 kj/mol. Typical barriers for systems where 

the double bonds would be considered to be the “rotational 

axis” may be as much as 30 times greater than those for systems 

with single bonds. 

3.3 Symmetry Notations 

So far the so-called International or Hermann-Mauguin 

symmetry notations have been used in the descriptions in this 

text. Another, older system by Schoenflies is generally used, 

however, to describe the molecular point-group symmetries. In 

fact, this notation has been given in parenthesis following the 

International notation in the preceding section. The Schoen- 

flies notation has the advantage of succinct expression for even 

complicated symmetry classes combining various symmetry 

elements. The two systems are compiled in Table 3-1 (see e. g. 

[3-4]) for a selected set of 32 symmetry classes. Point-group 

symmetries in the world of crystals are, in fact, restricted to 

these 32 classes. The reasons and significance of these restric- 

tions will be discussed later, in the chapter on crystals. There are 

no restrictions on the point-group symmetries for individual 

molecules. 

The Schoenflies notation for rotation axes is Cn, and for mir- 

ror-rotation axes the notation is S2n^ where n is the order of the 

rotation. The symbol for a center of symmetry is /. Symmetry 

planes are labeled a; is a vertical plane which always coin- 

cides with the rotation axis with an order higher than two, and 

Oh is a horizontal plane which is always perpendicular to the 

rotation axis when it has an order higher than two. 

Point-group symmetries not listed in Table 3-1 may easily be 

assigned the appropriate Schoenflies notation by analogy. Thus, 

e. g., Csv, Dsh, Q, Cg, etc. can be established. Such symmetries 

may well occur among real molecules. 
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Table 3-1. Svmmetrv Notations 

Number Hermann-^ lauguin Schoenflies 

1 1 Cl 
0 I C, 
0 m c 
4 c. 
5 2 m O, 
6 mm Co- 
/ TOO Ai 
8 ■ mmm 

9 4 O 
10 4 ^4 
11 4 rn C4, 
12 \mm o. 
13 42/;/ A./ 
14 422 A 
15 A/mmm Ay^ 
16 Cj 
17 0 
18 3/;/ Ar 
19 32 A 
20 3/// Av/ 
21 6 
22 6 A 
23 b/m Ay^ 
24 6/;/2 A^y^ 
25 bmm C6. 
26 622 A 
27 b/m mm AA 
28 23 r 
29 mc^ Ti 

30 43/;/ Tj 
31 432 0 

32 ///3/// o, 



3.4 Establishing 

the Molecular Point Group 

Fig. 3-7 show.s a possible scheme for e.stablishing the mole- 

cular point group (cf [3-5, 3-6]). 4'he symmetry of most mole- 

cules may be reliably established by this scheme. 

First an examinatitm is carried out whether the molecule 

belongs to some “special” group. If the molecule is linear it may 

have a perpendicular symmetry plane or it may not have 

one (COOT,). Very high symmetries are easy to recognize. F^ach of 

the groups 7’, T/„ 7g, O, and Oh. has four three-fold rotation 

axes. Both icosahedral / and Ih groups require ten three-fold 

rotation axes and six five-fold rotation axes. The molecules 

belonging to the.se groups have a central tetrahedron, octa- 

hedron, cube, or icosahedron. 

If the molecule does not belong to one of these special 

groups, a .systematic approach is followed. Firstly, the possible 

presence of rotation axes in the molecule is checked. If there is 

no rotation axis, then it is determined wTether there is a sym- 

metry plane (C\). In the absence of rotational axes and mirror 

planes, there may only he a center of symmetry (Q, or there 

may he no symmetry element at all (C\). If the molecule has 

rotation axes, it may have a mirror-rotation axis with even- 

number order (S2r/) coinciding w4th the rotation axis. For 54 
there will he a coinciding CO, for 5^ a coinciding C3, and for ^8, 
both Co and CO- 

Figure 3-7. 
Scheme for establishing the 

molecular point groups 

(cf [3-5, 3-6]). 
Special group'^ 

NO YES 

Cn axis'!’ 

NO I YES 

only S2n axis'!* 

NO I YES 

i ^ 

NO YES 

nC2 axes 1 to Cn^ 

NO I YES 

c. 

NO YES NO I YES 

s 2n 

Cf n60 

NO IYES 

nd(j7 

NO 

Cnh 

YES 

Dnh 

Cn C nv D. n 0 nd 

T, 

0, 

IH 

linear^ 

NO YES 

multiple 
high-order NO 1 YES 

exes 

c, coV D. 00/ 
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In any case the search is for the highest order axis. Then it 

is examined whether there are n axes present perpendicular 

to the Cn axis. If such axes are present, then there is D sym- 

metry. If in addition to Z) symmetry there is a plane, the point 

group is Dnh, while if there are n symmetry planes (a^) bisecting 

the two-fold axes, the point group is D^d- If there are no 

symmetry planes in a molecule with D symmetry, the point 

group is Dn. 

Finally, if no axes perpendicular to Cn are present, then the 

lowest symmetry will be Cn, when a perpendicular symmetry 

plane is present, it will be Cnh, and when there are n coincid- 

ing symmetry planes, the point group will be Cnv 

3.5 Examples 

In the section that follows, actual molecules will be shown 

for the various point groups along with some rosettes or other 

illustrations familiar from every day life. The Schoenflies nota- 

tion is used and the characteristic symmetry elements are enu- 

merated. 

Cl 

There are no symmetry elements (except the one-fold rota- 

tion axis, or identity, of course). Some examples are shown in 

Fig. 3-8. 

Figure 3-8. 
H / 
\ / Cl symmetry: no symmetry 

elements except the one-fold C 

rotation axis (Cj symmetry is c/ B'- asymmetry). 

H 

H 

Cl 

V"H 
H 

C2 

One two-fold rotation axis. Examples: Fig. 3-9a. 

C3, C4, C5, C(y 

One three-fold, four-fold, five-fold, six-fold rotation axis, 

respectively. Examples: Fig. 3-9b-e. 

C7, ..., Cn 

Can be continued by analogy. Q has one ;2-fold rotation axis. 
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Figure 3-9. 
(a) C2. Logos: Security First 

National Bank, California 

(left) and United Banks of 

Colorado. Source of logos 

[3-7(a)]. 

(b) C3. Logos: Pittsburgh 

National Bank (left) and 

Woolmark [3-7(a)]. 

(c) C4. Logo: Chase Man- 

hattan Bank [3-7(a)]. 

(d) C5. Logo: First American 

National Bank, Tennessee 

[3-7 (a)]. 

(e) C(^. Logo: Crocker Bank 

[3-7(a)]. 
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C, 
Center of symmetry. Examples: Fig. 3-10. 

Figure 3-10. 

C 

Figure 3-11. One symmetry plane. Examples: Fig. 3-11. 

C... The picture shows the tail 

of a whale, off Plyraouth. MA. 

Photograph by the authors. 

^V4 

One four-fold mirror-rotation axis. Example: Fig. 3-12a. 

3; 
One six-fold mirror-rotation axis, which is, of course, equiva- 

lent to one three-fold rotation axis plus center of symmetry. 

Example: Fig. 3-12h. 

Figure 3-12. 

•a) 34. 
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Figure 3-13. 

(a) C^h. 

(c) C^h- 

C^h 

One two-fold rotation axis with a perpendicular symmetry 

plane. Examples: Fig. 3-13a. 

^3/^’ ••• > ^ nh 

One >^-fold rotation axis plus a symmetry plane perpendicu 

lar to it. Examples: Fig. 3-13b-d. 

0 
/ 

H 

\ 
/ 

C- 

0 

/ 
0 

-c 

H 
/ 

0 
N 

C 

N=N 

Ihj "1 he molecule hicyclo 

[3.3.3]undecane is alsfj called 

“manxane”. It has 63/, symmetry 

indeed, d'he Isle of .Man coin 

shows a one-sided rr^sette 

whose symmetry is cmly O- 

(d) Q,. 

C^v 

Two perpendicular symmetry planes whose crossing line is 

a two-fold rotation axis. Examples: Pig. 3-14a. 

Civ 

One three-fold rotation axis with three symmetry planes 

which include the rotation axis, d'he angle is 60° between two 

symmetry planes. Examples: Fig. 3-14b. 

C^v 

One four-fold rotation axis with four symmetry planes which 

include the rotation axis. The four planes are grouped in two 

non-equivalent pairs. One pair is rotated relative to the r>ther 

pair by 45°. The angle between the two planes within each pair 

is 90°. Examples: Pig. 3-14c. 
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C^u, C()V} •••> ^nv 

This series can be continued by analogy. When n is even, there 

are two sets of symmetry planes. One set is rotated relative to 

the other set by (lS0/n)°. The angle between the planes within 

each set is (360/;^)°. When n is odd, the angle between the 

symmetry planes is (180/;?)°. Example: Fig. 3-14d. 
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(c) C\^. Logo; Sarajevo 

Winter Olympics, 1984. Indian 

stamp. “Standing Brahma”, 

by permission of the Metro- 

politan Museum of Art, New 

York. 

0 

COOD 

One infinite-fold rotation axis with infinite number of sym- 

metry planes which include the rotation axis. Examples: Fig. 

3-15. 

A 
Three mutually perpendicular two-fold rotation axes. 

Example: Fig. 3-16a. 

A 
One three-fold rotation axis and three two-fold rotation axes 

perpendicular to the three-fold axis. The two-fold axes are at 

Figure 3-15. 

C woO'j;. 

Figure 3-16. 

(a) A. 

H-Cl H-B-S H-C=C-CEC-Cl 

(b) A- 

trans-trans-trans 

perhydro-triphenylene 

89 



Figure 3-17. 

(a) 

Cl 

(b) The drawing of the 

radiolarum is from [3-7(b)]. 

(c) Ad'- The drawing of the 

plant is from [3-7(b)]. 

120°, so the minimum angle between two such axes is 60°. 

Examples: Fig. 3-16b. 

A 
One four-fold rotation axis and four two-fold rotation axes 

which are perpendicular to the four-fold axis. The four axes are 

grouped in two non-equivalent pairs. One pair is rotated rela- 

tive to the other pair by 45°. The angle between the two axes 

within each pair is 90°. 

A 
One five-fold rotation axis with five two-fold rotation axes 

perpendicular to it. The angle between the two-fold axes is 36°. 

D(y , D'] •.. , Djj 
This series can be continued by analogy. It is characterized 

by one ;^-fold rotation axis and n two-fold rotation axes perpen- 

dicular to the >^-fold axis. 

A^ 
Three mutually perpendicular two-fold rotation axes and 

two symmetry planes. The planes include one of the three rota- 

tion axes and bisect the angle between the other two. Examples: 

Fig. 3-17a. 

A^ 
One three-fold rotation axis with three two-fold rotation 

axes perpendicular to it, and three symmetry planes. The angle 

between the two-fold axes is 60°. The symmetry planes include 

the three-fold axis and bisect the angles between the two-fold 

axes. Examples: Fig. 3-17b. 

A^ 
One four-fold rotation axis with four two-fold rotation axes 

perpendicular to it, and four symmetry planes. The angle be- 

tween the two-fold axes is 45°. The symmetry planes include 

the four-fold axis and bisect the angles between the two-fold 

axes. Examples: Fig. 3-17c. 
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Figure 3-18. 

(a) 

d’ ••• > ^nd 

The series can be continued by analogy. Example: Fig. 3-17d. 

Chh 
Three mutually perpendicular symmetry planes. Their three 

crossing lines are three two-fold rotation axes, and their cross- 

ing point is a center of symmetry. Examples: Fig. 3-18a. 

One three-fold rotation axis, three symmetry planes (at 60°) 

which contain the three-fold axis, and another symmetry plane 

perpendicular to the three-fold axis. Examples: Fig. 3-18b. 

(b) Dih. Du 
One four-fold axis, one symmetry plane perpendicular to it, 

and four symmetry planes which include the four-fold axis. The 

four planes make two pairs. One pair is rotated relative to the 

other pair by 45°. The two planes in each pair are perpendicular 

to each other. Examples: Fig. 3-18c. 

(c) D^h- 

0 
C 

c 
0 

CO 

Co 

Dsh 
One five-fold rotation axis, one symmetry plane perpendicu- 

lar to it, and five symmetry planes which include the five-fold 

rotation axis. The angle between the adjacent five planes is 36°. 

Examples: Fig. 3-18d. 
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One six-fold rotation axis, one symmetry plane perpendicu- 

lar to it, and six symmetry planes which include the six-fold axis. 

The six planes are grouped in two sets. One set is rotated rela- 

tive to the other set by 30°. The angle between the planes within 

each set is 60°. Examples: Fig. 3-18e. 

^nh 
The series can be continued by analogy. There will be one n- 

fold rotation axis, one symmetry plane perpendicular to it, and n 

symmetry planes which include the ;^-fold axis. When n is even, 

there are two sets of symmetry planes. One set is rotated rela- 

tive to the other set by (180/n^. The angle between the planes 

within each set is (360/;/)°. When n is odd, the angle between 

the symmetry planes is (180/;^)°. 

Doo }i 

One °o-fold axis and a symmetry plane perpendicular to it. 

Of course, there are also °° number of symmetry planes which 

include the o^-fold rotation axis. Examples: Fig. 3-19. 

Figure 3-19. 

Deck- 

er 

0=C=0 H-H H-C=C-CEC-H 

T 

Three mutually perpendicular two-fold rotation axes and 

four three-fold rotation axes. The three-fold axes all go through 

a vertex of a tetrahedron and the midpoint of the opposite face 

center. The two-fold axes connect the midpoints of opposite 

edges of this tetrahedron. Examples: Fig. 3-20a. 

Figure 3-20. 
(a) T. 

Si(CH3)3 PF3 

(CH3)3Si—Si 

(CH3)3Si 

■Si(CHd 3'3 F3 
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Tj 

In addition to the symmetry elements of symmetry T, there 

are six symmetry planes, each two of them being mutually per- 

pendicular. All of these symmetry planes contain two three-fold 

axes. Examples: Fig. 3-20b. 

(b) 7>. 

n 
In addition to the symmetry elements of symmetry T^there is 

a center of symmetry which introduces also three symmetry 

planes perpendicular to the two-fold axes. Example: Fig. 3-20c. 

(c) n. 

o 
Three mutually perpendicular four-fold rotation axes and 

four three-fold rotation axes which are tilted with respect to the 

four-fold axes in a uniform manner. 

O, 
In addition to the symmetry elements of symmetry O, there 

is a center of symmetry. Examples: Fig. 3-21. 

Figure 3-21. 

0,. 

H 

F 
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3.6 Consequences of Substitution 

A tetrahedral AX4 molecule, e.g. methane, CH4, has the 

point group of the regular tetrahedron Tj. Gradual substitution 

of the X ligands by B ligands leads to less symmetrical tetra- 

hedral configurations with the following point groups 

(Fig. 3-22a), until complete substitution is accomplished: 

AX4 AX3B AX2B2 AXB3 AB4 

T, C3, C2, C3, T, 

Figure 3-22. 
Substitution in a tetrahedral 

AX4 molecule. 

(a) Gradual substitution of the 

ligands X by ligands B. 

X- 

As the sites of all X ligands are equivalent in each of these confi- 

gurations, the symmetry changes accompanying the substitu- 

tion are determined a priori. 

\ 

B 

\ B 

B 

B- 

B 

B B- 

B 

B 

B 

C C 2v C 3i/ Td 

Let us consider now an octahedral AX5 molecule, e.g. sulfur 

hexafluoride, SF^, which has the symmetry of the regular octa- 

hedron O/i. Substitution of an X ligand by a B ligand results in an 

AX5B molecule whose symmetry is again determined a priori 

to be C4^. The substitution of a second X ligand by another 

ligand B may lead to alternative structures as the sites of the five 

X ligands after the first substitution are no longer equivalent. 

The symmetry variations in this substitution process are 

illustrated in Fig. 3-23. 

If each consecutive substitution introduces a new kind of 

ligand then the symmetry will continue to decrease. This is 

shown for the tetrahedral case in Fig. 3-22b. There is, of course, 

a larger variety of structures obtained in such a substitution 

sequence for the octahedral configuration. 

(b) Substitution of the ligands X B B B 

X by various ligands. | 

X X X X 

^ ^31/ G 
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Figure 3-23. 
Gradual substitution of the 

ligands X in an octahedral 

AX5 molecule by ligands B. 

B B 

B 

0, 

Another example among fundamental structures is the ben- 

zene geometry, D(^h- Gradual substitution of an increasing 

number of hydrogens by ligands X results in the symmetry 

variations illustrated in Fig, 3-24. As regards the molecular 

point group, the monosubstituted and the pentasubstituted 

derivatives are equivalent. All derivatives can be grouped in 

such pairs with each of the trisubstituted benzenes constituting 

a pair by itself. Again only the simplest case is considered here 

with one kind of ligand used in all substituted positions. The 

decrease in the symmetry in the molecular point group for the 

substituted derivatives occurs because of the presence of the 

substituent ligands. It does not presuppose a change in the 

hexagonal symmetry of the benzene ring itself Modern struc- 

ture analyses have determined, however, that an appreciable 

deformation of the ring from regularity may also take place 

depending on the nature of the substituents. The largest defor- 

mation usually occurs at the so-called ipso angle adjacent to the 

substituent. fVccording to the general observation, electronega- 

tive substituents tend to compress the ring while electropositive 

substituents elongate it. Fig. 3-25 presents a correlation [3-8] 

between the ipso angles a and the Cl ... C4 non-bonded ring 

distances for a series of para-disubstituted derivatives. The 

dashed line was obtained from the experimental data points. 

The a/Cl... C4 interdependence reflects in part purely geomet- 

ric relations represented by the solid line. This description cor- 

responds to an a/Cl ... C4 correlation with no changes in the 

ring bond lengths. The difference between the dashed and solid 

lines seems to be characteristic. 
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Figure 3-24. 
The symmetries of benzene 

and its derivatives. 

^6*^6 

^6/7 

X 

6 
X
 

X
 

X
 

X
 

X 

6 
V 

X 

A: 
C6H5X 

A 

CeHXs 

X 

C6H4X2 

C6H4X2 

^2b D2h 

■A
 

X
 

X
 

A 
^6^3^3 

C6H4X2 C6H2X4 C6H3X3 

Figure 3-25. 
Correlation between the ring 

ipso angles and the Cl... C4 

distances for a series of sym- 

metrically para-disubstituted 

benzene derivatives [3-8]. For 

the origin of experimental 

structures, see [3-9]. 
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Complex formation usually implies the association of mole- 

cules or other species which may also exist separately in chemi- 

cally non-extreme conditions. Complex formation often has 

important consequences on the shapes and symmetries of the 

constituent molecules [3-10]. The H3N • AICI3 donor-acceptor 

complex [3-11], for example, has a triangular antiprismatic 

shape with symmetry as seen in Fig. 3-26. The component 

molecules in their free uncomplexed states are, of course, 

ammonia (C3J and AICI3 (A/i)- The symmetry of the donor 

part (NH3) remains unchanged in the complex and the geomet- 

rical changes are relatively small. On the other hand, there are 

more drastic geometrical changes in the acceptor part (AICI3) 

due to loss of coplanarity of the four atoms and this results in a 

reduction in the point group. However, the structural change in 

the acceptor part may also be viewed as if the complex forma- 

tion would complete the tetrahedral configuration around the 

central atoms in the component molecules. The nitrogen confi- 

guration may be considered to be tetrahedral already in ammo- 

nia with the lone pair of electrons being the fourth ligand. For 

aluminum, it is indeed the complexation which makes the tetra- 

hedral configuration complete. Coordination molecules often 

demonstrate the utility of polyhedra in describing molecular 

shapes, symmetries, and geometries. Of course, such descrip- 

tion may be useful in many other classes of compounds as well. 

Figure 3-26. 
The triangular antiprismatic 

shape of the H3N • AICI3 

donor-acceptor complex and 

the uncomplexed ammonia 

and aluminum trichloride 

molecules. 
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3.7 Polyhedral Molecular 
Geometries 

In the Preface to the Third Edition of his “Jlegular Polytopes” 

[3-12], Coxeter calls attention to the icosahedral structure of a 

boron compound in which twelve boron atoms are arranged 

like the vertices of an icosahedron. It had been widely believed 

that there would be no inanimate occurrence of an icosahedron, 

or of a regular dodecahedron either. 

In 1982 the synthesis and properties of a new polycyclic 

C20H20 hydrocarbon, dodecahedrane, was reported [3-13]. The 

twenty carbon atoms of this molecule are arranged like the ver- 

tices of a regular dodecahedron. When in the early sixties 

Schultz [3-14] discussed the topology of the polyhedrane and 

prismane molecules {vide infra), at that time it was in terms of a 

geometrical diversion rather than truelife chemistry. Since then 

it has become real chemistry. 

It should be reemphasized that the above high-symrnetry 

examples refer to isolated molecules and not to crystal struc- 

tures. Crystallography has, of course, been one of the main 

domains where the importance of polyhedra has been long 

recognized, together with some limitations which forbid the 

occurrence of regular pentagonal figures in crystals. Polyhedra 

are not less important in the world of molecules, where the limi- 

tations existing in crystals do not apply. 

In the First Edition of the “Regular Polytopes” [3-12], Coxe- 

ter stated, “... the chief reason for studying regular polyhedra is 

still the same as in the times of the Pythagoreans, namely, that 

their symmetrical shapes appeal to one’s artistic sense.” The 

success of modern molecular chemistry does not diminish the 

validity of this statement. On the contrary. There is no doubt 

that the aesthetic appeal has much contributed to the rapid 

development of what could be termed polyhedral chemistry. 

One of the pioneers in the area of polyhedral borane che- 

mistry, Muetterties movingly described [3-15] his attraction to 

the chemistry of boron hydrides, comparing it to Escher’s devo- 

tion to periodic drawings [3-16]. Muetterties’ words [3-15] are 

quoted here: 

“When I retrace my early attraction to boron hydride chem- 

istry, Escher’s poetic introspections strike a familiar note. As a 

student intrigued by early descriptions of the extraordinary 

hydrides, I had not the prescience to see the future synthesis 

developments nor did I have then a scientific appreciation of 

symmetry, symmetry operations, and group theory. Neverthe- 

less, some inner force also seemed to drive me but in the direc- 

tion of boron hydride chemistry. In my initial synthesis efforts, I 



was not the master of these molecules; they seemed to have 

destinies unperturbed by my then amateurish tactics. Later as 

the developments in polyhedral borane chemistry were evident 

on the horizon, I found my general outlook changed in a char- 

acteristic fashion. For example, my doodling, an inevitable 

activity of mine during meetings, changed from characters of 

nondescript form to polyhedra, fused polyhedra and graphs. 

I (and others, my own discoveries were not unique nor were 

they the first) was profoundly impressed by the ubiquitous 

character of the three-center relationship in bonding (e.g., the 

boranes) and nonbonding situations. I found a singular uniform- 

ity in geometric relationships throughout organic, inorganic, 

and organometallic chemistry: The favored geometry in coor- 

dination compounds, boron hydrides, and metal clusters is the 

polyhedron that has all faces equilateral or near equilateral 

triangles ...” 

The polyhedral description of molecular geometries is, of 

course, generally applicable as these geometries are spatial 

constructions. To emphasize that even planar or linear molecu- 

les are also included, the term polytopal could be used rather 

than polyhedral. The real utility of the polyhedral description is 

for molecules possessing a certain amount of symmetry. 

Because of this and also because of the introductory character 

of our discussion, only molecules with relatively high symmet- 

ries will be mentioned. 

The polyhedral description may be useful for widely differ- 

ent systems. Thus, for example, both the tetraarsene, AS4, and 

the methane, CH4, molecules have tetrahedral shapes (Fig. 

3-27) and symmetry. However, there is an important differ- 

ence in their structures. In the AS4 molecule all the four consti- 

tuting nuclei are located at the vertices of a regular tetrahedron, 

and all the edges of this tetrahedron are chemical bonds be- 

tween the As atoms. In the methane molecule, there is a central 

carbon atom, and four chemical bonds are directed from it to 

the four vertices of a regular tetrahedron where the four protons 

are located. The edges are not chemical bonds. 

Figure 3-27. 
The molecular shapes of AS4 
and CH4. 

As 
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The AS4 and CH4 molecules are clear-cut examples of the 

two distinctly different arrangements. However, these distinc- 

tions are not always so unambiguous. An interesting example is 

the structure of zirconium borohydride, Zr(BH4)4. Two inde- 

pendent studies [3-17, 3-18] described its structure by the same 

polyhedral configuration, while they differed in the assignment 

of the chemical bonds (Fig. 3-28). The most important differ- 

ence in the two interpretations concerns the linkage between 

the central zirconium atom and the four boron atoms situated 

in the four vertices of a regular tetrahedron. According to one 

interpretation [3-17], there are four Zr-B bonds in the tetrahe- 

dral arrangement. On the other hand, there is no direct Zr-B 

bond according to the other interpretation [3-18], but each 

boron atom is linked to the zirconium atom by three hydrogen 

bridges. Zirconium borohydride is one of the interesting metal 

borohydrides whose molecular geometries have presented a 

challenge to the structural chemist [3-10]. The boron hydrides 

themselves are one of the most beautiful classes of polyhedral 

compounds whose representatives range from the simplest to 

the most complicated systems. 

Figure 3-28. 
The molecular configuration 

of zirconium borohydride, 

Zr(BH4)4, in two interpreta- 

tions but described by the 

same polyhedral shape. 

(a) According to one interpre- 

tation [3-17], the zirconium 

atom is directly bonded to the 

four tetrahedrally arranged 

boron atoms. 

(b) According to another 

interpretation [3-18], the zir- 

conium and the tetrahedrally 

arranged boron atoms are not 

bonded directly. Their linkage 

is established by four times 

three hydrogen bridges. 
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3.7.1 Boron Hydride Cages 

Figure 3-29. 
The regular icosahedral confi- 

guration of the B12H12 ion; 

the boron skeleton is shown. 

Our description here is purely phenomenological. Only a 

passing reference is made to the relationship of the character- 

istic polyhedral cage arrangements of the boron hydrides and 

the peculiarities of multicenter, and most notably, three-center 

bonding (see, e.g. [3-19, 3-20]). 

The boron hydride polyhedra are characterized by having all 

faces equilateral or nearly equilateral triangles. Those boron 

hydrides that have a complete polyhedral shape are called closo 

boranes (the Greek closo meaning closed). One of the most sym- 

metrical, and accordingly, most stable polyhedral boranes is the 

BI2HI2^ ion. Its regular icosahedral configuration is shown in 

Fig. 3-29. The structural systematics ofE^Hn^" boranes and 

related compounds, notably C2^n-2^n closo carboranes, are 

presented in Table 3-2 after Muetterties [3-15]. In carboranes 

some of the boron sites are taken by carbon atoms. 

Another structural class of the boron hydrides is the so- 

called quasi-r/«9J‘(9 boranes. They are related to the closo boranes 

by removing a framework atom from the latter and adding in its 

stead a pair of electrons. Thus one of the polyhedron frame- 

work sites is taken by an electron pair. 

Table 3-2. Structural Systematics of closo Boranes and 

C2Bn-2Hn closo Carboranes after Muetterties [3-15]. 

Polyhedron and Point Group Boranes Dicarba- 

boranes 

Tetrahedron, 7} (6404)“) _ 

Trigonal bipyramid, C2B3H5 

Octahedron, 0^ B6H62- G2B4H6 

Pentagonal bipyramid, CjBsHy 

Dodecahedron (triangulated), D^d G2B6H8 

Tricapped trigonal prism, B9H9^‘ C2B7H9 

Bicapped square antiprism, Da,d BioHio^- G2B8H10 

Octadecahedron, C^v G2B9H11 

Icosahedron, 4 BuHu^- C2B10H12 

No boron hydride 
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Figure 3-30. 
Closo, nido, and arachno bora- 

nes after Williams [3-21] and 

Rudolph [3-20]. The genetic 

relationships are indicated by 

diagonal lines. Reprinted with 

permission. Copyright (1976) 

American Chemical Society. 
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There are boron hydrides in which one or more of the poly- 

hedral sites are truly removed. Fig. 3-30 shows the systematics 

of borane polyhedral fragments as obtained from closo boranes, 

after Williams [3-21] and Rudolph [3-20]. As all the faces of the 

polyhedral skeletons are triangular, they may be termed delta- 

hedra and the derived fragments deltahedral [3-22]. The start- 

, ing deltahedra are the tetrahedron, the trigonal bipyramid, the 

octahedron, the pentagonal bipyramid, the bisdisphenoid, the 

symmetrically tricapped trigonal prism, the bicapped square 

antiprism, the octadecahedron, and the icosahedron. 

A nido (nest-like) boron hydride is derived from a closo 

borane by the removal of one skeleton atom. If the starting closo 

borane is not a regular polyhedron, then the atom removed is 

the one at a vertex with the highest connectivity. An arachno 

(web-like) boron hydride is derived from a closo borane by the 

removal of two adjacent skeleton atoms. If the starting closo 

borane is not a regular polyhedron, then again, one of the two 

atoms removed is at a vertex with the highest connectivity. 

Complete nido and arachno structures are shown in Fig. 3-31 

together with the starting boranes [3-15]. The fragmented 

structures are completed by a number of bridging and terminal 

hydrogens. The above examples are, of course, from among the 

simplest boranes and their derivatives. 

Figure 3-31. 
Examples of closo/nido and 

closo/arachno structural rela- 

tionships after Muetterties 

[3-15]. 
(a) Closo-^^W^ and nido- 

B5H9. 

O B 
O H 

(b) Closo-^-jH-]^ and arachno- 



3.7.2 Polycyclic Hydrocarbons 

Some fundamental polyhedral shapes are realized among 

polycyclic hydrocarbons where the edges are C-C bonds and 

there is no central atom. The bond arrangements around the 

carbon atoms in such configurations may be far from the ener- 

getically most advantageous, causing strain in these structures 

[3-23, 3-24]. The strain may be so large as to render particular 

arrangements too unstable to exist under any reasonable condi- 

tions. On the other hand, the fundamental character of these 

shapes, their high symmetry and aesthetic appeal make them 

an attractive and challenging “playground” to the organic 

chemist [3-23, 3-25]. Incidentally, these substances have also 

great practical importance as they are building blocks for such 

natural products as steroids, alkaloids, vitamins, carbohydrides, 

antibiotics, etc. 

Tetrahedrane, (CH)4, would be the simplest regular poly- 

hedral polycyclic hydrocarbon (Fig. 3-32). However, since it has 

such a high strain energy and provides easy access to attacking 

reagents, its preparation may not be possible. Its derivative, 

tetra-tert-butyltetrahedrane (Fig. 3-32), however, has been pre- 

pared [3-26]. This compound is amazingly stable perhaps 

because the substituents help “clasp” the molecule together. 

Figure 3-32. 
(a) Tetrahedrane, (CH)4. It has 

very high strain energy and 

has not (yet.?) been prepared. 

(b) Tetra-tert-butyltetra- 

hedrane, {C[C(CH3)3]}4, [3-26]. 

H 

C 

C(CH3)3 
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(c) Cubane, (CHjg, [3-27], 
(d) Dodecahedrane, (CH)2o, 
[3-13], 

The next Platonic solid is the cube, and the corresponding 

polycyclic hydrocarbon cubane, (CH)8, Fig. 3-32, has been 

known for some time [3-27]. The preparation of dodecahe- 

drane (Fig. 3-32) by Paquette et al. [3-13] is much more recent. 

Almost two decades prior to this work, Schultz [3-14] made the 

following prediction for dodecahedrane as he was describing 

the possible hydrocarbon polyhedranes; “Dodecahedrane is the 

one substance of the series with almost ideal geometry, physi- 

cally the molecule is practically a miniature ball bearing! One 

would expect the substance to have a low viscosity, a high melt- 

ing point but low boiling point, high thermal stability, a very 

simple infrared spectrum and perhaps an aromatic-like p.m.r. 

spectrum. Chemically one might expect a relatively easy (for an 

aliphatic hydrocarbon) removal of a tertiary proton from the 

molecule, for the negative charge thus deposited on the mole- 

cule could be accommodated on any one of the twenty com- 

pletely equivalent carbon atoms, the carbanion being stabilized 

by a ’rolling charge’ effect that delocalizes the extra electron.” 

In the (CH)n convex polyhedral hydrocarbon series each 

carbon atom is bonded to three other carbon atoms. The fourth 

bond is directed externally to a hydrogen atom. Around the all- 

carbon polyhedron, there is thus a similar polyhedron whose 

vertices are protons. The edges of the all-carbon polyhedron 

are carbon-carbon chemical bonds, while the edges of the larg- 

er all-proton polyhedron do not correspond to any chemical 

bonds. This kind of arrangement of the polycyclic hydrocar- 

bons is not possible for the remaining two Platonic solids. There 

are four bonds meeting at the vertices of the octahedron and 

five at the vertices of the icosahedron. For similar reasons, only 

seven of the 13 Archimedian polyhedra can be considered in the 

(CH)n polyhedral series. Table 3-3 presents some characteristics 

of the polyhedranes after Schultz [3-14]. It is also indicated, 

which of the hydrocarbon polyhedranes have already been 

synthesized at the time of the present writing. 
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Table 3-3. Characterization of Polyhedrane Molecules after Schultz [3-14] 

Name Formula 

Tetrahedrane 

Cubane 

Truncated tetrahedrane 

(CH)^ 

(CH)8 
(CH)i, 

Dodecahedrane 

Truncated octahedrane 

(CH)7O 

(CH)24 

Truncated cubane (CH)24 

Truncated cuboctahedrane (CH)48 

Truncated icosahedrane (CH)8O 

Truncated dodecahedrane (CH)(,„ 

Truncated icosidodecahedrane (CH),2O 

Number of Faces Face Has been 

(all regular) Angles prepared: 

Triangle, 4 60° — 

Square, 6 90° Yes 

Triangle, 4 60° - 

Hexagon, 4 

Pentagon, 12 108° Yes 

Square, 6 90° — 

Hexagon, 8 120° 

Triangle, 8 60° — 

Octagon, 6 135° 

Square, 12 90° — 

Hexagon, 8 120° 

Octagon, 6 135° 

Pentagon, 12 108° — 

Hexagon, 20 120° 

Triangle, 20 60° — 

Decagon, 12 144° 

Square, 30 90° — 

Hexagon, 20 120° 

Decagon, 12 144° 

The cubane molecule may also be considered and called 

tetraprismane, cf Figs. 3-32 and 3-33. It may be described as 

composed of eight identical methine units arranged at the cor- 

ners of a regular tetragonal prism with Oj, symmetry and bound 

into two parallel four-membered rings cojoined bv four four- 

membered rings. Triprismane, (CH)^, [3-28] has symmetry 

and pentaprismane, (CH)iO’ [3-29] has symmetry. Both are 

depicted in Fig. 3-33. The quest for a synthesis of pentapris- 

mane is a long story with a happy ending [3-29]. At the time of 

this writing, hexaprismane, (CH)i2, which is the face-to-face 

dimer of benzene, (Fig. 3-33), has not yet been prepared. Table 

3-4 presents some characteristic geometric information on the 

hydrocarbon prismane molecules after Schultz [3-14]. The 

description of the general y-prismane is that it is composed of 

identical methine units arranged at the corners of a regular 

prism with symmetry, and bound into two parallel //-mem- 

bered rings cojoined by n four-membered rings. 
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Figure 3-33. 

(a) Triprismane, _3-28_. 
(b) Tetraprismane 'cubane,, 
(CH)8 [3-27], 
(c) Pentaprismane, (CH)io, 
[3-29]. 
(d) Hexaprismane, ■CH42> 
yet prepared. 

Table 3-4. Characterization of Prismane xMolecules after Schultz [3-14] 

Name 

Triprismane 

Tetraprismane (cubane) 

Pentaprismane 

Hexaprismane 

Heptaprismane 

Octaprismane 

Nonaprismane 

Decaprismane 

Undecaprismane 

Dodecaprismane 

//-Prismane 

Formula Number of 

Faces 

C6H6 Triangle, 2 

Square, 3 

CgHg Square, 6 

CIQHIO Pentagon, 2 

Square, 5 

C12H12 Hexagon, 2 

Square, 6 

C14H14 Heptagon, 2 

Square, 7 

C16H16 Octagon, 2 

Square, 8 

CisHis Nonagon, 2 

Square, 9 

C20H20 Decagon, 2 

Square, 10 

C22bl22 Undecagon, 2 

Square, 12 

C24H24 Dodecagon, 2 

Square, 12 

C2nH2n n-gon, 2 

Square, // 

Face Has been 

Angles prepared 

60° Yes 

90° 

90° Yes 

108° Yes 

90° 

120° 

90° 

128°34’ 

90° 

135° 

90° 

140° 

90° 

144° 

90° 

147°16’ 

90° 

150° 

90° 

180° (approaches) 

90° 
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Incidentally, the regular prisms and the regular 2Lnt\prisms are 

also semiregular, i.e. Archimedian, solids. Moreover, the second 

prism in its most symmetrical configuration is a regular solid, 

the cube; and the first antiprism in its most symmetrical confi- 

guration is also a regular solid, the octahedron. 

Only a few highly symmetrical structures have been men- 

tioned above. The varieties become virtually endless if one 

reaches beyond the most symmetrical convex polyhedral 

shapes. For example, the number of possible isomers is 5,291 

for the tetracyclic structures of the C12H18 hydrocarbons with 

12 skeletal carbon atoms [3-30]. Of all these geometric possibili- 

ties, however, only a few are stable [3-31]. One is Iceane shown in 

Fig. 3-34 [3-32]. The molecule may be visualized as two chair 

cyclohexanes connected to each other by three axial bonds. 

Alternatively, the molecule may be viewed as consisting of three 

fused boat cyclohexanes. The trivial name iceane had been pro- 

posed for this molecule by Fieser [3-33] almost a decade before 

its preparation [3-32]. As Fieser was considering the arrange- 

ment of the water molecules in the ice crystal (Fig. 3-34), he 

noticed three vertical hexagons with boat conformations. The 

emerging horizontal (H20)6 units possess three equatorial 

hydrogen atoms and three equatorial hydrogen bonds available 

for horizontal building. Fieser [3-33] further notes that this 

structure “suggests the possible existence of a hydrocarbon of 

analogous conformation of the formula C12H18, which might be 

named ’iceane’. The model indicates a stable strain-free struc- 

ture analogous to adamantane and twistane. ’Iceane’ thus pre- 

sents a challenging target for synthesis.” Within a decade the 

challenge was met [3-32]. 

Figure 3-34. 
Ice crystal structure and the 
iceane hydrocarbon molecule 
after Fieser [3-33] and Cupas 

and Hodakowski [3-32], 
respectively. 

O H 

There is a close relationship between the adamantane, 

C10H16, molecule and the diamond crystal. Diamond has even 

been termed the “infinite adamantylogue to adamantane” 

[3-34]. While iceane has symmetry, adamantane has 7^. 

This high symmetry can be clearly seen when the configuration 

of adamantane is described by four imaginary cubes packed one 

inside the other, two of which are shown in Fig. 3-35 [3-35]. The 
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Figure 3-35. 
Adamantane, C10H16 or 

(CH)4(CH2)6 in two represen- 

tations. 

Figure 3-36. 
Adamantane-analogs among 
inorganic polymeric oxides, 
e.g., P4O6 and (P0)406. 

OP 

o 0 

adamantane geometry may be described, for example, by the 

following four parameters; Ri, the C-C bond length, R2, the 

mean C-H bond length, R^,, the bond angle C-CH2-C at the 

secondary carbon, and R4, the H-C-H bond angle. Then the 

edge lengths of the four imaginary cubes can be expressed by 

these parameters. Four of the vertices of the smallest cube are 

occupied by the four tertiary carbon atoms. This cube is the 

smaller of the two cubes shown in Fig. 3-35. The length of its 

edge is 

TC = [2Ri sin(i?3/2)]/V 2. 

The hydrogen atoms adjoining the tertiary carbons occupy four 

tetrahedrally related vertices of a cube with edge length 
TH = 2(TC + i?2/^3). 

This cube is not shown in Fig. 3-35. The six secondary carbon 

atoms are located at the face centers of a cube with edge length 

SC = 2[TC + Ri cos(i?3/2)]. 

This corresponds to the larger of the two cubes shown in 

Fig. 3-35. Finally the hydrogens adjoining the secondary car- 

bons lie on the diagonals of the faces of a cube whose edge 

length is 

SH = 2[SC + R2 cos(i^/2)]. 

Similar structures are found among the inorganic polyoxides, 

where by analogy to adamantane, (CH)4(CH2)6, the general 

formula is A4O5. Here A may be, e.g., P, As, Sb, or the P O 

group, as illustrated in Fig. 3-36. 

Adamantane molecules may be imagined to join at vertices, 

edges, or even at faces. Examples are shown in Fig. 3-37; most of 

them, however, have not yet been synthesized (for references, 

see [3-23]). 
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Figure 3-37. 
Joined adamantanes. 

(a) At vertices, [IJdiadaman- 

tane [3-36]. 

(b) At edges, [2]diadamantane 

[3-37]. 

(c) At faces, diamantane (con- 

gressane) [3-34], triamantane 

[3-38], and three isomers of 

tetramantane [3-39]: “iso” C3^; 
“anti”, C2h\ and “skew” C2. 

3.7.3 Structures with Central Atom 

Adamantane is sometimes regarded as the cage analog of 

methane while diamantane and triamantane as the analogs of 

ethane and propane. Methane has, of course, a tetrahedral 

structure with the point group of the regular tetrahedron, 7}. 

Important structures may be derived by joining two tetrahedra, 

or for example two octahedra, at a common vertex, edge, or face 

as shown in Fig. 3-38. Ethane, H3C-CH3, ethylene, H2C = CH2, 

and acetylene, HC = CH, may be derived formally from joined 

tetrahedra in such a way. The analogy with the joining tetra- 

hedra is even more obvious in some metal halide structures 

with halogen bridges [3-40]. Thus, e.g., the Al2Cl7“‘ ion may be 

considered as two aluminumtetrachloride tetrahedrajoined at a 

common vertex, or the AI2CI6 molecule may be looked at as two 

such tetrahedrajoined at a common edge. These examples are 

shown in Fig. 3-39. 

In mixed-halogen complexes, as e.g. potassium tetrafluoro- 

aluminate, KAIF4, [3-41] there is also a tetrahedral metal coor- 

dination. In fact, the regular or nearly regular tetrahedral tetra- 

fluoroaluminate part of the molecule is an especially well 
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Figure 3-38. 
Joined tetrahedra and octa 

hedra. 

Figure 3-39. 
The configurations of the 

Al2Cl7“ ion and AI2CI6 mole- 

cule. 

Figure 3-40. 
Models of the KAIF4 molecule 

[3-41]. 

defined structural unit. It is relatively rigid, whereas the position 

of the potassium atom around the AIF4 tetrahedron is rather 

loose. The most plausible models for this molecule are shown in 

Fig. 3-40. The model with the two halogen bridges gives the 

best fit to experimental data [3-41]. The KAIF4 molecule is 

merely a representative from a large class of compounds with 

growing practical importance: the mixed halides have greatly 

enhanced volatility compared with the individual metal halides. 

The dilemma in the models shown in Fig. 3-40 is not unique 

for systems with central atoms. For tetralithiotetrahedrane, 

(CLi)4, the structure with the lithium atoms above the faces of 

the carbon tetrahedron was found in the calculations to be more 

stable than with the lithium atoms above the vertices [3-42]. 

The two models are shown in Fig. 3-41. The stable structure of 

(CLi)4 is reminiscent of the (CFl3Li)4 molecule [3-43] in which 

the methyl groups are above the faces of the tetrahedron con- 

sisting of the lithium atoms. 

Figure 3-41. 
Models of the (CLi)4 molecule 

[3-42]. 
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Figure 3-42. 
(a) Ferrocene: Prismatic (Z)5^) 

and antiprismatic {D^J) 
models. 

(b) Dibenzene chromium: 

prismatic model 

The prismatic cyclopentadienyl and benzene complexes of 

transition metals (see e.g. [3-10]) are reminiscent of the poly- 

cyclic hydrocarbon prismanes. Fig. 3-42 shows ferrocene, 

(C5H5)2Fe, for which both the barrier to rotation and the free 

energy difference between the prismatic (eclipsed) and antipris- 

matic (staggered) conformations are very small [3-44]. Fig. 3-42 

presents also a prismatic model with symmetry for diben- 

zene chromium, (C6H6)2Cr. 

Molecules with multiple bonds between metal atoms often 

have structures with beautiful and highly symmetrical poly- 

hedral shapes [3-45]. Only two examples are mentioned here. 

One is the square prismatic [Re2Cl8]^" ion [3-46] shown in 

Fig. 3-43 which played an important role in the history of 

the discovery of metal-metal multiple bonds. The other is the 

paddle-like structure of the anhydrous dimolybdenum tetra- 

acetate, MO2(02CCH3)4, in the vapor phase [3-47] shown in 

Fig. 3-44. 

Figure 3-43. 
The square prismatic structure 

of the [Re2Cl8]^^ ion which 

played a historic role in the 

discovery of metal-metal mul- 

tiple bonds ([3-46], cf [3-45]). 

Figure 3-44. 
The paddle-like structure of 

the anhydrous dimolybdenum 

tetra-acetate, Mo2(02CCH3)4, 
from a gas electron diffraction 

study [3-47]. 
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Incidentally, there is a class of organic hydrocarbons which 

are called paddlanes on account of their similarity to the shape 

of the paddles that propel riverboats [3-48]. The very symmet- 

rical one called [2.2.2.2]paddlane (Fig. 3-45) has not yet been 

prepared due to its high strain energy. In fact, the most unusual 

Figure 3-45. 
[2.2.2.2]Paddlane, a highly 

strained polycyclic hydrocar- 

bon. It has not yet been pre- 

pared. 

Figure 3-46. 

(a) [l.l.lJPropellane 

(b) l,3-Diborabicyclo[l.l.l]- 

pentane. Analogous structures 

and bonding situations were 

found by a theoretical investi- 

gation [3-50]. 

H 

H 

parent polycyclic hydrocarbon known to date is a somewhat 

related substance, [1.1.1]propellane [3-49] shown in Fig. 3-46a. 

This highly strained molecule has an interesting structure in 

that the two bridgehead carbon atoms possess inverted config- 

urations, and there is no formal bond between them. On the 

other hand, the separation of the two bridgehead carbons 

corresponds to the distance for a normal chemical bond 

according to a theoretical investigation by Jackson and Allen [3- 

50]. They found a similar bonding situation in 1,3-diborabicyc- 

lo-[l.l.l]pentane (Fig. 3-46b). In fact, as the interaction between 

the bridgehead carbons of [1.1.1] propellane has been inter- 

preted by three-center, two-electron orbitals, there is a natural 

analogy with the boron bonding situations in borohydrides and 

carboranes. The comparison of these two molecules is a good 

example of how an understanding of the correlation between 

chemical bonding and the geometrical aspects of molecular 

structure facilitates bridging the two domains of organic and 

inorganic chemistry. Reference should also be made to the 

fundamental work by Hoffmann [3-51] with respect to the 

structural concepts bridging organic and inorganic chemistry. 

The hydrocarbon skeleton of [l.l.l]propellane seems to be 

“electrondeficient” while the extra electron density which gives 

the molecule its normal electron complement is on the outside 

of the skeleton. 
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3.7.4 Regularities in Non-Bonded Distances 

The structure of [l.l.ljpropellane is interesting as it shows a 

sort of “pseudobonding” situation with proper “bonding geo- 

metry” of the bridgehead carbon atoms between which, how- 

ever, there is no chemical bond. In some respects, the situation is 

reversed in the structure of the ONF3 molecule (Fig. 3-47) 

which can be looked at as a regular tetrahedron formed by three 

fluorines and one oxygen while there is, of course, true bonding 

from each of these atoms as ligands to the central nitrogen 

atom. The non-bonded F... F and F... O distances representing 

the lengths of the edges of a tetrahedron are indeed equal within 

the experimental errors of their determination [3-52] as shown 

in Fig. 3-47. The bond lengths and bond angles are also given. 

The molecule has Qv symmetry, and the central nitrogen atom 

is obviously not in the center of the essentially regular tetra- 

hedron of its ligands. 

Figure 3-47. 
The molecular geometry of 

ONF3 [3-52]. 

(a) Bond lengths and bond 

angles. 

(b) Non-bonded distances. 

0 

1.158(4)A 

F 

\ 2.214(13)A 

In some molecular geometries, the so-called intramolecular 

1,3 separations are remarkably constant. The “1,3” label refers to 

the interactions between two atoms in the molecule which are 

separated by a third atom. The near equality of the non-bonded 

distances in the ONF3 molecule is a special case. What is usually 

observed is the constancy of a certain 1,3 non-bonded distance 

throughout a series of related molecules. Significantly, this 

constancy of 1,3-distances may be accompanied by consid- 

erable changes in the bond lengths and bond angles within the 

three atom group. The intramolecular 1,3 interactions have also 

been called intramolecular van-der-Waals interactions, and 

Bartell [3-53] postulated a set of intramolecular non-bonded 

1,3 radii. These 1,3 non-bonded radii are intermediate in value 

between the corresponding covalent radii and “traditional” van- 

der-Waals radii, all compiled for some elements in Table 3-5. 
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Table 3-5. Covalent, 1,3 Intramolecular Non-bonded, and Van- 
o 

der-Waals Radii of Some Elements (in A units) 

Element Covalent 

RadiP^ 

1,3 Intra- 

molecular 

Non-bonded 

Radii*’* 

Van-der-Waals 

Radii^^ 

B 0.817 1.33 

C 0.772 1.25 

N 0.70 1.14 1.5 

O 0.66 1.13 1.40 

F 0.64 1.08 1.35 

A1 1.202 1.66 

Si 1.17 1.55 

P 1.10 1.45 1.9 

S 1.04 1.45 1.85 

Cl 0.99 1.44 1.80 

Ga 1.26 1.72 

Ge 1.22 1.58 

As 1.21 1.61 2.0 

Se 1.17 1.58 2.00 

Br 1.14 1.59 1.95 

after Pauling [3-55] 

after Bartell [3-53] and Glidewell [3-56] 

Fig. 3-48 shows some structural peculiarities which origi- 

nally prompted Bartell [3-54] to recognize the importance of 

the intramolecular non-bonded interactions. It was an inter- 

esting observation that the three outer carbon atoms in 

H2C = C(CH3)2 were arranged as if they were at the corners of 

an approximately equilateral triangle, as shown in Fig. 3-48a. 

Since the central carbon atom in this arrangement is obviously 

not in the center of the triangle, the bond angle between the 

bulky methyl groups is smaller than the ideal 120°. In the other 

example, in Fig. 3-48b, the C-C bond lengthening is related to 

the increasing number of non-bonded interactions. 
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Figure 3-48. 

Geometrical consequences of 

non-bonded interactions after 

Bartell [3-54]. 

(a) The three outer carbon 

atoms of H2C = C(CH3)2 are 
in the corners of an approxi- 

mately equilateral triangle, 

leading to a relaxation of the 

bond angle between the 

methyl groups. 

(b) Considerations of non- 

bonded interactions in the 

interpretation of the C-C 

single bond length changes 

in a series of molecules. 

Of course, the 1,3 intramolecular non-bonded radii (Table 

3-5) are purely empirical, but so are the other kinds of radii. 

Some of the 1,3 non-bonded radii have been up-dated [3-56] 

based on more recent experimental data. The 1,3 non-bonded 

radius for fluorine has proved to be remarkably well established. 

Some time ago a controversy between two structure determina- 

tions of tetrafluoro-l,3-dithietane. 

was settled by considering the constancy of the F... F non- 

bonded distances [3-57]. The mean of the F... F 1,3-distances 

in 40 molecules containing a CF3 group was found to be 2.162 A 
with a standard deviation of 0.008 Al The postulated 1,3 non- 

bonded radius for fluorine was 1.08 A [3-53]. 

The O... O non-bonded distances in XSO2Y sulfones have 

been observed to be remarkably constant at 2.48 A [3-58] in a 

relatively large series of compounds. At the same time the S = O 

bond lengths varied up to 0.05 A and the O = S = O bond angles 

up to 5° depending on the nature of the X and Y ligands. Fig. 

3-49 illustrates this structural feature. The geometrical varia- 

tions in the sulfone series could be visualized (Fig. 3-50a) as if 

the two oxygen ligands were firmly attached to two of the four 

vertices of the ligand tetrahedron around the sulfur atom, and 

this central atom were moving along the bisector of the OSO 

angle depending on the X and Y ligands [3-59]. 
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Figure 3-49. 
Two empirical relationships 

are shown here concerning 

the geometry of the SO2 parts 

of a series of XSO2Y sulfone 

molecules [3-58]. One of the 

curves expresses linear corre- 

lation between the r(S = 0) 

bond lengths and < (OSO) 

bond angles: 

<=-147.7 r+331.7 (o = 0.6°). 

The other utilizes the constan- 

cy of the O ... O distance ob- 

served at 2.484 A (a = 0.004 A) 
in this series of substances: 

<=2 arc sin (2.484/2 r). 

= 0 (°) 

Figure 3-50. 

(a) The configuration of 

XSO2Y sulfone molecules 

I 
I 

0 

The sulfuric acid, H2SO4 or (H0)S02(0H), molecule has its 

four oxygens around the sulfur at the vertices of a nearly regular 

tetrahedron, Kig. 3-50b. Compared with the differences in the 

various OSO angles (up to 20°) and in the two kinds of SO 

bonds (up to 0.15 A), the greatest difference among the six 

O... O non-bonded distances is only 0.07 A [3-60]. 

(b) The configuration of the 

sulfuric acid molecule 
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The alkali sulfate molecules used to appear in old textbooks 

with the following structural formula: 

(c) The configuration of alkali 

sulfate molecules, M2SO4. 

It has been established (see e.g. [3-61]), however, that the SO4 

groups in such molecules have nearly regular tetrahedral confi- 

guration. The metal atoms are located on axes perpendicular to 

the edges of the SO4 tetrahedron. Thus this structure is bicyclic 

as shown in Fig. 3-50c. There is a marked similarity between the 

sulfate and the KAIF4 tetrafluoroaluminate structures in that 

both have a well-defined, rather rigid tetrahedral nucleus 

around which the alkali atoms occupy relatively loose posi- 

tions. 

3.7.5 The VSEPR Model 

Numerous examples of molecular structures have been 

introduced in the preceding sections. They are all confirmed 

by modern experiments and/or calculations. We would like to 

know, however, not only what is the structure of a molecule and 

its symmetry, but also, why a certain structure with a certain 

symmetry is realized.? 

It has been a long-standing goal in chemistry to determine 

the shape and measure the size of molecules, and also to calcu- 

late these properties. Today, quantum chemistry is capable of 

determining the molecular structure, at least for relatively 

simple molecules, starting from the mere knowledge of the 

atomic composition, and without using any empirical informa- 

tion. Such calculations are called ab initio. The primary results 

from these calculations are, however, wave functions and ener- 

gies which may also be considered “raw measurements” similar 

to some experimental data. At the same time there is a desire to 

understand molecular structures in simple terms, for example, 

the localized chemical bond, that have proved so useful to 

chemists’ thinking. There is a need for a bridge between the 

measurements and calculations on one hand, and simple quali- 

tative ideas, on the other hand. There are several qualitative 

models for molecular structure that serve this purpose well. 

These models can explain, for example, why the methane 

molecule is regular tetrahedral, 7}, why ammonia is pyramidal. 
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Figure 3-51. 
The molecular configuration 

of OPF3 and OCIF3. 

Cs^, why water is bent, €2^, and why the xenon tetrafluoride 

molecule is square planar, etc. It is also important to under- 

stand why seemingly analogous molecules like OPF3 and 

OCIF3 have so different symmetries, the former and the 

latter Q as seen in Fig. 3-51? 

F F 

The structure of a series of the simplest AX^ type molecules 

will be examined in terms of one of these useful and successful 

qualitative models. A is the central atom, X are the ligands, and 

not necessarily all n ligands are the same. The qualitative 

models simplify the picture. They usually consider only a few, if 

not just one, of the many effects which are obviously present 

and are interacting in a most complex way. The measure of the 

success of these qualitative models is in their ability to create 

consistent patterns for interpreting individual structures and 

structural variations in a series of molecules, and above all, in 

their ability to correctly predict the structures of molecules, not 

yet studied or possibly not yet prepared. 

One of the simplest models is based on the following pos- 

tulate [3-62]: The geometry of the molecule is determined by the 

repulsions among the electron pairs in the valence shell of its central 

atom. The valence shell is the outermost shell of the electron 

cloud surrounding the atomic nucleus, and it is the electrons of 

this shell that participate in the chemical bonding. The atoms in 

the molecule are usually linked by pairs of electrons, one of the 

electrons originating from one atom and the other from the 

other atom. These two electrons are called the bonding pair. 

The valence shell of an atom may also have other electron pairs 

that do not participate in bonding and belong to this atom 

alone. They are called unshared or lone pairs of electrons. The 

above postulate emphasizes the importance of both bonding 

pairs and lone pairs in establishing the molecular geometry. The 

model is appropriately called the Valence Shell Electron Pair 

Repulsion or VSEPR model. The bond configuration around 

atom A in the molecule AX^, and accordingly, the geometry of 

the AXn molecule, is such that the electron pairs of the valence 

shell be at maximum distances from each other, as if the elec- 

tron pairs were mutually repelling each other. Thus the situa- 

tion may be visualized in such a way that the electron pairs 

occupy well-defined parts of the space around the central atom 

corresponding to the concept of localized molecular orbitals. 
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If it is assumed that the valence shell of the central atom 

retains its spherical symmetry in the molecule, then the electron 

pairs will be at equal distances from the nucleus of the central 

atom. In this case the arrangements at which the distances 

among the electron pairs are at maximum, will be the following: 

number of electron pairs arrangement 

in the valence shell 

2 linear 

3 equilateral triangle 

4 tetrahedron 

5 trigonal bipyramid 

6 octahedron 

For spherical symmetry, the electron pairs can be represented 

by points on the surface of a sphere. Then the shapes shown in 

Fig. 3-52 are obtained by connecting these points. Of the three 

polyhedra shown in Fig. 3-52, only two are regular, viz. the 

tetrahedron and the octahedron. The trigonal bipyramid is not 

a regular polyhedron; although its six faces are equivalent, its 

edges and vertices are not. Incidentally, the trigonal bipyramid 

is not a unique solution to the five-point problem. Another, only 

slightly less advantageous arrangement is the square pyramidal 

configuration and there are numerous intermediate ones be- 

tween the trigonal bipyramid and the square pyramid. 

Figure 3-52. 
Molecular shapes from a 

points-on-the-sphere model. 

The repulsions considered in the VSEPR model may be 

expressed by the potential energy terms 

v,j = if//'-, 
where is a constant, is the distance between the points /and 

j, and the exponent n is large for strong or “hard” repulsion inter- 

actions and small for weak or “soft” repulsion interactions. 

Experience shows [3-63] that the value of n is much larger than 

it would be for simple electrostatic Coulomb interactions. 

Indeed, when n is larger than 3, the results become rather insen- 

sitive to the value of n. That is very fortunate because n is not 

really known. This insensitivity to the choice of n is what pro- 

vides the wide applicability of the VSEPR model. 
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3.7.5.1 Analogies 

It is easy not only to imagine the three-dimensional conse- 

quences of the VSEPR model, but it is also easy to demonstrate 

them in reality. We need only to blow up a few balloons that 

children play with [3-64]. If groups of two, three, four, five, and 

six balloons, respectively, are connected at the ends near their 

openings, the resulting arrangements are shown in Fig. 3-53. 

Obviously, the space requirements of the various groups of 

balloons acting as mutual repulsions, determine the shapes and 

symmetries of these assemblies. There is no difficulty in rec- 

ognizing the linear arrangement of two balloons, the trigonal 

planar shape of three, the regular tetrahedron of four, the tri- 

gonal bipyramid of five, and the octahedron of six balloons. 

Thus the balloons here play the role of the electron pairs of the 

valence shell. 

Figure 3-53. 
Shapes of groups of balloons. 

Another beautiful analogy with the VSEPR model and one 

found directly in nature, is demonstrated in Fig. 3-54. These are 

drawings of walnuts growing together (cf [3-65]). The small 

clusters of walnuts have exactly the same arrangements for two, 

three, four, and five walnuts in assemblies as predicted for the 

electron pairs in the valence shell by the VSEPR model or as 

those shown by the balloons. The walnuts are required to 

accommodate themselves to each other’s company, and find 

the arrangements that are most advantageous considering the 

space requirements of all. Incidentally, the balloons and the 

walnuts may be considered as “soft” and “hard” objects, with 

weak and strong interactions, respectively. The complete con- 

sistency in their resulting configurations is comforting. 

3.7.5.2 Molecular Shapes 

Using the VSEPR model it is simple to predict the shape and 

symmetry of a molecule from the total number of bonding pairs, 

n, and lone pairs, m., of electrons in the valence shell of its central 

atom. The molecule may then be written as AX^Em where E 

denotes a lone pair of electrons. 
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Figure 3-54. 
Walnut clusters drawn by 

Ferenc Lantos. 

For the present diseussion, only a few examples will be de- 

scribed for illustration purposes. For a comprehensive cover- 

age see, e.g., [3-62]. 

First, we shall consider the methane molecule, shown in Fig. 

3-55 together with ammonia and water. Originally there were 

four electrons in the carbon valence shell, and these formed four 

C-H bonds, with the four hydrogens contributing the other four 

electrons. Thus methane is expressed by AX4 and its symmetry 

is, accordingly, regular tetrahedral. In ammonia originally there 

were five electrons in the nitrogen valence shell, and the for- 

mation of the three N-H bonds added three more. With the 

three bonding pairs and one lone pair in the nitrogen valence 

shell, ammonia may be written as AX3E and, accordingly, the 

arrangement of the molecule is related to a tetrahedron. How- 

ever, only in three of its four directions do we find bonds, and 

consequently ligands, while in the fourth there is a lone pair of 

electrons. Hence a pyramidal geometry is found for the am- 

monia: molecule. The bent configuration of the water molecule 

can be similarly deduced. 
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Figure 3-55. 
The molecular configuration 

of methane, ammonia and 

water. 

Figure 3-56. 
Bond configurations with 2, 3, 

4, 5, and 6 electron pairs in 

the valence shell of the 

central atom after [3-62]. 

Reproduced with permission 

from R. J. Gillespie. 

In order to establish the total number of electron pairs in the 

valence shell, the number of electrons originally present and the 

number of bonds formed need to be considered. A summary of 

geometrical arrangements for a series of various types of simple 

molecules is shown in Fig. 3-56. 
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Figure 3-57. 
The angles of sulfur difluoride 

as determined by ab initio 

molecular orbital calculations 

[3-66]. 

Figure 3-58. 
The three different kinds of 

oxygen-sulfur-oxygen bond 

angles in the dimethyl sulfate 

molecule as determined by 

electron diffraction [3-68]. 

H3CO 

The molecular shape to a large extent determines the bond 

angles. Thus the bond angle X-A-X is 180° in the linear AX2 

molecule, it is 120° in the trigonal planar AX3 molecule, and 

109°28’ in the tetrahedral AX4 molecule. The arrangements 

shown in Fig. 3-56 correspond to the assumption that the 

strengths of the repulsions from all electron pairs are equal. In 

reality, however, the space requirements and accordingly, the 

strengths of the repulsions from various electron pairs may be 

different depending on various circumstances as described in 

the following three subrules [3-62]. 

1. A lone pair, E, in the valence shell of the central atom has a 

greater space requirement in the vicinity of the central 

atom than does a bonding pair. Thus a lone pair exercises 

a stronger repulsion towards the neighboring electron 

pairs than does a bonding pair, b. The repulsion strengths 

weaken in the following order: 

E/E > E/b > b/b. 

This order is well illustrated by the various angles in sulfur 

difluoride in Fig. 3-57 as determined by ab initio molecular 

orbital calculations [3-66]. This is also why, for example, the 

bond angles H-N-H of ammonia, 106.7° [3-67], are smaller 

than the ideal tetrahedral value, 109.5°. Unless stated other- 

wise, the parameters in the present discussion are taken 

from [3-67]. 

2. Multiple bonds, b^, have greater space requirements than 

do single bonds and thus exercise stronger repulsions 

towards the neighboring electron pairs than do single 

bonds. The repulsion strengths weaken in the following 

order: 

bm/bm > bm/b > b/b 

A consequence of this is that the bond angles will be larger 

between multiple bonds than between single bonds. The 

structure of dimethyl sulfate provides a good example as 

shown in Fig. 3-58. This molecule has three different types 

of OSO bond angles and they change in the following 

order: 

s=o/s=o > s=o/s-o > s-o/s-o 
Another example is the structure of the sulfuric acid mole- 

cule, or more generally, the configurations of the XSO2Y 

sulfones (cf. Fig. 3-50) for which 

S = 0/S = 0 > S = 0/S-X (or S = 0/S-Y) > S-X/S-Y 
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3. A more electronegative ligand decreases the electron den- 

sity in the vicinity of the central atom as compared with a 

less electronegative ligand. Accordingly, the bond to a less 

electronegative ligand, bx, has a greater space requirement 

than the bond to a more electronegative ligand, by. The 

repulsion strengths then weaken in the following order: 

bx/bx ^ bx/by by/by 
Consequently, the bond angles are smaller for more elec- 

tronegative ligands than for less electronegative ligands. An 

example of this effect can be seen in a comparison of sulfur 

difluoride and sulfur dichloride, for each of which the bond 

angles are shown in Fig. 3-59. Another example is provided 

again by the XSO2Y sulfone series in Fig. 3-49. As the elec- 

tronegativities of the ligands X and Y increase, the S O 

bonds shorten and the O = S = O bond angles open some- 

what. With decreasing electronegativities the opposite 

effect is observed. 

Figure 3-59. 
Experimentally determined 

bond angles of sulfur difluor- F 

ide [3-69] and sulfur dichlor- 

ide [3-70]. 

It is interesting to compare the implications expressed by 

these subrules with the depiction of some localized molecular 

orbitals shown in Fig. 3-60 after Schmiedekamp et al. [3-66]. It is 

seen indeed that the lone pair of electrons occupies more space 

than do the bonding pairs in the vicinity of the central atom. 

Also, a bond to a more electronegative ligand such as fluorine 

occupies less space in the vicinity of the central atom than does 

a bond to a less electronegative ligand such as hydrogen. It is 

also seen that a double bond occupies more space than a single 

bond. The angular ranges of the corresponding contours in the 

Figure 3-60. 
Localized molecular orbitals 

represented by contour lines 

denoting electron densities of 

0.02, 0.04, 0.06 etc. electron/ 

Bohr^ from theoretical calcu- 

lations [3-66]. 

o 
1 A 

I 1 

125 



Figure 3-61. 
The bond angles of ammonia 

and phosphine [3-67]. 

H 

Figure 3-62. 
Changing relationship between 

the axial and equatorial bond 

lengths depending on the 

strength of the repulsion 

interactions. 

a 

n< 3.4 

electron density plots are all in good qualitative agreement with 

the postulates of the VSEPR model, the difference between 

the lone pair and bonding pairs being especially large. 

The VSEPR model has a fourth subrule that concerns the 

relative availability of space in the valence shell: 

4. There is less space available in a completely filled valence 

shell than in a partially filled valence shell. Accordingly, the 

repulsions are stronger and the possibility for angular chan- 

ges are smaller in the filled valence shell than in the partially 

filled one. Thus, for example, the bond angles of ammonia 

are closer to the ideal tetrahedral value than are those of 

phosphine. The experimental values are given in Fig. 3-61. 

It has been shown that the differences in the electron pair 

repulsions may account for the bond angle variations in several 

series of molecules. The question now arises as to whether these 

differences have any effect in the symmetry choice of the mole- 

cules. In the four-electron-pair systems the differences in the 

electron pair repulsions have a decisive role in the sense that the 

AX4, EBX3, E2CX2 molecules have Tj, C2^ symmetries, 

respectively. Within each series, however, the symmetry is pre- 

served regardless of the changes in the ligand electronegativ- 

ities. For example, only the bond angles change in the molecules 

EBX3 and EBY3, the symmetry remains the same. 

Ligand electronegativity changes may have decisive effects, 

however, on the symmetry choices of various bipyramidal 

systems, of which the trigonal bipyramidal configuration is the 

simplest. 

When five electron pairs are present in the valence shell of 

the central atom, the trigonal bipyramidal configuration is 

usually found, although a tetragonal pyramidal arrangemient 

cannot be excluded in some cases. Even intermediate arrange- 

ments between these two may appear to be the most stable in 

some special structures. The trigonal bipyramidal configuration 

with an equilateral triangle in the equatorial plane has ^3^ 

symmetry while the square pyramidal has 64^ symmetry. The 

intermediate arrangements have C2V symmetry or nearly so. 

Indeed, rearrangements often occur in trigonal bipyramidal 

structures performing low-frequency large-amplitude motion. 

Such rearrangements will be illustrated later. 

The positions in the 1)3^ trigonal bipyramid are generally not 

equivalent. For n values larger than 3.4, in the expression 

V= K/r^\ the axial ligand position is further away from the cen- 

tral atom than the equatorial one. The reverse is true for;? values 

smaller than 3.4, as is illustrated in Fig. 3-62. The axial and equa- 

torial positions are at equal distances from the central atom 

when ;/==3.4. These variations, however, have no effect on the 

symmetry of the AX5 structures and this is eomforting from 
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the point of view of the applicability of the VSEPR model in 

establishing the point group symmetries of such molecules. 

On the other hand, when there is inequality among the elec- 

tron pairs, the differences in the axial and equatorial positions 

do have importance for symmetry considerations. The PF5 

molecule as an AX5 system shows unambiguously 

symmetry in its trigonal bipyramidal configuration. However, 

the prediction of the symmetry of the SF4 molecule that may be 

written as AX4E, is less obvious. For SF4 the problem is where 

will the lone pair of electrons occur.?’ 

An axial position in the trigonal bipyramidal arrangement 

has three nearest neighbors at 90° away, and one more neighbor 

at 180°. For an equatorial position there are two nearest neigh- 

bors at 90° and two further ones at 120°. As the closest electron 

pairs exercise by far the strongest repulsion, the axial positions 

are affected more than the equatorial ones. In agreement with 

this reasoning, the axial bonds are usually found to be longer 

than the equatorial ones. If there is a lone pair of electrons with a 

relatively large space requirement, it should be found in the 

more advantageous equatorial position. Accordingly, the SF4 

structure has C2V symmetry, as does the CIF3 molecule, which is 

of the AX3E2 type. Finally, the XeF2 molecule is AX2E3 with all 

three lone pairs in the equatorial plane, hence its symmetry is 

Dooh- All these structures are depicted in Fig. 3-63. 

By similar reasoning, the VSEPR model predicts that a 

double bond will also occupy an equatorial position. Thus 

the point group may easily be established for the molecules 

0 = SF4, 0 = C1F3, Xe03F2, and Xe02F2, as is also seen in 

Figure 3-63. 
Molecules with trigonal bipy- 

ramidal and related configura- 
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Fig. 3-63. We note the Q symmetry for the OCIF3 molecule (cf 

Fig. 3-51) as a consequence of the bipyramidal geometry with 

both the Cl = O double bond and the lone pair in the equatorial 

plane. The molecule OPF3 (cf Fig. 3-51) is only seemingly 

analogous. There is no lone pair in the phosphorus valence 

shell, and thus the molecule has a distorted tetrahedral bond 

configuration. The P = 0 double bond is along the three-fold 

axis, and the point group is C'^y, similar to that for ammonia. 

Of the arrangements shown in Fig. 3-63 only those for PF5, 

Xe03F2, and XeF2 are equilateral trigonal bipyramids. The 

others do not have trigonal symmetry. 

Lone pairs and/or double bonds replaced single bonds in the 

above examples. Similar considerations are applicable when 

only ligand electronegativity changes take place. A typical and 

very simple example can be demonstrated by a comparison of 

the structures of PF2CI3 and PF3CI2 [3-71]. The chlorine atoms 

are less electronegative ligands than the fluorines, and they will 

be in equatorial positions in both structures as seen in Fig. 3-64. 

The point groups are C'lv for PF3CI2 and for PF2CI3. Were 

the chlorines in the axial positions in PF3CI2, this molecule 

would also have the much higher symmetry 

Figure 3-64. 
The molecular structures of 

PF3CI2 and PF2CI3 are not 

analogous: the chlorine 

ligands occupy equatorial 

positions in both cases [3-71]. 

F 
1.599(2)A 

F 

There are various interesting structural variations in the 

series of molecules derived from PF5 by gradual methyl substi- 

tution. Some structural features for the PF5, CH3PF4, (CH3)2PF3, 

(CH3)3PF2 molecules are presented in Fig. 3-65. As has been 

shown [3-74], all the important structural features are explained 

by the VSEPR model in a straightforward manner. We restrict 

ourselves here to enumerating only the following structural 

features [3-74]: 

1. The molecules are trigonal bipyramids. 

2. The methyl groups oecupy equatorial positions. 

3. The axial bonds are longer than the corresponding equa- 

torial bonds. 

4. As the number of methyl substituents increases, all bond 

lengths increase, but the ratio of the length of the axial 

bonds to the length of the equatorial bonds also increases. 

5. The P-F bonds bend away from the P-C bonds. 

There is complete analogy in the following two series: 

PF5 SF4 CIF3 ArF2 

PF5 CH3PF4 (CH3)2PF3 (CH3)3PF2 
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Figure 3-65. 
Molecular geometries of the 

series PF5 [3-72], CH3PF4 

[3-72], (CH3)2PF3 [3-72], 

(CH3)3PF2 [3-73], 

Figure 3-66. 
Molecular configuration of 

phosphorus pentachloride and 

its CFs-substituted derivatives; 

PCI5 [3-75], CF3PCI4 [3-76], 
(CF3)2PCl3 [3-77, 3-78], 

(CF3)3PCl2 [3-79]. 

Of these, argon difluoride has not yet been studied. Its linear 

structure with a 1.76 A bond length has been suggested, in fact, 

by this comparison [3-73]. 

The agreement between CF3-substituted phosphorus pen- 

tachloride configurations and the VSEPR model is also excel- 

lent. The slightly more electronegative trifluoromethyl ligands 

occur in the axial positions as seen in Fig. 3-66. 

CF3 

F3C 

Cl 

CF3 

Figure 3-67. 
Molecular configurations of 

phosphorus pentafluoride and 

its CF3-substituted derivatives: 

PFs [3-72], CF3PF4 [3-79- 

3-81], (CF3)2PF3 [3-79], 

(CF3)3PF2 (3-79]. 

The structural results reported for CF3-substituted phospho 

rus pentafluorides seem to be less unambiguous. The molecular 

configurations are indicated in Fig. 3-67. However, it is neces- 

sary to discuss the available data in terms of the experimental 
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methods employed. According to electron diffraction [3-79], 

there is an equilibrium between two configurations of the 

mono-CF3-substituted phosphorus pentafluoride, CF3PF4. The 

interpretations of the N.M.R. spectra were contradictory 

depending on the nucleus whose magnetic resonance was 

recorded. The F-19 data indicated an axial CF3 group [3-80] 

whereas the C-13 data, an equatorial one [3-81]. Oberhammer 

et al. [3-79] suggested that both configurations are present and 

are rapidly interconverting. This may resolve the apparent con- 

tradiction in the N.M.R. information. A rapid interconversion 

between two configurations would be revealed as an apparent 

mixture by electron diffraction as the interaction time in this 

experiment is much shorter than the time of the interconversion, 

or than the N.M.R. interaction time, for that matter. The con- 

figuration of the (CF3)3PF2 molecule is again in complete 

agreement with the VSEPR model. On the other hand, there is a 

puzzling discrepancy for the (CF3)2PF3 configuration for which 

electron pair repulsion and ligand electronegativity considera- 

tions would suggest equatorial positions for the CF3 groups. 

The experimentally determined structure has a higher sym- 

metry than the one predicted by the VSEPR model would have. 

The (CE3)2PE3 structure is analogous to that of (CF3)2PCl3. For 

the latter, however, there is no discrepancy with the model as 

the CF3 electronegativity is slightly greater than that of chlo- 

rine. As has been seen before, the methyl groups of (CH3)2PF3 

occur in equatorial positions, see Fig. 3-65, in agreement with 

the VSEPR model. 

All six electron pairs are equivalent in the AX^ molecule and 

so the symmetry is unambiguously 0^. An example is SF5. The 

IF5 molecule, however, corresponds to AX5E and its square 

pyramidal configuration has symmetry. There is no ques- 

tion here as to the preferred position for the lone pair, as any of 

the six equivalent sites may be selected. When, however, a 

second lone pair is introduced, then the favored arrangement is 

that in which the two lone pairs find themselves at the maxi- 

mum distance apart. Thus for XeE4, i.e. AX4E2, the bond confi- 

guration is square planar, point group D^/,. The above men- 

tioned three structures are depicted in Eig. 3-68. 

Figure 3-68. 
Molecules with octahedral 

and related configurations. 
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The difficulties encountered in the discussion of the five 

electron pair valence shells are intensified in the case of the 

seven electron pair case. Here again the ligand arrangements 

are less favorable than for the nearest coordination neighbors, 

i.e. six and eight. It is not possible to arrange seven equivalent 

points in a regular polyhedron, while the number of noniso- 

morphic polyhedra with seven vertices is large, viz. 34 [3-82]. 

No single one of them is distinguished, however, from the others 

on the basis of relative stability. Some of the possible arrange- 

ments are shown in Fig. 3-69. There may be quite rapid rearran- 

gements among the various configurations. 

Figure 3-69. 
Configurations with 7 electron 

pairs in the valence shell of 

the central atom. 

One of the early successes of the VSEPR model was that it 

correctly predicted a nonregular structure for XeF^ by con- 

sidering it as a seven-coordination case, AX6E. Some possible 

distorted octahedral configurations for XeF^ are shown in 

Fig. 3-70. They have been found to be in agreement with experi- 

mental evidence. 

Figure 3-70. 
Distorted octahedral structures 

of xenon hexafluoride. Bartell: 

“An electron pair isn’t like a 

baseball bat that’s round; it’s 

like a British cricket bat that’s 

flattened out.” [3-83]. 

3.7.5.3 Generalized Applicability Test 

From the very beginning of the applications of the VSEPR 

model, the predictions have usually been only for bond angle 

variations. While the influence of the lone pairs on the bond 

angles has been correctly assessed, the fact that the bond angles 

represent only a part of the geometrical characterization of the 

entire valence shell configuration has been largely ignored. 

Some bond angle variations seemingly incompatible with 

the model have been noted, e.g., [3-84 - 3-87]. These discrepan- 

cies were the more puzzling in that they occurred among simple 

molecules, for which the VSEPR model was certainly expected 
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to be applicable. Some examples will be discussed below. First, 

however, a more generalized approach for testing the applicabi- 

lity of the VSEPR model is formulated. This formulation stems 

directly from the basic idea of the VSEPR model. 

As the shape and the geometry of a molecule is assumed to 

be determined by the repulsions among all electron pairs of the 

valence shell, 

the compatibility of a structure or structural variations 

with the VSEPR model has to be tested by examining the 

variations of all angles of all electron pairs rather than only 

those of the bond angles [3-88]. 

Indeed, the variations in the bond angles are usually the only 

ones considered as they are directly determined from the expe- 

riment. Sometimes, the angles made by the lone pairs may be 

deduced from the experimental data on the bond angles, by 

virtue of the molecular symmetry. For example, the E-P-F angle 

of the PF3 molecule can be calculated from the F-P-F bond 

angle by virtue of the symmetry of the trifluorophosphine 

molecule. On the other hand, the angles E-S-E and E-S-F of the 

SF2 molecule with C2^ symmetry cannot be calculated from 

the F-S-F bond angle. However, in many cases where the angles 

made by the lone pairs can easily be calculated from the experi- 

mentally determined bond angles, or when they may be obtain- 

ed from the results of quantum chemical calculations, they are 

often ignored. The proper application of the VSEPR model, 

however, should direct at least as much attention to the angles 

of the lone pairs and their variations as to those of the bond 

angles themselves. 

Let us consider first the experimental bond angle variations 

in the examples of the AX4, EBX3, E2CX2 series of molecules 

shown in Fig. 3-71. Originally it was stated that “... in the series 

CH4, NH3, and H2O the bond angle decreases ... as the number 

of non-bonding pairs increases.” [3-62]. While it was invariably 

observed that in going from AX4 to EBX3 the bond angles 

decreased, the replacement of another bond by a second lone 

pair did not lead to a further decrease in the bond angle in 

E2CX2, except for the case of the hydride molecules. 

As not all the angles made by the lone pairs in these tetra- 

hedral systems were attainable from the experimental data, ab 

initio molecular orbital calculations have been carried out for a 

series of molecules [3-66, 3-89]. The position of the lone pair 

was characterized by the center of its charge distribution. In the 

series, SiF4, PF3, SF2, CIR and Ar, for example, all the angles are 

listed in Table 3-6. This series of molecules may be expressed by 

the following general formulae, AX4E0, AX3E1, AX2E2, AX1E3, 

AX0E4, respectively. It is noted that the angular differences 

within each structure are in accordance with the VSEPR model. 

The calculated bond angles in the series well parallel the 

changes observed in the experimental values which are shown 

in Fig. 3-71. 
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Figure 3-71. 

The bond angles (experimen- 

tal results) in a series of AX4, 

BX3, CX2 molecules; 0, 1, and 

2 indicate the number of lone 

pairs in the valence shell of 

the central atom, for sources 

see [3-86]. 

Z.(°) 

110 

105 

100 

95 

Table 3-6. Angles Made by Bonds and Lone Pairs in a Series of Isoelectronic Molecules 

General formulae AX4E0 

Molecules SiF4 

AX3E1 

PF3 

AX2E2 
SF2 

AX1E3 
CIE 

AX0E4 
Ar 

Symmetry 

Bond angles 

Other angles 

d c Zv 

F-Si-F 109.5° F-P-F 96.9° 

E-P-F 120.2° 

C 2v 

E-S-E 98.1° 

E-S-F 104.3° 

E-S-E 135.8° 

Cc 

E-Cl-F 101.6° 

E-Cl-E 116.1° E-Ar-E 109.5° 

Reference [3-66] [3-66] [3-89] 

There is a decrease in going from the F-Si-F to the F-P-F 

angle and the latter is smaller than the F-S-F angle. On the other 

hand, the E-P-F angle is much larger than the E-S-F angle. The 

origin of this difference is decisive as the relative strength of the 

repulsive interactions decreases in the order 

E/E > E/b > b/b. 

Also, there are four E/b interactions and only one b/b inter- 

action in the sulfur valence shell of SF2. The situation here, how- 

ever, is even more complicated as there is also a strong E/E 

interaction. 
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Figure 3-72. 
All angles in the series of SF2, 

HSF SH2 molecules from ah 

initio molecular orbital calcu- 

lations [3-66]. 

Another example is provided by the experimental bond angl- 

es of SF2, 98.0° [3-69] and SH2, 92.2° [3-67]. The bond angle 

difference here is in the opposite direction from what would be 

expected from the electronegativity subrule. However, the 

structural changes in the rest of the valence shell configuration 

should not be ignored. The calculated angles - all angles, 

regardless whether they involve bonds or lone pairs - are shown 

in Fig. 3-72. Firstly, it can be noted that the E-S-E, E-S-b, and 

b-S-b angles are related to each other in each molecule exactly 

as would be predicted by the VSEPR model, considering the 

Table 3-7. Triple Average Angles for Bonds and Lone Pairs 

from ab initio Molecular Orbital Calculations [3-66] 

Orbital Molecule Triple Average Angle (°) 

S-F HSF 102.2 

SF2 102.4 

SOF2 102.9"' 

S-H HSF 103.8 

SH2 103.1 

SOH2 103.1 

SO2H2 104.7 

S = 0 SOH2 113.6 

SO2H2 113.3 

SOF2 113.7"> 

S-E SH2 114.2 

HSF 114.2 

SOH2 114.8 

SF2 114.7 

SOF2 114.9"' 

O-H OH2 107.1 

O-F OF2 103.5 

O-E OH2 111.6 

OF2 114.1 

N-F NF3 106.9"' 

N-H NH3 108.0 

N-E NF3 115.9"' 

NH3 113.3 

P-F PF3 104.7"' 

P-H PH3 103.5 

P-E PF3 120.2"' 

PH3 122.4 
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Figure 3- -73. 
The experimental bond angles 
X-S-X in XSO2X, XSOX, and 

XSX molecules. 
X sulf- sulf- sulf- 

ones oxides ides 

(CH3)2N 3-90 3-91 3-92 

CH3 3-93 3-94 3-95 

CF3 3-96 3-98 3-97 

Cl 3-98 3-99 3-70 

F 3-100 3-101 3-69 

different space requirements of lone pairs and bonds. Further- 

more, in agreement with the electronegativity subrule, the 

E-S-H angle is larger than the E-S-F angle. In both molecules 

there are four stronger E/b interactions and only one weaker 

b/b interaction. The first effect obviously prevails. The mole- 

cule HSF, not yet studied experimentally, is also shown among 

the computed structures. It is interesting to note that the E-S-F 

angle is somewhat smaller than the E-S-H angle in this mole- 

cule as well. 

The general space requirements of various bonds and lone 

pairs can be conveniently characterized by the so-called triple 

average angles [3-66]. The triple average angle is the mean of 

the three angles made by a bond or a lone pair in a tetrahedral 

configuration. For a series of bonds and lone pairs the values of 

the triple average angles are collected in Table 3-7. The triple 

average angles for a bond or for a lone pair in various molecules 

appear to be rather constant. The space requirements of the 

fluorine bonds are somewhat smaller than those of the respec 

tive hydride bonds. The space requirement of the S = O double 

bond is considerably larger than those of the single bonds and 

only slightly smaller than those of the lone pairs. The remark- 

able constancy of the general space requirements further faci- 

litates an understanding of the bond angle changes displayed, 

e.g., by the SF2 and SH2 molecules, or by the series shown 

in Fig. 3-71. The sulfur bond angle variations in analogous 
sulfones/sulfoxides/sulfides as shown in Fig. 3-73 are similar to 

the angular variations given in Fig. 3-71. The difference is that 

here first one S = O double bond, then two S = O double bonds 

are replaced by lone electron pairs. A detailed discussion is 

given in [3-66]. 

Z.X-S-X (°) 

90 
SO2X2 



Figure 3-74. 
All angles in SF4 and 

S(CF3)2F2 molecules. Experi- 
mental bond angles from 
[3-102] and [3-87], respecti- 
vely. 

Fa 

A comparison of the SF4 [3-102] and S(CF3)2F2 molecular 

geometries, Fig. 3-74, in terms of their bond angles only, would 

again suggest an incompatibility with the VSEPR model [3-87]. 

The general configuration of these molecules is unambig- 

uously predicted by the VSEPR model to be trigonal bipyrami- 

dal. For the bis(trifluoromethyl) derivative it is also predicted 

correctly that the less electronegative CF3 ligands should be 

found in the equatorial positions. According to the electronega- 

tivity subrule, the C-S-C bond angle of S(CF3)2F2 would be 

expected to be larger than the Fg-S-Fg bond angle of SF4. This 

would be the expected result if the other interactions were 

ignored. Incidentally, if steric effects rather than electron pair 

repulsions were the determining factor, then again the bulky 

CF3 groups would be expected to cause an increase in the C-S-C 

bond angle as compared to the Fg-S-Fg bond angle. However, as 

can be seen from Fig. 3-74, the C-S-C bond angle is actually 

smaller than the Fg-S-Fg bond angle. 

Luckily, the angles involving the lone pairs can be easily 

calculated from the bond angles in these structures by virtue of 

the C2^; symmetry of the sulfur bond configuration. There are 

two kinds of interactions in the equatorial plane, viz. E/by and 

by/by in one, and E/by and by/bx in the other molecule. The 

stronger E/b interaction occurs twice and the weaker b/b inter- 

action only once in both structures. Both the E-S-b and b-S-b 

angles are in the equatorial plane. As the stronger and twice 

occurring E/b interaction obviously prevails over the b/b inter- 

action, the real question is whether the difference in the E-S-b 

angles of the two molecules is consistent with the VSEPR 

model or not.^^ The E-S-C angle is larger than the E-S-Fg angle, 

exactly as expected from the VSEPR model if all interactions 

are properly considered. The observed change in the bond 

angles then is consistent with the changes in the prevailing 

interactions between the two molecules. In the present com- 

parison the angles involving the bonds to the axial fluorine 

ligands are ignored as they are equal in the two structures within 

experimental error. 

It is also instructive to consider the so-called quadruple aver- 

age angles in the trigonal bipyramidal molecules for character- 

izing the general space requirements [3-103]. The quadruple 

average angle is the mean of the four angles made by Q-A in 

QAX4 where Q may be a ligand or a lone pair and the X ligands 

may all be the same or they may be different. The quadruple 

average angles of the lone pairs in the two molecules considered 

above are 

SF4 111.4° 

S(CF3)2F2 112.2°. 
Although the difference is small, its direction is in complete 

agreement with the prediction of the VSEPR model postulating 

the E/b repulsions to be stronger when involving bonds to less 
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electronegative ligands. It is again assumed that the E/S-Fg 

interactions are equal in the two molecules. 

It is of interest to compare the triple average angles of lone 

pairs and double bonds in the tetrahedral systems and the corre- 

sponding quadruple average angles in the trigonal bipyramidal 

systems. It has been noted that the triple average angles of the 

S = O double bond are only slightly smaller than those of the 

lone pairs. According to a recent electron diffraction reinvesti- 

gation of the structure ofthionyl tetrafluoride [3-104], its geo- 

metry corresponds to a quadruple average angle of 110.65° for 

the S = 0 bond. In fact, of the four models suggested earlier 

[3-105] as being compatible with the electron diffraction data 

but differing considerably in the bond angles, consideration of 

the quadruple average angles led to the choice of the model 

[3-103] that consequently proved to be the preferred structure. 

A remarkable constancy of the quadruple average angles in 

QSF4 derivatives has also been noted and contrasted with the 

rather large variation in the equatorial bond angles [3-103]. The 

data are shown in Fig. 3-75. Even in such XN = SF4 derivatives 

Figure 3-75. 

Bond angles and quadruple 
average angles (KQ) in some 
QSF4 derivatives; Refs: SF4 

[3-102], OSF4 [3-104], H2CSF4 

[3-106]. 

where the molecular symmetry is strongly distorted by the axial 

orientation of the X ligand, the N = S double bond retains a 

similar quadruple average angle and it remains remarkably con- 

stant. This is illustrated in Fig. 3-76. 

Figure 3-76. 

Molecular configurations of 

the nitrogen-sulfur double 
bond in XN = SF4 derivatives: 
CH3NSF4 [3-107], FNSF4 

[3-108], HNSF4 [3-109]. 

H 

N= S 

c( Q 
112.6' 111.9' 112.2' 
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3.7.5.4 Directional Repulsion Effects 

Figure 3-77. 
The “ideal” bond angles in the 

trigonal bipyramidal bond 

configurations and deviations 
from the “ideal” angles in SF4, 

OSF4, and H2CSF4 molecules. 

Christe and Oberhammer [3-109] called attention to the 

directional repulsion effects of lone pairs and double bonds in 

trigonal bipyramidal structures. Fig. 3-77 shows the ideal angles 

in the AX5 molecule and the deviations from these ideal angles 

in SF4, OSF4, and F12CSF4. If the lone pair of SF4 can be assumed 

to have cylindrical symmetry, then the different angular devia- 

tions from the ideal values in the axial and equatorial directions 

point to directional differences in the repulsion strengths. The 

difference in the deviations observed in the sulfur tetrafluoride 

structure suggests that the equatorial direction is “softer” and 

the axial direction is “harder”. The C = S double bond seems to 

have similar, although somewhat greater effects than the lone 

pair. On the other hand, the 0 = S double bond has not only a 

smaller overall repulsion, but shows directional preference in 

the axial direction. 

A striking example that demonstrates the importance of 

these directional effects is the molecular geometry of Xe02F2 

as determined by neutron diffraction [3-110]. The molecule is 

of EAX4 type and the lone pair and the two double bonds are 

found in equatorial positions as predicted by the VSEPR model 

and as shown in Fig. 3-78. The O = Xe = O bond angle is consi- 

derably smaller than 120°, even though this angle is between 

two double bonds. Obviously the two E/Xe = 0 interactions 

are prevailing over the Xe — O/Xe = O interaction in the equa- 

torial plane. It is then somewhat surprising that the axial Xe-F 

bonds are bent towards the xenon lone pair of electrons rather 

than away from it. This fact indicates, however, that the repul- 

sions in the axial directions are dominated by the directional 

effect from the Xe = O double bonds. 

Figure 3-78. 
The structure of Xe02F2; 

molecular configuration, bond 

angles and deviations from 

the “ideal” angles, neutron 

crystallographic results of 

Peterson et al. [3-110]. 

F 
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It is worth mentioning that Xe02F2 is the only compound in 

the present discussion of the V SKPR model for which a crystal- 

phase molecular structure is considered. For all the others the 

structures of the free molecules were available. Xe02F2 has a 

layer structure in the crystal resulting from the Xe ... O inter- 

molecular bridging as shown in Fig. 3-79. These contacts might 

be thought to decrease somewhat the repulsive strength of the 

xenon lone pair as well as that of the Xe = O double bonds. In 

the absence of vapor-phase data for comparison, we have no 

way to judge the extent of such an effect. What is important for 

our present discussion is the opposite sign in the deviations from 

the “ideal” angles in the equatorial and axial directions. This 

result certainly points to the difference in the directional repul 

sion strengths of the xenon lone pair and the Xe = O double 

bond. 

Figure 3-79. 
From the layer structure of 

the Xe02F2 crystal [3-110]. 

0 

3.7.5.5 Historical Remarks 

The structural peculiarities described above which can be 

explained by the directional effects go beyond the original 

VSEPR model. Such additional considerations are useful or 

necessary to explain particular structural variations, but their 

introduction makes the original simple model more complex. 

It is a matter of opinion whether one remains within the scope 

of the original model and applies it strictly observing its limita- 

tions. Alternatively, the scope of the model may be expanded at 

the expense of its original simplicity. 

However, this simplicity of the VSEPR model is one of its 

primary strengths. In addition, the model provides a continuity 

in the development of the qualitative ideas about the nature of 

the chemical bond and its correlation with molecular structure. 

Abegg’s octet rule [3-111] and Lewis theory of the shared 

electron pair [3-112] may be considered as the direct fore- 

runners of the model. 

Lewis’ cubical atom [3-112] deserves special mention. It was 

instrumental in shaping the concept of the shared electron pair. 

It also permitted a resolution of the apparent contradiction 

between the two distinctly different bonding types, viz. the 
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Figure 3-80. 
Lewis’ cubical atoms and 

some molecules built from 

such atoms (cf [3-112]). 

shared electron pair and the ionic electron-transfer bond. In 

terms of Lewis’ theory the two bonding types could be looked 

at as mere limiting cases. Lewis’ cubical atoms are illustrated in 

Fig. 3-80. They are also noteworthy as an example of a certainly 

useful though not necessarily correct application of a poly- 

hedral model. 
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Sidgwick and Powell [3-113] were first to correlate the 

number of electron pairs in the valence shell of a central atom 

and its bond configuration. Then Gillespie and Nyholm [3-114] 

introduced allowances for the difference between the effects of 

bonding pairs and lone pairs and applied the model to large 

classes of inorganic compoun ds. The name VSEPR was coined 

by Gillespie (cf [3-115]), who has also very effectively popular- 

ized the model over the years (e.g. [3-116, 3-117, 3-62]). The 

model has found its way into most introductory chemistry texts 

in addition to being a research tool. Although the primary appli- 

cations of the model are in the area of molecular geometries it is 

currently also contributing to molecular force field studies 

[3-118, 3-119]. 

There have been attempts to provide quantum-mechanical 

foundations for the VSEPR model (cf e.g. [3-118]). Roughly 

speaking, these attempts have developed along two lines. One 

was concerned with assigning a rigorous theoretical basis to 

the model, primarily involving the Pauli exclusion principle, to 

the extent that it was even suggested that the application of the 

model be named “Pauli mechanics” [3-63]. However, it should 

be remembered that the VSEPR model is a qualitative one. It 

overemphasizes some interactions and ignores many others. 

It cannot therefore be expected that a rigorous quantum- 

mechanical treatment will parallel it in its entirety. On the other 

hand, numerous quantum chemical calculations (e.g. [3-66, 

3-120]) have already produced a large amount of structural data 

which are in complete agreement with the VSEPR predictions, 

demonstrating that the model captures some very important 

effects which appear to be dominant in some structural classes. 
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For example, the model emphasizes electron pair repulsions 

while ignoring ligand-ligand interactions. With large central 

atoms and small ligands, these emphases work well. However, 

with increasing ligand size relative to the size of the central 

atom, the non-bonded interactions become gradually more 

important. Obviously, the two effects may be commensurable in 

some structures and eventually the ligand-ligand interactions 

will become dominant. Another basic assumption of the 

VSEPR model is that the shape of the valence shell of the cen- 

tral atom is spherical. In cases where this assumption is invalid, 

the applicability of the predictions from the model will be less 

useful. Further work is expected to make the model more 

reliable, by investigating and establishing its limitations. 

3.7.6 Consequences of Intramolecular Motion 

Henri Matisse’s Dance is reproduced in Fig. 3-81 [3-121]. The 

picture radiates dynamism. We can readily imagine that we are 

really observing such a dance from a distance. According to the 

choreography, one of the dancers jumps and is thus out of the 

plane of the other four. As soon as this dancer returns into the 

plane of the others, it is now the role of the next to jump, and 

so on. The exchange of roles from one dancer to another 

Figure 3-81. 
Henri Matisse: “Dance”. - 
The Hermitage, Leningrad. 
Reproduced by permission. 

throughout the five-member group is so quick that if we take 

a normal photograph, we shall have a blurred picture of the five 

dancers. However, if we have a very sensitive film, we may be 

able to use such a short exposure that a well-defined configu 

ration of the dancers at a particular moment can be identified. 
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The above description well simulates \\\^ pseudorotation of 

the cyclopentane molecule, although on a different time scale. 

The cyclopentane, (CH2)5, molecule has a special degree of 

freedom when the out-of-plane carbon atom exchanges roles 

with one of its two neighboring carbon atoms (and their hydro- 

gen ligands). The effect is also equivalent to a rotation by 2Tr/5 

about the axis perpendicular to the plane of the four in-plane 

carbons [3-122]. 

In discussing molecular structure, an extreme approach is to 

disregard intramolecular motion and to consider the molecule 

to be motionless. A completely rigid molecule is a hypothetical 

state corresponding to the minimum position of the potential 

energy function for the molecule. Such a motionless structure 

has an important and well-defined physical meaning; it even has 

been given a special name “equilibrium structure”. It is this 

equilibrium structure that emerges from quantum chemical 

calculations. On the other hand, real molecules are never 

motionless. Furthermore, the various physical measurement 

techniques determine the structures of real molecules. As our 

discussion of Matisse’s Dance has illustrated, the relationship 

between the lifetime of the configuration under investigation 

and the time-scale of the investigating technique is of crucial 

importance [3-123]. The structural properties of mono-CF3- 

substituted phosphorus pentafluoride, CF3PF4, provide a good 

example as previously discussed. Techniques with different 

interaction times came up with different positions for the CF3 

substituent. Clearly, the relationship of these interaction times 

and the permutation time of the ligands in the molecule resulted 

in these different conclusions. 

Large-amplitude, low-frequency intramolecular vibrations 

may lower the molecular symmetry of the average structure 

from the higher symmetry of the equilibrium structure. Some 

examples from metal halide molecules are shown in Fig. 3-82. In 

fact it is not yet definitely known whether all the equilibrium 

structures indeed correspond to those shown in Fig. 3-82. No 

Figure 3-82. 
Equilibrium versus average 
structures of metal halide 
molecules with low-frequency, 
large-amplitude deformation 
vibrations. 

• metal 

O haloge 
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permutations of the nuclei are considered to result from these 

intramolecular vibrations on the time-scale involved. The 

structures determined so far include MnCl2 [3-124], MnBrn, 

Mn2Br4 [3-125], FeCl2 [3-126], FeBr2, Fe2Br4 [3-127], CoCB 

[3-128], CoBr2, Co2Br4 [3-129], NiCh [3-130], NiBr2 [3-131], 

AICI3 [3-132], FeCls [3-133], AI2CI6 [3-134], and Fe2Cl6 [3-135]. 

They invariably indicate the consequences of large-amplitude 

deformation vibrations in the lowered symmetry of the average 

structures as compared with the equilibrium geometries. Of 

course, not all metal dihalides have linear equilibrium and bent 

average structures. There are genuinely bent equilibrium geom- 

etries even among the dihalides of first-row transition metals 

[3-136]. 

A rapid interconversion of the nuclei takes place in the 

bullvalene molecule under very mild conditions in fluid media. 

This process involves making and breaking bonds, but this is 

accompanied by very small shifts in the nuclear positions. The 

molecular formula is (CFI)io and the carbon skeleton is shown in 

Fig. 3-83. There are only four different kinds of carbon positions 

(and hydrogen positions, accordingly) and all four positions are 

being interconverted simultaneously [3-137]. Hypostrophene 

is another (CH)io hydrocarbon whose trivial name was chosen 

to reflect its behavior [3-138]. The Greek hypostrophe means 

turning about, a recurrence. The molecule is ceaselessly under- 

going the intramolecular rearrangements indicated in Fig. 3-84. 

The atoms have a complete time-averaged equivalence yet 

hypostrophene could not be converted into pentaprismane 

(cf [3-29]). 
Permutational isomerism among inorganic substances was 

discovered by Berry [3-139] for trigonal bipyramidal structures. 

Although the trigonal bipyramid and the square pyramid have 

very different symmetries, 1)3^ versus C^.^, they are easily inter- 

Figure 3-83. 
The interconversion of bull- 

valene [3-137]. 

Figure 3-84. 
The interconversion of hypo- 

strophene [3-138]. 

143 



converted by means of bending vibrations as is illustrated in F'ig. 

3-85. The possible change in the potential energy during this 

structural reorganization is also shown. The permutational 

isomerism of an AX5 molecule, e.g. PF5, is easy to visualize as 

the two axial ligands replace two of the three equatorial ones, 

while the third equatorial ligand becomes the axial ligand in the 

transitional square pyramidal structure. The rearrangements 

quickly follow one another, without any position being constant 

for any significant time period. The form originates from a 

Dj,h structure and yields then again to another form. A 

somewhat similar pathway was established [3-140] for the 

(CH3)2NPF4 molecule in which the dimethylamine group is 

permanently locked to an equatorial position whereas the 

fluorines exchange in pairs all the time. 

Figure 3-85. 
Berry-pseudorotation of PF5- 

type molecules [3-139]. 

Iodine heptafluoride, IF7, has an interesting structure in that 

several pieces of experimental evidence [3-141] suggested a 

slightly deformed symmetry for its geometry. Representa- 

tions of three proposed structures are shown in Fig. 3-86. The 

possible structures with C2 and symmetry result from a static 

deformation from the symmetry structure. Describing 

iodine heptafluoride in terms of these structures is analogous to 

describing cyclopentane by the so-called “half-chair” and 

“envelope” conformations shown in Fig. 3-87. Conversely, the 

dynamic structure of iodine heptafluoride may be described by 

pseudorotation. 
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Figure 3-86. 
Representations of C2, 
and Cj. structures for iodine 

heptafluoride after Adams et 

al. [3-142]. 

Figure 3-87. 
The “half-chair” (C2) and 

“envelope” (Q.) conformations 

of cyclopentane. 

Of particular interest for the IF7 structure is that the VSEPR 

model and corresponding points-on-the-sphere calculations 

predicted the equatorial sites to be less advantageous than the 

axial ones from point of view of spatial possibilities. While in the 

trigonal bipyramidal configuration the equatorial positions are 

more spacious, i.e. suffering relatively less repulsion from neigh- 

boring electron pairs than the axial ones, the opposite seems to 

be the case in the pentagonal bipyramidal and related confi- 

gurations. A direct consequence is that the axial I-F bonds are 

shorter than the equatorial ones [3-142]. The more crowded 

equatorial arrangement results in stiffer equatorial in-plane 

bends than the other bending modes. Recognition of these facts 

led to a reassignment of the vibrational spectrum of iodine 

heptafluoride [3-141]. 

The rearrangement that characterizes the PF5 molecule also 

describes well the permutation of the atomic nuclei in five-atom 

polyhedral boron skeletons in borane molecules [3-143]. 

Fipscomb [3-144] has elaborated a general concept for the 

rearrangements of polyhedral boranes. According to this con- 

cept, two common triangulated faces are stretched to a square 

face in the borane polyhedra. There is an intermediate poly- 

hedral structure with square faces. In the final step of the rear- 

rangement, the intermediate configuration may revert to the 
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original polyhedron with no net change, but it may as well turn 

into a different arrangement. The arrangement has rectangular 

faces with an orthogonal linkage with respect to the bonding 

situation in the original polyhedron [3-143]. This is illustrated in 

Fig. 3-88. There are many practical examples, among which is 

the rearrangements of dicarba-c/(9.5'6»-dodecaboranes, illustrated 

in Fig. 3-89. There are three isomers of this beautiful carborane 

molecule: 

l,2-dicarba-c/(9.5'(9-dodecaborane, or 0-C2B10H12, 

l,7-dicarba-r/(9J6»-dodecaborane, or m-C2BioHi2, and 

l,12-dicarba-r/(9J'6'-dodecaborane, or p-C2BioFli2. 

Whereas the ortho isomer easily transforms into the meta iso- 

mer in agreement with the above mentioned model, the para 

isomer is obtained only under more drastic conditions and only in 

a small amount [3-144]. More recently a very similar model has 

been proposed [3-146] for the so-called carbonyl scrambling 

mechanism in molecules like Co4(CO)i2, Rh4(CO)i2, and 

Ir4(CO)i2. 

Figure 3-88. 
(a) The Lipscomb model of 

the rearrangement in poly- 

hedral boranes [3-144]. 

(b) An example of icosa- 

hedron/cuboctahedron/ 

ieosahedron rearrangement 

[3-144]. 

Figure 3-89. 
Ortho-, meta-, and para-diear- 

ba-cA'j'^-dodeeaborane struc- 

tures [3-145]. Whereas the 

ortho isomer easily transforms 

into the meta, the para isomer 

is obtained only under drastie 

conditions and only in small 

amounts (cf [3-144]). 
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Figure 3-90. 
The structure of [Co6(CO)i4]'*“ 

in two representations after 

Benfield et al. [3-148]. 

(a) The octahedron of the 

cobalt cluster possesses six 

terminal and eight triply bridg- 

ing carbonyl groups. 

(b) An omnicapped cube of 

the carbonyl oxygen enve- 

lopes the cobalt octahedron. 

Incidentally, the carbonyl ligands can have several modes of 

coordination, viz. terminal and a variety of bridging possibili- 

ties. Rapid interconversion between the different coordination 

modes is possible, even in the solid state [3-147]. The above 

mentioned metal-carbonyl molecules belong to a large class of 

compounds whose general formula is Mm(CO)n, where M is a 

transition metal. The usually small ;«-atomic metal cluster poly- 

hedron is enveloped by another polyhedron whose vertices are 

occupied by the carbonyl oxygens [3-148]. An attractive 

example is the structure of [Co5(CO)i4]‘^” in which the octa- 

hedral metal cluster has six terminal and eight triply bridging 

carbonyl groups, as shown in Fig. 3-90a. This structure may also 

be represented by an omnicapped cube enveloping an octa- 

hedron as shown in Fig. 3-90b after [3-148]. These models are 

reminiscent of another model in which, also, polyhedra were 

enveloping other polyhedra. That model was Kepler’s planetary 

system [3-149] cited in Fig. 2-73. 
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4 Helpful Mathematical 
Tools 

Figure 4-1. 
Symmetry operations in the 

C2v point group. 

^2 

4.1 Groups 

So far our discussion has been non-mathematical. Ignoring 

mathematics, however, does not make things necessarily easier. 

Group theory is the mathematical apparatus for describing 

symmetry operations. It facilitates the understanding and the 

use of symmetries. It may not even be possible to successfully 

attack some complex problems without the use of group theory. 

Besides, groups are fascinating. 

This introductory chapter gives the reader the tools neces- 

sary to understand the next three chapters in which molecular 

vibrations, electronic structure, and chemical reactions are dis- 

cussed. Further reading is recommended for broader know- 

ledge of the subject [4-1-4-5]. 

A mathematical group is a very general idea. It is a special 

case when the elements of the group are symmetry operations. 

When the symmetries of molecules are characterized by 

Schoenflies symbols, for example, or €2^, these symbols 

represent well-defined groups of symmetry operations. Let us 

consider first the €2^ point group. It consists of a two-fold rota- 

tion, C2, and two reflections through mutually perpendicular 

symmetry planes, o^, and o^\ whose intersection coincides with 

the rotation axis. All the corresponding elements are shown in 

Fig. 4-1. One more operation can be added to these, called the 

identity operation, E. Its application leaves the molecule 

unchanged. The set of the operations C2, a^, and E together 

make a mathematical group. 

A mathematical group is a set of elements related by certain 

rules. They will be illustrated on the symmetry operations. 

1. The product of any two elements of a group is also an 

element of the group. The product here means consecutive 

application of the elements rather than common multipli- 

cation. Thus, for example, the product ■ C2 means that 

first a two-fold rotation is applied to an operand^^ and then 

reflection is applied to the new operand. Let us perform 

1 Shortly, we shall use a wide range of operands related to molecu- 

lar structure. 
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these operations on the atomic positions of a sulfuryl 

chloride molecule as is shown in Fig. 4-2a. The same final 

result is obtained by simply applying the symmetry plane 

as is also shown in Fig. 4-2b. Thus 

^2 ^ V' 

Figure 4-2. 

(a) Consecutive application of 

two symmetry operations, Ci 

and to the nuclear posi- 

tions of the SO2CI2 molecule. 
0^ 0, 

0, 

(b) Application of to 

SO2CI2. 

3 

O4 

2. The products of the elements in a group are generally not 

commutative. That means that the result of the consecutive 

application of the symmetry operations depends on the 

order in which they are applied. Fig. 4-3 gives an example 

for the ammonia molecule, which belongs to the point 

group. Whether the C3 operation is applied first and then 

the \ or vice versa, the effect is different. The product of 

the identity operation with any other element in the group 

is commutative by definition. Thus, for example, 

C3 • E=E • C3 and o^- E = E- o^. 

Figure 4-3. 
Illustration for the non-com- 

mutative character of the 

symmetry operations. 

H2 

The C2-V point group is special in that all the possible 

products of its elements are commutative. Thus in Fig. 4-2a 

we could get the same result first applying the reflection 

and then the two-fold rotation. 
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3. The products of the elements in a group are always associa- 

tive. That means that if there is a consecutive application of 

several symmetry operations, their application may be 

grouped in any way without changing the final result as 

long as the order of the application remains the same. Thus, 

for example, 

C2 • = C2 • (o^ • C7^’) = (C2 • o^) • 

4. For each element Tin a group, there is an inverse or recipro- 

cal operation which satisfies the following condition: 

X X-^ = X-^ - X=E. 
For example, 

C2 - C2~'^=C2~^ - C2=E 

or 
-i_ -1 7- 

^ V 

The symmetry operation corresponding to an inverse opera- 

tion can be found in group multiplication tables. These tables 

contain the products of the elements of a group. An example is 

shown in Table 4-1, for the C2V point group. Here each element 

of the group, i.e. each symmetry operation is listed only once in 

the initial row at the top and in the initial column at the far left. 

In forming the product of any two elements, one belonging to 

the row and the other to the column, the order of the applica- 

tion of the elements is strictly defined. First the element in the 

top row is applied, followed by the application of the element in 

the far left column. The result is found at the intersection of the 

corresponding column and row. Any one of the results is also a 

symmetry operation belonging to the €2^ point group. In fact, 

each row and each column in the field of the results is a rear- 

ranged list of the initial operations but no two rows or two 

columns may be identical. From the C2V multiplication table it is 

seen that the inverse operation of C2 is C2, since their intersec- 

tion is A; similarly, the inverse operation of is in this group. 

Table 4-1. Group Multiplication Table for the C2^, Point Group 

C2V E C2 Oy Oy 

E E C2 Oy Oy 

C2 C2 E Oy Oy 

0^ Oy 0^ E C2 

O-jj 0^ 0^ C2 E 
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Table 4-2. Group Multiplication Table for the C3^ Point Group 

Civ E Q o' Oy Oy 
yy 

Oy 

E E 0 Oy Oy 
yy 

Oy 

Q Cl O' E 
yy 

Oy Oy Oy 

Cj" a' E Q Oy 
yy 

Oy Oy 

O^) (7^ yy 

Or^ E Ci O' 
O^) 

yy 

0,JJ o' E o 
yy yy 

Oy Oy o o' E 

Similarly to Table 4-1, the multiplication table of the 

point group is compiled in Table 4-2. Here 

means two successive applications of the three-fold rotation. 

Applying it once yields a 120° rotation, while corresponds 

to a 240° rotation altogether. Accordingly, for example, the 

meaning of is a rotation by 2 • (360°/5) = 144°. 

The number of elements in a group is called the order of the 

group. Its conventional symbol is h. The group multiplication 

tables show that y^ = 4 for the C'lv point group and /^ = 6 forCi^. 

A group may be divided into two kinds of subunits: sub- 

groups and classes. A subgroup is a smaller group within a group 

which still possesses the four fundamental properties of a group. 

The identity operation, E, is always a subgroup by itself and it is 

also a member of all other possible subgroups. 

A class is a complete set of the elements, in our case sym- 

metry operations, of the group which are conjugate to one 

another. Conjugate means that if A and B are elements of the 

same class then there is some element, Z, in the group for which 

B=Z-^AZ 

This kind of operation is called a similarity transformation. B is 

the similarity transform of A by Z, or in other words A and B 

are conjugates. The inverse operation can be applied with the 

aid of the multiplication table and rule 4. given above, 

Z-^Z=ZZ-^ = £. 
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To find out what operations belong to the same class within a 

group, all possible similarity transformations in the group have 

to be performed. Let us work this out for the point group 

and begin with the identity operation: 

- {E-- E = E 

CE'-{E-C,) = CEEC, = C,^.C,=E 
• {E • C32) = • C32 = CyC^ = E 

{E (7^ (7^ E 
■ {E • a^’) = = £ 

• (E ■ a^’) = = a/ • a^’ = E. 

The conclusion is that Eis always a class by itself; it commutes 

with all other elements in the group and leaves them unchang- 

ed. Consequently, it is not conjugate with any other element. 

This is true for all other point groups as well. 

Consider now Oy. 

Er^- E) = E:^- O^=E-O^= 

a~'-K-C3) = C3-i-af=G2 V '->3 ^ V 
{p^ • C3) = C3 ^ 

(Q^) ^' {ov' • oy = Q ■ oy = 

i^v' oy^ ■ E= o^, ■ E= o 

C7, 
O 

O. 

O 

O, 

y- {Oy- = Q = o^'- 
• (o^ ■ oy) = oy~^ ■ Cl = a, 

C»   » 
3 ^ V 

” r^1  
; <-3 ~ a. 

We have performed all possible similarity transformations for 

the operation As a result it is seen that the three operations 

expressing vertical mirror symmetry belong to the same class. 

We could reach the same conclusion by similarity transforma- 

tions on either of the other two operations. 

Next let us examine C3: 

Er^ (Ci E}~Er^ Ci = E- C3-C3 
c,-* • (C3 ■ C3) - q,-* ■ C32 - C3' ■ C32 - C3 
(C3^)-‘ ■ (C3 ■ q,^) - (q,^)-' -E-Ci- E= q, 

‘(O' 

' (q? ' ^v)~ ' *^-v~ ' ^v~ 
a/-' • (C3 ■ a/) = aq-‘ • oj = a/ • a; = 

According to these transformations, C3 and are conjugates 

and thus belong to the same class. 

The order ofa class is defined as the number of elements in the 

class. For example, the order of the class of the reflection opera- 

tions in is 3 and the order of the class of the rotation 

operations is 2. Generally the order of a class or a subgroup is an 

integral divisor of the order of the group. 

The mathematical handling of the symmetry operations is 

done by means of matrices. 

161 



4.2 Matrices 

A matrix is a rectangular array of numbers, or symbols for 

numbers. These elements are put between square brackets. A 

numerical example of a matrix is shown below: 

3 10 2 

5 7 0 -3 

0 0-21 

Generally a matrix has m rows and n columns: 

<^11 <^12   ^\n 

^21 ^22   ^2?t 

^m\ a mn 

The above matrix may be represented by a capital letter A. 

Another representation is: where subscript i denotes the 

number of rows, 0 < / < w, and subscript j the number of 

columns, 0 <j< n. 

There are some special matrices which are important for our 

discussion. K square matrix is a matrix which has equal numbers 

of rows and columns. According to the general notation a 

matrix is a square matrix \i m = n. The following matrix: 

0 1 2 

3 4 5 

6 7 8 

is a square matrix. 

A special square matrix is the unit matrix in which all ele- 

ments along the top-left-to-bottom-right diagonal are 1 and all 
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Figure 4-4. 

Representation of a vector in 

three-dimensional space. 

Z 

X 

the other elements are zero. The short notation for a unit matrix 

is E. Some unit matrices are presented here: 

1 0 1 0 0 1 0 0 0 0 

0 1 0 1 0 0 1 0 0 0 

0 0 1 0 0 1 0 0 

0 0 0 1 0 

0 0 0 0 1 

A column matrix consists of only one column. e.g-, 

1 

2 

3 

Column matrices are used to represent vectors. A vectoris char- 

acterized by its length and direction. A vector in three-dimen- 

sional space is shown in Fig. 4-4. If one end of the vector is at the 

origin of the Cartesian coordinate system, then the three coor- 

dinates of its other end fully describe the vector. These three 

Cartesian coordinates can be written as a column matrix: 

yi 

Zi 

Thus this column matrix represents a vector. 

While column matrices are used to represent vectors, square 

matrices are used to represent symmetry operations. Performing a 

symmetry operation on a vector is actually a geometrical trans- 

formation. How can these geometrical transformations be 

translated into matrix “language”.i* Consider a specific example 

and see how the symmetry operations of the C,- symmetry 

group can be applied to the vector of Fig. 4-4. For a matrix 

representation we first write (or usually just imagine) the coor- 

dinates of the original vector in the top row and the coordinates 

of the vector resulting from the symmetry operation in the left 

hand column: 
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Xi yi Zi original vector 

resultant x{ 

vector y\ 

z{ 

Then we examine the effect of the symmetry operation in 

detail. If a coordinate is transformed into itself, 1 is placed into 

the intersection position, while if it is transformed into its 

negative self, -1 is put into the intersection. Both these positions 

will be along the diagonal of the matrix. If a coordinate is 

transformed into another one or into the negative of this other 

coordinate, 1 or -1 is placed into the intersection position, 

respectively. These intersection positions will be off the matrix 

diagonal. 

There are two symmetry operations in the Q point group, 

E and a^. The identity operation, E, does not change the posi- 

tion of the vector, so it can be represented by a unit matrix: 

xi yi 2:1 

x{ 1 0 0 Xi Xi 

0 1 0 • yi = yi 
z{ 0 0 1 Zi Zi 

Accordingly, 

E ■ vi = Vi. 

If the matrix elements are a^j and the vector components are bj, 

then the components of the product vector, Ci, are given by 

ci{j' bj. 
j 

To get the first member of the resulting matrix, all the elements 

of the first row of the square matrix are multiplied by the consec- 

utive members of the column matrix and then added together. 

To get the second member, the same procedure is followed with 

the second row of the square matrix, and so on, as shown below: 

1 0 0 Xi 1 • Xj + 0 • yi + 0 • 2:1 Xi 

0 1 0 • 

yi 
— 0 • + 1 • yi 0 ‘ Zi = 

yi 

0 0 1. Zi 0 • Xi + 0 • yi + 1 • 2^1 Zi 
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Figure 4-5. 
Reflection of a vector by a 

horizontal mirror plane. 

z 

Figure 4-6. 
Rotation of a vector by an 

angle a in the xy plane. 

y 

The other symmetry operation of the Q point group is the 

horizontal reflection (see Fig. 4-5). In matrix language this 

operation can be written as follows: 

xi yi zi 

Xi 1 0 0 Xi 1 - Xi yi -\- 0 ■ zi Xi 

yi 0 1 0 yi = 0 + 1 ■ jyi H- 0 • = yi 
Zl 0 0 -1 Zi 0 + 0 - jyi + (-1)^1 -Zi 

^2 

It often happens that the coordinates are not transformed 

simply into each other by a symmetry operation. Trigonometric 

relations must be used to express, for instance, the conse- 

quences of three-fold rotation. 

Fig. 4-6 illustrates a vector rotated by an angle a in the xy 

plane. The coordinates of the rotated vector are related to the 

coordinates of the original vector in the following way (P is an 

auxiliary angle shown in Fig. 4-6): 

Xi = r-cosp and j/i = r-sin P (4-1) 

X2 = r - cos(c6-P) and y2 = -r- sin(a-p) (4-2) 

Utilizing the trigonometric expressions: 

cos(a-P) = cos a • cos p + sin a • sin p 

sin(a-P) = sin a • cos p — cos a • sin p ^ ^ 

and substituting Eqs. (4-3) and (4-1) into Eq. (4-2), we get: 

x'2 = r- cosa • cosP + r- sina • sinp = xy ■ cosa+j/i • sina 

-f' sina • cosp + r- cosa • sinp = -xi ■ sina + yi ■ cosa 

(4-4) 
The same equations in matrix formulation: 

— — — — 

cosa sina Xi X2 

-sina cosa 
_yi_ _L2_ 

The square matrix above is the matrix representation of a rota- 

tion through an angle a. 

Since matrices can be used to represent symmetry opera- 

tions, the set of matrices representing all symmetry operations 

of a point group will be the representation of that group. 

Moreover, if a set of matrices forms a representation of a sym- 

metry group, it will obey all the rules of a mathematical group. It 

will also obey the group multiplication table. Let the SO2CI2 

molecule serve as an example again. This molecule belongs to 

the C2V point group and some of its symmetry operations have 

already been illustrated in Fig. 4-2. To construct the corre- 
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spending matrices the same procedure can be applied as used 

before with a vector. The original nuclear positions of the mole- 

cule can be written at the top row and the nuclear positions 

resulting from the symmetry operation at the far left column. 

There are four operations in the C'lv point group. R leaves 

the molecule unchanged, so the corresponding matrix will be a 

unit matrix: 

Si CI2 CI3 O4 O5 

Si’ 

CI2’ 

£ = CI3’ 

O4’ 

O5’ 

1 

0 

0 

0 

0 

0 0 0 0 

10 0 0 

0 10 0 

0 0 10 

0 0 0 1 

The two-fold rotation changes the positions of the two chlorine 

atoms and also the positions of the two oxygen atoms. The 

sulfur atom remains in place. 

Si C12 C13 04 05 

Si’ 1 0 0 0 0 

C12’ 0 0 1 0 0 

C2 - C13’ 0 1 0 0 0 

04’ 0 0 0 0 1 

05’ 0 0 0 1 0 

changes the positions of the two ehlorines and leaves the 

other three atoms in place (the aiding top-row and left-hand- 

eolumn will no longer be indicated): 

1 0 0 0 0 

0 0 1 0 0 

0 y 0 1 0 0 0 

0 0 0 1 0 

0 0 0 0 1 
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Finally a^,’ changes the positions of the two oxygen atoms, and 

leaves the sulfur and the two chlorines in their original posi- 

tions: 

1 

0 

0 

0 

0 

0 0 

1 0 

0 1 

0 0 

0 0 

0 0 

0 0 

0 0 

0 1 

1 0 

Since each of these four 5x5 matrices represent one of the 

symmetry operations of the point group, the set of these 

four 5x5 matrices will be a representation of this group. They 

will also obey the C^v multiplication table. As was shown in 

Fig. 4-2 

The corresponding matrix representations are the following; 

1 0 0 0 

[ 
o

 1 0 0 0 

1 
o

 

0 0 1 0 0 0 0 1 0 0 

0 1 0 0 0 • 0 1 0 0 0 

0 0 0 1 0 0 0 0 0 1 

1 
 

o
 

0 0 0 1 0 0 0 1 0 

1 • 1 + 0 •0 + 0 •0 + 0 ■ •0 + 0 ■ 0 1 •0 + 0 • 0 + 0 • 1 + 0 •0 + 0 • 0 

0 • 1 + 0 •0 + 1 • 0 + 0 • • 0 + 0 • • 0 0 •0 + 0 • 0 + 1 • 1+0 •0 + 0 • 0 

0 • 1 +1 •0 + 0 • 0 + 0 • • 0 + 0 ■ 0 0 •0 + 1 •0 + 0- 1+0 •0 + 0 ■ • 0 

0 ■ 1+0 •0 + 0 • 0 + 1 ■ • 0 + 0 ■ 0 0 •0 + 0 0 + 0- 1 +1 ■ 0 + 0 ■ 0 

0 • 1+0 •0 + 0 • 0 + 0 ■ • 0 + 1 ■ 0 0 •0 + 0 • 0 + 0 • 1 + 0 • 0 + 1 • 0 

1 0 0 0 0 

0 10 0 0 

0 0 10 0 

0 0 0 0 1 

0 0 0 1 0 
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The multiplication is shown here in detail only for the first two 

columns of the resulting matrix. The elements of the product 

matrix are given by: 

J 

To get the first member of the first row, all elements of the first 

row of the first matrix are multiplied by the corresponding 

elements of the first column of the second matrix and then the 

results added. To get the second member of the first row, all ele- 

ments of the first row of the first matrix are multiplied by the 

corresponding members of the second column of the second 

matrix and then the results are added, and so on. To get the 

second row members, the same procedure is repeated with the 

second row members of the first matrix, and so on. It is also 

possible to visualize the second matrix as a series of column 

matrices and then consider the multiplication of each of these 

column matrices, one by one, by the first matrix. 

4.3 Representation of Groups 

Any collection of quantities which obey the multiplication 

table of a group is a representation of the group [4-2]. In our 

examples these quantities show how certain characteristics of 

a molecule behave under the symmetry operations of the group. 

The symmetry operations may be applied to various charac- 

teristics or descriptions of the molecule. The particular descrip- 

tion to which the symmetry operations are applied, forms the 

basis for a representation of the group. Generally speaking, any 

set of algebraic functions or vectors may be the basis for a repre- 

sentation of a group [4-1]. Our choice of a suitable basis 

depends on the particular problem we are studying. After 

choosing the basis set, the task is to construct the matrices 

which transform the basis or its components according to each 

symmetry operation. The most common basis sets in chemical 

applications are summarized in Sect. 4.11. Some of them will be 

used in the following discussion. 



Figure 4-7. 
The four symmetry operations 

of the C^h point group applied 

to the two N-H bond length 

changes of the HNNH mole- 

cule. 

C2 

Figure 4-8. 
(a) Cartesian coordinates as 

basis for a representation. 

Let us now work out the representation of a point group for a 

very simple basis. Choose just the changes, A/i and Ar2, of the 

two N-H bond lengths of the diimide molecule, N2H2: 

H 

H 

These two vectors may be used in the description of the stretch- 

ing vibrations of the molecule. The molecular symmetry is C^h- 

Fig. 4-7 helps to visualize the effects of the symmetry operations 

of this group on the selected basis. There are four symmetry 

operations in the C2h point group, E, C^, i, and a^. E leaves the 

basis unchanged, so the corresponding matrix representation is 

a unit matrix: 
 

1 
>

 

 
1 1 

 

1 
0

 

 
1 

1 

<1 
 

1 1 
0

 
1 Ar2 

Both C2 and /interchanges the two vectors, Ar^ “goes into” 

and vice versa 

 
1 

>
 

A^
 
 

1 

0 1 A^
 
 

1 

1 
 

>
 

1 
 

1 
0

 

 
1 1 

<1 
 

1 

1 
>

 
A^

 
 

1 

0 1 

1 
 

C
 

1 

<1 
 

1 1 
0

 

 
1 

 
1 

<1 
 

1 

finally, leaves the molecule unchanged. 

Ari 1 0 

Ar2 0 1 ^r2 

With this basis the representation consists of four 2x2 matri- 

ces. 

Let us take now a more complicated basis, and consider all 

the nuclear coordinates of HNNH shown in Fig. 4-8a. These are 

the so-called Cartesian displacement vectors and will be dis- 
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(b) Effect of o^. 

(c) Effect of C2. 

cussed in Chapter 5 on molecular vibrations. Let us find the 

matrix representation of the operation (see Fig. 4-8b). The 

horizontal mirror plane leaves all v and y coordinates un- 

changed while all 2: coordinates will “go” into their negative 

selves. In matrix notation this is expressed in the following way: 

Xi 1 0 0 0 0 0 0 0 0 0 0 0 Xi 

yi 0 1 0 0 0 0 0 0 0 0 0 0 yi 

Zl 0 0 -1 0 0 0 0 0 0 0 0 0 Zi 

X2 0 0 0 1 0 0 0 0 0 0 0 0 X2 

L2 0 0 0 0 1 0 0 0 0 0 0 0 L2 

2^2 = 0 0 0 0 0 -1 0 0 0 0 0 0 • 2^2 

X3 0 0 0 0 0 0 1 0 0 0 0 0 V3 

L3 0 0 0 0 0 0 0 1 0 0 0 0 L3 

^3 0 0 0 0 0 0 0 0 -1 0 0 0 2^3 

X4 0 0 0 0 0 0 0 0 0 1 0 0 X4 

L4 0 0 0 0 0 0 0 0 0 0 1 0 y4 

Z4 0 0 0 0 0 0 0 0 0 0 0 -1 Z4 

Take one more operation, the C2 rotation (Fig. 4-8c). This 

operation introduces the following changes: 

Xi, yi, and Zi to -X'4, -y^, and Z4, 

X2, y2, and 2:2 to -V3, -3/3, and 2:3, 

V3, j/3, and ^3 to -X2, -y2, and 2:2, and 

X4, y4, and 2:4 to -x^, -yi, and Zi. 
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In matrix notation: 

Xx 0 0 0 0 0 0 0 0 0 - -1 0 0 Xx 

y\ 0 0 0 0 0 0 0 0 0 0 -1 0 yi 

Zx 0 0 0 0 0 0 0 0 0 0 0 1 Zx 

X2 0 0 0 0 0 0 -1 0 0 0 0 0 X2 

y^i 0 0 0 0 0 0 0 -1 0 0 0 0 y2 
= 0 0 0 0 0 0 0 0 1 0 0 0 • Z2 

X3 0 0 0 -1 0 0 0 0 0 0 0 0 X3 

4^3 0 0 0 0 -1 0 0 0 0 0 0 0 4^3 

2^3 0 0 0 0 0 1 0 0 0 0 0 0 ^3 

X4 -1 0 0 0 0 0 0 0 0 0 0 0 X4 

y^ 0 -1 0 0 0 0 0 0 0 0 0 0 4^4 

^4 0 0 1 0 0 0 0 0 0 0 0 0 

Considering all four symmetry operations of the C^h point 
group, the complete representation of the displacement coor- 

dinates of HNNH as basis consists of four 12 x 12 matrices. 

Working with such big matrices is awkward and time-consum- 

ing. Fortunately, they can be simplified. We shall not go into the 

details of how this is done since only the easiest and quickest 

methods utilizing matrix representations will be used in the 

next chapters. We shall merely outline the procedure leading 

from the big unpleasant representations of symmetry opera- 

tions to simpler tools [4-1]. With the help of suitable similarity 

transformations, matrices can be turned into so-called block- 

diagonal matrices. A block-diagonal matrix has nonzero values 

only in square blocks along the diagonal from the top left to the 

bottom right. For example, the following is a typical block- 

diagonal matrix: 

1 2 3 i 0 
1 

0 

1 
0

 

4 -1 2 1 0 
1 

0 0 

3 1 -2 1 0 
1 

0 0 

0 0 0 
A| 

0 0 

0 0 0 0 1 -1 

1 
0

 

0 0 0 1 
1 

1 2 
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The merits of block-diagonal matrices are best illustrated in 

their multiplication. Suppose, for example, that two 5x5 matri- 

ces are to be multiplied, as follows: 

231000 
1 

1 

to
 

o
 

o
 

o
 
 

1 

871000 
1 

1 2J0 0 0 

0 0 ' 1 10 
1 

, 

211000 
[ 1 

0 0 2 2 1 0 — 

541000 
 1 1 

0 0 1 3 4 1 0 
1 

0 0 1 1 1 0 
1 ^ _ 

0 0 1 2 0 
1 ^ _ 

0 0[3 4 1 0 
] 

000012 0 0 0 0 1 1 
_ 1 

000012 

The determination of the first row is already quite complicated: 

2-l+3-2 + 0-0 + 0-0 + 0-0 = 8 
2-2+3-l + 0-0 + 0-0 + 0-0 = 7 
20 + 30 + 0-2 + 01 + 00 = 0 
2-0 + 3-0 + 0-2 + 0-2 + 0-0 = 0 
20 + 30 + 00 + 00 + 01 = 0 

Notice that the product of two equally block-diagonalized 

matrices - as those two above - is another similarly block- 

diagonalized matrix. What is especially important, this result- 

ing matrix can be obtained simply by multiplying the corre- 

sponding individual blocks of the original matrices. Check this 

on the above example: 

 
1 

to
 

 
1 

1 2 2 •1 + 3-2 2-2 +3-1 

1 2 2 1 1 •1+2-2 1-2 +2-1 

1 1 2 2 1 2 + 11 1 -2 + 1 -2 

1 1 1 2 1 2 + 11 1-2 + 1 -2 

1 
1 

to
 

1 
1 

• 1 = 2 
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Generally, if two matrices A and B can be transformed by simi- 

larity transformation into identically shaped block-diagonaliz- 

ed matrices, their product matrix C will also have the same 

block-diagonal form; 

Ax i Bx i Cl ! 

^2 1 
• 

^2 1 
= ' 0 1 

L-4-- L-L-- 
1 ^3 1 ^3 1 C3_ 

The multiplication will also be valid for the individual blocks: 

Ax ■ Bi = Cl 

^2 ' ^2 ^ C2 

^3 ■ ^3 ^ Q 

Since the blocks themselves will obey the same multipli- 

cation table that the big matrices do, each block will be a new 

representation for an operation of the group. Thus if the above 

A and B matrices are representations for the respective sym- 

metry operations and in the C2V point group, so will be 

matrices Ax, A^, Aj, and Bx, B2, and BT,, respectively The C2V 

multiplication table (Table 4-1) shows that 

^2’ 

and accordingly, not only the big C matrix but also the small 

matrices Cx, C2, C3, will be representations of the C2 operation. 

This way the big matrices reduce into smaller ones which are 

more convenient to handle. Let us suppose that the above big 

matrices A, B, and C together with the E matrix constitute a 

representation for the C2V point group. This is called then a 

reducible representation of the group indicating that it is possible 

to find a similarity transformation to reduce it. Then we take 

each individual block and try to find again a similarity transfor- 

mation which reduces it into a simpler form yet. This procedure 

is repeated until a set of the simplest possible matrices is 

reached along the diagonal of each big matrix. This is called the 

irreducible representation. Suppose now that in the example 

above the small matrices along the diagonal cannot be reduced 

further by a similarity transformation. In this case each set of the 

small matrices along the diagonal of the big ones will be an irre- 

ducible representation of the C2V point group. The set of Ax, Bx, 

Cx, and Ex will be an irreducible representation, so will be the set 

of A2, B2, C2, and E2, and yet another the set of A^,, .63, C3, and 

£3. Thus the reducible representation was reduced to three irre- 

ducible representations. Since the symmetry operations can be 
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applied to all kinds of bases for a molecule, there may be count- 

less numbers of reducible representations. The important thing 

is, that all these representations reduce into a small and finite 

number of irreducible representations for practically all point 

groups. These irreducible representations, often called sym- 

metry species, are then used in many areas of chemistry to 

describe symmetry properties. 

4.4 The Character 
of a Representation 

Considering the sizes of the initial matrices, the irreducible 

representations are a great improvement. Fortunately, even 

further simplification is possible. Instead of working with irre- 

ducible representations we can use simply their characters. The 

utility of this approach will be amply demonstrated later. The 

character (or trace) of a matrix is the sum of its diagonal 

elements. For the following matrix 

0 3 

CT'XI 1 

1 2\ 0^,0 

_1 -2 3" .^4^ 

the character is: 

1 + 7 + 0 + (-4) = 4 

Since a representation - reducible or irreducible - is a set of 

matrices corresponding to all symmetry operations of a point 

group, the character ofthe representation is the set of characters of 
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all these matrices. For the simple basis of Ari and A/2 used before 

for the HNNH molecule in the C2h point group, the represen- 

tation consisted of four 2x2 matrices: 

E = 

a = 

i = 

1 0 

0 1 

0 1 

1 0 

0 1 

1 0 

1 0 

0 1 

characters 

1 + 1-2 

0 + 0 = 0 

0 + 0 = 0 

1 + 1=2 

Thus the character of this representation is the following set: 

2 0 0 2 

We don’t know yet, however, whether this representation is 

reducible or irreducible.? To answer this question, first we have 

to know the characters of the irreducible representations of the 

C^h point group. 

4.5 Character Tables 

The characters of irreducible representations are collected 

in the so-called character tables. We shall not discuss here how to 

find the characters of a given irreducible representation. The 

character tables are always available in textbooks and hand- 

books and some of them are also given in the subsequent 

chapters of this book. Table 4-3 shows the character table for 

the C^h point group. Here the top row contains the complete set 

of symmetry operations of this group. The left column shows, 

for the time being, some temporary names. F is the generally 
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used label for the representations. The main body of the charac- 

ter table contains the characters themselves. Thus each row 

constitutes the characters of an irreducible representation, and 

the number of rows tells us how many irreducible representa- 

tions does that particular point group have. 

Table 4-3. Preliminary Character Table for the €2/1 Point 

Group 

E C2 i Oh 

r. 1 ' 1 1 1 

A 1 -1 1 -1 

^3 1 1 -1 -1 

1 -1 -1 1 

Some relationships and terminology^ must be known in order 

to use the character tables. First of all there are of irredu- 

cible representations, to which three rules are applicable: 

(1) Usually symmetry operations of the same kind belong 

to the same class (e.g., C3 and C3", or. the three vertical 

mirror planes of the point group); (^2) The number of 

irreducible representations of a group is equal to the 

number of classes in that group; and (^3) The character of 

any irreducible representation is the same for all opera- 

tions in the same class. 

Let us check these rules on the €2/1 character table given above. 

All the four symmetry elements stand here by themselves, one 

element in each class. The number of irreducible represen- 

tations of the €2/1 point group is 4 just as is the number of classes. 

Table 4-4. A Preliminary Character Table for the C3^, Point 

Group 

C3. E Q C3' a,, 
% 

a-. 
1» 

a,, 

A 1 1 1 1 1 1 

A 1 1 1 -1 -1 -1 

r. 2 -1 -1 0 0 0 

Table 4-4 shows a kind of preliminary character table for the 

C3^, point group. The complete set of operations is listed in the 

upper row. Clearly, some of them must belong to the same class 



Figure 4-9. 
Rotation and reflecticjn of the 

ammonia molecule. 

since the number of irreducible representations is 3 and the 

number of operations is 6. A closer look at this table reveals that 

the characters of all irreducible representations are equal in C3 

and and also in Oy\ and respectively. Indeed, both 

three-fold rotation operations have the same effect on the 

ammonia molecule as seen in Fig. 4-9. The same is true for the 

three vertical reflection planes; all of them leave one of the 

hydrogens in place and exchange the other two. Accordingly, C3 

and C3 form one class and a^, a^/and "together form another 

class. This way the number of classes in CJ,TJ is three as well as 

the number of irreducible representations. The compact 

character table is shown in Table 4-5. 

Table 4-5. Compact Character Table for the Point Group 

E 2C3 3 C7.y 

n 1 1 1 

^2 1 1 -1 

2 -1 0 
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The number of operations in a given class is always indicated 

in the upper row of the character table. The identity operation, 

E, is always a class by itself, and the same is true for the inversion 

operation, i. 

Another important feature of an irreducible representation is 

its dimension. This is simply the dimension of any of its matrices 

which in turn is the number of rows or columns of the matrix. 

Since the identity operation always leaves the molecules 

unchanged, its representation is a unit matrix. The character of 

a unit matrix is equal to the number of rows or columns of that 

matrix, as is demonstrated below: 

E 

1 0 0 

0 1 0 

0 0 1 

character = 1 + 1 + 1= 3 

E 
1 0 

0 1 
character = 1 + 1 = 2 

E = character = 1 

From this follows that the character under E is always the dimen- 

sion of the given irreducible representation. The one-dimensional 

representations are non-degenerate and the two- or more 

dimensional representations are degenerate. The meaning of 

degeneracy will be discussed in Chapter 6. 

Now it is time to see a complete character table. Table 4-6 
shows one for the C3^ point group. Consider now the symbols 

used for the names of the irreducible representations. These are 

the so-called Mulliken symbols and their meaning is described 

below together with other Mulliken symbols collected in Table 

4-7. 

Letters A and B are used for one-dimensional irreducible 

representations, depending on whether they are symmetric or 

antisymmetric with respect to rotation around the principal 

Table 4-6. Complete Character Table for the C3^ Point Group 

C^v E 2C3 3a^ 

A 1 1 1 

^2 1 1 -1 Rz 
E 2-10 {x, y) {R-xi R^l) {f-f, xy){xz, yz) 
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Table 4-7. Symbols for Irreducible Representations of Finite 

Groups 

Dimension Character under Symbols 
of E Cn i Oh 

' Represen- or 

tation 

1 1 1 A 

1 -1 B 

2 2 E 

3 3 T 

1 
^g ^g 

-1 Au B^ E^ Tj, 

1 A B’ 

-1 A” 

1 A B, 
-1 A'l B2 

G axis perpendicular to the principal axis 

axis of the point group. An antisymmetric behavior here means 

changing sign or direction^^. The character for a symmetric 

representation is +1 and this is designated by letter A. An anti- 

symmetric behavior is represented by letter B and has —1 

character. E is the symbol^^ for two-dimensional, and T (some- 

times F) for three-dimensional representations. The subscripts 

g and u indicate whether the representation is symmetric or 

antisymmetric with respect to inversion. The German gerade 

means even and ungerade means odd. The superscripts ’ and ” 

are used for irreducible representations which are symmetric 

and antisymmetric to a horizontal mirror plane, respectively. 

The subscripts 1 and 2 with A and B refer to symmetric (1) and 

2 Antisymmetry will be discussed in the next section. 

3 Not to be confused with the symbol of the identity operation which is 

also E. 
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antisymmetric (2) behavior with respect to either a C2 axis 

perpendicular to the principal axis, or, in its absence, to a vertical 

mirror plane. The meaning of subscripts 1 and 2 with E and T 

is more complicated, and will not be discussed here. The char- 

acter tables of the infinite groups, Coo^ and Doo^, use Greek rather 

than Latin letters: S stands for one-dimensional representations 

and n. A, <f>, etc., for two-dimensional representations. 

It is always possible to find such a behavior which remains 

unchanged under any of the symmetry operations of the given 

point group. Thus there is always an irreducible representation 

which has only +1 characters. This is the totally symmetric irre- 

ducible representation, and it is always the first one in any char- 

acter table. 

The character tables usually consist of four main areas 

(sometimes three if the last two are merged), as is seen in Table 

4-6 for the and in Table 4-8 for the C^h group. The first area 

contains the symbol of the group (in the upper left hand corner) 

and the Mulliken symbols referring to the dimensionality of the 

representations and their relationship to various symmetry 

operations. The second area contains the classes of symmetry 

operations (in the upper row) and the characters of the irreduc- 

ible representations of the group. 

Table 4-8. C^h Character Table 

C2/1 E C2 t Oh 

1 1 1 1 K xy 

1 -1 1 -1 /? /? xz, yz 

Au 1 1 1 -1 z 

1 -1 1 1 x,y 

Figure 4-10. 
(a) Applying the identity and 

the C3 operation to a rotating 

spinning top. 

The third and fourth areas of the character table contain 

some chemically important basis functions for the group. The 

third area contains six symbols; x, y, z, R^, Ry, and R^. The first 

three are the Cartesian coordinates that we have already used 

before as bases for a representation of the €2/1 point group. The 

symbols R^, Ry, and R^ stand for rotations around the x, y and z 

axes, respectively. A popular toy, the spinning top, is helpful in 

visualizing the consequences of symmetry operations on 

rotation. Let us work out the characters for rotation around the 

2; axis in the C3^ point group (Fig. 4-lOa). Obviously, the identity 

operation leaves the rotating spinning top unchanged (charac- 

ter 1). So does the rotation around the same axis since the rota- 

tional symmetry axis is indistinguishable from the axis of 
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(b) Illustration of the effect of 

mirror planes on the rotating 

spinning top. 

rotation of the toy. The corresponding character is again 1. Now 

place a mirror next to the rotating toy (Fig. 4-lOb). No matter 

where the mirror is, the rotation of the mirror image will always 

be in the opposite direction with respect to the real rotation. 

Accordingly, the character will be —1. 

Thus the characters of the rotation around the z axis in the 

C3^ point group will be: 

1 1 -1 
Indeed, belongs to the irreducible representation ^2 in the 

character table. In other words, transforms as or, it 

forms a basis for A2. 

The fourth area of the character table contains all the 

squares and binary products of the coordinates according to 

their behavior under the symmetry operations. All the coordi- 

nates and their products listed in the third and fourth areas of 

the character table are important basis functions. They have the 

same symmetry properties as the atomic orbitals under the 

same names; 2: corresponds top^, to dyp-.y'^ and so on. We 

shall meet them again in the discussion of the properties of 

atomic orbitals. 

Antisymmetry has occurred several times above and it is a 

whole new idea in our discussion. It is again a point where 

chemistry and other fields meet in a uniquely important 

symmetry concept. 

4.6 Antisymmetry 

Figure 4-11. 
Identity operation (top) and 

antiidentity operation 

(bottom). 

“Operations of antisymmetry transform objects possessing 

two possible values of a given property from one value to the 

other” [4-6]. The simplest demonstration of an antisymmetry 

operation is by color change. Fig. 4-11 shows an identity opera- 

tion and an antiidentity operation. Nothing changes, of course, 

in the former, whereas merely the black-and-white coloring 

reverses in the latter. Antimirror symmetry along with mirror 

symmetry can be found in Fig. 4-12, and further antimirror 

symmetries are presented in Fig. 4-13. 

Not only a symmetry plane but other symmetry elements 

may also serve as antisymmetry elements. Thus, for example, 

two-fold, four-fold, and six-fold antirotation axes appear in Fig. 

4-14 after Shubnikov [4-8]. The four-fold antirotation axis 

includes a two-fold rotation axis and the six-fold antirotation 

axis includes a three-fold rotation axis. The antisymmetry 

elements have the same notation as the ordinary ones except 

that they are underlined. Antimirror rotation axes characterize 
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Figure 4-12. 
Mirror symmetries and anti- 

mirror symmetries. 

1-2 and 3-4 mirror symmetries 

1-4 and 2-3 antimirror 

symmetries. 

Figure 4-13. 
Illustration of antimirror 

symmetry. 

(a) Eastern Orthodox church 

in Zagorsk, photograph and 

courtesy of Dr. A. A. Ivanov, 

Moscow. 

(b) Batik design after [4-7]. 

(c) Logo of the TUNGSRAM 

Works, Budapest. 

the rosettes in the second row of Fig. 4-14. The antirotation axes 

appear in combination with one or more symmetry planes per- 

pendicular to the plane of the drawing in the third and fourth 

rows of Fig. 4-14. Finally, the ordinary rotation axes are 

combined with one or more antisymmetry planes in the bottom 

row of this figure. In fact, symmetry 1 • m here is the symmetry 

illustrated also in Figs. 4-12 and 4-13. The examples above are all 

point groups and only from among the simplest ones. 

(d) Reproduction of an origi- 

nal work by Victor Vasarely. 

Used by permission. 
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Figure 4-14. 

Antisymmetry operations: 

antirotation axes 2, 4, 6; anti- 

mirror rotation axes 2, 4, 6; 

antirotation axes combined 

with ordinary mirror planes 

ordinary 

rotation axes combined with 

antimirror planes 1 • w, 3 • m; 

after Shubnikov [4-8], Repro- 

duced with permission from 

Nauka Publ. Co., Moscow. 

The black-and-white variation is again the simplest case of 

what is color symmetry. This area is vast and becomes very 

complicated, and its importance is increasingly being recog- 

nized [4-8 - 4-11]. Our single example indicative of the 

complexity of color symmetry involves the Rubik’s cube. In its 

monocolor version the cube has many symmetry elements, 

among them four-fold axes going through the midpoints of 

opposite faces. In the unscrambled starting position of the 
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Rubik’s cube each side has a different color. Thus the original 

four-fold axis of the cube is no longer a symmetry element for 

the Rubik’s cube. However, it is possible to specify this axis in 

such a way that it corresponds to the color changes of the 

Rubik’s cube. To do so, the coloring of the cube must be known. 

Consider the coloring indicated in Fig. 4-15. Now it is possible to 

imagine a four-fold rotation axis, for example going through the 

midpoints of the yellow and white faces. Then the four-fold 

color-rotation axis will change the colors every quarter of 

rotation in the following order: red/blue/orange/green/red, or, 

red/green/orange/blue/red, depending on the sense of the 

rotation. 

Figure 4-15. 
The application of a four-fold 

color-rotation axis to the 

Rubik’s cube. It involves the 

following color changes 

during a complete rotation, 

red ^ blue ^ orange ^ green 

^ red or vice versa. The color 

arrangement of the cube is 

shown. 

The above examples applied to point groups. Such distinc- 

tions and further coloring, of course, may be introduced in 

space-group symmetries as well [4-8]. 

The black-and-white variation is perhaps the simplest 

version of antisymmetry. The general definition of antisym- 

metry at the beginning of this section, however, calls for a much 

broader interpretation and application. The relationship 

between matter and antimatter is a conspicuous example of 

antisymmetry. There is no limit to down-to-earth examples, 

especially if, again, symmetry is considered rather loosely. 

Another literary example is taken from Karinthy’s writing, 

this time to illustrate antisymmetry. It is from a short story 

entitled “Two Diagnoses” [4-12]. The same person. Dr. Same, 

goes to see a physician at two different places. At the recruiting 

station he would obviously like to avoid being drafted, while at 

the insurance society he would like to acquire the best possible 

terms for his policy. His answers to the identical questions of the 

two physicians are related by antisymmetry. 
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Two Diagnoses 

Dr. Same 

Physician 

Dr. Same 

At the insurance society At the recruiting station 

Broken-looking, sad, ruined 

human wreckage, feeble 

masculinity, haggard eyes, 

wavering movement. He steps 

forward, with humped back 

and coughs in front of the 

doctor. His speech is soft, 

whispering. 

Young athlete with 

straightened back, flashing 

eyes. He crosses the room 

with banging steps. He has a 

sonorous baritone, swinging 

hips. 

How old are you.? 

Old ... very old, indeed. Coyly. Oh, my gosh, I’m 

almost ashamed of it ... I’m 

so silly ... 

Your I. D. says you’re thirty two. 

With pain. To be old is not To be young is not to be 

to be far from the cradle - near the cradle, but far 

but near the coffin. from the coffin. 

Your parents alive.? 

Alive, just alive, if life it is, 

rolling about in qualms of 

conscience day and night 

for giving life to the 

pitiable, sick bastard I am, 

to my own suffering and 

mankind’s. 

My father is chairman by 

seniority of the Methuse- 

lah club of very old men. 
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Examines the heart. Take a breath. 

Takes a breath like a small Takes a breath enough for 

humming bird. staying at the bottom of the 

sea for two weeks. 

Show me your tongue. 

Waves his hand. Don’t even 

look at it, Doctor. You look 

to me, Sir, like a sensitive 

soul and my tongue is a 

sad sight, that’s what it is, 

to tell you the truth. 

Hanging out his tongue half 

a meter. Look at this tongue. 

Doctor - don’t be afraid to 

feel it - you won’t see the 

like of it again soon. Sir, in 

this city - it’s so fresh and 

appetizing that sometimes 

I have the urge to bite and 

eat it. He’s patting his 

tongue. 

Have you had any organic diseases.? 

Who, me.? Not to my 

knowledge, unless this one 

sided brain-cancer counts 

as an organic disease; my 

physician has always 

suspected I had it. 

Sighs. Alas ... I have to 

admit that I have had. 

When I was a child, my 

nose was severely itching 

at one point. However, I 

scratched it in good time 

and it was gone. Since 

then I have been fine. 

Are you ever dizzy.? 

Don’t mention dizziness, 

please. Doctor, or else I’ll 

collapse at once. I always 

have to walk in the middle 

of the street, because if I 

look down from the curb, 

I become dizzy at once. 

Quite often, sorry to say. 

Every time I’m aboard an 

airplane and it’s up-side- 

down, and breaking to 

pieces. Otherwise, not. 



No complaints, otherwise? 

Figure 4-16. 
(a) Reflection: two fast food 

chain restaurants side by side, 

downtown Washington, D.C. 

Photograph by the authors. 

(b) Antireflection: an exclu- 

sive, one-of-a-kind restaurant 

and a fast food chain restau- 

rant side by side, downtown 

Washington, D.C. Photograph 

by the authors. 

None, otherwise. If Pm 

holding my head on one 

side, I feel this dull pain in 

my back. If I’m turning 

' around, I feel the same dull 

pressure in my head. 

Sometimes I have this 

feeling in my chest as if my 

aching leg were throbbing, 

and sometimes I can’t 

breathe through my ears. 

I feel a stabbing pain 

around my kidney when 

I’m blowing my nose, and 

sometimes I have the urge 

to cry, and I don’t even 

know why. In the evenings 

when I’m tired to death. 

I’m in such a state that I 

can barely find my bed. 

Otherwise, nothing, except 

for that rabid dog that bit 

me about an hour ago. 

Oh, yes ... I don’t dare to 

go near a hungry horse lest 

it mistake me for oats. 

I anguish at all times about 

what will happen to me in 

two or three hundred 

years, when I get tired of 

living, and shall not be able 

to die. 

The next example will be appreciated at once by the Ameri- 

can reader but needs some clarification for the rest of us. 

Fig. 4-16 shows four restaurants in two pairs from Washington, 

D.C. Both Burger King and McDonald’s are fast food chains 

whereas Sans Souci is (or at least used to be) a very exclusive, 

elegant, certainly one-of-a-kind restaurant. Thus Fig. 4-16a may 

be considered to be an ordinary reflection while Fig. 4-16b an 

antireflection. The symmetry and antisymmetry planes are 

imaginary, but in a way the vertical walls between the restau- 

rants are their physical appearances. 
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The antireflection in Fig. 4-17a relates the identical Flemish 

and French texts in the holiday advertisement. Fig. 4-17b shows 

a pair of door handles. They are each other’s mirror images 

except that the one on the inner side of the door looks brand 

new while the other exposed to harsh weather conditions is 

considerably corroded. The final example shows two military 

jets and a sea gull in Fig. 4-17c. 

The above examples of antisymmetry may have implied at 

least as much abstraction as any chemical applications. The 

symmetric and antisymmetric behavior of orbitals describing 

electronic structure and vectors describing molecular vibra- 

tions may be perceived with greater ease after the preceding 

diversion. Before that, however, some more of group theory will 

have to be covered. 

Figure 4-17. 
Antireflections. Photographs 

by the authors. 

(a) Holiday advertisement in 

Belgium in Flemish and in 

French. 

(b) A pair of door handles, 

one of them inside, protected, 

the other outside, exposed to 

harsh weather conditions, 

corroded. On the island 

Haroy in the North Sea, off 

Molde, Norway. 

(c) Military jets and a sea gull, 

off Bodo, Norway. 
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4.7 Shortcut to Determine 
a Representation 

It was quite easy to find the irreducible representation of 

before as the representation we worked out appeared to be an 

irreducible representation itself. In most cases, however, a 

reducible representation is found when the symmetry opera- 

tions are applied to a certain basis. Now a simpler way will be 

shown (1) to describe the representation on a given basis 

without generating the matrices themselves and (2) to reduce 

them, if reducible, to irreducible representations. 

The diimide molecule is our example again, and the basis is 

the two N-H bond length changes (see Fig. 4-7). It is easy to 

generate the matrices corresponding to each operation using 

such a simple basis; however, even this may not be necessary. It 

has already been mentioned that instead of the representations 

themselves, we can work with their characters. For this par- 

ticular case the characters of the representation have already 

been determined: 

Ti 2 0 0 2 

But how can we know the character of a matrix without writing 

down the whole matrix.? 

Looking back at the effect of the different symmetry opera- 

tions on HNNH (Fig. 4-7) it is recalled, for example, that C2 

interchanges Ari and Ar2, so the diagonal elements of the matrix 

will all be 0. Consequently, these vectors do not contribute to 

the character. 

This observation can be generalized so that those basis 

elements that are associated with an atom changing its position 

during the symmetry operation, will have zero contribution to 

the character. The basis element that is unchanged by a given 

operation contributes +1 to the character. Finally, the basis 

element that is transformed into its negative, contributes —1. 

The only complication arises with the rotational operations 

when the atom does not move during the symmetry operation 

but the basis element associated with it is rotated by a certain 

angle. Here the matrix of the rotation has to be constructed as 

shown in Sect. 4.2. 

Returning to the diimide N-H bond length changes, let us 

see how the above simple rules work. The identity operation, E, 

leaves the molecule unchanged, so the two vectors, Aq and Ar2, 

will each contribute +1 to the character: 

1 + 1 = 2 
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The effect of C2 has already been looked at. Its character is 0. 

The effect of the inversion operation is the same as that of C2, so 

the character will be 

0 + 0 = 0 

Finally, operation leaves the two bonds unchanged, so both 

of them contribute +1 to the character: 

1 + 1 = 2 

The result is the same as before: 

+1 2 0 0 2 

Now check the rules with a larger basis set, the Cartesian 

displacement coordinates of the atoms of HNNH (see Fig. 4-8). 

Operation E leaves all the 12 vectors unchanged, so its charac- 

ter will be 12. C2 brings each atom into a different position so 

their vectors will also be shifted. This means that all the vectors 

will have zero contribution to the character. The same applies 

to the inversion operation. Finally, as already worked out before, 

the horizontal reflection leaves all the v and y vectors un- 

changed and brings the four z vectors into their negative selves. 

The result is 

8 + (-4) = 4 

The whole representation of the displacement vectors is: 

+2 12 0 0 4 

Both representations we constructed here are reducible 

since there are no 2 and 12 dimensional representations in the 

C^h character table (Table 4-8). The next question is how to 

reduce these representations.? 



4.8 Reducing a Representation 

It was discussed before that the irreducible representations 

can be produced from the reducible representations by suitable 

similarity transformations. Another important point is that the 

character of a matrix is not changed by any similarity trans- 

formation. From this follows that the sum of the characters of 

the irreducible representations is equal to the character of the 

original reducible representation from which they are obtained. 

We have seen that for each symmetry operation the matrices of 

the irreducible representations stand along the diagonal of the 

matrix of the reducible representation, and the character is just 

the sum of the diagonal elements. W^hen reducing a represen- 

tation, the simplest way is to look for the combination of the 

irreducible representations of that group - that is the sum of 

their characters in each class of the character table - which will 

produce the characters of the reducible representation. 

First reduce the representation of the two N-H bond length 

changes of HNNH: 

Ti 2 0 0 2 

The Cih character table shows that Fy can be reduced to + 

Cu E 0 i Oh 

4 1 1 1 1 
4 1 -1 1 -1 
Au 1 1 -1 -1 
Bu 1 -1 -1 1 

2 0 0 2 

It may be asked, of course, whether this is the only way of 

decomposing the representation.? The answer is reassuring: 

The decomposition of any reducible representation is unique. If we 

find a solution just by inspection of the character table, it will be 

the only one. Often this is the fastest and simplest way to 

decompose a reducible representation. 
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A more general and more complicated way is to use a reduc- 

tion formula: 

a, ~ (\/h) N ■ x{R) ■ X,{R) 

Q 

where 

Uj is the number of times the z’th irreducible repre- 

sentation appears in the reducible representation 

h is the order of the group 

Q is a class of the group 

TV is the number of operations in the class Q 

R is an operation of the group 

X(R) is the character of R in the reducible represen- 

tation'^^ 

Xi{K) is the character of R in the /‘th irreducible repre- 

sentation 

The summation extends over all classes of the group. 

The reduction formula can be applied only to finite point 

groups. For the infinite point groups, Doo^ and Cx,^, the usual 

practice is to reduce the representations by inspection of the 

character table. 

For illustration, let us find the irreducible representations of 

the two examples used before. First on the basis of the two N-H 

distance changes of diimide (i.e., /\): 

C'lh E C2 i Oh 

4 1 1 1 1 

4 1 -1 1 -1 

Au 1 1 -1 -1 

Bu 1 -1 -1 1 

A 2 0 0 2 

The order of the group is 4. The number of times the irreducible 

representation appears in the reducible representation is: 

a^ = (1/4) [l-2-l + l- 0- l + l- 0- l + l- 2-l] = 

^ = (1/4) (2 + 0 + 0 + 2) = 4/4 = 1. 

In the same way we can deduce the number of times the other 

irreducible representations appear in Tp 

- (1/4) [1 • 2 • 1 + 1 • 0 • (-1) + 1 • 0 • 1 + 1 • 2 • (-1)] = 

^ = (1/4) (2 + 0 + 0 - 2) = 0 

4 Here and hereafter the short expression “character of R” stands for 

the character of the matrix corresponding to operation R, in accor- 

dance with our previous discussion. 



- (1/4) [1 • 2 • 1 + 1 • 0 • 1 + 1 • 0 • (-1) + 1 • 2 • (-1)] = 
= (1/4) (2+ 0 + 0-2) = 0 

= (1/4) [1 • 2 • 1 + 1 • 0 • (-1) + 1 • 0 • (-1) + 1 • 2 • 1] = 

= (1/4) (2 + 0 + 0 + 2) = 4/4 = 1 

That IS Fi — + and the result is the same as before. 

With the twelve-dimensional reducible representation of the 

Cartesian displacement vectors of HNNH the inspection 

method probably does not work. However, the reduction for- 

mula can be used. 

The reducible representation is: 

Ta 12 0 0 4 

ay!^ = (1/4) [1 • 12 • 1 + 1 ■ 0 • 1 + 1 • 0 ■ 1 + 1 ■ 4 ■ 1] = 

= (1/4) (12 + 4) = 4 

= (1/4) [1 ■ 12 • 1 + 1 ■ 0 ■ (-1) +1 ■ 0 • 1 +1 ■ 4 • (-1)1 = 

- (1/4) (12 - 4) = 2 

“ (1/4) [1 ■ 12 ■ 1 + 1 ■ 0 ■ 1 + 1 ■ 0 • (-1) + 1 ■ 4 ■ (-1)] = 
- (1/4) (12 - 4) = 2 

- (1/4) [1 • 12 ■ 1 + 1 • 0 • (-1) + 1 • 0 • (-1) + 1 • 4 • 1] = 

= (1/4) (12 + 4) = 4 

^Ag+2 Bg+2 A^ + 

4.9 Auxiliaries 

A few additional things need to be mentioned before 

embarking on chemical applications of group theoretical 

methods. For detailed descriptions and proofs we refer to [4-1- 

4-3]. 

4.9.1 Direct Product 

Wave functions form bases for representations of the point 

group of the molecule [4-1]. Suppose that / and fj are such 

functions, then the new set of functions, called the direct 

product of fi and fj is also basis for a representation of the 

group. The characters of the direct product can be determined 

by the following rule: the characters of the representation of a direct 
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Table 4-9. Character Table and Some Direct Products for the 

C2v Point Group 

Cov E Co 0^ 

A 1 1 1 1 

Ao 1 1 -1 -1 

B, 1 -1 1 -1 

B, 1 -1 -1 1 

Ai ■ A2 ' 1 1 -1 -1 
~ ^2 

A2 • Bi 1 -1 -1 1 = 52 

Bi • B2 1 1 -1 -1 

Table 4-10. Character Table and Direct Products for the 

Point Group 

Civ E 2C3 3(7^ 

A 1 1 1 

^2 1 1 -1 

E 2 -1 0 

A2 ■ A2 1 1 1 ■= A, 

A2 • E 2 -1 0 = E 

E ■ E 4 1 0 = A^ + A2+ E 

product are equal to the products of the characters of the representa- 

tions of the originalfunctions. The direct product of two irredu- 

cible representations will be a new representation which is 

either an irreducible representation itself or which can be 

reduced into irreducible representations. Tables 4-9 and 4-10 

show some examples for direct products with the and 

point groups, respectively. 



4.9.2 Integrals of Product Functions 

Integrals of product functions often occur in the quantum 

mechanical description of molecular properties and it is helpful 

to know their symmetry behavior. Why.? The reason is that an 

integral whose integrand is the product of two or more func- 

tions will vanish unless the integrand is invariant under all 

symmetry operations of the point group. This means that the 

integral will be nonzero only if the integrand belongs to the 

totally symmetric irreducible representation of the molecular 

point group. 

The representation of a product function can be determined 

by forming the direct product of the original functions. The 

representation of a direct product will contain the totally 

symmetric representation only if the original functions, whose 

product is formed, belong to the same irreducible representa- 

tion of the molecular point group. 

These rules can be extended to integrals of products of more 

than two functions. For a triple product the integral will be 

nonzero only if the representation of the product of any two 

functions is the same as or contains the representation of the 

third function. If the integral is 

\ f’fj'fk dr 

then the above condition is expressed by 

r/, C 

where F stands for the representation and c means “is or con- 

tains”. Very oftenis a quantum chemical operator and then the 

relations are: 

1 dr 

or with other notation 

and 

This kind of condition appears in energy integrals, spectral 

selection rules, and in the discussion of chemical reactions. 
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4.9.3 Projection Operator 

In applying group theory to chemical problems one of the 

most useful concepts is \\\^ projection operator [4-1, 4-2]. It is an 

operator which takes the non-symmetry adapted basis of a 

representation and projects it along new directions in such a 

way that it belongs to a specific irreducible representation of the 

group. The projection operator is represented by P in the 

following form: 

P- {\/h) ^ x.{R) ■ R 

R 

where /i is the order of the group, 

i is an irreducible representation of the group, 

R is an operation of the group, 

XjR) is the character of R in the fth irreducible repre- 
sentation, and 

R means the application of the symmetry operation R to 

our basis component. 

The summation extends over all operations of the group. 

Consider now the construction of the symmetry group 

orbital of the hydrogen j atomic orbitals in ammonia as an 

example for the application of the projection operator. (The 

various kinds of orbitals will be discussed in detail in Chapter 6.) 

The projection operator for the irreducible represen- 

tation in the point group is 

= (1/6) Y XA(P ■ ^ 
R 

Applying this operator to the j orbital of one of the hydrogens 

(HI) of ammonia, we obtain 

Si ^ 1 • £ • j"! + 1 • C3 • + 1 • + 
+ 1 • a • + 1 • a’ • j'l + 1 • a” • j-j = 

= Si + S2 p + Si + S2 + — Si S2 + S^. 

The expression is an approximation here since the 1/6 numeri- 

cal factor was omitted. The coefficient in the symmetry adapted 

linear combinations can be determined at a later stage by 

normalization. In an actual calculation this is necessary whereas 

here we are interested in the symmetry aspects only which are 

well represented by the relative values. In fact, the coefficients 

will be ignored throughout our discussions! 

Application of the projection operator will also be demon- 

strated pictorially in forthcoming chapters. These representa- 

tions will emphasize the results of summation of symmetry- 
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sensitive properties while the absolute magnitudes will not be 

treated rigorously. Thus, for example, the directions of vectors 

will be summed in describing vibrations, and the signs of the 

angular components of the electronic wave functions will be 

summed in describing the electronic structure. 

4.10 Dynamic Properties 

Figure 4-18. 

Symmetric (a) and antisym- 

metric (b) consequences of 

the “mirror operation” for two 

movements. Drawing and 

courtesy of Gyorgy Doczi, 

Seattle, WA. 

Molecular properties can be of either static or dynamic 

nature. A static property remains unchanged by every sym- 

metry operation carried out on the molecule. The geometry of 

the nuclear arrangement in the molecule is such a property: a 

symmetry operation transforms the nuclear arrangement into 

another which will be indistinguishable from the initial.^^ The 

mass and the energy of a molecule are also static properties. 

The dynamic properties, on the other hand, may change 

under symmetry operations. Molecular motion itself is a most 

common dynamic property. In our previous discussions of 

molecular structure, the molecules were mostly assumed to be 

motionless, and only the symmetry of their nuclear arrange- 

ment was considered. However, real molecules are not motion- 

less. On the contrary, their chemical behavior is determined by 

their motion to a great extent. 

In order to appreciate the effects of symmetry operations on 

motion, an example from our macroscopic world is invoked 

here, following the idea of Orchin and Jaffe [4-13]. Suppose 

there exists a long wall of mirror, and one walks alongside this 

mirror (Fig. 4-18a). Our mirror image will be walking with us 

5 Unless, of course, identical atoms are distinguished by labels as, e.g., 

in Figs. 4-2 and 4-3. 

Wl'U/n^ 'thji, fwoA, cAcnt^ is jjoA^tU. k> 

■/Ae rriAjvun^ 

VJlxQ.n vje chose a. noah perLpt^cLicAAiojvh 

tkt r/UnrurL 
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with the same speed and in the same direction (its velocity will 

be the same as ours). Walk now from a distance towards the 

mirror perpendicularly to it. In this case our mirror image will 

have a different velocity from ours: the speed will be the same 

again but the direction will be just the opposite. Both we and 

our mirror image will be walking towards the plane of the 

mirror and if we do not stop in time, we shall collide in that 

plane (Fig. 4-18b). 

The consequences of the mirror operation were different for 

the two movements. One was symmetric and the other was 

antisymmetric. 

There are analogous phenomena for all kinds of molecular 

motion which may be symmetric and antisymmetric with 

respect to the various symmetry operations of the molecular 

point group. The two main kinds of motion in a molecule is 

nuclear and electronic. The nuclear motion may be transla- 

tional, rotational and vibrational (Chapter 5). The electronic 

motion is basically the changes in the electron density distribu- 

tion (Chapter 6). 

4.11 Where Is It Applied.? 

It is primarily the dynamic properties whose description is 

facilitated by group theoretical methods. This is in fact an 

understatement. The dynamic properties cannot be fully dis- 

cussed without group theory. On the other hand, this theory 

need not be used to determine the point group symmetry of the 

nuclear arrangement of a molecule, as has been shown before 

(cf Table 3-1). 

The first step in the symmetry determination of the dynamic 

properties is the selection of the appropriate basis. Appropriate 

here means the correct representation of the changes in the 

properties examined. In the investigation of the molecular 

vibrations (Chapter 5), either Cartesian displacement vectors or 

internal coordinate vectors are used. In the description of the 

molecular electronic structure (Chapter 6), the angular compo- 

nents of the atomic orbitals are frequently used bases. Since the 

angular wave function changes its “sign” under certain symmet- 

ry operations, its behavior will be characteristic of the spatial 

symmetry of a particular orbital. Molecular orbitals can also be 

used as basis of representation. The simple scheme below 

shows some important areas in chemistry where group theory is 

indispensable and the most convenient basis functions are also 

indicated: 



Areas 

construction of molecular 

orbitals 

construction of hybrid 

orbitals 

predicting the decrease of 

degeneracies of d orbitals 

under a ligand field 

predicting the allowedness 

of chemical reactions 

determining the number 

and symmetries of mole- 

cular vibrations 

normal coordinate analysis 

(symmetry coordinates) 

Basis functions 

atomic orbitals 

position vectors pointing 

towards the ligands 

d atomic orbitals 

molecular orbitals 

Cartesian displacement 

vectors 

internal coordinate 

displacements 

Group theory is also used prior to calculations to determine 

whether a quantum mechanical integral of the type 

J ifjj dp. ilfj dr is different from zero or not. This is important 

in such areas as the selection rules for electronic transitions, 

chemical reactions, infrared and Raman spectroscopy, and 

other spectroscopies. 
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5 Molecular Vibrations 

Vibration is a special kind of motion: the atoms of every 

molecule are permanently changing their relative positions at 

every temperature (even at absolute zero) without changing the 

position of the molecular center of mass. In terms of the 

molecular geometry these vibrations amount to continuously 

changing bond lengths and bond angles. Symmetry considera- 

tions will be applied to the molecular vibrations in this chapter 

following primarily Refs. [5-1 to 5-3]. Our brief discussion is 

only an indication of yet another important application of 

symmetry considerations. The mentioned references and two 

other fundamental monographs [5-4, 5-5] on vibrational 

spectroscopy are suggested for further reading. Our primary 

concern will be to examine in simple terms the following 

question. What kind of information can be deduced about the 

internal motion of the molecule from the mere knowledge of its 

point-group symmetry.? 

5.1 Normal Modes 

The seemingly random motion of molecular vibrations can 

always be decomposed into the sum of relatively simple 

components, called normal modes of vibration. Each of the 

normal modes is associated with a certain frequency. Thus for a 

normal mode every atom of the molecule moves with the same 

frequency and in phase. Three characteristics will be examined 

for normal vibrations: their number, their symmetry, and their 

type. 

5.1.1 Their Number 

Since vibration is only one of the possible forms of motion, it 

has to be separated from the others, translation and rotation. 

Consider first a single atom. Its motion can be characterized by 
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Kiguro 3 1. 

rhvoo nunion.il dogroos ot' 

tvtwioni of .in .itoni. 

* 

A 
\ 

the three Chirtesian eoordinates of its instantaneous position as 

shown in Inn 3-1. In other words, the atom has three degrees of 

moiioiialfreedom. Consider next a diatomic molecule. It will have 

? X 3 == h decrees of freedom. We might think again that the 

three Cartesian etnirdinates of each atom describe the motion 

ol the molecule in space. However, this is not quite so. Since the 

two atoms are not independent from each other, they must 

c ^ c t h er in space. Idris means that three degrees of free- 

dom will aceount, altogether, for the translation of a diatomic 

molecule qsee Fig. 5-2) - or of any polyatomic molecule, for that 

matter. Two other degrees of freedom describe the rotation of 

the diatomie moleeule around the center of mass (see Fig. 5-3a). 

d'he rotation around the axis (Fig. 5-3b) need not be consid- 

ered as it is the axis of the molecule and the rotation around it 

does luit ehange the position of the molecule. 

Figure 30. 

file three tr.insl.itional 

degree.'! ot freedom of a di 

atomio moleeule. 

z 

Figure 3 .V 

koi.itivMi Ol .1 v.liatomie mole 

eule, 

I w o rot.ition.il degrees of 

freedvaii. 

(b) Rotation around the mole- 
cular axis does not change the 

position of the molecule. 

d'hus oi the six degrees of freedom five have been accounted 
tor. The sixth will describe the movement of the two atoms rela- 

tive to each other without changing the center of the mass. This 

is the vibration of the molecule. 

O 



I'ijrure 5*4. 
Normal modes fd vil)ratior) for 

the water mokteule. d fie 

len^ji^ths of tfie arrows indieafe 

the rc-lative displaec-ments of 

(lie atoms. 

'\ lie eoiMplele nm lear niotioo of an A/atoniie iiioleeole eaii 

1) 0 (lescrilied with .5paratoeters, tliat is an A^aloniie inoleeule 

lias .5A/ (Ici'fces of fieedoni. d fje f/ansfafioii of a inoleeule can 

always he deserihed hy 3 paraniffers, d he rr^taf ion of a diatomic 

or any linear molecule will he fjesnihed hy 2 parameters and the 

rotation of a non lineal moler ule hy .3 parameters, d his means 

that there are always 3 franslational and 3 dor linear molecules 

2) t otal ional decrees of freedom, d he remaining 3/V 6 dor the 

linear (sise 3yV 5; deprees of freedf>m account for the vihra 

t ional mol ion of the molecule,, d hey pive the niimher of normal 

vihral ions. 

ddie translational and ifdational deprees of freedom which 

do not chanpe the relative pecadirms of the atoms in the mole- 

cule, are often called nonyrnuinc tnodrs. I he remaininp 3A^—6 

(or 3N/ deprees of freedom are called penuine vihrations or 

yemuHr modes. 

5.1.2 '1 licir Syntrnclry 

ddie (dose redationship hetween symmetry and vibration is 

expressed hy the followinp rule; /V/c/z Nornud mode of vd)ral.ion 

forms d basis for dN rrredd( ihle rejmeseuldl ion ofi/d' foint yrouf) of Lite 

molecule. 

lad us use the water molecule to illustrate the above state- 

numt. ddie normal modes of this molecule arc shown in hip. 5-4. 

ddic point prou[) is (f,, and th(‘ (diaratder table is piven in dahle 

5 I. It is seen that all operations hrinp and V2 into themselves 

so thedr (diaracders will he: 

/’v;, fill 
rv2 1111. 
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Figure 5-5. 
Cartesian displacement 
vectors as basis for a represen- 
tation of the water molecule. 

The behavior of the third normal mode, V3, is different. While E 

and adeave it unchanged, both C2 and o bring it into its nega- 

tive self: each atom moves in the opposite direction after the 

operation. This means that V3 is antisymmetric to these 

operations. The characters are: 

1 1 1 1. 

Looking at the €2^ character table we can say that Vj and V2 

belong to the totally symmetric irreducible representation Ai, 

and V3 belongs to B2. 

It was easy to determine the symmetry of the normal modes 

of the water molecule because we already knew their forms. 

Can the symmetry of the normal modes of a molecule be deter- 

mined without any previous knowledge of the actual forms of 

the normal modes.? The answer is fortunately yes. From the 

symmetry group of the molecule the symmetry species of the 

normal modes can be determined without any additional infor- 

mation. 

First an appropriate basis set has to be found. Considering 

that a molecule has SA^degrees of motional freedom, a system 

of 3A^ so-called Cartesian displacement vectors is a convenient 

choice. A set of such vectors is shown in Fig. 5-5 for the water 

molecule. A separate Cartesian coordinate system is attached to 

each atom of the molecule, with the atoms at the origin. The 

orientation of the axes is the same in each system. Any displace- 

ment of the atoms can be expressed by a vector and in turn this 

vector can be expressed as the vector sum of the Cartesian 

displacement vectors. 

Next, the set of Cartesian displacement vectors is used as a 

basis for the representation of the point group. As discussed in 

Chapter 4, the vectors connected with atoms that change their 

position during an operation will not contribute to the character 

and thus they can be ignored. 

Continuing with the water molecule as an example, the basis 

of the Cartesian displacement vectors will consist of 9 v ectors 

(see Fig. 5-5). Operation E brings all of them into themselves, 

and the character is 9. Operation C2 changes the position of the 

two hydrogen atoms, so only the three coordinates of the 

oxygen atom have to be considered. The corresponding block 

of the matrix representation is: 

xp 

C2 =y2 

Z2 

X2 y2 Z2 

-10 0 

0-10 

0 0 1 
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The character is: (—1) + (—1) + 1 = —1. 

The next operation is a. Again only the oxygen coordinates 

have to be considered. Reflection through the plane leaves V2 
and 2:2 unchanged and brings j/2 into -y2- The character is 1 + 1 
+ (-1) = 1. 

Finally, operation a’ leaves all three atoms in their place so all 

' the 9 coordinates have to be taken into account. Reflection 

through they^ plane leaves ally and ^ coordinates unchanged 

and takes all v coordinates into their negative selves. The 

character will be: 

(-1) + 1 + 1 + (-1) + 1 + 1 + (-1) + 1 + 1 = 3. 

The representation is: 

/lot 9-113. 

This is, of course, a reducible representation. Reduce it now 

with the reduction formula (see Chapter 4): 

= (1/4) (1 • 9 • 1 + 1 • (-1) • 1 + 1 • 1 • 1 + 1 • 3 • 1) = 

= (1/4) (9 - 1 + 1 + 3) = 3 

^ (1/4) (1 • 9 ■ 1 + 1 • (-1) • 1 + 1 • 1 • (-1) + 1 • 3 • (-1)) = 
^ (1/4) (9 - 1 - 1 - 3) = 1 
= (1/4) (1 • 9 • 1 + 1 • (-1) • (-1) +1 • 1 • 1 + 1 • 3 • (-1)) = 

= (1/4) (9 + 1 + 1 - 3) = 2 

= (1/4) (1 • 9 • 1 + 1 • (-1) • (-1) + 1 • 1 • (-1) + 1.3.1) = 

= (1/4) (9 + 1 - 1 + 3) = 3 

The representation reduces to: 

Ttot = 3^1 + ^2 + + 3B2. 

These nine irreducible representations correspond to the nine 

motional degrees of freedom of the three-atomic water mole- 

cule. To obtain the symmetry of the genuine vibrations, the irre- 

ducible representations of the translational and rotational 

motion have to be separated. This can be done using some 

considerations described in Chapter 4. The translational 

motion always belongs to those irreducible representations 

where the three coordinates, x, y and 2:, belong. Rotations 

belong to the irreducible representations of the point group 
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indicated by Ry, and R~ in the third area of the character 

tables. In the Coz- point group 

and 
^tran “ + A + 

T^j-ot ^ ^^2 d" -^1 d" 

Subtracting these from the representation of the total motion, 

we get 

Tot + An + 2T + 3B2 

“(Tran = A + B, + B2) 

-(^ro, 
= 

T + Bi + Bn) 

Tib = 2Ai + Bn 

Thus, of the three normal modes of water, two will have and 

one B2 symmetry. Let us stress again: this information could be 

derived purely from the molecular point-group symmetrv. 

5.1.3 Their Types 

The normal modes can usually - though not alwavs - be 

associated with a certain kind ot motion. Those connected 

mainly with changes in bond lengths are the stretc/ii//g modes. 

The ones connected mainlv with changes of bond angles are 

the deformation modes. These may be mainly either in-plane or 

out-of-plane deformation modes. The simplest deformation 

mode is the bending ??iode. 

Examine now the symmetries of these different tvpes of 

vibration. For this purpose a new type of basis set is used. Since 

we are interested in the changes of the geometrical parameters, 

these changes are an obvious choice for basis set. The geometri- 

cal parameters are also called internal coordinates, and the basis is 

the displacement of these internal coordinates. 

Let us continue with the water molecule and determine the 

symmetry of its stretching modes. The molecule has two O-H 

bonds, so the basis will be the of these O-H bonds. The 

representation of this basis set is 

Ttr 2 0 0 2 

and with inspection of the C^z- character table we see that it 

reduces to +.62. This means that the stretching of the O-H 

bonds contributes to the normal modes oi A^ and svmmetrv 

(we shall later see that these are the symmetric and anti- 

symmetric stretches, respectivelv). 



The third internal coordinate which can be considered in the 

water molecule is the bond angle, H-O-H. Its change will be the 

bending mode. All symmetry operations leave this basis 

unchanged, so the representation is: 

Aend 1111 

and it belongs to the totally symmetric representation, A^. 

What can we conclude.^’ B2 appears only in the stretching mode, 

so the Bo normal mode will be a pure stretching mode. The Ai 

symmetry mode, however, appears in both the stretching and 

the bending mode. At this point we cannot say whether one of 

the Ai normal modes will be purely stretch and the other purely 

bend or they will be a mixture. This depends on the energy of 

these vibrations. If they are energetically close they can mix 

extensively. If they are separated by a large energy difference, 

they will not mix. In the case of H2O, for example, the two A^ 

symmetry modes are quite well separated while in CI2O they 

are completely mixed. 

Modes of different symmetry never mix, even if they are 

close in energy. (This is a general rule which will have its analo- 

gous version for the transitions among electronic states as will 

be seen later in Chapters 6 and 7.) 

The above analysis of the types of normal modes brings us to 

the limit where simple symmetry considerations can take us. 

Nothing yet has been said about the pictorial manifestation of 

the various normal modes. Above we deduced, e.g., that the B2 

normal mode of the water molecule is a pure stretch. The 

question may also be asked, how does it look.? This question can 

be answered with the help of symmetry coordinates. 

5.2 Symmetry Coordinates 

The symmetry coordinates are symmetry adapted linear 

combinations of the internal coordinates. They always trans- 

form as one or another irreducible representation of the mole- 

cular point group. 

The symmetry coordinates can be generated from the 

internal coordinates by the use of the projection operator 

introduced in Chapter 4. Both the symmetry coordinates and 

the normal modes of vibration belong to an irreducible 

representation of the point group of the molecule. A symmetry 

coordinate is always associated with one or another type of 
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internal coordinates - that is pure stretch, pure bend, etc., - 

whereas a normal mode can be a mixture of different internal 

coordinate changes of the same symmetry. In some cases, as in 

H2O, the symmetry coordinates are good representations of the 

normal vibrations. In other cases they are not. An example for 

the latter is AU2CI5 [5-1] where the pure symmetry coordinate 

vibrations would be close in energy, so the real normal vibra- 

tions are mixtures of the different vibrations of the same 

symmetry type. The relationship between the symmetry coor- 

dinates and the normal vibrations can be established only by 

calculations called normal coordinate analysis [5-5, 5-6]. These 

calculations necessitate further data in addition to the know- 

ledge of molecular symmetry, and are not pursued here. 

Return now to the symmetry coordinates of the water mole- 

cule. They can be generated using the projection operator. As 

has been mentioned before, here we are interested only in the 

symmetry aspects of the symmetry coordinates. Thus the 

numerical factors are omitted and normalization is not con- 

sidered. First work out the symmetry coordinate involving the 

stretching vibrations: 

~ 1 • £ • Ari + 1 • C2 • Arj + 1 • a • A/j + 1 • a’• Ari = 

= Arj -f Ar2 + Ar2 + Ar^ ~ A/] + Ar2 
« 1 • £ ■ Ar, + (-1) ■ Cj ■ ^r^ + (-1) ■ o ■^r^ + 

+ 1 • o’ • Arj = 
= Ari - Ar2 - Ar2 + Arj ~ A/i - Ar2. 

The same procedure is presented pictorially in Fig. 5-6. The 

bending mode of the water molecule stands alone so it will be a 

symmetry coordinate by itself: 

Since the symmetry coordinates of water are good approxi- 

mations of the normal vibrations, the pictorial representations 

are applicable to them as well. Indeed, the three normal modes 

of Fig. 5-4 are the same as the symmetry coordinates we just 

derived. The symmetry stretching mode is called the 

symmetric stretch while the B2 mode is the antisymmetric 

stretch. 



Figure 5-6. 

Generation of the symmetry 

coordinates representing bond 

stretching for H2O. 

5.3 Selection Rules 

The vibrational wave function, as any wave function, must 

form a basis for an irreducible representation of the molecular 

point group [5-2]. 

The total vibrational wave function, can be written as the 

product of the wave functions if/j{n^, where iff/is the wave func- 

tion of the /th normal vibration (f = 1 through m) in the nth 

state. 

■ ^2(^2) • ^^3(^3)   

In general at any time each of the normal modes may be in any 

state. There is, however, a situation when all the normal modes 

are in their ground states and only one of them gets excited into 

the first excited state. Such a transition is called a fundamental 
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transition. The intensity of the fundamental transitions is much 

higher than the intensity of the other kinds of transitions.^^ 

Therefore, these are of particular interest. 

The vibrational wave function of the ground state belongs to 

the totally symmetric irreducible representation of the point 

group of the molecule [5-2]. The wave function of the first 

excited state will belong to the irreducible representation to 

which the normal mode undergoing the particular transition 

belongs. 

A fundamental transition will occur only if one of the follow- 

ing integrals has nonzero value: 

I vl 

Here is the total vibrational wave function for the ground 

state, if/J is the total vibrational wave function for the first 

excited state referring to the fth normal mode and x, y, and z are 

Cartesian coordinates. 

The condition for an integral of product functions to have a 

nonzero value was given in Chapter 4. For the vibrational transi- 

tions this condition can be expressed in the following way: 

rifj° • C or 

rii/° ■ PfifJ ^ Fy or 

• V ^ 

The considerations on the symmetries of the ground and 

excited states and the above conditions lead to the selection 

rule for infrared spectroscopy: A fundamental vibration will be 

infrared active if the corresponding normal mode belongs to the same 

irreducible representation as one or more of the Cartesian coordinates. 

The selection rule for Raman spectroscopy can also be 

derived by similar reasoning. It says: A fundamental vibration 

will be Raman active if the normal mode undergoing the vibration 

belongs to the same irreducible representation as one or more of the 

components of the polarizability tensor of the molecule. These 

components are the quadratic functions of the Cartesian 

coordinates given in the fourth area of the character tables. The 

Cartesian coordinates themselves are given in the third area. 

Thus the symmetry of the normal modes of a molecule is suffi- 

cient information to tell what transitions will be infrared and 

what transitions will be Raman active. The normal modes of the 

water molecule belong to the Ax and irreducible representa- 
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tion of the 62^ point group. Using merely the €2-^ character table 

it is deduced that all three vibrational modes will be active in 

both the infrared and Raman spectra. 

Since a particular normal mode may belong to different 

symmetry species in different point groups, its behavior 

depends strongly on the molecular symmetry. Just to mention 

• , one example, the symmetric stretching mode of an AX3 

molecule is not infrared active if the molecule is planar It 

is infrared active, however, if the molecule is pyramidal (C3 J. 

Vibrational spectroscopy is obviously one of the best experi- 

mental tools to determine the symmetry of molecules. 

5.4 Examples 

The utilization of the symmetry rules in the description of 

molecular vibrations will be further illustrated by a few exam- 

ples. 

Diimide, HNNH This molecule belongs to the €2/1 point group 

(see Fig. 4-7). The number of atoms is 4, so the number of 

normal vibrations is 3 • 4 - 6 = 6. 

Our first task is to generate the representation of the Car- 

tesian displacement vectors of the four atoms of the molecule 

(see Fig. 4-8a - 4-8c). As was shown in Chapter 4, the represen- 

tation is: 

Ttot 12 0 0 4. 

The reduction of this representation is also given in Chapter 4. 

The result is: 

At = 44 + 2Bg + 2 A + 4 A 

These 12 irreducible representations account for the 12 degrees 

of motional freedom of HNNH. Subtracting the irreducible 

representations corresponding to the translation and rotation 

of the molecule (see C2/1 character table. Table 5-2) leaves us the 

symmetry species of the normal modes of vibration: 

Ttot = + 2Bg + 2 A 4" 4 A 

“Aran = A + 2 A) 
-(At Ag + 2Bg ) 

Ab = ^Ag + A + 2 A 
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Next we will see what kind of internal coordinate changes 

can account for each of these normal modes. There will have to 

be two N-H stretching modes and one N-N stretching mode. 

For deformation modes the two N-N-H angle bending modes 

are obvious choices, and they will be in-plane deformation 

modes. These constitute five normal vibrations so one is left to 

be accounted for. In deciding the nature of this normal mode, 

inspection of the character table may help. Of the above three 

different kinds of irreducible representations, and are 

symmetric with respect to so they must be vibrations within 

the molecular plane. The five vibrational modes suggested 

above then account for 3^^ + The remaining normal 

mode, however, is antisymmetric with respect to so it must 

involve out-of-plane motion. Consequently, this normal mode 

will be an out-of-plane deformation mode. 

Work out next the representations of the internal coordi- 

nates. The representation of the two N-H distance changes has 

been given in Chapter 4. This and the other representations are 

all shown in Table 5-2, together with the C^h character table. 

The /NH representation has been reduced to A^ + B^ in Chap- 

ter 4. The reduction of the /NNH representation is the same. 

Both the N-N stretching and the out-of-plane deformation are 

already irreducible representations by themselves. Since both 

Ag and B^ occur more than once, we cannot tell without calcula- 

tion whether there will be three pure Ag modes, one N-H 

stretch, one N-N stretch and one N-N-H bend, or each of the 

three Ag modes will be a mixture of these three vibrations. The 

Table 5-2. The C2h Character Table and the Representations of 

the Internal Coordinates of Diimide. 

C2h E C2 i Oh 

4 
1 1 1 1 R. 2?, z^, xy 

4 
1 -1 1 -1 

n n xz, yz 

Au 1 1 -1 -1 z 

Bu 1 -1 -1 1 X, y 

2 0 0 2 — Ag A Bu 
^NN 1 1 1 1 

^NNH 2 0 0 2 — Ag A Bu 
7-1 a) 
^ HNNH 1 1 -1 -1 •= A^ 

out-of-plane deformation mode 



same is true for the symmetry normal vibrations. They will 

be either pure N-H antisymmetric stretching and N-N-H 

bending modes or their mixtures. The only unambiguous 

assignment is that the symmetry normal mode will be the 

out-of-plane deformation mode. 

Generate now the symmetry coordinates of HNNH by 

means of the projection operator (a is the N-N-H angle): 

P^s Ari « 1 • £ • Ari + 1 • C2 • A/i + 1 • / • + 1 • • A/i= 

= Ari + Ar2 + Ar2 + Ar^ ^ Arj + Ar2 
p^u Ari « 1 • £ • Ari + (-1) • C2 • Arj + (-1) • Ari +1 • • Ari = 

= Ari - Ar2 - Ar2 + A^i ~ Arj - Ar2 

P s Aai~ 1 • £ • Aoci + 1 • C2 • Aa^ + 1 • ? • Aoci + 1 • • Actj = 
= Aai + A0C2 + Aa2 + Aai ^ Acci + Aa2 

Acxi~ 1 • £• Aai + (-l) • C2 • Aai + (-l) • i- Acci + l • ■ Aai = 
= Aoci - Aa2 - Aa2 + Aaj ^ Aaj - Aa2. 

The same procedure is depicted in Fig. 5-7. The forms of the 

symmetry coordinates of HNNH are shown in Fig. 5-8. They 

might approximate well the normal modes of the molecule, and 

again, they might not. 

Figure 5-7. 
Generation of some symmetry 
coordinates of HNNH. 
(a) Symmetry coordinates cor- 

responding to N-H bond 

stretches. 

Bu 

vector sum 
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(b) Symmetry coordinates 

representing in-plane defor- 

mation. 

Figure 5-8. 
Symmetry coordinates for the 

HNNH molecule. 

Finally, let us decide which normal mode will be infrared 

active and which one will be Raman active. The Cartesian coor- 

dinates belong to the and irreducible representation of 

the C2h point group, while their binary products to and 

Consequently, the selection rules are: 

infrared active: A^, B^ 

Raman active: Ag. 

This means that the symmetry stretching modes and the A^ 

symmetry bending mode will be Raman active, while the Bj^ 

symmetry stretching and bending modes will be infrared active. 

Similarly, the Aj^ symmetry out-of-plane deformation mode will 

be infrared active. 
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Carbon dioxide, COz- The molecule is linear and belongs to 

the Dooh point group. The number of atoms is 3, so the number 

of normal vibrations is: 3 • 3 - 5 = 4. 

C2 

The set of Cartesian displacement vectors as basis for a 

representation is shown in Fig. 5-9. The symmetry operations of 

the point group are also shown. The Dooh character table is given 

in Table 5-3. Recall (Chapter 4) that the matrix of rotation by an 

angle 0 is 

cos 0 

-sin 0 

sin 0 

cos 0 

The rotation by an arbitrary angle 0 will leave the three 2: coor- 

dinates unchanged and the x and y coordinates mixed accord- 

ing to the above expression. The following matrix represents 

the rotation:^^ 

Xi yi X2 4^2 2^2 X3 4^3 ^3 

Xi C0 S0 0 0 0 0 0 0 0 

yi -S0 C0 0 0 0 0 0 0 0 

0 0 1 0 0 0 0 0 0 

0 0 0 c0 S0 0 0 0 0 

y2 0 0 0 -S0 C0 0 0 0 0 

Z2 0 0 0 0 0 1 0 0 0 

xd 0 0 0 0 0 0 c0 s0 0 

yd 0 0 0 0 0 0 -S0 C0 0 

zd 0 0 0 0 0 0 0 0 1 

2 cos is abbreviated by c and sin by s in the matrix. 



Table 5-3. The Dooh Character Table^^ 

Dooh E icJ ... i isJ ... 

y + 1 1 1 1 1 1 2 1 2 2 X +y , z 

V 1 1 -1 1 1 -1 Rz 

n. 2 2c0 ... 0 2 -2c0 ... 0 {Dx, Ry) (xz, yz) 

2 2c20 ... 0 2 2c20 ... 0 (x -y , xy) 

2/ 1 1 1 -1 -1 -1 z 

1 1 -1 -1 -1 1 

2 2c0 ... 0 -2 2c0 ... 0 (x,y) 

2 2c20 ... 0 -2 -2c20 ... 0 

• • ... ... • • ... ... 

c stands for cos 

The character will be: 3 + 6 cos The other relatively compli- 

cated operation is the mirror-rotation by an arbitrary angle, *S^. 

This operation means a rotation around the 5: axis by angle 0, 

followed by reflection through the xy plane. This reflection 

interchanges the positions of the two oxygen atoms so they need 

not be considered. The block matrix of the operation will be: 

X2 y2 2^2 

X2 COS 0 sin 0 0 

y2 -sin 0 cos 0 0 

Z2 0 0 -1 

The character is: —1 + 2 cos 0. 

Omitting the details of the determination of the remaining 

characters, the representation of the Cartesian displacement 

vectors is: 

Ttot 9 3 + 6 cos 0 3 -3 -1 + 2 cos O -1. 

Subtract the characters of the translational and rotational 

representations. Remember that CO2 is linear and the rotation 

around the molecular axis need not be taken into account. 

Ttot =9 3 + 6 cos 0 3 -3 -1+2 cos 0 -1 

"(C^ran ^ 1+2 COS 0 1 -3 -1+2 COS 0 -1) 

-(Trot =2 2 cos 0 0 2 - 2 cos0 0) 

Cvib =4 2 + 2 cos 0 2 -2 2 cos 0 0 
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The reduction formula cannot be applied to the infinite point 

groups (Chapter 4). Here inspection of the character table may 

help. Since 2 cos 0 at appears with the irreducible 

representation, it is worth a try to subtract this one from 

Tvib =4 2 + 2 cos 0 2 -2 2 cos 0 0 

-(Ai^ =2 2 cos 0 0 -2 2 cos 0 0) 

2 2 2 0 0 0 

Figure 5-10. 
Normal modes of vibration of 
the CO2 molecule. 

1/ 
1 

+ 

^2 

^^3 

This representation can be resolved as the sum of 2. and 2„. 

=111111 
=111-1-1-1 

2^+2^,= 2 2 2 0 0 0 

Thus the normal modes of the CO2 molecule will be: 

r^ib = 2^ + 2^, + 

Since is a degenerate vibration, it counts as two and so we 

indeed have the four necessary normal vibrations. 

The obvious choice for the three internal coordinate 

changes is the stretching of the two C=0 bonds and the 

bending of the 0=C=0 angle. Using these as bases for repre- 

sentations we can build up the symmetry coordinates. 

Tst, 2 2 2 0 0 0 

We have already seen before that this representation reduces as 

2^ + 2^,. The normal mode will correspond to the bending 

vibration. 

Since each of the three symmetry species, 2^ and 

appears only once, the symmetry coordinates will be good 

representations of the normal modes. There is no possibility for 

mixing. Fig. 5-10 shows the forms of the normal vibrations of the 

CO2 molecule. The two bending modes are degenerate; they 

are of equal energy. 

Finally, apply the vibrational selection rules to CO2: 

infrared active: 2^^, E^^ 

Raman active: 2^. 

Accordingly, the symmetric stretch C=0 normal mode should 

appear in the Raman spectrum, while the antisymmetric stretch 

and the degenerate bend modes are expected to appear in the 

infrared. 
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6 Electronic Structure 
of Atoms 
and Molecules 

Everything that really counts in chemistry is related to the 

electronic structure of atoms and molecules. The formation of 

molecules from atoms, their behavior and reactivity all depend 

on their electronic structure. What is the role of symmetry.? In 

various aspects of the electronic structure, symmetry can tell us 

a good deal; why certain bonds can form and others cannot, 

why certain electronic transitions are allowed and others are 

not, and why certain chemical reactions occur and others do 

not. Our discussion of these points is based primarily on some 

monographs listed in the references ([6-1] to [6-7]). 

To describe the electronic structure, the electronic wave 

function is used which depends in general on both 

space and time. Here, however, only its spatial dependence will 

be considered, ^(v’,y,2r). For detailed discussions of the nature of 

the electronic wave function we refer to texts on the principles 

of quantum mechanics ([6-1] to [6-3]). The physical meaning of 

the electronic wave function is expressed by the product of ijj 

with its complex conjugate ilf. This product iJj ■ iff gives the 

probability of finding an electron in the volume dr = dxdyd;^ 

about the point {x, y, 2:). 

A many-electron system is described by a similar but multi- 

variable wave function 

llj{^X\,y\,Z\,... XpypZp... '^n^yn>^ri) • 

The product ijj • iff gives the probability of finding the first elec- 

tron in dll, about the point {xi,yi,z-^, and the /th electron in dr, 

about the point {xp yp z)), all at the same time. 

The symmetry properties of the electronic wave function 

and the energy of the system are two determining factors in 

chemical behavior. The relationship between the wave function 

characterizing the behavior of the electrons and the energy of 

the system - atoms and molecules - is expressed by the Schro- 

dinger equation. In its general and time-independent form, it is 

usually written as follows. 

HiJj = Eiji, (6-1) 

where H is the Hamiltonian operator and E is the energy of 

the system. 
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The Hamiltonian operator is an energy operator, which 

includes both kinetic and potential energy terms for all particles 

of the system. In our discussion only its symmetry behavior will 

be considered. With respect to the interchange of like particles 

(either nuclei or electrons) the Hamiltonian must be unchanged 

under a symmetry operation. A symmetry operation carries the 

system into an equivalent configuration, which is indistinguish- 

able from the original. But, if nothing changes with the system, 

its energy must be the same before and after the symmetry 

operation. Thus the Hamiltonian of a molecule is invariant "lo 

any symmetry operation of the point group of the molecule. 

This means that it belongs to the totally symmetric represen- 

tation of the molecular point group. 

A fundamental property of the wave function is that it can be 

used as basis for irreducible representations of the point group 

of a molecule [6-4]. This property establishes the connection 

between the symmetry of a molecule and its wave function. The 

preceding statement follows from Wigner’s theorem which 

says that all eigenfunctions of a molecular system belong to one 

of the symmetry species of the group [6-8]. 

In the expression of the energy of a system the following type 

of integral appears: 

J if/jHijjj dT. 

Depending on the system, ij/j and may be atomic orbitals used 

to construct molecular orbitals, or they may represent two 

different electronic states of the same atom or molecule, etc. 

The energy, then, expresses the extent of interaction between 

the two wave functions and ij/j. As was shown in Chapter 4, 

an integral will have a nonzero value only if the integrand is 

invariant to the symmetry operations of the point group, i.e., it 

belongs to the totally symmetric irreducible representation. 

The above energy integral contains the H operator, which 

always belongs to the totally symmetric irreducible represen- 

tation. Therefore, the symmetry of the whole integrand 

depends on the direct product of and As also was shown in 

Chapter 4, the direct product of the representations of and if/j 

belongs to the totally symmetric irreducible representation 

only if ifjj and if/j belong to the same irreducible representation. 

Consequently, the energy integral will be nonzero only if ihj and il/j 

belong to the same irreducible representation of the molecular point 

group. 



6.1 One-Electron Wave Function 

Before discussing many-electron systems, the hydrogen 

atom (a one-electron system) will be described. This is essen- 

• , tially the only atomic system for which an exact solution of the 

wave function is available. The spherical symmetry of the 

hydrogen atom makes it convenient to express the wave func- 

Figure 6-1. 
The relationship of Cartesian 

coordinates and spherical 

polar coordinates. 

tion in a polar coordinate system. Such a system is shown in Fig. 

6-1. Ignoring the translational motion of the hydrogen atom, the 

Schrodinger equation can be simplified as follows [6-5]: 

H,il/, = E ijf, (6-2) 

where Hg depends only on the coordinates of the electron. 

The electronic wave function can be represented as a pro- 

duct of a radial and an angular component: 

ijfg^ R{r) ■ A{e,<E). (6-3) 

The radial wave function R{f) depends on two quantum 

numbers, n and /. The principal quantum number n determines 

the electron shell. The numbers ;^ = 1, 2, 3, 4,... correspond to 

the shells K, L, M, N, respectively. For the hydrogen atom n 

completely determines the energy of the shell, which is in- 

versely proportional to r?. Since this energy is negative, R is 

smallest for the first (K) shell, and increases with increasing n. 

The azimuthal quantum number / is associated with the total 

angular momentum of the electron and determines the shape of 

the orbitals. It may have integral values from 0 to n-\. The s,p, d, 

f.... orbitals correspond to the azimuthal quantum numbers, 

/= 0, 1, 2, 3,..., respectively. 

The angular wave function A(Q, 0) depends also on two 

quantum numbers, /, and mi. The magnetic quantum number, mj, 

is associated with the component of angular momentum along 

z 
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a specific axis in the atom. Since the hydrogen atom is spheri- 

cally symmetrical, it is not possible to define a specific axis until 

the atom is placed in an external electric or magnetic field. This 

also means that the quantum number mj has no effect on the 

energy and shape of the wave function of the hydrogen atom in 

the absence of such an external field. Generally, mi may have 

values -I, 0,..., 7-1, /, altogether 27+ 1 of them, and the 

orbitals are subdivided accordingly. 

For the one-electron wave functions, the most important 

orbitals are listed below: 

n 7 m shell orbital name 

1 0 0 K Is Is 

2 0 0 L 2s 2s 

2 1 0 2p 2/>^ 
2 1 +1 2/>;c 
2 1 -1 2.py 
3 0 0 M 3s ?>s 

3 1 0 3p 

3 1 +1 ^px 
3 1 -1 ^Py 

3 2 0 3d ?)d^2 

3 2 +1 ?)d^^ 

3 2 -1 '^dy^ 

3 2 +2 'hd^_p 

3 2 -2 ^d,y 

Usually we refer to the energy of orbitals while what is really 

meant is the energy of an electron in that orbital. It was men- 

tioned earlier that only the principal quantum number n influen- 

ces the orbital energy in the hydrogen atom. This means that 

while Is and 2s orbitals have different energies, the 2s and all 

three 2p orbitals have the same energy, i.e. these four n = 2 

orbitals are degenerate. 

In many-electron atoms the value of 7 also influences the 

energy of the orbitals; thus the 2^* and 2p orbitals or the 3^, 3/>, 

and 'hd orbitals will no longer be degenerate. However, there are 

always three/) orbitals and five dorbitals in each shell, and they 

differ only in the quantum number mj, and these orbitals will be 

degenerate. i\s there are 27+1 values of mj for an orbital with 

quantum number 7, the/) orbitals (7= 1) will always be three-fold 

degenerate while the d orbitals /7= 2) will always be five-fold 

degenerate. 

Harris and Bertolucci [6-5] illustrated the relationship 

between symmetry and degeneracy of energy levels with a 



Figure 6-2. Potential 

Illustration of the interrelation Energy 

of symmetry and degeneracy A 

after [6-5], Used with permis- 

sion. 
1 2 3 

:|3) bffl offl 

simple and attractive example. There are three parrallelepipeds 

in Fig. 6-2. Each of them has six stable resting positions. The 

potential energy of these positions depends on the height of the 

center of the mass above the supporting surface. This height, in 

turn, is determined by the choice of face on which the body 

rests. Three different positions are possible for the first parallel- 

epiped (1) according to its three different kinds of faces. The 

potential energy of 1 will be largest when it stands on an ab face, 

since its center of mass is at the highest possible position. There 

are only two energetically different positions for 2 since its 

center of mass is at the same height when it rests on face be ox on 

face ac. Parallelepiped 3 is indeed a cube, and all possible 

positions will be energetically equivalent. Looking at the 

degeneracy of the most stable (lowest energy) position, it is 

two-fold degenerate for 1, four-fold degenerate for 2, and six- 

fold degenerate for the cube. Thus, with increasing symmetry, 

the degree of degeneracy increases. The connection between 

symmetry and degeneracy is strikingly obvious. The greater the 

degree of symmetry, the smaller will be the number of dijferent energy 

levels and the greater will be the degeneracy of these levels. 

This correlation between symmetry and degeneracy of 

energy levels is fundamental to understanding the electronic 
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Figure 6-3. 
Representations of the hydro- 
gen Is and 2pz orbitals. 

(a) Plot of the angular wave 
function, A{O,0). 

(b) Plot of the squared func- 
tion, A^{6,0). 

structure of atoms and molecules. This relationship is valid not 

only when increasing symmetry renders the energy levels 

degenerate but also when energy levels are split as molecular 

symmetry decreases. 

Let us return now to the wave function description of elec- 

tronic structure. The separation of the wave function into two 

parts is convenient since these two parts relate to different 

properties. The radial part determines the energy of the system 

and is invariant to symmetry operations. The square of the 

radial function is related to probability. However, it has only 

significance for fixed values of the angular variables, 0 and O. 

These angular variables define a direction from the nucleus. 

The square of the radial function is proportional to the proba- 

bility of finding the electron in a volume element along this 

direction. In order to determine the probability of finding the 

electron anywhere in a spherical shell surrounding the nucleus 

at a distance rfrom the nucleus, integration over both angular 

variables must be performed. The result is the radial distribution 

function. 

Consider now the angular part of the one-electron wave 

function. It says nothing about the energy of the system but it 

can be altered by symmetry operations. Therefore we shall be 

dealing with this function in greater detail. The function A{0,0) 

may have different signs (+ and —) in different spatial regions. 

A change in sign indicates a drastic change in the wave function. 

These signs might be thought of as signs of the amplitudes of 

the wave function; they certainly have nothing to do with elec- 

tric charges. The places where the wave function changes sign 

are called nodes. The number of nodes is n — \, where n is the 

principal quantum number. Again, the squared function has 

physical significance, it is positive everywhere. The probability 

of finding an electron at a node is zero. However, as one pro- 

ceeds in either direction from the nodes, the squared wave 

function has equal values relating to equal probabilities, to wit 

the probability of finding the electron on the “positive” or 

“negative” sides of the wave function is equal. 

It generally helps to visualize and understand a problem in a 

pictorial way. However, since the wave function depends upon 

three variables, it can be represented only in four dimensions. 

To overcome this problem, symbolic representations are used 

to emphasize various properties of the wave function. 

The angular wave function, A{0,0), is shown for the H Is 

and 'Ipz orbitals in Fig. 6-3a. The H Is orbital is positive every- 

where, but the 2pz orbital has one node, through which it 

changes sign. The yf'(0A) function is shown for the same 

orbitals in Fig. 6-3b. Their shape is similar to the shape of the 

A(0,0) functions but they are positive everywhere. They 
represent the region in space where the electron can be found 

with a large probability (usually 90 % or more). The boundary 
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(c) Cross section of the 

squared total wave function, 

4?', representing the electron 

density. Reprinted from [6-6] 

by permission of Harper & Row, 

Publishers, Inc. Copyright © 

1981 by Thomas H. Lowry 

and Kathleen Schueller 

Richardson. 

Figure 6-4. 
Shapes of one-electron 

orbitals. They are represen- 

tations of the angular wave 

function, A{Q,0). 

2 

S 

surface of this space is determined by the square of the angular 

function. It does not say anything, however, about the variation 

of the probability density within this surface. That information 

is contained in the radial distribution function. A way to illus- 

trate the latter is shown for the Is and 2pz orbitals in Fig. 6-3 c. 

This is a cross section of the electron density distribution. The 

varying amount of shading reflects the square of the radial func- 

tion. Thus, this picture represents the squared total wave func- 

tion, ij?. Rotating this picture around any axis for the Is orbital 

and around the 2: axis for the 2p^ orbital would give the three- 

dimensional representation of the total wave function. 

Whereas the square of the angular function has outstanding 

physical significance, the angular function itself contains 

valuable information regarding the symmetry properties of the 

wave function. These properties are lost in the squared angular 

function. 

The well known shapes of the one electron orbitals are 

presented in Fig. 6-4; these are, in fact, representations of the 
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angular wave functions. Such representations are used com- 

monly for illustrations because they describe accurately the 

symmetry properties of the wave function. In order to give the 

total wave function, however, they must be multiplied by an 

appropriate radial function. Another representation, shown in 

Fig. 6-5, is a three-dimensional computer drawing of the total 

function [6-9] including both the radial and the angular func- 

tions. These are still not real “pictures” of the orbitals, since they 

represent a cross section of the wave function in one plane only. 

Figure 6-5. 
Three-dimensional computer 

drawings of the total wave 

function, (fr. They show the 2;,, orbital, 

values of ^ in a cross section. 

Reproduced with permission 

from [6-9]. Copyright (1973) 
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(c) ?)d^y orbital. 

The vertical scale gives the value of if/ for each point in the xy 

plane. These diagrams show how the sign and magnitude of ifr 

varies in the xy plane, and they also help us to visualize the elec- 

tronic wave function as a wave. On the other hand, they do not 

illustrate its symmetry properties as well as do the simple 

diagrams in Fig. 6-4. 

As mentioned before, the symmetry properties of the one- 

electron wave function are shown by the simple plot of the 

angular wave function. But, what are the symmetry properties 

of an orbital and how can they be described.? We can examine 

the behavior of an orbital under the different symmetry opera- 

tions of a point group. This will be illustrated below via the 

inversion operation. 

The .$■ and d orbitals are transformed into themselves as the 

inversion operation is applied to them (Fig. 6-6). Both the 

magnitude and the “sign” of the wave function will remain the 

same under the inversion operation. These orbitals are said to 

Figure 6-6. 
The effect of inversion on the 

and d orbitals. They are 

symmetric to this operation. 

s 

z 

dx2_y2 

z z 

X 
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Figure 6-6. (continued) z z 
il 

Figure 6-7. 
The inversion operation 
changes the sign of the p 

orbitals. They are antisym- 
metric to inversion. 

be symmetric with respect to inversion. The effect of the inver- 

sion operation on the p orbitals is demonstrated in Fig. 6-7. 

Whereas their magnitude does not change, their “sign” changes 

upon inversion. These orbitals are said to be antisymmetric Wiih. 

respect to inversion. In the character tables, this is indicated by 

+1 for symmetric and —1 for antisymmetric behavior under 

each symmetry operation. As mentioned in Chapter 4, the 

atomic orbitals always belong to the same irreducible represen- 

tations of the given point group as do their subscripts {x,y z, xy 

x^-)^, etc.). 
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6.2 Many-Electron Atoms 

There is interaction among all the electrons in a many-elec- 

tron atom. Thus the wave function for even one electron in a 

many-electron system in principle will be different from the 

wave function for the one electron in the hydrogen atom. Since 

the electrons are mutually indistinguishable, it is not possible to 

describe rigorously the properties of a single electron in such a 

system. There is no exact solution to this problem, and approxi- 

mate methods must be adopted. 

In the most commonly utilized approximation, the many- 

electron wave functions are written in terms of products of one- 

electron wave functions similar to the solutions obtained for the 

hydrogen atom. These one-electron functions used to con- 

struct the many-electron wave function are called atomic 

orbitals. They are also called “hydrogen-like” orbitals since they 

are one-electron orbitals and also because their shape is similar 

to that of the hydrogen atom orbitals. Coulson referred to the 

atomic orbitals as “personal wave functions” [6-10] to empha- 

size that each electron is allocated to an individual orbital in this 

model. 

At this point we can again appreciate the possibility of 

separating the total wave function into a radial and an angular 

wave function. The angular wave function does not depend on 

n and r, so it will be the same for every atom. This is why the 

“shapes” of atomic orbitals are always the same. Hence, 

symmetry operations can be applied to the orbitals of all atoms 

in the same way. The differences occur in the radial part of the 

wave function; the radial contribution depends on both n and r, 

and it determines the energy of the orbital which is, of course, 

different for different atoms. 

Figure 6-8. 
Radial distribution functions 

for the F, 'Is, and l,p orbitals. 

Reproduced with permission 

from [6-3]. Copyright (1972) 

Pergamon Press. 

.2R2 
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While the energy of a one-electron orbital depends only on 

n, in a many-electron atom the energy of the orbital is deter- 

mined by both n and /. Thus, an electron in a 2p orbital has 

higher energy than an electron in a 2s orbital. This relationship 

is illustrated in Fig. 6-8 where the radial distribution functions of 

Is, 2s, and 2p orbitals are displayed. The 2s orbital has a “bump” 

inside the Is shell while the 2p orbital does not. This means that 

the probability of finding a 2s electron inside the Is shell will be 

greater than that of finding a 2p electron. Consequently, the 

screening of the 2p electrons from the nuclear charge by the Is 

electrons will be greater than will be the screening of the 2s 

electrons. As a result, the energy of the 2s orbital will be smaller 

than that of the 2p orbital. 

The order of orbital energies in many-electron atoms is 

generally as follows: 

1J'< 2J'< 2/>< 3i‘< 3/)< 4r^3^< 4/)< 5J'< 4^< ... 

Figure 6-9. 
The sequence of orbital ener- 
gies. 

1 
2p 

1 7 
3p 3d 

There are some cases, however, when the order is changed 

somewhat. The Zd orbital, e.g., sometimes lies below the 4^- 

orbital. A diagram which illustrates the order of orbital energies 

is shown in Fig. 6-9. 

In addition to the three quantum numbers used to describe 

the one-electron wave function, the electron has also a fourth, 

the spin quantum number, m^ It is related to the intrinsic angular 

momentum of the electron, called spin. This quantum number 

may assume the values of+1/2 or —1/2. Usually the sign of m^ is 

represented by arrows, (t and 1), or by the Greek letters a and p. 

Thus for a many-electron atom the wave function of an orbital 

is expressed as 

ipe = R{r) ■ A{Q,0) • (6-4) 

rather than as Eq. (6-3). However, the introduction of spin does 

not alter any of the properties discussed previously that relate to 

the shape and symmetry of the orbitals. The reason for this is 

that the spin function is independent of the spatial coordinates. 

An important postulate in connection with the spin of the 

electron is called the Pauli principle. It states that if a system 

consists of identical particles with half integral spins, then all 

acceptable wave functions must be antisymmetric with respect 

to the exchange of the coordinates of any two particles. In our 

case, the particles are electrons, and the Pauli principle is formu- 

lated accordingly: No two electrons in an atom can have the 

same set of values for all four quantum numbers. 
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6.2.1 The Electronic Configuration 
of the Elements 

The electronic configuration of an atom is called the atomic 

configuration and tells us how many electrons the atom has in 

its subshells. A subshell is a complete set of orbitals that have the 

same n and /. The first few elements in the Periodic Table build 

up their electronic configuration in the following way: Helium 

has two electrons with the same n, I, and mj (n = X /= 0 and mj= 

0). The fourth quantum number must then be different, = 

+1/2 for one electron and m, = —1/2 for the other: 

He t 1 

\s 

Continuing in this manner for the next three atoms: 

Li -+^ 

Is 2s 

Be -t I t 1 

\s 2s 

B -+^ 

Is 2s 

For carbon, however, complication arises since different solu- 

tions can be written without violating the Pauli principle: 

C ^++ 

L 2s 

Is 2s 

-FA- 

Is 2s 

    

2p 

no unpaired spin 

-t  A    

2p 

two unpaired spins 

4  A    

2p 

no unpaired spin 

These three arrangements are equivalent electron configura- 

tions and are expressed as \s 2s 2p . However, they correspond 

to different electronic states wich have different energies. The 

state with the lowest energy is the ground state, and the other 

states are excited states. 
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“Hund’s first rule” expresses that, for a given electronic con- 

figuration, the state with the greatest number of unpaired spins 

has the lowest energy. Thus, for carbon, the configuration with 

two unpaired spins will be the ground state. With the guidance 

of the Pauli principle and Hund’s first rule, the buildup conti- 

nues (“Aufbau principle”): 

N 

O 

F 

Ne 

F-f 

Is 2s 

H- 

f-4 

F— 

H- 

2p 

F— 

H- 

An electron shell will be completely filled when the electron 

configuration of the inert gases is reached. It is customary to 

abbreviate the electron configuration of atoms by using the 

symbol of the preceding inert gas: 

Li [He] 2s 

Be [He] 2/ 

F [He] 2shp^ 

Ne [He] 2shp^ = [Ne] 

Na [Ne] ?>s 

Mg [Ne] 3^^ 

Cl [Ne] 3/3/5 

Ar [Ne] 3/3/^ 

K [Ar] 4s 

Ca [Ar] 4/ 

[Ar] 

Br [Ar] 4/4/* 

and so on. 

There is a marked periodicity in these electron configura- 

tions which is the underlying idea of the Periodic Table. As the 

chemical properties of the atoms are determined by their elec- 

tron configuration, the atoms with similar electron configura- 

tions will have similar chemical properties. 



6.3 Molecules 

6.3.1 Constructing Molecular Orbitals 

/* 

In the discussion of the electronic structure of atoms, the 

Schrodinger equation could be reduced to one involving only 

the electrons. This was achieved by separating the electronic 

energy of the atom from the nuclear kinetic energy which is 

essentially determined by the translational motion of the atom. 

Such a separation is exact for atoms. For molecules, only the 

translational motion of the whole system can be rigorously 

separated, while their kinetic energy includes all kinds of 

motion, vibration and rotation as well as translation. Here a 

two-step approximation can be introduced. First, as in the case 

of atoms, the translational motion of the molecule can be 

isolated. The remaining equation then describes the internal 

motion of the system. The second step is to apply the Born- 

Oppenheimer approximation. Since the relatively heavy nuclei 

move much more slowly than do electrons, the latter are 

assumed to move about a fixed nuclear arrangement. Accord- 

ingly, internal motion of the nuclei is also ignored in this ap- 

proximation. 

With these approximations the Hamiltonian of the mole- 

cular Schrodinger equation reduces to a form which depends 

only on the electron coordinates. Thus, the molecular wave 

function will be an electronic wave function. 

As was emphasized before, a molecule is not simply a collec- 

tion of its constituting atoms. Rather, it is a system of atomic 

nuclei and a common electron distribution. Nevertheless, in 

describing the electronic structure of molecules the most 

convenient way is to approximate the molecular electron dis- 

tribution by the sum of atomic electron distributions. This 

approach is called the linear combination of atomic orbitals 

(LCAO) method. The orbitals produced by the LCAO proce- 

dure are called molecular orbitals (MOs). An important common 

property of the atomic and molecular orbitals is that both are 

one-electron wave functions. Combining a certain number of 

one-electron atomic orbitals, the same number of one-electron 

molecular orbitals are obtained. Finally, the total molecular 

wave function is the product or sum of products of the one-elec- 

tron molecular orbitals. Thus, the final scheme is as follows: 
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One-electron atomic orbitals (AOs) 

LCAO 

One-electron molecular orbitals (AIOs) 

multiplication 

(and summation) 

Total molecular wave function 

Figure 6-10. 
Illustration by Ferenc Lantos. 

Although both atomic orbitals and molecular orbitals are 

one-electron wave functions, the shape and symmetry of the 

molecular orbitals are different from those of the atomic orhitals 

of the isolated atom. The molecular orbitals extend over the 

entire molecule, and their spatial symmetry must conform to 

that of the molecular framework. Of course, the electron distri- 

bution is not uniform throughout the molecular orbital. In 

depicting these orbitals, usually only those portions are empha- 

sized in which the electron densitv is substantial. 

When constructing molecular orbitals from atomic orbitals, 

there may be a large number of possible linear combinations of 

the atomic orbitals. Many of these linear combinations, 

however, are unnecessary. Symmetry is instrumental as a crite- 

rion in choosing among them. The following statement is attri- 

buted to Michelangelo: “The sculpture is already there in the 

raw stone; the task of a good sculptor is merely to eliminate the 

unnecessary parts of the stone” (Fig. 6-10). In the LCAO proce- 

dure, the knowledge of symmetry eliminates the unnecessary 

linear combinations. All those linear combinations must be 

eliminated that do not belong to any irreducible representation 

of the molecular point group. The reverse of this statement 

constitutes the fundamental principle of forming the molecular 

orbitals: Eac/i possible molecular orbital must belong to an irreduc- 

ible representation of the molecular point group. Another, equally 

important rule for the construction of molecular orbitals is that 

only those atomic orbitals can form a molecular orbital which 

belong to the same irreducible representation of the molecular 

point group. This rule follows from the general theorem (see 

p. 220) about the value of an energy integral. This theorem can 

be restated for the special case of MO construction as follows: 

An energy integral will be nonzero only if the atomic orbitals 

used for the construction of molecular orbitals belong to the 

same irreducible representation of the molecular point group. 

The atomic orbitals in an isolated atom possess spherical 

symmetry. When they are used for MO construction, however, 

their symmetry must be considered in the symmetry group of 

the particular molecule. When two atomic orbitals of the same 

symmetry form a molecular orbital, the symmetry of the mole- 
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Figure 6-11. 
Illustration of positive overlap 

between atomic orbitals. The 

result is a bonding orbital. 

(a) o orbitals. 

(b) n orbitals. 

cular orbital will be tbe same as that of the component atomic 

orbitals. 

In addition to complying with the symmetry rules, successful 

MO construction requires certain energy conditions. In order 

for two orbitals to interact appreciably, their energies cannot be 

too different. 

The so-called overlap integral is a useful guide in con- 

structing molecular orbitals. It is symbolized as 

^ j (6-5) 

where if;^ and ij/j are the two participating atomic orbitals. The 

physical meaning of is related to the measure of volume in 

which there is electron density contributed by both atoms i 

and j. The knowledge of the sign and magnitude of Sy is espe- 

cially instructive; they can be arrived at via the following con- 

siderations: 

Positive overlap results from the combination of adjacent 

lobes that have the same sign. The electron density originating 

from both atoms will increase and concentrate in the region 

between the two nuclei. The resulting MO is a bonding orbital. 

Some typical bonding atomic orbital combinations are pre- 

sented in Fig. 6-11. Two kinds of molecular orbitals are shown in 

0*0 - c ) a(s) 

O - cxo - — CZ > C7(sp) 

CxO + CX3 - > a(p) 

cio + cfc - — d cr(d) 
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this figure. A o orbital is concentrated primarily along the 

internuclear axis. On the other hand, a n orbital has a nodal 

plane going through this axis, and its electron density is highest 

on either side of this nodal plane. Sigma orbitals are non- 

degenerate, while the n orbitals are always doubly degenerate. 

Negative overlap occurs from the combination of adjacent 

lobes that have opposite sign. In such an instance, there will be 

no common electron density in the region between the two 

nuclei; instead, electron density will concentrate in the outside 

regions. Such an MO is an antibonding orbital and is illustrated 

in Fig. 6-12. 

Figure 6-12. 
Formation of antibonding 

orbitals by the combination of 

different lobes of atomic orbit- 

als. 

(a) o antibonding orbitals. CX0 

Zero overlap means that there is no net interaction between 

the two atomic orbitals. They have both positive and negative 

overlaps that cancel each other. Some examples are shown in 

Fig. 6-13. 

Figure 6-13. 
Zero overlap between atomic 

orbitals. There is no net 

interaction. 
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The energy changes in the formation of homonuclear and 

heteronuclear diatomic molecules are illustrated in Fig. 6-14. 



Figure 6-14. 
Energy changes during MO 

formation. 

(a) Homonuclear molecules. 

(b) Heteronuclear molecules. 

Figure 6-15. 
Combination of the 2^ and 

'Ipx (or 2py) atomic orbitals 

does not result in a molecular 

orbital. 

y 

S-Py 

antibonding MO 

bonding MO 

/I 

Stabilization energy 

'' 

Energy 
AO 

antibonding MO 

bonding MO 

I Stabilization energy 

The energy of the bonding MO is smaller (larger negative value) 

than is the energy of the interacting atomic orbitals. On the 

other hand, the energy of the antibonding MO is larger than is 

the energy of the interacting AOs. The largest energy changes 

occur when the two participating AOs have equal energies. As 

the energy difference between the participating AOs increases, 

the stabilization of the bonding MO decreases. Molecular or- 

bitals are not formed when the participating atomic orbitals 

possess very different energies. 

Thus, both symmetry and energy requirements must be ful- 

filled in order to form molecular orbitals. Energetically, the 2^" 

and 2p atomic orbitals are sufficiently similar to form molecular 

orbitals with each other. For symmetry reasons, however, the^^ 

and py orbitals of one atom of a homonuclear diatomic mole- 

cule cannot combine with the 2s orbital of the other atom 

because they belong to different irreducible representations 

(see Fig. 6-15). On the other hand, Zd orbitals of first row transi- 

tion metals often are prevented from forming molecular orbitals 

with the ligand orbitals for energetic reasons despite their 

matching symmetries. Quantum chemical calculations on tran- 

sition metal dihydrides [6-11] support this suggestion. 

Knowledge of the symmetry of the MOs is important for 

practical reasons. The energy of the orbitals can be calculated 

by costly quantum chemical calculations. The symmetry of the 

molecular orbitals, on the other hand, can be deduced from the 

molecular point group and using character tables, a process that 

requires merely paper and pencil. Then, excluding all possible 

solutions that are not allowed by symmetry, only the energies of 

the remaining orbitals must be calculated. 
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We are, of course, concerned with the symmetry aspects of 

the MOs and their construction. As was discussed before, the 

degeneracy of AOs is determined hy mi. Thus, all/ orbitals are 

three-fold degenerate, and all/orbitals are five-fold degenerate. 

The spherical symmetry of the atomic subshells, however, 

necessarily changes when the atoms enter the molecule, since 

the symmetry of molecules is nonspherical. The degeneracy of 

atomic orbitals will, accordingly, decrease; the extent of 

decrease will depend upon molecular symmetry. 

Various methods (described in Chapter 4) can be used to 

determine the symmetry of atomic orbitals in the point group of 

a molecule, i.e., to determine the irreducible representation of 

the molecular point group to which the atomic orbitals belong. 

There are two possibilities depending on the position of the 

atoms in the molecule. For a central atom (like O in H2O or N in 

NH3), the coordinate system can always be chosen in a way 

such that the central atom lies at the intersection of all symme- 

try elements of the group. Consequently, each atomic orbital 

of this central atom will transform as one or another irreducible 

representation of the symmetry group. They will have the same 

symmetry properties as those basis functions in the third and 

fourth areas of the character table which are indicated in their 

subscripts. For all other atoms so-called “group orbitals” or 

“symmetry adapted linear combinations” (SALCs) must be 

formed from like orbitals. Several examples will illustrate how 

this is done. 

First, however, consider the symmetry properties of the 

central atom orbitals. Take the C4^ point group as an example. 

Its character table is presented in Table 6-1. The and 42 

Table 6-1. The Character Table 

E 2C4 C2 20y 2(7^ 

A 1 1 1 1 1 ^2 1 ,2 2 
X -py , ^ 

A 1 1 1 -1 -1 A 
Bi 1 -1 1 1 -1 2 2 

X -y 

1 -1 1 -1 1 xy 

E 2 0 -2 0 0 (x, y){R^, Rp (xz, yz) 

atomic orbitals of the central atom will belong to the totally 

symmetric irreducible representation Ai\ the orbital 

belongs to Bx and d^y to The symmetry properties of the 

^x> Py) {d^z', dyP) orbitals present a good opportunity for 
illustrating two-dimensional representations. Taking the threep 

orbitals as basis functions, the symmetry operations of the 



point group are applied to them. This is shown in Fig. 6-16. The 

matrix representations are given here: 

1 0 0 

E = 0 1 0 

0 0 1 

0 1 0 0 -1 0 -1 0 0 

a = -1 0 0 1 0 0 0 = 0 -1 0 

0 0 1 0 0 1 0 0 1 

1 0 0 -1 0 0 

1
 II 0 -1 0 Q

 II 0 1 0 

0 0 1 0 0 1 

0 1 0 0 -1 0 

1 0 0 Od = -1 0 0 

0 0 1 0 0 1 

All these matrices can be block-diagonalized into a 2x2 and a 

1x1 matrix. The set of the 1x1 matrices corresponds and the 

set of the 2x2 size matrices corresponds to/>^ and py. The repre- 

sentations are: 

E 2C4 C2 2a^ 

pz 1 1 1 1 1 A, 

py) 2 0 -2 0 0 E 

Notice that the operations C4 and transform p^ into py, and 

vice versa. They cannot be separated from one another so they 

together belong to the two-dimensional representation E. 

If two or more atomic orbitals are interrelated under a 

symmetry operation of the point group and, accordingly, they 

together belong to an irreducible representation, their energies 

will also be the same. In other words, these orbitals are 

degenerate. Such atomic orbitals are parenthesized in the 

character tables. 

239 



z Figure 6-16. 
The symmetry operations of 

the point group applied to 

the J.p orbitals. 

y 

The direct connection between symmetry and degeneracy 

of the atomic orbitals is demonstrated here once again. The 

higher the symmetry of the molecule the greater will be the 

interrelation of the orbitals upon symmetry operations. Conse- 

quently, their energies become less and less distinguishable. The 

following example shows how the degeneracy of p orbitals 

decreases with decreasing symmetry: 

free atom spherical ^Xipyyp'^ three-fold degenerate 

symmetry 

Oh point group Tiu ^X’P y>P z) three-fold degenerate 

C4^ point group Pz non-degenerate 
E ^X’Py) two-fold degenerate 

C2v point group pz 

Px non-degenerate 

B2 Py 

The degree of degeneracy of atomic orbitals always corre- 

sponds to the dimension of the irreducible representation to 
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which these atomic orbitals belong. The same is true for mole- 

cular orbitals. Thus, knowing the symmetry of a molecule and 

looking at the character table, the maximum possible degen- 

eracy of its molecular orbitals can be determined at once. The 

irreducible representation having the highest dimension will 

show this. 

6.3.2 Electronic States 

The concepts of orbitals and electronic configurations are 

useful descriptions. However, they are only models, and they 

employ approximations. The energy of an orbital has rigorous 

physical significance in systems that contain only a single 

electron. In many-electron systems, the energy of the orbitals 

loses its physical meaning, and only the energies of the (ground 

and excited) states is real. It is these states that are described by 

the total electronic wave functions. Electronic transitions, in 

fact, represent changes in the state of an atom or a molecule and 

not necessarily in the electronic configurations. 

We shall not be concerned with the atomic states. The 

systematic way of determining them is given, for example, in 

[6-3] and [6-5]. Molecular states and the determination of 

their symmetries, however, will be briefly introduced [6-4]. 

First, let us consider the customary notations. Assume that a 

hypothetical ground state molecule of the €2^ point group has 

four electrons, two in an^i symmetry and two in a5i symmetry 

orbital. In short notation this can be written as aibi. An elec- 

tron occupying an symmetry orbital is represented by ai, the 

lower-case letter indicating that this is the symmetry of an 

orbital and not of an electronic state. If two electrons occupy an 

orbital, the notation is a\ . The symmetry of a state is repre- 

sented by capital letters, just as are the irreducible represen- 

tations. 

The symmetry of the electronic states can be determined 

from the symmetry of the occupied orbitals. There are two 

different cases: 

1. States with fully occupied orbitals. An electronic configuration 

in which all orbitals are completely filled possesses only one 

electronic state, and it will be totally symmetric. This can be 

seen for the case of non-degenerate orbitals. The wave function 

describing the electronic state can be written as the product of 

the one-electron orbitals. The symmetry of the product is given 

by the characters of the direct product representation. 

However, the product of any orbital with itself will always give 

the totally symmetric representation: no matter what charac- 

ters it has, both 1 • 1 and (—1) • (—1) is 1, i.e., in each class of the 

point group the characters of the product will be 1. The same is 
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true for degenerate orbitals, although the procedure in this case 

is not as simple. 

2. States with partially occupied orbitals. First of all, the com- 

pletely filled orbitals are ignored for the reasons described 

above. The symmetry of the state will be given by the direct 

product of the partially filled orbitals. 

Let us consider some examples for the above hypothetical 

molecule. The supposed ground state and the configurations of 

two different singly excited states are represented in Fig. 6-17. 

Figure 6-17.      1  
Different states of a molecule 

with C-iv symmetry.    j    

b, -H 

aj'biQj a2b,b2 

The ground state axbx has only fully occupied orbitals, so its 

symmetry is Ax. The first excited state, axbxa^, has one fully 

occupied orbital, ax , so this is not considered. The symmetry of 

this state will be given by the direct product Bx ■ A^. Table 6-2 

lists the direct products under the C^v character table. The sym- 

metry of the state is B^. The other excited state in our example 

has the configuration axbxb^- The direct product is given in 

Table 6-2; the state symmetry is A2. Since we are concerned 

only with the spatial symmetry properties, the electron spin and 

its role in determining the electronic states have been neglected 

in the above description. 

Table 6-2. C^v Character Table and Some Direct Product 

Representations 

E 0 O^) (xz) oPiyz) 

^1 1 1 1 1 222 
X , y , z 

^2 1 1 -1 -1 xy 

s, 1 -1 1 -1 X, Ry xz 

1 -1 -1 1 Rx yz 

Bx ■ A2 1 -1 -1 1 B2 
Bx ■ B2 1 1 -1 -1 ^2 
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6.3.3 Examples for MO Construction 

6.3.3.1 Homonuclear Diatomics 

Hydrogen, H2. There are two Is hydrogen atomic orbitals 

^ available for bonding. The molecular point group is Doo/,. This 

molecule does not have a central atom, so the symmetry opera- 

tions of the point group are applied to both Is orbitals, since 

they together form the basis for a representation of this point 

group. The Is orbital of one hydrogen atom alone does not 

belong to any irreducible representation of the Doo^ point group. 

Several symmetry operations of this group transform one of 

the two Is orbitals into the other rather than into itself (see 

Fig. 6-18a). Thus, they must be treated together; in this way 

they form a basis for a representation. All symmetry operations 

are indicated in Fig. 6-18b. The Doo^ character table is given in 

Table 5-3. The characters of this representation will be 

E 2Coo^ t 2*S’oo^ °°C2 

2H(l3-) 2 2 2 0 0 0 

Figure 6-18. 
Some symmetry operations of 

the point group applied 

to 

(a) One D orbital in the 

hydrogen molecule. 

(b) The two Is orbitals of the 

hydrogen molecule together. 
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This is a reducible representation of the Dooh point group 

which reduces to Og + Oj^. Two molecular orbitals must be 

generated, one with Og and the other with symmetry. The 

two possible combinations are the bonding and antibonding 

orbitals which can be formed from the two Is atomic orbitals. 

0-0^00 
O + 0 (03 

As there are altogether two electrons in the hydrogen molecule, 

they will occupy the bonding orbital, and none will go into the 

antibonding orbital. 

  antibonding 

t i Og bonding 

Hence, the molecule is stable. 

Other homonuclear diatomic molecules. The principle utilized to 

construct molecular orbitals is the same as that for the hydro- 

gen molecule. For helium, the MO picture is the same as for 

hydrogen except that here the additional two electrons occupy 

the antibonding orbital, and, therefore, the molecule is 

unstable. 

In the series from lithium through neon, similar symmetry 

considerations apply, except that in these examples the second 

electron shell must be considered. The two 2s orbitals, as was 

found to be the case for the two Is orbitals, form MOs that 

possess Og and o^ symmetry. As regards the 2p orbitals, the two 

2pz orbitals lie along the molecular axis and belong to the same 

irreducible representation as the 2s orbitals. They also combine 

to give MOs that possess Og and o^ symmetry. 

oo - oo — c>o o<0 

CXD + c>0o<CI>3 <^9 

The 2s and 2pz orbitals of the same atom belong to the same 

irreducible representation of the Dooh point group. Their ener- 

gies are also similar, so they cannot be separated completely. 

Another way of making linear combinations is first to combine 

the 2s and 2pz orbitals of the same atom 

'xO 

0= 

and then combine the resulting orbitals into MOs. 
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- ©o—c>=> =0 
cxQ + Q>o —^ 

Figure 6-19. 
The C2v symmetry operations 

applied to the two hydrogen 

Ir orbitals of water as basis 

functions. 

z 

The result is essentially the same as before. 

The 2px and 2py orbitals of the two atoms together form a 

representation that reduces to and n^. These correspond to 

two doubly degenerate n orbitals, one of which lies in the yz 

plane 

and the other in the xz plane. The relative energies of these 

orbitals are known from energy calculations. In most cases the 

order is as follows: 

la^< \Ou^2o^< 2ou<3og< l7r;^< 3)0^, 

while in some cases 

6.3.3.2 Polyatomic Molecules 

Before working out actual examples, let us recall what was 

said about the symmetry properties of atomic orbitals. If there is 

a central atom in the molecule, its atomic orbitals belong to 

some irreducible representation of the molecular point group. 

For the other atoms of these molecules, SALCs are formed from 

like orbitals. These new orbitals are then coupled with the 

central atom AOs to form MOs. 

If the molecule does not have a central atom (e.g., C6H6), we 

begin with the second step, first forming different group orbitals 

and then combining them, if possible, into MOs. Examples will 

be given for both cases. 

Water, H2O. The molecular symmetry is There are six 

atomic orbitals available for MO construction; two H Is, one 

oxygen 2s and three oxygen 2p. They can combine to produce 

six MOs. As the molecule has a central atom, its AOs will belong 

to some of the irreducible representations of the point 

group by themselves. Group orbitals must be formed from the 

H Is orbitals. The symmetry operations applied to them are 

shown in Fig. 6-19. The C2V character table was given in Table 

6-2. The reducible representation is: 

Figure 6-19. 
The C2-V symmetry operations 

applied to the two hydrogen 

Ir orbitals of water as basis 

functions. 

z 
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C2v E C2 o^(xz) o^’iyz) 

2 H{ls) 2 0 0 2 

This representation reduces to + ^2- The projection opera- 

tor (see Chapter 4) is used to form these SALCs. Since we are 

interested only in symmetry aspects, numerical factors and 

normalization are omitted. 

^ 1 • £ • + 1 • C2 • J"! + 1 • a • j"! + 1 • a’ • j"! = 
= J’l + ^"2 + ^*2 T J"! = 2si + 2S2 ~ J"! + ^*2 

P^'^Si ~ 1 • £ • + (-1) ■ C2 ' Si + (-1) • a • j"! + 1 • a’ • = 

= - ^"2 - ^"2 + J"! = 2si - 2S2 ~ - ^"2 

Thus, the two hydrogen group orbitals (^1 and ^2) will have the 

forms: 

(p2 = si- S2: 

(Pi- si+ S2: 

The available AOs are summarized according to their sym- 

metry properties in Table 6-3. Since only orbitals of the same 

symmetry can overlap, two combinations are possible: one has 

Ai symmetry and the other has B2 symmetry. The remaining 

two orbitals of oxygen (one with and the other with 

symmetry) will be non-bonding in the water molecule. 

Table 6-3. The Atomic Orbitals of Water Grouped According 

to Their Symmetry Properties 

0 Orbitals H Group Orbitals 

A 2s, 2pz 

^2 

Ip. 

B2 IPy (P2 

If we choose the oxygen 2s orbital for bonding and leave the 

2pz orbital antibonding (from the symmetry point of view the 

opposite choice or a mixed orbital would do just as well), the 

MOs of the water molecule can be constructed as shown in Fig. 

6-20. These MOs are compared with the calculated contour 

diagrams of the water molecular orbitals in Fig. 6-21 [6-12]. 
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Figure 6-20. 
Construction of the molecular 

orbitals of water. 

nonbonding 

H 

2s 

Figure 6-21. 
Contour diagrams of the 

molecular orbitals of water. 

Reproduced with permission 

from [6-12]. Copyright (1973) 

Academic Press. 

4Ai 
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The construction of the molecular orbitals of the water 

molecule can also be represented by a qualitative MO diagram 

(see Fig. 6-22). The relative energies of the orbitals are also indi- 

cated in Fig. 6-22. What information can be deduced from such 

a diagram.? First, there are two bonding orbitals occupied by 

four electrons; these correspond to the two O-H bonds of water. 

There are two non-bonding orbitals also occupied; these are the 

two lone pairs of oxygen. And, finally, there are two antibonding 

orbitals that are empty, so there is a net energy gain in the 

formation of H2O and the molecule is stable. 

Figure 6-22. 
Qualitative A10 diagram for 

water. 

a^ + b2 

Hydrogen 

group orbitals 

H2O 

MOs 

Oxygen 

AOs 

Ammonia, NF13. This example is given primarily to illustrate 

the construction of degenerate molecular orbitals. The sym- 

metry of the molecule is There are seven atomic orbitals 

available for bonding: three H Is, one N 2s and three N 2p AOs; 

hence, seven MOs must be formed. Since the nitrogen atom is a 

central atom, the coordinate axes can be chosen so that its AOs 

lie on all symmetry elements of the point group. The perti- 

nent character table is given in Table 6-4. The N 2s and 2pz 

Table 6-4. The Character Table and the Reducible Repre- 

sentation of the tiydrogen Group Orbitals of Ammonia 

Czv E 2C3 3 

A, 1 1 1 2; 

^2 1 1 -1 R. 
E 2 -1 0 (x, y) i^Rxy ^y) xy){xz, yz) 

3 H(b) 3 0 1 
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Figure 6-23. 

The 63^ symmetry operations 
applied to the three hydrogen 
atom Is orbitals of ammonia 
as basis functions. 

z 

Figure 6-24. 

Generation of the sym- 
metry orbital of the 3H group 

orbitals of ammonia. 

orbitals will have symmetry, and the and 2py orbitals 

together belong to the h irreducible representation. Ciroup 

orbitals must be formed from the three hydrogen Ij- orbitals. 

The symmetry elements of the 63^ point group applied to these 

orbitals are shown in Fig. 6-23; their representation is given in 

Table 6-4. 

This representation can now he reduced by using the reduc- 

tion formula introduced in Chapter 4: 

"" (1/6) (1 • 3 • 1 + 2 • 0 • 1 + 3 • 1 • 1) = 1 

^^2 (1/^) (1 ■ 3 • 1 + 2 ■ 0 • 1 T v3 • 1 • (-1)) = 0 
(1/6) (1 • 3 ■ 2 “h 2 • 0 • (—1) + 3 • 1 • 0) = 1 

Thus the representation reduces to + E. Next, let us use the 

projection operator to generate the form of these SALCs: 

~ 1 • £ • + 1 • C3 • .S-] + 1 • 63^ • + 1 • a • sx + 

+ 1 • a’ • + 1 • a” • j-] = 

= + ^2 + ^-3 -t- j-i + S2 + .5-3 = 

= 2(^1 + ^-2 + ^3) ~ Sx + j-2 + ^3 

The same procedure is illustrated pictorially in Fig. 6-24 after 

[6-5]. 
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Before constructing the E symmetry group orbitals, a time- 

saving simplification can be introduced [6-5]. This simplifi- 

cation follows from the fact that the rotational subgroup C„ in 

itself contains all the information needed to construct the 

SALCs in a molecule that possesses a principal axis C„. The 

rotational subgroup of C3^ is C3, and its character table is given 

in Table 6-5. If we perform the three symmetry operations of the 

C3 point group and check the generation of the Ai symmetry 

SALC of NH3 (Fig. 6-24), we see that the application of these 

three operations suffices to define the form of this orbital. 

Table 6-5. The C3 Character Table 

The C3 character table contains imaginary characters for the 

E representation. They can be eliminated by following the 

procedure used in [6-5]. First, the irreducible representation E 
is written as: 

1 e 

I 1 cos 271/3 + i sin 27i/3 

j 1 cos 27I/3 — i sin 27i/3 

1 cos 120° + i sin 120° 

I 1 cos 120° — i sin 120° 

1 -1/2 + i VT/2 -1/2 

1 1 -1/2 - i VJ/2 -1/2 

COS 27I/3 — i sin 2TC/3 j 

cos 27I/3 + i sin 27i/3 | 

cos 120^ - i sin 120° | 

cos 120*^ + i sin 120° 1 

- i 1/3/2 

h i 1/3/2 

(a) 

(b) 



When the last two lines are summed the imaginary characters 

vanish: 

add (a) and (b); 

2 -1 -1. 

The imaginary characters can also be eliminated if (b) is sub- 

tracted from (a) and the result is divided by ii/T 

subtract (b) from (a): 0 (c) 

divide (c) by ii/Sl 0 1 -1. 

This ‘ ■‘manipulation” of characters is allowed since it simply 

produces a new linear combination of the original representa- 

tion. The C3 character table with real characters is given in 

Table 6-6. When the projection operator is applied to one of 

the Is orbitals of the hydrogen group orbitals with the two E 

representations, the two E symmetry doubly degenerate 

SALCs result: 

^1 2 • £ ■ + (-1) • a • j-i + (-1) ■ ■ Si - 

“ 2 J"! — ^*2 — ^3 
P‘^^Si ^ 0 ■ E ■ Si + 1 ■ Q ■ Si + (-1) ■ = 

Table 6-6. The C3 Character Table with Real Characters 

C3 E C3 o' 

1 1 1 

E 12 -1 

C 1 -1 I 
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Fig. 6-25 illustrates the same procedure pictorially. 

Figure 6-25. 
Projection of the two E sym- 

metry group orbitals of the 

three H orbitals in 

ammonia. 

S2 S3 

The next step is the MO construction. The orbitals used for 

this purpose are summarized in Table 6-7. An A\ and a doubly 

degenerate E symmetry combination is possible here, and there 

will be a non-bonding orbital with Ai symmetry left on nitrogen. 

Fig. 6-26 illustrates the building of MOs. Again, they can be 

compared with the calculated contour diagrams of the 

Table 6-7. The Atomic Orbitals of Ammonia Sorted According 

to Their Symmetry Properties 

N Orbitals H Group Orbitals 

^1 pz 
E ^2 
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Figure 6-26. 
Construction of molecular 

orbitals for ammonia. 

antibonding 

antibonding 

antibonding 

bonding 
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Figure 6-27. 
Contour diagrams of the MOs 

of ammonia. Reproduced with 

permission from [6-12]. Copy- 

right (1973) Academic Press. 

ammonia molecular orbitals in Fig. 6-27. The qualitative MO 

diagram is given in Fig. 6-28. The following conclusions can be 

drawn: 1. There are three bonding orbitals occupied by elec- 

trons; these correspond to the three N-H bonds. 2. There is 

a non-bonding orbital also occupied by electrons; this 

corresponds to the lone electron pair. 3. The three antibonding 

orbitals are unoccupied, so the MO construction is energetically 

favorable, and the molecule is stable. 
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Figure 6-28. 

Qualitative MO diagram for 

ammonia. 

Benzene, C6H6. The molecular symmetry is There are 30 
AOs that can be used for MO construction; six H Is, six C 2s and 

18 C 2p orbitals. Since this molecule does not contain a central 

atom, each AO must be grouped into SALCs in such a way that 

they can transform according to the symmetry operations of 

the point group. It is straightforward to combine like orbit- 

als, for example, the hydrogen b orbitals, the carbon 2^-orbitals, 

and so on. The following combinations will be used here: 

0i(6 H Is), 02(6 C 2^-), 03(6 C 2p^,2py) and 04(6 C 2pp. 

The next step is to determine how these group orbitals trans- 

form in the point group. The character table is given in 

Table 6-8. Since most of the AOs in the suggested group orbitals 

Table 6-8. The Character Table 

E 2Q 2C3 C2 3C2’ 3C2” t 2^3 2^6 Oh 3 0^ 

1 1 1 1 1 1 1 1 1 1 1 1 

A^g 1 1 1 1 -1 -1 1 1 1 1 -1 -1 K 
Big 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 

B2g 1 -1 1 -1 -1 1 1 -1 1 -1 -1 1 

Eig 2 1 -1 -2 0 0 2 1 -1 -2 0 0 {Rx, Ry) (xz, yz) 

E2g 2 -1 -1 2 0 0 2 -1 -1 2 0 0 {x -y , xy) 

Au 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1 

A2U 1 1 1 1 -1 -1 -1 -1 -1 -1 1 1 z 

Eiu 1 -1 1 -1 1 -1 -1 1 -1 1 -1 1 

E2U 1 -1 1 -1 -1 1 -1 1 -1 1 1 -1 

E\u 2 1 -1 -2 0 0 -2 -1 1 2 0 0 (x.y) 

Eiu 2 -1 -1 2 0 0 -2 1 1 -2 0 0 
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are transformed into another AO by most of the symmetry 

operations, the representations will be quite simple, though still 

reducible: 

600020000602 

r^2 600020000602 
r$3 12 0 0 0 0 0 0 0 0 12 0 0 

6 0 0 0 -2 0 0 0 0 -6 0 2 

These representations now can be reduced by applying the 

reduction formula: 

First Ox'. 

a^x^ = (1/24) ■(l-6-l + 2- 0- l-h2-0-l + l- 0- l + 
^ +3-21 + 3 01 + 10-1 + 2 01 + 2 01 + 

+ l- 61 + 3 01 + 3- 21) = 
= (1/24) (6 + 6 + 6 + 6) = 24/24 = 1 
= (1/24) (6- 6 + 6-6) = 0 

asx^ = (1/24) (6+ 6- 6-6) = 0 
= a/24) (6 - 6 - 6 + 6) = 0 
= a/24) a2 - 12) = 0 
= a/24) a2 + 12) = 1 

aAx^ = a/24) (6+ 6- 6-6) = 0 

^ (1/24) (6- 6- 6 +6) = 0 
(^Bxu ^ (1/24) (6+ 6 + 6 + 6) = ! 
^^2! = a/24) (6- 6 + 6-6) = 0 

= (1/24) (12 + 12) 1 

^£2, = (1/24) (12 - 12) = 0 

Thus, the first representation reduces to the following irreduc- 

ible representations: 

r^x ^ ^Ig + E2g + Bxu + Exu 

Without giving details of the other three reductions, the results 

are: 

+02 "" + ^2g + Exu + Exu 

+03 = Axg + A2g + 2 +2^ + Exu + +2« + 2 Exu 

Eo^ == E2g+ Exg+ A2U + E2U 
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Before using the projection operator to generate these 

SALCs, a simplification which is similar to the one used in the 

case of ammonia is introduced. Instead of the point group, 

its rotational subgroup, C^, will be used. The character table 

is given in Table 6-9. Again, imaginary characters appear with 

Table 6-9. The Q Character Table 

the E representations. They can be turned into real represen- 

tations by using the same procedure detailed earlier. 

The values of e and e* are given by: 

^ = cos 271/6 + i sin 27i/6 = cos 60° + i sin 60° = 

= 1/2 + i 1/3/2 

e* = cos 2TI:/6 — i sin 2TI/6 = cos 60° — i sin 60° = 

= 1/2 - i V^/2 

Substituting these expressions into the Ei representation, we 

obtain: 

I 1 1/2+i -1/3/2 -1/2+i -1/572 -1 -1/2-i -1/5/2 1/2-i -1/572 I (a) 

1 1/2-i VT/2 -1/2-i -7572 -1 -1/2+i -7572 1/2+i -7572 I (b) 

Making new linear combinations by adding (a) and (b), we 

have: 

2 1-1-2 -1 1. 

When (b) is subtracted from (a), we obtain: 

0 \V^ ii/3~ 0 -i-/T -ii/r (c) 

Finally, dividing (c) by i-/^ we arrive at: 

0 110-1-1. 

257 



The E2 representation can be changed in the same way. The C(y 

character table which contains these real characters is shown in 

Table 6-10. 

Table 6-10. The C(^ Character Table with Real Characters 

Ci E C<, a C2 o' 0* 

A 1 1 1 1 1 1 

B 1 -1 1 -1 1 -1 

El 
1 2. 1 -1 -2 -1 ll 
1 1 1 0 -1 -1 

2 -1 -1 2 -1 -1 
E2 1 1 -1 0 1 -1 

1 

Benzene consists of 30 MOs; only some representative 

benzene MOs will be constructed and shown here. It may be a 

good exercise for the reader to construct the remaining MOs of 

benzene by following the procedure demonstrated here. The 

SALCs are sorted according to their symmetry properties in 

Table 6-11. Inspection of this table reveals that the first three 

Table 6-11. The Symmetry of the Different Group Orbitals of 

Benzene 

0, 

H Group 

Orbital 

02 
C 2s Group 

Orbital 

03 

C 2p:,, 2py 

Group 

Orbital 

0\ 

C 2pz Group 

Orbital 

Aig + + + 

Ag + 

B2g + 

Eig + 

E2g + + ++ 

Au 

^2u + 

Biu + + + 

B2U + 

Eu + + ++ 

E2U + 
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Figure 6-29. 
Generation of the sym- 

metry group orbitals of 

benzene. 

group orbitals have common irreducible representations, so 

they can be mixed with each other. They consist of 24 AOs; 

thus, 24 MOs will be formed. Since each bonding MO has its 

antibonding counterpart, there will be 12 bonding and 12 anti- 

bonding molecular orbitals. The former will be the o bonding 

orbitals of benzene, since there are six C-C and six C-H bonds. 

The fourth group orbital does not belong to any irreducible 

representation common to the other three, so it will not be 

mixed with them. This representation corresponds to the n 

orbitals of benzene by itself. 

Let us now construct some of the o orbitals of benzene, viz. 

MOs that possess 82^, and symmetry. The totally 

symmetric representation, appears three times, once in 

01, in 02> and in ^3. Two ..Misrepresentations can be combined 

into an MO, and the third one can represent an MO by itself. 

These three SALCs can be generated by using the projection 

operator pictorially as shown in Fig. 6-29. The forms of these 
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Figure 6-30. 
Contour diagrams of some o 

and n bonding molecular 

orbitals of benzene. Repro- 

duced with permission from 

[6-12]. Copyright (1973) 

Academic Press. 
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group orbitals are such that ^^{Ag) can be taken as an MO by 

itself (C-C o bond, cf also the corresponding orbital, 2 Ai^, in 

the contour diagram in Fig. 6-30), and the other two group 
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orbitals can be combined into molecular orbitals as shown in 

Fig. 6-31. The contour diagram of the bonding MO is depicted 

by the 3 Ai^ orbital in Fig. 6-30. 

Figure 6-31. 
Bonding and antibonding 

combination of Ai^ symmetry 

group orbitals of benzene. 

^l(Aig) - <p3(Aig) 

The next MO will be ofsymmetry. This irreducible repre- 

sentation also appears in 0i, 02> and ^3. Take this time the 

corresponding 0i and 02 group orbitals and combine them into 

molecular orbitals: 

P^\u J-J 1 • £ • J-J -h (-1) • C6 • T 1 • C3 • J"! + (-1) ' C2 ' Si + 

+ 1 • C3^ • Ji + (-1) • ■ Si = 
= Si - S2 + Ss - S4 A S5 - S(„ 

or pictorially: 

The Bi^ symmetry SALC of 02, i.e. the group orbital of the six C 

2s AOs, will have a similar form: 

The combination of these 0i and 02 SALCs affords the bonding 

and antibonding combinations shown in Fig. 6-32. The contour 

diagram corresponding to the bonding MO is the 2 Bi^^ orbital in 

Fig. 6-30. 
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Figure 6-32. 
Bonding and antibonding 

combination of symmetry 

group orbitals of benzene. 

‘t’llBiJ-'PjIBiu) 

Since there is only one B2u symmetry orbital among the 

SALCs, the one in ^3, it will be a MO by itself Let us generate 

this MO: 

py{C^ ^ I ■ E ■ PylP (-1) • C6 • Pyl + 1 • C3 • + 
+ (-1) • C2- Pyl + 1 ■ C3^ • pyl + (-1) • C6^ • Pyl = 

= py\ - Py2 + Pyi " Py\ + Py^ ’ Pyb- 

This group orbital has the following shape: 

Compare the above orbital with 1 B^u (Fig. 3-30). 

Of the four doubly degenerate Ei^ symmetry SALCs, two 

will be considered here; namely, that of 0i and one of the two 

Eiu symmetry SALCs of ^3. The generation of both of the Ei^ 

symmetry degenerate orbitals of 0} is shown in Fig. 6-33. The 

left and right columns each refer to one of the orbitals. The 

application of the other method for the/>^ SALC of ^3 leads to 

the following: 

px{Ci) ^2 ■ E ■ p^i + 1 ■ C(, ■ p^i+ (-1) • C3 • p^i + 

+ (-2) • C2 ■ pxi + (-1) • • At + 1 ■ ^6^ ■ Pxl = 

2 ^ pxl Px2 ~ PxZ ~ ^px\ ~ Px5 "F Px6 

pjpz^ ^ ^ ■ E- p^iEl - c^- p^iEl - c^- p^iE^ ■ c^- pxi^ 

+ (-1) • Cl • p^i + (-1) • • p^i = 

Px2 "F pxZ ~ PxA ~ Pxb- 
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Figure 6-33. 
Generation of the two 

symmetry group orbitals of 

the hydrogen atomic orbitals 

in benzene. 

The form of the symmetry SALC of ^3 is: 
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Figure 6-34. 

Combination of the sym- 

metry orbitals of and ^3 in 

benzene. 

The combination of the 0^ and 03 doubly degenerate group 

orbitals affords the bonding and antibonding MOs shown in Fig. 

6-34. The bonding combination can be compared to 3 £1^ in 

Fig. 6-30. 

The n orbitals of benzene will be the two doubly degenerate 

and the two non-degenerate combinations of the 04 group 

orbital itself. All of these are shown below. 

A2U symmetry orbital: this corresponds to the totally symmetric 

representation in the rotational subgroup C(,\ so, even without 

using the projection operator, its form can be given by: 

^4(^2 J = pzl + pz2 + pzh + pz\ + As + A6 

symmetry orbital: using the projection operator, we obtain: 

A(Ci) ^ 1 • A • Ai + (-1) ■ C’s • Ai + 1 ■ ^3 • pz\ + 
+ (-1) • C2 • Ai +1 ■ Cz ■ pz\ + (-1) • • Ai = 

= pz\ - pzl + pzl - PzA + pzb - pz6 

The two Eig symmetry SALCs are constructed in Fig. 6-35. 
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Figure 6-35. 
The two Ei^ symmetry group 

orbitals formed from the 

carbon orbitals in 

benzene. 

Finally, the two E^u symmetry orbitals are expressed as follows: 

2 ■ £ • + (-1) • C6 • p^x + (-1) • Q • p^x + 

+ 2 • C2 • Ai + (-1) • • Pzv + (-1) • • Ai = 

^2 Pz\- Pz2- PzZ + 2/>^4 - As - pzb 

^'^^pzi^i) ^ 0 • £ • + 1 • Q • + (-1) • C3 • p^x + 

+ 0 • C2 • At + 1 • • Ai + (-1) • • Ai = 
Pz2 ~ pzh pzb ~ Pz6' 

Their forms are: 

Compare these SALCs to the contour diagram of the 1 E2u 

orbital (Fig. 6-30). Fig. 6-36 shows the relative energies of the 

benzene n orbitals. 
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Figure 6-36. 
Relative energies of the 
benzene n orbitals. 

Energy 

6.3.3.3 Short Summary of MO Construction 

The steps of MO construction can now be summarized as 

follows: 

1. Identify the symmetry of the molecule. 

2. List all atomic orbitals that are intended to be used for MO 

construction. 

3. See whether or not the molecule has a central atom. If it 

does, then look up in the character table the irreducible 

representations to which its atomic orbitals belong. If there 

is no central atom in the molecule, proceed to the next step. 

4. Construct group orbitals (SALCs) from the atomic orbitals 

of like atoms. 

5. Use these orbitals as bases for representations of the point 

group. 

6. Reduce these representations to their irreducible compo- 

nents. 

7. Apply the projection operator to the AOs for each of these 

irreducible representations to obtain the forms of the 

SALCs. 

8. These SALCs will either be MOs by themselves, or they 

can be combined with other SALCs or central atom orbitals 

of the same symmetry. Each of these combinations will give 

one bonding and one antibonding MO of the same sym- 

metry. 
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9. Normalization has been ij^iioretl throughout our discus- 

sion. However, the SAIX's must he properly normalized in 

all calculations [6 4]. I his may he done at the end ot the 

.S.-MX' construction, i.e. alter step 7 in our list. 

6.4 Influence of 
Environmental Symmetry 

Symmetrv' has a major role in two widely used and successful 

methods of chemistry, viz., the crystal held and ligand held 

theories of coordination compounds. This topic has been 

thoroughly covered in existing textbooks and monographs on 

coordination chemistry. I'herefore, it is mentioned here only in 

passing. Bethe has shown that the degenerate electronic state of 

a cation is split by a crv'stal held into nonequivalent states [6-13]. 

d'he change is determined entirely by the symmetry' ot the 

crv'stal lattice. 

Bethe’s original work was concerned with ionic crystals, but 

his concept has more general applications. W'hen an atom or an 

ion enters a ligand environment, the symmetry' ot the ligand 

arrangement will influence the electron density distribution ot 

that atom or ion. I'he original spherical symmetry' of the atomic 

orbitals will be lost, and the symmetry of the ligand environ- 

ment will be adopted. As a consequence of the usual decrease ot 

symmetry', the degree of degeneracy of the orbitals decreases. 

d'hej electrons are already nondegenerate in the free atom, 

so their degeneracy does not change. 4'hey will always belong 

to the totally symmetric irreducible representation ot the 

symmetry group. The p orbitals, however, are threefold 

degenerate, and the ^/orbitals are five-fold degenerate. To deter- 

mine their splitting in a certain point group, we must use them, 

in principle, as bases for a representation ot tbe group. In prac- 

tice, we can find in the character table of the point group the 

irreducible representations to which the orbitals belong. An 

orbital always belongs to the same irreducible representation as 

do its subscripts. Some orbital splittings that accompany the 

decrease in environmental svmmetrv are shown in Table 6-12. 



Figure 6-37. 
The orientation of the 

different symmetry d orbitals 

in an octahedral environment. 

dyz 

Table 6-12. Splitting of Atomic Orbitals in Different Symmetry 

Environment 

s P d 

0, aig Pu ‘g + hg 

Td ax h e t2 

Doofi Ou + ag+ng+ 4 

ax h + ex ^1 + ^2 + ^3 

dxg “f eu aig + hg + b^g + 

ax ax'P e ax bx -P b2 e 

C2v ax ^1 + Z’l + b2 2 ax a2 bx b2 

As environmental symmetry decreases, the orbitals will become 

split to an increasing extent. At the C'lv point group, e.g., all 

atomic orbitals become split into non-degenerate levels. This is 

not surprising, since the character table contains only one- 

dimensional irreducible representations. This result shows at 

once that there are no degenerate energy levels in this point 

group. This has been stressed in Chapter 4 in the discussion of 

irreducible representations. 

The symmetry of the ligand environment gives an important 

but limited amount of information about orbital splitting. Both 

the octahedral and cubic ligand arrangements, for example, 

belong to the point group, and we can tell that the d orbitals 

of the central atom will split into a doubly degenerate and a 

triply degenerate pair. But nothing is revealed about the relative 

energies of these two sets of degenerate orbitals. 

The problem of relative energies is, however, dealt with by 

crystal field theory. This theory examines the repulsive inter- 

action between the ligands and the central atom orbitals. 

Consider first an octahedral molecule (Fig. 6-37), and compare 

the positions of one (e.g. and one t2g (e.g. dy^) orbital. 

The others need not be considered, as they are degenerate with 

one of the or t2g orbitals and, thus, they have the same energy. 

The lobes of the dp^.p orbital point towards the ligands. The 

resulting electrostatic repulsion will destabilize these orbitals, 

and their energies will increase accordingly. The dy^ orbital, on 

the other hand, points in directions between the ligands. This is 

an energetically more favorable position; hence, the energy of 

these orbitals will decrease. 
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Examine now the cubic arrangement in Fig. 6-38. It can be 

Figure 6-38. 

The orientation of the 

ditl'erent svmmetn.' orbitals 

in a cubic environment. 

Figure 6-39. 

Relative energies of the J 

orbitals in octahedral and 

cubic ligand environment. 

seen that the orbital is in a more unfavorable situation rela- 

tive to the ligands than is the orbital, so their relative ener- 

gies will be reversed (see Fig. 6-39). Some other typical orbital 

0, 
Energy 

cubic octahedral 

splittings and the corresponding changes in the relative ener- 

gies are shown in Fig. 6-40. 

Figure 6-40. 

(/ orbital splittings in different 

ligand environment. 
Energy 

I 

MXg MXgY MX4Y2 MX4 
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Prediction of structural changes. Crystal field theory is fre- 

quently applied to account for and even predict structural and 

chemical changes. A well-known example is the variation of 

first row transition metal ionic radii in an octahedral environ- 

ment [6-14] as illustrated in Fig. 6-41, curve A. The dashed line 

Figure 6-41. 
The variation of octahedral 

ionic radii according to [6-14] 

(Curve A); and of the bond 

lengths of transition metal 

dichlorides according to 

[6-15] (Curve B), and 

dibromides (Curve C). 

r,A 

connects the points for Ca-Mn-Zn, i.e., atoms with spheri- 

cally symmetric distribution of d electrons. Since the shielding 

of one d electron by another is imperfect, a contraction in the 

ionic radius is expected along this series. This in itself would 

account only for a steady decrease in the radii, whereas the ionic 

radii of all the other atoms are smaller than interpolation from 

the Ca - Mn - Zn curve would suggest. As is well known, the 

non-uniform distribution of d electrons around the nuclei is the 

origin of this phenomenon. In the octahedral environment the d 

orbitals split into orbitals with t^g and eg symmetry. The elec 

trons added gradually occupy t^g orbitals in Sc^^, Ti^^, and V 

as well as in Fe , Co , and Ni , if only high spin configura- 

tions are considered. Since these orbitals are not oriented 

towards the ligands, the degree of shielding between the ligands 

and the positively charged atomic cores decreases along with 

the ionic radius. The fourth electron in Cr^"^ as well as the ninth 
r\ I 

electron in Cu occupy eg symmetry orbitals. The degree of 

2+ 
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These arguments [6-15] are valid only if all the first row tran- 

sition metal dihalides are linear. According to various experi- 

mental evidences [6-16, 6-18 to 6-21] this assumption is correct 

for the dihalides of manganese, iron, cobalt, and nickel. Ab initio 

calculations on CuCl2 suggest that this dihalide also has linear 

geometry [6-17]. Linearity has been supposed for a long time 

for the early transition metal dihalides as well [6-20, 6-21]. New 

experimental evidence, however, seems to indicate, that VCI2 

and CrCl2 are highly bent molecules [6-22]. In this case, their 

symmetry is C21,, and the dorbital splitting is different from that 

in a linear environment (Fig. 6-42). The relative energies of the 

orbitals cannot be predicted by qualitative reasoning in this 

non-linear environment. The order given here for the bent 

molecule originates from results of quantum chemical calcula- 

tions [6-23]. The prediction for the bond length variation for 

the linear arrangements, of course, cannot be valid for VCI2 and 

CrCl2 as they are bent. 

6.5 Jahn-Teller Effect 

“Somewhat paradoxically, symmetry is seen to play an 

important role in the understanding of the ...Jahn-Teller effect, 

the very nature of which is symmetry destruction” [6-24]. 

According to the original formulation of the Jahn-Teller effect 

[6-25], a non-linear symmetrical nuclear configuration in a 

degenerate electronic state is unstable and gets distorted, 

thereby removing the electronic degeneracy until a non-dege- 

nerate ground state is achieved. This formulation indicates the 

strong relevance of this effect to orbital splitting and generally 

to the relationship of symmetry and electronic structure dis- 

cussed in previous sections. 

Only molecules with partially filled orbitals display Jahn- 

Teller distortion. As was shown in Section 6.3.2, the electronic 

ground state of molecules with completely filled orbitals is 

always totally symmetric, and thus cannot be degenerate. Since 

transition metals have partially filled d ox f orbitals, their com- 

pounds may be Jahn-Teller systems. 

Let us consider an example from among the much studied 

cupric compounds (cf [6-14]). Suppose that the Cu^^ ion with 

its electronic configuration is surrounded by six ligands in an 

octahedral arrangement. We have already seen (Table 6-12 and 

Pig. 6-40) that in an octahedral environment r/orhitals split into 

a triply {t2g) and a doubly (^y) degenerate level. For Cu^^the only 

possible electronic configuration is /2Av'^- 
A.S <?s 
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Suppose now that of the two orbitals, is doubly, while 

is only singly occupied. Thus the two ligands along the ^ 

axis are better screened from the electrostatic attraction of the 

central ion, and will move farther away from it, than the four 

ligands in the xy plane. The opposite happens if the unpaired 

electron occupies the orbital. In both cases the octahedral 

arrangement undergoes tetragonal distortion along the 2; axis, 

in the former by elongation, while in the latter, by compression. 

The original symmetry reduces to £>4^. The splitting of d 

orbitals in both environments is given in Table 6-12 and is also 

shown here: 

+ big 

dd) W-/) 

hg ^g 
+ big 

^yz> {.^xz> ^2) 

Fig. 6-43 illustrates the tetragonal elongation and compres- 

sion for an octahedron. For the Cu^”^ ion the relative energies of 

the dd' and d^-^ orbitals depend on the location of the unpaired 

electron. 

Figure 6-43. 

Tetragonal distortions of the 

regular octahedral arrange- 

ment around a d'^ ion. 
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Consider now a qualitative picture of the splitting of the t^g 

orbitals. If the ligands are somewhat further away along the 2; 

axis, their interaction with the and dy^ orbitals will decrease, 

and so will their energy, compared with that of the d^y orbital. 

This is illustrated by the left-hand side of Fig. 6-43. Tetragonal 

compression can be accounted for by similar reasoning (cf 

right-hand side of Fig. 6-43). 

The splitting of the d orbitals in Fig. 6-43 shows the validity 

of the “center of gravity rule”. One of the Cg orbitals goes up in 

energy as much as the other goes down. From among the t^g 

orbitals the doubly degenerate pair goes up (or down) in energy 

half as much as the non-degenerate orbital goes down (or up). 

Thus, for the Cu(II) compounds the splitting of the fully occu- 

pied tig orbitals does not bring about a net energy change. The 

same is true for all other symmetrically occupied degenerate 

orbitals, such as ti^, or e^. On the other hand, the occu- 

pancy of the Cg orbitals of Cu^ is unsymmetrical, since two elec- 

trons go down and only one goes up in energy, and here there is 

a net energy gain in the tetragonal distortion. This energy gain is 

the Jahn-Teller stabilization energy. 

The above example referred to an octahedral configuration. 

Other highly symmetrical systems, for example tetrahedral 

arrangements, can also display this effect. For general discus- 

sion, see, e.g. [6-26 - 6-28]. 

The Jahn-Teller effect enhances the structural diversity of 

Cu(II) compounds [6-29]. Most of the octahedral complexes 

of Cu^”^, for example, show elongated tetragonally distorted 

geometry. Crystalline cupric fluoride and cupric chloride both 

have four shorter and two longer copper-halogen interatomic 

distances, 1.93 vs. 2.21 A and 2.30 vs. 2.95 A, respectively [6-29]. 

The square planar arrangement can be regarded as a limiting 

case of the elongated octahedral configuration. The four oxy- 
0 

gen atoms are at 1.96 A from the copper atom in a square confi- 

guration in crystalline cupric oxide, whereas the next nearest 

neighbors, two other oxygen atoms, are at 2.78 A. The ratio of 

the two distances is much larger than in the usual distorted 

octahedral configuration [6-29]. 

Tetragonal compression around the central Cu^"^ ion is much 

rarer. K2CUF4 is an example with two shorter and four longer 

Cu-F distances, viz. 1.95 vs. 2.08 A [6-29]. 

There are also numerous cases when experimental investiga- 

tion fades to provide evidence for Jahn-Teller distortion. For 

example, several chelate compounds of Cu(II), as well as some 

compounds containing the [Cu(N02)6]^~ ion show no detect- 

able distortion from the regular octahedral structure (see [6-30] 

and references therein). 

Bersuker [6-27, 6-28] has shown the need for a more sophis- 

ticated approach to account for such phenomena. We attempt 

to convey at least the flavor of his ideas here. Jahn-Teller distor- 
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tions are of a dynamic nature in systems under no external 

influence. This means that there may be many minimum- 

energy distorted structures in such systems. Whether an experi- 

ment will or will not detect such a dynamic Jahn-Teller effect, 

depends on the relationship between the time scale of the phy- 

sical measurement used for the investigation, and the mean life- 

time of the distorted configurations. If the time of the meavSure- 

ment is longer than the mean life-time of the distorted configu- 

rations, only an average structure will be detected correspond- 

ing to the undistorted high-symmetry configuration. Since dif- 

ferent physical techniques have different time scales, one tech- 

nique may detect a distortion which appears to be undetected 

by another. 

The static Jahn-Teller effect can be observed only in the pre- 

sence of an external influence. Bersuker [6-28] stresses this 

point as the opposite statement is found often in the literature. 

According to the statement criticized, the effect is not to be 

expected in systems where low-symmetry perturbations 

remove electronic degeneracy. According to Bersuker, it is 

exactly the low-symmetry perturbations that make the Jahn- 

Teller distortions static and thus observable. Such a low- 

symmetry perturbation can be the substitution of one ligand by 

another. In this case one of the previously equivalent minimum- 

energy structures, or a new one, will become energetically more 

favored than the others. 

The so-called cooperative JrTmtT^her effect is another occu- 

rance of the static distortions. Here interaction, i.e., cooperation 

between different crystal centers make the phenomenon 

observable. Without interaction, the nuclear motion around 

each center would be independent and of a dynamic character. 

Lattice vibrations tend to destroy the correlation among 

Jahn-Teller centers. Thus with increasing temperature, at a 

certain point, these centers may become independent of each 

other, and their static Jahn-Teller effects convert to dynamic 

ones. At this point the crystal as a whole becomes more 

symmetric. This temperature-dependent static dynamic 

transition is called the Jahn-Teller phase transition. Below the 

phase transition temperature the cooperative Jahn-Teller effect 

governs the situation providing static distortion; the overall 

structure of the crystal is of a lesser symmetry. Above this 

temperature the cooperation breaks down, the Jahn-Teller 

distortion becomes dynamic and the crystal itself becomes 

more symmetric. 

The temperature of the Jahn-Teller phase transition is very 

high for CUF2, CuCl2, and K2CUF4 among the examples men- 

tioned above [6-28]. Therefore, at room temperature their 

crystal structures display distortions. Other compounds have 

symmetric crystal structures at room temperature as their Jahn- 

Teller phase transition occurs at lower temperatures. Cupric 
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chelate compounds and [Cu(N02)6]^~ compounds, such as 

K2PbCu(N02)6 and Tl2PbCu(N02)6, can be mentioned as 

examples [6-30]. Further cooling, however, may make also 

these structures distorted [6-30]. 

6.6 Quantum Chemical 
Calculations 

The results of quantum chemical calculations usually yield 

the wave functions and the energies of a system. Numerous 

integrals must be evaluated even for the simplest molecules. 

Their number can be conveniently reduced, however, by 

applying the theorem according to which an energy integral, 

j is nonzero only if ^^and ^ belong to the sazne ivvo-dM- 
cible representation of the molecular point group. 

Many chemical and physical properties of the molecules can 

be calculated, including conformational properties, barrier to 

internal rotation, relative stabilities of various isomers as well as 

different electronic states. The electron spectroscopic and 

vibrational spectroscopic constants and other parameters can 

also be determined. We will now consider just one of the many 

characteristics of the molecule, viz. its equilibrium geometry. 

Today, the state-of-the-art calculations of molecular geometry 

involving relatively light atoms are as reliable as the results of 

the best experiments. Another thing to bear in mind is that 

while calculations provide information relating to the equilib- 

rium geometry, various experiments yield some effective geom- 

etries for the molecule which are averaged over intramolecu- 

lar vibrations. Depending on the magnitude of these vibrations 

and their structural influence, the equilibrium and average 

structures may differ to various extents. The results of calcula- 

tions are less reliable for molecules involving heavier atoms, for 

example, transition metals. Even less sophisticated calculations 

may be instructive if structural differences rather than absolute 

values of the structural parameters are sought. Important syste- 

matic errors usually cancel in the determination of structural 

differences in calculations as well as in experiments. The 

importance of small structural differences in understanding 

various effects in series of substances is becoming recognized 

increasingly [6-31]. Quantum chemical calculations, of course, 

are the exclusive source of information for systems that are not 

amenable to experimental study. Such systems may include 

unstable or even unknown species and transition states. Quan- 

tum chemical calculations have proved to be complementary 

with experiments or can even be their alternatives. The situa- 
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tion is evolving and a host of problems must be resolved yet for 

individual systems. A case in point involves calculations of the 

geometrical parameters of transition metal compounds. 

It is obvious that the larger the size and number of the atoms 

in a molecule, the more complicated and time-consuming the 

calculation of the molecular energ\^ and geometry will be. Since 

the heavier elements have many electrons, a large number of 

one-electron wave functions must be used to approximate their 

electronic wave function. The problem of electron correlation 

also becomes increasingly important. There are many ways to 

construct sets of basis functions for these molecules. It is, 

however, important to choose the right sets, since the reliability 

of the results.depends strongly on them [6-32]. For the main 

group elements, especially for molecules composed of lighter 

atoms, systematic studies have been carried out; consequently, 

a number of generally applicable methods and basis sets have 

been developed. 

For transition metal compounds another difficulty arises due 

to the open shell electronic structure of the transition metal 

atom. Yet another problem is their molecular size, especially 

that of organometallic complexes. Even with today’s computers 

they are often too large for routine calculations. Therefore, no 

systematic investigations have yet been carried out on these 

systems, and generally acceptable calculation procedures and 

optimal basis sets have not yet been developed. New develop- 

ment is anticipated in this area in the near future. 

Bond lengths of transition metal compounds. It has been ob- 

served recently, that some bond lengths calculated by quantum 

chemical methods for transition metal compounds are not 

compatible with the experimental data [6-23, 6-33]. Since the 

calculated geometry corresponds to the equilibrium structure, 

the calculated bond lengths are expected to be smaller than the 

corresponding experimental values. The latter are usually 

measured at higher temperatures where the enhanced stretch- 

ing vibrations result somewhat elongated bonds. In case of 

MnCl2 the experimental bond length is: 2.205(5) A (from elec- 

tron diffraction [6-16]), compared to the calculated values of 

2.267-2.294 A, obtained with high-quality basis sets [6-23]. 
o 

Interestingly, minimal basis sets yielded 2.149 and 2.208 A in 

better agreement with the experiment. High-quality theoretical 

calculation [6-33] of the geometry of ferrocene, (C5H5)2Fe, 

yielded a 1.89 A metal-ring distance while the experimental 

results are 1.66 A (from electron diffraction [6-34]), 1.64 A (from 

neutron diffraction [6-35]), and 1.65 A (from X-ray diffraction 

[6-36]). Although it is difficult to account for this discrepancy, 

one possibility may lie in the choice of basis sets, i.e., the atomic 

orbitals used for the MO construction [6-33]. 

In another study the distance in Cu2 was found to be highly 

sensitive to the choice of basis sets [6-37]. The Cu-Cu distance 



varied from 2.248 A to 2.40 A; the experimental bond distance is 

2.2195 A [6-38]. Strangely enough, another theoretical investi- 

gation, which employed a much less sophisticated method that 

IS generally not applicable to geometry determinations, yielded 

a Cu-Cu distance of2.17 A [6-39]. This result is in better agree- 

ment with the experiment. 

Discrepancies do not always occur; examples where good 

agreement between calculated and experimental bond lengths 

IS obtained are also known. For example, in SCF3, the calculated 

Sc-F bond distance of 1.88 A [6-40] compares well with the 

experimental value of 1.926(5) A (electron diffraction [6-41]). 

It will probably be some time before enough theoretical 

calculations will have been performed on transition metal com- 

pounds to permit full understanding the reasons that underly 

these failures and successes. However, further theoretical 

studies will eventually lead to a consistent and reliable 

approach. The ever-increasing capacity of computers is bring- 

ing investigators even closer to the attainment of these goals. 

Until the goals will be reached continued critical evaluation of 

computational results and the concerted application of theory 

and experiment are especially important. 
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7 Chemical Reactions 

The chemica] reaction is the '‘most chemical” event. Our 

encounter with the role of svmmetr/ in chemistrv would 

certainly be one-sided without looking at chemical reactions. In 

fact, it is perhaps the most flourishing, booming area todav of all 

chemistrv'-related applications of the symxmietrv- concept. For 

this very reason, we shall present only a short sun^ey and refer to 

the vast recent literature (see e.g. T-1 through 7-11“). Our dis- 

cussion fully relies on these papers and monographs. 

1 he first application of symmetiy* considerations to chem- 

ical reactions can be attributed to Wigmer and Witmer [7-12h 

The Wigner-Witmer rules are concerned with the conservation 

of spin and orbital angular momentum in the reaction of diatom- 

ic molecules. Although .symmetry' is not explicitly mentioned, it 

is present implicitly in the principle of coasen'ation of orbital 

angular momentum. The real breakthrough in recognizing the 

role that symmetry plays in determining the course of chemical 

reactions has occurred only recently, mainly through the activ- 

ities of Woodward and Hoffmann, Fukui, Pearson, and others. 

The main idea in their work is that symmetn* phenomena 

may play as important a role in chemical reactions as thev do in 

the construction of molecular orbitals or in molecular spectro- 

scopy. It is even possible to make certain symmetn’ based 

“selection rules” for the “allow’edness” and “forbiddenness” of a 

chemical reaction, just as is done for spectroscopic transitions. 

Before describing these rules, however, we would like to 

mention some limitations. Symmetry' rules can usuallv be 

applied to comparatively simple reactions, the so-called con- 

certed reactions. In a concerted reaction all relevant changes 

occur simultaneously; the transformation of reactants into 

products happens in one step with no intermediates. 

At first sight it would seem logical that s^ mmetrv rules can 

be applied only to symmetrical molecules. However, even non- 

symmetric reactants can be “simplified” to related svmmetrical 

parent molecules. As Woodward and Hoffmann put it, thev can 

be “reduced to their highest inherent symmetiy-" '7-3k This is, 

in fact, a necessary criterion if symmetiy- principles are to be 

applied. 

What d oes this mean.' For example, propvlene, 

H2C = CHCH3, must be treated as its “parent molecule”, ethvl- 

ene. d'he reason is that it is the double bond of propylene which 

changes during the reaction, and it nearly possesses the svm- 
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metry of ethylene. Salem calls this feature “pseudosymmetry” 

[7-7]. 

The statement: a chemical reaction is “symmetry allowed” or 

“symmetry forbidden” should not be taken literally. When a 

reaction is symmetry allowed, it means that it has a low 

activation energy. This makes it possible for the given reaction 

to occur, though it does not mean that it always will. There are 

other factors which can impose a substantial activation barrier. 

Such factors may be steric repulsions, difficulties in approach 

and unfavorable relative energies of orbitals. Similarly, 

“symmetry forbidden” means that the reaction, as a concerted 

one, would have a high activation barrier. However, various 

factors may make the reaction still possible; for example, it may 

happen as a stepwise reaction through intermediates. In this 

case, of course, it is no longer a concerted reaction. 

Most of the symmetry rules explaining and predicting 

chemical reactions deal with changes in the electronic struc- 

ture. However, a chemical reaction is more than just that. 

Breakage of bonds and formation of new ones are also 

accompanied by nuclear rearrangements and changes in the 

vibrational behavior of the molecule. (Molecular translation 

and rotation as a whole can be ignored.) 

As has been shown previously, both the vibrational motion 

and the electronic structure of the molecules strongly depend 

on symmetry. This dependence can be fully utilized when 

discussing chemical reactions. 

Describing the structures of both reactant and product 

molecules with the help of symmetry would not add anything 

new to our previous discussion. What is new and important is 

that certain symmetry rules can be applied to the transition 

state in between the reactants and products. This is indeed the 

topic of the present Chapter. 

7.1 Potential Energy Surface 

The potential energy surface is the cornerstone of all theo- 

retical studies of reaction mechanisms [7-7]. The topography of 

a potential energy surface contains all possible information 

about a chemical reaction. However, how this potential energy 

surface can be depicted is another matter. 

The total energy of a molecule consists of the potential and 

the kinetic energy of both the nuclei and the electrons. The 

coulombic energy of the nuclei and the electronic energy 

together represent the whole potential energy under whose 

influence the nuclei carry out their vibrations. Since the ener- 

gies of the (ground and various excited) electronic states are 



different, each state has its own potential energy surface. We are 

usually interested in the lowest energy potential surface which 

corresponds to the ground state of the molecule. An Anatomic 

molecule has 3N- 6 internal degrees of freedom (a linear mole- 

cule has 3A^- 5). The potential energy for such a molecule can 

be represented by a 37V- 6 dimensional hypersurface in a 3TV- 5 

dimensional space. Clearly the actual representation of this 

surface is impossible in our limited dimensions. 

There are ways, however, to plot parts of the potential 

energy hypersurface. For example, the energy is plotted with 

respect to the change of two coordinates during a reaction in 

both Figs. 7-la and b. Such drawings help to visualize the real 

potential energy surface. It is like a rough topographic map with 

mountains of different heights, long valleys of different depths, 

mountain paths and holes. Since energy increases along the 

vertical coordinate, the mountains correspond to energy 

barriers and the holes and valleys to different energy minima. 

Studying reaction mechanisms means essentially finding the 

most economical way to go from one valley to another. Two 

adjacent valleys are connected by a mountain path: this is the 

road that the reactant molecules must follow if they want to 

reach the valley on the other side, which will correspond to the 

product(s). The top of the pass is called the saddle point ox col. 

The configuration of nuclei at this point is sometimes called a 

transition state, sometimes an activated complex, in other cases a 

transition structure, and yet in other cases, a supermolecule. Transi- 

tion state is the most commonly used term. 

Figure 7-1. 

Three-dimensional potential 

energy surfaces. 

(a) Energy hypersurface for 

FSSF ^ SSF2 isomerization 

(detail). Reproduced with 

permission from Solouki and 

Bock [7-13(a)]. Copyright 

(1977) American Chemical 

Society. 

(b) Rotation-inversion surface 

of “CH2OH (detail). Repro- 

duced with permission from 

Wolfe et al. [7-13 (b)]. 

Copyright (1975) American 

Chemical Society. 
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7.1.1 Reaction Coordinate 

Where does symmetry come into the picture? It happens 

through the movement of the nuclei along the potential energy 

surface. As discussed in detail in Chapter 5, all possible inter- 

nuclear motions of a molecule can be resolved into sets of 

special motions corresponding to the normal modes of the 

molecule. These normal modes already have a symmetry label 

since they belong to one of the irreducible representations of 

the molecular point group. The changing nuclear positions 

during the course of a reaction are collectively described by the 

term reaction coordinate. It is usually a good approximation, 

however, to assume that the chemical reaction is dominated by 

one of the normal modes of vibration and that the other modes 

remain essentially unchanged during the reaction. In such a 

case, this one vibrational mode is the reaction coordinate. By 

selecting this coordinate, we may cut a slice through the poten- 

tial energy hypersurface along this particular motion. Such a 

slice is shown in Fig. 7-2. This is another way to represent the 

potential energy. The curve shows the reaction path along the 

reaction coordinate. Points a and c are energy minima, 

corresponding to the initial and final stages of the reaction. 

Point b is the saddle point corresponding to the transition 

structure and the energy barrier. This diagram has several 

important features. 

Figure 7-2. 
Potential energy curve plotted 

against the reaction coordi- 

nate (a and c are minimum 

positions, b is the saddle point 

or col). 

Potential 
energy 

First, it represents only a slice of the potential energy hyper- 

surface. It is the variation along one coordinate, and it is 

supposed that all the other possible motions of the nuclei, i.e., all 

the other normal vibrations, are at their optimum value, so their 

energy is at minimum. Therefore this reaction path can be taken 

as a minimum energy path. If the rearrangements in the reactant 

molecules or in the supermolecule are really connected only by 

one particular vibrational mode, then this supposition is 

reasonable, since the other vibrations do not influence the 

reaction process. The vibration corresponding to the reaction 

286 



Figure 7-3. 

Contour diagram of a three- 

dimensional potential energy 

surface. The bold line shows 

the reaction path. Adapted 

with permission from [7-14]. 

Copyright (1963) John Wiley 

& Sons. 

coordinate is orthogonal to all the other vibrations. In other 

words, if we would try to leave the reaction path sideways, i.e., 

along some other vibrational mode, the energy would always 

increase. 

Fig. 7-3 illustrates this point after [7-14] with a simple case 

when only one other vibrational mode exists beside the reaction 

coordinate. The bold line shows the reaction path. It goes 

through a maximum point which is the reaction barrier. The 

surface, however, rises on both sides of the reaction coordinate. 

Thus, with respect to the energy of the other vibrational coordi- 

nates, the reaction follows a minimum energy path indeed. 

7.1.2 Symmetry Rules for the Reaction 
Coordinate 

The prediction of molecular structures and possible reaction 

mechanisms through analysis of the reaction coordinate is 

mainly due to Pearson [7-6]. The energy variation along the 

reaction path can be characterized in the following way: 

The energy of all vibrational modes except the reaction 

coordinate is minimal all along the path, i.e. 

dE 

9Q. 

= 0 and 
d^E 

9 0/ 
> 0. (7-1) 

where Q/ is any coordinate except the reaction coordinate. 

With respect to symmetry these vibrations are unrestricted. (Of 

course, every normal mode must belong to one or another 

irreducible representation of the molecular point group.) 

The energy variation of the reaction coordinate is different. 

At every point, except at the maximum and minimum values, it 

is nonzero, 

dE 
  + 0. (7-2) 

90, 
This is simply the slope of the curve on the potential energy 

diagram. At the minimum points (a and c in Fig. 7-2): 

dE d'^E 
 = 0 and  > 0. 
9Q. ao; 

(7-3) 
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< 0. (7-4) 

At the saddle point (b in Fig. 7-2): 

6£ a^£ 
 = 0 and  — 

9 a 9Q; 

This result has important consequences regarding the 

symmetry properties of the reaction coordinate (see [7-6] for 

details). Calculation of the energy of the reaction involves two 

different energy integrals: 

where and ifij are the wave function of the ground state and 

an excited state, respectively. In the actual calculations, these 

wave functions are approximated by molecular orbitals, but 

their relationship remains the same. 

Examine now the two energy integrals separately, bearing in 

mind what was said about the conditions necessary for an inte- 

gral to have nonzero value (Chapter 4). The first integral 

contains only the ground state wave function. It will have 

nonzero value only if 

(7-6) 

that is, if the direct product of the representation of ip^ with 

itself (a function with the same symmetry) contains the 

representation of But we know that the direct product of 

two functions with the same symmetry always contains the 

totally symmetric representation. Therefore, Q^must belong to 

the totally symmetric irreducible representation of the mole- 

cular point group so that the integral will have a nonzero value. 

We can conclude that, except at a maximum or at a minimum, 

the reaction coordinate belongs to the totally symmetric irredu- 

cible representation of the molecular point group. 

The reaction coordinate is just one particular normal mode 

in the simplest case. It must always be, however, a symmetric 

mode, and this is so even if a more complicated nuclear motion 

is considered for the reaction coordinate. Such a motion can 

always be written as a sum of normal modes. Of these modes, 

however, only those which are totally symmetric will contribute 

to the reaction coordinate. The nonsymmetric modes may 

contribute only at the extremes of the potential energy func- 

tion. 

The other integral in Eq. (7-5) expresses the mixing of states 

during the reaction: 

(7-7) 
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This integral will be nonzero if the direct product of the rep- 

resentations of the wave functions and if/j contains the 

representation to which the reaction coordinate belongs, 

(7-8) 

This expression contains information regarding the symmetry 

of the excited states as well. Only those excited states can parti- 

cipate in the reaction whose symmetry matches the symmetry 

of both the ground state and the reaction coordinate. But we 

already know that belongs to the totally symmetric irre- 

ducible representation except at the extreme points. This 

implies that only those excited states can participate in the 

reaction whose symmetry is the same as that of the ground 

state. This information is instrumental in the construction of 

correlation diagrams, as will be seen later. 

The reaction coordinate can possess any symmetry at the 

extreme points provided that the condition of Eq. (7-8) is 

fulfilled. This also means that at the maximum point the 

symmetry of the excited state may differ from that of the 

ground state. However, any minute distortion will remove the 

system from the saddle point. The reaction coordinate must 

then become again totally symmetric. How can this happen.? 

Obviously, by changing the point group of the system. By 

reducing the symmetry, nonsymmetric vibrational modes may 

become symmetric, and the reaction coordinate may become 

totally symmetric. This reasoning may even help in predicting 

how the symmetry will be reduced; we just have to find the 

point group in which the reaction coordinate becomes totally 

symmetric. 

Two examples will illustrate how these rules work. One 

involves the reduction of symmetry which occurs when a linear 

molecule becomes bent [7-6]. The other example involves 

transforming a planar molecule into a pyramidal one. 

For a linear AX2 molecule of Doo^ symmetry the normal 

mode that reduces it to €2^; is the 11 bending mode (Fig. 7-4a). 

In the C2V point group this becomes totally symmetric. (The 

other component of the 11^ mode becomes the rotation of the 

molecule.) 

Figure 7-4. 

The effect of symmetry lower- 
Linear, Doo/, 

AX2 

Bent, €2^/ 

<A> 

^2 
ing on the reaction coordinate. 

(a) Bending of a linear AX2 

molecule {V2{7L^) V2{Ai)) 

Tty 
ir^ 

• • • L _ + 

 ► A, 
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For an AX3 planar molecule the symmetry is The 

puckering mode (Fig. 7-4b) of ^2” symmetry reduces it to 

In the point group, the symmetry of this vibration is A\. 

(b) Puckering of a planar AX3 

molecule (v2(^2”) 

7.2 Electronic Structure 

7.2.1 Changes During a Chemical Reaction 

A chemical reaction is a consequence of an interaction 

between molecules. The electronic aspects of these interactions 

can be discussed in much the same way as the interaction of 

atomic electron distributions forming molecules. The differ- 

ence is that while MOs are constructed from the AOs of the 

constituent atoms, in describing a chemical reaction the MOs of 

the product(s) are constructed from the MOs of the reactants. 

Before a reaction takes place (i.e., while the reacting molecules 

are still far apart), their electron distribution is unperturbed. 

When they approach each other, their orbitals begin to overlap, 

and distortion of the original electron distribution takes place. 

There are two requirements for a constructive interaction 

between molecules: symmetry matching and energy matching. 

These two factors can be treated in different ways. The 

approaches of Fukui [7-1, 7-2], and of Woodward and 

Hoffmann [7-3, 7-4] differ somewhat. Since those are two most 

successful methods in this field, we shall concentrate on them. 

First the basis of each method will be presented briefly, followed 

by a few classical examples, each of which will be treated in 

some detail. 
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7.2.2 Frontier Orbitals: HOMO and LUMO 

A successful chemical reaction requires both energy and 

symmetry matching between the MOs of the reactants. The 

requirements are essentially the same as in case of eonstructing 

MOs from AOs; only orbitals of the same symmetry and com- 

parable energy can overlap successfully The strongest inter- 

actions occur between those orbitals which are close to each 

other in energy. Nevertheless, the interaction between filled 

MOs will not contribute to the change in the total energy of the 

system since one orbital increases in energy about as much as 

the other decreases (see Fig. 7-5). The most important inter- 

actions occur between the filled orbitals of one molecule and 

the vacant orbitals of the other. Moreover, since the interaction 

is strongest for energetically similar orbitals, the most signifi- 

cant interactions can be expected between the highest 

occupied molecular orbital (HOMO) of one molecule and the 

lowest unoccupied molecular orbital (LUMO) of the other 

(Fig. 7-6). The labels HOMO and LUMO were incorporated by 

Fukui into a descriptive collective name: frontier orbitals. The 

first article in this topic appeared in 1952 [7-15], and the idea has 

been extended to a host of different reactions in the succeeding 

years (see, e.g., [7-1, 7-2]). 

Figure 7-5. Energy 

Interaction of two filled 

orbitals. There is no energy 

gain, the reaction will not 

occur. 

Figure 7-6. 

Interaction of the highest 

occupied MO (HOMO) of 

one molecule with the lowest 

unoccupied MO (LUMO) of 

another molecule. 

Energy 

LUMO 

HOMO 
LUMO 

HOMO 

Fukui [7-1] recognized the importance of the symmetry 

properties of HOMOs and LUMOs perhaps for the first time 

in connection with the Diels-Alder reaction. According to his 

Nobel Lecture [7-11], however, it was only after the appearance 

of the papers by Woodward and Hoffmann in 1965 that he 

“became fully aware that not only the density distribution but 

also the nodal property” - that is, symmetry - “of the particular 

orbitals have significance in ... chemical reactions.” 
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The concept of frontier orbitals simplifies the MO descrip- 

tion ot chemical reactions enormously, since only these MOs ot 

the reactant molecules need to be considered. Se\'eral examples 

of this approach will be giyen. 

7.2.3 Conservation of Orbital Svnimetrv 

The first papers outlining and utilizing this idea appeared in 

1965 [7-16 to 7-18]. Salem [7-7] called the diseo\'er\‘ ot orbital 

symmetry' conseryation a reyolution in ehemistry. “It was a 

major breakthrough in the held ot chemieal reaetions in which 

notions preexisting in other fields (orbital correlations by 

Mulliken, and nodal properties ot orbitals in eonjug-ated 

systems, by Coulson and Longuet-Higgins) were applied with 

great conceptual brilliance to a tar-reaching problem. Chemieal 

reactions were suddenly adorned with no\’el significance." [7-7] 

The idea and the principles of drawing correlation diagrams 

follows directly from the atomic correlation diagrams ofHund 

and Mulliken [7-19]. They are yery useful for predicting the 

allowedness of a giyen concerted reaction. In constructing 

correlation diagrams, both the energA’ and the s^■mmetr\■ 

aspects of the problem must be considered. On one side oftbe 

diagram the approximate energy^ leyels of the reactants are 

drawn, while on the other side those of the prculucti^s'i are 

indicated. A particular geometry of approach must be assumed. 

Furthermore, the symmetry properties of the molecular orbitals 

must be considered in the framework ot the point gixuip ot the 

supermolecule. In contrast to the frontier orbital method, it is 

not necessarily the HOMOs and LlAlOs which are con- 

sidered. Instead, attention is focused upon those molecular 

orbitals which are associated with bonds that are broken or 

formed during the chemical reaction. We know that each 

acceptable molecular orbital must belong to c^ne irreducible 

representation of the point group of the system. \[ least for 

nondegenerate point groups, this MC) must be either symmetric 

or antisymmetric with respect to any symmetry element that 

may be present. (The character under any operation is either 1 

or -1.) 

Among all possible symmetry elements, those must be 

considered which are maintained throughout the approach and 

which bisect bonds that are either formed or broken durim’' the 
  

reaction. There must always be at least one such symmetr\' 

element. The next step is to connect levels of like s\'mmetiA’ 

without violating the so-called fwficrossin^ mlc. Accord in o- to 

this rule, two orbitals of the same symmetry canncU intersect 

[7-20]. Thus the correlation diagram is conipleted. fhese 



(iia^(rarns yield valuable information about the transition state 

of liie chemical reaction. The method will be illustrated with 

examples. 

7.2.4 Analysis in Maximum Symmetry 

In this approach two points are considered when predicting 

whether or not a chemical reaction can occur. One such point 

involves the allowedness of an electron transfer from one orbital 

to another. 1 he other involves consideration of the reaction- 

decisive normal vibration. In both cases symmetry arguments 

are used. 1 his approach is thorough and is similar in part to the 

1 earson method and in part to the Woodward-Hoffmann 

method. It incorporates several features of each method in a 

ngf^rous group-theoretical way. First, the transformation of 

both the molecular orbitals (electronic structure) and the 

displacement coordinates (vibration) are examined in the 

context of the full symmetry group of the reacting system. All 

ways of breaking the symmetry of the system are explored, and 

no symmetry elements which are retained along the pathway 

are ignored. I he correlation diagrams are called “correspond- 

ence diagrams” in this approach to distinguish them from the 

Woodward-Hoffmann diagrams. 
It was pointed out [7-21] that this method gives the same 

result as the Woodward-Hoffmann procedure if a given 

reaction is predicted to be forbidden. However, it shows some 

reactions to be forbidden which would be allowed by the 

Woodward-Hoffmann rules. 

As was mentioned before, analysis of electronic transitions 

and oi the reaction coordinate has been developed mainly by 

Pearson [7-6]. The orbital correspondence analysis in maxi- 

mum symmetry method was devised by Halevi [7-21, 7-22]. 

1 hese are probably the most rigorous ways to determine 

whether a chemical reaction is allowed or forbidden since they 

consider both the electronic and vibrational changes in the 

molecule. Of course, their degree of rigor may render their 

application more complicated as compared with the methods 

which focus only upon changes in the electronic structure. The 

approaches introduced by Fukui and Woodward and Hoffmann 

seem to have received more widespread acceptance and utiliza- 

tion. 
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7.3 Examples 

7.3.1 Cycloaddition 

7.3.1.1 Ethylene Dimerization 

The interaction of two ethylene molecules will be con- 

sidered in two geometrical arrangements. The two molecules 

adopt a mutually parallel approach in one arrangement and a 

mutually perpendicular approach in the other. Applications of 

various methods will be considered briefly. 

Parallel approach, HOMO-LUMO 

According to the frontier orbital method only the HOMOs 

and the LUMOs of the two ethylene molecules need to be 

considered. A further simplification is introduced in the picto- 

rial description of the interactions. Although the molecular 

orbitals of the reactants are used to construct the MOs of the 

products, the former are usually drawn schematically as atomic 

orbitals from which they are built. The reason is that the form of 

the atomic orbitals is better defined and better understood than 

is the form of the molecular orbitals without resorting to actual 

calculations. 

The MOs of ethylene can be constructed according to the 

principles given in the preceding chapter. The HOMO of 

ethylene is the bonding MO, and the LUMO is the antibonding 

MO composed of the twop^ orbitals of carbon. These MOs are 

of b\u and b^g symmetry, respectively, in the D^h point group. 

Fig. 7-7 shows them both in a simplified way along with the 

corresponding contour diagrams. 

Figure 7-7. 

The HOMO and LUMO of 

ethylene. The contour dia- 

grams are reproduced by 

permission from [7-23]. Copy- 

right (1973) Academic Press. LUMO JAO 

HOMO 

0 (3 
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Figure 7-8. 

Frontier orbital interactions i 

the face to face approach of 

two ethylene molecules. 

S indicates symmetric and A 

indicates antisymmetric 

behavior with respect to the 

a” symmetry plane. 

Figure 7-9. 

The symmetry of reactants, 

transition structure, and 

product in the face to face 

dimerization of ethylene. 

Consider first the frontier orbital interactions between two 

ethylene molecules that approach one another in parallel 

planes (“face to face”). Their HOMOs and LUMOs are indi- 

cated in Fig. 7-8 on the left and right, respectively. Also shown is 

the behavior of these orbitals with respect to the symmetry 

plane bisecting the two breaking n bonds. Since the HOMOs 

are symmetric and the LUMOs are antisymmetric with re- 

spect to this operation, there is a symmetry mismatch between 

the HOMO of one molecule and the LUMO of the other. The 

symmetry allowed combination is between the two filled 

HOMOs. Since the interaction of two filled molecular orbitals 

of the same energy is destabilizing, the reaction will not occur 

thermally. 

ethylene o ” 0“ ethylene 

LUMO 

HOMO SL9 HOMO 

Parallel approach, correlation diagram 

D. 2h 

D 2h 

Now consider the ethylene dimerization using the Wood- 

ward-Hoffmann approach. There is again the important 

condition mentioned before which must be fulfilled: for the 

whole reacting system at least one symmetry element must 

persist throughout the entire process. Let us consider the 

reaction in this respect. Each separated ethylene molecule has 

D2/1 symmetry. When two of these molecules approach one 

another with their molecular planes parallel as shown in Fig. 

7-9, the whole system retains this symmetry. Finally, the 

product cyclobutane is ofsymmetry. Since D2/1 is a subgroup 

of D^/j, the symmetry elements of D2/1 persist. 
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Figure 7-10. 
The 71 MO of one ethylene 

molecule alone does not 

belong to any irreducible 

representation of the point 

group of the system of two 

ethylene molecules. 

Figure 7-11. 
Molecular orbitals of the ethy- 

lene-ethylene system and the 

construction of molecular 

orbitals of cyclobutane. (The 

energy scale refers to the 

reactant orbitals only.) 

One of the symmetry elements in the D2h point group is the 

symmetry plane o’ (Fig. 7-9). All of the MOs considered in this 

reaction, that is, those associated with the broken re bonds of the 

two ethylene molecules and the two new o bonds of cyclo- 

butane lie in the plane of this symmetry element. All of them 

will be symmetric to reflection in this plane. There will be no 

change in their behavior with respect to this symmetry opera- 

tion during the reaction. This brings us back to a very important 

point in the construction of correlation diagrams: the symmetry 

element chosen to follow the reaction must bisect bonds broken 

or made during the process. Adding extra symmetry elements, 

like a’ above, will not change the result. It is not wrong to 

include them; it is just not necessary. Considering, however, only 

such symmetry elements could lead to the erroneous conclu- 

sion that every reaction is symmetry allowed. 

As was found to be the case when constructing MOs from 

AOs, the symmetry of the reacting system as a whole must be 

considered rather than just the symmetry of the individual 

molecules alone. Fig. 7-10 illustrates this point with respect to 

one of the reflection planes. The o plane transforms the MO 

drawn as the two orbitals of the two carbon atoms of one 

ethylene molecule into the molecular orbital of the other 

ethylene molecule. Thus, each MO of the reacting system has a 

contribution from each/)^; orbital. 

Ethylene + 
ethylene 

Cyclobutane 

anti- 
bonding 

bonding 

anti- 
bonding 
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The possible combinations of the n and n* orbitals of the two 

ethylene molecules are presented on the left side of Fig. 7-11 in 

order of increasing energy. Consideration of these MOs shows 

that 7i\-\-7i2 and 7ri* + 7r2* are in proper phase to form a bonding 

MO (that is, closing the ring). The right side of Fig. 7-11 illus- 

trates this, together with the formation of the antibonding 

orbitals of cyclobutane. 

The construction of the correlation diagram is shown in 

Fig. 7-12. The two crucial symmetry elements are indicated in 

the upper part of the figure. The molecular orbitals of the 

Figure 7-12. 
Construction of the corre- 

lation diagram for ethylene 

dimerization with parallel 

approach. Adaptation of Figure 

10.21 from [7-9]. Copyright 

1981 by Thomas H. Lowry 

and Kathleen Schueller 

Richardson. Reprinted by 

permission of Harper & Row, 

Publishers, Inc. 

Reactants Symmetry elements Product 

Molecular 

orbitals 

Symmetry 
o"o 

Symmetry 
o"o 

Molecular 

orbitals 
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reactants and their behavior with respect to these symmetry 

elements are indicated in order of increasing energy at the left 

side of the diagram; the corresponding product MOs are shown 

at the right in this same figure. 

Since o and a” are maintained throughout the reaction, there 

must be a continuous correlation of orbitals of the same 

symmetry type. Therefore, orbitals of like symmetry correlate 

with one another, and they can be connected. This, the crucial 

idea of the Woodward-Hoffmann method, is shown in the 

central part of the diagram. 

Inspection of this correlation diagram immediately reveals 

that there is a problem. One of the bonding orbitals at the left 

correlates with an antibonding orbital on the product side. Con- 

sequently, if orbital symmetry is to be conserved, two ground 

state ethylene molecules cannot combine via face to face 

approach to give a ground-state cyclobutane, or vice versa. This 

concerted reaction is symmetry forbidden. 

State correlation 

The correlation diagram in Fig. 7-12 refers to molecular 

orbitals. The molecular orbitals and the corresponding elec- 

tronic configurations are, however, only substitutes for the real 

wave functions which describe the actual electronic states. It is 

the electronic states that have definite energy and not the elec- 

tronic configurations (cf preceding chapter). Since electronic 

transitions occur physically between electronic states, the 

correlation of these states is of interest. 

The rules for the state correlation diagrams are the same as 

for the orbital correlation diagrams; only states that possess the 

same symmetry can be connected. In order to determine the 

symmetries of the states, first the symmetries of the MOs must 

be determined. These are given for the face to face dimeriza- 

tion of ethylene in Table 7-1. The Ifh character table (Table 7-2) 

shows that it is sufficient to examine the behavior of the mole- 

cular orbitals with respect to the two crucial symmetry planes, 

o{xy) and o''{yz). The MOs are all symmetric with respect to the 

third plane, a’(v^) {vide supra). These three symmetry opera- 

tions will unambiguously determine their symmetry. Another 

possibility is to take the simplest subgroup of which 

contains the two crucial symmetry operations, that is, the C^v 

point group (cf, [7-24]). In these two approaches only the 

designation of the orbitals and states is different: the outcome, 

i.e., the state correlation diagram, is the same. 
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Table 7-1. The Symmetry of Molecular Orbitals in the Face to 

Face Dimerization of Ethylene^^^ 

Ethylene + Ethylene Cyclobutane 

Character under bh/i Orbital bAih Character under 

o o o Occupation o o o 

(xz) (xy) (yz) {xz) (xy) (yz) 

1 -1 -1 big b2g 1 -1 -1 

1 1 -1 b\u 1 -1 1 

1 -1 1 hu bj)u 1 1 -1 

1 1 1 ag -H- dg 1 1 1 

The orientation of the coordinate axes is given in Fig. 7-9. 

Table 7-2. The Character Table 

bhh E Ciiz) C2(y) GW i a{xy) o{xz) o(yz) 

4 1 1 1 1 1 1 1 1 2?, y, ^ 

B^g 1 1 -1 -1 1 1 -1 -1 4 xy 

B2g 1 -1 1 -1 1 -1 1 -1 By xz 

Big 1 -1 -1 1 1 -1 -1 1 Bx yz 

Au 1 1 1 1 -1 -1 -1 -1 

B\u 1 1 -1 -1 -1 -1 1 1 z 

B2U 1 -1 1 -1 -1 1 -1 1 y 
Biu 1 -1 -1 1 -1 1 1 -1 X 

In determining the symmetries of the states (see preceding 

chapter), we must remember that states with completely filled 

orbitals are always totally symmetric. In other cases, the 

symmetry of the state is determined by the direct product of the 

incompletely filled orbitals. 

The ground state configuration of the two-ethylene system 

is Ugbiu (see Table 7-1). This state is totally symmetric, The 

excitation of an electron from the HOMO to the LUMO will 

give an electron configuration: Ugbiub'^u- The direct product is: 

^1 u ^3 u 
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'I'his yields a state ofsymmetry, d’he electronic confi^ira- 

tion of the product is with Ag symmetry'. I his 

electron conh^ration corresp:)onds to a doubly excited state ot 

the reactants. Finally, the state correlation dia^am can he 

dra\yn (Fig. 7-13). 

Figure 7-13. 

Slate correlation diagram tor ^ ^ 

the ethylene dimerization. *^9 ^3u 

An obvious connection between states that possess the same 

electronic configuration would he the one indicated by dashed 

lines in Fig. 7-13. d'his does not occur, however, because states ot 

the same symmetry cannot cross, d'his is again a realization ot 

the noncrossing rule which applies to electronic states as well as 

to orbitals. Instead of crossing, when two states are coming too 

close to each other, they will turn away, and so the two ground 

states, both of symmetry and also two Ag symmetry' excited 

states will each mutually correlate. 

The full line connecting the two ground states in Fig. 7-13 

indicates that there is a substantial energ\' harrier to the ground- 

state-to-ground-state process; this reaction is said to he “ther- 

mally forbidden”. 

Consider now one electron in the reactant system excited 

photochemically to the li^g state. .Since this state correlates 

directly with the state of the product, this reaction does not 

have any energv’ harrier and may occur directly. It is said that 

the reaction is “photochemically allowed”. Indeed, it is an 

experimental fact that olefin dimerization occurs smoothly 

under irradiation. 

This observation can he generalized. If a concerted reaction is 

thermally forbidden, it is photochemically allowed and vice versa; if 

it is thermally allowed then it is photochemically forbidden. 

Although the state correlation diagram is physically more 

meaninglul than the orbital correlation diagram, usually the 

latter is used because of its simplicity. It is similar to the kind of 

approximation made when the electronic wave function is 

replaced hv the products of one-electron wave functions in .\1() 

theory. The physical basis for the rule that only orbitals of the 

same symmetry can correlate is that only in this case can 

09^3^ 
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Figure 7-14. 
Correspondence diagram of 

the face to face dimerization 

of ethylene. After [7-21], 

reproduced with permission. 

constructive overlap occur. This again has its analogy in the 

construction of molecular orbitals. The physical basis for the 

noncrossing rule is electron repulsion. It is important that this 

applies to orbitals - or states - of the same symmetry only. 

Orbitals of different symmetry cannot interact anyway, so their 

correlation lines are allowed to cross. 

Parallel approach, orbital corresporidence analysis 

It is worthwhile to see what additional information can be 

learned from orbital correspondence analysis [7-21, 7-7]. The 

correspondence diagram of the ethylene dimerization reaction 

is drawn in Fig. 7-14. It is essentially the same as the correlation 

diagram in Fig. 7-12 with the following difference: Here the 

maximum symmetry of the system, Phh, is taken into consider- 

z 

ation, and the irreducible representation of each MO in this 

point group is shown. The full lines of the diagram connect 

molecular orbitals of the same symmetry. This is the same as the 

correlation diagram derived from consideration of the crucial 

symmetries. In addition we can see that the required transition 

toward producing a stable ground state cyclohutane would be 
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from an MO of b\u symmetry to another MO of symmetry 

The symmetry of the necessary vibration is given by the direct 

product of these MOs: 

The symmetry motion of a rectangle of D^h symmetry 

would be an in-plane vibration that shortens one of the 

diagonals and lengthens the other: 

This result suggests a stepwise mechanism. The first step is 

the formation of a transoid tetramethylene biradical. Then, this 

intermediate rotates, thereby permitting closure of the cyclo- 

butane ring in a second step. Some quantum chemical calcula- 

tions [7-25] seem to support this mechanism. The reverse of 

ethylene dimerization, the pyrolysis of cyclobutane, is experi- 

mentally observed [7-26]. Both quantum chemical calculations 

[7-27] and thermochemical considerations [7-28] suggest that 

the pyrolysis proceeds through a 1,4-biradical intermediate. 

This shows the value of the additional information yielded by 

the orbital correspondence approach. 

Ethylene dimerization and its reverse have been studied 

extensively. For some pertinent results and references, see [7-6]. 

Orthogonal approach 

Let us consider ethylene dimerization in yet another 

approach. Assume that the orientation of the two molecules is 

orthogonal: 

There is one symmetry element that is maintained in this 

arrangement, i.e., the rotation. Considering the behavior of 

the reactant n MOs and the product o MOs under the opera- 

tion, the correlation diagram shown in Fig. 7-15 can be drawn. It 

shows that both bonding MOs of the reactant side correlate 

with a bonding MO on the product side. There is a net energy 

gain in the reaction, and the process is “thermally allowed”. 



Figure 7-15. 
Correlation diagram for the 

orthogonal orientation of two 

ethylene molecules at the 

dimerization reaction. Adapta- 

tion of Figure 10.24 from 

[7-9]. Copyright 1981 by 

Thomas H. Lowry and Kath- 

leen Schueller Richardson. 

Reprinted by permission of 

Harper & Row, Publishers, 

Inc. 
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One of the ethylene molecules enters the above reaction 

antarafacially; this means that the two new bonds are formed 

on opposite sides of this molecule: 

The other ethylene molecule enters the reaction suprafacially, 

this means that the two new bonds are formed on the same side 

of this second molecule: 

\ / 

Thus in the orthogonal approach the two molecules enter the 

reaction differently: one of them antarafacially and the other 

suprafacially. On the other hand, in the parallel approach of two 

ethylenes, both molecules enter the reaction suprafacially: 
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The following abbreviation is often used in the literature: 

7r2s + ;r2s means that both ethylene molecules are approaching 

in a suprafacial manner, while + indicates that the same 

molecules are reacting in a process which is suprafacial for one 

component and antarafacial for the other. The number ^^2 indi- 

cates that two n electrons are contributed by each ethylene 

molecule. 

Just for the sake of completeness it is worthwhile mentioning 

that, according to the orbital correspondence analysis, this 

;j2s + ;r2a cycloaddition of ethylene is also thermally forbidden 

[7-21]. Quantum chemical calculations [7-25] show this process 

to be symmetry allowed, although considerable steric repulsion 

among some of the hydrogen atoms was indicated. This may 

account for the' fact that this symmetry allowed process is not 

observed experimentally. On the other hand, there is experi- 

mental evidence that the ^2s + ;j2a type of cycloaddition is 

possible with twisted ethylenes. Bicyclo-[4.2.2]deca-trans-3- 

cis-7,9-triene dimerizes spontaneously [7-29]. 

Quantum chemical calculations [7-25] suggest that steric 

hindrance is reduced here as compared with the case of cyclo- 

dimerization of two ethylenes, and the symmetry allowed 

process actually occurs. 

7.3.1.2 Diels-Alder Reaction 

HOMO-LUMO interaction 

Another famous example that demonstrates the applicabil- 

ity of symmetry rules in determining the course of chemical 

reactions is the Diels-Alder reaction. It was discussed in Fukui’s 

seminal paper [7-1] on the frontier orbital method. Fig. 7-16 

illustrates the HOMOs and LUMOs of ethylene (dienophile) 

and butadiene (diene). Part (a) of this figure indicates the orbital 

interactions in the conventional atomic orbital representation, 

while Part (b) reproduces the calculated contour diagrams 

[7-11]. The only symmetry element common to both the diene 

and dienophile is the reflection plane that passes through the 

central 2,3-bond of the diene and the double bond of the 

dienophile. The symmetry behavior of the MOs with respect to 

this symmetry element is also shown. 



Figure 7-16. 
HOMO-LUMO interaction in 

the Diels-Alder reaction. 

Symmetry 

(a) Conventional representa- 

tion. 

(b) Calculated contour dia- 

grams. Adapted after [7-11] 

with permission. Copyright 

1982 by the American Asso- 

ciation for the Advancement 

of Science. 

There are two favorable interactions here. One is between 

the HOMO of ethylene and the LUMO of butadiene and the 

other is between the HOMO of butadiene and the LUMO of 

ethylene. These two interactions occur simultaneously. There 

is, however, a difference in the role of these two interactions 

because of their different symmetry behavior. The HOMO of 

ethylene and the LUMO of butadiene are symmetric with 

respect to the symmetry element that is maintained throughout 

the reaction. There is no nodal plane at this symmetry element, 

so the electrons can be delocalized over the whole new bond. 

Thus both carbon atoms of ethylene are bound synchronously 

to both terminal atoms of butadiene. This indeed can be seen on 

the left-hand side of the contour diagram of Fig. 7-16b. 

The situation is different with the other HOMO-LUMO 

interaction. These orbitals are antisymmetric with respect to 

the symmetry element, and the two ends of the new linkage are 

separated by a nodal plane. Therefore, two separated chemical 

bonds will form, each connecting an ethylene carbon atom with 

a terminal butadiene carbon atom. From this consideration, it 

follows that the first symmetric interaction is the dominant one. 

Orbital correlation diagram 

The ethylene and the butadiene molecules must approach 

each other in the manner indicated at the top of Fig. 7-17 in 

order to participate in a concerted reaction. There is only one 
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Figure 7-17. 
Orbital correlation diagram 

for the ethylene-butadiene 

cycloaddition. Adaptation of 

Figure 10.22 from [7-9]. 

Copyright 1981 by Thomas H. 

Lowry and Kathleen Schueller 

Richardson. Reprinted by 

permission of Harper & Row, 

Publishers, Inc. 
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persisting symmetry element in this arrangement, viz. the o 

plane which bisects the 2,3-bond of the diene and the double 

bond of the dienophile. The orbitals affected by the reaction are 

the 71 orbitals of the reactants which will be broken; two new o 

bonds and one new TT bond are formed in the product. The TZ 

orbitals and their antibonding pairs for the reactants are shown 

on the left side of Fig. 7-17. The new o and TI orbitals, both 

bonding and antibonding, of the product cyclohexene are on 

the right side of this figure. These are the orbitals which are 

affected by the reaction. The behavior of these orbitals with 

respect to the vertical symmetry plane is also indicated. The 

correlation diagram shows that all the filled bonding orbitals of 

the reactants correlate with filled ground state bonding orbitals 

of the product. The reaction, therefore, is symmetry allowed. 

The predictions that arise by application of the correlation 

method and by application of the HOMO-LUMO treatment 

are identical. 

The ethylene-butadiene cycloaddition is a good example 

which illustrates that symmetry allowedness does not neces- 

sarily mean that the reaction occurs easily. This reaction has a 

comparatively high activation energy, 144 kj/mol [7-7]. Salem 

and co-workers [7-30] examined this reaction by al? initio 

calculations. The results suggest concertedness, but the three 

double bonds of the reactants must stretch in the initial phase of 

the reaction and this may account for the high activation 

energy. According to another theoretical study [7-31], the 

barrier to thermally allowed reactions is often due to the 

substantial distortion that must occur in the reactants before 

frontier orbital interactions can stabilize the product. 

7.3.2 Intramolecular Cyclization 

Orbital correlation for the butadiene/cyclobutene interconversion 

The electrocyclic interconversion between an open chain 

conjugated polyene and a cyclic olefin is another example for 

the application of the symmetry rules. The simplest case is the 

interconversion of butadiene and cyclobutene: 

k 
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This process can occur in principle in two ways. In one the two 

ends of the open chain turn in the opposite direction into the 

transition state. This is called a disrotatory reaction. 

The other possibility is a conrotatory process in which the two 

ends of the open chain turn in the same direction. 

The ring opening of substituted cyclobutenes proceeds at 

relatively low temperatures and always in conrotatory fashion 

[7-3, 7-32], as is illustrated by the isomerization of cis- and 

3,4-dimethylcyclobutene [7-32]: 

This stereospecificity is well accounted for by the correlation 

diagrams constructed for the unsubstituted butadiene/cyclo- 

butene isomerization in Figs. 7-18 and 7-19. Since two double 

bonds in butadiene are broken and a new double bond and a 

single bond are formed during the cyclization, two bonding and 

two antibonding orbitals must be considered on both sides. The 

persisting symmetry element is a plane of symmetry in the dis- 

rotatory process. The correlation diagram (Fig. 7-18) shows a 

bonding electron pair moving to an antibonding level in the 

product, and, thus, the right-hand side corresponds to an 

exeited state configuration. Although this corresponds to the 

conservation of orbital symmetry principle, it requires so much 

energy that the reaction cannot occur in a thermal process. 

Fig. 7-19 shows the same reaction with conrotatory ring 

closure. Here, the symmetry element maintained throughout 

the reaction is the rotation axis. After connecting orbitals of 

like symmetry, it is seen that all ground state reactant orbitals 

correlate with ground state product orbitals, so the process is 

thermally allowed. 



Figure 7-18. 
Correlation diagram for the 

disrotatory closure of buta- 

diene. Adaptation of Figure 

10.16 from [7-9]. Copyright 

1981 by Thomas H. Lowry 

and Kathleen Schueller 

Richardson. Reprinted by 

permission of Harper & Row, 

Publishers, Inc. 

Reactant Symmetry element Product 

Molecular Symmetry Symmetry Molecular 
orbitals o o orbitals 

Figure 7-19. 
Correlation diagram for the 

conrotatory ring closure in 

the butadiene-cyclobutene 

isomerization. Adaptation of 

Figure 10.14 from [7-9]. 

Copyright 1981 by Thomas H. 

Lowry and Kathleen Schueller 

Richardson. Reprinted by 

permission of Harper & Row, 

Publishers, Inc. 
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Symmetry of the reaction coordinate - cyclobutene ring opening 

It is interesting to consider the butadiene-cyclobutene reac- 

tion from a somewhat different viewpoint, to determine 

whether the symmetry of the reaction coordinate does indeed 

predict the proper reaction. Let us look at the reaction in the 

opposite direction, i.e., the cyclobutene ring opening process. 

From the symmetry point of view, this change of direction is 

irrelevant. 

The symmetry group of both cyclobutene and butadiene is 

C^iv, but the transition state is of symmetry in the conrotatory 

and Cs in the disrotatory mode. Pearson [7-6] suggested that 

this reaction might be visualized in the following way: In the 

cyclobutene-butadiene transition, two bonds of cyclobutene 

are destroyed, to wit the ring-closing a and the opposite n 

bonds. Hence, four orbitals are involved in the change, the filled 

and empty o and a* orbitals and the filled and empty n and TT* 

orbitals. These orbitals are indicated in Fig. 7-20. Their 

symmetry is also given for the three point groups involved. 

Figure 7-20. 
The molecular orbitals par- 

ticipating in the cyclobutene 

ring opening. 

Symmetry 

^2v ^2 

Fig. 7-21 demonstrates the nuclear movements involved in 

the conrotatory and disrotatory ring opening. These move- 

ments define the reaction coordinate, and they belong to the 

and Bx representation of the C^v point group, respectively. 

Figure 7-21. 
The symmetry of the reaction 

coordinate in the conrotatory 

and disrotatory ring opening 

of cyclobutene. 

Conrotatory Disrotatory 

Symmetry: A2 

310 



The two bonds of cyclobutene can be broken either by 

removing electrons from a bonding orbital or by putting elec- 

trons into an antibonding orbital. Consider the o-^ n* and the 

71^0* transitions. According to Pearson [7-6], the direct 

product of the two representations must contain the reaction 

coordinate: 

71*'. d\' Cl2~ d2 

71^ o*: b\' 

A-i is the irreducible representation of the conrotatory ring 

opening motion, so this type of ring opening seems to be 

possible. We can test the rules further: during a conrotatory 

process, the symmetry of the system decreases to C^- The 

symmetry of the relevant orbitals also changes in this point 

group (see Fig. 7-20). Both ax and become a, and both by and 

bi become b. Therefore these orbitals are able to mix. Also, the 

symmetry of the reaction coordinate becomes A. This is 

consistent with the rule which says that the reaction coordinate, 

except at maxima and minima, must belong to the totally 

symmetric representation of the point group. 

The next step is to test the possibility of the disrotatory ring 

opening. The o-^ TI* and TL-* Q* transitions obviously cannot be 

used here, since they correspond to the conrotatory ring 

opening of A'l symmetry. Let us consider the o* and the 

71^71* transitions: 

o*'. ax ■ b2"=" b^ 

71-^ 71*bx ' a2 = b^ 

Both direct products contain the irreducible representation. 

It corresponds to an in-phase asymmetric distortion of the 

molecule which cannot lead to ring opening. The symmetry of 

the disrotatory reaction coordinate is .Si (Fig. 7-21). Moreover, if 

we consider the symmetry of the orbitals in the Q symmetry 

point group of the disrotatory transition, it appears that a and o* 

as well as TI and TI* belong to different irreducible representa- 

tions. Hence, their mixing would not be possible anyway. The 

prediction from this method is the same as the prediction from 

the orbital correlation diagrams. While examination of the 

reaction coordinate gives more insight into what is actually 

happening during a chemical reaction, it is somewhat more 

complicated than using orbital correlation diagrams. 

An ab initio calculation of the cyclobutene to butadiene ring 

opening [7-33] led to the following observation: In the con- 

rotatory process, first the C-C carbon single bond lengthens 

followed by twisting of the methylene groups. The C-C bond 

lengthening is a symmetric stretching mode with A\ symmetry, 

and the methylene twist is an A2 symmetry process which was 

earlier supposed to be the reaction coordinate. This apparent 
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controversy was resolved by Pearson [7-6], who emphasized 

the special role of the totally symmetric reaction coordinate. 

The effect of the C-C stretch is shown in Fig. 7-22. The energies 

Figure 7-22. 0* 

The effect of C-C stretching 
on the energies of the critical 

orbitals in the cyclobutene 
TT* 

ring opening. 
TT 

0 —H 

C-C stretch 

of the o and a* orbitals increase and decrease, respectively, 

as a consequence of the bond lengthening. The symmetry 

vibration mode does not change the molecular symmetry. The 

crucial and o* transitions, which are symmetry 

related to the A2 twisting mode, occur more easily. Apparently, 

the large energy difference between these orbitals is the deter- 

mining factor in the aetual process. 

7.3.3 Generalized Woodward-HofFmann Rules 

The selection rules for chemical reactions derived by using 

symmetry arguments show a definite pattern. Woodward and 

Hoffmann generalized the selection rules [7-3] on the basis of 

orbital symmetry considerations applied to a large number of 

systems. Two important observations are summarized here; we 

refer to the literature [7-3, 7-9] for further details. 

Cycloaddition. The reaction between two molecules is thermally 

allowed if the total number of eleetrons in the system is 4;^ T 2 

{n is an integer), and both eomponents are either suprafacial or 

antarafacial. If one eomponent is suprafaeial and the other is 

antarafaeial, the reaction will be thermally allowed if the total 

number of electrons is \n. 

Electrocydie reactions. The rules are similar to those given above. 

A disrotatory process is thermally allowed if the total number of 

eleetrons is ^n + 2, and a conrotatory proeess is allowed ther- 

mally if the number of delocalized electrons is ^n. For a photo- 

chemical reaction, both sets of rules are reversed. 
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7.4 Hiickel-Mobius Concept 

There are a number of other methods used to predict and 

interpret chemical reactions without relying upon symmetry 

arguments. It is worthwhile to compare at least some of them 

with symmetry based approaches. 

The so-called “aromaticity rules” are chosen for comparison, 

as they provide a beautiful correspondence with the symmetry 

based Woodward-Hoffmann rules. A detailed analysis showed 

[7-34] the equivalence of the generalized Woodward-Hoff- 

mann selection rules and the aromaticity-based selection rules 

for pericyclic reactions. Zimmermann [7-35] and Dewar [7-36] 

have made especially important contributions in this field. 

The word “aromaticity” usually implies that a given mole- 

cule is stable, compared to the corresponding open chain 

hydrocarbon. The aromaticity rules are based on the Hiickel- 

Mobius concept. A cyclic polyene is called a Hiickel system if its 

constituent p orbitals overlap everywhere in phase, i.e., the 

p orbitals all have the same sign above and below the nodal 

plane (Fig. 7-23). According to Hiickel’s rule [7-37], if such a 

system has 4>^ + 2 electrons, the molecule will be aromatic and 

stable. On the other hand, a Hiickel ring with electrons will 

be antiaromatic. 

Figure 7-23. 
Illustration of a Hiickel ring. 

Reproduced by permission 

[7-39]. 

As discovered by Heilbronner [7-38], if the Hiickel ring is 

twisted once, as shown in Fig. 7-24a, the situation is reversed. 

Therefore, Dewar [7-36] referred to this twisted ring as an “anti- 

Hiickel system”. It is also called a “Mobius system” [7-35, 7-39], 

Figure 7-24. 
(a) Illustration of a Mobius 

ring. Reproduced by permis 

sion [7-39]. 
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(b) Mobius strip. Drawing and 

courtesy by Gydrgy Doczi, 

Seattle, WA. 

an appropriate name indeed. A Mobius strip is a continuous, 

one-sided surface which is formed by twisting the strip by 180° 

around its own axis and then attaching its two ends together. 

The Mobius strip of Fig. 7-24b shows the one phase inversion in 

the front of the ring just as Fig. 7-24a does with/> orbitals. Fig. 

7-24c depicts yet another Mobius strip. 

(c) Mobius strip on the facade 

of a Moscow scientific insti- 

tute. Photograph by the 

authors. 

According to Zimmermann [7-35] and Dewar [7-36], the 

allowedness of a concerted pericyclic reaction can be predicted 

in the following way: A cyclic array of orbitals belongs to the 

Hiickel system if it has zero or even number phase inversions. 

For such a system, a transition state with 4;z + 2 electrons will be 

thermally allowed due to aromaticity, while the transition state 

with 4>v electrons will be thermally forbidden due to anti- 

aromaticity. 
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A cyclic array of orbitals is a Mobius system if it has an odd 

number of phase inversions. For a Mobius system, a transition 

state with 4/1 electrons will be aromatic and thermally allowed, 

while that with 4// + 2 electrons will be antiaromatic and ther- 

mally forbidden. For a concerted photochemical reaction, the 

rules are exactly the opposite to those for the corresponding 

thermal process. 

Each of these rules has its counterpart among the Wood- 

ward-Hoffmann selection rules. There was a marked difference 

between the suprafacial and antarafacial arrangements in the 

application of the Woodward-Hoffmann treatment of cyclo- 

additions. The disrotatory and conrotatory processes in elec- 

trocyclic reactions presented similar differences. The supra- 

facial arrangement in both components as well as the disrota- 

tory ring closure in Fig. 7-25 correspond to the Hiickel system. 

On the other hand, the suprafacial-antarafacial arrangement as 

Figure 7-25. 
Comparison of the disrotatory 

ring closure and the ^2^ + ;j2s 

reaction with the Hiickel ring. 

well as the conrotatory cyclization have a phase inversion (Fig. 

7-26), and they can be regarded as Mobius systems. All the 

selection rules mentioned above are summarized in Table 7-3; 

their mutual correspondence is evident. 

Both the Woodward-Hoffmann approach and the Hiickel- 

Mobius concept are useful for predicting the course of con- 

certed reactions. They both have their limitations as well. The 

application of the Hiickel-Mobius concept is probably prefer- 

able for systems with low symmetry. On the other hand, this 

concept can only be applied when there is a cyclic array of 

orbitals. The conservation of orbital symmetry approach does 

not have this limitation. 
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Figure 7-26. 
Comparison of the conrota- 

tory ring closure and the ^2s 

+ ;j^2a reaction with the 

Mobius ring. 

Table 7-3. Selection Rules for Chemical Reactions from 

Different Approaches 

Reaction Thermally Thermally 

allowed forbidden 

1 s + s 

a + a 
4;/ + 2 

s + a + 2 

2 disrotatory 4;2 + 2 4>v 

conrotatory 4>v 477 + 2 

3 Hiickel system: 

sign inversion 

even or 0 

4;z+2 477 

Mobius system: 

sign inversion 

odd 

477 + 2 
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7.5 Isolobal Analogy p-io] 

Thus far, our discussion of reactions has been restricted to 

organic molecules. However, all of the main ideas are applicable 

to inorganic systems as well. Thus, for example, the formation 

of inorganic donor-acceptor complexes may be conveniently 

described by the HOMO-LUMO concept. A case in point is the 

formation of the aluminum trichloride-ammonia complex (cf 

Fig. 3-26). This complex can be considered to result from inter- 

action between the LUMO of the acceptor (AICI3) and the 

HOMO of the donor (NH3). 

The potential of a unified treatment of organic and inorganic 

systems has been expressed eloquently in Roald Hoffmann’s 

Nobel lecture [7-10] entitled “Building Bridges between Inor- 

ganic and Organic Chemistry”. 

The main idea is to examine the similarities between the 

structures of relatively complicated inorganic complexes and 

relatively simple and well understood organic molecules. Then 

the structure and possible reactions of the former can be under- 

stood and even predicted by the considerations working so well 

for the latter. Two important points were stressed [7-10]: 

1. “It is the resemblance of the frontier orbitals of inorganic 

and organic moieties that will provide the bridge that we 

seek between the subfields of our science.” [7-10] 

2. Many aspects of the electronic structure of the molecules 

discussed and compared are heavily simplified, but “the 

time now, here, is for building conceptual frameworks, and 

so similarity and unity take temporary precedence over 

difference and diversity.” [7-10] 

One of the fastest growing areas of inorganic chemistry is 

transition metal organometallic chemistry. In a general way, the 

structure can be thought of as containing a transition metal- 

ligand fragment, such as M(CO)5, M(PF3)5, M(allyl) and MCp, 

or in general, ML^,. All these fragments may be derived from an 

octahedral arrangement 
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In describing the bonding in these fragments, first the six 

octahedral hybrid orbitals on the metal atom are constructed. 

Hybridization is not discussed here, but symmetry consider- 

ations are used in constructing hybrid orbitals just as in 

constructing molecular orbitals [7-24]. In an octahedral 

complex, the six hybrid orbitals point towards the ligands, and 

together they can be used as a basis for a representation of the 

point group. The character table and the representation of 

the six hybrid orbitals are given in Table 7-4. The representation 

reduces to 

— Ag + 

Inspection of the character table shows that the only 

possible combination from the available nd, (>^ + l)s and {n-r\)p 

orbitals of the metal is: 

Px^ Py> Pzi d^.p, d^ 

These six orbitals will participate in the hybrid, and the remain- 

ing t^g symmetry orbitals dy^, and d^^^ of the metal will be 

nonbonding. 

Table 7-4. The Character Table and the Representation of the Hybrid Orbitals of the Transition 

Metal in an ML^ Complex 

OH E 8C3 6C2 6C4 sc. i 6b’4 8^6 

Ag 1 1 1 1 1 1 1 1 1 1 x^-hy^-hz'^ 

Ag 1 1 -1 -1 1 1 -1 1 1 -1 

2 -1 0 0 2 2 0 -1 2 0 (2z^-x^-y^, 

x^-y^) 

3 0 -1 1 -1 3 1 0 -1 -1 A A) 
3 0 1 -1 -1 3 -1 0 -1 1 (xz, yz, xy) 

^lu 1 1 1 1 1 -1 -1 -1 -1 -1 

Au 1 1 -1 -1 1 -1 1 -1 -1 1 

Eu 2 -1 0 0 2 -2 0 1 -2 0 

Tu 3 0 -1 1 -1 -3 -1 0 1 1 {x, y, z) 

T2,. 3 0 1 -1 -1 -3 1 0 1 -1 

A 6 0 0 2 2 0 0 0 4 2 
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Six ligands approach the six hybrid orbitals of the metal in 

forming an octahedral complex. These ligands are supposed to 

be donors, or, in other words, Lewis bases with even numbers of 

electrons. Six bonding o orbitals and six antibonding o* orbitals 

are formed, with the ligand electron pairs occupying the 

bonding orbitals as seen in Fig. 7-27. As a consequence of the 

strong interaction, all six hybrid orbitals of the metal are 

removed from the frontier orbital region, and only the unchang- 

ed metal t2g orbitals remain there. 

Figure 7-27. 
Molecular orbital construction 

in an ideal octahedral com- 

plex formation. Reproduced 

by permission from Hoffmann 

[7-10], © The Nobel 

Foundation 1982. 

Figure 7-28. 
Molecular orbitals in different 

MLn transition metal-ligand 

fragments. Adapted with 

permission [7-10]. © The 

Nobel Foundation 1982. 

We can also deduce the changes which will occur in the five, 

four and three ligand fragments as compared to the ideal six- 

ligand case with the help of Fig. 7-27. The situation is illustrated 

in Fig. 7-28. With five ligands, only five of the six metal hybrid 
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orbitals will interact; the sixth orbital, the one pointing to where 

no ligand is, will be unchanged. Consequently, this orbital will 

remain in the frontier orbital region, together with the 

orbitals. With four ligands, two of the six hybrid orbitals remain 

unchanged and with three ligands, three. Always, those metal 

hybrid orbitals, which point towards the missing ligands in the 

octahedral site, remain unchanged. 

Now we shall seek analogies between transition metal com- 

plexes and simple, well-studied organic molecules or fragments. 

In principle, any hydrocarbon can be constructed from methyl 

groups, (CH3), methylenes (CH2), methynes (CH), and 

quaternary carbon atoms. They can be imagined as being 

derived from the methane molecule itself, which has a tetra- 

hedral structure: 

The essence of the “isolobal analogy” concept is to establish 

similarities between these simple organic fragments and the 

transition metal ligand fragments, and then to build up the 

organometallic compounds. “Two fragments are called isolobal, 

if the number, symmetry properties, approximate energy and 

shape of the frontier orbitals and the number of electrons in 

them are similar - not identical, but similar” [7-10]. However, 

the molecules involved are not and need not be either isoelec- 

tronic or isostructural. 

The first analogy considered here is a ^^-metal-ligand frag- 

ment, for example, Mn(CO)5 and the methyl radical, CH3 

f —— 

'2g =2= 

CH3 

Though the two fragments belong to different point groups, 

C\^ and C3^, respectively, the orbitals that contain unpaired 

electron belong to the totally symmetric representation in both 

cases. Since the three occupied ^2^ orbitals of the ML5 fragment 



are comparatively low lying, the frontier orbital pictures of the 

two fragments should be similar. If this is so, then they are 

expected to show some similarity in their chemieal behavior, 

notably in reactions. Indeed, both of them dimerize [7-10], and 

even the organic and inorganic fragments can codimerize, 

giving (CO)5MnCH3 

Following this analogy, the four-ligand d^-ML^ fragments 

(e.g., Fe(CO)4) are expected to be comparable with the methy- 

lene radical, CH2 

t 2g 
++ 
++ 

d®-ML4 CH2 

Both fragments belong to the C2v point group, and the 

representation of the two hybrid orbitals with the unpaired 

electrons is: 

C2v E C2 O d 

r 2 0 0 2 

This reduces to a\ + b2- Although the energy ordering differs in 

the two fragments, this fact is not important, since both will 

participate in bonding when they interact with another ligand, 

and their original ordering will thereby change anyway. 

Consider the possible dimerization process: two methylene 

radicals give ethylene, which is a known reaction. Similarly, the 

mixed product, (CO)4FeCH2, or at least its derivatives, can be 

prepared. The Fe2(CO)8 dimer, however, is unstable and has 

only been observed in matrix [7-40]. This illustrates that the 
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Figure 7-29. 
(a) The molecular geometry 

of Sn[Fe2(CO)8]2. Reproduced 
by permission from Hoffmann 

[7-10]. © The Nobel 

Foundation 1982. 

isolobal analogy suggests only the possible consequences of the 

similarity in the electronic structure of two fragments. It says 

nothing, however, about the thermodynamic and kinetic stabil- 

ity of any of the possible reaction products. 

Although Fe2(CO)8 is unstable, it can be stabilized by com- 

plexation. The molecule in Fig. 7-29a consists of two Fe2(CO)8 

units connected through a tin atom [7-41]. Using the inorganic/ 

organic analogy, this molecule can be compared to spiropen- 

tane (see Fig. 7-29b). 

(b) The organic analog: spiro- 

pentane. 

An example of a </^-ML3 fragment is Co(CO)3. This is 

isolobal to a methyne radical, CH 

I 
Qi — e — — 

e —H^ —'— 

^2g =::= 

d^-MLj CH 

Both of them have C3^ symmetry. The representation of the 

three hybrid orbitals with an unpaired electron is: 

Czv E 2C2 3(7^ 

r 3 0 1 
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Figure 7-30. 
Molecular geometries from 

tetrahedrane to its inorganic 

analog. Adapted with permis- 

sion [7-10]. © The Nobel 

Foundation 1982. 

It reduces to ax + e. Again, the ordering is different, but the 

similarity between their electronic structure is obvious. A series 

of molecules and their similarities is revealed in Fig. 7-30. The 

first molecule is tetrahedrane and the last one is a cluster with 

metal-metal bonds which can be considered as being the inor- 

ganic analog of tetrahedrane [7-10]. 

H 

H 

Only a few examples have been given to illustrate the 

isolobal analogy. Hoffmann and his co-workers have extended 

this concept to other metal-ligand fragment compositions with 

various d orbital participations. Some of these analogies are 

summarized in Table 7-5. Hoffmann’s Nobel lecture [7-10] 

contained several of them and many more can be found in the 

references given therein. 

Table 7-5. Isolobal Analogies 

Organic Transition Metal Coordination Number 

Fragment 

9 G
O

 

7 6 5 

CH3 

CH2 

CH 

i/’-MLg 

d'^-Mhk 

fl'-’-MLj 

d^-ML^, 

d^-MLs 

d'CML4 

A'CMLJ 

d'^-MU 

d'^-MU 

d'^-ML^ 
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8 Space-Group 
Symmetries 

8.1 Expanding to Infinity 

Up to this point structures of mostly finite objects have been 

discussed. Thus point groups were applicable. A simplified 

compilation of various symmetries was presented in Fig. 2-52 

and Table 2-2. The point-group symmetries are characterized 

by the lack of periodicity in any direction. Periodicity may be 

introduced by translational symmetry. If periodicity is present, 

space groups are applicable for the symmetry description. 

There is a slight inconsistency here in the terminology. Even a 

three-dimensional object may have point-group symmetry. On 

the other hand, the so-called dimensionality of the space group 

is not determined by the dimensionality of the object. Rather, it 

is determined by its periodicity. The following groups are space- 

group symmetries where the superscript refers to the dimen- 

sionality of the object, and the subscript to the periodicity. 

Gl 
G\ Gi 
/^3 /^3 
Lri Cr2 Cr3 

Objects or patterns which are periodic in one, two, and three 

directions will have one-, two-, and three-dimensional space 

groups, respectively. The dimensionality of the object/pattern 

is merely a necessary but not a satisfactory condition for the 

“dimensionality” of their space groups. We shall first describe 

a planar pattern after Budden [8-1] in order to get the flavor 

of space-group symmetry. Also some new symmetry elements 

will be introduced. Later in this chapter the simplest one- 

dimensional and two-dimensional space groups will be present- 

ed. A separate chapter, the next one, will be devoted to the 

obviously most important three-dimensional space groups 

which characterize the crystal structures. 

A pattern expanding to infinity always contains a basic unit, a 

motif which is then repeated infinitely throughout the pattern. 

Fig. 8-la presents a planar decoration. The pattern shown in this 

figure is only part of the whole as the latter expands to infinity! 

The pattern is obviously highly symmetrical. Fig. 8-lb shows 

the system of mutually perpendicular symmetry planes by solid 
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V'igiiro 8-1. 
Part ot a phinar decoration 

with two-dimensit')nal space 

OTOUp (cf. [S-l]). 

lines. Some of the four-fold and two-fold rotation axes are also 

indicated in this figure. A new symmetry element in our discus- 

sion is the glide reflection which is shown by a dashed line. 

Some of these glide reflections are separately indicated in Fig. 

8-lc. A glide-mirror plane is a combination of translation and 
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Svnnnctry elements of the 

pattern sliown in Part (a) of 

this fipiire. 

(o') Some ot the glide retlec- 

ti(m axes and their effects in 

the pattern shown in Part (a) 

ot this tigure. 
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ii'fU'C'tion. It is :i syintncliy (’U'liu'iil (';in he present in 

sp'.K't' p;i()n|)S only, The j^lide nniioi phnn* inx’olves an infinite 

sec|iic‘nee ol e()nse<|nent translations aiul letleetions. (^/lidc* 

nniiois are illustrated in IdY'. <S 2. I lo\^'('\'(M, they ('an he eon 

sidered to he a synirnetry element only il extended to irrfinite 

Figure 8-2. 

Illustrations for glide niirrors. 

(a) Pillow-edge from Hu/.sak. 

(b) Bach’s music. 
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P 

(c) Wood-carving from a 

Budapest street. Photograph 

by the authors. 
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repetition, at least in our imagination. The propagation axis of 

the sine curve is obviously a glide-reflection axis as shown in 

Fig. 8-3. 

Figure 8-3. 
Function describing simple 

harmonic motion. 

Simple translation is the most obvious and most important 

symmetry element of the space groups. The translation brings 

the pattern into congruence with itself over and over again. The 

shortest displacement through which this translation brings the 

pattern into coincidence with itself is the elementary translation 

or elementary period. Sometimes it is also called the identity 

period. The presence of translation is seen well in the pattern in 

Fig. 8-1. The symmetry analysis of the whole pattern is called by 

Budden [8-1] the analytical approach. The reverse procedure is 

the synthetic approach [8-1] in which the infinite and often 

complicated pattern is built up from the basic motif Thus the 

pattern of Fig. 8-la may be built up from a single crochet. There 

are several ways to proceed. Thus for example the crochet may 

be subjected to simple translation, then reflection, and then 

transverse reflection as these steps are illustrated in Fig. 8-4a. 

The horizontal array obtained this way is a one-dimensional 

pattern. It can be extended to a two-dimensional pattern by 

simple translation as is done in Fig. 8-4a, or by glide reflection as 

is shown in Fig. 8-4b. Eventually the complete two-dimensional 

pattern of Fig. 8-1 can be obtained containing, of course, all its 

symmetry elements. In this synthetic approach instead of the 

single crochet, any other motif combined from it could be 

selected for the start. If the cross-like motif were chosen, which 

contains eight of these crochets, then only translations in two 

directions would be needed to build up the final pattern. To 

learn most about the structure of a pattern, it is advantageous to 

select the smallest possible motif for the start. 

The one-dimensional space groups are the simplest of the 

space groups. They have periodicity only in one direction. They 

may refer to one-dirnensional, two-dimensional, or three- 

dimensional objects, cf G}, GI, and G?, of Table 2-2, respec- 

tively. The “infinite” carbon chains of the carbide molecules 
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Figure 8-4. 
Pattern generation. 

(a) Starting with a single 

crochet, then applying hori- 

zontal translation/reflection/ 

transverse reflection/vertical 

translation. 

/- 

s- •j 

oo oo 

vJU 

v.A-^ 

v-A-/ N-A-/ 

v-A-y v-A-/ 

v-O v-A-^ 

(b) Application of glide reflec- 

tion. 

\ 

\ 

^ r- •V 
\ 

r> 
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\ 

V v- 

\ 

\ 

J 

Figure 8-5. 
“Infinite” chains of carbide 

molecules. 

(a) Uniformly bonded system; 

the elementary translation is 

one bond length (r). 

(b) Alternating bonds; the ele- 

mentary translation is the sum 

of the two different bond 

lengths {ri + r2). 

present one-dimensional patterns as are drawn in Fig. 8-5. The 

elementary translation or identity period is the length of the 

carbon-carbon double bond (r) in the uniformly bonded chain 

while it is the sum of the lengths of the two-different bonds 

(/j + r2) in the chain consisting of alternating bonds. As the 

chain molecule extends along the axis of the carbon-carbon 

bonds, this axis can be called the translation axis. However, it is 

the spatial direction of the axis rather than its location that is 

important. So the translation axis may be any line parallel to the 

carbon chain. The carbon-carbon axis is a singular axis and it is 

not polar as the two directions along the chain are equivalent. 

Earlier we have seen the binary array ... ARAB... in a crystal. 

The unequal spacings between the atom A and the two adja- 

cent atoms B produced a polar axis (cf Sect. 2.6 on polarity). 

■■■=c=c=c=c=c=-- 

ri r2 
-c=c-c=c-c=c--- 
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8.2 One-Sided Bands 

Figure 8-6. 

Line-patterns drawn by Eszter 
Hargittai, 1980. 

Figure 8-7. 
Greek patterns with one- 
dimensional space-group 
symmetry with (a) and 
without (b) polar axes. 

Figure 8-8. 
One-sided band patterns with 
polar axes. 

Kindergarten-age children and first-graders often draw line- 

patterns similar to those in Fig. 8-6. These patterns extend in 

two dimensions with periodicity in one direction (Gi). These 

II OII OII OII OII OII OII OIIOII OII O li OII OII 
CO OO OO OO CO CO CO CO CO OO CO CO cx> 

l-l—l-l 

patterns have a singular axis and for those in this figure this axis 

is nonpolar. They could also have a polar rather than a nonpolar 

axis. Fig. 8-7 presents two Greek band decorations; one of them 

has a polar axis while the other has a nonpolar axis. An impor- 

tant feature of these patterns in Figs. 8-6 and 8-7 is that they all 

have a polar singular plane which is the plane of the drawing. 

This plane is left unchanged during the translation. Such two- 

dimensional patterns with periodicity in one direction are called 

one-sided bands [8-2]. Fig. 8-8 presents three more one-sided 

band patterns with markedly polar axes. 
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There are altogether seven symmetry classes of one-sided 

bands (cf. [8-2]). They are illustrated in Fig. 8-9 for a suitable 

Figure 8-9. 
The seven symmetry classes 
of one-sided bands. 

1 

motif, a black triangle. A brief characterization of the seven 

classes is given here: 

1. Notation (a). The only symmetry element is the translation 

axis. The translation period is the distance between two 

identical points of the consecutive black triangles. 

2. Notation (a) - a. This pattern is characterized by a glide- 

reflection plane (^. The black triangle comes into coinci- 

dence with itself after translation through half of the trans- 

lation period {a/2) and reflection in the plane perpendic- 

ular to the plane of the drawing. 

3. Notation {d)-!l. There is translation and rotation by 180° in 

this pattern. The two-fold rotation axis is perpendicular to 

the plane of the one-sided band. 

4. Notation {a) :m. In this pattern the translation is achieved by 

transverse symmetry planes. 
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5. Notation (a) -m. Here the translation axis is combined with 

a longitudinal symmetry plane. 

6. Notation {a) -d:?!!. The symmetry of this pattern may be 

characterized by the combination of a glide-reflection 

plane with transverse symmetry planes. There are also a 

translation axis and two-fold rotation axes perpendicular to 

the plane of the drawing. All these later elements are 

generated by the earlier ones. An alternative description of 

this symmetry class could be by combining the glide-reflec- 

tion plane with the two-fold axes, and the corresponding 

notation would be (a)\2-d. 

7. Notation {a) -171:171. This pattern has the highest symmetry 

achieved by a combination of translation axis with trans- 

verse and longitudinal symmetry planes. In this description 

the two-fold axes perpendicular to the plane of the drawing 

are generated by the other symmetry elements. An alter- 

native description is {a)\2-77i. 

Figure 8-10. 
Illustration of the seven sym- 

metry classes of one-sided 

bands by Hungarian needle- 

work [8-3]. The numbering 

corresponds to that of Fig. 

8-9. A brief description of the 

origin of the needlework is 

given here: 

1. Edge decoration of table 

cover from Kalocsa, Southern 

Hungary. 

2. Pillow-end decoration from 

Tolna county, Southwest 

Hungary. 

3. Decoration patched onto a 

long embroidered felt coat of 

Hungarian shepherds in Bihar 

county, Eastern Hungary. 

The seven one-dimensional symmetry classes for the one- 

sided bands are illustrated by patterns of Hungarian needle- 

work in Fig. 8-10. This kind of needlework is a real “one-sided 

band” and is ideally suited for this purpose. 
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4. Embroidered edge-decora- 

tion of bed-sheet from the 

18th century. Note the devia- 

tions from the described 

symmetry in the lower stripes 

of the pattern. 

5. Decoration of shirt-front 

from Karad, Southwest 

Hungary. 

6. Pillow decoration pattern 

from Torocko (Rimetea), 

Transsylvania, Romania. 

7. Grape-leaf pattern from the 

territory east of the river 

Tisza. 

7 

8.3 Two-Sided Bands 

If the singular plane of a band is not polar, the band is two- 

sided. Bands have altogether 31 symmetry classes [8-2] of 

which 7 characterize the one-sided bands only. Fig. 8-lla shows 

a one-sided band generated by translation of a leaf motif. The 

(b) part of the figure is a two-sided band characterized by a 

glide-reflection plane. There is a translation by half of the trans- 

lation period and then a reflection in the plane of the drawing. 

The leaf patterns are paralleled by patterns of the black triangle 

in Fig. 8-11. A new symmetry element is illustrated in Fig. 8-llc, 
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Figure 8-11. 
(a) One-sided bands generated 

by simple translation of the 

leaf motif and the black 

triangle motif The plane of 

the drawing is a polar singular 

plane. 

(b) Two-sided bands 

generated from the one-sided 

bands by introducing a glide- 

symmetry plane. The singular 

plane in the plane of the 

drawing is no longer polar. 

The glide-symmetry plane 

coinciding with the plane of 

the drawing is labeled d\x 

[8-2]. Note that the two sides 

of the leaves are of different 

color (black and white). 

(c) Two-sided bands generat- 

ed from the one-sided bands 

by introducing a screw axis of 

the second order. 

(QI-QII 

the second order screw axis, 2\. The corresponding transfor- 

mation is a translation by half the translation period and a 180° 

rotation. All the 31 symmetry classes of the bands constituting 

the one-dimensional space groups are shown in Fig. 8-12 (after 

Shubnikov and Koptsik [8-2]). In addition to the two classes 

already illustrated in Fig. 8-llb and c, the notation is given only 

for the 7 special classes which correspond to the one-sided 

bands: 

Numbering 

(cf. Fig. 8-12) 

Noncoordinate 

notation 

Coordinate 

(international) notation 

1 {a) p\ 
4 (a) -m p\m\ 

5 (a) -a p\a\ 

12 ia):2 pm 
16 (a) :m pmW 
18 {a) 'd:m pmdl 
29 {a) ■m:m pmrnl 
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Figure 8-12. 
The 31 symmetry classes of 

bands. The two sides of the 

black and white triangles are 

of different color. The two 

sides of the dotted triangles 

are of the same color [8-2]. 

The bold numbers indicate 

the special cases of one-sided 

bands. 

17 

18 

19 

20 

21 

22 

23 

8 24 

25 

10 26 

11 27 

12 28 

13 29 

14 30 

15 31 

16 coordinate ^ 
axes 

ra 

The so-called coordinate or agreed international notation refers 

to the mutual orientation of the coordinate axes and symmetry 

elements [8-2]. The notation always starts with the letter p 

referring to the translation group. Axis a is directed along the 

band, axis h lies in the plane of the drawing and axis c is perpen- 

dicular to this plane. The first, second, and third positions of the 

symbol after the letter indicate the mutual orientation of the 

Numbering Noncoordinate Coordinate 

(cf. Fig. 8-12) notation (international) notation 

22 W-2, />2,11 

25 {a) -ffii pWa 
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symmetry elements with respect to the coordinate axes. If no 

rotation axis or normal of a symmetry plane coincides with a * 

coordinate axis, the number 1 is placed in the corresponding 

position in the symbol. The coincidence of a rotation axis, 2 or ! 

2i, or the normal of a symmetry plane, m or d, with one of the 

coordinate axes is indicated by placing the symbol of this 

element in the corresponding position in the notation. In addi- 

tion to the above notations, two more are given here referring 

to the two-sided bands shown in Fig. 8-11. 

8.4 Rods 

The “infinite” carbide molecule, of course, is of finite width. It 

is indeed a three-dimensional construction with periodicity in 

only one direction. Thus it has one-dimensional space-group 

symmetry (Gi). It is like an infinitely long rod. For a rod the axis 

is a singular axis and it has no singular plane. All kinds of 

symmetry axes may coincide with the axis of the rod, viz., trans- 

lation axis, simple rotation axis, glide-reflection axis, and screw- 

rotation axis. The screw-rotation axis may be not only of 

second order as was the case for the bands but of any order. Of 

course, these symmetry elements, except the simple rotation 

axis, may characterize the rod only if it expands to infinity 

indeed. As regards symmetry, a tube, a screw or various rays are 

as much rods as are the stems of plants, vectors, or spiral stair- 

ways. Considering them to be infinite is a necessary assumption 

in describing their symmetries by space groups. Real objects are 

not infinite. For symmetry considerations it may be convenient 

to look only at some portions of the whole, where the ends are 

not yet in sight, and extend them in thought to infinity. A por- 

tion of a spiral stairway displaying screw-axis symmetry is 

shown in Fig. 8-13. The imaginary-impossible stairway of Fig. 

8-14 indeed seems to go on forever. Thus space-group sym- 

metry can be properly assigned to it. 

Figure 8-13. 
A portion of a spiral stairway 

displaying screw-axis 

symmetry. Photograph hy the 

authors. 
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Figure 8-14. 
An impossible stairway with 

proper space-group symmetry 

(as we can walk around this 

stairway ad infinitum). The 

idea for this drawing origi- 

nated from a movie poster 

advertising “Gliick im Hinter- 

haus”. 

Figure 8-15. 
The scattered leaf arrange- 

ment (phyllotaxy) of Plantago 

media. 

A screw axis brings the infinite rod into coincidence with 

itself after a translation through a distance / accompanied by a 

rotation through an angle a. This rod thus has a screw 

symmetry axis a^. The screw axis is of the order n = 360°/a. It is 

a special case when n is an integer. For the screw axis of the 

second order the direction of the rotation is immaterial. For all 

other screw axes they may be either left-handed or right- 

handed. 

The scattered leaf arrangement around the stems of many 

plants is a beautiful occurrence of screw-axis symmetry in 

nature. The stem of Plantago media shown in Fig. 8-15 certainly 

does not extend to infinity. It has been suggested, however, that 

for plants the plant/seed/plant/seed ... infinite sequence (at 

least in time) provides enough justification to apply space 

groups in their symmetry description. Let us consider now the 

relative positions of the leaves around the stem of Plantago 

media. Starting from leaf “0” leaf “8” will be in eclipsed orienta- 

tion to it. In order to reach leaf “8” from leaf “0” the stem has 

to be circled three times. The ratio of the two numbers, viz. 3/8 

tells us that a new leaf occurs at each 3/8 part of the circum- 

ference of the stem. The ratio 3/8 is characteristic in phyllotaxy, 

as are 1/2,1/3,2/5, and even 5/13. Very little is known about the 

origin of phyllotaxy. What has been noted a long time ago that 

the numbers occurring in these characteristic ratios, viz. 

1, 1, 2, 3, 5, 8, 13,... 
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are members of the so-called Fibonacci series in which each 

consecutive number is the sum of the previous two. Fibonacci 

numbers can be observed also in the numbers of the spirals of 

the scales as looking at pine cones from below. Fig. 8-16 shows a 

pine cone in two views. The bottom view clearly displays 13 left- 

Figure 8-16. 
A pine cone in two views. 

The view from below displays 

13 left-bound and 8 right- 

bound spirals of scales. Photo- 

graphs by the authors. 

bound and 8 right-bound spirals of scales. Left-bound and right- 

bound spirals in strictly Fibonacci numbers are found in other 

plants as well. The plate of seeds of the sunflower can be con- 

sidered as if it were in a compressed scattered arrangement 

around the stem. Fig. 8-17 shows several examples. What is 

possibly the most striking is that the continuation of the ratios 

of the characteristic leaf arrangements eventually leads to an 

extremely important irrational number 0.381966...., expressing 

the golden mead. 

Returning to screw axes, Fig. 8-18 shows an infinite anion 

with a IO5 screw axis [8-4]. The most important application of 

one-dimensional space groups is for polymeric molecules in 

chemistry [8-5]. Fig. 8-19 illustrates the structure and symmetry 

elements of an extended polyethylene molecule. The trans- 

lation or identity period is shown in Fig. 8-19a. It is the distance 

between two carbon atoms separated by a third one. However, 

any portion with this length may be selected as the identity 

period along the polymeric chain. The translational symmetry 

of polyethylene is characterized by this identity period. In addi- 

' tion, there is a host of other symmetries as shown in Fig. 8-19b. 
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Figure 8-17. 
Spirals in plants: A Singapore 

stamp and photographs by 

the authors. 
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Figure 8-18. 
The polymeric anion (Agsl^,) 

with a IO5 screw axis [8-4]. 

Reproduced with permission, 

(a) View along the screw axis, 

the sequence of the atoms 

from inside to outside is 

I-Ag-I. 

(b) View perpendicular to the 

molecular axis. 

(c) Views of the five condens 

ed Agl4 tetrahedra from the 

bottom and from the top. 

Figure 8-19. 
(a) The structure and trans- 

lation period of the polyethyl- 

ene chain molecule. 

(b) Symmetry elements of the 

polyethylene chain molecule. 

H H H 

Og(xy) 

Olxz) 0(xz) 
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There are two kinds of two-fold axes. One is C'y{z) passing 

through the carbon atoms in the 2: direction, and the other is 

C2(x) passing through the centers of the C-C bonds in the x 

direction. These centers of the C-C bonds are also inversion 

centers, /. There are also two kinds of mirror planes. One is a 

unique element coinciding with the plane of the carbon chain, 

o{yz). The other kind is a whole set of planes, a(v2;), which are 

perpendicular to the chain axis and include the Co (z) two-fold 

axes. Then there is a glide-symmetry plane, which is a 

combination of a symmetry plane perpendicular to the plane of 

the carbon chain and a translation by half of the identity period 

(rsina). Finally, there is a two-fold screw axis, CKy), along the 

molecular axis implying a 180° rotation followed by a trans- 

lation of half of the identity period. 

Biological macromolecules are often distinguished by their 

helical structures to which one-dimensional space-group 

symmetries are applicable. Fig. 8-20a shows the polypeptide 

chain of alpha helix, while Fig. 8-20b depicts a polypeptide 

molecule in solution. The repeating units are the same in the 

two systems, viz. planar CCONHC skeletons. The linear, rod- 

like structure of alpha helix is accomplished by the hydrogen 

bonds, whereas these hydrogen bonds are disrupted in solution 

[8-6]. 
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Figure 8-20. 
After [8-6]. Copyright (1957) 

Scientific American. Used 

with permission. 

(a) Linear, rod-like, helical 

structure of alpha helix. 

(b) Random chain of the 

polypeptide molecule as the 

hydrogen bonds of alpha helix 

are disrupted in solution. 

a 
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8.5 Two-Dimensional Space 
Groups 

There are altogether 17 symmetry classes of one-sided 

planar networks (cf e.g. [8-2]). Fig. 8-21 illustrates them in a 

way analogous to the seven symmetry classes of the one-sided 

bands (Fig. 8-9). The most important symmetry elements and 

the coordinate notations of the symmetry classes are also given. 

The first letter {p or c) in this notation refers to translation. The 

next three positions carry information on the presence of 

various symmetry elements, m - symmetry plane, g - glide- 

reflection plane, 2, 3, 4, or 6 - rotation axes. The number 1 or 

blank indicate the absence of a symmetry element. The repre- 

sentations of the symmetry classes in Fig. 8-21 were in some 

way inspired by the illustrations inside the covers of Buerger’s 

Elementary Crystallography [8-7]. Along with the purely 

geometrical configurations. Fig. 8-21 presents 17 Hungarian 

needlework patterns. A brief description of their sources is 

given in the legend of the figure [8-8]. 

Figure 8-21. 
The 17 symmetry classes of 

one-sided planar networks 

with the most important sym- 

metry elements and the nota- 

tions of the classes indicated. 

Along with the geometrical 

configurations, Hungarian 

needlework patterns are 

presented with corresponding 

symmetries. A brief descrip- 

tion of the origin of these 

patterns is given here [8-8]: 

p\ and gA Patterns of indigo 

dyed decorations on textiles 

for clothing. Sellye, Baranya 

county, 1899. 
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pi Indigo dyed decoration 

with palmette motif for cur- 

tains. Currently very popular 

pattern. 

/>3, /)6, p(imm, p1>m\, and 

Decorations with charac- 

teristic bird motifs from 

peasant vests. Northern 

Hungary. 
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^ A 

A A 

p3m1 

Decoration with tulip 

motif for table-cloth. Cross- 

stitched needlework. From the 

turn of the century. 

pm 

pmml Bed-sheet border 

decoration with pomegranate 

motif Northwest Hungary, 

19th century. 3- 3^ 

Li 

pmm2 
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fAmm Pillow-slip decoration 

with stars. Cross-stitched 

needlework. Transsylvania, 

19th century. 
wiwiviV 

^V|AIA1A 

cm Pillow-slip decoration with 

peacock tail motif. Cross- 

stitched needlework. Much 

used throughout Hungary 

around the turn of the cen- 

tury. 

cmml. Bed-sheet border 

decoration with cockscomb 

motif Cross-stitched needle- 

work. Somogy county, 19th 

century. 
1 ^ 

( 

W'' 

1 ^ 
   

:;^i I !X 
cmm2  ' ^ 

pg From a pattern-book of 

indigo dyed decoration. Papa, 

Veszprem county, 1856. 
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pg^ Children’s bag decora- 

tion. Transsylvania, turn of the 

century. 

pm^ Pillow-slip decoration 

with scrolling stem motif 

Much used throughout 

Hungary around the turn of 

the century. 

p^gm Blouse-arm embroidery. 

Bacs-Kiskun county, 19th 

century. 

pmg2 

p4gm 

There is a striking limitation on the possible periods of the 

rotation axes in the space groups. The origin of this limitation 

will be addressed later in the chapter on crystals (Chapter 9) as it 

is applicable to the three-dimensional space groups as well. 

The lattice of the planar networks with two-dimensional 

space groups is defined by two non-collinear translations. Such 

a lattice is shown in Fig. 8-22. Given a particular lattice, the 

question is which pair of translations should be selected to 

describe it.? An infinite number of choices exists for each trans- 

lation because a line joining any two lattice points is a trans- 
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Figure 8-22. 
Plane lattice defined by two 

non-collinear translations. 

Figure 8-23. 
Illustration of primitive and 

unit cells on a plane lattice, 

after Azaroff [8-22]. 

Copyright (1960) McGraw- 

Hill, Inc. Used with permis- 

sion. 

Figure 8-24. 
Different networks based on 

the same plane lattice. 

lation of the lattice. F'ig. 8-23 shows a plane lattice and some of 

the possible choices for translation pairs to describe it. A primi- 

tive cell is defined by choices of translation pairs such as h and A 

or /3 and A. Only one lattice point is associated with each primi- 

tive cell. This is understood if each lattice point in Fig. 8-23 is 

considered to belong to four adjacent cells, or only one fourth of 

each point to belong to any one cell. As each cell contains four 

corners, all this adds up to one whole point. Alternatively, by 

displacing any one primitive cell, each primitive cell will contain 

only one lattice point. On the other hand, a multiple cell 

contains one or more lattice points in addition to the one shared 

at the corners. The translation pair and 4, for instance, defines 

a double cell. A cell is called a unit cell if the entire lattice can be 

derived from it by translations. Thus a unit cell mav be either 

primitive or multiple. The unit cell is chosen usuallv to repre- 

sent best the symmetry of the lattice. The translations selected 

as the edges of the plane unit cell are a and b, and for a space 

lattice, a, b, and c. The latter are called the crystallographic axes. 

The angles between the edges of the three-dimensional unit cell 

are a, P, and y, but only y is needed for the plane lattice. 

Fig. 8-24 shows three planar networks based on the same 

plane lattice. Two and only two lines intersect in each point of 

all three networks. Accordingly, the parallelograms of all three 

networks have the same area. All of them are unit cells, in fact 

primitive cells. Each of these parallelograms is determined by 

two sides a and b, and the angle y between them. These are 

called the cell parameters. 

350 



The general plane lattice (a) shown in Fig. 8-25 is called a 

parallelogram lattice. The other four plane lattices of Fig. 8-25 

are special cases of the general lattice. The rectangular lattice 

(b) has a primitive cell with unequal sides. The so-called 

diamond lattice (c) has a unit cell with equal sides. A special 

case of the diamond lattice is when the angle between the equal 

sides of the unit cell is 120° and this lattice (d) is then called 

rhombic, or triangular since the short cell diagonal divides the 

unit cell into two equilateral triangles. This lattice may also be 

considered as having hexagonal symmetry. Finally there is the 

square lattice (e). 

Figure 8-25. 
The five unique plane lattices 

(a through e, see text). 

The five unique plane lattices were described above under 

the assumption that the lattice points themselves have the 

highest possible symmetry. In this case these five unique lattices 

will have the following symmetries (Fig. 8-25): 

Space groups 

Noncoor- Coordinate 

dinate or inter- 

symbols national 

symbols 

a) parallelogram lattice {b/d) :2 fi 
b) rectangular lattice {b:a) :2 • m pmml 
c) diamond lattice (a/a) :2 • m cmnil 
d) hexagonal or triangular lattice {a/a):6-m p^mm 
e) square lattice {a:d) ;4 • m p^mm 

Combining the point-group symmetries with the plane lat- 

tices, altogether 17 two-dimensional space groups may be 

produced. They are all represented in Fig. 8-21. In fact severe 

limitations are imposed on the possible point groups that may 

be combined with lattices to produce space groups. Some 

symmetry elements, like the five-fold rotation axis, are not com- 

patible with translational symmetry. This will be examined in 

detail in Chapter 9. 
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8.5.1 Some Simple Networks 

The simplest two-dimensional space group is represented in 

four variations in Fig. 8-26. This space group does not impose 

any restrictions on the parameters a, b, and y- The equal motifs 

repeated by the translations may be completely separated from 

one another, they may consist of disconnected parts, they may 

intersect each other, and, finally, they may fill the entire plane 

without any gaps. Of course, such variations are possible for any 

of the more complicated two-dimensional space groups as well. 

Figure 8-26. 
The simplest two-dimensional 

space group in four variations. 

Figure 8-27. 
(a) Escher’s periodic drawing 

of fish and boats with space 

group p\ from MacGillavry’s 

book [8-9]. Reproduced with 

permission from the Inter- 

national Union of Crystallo- 

graphy. 

Especially intriguing are those variations which cover the 

whole available surface without gaps. M. C. Escher is especially 

famous for his periodic drawings which fill the plane. Their 

symmetry aspects have been discussed in detail by the Dutch 

crystallographer Caroline MacGillavry [8-9]. The drawing in 

Fig. 8-27a is from her book. It has/>l symmetry. The unit cell is 

the combination of a fish and a boat (Fig. 8-2 7b). The motif of 

(b) The unit cell; a fish and a 

boat as the motif for repeti- 

tion. 
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Figure 8-28. 
(a) Escher’s periodic drawing 

of fish and birds with space 

group fl from MacGillavry’s 

book [8-9]. Reproduced with 

permission from the Inter- 

national Union of Crystallo- 

graphy. 

another drawing (Fig. 8-28a) from the same book [8-9] is 

formed from a bird and a fish (Fig. 8-28b). A unit cell may be 

chosen to contain two birds and two fish, each pair containing a 

two-fold axis of rotation. The basic motif, the primitive cell, 

however, contains only one bird and one fish. This is what is also 

called the asymmetric unit. The unit cell contains two asym- 

metric units in this network. The whole pattern may be 

generated by two-fold rotation and translations. Its two- 

dimensional space group is fl. There are altogether four dif- 

ferent kinds of two-fold rotation axes in this drawing as was 

indicated above. They are always at distances of (1/2)^, {l/T)b, 

and (1/2) {a + B) from each other regardless of the choice of the 

unit cell. 

Canadian crystallographer Francois Brisse has designed a 

series of two-dimensional space-group drawings related to 

Canada [8-10]. The series was dedicated to the Xllth Congress 

of the International Union of Crystallography (lUCr), Ottawa, 

1981. Drawings have been prepared to represent the Canadian 

provinces and territories. One of them is shown in Fig. 8-29a. 

The polar bear is a symbol for Canada’s Northwest Territories. 

Its stylized representation is the asymmetric unit to which first a 

two-fold rotation is applied (Fig. 8-29b), and then the trans- 

lations. For unit cell it is convenient to choose two polar bears 

related by two-fold rotation. White and blue polar bears alter- 

nate in the original drawing, but the colors are disregarded in 

the present discussion. 

(b) The primitive cell and a 

unit cell displaying two-fold 

rotation. 
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Figure 8-29. 
(a) Brisse’s periodic drawing 

“Northwest Territories”. 

Reproduced with permission 

from “La symetrie bidimen- 

sionelle et le Canada” [8-10]. 

(b) The primitive cell and a 

unit cell displaying two-fold 

rotation. 

Figure 8-30. 
(a) The maple leaf and its 

stylized version. The unit cell 

displaying four-fold rotation 

was the symbol of the Xllth 

Congress of the International 

Union of Crystallography, 

Ottawa, 1981. 

The symbol of the Xllth lUCr Congress was a unit of four 

stylized maple leaves related by four-fold rotation. It is shown in 

Fig. 8-30a. The maple leaf is Canada’s symbol as is shown in a 

more natural appearance on a stamp in Fig. 8-30a. The sym- 

metry properties of the unit in Fig. 8-30a have been discussed 

in detail in the materials of the Xllth Congress [8-11]. A two- 

dimensional drawing created by repetition from the above unit 

is shown in Fig. 8-3 Ob. Again the original alternating white/red 

(b) Briss,e’s periodic drawing 

“Canada”. Reproduced with 

permission from “La symetrie 

bidimensionelle et le Canada” 

[8-10]. 
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coloring is disregarded in our discussion. The two-dimensional 

space group of the pattern is then p^gm [8-10]. The pattern 

shown in Fig. 8-30b has already been used by Polya [8-12] 

among his representations of the 17 two-dimensional space 

groups. Interestingly enough it may also be found as an example 

of typical decorations in Islamic art as two-dimensional pattern 

[8-13] and also in its one-dimensional variation as a band 

ornament [8-14]. 

The repetition of the flies, butterflies, falcons, and bats in the 

drawing of Escher in Fig. 8-3 la is accomplished by mirror 

planes. The two-dimensional space group is pmm and the 

mirror planes are indicated separately as the borders of the 

primitive cell in Fig. 8-3lb. The symmetry of yet another of 

Escher’s periodic drawings shown in Fig. 8-32 is sometimes 

incorrectly described. At first sight the meeting points of the 

Figure 8-31. 
(a) Escher’s periodic drawing 

of flies, butterflies, falcons and 

bats from MacGillavry’s book 

[8-9]. Reproduced with per- 

mission from the International 

Union of Crystallography. 

(b) The primitive cell framed 

by the square whose sides are 

parts of the mirror planes in 

the periodic drawing. 

Figure 8-32. 
Escher’s periodic drawing of 

clams, starfish and snail shells 

from MacGillavry’s book [8-9] 

Reproduced with permission 

from the International Union 

of Crystallography. 
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four clams and the four starfish are considered to have four-fold 

symmetry. However, this is not the case as the snail shells in 

between these meeting points do not possess two-fold 

symmetry True four-fold axes can be found at the meeting 

points of the four snail shells and four starfish. The other points 

have merely two-fold symmetry, and no other symmetry 

elements are present [8-9]. 

The following three periodic drawings were created by 

Khudu Mamedov, an Azerbaidzhani crystallographer, and 

appeared in a remarkable book on symmetry entitled “Decora- 

tions Remember” [8-15]. Fig. 8-33 shows the decoration of a 

cylindrical mausoleum in Badra, Azerbaidzhan. The basic 

motif, the word Allah appears 200 times in the original mosaic 

decoration covering the whole surface of the building. The 

drawing of Fig. 8-33, if extended to infinity, has the two- 

dimensional space gro\i\)p4igm, the same as the one in Fig. 8-30. 

Mamedov’s drawing entitled “Unity” is shown in Fig. 8-34. The 

Figure 8-33. 
The decoration of the Badra 

mausoleum (Azerbaidzhan) 

[8-15]. 

Figure 8-34. 
Mamedov’s periodic drawing 

“Unity” [8-15]. 
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space group is p\ with the basic motif consisting of an old and a 

young man. The repetition of the uniform shapes truly satisfies 

the requirement of the two-dimensional space group. A closer 

look, however, reveals the remarkable individuality of the facial 

expressions, especially for the old men. The third drawing by 

Mamedov in Fig. 8-35 is entitled “Sea-gulls” [8-15]. The sym- 

metry of this drawing is the same as that in Fig. 8-29. 

Figure 8-35. 
Mamedov’s periodic drawing 

“Sea-gulls” [8-15]. 

Figure 8-36. 
Mackay’s jig-saw “puzzles” 

[8-16], reproduced with per- 

mission. The specimens of 

each piece automatically 

assemble themselves to give 

patterns of a specified sym- 

metry. In case of mirror planes 

small connecting pieces are 

required to give bonding. The 

numbering corresponds to the 

17 two-dimensional space 

groups: 

\.p\ 

2. p2 
3. /3 

4. p(i 

5. /4 

6. pg^ 
7. cmrril 

8. pmm2 

9. cm 

10. pm 

11. 

12. pg 

13. pAgm 

14. pAmm 

15. p(ymm 

16. pZml 

17. p2>lm 

Finally an interesting representation for the 17 two-dimen- 

sional space groups is shown in Fig. 8-36. It is British crystallo- 

grapher Alan Mackay’s jig-saw “puzzles” [8-16]. Specimens of 

each piece can automatically assemble themselves to give 

patterns of a specified symmetry. 
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8.5.2 Visual Side-Effects of Decorations 

Shubnikov and Koptsik [8-2] have analyzed the influence of 

the various space groups of bands and networks on people’s 

perception of movement. A one-sided band decoration without 

a polar axis induces no feeling of movement. The vertical 

symmetry axes in Fig. 8-37a act as if preventing motion. On the 

other hand, the bands with polar axes in Fig. 8-3 7b act as if 

inducing left-bound (top) and right-bound (bottom) movement. 

Simple geometrical patterns can achieve similar effects, as seen, 

e.g., in Fig. 8-7a inducing motion and in Fig. 8-7b preventing it. 

The two-way traffic analogy may apply to the pattern in Fig. 

8-37c. 

Figure 8-37. 

(a) The vertical symmetry 

axes seem to prevent motion 

(Mexican decoration). 

(b) The presence of polar axes 

convey the feeling of motion, 

left-bound or right-bound, 

depending on the direction of 

the axis. The pattern was 

created after [8-2]. 

(c) The two-way traffic anal- 

ogy may apply to the one- 

dimensional space group with 

translation upon rotation by 

180°. 

VW^»/\AiAy 
Two-dimensional space groups with non-orthogonal trans- 

lation axes and with no symmetry planes emphasize oblique 

movement, as do, e.g., the patterns in Figs. 8-27a and 8-28a, and 

the pattern of the brick wall in Fig. 8-38a. The feeling of hori- 

zontal movement is transmitted by patterns with horizontal 

translation axes which have no vertical symmetry plane. An 

example is cited in Fig. 8-38b. A symmetry plane always con- 

veys the impression that it is preventing motion perpendicular 

to it. Thus the symmetry of the needlework in Fig. 8-38c seems 

to present a barrier to horizontal movement, while the up and 

down movement appears to be unhindered. Each one of the 

two patterns in Fig. 8-38d conveys the feeling of either or 

down movement. They all have vertical mirror planes. The 

difference between the patterns in Fig. 8-38c and d is the addi- 

tional two-fold rotation axes in the former which create the 

impression of two-way movement in the same pattern. 
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Figure 8-38. 
(a) A brick wall: its two- 

dimensional pattern with non- 

orthogonal translation axes 

and no symmetry planes con- 

veys the impression of oblique 

movement. Photograph by the 

authors. 

(b) The horizontal translation 

axis with no vertical sym- 

metry plane conveys the 

feeling of horizontal move- 

ment (Egyptian decoration 

after [8-2]). 

(c) Vertical symmetry planes 

and two-fold axes together 

convey the impression of up 

and down motion (Hungarian 

needlework). 

(d) Vertical symmetry planes 

create the feeling of either up 

or down motion (Hungarian 

pattern). 
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Figure 8-39. 

Two-dimensional patterns 

with only rotation axes in 

addition to translation are 

dvnamic, thev mav induce the 

teeling of rotation and 

dancing. 

Two-dimensional space groups with only rotation axes in 

addition to translation convey the feeling of rotation or even 

dancing. Such patterns are shown in Fig. 8-39. 

Figure 8-40. 

Patterns with glide-mirror 

planes after [8-2]. 

Figure 8-41. 

The decoration of the ceiling 

under the main cupola of the 

Capitol in Washington, D.C. 

Photograph by the authors. 

Patterns with glide-mirror planes tend to express chaos and 

convey the feeling of uncertainty. Examples are cited in Fig. 

8-40. On the other hand, symmetry planes in several directions 

are supposed to radiate authority (Fig. 8-41). Finally, there are 

patterns in which both mirror planes and glide-mirror planes 

occur. The details of such patterns convey the feeling of motion, 

while as a whole they give the impression of calmness. 
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according to Shubnikov and Koptsik [8-2]. Both mirror planes 

and glide-mirror planes are present in the examples displayed in 

Fig. 8-42 and Fig. 8-43. 

Figure 8-42. 
Indian pattern from South 

America after [8-17]. 

Figure 8-43. 
Pavements with both mirror 

planes and glide-mirror planes. 

Photographs by the authors. 

(a) Main square of Baja, 

Hungar\^. The mirror planes 

are in the horizontal direction, 

the glide-mirror planes in the 

vertical direction. The occur- 

rence of symmetry elements is 

ver\^ approximate. 

(b) Around the Statehouse in 

Annapolis, MD. 



8.5.3 Moires 

An art exhibition entitled “Moires” was held a few years 

ago in Bern, Switzerland [8-18]. The so-called Moire pattern is 

created by superimposing infinite planar patterns. The resulting 

pattern is a new two-dimensional network. The simplest case is 

illustrated in Fig. 8-44. Two identical systems of lines on trans- 

parent paper are superimposed. 
Figure 8-44. 
Moire patterns from the 

superposition of two line 

systems at increasing angles. 

The starting and resulting systems have a period of A and d, 
respectively, and they are superimposed at an angle 0. These 

parameters then have the following relationship (cf, e.g., [8-2]): 

^ = 2d sin(0/2). 

This expression is well known as the Bragg law in X-ray diffrac- 

tion of crystals, where A is the wave length of the X-rays, d is 

the distance between atomic layers in the crystal, and 0/2 is the 

angle at which the X-rays hit the atomic layer. 
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The patterns produced in Fig. 8-44 have two-fold rotation 

axes perpendicular to their plane. Thus the superposition at 

angle 0 will produce the same result as at angles 180 + 0. 

Fig. 8-45 shows the interference of two identical infinite 

systems of small circles at a series of angles. The circles are 

located in the vertices of an orthorhombic network. At small 

angles 0 the resulting pattern is very much like the starting one. 

It appears as an enlarged version of the original. With increasing 

0 the extent of the enlargement decreases and so does the like- 

ness to the original. However, the centered orthorhombic 

symmetry is retained. 

Figures 8-45. 
Moire patterns from the 

superposition of two circle 

systems at increasing angles. 
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Figure 8-46. 
Moire patterns simulate the 

formation of supernumerary 

bows in rain showers. The 

larger drops produce closely 

spaced bows at the top, while 

at the bottom the smaller 

drops produce more widely 

spaced bows. After Fraser 

[8-19], reproduced with 

permission. 

Shubnikov and Koptsik [8-2] describe various examples of 

Moires in different fields. A perhaps unexpected application is 

cited here: Only certain drop sizes cause supernumerary bows 

in a rainshower. The interference pattern produced by the rain 

wave front folding over on itself can be simulated with Moire 

patterns. This is illustrated in Fig. 8-46 after Fraser [8-19]. The 

spacing in the bows clearly depends on the drop size. A detailed 

analysis of Moire patterns and their applications has been given 

recently by Giger [8-20]. The potentials of Moires in artistic 

expression have been demonstrated by Witschi [8-21]. 
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9 Symmetries 
in Crystals'^ 

But I must speak again about crystals, shapes, colors. 

There are crystals as huge as the colonnade of a cathedral, soft 

as mould, prickly as thorns; pure, azure, green, like nothing else 

in the world, fiery, black; mathematically exact, complete, like 

constructions by crazy, capricious scientists, or reminiscent of 

the liver, the heart... There are crystal grottos, monstrous 

bubbles of mineral mass, there is fermentation, fusion, growth of 

minerals, architecture and engineering art... Even in human life 

there is a hidden force towards crystallization. Egypt crystal- 

lizes in pyramids and obelisks, Greece in columns; the middle 

ages in vials; London in grinny cubes... Like secret mathemati- 

cal flashes of lightning the countless laws of construction 

penetrate the matter. To equal nature it is necessary to be 

mathematically and geometrically exact. Number and phan- 

tasy, law and abundance - these are the living, creative strengths 

of nature; not to sit under a green tree but to create crystals and 

to form ideas, that is what it means to be at one with nature!” 

These are the words of Karel Capek the Czech writer after his 

visit to the mineral collection of the British Museum [9-18]. 

He added a drawing (Fig. 9-1) to his words to express man’s 

humility in front of these miracles of nature. 

Figure 9-1. 
Capek’s drawing after his visit 

to the mineral collection of 

the British Museum [9-18]. 

Reproduced with permission. 

1 The fundamental works of Kitaigorodskii [9-1], Wells [9-2] and 

Azaroff [9-3] were extensively consulted along with other literature 

also cited in the text. 
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The word crystal comes from the Greek krystallos meaning 

clear ice. The name originated from the mistaken belief that the 

beautiful transparent quartz stones found in the Alps were 

formed from water at extremely low temperatures. Later, by the 

seventeenth century the name crystal was applied to other 

solids that were also bounded by many flat faces and had 

generally beautiful symmetrical shapes. Crystals have also for 

centuries been considered mystical. A sad angel looks hope- 

lessly at the huge rhombohedric crystal in Diirer’s “Melancho- 

lia” (Fig. 9-2). The polyhedron in the picture is a truncated 

rhombohedron, and there has been considerable discussion as 

to whether Diirer meant a particular mineral by it and if so 

which one [9-4, 9-5]. The emerging opinion is that this poly- 

hedron “is simply an exercise in accurate draughtsmanship and 

that the art historians have made rather heavy weather of its 

explanation... The integral proportions show that no particular 

mineral was intended” [9-5]. Diirer’s drawings have been 

carefully analyzed by Schroder [9-6] who “has satisfactorily 

settled the matter with a technological rather than a mystical 

explanation” [9-5]. 

Figure 9-2. 
Diirer: “Melancholia”. 

Space-group symmetries have played an outstanding role in 

Escher s graphic art. So what he wrote about crystals is also of 

interest [9-7]: 
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“Long before there were men on this globe, all the erystals 

grew within the earth’s crust. Then came a day when, for the 

very first time, a human being perceived one of these glittering 

fragments of regularity; or maybe he struck against it with his 

stone ax; it broke away and fell at his feet; then he picked it up 

and gazed at it lying there in his open hand. And he marveled.” 

“There is something breathtaking about the basic laws of 

crystals. They are in no sense a discovery of the human mind; 

they just ’are’ - they exist quite independently of us. The most 

that man can do is to become aware, in a moment of clarity, that 

they are there, and take cognizance of them.” 

The symmetry of the shapes of the crystals is their most 

easily recognizable feature. The great Russian crystallographer 

E. S. Fedorov remarked that “the crystals glitter with their 

symmetry”. Obviously, this outer symmetry is a consequence of 

the inner structure. However, with the same inner structure, 

crystals may grow into different forms. Besides, under natural 

conditions, crystals seldom grow into their well known regular 

forms. Under different conditions, in the presence of different 

impurities, for example, different forms may grow. Fig. 9-3 

shows the influence of impurities upon the form of sodium 

chloride crystals. 

Figure 9-3. 
The influence of impurities on 

the habitus of sodium chloride 

crystals. 
in 
^ AJ 
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9.1 Basic Laws 

It has been recognized already in the earliest stages in the 

history of crystallography that the most important charac- 

teristic of the outer symmetry of the crystals is not really the 

form itself, but rather two phenomena expressed by two rules. 

One is the constancy of the angles made by the crystal faces. 

The other is the law of rational intercepts or the law of rational 

indices. 

Already in 1669 the Danish crystallographer Steno made a 

detailed study of ideal and distorted quartz crystals (Fig. 9-4). 

He traced their outlines on paper, and found that the corre- 

sponding angles of different sections were always the same 

regardless of the actual sizes and shapes of the section. Thus all 

quartz crystals, however much distorted from the ideal, could 

result from the same fundamental mode of growth, and, accord- 

ingly, corresponded to the same inner structure. 

Figure 9-4. 

Sections of ideal and distorted 

quartz crystals. 

For measuring the angles made by the crystal faces, instru- 

ments have been developed. In 1780 the contact goniometer. 

Fig. 9-5a, was already in usage. Later, for more precise measure- 

ment of the interfacial angles, the reflecting goniometer was 

introduced (Fig. 9-5b). The name ‘goniometer’ has become so 

synonymous with crystal structure determination that it is 

sometimes used colloquially for today’s sophisticated X-ray 

diffractometers. 

Another interesting phenomenon early observed in crystals 

is their cleavage. It is characteristic that they break along well- 

defined planes. The French crystallographer Hauy noticed that 

the cleavage rhombs from any calcite crystal always had the 

same interfacial angles. Thus he suggested that all calcite 

crystals could be built of these fundamental cleavage rhombs. 

This is illustrated in Fig. 9-6 which is from Haiiy’s “Traite de 

Cristallographie”. In fact, it is considered to be so fundamental 

that few books on crystallography appear without reproducing 

this drawing. From the units shown in Fig. 9-6, it is possible to 

build straight edges corresponding to the faces of a cube, as well 

as inclined edges corresponding to the faces of an octahedron. 

370 



Figure 9-5. 
Goniometers (a) contact, 

Haiiy [9-9], (b) reflecting. 

Figure 9-6. 
Cleavage rhombs and the 

stacking of cleavage rhombs, 

Haiiy [9-9]. 

371 



Edges inclined at other edges may also be built. Let the dimen- 

sions of the cleavage unit be a and b (Fig. 9-7), then tan 0i = b/a 

and tan 02 ^ b/la, and generally tan 0 = mb/na, where m and n 

are rational integers. By extension into the third dimension, we 

may have a reference face making intercepts a, b, c on three 

axes. The intercepts made by any other face must be in propor- 

tion of rational multiples of these intercepts. This is called the 

law of rational intercepts. 

Figure 9-7. 
Inclined edges from cleavage 

units and illustration for the 

law of rational intercepts. 

Usually the crystal faces are described by the reciprocals of 

the multiples of the standard intercepts, hence the name of the 

law of rational indices. In Fig. 9-7 three lines are adopted as axes 

which may also be directions of the crystal edges. A reference 

face ABC makes intercepts a, b, c on these axes. Another face of 

the crystal, e.g. DEC, can be defined by intercepts a/h, b/k, c/l. 

Here h, k, I are simple rational numbers or zero. They are called 

Miller indices. The intercept is infinite if a face is parallel to an 

axis, and box k ox I will be zero. For orthogonal axes the indices 

of the faces of a cube are (100), (010), (001). The indices of the 

face DEC in Fig. 9-7 are (231). 

The simple cleavage model of Haiiy indeed revealed a lot 

about the structure of crystals. However, it was not generally 

applicable since cleavages do not always lead to cleavage forms 

which can necessarily fill space by repetition. As has already 

been mentioned in the previous chapter, there is a limited 

number of space-filling polyhedra. 

The characterization of the regularities in the outer form of 

the crystals has led to the recognition of three-dimensional 

periodicity in their inner structure. This was long before the 

possibility of determining the atomic arrangements in crystals 

by various diffraction techniques had materialized. 
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Figure 9-8. 

(a) Closely packed spheres by 
Kepler [9-10]. 

G A 

It was two hundred years before Dalton and three hundred 

years before X-ray crystallography, that Kepler discussed the 

atomic arrangement in crystals. In his “Strena seu de nive sex- 

angula” he presented arrangements of close-packed spheres. 

These are reproduced in Fig. 9-8a. A close-packed arrangement 

of cannon balls and a sculpture apparently expressing close 

packing are shown in Fig. 9-8b and c. The fundamental impor- 

tance of Kepler’s idea is that he correlated for the first time the 

external forms of solids with their inner structure. Kepler’s 

search for harmonious proportions is the bridge between his 

epoch-making discoveries in heavenly mechanics and his lesser 

known but nonetheless seminal ideas in what is called today 

crystallography. As Schneer describes it [9-11], the renaissance 

era has provided a stimulating background for the beginnings 

of the science of crystals. 

(b) Closely packed cannon 
balls, Laconia, New Hamp- 
shire. Photograph by the 
authors. 

(c) From an open-air sculp- 
ture garden near Pecs, 
Hungary. Photograph by the 

authors. 
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It is to be noted that even after the discovery of Haiiy’s 

model, the attention was focused on the packing in crystals. 

The aim was to find those arrangements in space which are 

consistent with the properties of the crystals. 

The most important characterization of the crystal structure 

is the three-dimensional periodicity of the atomic arrangement, 

for which we find an explanation in the dense packing of the 

participating species. 

The symmetry of the form of the crystal is a consequence of 

its structure. The same high symmetry of the form, however, 

may be easily achieved for a piece of glass by artificial mechani- 

cal intervention. By acquiring the same outer form as is typical 

for a piece of diamond, the piece of glass will not acquire all the 

other properties that the diamond possesses. The difference in 

value has long ago been recognized. In the India of the sixth 

century portrayed by Kama Sutra of Vatsayana, one of the arts 

which a courtesan had to learn was mineralogy (along with 

chemistry). If she were paid in precious stones, she had to be 

able to distinguish real crystals from paste [9-12]. 

Primarily the structure, and accordingly the outer and inner 

symmetry properties of the crystal determine their many out- 

standing physical properties. The mechanical, electrical, 

magnetic, and optical properties of the crystals can all be 

described in close conjunction with their symmetry properties 

[9-13]. 

In an actual crystal the atoms are in permanent motion. 

However, this motion is much more restricted than that in 

liquids, let alone gases. As the nuclei of the atoms are much 

smaller and heavier than the electron clouds, their motion can 

be very well described by small vibrations about the equilibrium 

positions. In our discussion of crystal symmetry, as an approxi- 

mation, the structures will be regarded as completely rigid. 

However, in modern crystal molecular structure determination 

atomic motion must be considered. Both the techniques of 

structure determination and the interpretation of the results 

must include the consequences of the motion of atoms in the 

crystal. Let the poet crystallographer be cited here [9-14]; 

My molecule is sick 

And I have caught the illness too. 

Two atoms have temperatures 

Which are negative. 

And two are not resolved at all. 

How can I find a cure - 

The i?-factor is enormous 

And direct methods fail me.f’ 

Perhaps it is not my metier. 

To be a structure analyst. 



9.2 The 32 Crystal Groups 

Although the word crystal in its every-day usage is almost 

synonymous with symmetry, it is important to recognize that 

there are severe restrictions on crystal symmetry While there 

are no restrictions in principle for the number of symmetry 

classes of molecules, this is not so for the crystals. All crystals, as 

regards their form, belong to one or other of only 32 symmetry 

classes. They are also called the 32 crystal point groups. Figs. 

9-9a, b show them by examples of actual minerals, and by 

stereographic projections with symmetry elements. 

Stereographic projection starts by representing the crystal 

by a set of lines perpendicular to its faces. The introduction of 

this method of representation followed soon after the invention 

of the reflecting goniometer. 

Let us place the crystal in the center of a sphere and extend 

its face-normals to meet the surface of the sphere as seen in Fig. 

9-lOa. A set of points will occur on the surface of the sphere 

representing the faces of the crystal. Join now all the points in 

the northern hemisphere to the South Pole and mark the points 

on the equatorial plane where these connecting lines intersect 

this plane. This will create a representation of the faces on the 

upper half of the crystal within a single circle as seen in Fig. 

9-lOb. Performing a similar operation for the points of the 

equator (c) and for the points in the southern hemisphere (d), 

we arrive at the representation of the whole crystal within the 

circle (e). The points from the northern hemisphere are marked 

by dots and those from the southern hemisphere by small 

circles. Some examples for simple polyhedra are shown in Fig. 

9-11. 
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Figure 9-10. 
The preparation of the stereo 

gi'aphic representation. 

Figure 9-11. 
Representation of some 

simple highly symmetrical 

shapes. 

(a) Cube. 

(b) Tetrahedron. 

(c) Octahedron. 

(d) Rhombic dodecahedron. b 
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9.3 Restrictions 

To have 32 symmetry classes for the external forms of 

crystals is a definite restriction, and it is obviously the conse- 

quence of inner structure. The translation periodicity limits the 

symmetry elements that may be present in a crystal. The most 

striking limitation is the absence of five-fold rotation in the 

world of crystals. Consider, for example, planar networks of 

polygons possessing two-fold, three-fold, four-fold, five-fold, 

etc. axes of rotation (Fig. 9-12). Those with two-fold, three-fold, 

four-fold, and six-fold symmetry cover the available surface 

without any gaps, while those with five-fold, seven-fold, and 

eight-fold symmetry leave gaps on the surface. 

Figure 9-12. 
Planar networks of regular 

polygons with up to eight-fold 

symmetry. 

Characteristic examples of completely covering the avail- 

able area by regular hexagons are shown in Fig. 9-13. The 

similarity to closely packed circles is remarkable. In fact, when a 

honeycomb is built from wax, first a network of circles is 

formed. The bees are of nearly equal size and they are gyrating 

around themselves. The network of circles will not cover the 

available surface completely. The hexagons are formed as the 

liquid wax flows into the cavities between the cylinders. 

Figure 9-13. 
Networks of regular hexagons 

covering the surface without 

gaps or overlaps. 

(a) Honeycomb. Photograph 

and courtesy of Professor Pal 

Zoltan Orosi, 1982. 
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(b) Oil platform under con- 

struction in the North Sea. 

Drawn after a lithograph in 

the 1979 report of the Statoil 

Company, Norway. 

(c) Columnar basalt joints. 

Drawing by Ferenc Lantos 

after [9-15]. 

(d) Moth compound eye 

(magnified approx, x 2000). 

Courtesy of Dr. J. Morral, The 

University of Connecticut, 

1984. 

(e) Structure of graphite layer. 
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Fig. 9-14 presents two planar networks of octagons. It is 

evident that the regular octagons cannot cover the surface 

without gaps. There are smaller squares among the octagons. 

One of the patterns was drawn after Vasarely, the other is a 

Hungarian needlework design. It has been suggested [9-16] that 

Vasarely’s octagonal patterns show some influence of folk arts. 

Figure 9-14. 
Octagonal planar networks, 

(a) A pattern after Vasarely 

[9-16]. 

(b) Hungarian needlework 

[9-17]. 

Let us examine now the possible types of symmetry axes in 

space groups (cf, e.g., Azaroff [9-3]). Fig. 9-15 shows a lattice 

row with a period t. An >^-fold rotation axis, Cn, is placed in each 

lattice point. Since n rotations each by an angle tp must lead to 

superposition, it does not matter in which direction are the rota- 

tions performed. Two rotations by (p about two axes but in 

opposite directions are shown in Fig. 9-15. The two new lattice 

points produced this way are labeled p and q. These two new 
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Figure 9-15. 
Illustration to the determina- 

tion of the possible throws 

that rotation axes can have in 

space groups. After Azaroff 

[9-3]. Copyright (1960) 

McGraw-Hill, Inc. Used with 

permission. 

points are equidistant from the original row and hence the line 

joining them is parallel to the original lattice row. The length of 

the parallel line joining p and q must be equal to some integer 

multiple m of the period t. Were it not, then the line joining the 

two new lattice points/) and q would not be a translation of the 

lattice and the resulting array would not be periodic. 

Using Fig. 9-15, it is possible to determine the possible values 

that the rotation angle (p can have in the lattice. 

mt = t + 2/ cos(p /Tz = 0, ± 1, ± 2, ± 3, ... 

where -\-m or —m is taken depending on the direction of the 

rotation, 

m - \ 
cos (p = —^— . 

Only the solutions corresponding to the range 

—1 ^ cos (p ^ 1 

need be considered, and these are shown in Table 9-1. Only five 

solutions are possible and, accordingly, only five kinds of rota- 

tion axes are compatible with a lattice. Thus, not only is five- 

Table 9-1. Allowed Rotation Axes n m 2. Lattice 

Possible Values 

of m-\ cos (p (p(°) n 

-2 -1 180 2 

-1 
1 

2 120 3 

0 0 90 4 

+1 
+2 60 6 

+2 +1 360 or 0 1 
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fold symmetry not allowed in crystal structures, but all periods 

larger than six are impossible. Xaturally this applies to the 

planar networks as well. 

The permissible periods of mirror-rotation axes have the 

same limitations as those of the proper rotation axes. 

Let us examine now the limitations on the screw axes. In a 

lattice the screw axes must be parallel to a translation direction. 

After n rotations by an angle (p and // translations bv the distance 

T, that is after ;/ translations along the screw axis, the total 

amount of translation distance in the direction of this axis must 

be equal to some multiple of the lattice translation mt. 

nT = mt 

where ;/ and m are integers. Rearranging this equation. 

7'= — < 

u 

Table 9-2. Possible Values of the Pitch T of an ;;-fold Screw .Axis 

n T 

1 0/, It, 2/, ... 

2 0/, (1/2)/, (2/2)/, (3/2)/, ... 

3 0/, (1/3)/, (2/3)/, (3/3)/, (4/3)/. ... 
4 OA (1/4)/, (2/4)/, (3/4)/, (4. 4)/, (5 4)4 ... 
6 0/, (1/6)/, (2/6)4 (3/6)/, (4/6)/, (5/6)/, (6/6)/, (7 6)/. ... 

n Tljredundancies eliminated) 

1 

2 (1/2)/, 

3 (1/3)4 (2/3)/ 

4 (1/4)4 (2/4)4 (3/4)/ 
6 (1/6)/, (2/6)4 (3/6)4 (4/6)4 (5/6)/ 

^2 Notation of screw axes allowed in a lattice 

2 2, 
3 3, ^2 
4 4, 42 43 
6 6i ^2 63 
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where m, of course, may be 0, 1, 2, 3, etc., but n may only be 1, 2, 

3, 4, or 6. It is then possible to determine the permissible values 

of the pitch of the screw axes in lattices. They are summarized 

in Table 9-2, taking also into consideration that (3/2)/ = / + 

(1/2)/, (5/4)/ = / + (1/4)/, etc. There are only eleven screw axes 

that are allowed in a lattice, according to Table 9-2. The 

subscript in the notation is the m of the expression T= {mt)/n. 

The proper rotation axes may be considered to be special cases 

of the screw axes, with m = ^ and m = n. The eleven screw axes 

are shown in perspective in Fig. 9-16. It is seen there that some 

pairs are identical except for the direction of the screw motion. 

Such screw axes are enantiomorphous. The enantiomorphous 

screw axis pairs are the following: 

3i and 32 

4] and 43 

6] and 65 

62 and 64. 

Figure 9-16. 
The eleven screw axes. The 

simple two-fold, three-fold, 

four-fold, and six-fold axes are 

also shown for completeness. 

After Azaroff [9-3]. Copyright 

(1960) McGraw-Hill, Inc. 

Used with permission. 

385 



Finally the only remaining symnictr)’ element is considered, 

the ^lide-symmetrv plane. It causes ^lide reflection as a result of 

reflection inid translation, d he translation component 7 of a 

^lide plane is one-half of the normal translation of the lattice in 

the direction of the ^lide. \ ^lide alonj^ the it axis is 7 " (1/ 2)(/ 

and this is called an (j ^lide. Similarly, a diagonal ^lide can have 

7’— + (l/2)c. The difl'erent possible glides are sum- 

marized in d'ahle 9-,^. 

Fahle 9-3. Possible (ilide Planes 

(dide dvpe Symbol Translation C'omponent 

.\xial a a/2 

Axial h h/2 

Axial c c/2 

Diagonal n a/2 

Diamond**' d a/A 

+ /?/2-, h/2 + r/2; or c/2 + a/2 

-1- h/\\ h/A + r/4; or c/A + a/A 

Translation component is one half of the true translation 

alon^ the face diagonal of a centered plane lattice. 

I'he fact that the crystal has a lattice structure imposes strict 

limitations on the symmetry of its outer form. On the other 
j • 

hand, the question arises as to vyhether it is possible to deriv'c 

any information about the crv'slal lattice from the knowledge of 

the symmetry of its outer form.? 

d'he 32 crystal point groups can be classified by symmetry 

criteria. They are usually grouped according to the highest- 

ranking rotation axis that they contain. The resulting groups are 

called crystal systems, d'here are altogether sev'en of them and 

they are listed in Table 9-4. d'he crv'stal point groups have to he 

combined with all possible space lattices in order to produce 

the space groups. 



Table 9-4. Characterization of Crystal Systems 

System Minimal Symmetry Relations Between Lattice Type Numbering 

(diagnostic Edges and Angles in Fig. 9-17 

symmetry elements) of Unit Cell 

Triclinic 1 (or I) a¥= b c 

a 7^ p 7^ Y ^ 

P 1 

Monoclinic 2 (or 2) b c P 2 

cc = Y = 90° 7^ p C (or A) 3 

Orthorhombic 222 (or 222) b c P 4 

a = p == Y 90° C (or B or A) 5 

I 6 

F 7 

Trigonal 3(3) a '= b = c R 8 

(Rhombohedral) a = P = Y 90° 

Hexagonal 6(6) a = b c 

a = P = 90° 

Y = 120° 

P 9 

Tetragonal 4 (or 4) a == b c P 10 

a = p = Y = 90° I 11 

Cubic four 3 (or 3) a = b = c P 12 

a = P = Y = 90° I 13 

F 14 
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9.4 The 230 Space Groups 

There are 14 infinite lattices, called Bravais lattices, in three- 

dimensional space. They are shown in Fig. 9-17. These lattices 

are the analogs of the five infinite lattices in two-dimensional 

space. The Bravais lattices are presented as points at vertices of 

parallelepipeds. The corresponding parallelepipeds are capable 

of filling space without any gaps or overlap. The representation 

of the lattices by systems of points is especially useful as it makes 

it possible to join the lattice points in any desired way con- 

forming with the symmetry requirements. In this way, not only 

the original parallelepipedal forms, but any other possible figu- 

res may be used as building units for the space lattice. 

The 14 Bravais lattices are enumerated in Table 9-4. The 

lattices are characterized as the following types: primitive 

side-centered (Q, face-centered (F), body-centered (I). The 

numbering of the Bravais lattices in Table 9-4 corresponds to 

that in Fig. 9-17. The lattice parameters are also enumerated in 

the table. In addition, the distribution of lattice types among the 

crystal systems is shown. 

Figure 9-17. 
The fourteen Bravais lattices. 
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The actual infinite lattices are obtained by parallel trans- 

lations of the Bravais lattices as unit cells. Some Bravais cells are 

also primitive cells, others are not. For example, the body- 

centered cube is a unit cell but not a primitive cell. The primitive 

cell in this case is an oblique parallelepiped constructed by using 

as edges the three directed segments connecting the body 

center with three nonadjacent vertices of the cube. 

The three-dimensional space groups are produced by com- 

bining the 32 crystallographic point groups with the Bravais 

lattices. Since the symmetry elements in a space lattice can have 

translation components, indeed not only the 32 groups but also 

the analogous groups, which have screw axes and glide planes, 

have to be considered. There are altogether 230 three-dimen- 

sional space groups! Their complete description can be found in 

the International Tables for X-ray Crystallography [9-19]. Only 

a few examples are discussed here. 

There are only two combinations possible for the triclinic 

system, they are named Pi and Pi. For the monoclinic system 

three point groups are to be considered and two lattice types. 

Combining Pand / lattices on one hand, and point group 2 and 

symmetry 2i on the other hand, the four possible com- 

binations are P2, P2i, 12, and I2i. The latter two, however, are 

equivalent, only their origins differ. 

The description of the symmetry elements of the space 

groups is similar to that of the point groups [9-20]. The main 

difference is that the order by which the symmetry elements of 

the space groups are listed may be of great importance, except 

for the triclinic system. The order of the symmetry elements 

expresses their relative orientation in space, that is with respect 

to the three crystallographic axes. For the monoclinic system 

the unique axis may be the c or the b axis. For the P2 space 

group, the complete symbol may be P112 or P121, depending on 

this choice and using the sequence abc. The two variations are 

called first setting and second setting, respectively. The 

ordering of symbols for the orthorhombic system is especially 

important. The symmetry elements are usually listed in the 

order ahc. The space groups which belong to the crystal class 

2mm, are properly presented as Pmm2, r being the unique axis. 

In the tetragonal system, the c axis is the four-fold axis. The 

sequence for listing the symmetry elements is c, a, [110], since 

the two crystallographic axes orthogonal to c are equivalent. 

For example, the three-dimensional space group notation PAm2 

has the following meaning: the unique axis in a primitive 

tetragonal lattice is a 4 axis, the two a axes are parallel to m, and 

the [110] direction has two-fold symmetry. A similar sequence is 

used for listing the symmetry elements of the hexagonal system 

for which the c axis again is the unique axis and the other two 

are equivalent. P denotes the primitive hexagonal lattice while 
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R denotes the centered hexagonal lattice in which the primitive 

rhombohedral cell is chosen as the unit cell. 

All three crystallographic axes are equivalent in the cubic 

system. The order of listing the symmetry elements is a, [111], 

[110]. When the number 3 appears in the second position, it 

merely serves to distinguish the cubic system from the hexa- 

gonal one. 

It may be of interest to add some new symmetry to a group or 

to decrease its symmetry, and examine the consequences. If the 

addition produces a new group, it is called a supergroup of the 

original group. If eliminating symmetry leads to a new group, it 

is usually a subgroup of the original one. For example, the point 

group 1 is obviously a subgroup of all the other 31 groups as it 

has the lowest possible symmetry. On the other hand, the 

highest symmetry cubic group can have no supergroups. 

Two of Escher’s drawings are of special value in represent- 

ing periodicity in three dimensions (cf [9-21]). Besides, their 

comparison reveals the important difference between lattice 

and structure. The drawing in Fig. 9-18 is entitled “Cubic Space 

Figure 9-18. 
Escher: “Cubic space division”. 

Collection Haags Gemeente- 

museum - The Hague. Repro- 

duced with permission. 

© M. C. Escher Heirs c/o 

Cordon Art - Baarn - 

Holland. 
i 

1 ^ 1 

'jf 4; 
IMK V' 1 

Division” [9-22] and emphasizes clearly the uniformity of the 

environment about each lattice point located at the centers of 

the cubes. The drawing in Fig. 9-19 was prepared about three 

years later than the previous one. It is called “Depth” [9-22]. Its 

three-dimensional pattern may have the same translational 

properties as the other drawing, but as a whole it certainly has a 

much lower symmetry. It is also a good example for what is 

called pseudo-symmetry, implying a higher symmetry in the 

lattice associated with the actual structure. Brock and Linga- 

felter [9-23] pointed out commonly existing misconceptions of 

the difference between a crystal and a lattice. A crystal is an 

array of units (atoms, or ions, or molecules) in which a structural 
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Figure 9-19. 
Escher: “Depth”. Collection 

Haags Gemeentemuseum - 

The Hague. Reproduced with 

permission. © M. C. Escher 

Heirs c/o Cordon Art - 

Baarn - Holland. 

motif is repeated in three dimensions. A lattice is an array of 

points, and every point has the same environment of points in 

the same orientation. Each crystal has an associated lattice, 

whose origin and basis vectors can be chosen in various ways. 

From the above it is clear, for example, that it would be impro- 

per to speak about “interpenetrating lattices”, while it is correct 

to talk about interpenetrating arrays of atoms [9-23]. 

As we have reached in our discussion the system of the 230 

three-dimensional space groups, it appears, as it indeed is, a per- 

fect system. It was established a long time ago, in fact well 

before X-ray diffraction could have been applied to the deter- 

mination of crystal structure. That these 230 three-dimensional 

space groups were derived in their entirety by Fedorov, Schoen- 

flies, and Barlow working independently, will always be con- 

sidered a great scientific feat. No crystal can ever be produced, 

either in nature or artificially, whose structure would not fall 

into one or other of these 230 groups. 

An interesting statistical test was performed concerning the 

total number of three-dimensional space groups some time in 

the mid-sixties [9-24]. It was a uniquely appropriate point in the 

history of crystallography for such a test: Already a large 

number of crystal structures have been determined, but not all 

the space groups have yet been found examples for among the 

actual crystals. The total number of three-dimensional space 

groups had long before been firmly established. Thus the test 
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was considered as much to be a check of the applied statistical 

method as to be a source for crystallographic information. 

Although there are 230 space groups, not all of them are in 

practice distinguishable. So 11 enantiomorphous groups were 

excluded from the count as were two more groups for other 

reasons. Thus the number of space groups to be considered was 

217. The reviewed 3782 crystal structures showed a wide varia- 

tion in frequencies among the different space groups. One 

group occurred 355 times, while 33 groups occurred only once 

each. It was also interesting that only 178 groups out of the 217 

total occurred. We are not concerned here with the details of 

the statistical test applied. Based on the available data of the 

distribution of the space groups among the determined struc- 

tures, the findings were extrapolated to an indefinitely large 

sample. The statistical test led to an extrapolated value of 216. 

The estimated accuracy of the procedure was 2 %. Thus the 

estimate agreed with the accepted value of the total number of 

the practically distinguishable space groups of 217. 

The statistical analysis has also been applied separately to 

the data on inorganic and organic crystals. In both cases the 

extrapolated estimate for the total number of three-dimen- 

sional space groups was smaller than when all data had been 

considered together. The total numbers estimated for the inor- 

ganic and organic structures were 209 and 185, respectively. 

Thus the conclusion could be made that the inorganic and or- 

ganic crystals belong to space groups with different population 

distributions. 

9.5 Rock Salt and Diamond 

Let us look in some more detail at the symmetry systems of 

two crystals following a discussion by Shubnikov and Koptsik 

[9-20]. The unit cell of the rock salt structure and the projection 

of this structure along the edges of the unit cell onto a horizon- 

tal plane are shown in Fig. 9-2Oa and b. 

The equivalent ions are related by translations a=b=c along 

the edges of the cube, or {a^b)n, (^ + c)/2, {b^c)n along the 

face diagonals. All this corresponds to the face-centered cubic 

group (F). The structure coincides with itself not only after the 

above enumerated translations, but also after the operations of 

the point group mZm (or by other notation 6/4). The point- 

group symmetry elements are shown also in Fig. 9-2Oc. The 

symmetry elements of this group intersect at the centers of all 

atoms and thus they become symmetry elements for the whole 

unit cell, and, accordingly, for the whole crystal. 



Figure 9-20. 
The crystal structure of the 

rock salt after Shubnikov and 

Koptsik [9-20]. 

(a) A unit cell. 

(b) Projection of the structure 

along the edges of the unit 

cell onto a horizontal plane. 

(c) Projection of some sym- 

metry elements of the Fm3m 

space group onto the same 

plane. 

Among the projected symmetry elements in Fig. 9-20c, there 

are some which are derived from the generating elements. This 

is the case, for example, for the vertical glide-reflection planes 

with elementary translations a/2 and h/2 (represented by 

broken lines), translations (dot-dash lines), vertical screw axes 

2\ and 42 

and symmetry centers (small hollow circles, some of which lie 

above the plane by 1/4 of the elementary translation). 

Shubnikov and Koptsik [9-20] suggest also two very simple 

descriptions of the rock salt crystal structure. According to one, 

the sodium and chloride ions occupy positions with point- 

group symmetry m2>m^ormmg a checkered pattern in the Fm2)m 

space group. According to the other description, the structure 

consists of two cubic sublattices in parallel orientation, one of 

sodium ions and the other of chloride ions. 
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Figure 9-21. 
The diamond structure after 

Shubnikov and Koptsik [9-20]. 

(a) A unit cell, the edges of 

the cube are the a, b, and c 

axes. 

Fig. 9-21 illustrates the diamond structure after Shubnikov 

and Koptsik [9-20]. It can be regarded as a set of two face- 

centered cubic sublattices displaced relative to each other by 

1/4 of the body diagonal of the cube. Each of the two sublattices 

has the MS;;? space group and in addition there are some opera- 

(b) Two face-centered cubic 

sublattices displaced along the 

body diagonal of the cube. 

(c) Projection of some sym- 

metry elements of the FdTim 

space group onto a horizontal 

plane. 

tions transforming one to the other. The complete diamond 

structure has the space group Fcibm where V" stands for a 

“diamond” plane. 

Among the projected symmetry elements in Fig. 9-2 Ic, there 

are again some which are produced by the generating elements. 

Special for the diamond structure are the symmetry elements 

which connect the two subgroups MSz^. They include vertical 

left-handed and right-handed screw axes, 4^ and 4^, respec- 

tively, 

% ^ 
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symmetry centers (small hollow circles, 1/8 and 3/8 of the 

elementary translation c above the plane), vertical “diamond” 

glide-reflection planes d represented by dot-dash lines with 

arrows, and similar systems of connecting elements in the hori- 

zontal directions. 

The subgroup is common both to the rock salt space 

group FmZm and to the diamond space group Fd^m. The space 

group Fd%m is obtained from Fmhm by replacing the symmetry 

planes m by glide-reflection planes d with the latter displaced 

1/8 along the cube edges. 

The above descriptions are far from complete. They are 

intended to give some feeling for the characteristics of these 

two highly symmetrical structures rather than to be a rigorous 

treatment. 

9.6 Beyond the Perfect System 

The 230 space groups exhaustively characterize all the 

symmetries possible for infinite lattice structures. So “exhaus- 

tively” that according to some views this perfect system is a little 

too perfect and a little too rigid. These views may well point 

towards the further development of our ideas on structures and 

symmetries [9-12, 9-25]. 

There is an inherent deficiency in crystal symmetry in that 

crystals are not really infinite. Mackay [9-25] argues that the 

crystal formation is not the insertion of components into a 

three-dimensional framework of symmetry elements. On the 

contrary, the symmetry elements are the consequence. The 

crystal arises from the local interactions between individual 

atoms. He furthermore says that a regular structure should 

mean a structure generated by simple rules, and the list of rules 

considered to be simple and “permissible”, should be extended. 

These rules would not necessarily form groups. 

Mackay finds [9-25] the formalism of the International 

Tables for X-Ray Crystallography [9-19] to be too restrictive 

and quotes Bell the historian of mathematics on the rigidity of 

the Euclidean geometry formalism: 

“The cowboys have a way of trussing up a steer or a pugna- 

cious bronco which fixes the brute so that it can neither move 

nor think. This is the hog-tie and it is what Euclid did to geo- 

metry.” 

Mackay has a long list [9-26] covering a whole range of 

transitions from classical crystallographic concepts to what is 

termed the modern science of structure at the atomic level. This 

list is reproduced in Table 9-5. It is impossible not to notice 
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Table 9-5. Mackay’s List of Transition from the Classical 

Concepts of Crystallography to the Modern Concepts of a 

Science of Structure [9-26] 

Classical Concepts Modern Concepts 

Absolute identity of 

components 

Absolute identity of the 

environment of each 

unit 

Operations of infinite range 

“Euclidean” space elements 

(Plane sheets, straight 

lines) 

Unique dominant mini- 

mum in free energy 

configuration space 

Infinite number of units. 

Crystals 

Assembly by incremental 

growth (one unit at a 

time) 

Single level of organization 

(with large span of 

level) 

Repetition according to 

symmetry operations 

Crystallographic symmetry 

operations 

Assembly by a single path- 

way in configuration 

space 

Substitution and non- 

stoichiometry 

Quasi-identity and quasi- 

equivalence 

Local elements of sym- 

metry of finite range 

Curved space elements. 

Membranes, micelles, 

helices. Higher structu- 

res by curvature of 

lower structures 

One of many quasi-equiva- 

lent states; metastability 

recording arbitrary 

information (pathway); 

progressive segregation 

and specialization of 

information structure 

Finite numbers of units. 

Clusters; “crystalloids” 

Assembly by intervention 

of other components 

(“crystalase” enzyme). 

Information-controlled 

assembly. Hierarchic 

assembly 

Hierarchy of levels of orga- 

nization. Small span of 

each level 

Repetition according to 

program. Cellular auto- 

mata 

General symmetry opera- 

tions (equal “program 

statements”) 

Assembly by branched 

lines in configuration 

space. Bifurcations gui- 

ded by “information”, 

i.e., low-energy events 

of the hierarchy below 



some resonance of many of Mackay’s ideas with other direc- 

tions in modern chemistry, and structural chemistry in par- 

ticular, where the non-classical, the non-stoichiometrical, the 

non-stable, the non-regular, the non-usual, the non-expected 

are gaining importance every day. For crystallography it seems 

to be a long way yet to perform all the suggested transitions but 

the initial break-throughs are fascinating and promising. 

Impressive progress has been reported in the studies of liquids, 

amorphous materials, metallic alloys as regards the description 

of their structural re^larities [9-27]. 

Liquid structures, for example, cannot be characterized by 

any of the 230 three-dimensional space groups and yet it is 

unacceptable to consider them as possessing no symmetry 

whatsoever. Bernal noted [9-28] that the major structural 

distinction between liquids and crystalline solids is the absence 

of long-range order in the former. The description of non- 

crystallographic symmetry properties has yet to appear. It will 

characterize liquid structures and colloids, as well as the struc- 

tures of amorphous substances. It will also account for the 

greater variations in their physical properties as compared with 

those of the crystalline solids. Bernal’s ideas [9-29] have greatly 

encouraged further studies in this field which may be called 

generalized crystallography. Referring to Bernal’s geometrical 

theory of liquids, Belov [9-30] noted in Bernal’s obituary: “... his 

last enthusiasm was for the laws of lawlessness.” 

The paradoxical incompleteness and inadequacy of perfect 

symmetry compared with less-than-perfect symmetry are well 

expressed in two short poems by the English poet Anna Wick- 

ham [9-31]: 

GIFT TO A JADE 

For love he offered me his perfect world. 

This world was so constricted and so small 

It had no loveliness at all. 

And I flung back the little silly ball. 

At that cold moralist I hotly hurled 

His perfect, pure, symmetrical, small world. 

THE WOMAN AND HER INITIATIVE 

Give me a deed, and I will give a quality. 

Compel this colloid with your crystalline. 

Show clear the difference between you and me 

By some plain symmetry, some clear stated line. 

These bubblings, these half-actions, my revolt from unity. 

Give me a deed, and I will show my quality. 
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The structures intermediate between the perfect order of 

cr\"stals and the complete disorder of gases are not merely rare 

exceptions. On the contrary, they are often found in substances 

which are ver\^ common in our environment or are widely used 

in various technologies. They include plastics, textiles and 

rubber. Many of the constituents of the living organisms are of 

this kind. Guinier [9-32] envisaged a continuous passage from 

the exact scheme of neighboring atoms in a crystal to the very 

flexible arrangement in an amorphous body. The term para- 

cix'stal was coined [9-32] for domains with approximate 

long-distance order in the range of a few tens to a few hundreds 

of atomic diameters. Fig. 9-22 is a schematic representation of a 

paracix^stal lattice with one atom per unit cell. The shaded areas 

indicate the regions where an atom is likely to be found around 

the atom fixed at the origin. At greater distances the neigh- 

boring sites first overlap, then merge, and thus eventually the 

long-range order completely vanishes. 

Figure 9-22. 

Paracrestal lattice with one 

atom per unit cell after 

Guinier [9-32]. Used with 

permission. 

One of the most fascinating examples of non-periodic regu- 

lar arrangements is described in Mackay’s paper [9-25] “De nive 

quinquangula” - on the pentagonal snowflake. A regular, but 

“non-crystalline” structure is built from regular pentagons in a 

plane. It starts with a regular pentagon of given size (zeroth 

order pentagon). Six of these pentagons are combined to make 

a larger one (first order pentagon). As is seen in Fig. 9-23, the 

resulting triangular gaps are covered by pieces from cutting up a 

seventh zeroth order pentagon. This indeed yields five triangles 

Figure 9-23. 

Tiling with regular pentagons 

after Mackay [9-12]. 
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Figure 9-24. 
“Pentagonal snowflake”. Com- 

puter drawing and courtesy of 

Robert H. Mackay, London, 

1982. 

plus yet another regular pentagon of the order -1. This con- 

struction is then repeated on an ever increasing scale as indi- 

cated in Fig. 9-23. The hierarchic packing of pentagons builds 

up like a pentagonal snowflake. It is shown in Fig. 9-24 from a 
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Figure 9-25. 
Illustration of pentagonal 

symmetry: 

Shubnikov’s New Year’s 

greeting with pentagonal 

tessellation. 

computer drawing. Shubnikov illustrated his New Year’s 

greetings with tiles in a pentagonal tessellation (Fig. 9-25) in 

accord with Kepler’s hexagonal snowflake which was a New 

Year’s gift [9-10]. 

Mackay [9-24] calls attention to yet another limitation of the 

230 space-group system. It covers only those helices that are 

eompatible with the three-dimensional lattices. All other heli- 

ces which are finite in one or two dimensions are excluded. 

Some important virus structures with icosahedral symmetry are 

among them. Also, there are very small particles of gold that do 

not have the usual face-eentered cubic lattice of gold. They are 

actually icosahedral shells. The most stable configurations 

contain 55 or 147 atoms of gold. But icosahedral symmetry is 

not treated in the International Tables and crystals are only 

defined for infinite repetition. 

Crystals are really advantageous for the determination of the 

structure of moleeules. A crystal provides an amplification 

which multiplies the scattering of the X-rays from a single mole- 

cule by the number of molecules in the array, perhaps by 10^^. 

They also minimize the damage to individual molecules by the 

viewing radiation. The spots are emphasized in the diffraction 

pattern and the background neglected. The damaged mole- 

cules transfer their scattering contribution to the background as 

do those whieh are not repeated with regular lattice periodicity. 

But defects and irregularities may be important and may well be 

lost in present day sophisticated structure analyses [9-24, 9-32]. 

It is perhaps worth to point out that every erystal is in fact 

defective, even if its only defect is that it has surfaces. However, 

if a crystal is only a ten unit cell cube, about half of the unit cells 

lie in the surface and thus have environments very different 

from those of the other half The physical observation is that 

very small aggregates need not be crystalline, although they 

may nevertheless be perfectly structured. Mackay’s proposal is 

to apply the name crystalloid to them. His proposed definitions 

[9-24]: 

Crystal: the unit cell consisting of one or more atoms, or 

other identical components, is repeated a large number of times 

by three noncoplanar translations. Corresponding atoms in 
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each unit cell have almost identical surroundings. The fraction 

of atoms near the surface is small and the effects of the surface 

can be neglected. 

Crystallite: a small crystal where the only defect is the 

existence of the external surface. The lattice may be deemed to 

be distorted but it is not dislocated. Crystallites may further be 

associated into a mosaic block. 

Crystalloid: a configuration of atoms, or other identical 

components, finite in one or more dimensions, in a true free 

energy minimum, where the units are not related to each other 

by three lattice operations. 

The above ideas are expected to further develop in the future 

mainly by translating them into more quantitative descriptions 

as being applied to various structural problems. They by no 

means belittle the great importance of the 230 three-dimen- 

sional space groups and their wide applicability. What is really 

expected is that the less easily handled systems with varying 

degrees of regularity in their structures will eventually be given 

helpful systematization and characterization. Let us illustrate 

this need with the words of the poet crystallographer [9-14] 

about flying through clouds: 

We cruise through the hydrosphere 

Our world is of water, like the sea. 

But the molecules more sparsely spread. 

Not independent, not touching 

But somewhere in between. 

Clustering, crystallizing, dispersing 

In the delicate balance of radiation 

And the adiabatic lapse rate. 

Symmetry considerations will undoubtedly play an important 

role in the envisaged development above. Things are already 

happening “beyond the perfect system” [9-33]. Recently there 

was a report of an electron diffraction study on a metastable 

solid with long-range orientational order but with icosahedral 

point-group symmetry [9-33a], paralleled by a theoretical 

paper [9-33b] on the symmetries of a state between crystal and 

liquid, called quasicrystals with “quasiperiodic” lattice. Thus a 

“forbidden” symmetry was not only constructed (cf Figs. 9-23, 

9-24) [9-26] but was also found in real experiment. A sample of 

titles of reports and commentaries that immediately followed, 

conveys the flavor of impact this discovery was having [9-33c]: 

“Theory of New Matter Proposed” (The New York Times); 

“Towards fivefold symmetry.?” (Nature); “Forbidden fivefold 

symmetry may indicate quasicrystal phase” (Physics Today); 

“The rules of crystallography fall apart” (New Scientist); “The 

Fivefold Way of Crystals” (Science News); “Some answers but 

more questions” (Nature). Now, however, let us return to a basic 

problem of crystal symmetry, and that of dense packing. 
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9.7 Dense Packing 

Dalton [9-34] envisaged the structural difference between 

water and ice in packing properties. Fig. 9-26 reproduces a 

drawing from his 1808 book “A new system of chemical philos- 

ophy”. According to Dalton, the “atoms” of ice arrange them- 

selves in a hexagonal scheme, while the “atoms” of water do not. 

In any case it is remarkable that the principal difference 

between the water and ice structures is expressed in the packing 

density. Fig. 9-27 originates from a different age [9-35]. It shows 

the atomic and molecular arrangements in the crystals of 2Zn- 

insulin from the work of Dorothy Hodgkin and her associates. 

The molecular structure of insulin is extremely complicated but 

the molecular packing, especially the arrangement of the insu- 

lin hexamers, certainly reminds us of Dalton’s hexagonal ice. 

The symmetry of the crystal structure is a direct conse- 

quence of dense (close) packing. The densest (closest) packing 

is when each item makes the maximum number of contacts in 

the structure. First the packing of equal spheres in atomic and 

ionic systems will be discussed. Then molecular packing will be 

considered. Only characteristic features and examples will be 

dealt with here since systematic treatises mentioned at the 

beginning of our discussion of crystal symmetries, are available 

for consultations [9-1-9-3]. 

Figure 9-26. 
Dalton’s models for water 
(1,3) and ice (2,4-6) in his 
book [9-34]. We appreciate 
the kindness of Professor D. 
Hodgkin who sent us photo- 

graphs of these drawings. 

2 
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Figure 9-27. 
Atomic arrangement in the 

2Zn-insulin crystal. The 

smaller projection drawing 

shows the molecular packing 

in the insulin hexamers. We 

appreciate the kindness of 

■ ' Professor D. Hodgkin who 

sent us photographs of these 

drawings. 

9.7.1 Sphere Packing 

The most efficient packing results in the largest possible 

density. The density is the fraction of the total space occupied 

by the packing units. Only those packings will be considered 

in which each sphere is in contact with at least six neighbors. 

The densities of some packings are given in Table 9-6. There 

are stable arrangements with smaller numbers of neighbors, 

meaning lower coordination numbers. This occurs only when 

directed bonds are present. In our discussion, however, the 

existence of chemical bonds is not a prerequisite at all. 
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Table 9-6. Densities of Sphere Packing 

Coordination 

Number 

Name Density 

6 Simple cubic 0.5236 
8 Simple hexagonal 0.6046 
8 Body-centered cubic 0.6802 

10 Body-centered tetragonal 0.6981 
12 Closest packing 0.7405 

For three-dimensional six-coordination the most symmetri- 

cal packing is when the spheres are at the points of a simple 

cubic lattice (Fig. 9-28a). Each sphere is in contact with 

six others situated at the vertices of an octahedron. In order to 

increase clarity the atoms are shown separated in the figure 

as is usual in such figures. The packing is more realistically 

represented when the spheres touch each other. Already Kepler 

(Fig. 9-8) and Dalton (Fig. 9-26) also employed such represen- 

tations. 

The structure of crystalline arsenic provides an example for 

somewhat distorted simple cubic packing. It is illustrated in 

Fig. 9-28b. The atoms are in the positions of the cubic structure. 

Each has three nearest and three more distant neighbors. The 

layers formed by the nearest bonded atoms may also be derived 

from a plane of hexagons. These layers buckle as the bond angle 

decreases from 120°. 

Figure 9-28. 
Various types of sphere 

packing after Wells [9-2]. 

Reproduced with permission. 

(b) The somewhat distorted 

cubic packing of arsenic. 
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(c) Simple hexagonal. 

The simple hexagonal sphere packing is shown in Fig. 9-28c. 

The coordination number is eight. It is not very important for 

crystal structures. 

Fig. 9-28d shows the body-centered packing with 8-coordi- 

nation. For the central atom the six next nearest neighbors are at 

the centers of neighboring unit cells. In terms of polyhedral 

domains, a truncated octahedron is adopted here. The central 

atom, in fact, has 14-coordination. 

It may often be convenient to describe the crystal structure 

in terms of the domains of the atoms [9-2]. The domain is the 

polyhedron enclosed by planes drawn midway between the 

atom and each neighbor, these planes being perpendicular to 

the lines connecting the atoms. The number of faces of the 

polyhedral domain is the coordination number of the atom and 

the whole structure is a space-filling arrangement of such poly- 

hedra. 

The closest packing of equal circles on a plane surface has 

already been considered. The closest packing of spheres on a 

plane surface is a similar problem. Again, the densest arrange- 
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Figure 9-29. 
Closest packing of ABC layers 

after Wells [9-2]. Reproduced 

with permission. 

Figure 9-30. 
Close packing of spheres, 

Shubnikov and Koptsik [9-20]. 

(a) Hexagonal closest packing. 

(b) Cubic closest packing. 

ment is when a sphere is in contact with six others. Layers of 

spheres may then be superimposed in various ways. The closest 

packing is when each sphere touches three others in each adja- 

cent layer, the total number of contacts then being 12. Closest 

packing is thus based on closest packed layers. Fig. 9-29 

illustrates this after Wells [9-2]. The spheres in one layer are 

labeled A. A similar layer can be placed above the first so that 

the centers of the spheres in the upper layer are vertically above 

the positions B (or C). The third layer can be placed in two ways. 

The centers of the spheres may lie above either the C or A posi- 

tions. The two simplest sequences of layers are then ABABAB... 

and ABCABC... They will have the same density (0.7405). 

The packing based on the sequence ABAB... is called hexa- 

gonal closest packing and is illustrated by Fig. 9-3Oa. Each 

sphere has twelve neighbors situated at the vertices of a 

coordination polyhedron. 

The packing based on the sequence ABCABC... is called 

cubic closest packing. It is illustrated in Fig. 9-3Ob, and is char- 

acterized by cubic symmetry. 

The closest packing of equal spheres is achieved in an 

arrangement in which each sphere touches three others in each 

adjacent layer. The total number of neighbors is then 12. 

Although the packing in any layer is evidently the densest 

possible packing, it may not be assumed that this is necessarily 

true of the space-filling arrangements resulting from stacking 

such layers. Thus consider the addition of a fourth sphere to the 

most closely packed triangular arrangement [9-2]. The maxi- 

mum number of contacts is three in the emerging tetrahedral 

group. The space-filling arrangement would require each tetra- 

hedron to have faces common with four other tetrahedra. 

However, regular tetrahedra are not suitable to fill space 

without gaps or overlaps because the angle of the tetrahedron, 

70°32’, is not an exact submultiple of 360°. 
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Figure 9-31. 

Icosahedral Polyoma virus 

drawn after [9-36]. 

Figure 9-32. 
Illustration to icosahedral 

packing after Mackay [9-38]: 

Icosahedral packing of spheres 

showing the third shell. 

Alternatively, continue placing spheres around a central one, 

all spheres having the same radius. The maximum number that 

can be placed in contact with the first sphere is 12. However, 

there is a little more room around the central sphere than just 

for twelve, but not enough for a thirteenth sphere. Because of 

the extra room there is an infinite number of ways of arranging 

the twelve [9-2]. 

9.7.1.1 Icosahedral Packing 

The most symmetrical arrangement is to place the twelve 

spheres at the vertices of a regular icosahedron, which is the 

only regular polyhedron with twelve vertices. Thus the 

icosahedral packing is the most symmetrical. However, it is not 

the densest packing. The spheres in the shell are further from 

each other than in any other arrangement. Also, it is not a 

crystallographic packing. When icosahedra are packed 

together, they will not form a plane, but will gradually curve up 

and will eventually form a closed system as is illustrated in Fig. 

9-31 [9-36]. 

The length of an edge of a regular icosahedron is some five 

percent greater than the distance from the center to vertex. 

Thus the sphere of the outer shell of twelve makes contact only 

with the central sphere. Conversely, if each sphere of an icosa- 

hedral group of twelve, all touching the central sphere, is in con- 

tact with its five neighbors, then the central sphere must have a 

radius of some 10 % smaller than the radius of the outer spheres. 

The relative size considerations are important in the structures 

of free molecules as well if the central atom or group of atoms is 

surrounded by 12 ligands [9-37]. 

An interesting case, and a step forward from the isolated 

molecule towards more extended systems is when an icosahe- 

dron of 12 spheres about a central sphere is surrounded by a 

second icosahedral shell exactly twice the size of the first [9-38]. 

This shell will contain 42 spheres and will lie over the first so 

that spheres will be in contact along the five-fold axes. Further 

layers can be added in the same fashion. The third layer is 

shown in Fig. 9-32 as an example for icosahedral packing of 

equal spheres. On each triangular face the layers of spheres 

succeed each other in cubic close packing sequence. Each 

sphere which is not on an edge or vertex, touches only 6 neigh- 

bors, 3 above and 3 below. Each such sphere is separated by a 

distance of 5 % of its radius from its neighbors in the plane of the 

face of the icosahedron. The whole assembly can be distorted to 

cubic close packing in the form of a cuboctahedron. This distor- 

tion may be envisaged as a reversible process by the kind of 

transformation discussed earlier, see Fig. 3-88b. 
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Figure 9-33. 
Cuboctahedron and “twinned” 

cuboctahedron. 

Figure 9-34. 
Shorthand notation for some 

common structural units after 

Wells [9-2]. 

(a) Notations for tetrahedron. 

(b) Notations for octahedron. 

While the most symmetrical arrangement of 12 neighbors, 

viz. the icosahedral coordination does not lead to the densest 

possible packing, others do. The cuboctahedron and its 

“twinned” version, alone or in combination, lead to infinite 

sphere packing with the same high density (0.7405). Both coor- 

dination polyhedra are shown in Fig. 9-33. The “twinned” poly- 

hedron is obtained by reflecting one half of a cuboctahedron cut 

parallel to a triangular face across the plane of section. 

9.7.1.2 Connected Polyhedra 

There are, ofcourse, more complex forms of closest packing 

than those considered so far. Besides, the species to be packed 

need not be identical. Thus close packing of atoms of two kinds 

could be considered. Close-packed structures with atoms in the 

interstices are also important. The interstice arrays may have 

very different arrangements in various structures. A shorthand 

notation of some configurations has been worked out to facili- 

tate the description of more complicated systems. Such a 

notation is illustrated in Fig. 9-34. Suppose, for example, that in 

a compound with composition AX2, each atom A is bonded to 

four X atoms and that all four X atoms are equivalent. Each X 

atom must then be bonded to two A atoms. The lines of the 

squares in Fig. 9-34 do not represent chemical bonds, rather 

these squares stand for polyhedral arrangements. Among the 

AXn polyhedral groups the most common are the AX4 tetra- 

hedra and AX^ octahedra. They may appear in various orienta- 

tions in the crystal structures. Similar structural features have 

already been discussed for the polyhedral molecular geome- 

tries. Whereas in molecules only two or at most a few polyhedra 

were joined, here we deal with their infinite networks. 
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Many crystal structures may be built from the two most 

important coordination polyhedra, the tetrahedron and octa- 

hedron. As was shown earlier, they may share vertices, edges, or 

faces. The ways how the polyhedra are connected introduce 

certain geometrical limitations with important consequences as 

to the variations of the interatomic distances and bond ang-les 

[9-2]. 

If two tetrahedra or octahedra share a face, the resulting 

systems as well as the angles X-A-X are unambiguously defined. 

The angles are marked fin Fig. 9-35. For edge-s\\2ix{r\g or vertex- 

sharing, in each case there is a maximum value of the angles 

A-X-A, cf the points e and v in Fig. 9-35. These maximum 

Figure 9-35. 
Variations of bond angles 

X-A-X in the systems of 

joined tetrahedra and octa- 

hedra after Wells [9-2]. Used 

with permission. The notation 

for bond angles X-A-X is f 

when the polyhedra join by 

faces, e - by edges, and v - by 

vertices. tetrahedra 

f e' e V' V f e 

octahedra 

V' V 
i 1 n 1      1 1 1 1 1 

0° 39° 66-70.5° 102° 

o
 O

 
C

O
 70.5° 90° 132° 180° 

Angle A-X-A 

values correspond to the fully extended systems with maximum 

separation of the A atoms - i.e. the centers of the polyhedra. 

From the A-X-A angles the distance between the centers of the 

polyhedra may be calculated. These distances may be express- 

ed either in terms of the edge-length X... X or the distance from 

the center, A-X. Face-sharing does not occur for tetrahedral 

polyhedra and is rare for the octahedral ones. Significant stereo- 

chemical information may be drawn from the comparison of 

these ideal values with those measured in actual crystals and in 

those free molecules which are dimers, or higher associates of 

tetrahedral or octahedral units. 

The maximum number of regular tetrahedra which can meet 

at one point is eight and the analogous number is six for the 

regular octahedra [9-2]. Of course, the number of polyhedra 

Figure 9-36. which can meet will much depend on the system of closest 
Connected tetrahedra. packing realized in the crystal. 

(a) All tetrahedra share two Examples are shown in Figs. 9-36 to 9-41 for a variety of ways 

to connect tetrahedral and octahedral units. Tetrahedra share 

two vertices or/and three vertices in Fig. 9-36. For one of these 

an Islamic decoration analogous to its projection is shown in 

Fig. 9-37. Octahedra share adjacent vertices and form a tetra- 

mer in two representations in Fig. 9-38a and b. Two more exam- 
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b' and (C) All tetrahedra 

share three vertices. After 

'9-39'. 

(d) and [e) Some tetrahedra 

share two, others share three 

vertices. 

Figure 9-37. 
Islamic decoration, drawn 

alter [9-40], analogous to the 

one-dimensional pattern of 

Fig. 9-36d but extending in 

two dimensions. 

Figure 9-38. 
Connected octahedra. 

(a) and (b) Two representa- 

tions of four octahedra 

sharing adjacent vertices and 

forming a tetramer. 
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(c) Infinite chain of octahedra 

connected at adjacent vertices. 

(d) Infinite chain of octahedra 

connected at nonadjacent ver- 

tices. 

pies show infinite chains of octahedra sharing adjacent (c) and 

nonadjacent (d) vertices. Octahedra sharing 2, 4, or 6 edges are 

presented in Fig. 9-39. An example of octahedra sharing faces 

and edges is seen in Fig. 9-40 together with an analogous 

pattern from a Formosan basket weaving [9-41]. Finally, a 

composite structure from tetrahedra and octahedra is shown in 

Fig. 9-41. 

Figure 9-39. 
Octahedra sharing edges. 

(a) Two edges. 

(b) Four edges. 

(c) Six edges. 

Figure 9-40. 
Joined octahedra. 

(a) Sharing faces and edges: 

Nb3S4 crystal after [9-2]. 
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(b) Analogy from Formosan 

basket weaving pattern, after 

[9-41]. 

Figure 9-41. 
Joined tetrahedra and octa- 

bedra: 

A composite structure (kaolin) 

built from tetrahedra and 

octahedra [9-2]. Reproduced 

with permission. 

The tetrahedra and octahedra are important building blocks 

of the crystal structures. The great variety of structures combin- 

ing these building blocks, on one hand, and the conspicuous 

absence of some of the simplest structures, on the other hand, 

together suggest that the immediate environment of the atoms 

is not the only factor which determines these structures. Indeed 

the relative sizes of the participating atoms and ions are of great 

importance. 

9.7.1.3 Atomic Sizes 

The interatomic distances are primarily determined by the 

position of the minimum in the potential energy function de- 

scribing the interactions between the atoms in the crystal. The 

question is then, what are the sizes of the atoms and ions.?’ Since 

the electron distribution function for an atom or an ion extends 

indefinitely, no single size can be rigorously assigned to it. They 

change relatively little when forming a strong chemical bond, 

and even less for weak bonds. But these smaller changes in the 

sizes of atoms and ions depend upon the physical properties 

that are actually being considered. Thus they will in fact be 

somewhat different for different physical properties. For the 

present discussion of the crystal structures, the atomic and ionic 

radii should, when added appropriately, yield the interatomic 

and interionic distances characterizing these structures. 
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Figure 9-42. 
Sodium chloride structures. 

(a) The sodium chloride 

crystal structure in two repre- 

sentations. The space-filling 

model is from W Barlow, 

Z. Krist. 29, 433 (1898) repro- 

duced here after Pauling 

[9-42]. 

Covalent and metallic bondings suppose a strong overlap of 

the outermost atomic orbitals and so tbe atomic radii will be 

approximately the radii of the outermost orbitals. The atomic 

radii [9-42] are empirically obtained from interatomic dis- 

tances. For example C-C is 1.54 A in diamond, Si-Si is 2.34 A in 

disilane, and so on. The consistency of this approach is shown 

by the agreement between the Si-C bond lengths determined 

experimentally and calculated from the corresponding atomic 

radii. The interatomic distances appreciably depend on the 

coordination. With decreasing coordination number the bonds 

usually get shorter. For coordinations 8, 6, and 4, the bonds get 

shorter by about 2, 4, and 12 %, respectively, as compared with 

the coordination of 12. 

The covalent bond is directional and multiple covalent 

bonds are much shorter than the corresponding single ones. For 

carbon bonds as well as for nitrogen, oxygen, or sulfur bonds, 

the decrease for double and triple bonds amounts to 10-12 and 

20-22 %, respectively. 

Establishing the system of ionic radii is even less unambig- 

uous than that for atomic radii. The starting point is a system 

of analogous crystal structures. Such is, for example, the struc- 

ture of sodium chloride and the analogous series of other alkali 

halide face-centered crystals. In any case the ionic radii repre- 

sent relative sizes, and if the alkali and halogen ions are chosen 

for starting point, then they represent the relative sizes of the 

outer electron shells of the ions as compared with those of the 

alkali and halogen ions. 

Consider now the sodium chloride crystal structure shown in 

Fig. 9-42a. It is built from sodium ions and chloride ions, and it is 

kept together by electrostatic forces. The chloride ions are 

much larger than the sodium ions (ionic radii 1.80 A versus 
o 

0.95 A). As equal numbers of cations and anions build up this 

structure, the maximum number of neighbors will be the num- 

ber of the larger chloride ions that can be accommodated 

around the smaller sodium ion. The opposite would not work: 

although more sodium ions could surround a chloride ion, the 

same coordination could not be achieved around the sodium. 

Thus the coordination number will obviously depend on the 

relative sizes of the ions. In the simple ionic structures, however, 

only such coordination numbers may be accomplished that 

make a highly symmetrical arrangement possible. The relative 

sizes of the sodium and chloride ions allow six chloride ions to 

surround each sodium ion in six vertices of an octahedron. Fig. 

9-42b shows the arrangement of ions in cube-face layers of 

alkali halide crystals with the sodium chloride structure. As the 

relative size of the metal ion increases with respect to the size of 

the halogen anion, greater coordination may be possible. Thus, 
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(b) The arrangement of ions 

in cube-face layers of alkali 

halide crystals with the sodium 

chloride structure. Adaptation 

of Figure 13-6 from Pauling 

[9-42]. Copyright © 1960 by 

Cornell University. Used by 

permission of the publisher, 

Cornell University Press. 

o Li^ 
O Na"^ 

O K* 

ORb* 
OCs* 

O F- 
Ocr 
OBr- 

oi- 

0 A 8 A 
■ I ■ I ■ 1111 

Figure 9-43. 
Cesium chloride crystal struc- 

ture. 

for example, the radius of the cesium ion is 1.69 A, and this ion 

may be surrounded by eight chloride ions in eight vertices of a 

cube in the cesium chloride crystal as shown in Fig. 9-43. 

9.7.2 Molecular Crystals 

A molecular crystal is built from molecules. It is easily distin- 

guished from an ionic/atomic crystal on a purely geometrical 

basis. At least one of the intramolecular distances of an atom in 

the molecule is significantly smaller than its distances to the 

adjacent molecules. Every molecule in the molecular crystal 

may be assigned a certain well-defined space in the crystal. In 

terms of interactions, there are the much stronger intramole- 

cular interactions and the much weaker intermolecular inter- 

actions. Of course, even among the intramolecular interactions, 

there is a range of interactions of various energies. Bond 
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stretching, for instance, requires a proportionately higher 

energy than angular deformation, and the weakest are those 

interactions that determine the conformational behavior of the 

molecule. On the other hand, there are differences among the 

intermolecular interactions as well. For example, intermolecular 

hydrogen bond energies are equal to or greater than the confor- 

mational energy differences. Thus, there may be some overlap 

in the energy ranges of the intramolecular and intermolecular 

interactions. 

The majority of molecular crystals are organic compounds. 

There is usually very little electronic interaction between the 

molecules in these crystals, although as will be discussed later 

even small interactions may have appreciable structural conse- 

quences. The physical properties of the molecular crystals are 

primarily determined by the packing of the molecules. 

9.7.2.1 Geometrical Model 

As structural information for large numbers of molecular 

crystals has become available, general observations and conclu- 

sions have appeared [9-1]. An interesting observation was that 

there are characteristic shortest distances between the mole- 

cules in molecular crystals. The intermolecular distances of a 

given type of interaction are fairly constant. From this obser- 

vation a geometrical model has been developed for describing 

the molecular crystals. First, the shortest intermolecular dis- 

tances were found, then the so-called “intermolecular atomic 

radii” were postulated. Using these quantities, spatial models of 

the molecules were built. Fitting together these models, the 

densest packing could be found empirically. A simple but 

ingenious equipment was even constructed for fitting the 

molecules. A packing example is shown in Fig. 9-44a. The mole- 

Figure 9-44. 
Dove-tail molecular packing, 

(a) Dense packing of 1,3,5-tri- 

phenylbenzene molecules after 

[9-1]. 
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(b) Characteristic Eastern 

decoration from the middle 

ages [9-44]. 

cules are packed together in such a way as to minimize the 

empty space among them. The concave part of one molecule 

accommodates the convex part of the other molecule. The 

example is the packing of 1,3,5-triphenylbenzene molecules 

in their crystal structure. If the areas of the molecules are 

blackened, a characteristic pattern of Eastern decorations 

[9-44] is obtained. This is shown in Fig. 9-44b. The complemen- 

tary character of molecular packing is well expressed by the 

term of dove-tail packing [9-43]. The arrangement of the mole- 

cules in Fig. 9-45a can be called head-to-tail. On the other hand, 

the molecules of a similar compound are arranged head-to- 

head as seen in Fig. 9-45b after Wudl and Zellers [9-45]. The 

head-to-head arrangement seems to be less advantageous for 

packing. Thus in this particular case some other intermolecular 

Figure 9-45. 
Molecular packings after 

[9-45]. 

(a) Head-to-tail packing. 
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(b) Head-to-head packing. 

interactions may be responsible for stabilizing this structure. 

Many of Escher’s periodic drawings with interlocking motifs 

are also excellent illustrations for the dove-tail packing prin- 

ciple. Fig. 9-46 reproduces one of them [9-46]. Note how the 

toes of the black dogs are the teeth of the white dogs and vice 

versa in this figure. 

Figure 9-46. 
Escher’s periodic drawing of 

dogs from MacGillavry’s book 

[9-46]. Reproduced with per- 

mission from the International 

Union of Crystallography. 

Because of this interlocking character, the packing in organic 

molecular crystals is usually characterized by large coordina- 

tion numbers, i.e. by a relatively large number of adjacent or 

touching molecules. Experience shows that the most often 

occurring coordination number in the organic structures is 12, 

so it is the same as for the densest packing of equal spheres. The 

coordinations 10 or 14 occur also but less often. 
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The geometrical model allowed Kitaigorodskii [9-1, 9-43] to 

predict the structure of organic crystals in numerous cases, 

knowing only the cell parameters and, obviously, the size of the 

molecule itself In the age of fully automated, computerized 

diffractometers this may not seem to be so important but it has 

indeed enormous significance for our understanding the 

packing principles in the molecular crystals. 

The packing as established by the geometrical model is what 

is expected to be the ideal arrangement. Usually it does not 

differ from the real packing as determined by X-ray diffraction 

measurements. When there are differences between the ideal 

and experimentally determined packings, it is of interest to 

examine the reasons of their occurrence. The geometrical 

model has some simplifying features. One of them is that it 

considers uniformly the intermolecular atom... atom distances. 

Another is that it considers interactions only between adjacent 

atoms. 

The development of the experimental techniques and the 

appearance of more sophisticated models have recently pushed 

the application of the geometrical model into the background. 

However, its simplicity and the facility of visualization ensure 

this model a lasting place in molecular crystallography. It has 

also exceptional didactic value. 

The so-called coefficient of molecular packing (k) has 

proved useful in characterizing molecular packing. It is express- 

ed the following way: 

, molecular volume 
^ =  . 

crystal volume/molecule 

The molecular volume is calculated from the molecular ge- 

ometry and the atomic radii. The quantity crystal volume/ 

molecule is determined from the X-ray diffraction experiment. 

For most crystals k is between 0.65 and 0.77. This is remarkably 

close to the coefficient of the dense packing of equal spheres. 

The density of closest packing of equal spheres is 0.7405 [9-2]. 

If the form of the molecule does not allow the coefficient of 

molecular packing to be greater than 0.6, then the substance is 

predicted to transform into a glassy state with decreasing tem- 

perature. It has also been observed that morphotropic changes 

associated with loss of symmetry led to an increase in the 

packing density. Comparison of analogous molecular crystals 

shows that sometimes the decrease in crystal symmetry is 

accompanied by an increase in the density of packing. 

Another interesting comparison involves benzene, naphtha- 

lene, and anthracene. When their coefficient of packing is 

greater than 0.68, they are in the solid state. There is a drop in 

this coefficient to 0.58 when they go into liquid phase. Then 

with increasing temperature their k is decreasing gradually 

down to the point where they start to boil. 



9.7.2.2 Densest Molecular Packing 

Kitaigorodskii [9-1, 9-43] examined the relationship between 

densest packing and crystal symmetry by means of the geome- 

trical model. He determined that real structures will always be 

among those that have the densest packing. First of all he 

established the symmetry of those two-dimensional layers that 

allow a coordination number six in the plane at an arbitrary tilt 

angle of the molecules with respect to the axes of the layer unit 

cell. In the general case for molecules with arbitrary form, there 

are only two kinds of such layers. One has inversion centers and 

is associated with a non-orthogonal lattice. The other has a 

rectangular net, from which the associated lattice is formed by 

translations, plus a second-order screw axis parallel to a trans- 

lation. The next task was to select the space groups for which 

such layers are possible. This is an approach of great interest 

since the result will answer the question as to why there is a high 

occurrence of a few space groups among the crystals while most 

of the 230 groups almost never occur. 

We present here some of the highlights of Kitaigorodskii’s 

considerations [9-1]. First, the problem of dense packing is 

examined for the plane groups of symmetry. The distinction 

between dense-packed, densest-packed and maximum density 

was introduced for the plane layer of molecules. The plane was 

called dense-packed when coordination of six was achieved for 

the molecules. Densest-packed meant six-coordination with 

any orientation of the molecules with respect to the unit cell 

axes. The term maximum density was used for the packing if 

coordination six was possible at any orientation of the mole- 

cules with respect to the unit cell axes while the molecules 

retained their symmetry. 

For the plane group p\ it is possible to achieve densest 

packing with any molecular form if the translation periods tx 

and t2 and the angle between them are chosen appropriately as 

illustrated in Fig. 9-47. The same is true for the plane group/)2 

shown also in Fig. 9-47. On the other hand, the plane groups^w 
Figure 9-47. 
Densest packing with space 
groups p\ andy>2 after [9-1]. 
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and pmm are not suitable for densest packing. As is seen in Fig. 

9-48, the molecules are oriented in such a wav that their convex 

parts face the convex parts of other molecules. This arrange- 

ment, of course, counteracts dense packing. The plane groups 

pg and pgg may be suitable tor 6-coordination as an example 

Figure 9-48. 
The symmetry planes in the 

space groups pm and pmm 

prevent dense packing [9-1]. 

pm 

shows it in Fig. 9-49a. This layer is not ot maximum density and 

in a different orientation ot the molecules onlv 4-coordination is 

achieved as seen in Fig. 9-49b. For the plane groups cm, cmm, and 

pmg 6-coordination cannot be achieved tor a molecule with 

arbitrary shape. For higher symmetry groups, e.g. tetragonal p\ 

Figure 9-49. 
Varieties in the packing with 

pgg space groups [9-1]. 

(a) densest packing of mole- 

cules with arbitrary shape. 
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(b) Another orientation of the 

molecules which reduces the 

coordination number to four. 

Figfure 9-50. 
Molecules of arbitrary shape 

cannot be packed in space 

group p\ without overlaps. 

After [9-1]. 

Figure 9-51. 

Molecules with a symmetry 

plane achieve 6-coordination 

in the space groups cm and 

pmg. After [9-1]. 

I I 

or hexagonal ^6, the axes of the unit cell are equivalent, and the 

packing of the molecules is not possible without overlaps. This 

is illustrated for group /4 in Fig. 9-50. 

If the molecule, however, retains a symmetry plane, then it 

may be packed with 6-coordination in at least one of the plane 

groups, pm, pmg, or cm. The form shown in Fig. 9-51 is suitable 

for such packing in pmg and cm, though not in pm. Thus, 

depending on the molecular shape, various plane groups may 

be applicable in different cases. 

The criteria and examples for the suitability as well as incom- 

patibility of plane groups for achieving molecular 6-coordina- 

tion have been considered. The next step is to apply the geome- 

trical model to the examination of the suitability of three- 

dimensional space groups for densest packing. The task in this 

case is to select those space groups in which layers can be 

packed allowing the greatest possible coordination number. 

Obviously, for instance, mirror planes would not be applicable 

for repeating the layers. 
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Low-symmetry crystal classes are typical for the organic 

compounds. Densest packing of the layers may be achieved 

either by translation at an arbitrary angle formed with the layer 

plane, or by inversion, glide plane, or by screw-axis rotation. In 

rare cases closest packing may also be achieved by two-fold 

rotation. 

Kitaigorodskii [9-1] has analyzed all 230 three-dimensional 

space groups from the point of view of densest packing. Only 

the following space groups were found to be available for the 

densest packing of molecules of arbitrary form: 

PI, Fix, Pl\/c, Pea, Pna, 

For molecules with symmetry centers, there are even fewer 

suitable three-dimensional space groups, namely: 

Pi, Pli/c, Cl/c, Pbca. 

In these cases all mutual orientations of the molecules are 

possible without losing the six coordination. 

Table 9-7 compiles all possibilities for densest packing, 

taking into consideration the molecular symmetry in the 

crystal. The above six space groups that are suitable for maxi- 

mum density packing of molecules in general positions in the 

crystal, are indeed the ones that have occured to date most 

often in experimental structure determinations. 

Table 9-7. Densest and Maximum Density Packings in Molecular Crystals and Their Distribution 

among Molecular Symmetries after Kitaigorodskii [9-1] 

Molecular Symmetries 

1 2 m 1 mm 2/m 222 mmm 

Densest packing PI 

P2x 

P2x/c 

Pea 

Pna 

P2{2x2x 

none none Pi 

P2x/e 

C2/e 

Pbea 

none none none none 

Maximum none C2/e Pme none Fmm C2/m C222 Cmmm 

density P2{2{2i Cme Pmma Pbaa F222 Fmmm 

packing Pben Pnma Pmmn Cmea 1222 Immm 

Ceea 
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The space group P2i/c occupies a strikingly special position 

among the organic crystals. It is the unique feature of this space 

group that it allows the formation of layers of densest packing in 

all three coordinate planes of the unit cell. 

The space groups P2i and are also among those 

providing densest packing. However, their possibilities are more 

limited than those of the space group Pli/c and occur only for 

molecules which take either left-handed or right-handed forms. 

According to statistical examinations performed some time 

ago these three groups are the first three in frequency of occur- 

rence. 

An interesting and really fundamental question is about the 

conservation of molecular symmetry in the crystal structure. 

This question will be looked at here subsequently from different 

viewpoints. Densest packing may often be well facilitated by 

partial or complete loss of molecular symmetry in the crystal 

structure. There are, however, space groups in which the mole- 

cular symmetry may “survive” densest packing when building 

the crystal. Among those elements of symmetry that are not 

convenient for the purposes of densest packing there is usually 

just one symmetry plane or one two-fold rotation axis which it 

seems relatively easy for the molecules to preserve. Preserving 

higher symmetry usually costs too great a sacrifice of packing 

density. 

It is quite common on the other hand, for molecules origi- 

nally belonging to the point group C^v-, to preserve a symmetry 

plane or a two-fold axis. This may indicate the energetic advan- 

tage of some well-defined symmetrical arrangements. The 

alternative to the geometrical model for discussing and estab- 

lishing the molecular packing in organic crystals has been the 

calculations of energy, based on carefully constructed potential 

energy functions. 

9.7.2.3 Energy Calculations 

It is important to be able to determine a priori the arrange- 

ment of molecules in crystals. The correctness of such predic- 

tions is a test for our understanding of how crystals are built. 

A further benefit is the possibility of calculating even those 

structures whose determination is not amenable to experimen- 

tal analysis. But even as part of an experimental study, it is 

instructive to build good models which can then be refined. 

There are two main non-experimental approaches for 

finding the densest packing in molecular crystals. One is the 

utilization of the geometrical model. Its main advantages have 

been seen above. Its main limitations are the following: It can- 

not account for the structural variations in a series of analogous 

compounds. It is very restricted in correlating structural 
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features with various other physical properties. Finally, it is 

unable to make detailed predictions for unknown structures. 

Currently, increasing attention is being paid to another 

approach, viz. considerations of energy. The spatial arrange- 

ment of molecules in a crystal corresponds to the minimum of 

free energy. If the system is considered completely rigid, the 

molecular packing may be determined by minimizing the 

potential energy of intermolecular interactions [9-47]. 

Considering the molecules to be rigid, i.e. ignoring the vibra- 

tional contribution, the energy of the crystal structure is 

expressed as a function of geometrical parameters including the 

cell parameters, the coordinates of the centers of gravity of the 

symmetrically independent molecules, and parameters charac- 

terizing the orientation of these molecules. In particular cases 

the number of independent parameters can be reduced. On the 

other hand, considerations for the nonrigidity of the molecules 

necessitates additional parameters. Minimizing the crystal 

structure energy leads to structural parameters corresponding 

to optimal molecular packing. Then it is of great interest to 

compare these findings with those from the real experiment. 

To determine the deepest minimum on the multidimen- 

sional energy surface as a function of many structural para- 

meters is a formidable mathematical task. Usually simplifi- 

cations and assumptions are introduced concerning, for 

example, the space-group symmetry. Accordingly, the conclu- 

sions from these theoretical calculations cannot be considered 

to be entirely a priori. 

The considerations on the intermolecular interactions can 

be conveniently reduced to considerations of atom-atom non- 

bonded interactions. Although these interactions can be treated 

quantum mechanically, empirical and semi-empirical ap- 

proaches have also proved successful in dealing with them. In 

the description of the atom-atom non-bonded interactions it is 

supposed that the van der Waals forces originate from a variety 

of sources. 

In addition to the intermolecular interactions, the intramole- 

cular interactions may also be taken into account in a similar 

way. This rather limited approach may nevertheless be useful 

for calculating the molecular conformation and even the mole- 

cular symmetry. Deviations from the ideal conformations and 

symmetries may also be estimated this way provided they are 

due to steric effects. For further details we may refer to more 

specialized literature, for example Dashevskii’s monograph 

[9-48]. 

By summation over the interaction energies of the molecular 

pairs, the total potential energy of the molecular crystal may be 

obtained in an atom-atom potential approximation. The result 

is expected to be approximately the same as the heat of subli- 

mation extrapolated to 0 K provided that no changes take place 



in the molecular conformation and vibrational interactions 

during evaporation. 

Combinations of quantitative molecular packing analyses in 

different space groups along with ab initio molecular orbital 

calculations have been described [9-49]. Several different 

potential energy functions have been tested, and the results 

proved invariant to the choice of the potential functions 

employed. As these calculations were aimed at studying confor- 

mational polymorphism, we shall return to them later in the 

relevant section. 

In the majority of the molecular packing studies, the crystal 

classes are taken from the experimental X-ray diffraction deter- 

minations. The optimal packing is then determined for the thus 

assumed crystal class. In other cases the crystal classes have also 

been established in the optimization calculations. 

The crystal structures of Sb(C6H5)3, P(C6H5)3, and 

As (05445)3 have been compared for example. The antimony 

coordination was found to be tetragonal pyramidal in the space 

group Pi, while the coordination of phosphorus and arsenic 

is trigonal pyramidal in space group Cc. The calculations of the 

potential energy minimization were in agreement with the 

experimental results but only when electrostatic contributions 

were also taken into account [9-50]. 

The packing peculiarities of a series of other compounds 

have also been investigated by similar atom-atom potential cal- 

culations in addition to the experimental determinations of 

their structures. A deeper insight was achieved this way into the 

understanding of the choices of space groups and the densest 

packing for various molecular crystals. 

9.8 Hypersymmetry 

There are some crystal structures in which extra symmetries 

are present in addition to those prescribed by their three- 

dimensional space group. The phenomenon is called hyper- 

symmetry and has been discussed recently in detail by Zorkii 

and Koptsik [9-51]. Thus hypersymmetry refers to symmetry 

features not included in the system of the 230 three-dimen- 

sional space groups. 

For example, phenol molecules, connected by hydrogen 

bonds, form spirals with three-fold screw axes as indicated in 

Fig. 9-52. This screw axis does not extend, however, to the 

whole crystal, and it does not occur in the three-dimensional 

space group characterizing the phenol crystal [9-51]. Tolane 
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Figure 9-52. 
The molecules in the phenol 

crystal are connected by 

hydrogen bonds and are 

forming spirals with a three- 

fold screw axis. This sym- 

metry element is not part of 

the three-dimensional space 

group of the phenol crystal. 

After [9-51]. 

(diphenylacetylene), C6H5-C=C-C6H5, is another example. As 

shown in Fig. 9-53, the tolane molecules A and B are related by 

two-fold rotation plus translation and these symmetry elements 

are not part of the crystal space group [9-51]. 

Figure 9-53. 
The molecules A and B in the 

tolane (diphenylacetylene) 

crystal are related by two-fold 

rotation plus translation. 

These symmetry elements are 

not part of the three-dimen- 

sional space group of the 

tolane crystal. After [9-51]. 
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A typical characteristic of hypersymmetry operations is that 

they exercise their influence in well-defined discrete domains. 

These domains do not overlap, they do not even touch each 

other. The examples mentioned in the introduction to the 

present section were characterized by such hypersymmetry 

elements which led to point-group properties. This means that 

no infinite molecular chains could be selected, for example, to 

which these hypersymmetry operations would apply. They 

effected, instead, pairs of molecules, or very small groups of 

molecules. Thus, they can really be considered as local point- 

group operations. These hypersymmetry elements, accord- 

ingly, divide the whole crystalline system into numerous small 

groups of molecules, or transform the crystal space into a 

layered structure. 

A prerequisite for hypersymmetry is that there should be 

chemically identical (having the same structural formula), but 

symmetrically independent, molecules in the crystal structure - 

symmetrically independent, that is, in the sense of the three- 

dimensional space group to which the crystal belongs. The 

question then arises, as to whether these symmetrically inde- 

pendent but chemically identical molecules will have the same 

structure or not.^ Only if they do have the same structure, 

conformation as well as bond configuration, can we talk about 

the validity of the hypersymmetry operations. Here, preferably, 

quantitative criteria should be introduced, which is the more 

difficult since, for example, with increasing accuracy, structures 

that could be considered identical before, may no longer be 

considered so later when more accurate data become available. 

In any case it is emphasized that for the validity of the hyper- 

symmetry operations, the symmetrically independent mole- 

cules are supposed to have identical structures. 

On the other hand, since even a slightly different environ- 

ment will have some influence on the molecular structure, the 

hypersymmetry operations will not be absolute. In this the 

hypersymmetry operations are somewhat different from the 

usual symmetry operations. For their mathematical description, 

however, this approximate character has been ignored [9-51]. 

The ultimate goal is to find such a generalized formulation of 

the space-group system that would allow the simultaneous 

consideration of the usual symmetry as well as the hypersym- 

metry. When such a generalized formulation of space groups 

encompassing usual and hypersymmetry operations becomes 

available, the task of discovering crystals with hypersymmetry 

will be greatly facilitated. 

A special case of hypersymmetry is when the otherwise sym- 

metrically independent molecules in the crystal are related by 

hypersymmetry operations making them enantiomorphous 

pairs. 

427 



Hypersymmetry is a rather widely observed and sometimes 

ignored phenomenon which is not restricted to a special class of 

compounds. It may be supposed, however, that certain types of 

molecules are more apt to have this kind of additional sym- 

metry in their crystal structures, than others. 

According to recent statistics [9-52], about 8 % of all homo- 

molecular crystals contain symmetrically independent mole- 

cules. Homomolecular is the term applied to crystals which are 

built of chemically identical molecules [9-53]. Recognizing the 

importance of structural differences in symmetrically inde- 

pendent molecules, a special name, to wit quasi-heteromole- 

cular has been proposed for their crystals [9-52]. 

According to some quantitative criteria for defining the 

extent of differences in considering two structures different 

indeed, some 20 % of all quasi-heteromolecular organic crystals 

were found to have appreciable structural differences in their 

symmetrically independent molecules. This ratio was even 

higher among quasi-heteromolecular coordination compounds 

of transition metals [9-54]. The symmetrically independent 

molecules in fact showed a great variety of structural differ- 

ences [9-55]. 

There are hypersymmetry phenomena in some crystal struc- 

tures which are characterized by extra symmetry operations 

applicable to infinite chains of molecules. This kind of hyper- 

symmetry has proved to be more easily detectable and has been 

reported often in the literature. 

Hypersymmetry may be interpreted on the basis of the sym.- 

metry of the potential functions describing the conditions of the 

formation of the molecular crystal. The molecules around a 

certain starting molecule will be related by the symmetry of the 

potential function itself, or the symmetry of certain combina- 

tions of the potential energy functions. The occurrence of some 

screw axes of rotation by hypersymmetry elements has been 

successfully interpreted this way. In some instances energy 

calculations as well as geometrical reasons have shown the 

physical importance of hypersymmetry. The consequence of 

some of the kinds of hypersymmetry considered (e.g., for 

tolane), is stronger chemical bonding among molecules. Hyper- 

symmetry may be expressed in the layered structure of a mole- 

cular crystal. This again may have advantages for geometrical 

and energy considerations. Thus the phenomenon of hyper- 

symmetry is another good example of how symmetry proper- 

ties and other properties are related to each other. 

All in all, however, hypersymmetry is a relatively recent dis- 

covery. The investigation of its occurrence and nature as well as 

the examination of its consequences are expected to be vigor- 

ously pursued in the future. 
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9.9 Crystal Field Effects 

Figure 9-54. 
The molecular structure of 
biphenyl is coplanar in the 
crystal [9-56] while its two 

benzene rings are rotated by 
about 45° relative to each 
other in the vapor [9-57]. 

Elucidating the effects of intermolecular interactions may 

greatly facilitate our understanding of the structure and ener- 

getics of crystals. The geometrical changes of molecular struc- 

tures cover a wide range in energy. Molecular shape, symmetry, 

and conformation change more easily upon the molecule 

becoming part of a crystal than do bond angles and especially 

bond lengths. The consequences of molecular packing are 

succinctly expressed in the following metaphor attributed to 

Kitaigorodskii “The molecule also has a body. When you strike 

it, the molecule feels hurt all over”. 

Kitaigorodskii [9-43] suggested four approaches to investi- 

gating the effect of the crystalline field on molecular structure: 

(1) Comparison of gaseous (i.e. free) and crystalline molecules. 

(2) Comparison of symmetrically (i.e. crystallographically) 

independent molecules in the crystal. (3) Analysis of the struc- 

ture of molecules whose symmetry in the crystal is lower than 

their free molecular symmetry. (4) Comparison of the mole- 

cular structure in different polymorphic modifications. Bern- 

stein and Hagler [9-49] called attention to the fact that the ener- 

getics of intramolecular deformations may be such that some 

molecules will be able to achieve a more symmetrical confor- 

mation under crystal field effects than when they are isolated in 

the vapor. Some of their results will be mentioned later. Simi- 

larly, biphenyl has a higher molecular symmetry (a coplanar 

structure) in the crystal [9-56] than in the vapor [9-57] (where 

the two benzene rings are rotated by about 45° relative to each 

other (Fig. 9-54)). Thus a more general formulation of the above 

point 3 is the analysis of the structure of molecules whose 

symmetry in the crystal is different from their free molecular 

symmetry. 

9.9.1 Structure Differences in Free and 
Crystalline Molecules 

The points 1 and 3 above both refer to the comparison of the 

structures of free and crystalline molecules. They provide, 

perhaps, the most straightforward information, since the struc- 

ture of the free molecule is determined exclusively by intra- 

molecular interactions. Thus any difference that is reliably 

detected will carry information as to the effects of the crystal 

field on the molecular structure. However, before discussing 
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Figure 9-55. 
Part of the sodium chloride 

crystal structure with NaCl, 

(NaCl)2, (NaCl)4 units indi- 

cated. The species of 3x3x3 
ions itself has a high relative 

abundance in cluster forma- 

tion. 

Figure 9-56. 
Different shapes of MX2 and 

MX3 molecules derived from 

the crystal structure in which 

the central atom has an octa- 

hedral environment. 

more subtle structural differences in molecular crystals as 

compared with free molecules, it is appropriate to point out 

some more striking differences between ionic crystals and the 

corresponding vapor-phase molecules. 

Although molecules cannot be identified as the building 

blocks of ionic crystals, the free molecules of some compounds 

may be considered as if they were taken out of the crystal. 

A nice example is sodium chloride whose main vapor compo- 

nents are monomeric and dimeric molecules. They are indi- 

cated in the crystal structure in Fig. 9-55 as is a tetrameric 

species. Recent mass spectrometric studies of cluster formation 

determined a great relative abundance of a species with 27 

atoms in the cluster. The corresponding 3x3x3 cube may again 

be considered as a small crystal [9-58]. 

Another series of simple molecules whose structure may 

easily be traced back to the crystal structure is shown in Fig. 

9-56. It is evident, for example, that various MX2 and MX3 mole- 

cules may take different shapes and symmetries from the same 

kind of crystal structure. The crystal structure is represented by 

the octahedral arrangement of six “ligands” around the “central 

atom”. 

The unit corresponding to the copper chloride trimeric 

molecule seems to be already present in the crystal. The mole- 

cule has a ring structure with alternating copper and chloride 

atoms. The low-temperature phase of copper chloride has a 

zinc-blende structure which transforms on heating into a wurt- 

zite structure [9-2]. In both arrangements the six-membered 

ring is the smallest unit which can be isolated from the structure 

upon evaporation [9-59]. 

Even though the shapes of the free molecules mentioned 

above may be considered as originating from the crystal struc- 

ture, the interatomic distances change considerably. They are 

collected for some lithium halides in Table 9-8 [9-60-9-62]. As 
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Table 9-8. Variation of Interatomic Distances of Lithium Halides upon Sublimation 

Crystal [9-60] 

Vapor 

dimer [9-60, 9-61] 

monomer [9-62] 

Lithium Chloride 

2.57 A 

2.23 ± 0.03 A 
2.02067 ± 0.00006 A 

Lithium Bromide 

2.75 A 

2.35 ± 0.02 A 
2.17042 ± 0.00004 A 

Lithium Iodide 

3.00 A 

2.54 ± 0.02 A 
2.39191 ± 0.00004 A 

we go from the crystal to the free dimers and then to the mono- 

mers, the interatomic distances drastically decrease. 

There is even less structural similarity for many other metal 

halides as the crystalline systems are compared with the mole- 

cules in the vapor phase. Aluminium trichloride as well as iron 

trichloride crystallizes in a hexagonal layer structure. Upon 

melting and then upon evaporation at relatively low tempera- 

tures, dimeric molecules are formed. At higher temperatures 

they dissociate into monomers. This is illustrated in Fie:. 9-57 

[9-63]. 

Figure 9-57. 
Structural changes upon eva- 

poration of aluminium trichlo- 

ride and iron trichloride. 

• Al, Fe 

In some cases the vapor of molecular crystals contains more 

rotational isomers than the crystal. Thus, for example, the vapor 

[9-64] of ethane-l,2-dithiol consists of anti and gauche forms 

with respect to rotation about the central bond (Fig. 9-58) while 

only the anti iorm. was found in the crystal [9-65]. 
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Figrire 9-58. 

Rotational isomers of ethane- 

1.2-dithiol. H 

H 

aaa gag ago 

Bis(cyclopentadienyl)titanium borohydride has also been 

studied both in the cn^stal [9-66] and vapor [9-67]. The rings 

seem to take an orientation of high symmetry relative to each 

other and the Ti... B axis in the vapor as seen in Fig. 9-59. The 

structure is less symmetrical in the crystal. 

Figure 9-59. 

The projection models of the 

vapor-phase bis(C\xlopenta- 

dienylititanium borohydride 

molecule in two different 

planes [9-67[. The angles P 

and Q are 0° when one of the 

apexes of the tive-membered 

rings coincides with the 

Ti... B axis. 

The comparison of the structures of free and crystalline 

molecules is obviously based on the application of various 

experimental techniques although theoretical calculations play 

an increasing role. Thus it is important to comment upon the 

inherent differences in the physical meaning of the structural 

information originating from such different sources. The conse- 

quences of intramolecular vibrations on the geometry of free 

molecules have alreadv been mentioned. The effects of mole- 

cular vibrations and librational motion in the crystal are not less 

important. To minimize their effects it is desirable to examine 

the crystal molecular structure at the lowest possible tempera- 

tures. Also the corrections for thermal motion are of great 

importance. Especially when employing older data in compari- 

sons and discussing subtle effects, these problems have to be 

considered. There is another important source for differences in 

structural information, which may have no real structural impli- 

cations. Apparent differences may originate from the difference 

H 

B 

H 
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in the physical meaning of the physical phenomena utilized in 

the experimental techniques. When all sources of apparent 

differences have been eliminated, and the molecular structure 

still differs in gas and crystal, the intermolecular interactions in 

the crystal may indeed be responsible [9-68]. 

Variations in the ring angular deformations of gaseous and 

crystalline substituted benzene derivatives may be a sensitive 

indicator of intermolecular interactions. Recent parallel gas 

electron diffraction and X-ray crystallographic studies oipara- 

dicyanobenzene [9-69] and /><2r<2-diisocyanobenzene [9-70] 

have led to interesting results in this respect. Table 9-9 presents 

Table 9-9. The Benzene Ring Ipso Angles in /)^/'<^-Dicyano- 

benzene [9-69] and /><2'n2-Diisocyanobenzene [9-70] 

Free Molecule Crystal Molecule Difference 

NCC6H4CN 122.1(2)° 121.6(1)° -0.5° 

CNC6H4NC 121.7(2)° 122.2(3)° +0.5° 

Figure 9-60. 
Schematic representation of 

the possible intermolecular 

interaction between anti- 

parallel cyano groups oipara- 

dicyanobenzene in the crystal. 

N=C C=N 

the variations of the so-called ipso angle, the ring angle at the 

substituent, in the two derivatives in the two phases. The 

changes are marginal but their trend can be interpreted in a 

reasonable way invoking the marked difference in the mole- 

cular packing in the two crystals. For/)<2r<^-dicyanobenzene the 

smaller deformation in the crystal versus the free molecule indi- 

cates an attenuation of the polar character of the cyano substi- 

tuent under the impact of intermolecular interactions. The 

/>/^r<^-dicyanobenzene molecules are parallel to each other in the 

crystal and they form layers [9-71]. Each layer is displaced with 

respect to the next, leading to antiparallel contacts between 

neighboring cyano groups in addition to parallel contacts. The 

shortest distance between two antiparallel cyano groups is 
o 

3.56 A as seen in Fig. 9-60. These interactions are also the origin 

of the relatively high melting point of this compound, viz. 

223-226°C. 

The gas/crystal difference in the ring angular deformation is 

just the opposite for/><5'r^-diisocyanobenzene [9-70]. Here the 

ring is more deformed in the crystal than in the free molecule. 

The crystal structure of /)<^n2-diisocyanobenzene is strikingly 

different from that of/)/^r^?-dicyanobenzene. The intermolecular 

interactions occur between the isocyano groups and the 

benzene rings, as shown schematically in Fig. 9-61. They ap- 

parently lead to some increase in the polar character of the iso- 

cyano substituent, and accordingly to somewhat enhanced ring 
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Figure 9-61. 
Schematic representation of 

the possible intermolecular 

interaction between the iso- 

cyano groups and benzene 

rings of /><^ri^-diisocyanoben- 

zene in the crystal. 

deformation in the crystal as compared with the free/)^2ra'-diiso- 

cyanobenzene molecule or, for that matter, with the crystalline 

/><^/?7-dicyanobenzene molecule. Marginal as these findings may 

be, they could serve as a stimulus for the structural chemist in 

search of gas/crystal differences in accurately determined 

systems, and for the theoretical chemist who may build models 

and perform calculations on them in which both the intramole- 

cular and intermolecular interactions are adequately repre- 

sented. 

The gas/crystal structural changes obviously depend on the 

relative strengths of the intramolecular and intermolecular 

interactions. More pronounced changes are expected, for 

example, in relatively weak coordination linkages under the 

influence of the crystal field than in stronger bonds. 

The N-B bond of trimethylamine - boron trichloride, 

(CH3)3N • BCI3, donor-acceptor complex is considerably longer 

in the gas [9-72] than in the crystal [9-73]. The two sets of 

structural parameters are compared in Fig. 9-62. The N-Si 

dative bond of 1-methylsilatrane is much shorter in crystal 

Figure 9-62. 
Selected geometrical para- 

meters of the trimethylamine- 

boron trichloride molecule in 

gas [9-72] and crystal [9-73]. 

Cl 

gas(ED) crystal (XD) 

1.659(6)A B-N 1.609(6)A 

1087(51° C-N-C 108.6(14)° 

110.8(3)° CI-B-CI 109.5(21° 
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[9-74] than in gas [9-75] so much so that in the latter according 

to the geometrical data cited in Fig. 9-63 there is hardly any 

such bond. It may be supposed that the intermolecular forces 

compress the molecules somewhat along the coordination 

linkage in the crystal. Part of the gas/crystal bond length 

differences in these cases originates, of course, from the differ- 

ing physical meaning of the gas electron diffraction and crystal 

X-ray diffraction results, since these coordination linkages are 

related to considerable charge transfer. The other part of the 

differences, however, is supposed to be really structural, and 

the geometrical changes in the rest of the molecule are fully 

consistent with this notion. 

Figure 9-63. 
Selected geometrical para- 

meters of the 1-methylsila- 

trane molecule in gas [9-75] 

and crystal [9-74]. 

gas(ED) 

0 

c 

crystal (XD) 

2.175(4)A 2.45(5)A N--Si 

79.0(15)° N-Si-0 82.7(2)° 

116.5(9)° O-Si-0 118.4(4)° 

101.0(15)° C-Si-0 97.2(5)° 

The bond angles of the donor part of (CH3)3N • BCI3 are the 

same within experimental error in the gas as in the crystal. It is 

generally observed [9-76] that the donor geometry is insensitive 

to complex formation. On the other hand, the acceptor con- 

figuration usually changes considerably upon complex forma- 

tion. The free BCI3 molecule has symmetry with 120° bond 

angles. The greater angular deformation of the BCI3 moiety of 

the complex in the crystal, than in the gas, is consistent with a 

stronger coordination linkage in the crystal. 

Consider now the bond angles in 1-methylsilatrane (Fig. 

9-63). Supposing the pentacoordination of silicon, the bond 

angles determined in the crystal are closer to the ideal trigonal 

bipyramidal configuration than those in the gas. However, if 

one ignores the N-Si linkage and supposes four-coordination 

of silicon, then the structure in gas is nearer to the ideal 

tetrahedral configuration than that in crystal. Thus the bond 

angle differences are consistent with the notion of the N-Si 

bond being stronger in the crystal than in the gas. Part of the 

bond length difference, however, originates from the difference 
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in the meaning of the two bond lengths, as the N-Si linkage 

involves considerable charge transfer. 

Gas/crystal comparisons are as of yet mainly confined to 

registering structural differences. The interpretation of these 

results is at a qualitative initial stage. Further investigation of 

such differences will enhance our understanding of the inter- 

molecular interactions in crystals. 

9.9.2 Conformational Polymorphism 

The investigation of different rotational isomers of the same 

compound in different crystal forms (polymorphs) is also an 

efficient tool in elucidating intermolecular interactions. The 

phenomenon is called conformational polymorphism. The 

energy differences between the polymorphs of organic crystals 

are similar to the free energy differences of rotational isomers of 

many free molecules, viz. a few kcal/mol. When the molecules 

adopt different conformations in the different polymorphs, the 

change in rotational isomerism is attributed to the influence of 

the crystal field since the difference in the intermolecular forces 

is the single variable in the polymorphic systems. Bernstein and 

co-workers [9-49, 9-77] have extensively studied conforma- 

tional polymorphism of various organic compounds with a 

variety of techniques in addition to X-ray crystallography. 

Among the molecules investigated were (para-chloYoh^n- 

zylidine)-/><^r^?-chloroaniline (I) 

which exists in at least two forms, and para-methyl-N- (para- 

methylbenzylidine) aniline (II) 

which exists in at least three forms. For (I) a high-energy planar 

conformation was shown to occur with a triclinic lattice. A 

lower-energy form with normal exocyclic angles was found in 

the orthorhombic form. It was an intriguing question as to why 

molecule (I) would not always pack with its lowest-energy con- 

formation. 
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The X ray diffraction work has been augmented by lattice 

energy calculations employing different potential functions. 

The results did not depend on the choice of the potential func- 

tion, and they showed that the crystal packing and the 

(intra)molecular structure together adopt an optimal compro- 

mise. The minimized lattice energies were analyzed in terms of 

partial atomic contributions to the total energy. Even for the 

trimorphic molecule (II) the relative energy contributions of 

various groups in all polymorphs were similar. However, this 

obviously could only be achieved in some lattices by adopting a 

conformation, different from the most favorable, with respect to 

the structure of the isolated molecule. The investigation of con- 

formational polymorphism proved to be a suitable and promis- 

ing tool for investigating the nature of those crystal forces 

influencing molecular conformation, or possibly molecular 

structure in a broader sense. 

Obviously, possible variations in bond angles and bond 

lengths have been ignored in the considerations described 

above. The energy requirements for changing bond angles and 

bond lengths are certainly higher than those for conformational 

changes, and, accordingly, higher than what may be available in 

polymorphic transitions. However, some relaxation of the bond 

configuration may take place, especially if considering the 

(intra) molecular structure also adopted as a compromise by the 

bond configurations and the rotational forms. 

Bond configuration relaxation during internal rotation has in 

fact been investigated by quantum chemical calculations for a 

series of 1,2-dihaloethanes [9-78]. The bond angle C-C-X may 

change as much as 4° during internal rotation according to 

these calculations. If there is then a mixture of, say, anti and 

gauche forms, as is often the case, and the relaxation of the bond 

configuration is ignored, this may lead to considerable errors in 

the determination of the gauche angle of rotation. 

9.10 Forget Me Not 

Our discussion of crystals has become rather down to earth 

and, we admit, rather molecule oriented towards the end. As a 

token of compensation, the words of the nineteenth-century 

English writer John Ruskin are cited here after Azaroff [9-3], 

together with a fitting drawing of “crystal characters” in Fig. 

9-64 from Bunn’s book [9-79]. 
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Figure 9-64. 

“Crystal characters” from 

Bunn’s book [9-79]. Repro- 

duced with permission. 

TOO PERFECT ? 

“And remember, the poor little crystals have to live their lives, 

and mind their own affairs, in the midst of all this, as best they 

may. They are wonderfully like humane creatures - forget all 

that is going on if they don’t see it, however dreadful; and never 

think what is to happen tomorrow. They are spiteful or loving, 

and indolent or painstaking, with no thought whatever of the 

lava or the flood which may break over them any day; and evap- 

orate them into air-bubbles, or wash them into a solution of 

salts. And you may look at them, once understanding the sur- 

rounding conditions of their fate, with an endless interest. You 

will see crowds of unfortunate little crystals, who have been 

forced to constitute themselves in a hurry, their dissolving ele- 
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ment being fiercely scorched away; you will see them doing 

their best, bright and numberless, but tiny Then you will find 

indulged crystals, who have had centuries to form themselves 

m, and have changed their mind and ways continually; and have 

been tired, and taken heart again; and have been sick, and got 

well again; and thought they would try a different diet, and then 

thought better of it; and made but a poor use of their advan- 

tages, after all. 

And sometimes you may see hypocritical crystals taking the 

shape of others, though they are nothing like in their minds; and 

vampire crystals eating out the hearts of others; and hermit- 

crab crystals living on the shells of others; and parasite crystals 

living on the means of others; and courtier crystals glittering in 

the attendance upon others; and all these, besides the two great 

companies of war and peace, who ally themselves, resolutely to 

attack, or resolutely to defend. And for the close, you see the 

broad shadow and deadly force of inevitable fate, above all this: 

you see the multitudes of crystals whose time has come; not a 

set time, as with us, but yet a time, sooner or later, when they all 

must give up their crystal ghost - when the strength by which 

they grew, and the breath given them to breathe, pass away 

from them; and they fail, and are consumed, and vanish away; 

and another generation is brought to life, framed out of their 

ashes.” 
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[2]Diadamantane 110 
Diamantane 110 
Diamond 108, 374, 392, 394, 

413 
Diatomic molecules 243, 283 
Dibenzene chromium 112 

1,3-Diborabicyclo [1.1.1]- 
pentane 113 

1.2- Dibromo-l,2-dichloro- 
ethane 42, 78 

1.2- Dicarba-r/(9J6>-dodecabo- 
rane 146 

l,7-Dicarba-r/(9J'(5'-dodecabo- 
rane 146 

l,12-Dicarba-r/6'j'6'-dodecabo- 
rane 146 

1.2- Dichloroethane 80 
1.2- Dichloroethylene 787 
p-Dicyanobenzene 4337 
Diels-Alder reaction 291, 

30417 

1.2- Dihaloethanes 437 
Dihedral angle 66 
Diimide 169, 189, 192, 2117 

p-Diisocyanobenzene 4337 
Dimensionality 487, 327 
Dimerization 29417, 321 

3,4-Dimethylcyclobutene 308 
Dimethyl suffate 124 

Dimolybdenum tetra-acetate 
112 

Dipole moment 51 
Direct product 19317, 220, 

2417, 2887, 299, 302, 311 
Disilane 413 
Dissymmetry 4, 58, 5917 
DNA 61 

Dodecahedrane 98, 1057 
Dodecahedron 667, 687, 98, 

101, 379 
Double-helix 61 
Dynamic properties 1977 

Earth’s surface 16 
Eastern decoration 412 
Egyptian pattern 332 
Electron density 113, 1257, ' 

225, 23417 
Electron density distribution 

75, 198, 225, 2337, 268, 290, 
412 

Electronegativity 95, 1257, 
12817, 13417 

Electronic configuration 
2317, 241, 29817 

Electronic state 207, 220, 
231, 2417, 268, 273, 277, 
29817 
ground 2317, 2417, 273, 

2847, 2887, 3007, 3077 
excited 231, 2417, 284, 

2887, 300, 308 
Electronic structure 157, 188, 

1977, 219, 2237, 233, 273, 
277, 284, 290, 293, 317, 

3227 
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Electronic transition 199, 
219, 241, 293, 298 

Elemental angle of rotation 
21 

Elementary particles 2 
Elem.entary translation 330f, 

333, 335f, 340, 342f 
Ellipsoid 29 
Emotions 15 
Empirical formula 76f 

Enantiomorphs 57, 59ff, 63, 
77, 385, 392, 427 

Energy 221f, 224, 229ff, 

233ff, 240f, 245, 248, 254, 
267, 277, 284, 286ff, 291f, 

298, 414, 423fr, 428, 436f 
integral 220, 234, 288 

Environmental symmetry 
268ff 

Enzymes 61 
Equilibrium structure 142f, 

277ff 
Ethane 80, 110 

Ethane-l,2-dithiol 431f 
Ethylene 110, 283, 294ff, 321 

Eerrocene 112, 278 
Eibonacci numbers 1, 340 
Five-fold symmetry 380, 

398ff 
Flowers 22ff, 27f, 32, 34 
Fluids 31 
Formosan basket weaving 

pattern 412 

Fragmentation of molecules 
62 

Free molecules 75, 139, 429ff 
Fruits 28, 62f 

Galaxies 19 
Gas/crystal structure 

differences 429ff 
Gases/Vapors 75, 139, 272, 

374, 398, 430f 

Generalized crystallography 
397 

Genetic mutation 23 
Geometry 1, 3f, 26, 56, 75f, 

163, 395 
Glass 374 

Glide-mirror plane 328f, 
333ff, 343, 345, 360f, 386, 
389, 395, 422 

Glide-reflection 328, 330f 

Glide-reflection axis 328, 
330, 338 

Glyceraldehyde 55 
Glycine 58 
Glycol aldehyde 76f 
Gold 400 
Golden ratio/mean 1, 18, 

340 
Goniometer 

contact 370f 
reflecting 370f, 375 

Graphite 381 
Greek patterns 332 

Group multiplication tables 
159f, 165, 167f, 173 

Group theory 157, 188, 193, 
198f 

Groups 157ff, 191 
class of 160f, 192 

order of 161 
finite 179, 192 
infinite 180, 192, 217 
order of 160, 192, 196 

subgroup 160f, 295, 298, 
390, 394f 

rotational 250, 257, 265 
supergroup 390 

Growth 3 If 

Habitat 9, 34 
Hamilton operator 219f, 233 
Hands 56f 
Helices 57, 61, 400 
Helium 231, 244 
Heraldic symmetry 19f, 87 

Hermann-Mauguin notation 
81f 

Hexagonal symmetry 30, 35, 
39, 95, 351 

Hexaprismane 106f 
HOMO 291f, 294f, 299, 304f, 

307, 317 

Honeycomb 380 
Human body 9f, 33 
Human face Hff 
Hund’s first rule 232 
Hungarian needlework 329, 

334f, 345ff, 358f, 382 
Hungarian regalia 22f 

Hiickel-Mdbius concept 313, 
315 

Hiickel ring/system 313, 315f 

Hiickel’s rule 313 
Hydrogen atom 22If, 224, 

229 

Hydrogen bonds 30, 343f, 
415 

Hydrogen molecule 243f 

Hypersymmetry 425ff 
Hypostrophene 143 

Ice 31f, 108, 402 
Iceane 108 

Icosahedron 66, 68f, 83, 98, 
lOOf, 103, 105, 400f, 407 

Identity operation 157f, 160f, 
164, 178, 181, 189 

Identity operator 25, 58 
Identity period, see Elemen- 

tary translation 
Indian patterns 22f, 25f, 361 
Infinity 25, 47, 327ff, 339, 

356 
Insulin 402f 

Interatomic distances 75, 
409, 412f, 430 

Interconversion 130, 143, 
147, 307ff 

electrocyclic 307 
Intermolecular interactions 

414f, 424, 429, 433ff 
Internal coordinates 198f, 

206ff, 212, 217 

International notation, see 
Coordinate notation 

Intramolecular cyclization 
307ff 

Intramolecular interactions 
76, 414f, 424, 429, 434 

Intramolecular non-bonded 
radii IMff 

Inverse/Reciprocal operation 
159f 

Inversion 42f, 50, 178f, 190, 
227f, 422 

Inversion point 42f, 46, 50, 
69f, 81, 86, 91, 93, 343, 393, 
395, 419, 422 

Iodine heptafluoride 144f 
Ionic crystals 268, 430 
Ionic radii 271f, 412f 
Iron dendrites 17 

Iron-copper alloy 17 
Iron dihalides 273 
Iron trichloride 431 

Islamic decoration 410 
Isolobal analogy 317, 320, 

322f 
Isomerism 76ff, 108 
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Jahn-Teller effect 273ff 

cooperative 276 
dynamic 276 
phase transition 276 

stabilization energy 275 
static 276 

Kaolin 412 

La coupe du roi 62ff 

Large-amplitude motion 75, 
126, 142f 

Lattice 268, 349, 382ff, 390, 
391, 395, 400 

vibrations 276 
Law of rational intercepts 

370, 372 
LCAO 233f 

Left-and-right symmetry 2, 
13, 58 

Left-handedness 58ff, 65 
Lewis’s cubical atom 13 9f 
Ligand field theory 268 

Limitations, see Restrictions 
Line-patterns 332 
Liquids 75, 374, 397 
Literary examples 4f, 9, 32ff, 

43ff, 98f, 184ff, 367ff, 374, 
397, 401, 437ff 

Lithium bromide 431 
Lithium chloride 431 
Lithium halides 430f 
Lithium iodide 431 
Living matter 2, 32, 60f, 398 

Localized molecular orbitals 
119, 125 

LUMO 291f, 294f, 299, 304f, 
307, 317 

Lunar Module 16 

Macrocosmos 19 
Manganese dihalides 273 
Marginal stability 31 
Material figures 3 
Matrices 161ff, 188, 239 

block-diagonal 171ff, 239 
column 163f, 168 

dimension of 178 
square 162, 164f 
unit 162, 164, 166, 169, 178 

Mean life-time 276 
Melts 75 

Metacyclophanes 63f 
Metal borohydrides 100 
Metal clusters 99, 147 

Metal halides IlOf, 142f, 431 
Metallic alloys 397 

Metal-metal bonds 1, 112 
Methane 94, 99, 110, 118, 

122f, 320 
Methyl formate 76f 

p-Methyl-N-(p-methylbenzyli- 
dine)anilin 436f 

1-Methylsilatrane 434f 
Metric equality 3 
Mexican decoration 358 

Microcosmos 17ff 

Microenvironment 31 
Microorganisms 60 
Minerals 367ff, 375ff 
Mirror equality 3- 
Mirror image 54ff, 61, 65, 77, 

181, 188, 198 
Mirror plane, see Symmetry 

plane 
Mirror rotation 43, 46, 59 

Mirror-rotation axis 43, 45f, 
68f, 81, 83, 86, 384 

Moires 362ff 
Molecular crystals 414ff, 428, 

430f 
Molecular geometries 71, 

97ff, 114, 119, 123, 129, 132, 

138, 140, 201, 277, 408, 418 
Molecular packing 53, 416ff, 

423ff, 429, 433 
Molecular point group 83ff, 

95, 206f, 209, 220, 234, 237, 
243, 245, 277, 286ff 

Molecular shapes 75, 97, 99, 
118, 120f, 124, 132, 429 

Molecular structures 60f, 113, 
118, 128, 139, 142, 197, 287, 
427, 429, 433, 437 

Molecular symmetries 75, 81, 
83ff, 97, 121, 132, 137, 142, 
169, 208, 211, 224, 238, 245, 
255, 272, 312, 423f 

Molecular theology 60 
Molecular vibrations 2, 75, 

157, 170, 188, 197ff, 201ff, 

432 
Moon’s surface 16 
Motion 288, 358ff, 374 

harmonic 330 
internal 233 
internuclear 286 

intramolecular 141ff 
librational 432 
molecular 197f, 201f 

nuclear 203, 276 

rotational 23, 75, 198, 
201ff, 205, 233 

thermal 432 

translational 9f, 16, 75, 
198, 201ff, 205, 221, 233, 
284 

vibrational 198, 201ff, 233, 
284 

Mobius ring/system 313, 
315f 

Mobius strip 314 
Mulliken symbols 178ff 

Multiplicity of points 47 

Mushrooms 16 
Music 1, 17f, 55, 329 

Naphthalene 418 

N-(p-chlorobenzylidine)-p- 
chloroaniline 436f 

Newman projection 79f 
Nickel dihalides 273 

Non-bonded distances 114ff, 
141, 424 

Noncoordinate notation 
336f, 351 

Noncrossing rule 292, 300f 
Nucleic acids 60 
Nucleotides 60f 

Octahedron 66, 68f, 83, 94, 
101, 103, 105, 108, IlOf, 120f, 
147, 370, 379, 404, 408ff 

Octet rule 139 
Optical activity 57 

Orbitals 221f, 225, 227, 233ff, 
273f, 290f, 293, 299, 301, 
307f, 310ff 

antibonding 236, 244, 246, 
248, 253, 262f, 265, 267, 
294, 297f, 307f, 311, 319 

atomic 181, 198f, 220, 228, 
229, 233ff, 243ff, 248, 

252, 255f, 259, 264, 267ff, 
290f, 294, 296, 304 

bonding 235, 244, 246, 
248, 253, 260, 262f, 265, 
267, 294, 297f, 302, 307f, 
311, 319 

frontier 291f, 294, 304, 
307, 317, 319ff 

group, see SALCs 

hydrid 199, 318ff 
molecular 198f, 220, 233ff, 

241, 243ff, 283, 288, 
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290fF, 296ff, 304, 307, 

309f, 318f 

non-bonding 246fr, 252fr, 

318 

Orbital correlation 307 

Orbital splitting 268ff 

Origin of life 60 

Overlap integral 235 

Packing 373f, 380, 402ff, 

415ff, 437 

dense 374, 401, 402ff, 407, 

418f 

densest 68, 402, 40517, 417, 

419ff 

maximum-density 419f 

[2.2.2.2]Paddlane 112 

Paintings/Graphical arts 11, 

13ff, 18, 22, 30, 48, 56, 67, 

79, 122, 141, 182, 314, 352ff, 

367f, 382, 390f, 416f 

Paracrystals 398 

Pauli principle 140, 23017 

Pentagonal snowflake 3987 

Pentagonal symmetry 67, 98, 

39817 

Pentaprismane 1067 

Perfection 1, 347, 39 

Periodic drawings 98, 35217, 

417 

Periodic table 417, 2317 

Periodicity 4717, 232, 327, 

332, 338, 372, 374, 380, 390 

Permutation 3, 145 

Permutational isomerism 

1437 

Phenol 4257 

Phase transition 4 

Phosphine 126 

Phyllotaxy 339 

Pinwheel 22 

Planar networks/patterns/ 

decorations 3277, 331, 

34517, 38017 

Plane groups 4197 

Plane lattices 35017, 383 

Planetary model 677, 147 

Planetary motion 35 

Plants 11, 34, 60, 33817 

Point groups 47, 49, 75, 77, 

8317, 101, 1277, 130, 15917, 

171, 17317, 182, 184, 19317, 

198, 20317, 2107, 2147, 220, 

227, 23817, 2447, 248, 250, 

255, 257, 26717, 2897, 292, 

294, 296, 298, 301, 3107, 

318, 3207, 327, 351, 389, 

392, 427 

Point-group symmetry 57, 

81, 127, 201, 351, 393 

Polar axis 5017, 3317, 358 

Polar crystals 5017 

Polar line 50 

Polar plane 50 

Polarity 50, 54 

Polycyclic hydrocarbons 98, 

1047, 1127 

Polyethylene 340, 342 

Polygons 70 

Polyhedra 657, 9717, 105, 108, 

120, 140, 14517, 368, 405, 

407, 409 

connected 40817 

Polyhedrane 98, 1057 

Polymeric molecules 340, 

3427 

Polymorphism 425, 429, 4367 

Polypeptides 61, 3437 

Potassium tetralluoroalumi- 

nate 110 

Potential energy 807, 120, 

142, 144, 220, 223, 28417, 

288, 412, 42317, 428 

Primitive cell 3507, 3537, 389 

Primitive organisms 277, 67 

Principal axis 647 

Prismane 98, 1067, 112 

Prisms 29, 707, 101, 103, 108 

Projection operator 196, 207, 

213, 246, 249, 251, 257, 259, 

265, 267 

Propane 110 

[l.l.lJPropellane 1, 1137 

Proportion 3, 18, 373 

Propylene 283 

Proteins 60 

Pseudorotation 142, 144 

Pseudosymmetry 284, 390 

Pyramids 120, 126, 130, 1437, 

425 

Quantum chemical calcula- 

tions 132, 140, 142, 237, 

2727, 27717, 302, 304, 437 

Quantum numbers 2217, 224, 

230 

Quartz 60, 368, 370 

Quasicrystals 401 

Quasiperiodic lattice 401 

Quasiregular polyhedra 70 

Quilts 227 

Radial symmetry 117 

Radiolarians 67 

Reaction coordinate 28617, 

293, 31017 

Reaction mechanism 2847, 

287 

Reduction formula 19217, 

205, 217, 249, 256 

Reflection 277, 427, 45, 587, 

1577, 161, 165, 177, 1817, 187, 

190, 1977, 205, 216, 3307, 

333, 335 

plane, see Symmetry plane 

Regular polygons 66, 68, 71 

Regular polyhedra/Platonic 

solids 6617, 105, 108, 120, 

131 

Regular star polyhedra 70 

Representation 163, 165, 167, 

16817, 17317, 18917, 198, 20417, 

21117, 2167, 2387, 24117, 24917, 

25617, 268, 2887, 3107, 318, 

3217 

irreducible 17317, 189, 

19117, 203, 205, 207, 

20917, 214, 217, 220, 228, 

234, 2377, 2407, 24317, 

2497, 256, 259, 262, 26717, 

277, 286, 292, 296, 301, 

311 

class of 17617 

dimension of 17817 

totally symmetric 180, 

195, 204, 207, 210, 

220, 238, 259, 265, 

268, 2887, 311, 320 

reducible 17317, 18917, 205, 
2447, 248 

Restrictions 349, 375, 38017, 

3957, 400 

Rhombic dodecahedron 379 

Right-handed 5817, 65 

Rods 3387 

Rosettes 227, 25, 547, 182 

Rotation 207, 2517, 427, 45, 

59, 777, 142, 1577, 1607, 1657, 

170, 1777, 1807, 189, 202, 

205, 2157, 284, 302, 333, 

339, 3537, 360, 380, 382, 

384, 426 

axis 207, 23, 2517, 29, 42, 

4517, 6417, 6817, 777, 81, 

837, 87, 8917, 157, 1807, 

1837, 308, 328, 3337, 338, 

343, 345, 349, 351, 353, 
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358, 360, 363, 380, 382ff, 
423 
order of 25 

Rotational isomerism 7711, 
431f, 436f 

Rotational symmetry 2011 
order of 21 

Rubik’s eube 183f 

Saddle point 2851f 

SALCs 196, 207, 238, 245f, 
2481f, 255, 2571f, 2621f, 
2651f 

Salt columns 16 

Schoenflies notation 81f, 84, 
157 

Schrodinger equation 219, 
221, 233 

Science of structure 395f 
Screws 57 
Screw axes 336ir, 342f, 384f, 

419 
Screw-rotation axes 338, 

384f, 389, 393f, 422, 425, 
428 

Sculptures 10, 12, 14, 20f, 23, 
56, 89, 234, 314, 329, 373 

Selection rules 2, 195, 199, 

209f, 214, 217, 283, 312f, 
315 

Semiregular polyhedra 70f, 
105, 108 

Silica melt 60 
Similarity transformation 

160f, 171, 173, 191 
Singular axis 331, 338 
Singular line 47 
Singular plane 47, 332, 335f, 

338 
Singular point 46f, 70, 75 
Skews 57 

Snowflakes 29ff, 46, 400 
Sodium chloride 369, 413, 

430 
structure 392, 413f 

Solid/gas reactions 52ff 
Space groups 47, 49, 327flr, 

338, 351, 353, 357f, 382f, 
386, 391fr, 419ff, 426 

one-dimensional 47, 327ff, 
358 

two-dimensional 47, 327f, 
345ff 

three-dimensional 47f, 
327, 349, 388ff, 421ff, 425fr 

230 Space groups 388fr, 
395, 397, 400f, 419, 425 

Sphere 43, 68ff, 70, 375, 403, 
406f 
packing 403ff, 417f 

Spherical symmetry 120, 
221f, 234, 238, 268 

Spinning top 180f 
Spiral staircase 61, 338 
Spiral structures 19, 425 
Spirals 340f 

Spiropentane 322 
Square 46, 66 

Stalactites 16 

Stalagmites 16 
Stamps 20, 56f, 89, 341 
Star of David 24 

Starfish 27f 
Static properties 197 

Statistical symmetry 4 

Stereographic projections 375, 
378f 

Structural formula 76f 
Structural isomerism 76 
Structure of the universe 61 

Substitution 94f 
Sulfides 135 
Sulfones 116, 124f, 135 
Sulfoxides 135 
Sulfur dichloride 125 
Sulfur difluoride 124f 
Sulfur hexafluoride 94 
Sulfur tetrafluoride 138 

Sulfuric acid 117, 124 
Sulfuryl chloride 158 

Supermolecule, see Transition 
state 

Suprafacial approach 303f, 
312, 315f 

Symmetry adapted linear 

combinations, see SALCs 
Symmetry class 27, 46ff, 64, 

68ff, 78, 81, 333f, 336f, 345 
Symmetry center, see Inver- 

sion point 

Symmetry coordinates 199, 
207ff, 213f, 217 

Symmetry destruction 273 
Symmetry elements 26f, 42f, 

59f, 68ff, 81, 83f, 176, 183f, 
238, 248f, 292ff, 302, 304f, 
307f, 327ff, 333, 335, 337f, 
340, 342, 345, 351, 356, 361, 
380, 386, 389, 392ff, 423, 
426 

Symmetry groups, see also 
Point groups and Space 

groups 27, 49f, 163, 204, 
234, 238, 252, 293, 310 

Symmetry operations 26f, 

45, 58, 68, 157flr, 167ff, 171, 
173flr, 180f, 189, 191, 196fr, 
204, 207, 215, 220, 224, 227, 
229, 238, 240, 243, 245, 

249f, 255f, 295f, 298, 302, 
396, 428 
of the first kind 58f 
of the second kind 58tf 

Symmetry plane 10, 13, 17, 
25fr, 42, 46f, 54f, 58, 64f, 
68ff, 78, 81, 83f, 86ff, 157f, 

165, 176f, 179ff, 183, 295f, 
298, 304, 307f, 327, 333f, 
338, 343, 345, 355, 358flr, 
395, 420f, 423 

Symmetry species 174, 204, 

211, 220 

Symmetry transformation 26 

Tartaric acid 55, 57 

l-Tert-butyl-4-methylbenzene 
52 

Tessellation 62, 400 
Tetraarsene 99 

Tetrafluoro-l,3-dithietane 116 
Tetrahedra 58, 66, 68ff, 83, 

92, 94, 99ff, 103, IlOf, 114, 
116ff, 120ff, 137, 379, 406, 

408ff, 435 
Tetrahedrane 104, 106, 323 

Tetralithiotetrahedrane 111 
Tetramantane 110 

Tetra-tert-butyltetrahedrane 
104 

Thionyl tetrafluoride 137 
Time scale of measurements 

276 
Tolane (diphenylacetylene) 

425f 

Trademarks/Logos 20, 85, 
89, 182 

Transition metals 317ff, 323 

compounds 271f, 278f 
Transition state 277, 284ff, 

292f, 310, 314f 
Translation 328f, 330, 333, 

335, 339, 345, 349f, 352f, 
360, 380, 383f, 389, 392f, 
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395, 419, 422, 426 
axis 331, 333f, 338, 358f 

Translational symmetry 46, 
47, 327, 340, 351 

Trans-trans-trans-perhydro- 
triphenylene 89 

Trees Ilf, 34 

Triamantane 110 

Trimethylamine-boron trichlo- 
ride 434f 

Trinity 13 

1,3,5-Triphenylbenzene 415f 
Triprismane 106f 
Truncated polyhedra 70f 
Truncated polyhedranes 106 
Twistane 89, 108 

Unit cell 350, 35217, 389, 

392f, 400, 421 
Universe 61 

Van-der-Waals radii 114f 
Vapors, see Gases 
Vectors 163ff, 188ff, 197, 204, 

338 

Vehicles 16 
Vibrations 32, 75, 144, 286f, 

293, 302, 374 
bending 20617, 2137, 217, 

289 
deformation 206, 212, 214 
genuine modes 203, 205 

nongenuine modes 203 
normal modes 201, 2037, 

20617, 217, 28617, 293, 312 
stretching 169, 20617, 2117, 

214, 217, 278, 311 
Violation of parity 61 
Virus 407 
Visual side-effects 35817 
Vital force 61 
VSEPR model 11817 

Volcanos 16 

Walnuts 1217 
Water 3017, 70, 119, 1227, 

20317, 210, 24517, 402 
Waves 32, 227 

Wave function 193, 209, 
2207, 224, 227, 2297, 277, 
2887 
angular 198, 221, 22417, 

229 
electronic 197, 219, 221, 

22517, 233, 241, 277, 300 
molecular 2337 
one-electron 22117, 2297, 

233, 241, 277, 300 
radial 221, 22417, 229 
vibrational 2097 

Wigner’s theorem 220 
Wigner-Witmer rules 283 
Windmill 24 

Woodward-Hoffmann rules 
3127, 3157 

Xenon hexafluoride 131 
Xenon tetrafluoride 119 

Yin yang 20, 34 

Zirconium borohydride 100 
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Formula Index 

Ag5l6 342 
AICI3 143, 317 
AICI3H3N 88, 97 
AIF4K 88, IlOf, 118 
AI2CI6 91, IlOf, 143 
AI2CI7- IlOf 
Ar 132f 

ArF2 128 

AS4 93, 99f 

AU2CI6 208 

BCI3 91 
BF2H 88 
BHS 89 
B2CI4 90 
B4CI4 101 
B4Hi6Zr 100 
B5H9 103 
B5H11 103 

93 
101, 103 

B7H72- 101, 103 
B9H92- 101 

BioHjo^ 101 
101 

BI2HI2^ 101 

Br2Co 143 
Br2Fe 143 
Br2Mn 143 
Br2Ni 143 

Br4Co2 143 
Br4Fe2 143 
Br4Mn2 143 

CCI4 93 
CCI4F3P 129 
CF7P 129, 142 

CHBrClF 84 
CH2F4S 137f 

CH3F4NS 137 
CH3F4P 128f 
CH4 94, 99f, 132 
CH9B5 86 

CO2 92, 215ff 
C2CI3F6P 129f 

C2F4S2 116 

C2F, 90 
C2F6OS 135 

C2F6O2S 135 
C2F6S 135 
C2F8S 136 
C2F9P 129f 

C2H2 no 

C2H2Br2Cl2 86 
C2H2O4 87 
C2H4 91, no 
C2H4CIF 84 

C2H4CIPS2 86 

C2H4O2 76 
C2H4O3 85 
C2H4OS 88 

C2H4O2S 88 
C2H5B3 101 

C2H6 90, no 
C2H6B4 101 
C2H6F3P 128f 

C2H6OS 135 
C2H6O2S 135 
C2H6O4S 124 
C2H6S 135 
C2H7B5 101 
C2H8B6 101 

C2H10B8 101 
C2H44B9 101 

C2H12B10 101, 146 
C2N4 87 

C3CI2F9P 129 
C3F11P 129f 
C3H4 90 

C3H6 91, 283 
C3H^B2 113 
C3H9BCI3N 434 

C3H9F2P 128f 
C4HCI 89 
C4H2 92 
C4H4 104 
C4H4F4 89 

C4H8 91, n5f 

C4Hi2Li4 111 
C4H42N2OS 135 
C4H12N2O2S 135 
C4H12N2S 135 

C4Hi204Si 86 

111 

C5H2Fe02 321 
CsHsIn 89 
C5H, 113 

C5H8 90 

C5H40 91, 142 
C6H3Mn05 321 

C6H4CI2 91 
QHsCl 88 
C(,H^ 91, 107, 255 

^6^12 90 
C7H10O 84 

C8Fe208 321f 
C8H8 93, 106f 

C8H12M02O8 112 
91 

C9H9 86 

C9H12 85 
QoHio 107,143 
CioHjoFe 90, 112, 278 

C10H12 87 
C10H15CI 88 

Q0H16 89,93,112 

CioMn20io 90 
Qo04oRe2 91 

C11H20 87 

C12C04O12 146 
C12H12 106f 
Q2H42Cr 91, 112 

C12H16 85,87 
C12H18 108 

Ci2H36Si5 92 
Ci2lr40i2 146 
Ci20i2Rh4 146 

Ci4Co60i4^- 147 

C14H10 426 
C14H14 107 

^15^20 85 
Ci6Fe40i6Sn 322 

C16H14CI2 87 

Q6H16 107 
C18H12 91 
C18H15AS 425 
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