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Preface

In 1988 the editor of this volume of Topics in Current Chemistry
together with Sven J. Cyvin of Trondheim wrote a book devoted
to the theory of benzenoid molecules [Gutman I, Cyvin SJ (1989)
Introduction to the theory of benzenoid hydrocarbons, Springer,
Berlin Heidelberg New York]. Due to the introductory nature of
that book, a number of topics in which active research is currently
taking place had either to be omitted or presented in a succinct
and somewhat oversimplified manner. In order to compensate for
this, the same authors edited an issue of Topics in Current
Chemistry (Vol. 153) entitled “Advances in the theory of benzenoid
hydrocarbons” in which a large number of active researchers
reported on the most recent achievements in the field. The aim of
present volume is also to complement the above-mentioned book.
Here, however, emphasis is given to those directions of research
in which Cyvin and Gutman (separately) gave their most numerous
contributions. Their own works are, of course, outlined together
and in connection with the related results obtained by many other
contemporary scientists.

Chapter 1 summarizes the first twenty years of Gutman’s investi-
gations of “topological” properties of benzenoid hydrocarbons.
Chapter 2 is devoted to the classical, fifty-year-old problem of the
structure-dependency of total n-electron energy. Chapters 3 and 4
provide a complete survey of the efforts of Cyvin’s group (as well
as of several other research teams) on the enumeration and
classification of benzenoid systems and benzenoid molecules.

Kragujevac, January 1991 Ivan Gutman
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Ivan Gutman

The article reports investigations of the “topological” properties of benzenoid molecules
which the author has performed in the last 20 years. Emphasis is given on recent developments
and other scientists’ contributions to these researches. Topics covered in recent books and
reviews are avoided. The article outlines spectral properties, some aspects of the study of
Kekulé and Clar structures, the Wiener index as well as a number of graphs derived from
benzenoid systems (inner dual, excised internal structure, Clar graph, Gutman tree, coral
and its dual).



Topological Properties of Benzenoid Systems

1 Introduction

1.1 Reminiscences

As a young assistant at the “Ruder Boskovi¢” Institute in Zagreb, Yugoslavia
the present author discovered in the library a fascinating paper by Dewar and
Longuet-Higgins [1], reporting the remarkable formula

det A = (—1)"2K?2. )

This happened somewhere around the end of 1970 or in early 1971. Already then,
and ever since, the author was deeply impressed by the beauty and power of the
Dewar — Longuet-Higgins formula and a great part of his long-lasting interests
and activities in the theory of benzenoid systems can be related to Eq. (1).
Formula (1) has, at least, three noteworthy features. First, its left-hand side is
the determinant of the adjacency matrix A, hence a genuine algebraic object. Its
right-hand side has a purely combinatorial interpretation: K is the number of
Kekulé valence formulas (in the language of chemistry) or the number of perfect
matchings (in the language of mathematics). Thus Eq. (1) connects two seemingly
unrelated fields of mathematics — linear algebra and combinatorics. (Recall that
in Eq. (1) n stands for the order of the matrix A ie. the number of carbon atoms
of the respective benzenoid molecule i.e. the number of vertices of the respective
molecular graph.) Second, A is related with the Hamiltonian operator in the

Hiickel tight-binding molecular orbital approach whereas K is a typical quantity

appearing in valence-bond and resonance-theoretical considerations. Thus Eq. (1)

connects two seemingly unrelated fields of quantum chemistry — molecular-orbital

theory and resonance theory. The original intention of Dewar and Longuet-Higgins

[1] seems just to be the revealing of this kind of interrelation between chemical

theories. Third, Eq. (1) is not obeyed by all polycyclic conjugated hydrocarbons.

Conjugated systems possessing rings whose sizes are different than six often fail

to satisfy the Dewar — Longuet-Higgins formula. In other words, by means of

Eq. (1) a special class of polycyclic conjugated hydrocarbons is shown to play a

distinguished role in theoretical chemistry. These are the conjugated systems

possessing exclusively condensed six-membered rings, traditionally referred to as
benzenoid systems/benzenoid hydrocarbons,

Meditating about the “message” contained in Eq. (1) one necessarily arrives at
the following two questions.

1. What is so peculiar in the structure (=“topology”) of benzenoid systems
that they form an outstanding and well-separated class of polycyclic conjugated
molecules?

2. Are there, in addition to the Dewar — Longuet-Higgins formula, other
far-reaching mathematical regularities obeyed by (and only by) benzenoids?
Attempts to find answers to the above questions resulted in numerous (not

always successful) studies of benzenoid systems. In 1974 the present author

published an article [2] entitled “Some Topological Studies of Benzenoid Systems”

3
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in which he communicated some of his early findings and observations. This was
later considered as Part 1 of the series “Topological Properties of Benzenoid
Systems” which nowadays embraces some 80 papers (c.f. Sect. 6). The aim of this
article is to give a survey of the main directions of these investigations and to
comment on them from the point of view of the most recent achievements in the
field. Fortuitously, this article is being written on the twentieth anniversary of
the author’s encounter with the Dewar — Longuet-Higgins formula, that is twenty
years after he started his journey through the magic kingdom of benzenoid
molecules.

1.2 Some Terminological Remarks

The terminology and notation employed in the present article follows as much
as it is possible that of the book “Intreduction to the Theory of Benzenoid
Hydrocarbons” [3]. There, a precise definition of a benzenoid hydrocarbon/benzen-

f 12 B

Fig. 1. Some benzenoid systems with six hexagons
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oid system/benzenoid graph can be found. In Fig. 1 are depicted 13 benzenoid
systems with six hexagons (out of a total of 81 hexacyclic benzenoids). From the
inspection of these examples it should be perfectly clear what benzenoid systems
are and how they are constructed from congruent regular hexagons,

The exclusion of nonplanar helicenic and hollow coronoid species from the
class of benzenoids was maybe not fully justified from a chemist’s point of view,
but there were good and convincing mathematical reasons for this; anyway we
use the term “benzenoid” in the same sense as in the book [3]. On the other
hand, we find that it serves no purpose to strictly distinguish between benzenoid
hydrocarbons (chemical objects) and benzenoid systems (mathematical objects),
since this distinction is always obvious from the context. We note in passing that
what we call “benzenoid system” is the same as “hexagonal system” or “hexagonal
animal” in the mathematical literature.

Throughout many years the words “topology” and “topological property” were
used by numerous theoretical chemists (also including the present author) with
a meaning completely different to those in mathematics. This caused a considerable
amount of confusion. In most cases the chemists’ “topology” is synonymous to
“structure” when under “structure” we understand the connectedness of the atoms
in the molecule, represented by classical structural formulas. A clear and satisfact-
ory analysis of chemical and mathematical “topologies” as well as their mutual
relations can be found in a recent treatise by Merrifield and Simmons [4].

1.3 Scope

The present article is meant to review the author’s investigations of the “topologi-
cal” properties of benzenoid systems. Not all such investigations could be outlined.
First of all, the work on total n-electron energy and related matter is covered by
another article in the same issue. Further, basic facts and notions from the theory
of benzenoid molecules were presented in the book [3] and will be repeated here
only to a very limited extent. The reader’s attention is also called to the first
volume 5] of “ Advances in the Theory of Benzenoid Hydrocarbons” where additional
studies of the “topological properties” of benzenoid molecules can be found; they
are often complementary to the present article.

The investigations outlined in this article are grouped into four sections: (a)
questions concerned with the structure of benzenoid systems, (b) spectral
properties and graph polynomials, (c) works related to Kekulé and Clar structures
and (d) topological indices. It will become clear, however, that all these researches
are intimately interrelated and that there exist quite a few unexpected connections
between them.

2 Structural Features

In spite of numerous efforts, we are still far from being able to offer any satisfactory
answer to question 1 posed in Sect. 1.1. One obvious starting point in this direction

5
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is to try to characterize those (classes of) graphs for which Eq. (1) holds. For
instance, Eq. (1) applies to all acyclic graphs as well as to graphs obtained by
attaching acyclic branches to benzenoid graphs. Further, the sizes of the rings
need not be 6, they can be any even integer not divisible by four (i.e. 10, 14, 18,
.. .}. Thus, the notion of a benzenoid system could be generalized, without violating
the Dewar — Longuet-Higgins formula. Results of this kind were first offered in
[6] and somewhat more recently {without being aware of [6]) in the works of He
and He [7, 8] and Sheng [9]. It seems, however, that such generalizations are just
a mathematical set-up and have little chemical relevance. Generalized benzenoid
systems have hardly any chemical counterparts whereas normal benzenoid systems
usually represent well-characterized molecular species [3].

A more profound structural property of benzenoid systems is the follow-
ing

Theorem 1. Let C be a cycle of a benzenoid system. The size of C is necessarily an
even integer. If the size of C is divisible by four, then in the interior of C there is an
odd number of vertices. Otherwise, in the interior of C there are either no vertices
or their number 1s even.

This result has long been known (e.g. see [6]), but its complete proof was offered
quite recently {10]. One of its proper consequences is that all conjugated circuits
in all benzenoid systems have sizes not divisible by four (see pp. 85-87 in [3]).
Another consequence of Theorem 1 is

Corollary 1.1. Catacondensed benzenoid systems do not possess cycles whose sizes
are divisible by four.

In other words, a cycle in a catacondensed benzenoid is of the size 6 or 10 or
14 or 18 ... This is because catacondensed systems (by definition [3]) possess no
internal vertices. On the other hand, according to Theorem | the existence of a
cycle whose size is divisible by four implies the existence of at least one internal
vertex.

Recall that in Fig. | catacondensed are the systems 1, 2, 3, 4, 5 and 6.

Since a catacondensed system possesses no internal vertex its perimeter embraces
all the vertices. Consequently, the perimeter of a catacondensed system is a
Hamiltonian cycle. In other words, all catacondensed benzenoid systems are
Hamiltonian.

In pericondensed benzenoid systems a Hamiltonian cycle may, but need not
exist. The problem of the existence of a Hamiltonian cycle is solved by the following
result [11].

Let e be a set of edges of a benzenoid system B, such that B* =B —e¢ is
also a bezenoid system. Then the transformation B = B* is called an e-
transformation.

Theorem 2. A (pericondensed) benzenoid system B possesses a Hamiltonian cycle
if and only if there exists an e-transformation, B = B*, such that B* is cataconden-
sed.
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The benzenoid system 14 is Hamiltonian because of the e-transformations:

T

e={1,3,5 % e={2,4,6)

Consequently, 14 has two distinct Hamiltonian cycles:

38 B8

It has been claimed [11] that the Hamiltonian cycle in a Hamiltonian benzenoid
system in unique. The above example shows that this is not always the case.

The pericondensed systems 7, 8,9, 10, 11 and 13 from Fig. 1 are not Hamiltonian
whereas 12 is.

Finding the necessary and sufficient conditions for the existence of a Hamilto-
nian path (=path which embraces all the vertices) of a benzenoid system seems
to be a much more difficult task. Kirby [12, 13] calls benzenoid systems possessing
a Hamiltonian path “traceable”. Of course, Hamiltonian benzenoids are necessari-
ly traceable, but the reverse is not true. There exist many traceable non-
Hamiltonian benzenoids, e.g. the systems 7, 8,9, and 13 in Fig. 1. Two Hamiltonian
paths of the system 9 are indicated in the diagrams below:

In spite of recent efforts {12, 13], a complete characterization of traceable
benzenoids has not yet been achieved.
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2.1 Inner Dual, Excised Internal Structure, Branching Graph

A large number of graphs has been associated with benzenoid systems. Here we
mention three of them, neither of which characterizing the benzenoid system up
to isomorphism.

The vertices of the inner dual (ID) represent the hexagons of a benzenoid system.
Vertices corresponding to adjacent hexagons are adjacent. For example, 1ID(1) is
the inner dual of the systems 1, 2 or 3 (see Fig. 1) whereas ID(9) is the inner dual
of the system } 9:

e e e o S ) Av—;
1D(1)=1D(2)= 1D{3) ID{9)

A remarkable property of the inner dual is summarized below.

Theorem 3 [14, 15]. If ID is the inner dual of a benzenoid system B, then
©(ID, 6) = number of spanning trees of B.

Here (G, x) stands for the characteristic polynomial of the graph G; the definition
of (G, x} can be found in the subsequent section.

For example, if G = ID(1) then ©(G, x) = x® — 5x* + 6x> — 1 and therefore
both 1, 2 and 3 (from Fig. 1) have 6° — 5-6* + 66> — 1 = 40391 spanning
trees. Four spanning trees of the system 1 are depicted below; the fourth example
is a Hamiltonian path.

oOoC00 GOS0
o000 GO

The method for counting spanning trees, described in Theorem 3, was recently
further elaborated by John and Sachs {16, 17].

The subgraph spanned by the internal vertices of a benzenoid system was named
by Dias [18-20] the excised internal structure (EIS). The subgraph spanned by
the three-valent vertices of a benzenoid system was named by Kirby [12, 13] the
branching graph (BG). Below are depicted the excised internal structure and the
branching graph of the system 11 from Fig. 1:

L

EIS(11) BG(11)
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The EIS-concept was much used for the enumeration and classification of
benzenoid systems [18-21]. It has been demonstrated recently [22] that EIS
contains information about the existence/nonexistence of Kekulé structures in the
respective benzenoid molecule. An application of EIS is found in Theorem 13.

Several applications of the BG-concept were put forward by Kirby {12, 13]. It
has been shown recently [23] that the number of 2-factors of a benzenoid system
equals the number of 1-factors (=perfect matchings) of the branching graph.
This latter result is of considerable relevance in Clar’s aromatic sextet theory.

3 Spectral Properties

If a benzenoid hydrocarbon is represented by a molecular graph G in the usual
manner [3, 21, 24] and if the vertices of G are labeled by 1, 2, ..., n (in an arbitrary
order), then the adjacency matrix A of the graph G is defined via its matrix
elements as

A 1 ifthe vertices r and s are adjacent
® 0 otherwise

The eigenvalues of A will be denoted by x,, x5, ..., X,. They form the spectrum of
the graph G.

The characteristic polynomial of G is just the characteristic polynomial of the
adjacency matrix. It will be denoted by ¢(G). Then

¢(G) = ¢(G,x) = det(x I — A) 2

where 1 stands for the unit matrix of order n. According to a well-known result
of linear algebra,

¢(G,x) = H (X — xy). 3)

The spectral theory of graphs is well elaborated, both in the case of general
graphs [25] and graphs of interest in chemistry [24]. In this section we are concerned
with the graph spectra which are specific for benzenoid systems.

One such regularity has already been mentioned, namely the Dewar -
Longuet-Higgins formula, Eq. (1). Bearing in mind Egs. (2) and (3) as well as the
pairing theorem

X + X, 44+ =0; i=12..,n

the Dewar — Longuet-Higgins formula can be rewritten as

2
x; =K. 4

n,

<,

It
P

i
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The identity (4) assumes that n is even. If n is odd then (in a trivial manner) both
the product of graph eigenvalues and K are equal to zero.

As already discussed in detail, formulas (1) or (4) represent a very important
(spectral) property of benzenoid systems. Although this result has been known
since 1952, not much progress in the spectral theory of benzenoid systems has
been made in the meantime.

We first mention an interesting result by Heilbronner [26] relating the inverse
of the adjacency matrix with the Pauling bond order:

(A™Y,, = K{B — r — s}/K{B}. {5)

Here B is the respective benzenoid system and r and s are its two vertices. Formula
(5) holds only if r and s are adjacent, a detail overlooked in [26] but eventually
corrected [6]. Twenty years after the publication of the paper [26] formula (5) was
rediscovered by Kiang and Chen [27], who also committed the same mistake as
in [26].

A recent result on the spectra of benzenoid systems is outlined in the
“Addendum”.

3.1 Eigenvalues

The fact that certain numbers frequently occur among the eigenvalues of benzenoid
systems was observed a long time ago. Hall {28] proposed an explaination of
such regularities based on symmetry-relations. It should be noted, however, that
such common eigenvalues are found in both symmetric and non-symmetric
benzenoids.

It is well known [24, 25] that the eigenvalues of benzenoid systems belong to
the interval (—3, +3) and are symmetric with respect to x = 0. Thus the only
integer eigenvalues which may occur are —2, —1,0, +1 and +2.

From the Dewar — Longuet-Higgins formula, it follows that a zero eigenvalue
is contained in the spectrum of a benzenoid system if and only if K = 0. We
examine this question in more detail in Sect. 4.1 where the conditions for the
existence of Kekulé structures are discussed.

Eigenvalues +1 and —1 occur in very many benzenoid systems, often with
considerably high multiplicities {29, 30]. This fact has attracted the attention of
several authors. Dias [31] seems to be the first to have systematically examined
this question. He conjectured that the divisibility of n by four implies the existence
of +1 eigenvalues. This conjecture was shown to be false [32], but it nevertheless
stimulated a large amount of work on the elucidation of the structural requirements
for the existence of + 1 eigenvalues [21, 32-34]. In spite of all progress achieved
we still do not possess a complete structural characterization (in terms of necessary
and sufficient conditions) for the existence of + 1 in the spectrum of a benzenoid
system.

Curiously enough, +2 occurs in the spectrum of only a limited number of
benzenoids. Almost nothing is known about structural factors stipulating this
eigenvalue.

10
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3.2 Characteristic Polynomial

Since benzenoid graphs are bipartite, their characteristic polynomials can be
written in the form

[n/2]
¢B,x) = Y (—1<b(B, k) x""2*

k=0

where b(B, k) > 0 for all values of k.

Special methods for the calculation of the characteristic polynomials of
benzenoid graphs have recently been designed by Sachs and John [16, 17]. Their
method is especially efficient in the case of catacondensed systems.

Denote by m(B, k) the number of k-matchings (=number of ways in which k
mutually independent edges are selected in B); by definition, m(B,0) = 1 and
m(B, 1) = m = number of edges of B.

The following relations are established between the numbers b(B, k) and m(B, k).

Theorem4[33]. For any benzenoid system B and for any value of k, 0 < k < [n/2],

m(B, k) < b(B,k) < m(B, k).

Corollary 4.1. The coefficient b(B, k) is equal to zero if and only if m(B, k) is equal
to zero.

Theorem 5. If k = 0,1 or 2 then b(B, k) = m(B, k). If k = 3 then b(B, k) = m(B, k)
+ 2h where h is the number of hexagons of B. If n is even and k = n/2 then
b(B, k) = m(B, k)* and m(B, k) = K = number of perfect matchings of B.

The quantities Z and Z* defined via

Z = i m(G, k); ¥ = i b(G, k)

k=0 k=0

are called the Hosoya index and the modified Hosoya index [36, 37], respectively,
of the molecular graph G. From Theorems 4 and 5 we immediately see that in
the case of benzenoid systems Z* is strictly greater than Z. In [38] the relation
between the Z and Z¥ indices of benzenoid molecules was examined and a good
linear correlation between log Z and log Z* established.

Explicit combinatorial expressions are known for the first few coefficients of
o(B, x) [2, 21, 33, 39, 40]. We will skip these results because in the subsequent
paragraph the spectral moments are discussed at due length. Using the Newton
identities [24] it is easy to compute the coefficients of the characteristic polynomial
from spectral moments and vice versa.

11



Ivan Gutman

3.3 Spectral Moments

The k-th spectral moment of a graph is defined as

n

M, = Z (x)* .

i=1

Spectral moments of molecular graphs find various applications both in theoretical
chemistry of conjugated molecules and in physical chemistry of solid state. In all
such applications it is necessary to know their dependence on molecular structure.
Several recent works are devoted to the solution of this problem, especially in the
case of benzenoid systems [39, 41-45].

In addition to the long-known results for My, M, and M, (ie. b(B,0), b(B, 1)
and b(B, 2))[2], Dias [39] and Hall [42] discovered the actual form of the dependence
of M, on the structure of a benzenoid system. Dias [39] also reported a formula
for b(B, 4), valid for catacondensed systems only. Formulas for Mg and M, of
arbitrary benzenoids and for M, of catacondensed systems were obtained quite
recently [45]. The first few of these expressions read:

M,=n

M, =2m

M, = 18m — 12n

Mg = 158m — 144n + 48 + 6b

M, = 1330m — 1364n + 704 + 80B + 168C + 256F + 16h, + 8h,

where n and m denote the numbers of vertices and edges, respectively,
b = B + 2C + 3F is the number of bay regions, B, C and F count the (simple)
bays, coves and fjords, respectively, whereas h, and h, count the hexagons with
no and with one vertex of degree two, respectively.

%bay % }% -

@) (5

The formulas for M,, and M, , are similar, but much more complicated [45].
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The spectral moments of benzenoid systems can always be represented in the
form [45]

M, = an + Bam + 7, + 1

where a,, B, and v, are constants {depending solely on k) whereas r, is the k-th
residual which is much smaller than on + Bm + v,. In all the cases examined
1, was found [45] to be divisible by k. It would be interesting to see whether this
curious regularity is a generally valid result.

4 Kekulé and Clar Structures

In the book [3] the role of both Kekulé and Clar structures in various
(contemporary) chemical theories as well as their relevance for practical chemistry
were outlined in detail. A recent book [46] by Cyvin and the present author is
devoted to the enumeration of Kekulé structures of benzenoid molecules. In
addition to this, the first volume of “Advances in the Theory of Benzenoid
Hydrocarbons” contains several review articles [47-51] dealing with topics of
relevance for our considerations. In order to avoid repetition and overlapping we
will just briefly mention the work on the elaboration and application of the John
— Sachs theorem for the enumeration of Kekulé structures [52-55], the search
for concealed non-Kekuléan benzenoid systems [2, 56—59], examination of fully
benzenoid (=ali-benzenoid) systems [60-62, 135] as well as the enumeration of
Kekulé structures in long and random benzenoid chains [63-65].

4.1 Kekuléan and Non-Kekuléan Benzenoid Molecules

The early history of the search for non-Kekuléan benzenoid systems (=systems
for which no Kekulé structural formula can be written = systems for whichK = 0)
is described elsewhere (see pp. 62—66 in [3]). Some time was needed for theoretical
chemists to recognize that for large benzenoids it is not quite simple to decide
whether K > 0 (Kekuléans) or K = 0 (non-Kekuléans}).

From the Dewar — Longuet-Higgins formula, Egs. (1) and (4), it is immediately
seen that the above problem is equivalent to the question whether there exist zero
eigenvalues in the spectrum of a benzenoid graph. Indeed, in computer-aided
searches, constructions and classifications of benzenoid systems, the easiest and
most efficient way to recognize non-Kekuléan species is just to compute det A.
At this point it should be mentioned that Hall [66] recently proposed a new easy
method for rapid calculation of det A of a benzenoid system.

After a large number of erroneous attempts (see [67, 68] and the references
quoted therein), the first complete structural characterization of Kekuléan/non-
Kekuléan benzenoids was achieved in 1985 independently by Zhang, Chen and
Guo [69] and Kostochka [70]. Their results differ only in minor details.

13
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The vertices of a benzenoid system can be colored by two colors, say black
and white, so that first neighbors have different colors [3]. Since every double
bond in a Kekulé structure lies between a black and a white vertex, every Kekuléan
benzenoid system must have equal numbers of black and white vertices. (Recall
that the K = 0 benzenoids having equal numbers of black and white vertices are
called concealed non-Kekuléan systems [3].)
Consider a benzenoid system B whose vertices are colored in the above described
manner. An edge-cut of B is a collection ey, e,, ..., ¢, of edges of B, such that
(a) by deleting the edges e, ¢,, ..., ¢ from B, it decomposes into two parts F
and F,;

{b) foreachedgee, i = 1,2, ...,1,its black end-vertex belongs to F, (and therefore
its white end-vertex belongs to F,);

{c} each pair of edges e, €;,,,1 = 1,2,...,t — 1, belongs to the same hexagon of
B while e, and e, belong to the perimeter.

Theorem 6 [69, 70]. A benzenoid system B is Kekuléan if, and only if, it has equal
numbers of black and white vertices, and if for all edge-cuts of B, the fragment
F, does not have more white vertices than black vertices.

Below is depicted a benzenoid system 15 {with colored vertices) and two of its
edge-cuts. In these edge-cuts only the vertices belonging to the fragment F; are
colored. In the first edge-cut F, has more black than white vertices. In the second
edge-cut F, has more white than black vertices. This latter cut reveals that 15 is
(concealed) non-Kekuléan.

B
It has been pointed out by G. G. Hall and Dias [68] that dissection approaches
{like the one described in Theorem 6) are just special cases of previously known
general graph-theoretical results by P. Hall (1935) and Tutte (1947).
Zhang and coworkers [71-73] and Sheng [74] have further sharpened the method
described in Theorem 6. Their efforts are reviewed in [47, 49]. Sheng [49] also put
forward an algorithmic approach for rapid (paper-and-pencil) recognition of

Kekuléan benzenoids. Other such tests are also quite numerous in the recent
chemical literature [22, 68, 75-80, 136]. In particular, in [22] and [68] the
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Kekuléan/non-Kekuléan nature of a benzenoid system is deduced from the
properties of its excised internal structure.

We wish to conclude this paragraph with a quotation from the author’s first
paper [2] on benzenoid systems: “There is no simple recipe to decide by inspection
of the molecular graph whether K = 0 or not. In other words, the necessary and
sufficient conditions for the existence of Kekulé structures seem to be rather
complicated”. Fifteen years later one may optimistically state that this hard
problem of the topological theory of benzenoid hydrocarbons is completely settled.

4.2 Bounds for the Kekulé Structure Count
Finding upper and lower bounds for the K-value of benzenoid systems is intimately
related to the identification of benzenoids with extremal (minimum and maximum)
number of Kekulé structures. Clearly, such benzenoids are expected to possess
unusual chemical properties (e.g. to be highly reactive or exceptionally stable).
For catacondensed systems with h hexagons the following bounds have been
obtained [81]
h+1<K<2"'+1.
Later Cyvin and Chen [82, 83] improved the above upper bound as:
{3*"2 if hiseven
K<
2-30-12 §f hisodd.
Recently John [84] offered an even better upper bound, viz.
K < a(h)
where a(1) = 2, a(2) = 3, a{3) = 5 and
a(h)=ath —2)+3ath —3) for h=4. (6)

It can be shown that [84]

a(h) = C,o" + [C, cos (xh) — C, sin (xh)] B

with
C, = 1.37301 ...
C, = 037301 ...
C; = 0.67296 ...
o = 1.671699 ...
B = 133962 ...

x = 0.8970... (radians).
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The only available exact result of this kind, applicable to all benzenoid systems
is a complicated, but by no means a sharp upper bound [85]:

K < [2m/n + R(n/2 — 1)*2]42 2m/n — R(n/2 — 1)~ 122

where

1
R = = (18mn — 12n* — 4m?)'?
n

and where n and m stand for the numbers of vertices and edges, respectively.

Empirical experience suggests [86] that among benzenoids with a fixed number
of hexagons the maximum K-value is achieved for catacondensed systems. If so,
then we arrive at bounds which until now have eluded a rigorous proof:

Conjecture. For a Kekuléan benzenoid system with h hexagons,
h+ 1<K <gah

where a(h) is given by Eq. (6).

4.3 A Simple Invariant of the Kekulé Structures

If a benzenoid system is drawn so that some of its edges are vertical, then the
double bonds in such a system (in a Kekulé structure) can have one of the following
three orientations:

XAy 7

Denote by x, y and z the numbers of double bonds of type A, B and C, respectively.
For example, in the Kekulé structure below x = 7,y =3 and z = 3.

020
os

K1
Evidently, x + y + z = n/2.
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The following property of the Kekulé structures seems to have been overlooked
for many decades. It was put forward as late as in 1986:

Theorem 7 [87]. All Kekulé structures of a benzenoid molecule have the same
triplet (%, v, z).

In Fig. 2 are depicted the seven Kekulé structures of benzoanthracene. The
reader can easily verify that each of them hasx = 2,y = 3,z = 4.

Fig. 2. Kekulé structures and generalized Clar structures of benzo[a]anthracene

Not all triplets of positive integers correspond to benzenoid systems. The difficult
problem of the characterization of such triplets was solved by Zhang and Guo
[88, 137].

Theorem 8 [88]. A triplet (x,y,2), x <y < z, corresponds to a benzenoid system
if, and only if, one of the conditions (a), (b), (c) or (d) is satisfied.

(a) x=1, y=2z
(b) x =2 and

[y=22<z<4] or [y=33<z<6] or [y=42z+911] or
y=5z+12] or [y=> 6]

17
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(c) x =3 and
y=3,z+11] or [y=4]
dx=>4

Theorem 9 [88]. A triplet (X, y, 2), X £ y < z, corresponds to a catacondensed
benzenoid system if and only if x + y + zisoddandx +y >z + 1.

Bearing in mind that the Kekulé structures have found a variety of applications
in chemistry [3] it was hoped that also the invariant (x, y, z) will be of some use.
The few attempts made until now {87} have been far from successful.

4.4 Sextet Polynoemial

Various algebraic and combinatorial aspects of Clar’s aromatic sextet theory are
outlined in the recent book [3] and the recent reviews [50, 51, 89). Therefore, in
this paragraph we will just point out a few details related to the author’s own
research and mention the most recent developments in the filed.

The crucial impetus for these investigations was given by the short paper of
Hosoya and Yamaguchi [90] in which they introduced the numbers s(B, k) and
the sextet polynomial

(B, x) = i s(B, k) x*.

k=0

The numbers s(B, k) count the generalized Clar structures of the benzenoid
system B, containing exactly k aromatic sextets. For instance, for B = benzoan-
thracene we have (see Fig. 2):

s(B,0) = 1
s(B,1) = 4
s(B,2) = 2

s(Bky=0 for k=3
and consequently,
o(B,x) =1 + 4x + 2x2.

This example is also an illustration of the peculiar fact that the number of
generalized Clar structures coincides with the number of Kekulé structures, i.e.
(B, 1) = 3 s(B,k)=K{B}. Y

k=0

The identity (7) is just a consequence of a one-to-one correspondence between
generalized Clar and Kekulé structures. In particular, the i-th Clar structure in
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Fig. 2 is constructed so that in the i-th Kekulé structure each triplet of double
bonds arranged as A was replaced by a circle and all other double bonds were
abandoned.

A

The first exact result obtained along these lines was
Theorem 10 [91]. Eq. (7) holds for all catacondensed benzenoid systems.

Eq. (7) does not hold for all pericondensed benzenoids and its range of validity
was established in a series of investigations {90, 92-96]. The work of Ohkami [96]
can be considered as a complete solution of this problem.

Theorem 11 [94]. Eq. (7) holds for a pericondensed benzenoid system B if and

only if one of the conditions (a), (b) or (¢) is satisfied.

(a) B is not coronene.

(b) B does not contain a coronene subunit.

(c) If B contains a coronene subunit Cor, then for each such subunit, B-Cor does
not possess Kekulé structures.

The numbers s(B, k) can be interpreted in the following straightforward manner
[97].

Define the Clar graph C(B) of the benzenoid system B as a graph whose vertices
correspond to the hexagons of B. Two vertices of C(B) are adjacent if, and only
if, it is not possible to simultaneously arrange aromatic sextets (=circles in the
generalized Clar formulas) in the respective hexagons of B.

Below is depicted the Clar graph of benzoanthracene:

A
d124
G 53 @
B

CiB) GT{B)

Denote by n(G, k) the number of ways in which k independent (=mutually
nonadjacent) vertices can be selected in a graph G. By definition, n(G, 0) = 1
and n(G, 1) = n = number of vertices of G.

Theorem 12 [97]. The identity s(B, k) = n(C(B), k) holds for all benzenoid
systems B and for all values of k, except k = 1.

Since the independence numbers, i.e. the numbers n(G, k), are easily determined
by means of pertinent graph-theoretical algorithms (see pp. 111-112 in [3D,
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Theorem 12 provides a straightforward and general method for the calculation
of the sextet polynomial [97, 98].

An obvious question arising from Theorem 12 is when the identity
s(B, k) = n(C(B), k) holds also for k = 1. Since n(C(B), 1) is just the number of
hexagons of B, we are interested in those benzenoid systems in which all hexagons
are resonant. This problem was first examined in {11, 99] and eventually solved
by Zhang and Chen [100, 101] and independently by John [102]:

Theorem 13. The identity s(B, 1) = n(C(B), 1) holds if, and only if, the excised
internal structure of the benzenoid system possesses a perfect matching.

Corollary 13.1. The identity s(B, 1) = n(C(B), 1) holds for all catacondensed
benzenoids.

Another result of this kind is reported in the recent work by He and He [103].
A benzenoid systems is said to be “normal” {3] if none of its edges corresponds
to a fixed double or a fixed single bond.

Theorem 14. The identity s(B, 1} = n(C(B), 1) holds if, and only if, B is a normal
benzenoid system.

Corollary 14.1. A benzenoid system B is normal if, and only if, (a) B is catacon-
densed or (b) the excised internal structure of B possesses a perfect matching.

Corollary 14.2. Any normal benzenoid with h hexagons (h > 1) can be generated
by adding a hexagon to a normal benzenoid with h — 1 hexagons.

The statement formulated here as Corollary 14.2 was first conjectured by Cyvin
and the present author [104]. It played a significant role in the construction and
enumeration of normal benzenoids [3, 104]. Its formal proof is given in [105].

The line graph L(G) of a graph G is defined as follows. The vertices of L(G)
correspond to the edges of G and two vertices of L(G) are adjacent if the
corresponding edges of G have a common vertex.

It turns out that in some cases the Clar graph is a line graph. This fact was
conceived even before the discovery of the Clar-graph concept (of course in a
somewhat different form). We may thus reformulate the result originally obtained
in 1977 as follows:

Theorem 15 [106). If B is an unbranched catacondensed benzenoid system then
there exist a graph GT(B), such that C(B) = L(GT(B)). The graph GT is
connected and acyclic (i.e. it is a tree).

Corollary 15.1. If B is an unbranched catacondensed benzenoid system then
$(B, k) = m(GT (B), k) holds for all values of k. Here m(G, k) denotes the number
of k-matchings of a graph G (cf Sect. 3.2).

Corollary 15.2. The characteristic polynomial of GT(B) is of the form
@(GT(B),x) = 3, (—1)s(B,k)x""* 72
k=0

where h is the number of hexagons of B.
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Corollary 15.3. If B is an unbranched catacondensed benzenoid system then all
the zeros of its sextet polynomial are real and negative numbers.

The graph GT was eventually named, the “Gutman tree” [51, 89, 107-109] and
its properties were extensively studied [51, 89, 106-112].

A further method for calculating the sextet polynomial of an unbranched
catacondensed benzenoid molecule, not based on the Gutman-tree concept, was
reported in [113].

4.5 Corals

The study of generalized Clar structures and their relations to the Kekulé structures
led to the introduction of a new concept [92] which was eventually named “coral”
[114].

Three double bonds in a six-membered ring can have two distinct arrangements,
A and B:

A B

Let ki, ks, ...,k be the Kekulé structures of a benzenoid molecule. Define a
mapping f which transforms a Kekulé structure k; into another Kekulé structure
k; so that all A-type arrangements of double bonds in k; are changed into
arrangements of type B whereas all other double bonds are left unchanged. This
will be denoted as f(k;) = k;.

For example, f(k,) = k, and f(k,) = ks. Furthermore, f(k;) = k, because k,
does not have any A-type arrangements of double bonds.

_. _—
A

The Kekulé structures of benzoanthracene (see Fig 2) are mapped in the
following manner: (1) = 4,f(2) = 4,{(3) = 4,(4) = 6,(5) = 6,f(6) = TH7) = 1.
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It is clear that f maps the set {k,, k,, ..., k,} onto itself. Such a mapping can
be visualized by means of a diagram. For instance, COR is the diagramatical
representation of the mapping of the Kekulé structures of benzoanthracene.

1 2 3
7
A 5 5 6
6 2Q 3 4
U 1
COR COR*

Note that COR is not a graph because here the vertex lying above is mapped
onto the vertex lying below. Objects of this type are called Hasse diagrams, but
because in our case they possess certain special properties (sce below) we proposed
for them the name “corals”.

The Kekulé structure k, having the property f(k,) = k, is called a root.

Theorem 16 [92}. Every Kekuléan benzenoid system has a root Kekulé structure
and this structure is unique.

Theorem 17 [115). The Hasse diagram corresponding to the mapping f is connected
and possesses no cycles.

By fP(k) we denote the Kekulé structure which is obtained from the Kekule
structure k by repeating the mapping { p times. Then Chen’s Theorem 17 means
that for any k and some sufficiently large p, f*(k) = k,. Furthermore, for any
p > 0, the equation f*(k) = k has only one solution, namely k = kq.

For the construction of a coral it was substantial that A-type arrangements of
double bonds were transformed into B-type arrangements. On the other hand,
there is no a priori reason for preferring the transformation A = B over the
transformation B = A. The mapping f* defined in the same way as {f, but using
the transformation B = A is said to be the dual of f. The coral induced by f* is
called the dual coral.

For instance, the dual mapping of the Kekulé structures of benzoanthracene
(Fig. 2) reads: f*(1) = 1, P*(2) = 1, *(3) = L, f*(4) = 1, £*(5) = 3, I*(6) = 3,
£*(7) = 6. The respective dual coral, COR¥, is depicted above. Even from this
example we see that the coral and its dual may have quite dissimilar structures.
Nevertheless, the coral and its dual agree in a number of structural details. First
of all, Theorems 16 and 17 remain valid if f is interchanged by f*.

A Kekulé structure which cannot be obtained from another Kekulé structure
by means of the mapping f is called a hud. The number of buds is the width of
the respective coral. The maximum distance between a bud and the root is the
height of the respective coral.
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Theorem 18 [114]. The coral and its dual have equal widths. The coral and its
dual have equal heights.

Theorem 19 [114]. The root of a coral is a bud in the dual coral and vice versa.

Hence both the width and the height of the coral are independent of the
(otherwise arbitrary) choice A = B or B = A. Attempts have been made [114,
116] to correlate these parameters with various physico-chemical properties of
benzenoid hydrocarbons. Only a limited success was achieved, especially in the
case of resonance energy [116].

Many problems in the theory of corals are still open. For instance, we do not
know how (if) the coral can be reconstructed from its dual. Particular emphasis
should be given on those properties which are the same for both the coral and
its dual. Theorem 18 may represent just the first step in this direction.

5 Topological Indices

The name “topological index” is used in theoretical chemistry for what ma-
thematicians prefer to call “graph invariant”. Thus any quantity I = I(G) which
somehow can be determined from the structure of the graph G and which has
the property I(G) = I(H) whenever the graphs G and H are isomorphic, can be
considered as a “topological index”. In theoretical chemistry, of course, the choice
of topological indices is restricted by the requirement that there should be some
reasonable connection (preferably a correlation) between I and some physico-
chemical properties of the respective molecule [117]. Nevertheless, the number of
topological indices, currently used in chemical graph theory is legion {118].

We have already examined a few graph invariants which, according to the
above definition, could be included among the topological indices of benzenoid
molecules. These are the number of Kekulé structures, the eigenvalues, spectral
moments, (coefficients of) the characteristic and sextet polynomials, to mention
just some. The total n-electron energy is surveyed elsewhere in this volume.

In addition to these, only a limited number of other topological indices of
benzenoid molecules have been studied. With a few not too important exceptions,
generally valid mathematical results were obtained only for one of them — namely
for the Wiener index. Therefore the remaining part of this section is devoted to
the Wiener index of benzenoid systems. (Further graph invariants worth mentio-
ning in connection with benzenoids, especially unbranched catacondensed systems,
are the Hosoya index [119-121], the Merrifield — Simmons index [122, 123], the
modified Hosoya index [38] and the polynomials associated with them.)

5.1 Wiener Index

Let G be a conmected graph and let its vertices be labeled by 1,2,...,n.
The distance d(r, s) between the vertices r and s is the length of the shortest path
which connects r and s. The Wiener index W is then the sum of all distances in
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the graph G:

W=W@G)= ) d(r,s) =3 ; il d(r,s).

r<s

The Wiener index has been extensively studied in the chemical literature (for
reviews see [118, 124]) and therefore it is not surprising that it was also examined
in the case of benzenoids.

Recurrence relations have been established for the Wiener index of cataconden-
sed benzenoid systems, both unbranched [125] and branched [126]. Based on these
relations it could be shown that for unbranched catacondensed systems Uy, with
h hexagons [127],

W(H;) < W(U,) < W(Ly)

where H, and L, are the helicene and the linear polyacene, respectively, with h
hexagons and

W(H,) = 4 (8h® + 72h? — 26h + 27)

W(L,) = % (16h® + 36h? + 26 h + 3).
Thus W(U,) is bounded from both below and above by cubic polynomials in the
variable h. One could therefore anticipate that also the expected value W, of the
Wiener number of a random benzenoid chain containing h hexagons is a cubic
polynomial in h. This, however, is not the case [128]. The expected value is given
by W, =27, W, = 109, W; = 271 + 8q and

W, = 4h3 4 16h* + 6h + 1 + 4q(h® — 3h* + 2h)
- % P, — p2)2 F(h, g)

for h > 4, where
h—-3
Fhq)= Y kik +1)(k+2q" "
k=1

and where p,, p, and q are, respectively, the probabilities for annelation of the
types o, Band y,p; + P, +q =1L

9=
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For catacondensed benzenoids a curious and fully unexpected regularity was
first empirically observed [129] and then rigorously proved [127, 130].

Theorem 20. If B, and B, are catacondensed benzenoid systems with equal numbers
of hexagons, then W(B,) = W(B,) (mod 8).

Corollary 20.1. If B is a catacondensed benzenoid system with h hexagons and if
h is of the form 4k + j, j = 0, 1, 2 or 3, then W(B) = 2j + 1 (mod §).

It is really surprising that the Wiener indices have such number-theoretical
properties. This kind of modular behavior was observed never before for any of
the numerous topological indices studied in chemical graph theory. Results
analogous to those given in Theorem 20 were later found for other classes of
(non-benzenoid) graphs {130, 131], but their extension to pericondensed benzen-
oids was never accomplished.

It is difficult to imagine any benefit which an experimental chemist could have
from theoretical results like Theorem 20. Although its discovery was a serious
achievement, this theorem may serve as a drastic example that not all products
of the “topological” investigations in chemistry have chemical relevance. Obscuri-
ties of this kind have occurred and certainly will occur in future researches.
Nevertheless, we are positive that the totality of our efforts in the last twenty
years has increased the chemists’ understanding of the physical and chemical
nature of benzenoid hydrocarbons.

6 Bibliographic Note

This article is Part 78 of the series “Topological Properties of Benzenoid Systems”.
Parts 75, 76 and 77 are the references [128], [123] and [132). For review of earlier
work see Parts 17 [133], 21 [134] and 59 [67]. Other parts of the series, quoted in
this article are 1 [2], 2 [106], 3 [91], 9 [97], 14 [35], 16 [81], 19 [99], 24 [98], 25 [11],
29 [38], 32 [111], 37 [110], 40 [75), 40a [77], 44 [76], 46 [87], 47 [125], 49 [127], 50
[52], 51120}, 52[129], 53{53], 57 [62], 58 [10], 60 [113], 65[114], 70 [122] and 71 [116].

7 Addendum

After the completion of the text of this article a remarkable discovery has been
made in the spectral theory of benzenoid molecules. In the 1980s serveral authors
tried to find isospectral benzenoid systems (i.e. benzenoids having equal spectra,
cf Sect. 3). These efforts were, however, not successful. F inally, Cioslowski
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conjectured [138] that such systems do not exist at all. After that Babi¢ succeeded
to design a method by which arbitrarily many isospectral benzenoids can be
constructed [139]. One of Babié’s isospectral pairs are the following benzenoid
systems, each possessing 9 hexagons and 33 vertices.

It has been recently shown [140] that the above example is the smallest possible
and that it is unique. All isospectral benzenoids constructed by BabiC’s method
have odd numbers of vertices and, consequently, have no Kekulé structures. In
the present moment (December 1991) isospectral Kekuléan benzenoids are not
known.
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The theory of the HMO total n-electron energy (E) of benzenoid hydrocarbons is surveyed
with particular emphasis on the research of its dependence on molecular structure. Identities,
bounds and approximate formulas for E are considered. The dependence of E on the size
of the molecule and on the number of Kekulé structures is discussed in detail. The effect of
cycles on E, and six-membered rings in particular, is considered within the framework of
the theory of cyclic conjugation.
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1 Introduction

In this article we will outline the investigations concerned with the total n-electron
energy of benzenoid hydrocarbons and its dependence on molecular structure.
This topic was one of the main themes examined within the project ,,Topological
Properties of Benzenoid Systems” (c.f. Sect. 9). We have excluded it from the survey
{1] and decided to present it separately only because of a relative large number
of results known in this area and because of the lack of any previous review.

The elucidation of the dependence of various chemical and physical properties
of substances on molecular structure can be considered as one of the main goals
of theoretical chemistry. Although an immense knowledge has accumulated in this
field, a fairly limited number of direct, causal and quantitative (or at least
semiquantitative) structure-property relations have been discovered so far. The
main reason for this is the enormous complexity of the quantum-chemical
calculations, by means of which the contemporary theoretical chemists try to
describe and predict the behaviour of molecules. During such calculations the
insight into the actual connection between the input (e.g. molecular structure) and
output (e.g. certain molecular properties) is usually completely lost.

The total n-electron energy (as calculated within the HMO model, see below)
seems to be a favourable exception. Its mathematical form is relatively simple and
therefore we still have a chance to look for direct relations with molecular structure.
Its mathematical form, however, is not too simple and therefore the relations with
molecular structure are far from being trivial and can be revealed only by means
of a proficient analysis. As a consequence of this the structure-dependency of total
n-electron energy has continuously attracted the attention of theoretical chemists
for more than 50 years. (For some works of historical importance see [2-11];
more recent research will be mentioned in the subsequent parts of this article.)

1.1 Basic Definitions

The definition of a benzenoid hydrocarbon/benzenoid system/benzenoid graph as
well as a sufficient number of examples can be found in the preceding article [1]
and elsewhere [12]. We shall not reintroduce the notation and terminology
described in [1], except that for the readers convenience we list the most frequently
employed symbols. Let BH be a benzenoid hydrocarbon and let B stand for the
corresponding benzenoid system/benzenoid graph. Then:

n = number of carbon atoms of BH = number of vertices of B

m = number of carbon-carbon bonds of BH = number of edges of B

h = number of six-membered rings of BH = number of hexagons
of B

h =m—-n+1

K = number of Kekulé structures of BH = number of perfect

matchings of B
A = [A.] = adjacency matrix of B
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A, = 1 if the vertices r and s are adjacent and A, = 0 otherwise
Xy, Xa, ..., X, = eigenvalues of A ie. eigenvalues of B

X1 22X 2 ... 22X,

¢(B, x) = det (xI — A) = characteristic polynomial of B

b(B, k) = k-th coefficient of the characteristic polynomial

(/2]
¢(B,x) = Y (—1)*b(B,k)x""*
k=0

M = 2 (x)* = k-th spectral moment of B.

For further details on graph-theoretical notions important in the “topological”
studies of conjugated molecules and benzenoid hydrocarbons in particular
see [13]).

1.2 Total n-Electron Energy

Within the framework of the simple tight-binding Hiickel molecular orbital (HMO)
approximation (see the next paragraph) the total n-electron energy of a conjugated
molecule is given by

E,= Y gk (1)

where E; is the energy of the i-th MO and g, is the respective occupation number.
For a conjugated hydrocarbon in its ground electronic state, g; = g, = ...
=g, =2and g5, = ... = g, = 0. Furthermore,

E, = o+ Bx (2)

where x; is the i-th eigenvalue of the molecular graph and where o and B are
certain semiempirical parameters, assumed to have the same values for all
conjugated hydrocarbons. From Egs. (1) and (2) follows

E, = no + EP 3)
with
n/2
E=2) x. 4
i=1
The only non-trivial term in Eq. (3) is the quantity E which is usually identified
with the HMO total n-electron energy. This can be achieved by formally setting
o = 0 and B = 1 and then we speak about tota] n-electron energy expressed in

the units of the resonance integral P.
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Anyway, what we are studying in the present article is the quantity E defined
via Eq. (4). It will be referred to as the total n-electron energy. For alternant
hydrocarbons and thus for all benzenoid molecules Eq. (4) is readily transformed
into a more symmetric form [6, 7], namely

E = 42 Il - )

Formula (5) is the starting point for almost all considerations on the structure-
dependency of E.

The general theory of the HMO total n-electron energy as well as its chemical
applications are outlined in full detail in the book [13]. There exists one more
review on E [14], but in the Serbo-Croatian language. Whenever E is applied in
chemistry one should bear in mind that the resonance integral p is a negative-valued
parameter.

The right-hand side of Eq. (5) is defined in the case of an arbitrary graph.
Accordingly, by means of Eq. (5) we can define a novel graph-spectral quantity,
named the energy of a graph. Some basic properties of this graph energy are
surveyed in [15].

1.3 A Note on the Hiickel Molecular Orbital Theory

As it is well known (see, for example, [16, 17]), the Hiickel molecular orbital theory
is based on a Hamiltonian operator # defined by means of the matrix elements

pd H'\pp = o,
<pr| ‘#3PS> = Brs T#s

where |p,>, r = 1,2, ..., n is an orthogonal basis usually interpreted so that Ip>
is a p-orbital centered at the nucleus of the r-th atom. For conjugated hydrocarbons
(and thus for benzenoid systems) these matrix elements are approximated so that
o, = ofor all atoms 1, that B,; = B whenever there exists a chemical bond between
the atoms r and s, and that B = 0 if the atoms r and s are chemically
not bonded. These assumptions lead straightforwardly to Eqs. (1) and (2) [18].

It would be completely outdated to search for some physical justification of
the above approximations. In the early thirties, when the HMO model was
invented, such drastic simplifications were inevitable because of the lack of
computing machines. Since then quantum chemistry has made extraordinary
advances in both theory and technology. Nowadays the HMO model can be
considered only as a historical episode in the development of quantum chemistry.

As a consequence of this, the HMO model should no longer be used for
calculations of n-electron properties of particular conjugated compounds, For this
purpose there exist much more accurate and reliable quantum-theoretical tech-
niques. (We, of course, do not deny the potentials of the HMO theory in chemical
education.)
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There is, however, one aspect where the HMO model can still beat the more
advanced quantum-chemical approaches. Because of its extreme simplicity, the
HMO Hamiltonian is related to the structure of the respective conjugated molecule
in an obvious manner and is fully determined by the connectedness of its
carbon-atom skeleton. Therefore it is possible (although not casy) to find direct
connections between the results of HMO calculations and molecular structure.
For more sophisticated quantum-chemical methods the finding of such connections
seems to be far from feasible.

In the case of the HMO model the success of the search for structure-property
relations is much enhanced by the possibility of applying the powerful mathematical
apparatus of graph-spectral theory [18, 19]. There is hardly any application of
graph (spectral) theory in more sophisticated molecular orbital models.

It is a remarkable and not yet satisfactorily explained phenomenon that in
spite of the apparent shortcomings and suspicious quantum-physical basis
of the HMO theory, in some cases its results are in good quantitative agreement
with experimental data. In particular, this applies to the total n-electron energy,
especially in the case of benzenoid hydrocarbons. This fortunate feature of the
HMO theory is discussed in more detail in the subsequent section.

2 Total n-Electron Energy and the Thermodynamic Stability
of Benzenoid Hydrocarbons

It is an often repeated claim that the HMO m-clectron energies are in good
agreement with experimental enthalpies of the respective conjugated compounds.
This statement could easily be tested provided experimental enthalpies were
available. Unfortunately, they are known only for a limited number of conjugated
hydrocarbons. In particular, heats of formation are tabulated for only 24 benzenoid
hydrocarbons [20].

In Fig. 1 we show the correlation between E and experimental heats of formation
for the (complete) set of C,,H,, benzenoid isomers. For comparison we also
present some recent data for the same set of compounds, obtained by a
semiempirical MNDO method [21] and by the MMX/PI version of molecular
mechanics calculations [22]. The only conclusion we wish to draw from Fig. 1 is
that HMO theory is capable of reproducing the experimental enthalpies of
benzenoid hydrocarbons with an accuracy which is not much worse than that of
the much more sophisticated (and highly parametrized) molecular orbital and
molecular mechanics approaches.

Much theoretical effort was made to explain this somewhat surprising success
of the HMO total m-electron energy. Here we briefly mention the arguments
supporting the opinion that E accounts for (at least a part of) the electron
interaction [23-26] and even the electron correlation effects [27} In particular,
Ichikawa and Ebisawa [26] reported an almost perfect linear correlation between
E and the kinetic energy of the m-electrons, as calculated by means of STO-3G
ab initio methods.
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Fig.1.a HMO total n-electron energies vs. experimental standard gas-phase heats of
formation [20] for the twelve benzenoid isomers C,,H,,; correlation coefficient —0.966;
B = —97.0kJmol™'; b Calculated vs experimental standard gas-phase heats of formation
for the same molecules; squares: MNDO results [21], correlation coefficient 0.797; dots
MMX/PI results [22], correlation coefficient 0.780

Especially interesting seems to us the work of Schaad and Hess [28] where it
was shown that E is a good measure not only of the energy of the n-electrons,
but also of the energy of the o-electron carbon-carbon framework. According to
[28], beats of atomization computed by the HMO method are accurate to 0.1%,
implying that E is accurate up to +0.005f units. By the way, Schaad and Hess
[28] recommend the value § = —137.00 kJ mol ™! for thermochemical purposes.

3 Elements of the Theory of Cyclic Conjugation

Among organic chemists it is nowadays commonly accepted that the unusually
high stability (so called “aromaticity”) of some conjugated systems as well as the
exceptionally low stability (so called “antiaromaticity”) of some others is somehow
related to the presence of cycles in their carbon-atom skeleton. The traditional
view is that these effects come from n-electrons. However, Hiberty and coworkers
gave recently very convincing arguments in favour of the o-electron origin of
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aromaticity/antiaromaticity (see [29] and the references quoted therein). In what
follows we remain at the m-electron-viewpoint, mainly because it is the basis of
literally everything what has been done in this field my means of “topological”
methods.

The idea that the effect of cyclic conjugation can be measured by the difference
between the total m-electron energy of the comjugated molecule and the total
n-electron energy of a pertinently chosen acyclic reference structure seems to have
been first put forward in 1963 by Breslow and Mohachi [30] and soon thereafter
by Dewar [31-33]. Crucial in these approaches was the finding of a convenient
“total m-electron energy of the acyclic reference structure”. In this respect
graph-theoretical considerations proved to be of major importance.

Since the theory of cyclic conjugation is mainly concerned with non-benzenoid
polycyclic conjugated systems (containing rings of sizes other than six), we shall
skip its complete presentation and focus our attention to only those details which
are needed in the study of benzenoid hydrocarbons. The readers interested in
furhter aspects of this theory should consult the papers [34-40] and the references
quoted therein.

Let G be a molecular graph and Z,, Z,, ..., Z, its cycles. For example, in Fig. 2
are depicted the t = 10 cycles of benzoanthracene.

Denote by G — Z, the subgraph obtained by deleting from G the vertices of
Z,. Two cycles of G are said to be independent if they possess no common vertices.
If Z, and Z; are independent cycles of G then the subgraph G — Z; — Z; is

z

88
dLEE
e

210

Fig. 2. The molecular graph G of benzo[a]anthracene and the ten cycles contained in it
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defined as (G — Z;)) — Z;. The subgraphs G — Z; — Z; — Z; etc. are defined
analogously.
In Fig. 2 only five pairs of cycles are independent, namely Z,,Z5; Z,, 24, Z,, Z+;
Z,,Z,and Z,, 7. No three cycles of benzoanthracene are mutually independent.
The polynomial

a(G) = #(G, x) = kizo (—1Fm(G, kx>

is called the matching polynomial of the graph G. Here m(G, k) stands for
the number of k-matchings of G ie. the number of selections of k independent
edges in G [1]. For details of the theory of the matching polynomial see
[41-43].

Now, the characteristic polynomial ¢(G) = ¢(G, x) of a graph G conforms to
the identity

¢(G) = a(G) — 22, a(G ~ Z) + 43 oG - Z; - Z)
—8 Y WG —Z —Z,—Z)+ ... (6)

ik

The second, third etc. summations on the right-hand side of Eq. (6) run over all
pairs, triplets etc. of independent cycles of G. For instance, if G = benzoanthracene
then we have (see Fig. 2):

?(G) = a(G) - f G - Z) + 4[(G — Z, — Z)

j=1
+ UG —Z, —Z)+ UG —Z; — Z) + oG — Z, — Z,)
+ G~ Z, — Zg)].

Equation (6) can be viewed as the explicit expression for the dependence of the
characteristic polynomial of the graph G on the cycles Z,, Z,, ..., Z, contained in
this graph. Since, on the other hand, the graph eigenvalues x 1 X2, ..., X, are related
with the characteristic polynomial via

n

oG, %) = [] (x — x) 9

i=1

and since the total n-electron energy is computed from the eigenvalues via Eq.
(5), we arrive at a method for expressing the effect of the cycles on the E-value of
a conjugated molecule.

Combining Egs. (5)—(7) we see that the value of E is influenced by all the cycles
Zy,2Z,, ..., Z,. Suppose now that we ignore all the terms on the right-hand side
of Eq. (6), depending on Z,,Z,, ..., Z.. Then only the matching polynomial will
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remain. Presenting (G, x) in the form
(G2 = I (x = )
it follows that the total-n-electron-energy-like quantity E® defined as
= 3y ®

accounts for the effects of all structural details on E, except of the cycles.
Consequently, E® can be viewed as the total n-electron energy of the acyclic
reference structure. Furthermore, the difference

TRE = E — E® 9

can be interpreted as the effect of all cycles on the total n-electron energy of the
conjugated molecule whose molecular graph is G.

The abbreviation TRE comes from “topological resonance energy”, as this
measure of the overall cyclic conjugation in a polycyclic conjugated molecule was
originally named [35, 44]. The TRE-concept was introduced in 1976 independently
by Aihara [34] and by Milun, Trinajsti¢ and the present author [35, 44, 45].
Aromatic conjugated molecules have positive whereas antiaromatic molecules
have negative TRE-values.

The TRE-concept fails to correctly describe the cyclic conjugation in many
important classes of conjugated molecules [46—51]. Among them are also non-
Kekuléan benzenoid hydrocarbons [50, 51]. On the other hand, in the case of
Kekuléan benzenoids the predictions made on the basis of TRE are usually in
reasonable agreement with experimental findings [50, 52, 53].

We mention in passing that the zeros of the matching polynomial, namely the
numbers y,, ¥,, ..., Y., are always real-valued [42, 54].

Using a fully analogous reasoning as in the case of TRE, we see that the effect
of an individual cycle Z = Z, on E can be measured by means of a quantity
ef = ef(Z) = ef(G, Z), defined as

ef(Z) = E — ER(2) (10)
where

B@ = ¥ @)

and where y,(Z), i = 1,2, ..., n are the zeros of the polynomial ¢(G, Z, x). This
latter polynomial is obtained by ignoring all the terms containing the cycle Z, on
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the right-hand side of Eq. (6). It can be shown that [55]
?(G,Z,x) = 9(G,x) + 20(G — Z, %) (11)

which makes the calculation of ef quite easy [36, 55].

By means of ef we can estimate the energy-effect of the interactions of n-electrons
along a particular cycle in a polycyclic conjugated molecule. Thus ef measures
the effect of cyclic conjugation caused by an individual cycle on the thermodynamic
stability of the respective molecule. We could also say that ef measures the local
aromaticity. For the purpose of the present considerations it is important that
ef(G, Z) 1s the effect of an individual cycle Z on the total n-electron energy of the
conjugated molecule whose molecular graph is G [56].

It has been shown that [57]

1
TRE ~ Y ef(Zy).

k=1

The above approximation is found to be especially well-satisfied in the case of
benzenoid molecules.

Aihara [58] proposed another similar recipe for expressing the effect of an
individual cycle on the conjugation in a polycyclic molecule. Instead of ignoring
the cycle Z = Z,, he ignored on the right-hand side of Eq. (6} all cycles except
Z,. The resulting polynomial is denoted by o(G, Z, x) and it is easy to see that

(G, Z, x) = (G, x) — 20(G — Z,x). (12)
Then Aihara’s measure of cyclic conjugation is
efa(Z) = BMZ) — ER (13)

where E® is given by Eq. (8),
E*2) = 3 xM2)|
i=1

and where x$(Z), x3(Z), ..., x4(Z) are the zeros of the polynomial (G, Z, x).

In connection with the definition of ef(G, Z) Herndon [59] expressed the objection
that the zeros y,(Z), y,(Z), ..., y.(Z) of the polynomial ¢(G, Z, x) are not always
real-valued numbers. The difficulties caused by this were later resolved [60]. The
zeros Y (Z), y53(Z), ..., ya(Z) of the polynomial a(G, Z, x), needed for the calculation
of efa(G, Z), were conjectured to be real-valued for all G and for all Z [58, 61].
Only very limited progress in proving the reality of these zeros has been achieved
so far [61-63].

The basic conceptual difference between ef(G, Z) and efa(G, Z) is that ef can
whereas efa cannot be conceived as the effect of the cycle Z on the E-value of
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the molecular graph G. Furthermore, whereas the polynomial ¢(G, Z, x) is easily
computed by means of the identity (11), the computation of «(G, Z, x) from Eq.
(12) is difficult, especially in the case of large polycyclic molecular graphs. As a
consequence of this, ef-values are known for very many conjugated systems
{including benzenoids [39, 40, 64]). The number of available efa-values is very
small [58]. Anyway, a systematic comparative study of ef and efa has never been
undertaken.
In Sect. 8 the ef-values of benzenoid hydrocarbons are discussed at due length,

4 lIdentities for E, TRE, ef and efa

In this section we report the Coulson-type integral formulas for total n-glectron
energy and their modifications applicable for TRE, ef and efa. We consider here
only the special cases when the respective conjugated systems are benzenoid
hydrocarbons.

The integral formulas for total n-electron energy were invented by Coulson [2,
3, 6]. Later, they were extensively elaborated (see [13], pp. 139-147). Their real
usefulness in structure-property analysis became evident only after they were
combined with the results of graph spectral theory [13, 18, 65, 66].

Let B be the molecular graph of a benzenoid hydrocarbon. Then [66, 67]

) /2]
EB) = 2/n) | x %In Y, b(B,k)x** dx
G k=3

where b(B, k), k = 0, 1, ..., [n/2] are the coefficients of the characteristic polynomial
of B (see Sect. 1.1). Recall that b(B,0) = 1, b(B, 1) = m, b(B,n/2) = K? and
b(B, k) > 0 for all values of k [1].

Let B, and B, be molecular graphs of two isomeric benzenoid hydrocarbons.
Then [6]

¢By,ix)

E(B,) — E(By) = (2/m) Jln 3., 1x)

[n/2]
2 b(By, k) x* 72
k=0

= (/m) | In 5 dx (14)
Y b(B,, k)x"
k=0

where i = Vif

Formulas of the above type were studied in [68] were it was established that
the main contribution to the right-hand side integrals comes from near-zero values
of x. On the other hand, when x approaches to zero, then the integrand

40



Total n-Electron Energy of Benzenoid Hydrocarbons

In [p(By, ix)/@(B,, ix)] tends to 2 In [K{B,}/K{B,}]. Nevertheless, the assertion [68]
that the energy difference of benzenoid isomers is proportional to the difference
between the logarithms of their Kekulé structure counts was not confirmed by
later investigations (see Sect. 7.2).

Slight modifications of Eq. (14) lead us to Coulson-type integral representations
of TRE, ef and efa, as defined by Egs. (9), (10) and (13), respectively. These integral

formulas read:

o0

TRE = (2/n) j In
4]

o(B, ix)
— dx
a(B, ix)

[n/2]
> b(B, k) x"" 2k
=0
=@m | dx (15)
Y m(B,k)xn2

k=0

(p(B Z, ixj
oc(B ix)

ef(B,2) = — /) | In dx

°<——~;8

[{n—2)/2]
Y bB—Zkx" Tz

—@m | |1+ (-2 220 dx..
Y b(B, k) x" 2
3 k=0
(16)
efa(B, Z) = (2/m) fln [1 2 “(—B_—Z“ﬁ} dx
a(B, ix)
)]
[(n—2)/2]
m{B — Z k) x" "z 2k
= @m || 1 - (—1pr2 20 dx . (17)
Y m(B, k) x" 2k
k=0

0

In Egs. (16) and (17) z denotes the size (= number of vertices) of the cycle Z.
The following generally valid regularities were deduced from Egs. (15)-(17).

Theorem 1 [69]. For any catacondensed benzenoid system, TRE > 0.

Theorem 2 [51]. For any benzenoid systems, TRE > 0.
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Theorem 3 [56]. If B 1s a benzenoid systems and Z its cycle, such that the size of
Z is divisible by four, then ef(B, Z) < 0. (Note that in this case B must be
pericondensed [1].)

Theorem 4 [70]. If B is a benzenoid systems and Z its cycle, such that the size of
Z is divisible by four, then efa(B, Z) < 0. If the size of Z is not divisible by four,
then efa(B, Z) > 0.

Corollary 4.1. If B is a catacondensed benzenoid system, then efa(B, Z) > 0 for
all cycles Z of B.

Comparing Theorems 3 and 4 we immediately observe that the former does
not contain a statement about the sign of ef(Z) when Z is a (4k + 2)-membered
cycle. There exist non-benzenoid alternat hydrocarbons in which (4k + 2)-
membered cycles have negative ef-values [36]. Therefore it is somewhat risky to
formulate the following

Conjecture. If B is a benzenoid system and Z its cycle, such that the size of Z is
not divisible by four, then ef(B, Z) > 0. In particular, if B is a catacondensed
benzenoid system, then ef(B, Z) > 0 for all cycles Z of B.

Numerous numerical examples support this conjecture [39, 40, 64], but one
should note that practically all benzenoid systems examined possessed Kekulé
structures.

The above conjecture is true if B is a catacondensed benzenoid system and Z
is its perimeter. Clearly, the size of Z is then equal to n = 4h + 2 whereas
@{B — Z,x) = 1. Then Eq. (16} reduces to

ef(B,Z) = —2/m) | In| 1 — ——— SN PO (18)

n/2
Y. b(B, k) x" 2
k=0

g

Sihce b(B, n/2) = (h + 1) it follows that for all x > 0,

2 2
< <1
(h + 1)?

n/2
> b(B, k) x"
k=0

Consequently, the integrand in Eq. (18) is negative for all values of x and therefore
ef(B, Z) is positive.

5 Bounds for Total n-Electron Energy
In 1971 Bernard J. McClelland communicated the first upper and lower bounds
for total m-electron energy [71]. The work [71] seems to caused a turning point in

the development of the theory of total n-electron energy: it shifted the interest of
the researchers from identities and approximate expressions to inequalities. Since
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1971, numerous estimates of E have been discovered, many of them being applicable
exclusively to benzenoid systems. In this section, we are concerned only with those
bounds for E which are of relevance for benzenoids. Bounds for total n-electron
energy of general conjugated molecules or of general alternant hydrocarbons are
mentioned only when necessary; for more details on them see [13—15].

5.1 The McClelland Inequality

McCleliand [71] showed that for arbitrary conjugated hydrocarbons whose total
n-electron energy satisfies Eq. (5), E is less than or equal to By, where

Eye = |/2mn . (19)

Recently the present author [72] complemented McClelland’s result and so we
now have the following

Theorem 5. For a benzenoid system with n vertices and m edges, and for Ey
being given by Eq. (19),
(16/27)1? Epe < E < Eye. (20
Because of the importance of the bounds (20) we provide a complete proof of
Theorem 5.
Proof. (a) It is evident that

S (xl — )2 = 0 1

1 j=1

M=

ll

i

and that equality occurs only if all eigenvalues x,, x,, ..., x, have equal absolute
values. For all graphs,

> x2=2m. (22)
Then, bearing in mind Eqs. (5) and (22), the left-hand side of (21) is immediately
transformed as

S - =Y S -2F Y+ 3w

1 j=1 i=1 j=1 i=1 j=1 i=1 j=1

IngEl

!l

i

= 2mn — 2E? + 2mn

and consequently, 4mn — 2E? > Oie. E < Eyc. In the case of benzenoid systems
not all eigenvalues have equal absolute values and therefore E < Euc
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(b) Let a,, a,, ..., a, be non-negative real numbers and let

It can be shown [72] that for arbitrary numbers p, q,r,such thatp > qandr > 1,

Hpr/Bar = (Bp/lg) -

In particular, if p = 2, g = 1 and r = 2 the above general result reduces to

Ka/My = (Pz/ul)z-

Choosing a; = |x;| and bearing in mind Egs. (5}, (22) and (23),
Y xf = 18m — 12n 23)
i=1

we immediately arrive at
(18m — 12n)/(2m) > (2m/E)?

from which it follows

E > ec (24)
where

ec = [4m3/(9m — én)]*/%. (25)

Recall that Eq. (23) is just an expression for the fourth spectral moment and that
its validity is restricted to benzenoid systems; for more details on the spectral
moments of benzenoids see [1].

Inequality (24) was first deduced by Cioslowski [73], but using a different way
of reasoning, Eq. (25) is easily transformed into

Cc = [d*/(9d — 12)1'2 By

where d = 2m/n is the average vertex degree. Obviously, for benzenoid systems,
2 < d < 3. Now, it is elementary to prove that in the interval [2, 3) the minimum
of the function [d2/(9d — 12)]? is at d = 8/3 and is equal to (16/27)". Therefore
ec > (16/27)"/2 Eyc and consequently, E > (16/27)"/? Eyc.

This completes the proof of Theorem 5.

Having in mind the bounds (20) it is not at all surprising that a very good
linear proportionality between E and Eyc has been observed {71]. This important
issue is discussed in due detail in Sect. 6.
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5.2 Other Inequalities

As already mentioned, quite a few upper and lower bounds for the total n-electron
energy of benzenoid hydrocarbons were deduced after the pioneering work [71]
of McClelland. The most important of them are briefly outlined in the present
section. As before, n, m and K denote the numbers of vertices, edges and Kekulé
structures, respectively.

Theorem 6 [74]. Denote the term 2m — nK*™ by 3 and observe that § is positive
for all benzenoid systems. Then

J/2mn — (n — 2)8 <E < }/2mn — 25 .

Recall that Eyc = |/2mn and compare Theorem 6 with Theorem 5.

Theorem 7 [15). Consider the system of equations

x>+ 02— 1y*=m
xy"?"' =K, K>0.

Let x,, y, be the solution of this system, such that x, > y; > 0. Let x,, y, be the
solution satisfying y, > x, > 0. These solutions exist for all chemically relevant
values of n, m and K, and are unique. Then

Enn <E<E

max

where
Emin = 2x1 + (n - Z)YI

Emax = 2XZ -+ (1’1 - 2) Y2

The equality E = E_;, holds only for benzene.
In [75] the bounds E_;, and E_,, were approximated as follows:

B = 2T + 2q(K/T) (26)
Einax = 2(mq)'? + 2K (q/m)¥? 27

where q = n/2 — 1 and

T = }/m — gK[m — q(K*/m)"]~ 77,
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Theorem 8 [73]. The smallest positive eigenvalue in the spectrum of a benzenoid
system is denoted by x,,,. Let b be the number of bay regions [1]. Then

Xp2(9mn — 6n* — 2m?)/(9m — 6n)

+2]/2m/n m*/(Om — 6n) < E < (n}/P + 2m) (Q + 2 |/P)*”?

where

P = (72mn — 72n? — 4m? + 48m + 6nb)/(9mn — 6n? — 2m?)

29)
Q = (91mn — 72n? — 18m? + 24n + 3nb)/(9mn — 6n* — 2m?).
(30)
Theorem 9 [76]. Let B a benzenoid system and let E; be defined as
Er=2})/m + [in(n — 2)b(B, 2"/ . (31)

Then E < Ey.
Recall that b(B, 2) is the second coefficient of the characteristic polynomial of
B and that it satisfies

b(B,2) = (m*> — 9m + 6n)/2.
The result of Theorem 9 was later slightly improved [77]. Let Egyyp, be defined as

Egrp = 2B mE; + [In(n — 2) (0 — 4 b(B, 3)]'* — (8m*/m)*7?]*
(32)

where b(B,3) is the third coefficient of the characteristic polynomial of B,
conforming to the relation:

b(B,3) = L (m3 — 27m? + 158m + 48) + 3n(m — 8) + b.  (33)

Then E < Bgrp. In addition to this, Egrp < Er < Eye

Theorem 10 [78, 79]. Define the function Eq(x) as

Ec(x) = 2x}/2m/n + RS + (0 — 2x))/2m/n — R/S (34)

where
1 2 2
R = —}/18mn — 120* — 4m
n

S =S =}/ — 2%/(20) .

Then E < E{1). Furthermore, Ec{1) < Eyc.
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6 Approximate Formulas for Total n-Electron Energy

A plethora of approximate topological formulas for the total n-electron energy
have been proposed in the chemical literature. The early works in this area (e.g.
{4, 80-82]) were mainly aimed towards obtaining reliable numerical values for E.
More recent investigations put the emphasis on the mathematical properties of E
and, in particular, on its dependence on molecular structure.

In the case of benzenoid hydrocarbons it is nowadays firmly established that
the two most important structural parameters influencing the value of E are n
and m, the numbers of carbon atoms and carbon-carbon bonds, respectively. The
third-important invariant seems to be K, the number of Kekulé structures. (More
about this issue can be found in Sect. 7.)

Approximate expressions for E, depending only on n and m are referred to as
formulas of (n,m)-type. Analogously, formulas of (n,m,K)-type are those in which
the “topological” parameters are n, m and K.

Other structural invariants have also been considered as parameters influencing
the E-value of benzenoid molecules (e.g. the length of linear polyacene fragments
[82], the modified Hosoya index [65, 83~85], the number of bay regions [86, 87]
etc.). In what follows we focus our attention only to approximate formulas of
(n,m)- and of (n,m,K)-type.

6.1 The McClelland Formula

In his seminal paper [71] McClelland proposed approximating E by means of the
simple (n,m)-type formula.

E = aBy¢ (35

where Ey ¢ is given by Eq. (19) and where a is an empirical constant, determined
by least-squares fitting. (Recall that Ey is an upper bound for E.)

McClelland’s formula (35) was criticised by Milun, Trinajsti¢ and the present
author {88], who argued that according to (35} all isomers are predicted to have
equal E-values. Whereas this objection is certainly true, the criticism turned out
to be largely unjustified. In addition to Eq. (35) over 20 isomer-undistinguishing
approximate formulas for E have been put forward in the chemical literature and
none has been found to be (significantly) better than McClelland’s (see the
subsequent Section).

In the case of benzenoid hydrocarbons, Eq. (35) reproduces E with an average
relative error of only 0.4%. This, in turn, means that more than 99,5% of E is
determined by the simple structural parameters n and m and that variations in
E-values of isomers are fairly {(but not negligibly) smali.

As outlined in Sect. 5.2, after the discovery of McClelland’s upper bound many
other upper bounds for E have been found, all lying closer to E than Ey.
Nevertheless, none of them shows a better correlation with E than Ey,¢. In addition
to this, among the numerous lower bounds for E none was found to correlate
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with E better than Ey. This all implies that the gross part of E not only depends
on nand m, but that this dependence has the functional form anticipated in Eq. (35).

These somewhat surprising empirical findings were recently rationalized by
discovering a McClelland-type lower bound for E of benzenoid hydrocarbons [72].
Bearing in mind Theorem 5, a first guess for the multiplier a in Eq. (35) could be
the arithmetic mean of 1 and (16/27)!/2, which equals 0.885. This is quite close to
the empirical value a = 0.908.

6.2 Other Formulas of (n,m)-Type

The numerous (n,m)-type approximate formulas for E were examined in three com-
parative studies {89-91]. Their results, complemented by a few newly obtained
approximations are collected in Tables 1 and 2.

Let E* be a mathematical expression of {n,m)-type, either an approximation or
an upper bound or a lower bound for the total n-electron energy. Then we consider
the (n,m)-type approximate formulas:

E ~ a,E* (36)

Table 1. Coefficientsin the approximate (n,m}-type formulas (36)and (37)

Equation Literature a, a, b,
for E* source of E*

38 71,93 0.908 0.898 045
35 73 1.174 1.167 0.21
40 73 0.087 0.083 1.96
41 76 0919 0.899 0.90
42 77 0.928 0.902 1.13
43 78. 0.948 0.926 0.92
44 79 0959 0.931 1.13
45 79 0.978 0.970 0.30
46 79 1.077 1.067 0.40
47 - 1.413 1.431 —0.48
48 - 1.167 1.125 1.42
49 94 1.048 1.038 0.39
50 91 1.015 1.008 027
51 91 1.031 1.019 0.44
52 91 1.023 1.014 0.35
53 91 1.010 1.005 0.21
54 91 1.030 1.018 0.44
55 91 1.020 1.011 0.32
56 91 1.069 1.044 0.95
57 95 1.326 1.322 0.13
58 96 0.799 0.788 0.57
59 96 0.739 0.729 0.54
60 96 0.702 0.693 0.51
61 96 0.677 0.669 0.49
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Table 2. Results of numerical testing of approximate (n,m)-type formulas (36) and (37)

Equation Eq. (36) Eq. (37) correlation
for E* coefficient
mean error  max. error mean eIror max. error
(%) observ. (%) (%) observ. (%)
38 0.37 1.2 0.30 1.0 0.9998
39 0.33 1.3 0.31 1.2 0.9998
40 2.31 9.5 2.04 83 0.990
41 0.54 2.3 0.30 1.0 0.9998
42 0.63 2.7 0.31 1.1 0.9998
43 0.54 2.1 0.30 11 0.9998
44 0.63 2.7 0.30 1.1 0.9998
45 0.35 11 0.32 1.2 0.9998
46 2.73 8.8 2.717 8.8 0.98
47 0.66 2.7 0.58 2.6 0.9992
48 093 4.0 0.58 2.5 0.9992
49 0.36 1.2 0.30 1.0 0.9998
50 0.33 1.2 0.31 11 0.9998
51 0.46 1.6 0.42 1.4 0.9996
52 0.38 1.4 0.34 1.2 0.9997
53 0.33 1.3 0.31 1.2 0.9998
54 0.49 1.6 045 1.4 0.9996
55 0.40 14 0.37 1.3 0.9997
56 0.92 32 0.87 2.8 0.9995
57 0.34 1.3 0.34 1.2 0.9997
58 0.42 1.6 0.31 1.0 0.9998
59 0.44 1.6 0.35 1.0 0.9998
60 047 1.7 0.40 1.2 0.9997
61 0.52 1.7 0.45 1.4 0.9996
and
E ~ a,E* + b, 37

and determine a,, a, and b, by least-squares fitting. The data base for these
calculations is the set of 104 Kekuléan benzenoid hydrocarbons from the book
[92], possessing three or more condensed six-membered rings.

The following expressions for E* have been taken into consideration:

E* = Eyc, see Eq. (19) (38)
E* = e, see Eq. (25) (39)
E* = n}/P, + 2m) (Q, + 2}/Py)"2 (40)

where Py and Q, are obtained from Egs. (29) and (30), respectively, by settingb = 0;
E* = E,, see Eq. (31) 41)
E* = E%TD 42)
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where EZ1p, is obtained from Egs. (32) and (33) by setting b = 0;

E* = E.(1), see Eq. (34)

E* = E(2). see Eq. (34)

E* = E(T/2), see Eq. (34)

E* = Ec(T), see Eq. (34)

where T is the integer part of m?/(9m — 6n);

50

E*

E*

E*

E*

E*

Fo*

E*

n
m

B n?/(n? — D)2 By
7 [5m — 10nym]'”

+ [(24m? — 45mn + 30n%)/(mn)}*/?]

%[[(553m _ 504n + 168)/(45m — 30n)]?

(43)
(44)
(45)

(46)

(50)

+ [(1080m> — 2379mn + 1512n% — 504n)/(45m — 30n)]*?]

%[(553m — 504n + 168)/(3m)"*
+ Bmn — (30%/16) [(553m — 504n + 168)/(3m))/2]2

3m[m/(15m — 10n)]*/?

E* = 3m[(45m — 30n)/(553m — 504n + 168)]'?

E* = 3m[3m/(553m — 504n + 168)]'/*

E*

%[{(553}1& — 504n + 168)/(45m — 30m)]+2

1
+ 2 [(45m — 30n)/(553m — 504n + 168)]'/ (182250m’
n

—670309m>n + 800424mn? — 308016n° + 169344n°

(1)

(52)
(53)
(54)

(55)

_ 185808mn — 28224n)/(24885m? — 39270mn + 15120n?

+ 7560m — 5040n)]

(56)
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E* = m!?n?? (57)
E* = [18 (m — 2n/3) n®'*# (58)
B* = [158 (m — 72n/79 + 24/79)n°]"/¢ (59)
E* = [1330 (m — 682n/665 + 352/665) n"]"/® (60)
E* = [10762 (m — 5855n/5381 -+ 3690/5381) n®]}/1° . (61)

Table 1 contains the coefficients in Egs. (36) and (37) as well as the literature
source of E*. Table 2 contains data revealing the quality of the approximations
(36) and (37).

The basic conclusions which follow from Tables 1 and 2 have already been
summarized in Sect. 6.1. Thus, in spite of its great algebraic simplicity, the
McClelland formula is not inferior to any of the much more sophisticated (n,m)-type
expressions propposed to approximate the total m-electron energy of benzenoid
hydrocarbons. Few of them, namely when E* is given by Egs. (39), (45), (49), (50),
(53) and (57), provide slightly better results than the McClelland formula, but the
gain in accuracy and/or reliability is meager and insignificant.

Formulas worse than E = amn or E = a,n + b, must be considered as
absolutely useless. These are the expressions based on Eqs. (40), (46), (48) and (56).

6.3 Formulas of (n,m,K)-Type

The problem of the dependence of E on the number of Kekulé structures is
examined in some detail in the subsequent section. Nowadays it is fairly well
established that this dependence is linear. In former times, when this simple fact
was not conceived, an astonishing variety of mathematical expressions was
proposed for the description of the K-dependence of E. A comparative study of
these early (in most cases unsuccessful) attempts is reported in [89]. The data
collected in Tables 3 and 4 are analogous to those given in Tables 1 and 2. They
are obtained using the same sample of 104 benzenoids from the book [92]. The
following (n,m,K)-type expressions for E¥ have been examined:

E*=FE_ .., see Eq. (26) (62)
E*¥ = E ., see Eq. (27) (63)
E* = 12‘.(4m/n + 2K 412 (64)
E* = n + [2 (m — n/2)In K]'/2 (65)
E* = Eyc — (&B)"* (66)
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where

& = (n — 2)m%/(2n) — (m® — 9m + 6n)/2

- g In 2m/n) — 21n K.

In addition to Eqgs. (62)-(66), in Tables 3 and 4 are included the results of
numerical testing of some further approximate (n,m,K)-formulas which do not
comply with the form of Eqgs. (36} and (37):

E=an+blnK +¢

E = an + bm + cn'®(In K)*® + d

E = an + bm + cKd® ™"

E = (an 4+ bm + 2In K)/(3cm/n + d)

+ en”%(an + bm + 21n K)¥/(3em/n + d)*

E = (a + bx) Eyc

E = (a + bx + ¢x®) Eyc

E = (g + bx + ¢x® + dx*) Eyc

(67)
(68)

(69)

(70)
71
(72)

(73)

Table 3. Coefficients in the approximate {(n,m,K)-type formulas (36), (37) and (67)-(76}

Equation Literature a, a, b,

for B* source of E*

62 75 1.054 1.091 —1.38

63 75 0.940 0912 1.19

64 89,97,98 1.009 1.015 —0.32

65 99 1.021 1.037 —0.63

66 99 1.165 1.193 —0.96

Equation Literature a b ¢ d

for E source of E

67 4 1.379 0.585 0.747

68 100, 101 0.760 0.494 0.342 0.115
69 102, 103 0.442 0.788 0.34 0.632
70 104 0.965 2.326 0422 1.810
71 105 0.758 0.190

72 106 1.291 —1.168 0.864

73 106 1.306 ~1.175 0.811 0.049
74 106 0.725 0.330 —0.082

75 106 1.574 —1.087 —0.592

76 106 0.893 0.186 11
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E = (@ 4+ bx + cx ") Eyc (74)
E = (a+bx + cinx)Eye (75)
E = (a + bx) Exc (76)

where x = (2m/n)~ /2 K2/,

The only remark about the data in Tables 3 and 4 which we will make here
is that the expected error of certain multiparameter approximate formulas of
(n,m,K)-type is well below 0.1%. The theory lying behind these accurate formulas
is outlined in Sect. 7.2.

Table 4. Results of numerical testing of approximate (n,m,K)-type formulas (36), (37) and
67)~(76)

Equation Eq. (36) Eq. (37) correlation
for E* coefficient
mean €rror  max. error mean error  max. error
(%) observ. (%) (%) observ. (%)

62 1.32 43 1.04 39 0.998

63 0.78 29 0.37 24 0.9998

64 043 1.7 041 1.5 0.9996

65 1.07 46 0.99 44 0.998

66 0.85 43 0.55 20 0.9995

Equation mean error  max. error correlation

for E (%) observ. (%) coefficient

67 0.47 1.8 0.9995

68 0.10 0.6 0.99998

69 0.14 0.6 0.99997

70 0.59 2.1 0.9997

71 0.092 0.45 0.999983

72 0.075 0.42 0.999986
73 0.074 042 0.999986

74 0.078 043 0.999986

75 0.075 0.42 0.999986

76 0.072 0.42 0.999986

7 Dependence of Total n-Electron Energy
on Molecular Structure

7.1 The (n,m)-Dependence

The problem of the dependence of the total m-electron energy of benzenoid
hydrocarbons on the size of the molecule ie. on the parameters n and m seems
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to be essentially settled by means of Theorem 5 and by recognizing the high
precision of the McCleliand approximation. The conclusions drawn in Sect. 6.1
need no further comments.

7.2 The K-Dependence

As early as in 1949, Carter [4] expressed the view that the number of Kekule
structures (K) influences the E-value of a benzenoid hydrocarbon. There is little
doubt that the exploration of the E — K dependence was much stimulated by the
existence of two closely analogous relations {1]:

n n
E=3Y |xl; K*=T]Kl.
i=1 i=1

In the course of these researches three main standpoints have been advocated:
{a) E is a logarithmic function of K.
(b) E is a function of a structural invariant x, x = (2m/n)~*/* K*”.
{c) E is a linear function of K.

Point (a) is a necessary consequence of the requirement that the total n-electron
energy of a system M, U M, composed of two disjoint molecules M, and M, is
equal to the sum of the total n-electron energies of M; and M;:

EM, uM,) = E(M,) + EM,). (an

Because K{M, u M,} = K{M,} K{M,}, no relation between K and E other than
logarithmic will satisfy Eq. (77).

In spite of this nice argument, empirical testings reveal that the total n-electron
energy of benzenoid hydrocarbons shows no sign of having the desired logarithmic
dependence on K (see, for instance, Fig. 3). Therefore, this direction of research
[4, 68, 104, 107, 108] seems nowadays to be completely abandoned.

Some time ago Cioslowski [105] put forward a remarkable idea, namely that
the eigenvalues of all benzenoid systems obey the same distribution law. This was
named the “universal distribution approach” (UDA) and its elaboration resulted
in the following (approximate) formula for the total n-electron energy [105]:

E ~ F(x) Eyc (78)

where Eyc is the McClelland expression, Eq. (19), x = (2m/n) ™/ K*" whereas
F(x) is a universal function (i.c. same for all benzenoids) whose actual form within
UDA remains unspecified.

The UDA was eventually extended to various other n-electron properties of
benzenoid hydrocarbons {109, 110].

We call Eq. (78) the Cioslowski formula. (Cioslowski himself [105] named it
“the generalized McClelland formula”.) Evidently, the choice F(x} = const. reduces
Eq. (78) to McClelland’s approximation, Eq. (35).

54



45.5+

45.0

i

il

Total n-Electron Energy of Benzenoid Hydrocarbons

K

i i i

0

10

20 30 40 50

Fig. 3. Total n-electron energy vs number of Kekulé structures for a family of 328 benzenoid
isomers C;,H,g4; reproduced from Ref. [114]

For any application of the Cioslowski formula we must know at least something
about the funetion F(x). In [110] it was established that F(1) = 1. In [106]
trial-and-error attempts were made to guess the (approximate) form of F(x), but
the results obtained were not conclusive. Quite recently Cioslowski proposed [111]
what he calls “a final solution of the problem” by adjusting F(x) to the eigenvalue
distribution of annulenes (F,) and linear polyenes (F,). He deduced [111]

where

and

Fi(x) =

Fy(x) =

u(x)

1/2 sin [ru(x)/4]

u(x) = log, (2x%)

21

[1/sin [rv(x)/2] — 1]
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where

v(x) = (2x% — 1)/(dx* — 1).

In spite of different algebraic forms of F, and F,, their numerical values for
chemically relevant ranges of x are quite close. By means of F, and F, it is possible
to reproduce E with an average error of 0.13%.

Cioslowski’s theory was recently reviewed in [112].

Irrespective of the form of the function F(x), the Cioslowski formula ({78)
anticipates a curvilinear dependence between E and K. On the other hand, already
in 1973 George Hall [113] claimed that the relation between E and K is linear.
Hall’s arguments were both elementary and convincing. For a group of benzenoid
isomers he plotted the E-values versus K and found that the points lie almost
perfectly on a straight line. It is curious that this simple fact was not noticed
decades earlier. The linear dependency of E on K was eventually studied in more
detail, resulting in the approximate formula (69) [87, 102, 103].

When studying the dependence of E on K it is essential to consider families of
isomeric benzenoid systems. Then, namely, the values of n and m are the same for
all members of the family and, consequently, the large effects caused by n and m
remain constant. In Fig. 3 the E-values are plotted versus K for a family of isomers.
Although the points are somewhat spread, no curvilinearity can be observed.

Because the points in Fig. 3 do not perfectly lic on a straight line there still
seems to be a chance that they could comply with some curvilinear correlation
of Cioslowski-type, Eq. (78). This possibility was carefully examined [114-116]
and found not to be the case.

Therefore, irrespective of the beautiful algebraic form of Cioslowski’s UDA one
must conclude that its predictions are not in complete agreement with empirical
findings [115, 116} Furthermore, it was shown [117] that a hidden assumption
behind Eq. (78) is that the coefficients b(B, k) of the characteristic polynomial are
not mutually correlated. Empirical testing [118] revealed that, on the contrary, a
high degree of correlation exists between these coefficients.

It was also demonstrated [119] that the Cioslowski formula (78) is not the only
expression for E which follows from UDA considerstions. By maintaining the
basic assumptions of UDA, but using different initial conditions, instead of Eq.
(78) a formula of {n;m)-type was deduced, namely [119]:

E ~ f(¥) Eyc .

Here f is another unspecified function and y = (9mn — 6n%)/(2m?). For all
benzenoid systems possessing three or more hexagons y was found [120] to lie
in the narrow interval [105/64, 108/64]. Consequently, f(y) is practically a constant,
reducing the above formula to the McClelland approximation, Eq. (35).

It seems to be a firmly established empirical fact that the relation between E
and K is linear. If so, then it would be beneficial to have some theoretical argument
supporting this conclusion. The theoretical demonstration of the linearity of the
E — K relation turns out to be a hard problem and is nowadays far from being
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completely resolved. Nevertheless, some progress in this direction has been achieved
recently [121]. It has been established that linear E — K dependence is obtained
as a good approximation, provided the two smallest positive eigenvalues x,,, and
Xa2 -3 are sufficiently well separated. Recall that in the Hiickel theory x,,, and
Xp/2-1 correspond to the highest occupied and the second highest occupied MO
energy levels.

7.3 Beyond the (n,m,K)-Dependence

An inspection of Fig. 3 clearly shows that the total n-electron energies of isomeric
benzenoid hydrocarbons possessing equal numbers of Kekulé structures still vary
to some limited extent. The structural invariants causing this variations are not
satisfactorily understood, but ,,suspect no. 1 is the number of bay regions. (For
the definition of bay regions see [1] or [12].)

This expectation is based on the fact that the sixth spectral moment M (see
Ref. [1]) as well as the third coefficient b(B, 3) of the characteristic polynomial (cf
Eq. (33)) are functions of the parameters n, m and b. (Recall that M, and M, as
well as b(B, 1) and b(B, 2) are determined solely by n and m.) A rough theoretical
rationalization of the b-dependency of E is obtained when E is expanded in terms
of spectral moments [122--124].

In Fig. 4 the total n-electron energies of a family of benzenoid isomers with
K = 9 are plotted versus the respective b values. Observe that the line obtained
in this way has a slight curvature.

E
NL.0r .
.
*
L]
L]
mSr
L]
-
*
3.0 .
¢ Fig. 4. Total n-electron energy
. vs number of bay regions for
a family of benzenoid isomers
. possessing 9 Kekulé structures;
125k . these h = 20 systems are ob-
) tained by attaching phenalene
¢ fragments to both ends of benze-
. b noid chains containing 14 hexa-

i i 3 gons
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The data from Fig. 4 indicate that E might be an increasing (almost lin-
ear) function of b. Such a conclusion was supported by further empirical studies
{87, 125].

Various types of bays (simple bays, coves, fjords [1]) have somewhat different
effects on E. Work on the elucidation of these details is in progress.

8 Cyclic Conjugation in Benzenoid Hydrocarbons

In Sect. 3 the theory of cyclic conjugation was briefly outlined. The quantity ef(Z),
defined via Eq. (10), measures the effect of the conjugation along the cycle Z. At
the same time, ef(Z} is the effect of the cycle Z on the total n-electron energy of
the respective conjugated molecule.

Extensive calculations of the ef-values of benzenoid hydrocarbons were recently
reported [39, 40, 64]. In what follows we consider only the case when Z is a
hexagon. As customary, we then call Z a ring.

In most cases the ef-values closely follow the conjugation pattern anticipated
by the Clar aromatic sextet theory [12, 126]. Three typical examples of this kind
are perylene (1), dibenzo[g.plchrisene (2) and coronene (3):

oelovelyce
NS S

1 2 3
efla)=0.1093 efla)=0.1725 ef(a}=0.0703
ef{b)=0.0218 ef{b1=0.0360 ef{b)=0.0298

Recall that in all Clar formulas of 1, 2 and 3 the rings labeled a may possess an
aromatic sextet whereas the rings labeled b are empty.

Especially good agreements between the Clar picture and ef are observed in
the case of fully benzenoid systems [39]. (A benzenoid hydrocarbon is said to be
fully benzenoid if it has a Clar formula without double bonds.) Two typical
examples are provided by triphenylene (4) and dibenzo[fg,opnaphthacene (5).

ef{al=01910 ef(a)=01472
ef(b)=0.0242 ef{b)=0.1928
ef(c)=0.0247
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For fully benzenoid systems the following two rules were formulated [39].

Rule 1. The effect of empty rings on the total n-electron energy of fully benzenoid
hydrocarbons is nearly the same. The corresponding ef-values vary in the narrow
interval {0.02, 0.03).

Rule 2. (a) The main factor influencing the effect of a full ring on total n-electron
energy is the number of adjacent empty rings. The smaller the number of adjacent
empty rings, the larger is the ef-value. (b) A pair of nonadjacent empty rings
decreases the ef-value of a full ring more than a pair of adjacent empty rings.

Depending on the number and arrangement of the neighboring empty rings,
the ef-values of full rings vary quite a lot, between 0.06 and 0.20.

Rules 1 and 2 are special cases of some more general regularities which seem
to hold for all benzenoid hydrocarbons.

Rule 3. If the ef-value of a ring is large then the ef-values of the neighboring rings
are small, and vice versa. If a certain structural factor increases the ef-value of a
ring, then it decreases the ef-values of the neighboring rings, and vice versa.

Rule 4. Each biphenyl fragment additionally increases the ef-values of its two
hexagons.

For example, the above “biphenyl rule” (together with Rule 3) explains the
anomalously small ef-value of the ring ¢ in peropyrene (6). The biphenyl fragments,
increasing ef of the b-rings and consequently decreasing ef in the ring ¢, are
indicated on the diagrams 7 and 8. According to the (unique) Clar formula of
peropyrene (9), the b-rings are empty whereas the ring ¢ possesses a fixed aromatic
sextet and is therefore expected to have a major contribution to cyclic conjugation.

() Q)
0°‘ O@O

6 7 8 9
ef{3)=0.1032
ef{b}=0.0595
ef{c)=0.0423

The effect of the “biphenyl rule” is small and is usually screened by much
stronger conjugation modes (e.g. those taken into account by resonance, conjug-
ated-circuit and/or Clar-aromatic-sextet theories [64]). In some exceptional cases,
however, the “biphenyl rule” can completely invert the conjugation pattern
anticipated by the classical theories. This particularly occurs in benzenoid

59



Ivan Gutman

hydrocarbons with many fixed single and double bonds [64] for which the classical
view predicts no conjugation at all.

Two convincing examples of these “anomalies” are provided by the benzenoid
systerns 10 and 11.

000“ 0‘“

NS0 S

ef(a)=0.1161 ef(al=0.1008
ef (b)=0.0437 ef (b}=0.0806
ef (¢ 1=0.0522 ef(c)=0.0927

In both 10 and 11 the rings labeled by a and b may possess an aromatic
sextet whereas the rings labeled by ¢ are empty. Nevertheless, efic) is greater
than ef(b). One should observe that in both cases the ring ¢ belongs to four biphenyl
fragments.

The analysis of the ef-values of benzenoid systems gives useful information
about the conjugation modes in these molecules and reveals the range of the
applicability of the resonance/conjugated-circuit/Clar-aromatic-sextet theoretical
approaches. Deliberations along these lines [40, 64] go, however, beyond the ambits
of the present work.

9 Bibliographic Note

This article is Part 79 of the series “ Topological Properties of Benzenoid Systems”.
Part 78 is the preceding review [1]. Previous parts of the series, quoted in this
article are 7 [101], 12 [52], 14 [51], 15 [50], 18 [53], 22 [103], 26 [75], 27 [89], 31 [85],
43 [90], 45 [79], 48 [114], 48a [115], 48D [116], 55 [106], 64 [117], 66 [91], 67 [120],
68 [64], 69 [39], 72 [96], 73 [72], 74 [40} and 77 [95].
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The results of enumerations and classifications of polyhexes are reviewed and supplemented
with new data. The numbers are collected in comprehensive tables and supplied with a
thorough documentation from an extensive literature search. Numerous forms of the
polyhexes are displayed, either as dualists or black silhouettes on the background of a
hexagonal lattice. In the latter case, the Kekulé structure counts for Kekuléan systems are
indicated. Emphasis is laid on the benzenoid systems (plapar simply connected polyhexes).

66



Enumeration of Benzenoid Systems and Other Polyhexes

1 Introduction

The problem of “cell-growth™ [1-5] is a classical problem of enumeration of graphs
in mathematics. The biological analogy has been stretched so far as to refer to
the benzenoid systems as “hexagonal animals” [2,5,6]. The enumeration of
hexagonal animals/benzenoid systems may be traced back to Klarner {7], who
followed up a suggestion by Golomb [8]. In these works, among others [2, 9, 10},
the enumeration problems were viewed in a purely mathematical way. From this
point of view, the general problem remains unsolved. Here it is relevant to quote
Gutman [11]:

“How many benzenoid systems (with a given number of hexagons) exist?

Harary offers US $ 100 for the solution of this difficult enumeration problem
[12].”

As we shall see in the subsequent sections, some partial solutions to this
mathematical problem exist.

The first enumeration of benzenoids in a chemical context is probably contained
in the paper from 1968 of Balaban and Harary [13], a chemist and a mathematician,
After a period of some years with seemingly little activity in this area, the problems
were taken up again in pace with the access to modern computers {14, 15]. This
is also to be understood in the way that the emphasis gradually shifted from
algebraic to numerical solutions. The beginning of this new era can be dated to
a paper from 1980 by Balasubramanian et al. [14], from which we cite the passage:
“Unfortunately, the enumeration of all benzenoid hydrocarbons containing n [read
h] rings is the well-known unsolved ‘cell-growth problem’ with hexagonal animals
[4]”. A part of this passage was cited elsewhere by Knop and Trinajstic with
collaborators, the Diisseldorf-Zagreb group {15]. In 1983 they declared about the
paper [14] from which the passage is taken: “This work stimulated our interest
in the problem, .. ",

A major event was the appearance of a book in 1985 on generation and
enumeration of certain classes of molecules, including benzenoids [16]. It was
launched by the Diisseldorf-Zagreb group. We wish also to mention a mini-review
with supplements which came from the same school prior to the book [17].

Soon this field of computer-generation and enumeration of benzenoids flared
up. A major review with supplements by fourteen authors [18], also referred to as
a consolidated report, appeared in 1987 and refers to twenty-one relevant
publications from 1984 or later. A great number of works in this area have been
published since, as is going to be documented in the subsequent sections. Here we
only mention a communication on supplements to the consolidated report [19].

Balaban published an early review [20] and recently a survey of enumeration
results for benzenoids and coronoids [21]; these two publications together clearly
illustrate the development in the area. The most recent review so far with the most
complete quotations of enumeration data for benzenoids and coronoids is found
in a monograph by Gutman and Cyvin [22].

Now since the class of coronoids has been mentioned beside the benzenoids we
wish to stress the importance of defining the terms so that it should never be
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doubt about what actually is enumerated. This brings us naturally to the next
section. In conclusion of the present section, we only give some general references
of relevance to the topic [22-26].

2 Definitions and Disposition

2.1 Definition of the Main Systems

The opening lines of the chapter on enumeration from the monograph of Gutman
and Cyvin [22] read: “By enumeration of benzenoid systems, the counting of all
possible non-isomorphic members within a class of benzenoids is understood.
Usually, but not always, the number of hexagons (4) is the leading parameter.
Thus the enumeration for h = 1, 2, 3, 4, etc. is to be executed.”

Perhaps the most precise definitions (for hexagonal systems in mathematical
chemistry) are attached to the benzenoid systems (or simply benzenoids) and
coronoid systems (or coronoids), although no universally accepted terminology
has been established on this point. On the contrary, a “plethora of names” [26]
or “surprisingly large number of names” [22] have been used more or less
synonymous with what we call a benzenoid (cf. also Gutman {27]) or a coronoid
[22]. Here we follow the terminology of some of the cited references [22, 26], both
for the two names mentioned above and many other concepts.

A benzenoid is defined in a lucid way by means of a cycle (the perimeter) on
a hexagonal lattice {22, 24, 26, 27]. It is a geometrical object consisting of a set of
congruent regular hexagons in a plane, which are simply connected. Any two
hexagons either share one and only one edge or they are disjoint. In the definition
of a coronoid the restriction about connectivity is released. A single coronoid is
defined in terms of two cycles, one (the outer perimeter) completely embracing
the other {the inner perimeter) [21]. Thus a coronoid exhibits a hole, the corona
hole. By definition, a corona hole should have a size of at least two hexagons. A
multiple coronoid is a hexagonal system with more than one hole and defined as
a straightforward generalization of single coronoids. One speaks about double
coronoids, triple coronoids, and so on; in general g-tuple coronoids (with g holes
each).

The term polyhex has been used about benzenoids and coronoids together [18].
Benzenoids are polyhexes without holes, while a single or multiple coronoid is a
polyhex with one or more holes, respectively. There is also a tendency to use the
term polyhex in a more general sense [16]. Here we shall use it as a universal term
for all hexagonal systems which are to be considered.

2.2 Addition Modes

A specification of the five addition modes is useful for some of the subsequent
discussions and definitions. The modes can be vizualized as shown in Fig. 1; {i}—(v).
An example of corona-condensation is included (vi); here the addition of a hexagon
creates a corona hole.
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(i)
one-contact addition
(ii)
:(’:Q: — two-contact addition
(iii)
- three~contact addition
(iv)
%{g four-contact addition
-
(V)
- five-contact addition
(vi)
corona~condensation
R ol

Fig. 1. Ilustration of the five addition modes, (i)~(v), and an example of corona-condensation
(vi). The added hexagons are grey. The pendent lines symbolize hexagons which may, but
need not be present

All polyhexes with h + 1 hexagons can be generated by adding one hexagon
to a perimeter (outer or inner) each time to all polyhexes with h hexagons according
to the five addition modes or a corona-condensation. For simply connected
polyhexes the five addition modes applied to the (only) perimeter are sufficient.

2.3 Circulenes

Here the term circulene is used so that the coronoids form a subclass under
circulenes. The smallest circulene which is not a coronoid, is {6]circulene, a system
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of six hexagons around a cavity of ane hexagon. The corresponding hydrocarbon
is chemically indistinguishable from coronene. It is actually only a new way of
looking at the same molecule. Usually coronene is identified with a benzenoid
system of seven hexagons. It has a unique representation in terms of hexagons
as shown below (left-hand drawing). The right-hand drawing shows coronene as
a dualist. In a dualist each point {vertex) represents a hexagon.

The dualist representation, in contrast to the hexagon representation, does
distinguish between coronene and [6]circulene; the latter system is depicted below.

In general, a circulene is a polyhex with a hole, where the hole, as in [6circulene,
may have the size of one hexagon. We recall that a coronoid has a hole with a
size of at least two hexagons. Therefore [6]circulene and its derivatives are not
coronoids, but they are referred to as quasi-coronoids. When emphasizing that a
circulene has one and only one hole it should be called monocirculene. A
polycirculene is a polyhex with more than one hole; one speaks about dicirculene,
tricirculene, and so on.

Any (poly)circulene, which may be a (multiple) coronoid, is a multiply connected
polyhex.

2.4 Helicenic Systems

A helicenic system is a polyhex with overlapping edges if drawn in a plane. The
five addition modes, occasionally supplemented with corona-condensation, should
be followed strictly, but irrespective of possible collisions with hexagons already
present. Any number of overlapping edges is possible; some examples are shown
below. Also for helicenic systems (as for circulenes) it is illuminating to use dualists.
Here we show the dualists for the same systems. The left-hand system of the
bottom row is interpreted as a substituted [6]circulene.

It should be noticed that any three connected points of the dualist of a polyhex
form either (a) a straight line, (b) an angle of 120° or (c) an equilateral triangle.

The collisions of edges are avoided when the helicenic systems are thought of
as nonplanar. Then it is imagined that the system during its generation can pass
from one layer to another on a multilayer lattice. Therefore it is usual to refer to
non-helicenic polyhexes as {geometrically) planar and helicenic as nonplanar.
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Below we give some examples of geometrical objects which are not (helicenic)
polyhexes and therefore not to be considered in the following.

&V

cQo —= QO

In the first example (top row) the polyhex-like object has a vertex of degree four,
which is forbidden. Also the corresponding dualist-like formation is forbidden. In
the bottom row the degrees of the vertices are not violated, but yet the systems
are obviously not polyhexes. It is not allowed, for instance, to flip naphthalene
around the middle edge. In none of the examples above the rules of addition
(Fig. 1) have been followed strictly.

&
&5
L5
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Comment

It may seem unnecessary to bring in such artifacts as the above examples of
non-polyhexes. Yet we find the discussion to be warranted. Ege and Vogler [28, 29],
for instance, treated pyrene in a group together with coronene ([6]circulene) and
six coronoids. Implicitly, the authors considered pyrene as [4]circulene and ascribed
an inner perimeter of two edges to it. That leads to vertices of degree four as in
one of the “forbidden” examples above. Therefore we claim that the interpretation
of pyrene as [4]circulene is not justified.

A helicenic system which is a simply connected polyhex (without holes) may
be called a helicenic quasi-benzenoid. For the sake of brevity it is sometimes called
just simply a helicene. In this section we have also seen examples of helicenic
quasi-coronoids. They are referred to as helicirculenes.

Any helicenic polyhex may be referred to as (geometrically) non-planar.

2.5 Survey of the Classes

The classification of polyhexes treated above is surveyed schematically in Fig. 2.
In the following we shall avoid the terms quasi-benzenoid and quasi-coronoid.

helicenic quasi-benzenoid,

benzenoid helicene
Polyhex non-helicenic qc.
coronoid quasi-coronoid {qc.)
helicenic qc.,
\/ helicirculene
circulene

Fig. 2. Survey of the classification of polyhexes

2.6 Catacondensed and Pericondensed Systems

The distinction between catacondensed and pericondensed systems is applicable to
all the classes of polyhexes treated above (Fig. 2). A catacondensed polyhex is
defined by the absence of internal vertices. An internal vertex is a vertex shared
by three hexagons. A pericondensed polyhex possesses at least one internal vertex.
In terms of dualists a pericondensed polyhex reveals itself by the presence of at
least one three-membered cycle (triangle). A dualist of a circulene has a cycle
larger than a triangle.

When the title concepts are applied to the simply connected polyhexes we shall
sometimes use the brief designations catafusenes and perifusenes [13, 30]. A dualist
of a catafusene is acyclic (a tree).
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2.7 Disposition

In Sect. 3 some classical results of enumeration of polyhexes are reported. They
include “Klarner numbers”, “Harary-Read numbers” and “Lunnon numbers”,
which were so beautifully (but not infallibly) sorted out for the first time by the
Diisseldorf-Zagreb group [17]. Reference to the “Disseldorf-Zagreb numbers” is
also contained in Sect. 3. Furthermore, original supplements to the different tables
are found therein.

These numbers, when taken together, account for all the classes of polyhexes
defined above, viz. benzenoids, helicenes, and circulenes including helicirculenes
(Fig. 2). In Sect.3 the distinction between catacondensed and pericondensed
systems is the only one considered for the different classes in question (Fig. 2).
Section 4 contains some additional definitions.

In Section 5 the known analytical solutions for different classes of polyhexes
are reported.

Section 6 deals with the enumeration of catacondensed simply connected
polyhexes, i.e. catacondensed benzenoids and helicenes.

In all the following sections only benzenoids (planar, simply connected poly-
hexes) are treated. Several subdivisions according to different principles are
considered, as explained in the appropriate sections.

In general, this chapter does primarily not deal with methods and principles of
enumerations, such as coding and nomenclature. Information on these issues are
found in the different individual papers, which are cited, and especially in a recent
review [31]. In the present treatise, emphasis is laid on the presentation of results
in surveyable tables. The review of relevant literature results, which tends to be
as complete as possible, is supplemented by a substantial amount of own results
not published before.

The numerical results are to a large extent followed up by illustrations of the
forms of the polyhexes of different classes. In Sect. 3, 4 and 6 the dualists are
employed. In all the subsequent sections the benzenoids are presented as black
silhouettes on the background of a hexagonal lattice. This presentation, which
already is encountered in Sect. 5 and 6, emphasizes the fact that a benzenoid can
be superimposed on a hexagonal lattice. When appropriate, the silhouettes are
supplied with numbers indicating the Kekulé structure counts (K numbers). In
these cases the systems are actually ordered according to increasing K numbers.
Isoarithmic systems are indicated by a horizontal bracket-like line.

In the following we give a survey of the different centres which at present are
engaged in the enumeration of polyhexes by computers.

Errata

Corrections to numerical errors in literature data are found throughout this

chapter. As a principle, a wrong number from polyhex enumerations is never
quoted.
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2.8 Contemporary Computer-Enumeration Activity

There are five researchers or groups which have been involved in computer-aided

enumerations of polyhexes after 1985 [18];

(i) Cioslowski, Jerzy; he has operated from different places in USA — George-
town University, Washington DC; LANL, Los Alamos, New Mexico;
FSU/SCRI, Tallahassee, Florida.

(i) Diisseldorf-Zagreb group; Jan V. Knop and Klaus Szymanski with others
from The University of Dusseldorf {FR Germany), Nenad Trinajsti¢ with
others from The Rugjer Boskovi¢ Institute, Zagreb (Yugoslavia).

(i) He & He; He Wenchen and He Wenjie, Shijiazhuang (PR China).

(iv) Novi Sad; Ratko Tosi¢ with others from the University of Novi Sad
(Yugoslavia).

(v} Trondheim; Jon Brunvoll, Bjerg N. Cyvin and Sven J. Cyvin with others,
The University of Trondheim (Norway).

Apart from the preparation of the consolidated report [18] active collaboration
employing computers has been going on between Trondheim on one side and (a)
Diisseldorf-Zagreb, (b) He & He and (c) Novi Sad on the other. Exchanging of
computer programs between different research groups often meets with difficulties
in general. To our knowledge the only successful attempt in this direction, as far
as the enumeration of polyhexes is concerned, was the transfer of some programs
from Novi Sad to Trondheim.

3 Survey of Enumeration Results for All Polyhexes

3.1 Benzenoids and Coronoids

The Disseldorf-Zagreb group, from the beginning of their enumeration of
polyhexes, concentrated on the planar (non-helicenic) systems. This choice seems
to have had an immense impact on the direction of these studies inasmuch as all
the contemporary researchers in the field-(cf. Sect. 2.8) follow their practice. The
planar simply connected polyhexes, viz. benzenoids, are the systems which have
been and currently are investigated most extensively with respect to their
enumeration and classification. This is also the subject of the main bulk of the
present chapter. Coronoids (which also are planar, but not simply connected) are
sometimes enumerated together with the benzenoids. Furthermore, a large amount
of work has been done in specific studies of coronoids, including their enumeration
and classification. Apart from a gross survey in this paragraph, the coronoid
systems are not treated in the present chapter.

The grand totals of He and He [32, 33] on one hand and Cioslowski [34] on
the other pertain in both cases to benzenoids plus coronoids; cf. Table 1. The
totals in this table for k > 10 are collected from additional sources {18, 35-37].
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In this documentation we have disregarded the possibility of finding the numbers
for h = 13 and h = 14 by combining published numbers of benzenoids and
coronoids from different papers. The separate numbers of coronoids are treated
in the following and those of benzenocids in subsequent sections.

In Table 2 the numbers of coronoids are listed. Those for 2 < 13, which pertain
to single coronoids, are documented by different sources [17, 18, 38-40]. The totals
for h > 12 to be entered in this table are available for h = 13 [36,41), h = 14
{36,41], h = 15 [37,42] and h = 16 [37], or more comprehensively from collected
data for h = 8 to 16 [37, 43, 44]. The numbers for h = 13 and 14 were split into
those for the catacondensed and pericondensed systems by means of the knowledge
about single coronoids [18, 19, 45] and double coronoids [41]. Table 3 shows the
pertinent numbers for double coronoids; they are known up to h = 18,

So far we have only been speaking about the numbers of single and double
coronoids. Triple coronoids do not occur before & = 18, in which case there are
2 catacondensed and 2 pericondensed forms of these systems [43, 44].

Numbers for benzenoids separately can be determined as the differences between
appropriate numbers in Tables 1 and 2, but this is not the way they were deduced
originally. The Diisseldorf-Zagreb numbers (or DZG numbers) is the designation
which has been used [16, 17] about the data for catacondensed and pericondensed
benzenoids, and benzenoids in total with h < 10. These data have later been
supplemented by other investigators [19, 46, 47], as well as the Diisseldorf-Zagreb

Table 1. Numbers of benzenoids with coronoids*

h Catacondensed Pericondensed Total
1 lﬂ 13
2 13 13
3 22 1* 32
4 52 22 7*
5 122 10# 22
6 362 452 812
7 1182 213* 3312
8 4128 1024* 14362
9 1490° 50207 6510°
10 5587 24542 30129¢
11 21177 120335 141512%¢
12 81433 590105 671538¢
13 315511 2895109 32106200#
14 1231318 14212553 15443871%¢
15 ¥ ¥ 746620058
16 t T 3625069028

* Single coronoids occur at & > 8; double coronoids at 1 > 13.

* He and He (1985) [32}; ® He and He (1986) [33]; ¢ Cioslowski (1987) [34]; ¢ He and He
(1987} [35]; * Balaban, Brunvoll, Cioslowski, Cyvin, Cyvin, Gutman, He, He, Knop,
Kovatevi¢, Miiller, Szymanski, Tosic and Trinajstic (1987) [18]; ¥ Miiller, Szymanski, Knop,
Nikoli¢ and Trinajsti¢ (1990) [36]; ¢ Knop, Miiller, Szymanski and Trinajstic (1990) [37)
T Unkpown

s
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Table 2. Numbers of coronoids*

h Catacondensed Pericondensed Total

8 12 1®

9 32 2¢ 5°
10 15° 28¢ 43¢
11 62° 221°¢ 283¢
12 312¢ 1642° 1954¢
13 1436 10928f 12364¢
14 6790 69504 762942
15 + + 454095%1
16 i + 2643124

* Double coronoids occur at h > 13.

* Dias (1982) [38]; ® Knop, Szymanski, Jericevic and Trinajstic (1984) [17]; ¢ Brunvoll,
Cyvin and Cyvin (1987) [40]; ¢ Knop, Miiller, Szymanski and Trinajsti¢ (1986) [39];
¢ Balaban, Brunvoll, Cioslowski, Cyvin, Cyvin, Gutman, He, He, Knop, Kovacevi¢, Miiller,
Szymanski, To§i¢ and Trinajsti¢ (1987) [18]; T He, He, Wang, Brunvoll and Cyvin (1988)
[19]; ®# Knop, Miiller, Szymanski and Trinajsti¢ (1990) {41]; * Knop, Miiller, Szymanski and
Trinajstié (1990) [37]; ! Brunvoll, Cyvin, Cyvin, Knop, Miiller, Szymanski and Trinajsti¢
(1990) [42]; T Unknown

Table 3. Numbers of double coronoids

h Catacondensed Pericondensed Total

13 12 1®
14 5% 6® 11*
15 33°b 116° 149°
16 211 1407 1618
17 1271 13852 15123¢
18 7243 118517 125760°¢

4 Knop, Miiller, Szymanski and Trinajsti¢ (1990) [41]; ® Bruavoll, Cyvin, Cyvin, Knop,
Miiller, Szymanski and Trinajstic (1990) [42]; © Knop, Miiller, Szymanski and TrinajstiC
(1990}{37);¢ Cyvin, Brunvoll and Cyvin (1990}{43};* Brunvoll, Cyvinand Cyvin (1990)[44]

group itself [36, 37, 48-50]. A listing of these data with detailed documentation
is postponed until Sect. 7, where it marks the start of the treatment of benzenoids
exclusively.

Errata

The total number of coronoids with h = 10 was given erroneously by Knop et
al. [16, 17] due to a misprint. The correct number, viz. 43 (see Table 2), obtained
from independent computations was reported [34, 40] while Knop et al. [39], in
the meantime, had published a correction with explanations.

Dias [38] gave correctly the numbers of C;,H, ¢ and C;4H, 4 coronoid isomers,
which correspond to the catacondensed coronoids for h = 8and h = 9, respectively
{cf. Table 2). However, his numbers for C,oH;q, CiH,, and CygHyy, corre-
sponding to h = 10, 11 and 12, respectively, are in error [43, 51].
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Knop et al. [17] quoted a wrong number of Dias [38] concerning the closed-shell
(Kekuléan) C,5H, ¢ isomers. Later Dias [52] published the correct number of 62
Kekuléan isomers of C,3H 4. Misled by the first wrong number Knop et al. [17]
concluded with a wrong number of biradicalic (non-Kekuléan) C,gH, isomers
in the very last sentence of the text of their paper [17]. Later, when they correctly
had identified the 6 non-Kekuléan C,gH,, isomers [16], they described the
“disturbing” situation and located the error of Dias.

3.2 Planar Polyhexes (Benzenoids and Planar Circulenes)

In one of the classical papers on the enumeration of polyhexes, Lunnon [10] found
the numbers of all geometrically planar polyhexes with 4 (number of hexagons)
up to 12; see Table 4. In these numbers the helicenic systems are excluded, but
all non-helicenic circulenes are included. Hence the numbers pertain to benzenoids
plus planar circulenes. The contribution of Balaban and Harary [13] to the Lunnon
numbers (cf. footnotes to Table 4) is commented in the next section. The Lunnon
numbers have been extended to h = 13 and h = 14 by means of the data from
Miiller et al. [36].

The planar (non-helicenic) circulenes have also been considered separately, first
by the Diisseldorf-Zagreb group [16, 17, 35]; see Table 5. He and He [33] depicted
the forms of these systems for & < 9; from these figures we have extracted separate
numbers for the catacondensed and pericondensed systems up to this h value. For
the catacondensed planar monocirculenes with h < 11 the numbers may be
deduced from a work of Brunvoll et al. [54], who enumerated the benzenoid
systems composed of coronene with catacondensed appendages up to & = 12. On

Table 4. Numbers of planar polyhexes*

h Catacondensed Pericondensed Total
1 1 1*b
2 1 1P
3 2 1 3ab
4 5 2 78
5 12 10 2&b
6 37 45 g2a®
7 119 214 333®
8 417 1031 1448%b
9 1509 5063 6572°
10 5665 24825 30490°
11 21507 122045 143552%
12 82929 600172 683101°
13 t + 3274826¢
14 + + 15796897¢

* Monocirculenes occur at h > 6; dicirculenes at £ > 10.
* Balaban and Harary (1968)[13];® Lunnon (1972)[10];° Miiller, Szymanski, Knop, Nikoli¢
and Trinajsti¢ (1990) [36]; T Unknown
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Table 5. Numbers of planar circulenes*

h Catacondensed Pericondensed Total
6 1a lb, ©
7 la la 2b, ©
8 62 72 13t
9 20° 472 67%¢
10 93 311 404°¢
11 392 1931 23234
12 1808 11709 135174
13 + T 765704
14 i t 4293204

* Dicirculenes occur at h > 10.

* He and He (1986) [33]; ® Knop, Szymanski, Klasinc and Trinajsti¢ (1984) [53]; © Knop,
Szymanski, Jeri¢evi¢ and Trinajsti¢ (1984) [17]; ¢ Miiller, Szymanski, Knop, Nikoli¢ and
Trinajstic (1990) [36]; T Unknown

removing the central hexagon of coronene one obtains exactly the substituted
[6]circulenes up to A = 11, which are sought for. Then it is only necessary to add
the known numbers of catacondensed coronoids (cf. Table 2) in order to get the
numbers to be entered in Table 5. Miiller et al. [36] (the Diisseldorf-Zagreb group)
have supplied the numbers for the totals in this table up to & = 14. In this paper
they listed the coronoids and non-coronoids (derivatives of [6]circulene) separately.
Their numbers for i = 11 and h = 12 were reproduced by a new computer run,
in which we generated specifically the derivatives of [6]circulene, both cataconden-
sed and pericondensed. These data were again combined with the numbers of
coronoids (Table 2) and with the planar polycirculenes. The numbers of planar
dicirculenes are entered separately in Table 6.

The smallest tricirculene is a unique system with b = 13.

Once the numbers in Table 5 are known all the Lunnon numbers for & < 12
can be split into those for catacondensed and pericondensed systems. One only
has to add the known numbers of benzenoids (see Sect. 3.1).

Figure 3 shows the forms of all circulenes with h < 9 as dualists. All of them
are planar (non-helicenic) monocirculenes. They include the unique coronoid at
h = 8 and the five coronoids at h = 9 {cf Table 2). The dicirculenes with h < 12 are
depicted in Fig. 4. Also these systems are planar, but contain no double coronoid.

Table 6. Numbers of planar dicirculenes

h Catacondensed Pericondensed Total
10 1 1
11 2 4 6
12 18 37 55
13 101 326 427
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Fig. 3. (see next page)

h=9

Finally the smallest tricirculenes (for & = 13 and 14) were depicted in the form
of dualists; see Fig. 5.

Comments and Errata

Knop et ¢l. [16, 17] stated that the differences between the Lunnon numbers [10]
{which they quoted up to & = 10) and Diisseldorf-Zagreb numbers are attributed
to the numbers of planar monocirculenes. Thereby they missed the (unique)
dicirculene at h = 10. The authors [16, 17] also stated erroneously that dicirculenes
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Fig. 3. All circulenes with &/ < 9

do not appear “with less than 15 hexagons”, while they actually appear at h > 10.
Nevertheless, in their number 404 (cf. last column of Table 5; h = 10), as we have
checked, the dicirculene is included. Consequently, the word “mono-circulenes”
should be replaced by circulenes in the headings of the appropriate tables
{corresponding to the last column for & < 10 of our Table 5) of the mentioned
references [16, 17]. This is also the case for a table in a later publication [39].
Furthermore He and He [33], probably misled by Knop et al. [16], have stated
that the Lunnon numbers “included planar mono-circulenes”. We take this as a
misinterpretation (although the statement is formally true), but it had no
consequences for their numbers because they only treated the polyhexes up to
h=09.
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Fig. 4. (sec next page)

In their illustrations of circulenes as dualists for h < 9, corresponding to
our Fig 3, He and He [33] represented [6]circulene as coronene with seven
vertices. This may just be a way of presentation, but we are inclined to consider
it as an error.

We have here given a precise interpretation of the Lunnon numbers, perhaps
for the first time since they were published in 1972 [10]; but see also Miiller et al.
[36]. These numbers pertain to all planar {non-helicenic) polyhexes (benzenoids
+ circulenes, including dicirculenes). Using this interpretation we have actually
reproduced these numbers, also for £ = 11 and 12. In other words, we have
provided an independent check of the Lunnon numbers for the first time.

81






Enumeration of Benzenoid Systems and Other Polyhexes
3.3 Simply Connected Polyhexes (Benzenoids and Helicenes)

The classical Harary-Read numbers [9] are given in the first column of Table 7.
Some of them (cf. footnotes to Table 7) are contained in the work of Balaban and
Harary [13] (for h < 6) or given by Balaban [30] (for h < 8) shortly before the
pioneering paper of Harary and Read [9] appeared. These numbers pertain to the
catacondensed simply connected polyhexes, viz. catacondensed benzenoids and
catacondensed helicenes, while the circulenes are excluded. For short, this class is
referred to as catafusenes (Sect. 2.6). The “Dias numbers” [16, 17] were published
considerably later [38] and are identical with the Harary-Read numbers, taken up
to h = 8. Harary and Read [9] in fact derived the numbers of catafusenes up to
h = 40 by means of a generating function, but gave only a list of the consecutive
numbers up to h = 12. The last number (for 7 = 40), viz. 256364771375268
976315575, the authors used to check their asymptotic results. Using the same
method, we have reproduced numerically all the published Harary-Read numbers,
including the twenty-four-digit number above. Here we report, in continuation of
Table 7, the numbers of catafusenes for 13 < h < 20: 467262, 1981353, 8487400,
36695369, 159918120, 701957539, 3101072051 and 13779935438.

The helicenic simply connected polyhexes (helicenes) have also been considered
separately. Their small numbers for & = 6 and 7 (cf. Table 8) are obtainable from
a study of the illustrations in Balaban and Harary [13] and Balaban [30]. But all
the entries of Table 8 for h < 10 have been given by the Diisseldorf-Zagreb group
[16, 17].

Now it is an easy matter, with the knowledge of the numbers of benzenoids (cf.
Sect. 3.1) to fill out the two last columns in Table 7 up to & = 10. We have-also
determined the five supplementary humbers in Table 8, which have not been given
explicitly before.

Table 7. Numbers of simply connected polyhexes*

h Catacondensed * Pericondensed Total
1 la.b 1
2 1 a,b 1
3 20 12 3
4 5a.b 22 7
5 122 102 22
6 37® 45 82
7 1235 216 339
8 4465 ¢ (1060) (1506)
9 1689° (5358) (7047)

10 6693° (27250) (33943)

11 27034° i) T

12 111630° t T

* Catafusenes and perifusenes. Helicenes occur at # > 6.

* See the text for 13 < h < 20 and for h = 40.

* Balaban and Harary (1968) [13]; ®* Harary and Read (1970) [9]; © Balaban (1969) [30].
' Unknown (Parenthesized numbers are probably wrong)

83



Bjorg N. Cyvin, Jon Brunvoll, and Sven J. Cyvin

Table 8. Numbers of helicenes

h Catacondensed Pericondensed Total
6 la,b lh
7 5 {a,c), b 3 b 8 b
8 35" (36%) (717)
9 200° (342" (542%)

10 1121° (2736%) (3857™

11 5919 ki ¥

12 30509 ¥ +

13 153187 ¥ t

14 756825 + t

15 3688195 T T

2 Balaban and Harary (1968) [13]; ® Knop, Szymanski, Jeri¢evi¢ and Trinajsti¢ (1984) [17];
¢ Balaban (1969) [30].
* Unknown (Parenthesized numbers are probably wrong)

Figure 6 shows the forms of helicenes for h < 8 as dualists. Those for the
catacondensed systems have been given previously {13, 30,33}, for h = 8 by He
and He [33] probably for the first time.

Figure 6 includes 35 pericondensed helicenes with h = 8, obtained by a
systematic search. This number disagrees with Table 8, which prescribes 36 such
systems. The controversy represents an open problem; an error in the computer-
enumeration [17] can not be ruled out.

Comments and Errata

Balaban and Harary [13] anticipated the Lunnon numbers for & < 8 as shown in
Table 4. As original sources they referred to personal communications from
L.S. Kassel for # = 6 and 7, and Martin Gardner for & = 7 and 8. Balaban [30]
repeated these numbers with reference to Kassel and to Klarner (7], where the
latter reference as far as we can see is not appropriate. What is worse, however,
is that Balaban [30] subtracted Harary-Read numbers (for catacondensed benzen-
oids + catacondensed helicenes) from Lunnon numbers (for total benzenoids +
total planar circulenes), thus producing two “meaningless” numbers (in the
characterization of Cyvin et al. [55]) for h =7 and 8 (under the heading
“Perifusenes”). Unfortunately Balaban [20] reproduced the two meaningless
numbers in his early review on enumeration of polyhexes. They were also quoted
by Rouvray [56].

In the consolidated report [18] it is stated erroneously that Lunnon [10] included
helicenes in his numbers.

In works of Dias [38, 52] it is often not made clear whether helicenes are included
or not in the numbers. Even in his book [25], where a specification is supposed
to be given, the classes (with and without helicenes) are mixed up and there are
obvious mistakes, also in numerical values.

It seems, strangely enough, that a list of all simply connected polyhexes
{catacondensed and pericondensed together), as in the last column of Table 7, has
not been given before explicitly.
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The controversy between Fig. 6 and Table 8 (see above) opens the possibility
that the numbers 36 and 71 {for h = 8) in Table 8 should be changed to 35 and
70, respectively. This also casts doubt on the correctness of the corresponding
numbers for h > 8. If these enumeration errors could be proved, also certain
numbers in Tables 7 and 9 would have to be corrected.

3.4 All Polyhexes (Benzenoids, Helicenes and Circulenes)

“On the Total Number of Polyhexes” is the title of the mini-review [17] which
came from the Diisseldorf-Zagreb school and has been to so much inspiration for
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us. The polyhexes, as defined above in Sect. 2.1, encompass benzenoids, helicenes
and circulenes, including helicirculenes. Their numbers (up to 4 = 10) are available
from the data of the preceding sections if only the numbers of helicirculenes
are added; cf. Table 9. The grand totals therein coincide with those of Knop et al.
[16,17] up to h = 9. The Diisseldorf-Zagreb group claimed to have extended
the list of the classical Klarner numbers [1, 7). Our grand total for h = 10 differs
in one unit from the corresponding value of Knop et al. [16, 17]. The reason for
this is explained in the following.

With regard to the helicirculenes the authors of the mini-review [17] identified
three systems at h = 10, which they described as [6]circulene with appendages.

Table 9. Numbers of polyhexes in total*

h Catacondensed Pericondensed Grand total
1 1 1?
2 1 1*
3 2 1 3@
4 5 2 72
5 12 10 222
6 38 45 83®
7 124 217 341°
8 452 (1067) (1519%)
9 1709 (5405) (7114%)

10 6790 {(27561) (34351)

* Circulenes occur at h > 6, helicenes also at h > 6, and helicirculenes at & > 10.
* Klarner (1965) [7], see also Comments; ® Knop, Szymanski, JeriCevi¢ and Trinajstic (1984)
[17] (Parenthesized numbers are probably wrong)
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The forms are depicted in the book of Knop et al. [16}. They are also reproduced
in Fig. 7 (as dualists) together with another system without appendage (the system
at the extreme left). Knop et al. [16, 17] either missed or did not consider this
system. In our opinion it should be reckoned among helicirculenes because it is
undoubtedly a non-planar circulene, not violating the definition of helicenic
systems. It should absolutely be accounted for in the grand total for polyhexes.

All the 4 helicirculenes in Fig. 7 are catacondensed. The number of helicirculenes
increases rapidly with increasing h. For h = 11 we have generated 58 systems by
hand, 32 catacondensed and 26 pericondensed, but we are not sure that we have
not missed any.

Comments

It is instructive that Lunnon [10] claimed the Klarner number for h = 6, viz. 83,
to be in error. He says: “[own result] corrects Klarner [1] and Read [A], who both
(!) found... = 83.” (The sign of exclamation is from the original) Lunnon’s
reference [A] is a scientific report from 1968, not in our possession. After a fresh
scrutiny of the relevant papers of Klarner [1, 7] we are inclined to believe that
Lunnon is right. Not in the way that his numbers should coincide with the Lunnon
numbers (Table d), but rather with those of Table 7 (for simply connected
polyhexes). The numbers in these two tables are, by the way, coincident up to
h =6

Knop et al. [16,17], on the other hand, take the Klarner numbers in support
of their grand totals (cf. Table 9 with accompanying text). In their own words:
“There are, indeed, indications in the literature that these numbers are correct.
For example, Klarner [7, 1] reported the total number of polyhexes up to h = 6.”
In our opinion, this statement is somewhat bold since these indications are based
on the single number 83. Furthermore, this value seems to be obscure, depending
on its interpretation.

Here we have chosen to adher to the interpretation of the Klarner numbers as
grand totals (cf. Table 9) in the spirit of the Diisseldorf-Zagreb group [16, 17, and
also in accord with a previous note [55].

In a note with corrections Knop et al. [39] invoked an incorrect summation as
the reason for the grand total of & = 10 [17] to be in error. However, in the new
“grand total” [39] the authors did not include helicirculenes. This “grand tetal”
has also been published later [57].

8888

Fig. 7. The helicirculenes with 4 = 10
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3.5 Concluding Remarks

In this section it is supposed that the confusion concerning the interpretation of
different classical enumeration results for polyhexes is fuily documented. It is also
hoped that the matter now is somewhat clarified.

When looking at Tables 1, 4, 7 and 9, for instance, we find that the numbers
for h < 5 are coincident, although their documentations by footnotes vary, since
they are viewed in different contexts. They are also identical with the Diisseldorf-
Zagreb numbers. This is of course so because no systems other than benzenoids
occur at these low h values. For h = 6 the pericondensed polyhexes are still only
benzenoids, while the numbers of catacondensed polyhexes with h = 6 varies
from 36 to 38. This is explained by the inclusion of hexahelicene or [6]circulene,
occasionally both of them or none. Notice that from the number 37 alone, which
is accompanied by the total of 82 (h = 6), one can not deduce which interpretation
is the actual one.

4 Additional Definitions for Benzenoids

In Sect. 2.6 the concepts of catacondensed and pericondensed polyhexes are defined.
It is implied that these notions are applicable to benzenoids (cf. Sect.2.1) in
particular. In the following we shall only speak about benzenoids, although all
the concepts are applicable to other polyhexes as well.

In preparation to the definitions in the following we need to define the color
excess or A value. It is the absolute magnitude of the difference between the
numbers of black and white (or starred and unstarred) vertices. Here it is referred
to the coloring (or starring) of vertices. It is known that the A value also is the
absolute magnitude of the difference between the numbers of valleys and peaks.

Another important quantity for a benzenoid is the Kekulé structure count or
K number. A Kekulé structure, being a typical concept from (mathematical)
chemistry, corresponds to a 1-factor or perfect matching in mathematics.

Another subdivision of benzenoids (apart from catacondensed/pericondensed)
distinguishes between Kekuléan and non-Kekuléan systems. A Kekuléan benzenoid
system possesses Kekulé structures (K > 0). A non-Kekuléan benzenoid has no
Kekulé structure (K = 0). The shorter designations “Kekuiéans” and “pon-
Kekuléans” are often used. All catacondensed benzenoids are Kekuléan; therefore
all non-Kekuléans are pericondensed. Any Kekuléan benzenoid has a vanishing
color excess; A = 0.

A Kekuléan benzenoid may be normal or essentially disconnected. In an
essentially disconnected benzenoid there are fixed double and/or single bonds. A
fixed single (resp. double) bond refers to an edge which is associated with a single
(resp. double) bond in the same position of all the Kekulé structures. A normal
(Kekuléan) benzenoid has no fixed bond. All catacondensed benzenoids are
normal; therefore all essentially disconnected benzenoids are pericondensed. But
a pericondensed Kekuléan may be either normal or essentially disconnected.
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Fig. 8. Survey of classes of benzenoids

A non-Kekuléan benzenoid, which necessarily is pericondensed, may be obvious
non-Kekuléan or concealed non-Kekuléan. If A > 0 for a benzenoid, then it is
obvious non-Kekuléan. If A = 0 and K = 0, the benzenoid is concealed non-
Kekuléan.

The neo classification takes into account all benzenoids; they can be either
normal (n), essentially disconnected (¢) or non-Kekuléan (o).

A schematic survey of the subclasses of benzenoids encountered in this paragraph
is displayed in Fig. 8. Additional classifications, especially with reference to the
symmetry groups, are treated in appropriate places of the subsequent sections.

5 Algebraic Solutions

5.1 Catacondensed Simply Connected Polyhexes (Catafusenes)

In the algebraic enumerations of classes of polyhexes the achievements of Harary
and Read [9] exhibit a peak of professional expertise. The work has been quoted
several times [14, 30, 58]. Herein the two mathematicians [9] developed a generating
function with the explicit form
H(x) = (1/24x%) [12 + 24x — 48x? — 24x® + (1 — x)*2 (1 — 5x)3?
=303 + 5x)(1 — xHV2 (1 — 5x?)?
— 41 — xHV2 (1 — 5xH). (1)
On expanding this function the Harary-Read numbers (see first column of Table 7)
emerge as coefficients for the powers of x;
H(x) = x + x? + 2x3 + 5x* + 12x% + 37x% + 123x7
+ 446x% + 1689x° + 6693x'° + ... (2)
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These numbers, which are defined in Sect. 3.3, pertain to the catacondensed simply
connected polyhexes, for short called catafusenes (Sect. 2.6). They include the
catacondensed helicenes.

5.2 Unbranched Catacondensed Simply Connected Polyhexes
(Unbranched Catafusenes)

Explicit formulas for the numbers of the title systems were developed, in a simple
combinatorial way, by Balaban and Harary [13]; cf. also Balaban [58]. The
derivation [13] involves a treatment of the subclasses of unbranched catafusenes
with specific symmetries. It is outlined in the following, basically in the version
of Brunvoll et al. [59] (cf. also Balaban et al. [60]), and is supported by illustrations.
Let the numbers of unbranched catafusenes belonging to the different symmetry
groups be identified by the below symbols. It is stressed that helicenes are included,

a acenes (linear); D,, for h > 1, D, for h = 1 (benzene)
¢ centrosymmetrical; C,,

m mirror-symmetrical; C,,

u unsymmetrical; C,

The total number is
U=a+c+m+u (3)

where the quantities are functions of h.
The following recurrence properties are valid.

Apyy = Gy 4
Chia = 3¢, + 1 (5
My, = 3m, + 1. (6)

Here the number of hexagons (h = 1,2,3,...) is indicated by subscripts. The
relations (5) and (6) are illustrated in Fig. 9 and Fig. 10, respectively. From each
system with k& hexagons three systems with h + 2 hexagons are generated by
adding two hexagons to the ends in three ways. One system, generated from the
finear acene, must be added to the set.

From the initial condition a, = 1 Eq. (4) gives

a=1; h=1,234, .. N
i.e. independent of h. This reflects the simple fact that there is one and only one
linear acene for a given number of hexagons (h). From Eq. (5) we obtain the

following explicit formulas for ¢ by means of the initial conditions ¢, = ¢5 = 1
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A

Fig. 9. Hlustrations of the recurrence relation for ¢. The drawings with white circles represent
three systems each. Top section even h values; bottom section odd & values

(or ¢, = ¢3 = 0).

c=(1/2)[3%32 13, k=357, .. (8a)
while ¢, = 0, and

c = (1/2)[3%- 22 . 1]; =2,4,6,.... 8b)
In compressed form:

¢ = (1/2) 3422 (172 h=22345,.. (8

where the special brackets in the exponent denote the floor function; tx! is the
largest integer smaller than or equal to x. Similarly, by means of m, = m, = 1
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Fig. 10. Illustration of the recurrence relation for m. The drawings with white circles represent
three systems each. Top section odd k values; bottom section even s values

{or m; = m, = 0) Eq. (6) gives
= (1/2) 3*¢- 2 _(1/2), h=123,4,... 9)

Notice that ¢, = m, for h = 2,4,6, ...; cf. Figs.9 and 10, which illustrate this
relation for & = 4, 6 and 8. Furthermore, ¢, = m,_, for h = 2,3,4,5, ...; this
feature is illustrated for & = 4 to 9 by the figures.

Next we deduce what we shall call the “crude total”. It is obtained by starting
with two hexagons and generating three systems recursively from each predecessor
in the same way as described above (cf. especially Figs. 9 and 10), but now the
hexagons are only added to one end, always to the last added hexagon. In this
way 3"72 systems are generated for h > 2. This crude total accounts for all
catafusenes, but most of them are generated more than once. Specifically, every
centrosymmetrical or mirror-symmetrical catafusene is generated twice and every
unsymmetrical four times. Only the acenes are generated once each. In consequence,
we obtain the equation

32 =g+ 2c +m) + du; (h>1). (10
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Table 10. Numbers of unbranched catafusenes*

h a ¢ m u Total (U)
i 1 1
2 1 H
3 1 1 2
4 1 1 1 1 4
5 1 1 4 4 10
6 1 4 4 16 25
7 1 4 13 52 70
8 1 13 13 169 196
9 1 13 40 520 574

10 1 40 40 1600 1681

11 1 40 121 4840 5002

12 1 121 121 14641 14884

13 1 121 364 44044 44530

14 1 364 364 132496 133225

15 1 364 1093 397852 399310

16 1 1093 1093 1194649 1196836

17 1 1093 3280 3585040 3589414

18 1 3280 3280 10758400 10764961

19 1 3280 9841 32278480 32291602

20 1 9841 9841 96845281 96864964

* From algebraic equations (Section 5.2); cf. also (for h < 8): Balaban and Harary (1968)
[13]; Balaban (1969) [30]. Abbreviations: a (linear) acenes; ¢ centrosymmetrical; m mirror-
symmetrical; 4 unsymmetrical

On combining Egs. (3), (8), (9) and (10), we arrive at the following explicit
formulas for 4 and U,

w= (/432 4 1] —36-32, p_357 (11a)

while u, = 0, and

u = (1/4)[3%-202 _ 11?; h=24,6,... (11b)
Furthermore,
U= 1/49)[3* 2+ 1] + 3432, h=357.. (12a)

while U, = 1, and
U= (1/4)[3%" 22 4+ 177, h=24,6,... (12b)

Gutman [61] pointed out that the numbers U follow a third-order recurrence
relation. The same form is also obeyed by u [59]. One has:

Uprs = 3wy — 3,5 + 27u,; h=1,2234.. (13)
Upre = 13U, 14 — 39U, , + 27U,; h=22345... (14)
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It was also deduced that

Spia = 38,; h=22345.. (15)
where

s=a+c+m (16)
The explicit formulas for s, the number of symmetrical catafusenes, read:

s =2x3H" 32, h=13517,.. (17a)
while s; = 1, and

5 = 3k-22; h=2456,.. (17b)

Numerical values of a, ¢, m, « and U for h < 20 are collected in Table 10.

5.3 Fibonacenes and Related Systems

A fibonacene is a special catafusene, which consists of 2-segments only (and
therefore is “all-kinked”). The name is explained by the feature that it is a nonlinear
acene of which the Kekulé structure count is a Fibonacci number. As an alternative
definition, a fibonacene is a single chain of hexagons where all of them, apart
from the two terminal ones, are angularly annelated. The smallest fibonacene has
h = 3. For a given number of hexagons we find one zigzag chain among the
fibonacenes; where the annelations go left-right-left-right- .... As the other extreme
one finds the helix-shaped fibonacene with annelations left-left-left- ... (isomorphic
with right-right-right- ...). The above definition implies that all pertinent helicenes
are included among fibonacenes.

Balaban [62] derived explicit formulas for the numbers of fibonacenes as
functions of £, both for the totals and for the subclasses belonging to the symmetry
groups C,,, C,, and C,. Other symmetries are not possible for fibonacenes. Balaban
[62] employed two methods, one of them being close to the derivation for
unbranched catafusenes, which is described in detail in the preceding paragraph.
Below we give a version which follows the preceding derivation in a perfectly
analogous way.

Let the numbers of centrosymmetrical (C,,), mirror-symmetrical (C,,) and
unsymmetrical (C,) fibonacenes be denoted by ¢f, m" and ', respectively. The totalis

U= +m + uf (18)

The numbers of symmetrical fibonacenes are governed by very simple recurrence
relations, viz. ¢t , , = 2¢f and mf, , = 2m}, while the initial conditions are ¢§ = 0,
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Table 11. Numbers of fibonacenes*

h d m uf Total (U")
3 1 1
4 1 1 2
5 0 2 1 3
6 2 2 2 6
7 0 4 6 10
8 4 4 12 20
9 0 8 28 36

10 8 8 56 72

11 0 16 120 136

12 16 16 240 272

13 0 32 496 528

14 32 32 992 1056

15 0 64 2016 2080

16 64 64 4032 4160

17 0 128 8128 8256

18 128 128 16256 16512

19 0 256 32640 32896

20 256 256 65280 65792

21 0 512 130816 131328

* From algebraic equations (Section 5.3); cf. also (for h < 10):
Balaban (1989) [62]. Abbreviations: see Table 10

¢4 =1 and m§ = m{ = 1. This leads to the explicit equations

d=0; h=357.. (19a)

=202, | —-468, .. (19b)
and

mt =242 p 3456 ... (20

Notice thatcj, = mj = m},_,; h = 4,6, 8, .... For the crude total in this case one has
2072 = 2t + ) + 4 21)
which now makes it feasible to deduce the following explicit formulas for uf and U,
uf = 2h=4 _ pi-ay2, h=4,56,7,... (22
while v = 0, and
Ut = 2h=% 4 g2, h=4,567,.. (23)
while U§ = 1. The following regularities have been pointed out [62].
Wy =2ul, UL, =2U.; h=357... 24)
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Fig. 11. All fibonacenes for h < 8

Numerical values of ¢, mf, ¥ and Uf for h <21 are collected in

Table 11.

Figure 11 shows the dualist representations of all fibonacenes up to h = 8. They
were also depicted by Balaban [62].

All the formulas in the present paragraph also apply to generalized fibonacenes,
viz. unbranched catafusenes consisting of equidistant segments, which are not
necessarily 2-segments.

Very recently, Balaban and Artemi [63] generalized the treatment of fibona-
cenes. They considered the numbers N(h, s), which pertain to the unbranched
catafusenes with % hexagons and having a longest segment of the length s. It
is emphasized that the helicenes are included. Fibonacenes are the special cases
for s = 2. The authors [63] arrived at recurrence formulas for N{h, s). Furthermore,
they deduced an explicit formula for N{h, s) in the case of A < 25 — 1. In that
case N(h, s) no longer depends on A and s independently, but on the difference
h—s.
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5.4 Gutman Trees (LA-Sequences)

To any unbranched catafusene an LA-sequence (equivalent with the L-transform
of a three-digit code) is associated. If the system has i hexagons, then the
LA-sequence is a string of h letters L or A, where L indicates a linearly annelated
(also terminal) hexagon and A an angularly annelated. A given LA-sequence is
often compatible with several non-isomorphic polyhexes, but in that case they
have the same K number and are called isoarithmic. The subject of the present
paragraph is the enumeration of different LA-sequences with given h values. If an
LA-sequence is read forwards and backwards with different results, the two strings
do not, by definition, represent “different” LA-sequences and are in other words
counted as one. Notice that we are here concerned with an enumeration of polyhex
classes rather than individual (non-isomorphic) polyhexes. The fibonacenes is such
a class, which corresponds to the LA4-sequence usually written as L4* 2L, In the
preceding paragraph the non-isomorphic systems within this class were counted;
in the present paragraph this class counts as one.

The enumeration of LA-sequences is equivalent to the enumeration of Gutman
trees, which in the mathematical literature are called caterpillar trees {or cater-
pillars). These objects correspond to special trees in the graph-theoretical sense.

Harary and Schwenk [64] derived an explicit formula for the number of
caterpillars/Gutman trees as a function of i by two methods. One of these methods,
the simpler one, is basically analogous with the treatments above (Sects. 5.2 and
5.3). Below we give a derivation which closely follows these treatments.

Let a Gutman tree be called symmetrical if its LA-sequence is the same read
forewards and backwards. Otherwise it is said to be unsymmetrical. The numbers
of symmetrical and unsymmetrical Gutman trees are identified by the symbols s°
and u®, respectively. The total is

U ="+ u° 25)

For the numbers of symmetrical Gutman trees one has s§, , = 2sgand s§ = s3 = 1.
Consequently,

5° = Q-2 h=1,234,.. (206)
The crude total is

272 =50 4 20 27)
by means of which we arrive at the following explicit equations for u° and U®.

u® =23 Q-3 h=3,456,.. (28)
while 4§ = u§ = 0, and

Us =203 ¢ 232, h=3,475,86,.. 29
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Table 12. Numbers of Gutman trees*

h 5¢ u® Total (U°)
1 1 1
2 1 1
3 2 2
4 2 1 3
5 4 2 6
6 4 6 10
7 8 12 20
8 8 28 36
9 16 56 72

10 16 120 136

11 32 240 272

12 32 496 528

13 64 992 1056

14 64 2016 2080

15 128 4032 4160

16 128 8128 8256

17 256 16256 16512

18 256 32640 32896

19 512 65280 65792

20 512 130816 131328

* From algebraic equations {Section 5.4}. Abbreviations:
s symmetrical; u unsymmetrical

while U§ = U$§ = 1. Some regularities are observed, viz.
upy = 2uj, Uy, =2U;; h=246,.. (30)

Numerical values of s°, u® and U° for h < 20 are collected in Table 12.

Let a Gutman tree or LA-sequence be represented by an unbranched cataconden-
sed benzenoid drawn in a standard way: start from left to right with a horizontal
row and alternating kinks left-right-left-right- .... Furthermore, the first row should
be as long as possible, and in general a lexicographic order should be followed,
where L has preferance before A. Under these conventions the fibonacenes are
represented by a zigzag chain. Figure 12 shows the standard dualists representing
all Gutman trees up to i = 8.

5.5 Generalized Hexagon-Shaped Benzenoids

A free edge of a benzenoid is an edge (on the perimeter) between two vertices of
degree two. It is known that any benzenoid has at least six free edges. If it has
exactly six we shall call it a generalized hexagon-shaped benzenoid. A hexagon-
shaped benzenoid (or “hexagon”, not to be confused with a hexagonal unit here
called a hexagon) in its original sense has also exactly six free edges, while its two
and two opposite rows of hexagons are parallel. This last condition is released in
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the definition of a generalized hexagon-shaped benzenoid. It is clear that the
hexagon-shaped benzenoids constitute a subclass of generalized hexagon-shaped

benzenoids.

An algebraic solution has been found for the numbers of “hollow hexagons”,
a class of primitive coronoids [40, 45, 65]. The solution was adapted to a class
of special [2plannulenes [66]. It may also be adapted, even more directly, to the
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Fig. 12. (see next page)

99



Bjorg N. Cyvin, Jon Brunvoll, and Sven J. Cyvin

/sl a i T gte
il
gyl

f_.JH

Fig. 12. Unbranched catacondensed benzenoids representing all Gutman trees {or LA4-
sequences) for & < 8

generalized hexagon-shaped benzenoids, if it is noticed that these benzenoids in
fact may be identified with the corona holes of the coronoids. Then the number
of hexagons of the coronoid is to be identified with the number of vertices of
degree two (n,) of the benzenoid. In other words, k (the number of hexagons of
the generalized hexagon-shaped benzenoid) is not the leading parameter with
respect to the present enumeration. The leading parameter is

n, = (n,/2) + 3 (31)

where n, is the perimeter length or number of external vertices.

Table 13 shows the numbers of generalized hexagon-shaped benzenoids up to
n, = 30 [45], including their distribution into symmetry groups. These peculiar
sequences of numbers are reproduced by the following explicit functions of n,,
say N(n,).

Symmetry Dy,
One hexagon-shaped benzenoid occurs for every sixth n, value:

NG =1 (32)
Here and in the following, j = 1,2, 3, ...

Symmetry D5,
The only nonvanishing numbers of generalized hexagon-shaped benzenoids occur
at every third value of n, as given by the following expressions.

NEe)=j—1, NEG+3I=] (33)
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Table 13. Numbers of generalized hexagon-shaped benzenoids*

By Dy, Dj, Do Cgh sz C, Total (Nh]

6 1 1

7 0 0

8 0 1 12

9 0 1 0 12

10 0 0 2 22

11 0 0 G 1 1®

12 1 1 1 1 0 42

13 0 0 0 0 2 2®

14 0 0 3 1 1 5%

15 0 2 0 0 1 1 42

16 0 0 3 2 2 0 7°

17 0 0 0 (4] 4 1 52

18 1 2 3 3 1 1 11#

19 0 0 0 0 5 2 7

20 0 0 4 4 4 1 132

21 0 3 0 0 4 4 11

22 0 0 5 5 5 2 17

23 0 0 0 0 8 5 13

24 i 3 4 7 4 4 23

25 0 0 0 0 10 7 17

26 0 0 6 8 8 5 27

27 0 4 0 0 8 i1 23

28 0 0 6 10 10 7 33

29 0 0 0 0 14 13 27

30 1 4 6 12 8 11 42

* Cf. Paragraph 54.

* Brumvoll, Cyvin and Cyvin (1987) [40]

Syarmetry Do,
N(6) = (123G - 1 — & (34a)
NG +2)=01/2G — 1+ ¢ (34b)
N6 +4=01/@ +1—29 {34¢)

where
e= (/[ + (-1 (39)

viz. a number alternating between 0 (for odd j) and 1 (for even j).

Symmetry Cyy
N@G) = (143G — 1)* + & (36a)
N +2) =1/ -DE —1) —¢ (36b)
N6 +4) =048 - DG+ 1)+ ¢ (36¢)

where ¢ is given by (35).

Fig. 13, All generalized hexagon-shaped benzenoids for n, < 20. K numbers are given for
the Kekuléan systems (which have A = 0); A values are given for the non-Kekuléans
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Symmetry C,,

N@) =G - DG -7+ (37a)
NG+ D=NE+D=(H[G—- DG + 1) + ¢ (37b)
N +2)=N@E +3)=WH[[ -G -1 —¢ (37¢)
NG+ 5 =14IG+ DG -1+ (37d)

where ¢ again is given by (35).

Symmetry C,

N@E) =1/ (G- DQR* =T +7) — 4 (38a)
NG+ 1)=NE+4=08[G—-DQ@*—-3—D—¢ (38b)
NG +2) =181 - DR* -5+ 1)+ (38¢)
NG +3) =1/~ D@ —j+ 1) +¢] (38d)
NG +5) =0 -G+ D& 1) - ¢ (38e)

where ¢ is given by (35) as before.

Total

When the expressions from (32)-(34) and (36)—(38) are added appropriately the
total number of (non-isomorphic) generalized hexagon-shaped benzenocids, say
N%(n,), is obtained. The result was rendered into the form:

NY6) = (1/8){(j + D@ + j+ D)~ 1/ [1 + (= 1]} (39a)
NG +2)=1B){(+ D@+ 3 — D+ 1)L+ (=11} (39b)
NG+ 4 =B {(+ D@+ 5+ D~ 1L+ (-1} (399

(j=1,2,3,...). The expressions (39) account for the even n, values and are
supplemented by

N, + 3) = N"(ny); n, = 6,810 ... (40

The last equation (40) expresses the fact that N* attains the same value on adding
three units to n,.

In Fig. 13 all the non-isomorphic generalized hexagon-shaped benzenoids with
n, up to 20 are depicted.

5.6 Approximate Formulas

For the numbers of catafusenes as a function of h, say C,, an exact asymptotic
behavior for large values of h is known [9] and has the form

Cy ~ (1/2) 52 2h — D)1 [(h — D! (h + 21 (5/4) 1)
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Using the Stirling approximation, Eq. (41) was transformed to [67]
C, ~ (5/16m)'/2 h~ 325" (42)

It is recalled that C,, which pertains to catafusenes, include the catacondensed
helicenes; C, are, in other words, the Harary-Read numbers (cf. Sect. 3.3). Based
on the form (42), Gutman [67] assumed

Cj, ~ ah*b (43)

and attempted to fit the empirical constants therein, viz. a, b and p, to the number
of catacondensed benzenoids (without helicenes), C;. By means of the exact values
up to C};, which were known at the time Gutman made this analysis, he estimated
the constants to @ = 0.049, b = 427, p = —5/4. In the same work Gutman [67]
produced the approximate formula

B, ~ 0.045h7 312 (5.4)" (44)

for the total number of benzenoids (B}), again without helicenes. Here the empirical
constants were based on the known exact values of Bj up to B);. In the same
way, Cyvin et al. [68] derived

N, ~ 002420~ 9°(4.5)" (45)

for the numbers of normal benzenoids, based on exact N, values up to N ;.

After the appearance of a computational result for B}, Aboav and Gutman [69]
realized that Eq. (44) does not have the desired precision. They improved the
approximation by producing a recursive formula of the form

By¢ /By & b(l — qh™?) (46)

and estimated the empirical constants to b = 4.98, g = 5.77 by means of the exact
B; values up to B),. The authors [69] also proposed an approximate formula for
G, 1/C; of the same form as (46), but here we do not quote the reported numerical
parameters because they were fitted to a wrong C' 5 value [47].

For the number of unbranched catacondensed benzenoids, U}, Gutman [61]
launched the very simple approximate formula

U;, = 0.0400(2.869)" 47)
where the numerical parameters were fitted to known exact Uj, values up to Uz
A more sophisticated analysis by Aboav and Gutman {70] led to the following
recursive formula.

Uper = (1 — ) (U0 + (=1 BUY (48)
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The same material of exact U}, values as previously (h < 20) was used to estimate
the parameters in (48) to « = 0.000714, § = 0.75.

6 Catafusenes

6.1 Introductory Remarks

In the present section the catafusenes (catacondensed simply connected polyhexes;
cf. Sect. 5.1) are treated. However, in contrast to the Harary-Read numbers (first
column of Table 7) we shall be interested in the numbers of unbranched and
branched systems separately. The numbers of unbranched catafusenes (Table 10)
are known from algebraic formulas (cf. Sect. 5.2), but now we are interested in
the unbranched catacondensed benzenoids and helicenes separately. Likewise we
shall treat the numbers of branched catacondensed benzenoids and helicenes
separately.

After the definition and enumeration of different “special catacondensed
systems” (SCS’s) the catacondensed benzenoids belonging to the symmetries D5,
Cip D3y, and C,,, are treated in particular. Those of the D5, and D,, symmetries
were enumerated by an algorithm invoking SCS’s.

Finally some results for unbranched catacondensed benzenoids with equidistant
segments are reported. These systems are the benzenoids (without helicenes)
belonging to fibonacenes and generalized fibonacenes.

6.2 Unbranched Catafusenes

Let the numbers of unbranched catacondensed benzenoids and unbranched
catacondensed helicenes be denoted by U’ and U*, respectively. Then

U=U + U* (49)

where U has the same meaning as in Sect. 5.2. We write also for the symmetry
groups C,,, C,, and C, separately:

c=c + c*, m=m + m*, u=u + u* (50)
respectively. One has, of course

U=a+c+m+u, U¥=a+c*+m* +u* (51)

Table 14 shows the numbers for all of the above classes when h < 20. The

documentations (see footnotes of the table) pertaining to the smallest k values are

difficult and ambiguous if they are supposed to share the credit among authors

properly. Here we have credited Balaban and Harary [13] for the smallest numbers

which could be taken from their paper before the helicenes start to interfere. A
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report by Brunvoll et al. [71] is incorporated among the footnotes. The largest
numbers, which first appeared in the consolidated report [18], were produced by
Tosi¢ and Kovacevié [72], and published almost simultaneously by these authors
as a full report with description of their methods. These numbers have also been

Table 14. Numbers of unbranched catacondensed benzenoids; unbranched catacondensed
helicenes in parentheses™

h a c{c*) m' (m*) u'(u*) Total: U(U*)
11 12
21 18
31 12 23
4 1 1? 1? 1# 4*
5 1 1* 42 42 107
6 1 4 31 16* 24°(1)
7 1 4 12%(1) 50°(2) 67°(3)
8 1 132 10°(3) 158°(11) 182¢%(14)
g 1 13* 34%(6) 472°(48) 520454
10 1 39°(1) 28%(12) 1406°(194) 1474°(207)
i1 1 39°(1) 97°(24) 41115(729) 4248¢(754)
12 1 116°(5) 81°(40) 11998°(2643) 12196°(2688)
13 1 1155(6) 2711(93) 34781¢(9263) 351684(9362)
14 1 3391(25) 226(138) 100660°(31836) 101226°(31999)
15 1 3367(28) 764°(329) 290464¢(107388) 291565°(107745)
16 1 988°(105) 638°(455) 837137°(357512) 838764°(358072)
17 1 977¢(116}) 2141°(1139)  2408914°(1176126) 2412033°(1177381)
18 1 2866°(414) 1787°(1493)  6925100°(3833300) 6929754°(3835207)
19 1 2832%(448) 6025°(3816) 19888057°(12390423) 19896915°(12394687)
20 1 8298°(1543)  5030°(4811) 57071610°(39773671) 57084939°(397380025)

* Abbreviations: see footnote to Table 10.

2 Balaban and Harary (1968) {13]; * Brunvoll, Cyvin and Cyvin (1987) [54}; © He and He
{1985)[32];* Heand He (1986)[33];° Balaban, Brunvoll, Cioslowski, Cyvin, Cyvin, Gutman,
He, He, Knop, Kovagevi¢, Miiller, Szymanski, To$i¢ and Trinajsti¢ (1987) [18]; f Brunvoll,
Cyvin and Cyvin (1987} {71]

Table 15. Numbers of symmetrical unbranched cataconden-
sed benzenoids; corresponding helicenes in parentheses”

h m' (m*) (e

21 16924(12600) 8185(1636)
22 14116(15408) 23969(5555)
23 47623(40950) 23623(5901)
24 39727(48846) 69109(19464)
25 133934(131786) 68057(20516)
26 111655(154065) 198995(66725)
27 377003(420158) 195806(69914)
28 314297(482864) 572216(224945)
29 1061064(1330420) 562675(234486)
30 884199(1507285) 1642975(748509)

+ In continuation of Table 14. From: Brunvoll, Tosic,
Kovadevié, Balaban, Gutman and Cyvin (1990} [59]
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submitted for publication elsewhere [59]; herein the parenthesized numbers of
Table 14 (for c*, m*, u* and U*) are given explicitly. These numbers, which pertain
to the unbranched catacondensed helicenes, are of course obtainable by subtraction
from the known numbers for unbranched catafusenes (cf. Sect. 5.2 and especially
Table 10).

For the symmetrical (C,, and C,,) catafusenes the enumerations were supple-
mented up to A = 30 by Brunvoll et al [59}; cf. Table 15.

The unbranched catacondensed benzenoids (without helicenes) up to h = 7 are
represented as dualists in Fig. 14. These forms were first given by Balaban and
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Fig. 14. (see next page)

h=6
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(h=7)
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Fig. 14. All unbranched catacondensed benzenoids (as dualists) for h < 7

Harary [13] and Balaban [30, 73], who included helicenes. For an enumeration up
to h = 6 with figures in different representations, see DZonova-Jerman-BlaZi¢ and
Trinajsti¢ {74]. In his studies of resonance energies Gutman [75] compiled data
for benzenoids which include all the catacondensed systems with h < 5. For the
catacondensed benzenoids with = 7 also computer-designed figures in the form
of mini-hexagons have been published [76]. El-Basil [77] depicted the catacondensed
h < 5 systems in his studies of labelling sequences.

For the unbranched catacondensed helicenes in particular, the formsforh = 6,7
and 8 are found as parts of Fig. 6. For h = 9 the 6 symmetrical [26, 54] and 48
unsymmetrical [54] such systems have been depicted in the form of dualists, but
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Fig. 15. All unbranched catacondensed helicenes with b = 9

the latter set with a mistake (see below). The total of 54 unbranched catacondensed
helicenes with # = 9 are shown in Fig. 15.

Errata

Balaban and Harary [9] have a misprint in their number of unsymmetrical (u)
unbranched catafusenes with h = 6, while their figure shows correctly all the
16 systems. Another minor misprint: in the depiction of unbranched catafusenes
with h = 7 by Balaban and Harary [13] one point (representing a hexagon) is
omitted.

In the dualist representation of the unsymmetrical unbranched catacondensed
helicenes Brunvoll et al. [54] missed one system, while two of their systems are
isomorphic.
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6.3 Branched Catafusenes

The numbers of branched catafusenes (cf. Table 16) are consistent with the
differences between appropriate numbers from Table 7 with supplements in text

Table 16. Numbers of branched catafusenes: benzenoids and helicenes
{in parentheses)

h Branched catacondensed Branched
catafusenes
benzenoids* {helicenes}
4 1@ 1®
5 28 2b
6 122 12
7 512 2) 53¢
8 2292 21 250°
9 969" (146) 1115¢
10 4008f 914) 5012¢
11 168671 (5165) 22032¢
12 689258 (27821) 96746°
13 278907* (143825) 422732
14 1123302°F {724826) 1848128
15 4507640 (3580450) 8088090

* See also Table 17.

* He and He (1985){32]; ® Balaban and Harary (1968){13}; © Balaban
(1969) [30]; ¢ He and He (1986) [33]; ¢ Balaban, Brunvoll, Cyvin and
Cyvin (1988) [60]; | Balaban, Brunvoll, Cioslowski, Cyvin, Cyvin,
Gutman, He, He, Knop, Kovagevi¢, Miiller, Szymanski, To§i¢ and
Trinajsti¢ (1987)[18]; # He, He, Wang, Brunvoll and Cyvin {1988) [19];
b Cyvin and Brunvoll (1990) [47]

Table 17. Numbers of branched catacondensed benzenoids, classified according to symmetry

h Dy, Ciyy D,, Con C,, C, Total*
4 1# 1®
5 0 1 1* 2k
6 0 12 42 7* 120
7 1® 1* 1® 4 44° 51°
8 0 0 1* 42 18# 206° 229
9 0 0 1? 4 27 937° 969°
10 2° 4 3® 25% 67° 3997¢ 4098*
i1 0 0 4 262 1182 16719 16867
12 0 0 4® 1322 269° 68520¢ 68925%<
13 28 15° 4 140° 507° 278239¢ 278907°
14 0 0 9° 620 1041 1121632 1123302f
15 0 0 11 658 2096 4504875 4507640

* See also first column of Table 16.

* Brunvoll, Cyvin and Cyvin (1987) [71]; ® He and He (1985) [32); © He and He (1986)
[33]; ¢ Balaban, Brunvoll, Cyvin and Cyvin (1988) [60}; ° He, He, Wang, Brunvoll and
Cyvin (1988) [19]; f Cyvin and Brunvoll (1990) [47]
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and Table 10. This class separates into the branched catacondensed benzenoids
and branched catacondensed helicenes. The separate numbers are included in
Table 16; for the benzenoids, see also Table 17. The numbers for the helicenes,
given in parentheses in Table 16, are of course differences between the numbers
of the two other columns therein. These numbers are consistent with the
appropriate differences from Tables 8 and 14.

In Table 17, a detailed account on the numbers of branched catacondensed
benzenoids is displayed, including the distribution into symmetry groups. Here
the numbers for D,;, and Cj, at k < 13 are also obtainable from a scrutiny of
figures published by Cyvin et al. [78]. Supplements to Table 17 are found in or
from some of the subsequent tables.

In Fig. 16 all the branched catacondensed benzenoids (without helicenes) up to
h = 7 are given in the dualist representation. They have been given for h < 6,
with helicenes included, by Balaban and Harary [13] and by Balaban [73]. The
forms for h = 7 are found in an other paper by Balaban [30]. The above mentioned
works of DZzonova-Jerman-BlaZi¢ and Trinajsti¢ [74], by Gutman [75], Trinajsti¢
et al. [76] and by El-Basil [77] display the figures of both branched and unbranched
benzenoids, with h < 6, h < 5, h = 7 and h < §, respectively.

The forms of the branched catacondensed helicenes for A = 7 and 8 are again,
like the unbranched systems, found as parts of Fig. 6. The numbers of these systems
are 2 and 21, respectively.

6.4 Special Catacondensed Systems (SCS’s)

Tosi¢ et al. [79] defined the title systems in the course of a particularly efficient
algorithm for enumerations of branched catacondensed benzenoids with regular
trigonal (D5,) symmetry. The SCS’s are (unbranched and branched) catacondensed
benzenoids defined in such a way that isomorphic systems of this kind may be
reckoned as “different”, depending on their orientation with respect to an axis.
The counting of different SCS’s is therefore not a single counting of non-isomorphic

Table 18. Numbers of diffe-
rent special catacondensed
(benzenoid) systems (SCS’s)*

h SCS’s

1

3

9

29
99
348
1260
4625

[ IR o RV R N S s

* From To$i¢, Budimac,
Brunvoll and Cyvin (1990)
[79]
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systems. For example, naphthalene (b = 2) gives rise to three different SCS’s. The
somewhat complicated definition is explained in the following. The symbols L
and A denote a linearly and an angularly annelated hexagon, respectively.

(1) Start with the phenanthrene system, LAL', which by convention is drawn
from left to right.

(i) Define a “horizon” by extending the two first hexagons (LA) infinitely to
both sides into a linear chain of hexagons.

h=1

L~y b
e )

AV I,
ey
3OS Ay

EUIR QR R g ¢

SN
> e e

Fig. 17. All the different special catacondensed systems (SCS’s) for h < 4
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(i) Add & — 1 hexagons to the last hexagon (L) of the phenanthrene system so
that a catacondensed benzenoid C(LAL’ ...) of h + 2 hexagon emerges, which
should not have any hexagon on the horizon to the right of A and should
not come in contact with the horizon to the left of A. Otherwise this system
is arbitrary (h = 1, 2, 3, ...). It may occasionally be branched. The definition
includes i = 1 as the degenerate case, where C is the original LAL' system.

(iv) Delete the first two hexagons (LA) to obtain an SCS.

Let N be the number of all the non-isomorphic catacondensed benzenoids (C)
with # + 2 hexagons each, which can be constructed according to (iii). Then N
is taken by definition to be the number of “different” SCS’s with & hexagons each,
as obtained by the last step (iv).

Table 18 shows the results of enumeration of different SCS’s [79]. Their forms
for h up to 4 are depicted in Fig. 17. The dualist representation is employed. The
horizon to the right of 4 is drawn as a straight line, indicating a forbidden region
{on and below this line) for the SCS’s. Similarly the forbidden region to the left
of A is indicated by a straight line shifted one step up.

6.5 Catacondensed Benzenoids with Trigonal Symmetry

A catacondensed benzenoid with trigonal symmetry, viz. Dy, ot Cy,, is necessarily
branched. Table 19 shows, in combination with Table 17, the known numbers for
these classes of benzenoids.

In Fig. 18 the forms of the Dj, catacondensed benzenoids up to h = 25 are
displayed. They have been given previously [79]. Being catacondensed, all these
systems are normal and therefore Kekuléan. The Kekulé structure counts (K) are
given in the figure.

Table 19. Numbers of catacondensed (branched) benzenoids of
trigonal symmetry*

h Dy, Cu h Dy,

16 4 55 49 893
19 5 203 52 1876
2 9 755 55 2899
25 12 2855 58 6140
28 24 + 61 9630
31 32 ¥ 64 20563
34 65 + 67 32565
37 94 ¥ 70 69741
40 191 ¥ 73 111626
43 283 % 76 239831
46 588 +

* In continuation of Table 17. All data for D, from: To8ic,
Budimac, Brunvoll and Cyvin (1990) [79];
+ Unknown
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2926

2261

1729

237

7588

4977

384
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Fig. 18. (see next page)

6.6 Catacondensed Benzenoids with Dihedral Symmetry
and Centrosymmetry

A catacondensed benzenoid with dihedral symmetry, viz. D,,, is either a branched
system or an (unbranched) linear acene. A centrosymmetrical (C,;) catacondensed
benzenoid is either branched or unbranched. The D, systems under consideration
have been enumerated by the efficient algorithm invoking SCS’s (cf. Sect. 6.4) [80].

Table 20, in combination with Table 17
branched catacondensed D,, and C,,

shows the known numbers for the

k3

benzenoids. The numbers

of unbranched

catacondensed benzenoids with C,, symmetry are found under the designation ¢/

in Tables 14 and 15 for h

respectively.

< 30,

<h

< 20 and 21

Figure 19 displays the forms of the D,, catacondensed benzenoids up to h = 17.
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51382

40033

15689

730

173089

73017

64729

303121

221004

173088

33127
44702
50339
59247
117023
159249
178938
212451
417164

i
640877

D

42
43
44
45
46
47
48
49
50
51
52

2h

406

820
1074
1205
1376
2763

3653
4118
4745
9487
12686
14298
16672

D

2h

D

Table 20. Numbers of branched catacondensed benzenoids with dihedral symmetry and

Fig. 18. All (branched) catacondensed benzenoids with regular trigonal (D3,) symmetry and
centrosymmetry™*

h < 28. K numbers are given

Cyvin and Brunvoll

Budimac,

8ic,

from: To

* In continuation of Table 17. All data for D,,

(1990) 180];

+ Unknown
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6.7 Unbranched Catacondensed Benzenoids

istant Segments

with Equi

The title classes are the non-helicenic fibonacenes and non-helicenic generalized

fibonacenes (cf. Sect. 5.3).

h=10

34

104

12

315

261

20

1

13

Fig. 19. (see next page)
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Let a benzenoid of the considered class consist of § segments, each of length .
The length is, by definition, the number of hexagons in the linear chain between
two angularly annelated (4) hexagons or one terminal and one 4 hexagon

two end hexagons included. The total number of hexagons is

the

»

(52)

I-1)S  (S>1)

+

i

, I = 2. Their numbers split into the benzenoid and helicenic

For fibonacenes

we write

3

systems;

)

(53

=14

1075

825

544

477

288 423

152

15

2050

1700

1450

800

2675

2325

w075

1066

1056

720

666

200

18

h=17

3300

2950

2700

1312

Fig. 19. All catacondensed benzenoids with dihedral D, symmetry and & < 17. K numbers

are given
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Table 21. Numbers of fibonacenes: benzenoids and helicenes (in parentheses)

h cilep) my(m¥) ) Total: Uy(U#)
3 12 12

4 12 12 28

5 0 2a 1 a 3 a

6 22 12(1) 20 52(1)

7 0 33(1) 5(1) 82(2)

8 4¢ 24(2) 93(3) 15%(5)

9 0 6%(2) 19%(9) 25%(11)
10 75(1) 4%(4) 35°(21) 46*(26)

11 0 11 (5) 69 (51) 80 (56)

12 13 (3) 7(9) 125 (115) 145 (127)
13 0 18 (14) 238 (258) 256 (272)
14 24 (8) 12 (20) 430 (562) 466 (590)
15 0 33 (31) 800 (1216) 833 (1247)
16 44 (20) 22 (42) 1447 (2585) 1513 (2647)
17 0 58 (70) 2662 (5466) 2720 (5536)
18 81 (47) 36 (92) 4808 (11448) 4925 (11587)
19 0 102 (154) 8779 (23861) 8881 (24015)
20 147 (109) 68 (188) 15848 (49432) 16063 (49729)
21 0 183 (329) 28813 (102003) 28996 (102332)

* Balaban (1989) [62]

Table 22. Numbers of generalized fibonacenes with / > 2: benzenoids and helicenes (in
parentheses)

st culct) m (m) (1) Total: Uy(U%)

2 1 1

3 1 1 2

4 0 2 1 3

5 2 2 2 6

6 0 3(1) 6 9(1)

7 4 3(1) 11 18(2)

8 0 6(2) 25(3) 31(5)

9 8 6(2) 47(9) 61(11)
10 0 11(5) 96(24) 107(29)
11 15(1) 11(5) 181(59) 207(65)
12 0 20(12) 358(138) 378(150)
13 29(3) 21(11) 674(318) 724(332)
14 0 36(28) 1297(719) 1333(747)
15 56(8) 36(28) 2445(1587) 2537(1623)
16 0 68(60) 4655(3473) 4723(3533)
17 106(22) 70(58) 8762(7494) 8938(7574)
18 0 123(133) 16551(16089) 16674(16222)
19 201(55) 125(131) 31129(34151) 31455(34337)

* For the h value, see Eq. (52)
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Then, of course,

(54)

U =ct +mf +uf.

: o+ U,

= ¢

’
f

Table 21 shows the numbers for all of these classes when h < 21.

For the generalized fibonacenes with I > 2 we write, in analogy with the above

notation,

(55)

*
w

 + mE
L+ U

mf=m
Uf

5

+
+ uk

=c:;v
= u;v

Cf
u

and then:

(56)

* * *
w My Uy

= C

*
w

Cy + My + U,

20. All unbranched catacondensed benzenoids with 2-segments only (non-helicenic

Fig.

< 8 K numbers are given; they are the Fibonacci numbers

fibonacenes) for &

1)

Fri(Fo=F,
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Fig. 21. All unbranched catacondensed benzenoids with 3-segments only (non-helicenic
generalized fibonacenes with [ = 3) for £ < 17. K numbers are given

Numerical values for S < 19 are shown in Table 22. Notice that these numbers
are independent of [, if only | > 2.

All the numbers in Tables 21 and 22 are consistent with Table 11, which can
be reproduced from either of these two tables by additions of appropriate numbers
therein.

Figures 20 and 21 display the forms of the unbranched catacondensed benzenoids
with only 2-sements or 3-segments, respectively, up to the systems with 7 segments.

7 Coarse Classifications of Benzenoids
7.1 Specification

In view of the discussions in Sect. 3 (cf. especially the concluding remarks of
Sect. 3.5) the reader will certainly excuse us for repeating the specification of the
class of polyhexes to be treated in the remainder of this chapter.

Only benzenoid systems are considered. According to the adopted definition
they are the planar, simply connected polyhexes. Consequently all circulenes
(including coronoids, multiple coronoids and polycirculenes) are excluded, and
all helicenic systems (helicenes, helicirculenes) are also excluded.
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The main subclasses of benzenoids are described in Sect. 4 and summarized in
Fig. 8.

7.2 Catacondensed and Pericondensed Benzenoids

Numbers

The Disseldorf-Zagreb numbers, in the original sense, are the numbers of
catacondensed and pericondensed benzenoids for & < 10 and their sums, which
give the numbers of benzenoids in total. The actual numerical values (for the
catacondensed systems and totals) are found in different places [15, 17, 53, 76], and
in particular they are reproduced in the book of Knop et al. (Diisseldorf-Zagreb
group) [16]. The numbers are displayed in Table 23.

For the numbers of benzenoids with very small & values the documentation is
again very difficult and ambiguous; cf. Sect. 3.5. In Table 23 we have followed the
consolidated report [18] and supplemented it with a quotation for the periconden-
sed benzenoids (cf. footnotes to the table). In addition, we have chosen to give
credit to Harary [2] for the separate numbers of catacondensed and pericondensed
benzenoids with /# < 4 because he, at an early date, depicted all the forms of these
systems.

Table 23. Numbers of benzenoids, including their subdivision into catacondensed and
pericondensed systems

h Catacondensed Pericondensed Total

1 120 1

2 ]a.b 1¢

3 2a,b la,b 3c

4 Sa.b 2a.b 7¢

5 120 10° 22¢

6 36¢ 45% g14

7 118¢ 213¢ 331¢

8 4114 10244 1435¢

9 14894 50164 6505¢
10 5572¢ 24514¢ 30086¢
11 21115¢ 120114¢ 141229¢
12 g1121%e 588463¢ 6695842
13 314075 2884181 3198256‘1'“‘
14 1224528" 14143049 1536757777 ™
15 4799205 69408705 74207910% =
i6 T + 359863778™

 Harary (1967) [2]; * Balaban and Harary (1968) {13]; © Klarner (1965) [7]; 4 Knop,
Szymanski, Jeri¢evi¢ and Trinajstic (1983) [15]; © Stojmenovic, Tosi¢ and Doroslovacki
(1986) [46]; ¢ Balaban, Brunvoll, Cyvin and Cyvin (1988) [60]; ¢ He, He, Wang, Brunvoll
and Cyvin {1988) [19]; ® Cyvin and Brunvoll (1990} [47]; i Miiller, Szymanski, Knop, Nikoli¢
and Trinajstié (1989) [48]; | Miiller, Szymanski, Knop, Nikoli¢ and Trinajsti¢ (1990} [36];
% Nikoli¢, Trinajsti¢, Knop, Miiller und Szymanski (1990)[49];' Knop, Miiller, Szymanski and
Trinajstic (1990) [50]; ™ Knop, Miiller, Szymanski and Trinajsti¢ {1990) [37]; t+ Unknown
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The consolidated report [18] summarizes the pertinent data (of Table 23) up to
h = 11. Theinformation for h = 12 isfound-in the supplements {19] to this report.

With regard to the totals for h > 12 they were all produced by the Diisseidorf-
Zagreb group; specifically with references: s = 13 [36,37,48-50], h = 14
[36, 37, 49, 50); h = 15 [37, 49, 50], and finally h = 16 [50].

Forms

The depictions of Harary [2] are mentioned above. The forms of benzenoid systems
with given numbers of hexagons have later been depicted many times in different
contexts. The altogether 5 systems for & < 3 are, for instance, found in Harary
and Palmer [4]. At the start of a long series of interesting papers on topological
properties of benzenoid systems Gutman [81] depicted the 3 benzenoid systems
with h = 3. Three other parts of this series are cited above [11, 27, 75]. In another
part [82] the pericondensed benzenoids are treated, but the listings are complete
only for the 3 systems with i < 4. The altogether 12 benzenoids with i < 4 have
otherwise been depicted in reviews [27, 83], which followed Harary [2], and
elsewhere [56]. Some authors {84, 85] omitted pictures of the smallest of these
systems. The last reference [85] pertains to a recent work on the ordering of chemical
graphs by Kirby, who employed efficiently the depictions by Knop et al. [16] (see
below).

The forms of the benzenoids for h = 5 or up to & = 5 are found in different
places [13, 86—-88]. Also the forms for A = 6 or up to h = 6 have been depicted
several times {14, 15, 26, 89-91].

Apart from the Diisseldorf—Zagreb group [15, 76] some computer-generated
figures in the form of mini-hexagons have been published by Brunvoll et al. [71].
But we must not omit to mention the same kind of depictions which occupy a
substantial part of the book by Knop et al. [16]. This material deserves
supplementary treatment, which is given in the following,

The mentioned monograph [16] from the Diisseldorf-Zagreb group contains
8386 miniatures, which display the forms of all benzenoids with & < 9. The pictures
are ordered according to the number of internal vertices (n;). Hence the cataconden-
sed systems (n; = 0) are sorted out automatically. Furthermore, each picture is
supplied with the Kekulé structure count, K, occasionally K = 0 for the non-
Kekuléans. The corresponding mammoth listing of the 30086 benzenoids with
h = 10 has also been produced, as reported by Knop et al. [17].

We have no illusions that the above survey of benzenoid forms depicted in the
literature is complete. To take an example, the really classical work of Polya [92]
from 1936 on algebraic computations of isomers of organic compounds is not
mentioned above. Nevertheless it contains pictures of a few benzenoid hy-
drocarbons.

Comments and Errata

By virtue of the impact of the Diisseldorf-Zagreb school the enumeration of
polyhexes is often associated just with the numbers of Table 23 (benzenoids,

123



Bjorg N. Cyvin, Jon Brunvoll, and Sven J. Cyvin

subdivided into catacondensed and pericondensed systems). It is not to be denied
that there has been a tendency to competition, trying to overbid the Diisseldorf-
Zagreb numbers in a kind of a race.

The record of h = 10 achieved by the Diisseldor{-Zagreb group in 1983 stood
for three years when it was beaten by Novi Sad; in 1986 Stojmenovié et al. [46]
published their results for b = 11.

For benzenoids with & = 12 the first data were published in 1988 as a result
of a collaboration between He & He and Trondheim (cf. Sect. 2.8 for a listing of
the research centres). The number ', (for catacondensed benzenoids with h = 12)
became available after the enumeration of the branched catacondensed h = 12
systems in Trondheim, while He & He succeeded in a complete enumeration of
benzenoids with this number of hexagons. Consistent h = 12 numbers were
reported [69] as private communications from He & He and from Cioslowski.

On the other hand, the C; number of Cioslowski as quoted by Aboav and
Gutman [69] in 1988 did not agree with the results of He & He communicated
privately to us the same year. The controversy was resolved by an independent
computation in Trondheim [47], where also the complete & = 12 results were
reconfirmed. It was concluded that the He & He result for C}; was correct, while
the Cioslowski number looks like a misprint.

The cited work of Cyvin and Brunvoll [47] includes C},. The chemical formula
for a catacondensed h = 14 benzenoid is given erroneously therein; it should be
CsgH,,. The number €5 is a present result.

Eventually the Diisseldorf—Zagreb group took up the challenge, as is docu-
mented by the footnotes of Table 23. Trinajstic was able to present the numbers
of total benzenoids, not only for & = 12, but also for & = 13, 14 and 15 at a
conference (Galveston, Texas) in 1989 [49], where he was congratulated by Cyvin.
A citation from the proceedings of the conference [93]: “The data for # = 13 and
h = 14 ... were reported for the first time (together with the results for h = 15)
by Trinajstié as an achievement of the Diisseldorf —Zagreb group. Congratula-
tions!” To be precise, the Diisseldorf — Zagreb group communicated the numbers
up to h = 13 [48] shortly before the mentioned conference.

The Diisseldorf—Zagreb group pursued their success by a computation for
h = 16[37), which took 91 days, 7 hours, 24 minutes and 33.69 seconds of computer
{CPU) time.

The computations for 4 > 12 became feasible by an exploitation of a code
named DAST (dualist angle-restricted directional information) [31, 48]. It is no
doubt that the Diisseldorf-Zagreb group has regained the hegemony in benzenoid
enumerations.

In the following we point out specifically some errors, apparently all of them
misprints. They may seem to be a trifle, but should nevertheless be treated seriously.
In the paper of Aboav and Gutman [69] the number of C'; {(from Cioslowski} is
claimed to be wrong [47]. The same (wrong) number was quoted in a table of the
monograph by Gutman and Cyvin [22], but in parentheses as uncertain. The
parenthesized number for pericondensed benzenoids with A = 13 is also wrong.
Furthermore, in the same table, there is a misprint in C} and in the total for
h = 15, the last number therein.
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7.3 Kekuléan and non-Kekuléan Benzenoids:
the “neo” Classification

The neo classification divides all benzenoids into normal (n), essentially dis-
connected (e} and non-Kekuléans (o), where the n and e systems cover all the
Kekuléans. Cyvin and Gutman {26] have advocated for this classification by saying:
“From the point of view of the enumeration of Kekulé structures the classifica-
tion . .. [neo]. .. seems to be a rather appropriate one {94, 87]”. However, the
distinction between Kekuléan (closed-shell, non-radicalic) and non-Kekuléan
(radicalic) benzenoid hydrocarbons was made long before the explicit definition
of the neo classification. This practice started with the first (substantial) enumer-
ation of benzenoids in the chemical context by Balaban and Harary [13].

Table 24 shows the known numbers of benzenoids belonging to the different
classes of neo and at the same time the numbers of total Kekuléan (n + ¢) and
non-Kekuléan (o) systems. In the documentations of this table (cf. the footnotes)
we have taken into account that the Kekuléan and non-Kekuléan benzenoids can
be counted separately for & < 9 from the figures in the book of Knop et al. [16].
That has actually been done, as it was reported [54]. As to the documentations
for higher h values the literature needs to be supplemented by two references
[95, 96].

Table 24. Numbers of benzenoids according to the neo classification*®

Kekuléan non-Kekuléan

h n e Total Kek. 0

1 12 12

2 12 12

3 2° 22 12

4 6* 6* 12

5 1454 jed 152 7®

6 4844 3ed 51=f 30°

7 167%° 23¢ 190f 141>f

8 643°¢ 121¢ 76451 671%f

9 2531¢ 692° 3223f 3282¢F
10 10375¢ 373284 141074 159791
11 42919¢ 1996081 62879%1 783501
12 180205 104713% 2849187 3846667
13 761599 543262 1304861 1893395
14 3241584 2790058 6031642 9335935

* Abbreviations: e essentially disconnected; n normal; o non-Kekuléan.

* Balaban and Harary (1968)[13];® Cyvin (1986)[94];° Cyvin, Brunvoll, Cyvin and Gutman
(1986) [95]; ¢ Cyvin and Gutman (1986) [88]; ° He and He (1985) [32); ¥ Knop, Miiller,
Szymanski and Trinajsti¢ (1985) {16]; ® Cyvin, Brunvoll and Cyvin (1986) [68]; ® Brunvoll,
Cyvin and Cyvin (1987) [71]; | Balaban, Brunvoll, Cioslowski, Cyvin, Cyvin, Gutman, He,
He, Knop, Kovagevi¢, Miiller, Szymanski, Tosi¢ and Trinajstié ( 1987) [18]; ! He, He, Wang,
Brunvoll and Cyvin (1988) [19]; * Brunvoll, Cyvin, Cyvin and Gutman (1989) [96]
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A substantial amount of additional enumeration data for normal benzenoids
and some data for essentially disconnected benzenoids are available, but shall not
be reproduced here. They were produced in the course of the extensive studies of
the distribution of K, the Kekulé structure count.

These studies of normal benzenoids started with an account by Cyvin [94] on
the distribution of K for normal benzenoids up to & = 7 in the form of curves.
In the same work the enumeration of all normal benzenoids with K < 9 is reported
and illustrated by figures of the 16 systems in question. Here the upper limit for
K is equal to the maximum (K,,,,) for h = 4. The distribution of K for & = 8 and
h = 9 followed [95]. Next the enumerations were extended to K < 24 (K, for
h = 6) with illustrations for K < 14 (K, for h = 5) [88]. The distribution of K
for # = 10 was given graphically [68] and by numerical values [26]; here also the
depictions are extended to K < 24. The studies culminated by a master review
of the enumerations of normal benzenoids with supplements up to K < 110 (K,
for h = 9) [55]. Figures of all these systems for K < 30 are found therein. A
summary of the distributions of K is under way, with supplements up to i = 11
[97]. In this work, and elsewhere [59], computer-generated curves for such
distributions are presented for the first time.

Parallel with the studies of normal benzenoids described above the distributions
of K for essentially disconnected benzenoids were treated: for A < 9 [95], h < 10
[26], h < 11 [98] and h = 12 [96].

Hosoya and Yamaguchi [99] published the sextet polynomials systematically
for all Kekuléan benzenoids with h < 5. This material was supplemented up to
h = 6 by Ohkami and Hosoya [100].

Comments and Errata

As far back as 1968, Balaban and Harary {13} were aware of the unique position
of zethrene, which was placed in a class of its own under the pericondensed
benzenoids with & = 6. It is an essentially disconnected benzenoid. However, these
authors did not sort out the other two essentially disconnected benzenoids
(annelated perylenes) with the same numbers of hexagons. Neither did they sort
out perylene itself, which is the unique essentially disconnected benzenoid with
h = 5.1In the table we are referring to [13], the entry for the classified pericondensed
system with h = 3 is misplaced.

Knop et al. [91] published a list of the numbers of Kekulean benzenoids for
h < 9 with a misprint in the number for & = 9. Brunvoll et al. [101] reported a
wrong number (with reference to private communication from He and He) for
the Kekuléan benzenoids with & = 12. The curve of the distribution of K for
essentially disconnected benzenoids with h = 9 [26, 95] in imperfect.

7.4 Color Excess

A classification of the benzenoids according to the color excess (A) sorts out the
obvious non-Kekuléans (A > 0) and the systems with vanishing color excess
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Table 25. Numbers of benzenoids classified according to their A values*

h Color excess (A)

0 1 2 3 4 5

1 1

2 1

3 20 1°

4 6° 1°

5 15¢ 7°

6 514 28° 2°

7 190°¢ 134° 7°

8 7644 619° 52°

9 3223¢ 2957¢ 322°¢ 3¢
10 14107¢ 14024 1916° 39¢
1 62887 67046° 10922 374¢
12 2850165 320859%" 607058~ 29908~ 14°
13 1305958 1540174 330238 2167587 2118
14 6041446 7408410 1769625 145508 258887 A
15t t t t t 488~

* Concealed non-Kekuléans (A = 0, K = 0) occur at h > 11.

* Balaban and Harary (1968) [13], ® Brunvoll, Cyvin and Cyvin (1987) [54]; ¢ He and He
(1985) [32], ¢ Knop, Miiller, Szymanski and Trinajsti¢ (1985) [16]; ¢ Balaban, Brunvoll,
Cioslowski, Cyvin, Cyvin, Gutman, He, He, Knop, Kovadevi¢, Miiller, Szymanski, Togi¢
and Trinajsti¢ (1987)[18];" Brunvoll, Cyvin and Cyvin (1987)[71];¢ He, He, Wang, Brunvoll
and Cyvin (1988) [19]; ® Brunvoll, Cyvin, Cyvin and Gutman (1988) [101); | Gutman and
Cyvin (1988) [102]; + Unknown

(A = 0). The latter class consists of the Kekuléans (K > 0) and concealed
non-Kekuléans (A = 0, K = 0).

A summary of the known data is displayed in Table 25. The key reference to
their generation is Brunvoll et al. [101]. Additional computations by Brunvoll, of
relevance to these systems, are quoted in Gutman and Cyvin [102].

The benzenoid systems with A = 0 coincide with the Kekuléans for h < 10.
For h > 11 the concealed non-Kekuléans must be added.

7.5 Symmetry

Balaban and Harary [13] distinguished between the centrosymmetrical and
mirror-symmetrical unbranched catafusenes. Also in their classical enumerations
of polyhexes Harary and Read [9], as well as Lunnon [10}, exploited symmetry.
The familiar symmetry group designations for benzenoids were employed, perhaps
for the first time by Rouvray [56, 86]. Cyvin and Gutman [83] specified explicitly
the eight possible symmetries for benzenoids, viz. D¢y, Cey D3p Capo Dag Cay C 20
and C,. Brunvoll et al. [71] were the first who generated specifically benzenoids
belonging to different symmetry groups.

Table 26 shows the known numbers of benzenoids with their distributions into
symmetry groups for h < 20. Extensions of this table for some of the symmetries
are found in a forthcoming section.
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Errata

A minor misprint occurs as one of the symmetry group specifications by Rouvray
[86]; the non-Kekuléan # = 4 system should be Cy;, [C].

We cite from Cyvin et al. [103]: “In the paper [83] ... it is also stated that the
smallest benzenoid with Cg, symmetry occurs for b = 19, and that only one such
system exists. The last part of this statement is wrong. There are exactly two
benzenoids with A = 19 and Cg, symmetry [71]” (cf. Table 26).

Table 26. Numbers of benzenoids belonging to the different symmetry groups

h D6h Céh D3h C3h DZh C2h CZU Cs

1 12

2 0 12

3 0 1? 1* 1*

4 0 12 28 1# 1* 2
5 0 0 2b 1° 9b 10°
6 0 lc,d lc,d 3c.d 7c,d 12c,d 57c,d
7 1c.d lc,d lc.d 3c,d 7c‘d 39c.d 279c,d

8 0 0 0 64 354 614 13334
9 0 1ed sed  yed 364 178<¢ 62784
10 0 4ed sed 1104 1694 274¢:¢ 296234
11 0 0 0 14¢ 1774 796¢ 1402424
12 0 3¢ 214 214 807¢ 1251 667481
13 2e¢ 44 264 23¢ 8594 3578 3193764
14 0 0 0 41¢ 3864 5692 15357980
15 0 34 95¢ 50 4145 16290 74187327
16 0 12¢ 118%  80° 18616 26069 359818883
17 0 0 0 944 20098 T ¥
18 0 6% 423% 1569 + t ¥
19 294 ped  f9d  543% 1g9¢ ki ¥ T
20 0 0 0 0 310¢ t ¥ T

: Rouvray (1973) [56]; * Rouvray (1974) [86}; ¢ Brunvoll, Cyvin and Cyvin (1987)
{71]; ¢ Balaban, Brunvoll, Cioslowski, Cyvin, Cyvin, Gutman, He, He, Knop, Kovadevic,
Maiiller, Szymanski, To$i¢ and Trinajsti¢ (1987) [18]; + Unknown

8 Normal Benzenoids

The class of normal benzenoids consists of the catacondensed and the normal
pericondensed systems. They are all Kekuléan (K > 0) and have A = 0.

In Table 27 known numbers of normal benzenoids, the catacondensed (cat) and
normal pericondensed (np) systems separately are summarized with their distribu-
tion into symmetry groups. The entries under cat are of course obtainable from
additions of the appropriate numbers from Tables 14 and 17. With the aid of
tables 19 and 20 (containing supplements to Table 17), Table 27 can be extended
further as far as the catacondensed systems are concerned. Still more supplementary
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numbers (for & > 17) could be produced with the aid of forthcoming tables for
specific symmetries. In the documentation (cf. {footnotes to Table 27) we have
included a special study of benzenoids with trigonal symmetry [104]; the pertinent
(small) values are obtainable from a scrutiny of the figures therein.

Figure 22 shows all the normal benzenoids to h = 7 as black silhouettes. Such
figures have been given previously for & < 6 [26] and h < 7 [97].

Table 27. Numbers of normal benzenoids classified according to symmetry™*

h Type* Doy D3, Csy Dy Con Cy, C,
1 cat 12
2 cat 0 1*
3 cat 0 1® i
4 cat 0 1 1 1° 1® 1*
np 0 0 12 0 0 0
5 cat 0 0 12 1° 50 52
np 0 0 0 0 1* 1?
6 cat 0 0 28 4® 7® 23%
np 0 0 13 2a 33 63
7 cat 0 12 12 22 4 16* 942
np 1* 0 0 12 0 6° 412
8 cat 0 0 0 22 174 282 364
np 0 0 0 22 11 192 200°
9 cat 0 0 0 22 172 612 1409*
np 0 0 0 3= 32 39 9972
10 cat 0 2° 4= 42 64*° 952 54032
np 0 12 0 6* 52® 90* 46354*
11 cat 0 0 0 52 65 2152 208302
np 0 0 0 6 23 193 21582
12 cat 0 0 0 52 248° 3502 80518°
np 0 0 0 1 248 432 98393
13 cat 0 2 152 52 2552 778 313020
np 22 29 3d 11 129 896 446481
14 cat 0 0 0 102 959 1267 1222292
np 0 0 0 23 1145 1934 2013954
15 cat 0 0 0 122 994 2860 4795339
np 0 0 0 26 657 4048 t
16 cat 0 4 55 13 3750 4670 +
np 0 6 18 45 5240 8549 ¥+
17 cat 0 0 0 14 3912 t ¥
np 0 0 0 51 3216 ¥ +

* Normal pericondensed systems with symmetry Cg, occur for h > 19,

* Abbreviations: cat catacondensed; np normal pericondensed.

® Brunvoll, Cyvin and Cyvin (1987) {71]; ® Balaban and Harary (1968) [13]; © Balaban,
Brunvoll, Cyvin and Cyvin (1988} [60]; ¢ Cyvin, Brunvoll and Cyvin (1988) [104]; T Unknown
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3

h=2

k=1

R e

{see page 69)

9 Essentially Disconnected Benzenoids

the Kekuléan benzenoids

(with K > 0, A = 0) which are not normal. All of them are pericondensed.

by definition,

)

are.

Essentially disconnected benzenoids

In Table 28 the numbers of essentially disconnected benzenoids are displayed
with the distributions into symmetry groups. The documentations contain a work

[105] in which the essentially disconnected benzenoids were recognized auto-

matically by means of a computer program, based on Pauling bond orders. The
same principles were also employed in the present supplementary computations.

Extensions for the highest symmetries (hexagonal and trigonal) are accessible

through some of the subsequent tables.
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(h=6)
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(see page 69)
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{see page 69)
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Fig. 22. All normal benzenoids with & < 7. K numbers are given

Table 28. Numbers of essentially disconnected benzenoids classified according to symmetry *

h D, Csp Dy Cau Cy C,
5 12
6 0 i® 2
7 0 32 6* 14
8 2# 7% 2 110®
9 2 16* 292 6452
10 12 532 312 3647
11 2b 87° 166° 19705°
12 5b 306 202 104200
13 7® 452 875 541928
14 7° 1702 1199 2787150
15 9® 2317 4577 ¥
16 1¢ 2° 19°® 9124 6651 +
17 0 0 27° 11762 + ¥
18 0 0 34° t T +
19 0 23¢ 39° T t ¥
20 0 0 84" ki + t

* The smallest essentially disconnected benzenoids with Dg, and with Cg, symmetries (one
each) occur at h = 25 [71].

* Brunvoll, Cyvin and Cyvin (1987) [71}; ® Brunvoll, Cyvin, Cyvin and Gutman (1988) [105];
¢ Cyvin, Brunvoll and Cyvin (1988) [104]; ¥ Unknown

In Fig. 23 the forms of all essentially disconnected benzenoids up to h = 8 are
displayed as black sithouettes. Such figures have been given previously for h < 7
[26] and h < 8 [105], for & = 7 also as dualists [55]. In one of these works [105]
a number of (bizarre) forms of larger essentially disconnected benzenoids are in-
cluded.
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w

(h=7)
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1
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15
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1
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Fig. 23. All essentially disconnected benzenoids with h < 8. K numbers are given
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10 Obvious Non-Kekuléan Benzenoids

10.1 Numbers and Forms

The benzenoids with A > 0 are by definition the obvious non-Kekuléans. They
have K = 0 and are pericondensed. Only four symmetry groups are possible for
these systems, viz. D3, Cyy, C,, and C,.

Table 29. Numbers of obvious non-Kekuléan benzenoids with different colour excess (A
values), classificd according to symmetry

h A Dy, Ca Ce C,
3 1 1®
4 1 0 1°
5 1 0 32 42
6 1 0 i 1? 26
2 1# 0 12 0
7 1 0 0 10° 124®
2 0 0 1# 6*
8 1 0 0 52 614#
2 0 0 7% 45°
9 1 0 42 39+ 2914
2 12 1* 92 311*
3 0 0 12 22
10 1 0 0 20° 14004*
2 0 0 382 1878*
3 1* 12 0 37®
11 1 0 0 156 66890°
2 0 0 52° 10870°
3 0 0 13° 361°
12 1 3be 13%¢ 80 320763
2 0 7be 176° 60522
3 0 0 5° 2985°
4 0 1 b.c 6b 7b
13 é 0 0 652 1539522
0 0 266 329972
2 0 gb-c 84: 21583%
0 0 4 207°
14 1 0 0 347 7408063
2 0 0 853 1768772
i 0 0 35h 145473
0 0 46 25420
15 1 0 58b¢ 2789 T
2 20 29%:c 1289 +
3 0 0 486 t
4 1b.c 7b,c 52 T
5 0 1 b,¢ 4b 43 b
16 1 0 0 1474 ¥
2 0 0 4033 T
3 1 43 214 +
4 0 0 331 +
5 0 0 2 ¥

2 Brunvo]l, Cyvin and Cyvin (1987) [71]; ® Gutman and Cyvin (1988) [102]; ¢ Cyvin, Brunvoll
and Cyvin (1988) [104]; ¥ Unknown
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In Fig. 24 the forms of the obvious non-Kekuléans up to 4 = 7 are shown as

Table 29 gives a general survey of the numbers of obvious non-Kekuléans with
black silhouettes. They have been given previously as dualists [55].

given A values, including the distributions into symmetry groups. Extensions for

the trigonal symmetries are accessible through subsequent tables.
In Gutman and Cyvin [22], in the table which corresponds to Table 29 here, the

entry for # = 6, A = 2 (Total) is omitted by a minor misprint.

Erratum

(see mext page)
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Aoy for 3 < b < 10, clas-
sified according to their num-
bers of internal vertices {(n;)
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10.2 Non-Kekuléans with Extremal Properties

= Amax:

for a given number of hexagons (k). For A > 0 they are obvious non-Kekuléans.

The title class refers to benzenoids which have the maximum A value, A
These systems are treated in detail by Brunvoll et al. [101

1

It has been shown [18, 101] that

(57)

Lth/31

Amax

where the floor function is employed. In other words, the value of A, jumps one

unit for every third 4 value.

Amax) to

Kekuléans with extremal properties (A

h = 10. Only the first 18 systems overlap with those of Fig. 24. For h = 11 the

Figure 25 shows all the non-

3, are too many (374

systems; cf. Table 25) to be reproduced here. But for h = 12 this type of benzenoids

non-Kekuléans with extremal properties which have A

, which are shown in Fig. 26.

have A = 4 and there are only 14 of them

Apax for h=13,6,9,

Bspecially interesting are the non-Kekuléans with A =

12 ..

., Le.

(58)

o = B3 (A >0)

A=A

h=3A,
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max = 4 for

A
h = 12, classified according to n;
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definition, two benzenoids are said to be fused (in a restricted sense as used above)
when they share one and only one edge. Figure 25 contains the teepees for: i1 = 3,
A=1;h=6A=2,h=9A =3 All the systems in Fig. 26 (for h = 12, A = 4)
are teepees. Brunvoll et al. [101] have also generated the 48 teepees with 71 = 15
and A = 5; they are reproduced in Fig. 27

11 Concealed Non-Kekuléan Benzenoids

The class of concealed non-Kekuléans is defined by A = 0, K = 0. All members
of this class are pericondensed. They occur at h > 11.

A systematic search for concealed non-Kekuléans seems to have started in 1974
with Gutman [81], who inferred that no such systems with less than 11 hexagons
can be constructed, and depicted two of those with 4 = 11. Not until thirteen
years later was it proved by Brunvoll et al. [106] using computer generation that
the number of concealed non-Kekuléans with h = 11 is 8. The corresponding
analysis for h = 12 by He etal [107] followed. Guo and Zhang [108], and
independently Jiang and Chen [109], deduced analytically the numbers of concealed
non-Kekuléans with i = 12 and h = 13. For h = 14, see Comments and Errata
below. Two recent reviews on the enumeration of concealed non-Kekuléan
benzenoids have appeared [93, 110], wherein the historical development is treated
in particular; see also below.

Table 30 shows numbers of concealed non-Kekuléan benzenoids, including the
distributions into symmetry groups. Some supplements are accessible from
appropriate forthcoming tables.

In Fig. 28 the concealed non-Kekuléans with h < 12 are depicted. Both sets
have been given previously: those with h = 11 [22, 26, 93, 103, 106, 108, 110-112]
and with & = 12 [107, 108].

Table 30. Numbers of concealed non-Kekuléan benzenoids classified according to sym-
metry”

h Dsa Cs, Cs, C, Total
11 1° 20 1P 4° e
12 0 5b 0 93b 98¢
13 0 23 23 1051 1097¢f
14 12 58 11 9734 9804
15 3 177 185 ¥ +

16 3 502 145 % i

17 22 1208 + T T

*+ Concealed non-Kekuléans with Dg; and Cg, symmetries occur first at A = 43, those with
D, at h = 40 and C;, at 34.

» Gutman and Cyvin (1988) [102}; ® Gutman and Cyvin (1989) [22]; © Brunvoll, Cyvin, Cyvin,
Gutman, He and He (1987) [106]; ¢ He, He, Cyvin, Cyvin and Brunvoll (1988) [107]; © Guo
and Zhang (1989) [108]; f Jiang and Chen (1989) [109]; ¥ Unknown
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Comments and Errata

A benzenoid hydrocarbon corresponding to a concealed non-Kekuléan was
probably described for the first time in 1972 by Clar {113]. The particular system
which he constructed, viz. the system No. 8 of Fig. 28 (the last one with # = 11)
was referred to as the “Clar goblet” in the review entitled “The hunt for concealed
non-Kekuléan polyhexes” [93]. The two systems constructed by Gutman [81] are
No. 1 and No. 8 (Fig. 28). Both of these systems have been quoted several times
as Gutman’s original findings, although Balaban [114] tried to share the credit
for No. 8 between Gutman and Mallion with reference to a private communication
from Mallion. This discussion, however, is uninteresting because we are speaking
of the Clar goblet. The system No. 1, on the other hand, should most probably
be attributed to Gutman [81].

It was not claimed by Gutman [81] that the systems Nos. 1 and 8 of Fig. 28
are the only concealed non-Kekuléans with 4 = 11, but a statement in Cyvin and
Gutman [83] is misleading on this point, as was pointed out later [103]. In 1981
Balaban [114] discovered the system No. 2 “by accident”. Originally he assigned
this system to a wrong category, but explained in a note added in proof, with
different words, that it is a concealed non-Kekuléan. One year later, after a more
conscious search for concealed non-Kekuléans, the same author [115] discovered
Nos. 3, 4, 5 and 7 (Fig. 28). The remaining system, viz. No. 6, was reported by
Hosoya [111], who in 1986 published for the first time the whole set of the 8
smallest (4 = 11) concealed non-Kekuléans. The system No. 6 was found indepen-
dently by Cyvin and Gutman [112], who published the same 8 concealed
non-Kekuléans one year after Hosoya. These authors {112] stated by mistake that
Dias [116] had given the system No. 6 before; the similar system of Dias has
twelve hexagons. Neither Hosoya [111] or Cyvin and Gutman [112] claimed that
the & constructed concealed non-Kekuléans with # = 11 are the only such systems.
The very title of Hosoya's paper [111], with the sign of interrogation, speaks for
itself: “How to design non-Kekulé polyhex graphs?” In Cyvin and Gutman [112]
it is expressed still clearer in the legend of a figure: “The (all?) eight smallest
possible concealed non-Kekuléans”. As was mentioned above, Brunvoll et al. [106]
resolved this problem in 1987. Their paper is entitled “There are exactly eight
concealed non-Kekuléan benzenoids with eleven hexagons”. Furthermore, they
stated clearly: “Any further search for concealed non-Kekuléan benzenoids with
eleven hexagons is futile.” In 1988 Zhang and Guo [117] proved mathematically
(by graph theory) a theorem stating the same about the smallest non-Kekuléans.

Guo and Zhang [108] pursued the graph-theoretical analysis and proved that
the number of concealed non-Kekuléans with # = 12, which can be constructed,
is 98. But already the year before they had published these findings, He et al.
[107] had published a paper with part of the title: “There are exactly ninety eight
concealed non-Kekuléan benzenoids with twelve hexagons.” This conclusion had
been reached by computer analysis. Jiang and Chen [109] referred to a wrong
number instead of 98 communicated privately to them by He and He. This (wrong)
number was published as a preliminary communication in He and He [35], but
the error was detected and corrected before the final publication [107]. Herein,
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by the way, in the depiction of the A = 12 concealed non-Kekuléans one black
hexagon is missing.

The mathematical deductions did not always come after the computer-aided
analysis. In the mentioned work of Guo and Zhang [108] also the number of
concealed non-Kekuléans with & = 13 (see Table 30) was reported. An analytical
deduction of the same number was achieved by Jiang and Chen [109], who extended
their mathematical analysis to attain at the corresponding number for h = 14.
Cyvin et al. [93] offered the following comment. “We wish to emphasize that these
numbers (viz. 1097 and 9781) were obtained by mathematical analyses without
computer aid. Brilliant achievements!” The former number (viz. 1097 for h = 13)
was confirmed by a computer analysis of the present work. For h = 14, however,
a very recent computer result of the present work deviates from the Jiang and
Chen number. The new number (viz. 9804) is supposed to be correct and is therefore
entered in Table 30.

12 Benzenoids with Specific Symmetries

12.1 Hexagonal Symmetry: Snowflakes

Topological Properties

A benzenoid of hexagonal symmetry belongs to one of the symmetry groups Dy,
and Cg,. For obvious reasons these systems are called snowflakes. Sometimes it
is distinguished between the Dy, and Cg, groups by means of the terms proper
and improper snowflakes, respectively. The proper snowflakes are also said to
have regular hexagonal symmetry. Snowflakes, both of Dy, and Cj,, occur for

h=6n+1; n=012.. (59)

but y > 2 for Cg,.

Every snowflake has a hexagon at its centre; it is the central hexagon.
Furthermore, for y > 0 every snowflake has a coronene configuration at its centre;
it is sometimes referred to as the core. It may also be natural to consider larger
units as cores, such as circumecoronene.

From the above considerations it is clear that all snowflakes are pericondensed
except for benzene, which corresponds to y = 0.

All snowflakes have vanishing color excess; A = 0. Therefore they can be either
normal, essentially disconnected or concealed non-Kekuléan (but not obvious
non-Kekuléan).

Numbers and Forms

Table 31 shows the numbers of snowflakes, which supplement the few, small
numbers found in Table 26. Tables 32 and 33 show the numbers of proper and
improper snowflakes, respectively, classified into the neo categories. The data were
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Table 31. Numbers of benzenoids with hexagonal symmetry*

h Dy Cen Total (Dg;, + Ces)
1 1 1
7 lb.c b,e

13 2 Yoo

19 2b.c zb.c 4b,c

25 3b e 11%

31 5b 390 37b

37 8" 128" 136"

43 13° 527° 540°

49 20° 2209° 2229°

55 35° 9470° 9505°

61 60¢ + +

67 1044 t +

73 1834 t ¥

* Contains supplements to Table 26.

2 Rouvray {1973) [56]; ® Brunvoll, Cyvin and Cyvin (1987) [71]; ° Balaban, Brunvoll,
Cioslowski, Cyvin, Cyvin, Gutman, He, He, Knop, Kovatevi¢, Milller, Szymanski, ToSi¢
and Trinajstic (1987) [18]; ¢ He, He, Wang, Brunvoll and Cyvin (1988) [19]; ¥ Unknown

Table 32. Numbers of classified benzenoids with regular hexagonal symmetry, D, (proper
snowf{lakes)

Kekuléan* Concealed
non-Kekuléan

h n e Total Kek.

1 12 i

7 14 1?2
13 2° 28
19 2 22
25 2 12 32
31 5 0 5=
37 7 1? 82
43 112 i? 12 i#
49 175 3bee 20b:¢ 4]
55 30b,c 4b.c 34b,c ld
61 51 8 59b-¢ 1B
67 87 13 100%° 4b-e
73 150 26 1765 A

* Abbreviations: e essentially disconnected; n normal.
* Brunvoll, Cyvin and Cyvin (1987) [71]; ® Cyvin, Brunvoll and Cyvin (1989) [103];° Gutman
and Cyvin (1989) [22]; ¢ Cyvin, Brunvolt and Cyvin (1988} [118]

produced by specific generations of the systems with hexagonal symmetry {71,
103, 118].

The first specific generation of snowflakes [71] contains computer-generated
figures in the form of mini-hexagons for all the 191 such systems with7 < h < 37
and selected systems for h = 43. The five smallest (h = 43) concealed non-
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Kekuléan
48

42

Concealed
312

non-
Brunvoll and Cyvin (1988}

Total Kek.

® Cyvin,

Enumeration of Benzenoid Systems and Other Polyhexes
He, Cyvin, Cyvin and Brunvoll (1988) [107]; T Unknown

23
78
242
84*
310#

Kekuléan*

Table 33. Numbers of classified benzenoids with Cg, symmetry (improper snowflakes)

* Abbreviations: See footnote to Table 32,
? Brunvoll, Cyvin and Cyvin (1987) [71];

50167

7425

34560

3024

2662
13718

12800

980

25
9472

h=

145

136000

79625

59582

(see next page)
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Kekuléan snowflakes have been depicted or reproduced several times [71, 103,

identified and depicted for

system out of these was actually
the first time by Hosoya [119], while three out of the four Cg), systems were depicted

107, 110]. The Dy,

by Cyvin et al. [120]. The 42 concealed non-Kekuléan (improper) snowflakes with
h = 49 have also been depicted before [107]. The 313 concealed non-Kekuléan

and selected representatives of them

]

In this set there is 1 proper snowflake

= 55 have been described

snowflakes with &

which also has
the 7 largest of
93]. One of these papers

s

1

118
been depicted together with all such systems for h

[

have been depicted

3

[

< 73 [103];

= 73) are reproduced elsewhere

these systems (for A

55.

<

generated pictures of all proper snowflakes with h
-edited selection of the forms of snowflakes, Figures 29

and 31 display the forms of normal

[103] shows the computer-

30

essentially disconnected and concealed

s

>

Here we give a re
non-Kekuléan snowflakes, respectively, both proper (D) and improper (Cq,).

Similarly, the forms of proper snowflakes in particular are displayed in Figs. 32,

33 and 34, pertaining to the normal,

non-Kekuléan systems,

essentially disconnected and concealed

respectively.

h=49

(see next page)
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(h=49}

Dqy
= 49

-Kekuléan benzenoids with hexagonal symmetry,
= 43 and 42 with h

and h < 55: 5 systems with h

Fig. 31. Snowflakes: all concealed non

(one system) or Cg,,

12.2 Trigonal Symmetry

Topological Properties

which belong to D, and Cj, are of two

The benzenoids of trigonal symmetry,

the second

(i)

where the systems have a central hexagon;

3

kinds: (i) the first kind

a central vertex.

kind, where they have a vertex in the centre,

The numbers of hexagons are restricted to:

(60)

,2,3, ...

1

¢

for the first kind (i), but & > 1 for Cy;;

>

h=3¢+1;

(61)

for the second kind (i), but again & > 1 for C,,
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h=25

34560

12800

112700 182250 32120 3080025

40500

h=37

18413057

12251250

10562816

Fig. 32. Proper snowflakes: all normal benzenoids with D, symmetry and 5 < 43, K

numbers are given

and of the first kind, viz.

viz. Dy,

The benzenoids of regular trigonal symmetry,
Dy, (1), are subdivided into: (a) those where the two-fold symmetry axes cut edges

perpendicularly; (b) those where the two-fold symmetry axes go through edges
(and vertices). Under the adopted convention to draw a benzenoid with some of

its edges vertical, the systems D,,(ia) and D,,(ib) will possess a horizontal or a

vertical two-fold symmetry axis, respectively. In the systems of the second kind,
D3, (ii), the two-fold symmetry axes invariably go through edges, and therefore a
vertical two-fold symmetry axis is found in such a system under the adopted

convention.

and C,,(i) systems one

)

For the Dg,(i
.; those of Dj,(ia) can only assume the value

There are restrictions on the color excess.

has A = 3, where 5

0,12 ..
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h=37

10628820

5242880

14580

h=49

20x15°
227812500

(=}
™
X &
[=3=-1
o w
~ =
Y
—
— i

4014080

20x3%x8%

20x30x5°

232848x3°

3822059520

1280000000

=227812500

169746192

h=61

20%24°
~3.822:10°

112700%5% 980x12°
~2.926x10°

~1.761x10°

3024x312
~1.607%10°

20x45°
~1.661x10

6

112700%8
~72.954x10

20x3*8

~7.748x10°

10624768+3°
7.745x10°

11

10

all essentially disconnected benzenoids with D, symmetry and

Fig. 33. Proper snowflakes:
h < 66. K numbers are given
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h=67

Fig. 34. Proper snowflakes: all concealed non-Kekuléan benzenoids with Dg, symmetry and
h <79

A = 0. In the case of D;;(i1) and Cy,(i1) the allowed values for the color excess
are exactly those which are forbidden in the former case (i); the allowed values
areA =3n+ 1,3 + 2;7 =0, 1,2, ... . In consequence, all benzenoids of trigonal
symmetry belonging to the second kind (ii) are obvious non-Kekuléans.

Numbers and Forms

The numbers of catacondensed benzenoids of trigonal symmetry are listed in
Table 17 with a continuation in Table 19. A listing for all benzenoids of trigonal
symmetry (catacondensed + pericondensed) is given in Table 34, which supple-
ments Table 26. Tables 35 and 36 take into account various divisions into
subclasses for the D, and C,, systems, respectively. The total numbers of D,,(ia)
and of Dj,(ib) systems have been given elsewhere [110] and are consistent with
those of Table 35.
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Table 34. Numbers of benzenoids with trigonal symmetry*

h Dy, Cyy Total h D,
D3n + Can)
3 12 1 25 724
4 1? 1 27 284
6 1> 1he 2 28 149¢
7 1o 1% 2 30 504
9 1% 5b-¢ 6 31 2728
10 4t 50 9 33 874
12 3¢ 21¢ 24 34 557¢
13 4¢ 26° 30 36 1644
15 3¢ 95¢ 98 37 1050¢
16 12¢ 118¢ 130 39 2864
18 6¢ 423¢ 429 40 21544
19 19¢ 543° 562 42 557¢
21 104 T t 43 4142¢
22 414 T i 45 9984
24 164 t T 46 8537¢

* Contains supplements to Table 26.

2 Rouvray (1973) [56]; ® Brunvoll, Cyvin and Cyvin (1987) [71]; ° Balaban, Brunvoll,
Cioslowski, Cyvin, Cyvin, Gutman, He, He, Knop, Kovadevi¢, Miiller, Szymanski, Tosic
and Trinajstic (1987) [18]; ¢ Cyvin, Brunvoll and Cyvin (1989) [110]; ¥ Unknown

Table 35. Numbers of classified benzenoids with regular trigonal symmetry, D3,*

{Kind/ Kekuléan non-Kekuléan
type)

h A n e TotalKek. o Total non-Kek.
3 (i) 1 a0 1
4 (ia) 0 i® 1 0 0
6 (i1} 2 0 0 12 1
7 (a) 0 1° 1 0 0
9 (i) 2 0 0 1=® 1

10 (ia) 0 3 } 0 }

(ib) 3 0 3 jab 1

12 {ii) 1 0 0 3 3

13 (ia) 0 4» 4 0 0

15 (i) 2 0 2%b }

4 0 } 0 1 a.b 3

16 (ia) 0 10% 0

(ib) 0 0 1° 1 0 1

3 0 0 1=®

18 (i) 1 0 0 3a
2 0 0 0 20 6

5 0 0 1a.p

19 (ia) 0 17 0 } 0 }

(ib) 3 0 0 17 20 2
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Table 35. (Continued)

non-Kekuléan

Kekuléan

(Kind/
type)

Total non-Kek.

(o)

Total Kek.

[
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Table 35. {Continued)

(Kind/ Kekuléan non-Kekuléan
type)
h A n e TotalKek. o Total non-Kek.

37 (ia) 829 136

(ib)

s
W

995 43

0
0
3
6
9
39 (i) 1
2
4

[,
Lo W OO OoWwn

286

=
Ry
- § -
i
M

CODOOLOLOOoD OOLOO

—_

40 {ia)
(ib)

s
N
{ad
wn
L

192

DO ODLOO OO OO0

557

coocococooo OO0

[RERN

43 (ia}

5
7
8
0
0
0
3
6
9
42 (i) 1
2
4
5
7
8
0
1
0
(ib) 0

tad
oo
o0
-~ -
~
W W

3937 140 205
45 (i)

998

DODODODOODOO OOLOW OO0
2
-
o)

OO0 DOLOoO DO

6

<
W
o
Pk
o
[on3
A%
[99)
9

@

46 (ia)

214
126
22
5

r 401

3
6
9
1
2
4
5
7
8
10
11
0
0
3
6 + 8136
9

wn
SO O O
OO

12

* Abbreviations: e essentially disconnected; n normal; o non-Kekuléan. .
& Cyvin, Brunvoll and Cyvin (1988) [78]; % Gutman and Cyvin (1988) {102}; ¢ Cyvin, Brunvoll
and Cyvin (1989} [110]
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Table 36. Numbers of classified benzenoids with C,, symmetry*

Kekuléan non-Kekuléan

h (Kind) A n € TotalKek. o Total non-Kek.
6 (11) 1 la.b 1
7 {) 0 1 1 0
9 (ii) 1 0 42>

2 0 0 e >
10 ) 0 42 0

3 0 4 o0 !
12 (11) 1 0 13a-b

2 0 0 750 21

4 0 1ab
13 i) 0 18* 0

3 0 18 go-® 8
15 {i1) 1 0 53%2

2 0 292

4 0 } 0 7ub } 9

5 1) Ia,b
16 (i) 0 732 22 0

3 0 0 } & 4350 43
18 (ii) 1 0 0 234“-:

2 0 0 136>

4 0 0 } 0 450 } 423

5 0 0 8P
19 (i) 0 298* 23 0

3 0 0 321 217=°® 222

6 0 0 520

* Abbreviations: See footnote to Table 35.
* Cyvin, Brunvoll and Cyvin (1988) [78]; ® Gutman and Cyvin (1988) [102}

In Figs. 35, 36 and 37 the smallest benzenoids with trigonal symmetry are
illustrated; the figures pertain to the normal, essentially disconnected and
non-Kekuléan systems, repectively. The same collection of forms has been displayed
elsewhere [78].

Erratum

In the work of Cyvin et al. [78] the two first (silhouette) drawings of essentially
disconnected benzenoids should be switched in order to match the given K
numbers.

The ten smallest concealed non-Kekuléan benzenoids with regular trigonal
symmetry (D) are depicted in Fig. 38 and taken from Cyvin et al. [110]. The
reader is referred to the below comments about the search for concealed
non-Kekuléans with C,;, symmetry.
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h=13

370

351

341

308

243

190

189

539

68

4

407

403

998,9,
age0ele
w‘.‘”‘.
-

7 and

]

2

10 and 13, respectively; all of them are of the first kind. K numbers

Fig. 35. All normal benzenoids with trigonal symmetry (D3, or C3,)and h < 16: 1,

22 systems forh = 4,7,

are given

There are no concealed non-Kekuléan benzenoids with C,, symmetry among the

Comments

and it has been pointed out by Cyvin

et al. [78] that it is not easy to construct small concealed non-Kekuléans with
trigonal symmetry. Nevertheless, in the mentioned work [78] two such systems
with h = 34 are presented and are supposed to be among the smallest. Later
Cyvin et al. {110] depicted twelve concealed non-Kekuléans with 34 hexagons each
and presented convincing arguments to the effect that they really are among the

cf. Table 36),

B

19;

<

enumerated systems (h

well

the authors emphasized that they are “...

aware of the fact that the list is not complete.”

b

smallest such systems. However
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=16

19

ks

756 945 945 1280 1755 1755

756

540

3500

3500

2500

2240 2240 2457 2457

1792

4375

4375

4104

4104

4104

3591

3591

Fig. 36. All essentially disconnected benzenoids with trigonal symmetry, D5, (one system)

and Cy,, and h < 22: 3 and 23 systems with h = 16 and 19, respectively; the additions to
triphenylene are of the first kind, the additions to triangulene (four systems) of the second

kind. K numbers are given

12.3 Dihedral Symmetry and Centrosymmetry

Topological Properties

Benzenoids of both dihedral symmetry (D,,) and centrosymmetry (C,,) are divided
into two kinds: (i) the first kind, where the systems have a central hexagon;

the second kind

(i)

where they have an edge in the centre, a central edge.

>

The numbers of hexagons are restricted to:

(62)

1,23, ...

¢

h=2+1;

for the first kind (i}, but & > 1 for C,,;

(63)

E=1,2,3, ...

h=2¢;

for the second kind, but ¢ > 1 for C,,.
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All benzenoids belonging to the D,, and C,, symmetries have A = (.



A=2

A=}

6

A=l

=

respectively; the two systems

10 and 12,

9)

s

3,6

Biorg N. Cyvin, Jon Brunvoll, and Sven J. Cyvin

h=12

C,, are listed in Tables 14, 15, 17 and 20. When taking the catacondensed and

pericondensed benzenoids of these symmetries together, most of the relevant
benzenoids, which is available so far, is already contained above; cf. Tables 26,

Fig. 37. All (obvious) non-Kekuléan benzenoids with trigonal symmetry (D, or Cj,) and
with & = 10 are of the first kind, all the othér of the second kind. A values are indicated

The numbers of catacondensed benzenoids belonging to the symmetries D,, and
information on the numbers of dihedral (D,,) and centrosymmetrical (C,y)
27, 28 and 30. Collections of the specific data for the D,, and C,, systems are

h < 13: 1,2, 6, 2 and 24 systems with &

Numbers and Forms
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h=40

“OOOOOO-otno”tno
a%00es Ssse’agase,
ag000"

ol
0g03000!
o SeSele
agalede

159

Concealed
non-Kekuléan

Total Kek.

e 32.

!

Kekuléan*

n

(Kind)

? Brunvoll, Cyvin and Cyvin (1987) [71}; ® Brunvoll, Cyvin, Cyvin and Gutman (1988) {105];

7 systems with h = 40 and 43, respectively. The first system at & = 43 belongs to the class
® Gutman and Cyvin (1988) [102]

Fig. 38. All concealed non-Kekuléan benzenoids with D5, symmetry and h < 46: 3 and
Dg, (ib), all the others to Dy, (ia)

Table 37. Numbers of classified benzenoids with dihedral symmetry (D)

* Abbreviations: See footnote to Tab

NNV~ = NN O~ 00N D
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Table 38. Numbers of classified benzenoids with centrosymmetry (C,,)

Kekuléan* Concealed
non-Kekuléan
h (Kind) n e Total Kek.
4 (i) 12 1
5 ) 12 1
6 (ii) 6 1°® 7
7 ) 4° 3® 7
8 (ii) 28° 7° 35
9 (i 20° 16 36
10 {ii) 116® 53° 169
11 (i) 88" 87° 175 29
12 (i) 496 306 802 54
13 (i) 384 452 836 23
14 {ii) 2104 1702 3806 58
s §1) 1651 2317 3968 177
16 (i} %990 9124 18114 502
17 ) 7128 11762 18890 1208

* Abbreviations: See footnote to Table 32.
® Balaban and Harary (1968){13]; ® Brunvoll, Cyvin and Cyvin (1987) [71}; ¢ Brunvoll, Cyvin,
Cyvin and Gutman (1988) [105]; ¢ Gutman and Cyvin (1989) {22]

presented in Tables 37 and 38, respectively. Here only Table 37 includes some
supplementary numbers for D,, concealed non-Kekuléans in continuation of
Table 30.

The 15 smallest concealed non-Kekuléans with D,, symmetry have been depicted
[93] and are also reproduced in Fig. 39. Otherwise the forms of dihedral and

Fig. 39. All concealed non-Kekuléan benzenoids with D, symmetry and h < 18
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centrosymmetrical benzenoids have not been treated in particular, except for the
catacondensed D,, systems (cf. Fig. 19).

Erratum

One of the D,, concealed non-Kekuléans with £ = 14 is depicted by Gutman and
Cyvin [102] under a wrong indication of its number of hexagons.

12.4 Mirror Symmetry

Topological Properties

Mirror-symmetrical (symmetry C,,) benzenoids occur for all & > 3.

Two types of C,, benzenoids are distinguished: (a) those where the (two-fold)
symmetry axis cuts edges perpendicularly; (b) those where the symmetry axis goes
through vertices (of one or more edges). Adherring to the convention that some
of the edges should be vertical, a system of C,,(a), resp. C,,(b), can be drawn so
that the symmetry axis is horizontal, resp. vertical.

The C,,(a) systems are restricted to A = 0, while all A values are allowed for
Clu(b)'

Numbers

The systematic investigations of benzenoids with specific symmetries started
naturally with the highest symmetries (hexagonal, trigonal, ...). With regard to
the mirror symmetry (C,,) there has still not been very much done. We have
supplemented the existing data by means of a specific generation of the C,,
benzenoids achieved for the first time; cf. Table 39. But still there is more which
can be done in this area.

Table 39. Numbers of classified benzenoids with mirror symmetry, C,,*

Kekuléan non-Kekuléan
h (Type) A n e TotalKek. o Total non-Kek.
3 (a) 0 1 1
4 (b) 0 1 1
5 (a) 0 5
(b) 0 1 } 6 } 3
1 0 3
6 (@ 0 7 0
(b) 0 3 0
IR
2 0 1
7 (a) 0 18 4 0
(b} 0 4 2 0
1 0 0 } 28 10 } u
2 0 0 1
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Table 39. (Continued)

Kekuléan non-Kekuléan
h {Type) A n e TotalKek. o Total non-Kek.
8 (a) 0 32 2 0
(b) 0 15 0 0
1 0 0 49 5 12
2 0 0 7
9 (a) 0 82 23 0
{b) 0 18 6 0
i 0 0 129 39 49
2 0 0 9
3 0 0 1
10 (a) 0 131 24 0
(b) 0 54 7 0
1 0 0 } 216 20 58
2 0 0 38
11 (a) 0 334 139 1
(b} 0 74 27 0
1 0 0 4 156 Lo
2 0 0 52
3 0 0 13
12 {a) 0 560 164 0
(b} 0 222 38 0
1 0 0 80
5 0 0 > 984 176 y 267
3 0 0 5
4 0 0 6
13 {a) 0 1377 755 7 21 )
(b) 0 297 120 2
1 0 0 652
) 0 0 2549 266 > 1029
3 0 0 84
4 0 0 4
14 (a) 0 2322 990 ) i1
(b) 0 879 209 0
1 0 0 347
’ 0 0 4440 853 y 1292
3 0 0 35
4 0 0 46
15 (a) 0 5703 4018 176
{b) 0 1205 559 9
1 0 0 2789
2 0 0 11485 1289 4805
3 ] 0 486
4 0 0 52
5 0 0 4
16 (a} 0 9657 5547 A 141
(b) 0 3562 1104 4
1 0 0 1474
2 0 0 b 19870 4033 t 6199
3 0 0 214
4 0 0 331
5 0 0 ) 2

* Abbreviations: See footnote to Table 35
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13 All-Benzenoids

13.1 Some Topological Properties

The class of benzenoids called all-benzenoids {or fully benzenoids) is a subclass
of the normal benzenoids. Hence each all-benzenoid is Kekuléan and has A = 0.

The class of all-benzenoids is also a subclass of 2-factorable benzenoids. A
2-factorable benzenoid is also 1-factorable, where a 1-factorable benzenoid is
synonymous with a Kekuléan.

An ali-benzenoid may be catacondensed, but only for every third h value;
specifically h = 1, 4, 7, 10, ... . Pericondensed all-benzenoids occur for h = 6 and
h>8

13.2 Catacondensed and Pericondensed All-Benzenoids

The enumeration of all-benzenoids was foreshadowed by Dias [121-123], who
discussed 2-factorable benzenoids in the frame of the enumeration of benzenoid
isomers (according to the chemical formulas C,H,). In these works Dias depicted
some all-benzenoids as examples. It was Knop et al. [91} who presented the first
list of the numbers of all-benzenoids according to the number of hexagons (h);
see Table 40. In later works, Dias [25, 124, 125] enumerated some all-benzenoid

Table 40, Numbers of all-benzenoids, including their subdivision into
catacondensed and pericondensed systems

h Catacondensed Pericondensed Total
1 1® 12
4 12 12
6 0 12 12
7 2 0 22
8 0 1# 1?
9 0 32 3

10 6 32 9

11 0 10 10°

12 0 29° 29°®

13 32° 25® 57°

14 0 102° 102°

15 0 259° 259°

16 172% 354® 526°

17 0 1136° 1136°

18 0 2713% 2713%

19 1139° t +

20 0 i +

21 0 i ¥

22 7661° + T

* Knop, Miiller, Szymanski and Trinajsti¢ (1986)[91]; ® Cyvin, Brunvoll,
Cyvin and Gutman (1988) [127]; ¥ Unknown
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]. For the

22

[

= 43,

and 13 systems with A

claiming that this covers all such systems for i < 43.

i

= 31

cf. Table 40.
Figure 40 shows the forms of the all-benzenoids up to 7 = 13 reproduced from

b

127]: cf. also Gutman and Cyvin

27
3 systems with h

[

»

127).

[

isomers with emphasis on the strain-free systems. These enumerations are
summarized in a recent review [126]. The list of Knop et al. [91] was extended

Tables 41 and 42 give an account of the classification according to symmetry
for the catacondensed and pericondensed benzenoids, respectively. Most of the
catacondensed all-benzenoids with D,, symmetry, we have also generated by hand,

Bjorg N. Cyvin, Jon Brunvoll, and Sven J. Cyvin

substantially by Cyvin et al. [1

data are from Cyvin et al.
in continuation of Table 41

Cyvin et al.

205
400

189

187
205
400

419

88,084
eses"ees)

202 203
96

182
3

202

178
0
396

20

100 101 104
200 200
225 227 230
404
409

198

225
401

S
o8008,

T H R
2alalelegedage

415

{(see next page)
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450 450 451 454 455 455

450

450

450

445 445 445 449

250

»
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Sl
nnotn.ncu&"
o2n o 9

Seagepesell

Fig. 40. The all-benzenoids for h < 13. K numbers are given

Dias [25, 124] defined the strain-free all-benzenoids by the absence of fjords; a
cove never occurs in an all-benzenoid. A fjord gives a zero-carbon gap between

vertices of degree two (corresponding to secondary carbon atoms), thus causing

steric hindrance for the hydrogen atoms. This proximity of carbon atoms could

also be achieved, if the hydrocarbons were planar, without fjords. The smallest

examples of this kind are represented by the below systems with & = 16 (left) and

h = 18 (right). Primarily this kind of systems are included here among the

Table 41. Numbers of catacondensed all-benzenoids, classified according to symmetry*

2v

2h

24

3h

DSh

8 8 8 = o
o CD 00 N
A =
— O N
R S e
4 & § 8 8 9
ey =N
v <t D e o
a L)
NONO
— P —

@ «

benzenoid
For D,,, see

not included in this table) is the only (trivial) catacondensed all

* Benzene (h = 1,
of Dy, symmetry. There are no catacondensed all

also the text.

-benzenoids of Cg, symmetry.

* Cyvin, Brunvoll, Cyvin and Gutman (1988) [127]; ¥ Unknown
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Table 42. Numbers of pericondensed all-benzenoids, classified according to symmetry*

h Dg, Dy, Cap Dy Con Cao C,

6 12

8 0 12

9 0 1a za
10 1 0 1# 1 0
11 0 22 Q 2° 6
12 0 1?2 24 52 21®
13 1# 0 0 0 32 21®
14 0 0 i# 22 127 87°
15 0 0 0 2? 14* 243#
16 0 i? 1 28 9* 182 323%
17 0 0 0 28 11 382 1085*
18 g 0 0 1? 222 582 26327
19 0 4 3 2 + 4 ¥
20 0 0 0 3 ¥ $ ¥
21 0 0 0 3 f ¥ +
22 0 1 4 3 ¥ ¥ ¥
23 0 0 0 5 + ¥ ¥

* All-benzenoids with Cg, symmetry occur at h = 31.
2 Cyvin, Brunvoll, Cyvin and Gutman (1988} [127]; T Unknown

strain-free all-benzenoids, adherring to the absence of fjords as the decisive
criterion. A list of the numbers of strain-free all-benzenoids (for h > 1) is presented
in Table 43. However, it is also of interest to distinguish the systems with

zero-carbon gaps in spite of the absence of fjords (like the examples of CeeHse
and C,,H,4 above). Therefore, in Table 43, the numbers of “absolutely strain-free”
all-benzenoids, where such systems are excluded, are given in parentheses.
Figure 41 displays the forms of the strain-free all-benzenoids up to h = 16.

Comments and Errata

In Knop et al. [91], by an obvious misprint, there is a missing (full) hexagon in
one of the depictions for h = 10.
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Table 43. Numbers of strain-free all-benzenoids, including their sub-
division into catacondensed and pericondensed systems*

h Catacondensed Pericondensed Total

4 1a.b la,b

6 O 1a—~c IR”C

7 1° 0 10

8 0 1° 1®

9 0 1a,b la,b

10 ld.e 3d,e 4d,e

11 Q 2d.e 2d.e

12 0 5f 5¢

13 3d,e 5d.e 8d‘e

14 0 13f 13f

15 0 16f 16f

16 4 (3) 25f 29 (28)
17 0 42 42

18 0 73 (72) 73 (72)
19 11 (8) 110 (108) 121 (116)
20 0 187 (184) 187 (184
21 0 321 (305) 321 (305)
22 23 (12) 501 (485) 524 (497)
23 0 886 (834) 886 (834)
24 0 1477 (1370) 1477 (1370)
25 62 (25) 2447 (2276) 2509 (2301)

* Numbers of “absolutely strain-free” systems (without any zero-carbon
gap) are given in parentheses.

* Dias (1985) [121]; ® Dias (1985)[123]; © Dias (1985)[122]; ¢ Dias (1987)
[124]; © Dias (1987) [25}; | Dias (1989) {125}

Four all-benzenoid systems were omitted in a report by Dias [124], but enclosed
as erratum with the reprints. The material without correction was reproduced in
the book of Dias [25], but an erratum appeared later [128]. The four systems in
question are also reproduced elsewhere [125]; herein the numbers of strain-free
all-benzenoids with h = 17, n; (number of internal vertices) = 10 (CqoH,g), and
with i = 18, n; = 14 (C4,H,¢) are in error. In both cases we have located two
isomorphic systems among the depictions.

13.3 Hexagonal Symmetry: All-Flakes

All-benzenoids with hexagonal (Dg, or Cg,) symmetry have been referred to as
all-flakes [129). In other words, an all-flake is an all-benzenoid snowflake. We
may also speak about proper (Dg,) and improper (Cg,) all-flakes as subclasses of
the proper and improper snowflakes, respectively.

The known numbers of all-flakes are given in Table 44 as a continuation of a
part of Table 42.
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k=10

k=9

h=8
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2044

505
1878

ig. 41. The strain-frec all-benzenoids for 4 < h < 16. K numbers are given
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=55

1361070932

34560000000

Table 45 gives a gross survey of the numbers of all-benzenoids with trigonal
symmetry. As a finer classification, Tables 46 and 47 show the known numbers
of the catacondensed and pericondensed all-benzenoids with trigonal symmetry
in continuation of Tables 41 and 42, respectively. It is apparently still much work
which could be done in this area. With regard to the catacondensed all-benzenoids

with D5, symmetry we believe that after the unique system with & = 31 there

or pericondensed. All of them are of the first kind, i.e. they possess a central hexagon.
come 2 systems with 2 = 49, and thereafter 7 systems with k = 67.

Fig. 42. All-flakes: the all-benzenoids with hexagonal symmetry (D, or Cg;) and b < 61.
All-benzenoids with trigonal symmetry (D, or C;,) may be either catacondensed

K numbers are given
13.4 Trigonal Symmetry

Table 45. Numbers of all-benzenoids with trigonal

I)Sh

2 Cyvin, Brunvoll, Cyvin and Gutman (1988) [127]
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68

68
* Supplements Table 41; see also the text. For b = 29 and h = 30 there

are no benzenoids with trigonal symmetry of the first kind

Cip
47

1)3&

Table 46, Numbers of catacondensed all-benzenoids with trigonal

symmetry*
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~3.039227%10%°
~2.735230%101%

Total (D3, + Cap)

~7.866281x10"°

Ca

~5.679555x1013

D3h

~4.748625x1013
~1.227393x101%

Fig. 43. Proper all-flakes: the all-benzenoids with Dy, symmetry and & < 97. K numbers

are given; those for & > 67 approximate

* Supplements Table 42. For h = 24 there are no benzenoids of trigonal

Table 47. Numbers of pericondensed all-benzenoids with trigonal
symmetry of the first kind

symmetry*

Bjorg N. Cyvin, Jon Brunvoll, and Sven J. Cyvin

Figure 44 shows the forms of the all-benzenoids with trigonal symmetry (D,
and Cy,) and b < 25. Those with regular trigonal (D) symmetry and 4 < 37 are

displayed in Fig. 45.

It is not intended to close research into enumeration of polyhexes with the present

review. This should be clear, not only from the last sentence of Sect. 12 and similar
statements, but also from the spirit shown throughout the whole chapter, and not

14 Conclusion
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Balaban and Artemi wrote very recently (1990) [63]. “The enumeration of

polycyclic benzenoid hydrocarbons (polyhexes, or benzenoids) continues to be a

least in several of the comments. On the contrary, it is rather intended to inspire
challenging problem.”

researchers in the field to further achievements in this realm and provide them with

a comprehensive survey on the work which has already been done.

not least during the very

The field has been flourishing,

last few years, as documented by the present list of references. It contains 16
relevant publications from 1989, which can be supplemented by a few more

=16
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9331
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9000
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17999

16480

10044

9916

=22

5

69832

23625

14233 22815

13000

12956

74753

74648

81088

(see next page)
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99125

33385

18941

103292 103648

103280

108322

106846

189000

186570

181649

Fig. 44. The all-benzenoids with trigonal symmetry (D5, and C;,) and h < 28. K numbers

are given

The number of cited publications from 1990/91 is 20 with a substantial

].

{130-133

number (viz. 19) of relevant supplements [134-152].

It also happens that new researchers are being attracted to the field of polyhex

enumerations. E. C. Kirby (Resource Use Institute

be reckoned as one of them, although his latest contributions [141, 143] were
preceded by some other enumeration-oriented works [85, 153]. His latest work

[141] makes a significant contribution to our understanding of all-benzenoids.

Another

which has recently entered the arena

name,

(University of Texas at El Paso, Texas, USA

a computerized coding system for polyhexes [154], is particularly chemistry-

oriented inasmuch as it takes stereoisomerism into account.

A monograph which contains many new enumeration results for coronoids

been announced as an early 1991 publication [155].
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1 Foreword

The topic of the present chapter falls under “Enumeration of Benzenoid Systems”,
which is part of the title of the preceding chapter. The numbers in the two chapters
are strongly inter-related in the same way as many of the numbers within the
preceding chapter. In particular, the sums of the numbers in each column for a
given number of hexagons (h) in the first four tables of the present chapter can
be checked against appropriate numbers in the preceding chapter.

However, for the individual numbers of the two chapters there is practically no
overlap. It was avoided by omitting a classification of the benzenoids with a given
h according to their numbers of internal vertices (n;) in the preceding chapter.

Nevertheless, the two chapters meet at the enumeration of catacondensed
benzenoids (n; = 0).

2 Introduction

The enumeration of chemical isomers has engaged mathematicians and chemists
for more than one hundred years. Perhaps the most familiar example is the
enumeration of alkanes, CyH, . ,. Some of the key references to this story should
include Cayley from 1875 {1}, Herrmann from 1880 [2], Henze and Blair from
1931 [3], and finally the more recent computer works of Davis et al. [4] and Knop
et al. [5). The latter authors [5] have given a vivid description of details of this
story, as also to be found in a monograph of Trinajsti¢ [6].

In the light of these long traditions, extensive enumerations of the isomers of
benzenoid hydrocarbons is a very new area. A systematic investigation can be
dated to 1982 with the first paper of Dias [7] (but see also below). He published
an article series in ten parts [7-16] entitled “A Periodic Table for Polycyclic
Aromatic Hydrocarbons” and more recent works [17, 18]. With the invention of
the periodic table, Dias created orderness in the chaotic myriads of chemical
formulas for benzenoid hydrocarbons, which may be written. He has also written
a monograph [19] with relevance to this topic and some other reviews [20-22].
Two years before Dias, Elk {23] published a paper on benzenoids, which
contains explicitly the enumeration of isomers up to h = 5. It seems that
the work of Elk has largely been overlooked in the context of benzenoid isomer
enumeration.

Knop et al. [5] summarized the pertinent work of Dias, his periodic table for
benzenoid hydrocarbons (see also below) and enumeration of isomers. Hereby
these authors [5] pointed out some erroneous omissions in the material of Dias.
Many other numerical errors were later detected by Cyvin [24], Brunvoll et al.
[25] and Cyvin et al. [26]. These works [24-26] provide a considerable amount of
supplements to the enumeration data of Dias. Further supplements are found in
the present work.

For a general background and basic definitions the reader is referred to the
mentioned monographs [5, 6, 19] in addition to some others [27-29].
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3 Description and Precise Definition of the Problem

The present work deals with benzenoid systems (benzenoids) or polyhexes without
holes. We are using the definition [28, 29] which allows for Kekuléan or
non-Kekuléan benzenoids, depending on whether they possess or do not possess
Kekulé structures. Kekuléan benzenoids correspond to conjugated closed-shell
(polycyclic aromatic) hydrocarbons with six-membered (benzenoid) rings only,
either known or unknown as existing molecules in organic chemistry. Non-
Kekuléan benzenoids correspond to hypothetic (so far never synthesized) radicals.
Benzenoids have also been characterized as simply connected and planar,
thus excluding coronoids or polyhexes with holes and also excluding helicenic
systems.

A benzenoid isomer is defined by a pair of invariants {(n, s) and usually written
as the chemical formula C, H,. Here n is the total number of vertices, correspond-
ing to the number of carbon (C) atoms, while s is the number of vertices
of degree two (on the perimeter), corresponding to the number of secondary
carbon atoms (hence the symbol s). This number (s) is also the number of
hydrogens (H).

The problem of enumerating benzenoid isomers (C,H,) consists of finding the
number of non-isomorphic benzenoids for a given pair of the invariants » and s.
It is also of interest to classify the set of isomers into Kekuléan and non-Kekuléan
systems and occasionally further into more subclasses.

In most of the enumerations of benzenoid systems the number of hexagons, &,
has been used as a leading parameter. This is to say that the numbers of
non-isomorphic benzenoids with a given h have been determined, and this set has
occasionally been subdivided into different classes; see e.g. a consolidated report
[30] with supplements [31]. Also when special classes of benzenoids have been
generated specifically the numbers of benzenoids were produced as a function of h.

1t has been pointed out [25] that the two problems, enumeration of benzenoids
with k hexagons and the enumeration of C,H, isomers, are not so much contrasted
to each other as it may seem. One may get this (false) impression, for instance,
from the statement of Dias [7]: “In this paper, the scope and framework for
achieving this goal [systematically enumerate all possible polycyclic aromatic
hydrocarbons] is defined. The basis for this framework is the molecular formula
in contrast to the number of hexagonal rings [32].” As a matter of fact, all benzenoid
isomers with a given molecular formula (C,H,) have the same number of hexagonal
rings (h). Therefore the classes of benzenoid isomers form subclasses under the
sets of benzenoids with the same h values. For instance, benzenoids with h = 5
comprise exactly the isomers of C;gH;;, CioHya CoiHys and CpoHys The
members of these four sets are distinguished hy having 3, 2, 1 and 0 internal
vertices, respectively, simultaneously with 16, 13, 20 and 22 external vertices,
respectively. In general, an isomer C,H; is fully characterized by the pair of
invariants (h, n;) or alternatively (h, n,), where n; and n, denote the numbers of
internal and external vertices, respectively; n, is also the perimeter length in terms
of the number of its edges. The explicit connections between different invariants
are treated in the next section.
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4 Invariants and Classes of Benzenoids

4.1 Hexagons and Vertices

The number of hexagouns, h, and the number of internal vertices, n,, are often taken
as a pair of independent invariants (h, n;) of a benzenoid. Then the invariants n
and s of the formula C H, are given by

n=4h —n + 2, s=2h—n,+4. N
Similarly, in terms of the pair (h, n,) the same invariants read
n=2h+@m/2)+1, s =(n/2) + 3. )

It is interesting that s is a function of n, independent of h. The reverse relation
reads

n,=25—6. &)
Now let n, be written as
n,=s+t “4)

where ¢ denotes the number of external vertices of degree three. They correspond
to the tertiary carbon atoms (hence the symbol £} on the perimeter. The relation

t=s—6 )

emerges immediately on combining (3) and (4).

4.2 The Dias Parameter

The Dias parameter, d, [7], is an invariant for benzenoid systems and defined in
terms of other invariants by

di=h—n—2=(n/2—h-3. 6)

Dias [7] interpreted the invariant d, as the number of tree disconnections of
internal edges. Figure 1 shows some examples. In the top row the three h = 5
benzenoids have zero, one and two disconnections, respectively; hence d, = 0, 1
and 2, respectively. In general, when the internal edges form a tree, d, = 0. The
two catacondensed benzenoids with & = 5 in the middle row (Fig. 1) have both
d, = 3. In general, it is clear that d, = h — 2 for catacondensed benzenoids, a
result which is consistent with Eq. (6) on inserting n; = 0. Negative values of d
indicate tree connections. This phenomenon occurs for the first time (at # = 7
for coronene, where six of the internal edges form a cycle; see the bottom row of
Fig. 1. The parameter d; actually indicates the net number between disconnections
and connections [20]; cf. the case of benzo[a]coronene depicted as the bottom-right
system of Fig. 1. With regard to the interpretation of d, it should finally be noted
that it does not hold for benzene, which is the only benzenoid without any internal
edge. According to Eq. (6) it has d, = —1.
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ds = O ds = 1 d s = 2
d.=3 d.=3
Fig. 1. Examples of benzenoids
with various Dias parameters
(dy); heavy lines indicate internal
d=-1 d,=0 edges

The pair of invariants (d,, n;) plays an important role in connection with the
periodic table for benzenoid hydrocarbons (see below). Therefore we give some
relations in terms of these invariants. Firstly, the coefficients of C H; read:

n = 4d, + 3n; + 10, s=2d,+n; + 8. N
Secondly, it is useful to keep track of the number of hexagons, which is

h=d, +n +2. 8
Finally we give the number of external vertices or the perimeter length;

n, = 4d, + 2n; + 10. ©)

4.3 The “neo” Classification

The classification referred to as neo takes into account all benzenoids. They are
either normal (n), essentially disconnected {¢) or non-Kekuléan (o); cf, e.g, the
multi-author report of Balaban et al. [30] and references cited therein. Among the
Kekuléan systems (n + e) the Kekulé structures possess fixed bonds in the case of
essentially disconnected benzenoid, while those of the normal benzenoids do not.

4.4 Color Excess

Another important classification of benzenoids follows the A values [30]. Here A
is the color excess, defined as the absolute magnitude of the difference between
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the numbers of black and white (or starred and unstarred) vertices. It is referred
to the coloring (or starring} of vertices in benzenoids, which are known to
correspond to alternant hydrocarbons. It is also known that the A value is the
absolute magnitude of the difference between the numbers of valleys and peaks.
The A value is another invariant for the benzenoid systems.

It is clear that A = 0O holds for all Kekuléan (n + e) benzenoids. Hence, if A > 0,
the system is non-Kekuléan (o); then it is called an obvious non-Kekuiéan
benzenoid. But also non-Kekuléan systems with A = 0 can be constructed; they
are called concealed non-Kekuléan benzenoids.

Depending on the number of hexagons (h) the A values occur in the range [30, 33]

0<A<|h3] (10)

where both the upper and lower bound are realized. Here the special brackets are
used in the sense that | x | means the largest integer smaller than or equal to x.
In consequence, the benzenoids with A = A, occur for: & = 1 and 2 when
Aoy =05 h =3A,,,3A,,, + Yand 3A,,, + 2 when A_,, > 0.

There are (obvious) connections between the A values and numbers of internal
vertices (n;) of benzenoid systems. If n; = 0, then A = 0. If n; is an even number,
then A may only assume an even number or zero, If n; is odd, then A must be
odd. The lower and upper bounds for A are given by

1201 - (-1 < A<n,. (11)

All A values within the specified restrictions are realized. Examples: for n; = 6,
A=6420r0;forn,=7A=1753o0r1.

5 First Enumerations of Benzenoid Isomers

5.1 Catacondensed Benzenoids

The catacondensed benzenoids (defined by n; = 0) with a given h actually form a
class of isomers, viz. Cy,4 ,H,, 445 ¢f. Eq. (1). Their number has sometimes been
identified by the symbol C,.

In the first enumerations of catacondensed polyhexes [32, 34, 35] the helicenic
systems are included. The smallest helicenic system, viz. hexahelicene, occurs for
h = 6. However, from the forms of generated catacondensed benzenoids depicted
in some of the early works cited above [32, 34] and others [23, 36—41] the numbers
of catacondensed benzenoids (without helicenes) for h up to 7 (C,) are easily
extracted. Specific documentations are found in Tables { and 2.

A list of numbers of catacondensed benzenoids was produced for the first time
in 1983 by Knop and Trinajsti¢ with collaborators (the Disseldorf-Zagreb group)
[5, 42-44]. These investigators generated and enumerated all benzenoids up to
h = 10. Somewhat later also C,, [45] and C,, [31, 46] were computed; cf. Table
3and 4, respectively. Table 4 also includes the very recent values of C 1zand Cy, [47].
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Table 1. Numbers of benzenoid chemical isomers for A < 5 (A, = 0, 1)

h n d, For- A=0 o (non-Kekuléan) Total
mula isomers
n [ Total A=0 1 2 3 4 Total
Kek. non-Kek.
0 —1 CgHg 1® 1° 1®
0 0 C,;Hg 14 1® 1b
0 1 Ci4Hyp 2* 20 2%
1 0 C;H, 0 0 1¢ 1° 1°®
4 0 2 CigHy, 52 5® 5°
1 1 C-H,, 0 0 1° i® 1°
2 0 C,¢Hyo 1¢ 1® 0 0 1°
50 3 C,Hy, 12¢ 12° 12°
1 2 C,;Hy, 0 0 6° 6° 6°
2 1 C,0H,; 2¢ 14 3® 0 0 3b
3 0 C,oH,, 0 0 0 1€ 1® 1

* Harary (1967) [36]; ® Elk (1980) [23]; ¢ Brunvoll, Cyvin, Cyvin and Gutman (1988} [33]; ¢ Brunvoll
and Cyvin (1990) [25]; © Balaban and Harary (1968) [32].

Table 2. Numbers of benzenoid chemical isomers for h = 6,7, 8 (A, = 2)

h nu; d, For- A=0 o (non-Kekuléan) Total
mula isomers
n e Total A=0 1 2 3 4 Total
Kek. non-Kek.
6 0 4 C,eH,6 36*° 36*° 362
1 3 C;sHys 0 0 24°¢ 244 242
2 2 CyHy, 10¢ 3¢ 13¢ o 1f 14 142
3 1 C,3Hy, 0 0 0 4° 0 49 42
4 0 C,H, 2¢ 0 2 0o 1f 1¢ 3¢
7 0 5 CyoHye 118200 118° 1182
1 4 C,oH,, 0 0 106° 106¢ 106*
2 3 CueHye 40° 22°  62¢ 0 éf 69 682
3 2 C,oHys 0 0 0 25° 0 25¢ 25
4 1 CueHyau g° 1€ 9¢ 0o if 14 10*
5 0 C,sHys 0 0 0 30 34 3
6 —1 CyHys 1¢ 0 1® 0 0 0 12
8 0 6 C3,H;, 411 4112 411
1 5 Cs3Hy 0 0 453¢ 4534 4532
2 4 C;,Hys 180° 107¢ 2874 0 42f 424 3292
3 3 C;;Hy4 0 0 0 144 0 144¢ 144
4 2 C;i0Hys 45¢ 13 58® 0o of 9¢ 672
5 1 CyoHis 0 0 0 21° 0 214 21°
6 0 CygHy, 7¢ e g 0 1f 1# 9
7 —1 C,;Hys 0 0 0 1© 0 1¢ 1*

* Knop, Szymanski, Jeritevi¢ and Trinajsti¢ (1983) [42}; b Balaban and Harary {1968} [32}; ° Brunvoll
and Cyvin (1990) {25]; ¢ Knop, Miiller, Szymanski and Trinajsti¢ (1985) [5]; © Dias (1982) [7}, incorrect
data therein are omitted; f Brunvoll, Cyvin, Cyvin and Gutman (1988) [33]; ® Dias 1984) {12], incorrect
data therein are omitted; * Balaban (1969) [34].
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Benzenoid Chemical Isomers and Their Enumeration

5.2 Classification According to the Number of Internal Vertices

An enumeration and classification of the benzenoids according to h and #»; up to
h = 10, executed by the Diisseldorf-Zagreb group [5, 42], gives precise information
about numbers of C H, isomers. Knop et al. [5, 44] were aware of this fact when
they compared some Dias numbers to their own. For the pertinent relations
between the pairs of invariants (A, n;) and (n, s), see Eq. (1).

5.3 Classification According to the Perimeter Length

Doroslovacki and Tosic [48] in their characterization of benzenoid systems used
the perimeter length (n,) as the leading parameter, i.e. they enumerated benzenoids
with given (increasing) n, values. These data are also reproduced by Tosié et al.
{49]. In a later work Stojmenovi¢ et al. {45] supplemented the data in question
substantially and classified the set of systems with a given n, according to the
number of hexagons, h. This material again gives precise information about the
numbers of C H, isomers. The relations between the pairs of invariants (h, n,) and
(n, s) are given in Eq. (2). The extensive material of Stojmenovi¢ et al. [45] ranges
up to n, = 46. All the numbers for h < 10 therein coincide with the corresponding
numbers of Knop et al. 5, 42].

6 Complete Data for Some Benzenoid Isomers

6.1 Arrangement of Tables

Here we refer to the enumeration data of benzenoid isomers as complete if, for a
given h, all the numbers of C H, isomers are given at least for the Kekuléan and
non-Kekuléan systems separately. Such data are known for h values up to 14; cf.
Tables 1-4. In addition, we have specified the numbers of normal (n) and essentially
disconnected (e) benzenoids among the Kekuléan systems in the tables. The smallest
essentially disconnected benzenoid, viz. perylene, occurs at & = 5. Furthermore,
the non-Kekuléan systems are classified according to the A values (Tables 1-4).
Table 1 accounts for the systems with A_,, = 0 or 1 (2 < 5). The following
tables should, according to our arrangement of them, comprise three and three
values as A,,,, is increased stepwise. Thus Table 2 pertains to A,,, = 2 (h = 6, 7,
8), Table3to A, = 3(h = 9,10,11),and Table4to A,,,,, = 4(h = 12,13, 14).
With respect to the documentation of the data it was especially difficult to
choose proper references to the smallest values. Benzenoids with b up to 4 or more
have certainly been generated independently by many investigators. We have
chosen to give Harary [36] credit for the catacondensed (n, = 0) systems with
h < 4 because his paper is the first place where we have located that these
benzenoids are depicted. Furthermore, we have given much credit to Elk [23] as
to the isomers with h < 5. To our best knowledge, this researcher speaks for the
first time explicitly about the numbers of C,H, isomers in the mathematical-
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chemical context, and he has also characterized these systems in a way that
immediately identifies them with Kekuléans and non-Kekuléans.

Much information can be extracted from Knop et al. [5], where all benzenoids
with & < 9 are depicted. These computer-generated pictures are ordered according
to the numbers of internal vertices (n;) within each h value. The Kekulé structure
counts are indicated (K > 0 for Kekuléan and K = 0 for non-Kekuléan systems).
In Tables 2 and 3 this reference is quoted in appropriate places for some total
Kekuléan and total non-Kekuléan systems. We have not taken into account the
corresponding mammoth listing for A = 10, on which it was informed by Knop
et al. [44]. It was stated that a very limited number of copies were available for
distribution in 1984. We are not in the possession of any of these copies.

For a documentation pertaining to the normal pericondensed and essentially
disconnected benzenoids, as well as the classification according to A values,
references are made to Brunvoll et al. [25, 33]. For h < 9 the information on A
values could, of course, be extracted from Knop et al. {5] by studying all the forms
of the benzenoids depicted therein.

Concealed non-Kekuléan benzenoids occur for thefirst time at i = 11.InTable 3
we are giving Hosoya [50] credit for the enumeration of such systems; he depicted
for the first time all eight of them as a group. Those for & = 12 (Table 4) were
depicted by He et al. [51].

6.2 Preliminary Account on Extremal Benzenoids

1t is of interest to know the maximum value of n; for a given h when setting up
tables like those under consideration here. In this connection we shall refer to
some benzenoids as extremal, i.e. those who have n; = (1), the maximum number
of internal vertices for a given number of hexagons. In other words, these benzenoids
are “extremely pericondensed”. The upper bound of »; as a function of 4 is readily
obtained from the known results of Harary and Harborth [52]. One has [40]

0<n<2h+1—[(12h — 3V (12)

when [ x7is used to denote the smallest integer larger than or equal to x. Similarly
one finds for the upper and lower bound of the Dias parameter:

2k — 32 —h—3<d <h-2 (13)

where the minimum values (lower bound) pertain to the extremal benzenoids.
For the coefficients of C,H, the following inequalities are valid. Firstly, for the
number of carbon atoms (n) [52]

2+ 1+[(12h =3 <n<dh+2. (14
Secondly, for the number of hydrogens (s) [29]
342 -3 <s<2h + 4. (15)

In conclusion, for a given h: (B)min = 0, (d)max Pmax a0 Spa, pertain to the
catacondensed benzenoids, while (1) max (dshmin Amin A0 Smi, Pertain to the extremal
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benzenoids. One has also (1), in the case of catacondensed and (n,),,, in the
case of extremal benzenoids. The latter bounds are strongly related to those of s;
cf. Eq. (3).

A catacondensed benzenoid has the formula C,,, ,H,, . 4; cf the right-hand
sides of Eqs. (14) and (15).

7 Periodic Table for Benzenoid Hydrocarbons

7.1 Description of the Table

In the periodic table for benzenoid hydrocarbons [7] the formulas C,H, are arranged
in an array with coordinates {d,, n;). The Dias parameters (d,) are found on a
horizontal axis (increasing from left to right), while the numbers of internal vertices
{n;) are on a vertical axis (increasing downwards). The table extends infinitely to
the right and downwards. To the left the formulas form a line in the shape of an
uneven staircase, which shall be referred to as the staircase-like boundary.

The periodic table for benzenoid hydrocarbons has been reproduced (to different
extents) many times [5, 7-15, 1922, 25]. Usually it is given only for even-numbered

Table 5. Periodic table for benzenoid hydrocarbons

d,
-5 —4 -3 -2 -1 0 1 2 n;
CioHy CisHyo ,C18H12 0
C13H9 ‘C17H11 -7 Cy1Hys 1
h=4 -+ CygHyp -7 CyoHy, CasHyy 2
19H1; Cy3Hys ,C27H15 3
CioHy, ,C26H14 0 CypHyg 4
CysHys - CaoHys Cy3Hy, 5
h =1 o CyaHyy C28H14 Cs:Hye ,C36H18 6
C27H13 C31H15 ,C35H17 - C39H19 7
C30H14 _C34H16 : Casts C42H20 8
C33H15 . C37H17 C41H19 ,C45H21 9
h =10 CyoHyy 368116 40T} g CaaHyo " CysHy, 10
CysH;s CisHy, _Castg - CyrHyy CsiHas 11
CysHy6 . C42H18 - C46H20 CsoHy, ‘C54Hz4 12
C37H;s i CuHyy C45H19 C49H21 ,C53H23 0 CsoHys 13
h=13 - C40H16 a C44H1s C48H20 .Csszz S 793 < P CsoH 6 14
43l Cy7Hyo . CsiHyy 7 CssHys CsoHys ,C63H27 15
CaH g CiHis . Csono " saHa, C58H24 ,Ceszs " CeeHyg 16
C45H17 . CiHyo - C53H21 C57H23 .C61H25 " CgsHyy CeoHyo 17
R C48H18 " CsHye - CseHz, . CeoHzy CeaHye CosHag C72H30 18
C47H17 0 CsHyo CssHy, CsoHays - 63H2s C67H27 Cs1Hyo ".C75H31 19
h=16 h=19 h=22
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carbon atoms (n even). In Table 5 we show the periodic table for both even- and
odd-numbered carbon atoms. This table is a fusion of the two periodic tables
given separately in one of the Dias publications [15]. Only a small portion of this
version of the table has been displayed previously [25].

When setting up the periodic table for benzenoid hydrocarbons one observes
easily the regularities as to the steps of the coefficients of C H,. They are obtained
recursively by the scheme:

Clan(ds’ n) = Gl iy 5 n)

cn+3Hs+ i(ds’ n; + 1) -

As the initial condition one has C,,Hz(0, 0), the formula for naphthalene, at the
upper-left corner.

An acute problem arises, however, concerning the limitation at the staircase-
like boundary. In other words, where to stop writing up the formulas to the left?
This question is answered implicitly in Sect. 6.2; cf. Egs. (12)~(15). In the
subsequent sections a more detailed description of the staircase-like boundary is
provided.

Table 5. (continued)

—11 ~10 -9 —8 -7 —6 -5 n;

CsoH,s 20

Cs;H, 21

Cs,Hig ,Cssto 22

,C55H19 - C59H21 23

h=19 ---CsHyg -° CsgHao CsHao 24

Cs:His  CoHyy CosHys 25

CesoHzo ,C64H22 -0 CegHag 26

C59H19 ‘CSBHZI - Csszs Cnst 27

h=22 - CeHyo " CesHaz CroHza ,C74H26 28

Csstz C69H23 ,Cnst - C77H27 29

C64H20 C68H22 .c7zH24 - C76H26 Csons 30

Cs7Hyy . CyiHyy 7 CosHos CroHy ,C83H29 3t

Ceetlzo . CooHaz Coataa CrsHye _Csszs -7 CgeHio 32

h=25 - CgHy - Cr3Hys Cy7Hys _C81H27 - CysHyo CgsHjyy 33

Cy2Hy, CosHas . CgoHzs = Caalas CysHao ,C92H32 34

C71H21 C75H23 A CooHys C83H27 C87H29 ,C91H31 a C95H33 35

CysHa, ) CieHue - CsaHag CseHas ‘C90H30 -7 CouHy, CogHjy 36

Cy3Ha, CoHys o CgiHas CgsHy, .C89H29 -7 Co3Hyy Co7H3s ,C101H35 37
Cr6Hy2 CgoHas CgaHs A CesHzs -~ CozHao CocH3, ,C100H34" CioaHis 38
CooHss Cssts _Ca'/sz - CoiHpo CosHay .C99H33 -7 CiosHss Cio7Hss 39
Cs2Hyy CgeHzs = CooHzsg CoaHjo CosHizz " Cyo2Haa Cio6Hss6 Ci1oHsg 40
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7.2 How to Find the Place of a Formula in the Periodic Table?

Assume a formula C H, which corresponds to a benzenoid hydrocarbon. Then
the coordinates of the periodic table for benzenoid hydrocarbons are readily
obtained from Egs. (1) and (6) as

d,=(1/2)(3s —n) -7, n=n—25+6. (16)

It may be advantageous to keep track of the number of hexagons (h) also during
the studies of benzenoid isomers. On eliminating »; from (1) the following relation
emerges, which is of interest in this connection.

h=(1/2)(n—s)+ 1. (17)

The formulas C H; associated with the same s value are found along diagonals
in the periodic table. Some of these diagonals are indicated in Table 5.

It was assumed that C H, is compatible with a benzenoid hydrocarbon in order
to have a place in the periodic table at all. This can be decided most directly in
the following way. Firstly, n and s have the same parity; it means that either both
nand s are even or both of them are odd. Then, if n is given, the possible values
of s, which all are realized, are found within the range [29, 52]

A2+ 6n' —n<s<n+2—20(1/40n-2]. (18)

The possible values of n are 6, 10, 13, 14 and all integers n > 16. Example: for
n = 60, 20 < s < 32; hence the following formulas exist for the Cg, benzenoid
hydrocarbons — CgoHyo, CooHaz, CooHzar CooHzes CooHass CooHso, CooHaz
{18, 241,

Conversely, if s is given, the always realized possible values of n (under the
restriction of same parity) are

s—64+2[s27<n< + 20 (1/12)(s*> — 6s)]. (19)

The possible values of s are 6 and all integers s > 8. Example: for s = 20,
34 < n < 64; hence the following formulas exist for the H,, benzenoid hy-
drocarbons — C3,Hy, C36Hy0, C3sHags -, CooHz0, Co2Hz0, CoaH o

7.3 The Position of Benzene

On extrapolating the above scheme the formula for benzene, C4H,, should be
placed in the periodic table for benzenoids in the first row (among catacondensed
benzenoids)just to the left of C, ,Hg (naphthalene) [25]. There are serious arguments
against this position, which implies d, = —1, n; = 0. Firstly, C¢Hg in this position
would be the only formula not having any formula in the same column just below
it. Secondly, the staircase-like boundary would be obscured at the top of the table.
It is recalled that d; = —1 for benzene, although it fits into Eq. (6), can not be
interpreted in terms of the tree disconnections and tree connections. It seems
safest to keep C4H outside the periodic table for benzenoids, although benzene
is a benzenoid (with & = 1) by definition. By the way, some authors do not reckon
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benzene among benzenoid hydrocarbons, but start this class with naphthalene
(h = 2).

Dias [16] has stretched the analogy between the periodic table for benzenoid
hydrocarbons and the Mendeleev periodic table (for elements) rather far. It can
be stretched still farther by comparing the position of benzene to the unique
position of hydrogen in the Mendeleev table.

7.4 Shape of the Staircase-Like Boundary

The left-hand side boundary of the periodic table starts with one extremely high
step (six formulas), followed by a four-formula step. When measured in the same
way the following steps, as can be proved rigorously, always hold either three or
two formulas. The first (“low”) two-formula step starts with Cs,H, 4 (h = 18); cf.
Table 5. The last column in Table 5 (starting with C,3H,, at the top) contains a
three-formula (“high”) step, which is followed by a low step:

Cr3Hay (k = 27)
Cr6Has
CiroHy3
CrsHas
Cg Has
CsoHa,

8 Detailed Analysis of the Formulas

8.1 Notation and Circumscribing

Let a formula C,H, be denoted alternatively as
CH, =(ns).

The generation of a (larger) benzenoid by circumscribing another (smaller)
benzenoid is an important process in the studies of benzenoid isomers [7, 15, 19].
Let B be a benzenoid which can be circumscribed and has the formula C,H,.
Further, let B’ = circum-B have the formula C, H,. Then [25]

W;sY=m+ 25 + 6,5+ 6). (20)
Repeated application of (20) is covered by the following explicit formula.
k-circum-B: (m; 5,) = (6k* + 2sk + n; 6k + 5). 1
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8.2 More Classes of Benzenoids

It is easily found that the extremal benzenoids, as defined in Sect. 6.2, say A, have
the formulas given by

A: @h + 1+ [(12h — 3)'27T; 3 + [(12h — 3)1/27)

forh = 1,2, 3,4, .... Notice that benzene (C4H,) is reckoned among the extremal
benzenoids. Any formuia for extremal benzenoids, except benzene, is obviously
situated on the staircase-like boundary so that it has no formula in the same row
to the left of it.

The protrusive benzenoids form a subclass of the extremal benzenoids. By
definition a protrusive benzenoid has a formula with no other formula in the same
column above it, and no formula in the same row to the left of it in the periodic
table. All pericondensed protrusive benzenoids are generated by circumscribing
the extremal benzenoids. Consequently they have the formulas as given below [53].

circum-A: (2h + 13 + 3[(12h — 3)¥27; 9 + [(12h — 3)*/27).

In addition comes naphthalene (C, Hg), which also by definition is a protrusive
benzenoid, the only catacondensed system of this class.

The extreme-left benzenoids are defined by formulas on the staircase-like
boundary so that, in each case, there is no formuia in the same row to the left.
Hence the extremal benzenoids without benzene form a subclass of the extreme-left
benzenoids.But there exist extreme-left benzenoids, say x, which are not extremal.
Their formulas are found one step up and one step to the right from every formula
for the pericondensed protrusive benzenoids. Hence one obtains readily the
following expression.

X: (2h + 14 + 3[(12h — 3)7; 10 + [(12h — 3)¥27).

The smailest extreme-left benzenoids which are not extremal, have the formula
C,sHy 5 (h = 7); cf. Table 5.

The circular benzenoids are defined by having h = h_,_for a given s. These
systems have, loosely speaking, the largest area in relation to the circumference;
hence the term “circular”. More precisely, they have the largest number of hexagons
for a given perimeter length. In this connection we give the always realized upper
and lower bounds for h when s is given:

[s21—2<h < [(1/12)(s* — 65 + 12)]. (22)

Here the upper bound (h,,,,) is a deduction from a formula for primitive coronoids
[54]. For the number of internal vertices one obtains

As/21—s < n < 2(1/12)(s* — 65 + 12) | — 5 + 4 (23)

where the upper and lower bounds are realized simultaneously with those
of Eq. (22). When s is even, the lower bound represents the catacondensed
benzenoids (n; = 0); when s is odd it corresponds to n, = 1. But here we
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arc most interested in the upper bound. It gives the general formula for a circular
benzenoid, say O.

O: (s + 2L(1/12) (s* — 65) ]); 8)

wheres = 6,8,9, 10, 11, ... as specified above. All circular benzenoids are extremal
and therefore also extreme-left if benzene is excluded. The first (smallest) circular
benzenoids have the formulas CgHg, C,oHg, C 3Hg, CigHio, CioHyy, CouHy,
and C,,H,,, of which C,,H,, pertains to a protrusive benzenoid (coronene). All
the higher circular benzenoids are protrusive.

9 Strictly Pericondensed Benzenoid and Excised Internal
Structure

The pericondensed extreme-left benzenoids constitute a subclass of the strictly
pericondensed benzenoids in the sense of Dias {12, 15, 19, 21, 55-57]; they are
defined by having all their internal vertices connected and no catacondensed
appendages. Phenalene, C,3H,, which has only one internal vertex, is reckoned
among the strictly pericondensed benzenoids. An equivalent definition in a most
succint form reads:

A strictly pericondensed benzenoid is a benzenoid with k > 2 and all its internal
edges connected.

The formulas at the extreme left in the periodic table for benzenoid hydrocarbons,
except C,,H; (naphthalene), represent exclusively strictly pericondensed benzen-
oids [12, 16, 21}, viz. the pericondensed extreme-left benzenoids. Formulas for
d, < 0 and not at the extreme left represent both strictly pericondensed and
non-strictly pericondensed benzenoids. For d, > 0 there are no strictly pericon-
densed benzenoids [56].

1t should be clear that strictly pericondensed benzenoids occur for formulas at
unlimited distances from the staircase-like boundary. Consider, for instance, the
homolog series of hydrocarbons as shown in Fig. 2. The systems have in general
(for h > 2, s = 8) the formulas:

Gh+4;h + 6) = (3s — 14; 5). (4)

The Dias parameter is constantly zero (d, = 0), which means that the formulas
are found in the same column, where C,,Hg (naphthalene) is at the top. There is
no limitation as to how far down one can get in this way, moving steadily away
from the staircase-like boundary.

The extremal benzenoids have no coves and no fjords, but this property is not
valid for strictly pericondensed benzenoids in general. Figure 3 shows some
counterexamples.

The excised internal structure [10, 12, 19, 21, 22, 55] is defined in connection with
strictly pericondensed benzenoids. It is the set of internal vertices and the edges
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& & &S

C10H8 C13H9 C16H10 019H11
C22H12 025H13 CZBHM

Fig. 2. A homolog series of hydrocarbons generated successively by two-contact additions
{attachments of CyH). The excised internal structures are indicated by heavy lines (and the
dot in C ;H,)

55 G

C31 H15 CB4H16
C’34H16

C40H18

Fig. 3. The smallest strictly pericondensed benzenoid with a cove, C;,H,s, which is
non-Kekuiéan (A = 1). The two smallest Kekuléan strictly pericondensed benzenoids
with a cove, C3,H 4, which are normal. The smallest strictly pericondensed benzenoid with
a fjord, C,oH 4, which is normal (Kekuléan)

connecting them. Thus the excised internal structure emerges by deleting the
external vertices and their incident edges (“excising” the benzenoid).

If A is a benzenoid which can be circumscribed, then it is the excised internal
structure of circum-A. But an excised internal structure is not necessarily a
benzenoid. In Fig. 2, for instance, one finds one vertex {corresponding to CH,;) as
the excised internal structure of phenalene (C, ;H,). Further, two connected vertices
(corresponding to ethene, C,H, ) is the excised internal structure of pyrene (C, sH, ).

The circumscribing is obviously an important process in connection with excised
internal structures. It is clear that a benzenoid with a cove or a fjord (or
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non-benzenoids with the corresponding formations) can not be circumscribed. But
also benzenoids without coves and fjords can be constructed so that they can not
be circumscribed [25]. Figure 4 shows some examples. Dias [12, 15] has formulated
the two-carbon atom gap criterion to this effect. A cove is associated with a
two-edge gap (or one-carbon atom gap), on the perimeter, while a fjord is associated
with a one-edge gap (or zero-carbon atom gap). Also the third example of Fig. 4
{C,cH;¢), having a two-edge gap, follows the Dias criterion. This criterion, however,
fails to give the necessary condition for the impossibility to circumscribe a
benzenoid (or non-benzenoid). The bottom row in Fig. 4 shows counterexamples:
a benzenoid (C,,H,,) with a three-edge gap and one (C;3H,,) with a four-edge
gap; yet none of them can be circumscribed.

%@%@

C!B 12 CZ2H14

A

CaoHag Cagtls

Fig. 4. The smallest benzenoid with a cove (CygH,,), the smallest benzenoid with a fjord
(C,,H,,), and other benzenoids which can not be circumscribed

10 Incomplete Data for Some Benzenoid Isomers

Table 6 is a compilation of data for numbers of benzenoid isomers with 1 > 15.
They are incomplete in the sense that, for each h, the list of n; values is not
complete. Furthermore, in many cases the subdivisions into normal and essentially
disconnected benzenoids are unknown.

The table starts with the number of h = 15 catacondensed benzenoids, which
has not been published previously (but see the preceding chapter). In general most
of the numbers, especially for the higher & values, pertain to extreme-left benzenoids.
This is the case for all entries at h > 39,
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11 Benzenoid Isomers and Number of Edges

The number of edges (C—C bonds), m, is an invariant, being the same for all
isomers with a given formula C,H, [16, 21]. Explicitly one has:

m = (1/2) 3n—s). (25)

This does not mean, however, that two benzenoids with the same number of edges
{m) must be isomers in general. The coefficients of the formula (n, s) are in general
determined by two independent invariants, e.g. {m, n;). In this case the transforma-
tion reads

n=(1S)@dm —n, +6), s=(1/502m — 3n, + 18). (26)

The m values are limited between upper and lower bounds as functions of other
invariants. Gutman {40} deduced from the work of Harary and Harborth [52]:

3h+[(12h =3P J<m<5h+ 1. (27)
In the original work [52] the following relation is given.

n— 144 m —2T<m<2n—[(1/2)(n + 6"2n')7. (28)
As a supplement we give:

s+ 321 -9 <m<s+ [(1/12)(s* — 6s)] — 2. (29)

It was stated that a value of m does not determine the pair of coefficients (n, s)
of a formula for benzenoid isomers in general. Nevertheless, for the smaliest values:
of m the C,H, formula for benzenoids with that number of edges is determined
uniquely. This feature can be analysed in terms of upper and lower bounds as
functions of m. Harary and Harborth [52] have given the relation

F/5) m— 17 <h<m—[(1/3)2m -2+ @m+ H12]]. (30)
We can supplement it by

ST1/S)(m— )] —m+ 1 <n < dm+1—5[(1/3)2m — 2 + (4m + D'7]7.
&2Y)

The possible values of m are 6, 11, 15, 16, 19, 20, 21 and all integers m = 23.

1t is found that for all m < 29 and m = 32, 33, 37 the upper and lower bounds
are coincident so that the relations (30) and (31) give a precise determination of
the invariants in question (h, n;). Example: form = 20,4 < h < 4and1 <n; < 1.
In Table 7 all the invariant pairs (h, n;) and the corresponding formulas C, H, are
listed which, for benzenoid isomers, are determined by the m values.

The analysis becomes more oriented towards the C,H; isomers by using the
pertinent coefficients (n, s)in the inequalities of the considered type. Again according
to Harary and Harborth [52]:

14 T(/3)2m =2 + @m + DY <n<m+ 1 —[(1/5)m ~ 1)]. (32)
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Table 7. All formulas for benzenoid isomers which
are determined by the number of edges (m)

m h n Formula
6 1 0 CeH,
11 2 0 C,oHsg
15 3 1 13Hg
16 3 0 C.Hio
19 4 2 eH1o
20 4 1 oHyy
21 4 0 1sHis
23 5 3 1oHiy
24 5 2 2oH12
25 5 1 C,.H,,
26 5 0 22His
27 6 4 2Hys
28 6 3 23Hy3
29 6 2 2aH 14
2 7 4 2eH 4
33 7 3 27H15
37 8 4 CaoHyg

gg
&3

CyosHis CaHiz
m= 31 % % %
CoeHie CosHyz
o4 &%}C@
CaaHag CazHyy
Fig. 5. Different benzenoid
isomers with the same num-
CyoHyy ber of edges (m)
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We give as a supplement:

3= 2m + (A3 [2m — 2 + (dm + DV
<s<m+3=3[(1/5)(m— 1)]. (33)

@‘é&?% n l\ggtaHve O:g
L] o
a5 S0 G oo

CiaHg C17H11
1 CoiHis

n I
i CogHyy
10n+3e+0,
stHw 020H12 see Fig.7.
CorHis
250,
CigHyy see Fig.7.

C23H13

0 %%%%ﬁ%@ﬁ
B [BmE ®
&ﬁ% (Egb @55 | s

g ey
2 B S W

Fig. 6. Benzenoid isomers in the upper-left part of the periodic table (cf. Table 5)

[¢]
2
=)
&

I
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The smallest different benzenoid isomers with the same number of edges occur
for m = 30: C,sH,;s (h = 6, n; = 1; 24 isomers) and C,,H,, (h =7, n;, = 6;
coronene}; see Fig. 5. The next example pertainstom = 31:C,H o (h = 6,1, = 0;
36 isomers) and C,sH,; (h = 7, n; = 5; 3 isomers). Similarly, for m = 34, 35, 36,
38, 39 and 40 there arc in each case two formulas, one even-carbon and one
odd-carbon. For m = 41 the situation occurs for the first time that three different
formulas are compatible with the same m value: C;,H,, (h = 8, n; = 0; 411
isomers), Cy3H,; (h =9, n, = 5; 154 isomers) and C;,H,, (h = 10, n, = 10;
ovalene); cf. Fig. 5.

R G B
5%35530 = Eg%@
500 S8
s 5 o

o
%@&iﬁ@

Fig.7. The Cy H 4 (h = 6), C,;H 5 (h = 7) and C,oH, 5 (h = 8) benzenoid isomers; see
Fig. 6 for the positions in the periodic table
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12 Forms of Some Benzenoid Isomers

In Fig. 6-13, a number of forms of different benzenoid isomers are displayed. The
contours of excised internal structures for the strictly pericondensed systems are
indicated in bold lines. The depictions of this type have proved to be very useful
for the studies of benzenoid isomers in general, and especially for the extremal

B | R
L
e -

Bl

CasHig
31n + 3e + 80,
0z see Fig.9.
01 5% 5 £
@55 °3
CagHys
n
CasHis
18n + 2e + 60,
see Fig.9.
CaaHis
I
O CasHys
CagHy7
600+ 04
see Fig.10

Fig. 8 Next portion of benzenoid isomers with formulas below those of Fig. 6
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positions in the periodic table
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C45H17

Fig. 12. The C,,H 4 (h = 14), C,.3H +(h = 14) and C,sH, 5 (h = 15) benzenoid isomers

systems, which include the constant-isomer series {cf. the below section entitled
Conclusion).

In the extensive listings of Knop et al. [5] one finds the forms of all the h < 9
benizenoids depicted as computer designs. They are ordered according to the
numbers of internal vertices, so that the subclasses of C,H, isomers are easily
identified. A work of Elk [23] contains the forms of all benzenoid isomers for
h < 5 with special reference to the C H, formulas. However, the first extensive
depictions of benzenoid forms explicitly identified as C,H, isomers may be located
to works of Dias [10, 12, 15, 16, 18, 19]. The readers should be warned against
some confusing errors in the listing of Dias; many of them are documented
glsewhere [24, 26]. The last reference [26] contains so far the most extensive
depictions, presumably without errors, of the benzenoid (C,H,) isomers for & > 9.
Figures 8, 9 and 11-13 reproduce some of the material therefrom, while the
C,oH, 5 isomers of Fig. 10 are presented here for the first time.

13 Conclusion

In the present chapter the studies of benzenoid isomers, or benzenoid systems
compatible with a formula C,H,, are reviewed. On one hand the emphasis is laid
on precise definitions and relations. Some of the relations, especially for certain
upper and lower bounds, have not been published before. On the other hand a
comprehensive collection of enumeration data with documentations is presented.
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Many of the numbers are new. However, many of the unclassified data from
Stojmenovic et al. [45] are not quoted here. All of them are found in a review by
Brunvoll and Cyvin [25], who linked them explicitly to the appropriate C,H;
formulas.

Another topic of considerable interest concerns the constant-isomer series of
benzenoids. Different problems in this connection have recently been taken up
by Dias [56~ 58], who simultaneously managed to extend the data of Stojmenovic
et al. [45]. Also in our laboratory some work with these problems is in progress,
but the topic does not seem to be mature enough for a review at present.

Acknowledgement: Financial support to BNC from The Norwegian Research
Council for Science and the Humanities is gratefully acknowledged.
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