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Theoretical Chemical Dynamics

Foreword

Obtaining the rate of a chemical reaction from the knowledge of the collisional ele-
mentary processes governing it, defines approximately the field of Chemical Dyna-
mics. In most cases the investigation is restricted to molecular systems including a
few atoms for the following reasons:

(i) the experiments for analyzing a flux of molecules in various intramolecular
states are limited for technical reasons;

(ii) it is only in the case of small systems that “‘ab initio” potential energy sui-
faces can be computed over a wide range of coordinates where the dynamic can be
studied rigorously.

The present article is a contribution for extending the scope of Chemical Dyna-
mics in Organic Chemistry. In the first Chapter (A), previous trajectory studies in
Chemical Dynamics are reviewed. The second Chapter (B) presents a general but ele-
mentary method for undertaking the dynamical study of any chemical reaction. This
method seems to be applicable in a straightforward way to rather large molecular
systems in Organic Chemistry. An application of this method is presented in the
third Chapter (C): the optical and geometrical isomerizations of cyclopropane are
treated dynamically®. It makes use of an ab initio potential energy surface?~*). The
results are, as far as possible, compared with experimental results®).

It should be emphasized that classical trajectories methods at present can be con-
sidered as fairly standard techniques for studying the dynamical behaviour of small
molecular systems (either triatomic or tetraatomic). As a consequence many techni-
cal points have already been discussed in great detail in the literature”~? and they
will not be discussed here. Such technical questions are, for instance:

(i) should a parameter defining an initial state be either scanned or sampled in a
random way (Monte-Carlo methods)? ;

(ii) should the sampled points have uniform density or be distributed according
to some weighting function?;

(iii) should quantized values of the initially observable quantities be exclusively
selected? etc .

Other 1mportant topics related to the technology of trajectories will not be dis-
cussed either, for instance:

{(iv) which integrator should be used to obtain the best compromise between
stability and efficiency?!0~12);

(v) what are suitable tests to stop a trajectory mtegratmn according to the type
of outcome produced?”)

(vi) what type of semi-empirical potential should be preferentially used for a
given reaction?® etc . . .

We will restrict this article to developing in detail our original contribution to
the study of Chemical Dynamics in the field of Organic Chemistry. Consequently we
will not say much about the connection between our work and semi-empirical statis-

a) This study was previously published in the Journal of the American Chemical Society!’ '),
b) More details on the subject can be found in our two “Théses de Dactorat d’Etat”: Yves Jean,
Orsay (1973)5) and Xavier Chapuisat, Orsay (1975)5),
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tical methods of chemical reactivity, such as the transition state method or the Rice-
Ramsperger-Kassel-Marcus (RRKM) theory of unimolecular reactions'3~!%). The two
points of view, dynamical and semi-empirical, differ greatly. Once again, the compari-
son is only meaningful in the case of small molecular systems for which complete and
rigorous results have been obtained within both methodologies.

Finally, in view of all the restrictions above, the title of this article could as well
be: “What can we do with trajectories in Organic Chemical Dynamics and under what
kind of restrictions (drastic or not) is it possible?”

A. Trajectory Studies in Chemical Dynamics
1. Introduction

In this chapter we define the scope of this article, mention some studies relevant to
it and give references where these studies are dealt with.

It is quite simple to say that this article deals with Chemical Dynamics. Unfortu-
nately, the simplicity ends here. Indeed, although everybody feels that Chemical
Dynamics lies somewhere between Chemical Kinetics and Molecular Dynamics, de-
fining the boundaries between these different fields is generally based more on sur-
misal than on knowledge. The main difference between Chemical Kinetics and Chem-
ical Dynamics is that the former is more empirical and the latter essentially mechani-
cal. For this reason, in the present article we do not deal with the details of kinetic
theories. These are reviewed excellently elsewhere! =21, The only basic idea which
we retain is the reaction rate. Thus the purpose of Chemical Dynamics is to go be-
yond the definition of the reaction rate of Arrhenius (activation energy and frequency
factor) for interpreting it in purely mechanical terms.

This field of research is subject to rapid expansion at present because the improve-
ment of sophisticated experimental methods coincides with an increase of the com-
putational possibilities for the theoretical investigation of both the mechanical study
of the nuclear motion and the quantum mechanical study of the electron potential
governing this motion.

The experimental situation has been the subject of several recent review papers,
either general>2~2% or more specialized (molecular beams?3~32), infrared chemi-
luminescence?), reactions of small molecules in excited states>#, etc . . .). The quan-
tum mechanical theoretical approaches of Chemical Dynamics were also reviewed
recently®: 35, 36),

Since the scope of this article is purely theoretical, we just outline below the state
of the experimental situation. The ideal experiment in Chemical Dynamics would be
that in which starting with reactants in definite intramolecular quantum-states and
running towards each other in a definite way (relative velocity and orbital angular
momentum) the distribution of the products over the various intramolecular quan-
tum-states and the state of the relative motion (direction and velocity) would be
measured. Such an experiment would show whether there is a preferential molecular
orientation at the heart of the collision, what the lifetime of the intermediate com-
plex is, how the excess energy is distributed over the various degrees of freedom of

4
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this complex, etc. . . Unfortunately, this experiment has not been carried out yet,
but there are experiments which fulfill one part or the other of the ideal experiment.
In crossed-molecular-beams experiments, the reactants are prepared in perfectly de-
fined states3”~53). For instance a laser can select a given rotation-vibration intra-
molecular state>® 55). The products are analyzed by means of one of the following
techniques:

56-58).

33, 59-63),
64-67)

(i) the laser-induced fluorescence
(ii) the infrared chemiluminescence
(iii) the electric resonance spectroscopy
(iv) the chemical laser®? 63-79),

and

We do not insist on stating details of these experiments. Let us just mention the
recent work of Herschbach and collaborators which is a very impressive achieve-
ment”% 78). These authors have studied, by means of molecular beams, the very de-
tails of ““termolecular” reactions involving van der Wall’s bonds among halogen mole-
cules, such as:

C12 - C12 + Bl’2 — (1) C12 + 2 BrCl;
(2) BeCl. . . Cl, + BrCl and
(3) Br,...Cl; + Cl,.

In particular, to channel (1) and (2) mechanisms involving formations of the same
cyclic six-center intermediate complex can be attributed whereas channel (3) only
requires Brj to interact with the nearer Cl; molecule of the dimer within a noncyclic
molecular conformation. Thus channel (3) dominates at low collision energies (< 9
kcal/mol), but declines rapidly at higher collision energies and becomes much less
probable than collision-induced dissociation to form Br, + 2 Cl,, this applies also to
both channels (1) and (2).

In Chemical Dynamics the direct comparison between experiments (more precise
than simple kinetic measurements of reaction rates) and theoretical results is in gen-
eral rather subtle. As far as we know, it has been restricted to reactions in which a
halide is produced. The most studied reaction, both theoretically”” 8 and experi-
mentally®7 48 69 81 ;g

F+D, —DF +D,
or its isotopic variants

F+H, — HF + Hand
F + HD— HF +D.

Thus the activation energy for the formation of DF is minimal when F and D, collide
colinearly. At low collision energy most molecules DF are observed backwards, in
vibrational states v = 2, 3 and 4, at weak total angular momentum, etc. . . All the
theoretical studies of this reaction, but one®?, use classical trajectories.
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2. Trajectory Studies of Small Molecular Systems

Since theoretical Chemical Dynamics resort practically to classical trajectories, we
briefly review below some previous works in this field®.

The first chemical reaction studied by means of classical trajectories was H, +
H —H + H, within the collinear collision model®*=87), This pioneering work states
the following: For any system driven by a bent potential valley, the reaction proceeds
through a gradual transformation of the collision energy into vibrational energy of
the product molecule. The first 3-dimensional trajectories were for the same reac-
tion®®). Since then, much important work has been undertaken. For instance, the
way in which an empirical modification of the potential modifies the reaction-proba-
bility, the intramolecular states of the products, the deflection angle, etc. . . all these
were the subject of many studies®®~°%) and also of a review article®®.

The first “a priori” study (by Karplus, Porter and Sharma) of a chemical reaction
undertaken on a large scale was again for H, + H, described by a London-Eyring-
Polanyi-Sato (LEPS)-type potential®’ 199, All the standard concepts and techniques
were introduced for this investigation'®!?: 3-dimensional model, restricting the intra-
molecular states of the reactants to quantized states, obtaining the reaction total
cross-section® as a function of the collision energy and of the intramolecular states
of the reactants by averaging over the impact parameter (pseudo-random Monte-Carlo
method), integrating these cross-sections with the collision energy to obtain the rate
constant of the reaction, etc. . .

The main results of this study are

(i) the total reaction cross section is an increasing function of the collision energy
that rises smoothly from a threshold to an asymptotic value;

(ii) the zero-point vibrational energy of the molecule contributes to the energy
required for reaction, but the rotational energy does not;

(iii) the reaction probability is a smoothly decreasing function of the impact
parameter;

(iv) for temperatures between 300 °K and 3000 °K the theoretical rate constant
can be expressed by the form K (T) =AT% exp {—E*|kT} where A, E* and a (=1.18)
are constants;

(v) there is no evidence of a long-lived intermediate complex.

The model was extended to the general atom-diatom exchange reaction A + BC
—> AB + C'02:193) for which Polanyi and Wong studied in 3 dimensions the relative
influence of both initial translational energy and vibrational energy. This depends
largely on the location of the top of the potential barrier, either along the approach
coordinate (case I) or along the retreat coordinate (case IT). In case I translation is
more effective than vibration in promoting reaction. Moreover, at low collision ener-
gy, a major part of the available energy transforms into vibration of the product mole-
cule (at higher collision energy this fraction decreases). In case II the opposite situa-
tion is observed: vibration is more effective than translation. Moreover, for low vibra-

101).

©) There are several more detailed review articles on the subject7"9’ 82,83),
) The cross section of an elementary collision process is roughly a measure of the reaction ef-
ficiency of this process.
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tional energy of the reactants only a small part of the available energy appears as
vibration in the product (at higher vibrational energy this fraction increases). This
confirms the conclusion obtained within the collinear collision model. In both cases
I and II most product molecules are scattered backwards at low collision energy (the
peak of the distribution shifts forward at increased reactant energy, even in case II
for an increase of reactant vibration).

Then the Karplus et al. model was extended to more complex reactions
such as

104, 105)
3

K+ CH3I —KI+ CH3 92, 93, 99, 100, 106)

and finally to the general thermal bimolecular reaction in the gas-phase: A + B+

C +D'°7- 19, For the latter it is possible to obtain the forms for the theoretical rate
constants!® 82, 101, 115-120)  for the forward (K) and the backward (K) reactions
[defined by®: —d(4)/dt =K (4) (B) — K (C) (D)) as functions of the temperature.
If the gas phase is homogeneous the temperature is introduced through maxwellian
distribution functions. The result is:

% T Falxa)Fo(Xg) [ dvaFa(Xa;va) S dveFa(xp; ve )
XA> XB> XCr XD

0 (Xp»Xps Xcs Xp s Ecot)

K= z Fc(xc) Fplxp) ff dvadve Fc(xci ve) Fo(xp; ¥p)

XA XBs XCr XD

vo (XAs XBs XC’ XD;Ecol)

where x; (I = A, B, C, D) denotes the set of all the quantum numbers defining the
intramolecular state of molecule I (rotations and vibrations) Fj(x;) is the distribution
function of the intramolecular quantum states of molecule I, ¥ is the velocity of
molecule I, Fi(x;; 1) is the normalized distribution function of the velocity of mole-
cule I in the state xg, v is the initial relative velocity and E ) the collision energy:

v= 15, — g 1= 2 Ecq/)'/?

where u is the reduced mass of A and B.

0(Xa> XB> Xc> Xp 3 Ecol)

is the reaction cross section of the elementary collision process [A(x,) + B (xg) —

C(xc) + D (xp)] at collision energy E;. It is this quantity which is obtained by
means of trajectories.

©) This definition is for low concentrations and implies that the rate constants depend neither
on the concentrations nor on the time.
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This result is purely statistical. Replacing the distribution function by particular
expressions, depending on the temperature, is the last operationf). When a dynamical
process occurs the equilibrium distribution function (maxwellian) should be modified,
and the greater the reaction rate compared to the relaxation rates of both the veloci-
ties and the intramolecular states, the greater the modification'2! 123, Thus it is
only for low reaction rates that equilibrium distribution functions can be inserted in
the formulas above, and that the reaction rate depends on the temperature, but
neither on the time nor on the concentrations.

Now a question must be raised: which connection is there between classical tra-
jectories results and results obtained through Quantum Mechanical calculations?

The Quantum Mechanical study of molecular collisions and of the chemical reac-
tion is itself an important topic'2%. There are several review papers®3: 36, 125-129)
and textbooks!3~ 139 o the subject. Unfortunately, there are no exact quantum
results within a realistic model of a chemical reaction yet, not even for the simplest
3-atoms exchange. Thus the comparison is limited to particular cases.

For instance, H + H,— H, + H was studied in 3-dimensions within a model
where the vibrational states were reduced to a single one for each of the three pos-
sible product molecules**?. At low collision energy (less than the classical energy
threshold) the reaction cross section is non zero because of tunnelling. For the same
reaction studied colinearly the following conclusions emerge*!~143);

(i) for great values of the collision energies the quantum mechanical reaction
probability slightly oscillates around the classical probability, because of the gradual
“opening of excited vibrational states” in the products;

(ii) the reaction probability extends below the threshold by tunnelling. Thus, at
low temperature and for the phenomenon of a pronounced quantum nature (such
as the exchange of a light atom between two heavy groups), the classical trajectory
reaction rate may be an underestimated approximation of the true reaction rate.

On the basis of such results and, more convincingly, on the strength of semi-
classical investigations (classical S-matrix of Miller and Marcus"**~ 159} jt can be as-
serted that the classical description of the nuclear motion in the course of a molecu-
lar collision (either reactive or not) is not in itself a severe restriction. Thus, McCul-
lough and Wyatt'$!='5? have shown that for collinear H+ H, — H, + H the agree-
ment is quite good between the classical and the time-dependent quantum-mechanical
descriptions during the greatest part of the reaction. A slight discrepancy appears only
near the end of the reaction; the classical reaction is completed somewhat faster than
the quantum-mechanical one. Nevertheless, all the dynamical effects such as the
centrifugal force pushing the representative point of the reaction towards the outer
part of the bent reaction valley and the whirlpool turbulence effects close to the
saddle point, are surprisingly well described classically.

) Inthe case of a complete equilibrium distribution, the result is:

K(T) = (8/m ukT)YV KT f dE o1 o' (Ecol) Ecot €xp (—Ecolfk T,
0

where: o'(Egop) = z Falxp) Flxg) 0 (xas Xgs Xo» Xp' Ecol)-
XA XB: X0 XD
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To wind up this chapter, we enumerate below the various fields of application
of classical trajectories in Chemical Dynamics.

Many trajectories were integrated to obtain either total reaction cross sections
for comparison with molecular beams experiments’ > 105, 153-171) o rotational and
vibrational relaxation times of the products of chemical reactions, or intermolecular
energy transfers!03 107-111, 172-185) oo

As seen previously, the chemical reactions studied most often are the exchange
ones. Those requiring several potential energy surfaces of excited states (diabatic
reactions) are worth special mention, since they most certainly define a domain of
application with a future for classical trajectories. An electron jump from one surface
to another requires either to be given a statistical probability of occurence by the
Landau Zener formula'® 187) (or one of its improved versions'®8~12)) or to be
described by means of complex-valued classical trajectories as a direct and gradual
passage in the complex-valued extension of the potential surfaces (generalization of
the classical S-matrix193-197)),

Some atomic recombinations catalized by a rare gas atom'*8~295) and some re-
actions involving a long-lived intermediate complex 1% 113, 206-208) yer6 al50 studied
classically. Unimolecular reactions are quite advantageous for trajectory studies since
the potential is generally easy to express and the total energy is sufficiently great for
reasonably neglecting the discreteness of vibrational levels of the reactant”). Until
recently only triatomic decomposition has been studied extensively: ABC— AB +
C299-211) The main concern is for the distribution of molecular lifetimes (the time
elapsed before decomposition occurs) and for the variation of this distribution when
varying the total energy and the particle mass. This can be compared directly with
semiempirical predictions. Thus, it is well established for triatomic systems that the
RRKM rate coefficients'®) satisfactorily agree with trajectory results. Another im-
portant advantage of trajectory methods is to provide the final energy partitioning
between AB and C.

More recently, the unimolecular isomerization CH3NC — CH4CN gave rise to
elaborated studies by Bunker and collaborators?!~2!5), The pressure dependence
of the thermal reaction rate constant is well explained by the RRKM theory, apply-
ing the simple concept of the geometry and vibrations of the activated molecule?!®).
However, the fact that the hot-atom displacement reactions

T* + CH3NC— CH,TNC + H
and
T* + CH;(N— CH,TCN + H

both result at the very end in CH,TCN (observed by trajectories) is indicative of a
failure of the RRKM theory for the unimolecular isomerization of nascent mole-
cules?!”). In particular, CH3NC is not a good RRKM molecule under non-thermal
conditions, because the vibrational modes of CH3;NC are too far from being equally
coupled to one another and also to the mode of isomerization. For unimolecular
reactions it should be kept in mind that, since many vibrations (and not only the
single translation) may play important roles, trajectory studies are always delicate
and require much caution.



X. Chapuisat and Y. Jean

There have been a number of interesting trajectory studies of organic reactions
that have used empirical potential energy surfaces. CH3NC —> CH;CN is the first
example. The second example is

K + C,Hsl = KI + C,H, (studied by Raff)?!®

where the ethyl group is treated as a two-body system. The main results are:

(i) the total reaction cross section for this reaction is less than that for K + CHsl
— K1 + CHj3, due to the increased steric hindrance;

(ii) K1 is predominantly scattered backwards;

(iii) the C—C stretch of the ethyl absorbs an important part (15%) of the heat of
reaction;

(iv) the reaction can occur by two mechanisms, either directly or through forma-
tion of a collision complex.

In the first mechanism most of the reaction energy transforms into rotation-
vibration energy of KI, while in the second mechanism the energy distribution be-
tween the products is more random. A third example of organic reaction studied
dynamically is that of a “hot” tritium atom on a methane molecule (studied by
Polanyi and collaborators?*® on the one hand and by Bunker and collaborators?2°~
221) on the other hand). The main findings of several studies (using various potential
energy surfaces) are:

(i) both abstraction of Hby T (T* + CH; — TH + CH;) and T-for-H substitu-
tion (T* + CHy — H + CH;T) are direct (non complex) and concerted (non sequen-
tial) reactions; :

(ii) substitution is favoured at intermediate collision energy (90—160 kcal/mol
collision energy);

(iii) substitution with Walden inversion is an important fraction of overall substi-
tution at low collision energy (40—100 kcal/mol);

(iv) the greatest part of the collision energy transforms into translational energy
of the products;

(v) at 45—90 kcal/mol the product molecule is scattered sideways, following
abstraction and backwards following substitution;

(vi) for abstraction, replacing T by D, the abstracted H by D, or CHj3 by a heavier
radical results in a decrease of the reaction cross section;

(vii) for substitution, replacing T by D or the abstracted H by D results in a de-
crease of the reaction cross section while the latter increases when replacing CH; by
a heavier radical.

We have kept the dynamical study of organic reactions by means of classical tra-
jectories and based on semi-empirical and ab initio potential energy surfaces for the
end. These studies are rare and constitute most likely a research subject with a future.
The difficulty is to obtain forces acting on a large numbers of atoms. Constructing a
potential whose partial derivatives provide reasonable forces is more and more diffi-
cult when the number of atoms and the directionality of valence forces increase” %).
Except for the reaction study presented in the 3rd chapter of the present article, (in
which an ab initio potential energy surface is interpolated and differentiated to give
the forces) and as far as we know, these studies are reduced to a single one by Wang

10
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and Karplus®22). It deals with the insertion of singlet methylene into the hydrogen
molecule:

CH2 + H2 - CH4.

Here the forces are derived directly from matrices associated with SCF—-MO calcula-
tions (at the semi-empirical CNDO, Ievel). The results for the heat of reaction are ac-
curate. The methylene is shown to be inserted into the hydrogen molecule for a wide
range of initial conditions. But the most significant conclusion is that the analysis of
the reaction in terms of the static reaction-path alone is largely insufficient, com-
pared with the more realistic dynamical conclusions about the mechanism which is
very complicated.

B. A General Framework for Chemical Dynamics in Organic Chemistry

The theoretical investigation of a chemical reaction is essentially a two-step study.
The first step is static. It consists of computing the potential energy of the reaction
system as a function of the different geometrical parameters. Hence, some informa-
tion on the reaction mechanism can be obtained, such as

(i) the minimum-energy path to go from reactants to products and consequently
the shape of the reaction coordinate;

(ii) the difference between the calculated energies for the reactants and for the
system at the transition state, which is compared to the activation energy of the reac-
tion as a first approximation. In recent years, the growth of scientific computers, as
well as the realization of fast programs for quantum mechanical calculations has made
the extensive investigation of potential-energy surfaces possible for many organic
reactions involving rather complex molecules.

The second step is of a dynamical nature. It consists of obtaining dynamical tra-
jectories on the potential surface. Classical Mechanics are supposed to describe cor-
rectly the atomic motion. In certain cases such a study, at the end, allows one to
obtain the rate constant of the reaction'®?). In other respects the dynamical study
brings new information on the mechanism of the reaction'°2~193), which cannot be
derived only from the study of the static potential surface. Moreover, the dynamical
study is sometimes clearly indispensable for the elucidation of the reaction mecha-
nism. Thus, the reaction H, + I, — 2 HI was considered for a long time to be a
simple bimolecular reaction. Semi-empirical calculations of the potential-barrier height
for a bimolecular process gave a result of 42 kcal/mol!?% 223 an excellent agree-
ment with the experimental value of the activation energy (41 kcal/mol). However,
dynamical trajectories calculations have shown that the mechanism is much more
complicated than previously thought. In particular the conflict between two possible
channels (H, + I, — H, + 2 I—> I + H,I (collinear) — 2 HI on the one hand”"
224-226) and direct Hy + I,— 2 HI on the other hand?2”)) has not yet been re-
solved. Nevertheless, the dynamical study of the first channel gave reaction rates of
recombination of H, + 2 I in good agreement with the experiment?2®),

11
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Complete dynamical studies, including the calculation of macroscopic reaction
rates, have been restricted, until now, to small molecular systems”> ). They require
a preliminary knowledge of all the regions of the potential surface that are accessible
for a given total energy. In addition, very many dynamical trajectories must be com-
puted for suitably selected sets of initial conditions. For larger systems — even the
smallest systems of interest in organic chemistry — it is impossible to obtain reaction
rates by means'of a cbmplete dynamical study. Too many degrees of freedom have
to be taken into account to obtain the full potential surface. Simplified assumptions
are required to scan the surface. In general, only those geometrical parameters which
contribute notably to the reaction path are varied. The secondary parameters are
either held constant or varied in a conventional way. There is no choice but to carry
these constraints over into the dynamical calculation. Then the system is said to be
constrained. Consequently, the vibrational excitation of purely nonreactive modes
is ignored. From a static point of view, this is not a severe restriction, if the important
parameters have been carefully selected. On the contrary, from a dynamic point of
view, the @ priori neglect of any energy transfer between reactive and nonreactive
modes (as well as the possible dissipation of a part of the energy over various non-
reactive modes) can play a crucial role, in particular near the middle of the reaction
where the final outcome of the reaction is decided.

Nevertheless, the dynamical study of the elementary processes occuring in the
course of a reaction remains useful and complementary to the static study of the
potential surface, even though it is incomplete and does not lead to the reaction rate.
In particular, the comparison of dynamical trajectories with the static minimum-
energy path is very instructive. As we mentioned in Chap. A for CH, + Hy—> CH4222),
the initial conditions seem to play a crucial part in the shape of dynamical trajecto-
ries; only certain specific initial conditions lead to trajectories close to the minimum
energy path; most dynamical trajectories are much more complex than this path.
Furthermore, deviations may result from the fact that for a given potential surface
in several dimensions the optimum path is most often drawn approximately under
the assumption that the evolution of the system can be represented by the sliding
of a mass point on the potential surface. This model is generally unsuitable for con-
strained systems® !9,

I. The Cubic Splines for Expression of the Potential Energy Functions
1. Introduction

Quantum chemical calculations provide the values of a multi-dimensional potential
at the mesh points of a grid. Several coordinates are varied step by step and to each
set of all these coordinates there is a corresponding number. However, we need a
potential energy function which is analytic if possible, continuous and differentiable
in any order. At the mesh points of the grid the values of this function are to be as
close as possible to the computed ones. In addition, the values of the derivatives of
this function with respect to any coordinate must be physically possible on the limit-
ing contour surrounding the region of the potential surface studied. This is very im-

12
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portant in order to avoid starting the numerical propagation of a trajectory the wrong
way in a limiting region; after the propagation this would lead to an incorrect result
in the opposite limiting region.

Different procedures can be envisaged. Most commonly used for small systems
is a simple analytical formula which is derived from a physical basis”~?. Each para-
meter in such a formula has a specific physical meaning and can be optimized (for
instance by a least squares fit). The main advantage of this procedure is that the para-
meters may be varied independently (this is the origin of many physical studies, see
for instance Ref.2!®)). But there are two drawbacks in doing this. Firstly, varying a
parameter modifies the whole surface (for instance, modifying the height of a gaus-
sian barrier at a constant parameter of steepness, implies a change in the width of
the barrier). Secondly, in a strict sense, such a formula is hardly exact anywhere,
since it is not an interpolation formula. However, this procedure is to be used as
often as possible because of the high speed in computing the numerical values of
simple expressions. We are not discussing here which analytical formula is the most
suitable for a given molecular system. The treatment of these topics can be found in
the literature” 9.

Many problems can be found in large systems in which most of the degrees of
freedom are artificially frozen. Then the potential energy, as a function of the co-
ordinates over a wide range, can become very complex. An alternative procedure is
to use interpolation techniques. By the common polynomial techniques all the values
of either the potential or its derivatives can be exactly fitted whenever it is necessary;
but this leads to polynomials of a very high degree (hundreds of mesh points may
have to be considered). Consequently, instabilities can appear, especially on the sides
of the region studied (see Fig. 1 for a one dimensional case).

Interpolation polynomial of a high degree
[ Exact curve

R /’{ s
N .
; Fore ¥
| ! [ ¥ |
BEEE
L1 i . | X
Xo x1 X2 x: X,. XS _____

Fig. 1. An example of a possible behavior of an interpolation polynomial of high degree, as com-
pared with the exact function. This is what we call an instability on the sides of the range of
interpolation

Therefore, we must search for an analytical expression or the potential energy
which exactly fits the calculated values at each mesh point of the grid, which avoids
divergence on the sides of the physically interesting region and which has, neverthe-
less, a rather simple form. The aim of the present section is to use a procedure which

13
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provides an expression fulfilling all these requirements by means of cubic spline func-
tions®.

In order to avoid any mathematical sophistication, we restrict ourselves to the
construction of only those functions that are of interest in the application. Many
more details can be found in the pioneering work of Ahiberg, Nilson and Walsh?33.234)
and in various textbooks on the subject?3%: 236)_ Some authors already applied spline
techniques to various problems in Chemical Physics, either to interpolate ab initio
potential surfaces!!% 237 238) or experimental data®3%? or to analytically expand
atomic orbital functions?49~242) or to solve bound state Schrodinger equations?4%),

2. One Dimensional Cubic Splines

On an interval [x;_;, X;] of a variable x, there exists one cubic function S;(x) and
only one such that:
(1) 85— 1) =yj—1 and [dS;(x)/dx];_ | =my_y3

1
2) Sij(x;) =y; and [dSi(x)/dx]x]. =m;. )

A convenient expression for this function is for instance:

S;(x) = 55 — hid;[8) + (3 Y} — byimy) X;/2 + M X7 |2 + 2 (myim; — Y) X7 )
where:  X; = (x —X;)/h; lies within [~1/2, +1/2]

and: X =0 +x-1)/2, ¥ =5+ yj— 12, my = (my + my_y)/2,

hp=xp=xio1 Y =yi—yi-1 o, Mi=my—my_y.

Now we consider an interval [, b] of the variable x, which is subdivided by a
mesh of points:

AE{a=x0<x1< ..... xN_1<xN=b}.
We associate a set of ordinates with this set of abcissas;

y={os¥1--- - IN-1,IN}

and with the extremal abcissas we associate two slopes: mg and my. We look for a
function S, (x), which is continuous on [xq, X ] (as are its first and second deriva-
tives), which coincides with a cubic in each [x;_ ,, x;] and satisfies:

SA(xj)=yj (G=0,1...N) (3)
Sa(x))=m;  (G=0,N)

£) An alternative analytical and stable mterpolatlon technology has recently been extensively
used: the continued fraction!9% 195, 229-232)
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We call this function a cubic spline on A. The definition of such a function requires
a knowledge of the intermediate slopes:

my=[dSa()fdxly;  G=12...N-1)

From the continuity requirement imposed on Sx(x) at x; (j=1,2... N — 1) the set
of linear equations results?3%:

)\,-m,-_1+2m,-+ujm]-+1=c]~ (]=1,2N—1) (4)
where: N = hj+1/(hj + kj+1) .

i =kl t By ) =1 =%

¢ =3 N —yi— ki + 3 4 j+1 — ¥l hin

In matrix notation:

_2 1231 0 ...0 0 0 ny —c1—>\1m0
)\2 2 My ... 0 0 0 msy (5]
L x - -
0 0 0 "')\N—Z 2 My —2 Mmpy_2 CN—2
|6 0 0...0 Av—1 2 ] MmNy | ON-1 T HMN—ampy
_.71 —
72
7 (%)
TN=-2
[ YN-1]

Standard algorithms exist to solve such a band system in an efficient and stable
way. The solution spline function S, (x) exists and is unique. Moreover, it is an excel-
lent interpolation function which converges to f (x) when N = oo, if limy . «(#;) = 0.

An important special case is that of equal intervals. Then, N; = y; = % G=1,

2 ...N —1) and the matrix in Eq. (5) — which we then call B — is easily inverted.
The result is (see Table 1):

B 1= (DB By_;_1/(Z"By_y) (I<i<j<N-1) (6)
where:
By =[(1++/3/2)"*" = (1 = V32" 1 INV3

B is symmetric with respect to its two diagonals. The same remains true for Q“l :

B~} =[B':j
(B~"w_i—1,n—j—1 =[B7 "
15
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Let us define a new quantity: o0 =+/3 — 2 =—-0.267949 . . . Then:

B, =(1+/3/2)" (1 - *"A/3
and: |
B~ =10 =™ HNE1 (1 = 2V D)1 o) (1<i<j<N-1) (D)

We can now write down an explicit expression for the slope m; at the ith mesh point
of thegrid i=1,2...N-1):
No1 o 1
m;=(3/2h) 21 B i Ujs1 —¥- 1)~ B i imo +[B ' lin—1 ma)2  (8)
]:’

It should be emphasized that the quantities [B™']; ; decrease rapidly asj departs
from i. Only a few terms centered around x; are to be kept in the sum, in Eq. (8).

We now study the equal intervals cubic spline function for N — e, This limiting
case is of general interest, since it affords a considerable simplification in the applica-
tions of the spline theory. | ¢ | being less than 1, we have:

Gij=limy oo [B7');;=(6" "'~ oA/3F (1<iandj<N-1) ©)

This is the current element of the infinite symmetric matrix C (see Table 1), the ele-

ments of which decay rapidly apart from the diagonal and tend to be constant values
on each line parallel to the diagonal. If this line is marked by A such that I/ — j| = k, the

limiting value for large i and j is:

lim; oo G iek = 6A/3° (10)

Thus, for sufficiently large i, the slope m; can be expressed as:

JERY
mi=(\/3—/2h)k_21 0% Visk+1 — Yisk—1) (11)
The integer constant / is defined according to the precision required.

3. Cardinal Splines

Let us introduce the cardinal splines. They are a set of N + 3 independent one-dimen-
sional cubic splines {Ag‘)(x), k=0,1...N,; B(Ak) (x), k =0, N} forming a complete
basis on which to expand any cubic spline on A. We define them as follows:

AP (x;) =6z (i=0,1...N)and [d4D (x)/dx],, =0 (i=0,N)(k=0,1...N);
BP(x)=0 (i=0,1...N)and [dBL (x)/dx]y, =8 (i=0,N)(k=0,N)(12)

8 is the Kronecker delta.
17
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It is readily verified that the spline function defined by the set of conditions (3)
can be expanded in the form:

N 3
Sal)= 2 ¥; AL (x) + mg BO(x) + my B N (x) (13)
P

This expansion will be of great interest in the following.
In the case of equal intervals the slopes of the cardinal splines at the mesh points
have a simple form; from Eq. (8) (i=1,2...N —1):

m (AP} =GR (B Nix-1- B Nik+1) (*=2,3...N-2) (14)

For k=0,1, N — 1 or N this relationship is still valid under the condition that the
[B~'];, that do not exist (i.e. [B~"];,_; [B™'];,0, [B7']; vand [B™']; v+1) are
regarded as being equal to zero. In addition:

m; BO)} = —[B711; 1/2 and my B (x)} = ~(B "}y v—1/2 (15)

From the expressions (1), (7), (14) and (15) one deduces the following properties of
the cardinal splines: (1) the cardinal splines Ag‘)(x) and A(AN"‘)(x) are mutually sym-
metric with respect to the center of the range A; (2) the cardinal splines Bg’)(x) and
B(AN )(x) are antisymmetric; (3) The A-type cardinal splines are oscillating functions
with a peak just a bit greater than 1 for a value of x very close to xy (or rigorously
equal to 1 at x = x; for the case of symmetric function) which rapidly damp out for
the values of x apart from x;, ; (4) the B-type cardinal splines are oscillating functions
with a peak close to the middle of the end interval and which rapidly damp out away
from that interval; (5) The absolute values of the cardinal splines

Aﬂ"(%) (k=0,1...N)

do not depend on #4; (6) The absolute values of the cardinal splines Bg‘) (i) (k=0,
N) are proportional to A. h

In the case N — oo, the B-type cardinal splines can be considered to vanish un-
less x is close to xg - xo however, can always be removed far from the range of x,
which is of interest. In other words, whenever h is reduced (tends to zero), the two
terminal terms in the r.h.s. of Eq. (13) become negligible compared with the first
one, because of the properties (5) and (6) above. Moreover, the complete set of the
A-type cardinal splines reduces to a unique symmetric function called 4., (X); this
function is to be translated (AX = x — x;), in such a way that it possesses the maxi-
mum of unit height at x = x; in order that it may represent A®M(x). The intermediate
slopes characterizing this unique function are evaluated using Eq. (11):

m;_,=m; {Az(vklm(x) = Aw((x — X))}
=32 k) (o' K+ _glimk=~1ly =g, /h (o)
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The o’s are given in Table 2. The function A.. is drawn in Fig. 2. Consequently, the
spline expression of any function defined by a sufficiently large set of values {y;}
regularly spaced, is now very simple:

SN._.M(X)=2)’,'A&“.X—X]'|/}Z) (17)
]

The sum is to be limited to a few terms, depending on the precision desired. This
only presupposes that one knows the accurate values of y; that are sufficiently far
away from the x considered. From Fig. 2 one sees that four steps further away suffice
since Ao (X) is negligible, for | X | > 4, within 0.25% (for |X'| > 5, within 0.09%).

b AL = Al
1.00
075 -
050 -
025 |
000 \/ Fig. 2. The Ao (X) function.

x X=Xl Ao (—If—:-xk—l> is the same as
-0.25 b 1 1 L | 1 h= &
0. 1 2 3. 4 5. ASQ )(x)

Generalizing the one dimensional spline theory in relation to the two dimen-
sional case is very straightforward. The explicit expressions of the multidimensional
splines are beyond the scope of the present article. They can be found in the litera-
ture?>* and have been used by one of us previously!> 56 244)

4, Supplementary Indications for Practical Uses

a) Reduction to the Case of Equal Intervals. We know a function y(x) by the data

set: {X;and y; (i=0,1...N);m; (i=0,N)}, where the X;’s are irregularly distributed.
We define A, the mesh of regularly spaced abscissas: {x; =Xy + i (Xy —Xo)/N(i=0,
1...N)}. We reorder the expression of the spline — which is unique on [xg, xx] —

in the following way:

N-1
i AD (x) =8 (x) — [7oAQ (x) + Py AW (x) + 5ig BQ (x) + iy BV ()] (18)
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Here the y;’s are (V — 1) unknowns, which are obtainable by imposing the N — 1
conditions that S(x;)=y; (=1, 2...N — 1) and then resolving a linear system of
equations. The above reduction is of importance because of the high stability and
simplicity of the cardinal splines on a mesh of regularly spaced abscissas.

b) Dz'fferentiation””. The flexibility of spline functions is very useful in the field
of differentiation. Noting 7 the average slope over the jth interval: m; = (v; —y; - 1)/h;
and W the matrix in Eq. (5), after reordering the current derivative my; is expressed as:

N-1
m =N [W™;, (3 iy —mg) +3 _22 A N [W 0+ -1 (W 55-10)
j=
tuy (W N By —my)  (=1,2...N-1) (19)

The structure of this formula is interesting. The A’s and p’s lying by definition be-
tween 0 and 1, W is a band matrix with a dominant diagonal (W, ; = 2). The same is
approximately true for W“([W"l] i,i close to 0.5). This shows that the m;’s are re-
finements of the 7;’s.

Now, from Eq. (2) we have (x;_; <x <x;):

dS (x)fdx = (3 i — my)[2 + M;X; + 6 (i — riy) X} (20)

(remember that: m; = (m; + m;_1)/2 and M; = my — m;_ ;). Near to the center of
the interval {§ '(f]-) = (3 m; — m;)/2}, it is noticeable that the derivative depends
three times as much on the given quantity #; (directly related to the data) than on
the computed one ;.

¢) The Cubic Spline Functions in Classical Dynamical Studies. Consider a molecular
system as a mechanical system to which no limitation to the free motion is imposed
(symmetries excepted), i.e. no bond and no angle are frozen. Then the hamiltonian
is expressed as:

H=T®)+ V(@ @

where Q and P are two sets of suitable dynamical variables (respectively, coordinates
and conjugate momenta) and the kinetic energy is:

rP)= (% Py /)2 (22)

My is the mass associated with the coordinate Q. The first type hamiltonian equa-
tions of motion are simple:

Q, = 0H/[0P; = 3T /0P, = P,/ (23)
The second type equations:

P, = —dH[3Q, = —dV/[3Q, (24)

21
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are generally more difficult to obtain, because the potential energy is a function of
natural coordinatesx, y .. .u...:

V@)=V(x,y...u..) (25)

wherex=x(Q),y=-y(Q), cu=u(Q)...

Thus the chain rule is used:
P, = (0 V/ax) (0x/0Qy) — (8V/ay) (9y/aQy) . . . .. —(0V/ow) (dufoQy) .. ... (26)

Suppose now, that the potential V is spline fitted™. We consider the general poly-
dimensional case and that the number of mesh points in all directions are equivalent
to infinity (V — o). This situation is always attainable from a polydimensional grid
of computed values in a sufficient quantity by subdivision of the step in each direc-
tion and preliminary interpolation of purely numerical supplementary values to be
used in the spline expression, which therefore is:

UG,y...u..)= 2 Viiog Aelc—x)/h A =)y .. ...
A —up)lhy] .. - .. Q7

The partial derivatives required by Eq. (26) then are very simply expressed for in-
stance:

dUfdu= T Vi n.Aullc —x)/]A[Q -3)Ry] .. ...

i,f,...n...

dAw [(u — uy)hy)du . . . .. (28)
where, ifug_; Su<uy:

Ao [ — )/ Ydu =[385_,(1/2 =2 U3) + B n B U} — 1/4) + vq_nUg) 1,
(29)

l 1ifk=0

and: B =ox tog_y, Yk =0k —ax_; and §} = I—l ifk=1

0 otherwise

u—uq

The local variable U, = lies within the limits — % and + ;— Values of §’s and

u
9’s are given in Table 2.

The algorithm is readily programmed. It allows for dynamical studies with non
empirical potentials whatever the dimensionality of the problem under consideration.

h) In the two-dimensional case, McLaughlin and Thompson?! 14) recently used an elegant and
convenient matrical method given by Jordan and de Boor245),
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5. Conclusion

The advantages of the spline functions as an interpolation technique are essentially
threefold:

(1) they are general and directly related to the results of quantum chemistry
calculations as they are produced by the specialists (grids of numerical values);

(2) the obtained potential energy surface can be modified locally without notice-
ably changing the rest of the surface. This allows for a great flexibility in the course
of studies on the influence of local potential properties on whatever phenomenon is
dependent on them;

(3) their flexibility makes them a tool with a future in the field of dynamical
studies in theoretical chemistry.

The drawback of the method is that one does not obtain parameters that are of
significance to the whole surface. To wind up this section, let us assert that the first
application has shown the spline technique to be useful and advantageous': 2+ 114: 244),

Il. A Formulation of Classical Mechanics for Constrained Molecular Systems in
Chemical Dynamics

1. Introduction

On generally restricts a Chemical Dynamics study to the framework of Classical
Mechanics” %> 8% 83: 246) Thjs js quite justified as long as no trajectory passes close
to a crossing point or to a symmetry-avoided-crossing point" 247> 248) (the range of
validity of classical trajectory studies can be extended to this last case by specific
devices!86 193—197,246)) At the present time all the Classical Chemical Dynamics
studies using adiabatic surfaces have been restricted to small molecular systems (in-
cluding no more than six atoms)” > 194 112:222) ndeeqd, a realistic dynamical study
of a greater system is not a straightforward matter. In particular, the usual formula-
tion of Classical Mechanics is relevant to mass points interacting through forces. For
nuclear motion this formulation is well adapted to systems in which all the intra-
molecular degrees of freedom (plus the degrees of relative motion in the case of bi-
molecular encounters) are explicitly taken into account and therefore may change

in the course of the motion. Such a system is called a free system. The inclusion of
overall rotation, i e three supplementary degrees of freedom, is optional. Unfortu-
nately, most studies in Chemistry concern systems in which the atoms are too nume-
rous to allow a complete investigation of the entire potential energy surface. Thus
many degrees of freedom must be held constant. For instance, some bond lengths
which are not sensibly modified in the course of the reaction are fixed a priori.

1) Classical Mechanics is known to hold for the description of nuclear motions on a static po-
tential surface from various semiclassical investigations! 44> 148—15 ) and from direct com-
parison with quantum-mechanical results for small systemsl 40, 141, 143)
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Similarly, when the atoms in a substituent group (an alkyl group for instance) do not
participate in a reaction as individuals but only as a group, the geometry of the group
is frozen. Such systems will be referred to as constrained systems, and we search for
a suitable formulation of Classical Mechanics for them.

Indeed, the mechanical counterpart to a constrained system is a set of solids
(frozen groups) articulated with each other through idealized hinges. The motion of
the solids is driven by forces which derive from a potential depending on the remain-
ing degrees of freedom. Below we present a method which executes the required job
by introducing a matrix called the constraint matrix. This constraint matrix is built
up with the mass like-coefficients appearing in the non-diagonal kinetic energy. It
depends on generalized coordinates only, i.e. not on conjugate momenta. The equa-
tions of motion are simply obtained by inverting the matrix and by differentiating
its elements with respect to generalized coordinates.

2. Classical Mechanics of Constrained Systems within Lagrangian and Hamiltonian
Formalisms

We consider an N-particle mechanical system. A set of K constraints applied to it is
holonomic?*® whenever all the relationships connecting the natural coordinates
{Q;,i=1,2...3N} of the particles in the system plus the time ¢ — and which are
a mathematical counterpart to the existence of constraints inside the system — are
of the form:

£(@1,02...Q3n.1)=0 (=1,2...K) (30)

The elimination of K dependent coordinates results in the introduction of a set of
generalized coordinates {g;,j=1,2...n} where n =3 N — K, in terms of which the
natural coordinates are expressed parametrically’):

0i=0:@1,92. . -92:)=0; (@, 1) (i=1,2...3N) (31)

Any conservative mechanical system which is either free or subject to holonomic

constraints and whose potential does not depend on the generalized velocities is

described by standard equations of motion (either Lagrangian or Hamiltonian).
The kinetic energy of the N-particle system is:

e

my; (3} + y} +2}) (32)

N | —
-
il
—-

where x, y and z are cartesian coordinates. The introduction of 3 ¥ “natural” co-
ordinates:

) On the scale of molecules, all the constraints to be taken into account are mathematically
idealized and of the holonomic type. Moreover, the defining transformation Eq. (31) do not
depend on time explicitly.
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Q1 =mi?xy, Qy=m{Py\, ... ... Qsv=myl*zy (33)

results in a simplified expression for T

w

N

07 (34)

1

T=

[ S A

Then the natural coordinates Q; (i =1, 2. .. 3 V) are expressed as functions of the
independent generalized coordinates g; =1, 2 ... n). As an immediate consequence
the analytical expression of the potential ¥ is modified:

V(Q)=U(q) (35)

The natural velocity Q; (the total differential of Q; with respect to time) is:

3 Qi( ) . —
0;= 2% ___aqq. =1,2...3N 36
‘ j=1 aq; ! ¢ ) (36)

Insertion of (36) into (34) provides the expression of the kinetic energy in terms of
generalized coordinates:

R ..
T(q 4)= 3 2 Ap@diax (37)
j k=1
where:
W 30:i(q) 80:i(q)
A; =y =) Tkild) 38
]k(Q) =1 aq,- aqk ( )

Ajx (q) is the current element of a matrix A (g) called the constraint-matrix. A(q)is
a real symmetric matrix whose diagonal elements are positive; it depends on the
generalized coordinates as variables and parametrically on the constraints. This
matrix possesses an inverse since det 4 (g) = 0 is not possible; it would correspond
to a supplementary relationship between the coordinates only, i.e. a supplementary
holonomic constraint.

The expressions of the generalized momenta in terms of the generalized velocities
are:

n
= I Au@d  G=1,2...n) (39)

The inversion of the matrix 4 (q) results in:

i= T A @pe G=12...n) (40)
k=1
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which is a convenient form of the Hamilton equations of the first type for constrained
systems.

Insertion of Eq. (40) into Eq. (37) leads to the expression of the kinetic energy
in terms of generalized coordinates and momenta:

12
T@p)=5 2 lAiil(Q)pipj (41)
6=

{1_1 (q) exists; moreover, it is real and symmetric. It is important to note that ob-
taining T (g, p) is no more difficult than an inversion of 4 (g). The Hamilton equa-
tions of motion of the second type then are:

1 345 (@) U@ . :
= Ik e — 2= (=1,2...n 42
2 oa PP g ) @)

since H(q, p) =T(q, p) + U (q).

On the basis of Egs. (40) and (42), one may state that — once the constraint
matrix 4 (g) is known — using the hamiltonian formalism to study the dynamics of
a constrained system amounts to

(i) inverting 4 (g) and

(ii) obtaining the partial derivatives of all the elements of 4 ~1(q) with respect
to all generalized coordinates.

The Lagrange equations of motion are:

o .. rol1 84k dMua(@], . du@)

T A;(@d= T |= - - ) 43

Z (@) 4 kﬁ[z % 21 quqz o0, (43)
(i=1,2...n)

since L (¢, 4) =71(q, ) — U{(q)-

In order to solve numerically this set of coupled second order differential equa-
tions, it is generally the practice to use numerical integrators adapted to coupled first
order differential equations only and, consequently, Eq. (43) must be transformed
into:

gi=m (44)

. o 4 o [ (@) 1 844,(q) aU (q)

m=—2 A;! z (LA LA ket 7 + 45

== % 4 (")[k,,=1( 0] @ e B (45)
(i=1,2...n)

It should be noticed that the bracket in Eq. (45) is independent of i and depends
onj only. Using the Lagrangian formalism to study the dynamics of a constrained
system amounts to

(i) inverting 4 (¢) and

(i) obtaining the partial derivatives of all the elements of 4 (g) with respect to
all generalized coordinates.
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3. Discussion

At this stage, we must stress one point: the more constrained the system, the smaller
the dimension of the reduced problem and the more involved the matrix elements
A;; (@)- In other words, the reduction of a great number of natural degrees of free-
dom to a small number of privileged ones by imposing constraints to the system —
which results in a shortening of quantum chemical calculations and a simplification
of the potential energy surface — happens to introduce supplementary intricacies
when dealing with dynamical problems. However, the requirement that a system
retains the same symmetry along a reaction path does not appear as a constraint,
although it is a restriction to free motion. In fact, a symmetry-constrained system
can always be viewed as a free system with a smaller number of dimensions.

Now a qualitative distinction between two classes of constrained systems is dis-
cussed. The first class corresponds to a highly constrained system, that is to say a
molecule in which at least two frozen groups of atoms are related by means of a
hinge located at the atom in common with the two groups. Nothing more than what
is in strict conformity with the general treatment presented above can be said for
such a system. A preliminary difficulty is generally to express the constraints in a
convenient way. A simple solution is to take as generalized coordinates those degrees
of freedom that are of physical interest on the basis of either experimental or theo-
retical information. Expressing the cartesian and natural coordinates as functions of
the generalized coordinates results in trigonometrical calculations. An important
point is then to ascertain the fixity of the center of mass and, if necessary, the zero
value of the total angular momentum. The last operation consists in applying the
standard procedure exposed in paragraph 2. The whole work can be very long but is
always feasible!> 2,

The second class includes the minimally constrained systems, ie. molecular
systems in which certain groups are still frozen but are individually treated as solids
interacting only through a position dependent potential. A quite simple example in
this category is a rigid diatomic rotor moving in an external static field. For such
systems, mechanical developments that are not possible in the general treatment
can often be achieved!??).

Finally, the advantages of respectively, the Lagrangian and Hamiltonian methods,
are compared below. Two points should be emphasized:

(i) the Hamiltonian equations are more balanced that the Lagrangian equations.
Indeed, there appears a simple summation in Eq. (40) and a double one in Eq. (42)
whereas, in Eq. (45) the summation in the expression of #; is a triple one. Consequent-
ly, the numerical integration (by means of usual integrators) of Hamiltonian equa-
tions is somewhat faster and more stable than the integration of Lagrangian equations;

(ii) obtaining Hamiltonian equations requires differentiation of the matrix
,:1‘1 (q) whereas, for Lagrangian equations, it is A(g) which is differentiated. Since
the matrix elements A;; (g) are often rather complicated, the matrix-elements
Ay ! (q) are even more complicated and their differentiation can result in very large
and intricate expressions. Consequently, for highly constrained system, the Lag-
rangian integration often appears more suitable. The definitive choice for either one
method or the other depends in fact on the particular system treated.
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4. Conclusion

The present method is applicable to large constrained molecular systems in a streight-
forward way. Its main advantage is to allow the direct resolution of dynamical prob-
lems in those generalized coordinates in terms of which the potential energy func-
tions are expressed, obtained through quantum-chemical calculations. Its main draw-
back is that the derivation of the analytical constraint-matrix can be quite tedious

in some intricate cases of highly constrained systems. The illustration of such a case
is presented in the next chapter. To wind this formal section up, let us mention that
an altemative technique to resolve mechanical problems involving constrained sys-
tems is that of the Lagrange multipliers®/.

I1). Some Remarks on How to Select Initial Conditions

1. Introduction

To start the mathematical integration of the equations of motion for one particular
trajectory, a set of initial values of coordinates and either velocities or momenta
must be specified. These, however, are dependent on the experimental conditions
which need be reproduced, such as collision energy, intramolecular vibrational ener-
gies etc. . . In addition, some other variables, for instance intramolecular instanta-
neous elongations, molecular orientations, impact parameter, etc. . ., are necessarily
specified in classical mechanics but are not observable microscopically because of
the Uncertainty Principle. The ensemble of these result in a set of trajectories asso-
ciated with a given set of observable initial conditions.

Many trajectories are necessary to describe all the different events that are sum-
med up to form a unique wave describing the-global chemical reaction under observ-
able conditions in quantum mechanics. In this respect, a set of classical trajectories
which spread around a mean trajectory in classical mechanics corresponds roughly
to the quantum mechanical spreading (through space or time) of the density proba-
bility function around its center.

Since the number of trajectories is necessarily limited (in particular when com-
puting the forces requires a great amount of computer time), good criteria for selecting
the initial conditions are of prime interest. The problem is so important that it was
discussed at length several times before”> '®1), In this section we just consider what
can be done in the case of constrained systems. The approximation of the ‘“‘con-
straints” is so rough as to eliminate the need for any of the refined corrections that
allowed to get very accurate resuits for small free molecular systems (cf. Chapter A).

Several domains of application need to be distinguished. In the thermal chemistry
of unimolecular reactions, a complex process, which is not known to us, leads to the

k) By the Lagrange multipliers techniquezso) the differential equations are integrated in the
natural coordinates and the Lagrange multipliers are used to keep constant the constraints
at each step of integration.
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initial energy of the reacting molecule (activated molecule). All the possible sets of
initial conditions should therefore be studied in order to determine which sets of

those initial conditions favour the reaction. To have a statistic weight for each set of
initial conditions is desirable but not always possible to obtain. In photochemistry

the intramolecular activation energy originates through a photon impact, ie. a well-
defined and instantaneous process. From a knowledge of the Franck-Condon principle,
it is possible to ascribe to each individual trajectory a statistical weight % D from
which average values of different quantities can be derived.

In the thermal chemistry of bimolecular reactions studied within the framework
of trajectories calculations, it is normally possible to obtain the rate constant of the
reaction as a function of temperature!!'® (cf. Chapter A). However, this can require
rather tedious calculations, because of the necessity of averaging the results over a
large distribution of individual trajectories. We do not discuss further the problem
of bimolecular reactions.

2. Physical Observables and Phase Variables

At the beginning of any trajectory one must specify either the coordinates and the
velocities [gq, do ] or the coordinates and the momenta [gq, po). It is physically
desirable that the initial conditions describe an observable situation of the reactants.
We denote by G the set of all the experimentally observable quantities (called physi-
cal observables) which must be reproduced. Such quantities are, for instance, the
collision energy, the quantum numbers defining the intramolecular state (vibrations
and the principal quantum number of rotation), the total angular momentum etc. . .
However, there are other dynamical variables which have a clear meaning in Classical
Mechanics but correspond to no physical observable because of the Uncertainty
Principle. We call them phase variables and denote them globally by g. The phase
variables must be given particular values to obtain, at given G, a particular trajectory.
Such variables are, for instance, the various intramolecular normal vibrational phases,
the intermolecular orientation, the secondary rotation quantum numbers, the impact
parameter, etc. . . Thus we look for relationships of the type go = q¢ (G, g) and either
4o =40 (G, g) or po =po (G, 8)

To reproduce the results of a given experiment whose theoretical specification
is G we must obtain a set of trajectories for various g. Then the theoretical results
(the energy transfer, the reaction probability, etc. . .) are obtained as averages over g.
Thus an observable quantity F, observable at the end of the reaction, is calculated
for given G as

N
F(G)= 2 F;(G)IN
i=1
where:

Fi(G)=F(G,£)=F(q0(G, 8,40 (G, &) ((=1,2...N).

N is the total number of trajectories. Here g; is implicitly selected pseudo random-
1y?51.252),
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Sometimes an additional average over G is required to obtain the theoretical
value of a macroscopic experimental quantity. Then one uses a normalized distribu-
tion function P(G) of all the components of G, so that in application of the basic
principles of Statistical Mechanics: F = [ P(G) F(G) dG where T denotes the sub-

space of all the possible values of G under the given experimental conditions.
The integral is most often transformed into a finite sum. If the selected values

G; of G are regularly distributed over I, then:

M M
F= X PG)FG)Z P(G)
P =

where M is the total number of the G;’s. If they are selected pseudorandomly over I'
according to P(G) as weighting function, then

F=Z F(GIM.
P

These expressions represent the most general theoretical results for whatever macro-
scopic experimental quantity F.

3. Unimolecular Reactions

In an unimolecular thermal reaction, i e. a reaction whose mechanism is a pure intra-
molecular rearrangement (either isomerization or dissociation), the initial energy
distribution arnong the various degrees of freedom of the system is unknown. In-
deed, in a preliminary step the molecule acquires activation energy through a com-
plex process (a collision or, rather, a sequence of collisions) which is in general badly
elucidated experimentally. In addition the energy exchange between distortion modes
of the activated molecule is very fast'® %),

Whenever the reaction involves a few atoms only, both the activation phase of
the reaction and the subsequent unimolecular rearrangement can be studied dynami-
cally?!9=215)_Then it is possible to ascribe a statistical weight to a given trajectory.
As soon as the reactant molecule includes numerous atoms (as is often the case in
Organic Chemistry) one just cannot study the overall dynamics of the reaction. In
particular, if one must renounce the investigation of the activation phase of the reac-
tion, one must also renounce the attribution of statistical weights to individual tra-
jectories. Then one must postulate, on the basis of either experimental information
or physical intuition, initial activated states of the reactant system and study only
its subsequent dynamical evolution. Thus the work is restricted to sample in a ran-
dom way all the possible initial conditions with no attempt to obtain at the end theo-
retical values of experimental quantities. Nevertheless, this context is not too restric-
tive. The trajectory study of thermal unimolecular reactions allows one

(i) to discover which initial energy distributions favour completion of the reac-
tion, which others disfavour or prevent it, and to relate these “a posteriori” observa-
tions to experimental facts;
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(ii) to observe qualitatively the microscopic dynamical paths of the reactions;

(iii) to obtain the statistical distribution of the molecular lifetimes and thus to
have a feeling for the reaction times at various total energies. Such a dynamical study
of a unimolecular thermal reaction (isomerization of cyclopropane) is the subject of
the next Chapter (C).

The situation just described is not inherent in all unimolecular reactions. In cer-
tain cases (for instance unimolecular photochemical reactions, i.e. non photosensi-
tized) an equilibrium energetic distribution (that of the fundamental state in the case
of photochemical reaction) is warranted. Then a statistical weight can be attributed
to each trajectory, either classically or semi-quantally. _

In the classical approach?3%), the probability to find the ith normal coordinate
of the system within [q, g + dq] is proportional to the time elapsed in it:

Pi(E; @) = 2/{T;(E — kig¥2)!/?}

where k; and T; are respectively the force constant and the period of the ith normal
mode; E is the total energy in the mode (physical observable) and g is the phase
variable. Thus the classical probability is minimal at equilibrium and infinite at the
turning points of the vibration. Finally, the statistical weight of a set of initial condi-
tions {G=E,E,...;2=44,q, ...} is the product of the partial probabilities for
the various modes:

i=1,2.

P(G;g)= N1 Pi(E;q)

In the semiquantal approach (theory of Wigner functions)?33~25%), Statistical
Mechanics is corrected according to quantum mechanical criteria. The statistical
probability of finding the coordinate of the ith normal mode within [g, g + dg] and
its conjugate momentum within [p, p + dp] is proportional to exp {—[p*/m; +
k;q*)/2 kT}, where m; and k; and respectively the reduced mass and force constant
of the ith mode, k is the Boltzmann constant and 7 is the temperature. There is no
counterpart to this probability in Quantum Mechanics because of the Uncertainty
Principle. However, since the normalized wave function ¥} (p) of the ith normal
mode in its vth vibrational state is known, the separate probabilities for q and p are
entirely defined: [1? () = |'¥? (q) I* and ﬁ,’.’ (p) = | &7 (p) I* where & (p) is the Fourier
transform of ¥} (¢). The meaning of these probabilities is the following: although it
is impossible to predict the results of the simultaneous measurements of both g and
p, it is nevertheless possible to predict the average results of measurements on a nume-
rous set of identical systems if all of them are in the same quantum state. Thus it is
quantum mechanically sound to look for a pseudo-distribution function 2; (v, q, p)
which would result in I17 () when integrated over p and in ﬁ}’(p) when integrated
over q. Among all the mathematical functions fulfilling these two requirements,
Wigner?5# has selected the very simple one:

Pio.q, )= (i | Wi(q+0) ¥i(q ~ 0) exp(2 ipQ/)dQ

=P;(v;£]) = (ah) "' (-1)"exp (=§}) L,(2 £})/ (mho!)
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where: 51.2 = a,? g+ p2/(a,-2h2), o; is a constant and L, denotes a Laguerre polyno-
mial. Here v is a physical observable and £2 a phase variable. This function is real
but not everywhere positive. For this reason it cannot be viewed as a true probabili-
ty distribution function. Nevertheless, it can be used qua a distribution function
since it fulfils all the requirements which would characterize this function if it ex-
isted. When v =0, and only then,

P:(v=0;q, p)=T12(q) x Ii} (V)

as it would be the case if p and g where simultaneously measurable?5¥. When v # 0
the probability of a given p depends on g, and vice versa. In the classical limit (great
values of v) this situation is consistent with the Correspondence Principle; indeed,
in Classical Mechanics, the values of g and p are related to each other.

Finally, for a reactant system including several vibrational modes, the Wigner
function is simply a product of one dimensional functions:

P(G=v1,v2...,g=S%,E§---)=_1112 Pi(v;, &)
i=1,2...

One of us has personally applied the theory of Wigner functions to obtain statis-
tical weights for individual trajectories in the study of the photochemical dissociation
of the water molecule in its second singlet excited state?#% 256);

H,0 (B '4,)— H(%)+ OH(3%,)

to account for the abnormally excited rotation of the OH fragment which is observed
experimentally?*”: 258)

C. Application: Optical and Geometrical Isomerizations of Cyclopropane

1. Experiments and Previous Theoretical Investigations

The pyrolysis of substituted cyclopropane leads to three types of unimolecular iso-
merizations (see Fig. 3). The first kinetic study of the conversion of cyclopropane
into propylene (reaction a) was undertaken by Trautz and Winkler in 1922V 259,
The geometrical isomerization (reaction b) was discovered by Rabinovitch, Schlag,
and Wiberg in 1958™ 261); reaction b is faster than structural isomerization in pro-
pylene (a). Finally, the optical isomerization was observed, independently by Craw-
ford and Lynch?%®), by Berson and Balquist®®®), by Bergmann and Carter?7% 271),
and by Willcott and Cargle®”?); their common conclusion states that geometrical (b)
and optical (¢) isomerizations are competitive reaction processes. If only the sub-

) For a more recent experimental work on the mechanism of this reaction, see Ret,260),
m) For later studies on cis-trans isomerization in substituted cyclopropanes, see Refs.262-267),
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Fig. 3

stituted bond breaks, this result implies that the single-rotational process, required
for geometrical isomerization, and the double-rotational process, required for optical
isomerization, are competitive rotational processes. This was confirmed by Doering
and Sachdev?”®), However, Berson, Pedersen and Carpenter have recently shown that
in substituted cyclopropanes in which the three C—C bonds can break equally (e
1-phenylcyclopropane-2-d), the major pathway is a synchronous rotation of both
terminal groups®”* 27%), Most mechanisms for the geometrical and optical isomeriza-
tions invoke a trimethylene diradical species (for a complete review, see Ref.279),
These reactions have aroused a great deal of interest among theoretical chemists.
Indeed, they lie within the simplest reactions in organic chemistry; formally, they
require only a rotation of 180° in one or both methylene groups. Hoffmann, in his

\/%\/ 2a 20

{a) FF (a) IEF (a) ) EE (a)

Fig. 4. Definition of the geometries of the three diradicals face-to-face [FF ()], edge-to-face
[EF ()] and edge-to-edge [EE (a)]

pioneering search of the potential energy surface for isomerization of cyclopropane,
found that synchronous (conrotatory) motion of the terminal groups, through an
edge-to-edge (EE) diradical (Fig. 4-c) is the easiest path on the surface27”). This pre-
diction was recently confirmed by the kinetic analysis of the isomerization of trans-
cyclopropane-1,2-d, by Berson and Pedersen?’). Afterwards, several groups undér-
took nonempirical quantum-mechanical calculations on

(i) the ring opening of the cyclopropane and

(ii) the rotations of the terminal groups in the face-to-face (FF) diradical (Fig, 4-a)
thus obtained® * 278289 The results of these calculations confirm the competition
experimentally observed between the two isomerization reactions: the diradical EE
is slightly more stable than the edge-to-face (EF, Fig. 4-b) diradical (AE = 1-2 kcal/
mol). Moreover, no potential energy barrier is found in the ring closure of the di-
radical toward the cyclopropane. This result, inconsistent with thermodynamic pre-
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dictions®®V, is in agreement with the results of recent ESR study of 1,3-cyclopenta-
diyl diradical?®?). Finally, the geometry of the transition state for geometrical iso-
merization has been resolved in 21-dimensional space, and that for optical isomeriza-
tion obga14n)ed approx1mate1y Static reaction paths were proposed for both reactions
bandc

1. Potential Energy Surface

The static study requireg consideration of three main geometrical parameters: the
angle of ring opening ccc (= 2 &) and the rotation angles for both terminal methyl-
ene groups (9, and @,). The other (secondary) parameters are either held constant
or varied in a conventional way.

The potential energy function ¥ (o, 8,, €,) can be re-written as a sum of two
terms:

Via,8y,6,)=V(a,0,0)+[V (e, 8,,8,)— V{a, 0,0)] (46)

The first term corresponds to the potential energy of a cyclopropane molecule
in the FF configuration with the ring angle CCC = 2 « (Fig. 4-a). The calculated
energy curve is pictured in Fig. 5: there appears no barrier to the reclosure motion
of the diradical FF (). This curve will be analytically approximated by means of
one-dimensional cubic spline functions.

The second term denotes the amount of energy required for rotations of the
terminal groups, with angular amplitude of #, and 8,, at constant «. For each value
of «, the potential energy of the diradical as a function of the two rotation angles is

Vola)
70

60
50
40
30}

20

1 Il 1 1 1 1 1 ! 1 >

60° 70° 80° 80° 100° 1M0° 120° 130° 140° 2a

Fig. 5. Potential energy curve for the ring opening from cyclopropane to the face-to-face diradi-
cal. The energies are in kcal/mol
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described by an analytical expression, which is simple but yet retains the essential
features of the surface!). There are four main features of the rotational surfaces that
the analytic formula must reproduce accurately: the energies of the half-way points
EF () and EE(a); the potential-barrier heights, h¢ () and Ap (@) for conrotatory
and disrotatory motions (Fig. 6). The following analytic formula is somewhat arbit-
rary; it is selected because it abides by the law of symmetry and takes into account
the four parameters independently:

Ve, 84, 8) — V(a, 0,0)=a(a) sin?(8, + 0,) sin%(8; — 65)
+ b (a) sin?(8; — 6,) cos*(6, +6,)
+ ¢ (a) sin?(, +0;) cos?(6, — 6,)
+d (o) sin6, sin’0, 47)

a(a) denotes the potential energy of the molecule in the configuration EF (@)
(8, =90°, 8; = 0°) minus the potential energy of EF (&) (§; =8, = 0°). Similarly,
d (@) is the potential energy of the molecule in the configuration EE («) (6, =6, =
90°). b (@) and ¢ (e) are simple functions of the potential energy barriers to the
synchronous disrotatory motion [Ap (a)] and the synchronous conratatory motion
[Ac (@)] respectively (see Fig. 6)

b(a) =[hp (o) + (k] (@) — hp (@) d (2))'/?]/2 (48)
e(@) = [hc () + (g (@) — ke () d (0)'/?]/2 (49
- . hc(u) .

FF(a) .EE (a}
» [ hb(a) >
W P ‘<O>;

FFla) .EE(:I) Fig. 6

Calculations of the energies were performed with a 3 x 3 CI version of Gaussian
70, at the STO-3G level?®?). For sixteen values of 2 a, regularly spaced form 50.1° =
0.875 rd to 136.1° = 2.375 rd, the potential energy curves which drive

(i) the synchronous conrotatory motion of both terminal methylene groups,

(ii) the synchronous disrotatory motion and

(iii) the rotation of a single methylene group (the other being held fixed) were
computed. The computed values of 2 (@), b (), ¢ (@) and d () are interpolated by
means of one-dimensional cubic spline functions.

The detailed results of these calculations have been given elsewhere®). Then we
shall only recall the main features of the three-dimensional potential energy surface,
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Fig. 7. Two-dimensional potential energy surface and static reaction path for the synchronous
conrotatory motion of the terminal methylene groups. 2 « represents the value of the carbon

ring angle. The abcissa gives the common value of both rotational angles: 8 = @ = 65. TS denotes
the position of a transition state. The energies are in kcal/mol
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Fig. 8. Two-dimensional potential energy surface and static reaction path for the synchronous
disrotatory motion of the terminal methylene groups. 2 a represents the value of the carbon ring
angle. The abcissa gives the common absolute value of both rotational angles: 8 = 8; = —6,. TS
denotes the position of a transition state. The energies are in kcal/mol
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Fig. 9. Two-dimensional potential energy surface and static reaction path for the rotational
motion of a single terminal methylene group. 2 a represents the value of the carbon ring angle.
The abcissa gives the value of the rotational angle: 6 = 61 along with 02 0. TS denotes the posi-
tion of a transition state. The energies are in kcal/mol

by means of two-dimensional cuts obtained in the following three limiting cases:

(i) synchronous conrotatory motion (8, =8, = 8; cf. Fig. 7);

(i) synchronous disrotatory motion (8, = —8, = 8; cf. Fig. 8);

(iii) rotation of a single methylene group (8; =0, 8, = 8; cf. Fig. 9). The mini-
mum energy paths are drawn approximately and the positions of the transition states
(TS) are specified.

The main features of the overall surface appears clearly in these two-dimensional
cuts: in a first step, the reaction coordinate is almost identical with a pure ring-open-
ing motion; the rotation of the terminal groups occurs at almost constant angle CCC,
and finally the ring recloses and the isomer molecule is formed. The optical isomer
is most easily formed via a purely conrotatory process (see Fig. 7). The transition
state is close to EE (o) with 2 & = 113° and is energetically located at 59.8 kcal/mol
above cyclopropane. In Fig. 8, the diradical EE (a) with 2 « = 113° appears to be a
secondary minimum along the synchronous disrotatory reaction path. In fact, it is
not a true minimum, since a conrotatory distortion (here, the hidden third coordi-
nate) requires practically no activation energy. The optical isomerization via a syn-
chronous disrotatory process requires an activation energy of 61.9 kcal/mol. At
last, the transition state for geometrical isomerization (cf. Fig. 9) is the diradical
EF (o) with 2 « = 113° whose potential energy is 61.6 kcal/mol above that of cyclo-
propane.
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HI. Dypamical Study

1. Equations of Motion and Initial Conditions

The equations of motion are established within the following simplification: the
kinetic energy of the system is written for a mode! in which the terminal methylene
groups remain trigonal throughout the reaction (see Fig. 10). Then, the 4 matrix,
defined in a previous section, is diagonal and the expression of the kinetic energy

is a diagonal quadratic form of the angular velocities:

=1
2

where: Ayq =S sin®a + C cos?o + 1 (5in®8 + sin0,) (51)

T= —Aped*+ %1 (6% +63) (50)

and: S 2 {1 [L(M+2m1)+2m17\]2+M2m17\2}
P

=M+2m1 1+2
C=2[ML? +2m (L +2)?]
I =2mu
p=M+2m1
M+2m,

p— — 3
=] _) s =/sin _)
A CcOS ) M S1 )

L is the CC length, / the CH length and vy the HCH angle in the terminal groups, M
the mass of a carbon atom, m, and m, the masses of the substituents on C, (C,) and
C; respectively. In the present study m; =m, =1 and p = 1; 1 is the moment of
inertia of the rotor which is formed of the two hydrogen atoms in a terminal methy-
lene group. Eq. (51) leads to the partial derivatives:

%—"—‘=(S—C)sin2a (52)
Ja
%‘f—“ =Isin(28)  (i=1,2) (53)

Finally, the three Lagrangian equations of motion are:

L1 [0 3dag p. of ¥Men s . 3Aae 2 ). OV

=__~ | = + 6, + 6, |+ 22 54
* T . [2 s &% 8, T 88, 2] b (54)
- 11 ddy, ., BV

6= - | - 2% o - —— i=1,2 55
77 [2 a0 - ae,-] =12 (55)
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where:

oV _ dV, da . db
P Evo_ + % n2(8y +6,) sin?(8; — 6,) + e sin?(8; — 8,) cos?(8, +6,)

de . dd :
| o sin?(f; + 6,) cos®(8; — 6,) + T sin?0, sin29, (56)

g—eli =2 sin (2 6,) ta (a) sin (61 + 02) sin (01 — 02) + b(oz) sin (01 — 62) COos (61 + 02)
i

+¢(a) sin (8; + 6,) cos(8; — 6,) + %d(a) sin?0,
(i=1,2and i #i) (57)

The + alternative should be used for i = 1 and the — alternative for i = 2 respectively.
The numerical integration of the three coupled second order differential Eq.
(54), (55) requires six initial conditions. These are (i, ii, iii) the three values 2 a°,
61 and 03, which determine the molecular geometry at the starting point (all the tra-
jectories in the present study start with the cyclopropane molecule in its equilibrium
geometry, i.e. 2 &° = 60°, 7 = 85 = 0); (iv) the total internal energy in the molecule,
Ey,; (v) the fraction Epy, of initial energy attributed to the “rotation” (at starting
point, this is actually vibration energy); (vi) the manner in which Eo; is distributed
among the two “rotors”. This is defined by an angle (§°) such that:

tg5° = 67/63 (58)

where 6} and 65 are the initial rotational velocities of the two groups. Then the re-
lationship:

65 =coss° [2 1V ES,]'/? (59)

is used. It is not restrictive to have 65 > 0 since 6} can be either positive or negative.
A third relationship:

do =% {2 [Etot —E'l‘?)t - V(a°9 0?1 0;)]/‘4&&(&0’ GT’ 0;)}1/23 (60)

is necessary to define the initial ccc angular velocity. The present study has been
arbitrarily limited to &® > 0, i.e. to initial extensions of the CC bond.

Five different values of Ey; have been studied, namely 61, 62, 63, 64 and 65
kcal/mol. For E\; = 61 kcal/mol, the only available channel is the synchronous
conrotatory motion (transition state at 59.8 kcal/mol). For E},; = 62 kcal/mol,
the rotation of a single group (transition state at 61.6 kcal/mol) and the concerted
disrotatory motion (transition state at 61.9 kcal/mol) both become feasible mo-
tions, at least in principle. For each value of E;;, E7y¢ has been varied stepwise from
2 to 50 kcal/mol, with a step of 2 kcal/mol. In addition, for given values of £y
and Eyy, 6° has been varied from 45° (conrotatory motion, #.e. antisymmetric vibra-
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tion of the methylene groups) to —45° (disrotatory motion, ie symmetric vibration),
with a step of 10°. All things considered, about 1500 trajectories have been run.

In our model, no fraction of the total energy in the molecule can be transferred
to nonreactive intramolecular modes; nor can any fraction be exchanged with the
medium. Under this assumption the computed trajectories are endless: a given set of
initial conditions leads to an infinite sequence of ring openings, rotations and ring
closures. The integration of a trajectory is stopped the first time the representative
point of the molecule moving on the surface enters a prescribed narrow region around
the absolute minimum, i.e the representative point of cyclopropane in its equilibrium
geometry. This is consistent with the analysis of the reaction given by Doering and
Sachdev?”® within the RRK-model'®). Their conclusion was that “the best trap for
a diradical is its own reclosure to a covalent bond”, because there the energy “is
rapidly dissipated by distribution among other, non-reactive modes. The larger the
number of atoms . . . in the molecule, the more nearly true this statement is”.

2. Dynamical Results

We first treat separately the trajectories corresponding to the particular values §° =
45° and —45°. Indeed, the total symmetry of the problem is such that, whenever the
motion of both rotors at the starting point is either purely conrotatory or purely dis-
rotatory, it keeps this particularity throughout the trajectory. Then the trajectory
can be drawn on a two-dimensional potential energy surface such as that pictured in
Fig. 7 and 8.

a) Synchronous Conrotatory Motion (5° = 45° ). For a very weak amount of
excess energy (1.2 kcal/mol) with respect to the conrotatory transition state (59.8
kcal/mol), a rather striking phenomenon occurs: reactive trajectories are observed

2cc
130° T ——— 70 65 0] 130°
e~ |65 65 !

200 160 60 60 120°

110°4 10°

100° L 100°

90" 90°

80" L 80°

70° 70°

60° | 60°
=S 36" R R 1‘5“' Tise 210 E:onro\atory

ROT

Fig. 11. A low total energy (61 kcal/mol) reactive trajectory leading from cyclopropane to the
optical isomer via a purely conrotatory process (6° = 45°)

ETOT= 61 Kcal /mol, E = 31,6 Kcal/mol
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only when E_,, — initial “rotational”” energy here exclusively in the antisymmetric
twisting vibration of the methylene groups — lies between 30.4 and 32.4 kcal/mol
(see Fig. 11). Thus, in order to observe the optical isomer formed in a purely conro-
tatory fashion, one half of the total molecular internal energy must be placed in the
methylene groups. The other half of the total energy (28.6 to 30.6 kcal/mol) re-
mains in the stretching vibrational mode of the carbon-carbon bond. At first sight,
this would seem insufficient to bring about the opening of the carbon ring. However,
during the first part of the reaction (from point A to point B in Fig. 11), the ring
opening motion and a complete oscillation of both terminal groups (with an ampli-
tude of 20°) go on simultaneously. Hence, an important energy transfer occurs from
the methylene groups to the carbon-carbon bond. Then only, the carbon ring can
open. Afterwards, the methylene groups rotate by 180° (from B to C in Fig. 11);

in the meantime the value of the CEC angle oscillates weakly around the optimum
value 113°. The reaction ends with a motion of ring closure (from C to D in Fig. 11).

When the total intramolecular energy increases (£, = 62 kcal/mol), the reac-
tive trajectories are more numerous. Below we analyze in detail the set of trajectories
for Eyo = 62 kecal/mol (see Fig. 12). Depending on the value of Ef, several dis-
tinguishable motions are observed:

Ego < 10 kcal/mol: the trajectories are non reactive. As shown in Fig. 12a, the
carbon ring opens and recloses without reaching the transition state. This is simply
due to a lack of twisting energy in the methylene groups at the starting point.

12 kcalfmol < Eg, < 20 keal/mol: within these limits the trajectories are reac-
tive (see Fig. 12b, c and d). They are quite different from the trajectories in Fig. 11:
only one half of an oscillation of the methylene groups occurs during the ring-open-
ing phase. In Fig. 12b the first reactive trajectory of this type is pictured: during the
rotation of the methylene groups the carbon ring angle oscillates many times around
the optimum value 113° and, consequently, the duration of the phase of rotation is
long (3.3 x 10713 second). This means, that the way in which the representative
point reaches the upper valley is far from being ideal. The ideal situation occurs when
Eg; = 16 kcal/mo! (see Fig. 12¢); then, the methylene groups rotate very easily in
2.2 x 10~ 13 second. Finally, for Eqy, = 20 kcal/mol (see Fig. 12d) the rotational
process is again difficult and lengthy (4.4 x 10~ !3 second). It is quite important to
note that all these trajectories include only a single rotation of 180° by each terminal
group. This result is all the more surprising since the energy in the rotational motion
can only be transferred, in our model, to the vibration of the carbon-carbon bond,
and not to a non reactive mode.

22 keal/mol < Eqyy < 32 keal/mol: the trajectories are non-reactive, as pic-
tured in Fig. 12e and 12f. When the ring opens the energy is badly distributed among
the different possible modes and the transition state cannot be reached. In Fig. 12e,
the representative point, after a half oscillation of the methylene groups, bounces
off the edge of the lower potential energy bump towards the upper part of the figure.
In Fig. 12f, the same thing occurs, but after a complete oscillation.

32.4 kcal/mol < Eqyy < 35.2 keal/mol: within these limits the trajectories are
again reactive (see Fig. 12g) and of the same type as that pictured in Fig. 11. As pre-
viously, each terminal group rotates by only 180°. It should be emphasized that this
second “reactive band” of initial rotational energies is much more narrow than the
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Fig. 12. Typical conrotatory trajectories at Eyo¢ = 62 kcal/mol for different initial “rotational”
(vibrational) energies

first one. This can be explained as follows: the rotations occur after a complete
oscillation of the methylene groups. As a consequence, this first part of the reaction
(ring opening) lasts longer in the trajectories of the second band (32.4 to 35.2 kcal/
mot) than in the trajectories of the first “reactive band” (12 to 20 kcal/mol). Then
the reactive trajectories are much more *“focused” around the ideal trajectory: a
slight modification can lead to large deviations and rapidly to non reactive trajecto-
ries.

Egt = 36 kcal/mol: these trajectories are non reactive (see Fig. 12h). The energy
initially concentrated in the stretching mode of the carbon-carbon bond is too small
(< 26 kcal/mol) to allow a sufficient opening of the carbon ring.
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For total intramolecular energies greater than 62 kcal/mol, (Egy = 63, 64, 65
kcal/mol), the two “reactive bands” of initial E,, values still exist (see Fig. 13a)
and even become larger and larger with increasing Eyo™ 28%). This is due to the fact
that, the greater the excess energy, the easier it is for the representative point of the
molecule to step over the transition state, even if the approach coordinate is not
favourable. Moreover, the second reactive band shifts slightly towards higher values
of Ey, so that the first phase of the reaction (ring opening along with a complete
oscillation of the methylene groups) always results in a face-to-face diradical with a
CCC angle close to 105°.

TOT

65
64
63
62 -
o8e

61

V804 ]
604Ts(s98)
59 -

10 20 30 40 Elor
(o)

ETOT
£5 -
64

63.1
63 4* ““““

621
624 oI ___

T.5.(61.9)
81 Fig. 13. Evolution of the “reactive bands”

0 e 20 & e versus Eiotand E:o_t for (a) a conrotatory
motion of the terminal groups and (b) a
(b) disrotatory motion

ny A long time ago, Wall and Porter?® have mentioned the existence of upper energy bounds
for H+ H, collinear reactions. More recently, Wright et al.284) have observed quite similar
reactive and unreactive “bands” for exchange reactions resulting from collinear atom-mole-
cule collisions.
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The results presented in this section all depend strongly on the assumption which
allowed us to terminate the trajectories. For instance, certain “reactive” trajectories,
if they were free to go on, could come back to the starting point of the reaction. Con-
versely, certain “non-reactive” trajectories, after the first process of ring opening
and closure, could yield a cyclopropane molecule possessing a more suitable amount
of CH, vibration energy and the isomerization reaction could now be possible
(Fig. 12a). Furthermore, the treatment of the dynamical problem in its full dimen-
sionality might well make the unreactive region between the two reactive bands dis-
appear.

b) Synchronous Disrotatory Motion (8° = —45°). The main results of the pre-
vious section for conrotatory trajectories remain true in the case of disrotatory tra-
jectories. According to the value of E,; (here the initial CH, symmetric vibration
energy), two reactive bands are still observed and exhibit the same characteristics as
above; the first band corresponds to values of Eg, of the order of 20 kcal/mol and
the second band to values of E,; of the order of 40 kcal/mol. Most of the reactive
trajectories involve a single concerted rotation of the terminal groups.

The only noticeable difference concerns the nature of the reactive trajectories
when the total energy is only weakly in excess of that of the transition state. For the

~ lowest total intramolecular energy studied (E o = 63 kcal/mol, i.e E ot —ETs. =
1.1 kcal/mol), we observed reactive trajectories in the first band only, i.e for Eny
lying between 16 and 26 kcal/mol. This is exactly opposite to what happens in the
case of a synchronous conrotatory motion at Ey; = 61 kcal/mol (Eyo; — E15. =
1.2 kcal/mol) where reactive trajectories are observed in the second band only. The
difference is probably due to the disrotatory transition state lying closer to the en-
trance valley than the conrotatory transition state (the top of the rotational barrier
is at 8; = —0, = 50° presently, instead of 8; = 0, = 58° before). Moreover, the en-
trance valley which drives the ring opening is wider in the disrotatory case than in
the conrotatory case because disrotatory distortions require a smaller amount of
energy than conrotatory distortion, as long as 2 & < 95°,

More precise calculations indicate that the first reactive band appears at E;; =
62.1 kcal/mol and the second reactive band at E,; = 63.1 kcal/mol. The evolution
of the reactive band widths versus the total energy is represented in Fig. 13b.

The small secondary minimum (well depth: 2.3 kcal/mol) at the edge-to-edge
half-way point does not affect the trajectories very much even for the lowest total
energy. However, there are some rare exceptions where the representative point of
the molecule spends rather a long time in this region of the potential energy surface
(for certain trajectories, the integration was stopped after 1.5 10712 second and the
molecule was still trapped into the well). Then, the final outcome of the reaction is
quite a random phenomenon.

c) General Motion (General 6°). When 6° differs from £ 45°, the coupling be-
tween the rotations of both methylene groups results, at anytime, in an energy trans-
fer from one to the other. Then the first question arises: for a given value of §° charac-
terizing the distribution of the initial methylene “rotation” (vibration) energy, what
is the actual value of § = tg~! (8, /8,) after the ring-opening phase of the reaction is
terminated?
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In Ref.)), we noted that the process of ring-opening is much faster than the rota-
tions of the terminal groups whatever the type of cyclopropane molecules, either
substituted or not. Consequently, energy transfer between the two oscillating termi-
nal groups does not have time to operate significantly while the carbon ring opens.
The opened molecule is rather similar to a FF-type diracial whose CH, rotational
energy — which is possibly very different from E,; — is nevertheless distributed
among both rotors in almost the same way as that defined by 6° at starting point.

A careful study of the relative variations with time of 8; and 8, leads to the follow-
ing conclusion. Whatever, the value of §°, the corresponding trajectory, when reac-
tive, closely resembles the reactive trajectory obtained for the same value of §° on
the rotational potential energy surface at constant CCC angle (see Ref.1), Fig. 7).
Thus, if §° > 0, the rotation of the terminal groups most frequently leads, viz a con-
rotatory process, to a molecular conformation close to that of an edge-to-edge di-
radical (EE¢). If §° < 0, we observe either the rotation of a single terminal group
(EF), or within a narrow range close to —45°, the formation via a disrotatory process
of an edge-to-edge diradical (EEp). It should be emphasized that, whatever the value
of 6°, both reactive bands (corresponding to values of Epy; of the order of 20 and

40 kcal/mol respectively) are still observed. At low total energy (62 kcal/mol), all
the reactive trajectories lead to the formation of the diradical EE via a synchronous
conrotatory motion of both terminal methylene groups (cf. Table 3). The amount
of excess energy above the potential energy of the transition state is weak (2.2 kcal/
mol), so that it is only within the range §° > 25° that the reaction is possible. The
ring reclosure occurs after only a single concerted 180° rotation of the terminal
groups. For Eyo¢ 2 63 kcal/mol, the three distinct rotational processes within the
diradical species are now possible (cf. Table 4). When 8° varies from 45° to —45°, we
observe successively the concerted conrotatory process, the rotation of a single group
and, last, the concerted disrotatory process. Reactive trajectories involving several
rotations in the diradical appear. They correspond, most frequently, either to limits
(on the reactive side) between “reactive” and “non reactive” bands, or within a reac-
tive band, to limiting values of 5° and £, beyond which there is a change in the
nature of the isomer formed.

3. Conclusion

The dynamical study of the coupling between the modes of ring opening (and clo-
sure) and the modes of rotation of the methylene groups of a cyclopropane molecule
in the course of isomerization reactions confirms essentially the two main conclusions
of the static study:

(i) an isomerization involves, at least approximately, three sequential steps: ring
opening, methylene rotation(s) and ring closure;

(ii) the concerted conrotatory motion of the terminal groups is the easiest reac-
tion path.

This study also brings new information which could not be derived from the
only study of the potential surface:
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(i) the amount of methylene “‘rotation” (vibration) energy required for the reac-
tion to be possible is much larger than was previously estimated;

(ii) in general, a single rotation of 180° of one or both terminal groups occurs
within the diradical species.

General Conclusion

The dynamical study of mechanistic details in organic reactions is complementary
to the static study of the potential energy surface. It furnishes a supplement of in-
formation which cannot be obtained from the static surface alone.

The question which must be raised now is: “Is this type of study called for and
will it be of common use in the future?” A first limitation is of a technical nature:
the dynamical study may be of interest only when the potential energy surface driv-
ing the reaction is known with sufficient accuracy. Thus the range of application is
restricted to reaction systems involving rather simple molecules. A second limitation
is that such a dynamical study is almost necessarily incomplete; for instance, in most
cases this precludes the obtaining of the reaction rates of organic reactions.

The purpose of such dynamical studies is mainly the development of a dynamical
intuition among chemists. Once the potential energy surface of reaction is known,
this intuition could allow qualitative predictions of

(i) possible deviations of the actual trajectories compared to the static minimum
energy path;

(ii) those energy distributions in reagents which favour completion of the reac-
tion, etc. . .

In this respect, dynamical studies of a limited number of typical reactions are
highly desirable. The rapid improvement of both the means of calculation and the
experimental techniques which result in having access to more and more tiny details
of reaction mechanisms, should stimulate research work in this direction.
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1. Introduction

Although molecular inversion is a phenomenon which theoretically can occur in any
nonplanar molecule, from the point of view of vibration-rotation spectroscopy
inversion is of significance for relatively few molecules. Nevertheless, molecular in-
version is an interesting and important large-amplitude molecular motion. Inversion
has pronounced effects on the spectra of certain molecules; experimental as well as
theoretical studies of these effects became an important part of the history of molec-
ular spectroscopy. The results of these studies found also important applications, the
best-known example being the celebrated NH; molecular beam maser.

The nature of molecular inversion can be understood if we consider an operation
E* whose effect on the position vectors r; of all the particles of a molecule (atomic
nuclei and electrons) in the space-fixed system of coordinates is defined as

E*r,-=—r,~. (1‘1)

The operation E* is the element of the Longuet-Higgins’ molecular symmetry
group of permutation inversion operations'). If E* is applied to a molecule with a
nonplanar equilibrium configuration of its atomic nuclei, it is the so-called non-
completely feasible symmetry operationl). In this case, E* transforms an equilibrium
configuration A into a symmetrically equivalent equilibrium configuration B which
cannot be obtained from A by a rigid rotation in space. Configurations A and B are
then separated by a non-zero energy barrier.

The height of this barrier depends on the way we contort the molecule to reach
its inversion, i.e., on the path in the configuration space over which we move during
inversion. Physical properties of the molecule are determined by the lowest energy
barrier which unavoidably must be surmounted if we want to arrive from configura-
tion A to configuration B. We denote this energy difference as the inversion barrier.

- If the inversion barrier which separates symmetrically equivalent equilibrium
configurations A and B is high enough, all the vibrational wave functions (corre -
sponding to inversion levels below the inversion barrier) have appreciable amplitude
only in the neighborhood of the equilibrium configurations A and B. The time
period during which a molecule undergoes the inversion is so long that the splitting
of energy levels due to the tunneling effect between configurations A and B is very
small and cannot be resolved by the spectroscopic techniques which are now available.
Such a molecule can be considered as rigid with respect to inversion.

This is the case of most molecules. There are, however, certain molecules in
which the inversion barrier is so low that the vibrational wave functions cannot be
considered as localized? . Frequencies of the transitions between symmetrically
equivalent configurations A and B are then high enough for the splitting of energy
levels due to the tunneling to be detected experimentally.

The simpliest and most important molecule with a low barrier to inversion is
ammonia, NH;. In its ground electronic state, NH; has a pyramidal equilibrium
configuration with the geometrical symmetry described by the point group Csy
(Fig. 1). Configuration B which is obtained from A by the symmetry operation E*
is separated from A by an inversion barrier of about 2000 cm~1!. A large amplitude
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Fig. 1. The effect of inversion, E*, on the
equilibrium configuration of ammonia NH3.
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vibrational motion during which this barrier is overcome is the v, bending vibration
(Fig. 2). The potential function which describes this motion is a double-minimum
function with the minima separated by the inversion barrier (Fig. 3).

Molecular inversion is significant for molecules which can be obtained from NH;
if we formally substitute the hydrogen nuclei by one or two atoms, as for example
NH,D, ND,H, NH, Cl. If we substitute one hydrogen nucleus in NH; by a polyatomic
group, the new molecule can execute several large-amplitude motions. For example,
in methylamine CH3NH, , we must consider the wagging vibration which “inverts”
the CNH, atomic group and in addition the internal rotation of the CH; group with
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respect to the NH; group. In hydrazine, H,N - NH,, there are two large-amplitude
wagging-inversions and one internal rotation. Such molecules possess several sym-
metrically equivalent equilibrium configurations which are separated by non-zero
energy barriers (Section 6.2). In general, we cannot transform one equilibrium con-
figuration of such molecules into another one simply by the operation of inversion,
E*, but by certain well-defined non-completely feasible permutation-inversion opera-
tions of the full symmetry group of the molecule”. In analogy to the inversion in
ammonia, the large-amplitude motions which invert certain non-planar atomic groups
in such molecules are also called inversions.

An interesting group of molecules which show an inversion effect related to
that observed in ammonia are small ring molecules. Cyclobutane has a four-mem-
bered ring with a small potential hump at the planar configuration. A similar situation
occurs in trimethylenoxid. Symmetric systems of five-membered rings, such as
cyclopentane, have two out-of-plane deformation vibrations (puckering vibrations)
which are degenerate. The resulting motion can be considered to rotate around the
ring and this type of motion has been called pseudorotation.

Theoretical description of the internal motions in such molecules is a rather
complicated problem which still requires further work. Even in the simplest case of
ammonia, until recently the theory of the vibration—inversion—rotation states of
this molecule had not been worked out in a form which would allow for a systematic
analysis of the spectra of this molecule leading to a determination of a reliable po-
tential function.

In Sections 25 of the present paper we describe an approach to the ammonia
problem which is based on a new vibration—inversion—rotation Hamiltonian devel-
oped recently for NH3 and its isotopic substituents in our 1ab3~%, We concentrate
in this paper on the ammonia molecule but the results could be immediately applied
to molecules such as NH,X and NHX, or they might be used in extensions of this
approach to more complicated molecules with inversion-like motions (Sections 6.1
and.6.2).

2. Molecular Inversion in Ammonia

Ammonia was the first molecule for which the effect of the molecular inversion was
studied experimentally and theoretically. Inversion in ammonia was subsequently
found to be so important that this molecule played an important role in the history
of molecular spectroscopy. Let us recall, for example that microwave spectroscopy
started its era with the measurements’~® of the frequencies of transitions between
the energy levels in the ground vibronic state of NH; split by the inversion effect.
Furthermore, the first proposal'® and realization'" ' of a molecular beamn maser
in 1955 was based on the inversion splittings of the energy levels in NH;. The Nobel
Prize which Townes, Basov and Prochorov were awarded in 1964 clearly shows how
important this discovery was. Another example of the role which the inversion of
ammonia played in the extension of human knowledge is the discovery of NH; in
the interstellar space by Cheung and his co-workers!3 in 1968, by measuring the
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inversion frequencies emitted by the ammonia cloud in Saggitarius B. Ammonia was
therefore the first polyatomic molecule found in the interstellar space.

Ammonia has also attracted the attention of theoreticians since the beginning
of the application of quantum mechanics to molecular problems. The fact that the
tunneling effect does not have any analog in classical mechanics certainly contributed
to this interest.

Dennison, Hardy, and Uhlenbec
interpretation of the inversion phenomena in ammonia in the early thirties. Fermi
was among the first theoreticians to study this problem; his paper on the effect of
the centrifugal distortion on the inversion splitting in NH; was written in 1932 and
after 45 years it is still interesting.

' These early papers, as well as most of the theoretical work on the inversion of
ammonia that has been done later, have considered the problem of the solution of
the Schrodinger equation for a double-minimum potential function in one dimension
and the determination of the parameters of such a potential function from the in-
version splittings associated with the v, bending mode of ammonia'”. Such an ap-
proach describes the main features of the ammonia spectrum pertaining to the v,
bending mode but it cannot be used for the interpretation of the effects of inversion
on the energy levels involving other vibrational modes or vibration—rotation inter-
actions.

Until recently, few attempts have been made to extend the theory of the am-
monia inversion to account for the dependence of the inversion splittings on the
vibrational and rotational quantum numbers [e.g. 18)]. These attempts differed not
only from the standard approach to the vibration—rotation problem of rigid mole-
cules but also from the approach to the problem of nonrigid molecules with intemal
rotation [for example!*).

In the following sections of this paper, we describe a new model Hamiltonian to
study the vibration—inversion—rotation energy levels of ammonia. In this model the
inversion motion is removed from the vibrational problem and considered with the
rotational problem by allowing the molecular reference configuration to be a function
of the large amplitude motion coordinate. The resulting Hamiltonian then takes a
form which is very close to the standard Hamiltonian used in the study of rigid mole-
cules'® and allows for a treatment of the inversion motion in a way which is very
similar to the formalism developed for the study of molecules with internal rotation
[see for example!”].

k!4 15) presented the first quantum mechanical

16)

3. Vibration—!Inversion—Rotation Hamiltonian for Ammonia

In the standard treatment of rigid molecules, we define a rigid reference configuration
of the atomic nuclei of the molecule with respect to which we measure the vibrational
displacements of the atomic nuclei!®: 29 1t is of course necessary to introduce a set
of constraints on these displacements so that external large-amplitude motions (such
. as translation and overall rotation) are not accounted for as vibrational motions.
Using the procedure described in detail e.g. in Chapter 11 of Ref2? we arrive
at a quantum mechanical Hamiltonian $#° which includes the components of the total
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angular momentum operator of the molecule, the components of the vibrational
angular momentum operator and the potential energy operator V as a function of
the normal coordinates of vibration Q. Because the Schrédinger equation for this
operator does not lend itself to exact solution, we expand the coefficients? Hag
(o, =x, y, 2) and the potential energy V in a power series in (. We then treat the
Schrédinger equation in different approximations depending upon the accuracy we
wish to reach in the theoretical interpretation of the experimental data.

The vibration—rotation Hamiltonian 5# is valid irrespective of the magnitude
of the amplitudes of vibrations, ie. it could be used in principle to non-rigid mole-
cules as well. There are, however, two main sources of difficulty which arise if we
wish to apply 5# to non-rigid molecules.

The first problem concerns the expansion of V in the power series in Q. In
non-rigid molecules, vibrational wave functions have appreciable amplitude over a
wide range of the values of the coordinates describing the large-amplitude motions
and we must use very high powers in the polynomial expansion to arrive at a satis-
factory description of the potential function of a non-rigid molecule. For example,
to describe the double-minimum function of ammonia (Fig. 3), we must use a poly-
nomial expansion of the 10th degree to arrive at about 1% agreement between the
calculated and experimental inversion barrier.

The second problem concerns the convergence of the expansion of the coeffi-
cients po g. Until recently this problem has not been studied to the same extent as
the effect of the anharmonicity of the large-amplitude vibrations in the expansion
of V. However, the role of the large-amplitude motions in the expansion of unz may
be equally important, especially in the ab initio approach to the calculation of the
rotational energy levels of a non-rigid molecule [cf.“)].

In the treatment of non-rigid molecules, we can avoid the above-mentioned
difficulties if we define a non-rigid reference configuration of the atomic nuclei
which essentially follows the large-amplitude motions. Vibrational displacements
measured with respect to the non-rigid reference configuration remain therefore
small; the large-amplitude problem is removed from the vibrational part of the
Hamiltonian.

This approach has been frequently used in the treatment of molecules with
internal rotation. In these molecules, the “top” and “frame” parts of the non-rigid
reference configuration follow essentially the internal rotation; internal rotation is
not considered as a vibrational motion but rather as a part of the rotational motion
described by a new dynamical variable — the angle of internal rotation.

In the following section, we introduce an analogous formalism into the descrip-
tion of the vibration—inversion—rotation states of ammonia. We define a non-rigid
reference configuration of the atomic nuclei of the ammonia molecule which follows
closely the large amplitude inversion motions of the atomic nuclei. In this way the
major part of the anharmonicity due to the inversion motions will be removed from
the vibrational problem and accounted for by the large amplitude inversion coordi-
nate p.

) The coefficients Iop are the elements of the 3x3 matrix which is the inverse to the matrix
of the inertia tensor elements defined e.g. by Eq. (10) in20),
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3.1. Molecular Reference Configuration and the Molecule-Fixed System of Axes

The reference configuration of the atomic nuclei of the NX3 molecule (X =H, D, T)
is defined by (i) three equal and fixed bond lengths (=ry), (ii) the angle p subtended
by the NH bond of the reference configuration and the C3 axis (Fig. 4). We shall
require that the molecule-fixed system of axes xyz has its origin at the center of
mass, i.e.

= may(p) =0 3.1

where a;(p) is the position vector of the ith atomic nucleus of mass ;. We shall
further specify the molecule-fixed system of axes by the requirement that the angular
momentum of the reference configuration vanishes in this molecule-fixed axis sys-
tem, ie.

da;(p) ] -0,

Zm (o) (32)

The components of the position vectors a;(p) are then given by

a1, = 1o Sinp,

02x=—§1 ro sin p, (3.3.2)

=_ 1,
@3x=—5To 8NP,

aNx = 03

a,y =0,
az,=32[2 .ry sinp, (3.3b)
azy= —3Y212 . ry sin p,

aNy= 0;

ay, = (myrocos p)/m,
az,=(mnrocos p)/m, (3.3¢)
az,=(mnrg cos p)/m,

ayz =—(3 mxrocos p)/m,

- where my and my are the masses of the corresponding atomic nuclei and m =3 my +
my . The molecule-fixed system of axes xyz is located in the reference configuration
as shown in Fig. 4.
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z=C

3

b 4

Fig. 4. The numbering of atoms and location of the molecule-fixed axis system in NH3

We have the following well-known relation between the space-fixed coordinates
and the molecule-fixed coordinates of the atomic nuclei for an instantaneous mole-
cular configuration:

ri=R+S7' (0®x)-[a; (0)+d;),i=12,...,.N (3.9

where r; is a column matrix of the three coordinates of the ith atomic nucleus in

the space-fixed axis system XYZ, R is a column matrix of the three space-fixed co-
ordinates of the origin of the molecule-fixed axis system. The quantity [a;(p) + d;]
is a column matrix of the three instantaneous coordinates of the ith nucleus in the
molecule-fixed axis system, the d;'s are the vibrational displacement vectors mea-
sured with respect to the reference configuration. The 3 x 3 matrix S™! (8dy) of the
transformation from the molecule-fixed axis system xyz to the space-fixed axis
system X YZ is given explicitly in Appendix I in Ref.29.

There are 3V +-7 coordinates on the right sides of Eq. (3.4), i.e., the 3N vibra-
tional displacements d;, , the three coordinates of the center of mass, the three Euler
angles 8, &, x and the angle p. Since there are 3N coordinates r;, (i=1,2, ..., N;
a=x, y, z) on the left sides of Eq. (3.4), the 3N vibrational displacements dj,, are
subject to seven constraint equations which further specify the molecule-fixed axis
system. We shall use the following set of Eckart and Sayvetz conditions for these
constraint equations:

? mud; =0, (3.5a)

12 m; [a;(0)xd;] = 0, (3.5b)
da;(p)

?m,- [d—p -d,-]=0. (35¢)
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If Egs. (3.5) are combined with Eq. (3.4), we obtain the following set of equations:

Zm;(r;—R)=0, (3.62)
Zm;a;(p)x[S(OPx) - (r; —R)] =0, : (3.6b)
Zmy(da;/dp) - [S(OPX) - (r; — R) — ;] = 0. (3.6¢)

If the instantaneous molecular configuration is given by a set of NV position
vectors7; (i=1,2,...,N), then the values of the seven coordinates R, 8, ®, x and
p can be obtained by solving the seven equations (3.6). Consider for example the
dependence of the angle p, defined as the angle subtended by the z axis and the NH
bond of the instantaneous molecular configuration, on the angle p for a motion of
the atomic nuclei during which all the instantaneous bond lengths ryy and the
instantaneous valence angles remain equal. The following simple relation can be
found (between p and p ) by solving Eqgs. (3.6)

cos p =(rNH/rg) cos p . 3.7)

Eq. (3.7) shows that for a bending motion during which ryy =7¢, the reference
configuration follows exactly the motion of the instantaneous configuration of the
atomic nuclei for all values of p in the interval from O to 7 (mod 7). Eq. (3.7) implies
also that the vibrational displacement vectors d; in Eq. (3.4) remain small although
the molecule exhibits a large-amplitude motion.

3.2. Classical and Quantum-Mechanical Vibration—Inversion—Rotation Hamiltonian
The classical kinetic energy T is defined as

2T = Zmyr} (3.8)
H

where f'i = d"i/dt.

If we substitute from Eq. (3.4) for 7; and use the various restrictions on the d;
given in Egs. (3.6), we obtain the following expression for the classical vibration—
inversion—rotation energy

2T=% Lngunwt2 2 we Emy(dpxdy), + Zm;d?. (39)
i i

o, f=X,y,2,p e=x, ),z

In Eq. (3.9), w, (x=x, y, z) are the molecule-fixed components of the angular

- velocity vector of the molecule-fixed axis system in the laboratory-fixed axis system,
w, = p, d; = (d/dt)d;. The quantities Ing (o, f =x, ¥, z, p) are the elements of the
4x4 matrix of the inertia tensor,
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I—Ixx Ixy Iy, pr

Iyx Iyy Iyz IJ’P
I= (3.10)
Ly L, L, I

Iox Ty Toz I

where fora,f=x,, 2

Ing = Zm; [64p(a; + d;) - (a; + d;) — (a; + d; ), (a; + dp)g], (3.11)
1
da,-

Iop =2 ?mi [Tdf x dilq, (3.12)
and .
[,=% (da")z 2% d%e d 3.13)
pp_jmiTp - imi}_pi‘ ;- a.

Let us introduce normal coordinates of vibrations Oy (k =1,2,...,3N) by an

orthonormal transformation

[+ FA1

where d is column matrix of the 3V mass-weighted vibrational displacements

mid,, (i=1,2,.. ,N.a=x,y, z); Q is a column matrix of the genuine normal
coordinates @y, @, . .., Q3n_7; @ is a column matrix of the seven nongenuine
coordinates Qan_¢, . . ., @3n: ! is a (BN—7)x3N submatrix of the transformation
coefficients Iy, » (K =1,2,...,3N-7),1 isa 7 x 3N submatrix of the transformation

coefficients ;o 5 (s = 3N—6, . . ., 3N), which are chosen to be proportional to the
coefficients associated with the quantities d;, in the Eckart and Sayvetz conditions
(3.5). Thus, Q3n_¢,Q3n—5, - - -» @3n = 0 correspond to the three coordinates of
translation, the tree coordinates of rotation, and the coordinate p. The requirement
which specifies that the @, are the normal coordinates of vibration is that the
potential energy expansion in Q is diagonal up to the quadratic terms [cf. Eq. (3.23)]
The coefficients I, ¢ (s = 3N—6, . . ., 3N) are in general functions of p [see Egs.

(3.5)]. The orthogonality of the genuine normal coordinates @ (k =1, 2, ..., 3N-7)
to the nongenuine normal coordinates @ (s = 3N—6, . . ., 3N) then implies that in
general the coefficients l;, x (K =1, 2, ..., 3¥=7) are also functions of p.

If we substitute for d; and d; from the transformation which is the inverse of Eq.
(3.14), Eq. (3.9) becomes

3IN-T
2T = z Fagwewst 2 (Qp+ T watfh0)? (3.15)
a,f=x,912p k=1 La=x,y,2,p
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where

I:"B “Llag — i Izm flngFkaQl; o B=x, 2 p. (3.16)

In Eq. (3.16), the Coriolis constants ¢z, (@ =x, y, z) are defined as

Ser=—"S0 = IE Uig, byt = Iy ilip 1)y . B, 7 =%, 5,2 (3.17)

and the Coriolis constant {£, is given by

p=—gh = B o et), (3.18)
ki 1k i, dp .

i,a=x,y,2

We can derive the quantum mechanical kinetic energy operator by following,
almost exactly, the arguments of Sections 2, 3, and 4 of Chapter 11 in 20) If we
choose the volume element of the Hilbert space to be

IN-T
dr =dpsin 6d0d¢>dxk21 dagy,, (3.19)

the kinetic energy operator assumes the form

2T = 't pX U — Pabtagt™ 25 — P + ' E P~ 2P 4
®h=xy.p (3.20)

In Eq. (3.20), J, (a =x, p, z) are the components of the total angular momentum
operator with respect to the molecule-fixed axes. The quantity J, is classically J, =
(8T/0w,) and quantum mechanically

J, = —if (3/3p). (321)

The components of the so-called vibrational angular momentum p, (@ =x, y, z) and
the momentum p, are defined as

Pu=Z SeilliPrioa=x,9,2,p. (3.22)

The quantities uyg (@, B = x, ¥, z, p) are the elements of the matrix which is the
inverse of the 4x4 matrix [I'4g]; i is the determinant of the matrix [ugg]-

We have so far considered only the kinetic energy expression. We must also
consider the potential energy expression V, which can be expanded for each value
of p as a Taylor series in the normal coordinates Q:

V= Vo(e) + Zp(p)s + % bRY (0)@2 + higher order terms. (3.23)
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In Eq. (3.23), ¥y(p) is the double-minimum inversion potential function of the
reference configuration (@, = Q; =...Q3x5_7 = 0). The linear force constants
kx(p)= (8 V/0Qx)p are not in general zero for all values of p, since the reference
configuration is not the equilibrium configuration for all values of p. The linear as
well as the quadratic and higher order force constants must be, of course, considered
as the functions of p (cf. Section 4.2).

It must be mentioned that our treatmen is an extension of the formalism
that was originally developed by Hougen, Bunker, and Johns®? [see also®!> 2¥] for
the treatment of the large-amplitude bending vibration of triatomic molecules. Moule
and Rao®® have simultaneously with, but independently of us, applied a simplified
version of this formalism to an excited electronic state of H, CO. Sarka, Papousek,
Bohadek and Splrko25 -7 [see also 28)] have extended this formalism to tetratomic
quasilinear molecules. The Hamiltonian T + ¥ [cf. Egs. (3.20) and (3.23)] can there-
fore be applied to any molecule with one large-amplitude bending vibration. We
shall discuss the use of this approach to other types of molecules later in Sections
6.1 and 6.2.

t3’5’6)

3.3. Extension to NH,D and ND,H

Discussion in Sections 3.1 and 3.2 is valid for ammonia NX;3 (X =H, D, T). This
discussion can be easily extended® to asymmetrically substituted ammonia mole-
cules NH,D or ND,H.

The reference configuration of the atomic nuclei of NH2D is defined by (i) three
equal and fixed bond lengths (= ry), (ii) the angle p subtended by the ND bond of
the reference configuration and the axis p which passes through the atomic nucleus
N and the center of the equilateral triangle formed by the atomic nuclei H, , H;, and
D (Fig. 5). All the valence angles o of the reference configuration are defined to be
equal, thus

(3"2/2) | sin p | = | sin (o/2) |. (3.29)

The molecule-fixed system of axes has its origin at the center of mass of the reference
configuration and the z-axis subtends an angle € with the p-axis (Fig. 5). The compo-

Fig. 5. The numbering of atoms and location of the mole-
cule-fixed axis system for NH,D. The hydrogen nuclei Hy
.and H; should be replaced by Dy and D3, and D should
be replaced by H for NH,D
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nents of the position vectors g{p) of the ith atomic nucleus in this molecule-fixed
axis system are given by

815 =dax =[(3mp + mN)/2m] ry sin p cos € + (my/m)rg cos p sine,
apx = — [(B3my + my)/miry sin p cos € + (my/m)ry cos p sin ¢, (3.25a)
anx = — [(my — mp)/m]ry sin p cos € — [(2my + mp)/m}ry cosp sin €,

@y =—(3Y2)2)ry sin p,

a2y =(3Y2/2)rg sin p, (3.25b)
apy=0,

any=0,

a1z = a5 = — |(B3mp + mp)[2m]ry sin p sin € + (my /m)rg cos p cos €,

ap, = [(3my + my)/mry sin p sin € + (my /m)] ry cos p cos €, (3.25¢)

anz = [(my — mp)/m]rg sin p sin € ~ [(2my + mp [m)]rg cos p cos €,

where my , my , and mp are the masses of the atomic nuclei H, N, and D, respectively,
and m = 2my + mp + my . Equation (3.2) can be used to calculate the relationship
between the angle p and €; we obtain

defdp = u, [(u, + us sin? p), (3.26)
where

uy =my(mp — my),

uy =mn(2my t mp), (3.27)
Uz = %mH(3mD —my).

Equation (3.26) can be integrated to give

Uy ll2 + U3 12
ep) = —————— arctan tan p | + const, (3.28)
[ (uy +u3)]'? Uy

where the integration constant may be arbitrarily chosen so that € = O for the value
of the parameter p = 0 (i.e., const = 0). Note that for NH3 Eq. (3.28) gives the
identity € = 0 for all values of p (cf. Section 3.1).
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The vibration—inversion—rotation Hamiltonian then assumes the same form as
in Eq. (3.20); Mqgp, 4 and V are of course different functions of p and Q.

3.4. Expansion of the Vibration—Inversion—Rotation Hamiltonian

The exact vibration—inversion—rotation Hamiltonian 5= T + ¥ [Eqs. (3.20) and
(3.23)] is, of course, too complicated to work with directly. Analogously as in the
standard treatment of the vibration—rotation states of rigid molecules?®’ 30) we can
expand #’in terms of the normal coordinates of vibration. This makes it possible
to use various approximations to S# which are manageable numerically.

Let us first rearrange 5 into the following form:

H=L  Tlap Ua—pP)Us—Po)—2 I (Paap) Up—pp)+
@, f=X,¥,2,p o f=x,9,2,p
3 T GmpdUa—pdt 3 a2 [patag P (pau'’)] —
a=x,y,z,p0 af=x,y,z,p
- S [Pakapk PO~ 2 EATIS L (Pat'™)] +
a=x,y,z,p a=x,¥,2,p
+ [T otto o™ P + 5 EP2 + 5 u E(P%u)— > w7 z (P w? +
+ Vo, Q). (3.29)

In rearranging the Hamiltonian we used the fact that the operators J, (@ = x, y, z)

commute with all other operators in Eq. (3.29). In Eq. (3.29), the operators pa, Jps

Py operate only within the brackets in expressions like (papqg), (/ pupa) (P? ) etc.
We expand the inverse moment of the inertia matrix as a power series in the

vibrational normal coordinates®*

Hap = Mg + EX;:ﬁQk t2 YEPQuQi+ .. saB=x52p. (3.30)

Let us consider the case of NX3 (X =H, D, T). From our choice of the reference
conﬁguratlon [Egs. (3.11)—(3.13)] we have i uaﬁ = 5&3#,13, and the expressions
for X2f and Y2 take a simple form:

X = (Ouap/Qr)p]=— b liga#gﬁ, (3.31a)

0
agaf® + el Woakfsiee,

Yef (= 1 (02ueg/00x00D,1= 5 | (
3.31b)

xyz,o

b) Tensor ,lg,, is diagonal because the reference configuration of the NH3 molecule defined in
Section 3.2 is a symmetric top not only for the equilibrium configuration (point group Csy)
but also for every value of the angle p in the interval from 0 to # (with mod =).
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where

af? = (/00 ), (3.32)

are the derivatives of the instantaneous inertia tensor I, 4, evaluated at the reference
configuration.

Expansion (3.31) can be substituted into the right side of Eq. (3.29) and main-
taining only terms of order of magnitude x>T, [at J = 10 for v, = v3 =v4 = 0, cf.
Ref.2V for determining the orders of magnitude in Eq. (3.29)] we have for the kinetic
energy operator

T= T? + T(r) + TCent + TCO: + Tvib » (3.33)
where
T0= 318075 + S Uty + SO | JatBe (0) VU601 + o),
(3.349)
T9=3 udx U2 +I)+ 50,72, (3.35)
Teent =4 = [ZXEQx+ T YifOuQi)olg+
a,f=x,y,z,0 kK k.l
+1 T (ZUXE) QO+ T W YE Qi Va, (3.36)
a=x,y,z2,p Kk k,l
Tcor =——; Z ﬂga VaPa tPoda) — _;(Jpﬂgp)pp, (3.37)
a=x,y,z,p
Tp=4SPE+d T Wdapl. (3.38)
2 k 2 a=X,¥,%,P

In Eqgs. (3.36) and (3.38), k and ! take on the values 1, 3a, 3b, 4a, 4b [see Eq. (4.2)].
The term Uy(p) in Eq. (3.34) consists of that part of% uM [P V2 (P

having order of magnitude k27, The explicit expression for Up(p) is

n? 1 o o
Uo(p) = 5 CE Py + TP Uity > @ aRP akpo —

Z 1 X
— 3 @ W)~ GG W) —2 T @) ek +
+ (@51 + (@) (W27 (3.39)

We have included certain terms from the expansion of Moo in the third term on the
right side of Eq. (3.29) in Eqgs. (3.36) and (3.38) although their contribution is
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probably below the order of our approximation. It can be verified that this must

be done if we want to preserve the Hermitian properties of the centrifugal distortion
operator Tcen and of the Coriolis operator Tcor [Eqs. (3.36) and (3.37)]. For ex-
ample, operators X% Qi Jf, in Eq. (3.36) are not Hermitian.

We shall discuss briefly the physical meaning of various terms which occur in
the expansion of our Hamiltonian and the corresponding approximations. The sim-
pliest approximation to.5 is obtained when all the small-amplitude vibrational
coordinates Qy (k =1, 3a, 3b, 4a, 4b) are put equal to zero. We shall call this
Hamiltonian the zeroth-order inversion—rotation Hamiltonian, or the rigid bender
Hamiltonian. It follows from Egs. (3.23) and (3.33)—(3.38) that it can be written
in'the following form:

H=H?+ T] (3.40)

where 7 ¢ = [T9 — U° (p)] + V, (0). In the expression for T and T? [Egs. (3.34)
and (3.35)], uQ, = 1/1&,(a = x, y, z, p); the explicit expression for 12, are as fol-
lows:

12, =19y [= Tmy(al, + a%)] = 3myr} [(my/m) cos”p + 1. sin®p] , (3.41)
!
12, (= Smya}, +a},)] = 3mur sin’p, (3.42)
? .
= :2 m;(2a;/8p)* | = 3myry [cos?p + (my /m) sin® p). (3.43)

Consider briefly now the Schrédinger equation for the zeroth-order inversion
Hamiltonian# :

W)= EN o). (3.44a)

This equation does not have a simple analytical solution but it can be solved by the
numerical integration technique which will be discussed in Section 5.2. After solving
this equation we can obtain the eigenvalues and eigenvectors of the inversion states
of ammonia in the ground *“vibrational” state, and, hence, we can obtain the required
inversion splittings in the v, states of ammonia. The important difference between
this treatment and all other previous treatments of the one-dimensional Schrédinger
equation for the NH; molecule lies in the fact that in this treatment the large-
amplitude motion is considered in the kinetic part as well as in the potential energy
part of the Hamiltonian.

From Eqgs. (3.40) and (3.35) it is obvious that the inversion—rotation wave func-
tions Y% (8, ®, X, p) of NH; which are the eigenfunctions of the operator %5, can
be written as a product of the rigid-rotor symmetric top wave functions depending
on the Euler angles §, ®, x and the inversion wave functions, depending on the
variable p. Integration of the Schrodinger equation

Fhy—ER v (0,9, =0 (3.44b)
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over 8, ® and yx then leads to the following equation:
S0+ (1 2) 2 [J( +1) — K21+ (02 [2) 1267 | Wdi(o) = EQUGi(0).  (3.45)

The wave functions ¢ 9 (p) in Eq. (3.45) depend on p (as the dynamic variable) and
on the rotational quantum numbersJ and & (as parameters).

After solving Eq. (3.45) we can obtain the eigenvalues and eigenvectors of the
inversion—rotation states of ammonia in the ground “vibrational” state; f.e. we can
calculate — in the rigid bender approximation — the rotational dependence of the
inversion splittings in the », states of ammonia. Note that the J and k dependent
terms in the Schrodinger equation [Eq. (3.45)] represent a modification of the
double-minimum potential function ¥5(p) for each rotational state J, k (see further
Sections 5.1 and 5.2).

Up to the second order of approximation, we can obtain the vibration—inver-
sion—rotation energy levels and the corresponding wave functions by solving the
Schrédinger equation

T+ V)dvie (Q50,0,9,X)=0. (3.46)

The solutions of Eq. (3.46) are therefore the inversion—rotation states of ammonia
in the ground as well as in the excited vibrational states, calculated in the so-called
non-rigid bender approximation.

The operator Tcene Which appears in the kinetic energy operator T [Eq. (3.36)]
involves certain terms which are formally the same as the centrifugal-distortion
operators in a rigid molecule of a C3y symmetry>® 32) In our case, however, the
coefficients X% and ¥$4 must be considered as functions of p. Furthermore, in
the centrifugal distortion operator Tgen, in £q. (3.36) there are severalJ, containing
terms which do not appear in the theory of centrifugal distortion in a rigid C3y mole-
cule. In the theory of a rigid molecule, these terms would account for certain effects
of the higher order than k2T,. In our case they become lower order terms because
of the anharmonicity of the large amplitude inversion motion. Tcep; also contains
certain terms which describe the vibration—inversion—rotation interaction between
the v, inversion states and the doubly degenerate v, vibrational states (see Section
5.4 for details).

In Eq. (3.37), Tcor is the Coriolis operator for the interaction between the
vibrational states v, , v3 and v4 in NHj; [the first term on the right side of Eq. (3.37)];
the operator (qugp)pp has the meaning of a quartic potential constant. 75y in Eq.
(3.38) is the operator of the vibrational kinetic energy where u3,, are of course con-
sidered as functions of p.

The application of 5% to the analysis of the vibrational—inversion—rotation
spectra of ammonia will be discussed in detail in Sections 5.1—5.4. Here we mention
only that if the interaction between the inversion, vibration and rotation states is
neglected, the overall wave function Y, can be written as a product of the harmonic
oscillator wave functions d/,‘,’k, the inversion wave function y;(p), and the symmetric
rotor wave function Sy (8, ®) exp (ikx):

Wvie = [0, 9 W1 [Wi(0)] [Sskar(6. ®) exp (Kx)]. (347)
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We have so far considered the expansion of the vibration—inversion—rotation
Hamiltonian 5 for the symmetrically substituted molecules NX3 (X=H, D, T).
For NH,D or ND,H, the treatment must be modified in an obvious ways). Because
of the lower symmetry of the reference configuration of NH,D with respect to that
of NHj, the matrix [ugg] is not diagonal for NH,D but contains the off-diagonal
element ugz. For example, in the rigid bender approximation, T9 remains formally
the same but T'? becomes

9= 2082+ 2l 72+ 14l U, +00). (3.48)

Note that T2 in Eq. (3.48) is not diagonal in the rotational quantum number &, and
we cannot use Eq. (3.45) for the calculation of the inversion—rotation energy levels
of NH,D in the rigid-bender approximation (Section 5.2).

4. Symmetry Classification of the States and the GF Matrix Problem
in Ammonia

Before we apply the formalism developed in Section 3 to the vibration—inversion—
rotation spectra of ammonia, we shall discuss in this section certain group theoretical
problems concerning the classification of the states of ammonia, the construction

of the symmetry coordinates, the symmetry properties of the molecular parameters,
and the GF matrix problem for the ammonia molecule.

4.1. Symmetry Classification of the States

Ammonia is an interesting molecule also from the group-theoretical point of view.
It has been recognized since the beginnings of the applications of group theory to
molecular spectra that the C3, point group which characterizes the geometrical sym-
metry of NH; does not give full information on the symmetry properties of its
quantum states. Instead of the C3y group, the D3y, group has been used for the clas-
sification of the states of NH;3. However, the general theoretical principles pertaining
to the use of the D3;, group of ammonia have been presented much later in the
fundamental paper of Longuet-Higginsl) on the symmetry groups of nonrigid mole-
cules.

Following Longuet-Higginsl), the full symmetry group of NHj is the group of
the permutationsc) and permutation inversion of the identical atomic nuclei:

E, {(123), (132)}, {(12)*, (13)%,(23)*} o
E*, {(123)*, (132)*}, {(12), (13), (23)} (I

where for example (123) is the cyclic permutation of the hydrogen nuclei numbered
according to Fig. 1, E* is the operation of inversion defined by Eq. (1.1), and for

©) We permute the positions and spins of the identical atomic nuclei.
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example (123)* is the permutation (123) followed by inversion E*. This group is
isomorphic to the D3}, point group on the basis of the following one-to-one corre-
spondence between the permutation—inversion group (PI group) operations and the
point group operations: E < E, (123) ~ C3,(12)* < o,, E* © 0y, (123)* & S35,

(12) < C,. Note that the elements in the row (I) are the completely feasible elements
of the Longuet-Higgins group') because only rigid rotations of the equilibrium con-
figuration are connected with their application; they form a subgroup of the D3y,
group which is isomorphic with the C3, group. On the other hand, all the elements
in the row (II) are non-completely feasible because they transform the equilibrium
configuration into a symmetrically equivalent configuration which is separated from
the original one by the inversion barrier.

The PI group operations are defined by their effect on the space-fixed coordinates
of the atomic nuclei and electrons. Since our molecular wavefunctions are written
in terms of the vibrational coordinates, the Euler angles and the angle p, we must
first determine the effect of the PI group operations on these variables. In the case
of inversion this can lead to certain problems both in the understanding of the
concepts of molecular symmetry and in the proper use of group theoretical methods
in the classification of the states of ammonia.

We shall use Eqgs. (3.6) first to find the effect of the PI group operations on the
Euler angles 8, ®, x and on the angle p. This will make it possible to find the effect
of the PI group operations on the small vibrational displacements d;. The effect of
E* on the space-fixed coordinates r; is defined by Eq. (1.1). It can easily be verified>
that if a set of values 0, @, x, p is a solution of Egs. (3.6) for a molecular configura-
tion defined by a set of position vectorsr; (i = 1, 2, . . ., N), then for a molecular
configuration defined by a set of position vectors —r; (i=1, 2, . . ., N), the solution
of Eqgs. (3.6)is 0, &, x—m, m—p.

The functions ¥ %(p) are of two types [cf. Fig. 72 in Ref.>®]: either y%(p) =
+ Y(m-p) or Y¥(p) = — Y9(m-p) where 0 < p <. Let us denote the first type of
inversion function as ¥/}(p), the second type as ¥ 7 (o).

By considering the effect of the E* operation it is obvious that

E*yj(p) =+ Vi(p), E*¥7(p) = — U7 (p). (4.1)

The effects of all the PI group operations on the Euler angles 8, @, x and the angle
p are summarized in Table 1. Fig. 6 is the illustration of the symmetry classifica-
tion of the rotational levels in the ground state of the NH3 molecule.

Let us consider now the effect of the PI group operations on the small vibrational
coordinates. Instead of the Cartesian coordinates d; it is convenient to introduce the
three stretching coordinates r14, 724, r34 and the three bending coordinates &, az,
a3 (Fig. 4), dnd a set of vibrational symmetry coordinates constructed from these
stretch and bend coordinates

Sy =372 (riatraa tria), S4a=6""7 (20, — oy —ay),

_ ) B (4.2)
83,5672 - (2r14 — 12 —ra3a), Sap =27 (07 — ).

S35 =271 - (ryq — ria),
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Table 1. Transformation of 9, &, x, p and of the stretch and bend coordinates of NH3 by the
symmetry operations of the permutation-inversion group D3p.

Variables Cy o Oh S3 C,

E v

E (123) (23)* E* (123)* (23)
[} [¢] [} T—0 7] (7] mT—68
@ ) @ T+ ® @ [ ntd
x X x-Q2n/3) m-x X— x+(x/3) —x
I P p p T—p m—p m—p
ria r14 r3q ri4 14 T34 14
24 724 14 r34 a4 ri4 r3a
r34 T34 24 r24 F34 raa ra4
oq @ Q3 @2 @y a3 L)
@2 @ o @1 @ @1 ®]
ag a3 5 a3 a3 ap ag
J J J J

- ' __El2) - — E@) . —— Af0)+A f4)
4 j P9 a L e 4. e - AT 01 A4)

SN SO Aoy, E .- E12) N A'fo)+A'fd)
3. aay 3- - gy O+ T g2 O- T —ajoae
- KM 4 E2 . E(2)
R T 1) 2- £ gy 2+ Tl—¢@
S A0) 4 Ef2)
1] ;—Alz(“) LI 6 S——
- ]_ Aa)
R A 0)
K=0 K=1 K=2 K=3

Fig. 6. Symmetry classification of the rotational levels in the ground state of NH3. Arrows: in-
version and inversion—rotation transitions allowed by selection rules discussed in Section 4.3.
Numbers in parenthesis behind the species symbols: spin statistical weights

The stretch and bend coordinates transform by the symmetry operations as given in
Table 1, thus the symmetry coordinates S; form the basis of a reducible representa-
tion

I'(S)=A\+2E' (4.3)

(see Table 2).

In Fig. 6 and in the following discussion, the * label attached to an energy level
denotes the parity of the overall wave function with respect to inversion, E*, By
symmetric (s) and antisymmetric (a) we always mean the parity of the inversion
wave function §;(p) with respect to E*. We shall denote the inversion states by the
quantum number v3 which corresponds to the vibrational quantum number of the v,bend-
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ing mode in a rigid C5, molecule. The symbol v} denotes always the lower component,
75 the upper component of the inversion doublet (Fig. 3).

Bunker3¥ has recently introduced a different labeling of the inversion states
according to the number of nodes v,y of the inversion function ¢; (p). Thus, the 0%
label corresponds to vy =0, 07 to 1, 1* to 2 etc. (Fig. 3). The notation of Bunker
allows one to label the energy levels by their symmetry and to determine the vibra-
tion and rotation selection rules in a very straightforward way34). We feel, however,
that for high inversion barriers and especially for the inversion states below the in-
version barrier it is more natural to use the old labeling (but we may be too conser-
vative in this respect).

The symmetry group of NH,D (ND,H) is the C,y group of the permutations
and permutation-inversions of the elements E, (12), E*, and (12)*. By the same argu-
ments as described above for NH3 we find that the symmetry coordinates for NH,D
form the basis of a reducible representation® )

[(S)=34, +2B,. 4.4)

4.2, GF Matrix Problem for Ammonia

The potential energy V can be expanded for each value of p as a Taylor series in the
symmetry coordinates S;, S5, S4 (for NH;3)

V=Vp(0) + Z Fy(p) Sy % £ Fon(p) SpuSy + - . (4.5)
n m,n

The linear™ and quadratic force constants F,, and F,,,,, are written as a Fourier ex-
pansion

Fr(p) = Z [k cos (t9) + kSl sin (o)), (4.6)

o0
Fon(p)= Z [K$),, cos (p) + K&, sin (10)], 4.7)
=0

where ¢ is an integer. The species of the symmetry coordinates is either 4} or E’

(Table 2) and the species of sin (tp) and cos (¢p) are A} and A5 for t odd and A3
and A for ¢ even. Since the potential energy ¥ must be invariant with respect to
all the symmetry operations it holds that

k& =K9n,=0 fortodd, (4.8)

9 Because of the high symmetry of the reference configuration in ammonia NX3 (X=H, D, T),
the only non-vanishing linear force constant is Fy(p).
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Tabel 2. The symmetry species of the operators and of the wave functions
in the D3y, group of NH3

Quantity Species Quantity Species
sin p Al A Al
cos p A5 (532, S3p) E
sin 2p A3 (Saa> Sab) E
COos 2‘7 All 3b A 5
vi o) Ay 1 ap A}
¥i () A 34, 3b A}
Uy, Iy) E’ fia, 4 Ay
®x, py) E" rga, 4b All
Iz A4 ’2 5)3ca, 4b Ai
Jp A 3 fga, 4q A%
Pz A2 uz Al
Pp A2 (bx, Hy) E
Hz A3

k.g,trz = K.Sg.tzrm =0

(4.9)

The elements of the kinematic matrix G in the representation of the symmetry co-
ordinates [ Egs. (4.2)] are as follows:

Gy =up +(1+2cosaun,
G33 =up + (1 —cosaun,

G34 = un (1 — cos @)* /(ry sin a),

Gas =(1 —cos @) [(1 — cos o) un + (2 + cos a)uy )/(r3 sin? @)

where « is the instantaneous value of the bond angle; it holds that
312 ysinp| /2 = |sin /2| and uy = 1/m, ux = 1/my.

The standard GF matrix problem?? can be written as

GFL =L A,

(4.10)

(4.11)

where A is a diagonal matrix of A (o) from Eq. (3.23) and L is the square matrix of
the eigenvectors which transform the five symmetry coordinates S [(Eqgs. (4.2)] into

the five normal coordinates @y, @34, Osp, @ag, Cap

S=LQ.
80
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The elements of the eigenvectors L in Eq. (4.12) are totally symmetric® . However,
the elements of the elgenvectors in Eq. (3.14) are of the species 4} forl ; and by, ks
while that of J;, & is A [see? ]

For NH3, the non-vanishing Coriolis parameters defined by Egs. (3.17) and
(3.18) are then the following:

X — . — . — = - . . .
$1,36 = — $1 3058100 = — 8% 4as S5 a0 = — a0 30 = raa = — Sb.a00 $3a,305 aa,ap

Z -— . -
$3a,4p = — $3b.4a 80,0 = $5b, an

Note that the Coriolis constants {*,§”, and ¢* are not totally symmetric (Table 2);
this is illustrated also by Figs. 7a und 7b.

This discussion can be easily extended to NH,D or ND,H [see partly Ref.s)].

| 2
008 08| RN
|
0.04 06l (‘p I
e |
041 ?ro l
002 | by
0.2 { 3a,4a
0 of _ ______N__ "\
:24 4b
a,
-0.02 | -02] I
-04| l
-0.04 |
-06| |
- |
0.06 | o] |
|
0 40 80 120 160 0 40 80 120 160
(a) Q (indegrees) (b} g (in degrees)

Fig. 7a, b. (a) The dependence of the Coriolis constants g, 3p {1 ap, and §3a 3pon the inver-
sion coordinate p for NH3. Calculated from the force ﬂeld in Table 3

(b) The dependence of the Coriolis constants 3'34' ap 5'3‘,,4,,, 5'33'0,4‘,, and ;ﬁa,% on the inversion
coordinate p for NH3. Calculated from the force field in Table 3

4.3. Selection Rules

Let us denote by uz the component of the electric dipole moment vector with
respect to the space-fixed axis Z. A transition between vibration—inversion—rotation
energy levels of ammonia is allowed by selection rules if
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(W'vir luz | 5 #0. (4.13)

The component uz belongs to the species A} in the D3y, group because uz is not
changed by pure permutations and it changes sign by permutation—inversion opera-
tions (Section 4.1). The overall symmetry selection rule therefore allows transitions
only between vibration—inversion—rotation states with opposite parity with respect
to the operation of inversion (cf. Fig. 6).

To derive the selection rules for the allowed transitions between vibration, in-
version and rotation states, we must express iz in terms of the components u,
(o =x, y, z) of the dipole moment vector with respect to the molecule-fixed axes
xyzie

Wir luz [ Yvie ) = a=x2y , Wi(@) Vo (Q) e ] Wi(0) Y5 (@D

KO PX) [Aza Y7 (6 Dx)). (4.14)

In Eq. (4.14), u, (2 =x, y, z) must be considered as functions of the normal co-
ordinates @ and the inversion coordinate p; Az, are the direction cosines between
the molecule and space-fixed system of axes which are functions of the Euler angles
6, ¢, x only.

By standard treatment
Pure inversion transitions:

3234 we find the following selection rules for NHj3:

te— AJ=0, Ak=0;Av=0.
Inversion—-rotation transitions:

te - AJ=%+1 Ak=0;Av=0.
Vibration—inversion—rotation transitions:

Parallel band: +e— AJ=0,21; Ak =0; Av#0.
Perpendicular band: + —, AJ=0,% 1; Ak =+ 1; Ap+#0.

Because g, is antisymmetric and (u,, 1, ) are symmetric with respect to inversion,
E*, (Table 2), selection rules for allowed transitions in the parallel band are s < a
while they are s < 5, ¢ a in the perpendicular band (Fig. 8).

From these selection rules, only the + < — rule is strictly valid. In addition to
these rules, perturbation allowed transitions are possible in ammonia. For example,
the ground vibrational—inversion state of NH; is mixed by a higher-order vibrational—
rotational interaction® with the doubly degenerate v, level (Fig. 8). As a result of
these mixings, there are the following transitions allowed by these interactions (see
Fig. 8)

AJ=+1,Ak=£3,sos,a%a,Av=0.
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Fig. 8. Allowed transitions for the parallel (#) and perpendicular (1) vibration—inversion—rotation
bands in NH3. System of levels on the right side of the figure illustrates a vibration—rotation
mixing of the ground vibrational state with the v4 degenerate state

For ammonia "*NH3, we have predicted (cf. Section 5.2) the frequency of the
a(2,t2) < a(l, ¥ 1) transition to be 867.7 GHz, that of @ (8,8) < a(7,5) to be
554.8 GHz, i.e. they should appear in the submillimeter wave region. Although their
intensity should be very small (y &~ 1077 ¢cm™"), the submillimeter spectrometer
built by Krupnov et al.>® using the acoustic detector might have been able to detect
these transitions. In a search for the weak transitions, the fact could be used that
the frequency separation of thea(J + 1,k £3) «a(/, k) and s(/ + 1,k £ 3) < (/, k)
transitions can be determined with microwave accuracy from the known inversion
frequencies in the ground vibrational state of ammonia (see Fig. 8).

The measurements of these “forbidden” transitions would provide important
information on rotational constants for ammonia; these transitions are also of
astrophysical interest>%) Equally important and interesting would be a study of the
“forbidden” vibration—inversion—rotation transitions in the infrared region [similar
to that described recently by Maki ez al. 37 for phosphine PHj3].

Discussion of selection rules must be modified for NH,D (ND,H) because they
are asymmetric top molecules®®. The convention for inertia moments in asymmetric .
tops is I, <Ip <I,. We shall use the symbol Jx _,k to label the rotational energy
levels of NH,D (ND,H); g _, is the quantum number in the limit of the prolate sym-
metric top (I > 1.); x, is the quantum number of the oblate symmetric top
Uy > 1).

The inversion wave functions y; () of NH,D (ND,H) belong® to the 4, species
¥7(p) to B, . The species of the rotational wave functions can be found by standard
methods'®; they are given for the lowest inversion—rotation levels of NH,D(ND,H)
in Fig. 9.

The species of the component of the electric dipole moment uz along a space
fixed Z axis is A, in the C,, group, thus the overall selection rule for the allowed
vibration—inversion—rotation transitions can be written as

I"xIMeA,.
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According to this rule, transitions between the energy levels of the same inversion
doublets are not allowed in NH,D and ND,H (cf. Fig. 9), that is, there is no pure
inversion spectrum in these molecules.

-8B
20 —— A
—B
2 — A:
A
2, B:
1 A, Fig. 9. Symmetry classification of the
10 B, 2, 82  rotational levels of NH2D (NDoH) in
1, A, 32 the A vibrational state. Species for
B, 2, ——— A the B vibrational state can be ob-
1 B, ! tained from the direct product of the
o B, o A, species in this figure with the species
00 ———— A B

The symmetry of the components y,, ip, t. determines the selection rules for
the a, b, ¢ type of transitions. Since p, and y, are invariant with respect to E*,
selection rules for the @- and b-type transitions are s < s, a < a (Fig. 10). The com-
ponent (. is antisymmetric with respect to E*, thus we have the selection rule s v 4
for c-type transitions (Fig. 10).

KK KK,
a a
.V N
“ {JK-1K1 <
TANK K
M 11 a
% ‘L,
K (2 JK_1K1 k s
A.
JK_1K1 a "+ V&
A, J 4;
“1UKK, < L K& s KK, L Kk | ¢
V= (V)2 WA, VLA, VAL (y-Y 2 < AL
a,b a,b c c

Fig. 10. Allowed 4, b,and c-type transitions between the inversion doublets of NH,D (ND,H)

In the limit case of a prolate symmetric top I, =1, and the dipole moment
changes along the symmetry axis. Thus, the a-type transitions give rise to parallel
bands with the following selection rules:

AT=0,£1;AK_, =0,AK, =% 1.
84



A New Theoretical Look at the Inversion Problem in Molecules

The b-type transitions give rise to perpendicular bands in both limiting cases and
the selection rules are

AJ=0,+1;AK_ [ =%1,AK, =%1.

The c-type transitions give rise to perpendicular bands in the prolate symmetric top
limit and to parallel bands in the oblate symmetric top limit. Selection rules are then

AJ=0,+1;AK_, =+1,AK, =0.

The electric dipole moment vector u subtends an angle of approximately 10°
with the symmetry axis z ( < ¢) in NH;D (ND,H); in the equilibrium configuration
there is a nonzero component pyx. Most prominent in vibration—inversion—rotation
spectra of NH,;D and ND,H are therefore the c-type transitions; in NH,D there are
also a-type transitions (x < @), in ND,H the b-type transitions (x < b).

5. Potential Function of Ammonia and the Calculation of the
Vibration—Inversion—Rotation Energy Levels

As was already mentioned in Section 3.4, we can calculate the vibration—inversion—
rotation energy levels of ammonia by solving the Schrddinger equation [Eq. (3.46)].
We are of course primarily interested in the determination of the potential function
of ammonia from the experimental frequencies of transitions between these levels
(Fig. 11), ie. we must solve the “inverse” eigenvalue problem [Eq. (3.46)].

Our second order Hamiltonian in Eq. (3.46) describes the effects of the large-
amplitude inversion motion in the potential as well as in the kinetic energy part of
the operator, and the effects of the centrifugal distortion and Coriolis interactions.
The Schrodinger equation [ Eq. (3.46)1, however, is not yet amenable to a direct
numerical treatment and we have to develop an effective vibration—inversion—
rotation Hamiltonian which would allow for a numerical treatment of this problem.

We shall proceed as follows. We shall first diagonalize the Schrodinger problem
[Eq. (3.46)]} with respect to the vibrational and rotational quantum numbers (Section
5.1). We arrive in this way at a Schrodinger equation in the variable p with an effective
potential function for each vibration—rotation state. A least squares procedure that
includes the numerical integration of the Schrédinger equation for this effective
Hamiltonian will be used to determine the harmonic force field and the double-
minimum inversion potential function for (**NHj, "*NH3), (**ND3, '*NT3) and
NH,D, ND;H (Section 5.2).

Because there is a close coincidence between certain inversion levels in NHj3 and
the excited vibrational levels pertaining to the doubly degenerate v, vibrational
modes (Fig. 11), and these levels interact by a Coriolis coupling effect, a special
numerical treatment is required in this case (Section 5.4).
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5.1. Theory of the Centrifugal Distortion in Ammonia

Let us consider the diagonalization of the centrifugal distortion operator Tgent
[Eq. (3.36)] with respect to the vibrational and rotational states using second order
perturbation theory. If the interaction between the inversion, vibration and rotation
states is neglected, the overall wave function y;, can be written as described by
Eq. (3.47). Up to the second order of approximation we have to consider all the
matrix elements of the operators containing X gﬁ which are off-diagonal in the vibra-
tional states and the diagonal elements of the operators containing Y%ﬁ

~ Using second-order perturbation theory and evaluating the matrix elements of
the vibrational and rotational operators occuring in our simplified Hamiltonian
=T+ V, we obtain the following effective vibration—inversion—rotation Hamil- «
tonian® for NH;:

Fvie =W+ FHvir, (5.1
where
7 W= 305+ 208 + (), |+ | TN /D +

+ 3 WM oo (0)™ U )] + V(o) + Upo) + o) +
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# .o 2. B0 2
+—2—(Hxx+A2+A3)[J(J+ D-K ]+T(“"+A4 +A5)K” —

— DI +1)? —DyxJ (U + DK? —DKK4} (5.2)
and

Hvir = 1T, + B3 + 037 (5.3)

The coefficients Ay (k = 1, 3, 4) are defined by Eq. (3.23); and Dy, Dy, and
D have the same formal dependence on the derivatives of the moments of inertia
with respect to the normal coordinates (4 kﬁ) as that of a rigid Cay symmetric top>?, 2
only now the a2f are functlons of p. Similarly, terms A;(i=1, 2, . . ., 5) represent a
p-dependent modlﬁcanon of [.lpp and of the rotational constants; A2 and A4 involve
the same functions of X2# and Y2 (a, B=x, y, z) as the corresponding corrections
to the rotational constantsA B and C in a rigid C3y molecule3?; f(p), A, A; and
As involve some additional terms® which come from the operators in Eq. (3.36)
containing J, (A, is a p-dependent function of the vibrational and rotational
quantum numbers6)) Care must be taken in this treatment of the fact thatJ, operates
not only on the inversion functions ¥/;(p) but also on X&8. Terms coming from the
latter effect appear in &, , ®, and &, but we have found") that their contribution
is practically negligible and 5% ;, will not be considered in further discussion.

We have used the Numerov-Cooley method of numerical integration® to solve
the Schrodinger equation

W) = ERVR (o). (54)

The term containingJ, in the first composite brackets on the nght side of Eq. (5.2)
can be removed®” 22 by changing the volume element dp to I »dp. The terms in the
second composite brackets represent the effective potential function for each
vibrational—rotational state.

5.2. Force Field in '*NH3, 1*NH;, 1*ND;, '*NT;, 1*NH,D, and *ND,H

In Section 4.2. we have mentioned that we can write

V=Vo(0)+ ZFn(0)Sp + 5 TFn(0) SmSn+ 1 2 Founs(0) SuSuSi+ ... (5.5)
n m,n m,n,s

where the symmetry coordinates S,,;, S, etc., are geometrically defined curvilinear
internal displacement coordinates [see Eqs. (4.2)] and the p-dependent force con-
stants are the 1st, 2nd, and 3rd etc. derivatives of ¥ with respect to the coordinates
taken at equilibrium for a given value of p. The double-minimum potential function
Vo{p) is supposed (in agreement with physical experience) to be of the form
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Volp) =3k (0 =/2)* +aexp[ - b (o — /2?1 [1 + K (p — m/2)*] " +

+c(p —n/2)* (5.6)

where k,a, b, h and c are adjustable parameters.

We can see from Egs. (3.5) [see also Appendix in Ref.2!’] that the force con-
stants F,,, F,,,, etc., are generally mass dependent quantities. To arrive at the iso-
topically invariant potential function we must therefore express these quantities in
terms involving mass independent valence force constants and to fit these to ex-
perimental spectra [cf.2"]. For ammonia, this would represent a really formidable
numerical problem. Taking into account the proposed limits of our model, the fact
that we are mainly interested in the inversion—rotation structure of the spectra, we
have overcome the above mentioned difficulties in the following way [see® for
details]: (i) all the anharmonic force constants in Eq. (5.5) were neglected (ii) the
p-dependent contributions to the harmonic force constants £, [see Eq. (4.7)]
were neglected (iii) the least squares fit of the double-minimum potential function
parameters and the p-independent harmonic force constants F,2,, were performed for
“light” isotopes (**NH3, '*NH;) and “heavy” isotopes (1*ND;, 1*NT;) separately.

Although these approximations of the real potential function (significantly
reducing the amount of numerical calculations) are rather rough, we were still able,
as we shall see, to explain all features of the inversion—rotation spectra of all low-
lying vibrational and inversion states and to arrive at an only slightly mass dependent
double-minimum potential function (Section 5.3).

We have done basically two kinds of determination of the potential function of
ammonia. In the rigid bender approximation, we solved the “inverse” eigenvalue

Table 3. Potential function of ammonia

Parameter’) (**NH;, 1°NH;3)?) *ND;, 1*NT3)?) NH,D%)  ND,H?)
Fy(N.m~1) 704.82 695.23

F33(N.m~1) 703.52 703.59

FI4(N.m™1) — 2671 - 19.92

F34N.m—1) 65.85 65.39

k1018(5) 1.8272% 1.8475% 1.775 1.87
21018(3) 0.4542 0.4614 0.4444 0.4799
b - 3.1887 — 31708 -3.2835  -3.1228
h2-103 ~ 3.45% - 137 0% o4
¢-10%0()) - 1.55% 0.000%) 0% 0%

1y Conversion factors: N.m~1 = 10~2 mdyn. A_I,J =107 erg.

2y Calculated in the non-rigid bender approximation with the constrained value rg = 1.0116 A
for the N-H internuclear distance®).

3) Calculated in the rigid bender approximation with the constrained value ro=1.0156 A for
the N-H and N-D internuclear distances’).

4) Constrained value.
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problem described by Eq. (3.44a), i.e. we determined the double-minimum potential
function parameters from the experimental inversion energy levels 0%, 1%, 2%, ...
With these parameters, we have calculated the inversion—rotation energy levels by
the numerical integration of Eq. (3.45).

In the non-rigid bender approximation, we solved the “inverse” eigenvalue
problem described by Eq. (5.4), i.e. we determined the potential function parameters
given in Table 3 for NX; (X = H, D, T). We have used the experimental infrared
frequencies of transitions from the ground state to the v,, 2v,, 3v,, and 4v, inversion
states and the “zero-order” frequencies of vibrations (Table 4). The “zero-order”
frequencies have been obtained from the observed fundamental frequencies of *NH;
[Ref.3?], '*ND; [Ref*?], 1*NT; [Refs.4} #] and ’NH; [Ref#¥] corrected for
anharmonicity in a semiempirical way% .

We could of course attempt to adjust a potential function of ammonia using
Eq. (5.4) in a least squares fit to the data extended to a set of energy levels with
J # 0, k # 0. However, it seems better to adjust a minimum number of potential
function parameters using the vibration and inversion data alone and to check the
validity of our model by comparing the calculated vibration—inversion—rotation
transition frequencies with the observed data®.

Agreement between the calculated and experimental data can be seen in Table 4
and is illustrated by Figs. 12—15. As could be expected, the non-rigid bender approxi-
mation gives better results than the rigid bender approximation. For example, the
near coincidence is very well reproduced of the R-branch transition frequencies for
a given J, which is a typical feature of the 1~ <« 07 transition in the v, infrared
band of NH; (Fig. 14). The absence of this effect in the 17 < 07 transition (Fig.
15) shows the importance of a theoretical model which considers separately the
symmetric and antisymmetric components of inversion levels.

For NH,D and ND,H, only the rigid bender approximation has been used so
far in the determination of the double-minimum potential function parameterss)

0.9
4; (cm}
J=7
08[
0.7 L RB
NRB Fig. 12. The dependence of the ground-
L state inversion splitting A; on the rota-
0.6 EXP tional quantum number K forJ =7 in
l4NH3. RB, rigid bender approximation;
X X . ) , ) . NRB: non-rigid bender aap%roximation;
EXP: experimental data 2,
o 1 2 3 4 5 6 7

(From Ref.5), courtesy of Academic
K Press]
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[From Ref.f’), courtesy of Academic
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Fig. 14. Frequencies of the R (J, K lines
in the 1~ « o* transitions of 14NH3 at
J = 6. RB: rigid bender approximation;
NRB: non-rigid bender approximation;
EXP: experimental data3% 57),

[From Ref.), courtesy of Academic
Press)

(Table 3). A better adjustment of the parameters would be possible only after high-
resolution measurements on the nv, inversion states as well as on the excited
vibrational states in NH,D and ND,H molecules become available.

In calculating the inversion—rotation energy of NH,D (ND,H), we must first

integrate the Schrédinger equation

[T3+ Vo) + (12 2k ) ¥4 (0) = E {2 (0) (5.7)
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Fig. 15. Frequencies of the R (/, K) lines in
the 17 «< 0~ transitions of 1“NH3 atJ = 6.
RB: rigid bender approximation; NRB: non-
L ) ) L ) . rigid bender as)proximation; EXP: experimen-
o 1 2 3 4 5 6 tal data38’ 57 .

K {From Ref.8), courtesy of Academic Press|

by using the Numerov-Cooley technique, with the ¥,(p) potential function deter-
mined by a fit to the nv, inversion energy levels® forJ = k = 0. The product wave
functions ¥ - Sym (8, ®) are then used as functions generating the basis in which
the matrix elements of the remaining rotational operators are formed. The inversion—
rotation energy levels of the asymmetric tops NH,D (ND,H) are then obtained by
the diagonalization of the suitably truncated energy matrix>" 2% 2%,

5.3. Discussion of the Potential Function of Ammonia

There is one important point concerning the height of the inversion barrier in am-
monia which has not been discussed explicitly in our paper6). We have an effective
mass-dependent potential energy function in the Schrédinger equation [Eq. (5.2)]
for each vibrational and rotational state. ForJ = k = 0, this potential contribution
Z N (v +dg/2), and a pseudopotential term in Eq. (5.2). The main mass dependent
contribution to this effective potential function is given by the vibrational term
(see Table 5). We can also see from the Table 5 that V;(p) is only slightly mass
dependent. It must be emphasized that the barrier height which is calculated from
Vo (p) in the non-rigid bender approach should be considered as the “true” barrier
to inversion in ammonia. The value of this barrier (Table 5) is considerably lower
than that obtained in the rigid bender approximation.

We have so far not discussed explicitly the path over which the atomic nuclei
move during the inversion of a real molecule. Qur reference configuration was defined
in Section 3.2 with the assumption that the bond lengths do not change during the
inversion motion. If we were to choose a different path, the fit to experimental data
would lead in general to a different double-minimum potential function V,(p).
Obviously physical intuition which is involved in considerations of the inversion path
should be supported in further developments by quantum chemical calculations.
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Table 5. “True” and effective inversion barriers in different isotopic species of ammonia (in cm~1)

Parameter 149NH;  !5NH; 14ND; !4NT; !4NH,D !4ND,H
a¥ (seel)) 20230 -?) 19786 -%) 20037  1976.0
av; (see?)) 1806.2 18062 1814.5 .18145 -—?2) -2
Ey(p=0) — Eylp,) (see®)  219.0 2172 1719 1512 -2 -2
Pseudopotential 1.9 2.0 04 -01 -3 -2
AVEH (see®)) 2027.1 20254 1986.8 1965.6 —2) -2

Pe 111.89°  111.89° 111.81° 111.81° —2) -2

0 112.43°  11242° 112.23° 112.18° 112.30°  112.27°

1) Rigid bender approximation.

2) Has not been calculated.

3) Non-rigid bender approximation (cf. Table 3).

4) Contribution to the effective inversion barrier from the vibrational terms.
5) Effective inversion barrier.

5.4. Coriolis Interactions Between v;, v4, 2v,, v, + 14, 31, Level of NH;

Coriolis interactions between the v;, ¥4, 25, ¥4 + 14, 3v,, etc. sequence of energy
levels in NH3 (Figs. 11 and 16) represent an interesting example of vibration—rotation
interactions in a non-rigid molecule. Certain effects of this interaction have been
observed in the microwave*®* 59 and high resolution infrared spectra®® $1=53 and

Inversion splitting l z-type Coriolis

L 4 K
E_ szt 0
1 A1+A.2 +* 1
," EI —t -1
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/’:” ”/:' E 03
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E(og 22~ I,”",/ /' 2
1 B2~
// ’ ’ "
L Barhg AP Ay
//’ é-’--—';/,Eu +L
P ,'I
2 E (' s
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\\ l'
S 3
%
l’ A ~ '
K “E
PR s/ ] Fi S £ T .
3 A hyy E ig. 16. Scheme of the Coriolis interaction
. y between the 2v} and v3 energy levels in
2v, 4 NH;.
J=3 (From Ref.6), courtesy of Academic Press]

93



D. Papousek and V. épirko

analyzed using the standard theory for a C;, rigid molecule3% 4% 50) An effect of
this interaction which has not been mentioned in previous papers
anomalous rotational dependence of the inversion splittings in the (* /) components
of the doubly degenerate v4 vibrational level® (Fig. 17).

39, 49-53) is the

Fig. 17. The dependence of the observed inversion splittings on the rotational quantum number
K in the + I components of the doubly degenerate v4 vibration state in 14NH3.
[From Ref.6), courtesy of Academic Press]

In our theoretical description of the vibration—inversion—rotation states of
ammonia, the operator which is responsible for these interactions in ammonia ap-
pears formally in the centrifugal distortion operator defined in Eq. (3.36). It can be
written as

52,4 = = (i12) (X34, + 3 U, XX Q3 /s — Q3J) (58)

where 05 = Q4,1 1045, 0: =J; iJ,,. Because of the coincidence between the 2v,
and v4 levels (Figs. 11 and 16), this operator causes a strong coupling between the
inversion motion and the doubly degenerate Q4 vibrational mode.

Because the approximation described by Eq. (3.47) fails if the inversion and
vibrational wave functions are strongly mixed, the Coriolis operator defined by Eq.
(5.8) cannot be treated by the numerical methods described in Sections 5.1 and 5.2.
Instead of the perturbation treatment described in Section 5.1, we must use a
variational approach in which the energy levels are calculated as eigenvalues of an
energy matrix; the off-diagonal elements of this matrix are the matrix elements of
the Coriolis operator‘s)% 2.,4-

94



A New Theoretical Look at the Inversion Problem in Molecules

The energy matrix of this interaction is an infinite matrix but we have found
that for the calculation of the 2v, and v, energy levels it is sufficient to work with
a 7x7 matrix for each value of the rotational quantum number J. In the notation
[ 3, 'ui4;J, k), the off-diagonal matrix elements of 57, 4 connect the following
states (see Fig. 16):

13%5,0% 7, k), 115, 1" Lk + 10,1 15, 17,0,k — 1), 1 0F, 17457, k + 1),
12%,0%7,&),10%, 1750, k=10, 1%, 0% 7, k).

Thus, for each value of J we have two 7x7 matrices, one connecting symmetric nv,
states with the antisymmetric states (nv, + v4) and vice versa (Fig. 16). For special
values of the rotational quantum numbers J, k, instead of a 7x7 matrix we have
smaller blocks® . This factorization is the analog of the factorization of the matrices
describing Coriolis interactions in a C3y rigid molecule>* 35 and can be used for a

qualitative interpretation of the anomaly in Fjg. 17. For example, the J' =K' levels
in the —! component of the v, level have basically the ground-state character of the
rotational dependence of the inversion-splitting (Fig. 17) because they are obtained
from the 1x1 block and therefore are unperturbed.

Inversion splittings in the (x /) components of the v, level calculated by the
6)

diagonalization of the energy matrices® are shown in Fig. 18. The calculated in-

+{

8
5|J-3
4%
3
2
1

Ld=1

-J.84 1

"'erA L | d=1-2J-3J-4J-50-6J57J-8
012345678 01234561728
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Fig. 18. Calculated dependence of the inversion frequencies on the rotational qunatum number

K in the * ] componentes of the v4 vibrational state in l4NH3. For K # 1, the inversion frequencies
‘are equal to the inversion splittings. Full dots: K = 1 in'the + [ level indicate the calculated
“reversal” of the inversion doublets by the “giant> I-type doubling effect®).

{From Ref.6), courtesy of Academic Press)
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version splittings are larger than the experimental values, especially in the — com-
ponent, but the peculiarity of this effect is well described. We found that the cal-
culated values of the splitting are not sensitive to the physically acceptable variation
of our potential function® . It seems that effects higher than those considered in
this paper should be introduced to improve the agreement.

6. Molecular Inversion in Other Molecules

We shall discuss in this section large-amplitude motions which are either inversion as
in ammonia, or are related to this type of motion. We shall concentrate on the so-
called pyramidal inversion which occurs in molecules with tricoordinate atom whose
stable position is not in the plane defined by the three atoms directly bounded to
it.

We shall divide these molecules into two categories: (i) molecules with one large
amplitude motion (inversion) which will be dealt with in Section 6.1 (ii) molecules
with inversion and internal rotation (Section 6.2). Only such molecules will be
considered, where the inversion barrier is low enough that inversion splittings can be
resolved by microwave or infrared spectroscopy. As for the pyramidal inversion with
higher barriers, description of the methods for determination of the barrier heights
and the chemical consequences of the existence of the so-called invertomers, the
reader is referred to review papers>® 59),

Molecules where inversion could occur by a regrouping of the atomic nuclei by
a mechanism different from that for pyramidal inversion and could be detected by
spectroscopical methods now available, will not be dealt with in this paper. At the
present time, experimental detection of the inversion splittings in these molecules
is a challenge to experimentalists and we have to wait some time before convincing
results are presented. For example, Ozier ez al. ®® reported the resolution of the
splitting between the two inversion levels of methane CH4 by a molecular-beam
magnetic resonance radiofrequency method. Hougen“’, however, in a group-
theoretical discussion of this problem has shown that no information on the in-
version splitting was obtained from experiments of this type. A theoretical dis-
cussion of some other molecules which are candidates for experimental studies of
the inversion splittings can be found e.g. in Ref.%%),

We shall also not deal in our paper with the large amplitude ring puckering and
pseudorotation in small ring molecules. Molecular dynamics of these motions and
the determination of the barriers of pseudorotation from microwave and infrared
spectra have been the subject of a great number of papers; this problem has been
recently reviewed in the monography® 3,

6.1. Molecules With Pyramidal Inversion

Phosphine, PH3, is the simpliest molecule next to ammonia, NH;, with pyramidal
inversion. An inversion doubling has long been suspected in PH;. Costain and
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Sutherland®? predicted an observable (140 kHz) tunneling inversion in the ground
vibrational state of PHj, on the basis of their calculated inversion barrier of

6000 cm™!. However, subsequent quantum chemical calculations have predicted
[see S8)] a much higher barrier (between 10000 and 14 000 cm™'). A molecular-
beam electric resonance spectrometer has been used®®) to measure the ground state
inversion splitting in PH;. It was found that the inversion splitting must be lower
than the resolution of the spectrometer (1 kHz). Similarly, in a high-resolution in-
frared study of the 4v, band of PH;, Maki er al. 3”7 found that the splitting of this
level must be less than 0.02 cm™1.

We are now working on a prediction of the inversion splittings of the highly
excited nv, energy levels in PHj3, using an inversion barrier calculated quantum
mechanically and the theoretical model for molecular inversion described in Sections
2--5. A high-resolution laser spectroscopy investigation of these levels may lead to a
resolution of their splittings.

The amino group in simple amides normally takes a nonplanar configuration at
equilibrium, and thus executes an inversion-type motion with a double-minimum
potential function. The barrier height is in most cases low enough to allow a resolution
of the splittings of inversion energy levels by microwave or high-resolution infrared
spectroscopy (Table 6). Formamide, H, NCOH and thioformamide, H, NCSH might

Table 6. Inversion barriers (in em~ 1)

Molecule Inversion barrier Refs.
14NH,, 15NH; 1806 ©)
14ND;, 14NT; 1814 6)
PH; 10 000—14 000 58)
H,CO [see!)] 360 24)
NH,Cl <4000 66)
H,NCN 710 67)
H,NCOH ~0 68)
H,NCSH ~0 :9)
CH3NH, 1688 0)
CH3NHCI 2520 71
(CH3),NH 1540 72)
C,H5NCH; 1820 73)
H,N - NH, 2620 74)
H,N - NO, < 2000 75)

1y Formaldehyde in the A14 2 excited electronic state24).

be exceptional cases of nearly zero potential barrier to the amino inversion®® 9.
Theoretical treatment of molecular inversion described in Sections 2—5 could

be immediately applied to monochloramine, NH,Cl, or easily extended to cyanamide,

H; NCN. However, further experimental work is required for these molecules,

especially in the infrared region, before such a treatment could be really successful

(cf. Section 5.2 for a similar situation in NH,D and ND,H).
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6.2. Molecules With Inversion and Internal Rotation

In the methylamine molecule, CH3;NH,, there are two large-amplitude internal
motions: (i) internal rotation of the CHj3 group about its own symmetry axis with
respect to the NH, group (ii) wagging vibration of the NH, group which is called
inversion in analogy to the inversion in ammonia (Fig. 19). As a result of this, the
methylamine molecule has a two-dimensional six-minimum potential. The six
conformations of methylamine CH3NH, corresponding to the six potential minima
are symmetrically equivalent. Each energy level of methylamine therefore splits into

Fig. 19a, b. Internal rotation (a) and the
wagging-inversion (b) motion in methyl-
a b amine, CH3NH,

adoublet due to internal rotation; the components of this doublet are designated by
A (non-degenerate) and E (doubly degenerate). This component further splits into a
doublet due to inversion.

The infrared and especially microwave spectra of methylamine and its deuterated
species have been studied in considerable detail [see paper76) for further references].
The potential barriers to internal rotation and inversion are both relatively high
[Table 6; internal rotation barrier is 684 cm™ " in the ground state”” of CH;3NH, ]
but the splittings of the energy levels are measurable.

It would be possible to develop a vibration—inversion—internal rotation—overall
rotation Hamiltonian for methylamine by starting from a vibration—rotation Hamil-
tonian in which the dependence of the u,z elements and V on both the internal
rotation and inversion is put in explicitly (cf. Sections 2—5). The diagonalization of
this Hamiltonian would require the numerical integration of a two-dimensional
Schrédinger equation which is certainly a very difficult problem. We have done some
preliminary investigations of the possibility of the extension of the Numerov-Cooley
technique of numerical integrations of differential equations to two-dimensional
Schrédinger equation”® . Although it is possible to find an efficient algorithm78) for
the solutionof this problem, numerical instability of the procedure seems to remain
the basic difficulty. Nevertheless, we believe that with the availability of fast com-
puters with high arithmetic precision, the solution of this important problem will
be possible in the near future.

Another interesting example of a molecule with amino inversion and internal
rotation is hydrazine, H,N - NH, (Fig. 20). In hydrazine, there are three large
amplitude motions: (i) two wagging vibrations of the NH, groups which may be
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Fig. 20. The structure of the hydrazine molecule

called symmetric and antisymmetric wagging-inversions (ii) internal rotation of one
of the NH, group with respect to the other NH, group.

The equilibrium angle of internal rotation of one of the amino groups in the
hydrazine molecule with respect to the other is almost exactly 90° (Fig. 20). This
means that inversion of an amino group leads almost exactly to a symmetrically
equivalent equilibrium configuration. In methylamine, on the contrary, an internal
rotation is required, after the inversion of the amino group takes place, to reach an
equilibrium configuration [see paper’® for a nice physical discussion of this problem
and for further references].

Therefore, the coupling between the inversion and internal rotation may be
neglected in a good approximation in the hydrazine molecule, while this is not the
case in the methylamine molecule. In this approximation, the potential function of
the two wagging-inversion motions in hydrazine is a two-dimensional four-minimurm
potential. Due to tunneling between the four equivalent equilibrium conformations,
of the four inversion sublevels in each vibrational state, one is symmetric (A), another
antisymmetric (B), and the other two degenerate (E) with respect to the C4 sym-
metry axis.

We have already reported79) our attempt to extend the theoretical treatment
described in Sections 2—5 to the hydrazine molecule. As for the application of the
treatment to experimental data, the situation is analogous to that described above
for methylamine.

7. Conclusions

In this section, we shall compare briefly the approach to molecular spectra using -
the Hamiltonian described in this paper with the standard approach!® 29 Such a
comparison is useful because it shows future trends and problems in the theoretical
interpretation of vibration—rotation spectra of molecules.

In the standard treatment, we can develop an effective Hamiltonian which can
be used in the precise parametrization of the energy levels [see, e.g., Refs.3% 81)].
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However, molecular parameters obtained in this way are often only effective quanti-

* ties without physical significance. Furthermore, if the molecule executes large-
amplitude vibrations, the number of these parameters becomes unmanageably large.

On the other hand, the Hamiltonian described in this paper does not lend itself

to a parametrization of the experimental data with a precision approaching the
requirements of the high-resolution spectroscopy. However, if one wants to use these
data as fully as possible to obtain physically reliable information on the potential
function, then an approach such as described in this paper is required. Determination
of the value of the inversion barrier in ammonia which is approximately by 200 cm™!
lower than the value determined previously (Section 5.3) shows on the importance
of such approach.
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Note Added in Proof:

During the preparation of this manuscript for print, two interesting papers appeared
which have a close relation to certain problems discussed in this review. M.S. Child
[Mol. Phys. 31, 1031 (1976)] has shown that it is possible to construct a classical
integral representation for the wavefunction such that the barrier penetration can
be described in terms of an analytical continuation of classical mechanics into the
complex time plane [W.H. Miller, Adv. Chem. Phys. 25, 69 (1974)] (cf. Section 2 of
the present review). .

D. Laughton, S. M. Freund, and T. Oka (private communication) detected for
the first time two Ak = + 3 “forbidden” vibration-rotation transitions in the v, band
of !*NH; using infrared microwave two-photon spectroscopy and laser Stark spectros-
copy (cf. Section 4.3). This has made it possible to obtain the Cq rotational constant
of 6.2280 +.0.0008 cm™!.
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Ion Solvation in Mixed Solvents

1. Introduction

The behavior of electrolyte solutions is determined by three factors: ion-ion inter-
action, ion-solvent interaction or ion solvation, and solvent-solvent interaction. The
energetic contributions are decreasing in the sequence cited. Each factor is by itself
composed of several contributions, the more differentiated the representation is.

In dilute electrolyte solutions ion-ion interaction as function of electrolyte con-
centration is fully explained by the Debye-Hiickel-Onsager theory and its further de-
,velopment. The contribution of ion solvation is noticed, if, for instance, the mobili-
ties at infinite dilution of an ion in different solvent media or as function of ionic
radii as considered. Up till now the calculation of that dependence has been only
rather approximate'). An improvement is quite probable, though, theoretically very
involved if the solvent is not regarded as a continuum, but the number and arrange-
ment of solvent molecules in the primary solvation shell of an ion is taken into con-
sideration. Also the lifetime of molecules in the solvation shell must be known. Be-
.yond this region a continuum model of ion-solvent interaction may be sufficient to
account for the contributions of solvent molecules in the second or third sphere.

In aqueous electrolyte solutions ion hydration has been studied extensively.
With the exception of studies using NMR technique® or Taube’s isotopic dilution
method? or also X-ray diffraction technique‘” of concentrated electrolyte solutions,
the hydration numbers are not always integral numbers which quite often represent
deviations of experimental data from results of a theoretical description of an equi-
librium property. Therefore, these hydration numbers depend on the solution proper-
ty studied.

Much more direct evidence of ion solvation has been deduced from studies on
electrolytes in mixed solvents. Originally used as an easy way to change the dielectric
constant of a solvent medium, the employment of mixed solvents enables us today to
study not only preferential solvation of ions by one or the other solvent component,
but experimental results point to integer solvation numbers or coordination numbers,
also of univalent ions. Under favorable conditions it is possible to observe in a mixed
solvent medium the stepwise replacement of one solvent component in the ion solva-
tion shell by molecules of the more strongly interacting component. In addition,
there are a large number of effects specific for electrolytes in mixed solvents which
can be less directly attached to single ion properties. For example, in binary solvent
systems with an upper critical solution temperature, as in mixtures of water and
acetonitrile), this temperature is changed by adding a small amount of electrolyte.
If cation and anion are preferentially solvated by the same solvent component (homo-
selective solvation) the phase separation temperature of the solvent mixture is shifted
to higher temperatures. On the other hand, with heteroselective solvation of an
electrolyte, when one ion is preferentially solvated by one solvent component and
the counterion by the second component, the upper critical solution temperature
decreases by adding that electrolyte.

The treatment of all those properties of electrolyte solutions, where selective
_solvation of ions in mixed solvents may play a major role, would result in an accumu-
‘lation of data hard to follow up. Therefore, only those theoretical treatments of ion
solvation have been mentioned in the following whose results have been used to :
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analyse experimental data, that is mainly the Born equation and its modifications.
Theories which apply only to ions in mixed solvents are the electrostatic theory of
solvent sorting by ions deduced by Debye and McAuley®’ and adopted to salting in-
salting out experiments. Furthermore, the thermodynamic treatment of mixed fluids
in an electrostatic field applied to the calculation of preferential solvation in mixed
solvents by Padova”, and Hall’s® explanation of the primary medium effect for
individual ionic species using the Kirkwood-Buff theory of solutions, enable a more
detailed interpretation of ion-solvent interactions. Yet, these treatments can be ap-
plied to specific systems successfully only when composition and extent of the solva-
tion shell of individual ions in mixed solvents is elucidated in detail.

Therefore, three subjects have been treated: the free energy of transfer of indi-
vidual ions between two solvent media, solvation numbers and the composition of
the solvation shell, and the transport of a solvent component in a mixed solvent
electrolyte solution.

H. The Free Energy of Transfer of Single lons

The free energy of solvation of an uncharged species as well as the related enthalpy
and entropy quantities are experimentally accessible. The evaluation of the corre-
sponding properties for single ions is only possible with the help of an extra-ther-
modynamic assumption. This also holds for the free energy of transfer of neutral
combinations of ions and the related thermodynamic quantities.

The standard free energies of solvation G of ions i are in the range of —400 to
—4000 kJ/mole. But the difference in free energies of solvation of individual ions in
two solvents (' and "), the free energy of transfer AGY;

AGY; =G - GY' )

is always much smaller. The reason for a procedure which adopts non-thermody-
namic models to obtain “thermodynamic” quantities, is the assurance that the use

of a multiplicity of assumptions as different as possible, will converge towards single
ion properties which enable the comparison of the behavior of single ions in different
media. :

A well known example is the establishment of solvent-independent ion activity
scales (e.g. pH). Furthermore, in electroanalytical chemistry and preparative chemistry
it would be favorable not only to be able to predict the behavior of certain systems
in a new solvent from the knowledge in some other solvent (most often water), but
in advance also to use single ion properties to prepare mixed solvent media in which
each ion interacts with the medium in a manner aspired.

Besides the standard free energy of transfer AG° also the medium activity co-
efficient or transfer activity coefficient ¥ is used qu1te often to relate the ion activi-
ties a; and a; of an ion referred to the standard states in the two solvents ('and "):

aj = myyi, aj = myy{ (2)
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vi is the familiar activity coefficient which is unity at zero molality, v; in solvent ()
and 7} in solvent ("). Now, the activity of ion i in the second solvent (") is related
to the standard state in the primary solvent (') through the medium activity coeffi-
cient y{:

ai = ai 7} = myyir! ' ()

The relationship between medium activity coefficient and the free energy of transfer
in the standard state is:

AGY;=RTIny¥ (4)

Several excellent articles™ ') have recently been published in which the thermody-
namic properties of single ions in aqueous and non-aqueous solvents have been treated
thoroughly. Therefore, only a short survey over a) the experimental methods and b)
the assumptions for the determination of the free energy of transfer of single ions
shall be presented.

a) Experimental Evaluation of Free Energies of Transfer

There are three experimental methods which are used most often to determine the
free energy of transfer of electrolytes and neutral combinations of ions.

1. From the solubilities (a}e; and a’tgy) of a strong electrolyte in two media
(' and ") follow its free energy of transfer AG? using Eqs. (3) and (4).

AG? = 2 RT In S2sat | (5)

45t

This relation holds only if both saturated solutions are in equilibrium with the same
solid phase. Solvate formation in one and/or the other medium necessitates a correc-
;. 10)
tion .
2. The primary medium effect of an electrolyte can also be calculated from the
standard potentials of a galvanic cell. The difference of the standard electromotive

forces E' and E®” of the galvanic cells

MX MX
M X M (A)
Sl S"

with solvent media S’ and S” is proportional to the free energy of transfer:
AG? =F(E*" — E”) (6)

3. The total vapour pressure of a binary solvent mixture and the composition of
the vapour change on addition of electrolytes. Grunwald et al. '® deduced the fol-
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lowing relation for the derivation of the standard molal free energy of transfer AG?
of an electrolyte (molality m)

(L 9(aG) 1000 [dnafey |, | dlnys
RT dx, M;a am X1 axy m
M,—M; | dalny.:

M12 om X1

+2m ™

\'yith the solvent components 1 and 2, the mole fraction x; =1 — X5, the molecular '
weights M, and M5, and My, = x3M; + xoM;. «; is the ratio of the fugacity of corh-
ponent 1 in the presence of solute to the fugacity in the absence of solute, both at,
¢omposition x; . If 9 (AG?)/ dx; is known as function of mole fraction, the free enérgy
of transfer AG? may be evaluated by integration with one pure component as
Refs,17:18),

b) Estimation of the Single lon Free Energy of Transfer

The free energy of transfer of an electrolyte is an additive function for cation and an-
ion. The separation of the experimental quantities into single ion terms even in an ap-
proximate manner will be of practical importance as mentioned before. Several models
are in use and lately a great number of single ion free energies of transfer have been
determined® '9). Yet, on principle, the free energy of transfer for only one charged
species between two solvent media S’ and S” need to be established, whereupon the
free energies for transferring other ions from S’ to S” become calculable from free
-energies of transfer for uncharged combinations of ions obtainable with e.m.f. méa-
surements or solubility determinations. The various models, used to estimate single.
ions’ free energy of transfer, are presented in a short version, because several detailed
articles have been published about each method.

1. Treatments Based on the Born Model

The electrostatic contribution to the free energy of transfer of a charged species i be-
tween two solvents of different dielectric constant (€) is the electrostatic interaction

of a charged sphere i (charge z, radius r;) with the dielectric continua of the two sol

vents. Born produced the following equation:

NzZ%e? [ 1 1 »
AG(t),i,el = RTin 7i*el = EY (— - '7‘) (8)

with Avogadro number N, electron charge e. This equation is of great importance,
for it enables the estimation of the behavior of ions in different media, though the
“macroscopic” dielectric constant is used for calculation. Dielectric saturation or
other types of interactions contributing to AG?,i are neglected and wrong predictions
are known.
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As the non-electrostatic part of AG ; cannot be calculated in as simple a manner
as AGt i, e1» Several extrapolation procedures using the Born equation in a modified
form have been used.

Izmailov et al. ') and Feakins et al.2? plotted the free energies of transfer be-
tween water and another solvent medium for halogen acids (HX) and alkali-metal
chlorides (MC1) as function of the reciprocal radius of the counterions. Extrapolation
to r~! = 0 leads to the free energy of transfer of the common ion of a series:

AGO(H+ Jor AGO(CI ). Later on, Alfenaar and de Lxgny“) determined the non-
electrostatic contribution to AG° from the solubilities of analogous uncharged species
of the same radius (as e.g. noble gases) and extrapolated the free energy of transfer

of an electrolyte corrected by the non-electrostatic contribution of the variable coun-
terion as function of the reciprocal radius to r™! = 0. The authors attempted, further-
more, to improve the method by adding to the electrostatic and non-electrostatic
terms of AG° further terms proportlonal to r~2 and r~3, which account for ion-djpolé
and 1on-quadrupole interactions®?

Plots of the diverse AG0 functxons versus 1~ ! often fail to be linear, complicating
the long range extrapolatlon, and if the plot is linear'? the slope differs from the’
theoretical slope deduced from the Born equation. This discrepancy was eliminated.
by adding constant increments 8, and 6 _ to the crystal radii, as was shown by
‘Latimer et al.>® and Strehlow et al. 2%, .

But in general, the Born equation in its original form is used quite often to esti-
mate the electrostatic contribution to the free energy of transfer of large ions?%) dnd
entities which consist of an ion with several solvent molecules2®),

2. Reference Solutes

Rubidium scale: Pleskov?? proposed to use the standard electrode potential of Rb/Rb*
in different solvents as a medium independent reference. Due to the large radius and
low polarizability of the rubidium ion the solvation energies should be low. The ap-
proximation AGO(Rb+) 0 was improved by Strehlow?#  who took into consndera-
tion the contribution calculated by the Born equation in 1ts form modified with the
additive radius increment. Strehlow er al.2%) studied several redox systems and finally
selected ferrocene-ferricinium™ (foc/fic*) and cobaltocene-cobalticinium (coc/cic*) as
‘being suitable. Ferrocene and cobaltocene are complexes of two cyclopentadieny]
anions with Fe?* and Co?*, respectively. The assumption on which the application
is based, is the solvent mdependence of [AG?(foc) — AG! (fic*)] or of the respective
icombination for coc/cic*. This assumption works all the better the larger the species
and the lower the charge, which is centered in the middle of the species. The same
condition applies to blsblphenylchrommm (0, D), a redox system first studied by
Schroer and Viéek*® and adopted by Gutmann et al.*?. Other redox reference sys-
tems have also been proposed but applied only sporadlcally30 3,

Recently reference electrolytes have been used to estimate medium effects. The
assumption is based on a simple picture, Le., the ionic free energies of transfer of
an uni-univalent electrolyte which is composed of large ions of equal size and similar
surface, are the same for cation and anion. A reference electrolyte was used for the
first time by Grunwald et al. ' 32), namely, tetraphenylphosphonium-tetraphenyl-
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borate (Ph,PBPhy). Later on Popovych et al.>® proposed triisoamylbutylammonium-
tetraphenylborate (TABBPh,) and Alexander and Parker3® employed tetraphenyl-
arsonium-tetraphenylborate (PhyAsBPh,) extensively. The medium effects are deter-
mined by solubility measurements® 19,

3. Real Free Energy of Solvation

While AG? ; is the difference of the free energies of solvation of charged species i in
two different solvent media, the direct transport of i from one solvent across the sur-
facesinto the other solvent is described by the difference of real free energies of solva-
tion, i.e., the real free energy of transfer Aaf which is directly measurable.

Aa) = AGY; + ziFx 9

where z; is the ionic charge. x is the difference of the surface potentials of the solvents.
The real free energy of transfer of chloride ion has been determined by Parsons

et al.>® in several water — non-aqueous solvent mixtures. In some mixtures x remains
nearly constant over a large range of mole fraction up to the pure non-aqueous compo
nents as deduced from the surface composition. In this range the variation of AozCl
reflects the variation of AGO(Cl ).

4. The Assumption of Negligible Liquid Junction Potential

Parker and Alexander® treated the galvanic cell (B) with liquid junction

Ag | AgClO, | TEAPIC | AgClO, |Ag (B)
(0.0l m) ! (0.1 m) | (0.0l m)
Sr : Sb ! Sn

to determine free energies of transfer of Ag* between different solvents S’ and S".

The bridge solvent Sy, may be either S’ or S” or any other solvent which supports the
intention to reduce the voltage contribution of the liquid junctions between the
electrode compartments. Tetraethylammonium picrate (TEA PIC) was chosen because
the ions are bulky and preferential solvation may be neglected. The mobilities of
TEA™ and PIC™ are very similar in a variety of solvents3?). The electromotive force

of cell (B) is given, following Scatchard3®)

" a' t(m) t(m)
E+=—1-{—Iln a;“g+__l_j[ dlnu++2-—dlnp_
aAg F a Zy
+Erl((m)dlnuk :l (10)
k

In this formula the mass of the solvent is used as a reference. The activities, a, of all
ions are referred to the same standard state. T(m) is the reduced transference number
of component k. The sum of the three terms w1thm the brackets is extended over all
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cationic and anionic constituents and over all solvent components (k) in cell (B).

As the concentration of TEA PIC is much larger than that of AgClO,, ti™ may be
replaced by tyga and tm) by tpic. The integrals over the cationic and anionic contri-
butions to the liquid junction potential may be replaced by

(—OF—S Aprga — O—FS AHPIC)
because approximately typa = tpic holds. Aurga and Aupye are the differences in
chemical potential of TEA* and PIC~ between S” and S'. These differences should be
independent of the bridge solvent used. The solvent-transport term was shown to be
small, with the exception of the combinations: S = acetonitrile, " = dimethylsulph-
oxide, Sy = formamide and arrangements using S” = water, methanol or formamide
and various bridge solvents. Otherwise, the agreement within measurements with dif-
ferent bridge solutions was remarkably good (15 mV and better37)). As the first
term in Eq. (10) is proportional to RT/F In v¥, the medium activity coefficients eva-
luated with other methods were used to obtain the liquid junction potential. The
authors found it to be negligible, except in the special cases mentioned before. Cells
similar to (B) have been used also with other electrodes.

5. Spectroscopic Methods

While in the methods treated before ion solvation represents the sum of various terms
of ion-solvent interaction, spectroscopic methods are mainly, if at all, sensitive to the
immediate environment of an ion. Due to this the coordination model, representing
the primary solvation shell, is not only used for highly charged ions®’ 3) but also for
univalent ions. The precise results of the direct ion-solvent interactions made it pos-
sible to evaluate equilibrium constants describing the composition in the solvation
shell of an ion in mixed solvents. Therefore, the estimation of single ion free energies
of transfer from spectroscopic measurements is the subject of several recent efforts
and is theme of Part III.

6. Thermodynamic Properties of Transfer for Single ions in Mixed Solvents

Alot of information about the free energies of transfer of single ions between
pure solvents has been accumulated. Less numerous are determinations in mixed sol-
vents, and the ionic enthalpies of transfer and entropies of transfer as function of mole
fraction are known as an exception only. In Table 1 ions and solvent mixtures are
listed for which free energies of transfer and some other thermodynamic quantities
have been determined.

Results based on different assumptions have been compared critically several
times, especially comprehensively for mixed solvent systems by Parker et al.® 39,
Parsons et al.>* and Popovych!®. Asan example, the free energy of transfer of C1~
in aqueous acetone is plotted versus mole fraction in Fig. 1. The curve with BPC(O/I)
as reference was calculated from CI~ (foc/fic*)'® and a comparison of BPC(O/I)
with coc/fcict 39) | As has been shown elsewhere?®) , AG? values are independent of
the reference, irrespective of whether foc/fic* or coc/cic* is chosen.
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Table 1. Free energies of transfer and some other thermodynamic properties of transfer for single

ions in mixed solvents

Ions Thermo- Method Foot-
dynamic notes
quantity

Methanol-water

Na*, K*, CI—, Br—, 1~ aH? - )

H*, Lif, Nat, K", CI—, Br—, I~ AG! Extr. 23

H*, Li*, Na*, K*, Rb*, Cs*, MegN*, EtyN*, AGP Extr. 4, 5

PraN*, BugN*, fic*, C1I—, Br—, 7, ClO7

H*, Lit, Nat, K*, Rb*, Cs*, CI—, Br—, I~ Acf - 6)

H*, Li*, Nat, K*, Rb*, Cs*, Agt, MegN™, PryN*t,

BugN*, fic*, Ba?*, 8r2*, Ca?*, Zn2*, OH—,CI=,  AG) AG(H{10D) 7,8y

4 t ti11Ys

Br—,1-,ClO7

H* Na*, OH—, CI~ aG? PhgAst =BPhy  23)

Ethanol-water

Na*,K*, CI-, Br—, I~ AH? - )

H:, K*, CI™, (picrate)™ AG% TAB* = BPhg f’l 10y

H AGY foc/fic* )

Ag*, CI™, Br—,I~, SCN— AGg foc/fict 12y

H+ AGt - 13)

Iso-propanol — water

HY, Cr- AG) AGY(H,10}) 8)

t-Butylalcohol — water

HY, C1Im, Br, 1™ AGY? Extr. 14y

Ethylene glycol-water

H* Lit, Nat, K*, CI™, Br—, I~ AGg Extr. 15y

HY,CI~, Br—, 1~ AGé, AH?  Extr. 16

¢ Add _ 17)

HY, Li*, Na*, K*, OH~, CI~, Br—, I~ AGP, AH?  AGQ(H,,0%) 18y

Glycerol-water

H*,CI~, Br—, 1~ AG? Extr. 19y

H*,CI-,Br—, I~ Ac;5 AGYH(;0D) 8y

) ) ) t t 11 s

Acetic acid-water

H*, CI~,Br—, 1~ aG{ Extr. 20y

Dioxan-water

HY, Li*, Na*, K*, Rb*, Cs*, MegN”, PhyP*, d(aGf)  PngP*=BPh; 1)

OH™, CI™, Br~, 17, NO3, CIO, BPhj, OO $03 dxm,0

oAyt + A= (- P 0 PhgAs" =BPhy 23 33

Li*,Na™, Me4N™, OH~, CI~, Br AG; AG?(Me4N+) 20 )

CI- Aa? 17y

H™, Li%, Na*, K*, Rb*, Cs*, OH™, CI™, Br—, I~ AGY? Extr. 24y
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Table 1 (continued)

Ion Solvation in Mixed Solvents

Tons Thermo- Method Foot-
dynamic notes
quantity

Formamide-water

cr e - 17)

Urea-water

HY,CI, Br—, I~ AG? Extr. %)

‘Acetonitrile-water

Agt AGY foc/fic* 26

HY, Ag*, CI, Br—, 17, SCN™ AG% foc/fic* 11,12,

H*, OH™ AGb AGPMegNhy =0 23)

Na*, Ag*, Cu*, Cu?t, Fe2*, Fedt, CI- AGY n.lj.p. 27y

Dimethylsulphoxide-water

H', CI—,Br,I- AG?O Extr. 28

H*, TI*, Ag*, CI", I=, N3, (acetate)™, AGH foc/fic* 29,30y

(benzoate) ™, SO?‘_

(o Ao _ 17

H*, MegN*, OH™ aG¢ PhAs* = BPh7 23)

AG? (MegN*) =0

H', Li*, Na*, K*, RbY, Cs*, OH—, €17, Br—, I~ AG Extr. 31

Ag', Cu?* AGY nLj.p. 27y

N,N-dimethylformamide — water

Ag*, CI-, Br—,1~, SCN~ AGY? foc/fic* 12)

Acetone-water

Ag*,CI~, Br—,1~, SCN™ AG! foc/fict 12,

H* aGy foc/fic* 11

H',CI~,Br , I~ AG6 Extr, 32y

Cl— AOlt - 17)

H*, K+, Rb*, Cs¥, Agt, MegN*t, PyN*, AGD AGQ(H,,0%) )

BugN*, fic*, CI~, Br—, I~

Propylene carbonate-water

HY, Lit, Na*, K*, Rb*, Cs*, Agt, TIF AGY foe/fict 33

Ethylene carbonate-water

Agt, 1, BT, 17,13 AGY foc/fic* 34y

Tetrahydrofurane-water

Agt,C1I—,Br—,1—, SCN™ aG? foc/fic* 12y

Li*, Nat, Ag*, NHE, MegN*, PryN*, BugN™, 3,

Hex4N*, HeptyN*, PhyAs*, F~, CI—, Br—, I, NO3, d(aG))

Cl(zg, ClOg, BPhy dxy,o0 35y

Nat, ¢ AGY
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Table 1 (continued)

Ions Thermo- Method Foot-
dynamic notes
qunatity

Dimethylsulphoxide-methanol
HY, Ag*, CI~, I, (acetate)™, AgCl3, SO3~ AGY foc/fic* 36,37)

Acetonitrile-methanol
Agt aG? nLjp: 27y

Dimethylsulphoxide-propylene carbonate .
I, ca?*, pv?* AG? coc/cic’ 38,

Dimethylsulphoxide-acetonitrile
Na* AGY nlj.p. 27y
Propylene carbonate-acetonitrile

Agt, Cut, cu?t AG? n.Lj.p. 27y

Acetone-acetonitrile
Agt aGY n.lj.p. 27y

Abbreviations: extr. = extrapolation (methods); n.Lj.p. = negligible liquid junction potential

13 Krestov, G. A., Klopov, V. J.: Zh. Struk. Khim, 5, 829 (1964).
2) Feakins, D., Watson, P.: J. Chem. Soc. 4735 (1963).
3 Feakins, D., in: “Physico-chemical processes in mixed aqueous solvents”, F. Franks (ed.),
p. 71. London: Heinemann Educational Books Ltd. 1967.
4 Alfenaar, M., de Ligny, C. L.: Rec. Trav. Chim. 86, 929 (1967).
s) Bax, D., de Ligny, C. L., Remijnse, A. G.: Rec. Trav. Chim. 91, 452, 965 (1972).
6y Case, B., Parsons, R.: Trans, Faraday Soc. 63, 1224 (1967).
7y Wells, C. F.: J. C. S., Faraday I 69, 984 (1973).
8)Wells, C.F.: J. C. 8., Faraday I 70, 694 (1974).
) Popovych, O., Dill, A. J.: Anal. Chem. 41, 456 (1969).
10y Popovych, O.: Crit. Rev. Anal. Chem. 7, 73 (1970).
11y Vedel, J.: Ann. Chim. 2, 335 (1967). :
12y Barraqus, C., Vedel, J., Trémillon, B.: Bull. Soc. Chim. France, 3421 (1968).
13y Gutbezahl, B., Grunwald, E.: J. Amer. Chem. Soc. 75, 559, 565 (1953).
14y Bose, K., Das, A. K., Kundu, K. K.: J. C. 8., Faraday 1, 71, 1838 (1975).
15y Kundu, K. K., Rakshit, A. K., Das, M. N.: Electrochim. Acta 17, 1921 (1972).
16) Kundu, K. K., Jana, D., Das, M. N.: Electrochim. Acta 18, 95 (1973).
17y Parsons, R., Rubin, B, L: J. C, S., Faraday 1, 70, 1636 (1974).
18y Wells, C. F.: 1. C. S., Faraday I, 71, 1868 (1975).
19y Khoo, K. H.: J. C. S., Faraday I, 68, 554 (1972).
20y Bennetto, H. P., Feakins, D., Turner, D. J.: J. C. S. A, 1211 (1966).
2 l) Grunwald, E., Baughman, G., Kohnstam, G.: J. Amer. Chem. Soc. 82, 5801 (1960).
22y Villermaux, S., Baudot, V., Delpuech, J. J.: Bull. Soc. Chim. France, 1781 (1972); 815 (1974).
23) Villermaux, S., Delpuech, J. J.: Bull. Soc. Chim. France, 2534 (1974).
24y Bennetto, H. P., Feakins, D., in: **‘Hydrogen-bonded solvent systems”, (A. K. Covington and
P. Jones, eds.) London: Taylor & Francis Ltd. 1968.
25) Kundu, K. K., Mazumdar, K.: I. C. S., Faraday 1, 71, 1422 (1975).
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Footnotes to Table 1 (continued)

26 Koepp, H. M., Wendt, H., Strehlow, H.: Z, Elektrochem., Ber. Bunsenges. physik. Chem. 64,
483 (1960);
Strehlow, H.: “Electrode potentials in non-aqueous solvents™, in: The chemistry of non-
aqueous solvents (J. J. Lagowski, ed.). New York: Academic Press 1966.
7) Cox, B. G., Parker, A. J., Waghorne, W. E.: J. Phys. Chem. 78, 1731 (1974).
)Khoo K. H J. Chem. Soc. A, 2932 (1971).
29 ) Courtot-Coupez, J., Le Démézet, M., Laouenan, A., Madec, C.: J. Electroanal. Chem. 29, 21
(1971).
30) El-Harakany, A. A., Schneider, H.: J. Electroanal. Chem. 46, 255 (1973).
31y Das; A. K., Kundy, K. K.: J. C. S., Faraday I, 70, 1452 (1974).
32) Bax, D., de Ligny, C. L., Remijnse, A. G.: Rec. Trav. Chim. 91, 1225 (1972).
33y L’Her, M., Morin-Bozec, D., Courtot-Coupez, J.: J. Electroanal. Chem. 55, 133 (1974) 61,
99 (1975).
34y Cabon, I. Y., L'Her, M., Courtot-Coupez, J.: J. Electroanal. Chem. 64, 219 (1975).
35) Treiner, C., Bocquet, 1. F., Chemla, M.: J. Chim. Phys. 70, 472 (1973);
Treiner, C.: J. Chim. Phys. 70, 1183 (1973);
Treiner, C., Finas, P.: J. Chim. Phys. 71, 67 (1974).
6) Madec, C., Courtot-Coupez, J.: J. Electroanal. Chem. 54, 123 (1974).
)Rodehuser, L., Schneider, H.: Z. Physik. Chem., N. F., 100, 119 (1976).
38y Magssaux, J., Duyckaerts, G.: J. Electroanal. Chem. 59, 311 (1975).
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in acetone-water mixtures at 25 °C.

Flg 1. Free energies of transfer of C1™
-— AGY(CI™) - {AGY(BPC) — AG(foc/fic)}39);

o We11526) x Barraque ef al.47);
—.—-— Parsons et al. 35)

The agreement between BPC (O/I) foc/fic*, and Parson’s data is not remarkably
good. For example adeviation of AGY(C1™ ) referred to foc/fic™ reference couple in
highly aqueous acetone solutions was already mentioned previously in the case of other
highly aqueous solvent mixtures3: 49, This has been claimed to be due to specific
interactions between ferrocinium® #' 4% and for ferrocene®® with water.
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The variation of the free energy of transfer of single ions with mole fraction is
sometimes indicative of the thermodynamic properties of the solvent mixtures*® 4%,
For instance, in mixtures of methanol and of dioxan with water the solvent molecules
are more basic than in water!? 20),

Sometimes the Born equation (8) has been used to eliminate the effect of chang-
ing dielectric constant with solvent composition*®). Due to the uncertainties connected
with the application of the Born equation to special problems, this treatment wilt
only rarely give results which may be more easily interpreted in terms of the structure
of the solvent mixture.

Generally, in mixtures of protic solvents with aprotlc solvents and especially in
mixtures of two aprotic solvents the dependence of AG t,i On composition is fixed
by the transfer free energy of ion i between both pure solvent components. For cat-
ions quite often the sign of d>(AGY ,)/dx3 is opposite to that of AG) ,(x, = 1)?53%
46-99) if AG? ,(x, = 1) <0. That means, AGY , decreases on addmon of component
2, because the cation is preferentially solvated by solvent component 2.1If, on the
other hand, AG{ , (x, = 1) > 0, the solvent 2 changes AGY , only drastically when
the mixture is composed mainly out of solvent component2 that men as, d> (AG N
dx3 > 0?5+ 39, 96-99) 15 the case of anions, these relations only hold sometnnes“)
This is due to the higher sensitivity of anion solvation to solvent structure, e.g. to
hydrogen bonding. Nevertheless, the combination of dz(AG0 )/dx3 < 0 and
AGY _(x; =1)> 0 is also observed quite often*”~4%),

An outstanding exception is the solvation of ions in dimethylsulphoxide (DMSO)
water mixtures. While in dunethylsulphox1de AG° (Ag") related to water is negative,
in highly aqueous DMSO mixtures Ag” is preferentlally hydrated 6> 59-52)_ The
change of preferential solvation of an ion with solvent composition has also been
noticed for other ions 3% 54, This behavior can be attributed to the “stabilization”
of the hydrogen-bonded water structure by DMSO%%).

" The enthalpy of transfer AHY of electrolytes and single ions i will be much more -
sensitive to the solvent structure than AG?. As an example the thermodynamic prop-
erties for transfer of alkalimetal chlorides between water and 20% dioxan-water!?
should be mentioned. In the determination of AG?,i and AH?,i the increase in the
number of experiments is not the only problem (mole fraction and temperature

must be varied). But a large experimental accuracy is necessary for the evaluation of
AGO and AH? ., whereas, less precise data may give a valuable indication to AG?J

t,i°
belng positive or negative.

Iil. Complex Formation of Solvent Molecules with lons

On treating ion solvation it is useful to differentiate between primary and secondary
solvation shell or between chemical and physical solvation, respectively®®. The elec-
trostatic calculation of ion solvation is quite often less accurate because specific ion-
solvent interactions have to be considered. In the primary solvation shell specific ion-
solvent interactions are of much more importance than those with solvent molecules
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in the secondary solvation shell. The energetic contribution of these regions can be
taken into account satisfactorily by the coulombic interactions of an ion with the
‘solvent represented as a continuous dielectric medium. Fortunately, there are experi-
.mental results which show that the specific ion-solvent interactions for different ions
and various solvents are similar, and semiquantitative predictions are reliable. An
example is the donicity which was introduced by Gutmann®? for the reaction en-
thalpy (AH) of 1: 1 complex formation of a polar solvent molecule (electron-pair
donor) with antimony(V) chloride (electron-pair acceptor) in 1,2-dichloroethane.
The donicity scale is a very useful means for estimating the strength of ion-solvent
interaction in different solvents.

Solvation equilibria have often been used to explain acid-base equilibria in mixed
solvents' "> *® and solvent extraction experiments®®* ®® . Recently, the change in the
behavior of cations in a solvent of low donicity on addition of a stronger donor solvent
was studied with different methods. Corresponding experiments have been performed
with anions. Already in 1960 Grunwald et al.%*) deduced a relation between the free
energy of solvation of a solute in a mixed solvent on the one hand, and the free ener-
gy contributions of the various forms of solvated species on the other hand. Grunwald
applied this formula to alkali-metal ions in aqueous dioxan solutions. Later on,
Covington et al.5%) and Cox et al. %) treated the free energy of transfer of an ion be-
tween a mixed solvent and its pure compounds, using a coordination model for the
contribution of the primary solvation shell.

a) Coordination Model of fon Solvation and the lonic Free Energy of Transfer

A solution of nj moles of an ionic species I in a mixture of two solvents A and B
with ns moles of A and ng moles of B shall be considered. In dilute solutions ion-
pair formation can be neglected. The free energy G of the solution is given by:

G=nlal+nA(_;A+nB(_;B (11)

Following Grunwald’s®?) treatment to derive a formula for the free energy of trans-
fer of ion I in terms of the contribution of solvated ions and of solvent composition,
we start with the equilibrium

Ippt(n—D)A+iB=1A,_;B; (12)

Ioo represents those ions which are unsolvated. n is the coordination number which
is most often equal to the number of solvent molecules in the primary solvation shell.
Free energy terms are marked with a prime, if they refer to actual ionic and molec-
ular species. Equilibrium (12) is described by

Goo+(n—i)Ga+iGp =Gni (13)

With @y, the fraction of solute in the unsolvated form Iy, and with @;,_; ;, the
fraction of nyas I A, _; B;, one obtains:
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] n ’
PBgo + _20 Pn_ii= 1 (14‘)
i=

The ions in the unsolvated form Iy are used in the following as a reference to com-
pare the free energies of solvation of I in various media and to derive free energies of
transfer. The contribution of Ioq is eliminated in the following and &' is later on re-
placed by @, which refers only to solvated ionic species.

Multiplication of Eq. (13) by &;,_; ; and summation over i gives

! =14 n - U a4 n . !
(1 — @00) Goo + Ga 'Eo (n—i)®y_4,i tGp .20 i®n_i,i
i= i=

A=

®i,i Gnoiyi (15)

i
With

. 1Ay ;B
1Th lge] + [T ARl +[1Aq_; B]+...+[IBy]

(16)

we can show that the mean solvation numbers A, and Ap are dependent on &, _; ;,
a new, more evident fraction scale

_ [IA,_;Bi]
Pq_ii= [TAJ +[1An_1 B +...+[IBg] 17

in the following way:

n
T (n—i) Ph_i,i

n -_—
M=ZM-D Py ii= (182)
i=0 1-— ‘I’oo
and
n r
a E:Oiq)n—i,i
Ap= Z id im0 (18b):
B 2o n—i,i l—q)’oo b

Additionally, it is

=1

n
_ Z @n_4,iGnoiyi
Z ®n_;,iGn_i,i= ; (18¢)

Applying Egs. (18), the following equation results from Eq. (15)
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— C — —_— n =
Goo+ AaGa + AgGp = 'Eo Pn—i,i Gn-i,i (19)
i=
The free energy G of the solution may now be written in terms of actual ionic species:
=1 =1 a =y
G=(na —mA,) Ga + (ng—nAg) Gp+ny 'Eo Pn_i,i Gn_i,i (20)
i=

With Eq. (19) the last equation reduces to

G =mGoo + naGh + npGh (21)
Comparison of Eqs. (11) and (21) gives

Goo=G1, Ga=Ga, Gp=0Gp (22)
Grunwald et al. ! ¢ showed that the partial molar free energy of the solute I is the
same as that of the fraction of unsolvated I. Also, the partial molar free energy of the

solvent components treated as formal quantity or as solvated species is independent
of the solute. The following relations

Goo =G; =G + RT In n; = G + RT In (n; $g0) (23a)
(_;;‘I—i,i:G;‘lo 11+TT]n(nI n— i,i) ' (23b)

are used, and with ny approaching zero (superscript o) one obtains with (19):

i i
Gf = Eocbg_i,ic., i+ RT 20<1>g Liln®)_; i —2%Gs - A3Gp (24)
= 1

This equation is equal to Eq. (53) of Grunwald’s®?
in Covington’s®? treatment (part 2).

G and Gg depend on the mole fraction x4 =1 — xg and on the activity coef-
ficients f5 and fy which are given the value one in the following:

paper and corresponds to Eq. (4)

Ga =G% +RT In xafa (25)
GB = G%‘i' RT In xpfp

It follows from Eq. (24):

xa = 1: GP(xa =1)=G2o— nG} (26)
xa =0: GX(x4 = 0)=Gg’y — nGS 27

The free energy to transfer I from A to B is the difference of Eq. (27) minus Eq. (26):

AG?(tot) = GP(x4 = 0) — GX(xa = 1) = GC, — G2y — n(G — G2) (28)
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The free energy of transfer between the solvent mixture (x, ) and pure solvent A is
calculated using Eqgs. (24) to (26):

AG? = GX(x4) ~ G{’(xA =1)

E CIJg i, 1(Gn i,i G'n?o‘* iGoA_ iG%)
(29)

n
+RT T O ;iln®} ;i —RT Z (n—1)PY_;;ilnx,
i=0 i=0

n
—RT z i@g_i’iln XB

i=0

Following Covington et al.?), a simplification of Egs. (28) and (29) is possible, if-
Gi’?—i,i is assumed to consist of three terms:

i = (G, Dint+ (GO 1,009 + (G2 e (30)

The first term on the right hand side refers to the bare ion and disappears because
we are engaged in differences of free energies. The second term refers to the coordina-
tion model of ion-solvent interaction in the primary solvation shell and the third term
takes into account long range interactions. The last contribution may be approximated
by the electrostatic interaction of a charged species with the solvent. The radius of
the charged species is equal to that of the solvated ion (e.g., ionic radius + diameter
of the solvent molecules in the primary solvation shell).

The constant 3; of the equilibrium

IA,+iB = 1A, ;B;+iA &1))
o [TAL Bi[AT 32
i [1A,][B} 32)

is related to the coordination term of the free energy:
~RT In §; = (GiY;,1) %™ — (Gi20) %™ +iGY — iGY (33)

Now Egs. (29), (30) and (33) lead to the equation:

AG? = G%(xp) — GO(xa = 1) =—RT z ®_; ;In [5'—[3][‘?:]
n 1,1 (34)

—nRTInxa + z B0 _1,i (Gii, )" — (Gro)™

The first term in the last equation can be simplified with the help of the consecutiye
equilibria of stepwise replacement of solvent component A by component B:
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Ky
IA,+B = IIAn_1B+A
l 1
1 K; |
TA,_j+1Bi—(+B = IA,_;B;j+tA (35)
|
} |
[ Kn l
IA;B,_;+B = IB,+A
Now it is
B B '
[ Ancs Bl = Kl Ao Bios] 0= 6.&% 1A,] @36)
with
Bi=K1K2'--Ki

With Eq. (32) one obtains from Eq. (34)

i
AG°——RTlnI:1+ T 6 Ei]] ]—nRTth
(37)
+z¢&nmn“W“—m%rm

The last equation is identical with Eq. (16) found by Cox et al. 46) if the electrostatic
contribution is neglected and x , xg are volume fractions.

A relation for the free energy of transfer between x, =1 and x, = 0 follows
from Eq. (28) with Egs. (30) and (33):

AGP(tot) = ~RT In B, + (G0 )¢ — (G1p)°*° (38)

Cox et al.*® and Manahan et al.”® performed potentiometric titrations and calculated
the equilibrium constants for the complexes formed between Ag* or Cu* and some
ligand molecules (solvent B). Several solvents (A) were used as reaction medium.
Table 2 contains the cumulative equilibrium constants §;. The free energy of transfer
AG° (tot) was calculated with Eq. (38), whereby the electrostatic contribution was
neglected AG° (tot) has been compared with AG° values, estimated from the assump-
tion of neghglble liquid junction potential in a galvamc cell similar to cell (B). As gne
can see in Table 2, the agreement between the two sets of values is excellent. Similar-
ly, the free energies of transfer in mixtures of the solvents A and B (mentioned in Table
2), once calculated from Eq. (37) and once estimated from the assumption of n.1j.p.,
gre also in convincing agreement.

That means, it is possible to calculate reliable AG? values from equilibrium con-
gtants for ion-solvent complex formation. If, in case of cations, the ligand (solvent,B)
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is a much stronger Lewis base (high donicity) than solvent A, the equilibrium con-
stants can be determined in very dilute solutions of the cation and of component B.
Then, Eq. (37) enables one to calculate the free energy of transfer of an ion from ,
solvent A to solvent mixtures of A and B, and even to the pure solvent B. The results
in Table 2 show that the influence of the solvent outside the coordination sphere is
small.

b) Experimental Evaluation of Coordination Numbers and of Formation Constants
of lon-Solvent Complexes

In general, the complex of an ion with a charged ligand is much stronger than the
complex of an ion with a solvent molecule as ligand. Therefore, much less informa-
tion about ion-solvent complex equilibria exists, though the experimental methods
and the theoretical discussion adopted for this problem are the same as those used
for complexes with charged ligands. To increase the strength of interactions between
an ion and the molecules of a special solvent one always intends to perform the ex-
periments in media which interact to a lesser degree with the given ion. An extrerhum
of this intention is the determination of complex formation between ions and solvent
molecules in the gas phase by mass spectroscopy64). The stepwise growth of ion-
solvent clusters in the gas phase supported the attempt to explain the solvation, also
of univalent ions in liquids, to some extent by the arrangement of an integer number
(coordination number) of solvent molecules around an jon. However even before

gas phase experiments were conducted, the formation of ion solvent complexes had
been studied. In a series of fundamental experiments Bjerrum et al.%) used poten-
tiometric and spectroscopic methods to determine formation constants of ion sol-
vent complexes. Later on other procedures were used with success by other workers.
The study of ion solvent interaction was especially stimulated by the fact that nu-
clear magnetic resonance (NMR) became a common tool in chemistry and physical
chemistry.

' The most comprehensive information about ion-solvent complex formation fol-
lows from potentiometric titrations and some NMR measurements. This applies to
NMR studies with solutions of ions like aluminum(1IT), gallium(III), beryllium(II) or
magnesium(II) which interact so strongly with the molecules of several dipolar sol-
vents that the lifetime of the molecules in the solvation shell is very long. Then the
solvent exchange kinetics is slow enough to observe in the NMR spectrum of the sol-
vent separate lines for coordinated solvent molecules and for free solvent.

More often, only the first or second equilibrium constant follows from electro-
chemical and spectroscopic measurements. NMR studies of solutions with monova-
lent ions in mixtures of two solvent components which interact rather differently
with the ion sometimes show a break in the chemical shift plotted versus concentra-
tion. The slope of the curve changes near a solvent to ion ratio which obviously re-
presents a coordination number.

In the following only some rather instructive examples of ion-solvent coordina-
tion shall be presented. Solvation of the proton in terms of complex formation has
been studied extensively!!’ 58 66) and very detailed information has been accumu-
lated®”: 8), But this special subject has not been taken into consideration.
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1. Potentiometric Titration

Larson and Iwamoto®® determined the interaction of small amounts of water in nitro-
methane with Cu?* by voltammetric studies. The dependence of the half-wave poten-
tial for the Cu?*/Cu* wave on water concentration was analysed to deduce the step-
wise formation constants K; of the complex species [Cu(H,0);]%*. The constants fare
in good agreement with those evaluated from spectroscopic measurements.

But in principle, the change of potential with water concentration should be re-
ferred to a reference redox couple being independent on solvent composition. Thus,
from potentiometric titrations of an aqueous AgNO; solution with acetonitrile (AN)
Koepp, Wendt and Strehlow?>) deduced the first and second overall formation con-
stant of [Ag(CHaCN)]" and [Ag(CH3CN),]", respectively. In this study the potential
of the silver electrode was referred to the ferrocene-ferricinium® rédox system. By
this method any liquid junction potential effects are eliminated. Manahan and
Iwamoto”® polarographically determined the overall formation constants §; of ace-
tonitrile with Ag* and with Cu” in various solvents. Some of the data have been taken
by Cox et al.*® to calculate AGO(tot) in Table 2. Luehrs et al.”'~7% obtained in the
same way the formation constants of Ag* with N,N-dimethylformamide (DMF),
with dimethylsulphoxide (DMSO) and with hexamethylphosphoramide (HMPA) in
various solvents. In Table 3 some of the results have been arranged in such a way
that the interaction of Ag* with the various ligands can be compared in the same sol-
vent. The complexes of AN with Ag* are much stronger than those with the other
ligands and are due to the specific interaction between nitriles and the silver ion. But
excepting AN the strength of the complexes increases with increasing donor stren.gthsw)
from DMF over DMSO to HMPA. With HMPA steric hindrance must be taken into
account. The formation constants in methanol are in the mean smaller than those in
2-butanol, which solvates Ag” less strongly. Also here water plays a special role. Com-
plexes of DMF, DMSO, and HMPA with Ag* could not be detected in water. But in
aqueous dioxan solution the formation of DMSO-complexes with Ag* were observed.
This is in agreement with free energy of transfer data and NMR chemical shift ex-
periments in aqueous DMSQO solutions®®. At low concentrations, DMSO strengthens
the water structure®S) and Ag* is preferentially hydrated.

Izutsu et al.”® studied the complexing of Na* in acetonitrile solution with vari-
ous protic and aprotic solvents using an ion-sensitive glass electrode. Parker’s assump-
tion of negligible liquid junction potential with an tetraethylammonium picrate salt
bridge was adopted and found to be valid, even when water was added. The forma-
tion constants increased in the order: methanol < H,0 < DMF < N,N-dimethylace-
tamide ~ DMSO < HMPA.

2. Electrolytic Conductance

The electrical conductivities of electrolyte solutions and the ion-pair association con-
stant are both very sensitive to ion solvation and permit the calculation of solvation
constants.

D’Aprano and Fuoss’ 5) found that in dilute solution of Me4NBr and (n-Bu),NBr
in acetonitrile the conductance changes if p-nitroaniline is added. The change could
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not be rationalized by taking into account the change in concentration and in dielec-
tric constant. The effect may be explained in a simple way, if ion-dipole association
between Br~ and p-nitroaniline (dipole moment 6.32 D) increases the dissociation
of ion pairs. The effects are larger when nitrophenols (meta and para) are added to
dilute solutions of quarternary ammonium salts7®).

In case of ionophores the formation of ion pairs is dependent on the electrical
charge e, the dielectric constant € and the center-to-center distance a. The association
constant K, was calculated for rigid charged spheres with diameter a in a dielectric
continuum’ ")

Ka =Ko exp(e?/a e kT) (39)

Many examples of systems have been studied which are in agreement with Eq. (39)
and where a plot of In K, versus 1/e is linear. But, again and again, salt-solvent sys-
tems were found with a non-linear dependence of In K4 on 1/e and even with slobe's
of the wrong sign. Fuoss ef al.”® selected several special systems where the spher¢-
in-continuum model fails. The association constant of tetrabutylammonium picrate
in acetonitrile-dioxan mixtures is much larger than K in mixtures of p-nitroaniline:
dioxan. The difference is attributed to the formation of a dipole solvate between the
‘picrate ion and p-nitroaniline. .

More quantitative information about solvation equilibria resulted when the as-
sociation of picric acid was studied in mixtures of acetonitrile (AN) with several
hydroxylic solvents (water, MeOH, EtOH) and in water-EtOH mixtures. The depen-
dence of In K4 on 1/e is in no case linear and with two binary solvent systems
(AN—MeOH, AN—EtOH) In K 4 even increases with e. Fuoss et al.®) introduced a
conductance association constant K 4 as a factor. The strange behavior of the systems
studied were attributed to specific solvation of HPi by the hydroxylic solvents (base B).
The following reaction scheme was assumed to hold.

Ks
HPi+nB = BH' ‘B, Pi™

+ Ka + —
BH"B,_{Pi- = BH +B,_,Pi

The association constant K 5 determined by experiment is related to K and to the
concentration of base B in the following way:

Ka =Ka[l +(1/KsBM)] (40)

The analysis of the experimental data with Eq. (40) gave n = 4, and Kg =4.0x 1077
(MeOH and EtOH), Kg = 2.5 x 1073 (H,0).

The competition between ion-pair formation and ion-ligand association was uti-
lized to determine the hydration constant of NO3 in acetonitrile”®). The relative as-
sociation constant Kg /K o of AgNQj in solutions of acetonitrile with small amounts
of water was found to depend linearly on the water concentration. KOA is the associa-
tion constant of AgNO5 in anhydrous acetonitrile. As Ag" is preferentially solvated
by acetonitrile even in highly aqueous solvents?5> 79 the hydration of NO3
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Ki_
NO3 +H,0 = NOj H,0

effects a decrease of the ion-pair concentration. The experimental association con-
stants were analysed using the relation between K and K, _

K8 /Ka =1+K;_[H;0] (41)

with the result: K, _ =1.7M~".

The addition of polar molecules to electrolyte solutions effects a much larger
change in conductance if low dielectric solvents are employedso). In a series of papers
Gilkerson ef al. 8V studied the ion-molecule interaction of tertiary and quarternary
ammonium cations with Lewis bases in low dielectric solvents, like o-dichlorobenzene,
chlorobenzene or 1,2-dichloroethane. The change of the ion-pair association constant
with concentration of an additive L was attributed to the formation of 1: 1 cation-
molecule complexes:

M*+L = ML*, K. =[ML"}/[M"]L]

The ions are highly associated into ion pairs and due to this the Shedlovsky conduc-
tance equation®?) is applicable. Thus, the experiments are easily analysed. An equa-
tion analogous to Eq. (41)

K3 ‘
—A = 1+K4[L] (42)
Ka

was fitted to the experimental data. Only in some instances the existence of [ML}]
had to be considered. The temperature dependence of K4 permitted the calculation
of AH and AS®1™ 81K) {n the same way the association of alkali-metal cations with
triphenylphosphine oxide in tetrahydrofurane was studied®!?. In general, the experi-
ments show that the dipole moments of the ligands, in addition to their basicities, are
important in determining the extent of ion-ligand association. Furthermore, the as-
sociation of tri-n-butylammonium cation with a group of ligand molecules in o-di-
chlorobenzene leads to a simple functional dependence between K, and free energy
of transfer values®!d),

3. The Solubility of Electrolytes in Mixed Solvents

Chantooni and Kolthoff3® 9 derived equations which permit the calculation of
hydration constants of cations and anions from the solubility products of slightly
soluble salts in solutions of acetonitrile with various concentrations of water. The

- ionic solubility of a salt was determined by measuring the conductance. The water
concentration of the acetonitrile solution was always less than 1 M. The total ionic
solubility product was expanded in powers of the water concentration. The coef-
ficients are related to the individual ionic hydration constants and were evaluated by
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curve fitting procedures. Li*, Na*, C1~, NO3 and several organic anions were found
to form mono- and dihydrates. This elegant method has been applied only rarely®5:107),

4. Optical Spectroscopy

Spectroscopic studies, intended to obtain a better understanding of the state of solva-
tion of ions in mixed solvents, have been carried out for a long time. Bjerrum and
Jgrgensen®® 87 interpreted the change in spectral intensity in terms of ion hydration
when the concentration of water in non-aqueous solutions of transition metal ions
was changed gradually, Larson and Iwamoto®® were able to determine all six hydra-
tion constants of aquo-copper(II) complexes in nitromethane from the absorption
band of water®®). The absorption spectrum of Cu?*, which changes with decreasing
amount of water in acetone and ethanol, was interpreted as being due to the succes-
sive replacement of two water molecules of the Cu?* hydration shell by two molecules
of either acetone or ethanol®®, In a comprehensive publication Kuntz and Cheng®®
used infrared spectroscopy to study the solvation of univalent ions by water and
methanol in a number of polar aprotic solvents. The evaluation of ionic solvation
constants from spectral absorption experiments are not always straightforward.

5. Nuclear Magnetic Resonance

Since NMR has been introduced as a new method to study electrolyte solutions the
knowledge of ion solvent interaction has advanced remarkably.

As we are engaged in solvation equilibria, only chemical shift data shall be dis-
cussed and the relaxation times T, and T, will not be taken into consideration.
Furthermore, to clarify the process, the chemical shift experiments are separated in-
to two classes which differ in the magnitude of solvent exchange kinetics. In solutions
of a few ions, e.g., AI**, Ga®*, Be®* and Mg?*, in a number of donor solvents, the
lifetime, 7, of the solvent protons in the solvation shell is sufficiently long (7 > ca.
10™*sec), for two signals to be observed. With respect to resonance measurements of
the ion nucleus the long lifetime of solvating molecules sometimes has the effect
that several lines for an ion in a mixed solvent system may be observed at the same
time. In the other class of experiments the exchange kinetic is fast (1 < ca. 1074 sec)
and only one signal can be observed.

If the lifetime of solvent molecules in the solvation shell of a cation is longer
than 0.1 msec, the solvation number n of the cation follows directly from the area
of the NMR line for the coordinated molecules. In pure solvents, n is equal to 6 for
AP*, Ga3* Mg?" and equal to 4 for Be?* 1> 92 In mixed solvents the mean num-
ber n of molecules of a solvent component coordinating a cation depends on the com-
position of the mixture. In mixtures of water and polar aprotic solvents AI** is pref-
erentially hydrated®?). In water-dimethylsulphoxide the line of DMSO molecules in
the primary solvation shell of A1%* is clearly separated from the line of free DMSQ®®
and the mean coordination number 1 is accessible. n depends on the mole fraction
XH,0 = 1 ~ Xpmso in an unexpected manner: A3 is preferentially solvated by
water at Xy,o - 0.8 and by DMSO at xy, o < 0.8. This special behavior of DMSO-
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water mixtures has already been discussed in previous sections.
Olander et al.® determined the solvation constants of the equilibria

K.
A1(DMSO).—,_@_1)(H20)?_+1 + H,0 = Al(DMSO)¢ _ ;(H,0); + DMSO
from the mean coordination number @i by a procedure introduced by Bjerrum®>.
Delpuech ez al.”) adopted the same method to calculate solvation equilibrium con-
stants for A13* and Be?" in aqueous mixtures of organophosphorus solvents. Gener-
ally, the accuracy of n and, therefore, of K; is limited by the overlap of the lines for
bound and free molecules. Under favorable conditions all ionic species which are dif-
fering in the composition of the coordination shell can be observed separately, and
all K; values result from the integration of the various lines of coordinated molecules.
The "H-NMR spectra of solutions with a behavior like this have been observed for
AI(CI0,);-water-acetonitrile®”, Mg(ClO,),-water-acetone®® 99 and AI(C10,)3-
DMSO-DMF-nitromethane. In the last example nitromethane acts merely as an inert
diluent. In the 3! P-NMR spectra of the system BeCl, -hexamethylphosphoramide-
water®® and in the 27A1-NMR spectra of the systems A1(Cl04)3-DMF-DMSO-nitro-
methane '° and Al(Cl0O,);-trimethylphosphate-DMSO-nitromethane'®? all different
solvates could be observed as separate lines.

If the exchange of solvent molecules is fast (r < 10™%sec) the dependence of the
chemical shift § on electrolyte concentration, solvent composition and temperature
is interpreted in terms of ion solvation. The chemical shift difference § of the solvent
protons in the presence and absence of an electrolyte is, generally, assumed to be the
sum of three contributions:

8=p'6t+p 6 +p%° . (43)

p*,p~ and p? are the fractions of solvent molecules in the cationic solvation shell,
in the anjonic solvation shell and of those in the bulk solvent. §%, 5~ and 8° are the
chemical shifts of molecules surrounding the cation, the anion and in the bulk solvent.
In dilute electrolyte solutions 8° is the chemical shift of the molecules in solution
with zero concentration of electrolyte. Different methods have been applied to esti-
mate either p*8* or p~6~ in mixed solvents which permits the calculation of solva-
tion numbers over the total range of mole fraction?® 192)_ If the solvents differ re-
markably in their strength to solvate an ion, the coordination number results directly
out of the graph of § versus the ratio of moles coordinating solvent to moles electro-
lyte. The slope of the curve changes appreciably when the mole ratio is roughly
equal to the coordination number. Some results are collected in Table 4. The influence
of counterions can be neglected when they are large and interact much weaker with
the coordinating solvent. Thus, no break could be observed for (n-Bu)4NCI0O4 with
DMSO in PC!®%), though LiClO, as well as (n-Bu)4Br effect a change in the slope of
the chemical shift graph near a 4: 1 ratio.

Cogly, Butler and Grunwald'®”) were the first who determined solvation equi-
librium constants from chemical shift measurements. The chemical shifts of water
in propylene carbonate containing various salts were extrapolated to zero water con-
centration. The dependence of the chemical shift of water at infinite dilution in PC
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Fig. 2. 2TALNMR spectra of A(ClO4) 3 solutions in mixtures of DMSO and DMF in nitromethane
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Table 4. Coordination numbers from mole ratio studies

Mole ratios Electrolyte Solvent Method Ref.
Acetone : Lit ~4.4:1 LiClO4, Lil Nitromethane IH.NMR, IR 104d)
Acetone: Lit =4:1 LiClOy4, Lil Nitromethane 23Na-NMR 106)
PC:Lit=42:1 LiClO4 Nitromethane 1H.NMR 108)
DMSO:Lit=2:1 LiClO4, Lil 1-Pentanol !H-NMR 104a)
IM2PY : Li*=2:1land  LiClO4 Dioxan fir 104b)
4:1

IM2PY : Lit = 4.5:1 LiClOg, Lil Dioxan 1H.NMR 104b)
DMSO : Nat=1:1 Nal 1-Pentanol 'H.NMR 104a)
DMSO : Nat=6:1 NaAIBug Dioxan 1H.NMR 104b)
IM2PY : Nat = 4:1 NaAIBug Dioxan IH-NMR 104b)
THF :Na*=1:1 NaAlBug Cyclohexane IH.NMR 103)
DE:Nat=1:1 NaAlBuy Cyclohexane 1H.NMR 103)
DMSO:NH}=2:1 NH4SCN 1-Pentanol 1H.NMR 104a)
DMSO : Agt =4:1 AgClOg4 PC IH.NMR 52)
DMSO : Agt =4.0:1 AgClO4 Nitromethane 1H.NMR 105)
PC:Br=4:1 BugNBr Nitromethane 1HNMR 105)
PC:I"=36:1 BugNI Nitromethane IH.NMR 105)

DE = diethylether

1M2PY = 1-methy}2-pyrrolidone
PC = propylene carbonate

THF = tetrahydrofurane

on salt concentration was analysed and under mild extra-thermodynamic assumptions
the molal association constants for several univalent ions with water were evaluated.
They are in good agreement with the solvation constants from solubility measure-
ments. The formation constants for mono-, di- and trihydrates of Li* could be de-
rived. This publication has stimulated a lot of further investigations!®®~ 1e)

In order to simplify the determination of free energies of transfer, Covington
et al.%?) deduced a relation between AG? and the chemical shifts of ions. It is well
known that the chemical shift of alkali metal and halide ions in mixed solvents (e.g.
A and B) is not at all linearly dependent on the mole fraction xg =1 — x5 ', If
the chemical shift, §, at infinite dilution is assumed to be an additive function of the
contribution §; of all ionic species, which differ in the composition of A and B in the
primary solvation shell, Eq. (44) is a relation between the chemical and with the
distribution of the different ionic solvates I A, _; B; [Eqs. (12) and (17)]

n
§=Z ®)_i;8; (44)
i=0

As the chemical shifts §; are mainly sensitive to the immediate environment of the
ion, it is obvious that the intrinsic shifts §; of the various solvated species depend on
the fraction of B in the solvation shell, i

8;=—2dp (45)
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&g is the chemical shift difference of the ion at infinite dilution in pure B and in pure
A. ¢g_i,i depends on the stepwise formation constants K; [Eq. (35)] and the activi-
ty ratio y = [B]/[A]. As the solvent exchange is fast in all systems studied and only
one mean resonance line can be observed, the n equilibrium constants K;j are un-
known. Therefore, it is reasonable to suppose that the individual equilibrium con-
stants are related entirely to statistical requirements. Thus, the n equilibrium con-
stants are replaced by one constant 8, =K, - K5 ... K, [Eq. (32)]

K; = gyn _n_+_11_—1_ (46)
If one considers Eqs. (17), (36), (44), and (45),

§ _ BYry
=) 47
5 1 +piy 47)

A simple rearrangement of Eq. (47) leads to

o= (5138— & {T?]]—) n “%)

Eq. (47) has been used to determine B, from a plot of 1/8 versus 1/y®% 117,

One obtains a relation between AG? and the infinite dilution shift §, if the first
term on the right hand side of Eq. (37) is simplified under the assumption that the
relative concentrations of all individual ionic species correspond to the statistical
distribution,

2B (. [B]
e 5 (1 ) “

Combining Egs. (37), (48) and (49),

AG?=—nRT1n68B —nRTInxyu
° (50)
+ E (I)g i, 1(Gn i,i )elec - (G;So)elec

i=0

This equation corresponds to Eq. (28) of Covington et al. 62) (Part 2), who found

that AG° values from electrochemical and spectroscopic experiments agree satisfac-
torily in mlxtures of isodielectric solvents. Relations between AGO and & have also
been treated which involve change of solvation number and nonstatlctlcal distribution
of the solvated species®?.

132



lTon Solvation in Mixed Solvents

V. Transference Numbers

In electrolyte solutions the transference or transport number of an ion is often de-
fined as the fraction of the current which it transports. But ion-pair formation or step-
wise dissociation is the normal behavior and the effects observed, a moving boundary,
or the change in concentration in an electrode compartment during a Hittorf experi-
ment is the only information available; therefore one has to use the term ion constit-
uent instead of the term ion as shown by Noyes and Falk''® and also by Spiro! 19 The
ion constituents of an electrolyte are the ion-forming portions of the electroly te mole-
cule. In the following we are interested in ion-solvent interactions in mixed solvents.
With few exceptions the dielectric constant of nonaqueous solvents is smalier than that
of water and full dissociation of electrolytes is the exception. However, the influence
of ion association on the solvent transport is neglected, for the contribution of ion
pairs is, in general, small and taking it into consideration, the experimental accuracy
has to be much better than to-days methods offer. While the ionic association con-
stant is a well known quantity only at low electrolyte concentrations, the solvent
transport numbers are obtainable by experiment only at higher electrolyte concentra-
tions.

Transference numbers are quantities which are treated in the thermodynamics of
irreversible processes. In a continuous system, the average velocity v; of a species i
related to a reference velocity w, describes the diffusional motion of the species i.
The diffusion current density J; represents in moles/cm? sec the flow of species i in
unit time perpendicular to a surface of unit area which by itself is moving with velo-
city w!29),

Ji=¢i(vi—w) G

where c; is the concentration of species i in moles per liter. Treating transference
numbers, the fixation of the reference velocity w is quite important. In text books
of thermodynamics of irreversible processes'2® 1), it is shown that the reference
velocity w may be chosen such that the following relations

w=Z Wi Vi (52)
Y w; = (53)

hold. The summation comprises all species i which one wants to consider. c; are
normalized weight factors.

The transference number t; is the fraction of the total electric current density I
carried by the i-th ion relative to the reference system chosen:

ziFJ _zFc(v—w)

t. =

=2 1 (54)
where F is the Faraday constant. The total electric current density is

I=Z Z; F Ji (55)
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where the summation is over all charged species. Now, from (54) and (55) follons:
=1 (56)
With Eqgs. (51) and (55) one obtains

1=z Fqy (57)

because of the condition for electric neutrality Z z; ¢; =0. Asit is obvious from Eq.
(57), the total electric current is independent of the reference velocity chosen.

In electrolyte solutions with neutral solutes or with two or more solvent com-
ponents, the flow of uncharged molecules in electrical transport experiments had to
be taken into consideration. It is useful to introduce a reduced transference number 7;.
For one Faraday, 7; moles of species i, charged (ion constituent) or uncharged, are
transferred in the direction of positive current. The reduced transference numbers
7; are defined as

= (58)
The relation between 7; of a charged species i and its transference number t; is
ti=z;7q (59)

In the literature, several different notations for t; and 7; have been used. Today, the
terms transport number and transference number are used for t; side by side'??),
Staverman!?® introduced the terms “reduced electrical transport number” for 7

and “electrical transport number” for t;. Scatchard®® called ; a transference number
and t; a transport number, while Agar'?¥ introduced the notation Washburn number
if 7; is referred to one of the uncharged components. The solvent transference num-
ber A, which was introduced by C. Wagner'?®, is a reduced transference number with
the reference system fixed to the sum of moles of all solvent components. “Elektrische
Lésungsmittelisberfihrung”, L™, (electrolytic solvent transport)!2% 126) griginates

in the proposal of Nernst'?”? to discriminate between solvent molecules in the solva-
tion shell of the ions and the “free” solvent. L(*) is a reduced transference number
referred to the motion of the free solvent. Inspection of Egs. (54) and (57) shows
that 7; depends on the reference system used. This will be shown in the following
section in more detail.

a) A Binary Electrolyte in a Single Solvent

Following Haase’s treatment'2®, the transference numbers t; of the ions (i = +, —)
of a binary electrolyte in a single solvent 1 (e.g. water) shall be discussed with respect
to the Hittorf reference system and the Washburn reference system.
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1. The Hittorf Reference System

In this system the reference velocity chosen is the velocity v, of the solvent. With
w =v; [Eq. (52)] and w; = 1 [Eq. (53)] the diffusion current density of the solvent
J{Pis zero and

IM=zFvi—vy) (i=+-) (60)

The index 1 for the sole solvent has been used to faciiitate the comparison with
mixed solvents. The transference number

(o = ZiIF Ji (61)

is the well known Hittorf transference number.

2. The Washburn Reference System

The interaction of ions with solvent molecules suggests a more detailed picture in
which during electrolysis the cations are transporting ny, solvent molecules into the
cathode compartment and the anions n;_ solvent molecules out of that region into
the opposite direction. The residual molecules of the solvent, which remain unaffect-
ed by the ion movement, are regarded as “free”. n,; = ny,, n,_ are total solvation
numbers of the ions which differ from those in Chapter III. The transference numbers
t(*) referred to the free solvent (index *) are called “true” transference numbers'2?,
The diffusion current density J; () referred to the velocity v(*) of the free solvent re-
sults from Eq. (51):

IM=gv—-v{?)  (i=+-) (62)

The “true” transference number ti(*) follows from (54) and (62)

(63)

(= HE I® _zFawi—v{)
1. I I

The V)ClOClty v; of the total solvent is related to the velocity v(*) of the free solvent
by120

vieg =V + 206y (64)
The summation is over all ionic species i (i = +, ~). With
cr=cf? + Engic (65)

one obtains from (64)
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c1(ve = v§) = Z ny ¢ (v — v§{¥) (66)

Now, the reduced transference number 7, [Eq. (58)] of the solvent

(67)

w_ FIY _ Fej(vy—v{M)
T T

can be expressed as a function of the solvation numbers. With (63) and (66) one
obtains

™ () t®
Tg*) = Enh T—n1+ —+—+n1_ Z L(*) (68)

The reduced transference number of the solvent is equal to the electrolytic solvent
transport L(*) and may be calculated numerically only if t(*) or n,; are known from
other expenments With Egs. (60), (61), (63) and (66) a relatlon between t(l) and
) may be calculated:

(1) - vl_vg*)

, t(*) v — v{® v; — v{®
() (69)
-1 z; ¢ Z 0y ¢i(vi — vi)
o tMI/F
From Egs. (63) and (68) now results
(%)
Wopw_FAG% g N e 4G
(=4 - A gy =g AG (70)

b) An Electrolyte in a Binary Solvent Mixture

As before, the binary electrolyte is assumed to be fully dissociated. The subscripts
used are i = +, — for the ions and k = 1, 2 for the solvent components. ny; and ny;
are the (four) solvation numbers.

1. The Velocity of One Solvent Component as Reference Velocity
Reference velocity w = vy

With k = 1, the transference number ti(l) follows directly from Eq. (54) on sub-
stituting w =v;:
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The reduced transference number Tgl) of solvent component 2 is

D = Fe, (VI2 ~v1) _ w5 72)

With k = 2, the reference velocity is equal to the velocity of solvent component 2,
w = v,, and one obtains analogously

@ =5 F C; (vi —v2) (73)
and
D= Fc (IV1 —Va) _ wy (74)

The reduced transference numbers Tgl) and 7(12) are the Washburn numbers w, and
w, introduced by Agarn“). In his discussion the movement of a neutral solute is
treated with respect to the solvent. Later on, Feakins'?® used Washburn numbers
to explain the solvent transport in mixtures of two solvent components when the
solvent mole fraction is varied between O and 1.

Since the total electric current density I is independent of the reference velocity

[=27Fc(vi=v2)=Zz Fci(vi—vy) (75)

one may easily derive relations between the transference numbers and the Washburn
numbers in the two reference systems:

Wi__ W2
o e (76)
and

NO RO .
l__"l_=&w2=_%wl a7

Eq. (76) is a relation first deduced by Feakins!?®,

2. The Barycentric Velocity v,, of the Solvent Mixture as Reference Velocity

If after termination of a Hittorf transference experiment the changes in concentration
in the electrode compartments are referred to a fixed weight of solvent, the reference
velocity w = vy, is equal to

_ viM; +cavaMy

78
M, +c; M, (7%)
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with M, , M, the molecular weights of the solvent components. Eq. (78) follows from
Eq. (52) with the weight factors wy = ¢ My /(c;M; + c3M,). From Egs. (54) and
(58) follows

tgm) - #F CiI(Vi — M) i=+,-) (79)
and
7 = F_ck_g_"ﬂ k=1,2) (80)

As one can see immediately it is
(™M, = —7§"M, (81)
and from Eqgs. (74) and (80) follows, e.g.

c2M,

—_— 82
°1M1 +C2M2 ( )

Tgm) =W

and a similar combination adoptingEqs. (76) and (81). Only two out of several rela-
tions between t{™ and t{) are

ti(m)_ 1 ClMlti(l)+C2M2ti(2)

7z ciM; + ¢ M, ®)

_HD _aMawy (84)
Z c1M; + ¢y M,

This relation was first deduced by Feakins'?®).

3. The Velocity of “’Free’ Solvent as Reference Velocity

With

ckvi = v + T oy (85)

and k=1,2)

ok = cf(*) +Zngig (86)

where the summation is over the ions (i = +, —), one obtains

ok (vik — ) = Z nigei (vi — v{) (87)
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a relation which was used previously to introduce the solvent transport number Lf(*)
in an electrolyte solution with only one solvent component. A consequence of the
assumption that one can differentiate between solvent molecules which are solvating
the charged species, and “free” solvent molecules, which remain unaffected by the
passage of the current, is the equality

ViR = o) (88)

This identity means that the reference velocity «w is equal to the “free” solvent veloc-
ities of both components.

w=v{® =y =y (89)
The transference numbers t{*

SFoo(vi — v®
ti(*) _z%4F c,I(vl vi*) (i=+-) (90)

and the reduced transference numbers 7{*) of the solvent components k, where 7
is equal to the “electrolytic solvent transport” Ll((*) of the solvent components [com-
pare Eq. (68)]

F ¢ (v — v]((*)

7™ = : ) =L® k=1,2) 1)

may be used to deduce several relations with corresponding quantities of other refer-
ence systems. As an example, only the following connection shall be cited

[
LM = ﬁ (L —wy) (92)

4. The Mean Molar Velocity v of the Solvent Mixture as Reference Velocity

If after the termination of a Hittorf experiment the concentration changes are re-
ferred to a fixed number of total moles of solvent molecules, the reference velocity
is given by

vy + CaVa

W=y =
)

(93)

All quantities referred to v are labelled with a horizontal bar. The relation between

T = ZiFCi(Vi—V)

t 1 (i=+-) (94)

and ti(m) shows that the difference is negligible, if M; = M,:
139



H. Schneider

— zicicy M; —My)
o= tim) _ iCi C2 (2) 95
o (c1 +cp) (1M + ¢ My) m ©3)

The reduced transference number 7, of solvent component k =1

_ _F -V
7 = M (96)
is easily brought into connection with the electrolytic solvent transport r(*) if v(*)
and v(*) are added to or substracted from (v; — V). With the Eqs. (93) and ©n 1t
follows

1=l -, LP =7, =-A o7
This solvent transference number A was first introduced by Strehlow and Koepp'2?).
With Eq. (68) one obtains

i (
A=Xy TNy — — X, Z Ny
1 21 z; 2 1i z;

i=+-) (98)

For a uni-univalent electrolyte A depends on the four solvation numbers n;4, n,_,
n,4+, and n,_ in the following way

A= (X Ngs — Xanpy) 18 — (x4 — xom; ) t&) 99)

In the solvation shell of the cation, e.g. the excess of solvent component 2 over the
respective concentration of 2, if the composition of the solvation shell is like that of

the bulk, is given by'?%)
it (32 5) o)

Similarly, the excess concentration of component 1 in the solvation shell of the an-
ions is

* = nl_ _ nz._
ny_=x; (x, %, ) (101)

Xy, X5 are the mole fractions of the solvents. With Egs. (99), (100) and (101) one
finds!?%)

= 2+ (*) 1— (*)
A X1Xo [Xz + X t ] (102)

A is the concentration change of species 2 in the cathode compartment during a
Hittorf experiment in the mean molar velocity reference system. As can be shown
using Egs. (82), (92) and (97), the following relations also hold
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A =X Wy = —XoW (103)
which was found by Spiro'3® and
A=x, 7™ — x,ri™ (104)

A relation between Washburn number w, e.g. and solvation numbers follows from
Egs. (91), (92) and (68)

*) (*)

t c to C
u (ny4 — —Ci nNy4) _‘_Z"(nl— - é n;_) (105)
+ —

Wy =

For a uni-univalent electrolyte one obtains with Eqs. (100) and (101)
wy =t® n¥, — (*) n¥_ (106)

when n}, and n}_ are the number of moles of component 1, transported from cat-
ion and anion, relative to component 2 per Faraday.

¢} Experimental Determination of Solvent Transport in Mixed Solvent Electralyte
Solutions

Two methods have been used to obtain Washburn numbers w,, w{ or solvent trans-
ference numbers A.

1. The Hittorf Transference Method

During a Hittorf transference experiment in a mixed solvent electrolyte solution, the
concentration of the electrolyte as well as the composition of the solvent changes in
the electrode compartments. The determination of the solvent transport requires de-
tailed analysis of the electrode compartment. This has been done using refractive
index or density measurements!2% 131133, As the time of electrolysis is limited, the
variation in solvent composition is at most 1%. The solvent transference number is
largest in the case of heteroselective solvation when the cation is preferentially solvated
by one component, the anion by the other. A is a function of four solvation numbers as
shown by Eq. (99). With the assumption of a monotonic dependence of the solvation
numbers on solvent composition and with reasonable maximum solvation numbers,
all solvation numbers can be estimated semiquantitatively under favorable conditions.
This has been done by Strehlow and Koepp'?® for AgNO; in H;O—CH3CN mixtures.
In agreement with numerous experiments with this system'3® Ag* is more strongly
solvated by CH;CN, and NO3 more strongly by water.
Heteroselective solvation was also found in the system ZnCl, —N,H,—H,0"3?.

-The values of A remain much smaller in the case of insignificant selective solvation

or of homoselective solvation. Further experiments have been performed in mixtures
of water with methanol!3!> 133) and acetonitrile'32),
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2. The Electromotive Force Method

The solvent transport may also be obtained using emf measurements. As shown by
Scatchard3®), the electromotive force of a concentration cell with transport may be
expressed as

RT = ﬁ— vilnaj— [ ?Tidlnai—ZVi'lnaE -

ELF

RT (107)

"and " denote the region of the two half-cells. Ey and Eg are the standard potentials
of the two electrodes. a; is the activity of species i and 7; its reduced transference
number. ¥; and ¥} moles of species i are formed on passing one Faraday.

Feakins et al 128 135 used concentration cells with transference to get Washburn
numbers. As water is nearly always the one component of the solvent mixtures used,
in the following the abbreviation W and S for water and the non-aqueous solvent,
respectively, shall be used. The emf of the cell (C)

MCI (a}) | MCl(a]

Ag - AgCI ’ " "
W(al) | W—S(aly,ad)

AgCl — Ag ©)

follows from Eq. (107), whereby Ey = Eg and v = —1, vy = +1. Solvent S is assumed
to be stationary and used as reference.

F
E = 13 _ n
- RT Ina_ —Ina_
aJ ) ®
- l—dlna++z—dlna_+wwd1naw} (108)
a _
With
Ina” —Ina” =—fdlna_ (109)
a

one obtains

aw
E_= 2§Tf t(s)dlna +—l§if wy d In ay (110)

aw

where ay is the activity of water in one half cell (ay ) or the other (aw). A corre-
sponding equation holds if water is used as reference. Since a, is referred to the stan-
dard state in one special solvent (e.g. water), the free energy of transfer of MX must
be known from independent measurements (e.g. from the emf of a cell without trans-
ference) to calculate the Washburn number. Furthermore, t(f) is set equal to the Hit-
torf transference number which is reasonable within experimental accuracy.

a: was adjusted to be approximately equal to a} and the first term of Eq. (1 10)
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could be neglected if the variation of the transference number t® was small. Otherwise
achange of t. over the region of the liquid junction was taken into consideration'2® 13%),
In dilute solutions, aw is practically independent of the electrolyte concentration and
wy could be calculated from the second integral in Eq. (110).

Washburn numbers of hydrochloric acid and of alkali-metal halides have been
determined in mixtures of water with methanol128: 135, 137, 139, 140) o4ha]140),
glycerol'® 142), dimethylsulphoxide!3®: 143) and dioxan!3: 136), wy, depends on the
“excess” hydration numbers of cation and anion and the transference number [Eq.
(106)}. Therefore, in several systems the dependence of wy on mole fraction shows
maxima and minima. Only in the case of marked heteroselective solvation a simple
dependence on solvent composition is obvious.

Another way of determining the solvent transport by emf measurements has been
proposed by C. Wagner'?%). The two half cells contain two solvent mixtures of simi-
Jar composition which are both saturated with a sparingly soluble salt, e.g. a silver
salt AgX. Though the chemical potential of AgX is the same throughout the galvanic
cell with transport, the emf is different from zero since the chemical potential of the
solvent is different in the two half cells and A moles of the non-aqueous solvent com-
ponent are transported into the cathode compartment per Faraday.

With the mean molar velocity v of the solvent mixture as reference velocity the -
reduced transference number of the non-aqueous component is equal to A, as shown
in Eq. (97).

The emf E, of the cell

AgX(sat) | AgX(sat)

A D
W S(aly, 2) | W—S(@y,a8) | ®

Ag

follows from Eq. (107) with Ey = Egand v, = +1, v} = —1,

"

a —_— f—
E, 1S—T=—lna3,——f{t+dlna+—t_d1na_+?wd1naw
? +7gdlnag }+Inaf (111)
and
ay a"
E+=—%If t_dlnat—EF:l: f{?wdlnaw+?sdlnas} (112)
ay a'

With saturated solutions the first term is zero and only the second term has to be
treated.
With Tg = A = —Tyw and the Gibbs-Duhem equation

xwduw + xgdug =0 (113)

where Xy, Xg are the mole fractions of water and the non-aqueous component S, it
follows from Eq. (112)
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E. =5 f dlnag (114)

1-— Xg
Using the activity coefficient fg of the non-aqueous component,
dlnag =dInxg+dInfg (115)

for small differences between xg and xg the integral in Eq. (114) may be replaced by
its average value:

RT (X’é—XIS)A ( 31nfs) 1 ' ]
By —m— 22— |1+ =2 + 116
+ F (1 —%xg)%s 5 In % Xs =5 (xs *x5) (116)

Cell (D) has been used several times to determine the solvent transference number A
of the sparingly soluble salt Ag;SO, in the binary solvent mixtures: acetonitrile-
water!49, dimethylsulphoxide-water5o) and dimethylsulphoxide-methanol!#%). In
Fig. 3 the solvent transference number of Ag,S0y, is plotted versus Xpmso =

1 — Xmeon- Additionally, the Washburn number wpygo has been calculated using
Eq. (97) and is also plotted versus xpmso- With xppso = 1 the Washburn number
wpumso tends versus 4 and, though wpumso is quite different from the coordination
number of Ag* from nmr chemical shift measurements®®, the agreement of the
results indicates that the contribution of the sulphate ion is of minor importance.

W
2.04 (A x[ OMSO 4
x
s}
x
[+]
1.5 ° -3
X
o x,
1.0 A F2
(e}
0.5 A ki
X
Q
o} T T T T T T T T T 0

0 01 02 03 04 05 06 0.7 0.8 09 10
*pMs0 =1~ XMeOH
Fig. 3. Solvent transport number, A, and Washburn number, wppso, for AgaSO4 in methanol-
DMSO mixtures at 25 °C
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