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Preface

With the increasing use of computers in society there has been a dramatic growth
in all aspects of computer education. At university level, computer science students
quickly learn that their subject has many facets, some of which are better appreciated
when the student has an appropriate mathematical background. Unfortunately, much
of this mathematical background is not the sort found easily in the mathematical
education of earlier generations.

Much of the theory of computer science uses an area of mathematics loosely
described as “discrete mathematics”, this term chosen to emphasise its contrast
with the “continuous mathematics” of the more traditional calculus courses. Discrete
mathematics covers many topics and this book takes a first look at one of these
— Graph Theory. This topic has a surprising oumber of applications, not just
to computer science but to many other sciences (physical, biological and social},
engineering and commerce.

From what we have said so far, the reader may have got the impression that this
is a book mainly for computer scientists. Not so. Graph Theory is at last being
acknowledged as an important subject in the undergraduate mathematics curriculum.
Perhaps one should expect a more theotetical treatment here than in the computer
science setting. However we feel that a blend of the theory with some of its many varied
applications is highly desirable for both disciplines — for those-mainly concerned with
the applications of graphs, the theory helps to strengthen the ideas and point the way
to independent applications; conversely, the applications of graph theory to “real
world” situations reinforces the theoretical aspects and illusirates one of the many
ways in which mathematics is applied. As a result this text is a mixture of both
theory and applications and can be used by both the serious mathematics student,
her computer science cousin or any other relation keen to learn about cne of the most
rapidly growing areas of modern mathematics.

The book began in 1985 as a set of notes for a second year course of 40 one-hour
lectures in the Department of Mathematics at the University of Otago. The students
attending the course, then and in subsequent years, were mainly a mixture of computer
science majors and mathematics majors. Not all topics covered in the book were dealt
with in these lectures and, indeed, some theoretical aspects may be quite difficull for
the average second year university student. However, Graph Theory is patticularly
suited to selective study and hopefully our treatment here provides material for the
individual teacher to tailor to their course’s requirements.

We have also provided a plentiful supply of exercises. These are of varying difficulty.
Some deal with the algorithmic aspects of the text, some on the theoretical while
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viii Preface

others introduce some new but related ideas. We encourage the reader to do as many
as possible — mathematics is not a spectator sport and is best appreciated with active
participation!

We wish to express our sincere thanks to several people involved in the preparation
of this book. Jane Hill helped enormously with the typing and typesetting, John
Marshall proofread an early version of the text and also made numercus suggestions
on style, Gordon Yau prepared some of the diagrams, Maree Watson typed portions of
the manuscript, Graeme McKinstry provided very useful IATEX expertise while Mark
Botrie gave frequently-needed computer assistance.

However cur main thanks go to our families for their patience during the last few
months of the book's preparation.



A Note to the Reader

One of the beauties of Graph Theory is that it depends very little on other branches
of mathematics. However in our text we do occasionally rely on the reader having
what is often called “mathematical maturity”. This means an ability on behalf of
the reader to understand and appreciate a mathematical argument or proof. This
ability is something that usually is not acquired overnight but is the outcome of an
ongoing exposure to mathematics and its accompanying logic. Hopefully, the reader’s
mathematical maturity will grow as he progresses through the text. If so, then we will
have achieved one of the goals of the book.

Omn a more concrete level, we will assume that the reader knows about the principle
of mathematical induction. This is dealt with in many undergraduate textbooks. In
particular, the text by Mott, Kandel and Baker, mentioned in the section on Further
Reading, has a nice treatment of this.

We alsc assume that the reader is familiar with the notion of a set. We use @
to denole the empty set and, for two sets A and B, we denote the set difference,
consisting of all elements which belong to 4 but not B, by 4 — B.

Each of the ten chapters of the book is split up into numbered sections, with, for
example, Section 2.5 denoting the fifth section of Chapter 2. At the end of most
sections there is a collection of numbered exercises. For example, Exercise 2.5.3 refers
to the third exercise accompanying Section 2.5. Within each chapter, results such as
theorems and corollaries are also numbered consecutively. For example, Theorem 4.3
is the third result of Chapter 4 and it is followed by Corollary 4.4,

The end of a proof of a theorem or ‘corollary is shown by the symbol [,

We have referred to several books and articles throughout the text and details of
these are given in the bibliography at the end of the book. Such a reference is given
by a number in square brackets with, for example, [8] referring to the eighth item in
the bibliography.
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Further Reading

We have been much influenced in both our choice and treatment of topics by other
Graph Theory texts. Of these we first mention Bondy and Murty's “Graph Theory
with Applications™ [7]. Sadly, this excellent text is currently out of print, but hopefully
your library has a copy. We also learned much from Wilson’s enjoyable “Introduction
to Graph Theory” [65]. {We have just become aware of, but not yet seen, a new
text by Wilson [66], coauthored with Watkins, and on the basis of [65], we feel we
can highly recommend it!) On a more advanced level there is also the recent text by
Gould [28], “Graph Theory™, which provides an up-to-date treatment of the theory
with an algorithmic flavour. For an advanced authorative account of the theoretical
side of the subject we refer the reader to Behzad, Chartrand and Lesniak-Forster’s
“Graphs and Digraphs” [4], while Chartrand’s “Graphs as Mathematical Models” [13]
and Ore's “Graphs and Their Uses” [49] provide more elementary treatments of both
the theory and its applications. (Ore’s book has just been re-issued in a new edition
updated by Wilson.)

For a more algorithmic flavour, we recommend Smith’s “Network Optimisation
Practise” [57] and Albertson and Hutchinsen's “Discrete Mathematics with Algo-
rithms” [1]. We also refer the reader to the more advanced Gibbon’s “Algorithmic
Graph Theory” [26] and Syslo, Deo and Kowalik’s “Discrete Optimization Algorithms
with Pascal Programs™ [58].

There are several recent texts on the more general area of discrete mathematics.
Of those that have substantial treatments of graphs, we mention Mott, Kandel
and Baker’s “Discrete Mathematics for Computer Scientists” [45] and Polimeni and
Straight's “Foundations of Discrete Mathematics” [50]. Finally, as excellent sources
of numerous applications of graphs, there are the two books, both titled “Applied
Combinatorics”, by Roberts [55] and by Tucker [61].
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Chapter 1

An Introduction to Graphs

1.1 The Definition of a Graph

In a hockey league there are eight teams, which we denote by S, T,U,V,W, XY and
Z. After a few weeks of the season the following games have been played:

S has played X and Z, T has played W, X and Z
{7 has played ¥ and Z, V has played W and Y,
W has played T,V and Y, X has played S and T,

Y has played U,V and W, and Z has played S,T and U.
We may illustrate this situation by either of the two diagrams of Figure 1.1, where
the teams are represented by {large) dots and two such dots are joined by a line
whenever the corresponding teams have played each other.

ot

Figure 1.1: Games played in the hockey league.

In the diagram on the left the dots have been joined using straight lines, while in
the other diagram three of the lines used are not siraight. But since we are simply
interested in which games have been played, the manner in which a pair of dots is
joined is of no imporiance and so it does not matter whether the lines are straight or
not,



2 Chapter 1. An Introduction to Graphs

The diagrams may be used to describe other situations. For example, the eight
dots may represent eight people, with the lines joining a pair of dots if the two people
know each other. Or, the dois could be communication centres with the lines denoting
communication links, Indeed, as we will see later, many real-world situations can
conveniently be described by means of such drawings, which we call graphs.

A graph, then, can be thought of as a drawing or diagram consisting of a collection
of vertices (dots or points) together with edges (lines) joining certain pairs of these
vertices, as in the diagrams of Figure 1.1, Notice that in the left-hand diagram there
are intersecting edges (lines), for example, SX and ZU; the points of intersection of
these edges are not however vertices (points) of our graph. To aveid any confusion
that could arise in this way, the vertices in any drawing of a graph will normally be
drawn as large dots. However, as we will now see from its formal definition, from a
mathematical point of view a graph does not need to be drawn.

A graph G = (V(G), E(G)) consists of two finite sets:
V(@), the vertex set of the graph, often denoted by just V', which is a
nonempty set of elements called vertices, and
E(G), the edge set of the graph, often denoted by just E, which is a
possibly empty set of elements called edges,
such that each edge e in E is assigned an unordered pair of vertices (u,v),
called the end vertices of e.

Thus for both graphs of Figure 1.1, the vertex set is
V={ST,U0VWXY,Z},

the edge set E has 10 edges and these edges are assigned the unordered pairs of
vertices

(5,X), (5,2), (T, W), (T, X), (T, 2}, (,Y), (U, Z), (V, W), (V. ), (W,Y).

Vertices are also sometimes called points, nodes, or just dots.

If e is an edge with end vertices u and v then e is said to join u and v.
Note that the definition of a graph allows the possibility of the edge € having
identical end vertices, i.e., it is possible to have a vertex u joined to itself by
an edge — such an edge.is called a loop.

We now give two examples to illustrate the above definitions.

Example 1. Let G = (V, E) where
V= {a, bs c,d,e}, E= {61,62, €3, €4, €5, Cg, 87,63},
and the ends of ihe edges are given by:

By [G, b)! €2 & (bsc)s €3 ¢+ (C,C), €4 (C, d))
es + (b,d), eg o (dye), er «s (bye), e « (be).

We can ther represent G diagrammatically as in Figure 1.2.



Section 1.2. Graphs as Models

Figure 1.2: A graph & wiith five vertices and «ight edges.

Example 2. Let H be the graph (V, E) where
V= {1,2,3,4,5,6}, E= {a’bacad131f;g!h}s
and the ends of the edges are given by:

g« (1,2), b (L1}, ¢ (2,3), d<(3,4),
e (2,4), fe(3,4), go(l,4), he(4,5).

We can represent H diagrammatically as in Figure 1.3.

Figure 1.3: A graph H with five vertices and eight edges.

1.2 Graphs as Models

We how give some problems in which graphs provide a natural mathematical model.
At this stage we only describe the problems and delay detailed discussion of their

solution to later chapters.

Problem 1. Suppose that the graph of Figure 1.4 represents a network of telephone
ll_nes and poles. We are interested in the network’s vulnerability to accidental disrup-
tion. We want to identify those lines and poles that must stay in service to avoid

disconnecting the network,
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Figure 1.4: A network of telephone lines,

There is no single line whose disruption (removal) will disconnect the graph
(network}), but the graph will become disconnected if we remove the two lines
reptesented by the edges £4 and {5, for example. When it comes to poles, the network
is more vulnerable since there is a single vertex, vertex d, whose removal disconnects
the graph. This illustrates the notions of edge connectivity and vertex connectivity of
a graph, discussed in Sections 8.3 and 2.6.

We may also want to find a smallest possible set of edges needed to connect the six
vertices. There are several examples of such minimal sets. One is

{tl 1 tBs tS) tﬁs t?}-

In fact, as we will sec in Chapter 2 when we look at trees and connected graphs, any
such minimal set will have precisely 5 edges.

Problem 2. Suppose that we have five people A, B, C, D, E and five jobhs a,b,¢,d, e
and some of these people are qualified for certain jobs. Is there a feasible way of
allocating one job to each person, or to show that no such matching up of jobs and
people is possible? We can represent this situation by a graph having a vertex for each
person and a vertex for cach job, and edges joining people up to jobs for which they
are qualified. Does there exist a feasible matching of people to jobs for the graph of
Figure 1.57

A a
B b
C [

E/ \j

Figure 1.5: A job applications graph.

The answer is no. The reason can be found by considering people A, B, and D. These
three people as a set are collectively qualified for only two jobs, ¢ and d, hence there
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15 no feasible matching possible for these three people, much less all five people. We
will look at an algorithm for finding a feasible matching, if any exists, later in Section
4.2,

Problem 3. Suppose a salesman’s territory includes several cities with highways
connecting certain pairs of these cities. His job requires him to visit each city
personally. Is it possible for him to schedule a round trip by car enabling him to
visit each specified city exactly once? We can represent the transportation system
involved by a graph G whose vertices correspond to the cities and such that two
vertices are joined by an edge if and only if a highway connects the corresponding
cities (and does not pass through any other specified city). The graphs Gy and &, of
Figure 1.6 denote two such salesmen’s territories. The desired schedule is possible for
(71 but not for G2, (In Gy, starting at vertex w,, we can visit each vertex and arrive
back at u, by taking the edges e;,ey, €3, €4, and eg in turn.)

Figure 1.6: Two travelling salesmen’s territories.

Problem 4. Suppose we have three houses each of which have to be supplied with
electriciy, gas and water. Is it possible to connect each utility with each of the three
houses without the lines or mains crossing?

We can represent the connection of the three houses to the three utilities by the
graph of Figure 1.7. Here we have a graph with six vertices, three of which represent
the houses (denoted by M, Hy, H;), the other three represent the utilities {denoted

by E,G, H), and an edge joins two vertices if and only if one vertex denotes a house
and the other vertex a utility.

Hy H, H,

E G w

Figure 1.7: The three utilities graph.
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The problem then is as to whether or not we can draw this graph in such a way that
no two edges intersect. The answer is no — we will see whv when we look later at
planar graphs in Chapter 5.

Problem 5. Six radio broadcasting companies €, . .., Cs have applied to the Minister
of Broadcasting for frequency channels. If two companies’ transmitters are within 200
kilomettes of each other they can not be assigned the same frequency since there will
be too much interference. The Minister wishes to assign as small a number of different
frequencies as possible, taking this interference into account.

To illustrate the problem, let G be the graph of Figure 1.8 with vertex set C4,...,Cs
with two vertices C; and C; joined by an edge if and only if the two companies C; snd
C; have their transmitters less than 200 kilometres apart. As a patticular example,
consider the following graph G where, for example, Cy's transmitter is within 200
kilometres of those of Cy,C5,C4 and Cs.

C

Cq Cp

Ca
Figure 1.8: Radio ¢ransmitters and their intarference graph.

Now suppose we assign different colours to the vertices of & in such a way that no
{wo vertices of the same colour are joined by an edge. Then, thinking of the colours as
representing the frequency channels, the Minister wants to find the minimum number
of colours with which the vertices can be coloured in this way. For our example, the
answer is 3 — we can colour €y and C; red, C; and Cj blue, and C3 and Cj yellow.

Problem 6. A company has branches in each of six cities Cy, (s, . .., Cs. The airfare
for a direct flight from C; to C; is given by the (4, j}th entry of the following matsix
(where oo indicates that there is no direct flight). For example the fare from C) to
is 340, from ) to Ca is $15.

0 50 oo 40 25 10
50 0 15 20 oo 25
oo 15 0 10 20 =
40 20 10 0O 10 25
25 oo 20 10 0O 55
10 25 o0 25 55 O
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L'he company is interested in computing a table of cheapest fares between pairs of
cities. (Even if there ig a direct flight between two cities this may not be the cheapest
route.) We can first represent the sitnation by a weighted graph, i.e., a graph with
“waights” attached io the edges according to the airfares, as in Figure 1.9.

Figure 1.9: The weighted graph of airfares for direct flights between six cities.
The problem can then be solved using Dijkstra’s algorithm — see Section 2.5. This
type of problem is called a shortest path problem.

1.3 More Definitions

Let G be a graph. If two {or more) edges of 7 have the same end vertices
then these edges are called parallel.

For example, the edges e; and e; of the graph of Figure 1.2 are parallel.

A vertex of G which is not the end of any edge is called isolated.

Two vertices which are joined by an edge are said to be adjacent or
neighbours. ’

The set of all neighbours of a fixed vertex v of (7 is called the neighbour-
hood set of v and is denoted by N{v).

Thus’, in the graph of Figure 1.9, C, and C are adjacent but C; and Cj are not,
The neighbourhood set N {Ca) of C3 is {C3,Cy, Cs).

l_ A graph is called simple if it has no loops and no parallel edges. J

Much of the graphs that we consider will be simple. (The reader should be warned
that other authors may differ from us in their use of the term “graph”. For example,
In some texis a graph which is not simple is called a multigraph.)
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It is often the case that two graphs have the same structure, differing oaly in the
way their vertices and edges are labelled or only in the way they are represented
geometrically. For many purposes, we can regard the iwo graphs as essentially the
same. This essential likeness has a special name and we now define this formally.

A graph G| = (W, E,) is said to be isomorphic to the graph G, = (W, E»)
if there is a one-to-one correspondence between the vertex sets V] and V; and
a cne-to-one correspondence between the edge sets By and E; in such a way
that if ; is an edge with end vertices u; and v, in &) then the cotresponding
edge e; in Gz has its end points the vertices uz and v; in G, which correspond
to uy and v, respectively.

Such a pair of correspondences is called a graph isomorphism.

In other words, the graphs () and (G; are isomorphic if the vertices of | can be
paired off with the vertices of Gy and the edges of G can be paired off with the edges
of G; in such a way that the ends of paired off edges are paired off. Thus G is really
just the same graph as (73, apart from a possible change in how the vertices and edges
are named (or a possible redrawing of the graphs).

Figure 1.10 shows five fairly obvious pairs of isomorphic graphs.

(c)

Figure 1.10: Isomorphic pairs of graphs.

Figure 1.11 gives some examples to illustrate that often it can be quite difficult to
determine if two graphs are isomorphic.
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In Figure 1.11 (a) an isomotphism is given by the following one-to-one correspon-
dence of vertices: R
Yy & Py, Uy Uz, Un & Vg, Uy Uy, Up Dy, lg Vg

(Note how uy, uz, tg are only joined to u,, us, ug and similarly vy, vy, vy are only joined
to vy, vy, v.) [somorphisms for Figure 1.11 (b) and (c) are shown by the labelling of
the verfices.

{a) v
n “2 u v ¥
1 8 1 3
v
u, u Ve s i

L
Figure 1.1}: Some more groups of isomorphic graphs.

The problem of determining when two graphs are isomorphic gets harder as the
number of vertices and edges of the graphs get larger. For example, while there are
only 4 non-isomorphic simple graphs on three vertices and 11 on 4 vertices there are
1044 non-isomorphic simple graphs on just seven vertices.

Clearly if two graphs '} and G; are isomorphic then they must have

(i) the same number of vertices and  (ii) the same number of edges.

However, as we will now see, conditions (i) and (ii) are not sufficient. The graph G of
Figure 1.12 has the same number of vertices and edges as the graphs in Figure 1.11
(a) but G is not isomorphic to these graphs.
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w
1
Y ¥y
G
w
¥ 3
Wy
Figure 1.12

A complete graph is a simple graph in which each pair of distinct vertices
is joined by an edge.

Thus, a graph with n vertices is complete if it has as many edges as possible provided
there are no loops and no parallel edges.
If the complete graph has vertices vy,..., v, then the edge set can he given by

E= {(Uﬁvj) ty#Fvy L7=1,...,n0}

It follows that the graph has in(n —1) edges (since there are n —1 edges incident with
each of the n vertices v;, 5o a total of nx{n—1), but divide by 2 since (v;,v;) = (v;,m)).
Given any two complete graphs with the same number of vertices, n, then they are
isomorphic. In fact any pairing off of the vertices gives a corresponding pairing off of
the edges and hence an isomorphism. For this reason we speak of the complete graph
on n vertices. It is denoted by K,,.
Figure 1.13 shows K,..., Ks.

1edge K,
3 edges

& edges 10 edges
15 edgea

Figure 1.13: The complete graphs on at most six vertices.

An empty (or trivial) graph is a graph with no edges.

Let G be a graph. If the veriex set V of G can be partitioned into two
nonempty subsets X and ¥ (e, XUY =V ard X NY = @) in such a
way that each edge of (7 has one end in X and one end in V¥ then G is called
bipartite. The partition V = X UY is called a bipartition of G.

A complete bipartite graph is a simple bipartite graph G, with bipar
tition V = X UY, in which every verter in X is joined to every vertex ol Y.
If X has m vertices and ¥ has n vertices, such a graph is denoted by K, .
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Any complete bipartite graph with a bipartition into two sets of m and n vertices is
isomorphic to K, , — in fact any pairing off of the two sets of m vertices together with
any pajring off of the two sets of n vertices will give an isomorphism. In particular,
K n is (of course) isomorphic to I, .

Since each of the m vertices in the partition set X of K., is adjacent to each of
the n vertices in the partition set ¥, K., , has m x n edges,

Note that there is now an unfortunate ambiguity in the use of the word complete,
since a complete hipartite graph will not in general be complete. Indeed, as the reader
should easily verify, the only complete bipartite graph which is complete is K ;.

Figure 1.14 shows two bipartite graphs. They are not complete bipartite. However,
the graphs of Figure 1.15 are complete bipartite.

which
redrawn
is:
x, % x, x,
which
redrawn
is:
N % ¥a %

Figure }.14: Some bipartite graphs

¥ %
which
redrawn

Yo l{23 Yy g, Y2

Figure 1.15: Some complete bipartite graphs

Exercises for Section 1.3

1.3.1 Make a list of drawings of all the graphs with n vertices and e edges for all n,
e with n + e < 6. The list should no{ include any isomorphic pairs of graphs.
Determine which of the graphs on your list are simple. (You should get a total
of 65 graphs of which 14 are simple.)
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N
B¢

Figure 1.16: Which of these are isomorphic pairs?
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1.3.2 Determine which of the pairs of graphs in Figure 1.16 are isomorphic pairs. {Give
an argument justifying your answer.)

1.3.3 In each collection of three graphs shown in Figure 1.17 there is exactly one
isomorphic pair. Find each pair and jusiify that your answer is correct.

(a)

)

Figare 1.17: Find the odd one out!

1.3.4 Find al! nonisomorphic complete biparsite graphs with at most 7 vertices.

1.4 Vertex Degrees

An edge e of a graph (7 is said to be incident with the.vertex » if v is an
end vertex of e. In this case we also say that v is incident with e. Two edges
e and f which are incident with a common vertex v are said to be adjacent.
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Note that an edge is incident with either 1 or 2 vertices (1 if it is a loop), whereas
a vertex may be incident with any finite number, including 0, of edges.

Let v be a vertex of the graph . The degree d{v) (or dg(v) if we want
to emphasize G) of v is the number of edges of G incident with v, counting
each loop twice, i.e., it is the sumber of times v is an end vertex of an edge.

Figure 1.12

In the graph of Figure 1.18 we have d(v) = 3, d{vy) = 4, d{wa)} = 3, d{vy) =
3, d(vs) = 1. Note that in this example

d(w) + d(vy) + d(vs) + d(vs) + d{vs) = 14 = 2 x {number of edges in G).
This is no coincidence because of:

Theorem 1.1 (The First Theorem of Graph Theory) For any graph G with e
edges and n vertices, vy,..., vy,

n

3 dlvy) = 2e.

=1

Proof Each edge, since it has two end vertices, contributes precisely 2 to the sum
of the degrees, i.e., when the degrees of the vertices are summmed each edge is counted
twice. (Note that even a loop contributes 2 although the 2 ends are identical.) [

A vertex of a graph is called odd or even depending on whether its degree
is odd or even.

In the graph G of Figure 1.18 there is an even number of odd vertices {these vertices
being vy, vz, vy, v5}. Again this is a consequence of a genetal result:

Corollary 1.2 In any graph G there is an even number of odd vertices,

Proof Let W be the set of odd vertices of G and let I be the set of even vertices of
G. Then, for each u € U/, d{) is even and so ¥ ,ev d{u), being a sum of even numbers,

is even. However
dw)+ 3 dw) =} d(v) =2,
u€l weW vEV
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by Theorem 1.1, where V is the vertex set of G and e is {the number of its edges. Thus

Z d{w) = 2e — E d(u)

wEW wely

is even (being the difference of two even numbers). As all the terms in 3, cw d(w) are
odd and their sum is even there must be an evern number of them (because the sum
of an odd number of odd numbers is odd). [J

Note that it is not true in general that a graph must have an odd number of even
vertices, e.g., the graph of Figure 1,19 has four even vertices (and we leave the reader
to construct a graph which has exactly n even vertices for any given n).

Figure 1.19

I for some positive integer &, d{v} = & for every vertex v of the graph G,
then & is called k-regular.

A regular graph is one that is k-regular for some k.

The graph drawn above is 2-regular. The complete graph K, is (n —1)-regular. The
complete bipartite graph K. on 2n vertices is n-regnlar. The graph G, of Figure
1.12 is 3-regular, as is the graph of Figure 1.11 (c).

Exercises for Section 1.4

1.4.1 List the degrees of each of the vertices of the graph G of Figure 1.20. How many
even vertices does (7 have? How may odd vertices does G have?

Figure 1.20: Find the degree of each vertex of this graph.
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1.4.2 Let G be a graph in which there is no pair of adjacent edges. What can you say
abouf the degrees of the vertices in G7

1.4.3 Let G be a graph with n vertices and e edges and let m be the smallest positive
integer such that m > 2e/n. Prove that G has a vertex of degree at least m.,

1.4.4 Prove that it is impossible to have a group of nine people at a party such that
each one knows exactly five of the others in the group.

1.4.5 Let (7 be a graph with n vertices, { of which have degree k& and the others have
degree k + 1. Prove that ¢ = (k4 )n — 2e, where e is the number of edges in .

1.4.6 Let G be a &-regular graph, where & is an odd number. Prove that the number
of edges in G is a multiple of &.

1.4.7 Let k be some positive integer, greater than 1. The k-cube, @i, is the graph
whose veriices are the ordered k-tuples of (’s and 1’s, two vertices being joined
by an edge if and only if they differ in exactly one position. Thus, for example,
for k = 3 the vertices are {0,0,0), (0,0,1), {0,1,0), {1,0,0), (1,0,1), (1,1,0),
{(0,1,1), (1,1,1} aand, for example, (0,0,0) is joined to (0,0,1), (6,1,0) and
{1,0,0) but not to any other vertex. The 3-cube @5 is shown in Figure 1.21.

0,0,00 £ 0,1,0)
(L,0,00 {110

J<ube

(1,6,) @.LD
(0,0,1) & L 0,1,1)

Figure 1.21: The 3-cube Q1.

(a) Show that the k-cube has 2* vertices, k25~ edges and is bipartite.
(b) Using the bipartite property, draw a picture of the 4-cube Q4.

1.4.8 Let (7 be a graph with n vertices and exactly n — 1 edges. Prove that & has
either a vertex of degree 1 or an isolated veriex.

1.4.9 What is the smallest integer » such that the complete graph K, has at least
500 edges?

1.4.10 Prove that there is no simple graph with six vertices, one of which has degree 2,
two have degree 3, three have degree 4 and the remaining veriex has degree 5.
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1.4.11 Prove that there is no simple graph on four vertices, three of which have degree
3 and the remaining vertex has degree 1.

1.4.12 Let G be a simple regular graph with n vertices and 24 edges. Find all possible
values of » and give examples of G in each case.

1.5 Subgraphs

It is often the case that a graph under study is contained within some larger graph
also being investigated.

Let H be a graph with vertex set V() and edge set E(H) and, similarly,
let G be a graph with vertex set V(&) and edge set F((G). Then we say that
H is a subgraph of G if V(H) C V(@) and E{(H) C E(G). In such a case,
we also say that G is a supergraph of H.

For example, in Figure 1.22, G, is a subgraph of both G; and G5 but Gy is not a
subgraph of &,.

Figure 1.22: Gy & &, G1 € G but Gy € G,

Any graph isomorphic to a subgraph of (G is also referred to as a subgraph
of G.
If H is a subgraph of G then we write H C G, When H C G but H # G,
ie, V(H) # V(G) or E(H) # E(G), then H is called a proper subgraph
of G,

A spanning subgraph (or spanning supergraph) of G is a subgraph
(or supergraph) H with V{H) = V(G), i.e., H and G have exactly the same
i vertex set.

It follows easily from the definitions that any simple graph on n vertices is a
subgraph of the complete graph X,.

In Figure 1.22, G, is a proper spanning subgraph of Gi. .
», The simplest types of subgraph of a graph (7 are those obtained by the deletion
of a vertex or an edge and we now define these.
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If G = (V,E) and V has at least two elements (i.e., G has at least two
vertices), then for any vertex v of (7, G — v denotes the subgraph of G with
vertex set V — {v} and whose edges are all those of & which are not incident
with v, i.e., G — v is obtained from & by removing v and all the edges of G
which have v as an end. 7 — v is referred to as a vertex deleted subgraph.

If G =(V,E) and e is an edge of G then G — e denotes the subgraph of &
having V as its vertex set and £ — {e} as its edge set, i.e., (G — ¢ is obtained
from & by removing the edge ¢, (but not its endpoint(s)). G — e is referred
to as an edge deleted subgraph.

We extend the above definition to cater for the deletion of several vertices or edges.

H G = (V,E) and U is a proper subset of ¥ then G — U/ denotes the
subgraph of G with vertex set V — U/ and whase edges are all those of G
which atre not incident with any vertex in U.

If F is a subset of the edge set F then & — F denotes the subgraph of &
with vertex set V and edge set F — F', 1.e., obiained by deleting all the edges
in F, but not their endpoints.

G —U and G—F are also teferred to as vertex deleted and edge deleted
subgraphs (respectively).

Figure 1.24 gives some examples.

By deleting from a graph G all loops and in each collection of parallel edges
all edges but one in the collection we obtain a simple spanning subgraph of
&, called the underlying simple graph of G.

Figure 1.23 shows a graph and its underlying simple graph obtained by deleting the
loop eq, two of the parallel edges e;, e3, e4, and one of the pair of parallel edges ey, e,

Vi

Figare 1.23: A graph and its underlying simple graph.

Some of the more important subgraphs we shall encounter are the induced subgraphs
and we now define these.
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Figure 1.24: A graph and some vertex deleted and edge deleted sabgraphs.

19
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If U is a nonempty subset of the vertex set V of the graph  then the
subgraph G{U] of G induced by U is defined to be the graph having vertex
set I/ and edge set consisting of those edges of & that have both ends in U.

Similarly if F is a nonempty ‘subset of the edge set E of G then the
subgraph G[F] of G induced by F is the graph whose vertex set is the
set of ends of edges in F and whose edge set is F.

For the graph G of Flgure 1.24, taking ¥/ = {vq, v3,v5} and F = {e1,e3, 567,60}
we get G[U] and G[F} as in Figure 1.25,

Figure 1.26: GIU} and G[F] for ¥ = {va,v3, v} and F = {eq,e3,¢5, 07, &2}

Two subgraphs (; and G; of a graph G are said to be disjoint if they have
no vertex in common, and edge disjoint if they have no edge in comnmon.

Figuze 1.26: Gy and G; are disjoint and G; and G are edge disjoint,

For example, Figure 1.26 shows three subgraphs G;, G; and G5 of the graph G of
Figure 1.24. Of these, &) and (7; are disjoint and G, and G, are edge disjoint.
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If two subgraphs G, and G are disjoint then they must also be edge disjoint — if
not then there would be an edge e of 7 in both &, and G; and then the end{s} of e
would also be in both Gy and G.

Given two subgraphs Gy and G; of G, the union G}, UG} is the subgraph
of G with vertex set consisting of all those vertices which are in either G,
ot Gz (or both) and with edge set consisting of all those edges which are in
either G; or G (or both); symbolically

V(GLUGh) = V(G UV(Ga),
E(GLUG,) = E(Gy) UE(G;).

For example, Figure 1,27 shows G[U/} U G[F] for the subgraphs G[U} and G[F] of
Figure 1.25, while, for Gy and G of Figure 1,26, we have Gy UGy = G,

Figure 1.27: GIU']V G[F].

If Gy and G; are two subgraphs of G with at least one vertex in common
then the intersection Gy NG, is given by

V(G NGy) = V(G ) NV(Gy),
E(Gl n Gz) = E(Gl) 3] E(Gg).

Notice the requirement that the two subgraphs G, and G5 must have at least one
vertex in common before we can form their intersection — if there is no vertex
belonging to both Gy and G we get V(G,) N V(G,) = @, denying us the possibility
of any reasonable definition of an intersection, since any graph must have at least one
vertex.
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Figure 1.28: G/} N G[F].

Figure 1.28 shows G{U/} N G[F] for the subgraphs G{l/] and G[F] of Figure 1.25,
while, for Gy and &5 of Figure 1.26, we have Gy N{; consists of three isolated vertices,
namely v, v3 and w,.

Exercises for Section 1.5

1.5.} Let & be the graph of Figure 1.29.

Figure 1,29

{(a) Find G — U where U = {x,,73, 75,27}

(b) Find G — F where F = {e3, ¢;,€g, €5, 10, €12}
(c) Find G{U} where U/ = {23,235, 24,27}

(d) Find G[F} where F = {e1,e3,¢5,e11}

(e) Find a subgraph H of G isomorphic to Kj.
(f) ls there a subgraph of G isomorphic to K7
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{g) What is the underlying simple graph of 7 In how many ways can this be
ohtained?
(h) What is the intersection of the two subgraphs you found in (a) and (b)?

(i) What is the union of the two subgraphs you found iz (¢) and (d)?

1.5.2 Let & be a simple graph with n vertices. The complement & of G is defined
{0 be the simple graph with the same vertex set as ¢ and where two vertices u
and v are adjacent precisely when they are nof adjacent in G. Roughly speaking
then, the complement of G can be obtained from the complete graph X, by
“rybbing out” all the edges of G. Figure 1.30 shows a graph G on 6 vertices and
its complement G.

XX BE

Figure 1.30: A graph and its complement.

Find the complements of the graphs in Figure 1.31.

vt

Figure 1.31

1.5.3 A simple graph is called self-complementary if it is isomorphic to its own
complement.

(a) Find which of the graphs of Figure 1.31 are self-complementary.

(b) Prove that if G is a self-complementary graph with n vertices then n is
either 4¢ or 4t + 1 for some integer . (Hint: consider the number of edges
in Ky.)
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{c) List all the self-complementary graphs with 4 or 5 vertices.
1.54 Let G be a simple graph with » vertices and let & be its complement,.

{(a) Prove that, for each vertex v in G, dg{v) + dg{v) =n —1.

(b} Suppose that G has exactly one even vertex. How many odd vertices does
have?

1.5.5 Let (3, and (3, be two graphs with no vertex in common. We define the join of
G and G, denoted by G, + Gy, to be the graph with vertex set and edge set
given as follows:

VIG) + Gy) = V(Gy) BV(G,),
E(G,+ G) = E(G) UE(GUJ

where J = {z173 : z1 € V(Gy),z; € V(G;)}. Thus J consists of edges which
join every vertex of 3; to every vertex of 3. We illustrate this in Figure 1.32.

Gg

Figure 1.32: 7; + 3z is the join of &) and Gy

(a) Prove that the join of two vertex disjoint complete graphs is a complete
graph.

(b} Prove that the complete bipariite graph K, . is the join of the complements
of K, and K,,.

(c) Let Gy, Gz and G5 be three graphs with no vertex common to any pair.
Prove that (G, +G,)+G5 = G1+(G2+Ga). (This means that the expression
G1 + G2 + G5 is unambiguous.)

{d) Prove that if G, and G, are disjoint simple graphs then the complement
of their join is the union of their complements.
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1.6 Paths and Cycles

A walk in a graph (G is a finite sequence
W = weyvieatn .. . VpyEx¥s

whose {erms are alternately vertices and edges such that, for 1 < ¢ < k, the
edge ¢; has ends v;_; and ;.

Thus each edge e; is immediately preceded and succeeded by the two
vertices with which it is incident.

We say that the above walk W is a vy — v; walk or a walk from v to
vg. The vertex vy is called the erigin of the walk W, while v, is called the
terminus of W. Note that vy and v, need not be distinct.

The vertices vy,...,v_; in the above walk W are called its internal
vertices. The integer ¥, the number of edges in the walk, is called the length
of W,

Note that in a walk there may be repetition of vertices and edges.

In a simple graph, a walk voe;viegv;, .. Upoyeaty i determined by the sequence
vovy .+ . vy of it vertices, since for each pair vi_,v; there is only one possible edge with
ends determined by the pair. In fact, even in graphs that are not simple, a walk is
often simply denoted by a sequence of vertices

Pot1Vz ... Ve Uk

where consecutive vertices are adjacent. When this is done, it is to be understood that
the discussion is valid for every walk with that vertex sequence.

A trivial walk is one containing no edges.

Thus, for any vertex v of G, W = v gives a trivial walk. It has length 0.

Figure 1.33

In Figure 1.33, W, = vy €1 vz €5 3 10 V3 €5 ¥ €3 vs and Wy = vy &) vy € v1 € o
are both walks, of length 5 and 3 respectively, from v, to vs and from ¥ to v
Tespectively.
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Given two vertices u and v of a graph G, a « — v walk is called closed or
open depending on whether uw = v or u # v. '

The two examples W, and W, above are both open while Wi = v v5 vz ¥4 ¥5 1y i5
closed.

If the edges e;,€3,...,¢; of the walk W = vye 016205 , .. epvy are distinct
then W is called a trail.

In other words, a trail is a walk in which no edge is repeated. The examples W; and
W, above are not trails, since, for example, e is repeated in W,, while e, i3 repeated
in W,. However, Wj is a trail.

If the vertices vy, vy, ..., ¢ of the walk W = vge vyeqvy. . . 41 are distinet
then W is called a path.

Clearly any two paths with the same number of vertices are isomorphic.

A path with n vertices will sometimes be denoted by F,. Note that P, has
length = — 1.

In other words, a path is a walk in which no vertex is repeated. Thus in a path no
edge can be repeated either, so every path is a trail. Not every trail is a path, though.
For example, W, above is not since v is repeated. However Wy = vy vy va 152 {5 8
path in the graph & {of Figure 1.33).

By definition, every path is a walk. Although the converse of this staterment is not
true in geperal, we do have the following. '

Theorem 1.3 Given any two vertices v and v of a graph G, every u—v walk contains
au—v path, i.e., given any walk

W = ueyty ... vp_p e

then, after some deletion of vertices and edges if necessary, we cen find o subseguence
P of W which i3 a u — v path.

Proof If u=uv,i.e., if W is closed, then the trivial path P = u will do.
Now suppose u # v, i.e.,, W is open and let the vertices of W be given, in order, by

U = Uy Uy Uy eeny Up1y Up = U

If none of the vertices of 7 occurs in W more than once then W is already a v — v
path and so we are finished by taking P = W.

So now suppose that there are vertices of & that occur in W iwice or more. Then
there are distinct ¢, j, with { < j, say, such that u; = u;. If the terms w;, uiyy, .. 45
(and the preceding edges) are deleted from W then we obtain a u —v walk W) having
fewer vertices than W, If there is no tepetition of vertices in Wi, then Wi is a u —v
path and setting P = W, finishes the proof.

If this is not the case, then we repeat the above deletion procedure until finally
arriving at a u — v walk that is a path, as required. []
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To illustrate the above proof let us look at the walk
W=vevmesv3er0vses 02 €35

in our example G of Figure 1.33. Here, (see Figure 1.34),

U=ty =, Uy = Uy Uy = Vg, Uy = Vg, Us = Vg, Ug = U5 =10

Figure 1.34: The walk W,
Since us = uy the deletion procedure deletes 13 {and the edge €59} to give the walk
Wi =01 €1 9585 v3 €5 v3 €3 05
shown in Figure 1.35. The next stage is to delete viesvaes to give
W = v ey vp €3 v,

also shown in Figure 1.35, and this is a path, as required.

Figure 1.35: The deletion procedure applied to the walk W of Figure 1.24.

A vertex u is said to be connected to a vertex v in a graph & if there is
a path in (7 from u to ».

Clearly if u is connected to v then v is connected to u — just reverse the path. Also
any vertex u is connected to itself by the trivial path P = w.

Moreover, if u is connected to v and v is connected to w, then u is connected to w.
To see this, suppose that W) = ue;...e;v is 2 « — v path and Wo = vfy... frw is a
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v — w path. Then, joining the two paths together in the obvious way, we get a u —w
walk

W o= uey...evfi... fow

and, by Theorem 1.3, this contains the required « — w path.

The above process of joining two walks which have a common “end point” to form
a Jonger walk is called concatenation -— meaning “stringing together”.

A graph G is called connected if every two of its vertices are connected.
A graph that is not connected is called disconnected.

Given any vertex u of a graph G, let C{u) denote the set of all vertices
in G that are connected to u. Then the subgraph of & induced by C(u) is
called the connected component containing w, or simply the component
containing u.

If « and v are two connected vertices in the graph G, i.e., if there is a path from u to
v, then, by the remarks above, C({u) = C{v) and s0 « and v have the same connected
component. Conversely, if u and v have the same component then v is in C{u} so v
and u must be connected.

Another way of describing & component is as follows: it is a connected subgraph
C of the graph G which is not properly contained in any other connected subgraph
of G. For if there was a connected subgraph D of G such that C C D then, since D
16 connected, every vertex w of I) is connected to every vertex of C, showing, from
above, that C and D have the same vertex set, and by the definition of component,
C has got all the edges of G that have both ends in € and so D can not have any
more edges than C, i.e.,, C = D. We also express this by saying that a component of
(7 is a subgraph thal is maximal with respect to the property of being connected.

The graph G of Figure 1.36 has 6 components.

VANVZAPAN

Figure 1.36: A graph with six conznecbed components.

| The number of components of a graph G is denoted by w(G).

Thus w(G) = 6 for the graph G of Figure 1.36. Of course a graph G is connected if
and only if w(G) = 1.

It is sometimes not obvious what w{(7) is or what the components of & look like.
For example, in Figure 1.37, w{{r) = 2 but this is not seen immediately.
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Figure 1.37: w(G@) = 2 — can you see why?

A nontrivial closed trail in a graph G is called a cycle if its origin and
internal vertices are distinct. In detail, the closed trail €' = vy ... v I8 2]
cycle if y

(i) C has at least 1 edge and
1, V2,..., b, are n distinct vertices.

A cycle of length &, ie., with k edges, is called a k-eycle. A k-cycle is
called odd or even depending on whether & is odd or even.

A 3-cycle is often called a triangle.

Clearly any two cycles of the same length are isomorphic. An n-cydle, ie.,
a cycle with n vertices, will sometimes be denoted by C,.

For example in Figure 1.38, C = v, vy vg vyt isa dcycle, T =v, va v va vy vz v
is a nontrivial closed trail which is not a cycle (because vs occurs twice as an internal
vertex), and 7 = vy v; v vy is a triangle.

\Fi"

Fignre 1.38

Note that a loop is just a I-cycle. Also, given a pair of parallel edges e; and e,
with distinct end vertices v, and va, we can form the cycle vy eq ve e2 v of length 2.
Conversely, the two edges of any cycle of length 2 are a pair of parallel edges.
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We now characterize bipartite graphs using cycles.

.Theorem 1.4 Let G be a nonempty graph with al least two vertices. Then G is
bipartite if and only if it has no odd cycles.

Proof Suppose that G is bipartite with vertex set V' and bipartition V= X UY.
Let C = wvr...vav0 be a cycle of G. For the sake of argument, agsume that v, is
in X. Then, because (G is bipartite, v; must be in Y. Similarly v; must be in X, va
in V, etc. In fact, in general, the odd-indexed vertices vz4y mmst be in ¥ while the
even-indexed vertices vy must be in X. Now, since vy is in X, we must have {at the
“other end” of the eyele) vi in Y. Hence £'must be an odd number. Thus the cycle
€ = wpvy ... vty is even. Since ¢’ was any cycle in the graph G, G has no odd cycles.?

Now, to prove the converse, we assume that G is a nonempty graph which has no
odd cycles. We wish to show that G is bipartite. Now G wilt be bipartite if each
of its nonempty connected components is bipartite, since, if these components are
Ciy...,Cn and their vertex sets Vi,...,V; have bipartitions Yy = X U¥Y,,..., V. =
X, UY,, then the vertex set V of G has bipartition ¥V = X UY where

X=XUuXiuXu. . . UX;and Y = KUY, U...UY,,

where Xo is the set of isolated vertices in G. (The details of this argument are asked
for in Exercise 1.6.15.) As a result of this it is enough to show that if G is a nonempty
connected graph with no odd cycles then ¢ is bipartite.

With this assumption, let u be a fixed vertex of . We define two subsets of the
vertex set V of G as follows:

X is the set of all vertices v of G with the property that any shortest « — v path of
(G has even length,

Y is the set of all vertices w of & with the property that any shortest u —w path
of G has odd length,

i.e., X comsists of those vertices of (7 an “even distance” from u, while Y consists
of those vertices of G an “odd distance” from u. |

Note that  itself is in X. Then, clearly, V = X UY and X and Y have no element
in common. We show that V = X UY is a bipartition of G by showing that any edge
of ¢ must have one end in X and the otherin Y.

Let v and w be {wo vertices both in X and assume they are adjacent. Let P and @
be a shortest ¥ — v path and a shortest u — w path respectively, say

P = L P PR L TN | and Q = W, W2y e W,

(s0 that v = uy = wh, v = Ugny1 and w = wWyyy;.} Suppose that ' is a vertex that
the two paths have in common, and further that w’ is the last such vertex. (f v = w

YSome readers may not be familiar with the phrase “if and only if”. It involves two implications. Hers for
example it says:

(1} if a nonempty graph is bipartite then it kas no odd cycles, and also the se stal £, ly

(2} # a nonempty graph has no odd cycles then it is bipartite.
Another way of describing this is to say that the following two statements are equivalent:

(i) the nonempty graph G is bipartite ;

(it} the nonempty graph G has no edd cycles.

?We are not finished the proof — in fact only half-finished; we still have to prove ®the other way”.
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then of course w' = v = w. Moreover, there is always such a vertex w' since the vertex
u is common to both paths.) Then that part of P from u to w’ is a shortest path from
u to w' and that part of @ from u to w' is a shortest path from u to w' also. In other
words, we have two shortest paths from u to w’. It follows that, since these two paths
have the same length, there exists an ¢ such that w' = w; = w;. However this produces
an odd cycle in (3: *

C = witip1 -« Ugnyy Wamp1 W « -« Wi

= [ L]

gince if 7 is odd then the above parts * and ** are both of even length while if ;
is even then they are both of odd length, giving the total length of C as odd + 1 +
odd or even + 1 + even, in either case odd. Since G has no odd cycles, something is
wrong !}, namely the assumption that v and w are adjacent.

Hence there are no edges in (G joining vertices of X. A similar argument shows that
there are no edges of G joining vertices of V. Hence ( is bipartite, as required. []

Exercises for Section 1.6
1.6.1 Let ( be the graph of Figure 1.39.

(a) Find a closed walk of length 6. Is your walk a trail?
(b) Find an open walk of length 12, Is your walk a path?
(c) Find a closed trail of length 6. Is your trail a cycle?
(d) What is the length of the longest cycle in G?

(e) What is the length of a longest pathk in G7 How many paths in G are there
of this length?

Q

Figure 1.39

1.6.2- Let G be a graph with 15 vertices and 4 connected components. Prove that
has at least one component with at least 4 vertices. What is the largest number
of vertices that a component of G can have?

1.6.3 Let v be a vertex in the graph & and let T be a closed trail with origin (and
terminus) v. Modify the proof of Theorem 1.3 to show that T contains a cycle
with origin ».
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1.6.4 For each n > 4, the wheel graph, W,,, with n vertices, is defined to be the join
Ky + Cy_y, of an isolated vertex with a cycle of length n — 1. (See Exercise 1.5.5
for the definition of join.)

(a) Draw the graphs Wy, W5, Wg and Wy in such a way thai you can see why
the name wheel is given to this family of graphs.
(b} Show that W, contains a cycle of length k for each &, 4 < k < n.

1.5.5 Prove that if « is an odd vertex in a graph G then there must be a path in &
from u to another odd vertex v of G.

1.6.6 Give an example of a graph in which the length of the longest cycle is 9 and the
length of the shortest cycle is 4.

1.6.7 The graph G of Figure 1.40 is known as the Petersen graph. Find in ¢

(a) a trail of length 5,
(b) a path of length 9,
(c) cycles of lengths 5, 6, 8 and 9.

Figure 1.40: The Petersen graph.

1.6.8 For any two vertices u and v connecled by a path in a graph G, we define the
distance between u and v, denoted by d(u,v), to be the length of a shortest
u-v path. If there is no path connecting u and v we define d(u,v) to be infinite.
{This idea of distance was used in the proof of Theorem 1.4.)

(a) Prove that for any vertices u, v, w in 7 we have
du,w) < d{u, v) + d(v,w).
(b) Prove that if d(u,v) > 2, then there is a vertex z in 7 such that

d(u,v) = d{u, z) + d(z, ).
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(¢) Prove that in the Petersen graph of Exercise 1.6.7 above, d(u,v) < 2 for
any pair of vertices u, v. {By using the symmetry of the graph you need
not look at every pair of vertices.)

1.6.9 Let G be a connected graph with vertex set V. For each v € V, the eccentricity
of v, denoted by e(v), is defined by

e(v) = max{d(u,v) 1 u € Vu # v},
The radius of &, denoted by rad & | is defined by
rad G = min{e(v) : v €V},
while the diameter of G, denoted by diam G, is defined by
diam G = max{e(v) ;v € V}.
Thus the diameter of & is given by max{d(u,v) : u,v € V}.

(a) Find the radius and the diameter of the graph of Figure 1.39 and the
Petersen graph (Figure 1.40).

{b) Prove that for any connected graph G,

rad G € diam G <2 rad G.
{c) Find the radins and the diameter of the wheel graphs W, of Exercise 1.6.4.
(d) Which simnple graphs have diameter 1?7

1.6.10 Let G be a simple connected graph. The square of 7, denoted by GZ, is defined
to be the graph with the same vertex set as G and in which two vertices u and
v are joined by an edge if and only if in G we have 1 < d{u,v) < 2. An example
of a graph (7 and its square is shown in Figure 1.41.

G e

Fignre 1.41: A graph and its square.
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{a) Show that the square of K3 is K4. Can you find two more graphs whose
square is K,?

(b) Draw the squares of the paths Py, Ps, Fe, the cycles Cs, Cg and the wheels
W5 and Ws.

1.6.11 Let G be a simple graph with n vertices, where n > 2. Prove that G has two
vertices u and v with d(u) = d{v). (Hint: if G is nonempty, consider G —e where
e is an edge of G, and use induction on the nember of edges of G.)

1.6.12 Let G be a simple graph, Show that if 7 is not connected then its complement
G is connected.

1.6.13 A complete tripartite graph G is a simple graph G in which the verlex set
V is the union of three nonempty subsets Vi, V; and V3 where VNV, = @
for i # j and an edge joins two vertices u,v of G if and only if 4 and v do
not belong to the same V. If ¥4, ; and V; have r,5 and ¢ elements respectively
where r < 8 < ¢ we denote 7 by K, ,,.

(a) Draw Kl‘g‘g, Kg'glg, Kg'm.

(b} How many edges are there in K, ,?

{c) Formulate a definition of a complete n-partite graph for any n > 3.
1.6.14 Which of the graphs in Figure 1.42 are bi]:;axtité? Justify your answer using

Theorem 1.4 and redraw those that are bipartite showing the bipartite property
more clearly.

(a) ®) ©

Figure 1.42: Which of theas graphs are bipartite?

1.6.15 Let & be a graph each of whose nonempty connected components is a bipartite
graph. Assuming that & has at least one nonempty component, prove that G is

bipartite. {This is used in the proof of Theorem 1.4 — see there on how to gei
started,)
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1.7 The Matrix Representation of Graphs

There are essentially two different ways of representing a graph inside a computer,
namely by using the adjacency matrix or the incidence matrix of a graph.

Let G be a graph with n vertices, listed as vi,...,v,. The adjacency
matrix of G, with respect to this particular listing of the n vertices of G, is
the n x n matrix A{G) = {a;;} where the (i, 7)th entry a;; is the number of
edges joining the vertex v; to the vertex u;.

Figure 1.43 shows a graph G with vertices listed as t1,...,v4 and its adjacency
matrix A(G) with respect to this listing.

1100
A(G) : 1011
matie, 01002
. 0120

Figure 1.43; A graph and its adjacency matrix.

Note that in A(G) we have a;; = a;; for each ¢ and j. A matrix with this property
is called symmetric. Note also that if G has no loops then all the entries of the main
diagonal of A(G) are 0, while if G has no parallel edges then the entries of A(G) are
either 0 or 1,

Given an n x n symmetric matrix A = (a;;) in which all the entries are non-negative
integers, we can associate with it a graph 7 whose adjacency matrix is A, simply by
letting G have n vertices, labelled 1 to n, say, and joining vertex i to vertex j by a;;
edges. Figure 1,44 shows such a symmetric matrix A and a graph produced from it.

gives G:

e

il
]
(= —1 & ]
L =N — R

Figure 1.44: A aymmetric matrix A of non-negative integers and a graph G with A(G) = A.
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In this example the matrix multiplication A x A = A® gives

6 21

A= |2 4 2| =(by), sy,
121

and in fact b;; gives the number of walks of length 2 from vertex ¢ to vertex j. For

example, by; = 6 and the 6 walks of length 2 from vertex 1 to itself are

lejley], legZesl, ley2esl, leg2enl, les2epl, legdeql.

As a further example, by3 = bi; = 2 and the 2 walks of length 2 from vertex 2 to
vertex 3 are
2631643, 2631843.

This is a particular case of the following result:

Theorem 1.5 Let G be a graph with n vertices v,...,v, and let A denote the
adjacency matriz of G with respeet to this listing of the vertices. Let k be any positive
infeger and let A* denote the matriz multiplication of k copies of A. Then the (i, j)th
entry of A¥ is the number of different v; — v; walks in G of length k.

Proof The proof is by mathematical induction on k. For & = 1 the theorem says
that the (4, j)th entry of A is the number of different v; — v; walks in & of length 1,
which is true by the definition of the adjacency matrix since a length 1 walk from v;
to v; is just an edge from v; to v;.

Now suppose that the result is true for A*%, where k is some integer greater than
1. We wish to prove it true for A*. Thus, setting A*~! = (;), we are assuming that
b;; 18 the number of different walks of length & — 1 from v; to v; and we want to prove
that if A¥ = (c;;) then ¢; is the number of different walks of length & from v; to v;.
Set A = {a;;). Since A* = A*! x A, from the definition of matrix multiplication we
get

ci; = 3_((1,#)th element of A*') x ({t,j)th element of A) = 3" b ay;.
t=t

t=1

Now every v; — v; walk of length k consists of a v; — v, walk of length k — 1, where
v, is adjacent to v, followed by an edge v,v;. Since there are by such walks of length
k —1 and ay; such edges for each vertex v, the total number of all v, — v; walks is

n
E bﬂ G.‘J'.
=1

Since this, by the above, is just ¢;; we have established the resuls for A*. Thus assuming
the result true for k¥ — 1 we have proved it true for k. Hence by induction the proof is
complete. [1

We can use the above result to determine whether or not a graph is connected:
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Theorem 1.8 Let G be a graph with n vertices vy,...,vn and let A denote the
adjacency matriz of (7 with respect to this listing of the vertices. Let B = (b;;) be
the matriz

B=A+4+ A 4. ...+ A"

Then G is a connected graph if and only if for every pair of distincl indices i,§ we
have bi; # 0, i.e., if and only if B has no zero entries off the main diagonal.

Proof Let EE;) denote the (i, j)th entry of the matrix 4* foreach k=1,...,n 1.
Then
b = ag) + agf) +o ag'_l].
However, by Theorem 1.5, a,(-;-‘) denotes the number of distinct walks of length &
from v; to v; and so
by; {number of different v; — v; walks of length 1}
{number of different v; — v; walks of length 2)

4+l

+ (mumber of different v; — v; walks of length (n — 1)),

i.e., by is the number of different »; — v; walks of length less than n.

Now suppose that G is connected. Then for every pair of distinct indices ¢, j there
is a path from v; to v;. Since G has only n vertices this path goes through at most n
vertices and so it has length less than n, i.e., there is at least 1 path from v; to v; of
length less than n. Hence b; # 0 for each 1, with ¢ # #, as required.

Conversely, suppose that for each distinct pair ¢,j we have b; # 0. Then, from
above, there is at least 1 walk (of Jength less than n) from v; to v;, In particular, »;
is connected to v;. Thus ( is a connected graph, as required, since ¢ and j were an
arbitrary pair of distinct vertices. {J -

As an illusiration, we use Theorem 1.6 to find whether a particular graph G is

connected or not using its adjacency matrix A((). Suppose that A(G) is the following
matrix A

00100
00010
A=[(1 0001
01001
60110

Here n = 5 so0 the theotem tells us to look at B = A + A? + A% + A4, Now

10001 10101
01001 01011
A=100 21 O0fsoA+A%=(20 21 1/,
00121 01121
11002 11112
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0021040 103811
00120 0-1 131
A=|2100 3 |soA+A*+A*=]3 121 4], and
12003 13124
00330 11442

2 1003 31314
12003 13134
A'=|0 0 54 0{soB=A+A*+A*+A'=|3 17 5 4
00 450 13574
330606 4 44 4 8

Since this last'matrix, B, has no nonzero eniries off the main diagonal we conclude
that the graph is connected. Figure 1.45 gives a drawing of the graph G.

Figure 1.45

Often we do not have to go up to A*~%, For example, for the graph with adjacency
matrix

011111 512221
101000 121211
lt10100 , 213121
A=|{ g 101 p|Whwved =1y, 13712
100101 212131
10001 0 111211

and here, by Theorem 1.5, since every entry is nonzero there is at least one walk of
length 2 from every vertex in the graph to every other vertex-and so G is connected.
Notice however that in our worked example above, we did have to go up to A1,

For the graph G with adjacency matrix

01000
10001
A=10 0010
00100
01000
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we have n = 5 and (check) B=A+ A2+ A®+ A'is

w OO W e
WO oD
SHwo O
(= R
L OOy e

8o, since B has zeros off the diagonal, & is not connected. In fact, looking at B we
can identify two components, one with vertices vy, vz, vs, the other with v, vy,
Another matrix associated with a graph G is given as follows.

Suppose that G has n vertices, listed as vy,...,1,, and # edges, listed
as €y,...,&. The incidence matrix of 7, with respect to these particular
listings of the vertices and edges of G, is the n x t matrix M(G) = (my;)
where m;; is the number of times that the vertex v, is incident with the edge
e, Le.,

1 if v is an end of the non-loop ¢;

0 if v; is not an end of ¢;
mij =
2 if v; is an end of the loop €.

Figure 1.46 shows a graph G, with four vertices w,...,vs and six edges e;,...,¢s,
and its incidence matrix M{G) with respect to these listings of the vertices and edges.

Moy [31093
4x6

at. 001011
matrix. 000111

Figure 1.46: A graph and its incidence matrix.

Notice that the sum of the elements in the ith row of M(G) gives us the degree of
the vertex v;, while the sum of the elements in each column is 2 (corresponding to the
2 ends of the edge).
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Exercises for Section 1.7

1.7.1 Draw the graphs having the following matrices as their adjacency matrices.

1 1 01¢0 (111060
10100 11100

(@ |0 1010 ® |11100
10100 0 0001
L0 0001 L0 0 0160
F0 100 [0 1 2 3
10622 10132

© lo212 @ 12301
|02 21 [ 3 210

1.7.2 Write down the adjacency matrix and the incidence matrix for each of the graphs
in Figure 1.47 using the ordering of the vertices and edges given.

Figure 1.47

1.7.3 Let &7 be a simple graph and A be its adjacency matrix. Prove that the entries
on the main diagonal of A% give the degrees of the vertices of G. Does this
remain true if we drop the “simple” condition?

1.7.4 Let G be a bipartite graph. Show that we can list the vertices of (7 so that the
corresponding adjacency matrix of 7 has the form
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where the O’s, £’ and D are submatrices, the submatrices & have entries all
zero, and C is the “mirror-image” of D, (Formally, C is the matrix transpose of
D).

1.7.5 Use the powers of the adjacency matrix to determine if the graphs of Exercise
1.7.1 are connected ot not.

1.8 Fusion

Let x and v be distinct vertices of a graph . We can construct a new
graph Gy by fusing (or identifying) the two vertices, namely by replacing
them by a single new vertex x such that every edge that was incident with
either v or v in (7 is now incident with z, i.e., the end u and the end v become
end z.

Thus the new graph G has one less vertex than G but the same number of edges
as G and the degree of the new vertex r is the sum of the degrees of v and v.
We illustrate the process in Figure 1.48.

a B b

Figure }.48: The fusion of verticea & and v.

The fusion process when applied to adjacent vertices u and v does not alter the
number of connected components of the graph — the comporent containing v (and
v) in G gets changed to the component containing the fused vertex z in G;, while all
other components of G remain unaltered.

If v; is fused to its neighbour v; to form the new vertex w then, since each edge
of the form v, or of the form v;v; gets changed to one of the form wug, it follows
that in the adjacency matrix of the new graph (7; the entries in the row (and column)
cortesponding to w are just the sum of the corresponding entries given by v; and v;
in the adjacency matrix for G.

One can more precisely describe this as the following two siep process:

The adjacency matrix after fusion of two adjacent vertices u and v.

Step 1. Change u's row to the sum of u’s row with v's row and (symumetrically)
change u’s column to the sum of u's column with v’s column.
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Step 2. Delete the row and column corresponding to v. The resulting matrix is the
adjacency matrix of the new graph G,.

As an example, we consider the fusion of u and » given in Figure 1.48. Listing the
vertices of G as a,u, b, v, ¢,d, the corresponding adjacency matrix is

010000
100110
000100
011011
610101
600110

Since u and v are the second and fourth vertex in the list, Step 1 of the process gives
the matrix

oo oo O
[V R ST RS Y
[ R ]
=l
D e O b D
[ = =]

Step 2 now deletes the fourth row and column (corresponding to v) of this matrix to
give

01000
11121
01000
02001
01010

and this is the adjacency matrix of Gy (as the reader can check from Figure 1.48).

We now use the above remarks and technigues to give an alternative way of finding
whether or not a graph G is connected. The problem with the B = A4 A%+ .. 4 A™!
method described earlier i3 that it involves much matrix multiplication and this can
be very time-consuming when dealing with a large number of vertices (i.e., when n is
large). The following method is more efficient and also tells us how many connected
components the graph has.

The fusion algorithm for connectedness.

Step 1. Replace G by its underlying simple graph — it is easy to see that the under-
lying simple graph has exactly the same number of connected components
as G and it has the advantage of having all entries in its adjacency matrix
as either 0 or 1. To get the adjacency matrix of the new graph just replace
all nonzero entriea off the diagonal by 1 and make all entries on the diagonal
0. We denote the underlying simple graph of & also by G.

Step 2. Fuse vertex v to the first of the vertices v, .. ., v, with which it is adjacent to
give a new graph, also denoted by G, in which the new vertex is also denoted
by v, (The above two step process gives the adjacency matrix A(G).)
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Step 3. Carry out step 1 on the new graph G.

Step 4. Carry ovt steps 2 and 3 repeatedly with v; and the vertices of the new graphs
until »; is not adjacent to any of the other vertices,

Step 3. Carry out steps 2-4 on the vertex vy (instead of v;) of the latest graph and
then on all the remaining vertices of the resulting graphs in turn, The final
graph is empty and the number of its (isolated) vertices is the number of
connected components of the initial graph G.

We illustrate the algorithm in Figures 1.49 and 1.50 starting with a graph G with
seven vertices listed as vy,...,vr. The resulting graphs are shown in pairs G and Gy,
where Gy is the underlying simple graph of G, with their adjacency matrices shown
immediately below. Following through the algorithm, after the initial simplification,
vertex v, is first fused with v, (and the new vertex labelled v1), as shown in Figure
1.49. Then (see Figure 1.50) vy is fused with vy and then with vy. Next vy is fused
with vg and vy in turn — the new vertices are labelled v; in both cases.

3
Vs Ve 7
0001100 [0 0 01 10 07
0009100 DO00OD1O0O0
0000021 000O0OD011
1000200 —|1000100
1102000 1101000
0 020000 0010000
0010000, L0 01 000 0]

05‘
>
= on

-
-
é | ]

“4

3>

o
&
=

100200 000100
000100 DO60C100D0
600011 D 00011
21 0000| "J110000
001000 001000
001000 001000

Figure 1.4%: v; is fused with vy.
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Figure 1.50: v is fused with vy and them with va. Next vx is fused with os and then with vs.
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Since the final adjacency matrix A(G) in Figure 1.50 is a 2 x 2 matrix we can
conclude that the original graph & has 2 connected components. Of course this is
obvious from our drawing of the original G in Figure 1.4%. However usually a computer
has no such drawing to help it but only a knowledge of the graph in matrix form.

Exercises for Section 1.8

1.8.1 Use the fusion process to determine whether the graphs of Exercise 1.7.1,
specified by their adjacency matrix, are connected or not. At each stage of
the process, give both the corresponding graph and its adjacency matrix.

1.8.2 Give a formal proof of the remark made in the main text that if two adjacent
vertices u and v of the graph G are fused to produce the graph G; then
w(G) = w(G).




Chapter 2

Trees and Connectivity

2.1 Definitions and Simple Properties

[ A graph G ia called acyelic if it contains no cycles. |

Since loops are cycles of length one while a pair of parallel edges produces a cycle of
length two, any acyclic graph must be simple.

] A graph @ is called a tree if it is a connected acyclic graph. I

Figure 2.1 shows all trees with at most five vertices.

-]
1 vertex
2 vertices
3 vertices 4 vertices
b vertices

Figure 2.1: The treea with at most five vertices.

Figure 2.2 shows all trees with six vertices while Figure 2.3 shows two more luxuriant
trees.

47
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Ty X

Figure 2.2: The trees with six vertices.
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Figure 2.3: Two fancier trees.
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Part {a) of the first result in this chapter gives an important property of trees, while
part (b) shows that this property almost characterises trees.

Theorem 2.1 {a) Let u and v be distinct vertices of a tree T. Then there is precisely
one path from u to v.

{b) Let G be a graph without any loops. If for every pair of distinct vertices u and
v of G there iz precisely one path from u to v, then G is a tree. -~

Proof (a) Suppose that the result is false. Then there are two different paths from
uto v, say P = tuuy.. . Uyt and P’ = uvyvy ... yv. Let w be the first vertex after
u which belongs to both P and . (The vertex w might well be v, but at least there
is such a vertex.) Then w = «; = v; for some indices i and j. (See Figure 2.4.)

Figare 2.4

This produces a cycle C = uty ... u05_ ... vy, since no two of the “u” terms are
repeated (since P is a path), no two of the “v” terms are repeated (since P is a path),
and, by the definition of w, no “u” term in C is the same as a “»” term. Since T is a
tree, T' bas no cycles, This contradiction means that our initial assumption (the first
sentence of the proof) must be false. Thus there is precisely one path from u to v.

(b) Since, by assumption, there is a path between each pair of vertices ¥ and », G
must be connected, Thus, to show that G is a tree it remains to show that G has no
cycles. Firstly, since G has no loops it has no cycles of length one. Now suppose that
(7 has a cycle of length greater than one, say € = tyvy...v,v; where n > 2. Since,
by definition, a cycle is a trail, the edge v,v; does not appear in the path vjv;...v,. .
Thus P = vyv, and P’ = vyv,... v, are two different paths from v; to v,. (See Figure
2.5.) This contradicts our assumptions. Hence G has no cycles and s0 js a tree, []

The pext result guarantees that, apart from one exception, all trees have at least
two “leaves®.

Theorem 2.2 Let T be a tree with at least fwo vertices and let P = upty ... 14, be ¢
iongest path in T (so that there is nio path in T of length greater than n}. Then both
ug and u, have degree 1, i.e., d{ug) = 1 = d{uy,).

Proof Suppose that d{uy) > 1. The edge f = upu; contributes 1 to the degree of
ug and so there must be another edge € from ug to a vertex v of T {which is different’
from f). If this vertex v is one of the vertices of ihé path P then we may set v = u;



50 Chapter 2. Trees and Connectivity

Figure 2.5

for some ¢ = 0,1,...,n and this produces a cycle ' = uquy ... u;ug (the last edge
being ¢). Since T is a tree it has no cycles and so this is a contradiction. Thus the
remaining possibility for v is that it is not one of the vertices of the path P. But
then P, = wvugu, ... u,, where the first edge is e, gives a path of length n +-1in T,
in contradiction to our assumption that P is a longest path (and of length n). This
final contradiction shows that there is no such edge e and so d{wo) = 1, as required.
Similarly d{u,) = 1, as required. {J

Corollary 2.3 Any tree T with at least two vertices has more than one verter of
degree 1.

Proof In such a tree T" there is a longest path P (of length greater than 9) and so
the Theorem produces at least two vertices of degree 1. [J

Note that in Figure 2.2 all our tiees with 6 vertices had 5 edges. We now use
Corollary 2.3 to prove a more general result:

Theorem 2.4 If T is a tree with n vertices then it has precisely n — 1 edges.

Proof We use induction on o, When r = 1, i.e., T has only 1 vertex, then, since it
has no loops, T can not have any edges, i.e., it has n — 1 = 0 edges. This establishes
that the result is true for n = 1.

Now suppose that the result is true for n = k where k is some positive integer, We
use this to show that the result is true for n = k+ 1. Let T be a tree with k+1 vertices
and let u be a vertex of degree 1 in T'. (Note that such a vertex exists by Corollary
2.3.) Let e = uv denote the unique edge of T which has u as an end, Then if z and y
are vertices in 7' both different from u, any path P joining = to y does not go through
the vertex u since if it did it would involve the edge e twice. Thus the subgraph 1" — v,
obtained frem T by deleting the vertex u (and the edge ), is connected, Moreover if
€ is a cyclein T — y then C would be a cycle in T' — impossible, since T is a tree.
Thus the subgraph T' — « is also acyclic. Hence T — u iz a tree. However T — « has
k vertices (since T has & + 1) and so, by our inductiori assumption, T — u has &k — 1



Section 2.1. Definitions and Simple Properties 51

edges. Since T' — u has exactly 1 edge less than T (the edge ¢), it follows that 1" has
k edges, as required. In other words, assuming the result is true for &, we have shown
that it is tree for k + 1. Thus, by the principle of mathematical induction, it is true
for all positive integers k. U

Let &7 be an acyclic graph. Then any subgraph of G' must also contain no cycles.
In particular, the connected components of G are also acyclic and so they are trees.
For this reason an acyclic graph is also called a forest. Figure 2.6 gives an example

A A Y

L+ "] Q

Figure 2.6: A (black) foreat.

The next result extends Theorem 2.4, a result on irees, to cover forests.

Theorem 2.5 ILet & be an acyclic graph with n vertices and k connected components,
i.e, (@) =k Then G hasn — k edges.

Proof Denote the k components of G by C,...,C, and suppose that for each
i,1 < ¢ < k, the ith component C; has n; vertices. Then n = ny + rg + --- + ng.
Also, since each C; is a tree, by Theorem 2.4 it has n; — 1 edges and so since each
edge of 7 belongs to precisely one component of G the total number of edges in & is
(n1 — 1)+ (r2 — 1} + -+ - 4 (ng — 1). Thus G has (ny + nz 4 -+ + ny) ~ & edges, ie,,
n — k edges, as required.

Exercises for Section 2.1

2.1.1 Give a list of all trees with 7 vertices and all trees with 8 vertices. Your lists
should not contain any pair of trees which are isomorphic. (There are 11 non-
isomorphic trees on 7 vertices and 23 non-isomorphic trees on 8 vertices.)

2.1.2 The complete bipartite graphs K ,,, known as the star graphes, are trees. Figure
2.7 shows the star graphs K, 4 and K g. Prove that the star graphs are the only
complete bipartite graphs which are trees.

2.1.3 Prove that any iree with at least two vertices is a bipartite graph.
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? f

K14 © LW
Figure 2.7: The atar graphs Ky and K 4.

2.1.4 Let T be a tree and let u and v be two vertices of 7' which are not adjacent.
Let G be the supergraph of T’ obtained from T by joining v and v by an edge.
Prove that G contains a cycle.

2.1.5 Let F be a forest and let v and » be two nonadjacent vertices of F. Let G be
the supergraph of F obtained from F by joining v and v by an edge. Prove that
(7 is a forest if and only if u and v belong to different components of F.

2.1.6 Let T be a tree with r vertices, where n > 4, and let v be a vertex of maximmm
degree in T,
(a) Show that T is a path if and only if d{v) =2.
(b) Prove that T" is isomorphic to a star graph (see Exercise 2.1.2 above) if and
only H d(v) =n—-1.
(c) Prove that if d{v) = n—2 then any other tree with n vertices and maximum
vertex degree n — 2 is isomorphic to I

{d) Provethatifn > 6 and d{v) = n—3 then there are exactly 3 non-isomorphic
trees which T can be.

2.1.7 Let T be a tree with n vertices, where n > 3. Show that there i1s a vertex v in
T with d{v} > 2 such that every vertex adjacent to v, except possibly for one,
has degree 1.

2.1.8 Let T be a tree and let v be a veriex of maximum degree in T, say d{v} = k.
Prove that T has at least k vertices of degree 1.

2.2, Bridges

The first theorem of this section shows that if we remove an edge from a graph then the
number of connected components of the graph either remains unchanged or it increases
by exactly 1. Recall that «(G) denotes the number of connected components of G,
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Theorem 2.6 Let ¢ be an edge of the graph G and, as usual, let G —e¢ be the subgraph
obtained by deleting e. Then w(G) S w(G —e) € w(G)+ 1.

Proof Let e have end vertices u and v and let C be the connected component of G
to which ¢ (and u and v) belong. First suppose that « ard v are distinct. Then the
edge e forms, by itself, a path from u to v,

Suppose now that there is another path P from u to v. Then P can not involve the
edge e and so must also be a path in the subgraph G — e. Thus, in this case, u and v
are connected in G —e (as well as in 7). Moreover if z and y are any two vertices in
the component. ( then there is still a walk from z to y in (7 — e (since given a walk
from z to y in &, we can simply replace any occurrence of the edge e in this walk by
the path P to produce a walk in G'— €). This shows that in this case the vertices of C
stitl give one connected compenent in the subgraph &' — e. Since any other connected
component of G is unaffected by the removal of e, it follows that G — ¢ has the same
number of components as G, i.e., w(G — €) = w(G).

We now consider the remaining possibility,namely that the edge e gives the only
path from u to v. Let = be any vertex in the component C. Then either

(i) there is & path from & to u which does not involve ¢ or

(it) every path from 2 to u must involve ¢,

I {i) holds then z is in the same component of G — ¢ as u, because the deletion of
¢ does not affect such a path.

If (ii) holds then in any path P from x to u, since it involves e, ¢ must in fact be
the last edge in the path and so the second last vertex must be v. This then produces
a path from z to v which does not involve ¢ and so z is in the same component of
G — e as ¢, Moreover since ¢ is the only path from u to v in G, u and v are in different
components in G — e. The above arguments then show that the deletion of e in this
case has split up C into two components in G — ¢, namely one whete every vertex is
connected to u and another in which every vertex is connected to v. Thus we have
increased the number of components by 1, i.e., in this case w(G — e} = w{G) + 1.

The above argument assumes that v is different from v. If u = v then e is a loop
and its removal does not change the number of components, i.e., if e is a loop then

w(G - e} =w(G). &

An edge € of a graph G is called a bridge {or a cut edge or an isthmus)
4if the subgraph G — e has more connected components than & has.

Thus, if ¢ is a bridge in G, by Theorem 2.6 we have w(G —¢) =w(G) + 1,16, G —¢
has one more component than G has. The bridges of the graph G of Flgure 2 & are
the edges e and f.

Roughly speaking a bridge is an edge which is the only link between two parts of
a graph, Its deletion will cut up the graph into more disjoint parts. We illustrate this
in Figure 2.8,

The proof of Theorem 2.6 shows that an edge e with end vertices u and v is a bridge
in the graph (7 if and only if e is not a loop and e gives the only path in & from u to ~
v. Another way of saying this is given in the following theorem.
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Figure 2.8: A graph and two bridge deletions,

Theorem 2.7 An edge e of a graph G is a bridge if and only if e is not part of any
cycle in G.

Proof lLet e have end vertices u and v. If e is not a bridge then, by the above
remarks, it is either a loop or there is a path P = uu; ... u,v from u to v, different
from the edge e. If it is a loop then it forms a cycle (by itself). If there is such a path
P then € = nyy ... u,vu, the concatenation of P with ¢, is a cycle in &. This shows
that if e is not a bridge then it is part of a cycle. This is equivalent to saying that if
¢ is not part of any cycle then e must be a bridge.

Conversely, suppose that e is part of some cycle € = ugtyy...tm in G. Let
€ = w4+, In the case where m = 1, C = ugu; and so C is just the edge e and
e is a loop. On the other hand, if m > 1 then P = w11 ... Upliy—1 . .. Wiy i6 & path
from u to v different from e. (See Figure 2.9.) Thus, by the remarks preceding the
proof, e is not a bridge. This shows that if ¢ is a bridge tken it is not part of any cycle
in G, completing the proof. £

w=ug ] Liy1=Y
u;. Yiv2
L ] -
c ° i
- )
- -
Uy P Un.1
uy Ug=u,
Figure 2.9

We can now describe trees using bridges by the following resuli.
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Theorem 2.8 Let G be a connected graph. Then G is a tree if and only if every edge
of (7 is a bridge, i.c., if and only if for every edge € of G the subgraph G — ¢ has two
components.

Proof Suppose that G is a teee. Then G is acyelic, i.e., it has no cyeles, and so no
edge of (G belongs to a cycle. In other words, if e is any edge of G then, by Theorem
2.7, 1t is a bridge, as required.

Conversely suppose that G is connected and that every edge e of & is a bridge.
Then G can have no cycles since any edge belonging to a cycle is not a bridge, by
Theorem 2.7. Hence & is acyclic and so is a tree as required. 1

The corollary of the next result will enable us to give yet another characterisation
of trees.

Theorem 2.9 Let G be a'gmph with n vertices and ¢ edges and, as usual, let w(@)
denote the number of connected components of G. Then G has at least n —w(G) edges,
i, ¢ > n—w(@).

Proof We use induction on g, starting with ¢ = 0. f ¢ = 0-then G has no edges
and se w((G) = n, since in this case each veriex constitutes a component. Thus for
g = 0 we have ¢ = 0 2 0 = n — w(G), establishing the result in this case,

Although we do not need to prove the result for 4 = 1 at this stage let us do so
{0 give peace of mind to those worried about induction starting at Q instead of 1. If
¢ = 1 then there is only one edge in G, say with end(s) u and v. Then » and v are
in the same component and all other vertices each give another component. There
being at least n — 2 other such vertices (n — 1 if u = v), we get w(G) = n —1 and so
n —w(G) < 1=gq, as tequired.

Now suppose the result is true for some value k of ¢ where & > 0. Using this
assumption we will prove that it is true for a graph of k + 1 edges. Thus let G be a
graph with £ + 1 edges and select one of these edges, e, say. Then the subgraph G —¢
has k edges and so by our assumption

k>n—w(G@-—e) (¥

(Note that (G—e has still n veriices.) Now, by Theorem 2.6, we have w(G—¢) < w(G}+1
so, multiplying by —1, —w(G — €) > —w(G) — 1. Substituting back into (%) gives
E>n—w{G)—1andso k+1 > n—w(G),ie., our graph G with & + 1 edges satisfies
the required inequality. Hence, assuming the result true for k, we have shown it to be
true for k + 1. Thus, by mathematical induction, the result is true in general. ]

Corollary 2.10 A connected graph G with n vertices has at least n — | edges. (In
other words, @ graph with n vertices and less than n — 1 edges can not be connected,)

Proof If G'is connected then w(G) = 1 so, by the Theorem, if g denotes the number
of edges in G we have g >n — 1. [J

We now provide the promised characterisation of trees:
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Theorem 2.11 Let G be a graph with n vertices. Then the following three statements
are equivalent:

(i) G is a tree, .

{ii) G is an acyclic graph with n —1 edges,

(iii) G is a connected graph with n — 1 edyges.

Proof We prove (1) = (ii) = {iii) = (i).

(i) = {ii): Suppose that G is a tree. Then by definition & is an acyclic graph and
by Theorem 2.4 it has n — 1 edges. Thus {ii) holds.

(i) = (ii1): Assume that G is an acyclic graph with n — 1 edges and, as usual, let
w(() denote the number of connected components of G. Then, by Theotem 2.5, G
has r — w((@) edges. Thus w(G) = 1, in other words, G is connected. This establishes
(iii).

(ili) = {1): Assume that G is a connected graph with n — 1 edges. To prove (i}, i.e.,
that G is a tree, we must show that G is acyclic. We do this by contradiction. Thus,
assume that & is not acyclic. Then G contains a cycle and every edge of this cycle
can not be a bridge, by Theorem 2.7. Choose such an edge ¢. Then, since ¢ is not a
bridge, & —e is still connected. However & —¢ has n — 2 edges and n vertices, which is
impossitle by the above coroliary. This contradiction has arisen from our assumption
that (3 is not acyclic. Hence G is acyclic and so a tree as required. []

Exercises for Section 2.2

2.2.1 Find all bridges in the graph of Figure 2.10.

Figure 2.19: Which edges are bridges?

2.2.2 Let G be a connected graph.

(a) If G has 17 edges what is the maximum possible number of vertices in G?

{(b) If G has 21 vertices what is the minimum possible number of edges in G?

223 Let (7 be a graph with 4 connected components and 24 edges. What is the
maximum possible number of vertices in G7
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Figute 2.11: Two unicyclic grapha.

2.2.4 A graph G is called unicyclic if it is connected and contains precisely one cycle.
The graphs of Figure 2.11 are unicyclic.

Prove that a graph G with n vertices and e edges is unicyclic if and only if G is
connected and n = e,

2.3 Spanning Trees

Let G be a graph. Recall from Section 1.4 that a subgraph H of G is called a spanning
subgraph of G if the vertex set of H is the same as the vertex set of G.

I A spanning tree of a graph G is a spanning subgraph of & that is a tree.

Our first resuit of this section shows that the graphs which have spanning irees are
easily described.

Theorem 2.12 A graph G is connected if and only if it has a spanning tree.

Proof Suppose that G is connected with = vertices and g edges. Then, by Corollary
2.10, we have g > n — 1. If ¢ = n — 1 then, by (jii) = (i) of Theorem 2.11, G is a tree
and so we can take T = G as a spanning tree of G.

If ¢ > n — 1 then, by Theorem 2.4 (or by (i} = (iii) of Theorem 2.11), G is not
a tree and so & must contain a cycle. Let ¢; be an edge of such a cycle. Then the
subgraph (G — e; is connected (since ¢, is not a bridge), has n vertices, and has g — 1
edges. If 4 -1 = —1 then, repeating the above argument gives T = G — ¢, as a
spanning tree of G.

Ifg—1>n—1then G — e is not a tree so, as before, there is a cycle in G — e;.
Removing an edge e, from such a cycle gives a subgraph G — {e1,e;} = (G — 1) — €2
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which is connected, has n vertices and ¢ — 2 edges. We keep on repeating this process,
deleting ¢ — n + 1 edges altogether, to eventually produce a subgraph T which is
connected, has r vertices and g — (g —n + 1} = n ~ 1 edges. Thus by Theorem 2.11,
T is a tree and since it has the same vertex set as G it is a spanning tree of &G.
Counversely, if G has a spanning subtree T, then given any two vertices u and v
of G then u and v ate also vertices of the connected subgraph 7. Thus « and v are
connected by a path im 7" and so by a path in G. This shows that (7 is connected. |

m
Figure 2.12: A connected graph and a spanning tree.
219 1
4 38
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Figures 2.12 and 2.13 illustrate the Theorem.
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Figure 2.13: K. and its 16 different spanning trees.

Note that in the 16 different spanning trees of K, shown in Figure 2.13 there are
only two non-isomorphic ones — the first 12 shown are isomorphic to each other,
while the last four are also isomorphic tc each other. Kg, the complete graph on 6
vertices, has 1296 different spanning trees, but just 6 non-isemorphic ones. Another
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way of saying this is, given 6 vertices, then there are 1296 different ways of joining
these vertices to form a tree if we iabe! the vertices 1,2, 3,4, 5,6, but if we drop these
labels then there are only 6 different ways.

The subject of counting how many spanning trees and non-isomorphic spanning
trees there are for a given graph was probably initiated by the English mathematician
Arthur Cayley, who used trees to try to couni the number of saturated hydrocarbons
CyH2n49 containing a given number of carbon atoms. Cayley was the first person to
use the term “tree” (in 1857) and in 1889 [12] he proved the following result which
tells us that given n vertices, labelled 1,...,n, then there are n"~? different ways of
joining them to form a tree.

Theorem 2.13 (Cayley, 1889) The complete graph K, has n*~? different spanning
irees.

Proof We omit the proof but, for those interested, see pages 32-35 of Bondy and
Muriy [7] or pages 50-52 of Wilson [65]. O

Exercises for Section 2.3

2.3.1 Give a list of all spanning trees, including isomorphic ones, of the connected

graphs of Figore 2.14. How many non-isomorphic spanning trees are there in
each case?

{a) M) {e)

Fignre 2.14
2.3.2 Let T be a tree with at least & edges, & > 2. How many connected components
are there in the subgraph of 7" obtained by deleting & edges of "7

2.3.3 Let G be a connected graph which is not a tree apd let €' be a cycle in G. Prove
that the complement of any spanning tree of G contains at least one edge of C.
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2.3.4 Let e be an edge of the connected graph G.

{2) Prove that e is a bridge if and only if it is in every spanning tree of G.

(b} Prove that e is a loop if and only if it is in no spanning tree of G.

2.3.5 Let G be a graph with exactly one spanning tree. Prove that G is a tree.

2.3.6 An edge e (not a loop) of a graph G is said 1o be contracted if i{ is deleted

and then its end vertices are fused ({identified). The resulting graph is denoted
by @ » e. Figure 2.15 illustrates this.

Figure 2.18

{a) Prove that if T is a spanning tree of G which contains e then T x ¢ is a
spanning itee of G x e.

{b) Prove that if I/ is a spanning tree of G * ¢ then there is a unique spanning
tree T’ of G which contains e and is such that U =T +e.

(¢) Let (G} denote the number of different {not necessarily non-isomerphic)
spanning trees of the connected graph G. Prove, using (a) and (b), that if
e is an edge of (7 which is not a loop then

T(Gy=1(G—e)+ 7(C xe).

2.3.7 Part (c) of-Exercise 2.3.6 provides a way of calculating 7(G) for any connected

graph G. Following the presentation given in Bondy and Murty [7], we illustrate
it with an example in Figure 2.16 where the number of spanting trees for each
graph is denoted pictorially by the graph itself. The idea is to break down the
initial graph by a series of edge contractions o produce a collection of trees or
“trees with loops”. The number of graphs in this collection is then 7(G) for the
initial graph G. Part (¢) of Exercise 2.3.6 is used in each step of the breakdown.
The contracted edges are shown thicker. The final “expression” consists of 11
graphs which are either irees or “trees with loops” and so we can conclude that

(@) =11.
Use this method to find r(G) for the graph G of Figure 2.15.







62 Chapter 2. Trees and Connectivity

2.4 Connector Problems

Suppose certain villages in an area are to be joined to a water supply situated in one
of the villages. The system of pipes is.to consist of pipelines conneciing the water
towers of two villages. For any two villages we know how much it would cost to build
a pipeline connecting them, provided such a pipeline can be built at all. How can we
find an economical system of pipes? This is an example of a connector problem and
we solve it using spanning trees and the concept of a weighted graph.

A weighted graph is a graph (7 in which each edge e has been assigned a
real number w(e), called the weight (or length) of e. If A is a subgraph
of a weighted graph, the weight w{H) of H is the sum of the weights
wier) + -+ - + w(ex) where {e1,...,ex} is the set of edges of H.

Many optimisation problems amount to finding, m a suitable weighted graph, a
certain type of subgraph with minimum {or maximum) weight. In our introductory
problem we let G be the graph whose vertex set is.the set of villages and in which
zy is an edge if {and only if) it is possible to build a pipeline joining the villages
z and y. We can then make & into a weighted graph by assigning to each edge the
cost of constructing the corresponding pipeline. For example suppose that there are
6 villages, A, B,C, D, E F, and we gei the weightied graph G of Figure 2.17.

Figure 2.17: A weighted graph.

The lack of an edge from B to D {for example) indicates that it is not possible to
build a pipeline from B to D. The number (weight) 4 assigned to the edge from A to
' ndicates the cost of building a pipeline from A to ', for example,

Since part of the problem is to ensure that every village is.supplied with water from
the source village we are looking for a connected spanning subgraph of G. Moreover
since we want to do this in the most econotnical way, such a spanning subgraph should
have no cycles, because the deletion of an edge (a pipeline) from a cycle in a connected
spanning subgraph still leaves us with a connected spanning subgraph. Thus we are
looking for a spanning tree of G. Moreover the economical factor means that we want
the cheapest such spanning tree, i.e., a spanning tree of minimum weight.

Such a tree is called a minimal spanning tree or an optimal tree for G.

We now present two ways, due to Kruskal [38] and Prim [51], of finding a minimal
spanning tree for a connected weighted graph where no weight is negative.
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(1) Kruskal's algorithm.

In this algorithm we first choose an edge of G which has smallest weight among
the edges of G which are not loops. Next, again avoiding loops, we choose from the
remaining edges one of smallest weight possible which does not form a cycle with the
edge already chosen. We repeat this process taking edges of smallest weight among
those not already chosen, provided no tycle is formed with those that have been
chosen. If the graph has n vertices we stop after having chosen n — 1 edges. These
edges form an acyclic subgraph T of G and we will prove below that T is a minimal
spanning tree of . This gives the following three step procedure:

Kruskal’s Algorithm

Step 1. Choose ¢, an edge of G, such that w(e,) is as small as possible and ¢ is
not a loop.

Step 2. Ifedges e, ey,...,e; have been chosen, then choose an edge e;41, not already
chosen, such that

{i) the induced subgraph G[{ey,...,€i41}] is acyclic and

{ii} w(e;41) is as small as possible (subject to condition (i)).

Step 3. If G has n vertices, stop after n —1 edges have been chosen, Otherwise repeat
Step 2.

In Figure 2.18 we perform the algorithm on our example G of Figure 2.17, indicating
at each stage the edges chosen by shaded lines. The weight, w(T"), of T is 14+1+2+3+3,
ie, w(T) = 10,

We still have to prove that Kruskal's algorithm does produce a minimal spanning
tree. We do this now:

Theorem 2.14 Let G be a weighted connecled graph in whick the weighis of the
edges ere all non-negative numbers, Let T be e subgraph of G obtained by Kruskal’s
algorithm. Then T is a minimal spanning tree of.G.

Proof As noted in the description of the algorithm, T is an acyelic subgraph of G
with n — 1 edges. If T has m vertices and & connected components then, by Theorem
2.5, 1% has m — k edges, e, n — 1 = m — k. Since m < n and k¥ > 1 this can only
happen when n = m and k£ = 1 (becausen —m =1 — k). Thus T is connected and a
spanning subgraph, i.e., T is indeed a spanning tree of G.

It remains then to show that the weight of T is at a minimum. In order to do this,
we suppose that § is a spanning iree of G with less weight than T, i.e., w{S) < w(7T),
and obtain a contradiction. Let e;,e3,...,e,-1 be the edges of T in the order that
they were produced by Kruskal’s algorithm. Since § is different from T there will be
a first edge, e, say, in this sequence which does not lie in 5. Then the subgraph H
of G obtained by adding the edge ¢; to S has n edges and so is no longer a tree (by
Theorem 2.4). Thus this subgraph H must contain a cycle C, say. €' must contain
the edge e;, since otherwise (' would be in the acyclic §. Moteover ' must contain
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=
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e, = EF (alternatives are AF, AE) e g=AE (an alternative ie AF)

Figure 2.18: A minimal spanning tree construction using Kreskal's algorithm.

an edge e of § that is not in T, since otherwise C' would be in the acyclic T. The
subgraph H — e is then still connected (since e belongs to a eyele in H) and so, since
it has n — 1 edges, is also a spanning tree of (7. However, since e is not an edge in
T and e, is the first edge in T which is not in §, by the algorithm it follows that
wlex) < wie). (If wle) < wlex) we would have chosen e instead of ey as the kth edge.)
Since H -- ¢ has been formed by replacing e with e; and w(er) < w(e) we have that
w(H —e) < w(S). Moreover H - ¢ has one more edge in common with T than S has
because e is in T while e is not.

The procedure that we just performed on § to produce H — e is now performed
repeatedly, on H — ¢ and its successors, one step at a iime, to gradually change S
into T, each stage giving a spanning tree with weight at most w({$). Thus at the final
stage we get w(T) < w(S), a contradiction to our earlier assumption. Hence w(T) is
after all ai a minimum and so T is a minimurmn spanning tree, as required. [J

(2} Prim’s algorithm.

In this algorithm for finding a minimal spanning tree we first choose a vertex vy of
the connected graph G — any vertex v will do. We next choose one of the edges of
smallest weight in (& which is not a loop and which is incident with v, say €y = v;v,.
Next we choose an edge of smallest weight in G which is incident with either v, or vy
but with the other end point neither of these, i.e., we choose e; = v;v; wherei € {1,2}
but vy # vy, vz We repeat this process of taking edges of smallest weight one of whose
ends is a vertex previously chosen and the other end becoming involved for the first
time, uniil we have chosen n — 1 edges (assurming the graph has n vertices). Then at
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this stage we have involved each of the n vertices of G and by the construction the
resulting subgraph is connected. Hence it is a tree by Theorem 2.11 and so & spanning
tree of G. We shall prove below that it is a minimal spanning tree. (Note: as in Kruskal
we do assume all weights are non-negative.} The algorithm then involves four steps:

Prim’s Algorithm
Step 1. Choose any vertex vy of G.

Step 2. Choose an edge e; = vjvy of & such that v; 3 vy and e; has smallest weight
among the edges of G incident with vy,

Step 3. If edges e;,¢€3,...,¢; have been chosen involving end points vy, ve,- .., i
choose an edge e;yy = vy, with v; € {o1,...,vip1} and v, & {v1,..., 001}
such that ¢;4; has smallest weight among the edges of G with precisely one
end in {v1,...,%41}-

Step 4. Stop after n — 1 edges have been chosen. Otherwise repeat Step 3.

In Figure 2.19 we perform the algorithm on our example G of Figure 2.17 (the same
example used for Kruskal’s algorithm), indicating at each stage the edges chosen by
shaded lines. Figure 2.20 shows the resulting spanning tree.

L)
D

e =Ch, sothatv,=D e,=DA,sothatvy=A

{any other vertex will do) {en alternative is e ;=CB}) {nio choice at this stage)

es=AB. 8o that v, =B e, =AF, sothsat v, =F
(no choice at this stage) {an alternative choice is AE) (an alternative choice iz AE)

Figure 2.19: A minimal spanning tree construction using Prim’s algorithm.
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Figure 2.20: The minimal spanning tree.

The weight, w(T), of T is wie; ) +w{es) +w(es) +wles) +wles) = 2+1+143+3 =10
{which is, as expected, the weight of the minimal spanning iree given by Kruskal’s
algorithm}.

The main differences between Kruskal’s algocithru and Prim’s algorithm are that

(1) Kruskal’s may lead to several sybtrees being grown “simultaneously” and then
being joined together whereas Prim’s leads to one subtree growing steadily, from one
initial vertex and )

(ii} Kruskal’s depends on being able to detect cycles whereas Prim’s depends on
not choosing a previously chosen vertex.

Difference (ii) means that in computer implementation Prim’s algorithm is usnally
faster than Kruskal's.

We now prove that Prim’s algorithm does indeed produce a minimal spanning tree.

Theorem 2.15 Let G be a weighted connected graph in which the weights of the edges
are all non-negative numbers. Let T be a subgraph of G oblained by Prim’s algorithm.
Then T is a minimal spanning tree of G. ’

Proof As noted in the description of the algorithm, T is indeed a spanning tree of
(3. Thus i{ remains to show that the weight of T is at a minimum. In order to do this
we suppose that S is a minimal spanning tree of G chosen to have as many edges in
common with T" as possible. We shall prove that § = T, so showing that T is minimal.
We do this by contradiction,

Hence suppose thai § # T. Then T has at least one edge which is not in 5. Let e,
be the first edge chosen by Prim’s algorithm which is in 7 but not in S, i.e., e is the
kth edge chogen by the algorithm, e, is not in 5, but previous edges (if any) chosen
by the algorithm are all in § (as well as T'). Suppose that ei has ead vertices u and
v. Then, since u and v are in the tree § there is a unique path P in § connecting u
{o v, and P does not involve gy.

Now if T; denotes the subtree created in G after the addition of the ith edge e;, for
1 €4 < n — 1, then, by the description of Prim’s algorithm, one end of e i3,
and the other is not. Let us suppose that w is in T}—; but v is not. Then, since P is a
path from u to v it must involve ai least one edge having one end in T;_; and the other
not. Let e* denote such an edge in the path P. Then w(e*) = w(e) since otherwise
" has less weight than e; and Prim’s algorithm would then have incorporated e* and
not e, as the kth edge.
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Now the path P in § together with the edge e; gives a cycle in G so if we replace
the edge €* in § with the edge e, we still have a connected subgraph with n vertices
and n — 1 edges. In other words, replacing e* in § with e; gives a new spanning tree
E. Since w(e*) = w(ey), the weight of R is not greater than that of 5 and se R must
also be a minimal spanning tree, However R has one more edge in cormmon with T
than S has, namely the edge ;. This contradicts the assumption that S was chosen
1o be a minimal spanning tree with as many edges in common with T as possible,
This contradiction has arisen from the supposition that 5 # T. Hence S =T and T
is a minimal spanning tree, as required.

For computer implementation a weighted graph is usually presented in matrix form:
if 7 has n vertices and w;; denotes the weight of an edge from vertex v to vy, then,
assuming that 7 has no parallel edges, we may present G as the n x n matrix with
(i,7)th entry w;;, taking w;; as oo if there is no edge from v; to v;.

Thus, for example, taking vy = A, vy = B, etc. in our example above, our graph &
is represented by the 6 x 6 matrix

co 1 4 1 3 3
1l oo 2 oo 4 o
4 2 oo 2 o0 ™
1 oo 2 o0 4 5
3 4 o 4 o0 3
3 oo 5 3 =

The two algorithms have generated minimal spanning trees. They may also be
used to generate mazimal spanning irees, ie., spanning trees which have greatest
possible weight. To do this we create a new weighted graph with the same vertices
and edges as the one given but where we replace each weight w{e) by M —w(e) where
M is any number greater than the weight w(e) of .every edge e of the graph. Then
any minimal spanning tree of this new weighted graph has the sum of its weights
M —w(e) at a minimum, i.e., the sum of the weights w{e) are at a mozimum, and so
the corresponding spanning teee in the original weighted graph is a mazimal spanning
tree.

Fignre 2.21: The weighted graph &',

For example, in our graph G of Figure 2.17 take M = 6, since 6 is greater th.an each
w(e), to give the new weighted graph G’ shown in Figure 2.21. By petforming one of
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the two algorithms on &' we may find a minimal spanning tree for G, as for instance
shown in Figure 2.22. We then convert this into a maximal spanning tree for &G. (Again
see Figure 2.22.) The maximal spanning tree here has weight 5+4 +4 43 +4 = 20.
Of course, every other maximal spanning tree also has this weight.

Figure 2.22: (a) A minfmal spapning tree for the weighted graph G’ of Figure 2.21 which gives (b) a mazimal
spanning tree for the weighted graph & of Figure 2.17.

Exercises for Section 2.4

Figure 2.23

2.4.1 Find a minimal spanning tree for each of the connected weighted graphs of
Figure 2.23 using both Kruskal's algorithm and Prim’s algorithm.
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2.4.2 Find a merimal spanning tree for each of graphs of Figure 2.23 using either
Kruskal’s algorithm or Prim’s algorithm.

2.4.3 The following is a third algorithm for finding a minimal spanning tree of a
connected weighted graph G with n vertices where each weight is non-negative.
Simply delete one by one those edges of G with largest weight, provided each
such deletion does not result in a disconnected graph, until there are just n — 1
edges left. Then the resulting subgraph is a minimal spanning tree of G. Perform
this algorithm on the graphs of Figure 2.23.

2.4.4 Prove that if G is a connected weighted graph in which no two edges have the
same weight then G has a unique minimum spanning tree.

2.5 Shortest Path Problems

(1) The Breadth First Search (BFS) technique. Let G be a graph and let 5, be two
specified vertices of G. We will now describe a method of finding a path from s to £, if
there is any, which uses the Jeast number of edges. Such a path, if it exists, is called a
shortest path from s to t. The method assigns labels 0,1,2,. .. to vertices of  and is
called the Breadth First Search (BFS for short) technique. It is given by the following
algorithm.

The Breadth First Search Algorithm
Step 1. Label vertex s with (1. Set £ = 0.

Step 2. Find all unlabelled vertices in G which are adjacent to vertices labelled i. If
there are no such vertices then t is not connected to s (by a path). If there
are such vettices, label them ¢ + 1.

Step 3. I t is labelled, go to Step 4. If not, increase i to i + 1 and go to Step 2.
Step 4. The length of a shortest path from s to ¢ is ¢ + 1. Stop.

For example, for the graph of Figure 2.24, first s is labelled 0. Then a and f are
labelled 1. Then b, d and e are labelled 2. Then ¢ and ¢ are labelled 3. Since ¢ is labelied
3, the length of a shortest path from s to t is 3.

For the graph of Figure 2.25, first s is labelled 0. Then a,b and ¢ are labelled 1.
Then d is labelled 2. But now there are no unlabelled vertices adjacent to d, the only
vertex labelled 2. Hence, by Step 2, we can conclude thas there is no path from s to £.

We now show that Step 4's statement is justified by proving that the Breadth First
Search works.

Theorem 2,16 A vertez v of the graph G is labelled the number A(v) by the BFS
algorithm above if and only if the length of a shortest path from s to v is A(v). (In
purticular if t is labelled n then the shortest path from s to t has n edges.)
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Figure 2.25

Proof The proof is by induction on the value 7 of A(v). First if ¢ = 0 then v has
label A(v) = 0 and by the algorithm this occurs precisely when v = s. However the
length of a shortest path from s to s is 0 and s0 in this case the label A(v) does indeed
give the length of the shortest path from s to v.

Now assume that the statement is {rue for all values of i from 0 up to and including
a fixed value k, i.e., if the vertex v of (7 has been labelled A(v} where 0 < A(v) <k
then the length of a shortest path from s to v is A(v) and conversely any vertex v
having shortest path to s of length m where 0 £ m < % has label A(v) = m. Let u be
a vertex of G which has label A(x) = k + 1. Then by the algorithm there is an edge e
from a vertex v with A(v) = k to the vertex u. By our assumption there is a shortest
path of length k from s to v and concatenating this with e gives a path of length
k + 1 from s to u. Moreover this path is the shortest possible since if there were one
shorter then by our induction assumption ¢ would have been given a label A(u) with
0 < Au) < k. Thus if « is a vertex with A{u) = k 4 1 then there is a shortest path of
length k& + 1 from 5 to u,

Conversely, if there is a shortest path from s to a vertex w of length & + 1 then the
second last vertex v, say, of this path has a shortest path to s of length k and so, by
our assumption, A{v) = k. Since w is adjacent to v, the algorithm gives Mw) = k+1.
This completes the verification of the statement for & + 1. Hence by induction the
result is true for all values of A{v), as required. [J

Once the algorithm has been performed successfully, i.e., Step 4 has been accom-
plished, we can use the following trace-back {or back-tracking) algorithm to find an
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actual shortest path from s to £. This algorithm uses the labels A{v) which were pro-

duced in the BFS algorithm. If produces a path vg,v1,...,vs) such that vg = 5 and
=1.

i)

The Back-tracking Algerithm for a Shortest Path

Step 1. Step 1. Set ¢ = A{t) and assign v; =1,

Step 2. Step 2. Find a vertex u adjacent to v; and with A{w) = ¢ —1. Assign v;_; = u.
Step 3. Step 3. Hf 1 = 1, stop. If not, decrease 1 to ¢ — 1 and go to Step 2.

For example for the graph of Figure 2.24 we have A(f) = 3 so we start with { = 3
and vz = £ (Step 1). We can then choose e adjacent to v; = ¢ with A(e) = 2 and
assign v; = e. Next we can choose f adjacent to v; = e with A(f) = 1 and assign
vy = f. Finally we take s adjacent to f with A(s) = 0 and assign vo = 5. This gives
the shortest path vz = 5 f e ¢ from s to ¢. In general there may of course be
many shor{est paths from s to # and the previous algorithm finds just one of them. A
simple extra labelling, assigning a label u(v) to each vertex v which has been labelled
in the BFS algorithm in a back-tracking manner, actually produces g(s) which is the
number of shortest paths from s to ¢. This is done by {he following algorithm.

The Back-tracking Algorithm for the Number of Shortest Paths

Step 1. Set i = A(t) and u(t) = 1. All other vertices v for which A(v) = A(t) are
assigned plv) = 0.

Step 2. For each vertex v which satisfies A{v) =i — 1 compute the sum

2 u)

over all u’s which satisfy the following condition: A(u) = f and v is adjacent
to u; if there are parallel edges, p(u} is repeated in this summation as many
times as there are parallel edges. For each such v, set u{v) equal to this sum.

Step 3. If i =1, stop. If not, decrease i to ¢ — 1 and go to Step 2.

We illustrate the algorithm using the graph of Figure 2.24. We get:
Step 1. i =3, u(t) = 1, u{c) = 0 (since Mc) =3 = A(})).

Step 2. The vertices v with A(v) = 2 are b,d,e. Then p(b) = u(t) + p(c) (since £, ¢
are the vertices u = 1 4+ 0 with A{u) = 3 and adjacent to ) = 1. Zimilarly
uid) = ul{e) = 0 and pfe) = u(t) + p(c) = 1. In summary we have produced
three new labels : p(b) =1, u(d) =0, p(e) = 1.

Step 3. Decrease i = 3 to 2 and go to Step 2.

Step 2. The vertices v with A{v) = 1 are a, f. Then p(e) = p{b) + u{d} + ple) =
14+0+1=2and p(f) =p(d) + p{e)=0+1=1.
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Step 3. Decrease i = 2 to 1 and go to Step 2.

Step 2. The only vertex v with A(v) =i —1 = 01is s. Then x(s) = p{a) + u(f) =
24+41=3

Step 3. Since i = 1 we stop.

Qur ealculations give u{9) = 3 so there are 3 shortest paths from s to . (In fact they
aresaet,sabtands fetl)

We omit the proof of the algotithm’s validity. (The method is by induction, showing
that for all vertices v for which A{v) < A(t), #(v) is the number of paths of length
A(t) — p(v) from v to £}

(2) Dijkstra’s algorithm

We now consider shortest path problems in weighted graphs. Given a path P from
vertex s to vertex ¢ in a weighted graph G we define the length of P to be the sum
of the weights of its edges. (In fact this corresponds to the usual length of a path in
an unweighted graph if we assign the weight 1 to each edge.) We wish to consider the
problem of finding 2 shortest path from s to ¢, i.e., a path of least length. Since in
general the weight of an edge can be negative it is possible {o have paths of negative
length. However the following algorithm due o Dijkstra {16] will be restricted to
weighted graphs where the weight w(e) of each edge e is non-negative, i.e., w(e) = 0.

As with BFS we use a labelling technique. Initially we set A(s) = 0 and, for
v # 8,A(v) is as yet undetermined. We next label all neighbours v of s by A(v)
where A{v) 1s the weight of the edge from s to v. Let u be the vertex among those v
for which A{u) is minimum. Now find those neighbours w of u and, for those w not
already labelled assign the label Alw) = A{u)+w(e), w(e) being the weight of the edge
from u to w, while for those w already labelled A{w) change the label to A{u) + w(e)
if this is smaller, Now find the w among these for which A(w) is & minimum ... this
is getting too complicated! We now present the algorithm in stepwise form, using the
convention that oo + z = oo for any real number z, and oo 4 o0 = cc.

Dijkstra’s Algorithm

Step 1. Set A(s) =0 and for all vertices v # 8, AM(v) = co. Set T = V, the vertex set
of G. (We will think of T as the set of vertices “uncoloured”.)

Step 2. Let u be a vertex in T for which A(u) is minimum.

Step 3. 1f u = ¢, stop.

Step 4. Forevery edge e = uv incident with u, if v € T and A{v) > A{u)+w(e) change
the value of A(v) to A(w) + w(e) (ie., given an edge € from an “uncoloured”

vertex v to u, change A{v) to min{A{v), A(u} + w(e))).

Step 5. Change T to T — {u} and go to Step 2, (i.e,, “colour” « and then go back
to Step 2 to find an “uncoloured” vertex with minimum label).
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Figure 2.26

We illustrate this with the weighted graph of Figure 2.26.

Step 1. The initial labelling is given by:

vertex v g a b ¢ d it
M) D 00 0o 0o w0
T|{s a. b ¢ d, 1t}

Step 2. u = ¢ has A(w) a minimum (with value 0}.

Step 4. There are two edges incident with u, namely s and sc. Both a and ¢ are in
T, i.e., they are not yet coloured. A(e) = oo > 18 = 0 + 18 = A(s) + w{sa) so
Ale) becomes 18. Similarly A{e) becomes 15.

Step 5. T becomes T — {3}, i.e., we colour s. Thus we have

vertexv|s & b ¢ 4 1
AMry[0 18 o 15 oo o
T o, 3 ¢ 4, ¢}

Step 2. u = c has A(n) a minimum and u in T (with A(x) = 15).

Step 4. There are 3 edges cv incident with u = ¢ having v in T, namely ca, ¢b, cd.
Ala) = 18 < 21 = 1546 = A(e) +w(ca) so A{e) remains as 18, A(d) = co > 29 =
15+ 14 = A{c) + w(eb) so A(h) becomes 29. Similarly A(d) becomes 1547 = 22.

Step 5. T becomes T — {c}, i.e., we colour ¢. Thus we have

veriexv|s a b e d ¢
A} [0 18 29 15 22
T|{ e & d, t}

Step 2. u = a has A(u) a minimum for « in T (with A(u) = 18).

Step 4. There is only one edge av incident with « = @ having v in T, namely abd.
A(B) =29 > 27 =18 4+ 9 = A(a} + w(eb) so A(b) becomes 27.
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Step 5. T becomes T — {a}, i.e., we colour a. Thus we have

vertexv |s ¢ b ¢ d ¢
Au)l0 18 27 15 22 oo
Ty b, d, t}

Step 2. w = d has A(v) minimum for « in T {with A{u) = 22).

Step 4, There are two edges dv incident with v = d having v in T, namely db
and di. A(B) = 27 < 32 = 224+ 10 = A(d) + w(db) so A(b) remains as 27.
Alt) = 0o > 58 = 22 4+ 36 = A{d) + w{dt} so A{t) becomes 58.

Step 5. T becomes T — {d}, i.e., we colour d. Thus we have

vertexvis o b ¢ d @
Moy [0 18 27 15 22 58
T{ b, t}

Step 2. v = b has A{u) minimum for w in T' (with A(x) = 27).

Step 4. There is only one edge bv for v in T, namely 8. A(}) =58 > 55 =27+ 28 =
A(B) + w(bt) so A(t) becomes 55.

Step 5. T becomes T — {b}, i.e., we colour & Thus we have

verlexv|s ¢ & ¢ d

Moy |0 18 27 15 22 55
T{ t}

Step 2. u = £, the only choice.
Step 3. Stop.

When the algorithm stops the values A(v) give the lengths of the shortest paths from
the vertex s to each vertex v. Thus the lengths of these paths from s to a,b,¢,d,t are
18, 27, 15, 22 and 55 respectively.

In the following table we summarise the above process as carried out on our example,
recording the choices of u (in the Steps 2), the changes in the A(v) values (in the Steps
4), and the changes to T, i.e., the colouring of the vertices, (in the Steps 5). The values
in bold type indicate the choices of u and the corresponding A(u) given by Step 2 of
the algorithm.

vertices v

s a4 b ¢ d 1 T
0 o o0 oo oo o018 a, b ¢ d, 1t}
stepwise 18 oc 15 oo oo |{ @, & ¢ d, 1}
Alv) 18 29 22 oof|{ e B& d, t}
values 27 22 oo { b, d, it}
27 58 | { b, )
55 | { £}
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We prove the validity of Dijkstra’s algorithm in two stages. First

Theorem 2.17 In Dijkstra’s algorithm, if af some stage A(v) is finite (i.e., not oo)
Jor the vertex v then there is a path from s to v whose length is Av).

Proof Ifv =g then A(v) is always 0 and the trivial path from s to itself has length
0. Thus the result is true if v = 5. Now suppose v # 5. Then, from the algorithm,
since at Step 1 A{v) = oo but now A(v) is finite, there must be some vertex u, given
by Step 2 of the algorithm such that u, is adjacent to v, joined by the edge e, say,
and the value A(v) is given by A{wu) + w(e,). Immediately after AMv) was given this
value, Step 5 was applied to colour u,. Also Steps 2 and 4 imply that once a vertex is
coloured, i.e., no longer in T, then its label remains the same thereajter. Since A(wy;)
is finite we can repeat the process to find the vertex wu; adjacent to u:, joined by the
edge e; say, and with label A(u1) = A(uz)+w(e;). We keep on repeating this backward
seatch until we get back to s. The vertices thus found form a path of length A(v) from
v back to s since

Av) = Alw) +wle)
Aug) + wiez) + wier)
Musz) + wles) + wlez) + w(es)

; .)«’(.s)+w(e,‘)+----+-w(81]
= wlen) + -+ wle),

the length of the path consisting of the n weighted edges e,,...,e, produced in the
process. We do have a path, i.e., no veriex u; is repeated, since by the method of their
choice, u; is coloured after vz, uy is coloured after us, ete. [

For the second stage of the verification we let, for any vertex v, 6(v) denote the
length of a shortest path from s to v , i.e,, §(v) is the distance from s to v , taking
8(v) = oo if there is no path from s to v.

Theorem 2.18 In Dijkstra’s algorithm when e vertez u is chosen in Step 2 its label
A(u) has value 6(u). (In perticelor, upon termination of the algorithm, A(1) = 8(8).)

Proof We use induction on the order in which the vertices are colouted, ie., in
which they leave T. The first vertex to be coloured is v = s and since A(s) = 0 = §(s)
the result is true in this case. Now suppose that u 1s a vertex different from s and
that the result holds for all vertices coloured before u. If A{u} = oo when u is chosen
at Step 2 then, since A(s) is finite, there must be a vertex u’ which is the first to be
coloured having label A{vw’) = oo, and v’ # s. Because of the minimum requirement in
Step 2 when v’ is chosen in Step 2 all remaining uncoloured vertices v have AM{v) = oo.
Moreover since «' is the first, all vertices v’ coloured before «’ have A(v') finite. This
implies that there is no edge ¢ from such a v’ to either w or any uncoloured v, because
otherwise A(n') (or A(v)) would be changed to the finite A(v') + w(e). It follows that
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there is no path from s to u since A(s) is finite while A(u) = oo. Thus &(u) = oo, as
required.

It remains to consider the case where A(u) is finite. By the previous {heorem,
A(w) is the length of some path from s to u. Thus A{u) > #{u). We have fo
show that A(u) > &{u) is impossible. Let a shortest path from s to u be given by
8 = vgvy ... v; = u. Then, denoting the edge from v;_; to v; by ¢; (for 1 <: < k), its
length is

k
; wle;) = 8(w).

Let v; denote the last vertex on this path {o be coloured before u. Then, by the
induction hypothesis,

7

/\(Uj) = 6[‘!):'} = Z w(e,—).

i=1
I v;4y # u (= vi), then A(w;41) < A(v;)+w(esya) after v; has been coloured (because
of Step 4). Since labels only decrease if they change at all in step 4, when u is
coloured X(v;,41) still satisfies this inequality. We have ! A(vi1) < A(v;) + wlejn) =
8{vy) + wlejyr) = 6(vis1) < 8(u). Thus if A(u) > 6(u) we would get Avi) < A(u)
which, since v;41 i3 not coloured before u, contradicts the minimality assumption for u
in Step 2. Thus if v;;; # u we must have Au) = é(u), as required. Finally if v;4; = u
then as before A(u) = A(v;4) < AMyy) + wlez) = 8(v;) + wlejn) = 6(u), giving
agsin A(1) < 8(u) and so A(u) = 8(u) as required. []

The method of proof used in Theorem 2.17 actually produces a shortest path. It is
a backtracking technique: starting at the final label assigned to ¢ we go back along the
temporary (previously assigned) labels for ¢ until we get & change; we then move to
the vertex which has caused this change and do a similar backtrack on its labels until
we find a change, and so on. The vertices found in this way then give us a shortest
path. We illustrate this using the table on page 74. Here the vertices of the shortest
path are boxed.

vertices v
8 a b ¢ d ¢ T
[0f o0 oo o0 o0 oo [{s, a b ¢ d, t} -
stepwise 18 oo 15 o0 o |[{ & b ¢ 4 1t}
A») 29 2 oo |[{ e b d, t}
values 27 22 oo |{ b, d, t}
58 {4 £}
[55)] { t}

It is at this stage in the proof we use our assumption that the weights of the edges are non-negative:

k
#e) = E wies) = wies}+ -+ wiejpr) + wlepg2) + o+ wlen) 2 wier) + -+ wiejn)

i=1

since wieypzh ..., w(ex) are all non-negative.
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In detail, A{t)’s change from 58 jo 55 was caused by b, A(b)’s change from 29 {o 27
was caused by a, A(e)’s change from oo to 18 was caused by s, so the shortest path is
s @ bt. (Check that it has length 55 from Figure 2.26.)

Exercises for Section 2.5

2.5.1 Carry out the BFS algorithms on the graphs of Figure 2.27 to find the length of
a shortest path from vertex a to vertex z, an example of such a shortest path,
and the number of shortest paths from ¢ to z.

Figure 2.27

2.5.2 Use Dijkstra’s algorithm on the connected weighted graphs of Figure 2.28 to
find the length of shortest paths from the vertex e to each of the other vertices
and to give exampies of such paths. Set out your answer in {abular form as
explained in the text.
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Figure 2.28

2.6 Cut Vertices and Connectivity

We begin this section by studying the vertex analogue of a bridge.

A vertex v of a graph G is called a cut vertex {or articulation point)
of G if w(G —v) > w(@).

In other words, a verfex v is a cut vertex of (7 if its deletion disconnects some
connected component of &, thereby producing a subgraph having more connected
components than G has. For example, in Figure 2.29, v is a cut veriex of G} since
w{€) = 1 while w(G1 —v) = 3. On the other hand, the graph ; has no cut vertices.

Cut vertices can be characterised using paths, as we now see.

Theorem 2.19 Let v be a vertex of the connected graph G. Then v is a cut vertez of
G if and only if there are lwo vertices u end w of G, both different from v, suck that
v is on every u—w path in G,

Proof First let v be a cut vertex of G. Then G — v is disconnected and so there
are vertices ¥ and w of G which lie in different components of G — v. Thus, although
there is a path in G from u to w, there is no such path in & — v. This implies that
every path in G from u to w contains the vertex v, as required.

Conversely, suppose that u and w are two vertices of G, different from v, such that
every path in G from u to w contains v. Then there can be no path from » to w
in ¢ —v. Thus ¢ — v is disconnected (with u and w lying in different components).
Hence v is a cut vertex, as required. {]
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Figurs 2.20

Clearly no vertex of a complete graph is a cut vertex. On the other hand, if B, is
the path of length n, where n > 3, then taking v and w to be the end vertices of P,
in Theorem 2.19, we see that every vertex v, apart from u and w, is a cut vertex. In
other words, all but two vertices of P, are cut vertices.

There is no graph in which every vertex is a cut vertex, as can be seen from our
next result.

Theorem 2.20 Let G be a graph with n vertices, where n > 2. Then G has at least
two vertices which are not cut vertices.

Proof Clearly we may suppose thai G is a connected graph. We proceed by
assuming the result is false for our G and so the proof will be complete if we derive a
contradiction ftom this.

Thus we are assuming that there is at most one vertex in & which is not a cut
vertex. Now let uw, v be vertices in ( such that the distance d(u,v) between them
is the greatest of distances between pairs of vertices in G, i.e., d{u,v) = diam(G).
{See Exercises 1.6.8, 1.6.9.) Since G is connected and has at least two vertices, u # v.
Thus, by our assumption, one of these two vertices must be a cut vertex, say v. Then
G — v is disconnected and so there is a vertex w in G which does not belong to the
same component as u does in G — v. This implies that every uw path in G contains
the vertex v.

1t follows from this that the shortest path in G from u to w contains the shortest
path from u to v and this contradiction completes our procf. [

If a connected graph & has a cut ver{ex v then the connectedness of G is vulnerable
at v. If G has no cut vertex then its connectedness is not valnerable to 1 deletion of
one of its veriices. We now put a measure on this vulnerabilify.

Let G be a simple graph. The (vertex) connectivity of G, denoted by
#((), is the smallest number of vertices in & whose deletion from G leaves
either a disconnected graph or K.
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For example, since the graph G, of Figure 2.29 has no cut vertex but a disconnected
subgraph is produced when the vertices u and v are deleted, it follows that x(G) = 2.
We leave it o the reader to see that x(G3) = 3 and «((74) = 4 for the graphs G5 and
G5 of Figure 2.30.

Figure 2.30: k(Ga) = 3 and w(Gy) = 4.

Fot n > 2, the deletion of any vertex from K|, results in K, _; and in general the
deletion of ¢ veriices {where t < n) results in K,_,. This shows that «(X,})=n —1.

It is also easy to see that a connected graph & has x(G) = 1 if and only if either
G = K, or G has a cut vertex. Moreover £{(F) = 0 if and only if either G =K, or G
is disconnected.

A simple graph G is called n-connected (where n > 1) if 5(G) > n.

It follows that ' is 1-connected if and only if & is connecied and has at least
two veriices. Moreover (7 is 2-connected if and only if G is connected with at least
three vertices but no cui vertices. We finish this chapter with a characterisation of
2-connected graphs due o Whitney {64]. First we need a definition.

Let u and v be two vertices of a graph G. A collection {Py, ..., Py} of
u — v paths is said to be internally disjoint if, given any distinct pair Fy;
and F(;) in the collection, u and v are the only vertices Fj;) and F;) have in
commot,

Theorem 2.21 (Whitney, 1932} Let G be a simple graph with al least three ver
tices. Then G is 2-connected if and only if for each pair of distinct vertices u and v
of G there are two internally disjoint v — v paths in G.

Proof Suppose first that any pair of distinct vertices is connected by a pair of
internally disjoint paths. Then clearly & is connected so it remains to prove that &
has no cut vertices. Assume, to the contrary, that v is a cut vertex of G. Then, by
Theorem 2.19, there are two vertices u and w of G, both different from v, such that
v i on every u — w path in . However, by the hypothesis there ate two internally
disjeint v — w paths in G and at most one of these can then pass through v. Thus v
15 nof on every ¥ — w path, a coniradiction. Hence & has no cut vertices.
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Now conversely suppose that G is 2-connected. Let u and v be a pair of distinct
vertices of (. We use induction on d(u, v}, the distance between u and v (see Exercise
1.6.8), to show that there is a pair of internally disjoint u — v paths.

First, if d{u,v) = 1 then u and v are joined by an edge, say e. It follows from
Exercise 2.6.2 that e is not a bridge, since & has no cut vertices. Hence, there is a
© — v path P different and so internally disjoint from the u — v path @ given by the
single edge €.

We now assume that d{u,v) = & > 2 and that if = and y are any pair of vertices
with d{z,y) < k then there are two internally disjoint # — y paths. Let P be a path of
length k from u to v and let w be the second last veriex of P. Then d{u,w) =k ~1
and there are two internally disjoint u -~ w paths, say @ and Q.

Since G is 2-connected, w is not a cut vertex, i.e., G — w is connected and so {here
1§ a u — v path P’ which does not pass through w. Let x be the last vertex of P which
is also a vertex of either @ or @3 (such a vertex exists since u is common to all three
paths). See Figure 2.31 for an illustration of this.

Q,

Figure 2.31

Suppose that © € 1. Let P, be the u — v path given by the v — z section of @
followed by the £ — v section of P’. Let P; be the u — v path given by the path @
followed by the edge wv. Then P, and P, are internally disjoint, by the definition of
1, (@2, T and P'. (See Figure 2.31.) The proof now follows by induction. []

Corollary 2.22 Let u and v be twe vertices of the 2-connected graph G. Then there
is @ cyclesC of G passing through both u end v.

Proof Let P, and F; be two u — v internally disjoint u — v paths, as guaranieed by
Theorem 2.21. Then P, U P; gives a cycle C containing both u and v, as required.

Exercises for Section 2.8
2.6.1 Prove that a vertex v of a tree T is a cut veriex if and only if d(v) > 1,

2.6.2 Let G be a connected graph with at least three vertices. Prave that if G has a
bridge then G has a cut vertex.
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2.6.3 Find x{G) for the graphs G of Figure 2.32. If «((7) = 1, identify the cut vertices
of G.

(a) (b) (c}

Figure 2.32

2.6.4 Give an example of a simple connecied graph G with n vertices having a cut
vertex v such that w{@ — v) = n — 1 and each connected component of G — v
consists of an isolated vertex.

2.6.5 Let T be a tree with at least three vertices. Prove that there is a cut vertex v of
T such that every vertex adjacent to v, except for possibly one, has degree 1.

2.6.6 Let v be a cut vertex of the simple connected graph (. Prove that v is not a cut
vertex of its complement G. (Hint: see Exercise 1.6.12.)

2.6.7 Let G be a simple connected graph with at least two vertices and let v be a
veriex in G of smallest possible degree, say k.

(a} Prove that x{G) < k.
{b) Prove that x{G) < 2e/n, where e is the number of edges and = is the number
of vertices in G. -

2.6.8 Let v1,v3,..., v, be n distinct vertices of the n-connected graph G and form the
supergraph H of G by introduction of a new vertex v, not in &, which is adjacent
to each of v;,vs,...,v,. Prove that H is n-connected.

2.6.9 Let G be an n-connected graph and let H be the join &G + K. Prove that H is
(n + 1)-connected.




Chapter 3

Euler Tours and Hamiltonian
Cycles

3.1 Euler Tours

Recall, from Section 1.6, that a trail in a graph G is a walk in G in which the edges
are distinct, i.e., no edge of ¢ appears in the trail more than once.

A trail in 7 is called an Euler trail if it includes every edge of G. |

Thus a trail is Euler if each edge of G is in the trail exactly once.

A tour of G 1s a closed walk of G which includes every edge of G at least
once.
An Eualer tour of G is a tour which includes each edge of G ezaetly once.

Thus an Euler tour is just a closed Euler trail.

A graph G is called Eulerian or Euler if it has an Euler tour. |

For example, the graphs G} and G, of Figure 3.1 have an Euler trail and an Euler
tour respectively.

Figure 11: ; has an Euler trail. G, is an Euler graph.

83
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In G an Euler trail, from u to v is given by the sequence of edges ejezey ... egern,
while in 7z an Euler tour from u to u is given by ejez¢a ... ene12. We will see below
that ; has no Euler tour. Euler trails and tours are, historically, the most famous
walks in.-graph theoty. Graphs and graph theory probably began in the early 18th
century when the Swiss mathematician, Leonhard Eulet, considered the problem of
the seven Konigsberg bridges. To describe this problem we use Figore 3.2 which gives
a simplified map of the Prussian city of Kdnigsberg, as it appeared in the 18th century,
showing its site on the banks of the river Pregel:

Figure 3.2: A map of Kinigsberg.

The river was crossed by seven bridges, which connected two islands in the river,
shown in Figure 3.2 by A and D, with each other and with the opposite banks B and
C. 1t is said that the townsfolk of K&nigsberg amused themselves by trying to find
a route that crossed each bridge just once. Euler considered this problem by using
the graph of Figure 3.3, where each edge represents one of the seven bridges. He then

showed [21] the impossibility of such a route by in effect showing that the graph has
no Euler trail.

B

Figure 3.3: A graph representing the bridges of Konigsbherg.

We will give simple but useful characterizations of Euler graphs and graphs with
Euler trails. But first we have a preliminary result.
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Theorem 3.1 Let G be a graph in which the degree of every vertex is at least two.
Then GG contains a eycle.

Proof If G is not simple then it-contains a cycle since any loop is a cycle of length 1
while a pair of parallel edges gives a cycle of length 2. We now suppose that G is simple.
Let v be any vertex of G. Since d(vg) = 2, we can choose an edge e, with one end v
and the other vy, say. Since d(v1) > 2 we can choose an edge ¢, with one end +, and
the other v;, say, different from vo. We repeat this process so that (see Figure 3.4) at
the {i + 1)th stage we have an edge e; incident with v; and v;4; and v141 # vi_y.

Yo ¥i ¥a Vil Vi Vi vl
Ho—" L . L "_o_o - - -
8 €y 8 € 41
Figure 3.4

Since G has only finitely many vertices, we must eventually choose a vertex which
has been chosen before. If vy is the first such vertex then the walk between the first
two occurrences of v is a cycle (since the internal vertices of this walk are distinct
and also different from vy, as v, is the first vertex to be repeated).(See Figure 3.5.) [

Yo Y1 Y2

Figure 3.5
Now for our characterization of Euler graphs:

Theorem 3.2 A connected graph G is Euler if and only if ihe degree of every vertex
i3 even.

Proof Suppose that G is Euler. Let C be an Euler tour in &, starting and ending
at the vertex u. Then if v is a vertex of G different from w,v must be a vertex on
the tour C since u is connected to v (G being connected) and C involves every edge
of . Moreover each time v is met on the tour C, it is entered and left by different
edges (because each edge of G only occurs once in.C}. Thus each occurrence of v in ¢
Tepresents a contribution of 2 to its degree. Thus d{v) is even. Finally, since ¢ begins
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and ends with u, the first and last edges of C contribute 2 to the degree of u and any
internal occurrence of 1 on C will (as above) also contribute 2 to d{u). Hence d{u) is
also even. Thus the degree of every vertex of G is even, as required.

Conversely, suppose that G is connected and that every vertex is even. We use
induction on the number of edges of G to show that & is Euler. Firstly, if there are no
edges then, since (7 is connected, G must consist of a single vertex u, with degree 0.
Then the trivial trail C' = u involves all $he edges of G ~- since there are none! Thus
G, in this case, is Buler.

Now suppose that G does have edges. Then, since ( is connected, no vertex of &
car have degree 0. Thus, since each vertex is even, each verfex must have degree at
least two. Then, by Theorem 3.1, G contains a cycle, C say. If C' contains every edge of
G then we are finished since then C is an Euler tour. If C does not contain every edge
of G then we delete from & every edge in C to form a new (possibly disconnected)
graph H which has fewer edges than G, but the same vertex set. Then the vertices
of H are still even since any vertex which has had a change in degree has had two
distinct incident edges removed from it (because these edges come from the cycle C).
(See Figure 3.6.)

LN D ¥

Figure 3.6

Now, assuming the induction hypothesis that the result holds for all graphs with
less edges than (7, each component of H must be Euler (because the degree of each
vertex of H is even). Moreover, since the components were formed by the deletion of
(s edges, each component has at least one vertex in common with . We now obtain
an Euler tour for  as follows: start at any vertex of C and go round the edges of C
until a vertex belonging to a nonempty component of H is met. Say this vertex is v
and then go on an Euler tour in this component starting and ending at v. Once back
at vi, resume going round € until the nex{ nonempty component of H is met and
repeat the process of going on an Euler tour in this new component. We repeat this
procedure eventually going all the way round € back to our starting point, making
an Euler tour in each nonempty component of H on the way. We illustrate this in
Figure 3.7, Then, since the edges of G are just those of H together with those of C,
we have completed an Euler tour of G. By induction the proof is complete. [J

Although Euler proved in 1736 the necessity part of Theorem 3.2, ie., that a
connected graph is Euler only if all its vertices are even, surprisingly it was not until
1873 that the sufficiency part was established, by Hierholzer [34]. We refer the reader to
Biggs, Lloyd and Wilson [6] for an interesting account of the history of the Kénigsberg
bridges problem {and for a general history of graph theory).



Section 3.1, Euler Tours 87

Figure 3.7

We now outline an alternative argument for the second part of the proof of Theorem
3.2, that each veriex of an Euler graph is even. This is a recent simple proof due to
Fowler [25].

Thus let G be a connected graph in which every vertex is even. As in the proof of
Theorem 3.2, we use induction on the number of edges of G to show that & has an
Euler tour. If G has less than three vertices then it is an easy matter to see that &
has an Euler tour. Hence we may assume that G has at least three vertices. Suppose
that G has ¢ edges and, so that we may use induction, that any connected graph H
with less than g edges in which every vertex is even is Euler. Since G is connected and
has at least three vertices, there exists a vertex v in & joined by two edges to vertices
z and y (so that v is distinct from both z and y but r and y are not necessarily
distinct). Delete both edges ve and vy from G. Now form a new graph H from this
edge deleted subgraph by (i) inserting a new edge xzy if 2 % y ot (ii) inserting a loop
at z if 2 = y. Then it is easy to see that every vertex of H is even and that H has
g — 1 edges. Thus, by our assumption, if  is connected it must be an Euler graph,
say with Euler tour 7. In this case, an Euler tour T for (7 is then obtained from T
by replacing =, zy and y by z, zv, vy and y.

i H is not connected then it has exactly two connected components, say H, and
H,, Moreover, z and ¥ must belong to one component, say Hy, and v to the other, Ha.
Our induction assumption provides Euler tours T} and T, for H; and H; respectively.
We can now construct an Euler tour T for G from 77 and T; by replacing z, zy and
yin T, by &, zv, Ty, vy and 4.

Using the first proof of Theorem 3.2 we can prove another characterisation of Euler
graphs, as follows.

Theorem 3.3 A connected graph G is Evler if and only if & has eycles Cy), ..., Oy
such that every edge of G belongs to ezactly one cycle Cyyy, i.e., G is the union of edge
disjoint cyeles.

Proof We leave the proof of this as Exercise 3.1.8. []

Using Theorem 3.2 it is a simple matter to give a characterisation of graphs which
have Euler trails:
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Theorem 3.4 A conrected graph G has an Euler trail if and only if it has af most
fwo odd vertices, i.e., it has either no vertices of odd degree or exactly two vertices of
odd degree.

Proof Suppose G has an Euler trail. Then, as in the firsi part of the proof of
Theorem 3.2, if v is a vertex different from the origin and terminus of the irail, the
degree of v is even. Thus the only possible odd vertices are the origiz and terminus
of the trail {and if these coincide then in fact we have an Euler tour and every vertex
is even). Conversely, suppose that (7 is connected with at most two odd vertices. If &
has no odd vertices then, by Theorem 3.2, G is Euler and so has an Euler trail. This
leaves us to treat the case where 7 has two'odd vertices, u and v, say. (G can not
have just cne odd vertex by Corollary 1.2.)

Now let G + e denote the graph obtained from G by adding in a new edge, joining u
to v, Then e increases the degrees of 4 and v by 1 and so0 in G + € every vertex is even.
Hence, by Theorem 3.2, G + e has an Euler tour say C = vyeyvye; . .. €50, involving
each edge of G + ¢ exactly once. We may suppose that e; = e,v5 = u, v, = v and so
vp, = u. Then, deleting e from {his tour, gives the Euler {rail vie;... e v, from » to
u, in G sinee it involves each edge of G exactly once. (J

Theorems 3.2 and 3.4 can now be applied to the graphs (7; and (5 of Figure 3.1 to
show that they have an Euler trail, tour tespectively. Alsc the Theorems show that
the graph of Figure 3.3, of the Konigsherg bridge problem, has no Euler trail since
every vertex has odd degree. Euler graphs and, more generally, graphs with Euler
trails often appear in books on recreational mathematics or children’s puzzle books.
For example, a puzzie might ask whether a given diagram can be drawn withous
lif{ing one’s pencil from the paper and without repeating any lines. In effect this is
asking if the corresponding graph has an Euler trail. For example, the first and second
diagrams of Figore 3.8 can be drawn in this way, but {he third can not.

| B

|

Figure 3.2: Puzzles

The first part of the proof of Theorem 3.4 shows that if a graph & has an Euler
trail which is not a tour then the trail must start at one of the odd vertices and end
at the other. (This is useful for example when one wants to draw the second diagram
above without lifting one’s pencil.) We now give an algorithm which comstructs an
FEuler tour in an Euler graph.
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Fleury’s algorithm
Step 1. Choose any vertex vp in the Euler graph G and set W, = v,.

Step 2. If the trail W; = wyeyvy...e;v; has been chosen (so that ey,...,e are all
different), choose an edge e;4, different from e;,...,¢; such that

(i) ei41 1s incident with v; and

(ii) unless there is mo alternative, €;41 is not a bridge of the edge-deleted
subgraph G — {ey,....¢}.

Step 3. Stop if W; contains every edge of G. Otherwise repeat Step 2.

We illustrate Fleury’s algorithm with the Euler graph G of Figure 3.9.

Step 1. Choose wp = a;,. Wy = a;.

Step 2.  Choose edge d, for ¢,. Figure 3.10 shows W),

a, d, 8

Figure 3.1%: The first stage of the Euler tour construction.
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Step 2.  Choose edge de for e;. Figure 3.11 shows W;.

Step 2. Choose e3 = djo. (We do not choose d; since it is a bridge in &3, whereas
dyp is not a bridge.) Figure 3.11 shows Wi.

Step 2. Choose es = ds. {Although ds is a bridge there is no alternative.) Figure
3.11 shows W,. .

Figure 3.11: The second, thicd and fourth stages of the Euler tour construction,

Step 2. Choose es = d2 (no choice). (We leave the reader to draw the remaining
walks W; and subgraphs ;.)

Step 2. Choose ¢ = da.
Step 2.  Choose e; = dg {although a bridge in G, no choice).
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Step 2. Choose ey = d7.

Step 2. Choose ey = dy (no choice).

Step 2. Choose e1g = di; (although a bridge in Gy, no choice).
Step 2.  Choose e1; = dy; (although a bridge in Gyq, no choice).
Step 2.  Choose e;2 = d¢ (although a bridge in Gy, no choice).
Step 3. Stop.

We have produced the Euler tour:
o dy ey dgasdio asds ez dzeadyegdgardras dyagdiz a7 dys as dy 0y,
We now prove that Fleury’s algorithm actually does produce an Euler tour.
Theorem 3.5 Fleury’s algorithm produces an Euler tour in an Euler gruph G,

Proof Suppose that the trail W; = vpeyv ... €;1; has been chosen by the algorithm
and denote the edge-deleted subgraph G — {e,,...,e;} by G;. Each time a vertex v
occurs on the trail W; which is different from both vy and wv;, v has one trail edge going
in and one going out, i.e., W; supplies two to the degree of v each time v occurs. Thus
the degree of v in &, is still even {although possibly 0). Similarly if v = v; then there
is an even number of edges in W incident with v;, namely €1, ¢; and 2 more for each
of the other occurrences of v;. Thus if vo = v; then d(%;) in G; is still even. However
if vy # v; then there is an odd number of edges in W; incident with v;, namely e; and
two more for every other occurrence, and so d(v;) is odd in G;.

In this latter case, when vy 3 w;, if d(v;) = 1 in G, i.e., if there ig only one edge, e
say, in G, incident with w;, then, by Step 2 of the algorithm, we have no option but
to choose this edge e to extend W; to W;y,. In doing so we remove the only edge still
incident with v; to leave v; isolated. In particular, e is a bridge. (See Figure 3.12.)

%

Figure 3.12: d(vi) = 1in ;.

If, on the other hand, d(v;) # 1 in G,, then, as we now show, we may choose an
edge incident with v; in G; which is not a bridge. To prove this it suffices to show that
if there are at least {wo edges in G, incident with »; then at most one of these edges
is a bridge. Suppose, to the contrary, that ¢ and f are two bridges in G; joining v;
to vertices u, v respectively. Then deleting both ¢ and f’ from G drops the degree
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Figure 3.13: ¢’ and f' are bridges in G,

of v; down by 2 so that it is still odd, drops the degree of both « and » by 1, and
creates a deleted subgraph G; — {¢/, f'} with at least three components, v; being in
one component Cy, say, « and v being in two others, say C; and Cj. (See Figure 3.13.)

Now the first paragraph of the proof says that the only odd vertices in G; are v and
v;. Thus if v is different from both « and v, G; — {¢', f'} has exactly four odd vertices
and so at least one of the above components has exactly one odd veriex — impossible
by Corollary 1.2. If on the other hand vy = u {or similarly v) then G; — {¢’, f'} has
two odd vertices, namely v; and v {respectively u). In particular the component C;
has only one odd vertex, namely v; — again impossible. This completes the proof that
if there is more than one edge incident with v; then one of these is not a bridge in
;. Moreover we have shown that in Step 2 of the algorithm, when v, # v;, if we are
forced to choose a bridge e;4; to form the extended trail Wiy = vgeyvy ... vi€4 ¥
then v; is an isolated vertex in Giyi- In fact, in the process of extending W; to Wi,
when we disconnect G (i.e., choose a bridge) then one of the new components formed
is always an isolated vertex.

In the case where uy = v; in W}, as the first paragraph indicates, each vertex of G; is
of even degree. Thus, if there are still edges in G, incident with vo = v;, then there must
be at least two such edges. An argument similar to that above, illusirated by Figure
3.13, then shows that none of these edges are bridges. This shows that throughout
the entire implementation of the algorithm if a bridge has to be chosen then doing
0 leaves behind an isolated vertex and Siep 2 can no longer be implemented only if
the trail has used all the edges of the graph and has returned to its initial vertex. In
othet words, the algorithm finishes with an Euler tour of G, [

Exercises for Section 3.1

3.1.1 Determine which of the graphs in Figure 3.14 have {a) Euler paths and (b) Euler
tours. For those that have, use Fleury’s algorithm to produce such a path or
tour.
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3.1.2 {a) Which of the following graphs are Fuler?
i. the complete graph K,, forn > 3
ii. the n-.cube Q,, for n > 3 (see Exercise 1.4.7),
ifi. the wheel W, for n > 4 (see Exercise 1.6.4).
(b) Which graphs of {a) have Euler paths?

{c) For which m,n > 1 does the complete bipartite graph K., , have an Euler
tour (or Kuler path)?

{ii) ’
W
() 5 T

Figure 3.14: Which of these graphs have (a} an Esier tour, (b) an Euler trail?

3.1.3 Let G be a graph in which there are exactly four odd vertices. Prove that there
are two trails in G such that each edge of G belongs to exactly one of these
trails. (Hint: consider the proof of Theorem 3.4.)

3.1.4 Let G be a graph in which there are exactly 2k odd vertices, where & > 1. Prove
that there are k open trails in & such that each edge of & belongs to exactly
one of these trails. Prove also that it is not possible to find & — 1 open trails
with this property.
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3.1.5 Using Exercise 3.1.4 determine the minimum number of times youx must lift your
pencit in order to draw each diagram of Figure 3.15 without repeating a line,

N

Figare 3.15

3.1.6 Construct a tour for the Konigsherg bridges problem so that the number of
bridges crossed more than once is as small as possible.

3.1.7 Let & be a nonempiy simple graph with edges listed as ey, ..., e,,. We define the
line graph of (7, denoted by L(G), to be the graph with vertices z,,...,z, (in
one-to-one correspondence with the edges of (7) such that z; and z; are adjacent
if and only if the corresponding edges ¢; and ¢; are adjacent in G. Figure 3.16
shows a graph G and its line graph L(G).

Xa

Xy
X3

X4

L&

L3 )
Fignre 3.16: A graph G and its line graph L{G).
(a) Prove that if 7 is Euler then so is L(().

(b) For each n > 3 find the line graph of the complete bipartite graph K, .
(c) Give an example of a simple graph G such that L{G) is Euler but G is not.
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3.1.8 Prove Theorem 3.3, i.e., that a connected graph G is Euler if and only if G has
cyeles Cly), . .., C(n) such that every edge of G belongs to exactly one cycle Cyy,
i.e., G is the union of edge disjoint cycles. (Hint: try to modify the proof of
Theorem 3.2.)

3.1.9 An Euler graph G'is called randomly traceable from a vertex v if every trail
in (7 starting at v can be extended to an Euler tour, starting and ending at ».

{a) Show that the Euler graph of Figure 3.17 is randomly traceable from the
vertex v indicated, but not from any other vertex.

Fignre 3.17: Show that this graph is tandomly traceable from v but not from any other vertex.

(b) Give an example of an Euler graph which is not randomly traceable from
any of its vertices. .

(c) Give an example of an Fuler graph which is randomly traceable from all
of its vertices.

(d) Prove that ithe Euler graph G is randomly traceable from its vertex v if
and only if v lies on every cycle of &,

3.1.10 Here is another algorithm, due to Hierholzer, which also produces an Euler tour
in an Euler graph G. Its method i3 to start with any closed trail in G and
“attach” to it, systematically, “detour” trails until all edges of &7 are used up.
(In what follows, E{H) denotes the set of edges of a subgraph H.)

Hierholzer’s algorithm

Step 1. Choose any vertex v in G and choose any closed trail W, in & starting
and ending at v. Set ¢ = 0. (i is a counter.)

Step 2. If E(W,) = E(G) stop, since then W; is an Fuler tour of G.
Otherwise choose a vertex v on W; which is incident with an edge in
G which is not in W;.
Now choose a closed trial W in the subgraph G — E(W;), starting at
the vertex v, (W} is a “detour” trail.)
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Step 3. Let Wi, be the closed trail consisting of the edgea of both W; and W}
obtained by starting at the vertex v, traversing the trail W; until v; is
reached, then traversing the closed trail W} and, on returning to v,
completing the rest of the trail Wi,

Now set i ={ + 1 and refurn to Step 2.

Use Hierholzer’s algorithm to produce an Euler tour for the graph of Figure 3.9
stariing with Wy = aya5aga;.

3.2 The Chinese Postman Problem

Before starting on his delivery route, a postman must pick up his letters at the post
office, then he must deliver letters along each street on his route, and finally he must
return to the post office to return all undelivered letters. Wishing to conserve energy,
every postman would like to cover his route with as little walking as possible. In
nongraph terms, the postman problem is how to cover all the streets in the route
and return back to the starting point with as little travelling as possible. It is usually
referred to as the Chinese Postman Problem (CPP for short) because the first work
published on the problem was by a Chinese mathematician, Kuan, in 1962 [39].

In graph-theoretical terms the problem is dealt with as follows. We construct
a weighted graph  where each edge represents a street in the postman's route,
each vertex represents a junction of streets and the weight assigned to each edge
represents the length of the street between junctions. If we define the weight of a tour
voE U182 . .. ea¥g I (7 to be the sum of the weights of its edges, 1e., w(e;) + w(ey) +
+--1(e,), the Chinese postman problem is just that of finding a tour of minimum
weight in a weighted connected graph with non-negative weights. (Recall that a tour
involves each edge of & at least once.)

If the weighted graph G so constructed is Euler then any Euler tour of ¢ is a tour of
minimum weight since it involves each edge of 7 once and only once. Thus in practice
we may use Fleury’s algorithm to produce such a tour, ie., a solution to the CPP.

If G is not Euler then any tour in & has to involve some edges more than once.
For example, in the weighted graph of Figure 3.18, an optimal tour, i.e., a minimal
weighted tour is given by

U T3 Vs Ug U Vg lig U7 U Wy Uy Up Uy Uy Uz th

where the edges vyv;, vavg and vsvy are each used twice. Of course, at this stage we
have no easy way of telling that this tour is optimal.

In order to look at a particular case of the non-Eulerian situation we introduce the
process of duplication of an edge.

An edge ¢ is said to be duplicated when its ends are joined by a new edge
with the same weight w(e) as e.




Section 3.2. The Chinese Postman Problem g7

Figure 3.16: A postman’s delivery area.

For example, by duplicating the edges wyvs, vsvs,vsvy and vyvs in the graph @ of
Figure 3.19, we produce the supergraph G* of G:

Figure 3.19: A graph G with an Euler supergraph G* obtained by duplicating edges.

The Chinese Postman Problem may now be rephrased as follows.

Given a connected weighted graph G with non-negative weights,

(i} find, by duplicating edges if necessary, an Euler weighted supetgraph G* of G
such that the sum of the weights of the duplicated edges is as small as possible, i.e.,

2 w(e)

eCE(G*)-E(Q)

is at a minimum where E{G*) — E{() is the set of edges in G* but not in G, and
(ii) find an Euler tour in G*.
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To see that this is just the same as the Chinese Posiman Problem just note that an
optimal tour of G in which an edge ¢ is repeated n {imes corresponds to an {optimal)
tour of G~ where the edge ¢ is duplicated n — 1 times.

At this stage we will only consider a special case of the problem, namely when
has ezactly two vertices of odd degree.

Suppose that & has exactly two vertices, « and v, of odd degree. Let G* be an Euler
supergraph of G oblained by duplicating edges. Then, since ¥ and v now have even
degree in (3*, the duplicated edges will form a walk from u to v. (There must be a
duplicated edge out of u to give u its even degree. If this edge, ¢, say, goes to vertex
v; then the degree of v, increases by 1. If v; = v then v now has even degree and
the edge €; gives a walk (in fact a path).from u to v. If v; # v then the edge ¢; has
changed v;’s even degree in G to odd so there must be a second edge, e; say, going
out of v; to give v; even degree in G*. Continuing in this way we eventually reach v
by a sequence of duplicated edges since, in order to make v have even degree in G*, v
must have a duplicated edge incident.)

Clearly to satisfy criterion (i), i.e., to optimise G*, the length of such a walk of
duplicated edges from u to v in G* should be as small as possible. Thus in the case
where (7 has exactly two vertices, u and v, of odd degree, to solve (i) we just have to
find a shortest path in & from u to v and then duplicate the edges which form this
path to get the Fuler supergraph G=.

To illustrate the complete procedure we use the graph G of Figure 3.19, which has
two odd vertices v, and vs. First we apply Dijksira’s algerithm to find a shortest path
from v, to v;. Following the presentation of the algorithm given in Section 2.5, we get
the table:

vertices v

Ug, ¥ Y3 Vg U U Vg Vs T
[0] 0 w0 o0 o0 w0 o oo |{vs, v, va, vs, ve, vz, vs, vs}
13 10 oo o oo oo |{ v, Y, Vi, Ug, Uy, Vs, Vs}
13 10 oo 16 10 oo |{ w, W, w vy, vg, Us}
13 19 16 oo [ {  w, va, vr, b, s}
13 19 15 oo | { o, va, vr, vy}
19 {15] 29 | { v, vy, vs}
19 29 | { va, vs}
{ v}

Since v, vg vg v7 vs is a shortest path from v, to vy, (as indicated in the table),
duplicating each of the edges in this path gives the Euler weighted supergraph G*
shown in Figure 3.19.

It is now left to carry out (i), i.e., find an Euler tour in G*. We use Fleury’s
algorithm starting at vertex v, {the Post Office). Then an Euler tour is given by

) Uy Ug Ug Uy Us ¥ Vg ¥y Ug Ug thy Uy Ua Uy Vg U7 U3 Uy

It has length 162. Fleury's algorithm can of course provide several different Chinese
postman tours apart from this one.
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Exercise for Section 3.2

3.2.1 Solve the Chinese Postman Problem for the graphs of Figure 3.20.

b

Figure 3.20

3.3 Hamiltonian Graphs

A Hamiltonian path in a graph G is a path which contains every vertex
of G.

Since, by definition (see Section 1.6), no vertex of a path is repeated, this means that
a Hamiltonian path in G contains every vertex of (7 once and only once.
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A Hamiltonian cycle (or Hamiltonian circuit) in a graph G is a cycle
which contains every vertex of G.

Since, by definition (again see Section 1.6), no vertex of a cycle is repeated apart from
the final vertex being the same as the first vertex, this means that a Hamiltonian
cycle in G with initial vertex v contains every other vertex of G precisely once and
then ends back at v.

A graph G is called Hamiltonian if it has a Hamiltonian cycle. ]

By simply deleting the last edge of a Hamiltoniar cycle we get a Hamiltonian path.
However a non-Hamiltonian graph may possess a Hamiltonian path, i.¢., Hamiltonian
paths cannot always be used to form Hamiltonian cycles. For example, in Figure 3.21,
G has no Hamiltonian path {and so no Hamiltonian cycle), (72 has the Hamiltonian
path a & ¢ d but has no Hamiltonian cycle, while G5 has the Hamiltonian cycle
abdeca.

G; G, Gy

a a b a

Figure 3.21: G1 has no Hamiltonian path, G2 has s Hamiltonian path but no Hamiltonian cycle, while G
has & Hamiltonian cycle.

Hamiltonian graphs are named after Sir William Hamilton, an Irish mathematician
(1805-1865), whe invenied a puzzle, called the Icosian game, which he sold for 25
guineas to a games manufacturet in Dublin. The puzzle involved a dodecahedron on
which each of the 20 veriices was labelled by the name of some capital city in the
world. The object of the game was to construct, using the edges of the dodecahedron,
a tour of all the cities which visited each city exacily once, beginning and ending at
the same city. In other words, one had essentially to form a Hamiltonian cycle in the
graph corresponding to the dodecahedron, We show such a cycle, using bolder lines,
in Figure 3.22.

Cleatly the n-cycle €, with n distinct vertices (and n edges) is Hamiltonian.
Moreover, given any Hamiltonian graph G, then, if G’ is a supergraph of G ohtained
by adding in new edges between vertices of 7, G* will also be Hamiltonian, since
any Hamiltonian cycle in & will also be a Hamiltonian cycle in G’. In particular
since K, the complete graph on n vertices, is such a supergraph of an n-cycle, K, is
Hamiltonian.

A graph G will be Hamiltonian if and only if its underlying simple graph is
Hamiltonian since if & is Hamiltonian then any Hamiltonian cycle in G will remain
a Hamiltonian cycle in the underlying simple graph of G (provided we delete the
appropriate parallel edges). Conversely, if the underlying simple graph of a graph G
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Figure 3.22: A Hamiltonian cycle in the graph of the dodecahedron,

is Hamiltonian then (7 will also be, because of the remarks of the previous paragraph.
For this reason one usually only considers the Hamiltonian property for simple graphs.

Given a simple graph G with n vertices, since 7 is a subgraph of the complete
graph K,, we can construct step-by-step simple supergraphs of {7 to eventually get
K., simply by adding in an extra edge at each step between two tertices that are not
already adjacent. We illustrate this in Figure 3.23.

a b a b a b a b
— — —
¢ de d e de d
G Gl G2 G3=I§

Figure 3.23: A build-up to K.

If, moreover, we start with a graph 7 that is not Hamiltonian, then, since the
final outcome of the procedure is the Hamiltonian graph K., at some stage during
the procedure we change from a non-Hamilionian graph to a Hamiltonian graph. For
example, the non-Hamiltonian graph G, above is followed by the Hamiltonian graph
;. Notice that since supergraphs of Hamiltonian graphs are Hamiltonian, once a
Hamiltonian supergraph is reached in the procedure, all the subsequent supergraphs
are Hamiltonian. This discussion leads to the following definition.

A simple graph (3 is called maximal non-Hamiltonian if it is nof
Hamiltonian but the addition to it of any edge connecting two non-adjacent
vertices forms a Hamiltonian graph.

For exam. ie, (77 of Figure 3.21 is maximal non-Hamiltonian since the addition of the
edge ab gives the Hamiltonian &, as shown, while the other possibility, the addition
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A

Figure 3.24: A maximal non-Hamiltoniar graph.

of the edge bd, also gives a Hamiltonian graph {with Hamiltoniaz cycle b d a ¢ ).
Similarly the graph of Figure 3.24 is also maximal non-Hamiltonian:

Because of the stepwise procedure described above any non-Hamiltoniar graph with
n vertices will be a subgraph of a maximal non-Hamiltonian graph with n vertices.
We use this to prove the following theorem, due to Dirac 18},

Theorem 3.8 (Dirac, 1952) If G is o simple graph with n vertices, where n > 3,
and the degree d(v) 2 n/2 for every vertex v of G, then G i3 Hamillonian.

Proof We suppose that the result is faise. Then, for some value n > 3, there is a
non-Hamiltonian graph in which every vertex has degree at least n/2. Any spanning
supergraph, i.e., with precisely the same vertex set, also has every vertex with degree
at least n /2, since any proper supergraph of this form is obtained by introducing more
edges. Thus there will be a maximal non-Hamiltonian graph G with n vertices and
d(v) = n/2 for every v in . Using this G we obtain a contradiction.

(7 can not be complete, since K, is Hamiltonian. Thus there are two nonadjacent
vertices u and v in G. Let G + uv denote the supergraph of G obtained by introducing
an edge from u to v. Then, since (7 is maximal non-Hamiltonian, G + uv must be
Hamiltonian. Also, if €' is a Hamiltonian cycle of G + uv, then it must contain the
edge uv (since otherwise it would be a Hamiltonian cycle in G). Thus, choosing such
a C, we may write C = vjvq... v,y where v1 = u,v, = v (and the edge vaun is just
vy, le., uv). Now let

8 = {v; € C: there is an edge from u to v;4; in G} and

T = {v; € C: there is an edge from v to v; in G}.

Then v, € T, since otherwise there would be an edge from v to v, = v, i.e., a loop,
impossible because G is simple. Also v, ¢  (inlerpreting v, 43 as vy), since otherwise
we would again get a loop, this time from u to v; = w. Thus »,, & SUT. Then, letting
|&l; IT| and |§ U T| denote the number of elements in §, T, and § U T respectively,
we get

[SUT|<n (3.1
Also, for every edge incident with u there corresponds precisely one vertex v; in S,
Thus

IS| = d(u) (32)
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Simiiarly ‘
IT| = d(v) (3.3)

Moreover, if u; is a vertex belonging to both § and T, then there is an edge € joining
% to Upy; and an edge f joining v to vx. This would give

¢
C =ty Vel Tk o0 Un Ve Ve - T2 UL

as a Hamiltonian cycle in G, (see Figure 3.25), a contradiction since & is non-
Hamiltonian.

Figure 3.25

This shows that there is no vertex v, in SNT, i.e., SNT = @. Thus |SUT| = |S|+|T}.
Hence, by (3.1), (3.2) and (3.3) above,

d(u) + d(v) = I§]+ |T| = |SUT| < n. (3.4)

This is impossible since in G, d(u) > n/2 and d(v) > n/2, and so d(u) + d(v) = n.
This contradiction tells us that we have wrongly assumed the result to be false. [

We now use the ideas of the above proof to present some results on Hamiltonian
graphs by Bondy and Chvatal {3].

Theorem 3.7 Let G be a simple graph with n vertices and let u and v be non-adjacent
vertices in G such that

d{u}+ d(v) = n.
Let G + uv denote the supergraph of G obtained by joining u and v by an edge. Then
G is Hamiltonian if and only if G + uv is Hemiltonian.

Proof Suppose that G is Hamiltonian. Then, as noted earlier, the supergraph G+uv
must also be Hamiltonian.

Conversely, suppose that G +uv is Hamiltonian. Then, if G is not Hamiltonian, just
as in the proof of Theorem 3.6 we obtain the inequality d(u)+ d{v) < n. However, by
hypothesis, d(n) + d{v) = n. Hence G must be Hamiltonian also, as required. £]1
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Motivated by Theorem 3.7 we now define what we mean by ihe closure ¢(G) of a
simple graph G.

Let G be a simple graph. If there are two nonadjacent vertices w; and v,
in @ such that d(u;) + d{vy) > n in G, join u, and v; by an edge to form
the supergraph G'. Then, if there are two nonadjacent vertices u, and vy
such that d(u) + d(vy) = n in Gy, join u; and v, by an edge {o form the
supergraph (2. Continue in this way, recursively joining paits of nonadjacent
vertices whose degree sum is af least n until no such pair remains. The final
supergraph thus obtained is called the closure of G and is denoted by <(G).

We give an example of the closure operation in Figure 3.26. For this example,

oG) = K.

) \"2 u
—_ — —_
u V1 uy vy
G G, G,
¥8
—_

Fignre 3.26: Here the closure operation joins the pairs of veriices shown in white and the closure is reached
after seven snch joins.

On the other hand, for the graph G on 7 vertices of Figure 3.27, d{u) + d(v) < 7
for any pair «, v of nonadjacent vertices in G’ and so the closure operation does not
get off the ground, ie., ¢{G) = G.

Notice that in the example of Figure 3,26 there were often vatious choices avajlable
of pairs of nonadjacent vertices u,v with d(u) + d(v) > n. Thus the closure procedure
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Figure 3.27: ¢({7) = G.

cotild have been catried out in several different ways. The question arises as to whether
each different way gives the same result, i.e., do we always end with the same ¢(G)7?
Yes, we do — we omit the details here. (The interested reader is referred to Lerima
4.4.2 of Bondy and Murty [7).)

The importance of ¢{(7) is given in the following result:

Theorem 3.8 {(Bondy and Chvatal, 1976) A simple graph G is Hamiltonign if
and only if its closure ¢(G) is Hamiltonian.

Proof Since ¢{G) is a supergraph of G, if G is Hamiltonian then ¢{G) must be
Hamiltoniaa.

Conversely, suppose that ¢{G) is Hamiltonian, Let G, G1,G,...,Gi-1, Gk = ¢(@)
be the sequence of graphs obtained by performing the closure procedure on G. Since
e(G) = Gy is obtained from (4_; by setting Gy = Gg..; + vv, where u, v is a pair of
nonadjacent vertices in Gy with d{u)+d{v} > n, it follows by Theorem 3.7 that Gz,
is Hamiltonian. Similarly Gy_», 80 Gy-3,..., 50 Gy, and so G must be Hamiltonian,
as required. [0

Corollary 3.9 Let 7 be a simple graph on n vertices, with n > 3. If ¢(G) is complete,
e, if {G) = K,,, then G is Hamiltonian.

Proof This is immediate from the Theorem since any complete graph is Hamilto-
mian.’ {1

For example, for the graph G of Figure 3.26 we got ¢{G) as the complete graph K-
and so, by the Corollary, it follows that & is Hamiltonian.

Unfortunately, the closure operation is not always helpful in determining if a graph
is Hamiltonian. For example, ¢(G) = G for the graph G of Figure 3.27 so here the
operation ptovides no additional information.

Although the closure operation tells us that the graph & of Figure 3.26 is Hamilto-
nian, this is obvious from the drawing of G. Yor this reason we look at a less obvious
example G'in Figure 3.28,

We perform the closute operation on G in Figures 3.28 and 3.29, illustrating the
nonadjacent pair of vertices u, v with d{x) + d(v) = n = 9 we use at each step by
white dots. Since the final graph G5 in our closure construction is the complete graph
K,, we may conclude from the Corollary that our initial graph & is Hamiltonian.
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Figure 3.28: The closure operation on G. In G5 vertex 1 has reached (maximum possible) degres 8, while
vertex 6 reaches degres § in G
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LA

N
N2y

' “ v
: "_f 2SN

Gy 6y

Figure 3.28: The closure operation continued. Vertices 2 and 3 reach degree 8 in Go and Ghz respectively,
vertices 4 and 5 reach degree 8 in 13, vertex ¥ reaches degree 8 in 14 and, finally, vertices § and 9 reach
degree B in (ys.
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Exercises for Section 3.3

3.3.1 Show that the graph (1, of Figure 3.30 is Hamiltonian and that the graph G2
has a Hamiltonian path bui has not a Hamiltonian cycle. {Try looking at the
vertices of degree two.)

Figure 3.20

3.3.2 Characterise all simple Euler graphs having an Fuler tour which is also a
Hamiltonian cycle.

3.3.3 Let G be a bipartite graph with bipartition V=X UY.

(2) Show that if G is Hamiltonian then {X| = |Y|.

(b) Show that if G is not Hamiltonian but has a Hamiltonian cycle then
[X]=¥|£1.

3.3.4 Prove that the wheel W), is Hamiltonian for every n > 4.

3.3.5 Prove that the n-cube @, is Hamiltonian for each n > 2.

3.3.6 Prove that the graphs {i) and (ii) of Figure 3.14 are Hamiltonian but (jii) and
(iv) are not. Prove that graph (iii) does have a Hamiltonian path though, but
graph (iv) does not.

3.3.7 Let G be a Hamiltonian graph. Show that G does not have a cut vertex.

3.3.8 Let G be a Hamiltonian graph and let 5 be a proper subset of vertices of (.
Prove that w{G — 5) < |§]. {This generalises the previous Exercise.)

3.3.9 Show, by giving an example, that the condition “d(v) > rn/2” in Dirac’s Theoremn
{Theorem 3.6) can not be changed to “d(v) > (r —1)/2".

3.3.10 Let H be an Buler graph and let G = L(H), the line graph of H. (See Exercise
3.1.7.) Prove that ¢ is Hamiltonian.
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3.3.11

3.3.12

3.3.13

3.3.14

3.3.15

3.3.16

(&) (b) ©

Figure 3.31: Find the closure of each of these graphs.

Find the closure ¢{(F) for each of the graphs of Figure 3.31. Which of these
graphs are Hamiltonian?

Prove that, for each n > 1, the complete tripartite graph K, o 35 1s Hamiltonian
but K, 2n3nsr is not Hamiltonian. (See Exercise 1.6.13 for the definition of
Kr...t')

In a Hamiltonian graph & two Hamiltonian cycles ' arid €' are considered to
be the same if C 1s a cyclic rotation of C" or a cyclic rotation of the reverse
of €', Thus, for example, if C = vy v2v3v49 is a Hamiltoniar cycle in G
we consider it to be the same as the Hamiltonian cycles Cp) = 1 vy vgvy vs,
C(a) =ttty Uy v, C"(a} St vatary, 0(4} Smrgvathty, C{s) = U Uz vty ty,
C(s) = vy vg ¥y g vy and C(’?) = vt Pyt Uz

{a) Prove that the complete graph K, has (n — 1)!/2 different Hamiltonian
cycles.

{b) How many different Hamiltonian cycles does K, , have?

There are n guests at a dinner party, where n > 4. Any two of these guests
know, between them, all the other n — 2. Prove that the guests can be seated
round a circular table so that each one is sitting between two people they know.

Let G be a simple k-regular graph with 2k — 1 vertices. Prove that G is
Hamiltonian.

Let G and G; be two simple graphs and let G denote their join Gy + G- (See
Exercise 1.5.5.) Prove that if G; is Hamiltonian and has at least as many vertices
as (7, has then G is also Hamiltonian.
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3.4 The Travelling Salesman Problem

Suppose a travelling salesman’s territory includes several towns with roads connecting
certain pairs of these towns. His job requires him to visit each town. Is it possible for
him to plan a rourd irip by car enabling him to visit each of the {owns exactly once
and, if such a trip is possible, can he plan one which minimises the total distance
travelled?

We can represent the salesman’s territory by a weighted graph & where the verticea
correspond to the towns and two vertices are joined by a weighted edge if and only if
there is a road connecting the corresponding towns which does not pass through any
of the other towns, the edge’s weight representing the length of the road between the
towns. The question posed above becomes:

Is G a Hamiltonian graph and if so can we construct a Hamilfonian cycle of
minimum weight (length)?

This problem is known as the Travelling Salesman Problem and we shall refer
to a Hamiltenian cycle of minimum weight as an optimal circuit. There are two
difficulties that arise with the problem:

(1) It is sometimes difficult to determine if a graph is Hamiltonian (since there is no
easy characterization of Hamiltonian graphs such as Theorem 3.2 for Euler graphs).

(2) Given a weighted graph G which is Hamiltonian there is no easy or efficient
algorithm for finding an optimal circuit in G, in general.

Here we lock at a special case, namely when the weighted graph is complete, ie.,
it is simple and every pair of distinct vertices is joined by an edge. Even with this
special case we will have {o be content with looking at two algorithms which produce
“reasonably good” solutions, i.e., they produce Hamiltonian circuits which are quite
short in length but there is no guarantee that they are the shortest possible.

Ir the first algorithm, known as the two-optimal metheod, we begin by choosing
a Hamiltonian cycle € of the complete weighted graph G. Thereafter we perform a
sequence of modifications to C in the hope of finding a cycle of smaller weight.

In more detail, let C = v; vg...v, v, be the initial Hamiltonian cycle in our
complete graph G. Then, for every paic of pumbers ,j such that 1 < i+ 1< j <n,
we can form a new Hamiltonian cycle Cy; from C given by

C“J‘ SV ULV Ui Ui Vi Vigz . U Ty

obtained by deleting the edges vv;y, and wv;v;y; and adding the edges vv; and
vip1¥i41, a8 shown in Figure 3.32. {f ; = n then Cy; is {o be interpreted as
VY3 .. B Unot - - Vigr Ur-)

Now if the sum of the weights of the two new edges is less than that of the edges
they replaced this new circuit Ci; is an improvement on O, i.e., if

wlvy) + wloinvin) < wlvivig) + wiviw; )

then Cj; is of smaller length than C. In this case we replace C by C;; and perform
a sirnilar comparison on Cj;. We repeat the procedure until we reach a cycle which
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vi-i-l
" -

vja- ¥i
Figure 3.32: The Hamiltonian cycle C;, obtained from C.

cannot be improved upon by using the same technique. This process is called the
two-optimal method since at each stage we are choosing the optimal from two pairs

of edges.

We carry out the procedure systematically, first by taking : = 1 and looking at the
j values 3,4,...,n in turn, then taking : = 2 and looking at the j values 4,5,...,n
in turn, and so on until we reach i = n — 2, the final step having i = n — 2, j = n.
This leads us to the following two-optimal algorithm:

The Two-Optimal Algorithm

Step 1. Let € = v, v3...v, 1 be any Hamiltonian cycle of the weighted graph G
and let w be the weight of C, i.e,,

w = wivive) + wlvevs) + - - + wivao1v.) + wlva).
Step 2. Seti=1.
Step 3. Set j=i+2
Step 4. Let C;; be the Hamiltonian cycle
Cy =V V... VU U ... Vil Ujpr Uiz Un 0
and let w;; denote the weight of £;, so that
wy; = w — wvwip ) — w{vvi ) + wivw,) + wlvigv,n).
oy < w,ie, if wivv))twlvivia) < wvvg,)+wlv,w;y ), then replace

C by C; and w by wyj, i.e., set C = C;,w = w;;, and return o Step 1, taking
the sequence of vertices vyvy...v,v as given by our new C.
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Step 5. Set § =i+ 1. If j < n, do Step 4, Otherwise set i =i+ 1. If ¢ £n —2, do
Step 3. Otherwise stop.

We illustrate the algorithm using the complete weighted graph ¢ on n = 6 vertices
shown in Figure 3.33.

Stepl. LetC=vi1pvgvqvststy be 1234561, so that
w=18+26+164+17+ 14 4 19 =110.

Step2. Seti=1.
Step3. Setj=i+2=14+2=3.

StEP 4. Set. 013=U1U3'UQU4U5030131324561,80”1&‘.
W= 17 +264+314+17+ 14419 =124,
{Here, and in the following, the weights underlined are those of the two new
edges.) Since w3 > w, we move on to

Step 5. Increase j {0 4.

Stepd. Set Cu=mvavsvsvsvgy, = 1432561, so that
wld=23+164+264+20+ 14+ 19 =118,

Since wy4 > w, we move on to
Step 5. Increase j to 5.

Stepd. Set Uiz =vvgvyvatavgry = 1543261, so that
w;s =124+ 17+ 16 + 26 + 30 4+ 19 = 120.

Since wy; > w, we move on o
Step 5. Increase j to 6.

Stepd.  Set Cig = vivgvsvgvavaty = 1654321; this is just the reverse of the
cycle C so that ung = 80. Since ws = w, we move on to
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Step 5. Increase j to 7. Since j > n, we increase { to 2. Since ¢ <4 =n — 2, we
move on to

Step3. Setj=i+2=242=4.

Stepd.  Set Coyy=miwvpvguzvsvery = 1243561, so that
Since wzq < w, we replace £’ by oy and w by 109 and move on to

Stepl. Now C =1243561, as shown in Figure 3.34, and w = 109. We denote C
by v} vg U3 v4 U5 Vg Uy, (D0t the same v's as before).

2=y

31

3-‘3

i= vy
Figure 3.34: The new improved Hamiitonian cycle C.

Step2. Seti=1.
Step3. Setj=i+2=14+2=13

Stepd.  Set Cla=wmustavetgvgyy = 1423561, so that
we=23+31+26+114+14+19=124,
Since unqg > 0, we move on to

Step 5.  Increase j to 4.

Step 4. Set Cpy=rvyvqvatgusvety = 13425861, so that
wye=17+164+314+204+ 14+ 19=117.

Since wyq > w, we move on to
Step 5. Increase j to 5.

Step4. Set Cis=vivsvsvavaver; = 1534261, so that
Since ung > w, we move on to

Step 5.  Increase j to 6.

Step 4. Set Cig = vivgusvqvavaty = 1653421; this is just the reverse of the
cycle € so that wie = 79. Since wyg = w, we move on to
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Step 5. Increase § to 7. Since j > 6 = n, we increase i to 2. Since: £ 4 =n -2,
we move on to

Step3. Setj=i+2=24+2=4

Stepd.  Set Cyy = vy vovivsv5v5w = 1234561, so that
wy =184+264+ 16+ 17+ 14 + 19 = 110.
Since wyy > w, we move on to

Step 5. Increase j to 5.

Step4. Set Cos=vivavsvyvsvgty = 1253461, so that
wy =184+204+11+164 19+ 19 = 103.
Since wyp < w, we replace ¢ by Cyy and w by 103 and move on to

Step 1. Now C' =1253461, as shown in Figure 3.35, and w = 103. We denote C'
by vy v3 U3 Ua U5 Us Uy, (Dot the same v's as before).

4:\"5

Figure 3.35: The new improved Hamiltonian cycle C,

Set i =1,
Set j=¢t+2=1+2=3.

Set 013301930304051)31)1 =1523461 ,sot.hat.
wiy =12+204+26+16+ 19419 =112,

We omit most of the remaining details. The reader can check that the next change
occurs with § = 3 and j = 5§, so that

Cij = 035 SV sttty = 1254361
and wi; = wys = 18 + 20+ 17+ 16 + 9 + 19 = 99, giving the new cycle € as shown in

Figure 3.36.
Moreover if we continue the process, no further improvement is obtained.
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I=yg

Figure 3.36: The optimal Hamiltonian cycle C.

We now indicate how to get some idea of how good this solution is. Given any
optimal circuit € in G, then for any vertex v of G, C' — v will be a spanning tree
of G —v. Now if T is an optimal spanning tree of G — v and if e and f are two
edges incident with v such that w(e) + w(f) is as small as possible then certainly
w(T) + w(e) + w{f) is not greater than w(C) i.e. w(T) + w(e) + w(f) < w(C). Now
Kruskal's algorithm gives us a spanning tree and applying it to our graph G — v with
v as vertex 2 we get the following optimal tree 7.

19

hb

5 4
Figure 3.37: A minimal spanning tree T, of weight 48, for the graph G - 2.

On examination, the two edges incident with vertex 2 with smallest weights are
those joining 2 to 1 and 5 with weights 13 and 15 respectively. Thus these are chosen
as our e and f and we get

w(T) + wle) + w(f) = 48 + 18 + 20 = 86.

Hence any optimal cycle C has weight w(C) > £6. So our sclution, which has
weight, 99, seems reasonable — note that it may indeed be the best possible.

We now consider a different method, again finding a reasonably good solution, but
with no guarantee that it is the best, It is called the closest insertion algorithm.
The general idea of this method is to gradually build up a sequence of cycles in the
graph which involve more and more vertices, until all the vertices are used up, and to
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involve one more vertex at each stage by determining which vertex, as yet unchosen,
is nearest to the cycle already created and then inserting this vertex into the cycle in
as economical way as possible,

We will now be more specific, using an example to illustrate the method.

In the Real Cool Ice Cream Company's factory, six different flavours of ice cream
are produced in sequence on one machine. The machine must be cleaned after each
flavour before the production of the next flavour and the cleaning time depends on
the two flavours (but we will assume that it does not matter which of the two flavours
is mixed first). Real Cool wishes to find an ordering of the six flavours, starting with
banana, so that, if the machine produces the six flavours (once and) only once in this
order, then the total cleaning time spent is smallest possible.

The cleaning times (in minutes) are given in the following table:

flavour { banana | chocolate | mint | raspberry | strawberry | vanilla
banana 0 10 1 11 6 10
chocolate 10 0 17 15 15 20
mint 11 17 0 10 15 19
raspberry 11 15 10 0 15 20
strawberry 6 15 15 15 0 11
vanilla 10 20 19 20 i1 0

This table produces the complete weighted graph of Figure 3.38, where B denotes
“banana”, ' denotes “chocolate”, etc.

Figere 3.38

We now describe the closest insertion algorithm. The description uses the idea of
the distance of a vertex v from a walk W, This is defined to be

d(v, W) = min{d(v,u} : u is a vertex of W}.

The vertex v, not in W, is then said to be closest to W if d{v, W) < d(z, W) for any
other vertex # not in W.

We emphasise the way in which a new vertex is inserted into a cycle by using bold
type.
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The Closest Insertion Algorithm
Step 1. Choose any vertex v; as a starting vertex.

Step 2. From among the n — 1 vertices not chosen so far, find one, say v, which is
closest to v;. Let W, denote the walk vy v,v,.

Step 3. From among the n — 2 vertices not chosen so far, find one, say vs, which is
closest to the waltk Wy = vy vg vy,

Let W; be the walk vvawwy (so that W is in fact a cycle).

Step 4. From among the n — 3 vertices not chosen so far, find one, say v,, which is
closest to the walk Wi.
Determine which of the walks (cycles) vy v va v, v, 1 2 9, vaty, 1 D Va3
is the shortest.
Let W, denote the shortest one and relabel it, if necessary, as vy vy va g vy,

Step 5. From among the n — 4 vertices not chosen so far, find one, say vy which is
closest to the walk W,
Determine which of the cycles vy v va vy v5 v1, V1 vg ¥3 U5 g vy, Uy V2 0 Va Uy ¥y,
vy vy v U3 U4ty 10 shortest.
Let Wy denote the shortest one and relabel it, if necessary , a8 v vg va vy vy 1.
Continue in this way to eventually arrive at

Step n-1. From the 2 vertices not already chosen, find one, say v,—, which is closest
to the walk {cycle) We_s = v 2. . tp_2ty.
Determine which of the cycles #y ¢3... Upaz Oy U1, V1 V2. .. Up_g Un—) Un—z Y1,
U1 Bn_y Up¥3... Up_aty 18 shortest.
Let W,_; denote the shortest of these cycles and relabel it, if necessary, as
19250 Vpa2 Un=1 V1.

Step n. Denote the remaining unchosen vertex by v, and determine which of the

CYCles Uy Us...Upoy ¥n Uty Vgt . . Un 2 PuOn 1Dty +en s U1 PpVala... Oy ty
is shortest.

Let W, demnote the shortest of these cycles.

Conclusion: W, is a Hamiltonian eycle of G which is, at least approximately,
optimal.

For our example above we have

Step 1. Letvy; = B.

Step 2. ;= S is closest to B so Wy = v v3v, = BSB.

Step 3. vy = V is closest to W;. (It has distance 10 from B; but there is actually

a choice here since ' is another candidate.)
Ws is the cycle vy vavgv, = BSV B,
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Step4. vy = C is closest to Wy (It has distance 10 from B.)
We find the lengths of the cycles vy vava v, 11, iy v2 v w3 vy and v v, V302 14!
v vggv = BSVCB has length 6 + 11 + 20 + 10 = 47,
v 12U 3ty = BSCV B has length 6 4 15 + 20 + 10 = 51,
vy vy a gty = BCSV B has length 10+ 15 4+ 11 4+ 10 = 46.
We let W, denote the shortest of these, namely BCSV B, and relabel with
BCSVEB =vivamavsm.

Step 5. vy = R is closest to W,. (It has distance 11 from B; but again there is a
choice here: M is also distance 11 from W,.}
We find the lengths of the cycles vy v va vy U vy, vy V2 U3 T Uy Uy, V1 UV Vg Uz gy
and ty ¥, vy v Uy ¥t
v va vy vy us ) = BCSVRB has length 104 15+ 11 + 20 4 11 = 67,
v v vzt vy vy = BCSHV B has length 10 4 154 15+ 20 + 10 = 70,
v usvg vy, = BCRSV B has length 10+ 154 154 11 4+ 10 = 61,
vy Vs U2 ta vy iy = BRCSV B has length 11 + 15+ 15+ 11 + 10 =62,
We let W denote the shortest of these, namely BCRSV B, and relabel with
BCRSVE = vy v vavv5 1.

Stepn (rn =6). Let vg = M, the last remaining vertex.

We find the lengths of the cycles vy va vs vy vs Ve vr, U1 ¥ U3 vg P U5 ¥y,

1y 1 U3 g U4 U5 Uy, Uy g Vg i3 g Vg by and ) U 1y U3 Vg U5 vy

M atigyigigty = BCRSVMB has length 104+154+15411 419411 = 81,
vy vz vg vty = BORSMV B has length 10+ 15+ 15+ 15+ 19 + 10 = 84,
vy 2 V3 ¥ vy s ¥y = BCRMSV B has length 10+ 154+ 104+ 15-+11 +10 =71,
vivpvgravgvg vy = BOMRSV B has léngt,h W+17+104+ 15411+ 10=73,
vy vg U2 U3 Vs Vs vy = BMCRSV B has length 11 + 17+ 15+ 15+ 11+ 10 =79,

Then the shortesi cycle is Wy = BCRMSVEB and it has length 71.
We can therefore conclude that a reasonably efficient cleaning-time cycle for Real
Cool’s ice cream machine 1s

banana-chocolate-raspberry-mint-strawberry-vanilla-banana,
the cycle taking 71 minutes to complete.

Exercises for Section 3.4

3.4.1 Six computer programs, P,, ..., Ps, have to be run in sequence on a mainframe
machine. Each program needs its own resources such as a part of the main
memory, a compiler and drives, and changing from one set of resources to another
uses up valuable time. The following matrix €' = (¢;) records the times ¢; used
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in converting from the resources for program F; to those for program F;.

0 30 %0 16 30 10
30 0 80 40 20 20
90 80 0 40 20 30
10 40 40 0 60 10
30 20 20 60 0 90
10 20 30 10 90 ©

Note that ¢;; = ¢;; for each ¢ and ;. Using both the two optimal method and the
closest insertion method for the Travelling Salesman Problem, find an ordering of
the programs which, if they are rux in this order, should resulf in a comparatively
small total conversion time.

3.4.2 Carry out the two optimal method and the closest insertion method for the
Travelling Salesman Problem for the complete weighted graph of Figure 3.39.

Figure 3.39




Chapter 4

Matchings

4.1 Matchings and Augmenting Paths

Let G be a graph with vertex set V = V(G) and edge set E = E(G). We will assume
throughout this chapier that G has no loops.

A subset M of E, ie, a subset M of edges of G, is called a matching in
@ if no two of the edges in M are adjacent, in other words, if for any two
edges ¢ and f in M the two end vertices of ¢ are both different fram the two
end vertices of f.

More briefly, M is a matching if no two edges iz M have an end vertex in common.
For example, in the graph G of Figure 4.1 the sets M; = {e,, ¢3} and M, = {e;, e3,¢,}
are both matchings.

Figure 4.1: A graph & with two maichings.

If the vertex v of the graph  is the end vertex of some edge in the matching
M then v is said to be M-saturated and we say that M gaturates v.
Otherwise v is M-unsaturated.

121
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Thus, in the example of Figure 4.1, a,b, ¢ and ¢ are all M,-saturated while f and d
are both M;-unsaturated; every vertex of & is M;-saturated.

If M is a matching in G such that every vertex of G is M-saturated then
M is called a perfect matching .

A matching M in @ is called maximum if G has no matching M’ with a
greater number of edges than M has.

Thus the matching M; = {e1,¢€s, €1} of Figure 4.1 is a perfect matching.
Clearly any perfect matching is a maximum matching. The matchings of the graphs
in Figure 4.2 shown by the shaded lines are both maximum but not perfect.

PR DI DL L

Figure 4.2: Two maximum matckings which are not perfect.

Let M be a matching in & and let £ = E(G) be the edge set of GG. An
M-alternating path in G is a path whose edges are alternately in M and
E — M, i.e., alternately in M and not in M.

For example, if in the graph G, of Figure 4.3 we consider the matching M =
{es, e5,eq}, then the path vy vy vy v vg va is M-alternating.

!

R IR T

Figure 4.3: » vy vz v5 v vy 13 an M-alternating path.

An M-alternating path whose origin and terminus are both M-unsaturated
is called an M-augmenting path.
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a €4 b e,g, o

it * 5. Z

Figure 4.4: febed a gk is an augmenting path.

Thus, in the graph G of Figure 4.4 with matching M = {ey, €3, €7, €1}, the path
fchedaghis M-augmenting.

Theorem 4.1 Let M, and My be two matchings in o simple graph G. Let H be the
subgraph of G induced by the sel of edges

M A M, = (M; — My)U (M, — M),

i.e., by the symmetric difference of the two matchings.! Then each connected compo-
nent of H is of one of the following two types:

{1) a eycle of even length whose edges are alternately in M, and M,,

{2) a path whose edges are alternately in My and M, and whose end vertices are
unsatureled in one of the twe maetchings.
Proof Let v be any vertex of the subgraph H. Then either

(i) v is an end vertex of an edge in M’l‘— M; and also of an edge in M; — M, or

{(ii) v is an end vertex of an edge in one of M, — M, and M; — M, bui not both.

In either case, since M, is 2 matching, there is at most one edge in M; with v as one
of its end points and, similarly, there is at most one edge in M, with v as one of iis
end points. Thus, in case (i), v has degree 2 in A while, in case (i1}, v has degree 1 in
H. Hence every vertex of H has either degree 1 or degree 2. It follows from Exercise
4.1.12 that the components of H are as described in the statement of the theorem. [

We illustrate the Theorem using the graph G, of Figure 4.3, shown again in Figure
4.5, Let M, be the matching {ez, €z, €10} and take M to be the matching {e;,er, €12}
as shown in Figure 4.5. Then

M AM,= {629 €5, 810} u {61; ez, 813} = {61962, €7, €5, €104 612}-

LGiven two sets A and B, their symmetric difference, denoted by A A B, is the set of all elements
which belong to either A or B but not to both A and B.
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This gives the subgraph H of G also shown in Figure 4.5. It consists of two components,
one of which is a cycle of length four with edges alternately in My and M; and the
other a path whose edges are alternately in M; and M;. Each end vertex of this path
in saturated by exactly one of M; and M3, as predicted by the Theorem.

o { o~

¥
# AR R L R A AR T

Figure 4.5: Two matchings My and Mz and the subgraph ¥ induced by their symmetric difference.

Using Theorem 4.1, we prove the following important result of Berge [5] which
characterizes maximum matchings in terms of augmenting paths.

Theorem 4.2 (Berge, 1957) A maiching M in ¢ graph G is & mazrimum matching
if and only if G conteins no M-augmenting path.

The proof actually involves a technique which can be used to find a maximum
maiching. For this reason we first describe the technique.

Let M be any matching in the graph G. We will refer to edges in M as dark edges
and the other edges of & as light edges. Let P be an M-aliernating path in G, so
that the edges of P are alternately dark and light. If we further assume that P is
M-augmenting, i.e., that the origin and terminus of F are not M-saturated, then the
first and last edges of P must be lighi. Because of the alternation, the sequence of
edges in P must be of the form

light, dark, light, ..., dark, light,
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and 80 P has an odd number of edges, say 2m + 1 of them, m of which are dark and
m + 1 light.

Also any edge of M which ia not in P is not incident with any vertex of P because
the origin and terminus of P are not saturated by M while the other vertices of P are
already saturated by M. Thus if.we let M’ be the set of edges consisting of all the
dark edges which are not in P and also the light edges which are in P, i.e., obtained
by replacing in M the m dark edges in P by the m + 1 light edges in P, then M’ is &
new matching having one more edge than M.

This operation which transforms the given matching M into a higger
matching M’ using an M-.augmenting path P is called a transfer along
the augmenting path P.

For example, using the graph (3 of Figure 4.4 with the matching M =
{es,ea,e7,€16} and augmenting path P = f ¢ b e d a g h, the transfer along P
gives the matching M’ = {ey, €5, €g, €12, £16}. We show this in Figure 4.6.

Figure 4.5: A transfer along an augmenting path,

We now give the proof of Theorem 4.2,

Proof Let M be a maximum matching in G. If there is an M-augmenting path P
in G then, as shown above, we can transfer along P to produce a new matching M’
in G which has one more edge than M has. This is impossible since M is maximum.
Thus G has no M-augmenting path.

Conversely suppose that M is a matching in G such that there is no M-augmenting
path in 7. We wish to show that M is a maximum matching. Let M” be any maximum
maiching of G. We wish then to show that

|M| = | M),

where | | denotes “the number of elements in”. Let H be the subgraph of G induced
by the set of edges
MAM = (M- MYUM - M),
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i.e., by those edges which are in M or M’ but not both. Then, by Theorem 4.1, the
connected components of H are either

(i) eycles of even length whose edges are alternately in M and M’ or
(i) paths whose edges are alternately in M and M’ and whose end vertices are
unsaturated in one of the two matchings.

Now if there is a path as in (ii) which is of edd length then the origin and terminus
of this path would be either both unsaturated in M or both unsaturated in M', so
such a path would either be M-augmenting or M'-augmenting. We are denied the first
possibility by our initial assumpiion on M while we are denied the second because M’
is maximum and so, by the first part of the proof, has no M'-augmeniing path. Thus
the components of H are either paths of even length or cycles of even length and so
each involves the same number of edges from M as from M’. Thus

M — M| = M - M|

Now given any two subsets A and B of a set X, we have |4| = [A — B|+ |ANB|.
Taking X as the edge set E(G) of G and A, B as M, M’ respectively, we get that

[M{=|M — M|+ MnM| andsimilarly [M'|=|M -M'|+|MnM|

Since, from above, |M — M| = |M’ — M|, it Jollows that [M| = |M’|. Hence M is
maxirnurn, as required.

We now mention two practical applications of matching.

During World War II, many aeroplane pilots from occupied countries fled to Britain
to enlist in the Royval Air Force. In certain squadrons, each plane sent aloft by the
RAF required a pilot and a navigator whose navigational skills and language skills
were compatible. The RAF was interested in sending as many planes aloft at one time
as possible. The problem can be described in graph-theoretic terms as follows,

Let (7 be the graph in which each vertex represents one of the pilots or navigators
available and where an edge joins two vertices if these represent a pilot and a navigator
who are compatible. Then any maiching of this graph represents a possible set of
planes that can be sent aloft simultanecusly. Thus the RAF was interested in finding
a mezimum meatching in &.

A real estate agent has for sale a variely of homes and a number of prospective
buyers. Each prospective buyer is interested in possibly more than one of the available
homes for sale. The agent can estimate fairly accurately just how much each buyer
would pay for each of the homes he is interested in. Since he makes a certain percentage
commission on each transaction, he is interested m maximizing the total dollar volume
of his sales. How can he accomplish this?

Let G be the graph where buyers and homes are each represented by a vertex. Join
a buyer vertex to a house vertex by an edge if the buyer would be willing to buy the
home. Thus @ is a bipartite graph with bipartition V(G) = BU H where B is the set
of vertices representing the buyers and H is the set of vertices representing the homes.
Place a weight on each edge equal to the commission the agent would receive for the
corresponding transaction. Then the agent can maximize his earnings by finding a
matching with the greatest total weight in 7, i.e., a mazrimum weight matching.
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We will not be able to consider in detail matching problems in general graphs.
Instead we concentrate on matching in bipartite graphs. (The two examples above are
bipattite matching problems.)

Exercises for Section 4.1
4.1.1 For the graphs of Figure 4.7, with matchings M shown by the shaded lines, find

(a) an M-alternating path which is not M-augmenting,

(b) an M-augmenting path if one exists, and, if s0, use it to obtain a bigger
matching.

4.1.2 For which values of n > 4 does the wheel W,, have a perfect matching?
4.1.3 For which values of n > 2 does K,, have a perfect matching?

4.1.4 Which complete tripartite graphs of the form K, . have perfect matchings?
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4,1.5 Prove that a 2-regular graph & has a perfect matching if and only if each
component of 7 is an even cycle.

4.1.6 Prove that the 3-regular graph of Figure 4.8, which we dub the triple flyswat,
does not have a perfect matching but does have a matching with seven edges.

Figure 4.8: The teiple fiyswat.

4.1.7 Prove that the n-cube @, has a perfect matching (for each n > 2).
4.1.8 How many different perfect matchings are there for

(2) Kz,
(b) K, (for each n > 1).

4.1.9 Prove that a tree has at most one perfect matching.

4.1.10 For any graph G let o{G) denote the number of connected components of G
having an odd number of vertices. Let I/ be a proper subset of the vertex set V
of the graph G. Prove that if G has a perfect matching then o(G — U) < {U/].

4.1.11 The converse to Exercise 4.1.10 holds, namely if o(G — ) £ [I/| for all proper
subsets U/ of V(G) then G has a perfect matching, {This is a result due to
Tutte.) Using this prove that if G is a 3-regular graph with no bridges then G
has a perfect matching. (Exercise 4.1.6 shows that we can not drop the bridges
condition)

4.1.12 Show that if G is a connected graph in which every vertex has degree either 1
or 2 then G is either a path or a ¢ycle. {This fills in the details missing at the
end of the proof of Theorem 4.1.)
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4.2 The Marriage Problem

The following question is known as the marriage problem,

If we have a finite set of boys each of whom has several girHriends, under what
conditions can we marry off the boys in such a way that each boy marries one of his
girlfriends? (We assume that no girl (boy) can marry more than one boy (girl)!)

The problem can be posed in graph-theoretical terms as follows:

Construct a bipartite graph G with bipartition V(G) = X UY where X =
{#1y... %} represents the set of r boys and ¥ = {y,...,4m} represents their
girlfriends, m in all. An edge joins vertex z; $o vertex y; if and only if y; is a girlfriend
of z;. The marriage problem is then equivalent to finding conditions for the existence
of a matching in &7 which saturates every vertex of X.

For example, if there are four boys, 1, 23,23, 24, and five girls, yi, 42, ¥3, ¥4, ¥s, and
the relationships are given by

boy l girlfriends

I oYY
T3 | Y2, %4

Iz | ¥4 Vs
Ty |

we get the bipartite graph of Figure 4.9.

Y yyf ¥a ¥g % Y5

Figure 4.9: The bipartite graph for the gitlfricnds/boyftiends example.

A particular solution in this example is for z3 to marry y,, x4 to marry g, 5, to
marry ys, and z; to marry y,, corresponding to the matching shown in Figure 4.10.

A restatement of the general problem is:

Let G be a bipartite graph with bipartition V(G) = X UY". Find necessary and
sufficient conditions for the existence of a matching in @ which saturates every vertex
in X,

We will give the solution to the problem as first presented by the Cambridge
mathematician Philip Hall in 1935 [32). First a definition:

For any set § of vertices in G, the neighbour set of § in G, denoted by
N(S5), is defined to be the set of all vertices adjacent to vertices in S.
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Figare 4.10: A maximum matching for the bipartite graph of Figure 4.9.

Thus, in the graph G of Figure 4.9, if § is a subset of the set of boys then N(5}
denotes the set of all their girliriends.

Theorem 4.3 (Hall’s Marriage Theorem, 1935) Let G be o bipartite graph with
bipartition V. = X UY. Then @ contains & maiching thet salurales every verter in X
if and only if

IN(S)| 2 |S] for every subset S of X, {*) (4.1)

(where here | | denotes “the number of elements in”). Thus the marriage problem with
n boys has a solution if and only if for every k,1 < k < n, every set of k boys has
collectively at least k girlfriends.

Proof We refer to the set X as the set of boys, Y as the set of girls and let n = | X|.
Then, for any &, 1 < k < n, given any subset S of & boys, to marry them all off to
girlfriends they must have at least k girlfriends, i.e. |N(5)| 2 &, and so |N(5)] 2 |5].
This shows that if there is a solution to the marriage problem, i.e., if there is a
maiching in G that saturates each vertex of X, then condition (*) must be satisfied.

Conversely, suppose condition {*) is satisfied. We wish to show that every boy can
be married off to one of his girlfriends. We use induction on », the number of boys.

If n = 1, i.e., there is only one boy, call him =, then, taking § = {z}, (*) says that
he has at least one girlfriend. Thus we can easily marry him off. This proves the case
for n = 1.

Now suppose that the result is true for all sets of boys of size { where { =
1,2,...,n~1. We wish to show that the result is true for a set of n boys. We consider
two cases.

Case (1). Suppose first that, for any & with 1 < k < n, every set of & boys together
have (between them) at least k + 1 girlfriends. This means that for any subset § of
X with |[S| < n we have

[N = |51 +1,

i.e., condition (*) is satisfied “with one girl left over”. Now take any boy and marry
him to one of his girliriends, leaving n ~ 1 boys still to be married off. In this process,
given any subset consisting of & boys from the remaining » — 1, we have possibly lost
one of their girlfriends, namely the one married to the first boy. Thus we may have
lost “the gir] left over”, but condition (*) is still satisfied for the subsets of then — 1
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boys. Hence, by the induction assumption, we can marry each of these n — 1 boys off
to one of their girlfriends. Thus, in this case, we have married off each of the » boys.

Case (ii). Suppose now that there is a set of k boys (from the n), with & < n, who
collectively know exactly & girls. {All this is saying is that (*) holds but Case (i} above
does not.) Then, since & < », our induction hypothesis allows us to marry off these &
boys, leaving n — k boys still unmarried. But any collection of % boys from these n —k
(with 1 < A < n—k) must have at least k girl friends from among the remaining girls,
since otherwise these A boys together with the above collection of ¥ boys (A + & boys
in all} would have less than h + k girifriends, contrary to condition (*). It follows that
conditon (*) also applies to the n — & boys left and so by our induction hypothesis
we can marry off each of them also to a girlfriend. Thus each of the r boys has been
married off successfully.

This shows that assuming the result true for 1,...,n — 1 we can prove that it is
true for n. Hence, by mathematical induction, the result is true for all values of n. ]

Corollary 4.4 Let G be a k-reqular bipartite graph with k > 0. Then G has a perfect
malching.

Proof Let G have bipattition V = X UY, There are |X| vertices in X and each of
these vertices has k edges (all going to vertices in Y) incident with it. Thus there are
k x 1X| edges going from X to Y. Similarly since each of the |Y{ vertices in Y has &
edges incident with it there are & x |¥'| edges going from ¥ to X. By the bipartite
nature of G each edge goes from X to Y (the same as from Y to X) and so G has
k|X| = kY| edges. Since & > 0 and k|.X| = k|Y], cancelling k gives

1X| =Y}

Now let 5 be 2 subset of X. Let E, denote the set of edges incident with vertices in
§. Then, by the k-regularity of G,

|E1| = kS|, (4.2)

Let £, denote the set of edges incident with vertices in N(5). Then, since N(5) is
the set of vertices which are joined by edges to S, we have E; C E;. Thus

|By| < | B2} (4.3)
Moreover by the k-regularity of & we have
|Ez| = k| N(S)}. (4.4)
Using (4.2), (¢.3) and (4.3), we get k|N(S)| = |E:| = |Ey| = k|S| and so
KIN(S)| = k[S].

Since k > 0 this gives {N(5)} > [§]. Since S was an arbitrary subset of X, it follows
from Hall’s marriage theorem that G contains a matching M which saturates every
vertex in X. Since [X| = {¥] the edges in the matching M also saturate every vertex
in Y, Thus M is a perfect matching in G. []
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The corollary can be restated as follows:

Corollary 4.5 If every boy hes k girlfriends and every girl hes k boyfriends then each
boy can marry one of his girlfriends and each girl can marry one of her boyfriends.

We now present a second proof of Hall’s Marriage Theorem. It differs from the
one above in that it is a proof by contradiction. Its advantage is that it gives us an
algorithm which determines if augmenting paths exist and, if they do, for constructing
such paths.

Second Proof of Hall’s Marriage Theorem Assume that condition {*) is
satisfied, 1.e.,
[V{8)| = |8| for every subset Sof X.  (¥)

We wish to show thati G contains a matching which saturates every vertex in X
(where G is bipartite with bipartition V(G) = X UY'). We suppose that G has no
such maiching and we will obtain a contradiction.

Iet M* be a maximum matching in G. Then by our assumption M* does not
saturate every vertex of X . Let 2, be a vertex in X which is not saturated by M™*. Since
M?* is maximum, by Berge’s Theorem {Theorem 4.2) there is no M*-augmenting path
in G. Thus if P is an M"-alternating path in G which starts at the M*-unsaturated
vertex 2o it must finish at an M*-saturated vertex. Thus P is of the form

Zo1Zr Y222« YnTn {4-5)

of ToWiTi1Y2Tz...Tn-1ln (4.6)

where the edges y171, yax3,... are in M*, the other edges, namely oy, 214n,... are
not in M*, and, in (4.6), the vertex y, is M"-saturated. Note further that since G is
bipartite we have y1,...,¥, all in Y while z,...,z, are all in X, Moreover, in (4.5),
since T._1¥. 1s an edge not in M* but y,, is M*-saturated we can extend the path to
become one of type (4.6) by adding on the edge y,z. where z,, i3 the vertex matched
to g, under M™.

Now let 8 be the set of al} those vertices in X which can be reached from z¢ on an
M*-alternating path. {We exclude zo itself from §’, i.e., we do not consider the path of
length 0.) Thus S’ consists of all the possible z;,. ..,z that can occur on paths P as
described above. Let T denote the set of all those vertices in ¥ which can be reached
from zp on an M*-alternating path, i.e., T consisis of all the possible y;,...,y, that
can occur on paths P as described above. Then, since, as we have seen above, each of
these possible z,,...,T, is matched up with a corresponding y;, we get

") = |T.

We illustrate the proof so far with the bipartite graph G of Figure 4.11 with
maximum matching M* as shown, for the vertex zo we hawe 5 = {a;,42,45,a,}
and T = {b,,bs,b5,6,} (30 that {5'} = 4 = [T'}) because {the M*-alternating paths
starting at xy are
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Toby, Toby {length 1),
zobyaz, zobaas {length 2),
Tobaagby, Zobzagds (length 3),
Tobyazdyay, Tolnasbzas  (length 4),
zobyazbiarby (length 5),
zobiashiarbeay (length 6).

Figure 4.11

Continuing with the proof, we let § = 8’ U {z5}. Now if a vertex y is adjacent to a
vertex belonging to § we have either

() y adjacent to x4 or

{8) v adjacent to a vertex z; in X which occurs on an M*-alternating path
starting at x,.

In case (&), y € T since y is the terminal vertex of an M*-alternating path of length
1 (which in fact can be extended to an M*-alternating path of length 2). In case (§) if
P is an M"-alternating path from z; to the vertex z; then either y is already a vertex
on this path or the path can be extended to alonger M*-alternating path P by adding
on the edge 2;y. Thus again y is in T. This proves that N(5) C T. Moreover, from
the definition of T', clearly T C N(S5). Thus N(S) = T. However, since § = §'U{z,},
we have |§| = |$’} + 1 = (from above) [T|+ 1 = [N{5)| + 1 and s0 |[N{5)| < |5].
This contradicts (*). The contradiction shows that G' must have a matching which
saturates every vertex of X after all. O

Exercises for Section 4.2

4.2.1 'Silly Cone Valley High School has vacancies for seven teachers, one for each of
the subjects Chemistry, Engish, French, Geography, History, Mathematics and
Physics. There are seven applicants for the vacancies and all are gualified to
teach more than one subject. The applicants and their subjects are listed in the
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table helow. Draw a bipartite graph to represent this situation and determine the
maximum number of (suitably qualified) teachers Silty Cone Valley can employ.

Ms Adventure Mathematics, Physics

M Belief Chemistry, English, Mathemadtics
M: Chance Chemistry, French, History, Physics
Miss Demeanour | English, French, History, Physics
Ms Entirely Chemistry, Mathematics

Miss Fire Mathematics, Physics

Ms Givings English, Geography, History

4.2.2 Amy, Beth, Cathy and Debby are trying to decide on who to take to the Silly
Cone Valley High School Hop. The table below shows which boys they would not
mind taking. Is it possible for all four girl: to choose suitable partners? Answer
this by first setiing up a bipartite graph and checking, in detail, to see if Hall’s
condition is satisfied by the set X consisting of the four girls.

Amy | Matt, Pete

Beth | Nick

Cathy | Pete, Rod, Steve
Debby | Rod, Steve

4.2.3 Prove that a nonempty bipartite graph & has a perfect matching if and only if
|S] < |N(S)| for all subsets S of V(7). Show, by example, that the bipartite

condition can not be omitted.

4.24 A (vertex) covering of a graph G with vertex set V is a subset K of V such
that every edge of G is incident with at least one vertex in K. A covering K is
called minimum if there is no covering K’ of G with |K’| < |K|. Figure 4.12
illusirates a covering and a minimum covering in a bipartite graph G.

Figure 4.12: A covering and a minimum covering (shown by the white vertices).

Let G be a bipartite graph, M be a matching in G and K be a covering of G,

(a) Prove that |M| < |K]|.

{(b) Prove that if [M| = (K| then M is a maximum matching and X is a

minimum covering.
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(c) Let G have bipartition ¥ = X UY and let M be a maximum matching in
G. Let I/ denofe the set of all M-unsaturated vertices in X and let S and
T be the sets of those vertices in X and ¥ respectively joined by an M-
alternating path to a vertex in U. By adapting the second proof of Hall’s
Marriage Theorem, prove that N(5) =T.

(d} Keeping the same notation as in (c), prove that X = (X —S5)uT is a
covering of G with |[K| = |M]|.

(e) Prove that the number of vertices in a minimum covering of G equals the
number of edges in a maximum matching of G.

4.3 The Personnel Assignment Problem

In a high school, n teachers z,,...,r, are available for n classes 4,...,¥n, each
teacher being qualified to teach one or more of these classes. Can all the teachets be
assigned, one teacher per class, to classes for which they are qualified? This is called
the personnel assignment preblem.

We describe the problem in {erms of a bipartite graph . We define (¢ to have
bipartition V(G)} = X UY where

X = {z1,...,2a} Iis the set of teachers,
Y = {w,....¢a} iz the set of classes

and an edge joins teacher z; to class y; if and only if #; is qualified to teach class
¥;. The problem is then determining whether (7 has a matching which saturates each
vertex of X.

We now present a method which, for any bipartite graph G with bipartition
V(G) = X UY, either finds a matching in G which saturates every vertex of X
ot, if no such matching exists, shows that there is no such matching by finding a
subset § of X with |N(S)| < 15]. {If there is such a subset § then no such matching
exists by Hall's Marriage Theorem.) Note that we do not assume that | X| = [¥|—if
|X| = {Y¥|, as in the high school example above, then any matching which saturates X
will automatically saturate ¥, because of the properties of a matching and a bipartite
graph, and so such a matching will be a perfect matching.

The method is as follows:

A matching algerithm for bipartite graphs
Step 1. Begin with any matching M (e.g., any edge will do).

Step 2. Look for an M-unsaturated vertex xo in X. If there is none then M is a
matching of the type we want.

If there is such a vertex z, we look for an M-augmenting path P with origin
zg. If such a path is found then we create a bigger matching M’ by a transfer
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along the path. Since M’ is bigger than M it saturates more vertices in X
than M does. We then proceed to Step 3 below.

If no such path is found then the argument used in the second proof of Hall's
Marriage Theorem produces a subset $ of X with |N(5)] < |5] and so &
has no matching which saturates X.

Step 3. If all of the vertices of X are saturated by M’ we stop since M’ is then a
maiching of the desired type.

Otherwise we repeat Siep 2 with M replaced by M.

Of course, the problem now is how to find the augmenting paths or, if there are
none, to show that none exist. The folowing definition will be helpful.

Let M be a matching in the graph G (still bipartite as above) and let
zg be an M-unsaturated vertex in X. Then a subgraph H of G is called an
M-alternating tree rooted at z; if

(i) His atree,

(i) 2o € V(H), the vertex set of H, and

(iti) for every vertex v in the tree H the unique path in H from z, to v
is an M-alternating path.

An example of a bipartite graph G with matching M and an M-aliernating tree is
given in Figure 4.13.
a 5?

b, b
Ay LY a3 ay ag
X X,
2y ay
G
by b, by
Y
b, by, by b, by

ag =X, , the root
Figure 4.13: A matching M in a bipartite graph and an M.alternating tree.

We now show how to look for an augmenting path with origin =y by “growing”
an M-alternating tree H rooted at zp. The method is based on arguments used in
a related problem by two Hungarian mathematicians, D. Kénig [37} and J. Egervary
{19]. It is known simply a¢ the Hungarian method.
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The growth of the M-alternating tree H rooted at zg is such that, at any stage,
either

(i) all vertices of H except zo are M-saturated and matched up in pairs under M
ot

{(ii) H has an M-unsaturated vertex different from .
Figure 4.14 shows examples of the two different cases:

ummmmulo
0

?

example of case () example of case (i)

Figare 4.14: The two growth paticrne of an alternating tree.

If case (i) holds, as it does at the very first stage in the growth when the tree consists
just of the single vertex, the root zg, then setting 5* as those matched vertices in the
tree H which are an even distance from zp and setting T as those matched vertices
in # at an odd distance from 7y we have

7] = |5},

More pictorially we can describe T' as consisting of those vertices in the tree at the
bottoms of the dark (shaded) branches while 5* consists of those at the tops of the
dark branches. The definitions of §' and T are similar to those used in the second
proof of Hall’s Marriage Theorem. We now define (again see the second proof)

5=5 U {zg}.
Then ' C N(8).
We now break (i) into the following two subcases:
(a) T=N(S), ()T #N(S).
If (a) holds then, just as in the second proof,
N{S) = [T| = 5] = |S] -1

so that |N(S)| < |91
Thus, in this subcase, 7 has po matching which saturates X, because of Hall's
Marriage Theorem.
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If (b) holds then there is a vertex y in 3, which 1s not in T, but which is adjacent
to some z in S. Now, since we are dealing with case (i) still, either z = x4 or z is in
5" and so already matched up in the tree H under the matching M. In either case the
edge zy cannot be in M. Now if y is saturated by M, say the edge yz is in M, then
we grow on to the tree H by adding on the edges zy and yz and the new tree will still
satisfy case (i). {See, for example, Figures 4.15 and 4.16.) If, on the other hand, y is
not M-saturated we grow H by adding the vertex y and the edge oy, thus producing
a new tree satisfying case (ii).

If at any stage of the growth we obtain a iree satisfying case (i) then the tree
contains an M-augmenting path starting at the M-unsaturated zo and finishing at
the other M-unsaturated vertex. Thus in this case we may replace the matching M
by a bigger matching obtained by a transfer along this path P.

S—.

¥ M-saturated

¥

Xo

case {i)

Figure 4.15: A growth of the alternating tree ending in case (i)

¥ M-unsaturated

Figure 4.16: A growth of the alternating tree ending in case (ii).

Describing the Hungarian method in algorithmic fashion we now have:
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The Hungarian Algorithm

Step 1.

Step 2.

Step 3.

Step 4.

Start with an arbitrary matching M.

If M saturates every vertex in X, stop. M is then a matching of the desired
type.

Otherwise, let zg be an M-unsaturated vertex in X and
set § = {zg} and T = @,
If, in G, N(§) =T then [N(S)| < |3, since [T| = 15| - 1.

In this case stop since Hall's Marriage Theorem says that G has no matching
which saturates every vertex in X.

Otherwize choose an element y in N(5) which is not in 7.

If y is M-saturated, let yz € M, t.e,, z is the veriex maiched to y under M.
In this case replace § by 5 U {z} and"7 by T U {y} and return to Step 3.
{Note that the new 5 and T still satisfy [T = [5] - 1.)

Otherwise, since y 1s then M-unsaturated, let P be the M-augmenting path
from 2 to ¥ and replace M by the iransfer along P of M. Then return to
Step 2.

We illustrate the algorithm using the graph G of Figure 4.17.

Figure 4.17: The matching M is given by the ahaded edges.

Step 1. Start with the matching M given by the shaded edges.

Step 2. The vertex zy = a3 is M-unsaturated in X.
Set § = {a;} and T'= 9.
The tree H at this stage consists simply of the root a;. (See Figure 4.18 (a).)

Step 3. N{S) = {b, b} so N(S) # T. Choose b, which is in N{5) but not T.

Step 4. y = b, is M-saturated so the tree H becomes that of Figure 4.18 (b).
S becomes {e1,4a,} and T becomes {&;}.
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by

() Qa, @) a, © ay
Figure 4.18: The growth of the M.alternating tree H.

Step3. N(8) = {2,535} # T. Choose y = by which is in N(5) but not in T,
Step 4. by is M-unsaturated so the tree i becomes that of Figure 4.18 (c).
S becomes {1, ¢3,a3} and T becomes {4, b3}.
Step 3. N(S) = {by, by, b3, by, s, bg} 3# T'. Choose y = b which is in N () but not T

Step 4. b, is M-unsaturated and so the tree H becomes that of Figure 4.18 {d).

We let P be the M-augmenting path from ay to by, Le, 23b3a3b;, and replace M
by the transfer along P of M. This gives the new matching M of Figure 4.19.

Figure 4.19: The new latger matching M.

We now return to step 2.

Step 2. The vertex a4 = zy is M-unsaturated in X.

Set S ={aq} and T = Q.

The tree H at this stage consists simply of the root ay. (See Figure 4.20 (a).)
Step 3. N(5) = {b;, b3, b4, 8¢} # T. Choose y = by which is in N(5) but not in T.

Step 4. by is M-saturated so the tree H becomes that of Figure 4.20 (b).

S becomes {a1,a4} and T becomes {5:}.
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i, a, ag
H H
by by by
H
® O, @®) a, (o) a,

Figure 4.20: The growth of the Af-aliemating tree J.

Step 3. N(8) = {b2, b3, b, bv} # T. Choose y = b which is in N(5) bui not in 7"

Step 4. by is M-saturated so the tree H becomes that of Figure 4.20 (c).
S becomes {a1, 62,4} and T becomes {b;, bs}.

Step 3. N(S) = {ba, bs, bs, br} # T. Choose y = b which is in N(S) but not in T.

Step 4. by is M-saturated so the tree H becomes that of Figure 4.20 {(d).
S becomes {a1,4a3,04,05} and T becomes {3, b3, by}

Step 3. N(8) = {by, ba, by, bs, by} # T. Choose y = bg which is in N(S) but not in T
Step 4. b is M-unsaturated so the tree H becomes that of Figure 4.21.

bg

Figure 4.21: The final growth of the Af-alternating tree H.

We let P be the M-augmenting path from a4 to bg, i.e., a4b;asbs and replace M
by the transfer along P of M. This gives the new matching M of Figure 4.22.

We now return to step 2.

Step 2. The vertex ay is M-unsaturated in X.
St S={a;}and T = 0.
The tree H at this stage consists simply of the root ay. (See Figure 4.23 (a). )
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Figure 4.23: The growth of the M-alteznating tree .

Step 3. N(8) = {b;, %} # T. Choose y = b; which is in N{5) but not in T

Step 4. by is M-saturated so the tree H becomes that of Figure 4.23 (b).
S becomes {a, a7} and T becomes {4.}.

Step 3. N(8) = {by, 85} # T. Choose y = b3 which is in N{5) but not in T

Step 4. b3 is M-saturated so the tree H becomes that of Figure 4.23 (c). § becomes
{a1,a3,a+} and T becomes {by,b}.

Step 3. N(S) = {2, 5} and this is the same as T,

Thus we stop since we have produced a subset § with |N(§)| < 15]|. Hall’s
Marriage Theorem tells us that @ has no matching which saturates every vertex
in X. Moreover, since the final matching M saturates all but one of the vertices
of X this matching must be maximum.

Exercises for Section 4.3

4.3.1 Starting with a matching consisting of a single edge, perform the Hungarian
method on the bipartite graphs of Figure 4.24 to determine whether or not the
graphs have matchings which saturate every vertex of the bipartition subset X.
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(Use the Hungarian method in a systematic way by considering the vertices in
the subsets X and Y in the order given, i.e., ;,23,... and y1, 43, ..., and detail
the steps of the algorithm as given the in text.)

Figure 4.24

4.4 'The Optimal Assignment Problem

In production planping a wide variety of assignments are routinely made, e.g.,
coniracts are assigned to subconiractors, individual workers are assigned to tasks,
wotk groups are assigned jobs, machine tools are assigned locations, goods ate stored
in assigned warehouse locations, etc.

Consider the following simple example involving the assignment of workers A, B, €
to three tasks 1, 2, 3 by their foreman. The foreman, on checking his files, finds that
each of the three workers has had earlier experience on all three tasks and he knows
how long each has taken to complete each task. This gives the following complete
bipattite weighted graph of Figure 4.25, the weights dencting the times taken:

Which man should the foreman assign to each task in order to keep the total length
of time involved to a minimum? The problem of finding such an assignment is known
as the optimal essignment problem. As in Bondy and Murty [7], we will actually look
at the problem from the viewpoint of maximization, instead of minimization, so, for
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Figure 4.25: A complete bipartite weighted graph,

example, the weights in Figure 4.25 could instead represent a measure of efficiency
and the foreman’s task is to assign the workers in the most efficient way.

We will treat the assignment problem in the following special case.

Let G be a weighted complete bipartite graph with bipartition V(G) = XUY where
X ={z3,...,2n} Y = {#1. .., ¥n} have both the same number of elements and, for
each ¢ and j, the weight wy; is given to the edge joining z; to y;. This corresponds
to a situation where there are the same number of workers as there are jobs, each
worker can do each job and w;; denotes the effectiveness of worker z; in job y;. The
optimal assignhment problem is then to find 2 maximum-weight perfect matching in
this weighted graph. Such a matching will be called an optimal matching.

We now present an algorithm for finding an optimal matching. It uses a labelling
techmique.

If we label each vertex v of the weighted complete bipartite graph G with
a real number A(v), then this labelling is called a feasible vertex labelling
of G if, for all 2; in X and all y;in Y,

A(z;) + My;) > w;;, the weight of the edge =;y;. 4.7)

" Thus a feasible vertex labelling is a labelling of the vertices of G such that the sum
of the labels of the two ends of an edge is never less than the weight of the edge.
We can always produce a feasible vertex labelling A for G by defining

Az:)

My;)
In other words, we just assign the label 0 to all vertices in ¥ and, for any z; € X,
A=) is the maximum of all the weights of the edges incident with z;. This labelling
used for the graph of Figure 4.25 is shown in Figure 4.26.

Given a feasible vertex labelling A for G we let E denote the set of those edges for
which eguality holds in (4.7) above, i.e.,

By = {ziy; : Ma:) + My;) = wi}

(where z.3; denotes the unique edge from z; to y;).

ma.x{w,-j:lgj <n} fzeX
0 {4.8)

if y; €Y.
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aa=13 AQ

X{B)=10 B @

Figure 4.26: A feasibie vertex labeiling for the graph & of Figure 4.25.

The spanning subgraph of G with edge set E) is called the equality
subgraph cotresponding to ) and is denoted by G.

Figure 4.27 shows the equality subgraph & for the graph and feasible vertex
labelling X of Figure 4.26.

Ac 13+ 0=18 1

104 0=10

Figure 4.27: (s for the graph and feasible vertex labelling X of Figure 4.26.

As a second example, the labelling p given by u(A) =13, u4(1) = 1, u(B) =11,
p{2)=0, p(C)=9, (3)=0is also a feasible verjex labelling for the graph & of Figure
4.25 and since p(z;) + p(y;) > wy; for every vertex z; and every vertex y;, the equality
subgraph G, cotresponding to u is shown in Figure 4.28. .

AD Q1

B O [+ R
Gy

cO o3

X Y

Figure 4.28: A rather empty equality subgraph .

The importance of equality subgraphs is given by the following theorem.
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Theorem 4.8 Let ) be a feasible verter labelling for the weighted complete bipartite
graph G. If the equality subgraph G, has a perfect matching M* then M* is an optimal
matching for G.

Proof Let M* be a perfect matching for the subgraph G). Since G is a spanning
subgraph of (7, M* is also a perfect matching of G. Now the weight of M*, w{M"), is
the sum of the weights of all its edges, i.e.,

w(M*) = }_ wle),

eEM*

and since each edge e in M* is in the equality subgraph G we have, for such an e,
w(e) = A(z) + A(y) where 2,y are the two end vertices of e, Moreover, since M* is a
perfect matching of (7, its set of edges involves ail the vertices of G (once and only
once). Thus

WM = 3 wle) = 3 (A(®:) + A3i)) (4.9)

eEM™" i=l

On the other hand, if M is any perfect matching of G, then

w(M) = 3 wie) < f{“‘”") + M) (4.10)

e M

{again since M is perfect it involves all the vertices of 7 once and only once but, for
any edge e in M we can only say w(e) < A(z) + A(y), instead of w{e} = A{z) + A(y)).
Combining (4.9) and (4.10) we get

w(M*) > w(M).

Since M was an arbitrary perfect matching of G, it follows that M™* is an optimnal
matching for G, as required. L]

We use Theorem 4.6 to give an algorithm for finding an optimal matching in a
weighted complete bipartite graph. The algorithm is due to Kuhn (1955) {40] and
Munkres (1957) [47].

We start with an arbitrary feasible vertex labelling A for ¢ (for example, the one
defined by (4.8)). We determine the equality subgraph G corresponding to A. Then,
starting with an arbitrary matching M in G, we apply the Hungarian method to Gy
to either find a perfect matching M* for G or to find a matching M’ for ), that is
not perfect and which cannot be enlarged upon using the Hungarian method.

In the first case, Theorem 4.6 tells us that M* is an optimal matching for & so we are
finished. In the second case, for the matching M’ we will have found an A'-alternating
tree H which contains no M'-augmenting path and which cannot be grown any more
in G,. Up to this stage we have just used previously acquired techniques, but now
we introduce a new technique to handle this second case. We modify )k to produce
a pew feasible vertex labelling A’ which has the property that its equality subgraph
() contains both M’ and the M'.alternating tree H but with the extra feature that
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now H can be grown some more in G5 (although it had achieved maximum growth
in Gy).

The modification uses the fact that the M'-alternating tree H, as described above,
is reached in the Hungarian method when there is a subset § of X and a subset T of
Y (as produced by the method) with

N (8)=T.

(Here we have written Ng,{S) rather than N(8) to emphasise that the Hungarian
method is performed on ) rather thar on G.)

With this 5 and T we now compute

dy = min{Mz) + My) —w(zy) :z € S,y ¢ T'}. (4.11)
We refer to dy as the defect of A,

Using the defect we define the new feasible vertex labelling A’ as follows:
For a vertex v in G we let

M) —d, HveS$
mw={uw+@imer (4.12)

Av) ifvgSUT.

Then the equality subgraph Gy does contain M’ and the M’ alternating tree H and
H can be grown further in Gy, as claimed above, but we will not verify this here.
{We also leave as an exercise the justification that A as defined is indeéd a feasible
vertex labelling.)

We now go back to the beginning and carry out the process on Gy (instead of G,).
Repeating the process we make modifications of the labelling whenever necessary until
eventually a perfect matching 1s found in some equality subgraph. When this is found
then, by Theorem 4.6, it is an optimal matching of &7 and so we are finished.

We now sumumnarise the above process in algorithm form and illustrate it with an
example.

The Kuhn-Munkres Algorithm

Step 1. Start with an arbitrary vertex labelling X for G, deiermine the equality
subgraph &, and choose an arbitrary matching M in G,.

Step 2. If X is M-saturated then M is a perfect matching in @5 (since |X| = |¥}])
and so, by Theorem 4.6, M is an optimal matching for . In this case, stop.
Otherwise, let ry be an M-unsaturated vertex in G.

Set § = {2y}, T = 0.
Step 3. If, in G, Ng,(5) # T go tostep 4.
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Otherwise, Ng,(5) = T. Compute the defect dy of X as given by (4.11) and
then compute the new feasible vertex labelling A’ according to (4.12) above,
Replace X by X and G by G and then rename 7, as G,

(At this stage, in the new () we will have Ng,(S) # T as at the first line
in this step.)

Step 4. Choose a vertex y in Ng, (§) which is not in T'. As in the Hungarian method
(see Section 4.3) comsider whether or not y is M-saturated in G. If y s
M-saturated, with y2 € M, replace S by S U {z} and T by T U {y} and
return to Step 3.

If y is M-unsaturated, let P be the M-angmenting path from zo to y and
replace M by the transfer along P of M.

Then return to Step 2.

Example A machine shop possesses seven different drilling machines y,,...,¥7 On
8 certain day seven jobs xy,...,2; arrived that needed drilling. The profit obtained
by performing each job z; on each of the machines y; is given in the following 7 x 7
matrix W, where the (7, j)th entry w;; is the profit for the job x; done on machine y;.

[3 55 4123
57765846
2022221
W=1{2444324
1213131
6 8858728
(2 4431033

Since each job has to be done at the same time, the shop manager wishes to find the
best way to assign each job to a different machine. Having obtained a pre-publication
copy of this book, she immediately recognises that the problem is to find an optimal
matching for the complete bipartite graph K77 of Figure 4.29 whose edges are weighted
according to the above matrix W.

Figure 4.2% Ky ;.

The graph G = K77 has 5040 different perfect matchings go she performs the Kuhn-
Munkres algorithm on G.
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Step 1. We use the feasible vertex labelling A as defined by (4.8), namely

My;) = Oforallj:1<5<7and
Az) = max{wj;:1<j<T}foreachi:l <i<T.

In particular, A{x;) is just the maximum value on the ith row of the matrix W.
We write down the matrix W again, with the maximum elements in each row in
bold type, recording the labels A{z;),..., AM{z7) down the right-hand side of W
and the labels A(y1),...,A(yr) along the bottom of W:

Az
[3 5 56 4°'1 2 3] 5
5 T 76 5 4 8 T
2022221 2
W = 2 4 4 43 2 4 4
12138181 3
6 88 5 8 7 8 8
(2 441033] 14
My;) 000000

Then the values i, 7 corresponding to the bold entries of W give precisely those
pairs of vertices z;,y; for which

A=) + My;) = wy-

Thus the equality subgraph G is the graph of Figure 4.30 which {surprise,
surprise!) happens to be the graph of Figure 4.22 (but with x4, 23,...,41,%2,...
instead of a1, a2,...,b1,02,...)

Figure 4.30: The equality subgraph & with matching f.

We choose the matching M for G, as given by the shaded edges. Again, this
corresponds to the matching shown in Figure 4.22.

Steps 2, 3, 4, 3, 4, 3: X is not M-saturated. Performing the Hungarian method on
G, we find the subset § = {z;,2, 27} of X and the subset T = {ys,y3} of ¥
such that

Ng, (S)=T.

Hence we now compute the defect di of A using (4.11):
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dx min{ Az} + AMy) —w(zy):z € 5,y ¢T}
min{ A{z1) + A(tn) — wlziw), Mar) + A{ya) — w(ziga),
Alze) + Mys) —wl(z1ys), Alz.; + AMys) — wlziye),
A(ms) + Myr) — wlzagn)y A(ze) + Algn) — wlzapn),

M) + Mor) — w(mape), Mae) + M) — wizap),

A(zr) + My = T) — wlzayr)}s
min{ 5+0-3,54+0-4,...,440-3)
1.

{Note: Using the definition of the defect dy, one can prove that dx is always
strictly positive, i.e., dy > 0. In this example, d, is a difference of integer numbers
and the smallest possible such difference which is strictly positive is, of course,
1. Thus, as soon as we reach 1 in the above calculation, we know that this is d,.)

We now compute the new feasible vertex labelling A’ using (4.12):

Alw)—dy ifveS={z,z,2,}
N@)=3 Ap)+dy fvel = {ymy)
Alv) fogSul.

We write down the matrix W again, recording the new labels A (x1),..., A {(z7)

down the right-hand side of W and the new labels M(yn),...,A(ys) along.
the bottom of W. The bold entries of W correspond to the edges zy; where

M=) + Xy;) = w(ziy;) :

Az:)
'3 5854123 4
5778654686 6
2022221 2
W = 24 4 43 2 4 4
12131381 3
6 885 8178 8
(2441038 3

My) 0110000

Renaming X" by A and computing the new equality subgraph (7, we get the graph
of Figure 4.31 {where the edges correspond to the bold entries of W as shown
above).

Note that, as claimed earlier, the new equality subgraph (7 contains the

matching M of the old equality subgraph and alao the M-alternating tree,
corresponding to the subset § = {z3,72,77} and T = {y2,¥3}, shown in Figure

4.32 (a). However, in our new Gy, Ng,(5) = {y2, 93,90, Voo 97} # T-
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Figore 4.31

Step 4. Since Ng,{8) # T, choose y = y, which is in Ng,(5) but not in T,
Since yy is M-saturated the alternating tree H becomes that of Figure 4.32 (b).
S becomes {zy, £y, 24,27} and T" becomes {y3,¥3, ¥4}

Step 3. Ng,(8) = {2, ¥s. Ve Yo7} # T

Step 4. Choose y = ye which is in Ng, () but not in 7.
Since yq is M-saturated the alternating tree H becomes that of Figure 4.32 (c).

8 becomes {1, 23, 24,5, 27} and T becomes {y9,¥s, ¥4, Ve |-
X4T "4T
i
0

S
xl? ? xg %19 ? x; x1§ x5 ? Ay
!

T
A

¥q ’ Y 0¥ ¥3 ¥ Yg ¥3

ta) ) “

X1

Figure 4,32; The growth of the M-alternating tree H.

Step 3. Ng,(5) = {v2,¥9, 40, We, 07} # T

Step 4. Choose y = y7 which is in Ng, () but not in T.
Since yr is M-saturated the alternating tree Hf becomes that of Figure 4.33 (a).
'S becomes {z1, %3, 24, 75, g, 7} and T becomes {y3, ¥, Y, Ve, ¥7 -

St'ep 3. NG](S) = {yhyii;ylhyhyﬁyy‘f} # T.
Step 4. Choose y = ys which is in Ng, (5) but not in T,



152 : Chapter 4. Matchings

Since y; is M-unsaturated, the Af-alternating tree H becomes that of Figure
4.33 (b).
This produces the M-augmenting path P = zr y, T1 ¥4 T4 ¥r Lo ¥s.

Xg Xg
¥q Yy
X4
‘)f‘
31 xg X g x
H H

¥s
Xy
/1
XE 82
L
(a) X q (b) Xq

1
¥ Ya ¥z ¥a

Figure 4.33: Further growth of the M-alternating tree H.

We replace M by the transfer along P of M to get the new matching M as shown
in Figure 4.34. '

Figure 4.34: The new improved maiching M.

Step 2. X is M-saturated by this new matching M. Thus M is a perfect matching
of Gy and so M i3 an optimal matching for G.
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et}

Hence the maximum profit is obtained by assigning the jobs to the machines as
shown in the following table:

job { machine | profit
Ty #a 4
Iz ¥s 7
Iz 131 2
Iy 1 Y7 4
s Ve 3
Zs ¥5 8
Ty Ya 4

Total profit = 32

We now briefly consider what would happen if we had chosen a different initial
vertex labelling in step 1. Let us suppose we had chosen the feasible vertex
labelling X given by A{y;) = 0 for all j,1 < § < 7, and A{z;) = 100 for ail i,
1 <4< 7. Then for all 1, ,

A(z:) + My;) = 100 + 0 = 100 > w;;.

Thus for this A the equality subgraph is the spanning sibgraph of G with every
edge deleted, as shown in Figure 4.35.

X X X3 Xy x5 Xg Xg
O Q 0 o L ] o
Y Yg Y3 Y4 ¥s Ye ¥q

Figure 4.35: A rather boring equality subgraph.

The next step in the algorithm is to choose a matching M in G,. Since our G,
has no edges our choice for M here must be M = 0.

We next choose an M-unsaturated vertex zp in X. Here z; will do. Then
we set § = {m} snd T = @ (just as in the Hungarian method). However
Ng,(8) = Ng,({m1}) = @ = T and so, according to Step 3, we now compute
the defect d, of A, as given by

dy = min{A(z) + A(y) —w(zy) : 2 € S,y ¢ T}.

~
E.
R, @
¥,
g

min{A{z,} + Ay;) —wlziy;) 11 <j <7}

min{l00+0 —w(zy;): 1 <5 <7}

min{100 ~ 3,100 — 5,100 — 5, 100 — 4,100 — 1,100 — 2,100 — 3}
95.

i



154

Chapter 4. Matchings

Using (4.12), we now define the new feasible vertex labelling A’ by:

May)
M)

100 — 95 = 5,
M) for all other vertices v.

This new labelling does give a better-looking equality subgraph G, shown in
Figure 4.36, since now there are edges present.

Figure 4.36: A better-looking equality subgraph.

Further repeated modification of the labelling introduces more edges and we
eventually obtain a solution just as with our first choice of labelling given earlier.

Exercises for Section 4.4

441

4.4.2

In a university regisiry four examination checkers wy,...,z4 are each qualified
to check (for mistakes) four particular examinations y,,...,ys. From past
experience it is estimated that when checker x; checks examination g; then
ur;; mistakes will be found, producing the following matrix

9 11 12 11
6 3 8 5
W=wi)=|7; ¢ 13 11
9 10 10 7

Mr Greene, the Chief Supervisor of Examinations, wishes to allocate one
examination per checker so as to find the greatest possible number of mistakes
over the four examinations.

Starting with the feasible vertex labelling defined by the equations {4.8), use
the Kuhn-Munkres algorithm to find such an allocation.

Repeat Exercise 4.4.1, now assuming firstly that there are only 3 checkers and
3 markers and then secondly that there are 5 checkers and 5 markers, with the
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corresponding matrices as follows.

9 7 11 ¢ T
i 10 10 6 5 10
8|, We=| 9 7 8 8 6
5 10 8 7 10 8
4 10 13 12 9

[

76
Wl= g 4
6 7

4.4.3 Let A be the labelling calculated from a feasible vertex labelling A using its
defect dy, as given by equation (4.12).
(a} Prove that )’ is a feasible vertex labelling.

(b} Prove that the equality subgraph Gy, contains the tree H used in calcu-
lating the defect and that H can be grown further in G.

4.5 A Chinese Postman Problem Postscript

In Section 3.2 we showed how 1o solve the Chinese postman problem when the
corresponding graph was Euler-or it had precisely two odd vertices. For a more
general situation, where we have more than two odd vertices, we can compute the
shortest distances between every pair of odd vertices (for example, by using Dijkstra’s
algorithm}. This then gives a complete weighted graph where the vertices are the
original odd vertices and the weights represent the shortest distances.

H we now find a perfect matching of minimal weight for this graph (note that thereis
an even number of vertices in this weighted graph so there do exist perfect matchings),
then each edge in this perfect matching can be used to build an Euler supergraph of the
original graph. An application of Fleury’s algorithm on this supergraph then produces
a Chinese postman tour for the graph just as in the case for two odd vertices,

Exercise for Section 4.5

4.5.1 Solve the Chinese Postman Problem for the graph of Figure 3.18 by constructing
a complete weighted graph on the four odd vertices, with weights representing
the shortest distances, and then finding a perfect matching for this weighted
graph. What is the resulting postman’s tour?
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Planar Graphs

5.1 Plane and Planar Graphs

A plane graph is a graph drawn in the plane (of the paper, blackboard,
etc.) in such a way that any pair of edges meet only at their end vertices (if
they meet at alt).

A planar graph is a graph which is isomorphic to a plane graph, i.e., it
can be (re)drawn as a plane graph.

For example, in Figure 5.1 all five graphs are planar but Gy and G, are not plane
graphs. (In fact Gz and G are redrawings of Gy while G is a redrawing of G4.)

G 4 G ]
Figure 5.1: Five planar geaphs.

167
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Not all graphs are planar. To see this.we need to speak first about a major theorem
in mathematics.

A Jordan curve ie the plane is a continuous non-self-intersecting curve
whose origin and terminus coincide.

For example, in Figure 5.2 the curve C; is not a Jordan curve because it intersects
itgelf, Oy is not a Jordan curve since its origin and terminus do not coincide, i.e., its
two end points do not meet up, but C; is a Jordan curve. Another Jordan curve is
shown in Figure 5.3.

¢, C, C,
intersection
—l Ve

origin terminus

Figure 5.2; 1 and Cz are not Jordan curves but C} is.

Figure 5.3: A brave Jordan curve.

If J is a Jordan cutve in the plane then the part of the plane enclosed by
J is called the interior of J and denoted by int J — we exclude from int J
the points actually lying on J. Similarly the part of the plane lying cutside J
is called the exterior of J and denoted by ext J.

The Jordan Curve Theorem states that if J is a Jordan curve, if z is a point in
int J and y is a point in ext J then any (straight or curved) line joining = to y musi
meet J at some point, i.e., must cross J.

This theorem is intuitively obvious but very difficult to prove. We illustrate it in
Figure 5.4.

Another form of the theorem states that if z,,z, are any two points in int J then
we can find a (straight or curved) line joining z, to 2, which lies entirely within int J.
An illustration of this is given with the curve € of Figure 5.3, with two points joined
by an internal line.

We now use the Jordan Curve Theorem to prove that there are nonplanar graphs.
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N\

Figure 5.4

Theorem 5.1 K, the compleie graph on five vertices, is nonplanar,

Proof Recall that one of the usual ways of drawing Ky is as shown in Figure 5.5.

Figure 5.5: K.

We assume that K is planar and derive a contradiction from this assurnption. Let G
he a plane graph corresponding to K and denote the vertices of G by vy, vz, va, va, vs-
Since G is complete, any pair of distinct vertices are joined by an edge. Let C be the
cycle vivavsy; in G. Then C forms a Jordan curve in the plane. Since vy does not lie on
C it must either lie in int C or in ext C. Let us suppose that vy is in int C. (The other
possibility, that v, i3 in ext C, has a similar argument.) Then the edges v4vy, v4v, and
w403 divide int C into three regions int ), int C; and int €3 where C,,Cs, and Cy
are the cycles vivgvavy, vavavavy, and vyvavawy respectively. (See Figure 5.6.)

ext C




160 Chapter 5. Planar Graphs

The remaining vertex vs must lie in one of the four regions int €y, int Cy, int Cs
and ext C, ¥ vy € ext € then, because vy € in{ C, the Jordan Curve Theorem tells
us that the edge v4vs must meet C at some point. However this means that the edge
v4vs mugt cross over one of the three edges vivz, vavs and vav; which make up C. This
contradicts our assumption that G is a plane graph. The remaining possibility is that
vy is in one of int Cy, int C5, int 5.

We suppose that v is in int C), the other two cases being treated similarly. Now
vz is in the exterior of the Jordan Curve given by the cycle ) = vwavyv,. By the
Jordan Curve Theorem the edge joining the point 5 (in int C1) to w3 (in ext €} must
cross the curve ) and so must cross one of the three edges vyvg, vavs, vev1, again
contradicting the assumption that 7 is plane, This final coniradiction shows that our
initial assumption must be false. Hence K is not planar. [1

Recall that the usual way of drawing K35 is as shown in Figure 5.7. It too is
nonplanar as we now record.

Figure 5.7

Theorem 5.2 The complele bipartite graph Ky 3 is nonplanar.

Proof The proof is similar to that of the previous theorem and is lefi as Exercise
5.1.3. 0

We will give different proofs for these last two theorems in the next section.
Note that, since (clearly) any supergraph of a nonplanar graph is also nonplanar,
these two theorems guarantee a plentiful supply of nonplanar graphs.

Exercises for Section 5.1

5.1.1 By redrawing them as plane graphs show that the graphs of Figure 5.8 are
planar.

5.1.2 Prove that any subgraph of a planar graph is planar.
5.1.3 Prove Theorem 5.2 by modifying the proof of Theorem 5.1,
5.1.4 Using Exercise 5.1.2, find

{a) all n > 2 for which the complete graph K, is planar,
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Figure 5.8: Four planar graphs.

(b} all m,n = 1 for whick the complete bipartite graph Ko« is planar,

5.1.5 (a) Show that if e is any edge of K then Kj - ¢ is planar.
(b} Show that if e is any edge of K33 then K33 — ¢ is planar.
5.1.6 A nonplanar graph G is called critical planar if G —v is planar for every vertex
vof G.
(a) Which complete graphs K, are critical planar?

(b} Which complete bipartite grapha K, , are critical planar?

(¢) Prove that any critical planar graph muset be connected and have no cut
vertex.
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5.2 FEuler’s Formula

A plane graph G partitions the plane into a number of regions called the
faces of G. More precisely, if z is a point on tke plane which is not in G, ie.,
is not a vertex of G or & point on any edge of &, then we define the face of
G containing © to be the set of all points on the plane which can be reached
from z by a (straight or curved) line which does not cross any edge of G or
go through any vertex of G.

For example, for the point z in the graph G, of Figure 5.9, the face containing z is
shown as the dotted region. In this example obviously the face of G containing the
point y is the same face as that containing z. It is bounded by the cycle vyv vaugvsvq.
The face of G; containing the point x is not bounded by any cycle. It is called the
exterior face. of (7;.

Fignre 5.9;: A plane graph with four faces.

Any plane graph has exactly one exterior face. Any other face is bounded by a
closed walk in the graph and is called an interior face.

As another example, in Figure 5.10 we have a graph G; with nine faces f),..., fo.
Here fg is the exterior face.

Figure 5.10: A plane graph with nine facea.

The number of faces of a plane graph G is denoted by f{{F) or just simply by f.
Thus, for the above, f(G1) =4, f(G,) =9.
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In our next result we give a simple formula showing the relationship between the
number of vertices, edges and faces in a connected plane graph. It is one of the best-
known formulae in mathematics and was proved by Euler [22] in 1752,

Theorem 5.3 (Euler’s Formula) Let G be a connected plane graph, and let », ¢,
and f denote the number of vertices, edges and faces of G, respectively. Then

n—e+f=2

Proof We will give two proofs.

(First proof.) In this proof we use induction on f, the number of faces of G.

If f = 1 then G has only one face, the exterior face. If G contains any cycle ¢
then, in the region of the plane bounded by C, there is at least one bounded face of
G, impossible since G has only the exterior face, which is unbounded. Thus G has no
cycles. Hence, since (7 is connected, it is a tree. Then, by Theorem 2.4, the number
of edges e of G is n — 1. Hence

n—e+f=n—-(n-14+1=2

and this proves the theorem in the case when f = 1.

Now suppose that f > 1 and that the theorem is true for all connected plane graphs
with less than f faces. Since f > 1, G 13 not a ttee and so, by Theorem 2.8, G has an
edge k which is not a bridge. Then the subgraph G — k is still connected and, since
any subgraph of a plane graph is clearly a plane graph, G — k is also a plane graph.
Moreover, since the edge k must be part of a cycle {see Theorem 2.7), it separates
two faces of G fromr each other and so in G — k these two faces combine to form one
face of G — k. We illustrate this in Figure 5.11.

4 faves 3 faces

Figure 5.11. T'wo faces combine when a cycle edge is deleted.

Thus, letting n{G — k), e(G — k) and f(G — &) denote the number of vertices,
edges and faces respectively of G — k, we have n{G — k) =n, e{G —k)=e—1 and
f{G — k) = f — 1. Moreover, by our induction assumption, since G — k has less than
f faces we have

nlG-k)—e(G-k)+f(G-k)=2

and so n — (e — 1) + (f — 1) = 2 which gives n — e + f = 2, as required. Hence, by
induction, the result is true for all connected plane graphs.
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(Second proof. This time we use induction on e, the number of edges of G.
If ¢ = 0 then & must have just one vertex, i.e., n = 1, and one face, the exterior
face, i.e., f = 1. Thus
n—et+f=1-0+1=2
and so the result i3 true for e = 0.
Although it is not necessary to do this, let us now look at the case when ¢ = 1. Then
the number of vertices of G is either 1 or 2, the first possibility occurring when the

edge is a loop. These two possibilities give rise to two faces and one face respectively,
as shown in Figure 5.12.

® —

nal n=2
Figure 5.12: The connected plane grapha with one edge.
Thus

1-1+4+2, intheloop case _ .
n_e+f={ 2—-1+1, in the non-loop case }_2’ as required.

Now suppose that the result is true for any connected plane graph G with e—1,edges
(for a fixed e > 1). Let us add one new edge k to & to form a connected supergraph
of 7 which we denote by G + k. There are three ways of doing this:

(i) & is a loop, in which case we have created a new face (bounded by the loop},
but the number of vertices remains unchanged, or

(ii) ¥ joins two distinct vertices of G, in which case one of the faces of G is split
into two, 30 again the number of faces has increased by 1 but the number of vertices
has remained unchanged, or

(iii) % is incident with only one vertex of & in which case another vertex must
be added, increasing the number of vertices by one, but leaving the number of faces
unchanged.

Now let »/, ¢’ and f’ denote the number of vertices, edges and faces in G and n, ¢
and f denocte the number of vertices, edges and faces in G + k. Then

incase (i), n—e+ f=n"—{+ 1)+ {f +1)=n"—¢+ f,

incase (i), n—e+ f=n'—{+ 1)+ (f+1)=n'—¢+ f,

in case {iii),n —e+ f=(n"+ 1) —('+ 1)+ ff=n"—€+ f

and by our induction assumption, n' ~¢'+ f* = 2. Thus, in each case, n—e+ f = 2.
Now any plane conrected graph with e edges is of the form G + k, for some plane
connected graph (7 with e — 1 edges and a new edge k. Thus it follows by induction
that the formula is true for all plane graphs. [J

Corollary 5.4 Lei G be a plane graph with n verticed, e edges, f faces and k
connected components. Then

n—e+f=k+1.
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Proof We leave this to the reader ds Exercise 5.2.8. {]

Corollary 5.5 Let Gy and G be two plane graphs which are both redrawings of the
same planar graph G. Then f(G,) = f(G2), i.e., Gi and Gy have the same number

of faces.

Proof Let n(G,), r(G;) denote the number of vertices and (G ), e((F;) the number
of edges in Gy, G respectively. Then, since Gy and G, are both isomorphic to G we
have n(G1) = n{G?) and e(G) = &((F;). Using Euler’s Formula we get

F(G1) = e(G1) — n(Gh) + 2 = (G2} — n(G2) + 2 = f(Gy),
as required. O

The next theorem tells us that a simple planar graph can not have “too many”
edges. In the proof we use the following definition.

Let ¢ be a face of a plane graph . We define the degree of , denoted
by d(y), to be the number of edges on the boundary of ¢.

Note that d{y¢) > 3 for any interior face  of a simple plane graph.

Theorem 5.6 Let G be a simple planar graph with n vertices and e edyes, where
n >3 Then
e<3In—6.

Proof By redrawing G if necessary, we can assume that G is a plane graph (as
distinct from planar). We first suppose that G is connected.

If n = 3, i.e., we have three vertices, then, since (7 is simple, (7 can have at most
three edges, i.e., ¢ < 3. Thus

e<{3%3)~6=23n-86,

and so the result is true in this case,
Thus we can now assume that n > 4, If G is a tree then ¢ = r — 1 and s0, since
n > 4, we gel ¢ < 3n — 6, as required. If 7 is not a tree then, since it is connected,
it must contain a cycle. It follows that there is a cycle in G all of whose edges lie on
the boundary of the exterior face of 3. Then, since G is simple, we have d{p) > 3 for
each face  of G. Let
b= X dly),

ved

where & denotes the set of all faces of . Then, since each face has at least three
edges on its boundary, we have

b>3f

(where f is the number of [aces of 7}. However, when we were summing up to get b,

cach edge of (7 was counted either once'or twice (twice when it occurred as a boundary

edge for two faces) and so I
b < 2e.
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Thus
3 <b< 26

In particular 3f < 2e and so —f > ~2¢/3. Now, by Euler’s theoremm, n = e — f + 2
and so

2e €
Te—-~—+2=—+2
n>=e 3+ 3-+~

Thus 3n > e+ 6, i.e., e < 3n — 6, as required.

Now suppose that & is not connected. Let G,,..., G, be its connected components
and for each i,1 < i < {, let n; and ¢; denote the number of vertices and edges
respectively in (3;. Then, since each (; is a planar simple graph, we have, from the
above argument, that ¢; < 3n; — 6 for each 4,1 < ¢ < ¢. Moreover

4 4
n=En;ande=Ze; and so

=1 =t

t t
e < Z[Sn; —6) =32n,~ -6t <3n—86,
=1

i=1

as required. []

Corollary 5.7 If G is a simple planaer graph then G kas g verfez v of degree less than
8, i.c., there 15 o v i V(@) with d(v) < 5.

Proof If G has only one vertex this vertex must have degree 0. H G has only two
vertives then both must have degree at most 1. Thus we can suppose that n > 3, ie.,
that G has at least three vertices, Now if the degree of every vertex of (7 is at least

six we have
E d(v) > bn.
veV(G)
However, by Theorem 1.1, 3, ev(q) d(v) = 2¢. Thus 2e > 6n and so e > 3n. This is
impossible since, by the above theorem, e < 3n — 6. This contradiction shows that &
must have at least one vertex of degree less than 6, as required. O3

We now give the promised alternative proofs of Theorems 5.1 and 5.2.

Corollary 5.8 H; is nonplanar.

Proof Heren=5ande={5x4)/2= 1060 that 3n —6=9. Thus e > 3n —6 and
so, by the theorem, G = K can not be planar. {1

Corollary 5.9 K;; is nonplaner.

Proof Since Ky3 is bipartite it contains no odd cycles (by Theoremn 1.3) and so in
particular no cycle of length three. It follows that every face of a plane drawing of
Ky 4,if such exists, must have at least four boundary edges. Thus, using the argument
of the proof of Theorem 5.6, we get b > 4f and then 4f < 2¢, ie., 2f < e =9,
This gives f < 9/2. However, by Fuler’s Formula, f~=2—-n+e=2-64+9=35, a
contradiction. [J
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Exercises for Section 5.2

5.2.1 Verify Euler’s Formula for the plane graphs of Figures 5.13 and 5.14 by counting
the vertices, edges and faces.

o 0 o o
q (
o

Figure 5.13: At this stage our imagination was starting to flag.

5.2.2 Verify Euler's Formula for plane drawings of the wheel W, and the complete
bipartite graph K3, where r > 3.

Figure 5.14

5.2.3 Draw an example of a simple plane graph in which the degree of every vertex is
at least 5.
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5.2.4

5.2.5

5.2.6

5.2.7

3.2.8

6.2.9

5.2.10

5.2.11

Chapter 5. Planar Graphs

Let G be a plane 4-regular graph with 10 faces. Determine how many vertices
@ has and give a drawing of such a graph.

Let & be a simple graph with at least 11 verfices. Prove that either & or its
complement & must be nonplanar.

Let G be a simple planar graph with less than 12 vertices. Prove that & has a
vertex v with d(v) < 4.

Let 7 be a simple planar graph with less than 30 edges. Prove that G has a
vertex v with d(v) < 4.

Let- & be a plane graph with n vertices, ¢ edges, f faces and k connected
components. Prove that n — e + f = k4 1. (This is Corollary 5.4.)

Let G be a connected simple plane graph and let ¢ denote the maximum of the
degrees of the vertices of G. For i = 1,...,1, let n; denote the number of vertices
of degree i in G, so that if G has n vertices thenn=ny +--- +ny.

(a) Prove that if » > 3 then
Bny +4Any +3na 4+ 2ne+n5 2 nr+ g+ 0o+ {E — 6)ny + 12
(b) Prove that the inequality in (a) becomes an equalily if and only if the

degree of each face of G is 3.

(¢} Using (a) prove that G has a vertex of degree at most § {so giving an
alternative proof of Corollary 5.7).

(d) Prove that if d(v) > 5 for all verticed v of & then there 2t least 12 vertices
of degree 5 in G.

(e) Prove that if n > 4 and d(v) > 3 for all vertices v of (X then & has at least
4 vertices of degree less than 6.

Let G be a simple connected plane graph with n vertices and e edges and at
least one face which is not triangular. Prove that one can add a maximum of
3n — e — 6 edges to G so that it remains a simple connected plane graph. (Note
that at this maximum each face will be triangular.)

Prove that if G is a simple connected blpartlt.e plane graph with e edges, where
e > 3, and n vertices then ¢ < 2n —
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Figure 5.15: A brick and a window frame,

5.3 The Platonic Bodies

I three-dimensional space a polyhedron is a solid bounded by surfaces, simply called
faces, each of which is a plane. Such a solid is called convex if any {wo of its interior
points can be joined by a straight line lying entirely within the interior. Thus Figure
5.15 shows two polyhedra and, of these, the brick is convex while the window frame
is not.

The vertices and edges of & polyhedron, which form a “skeleton” of the solid, give
a simple graph in three-dimensional space. It can be shown that if the polyhedron
is convex then this graph is plarar. To see this informally, imagine the faces of the
polyhedron to be made of rubber, with one face, say at the base, missing. Then, taking
hold of the edges at the missing face, we are able to stretch out the rubber to form one
plane sheet. The vertices and edges in this transformation now form 2 plane graph.
Moreover each face of this plane graph corresponds to a face of the solid, with the
exterior face of the graph corresponding to the missing face we used in the stretching
process.

Clearly the plane graph is also connected, the degres of every vertex is at least 3
and the degree of every face is also at least 3 (and so, in particular, the graph is also
simple). This encourages the following definition.

A simple connected plane graph G is called polyhedral if d(v) > 3 for
every vertex v of G and d(ip) > 3 for every face ¢ of G.

Of course, Euler’s Formula of Theotem 5.3 applies to any polyhedral graph and so
in turn applies to any convex polyhedron. In this “new” réle it is more commonly
known as the Euler Polyhedron Formula.

We now prove two simple but useful properties of poiyhedral graphs (and convex
polyhedra.)

Theorem 5.10 Let P be a convez polyhedron and G be its correspording polyhedral
graph. For each n > 3 let v, denote the number of vertices of G of degree n and let
fa denote the number of faces of G of degree n.
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(a) Z ny, = Z nf, = 2e, where e is the number of edges of G.
23 ax3
(b} The polyhedron P, and so the graph G, has at least one face bounded by a cycle
of length n for eithern =3, 4 or 5.

Proof (e) Theexpression Y nv, issimply Y d(v) since d{v) > 3 for each vertex

n23 veV{G)
v. Thus, by Theorem 1.1, 2 nu, = 2e. Moreovet for each n > 3, the expression nf,
n>3

is obtained by going round the houndary of each face having a cycle of length n as its
boundary, counting up the edges as we go. If we do this over all possible n then we
count each edge twice and so Z nf, = 2e.
n23
(b) Assume to the contrary that P has no faces bounded by cycles of length 3, 4 or
5. Then f3 = fq= fs =0 and 30, by (O‘.),

2e= Eﬂfnazsfﬂzﬁz.fnzﬁfﬁ

n>6 n26 n>6

where f is the total number of faces of P. Hence f < e, Moreover, again by (a),

2e = Env,,zz3vn=3zvn=3v,

n23 n2>3 n>3

where v denotes the number of vertices of P. Hence v < 2e. However, by Euler’s
Formula, e = v + f — 2. Hence, using the inequalities above,

1
e$§e+§e—2=e—2.

Since this is impossible, P must have a face of the desired type. [J

The ancient Greek geometers discovered five regular polyhedra. Here a polyhe
dron is called regular if it is convex, and its faces are congruent regular polygons (so
that the polyhedral angles are all equal). The five regular polyhedra known to the
Greeks are shown on the right hand side of Figure 5.16, alongside their correspond-
ing polyhedral graphs. They are called the Platonic bodies or Platonic solids.
For quite some time the Greek geometers tried io find other regular polyhedra until
Theaetetus (414-368 B.C.) proved that there are in fact no others. We now prove this
using the Fuler Polyhedron Formula.

Theorem 5.11 The only regular polyhedre are the tetrohedron, the cube, the octahe-
dron, the dodecahedron and the icosahedron.

Proof Let P be a regular polyhedron and let G be its corresponding polyhedral
graph. Let v, e and f denote the number of vertices, edges and faces of G, respectively.
Since the faces of G are congruent to each other, each one is bounded by the same
number of edges. Thus for some r > 3, d{ip) = r for every face ¢ of . Similarly,
since the polyhedral angles are all equal to each other, the graph @ is regular, say
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A -

Cube 7

P_
N

Figure 5.16: The five Platonic bodies and their graphs.
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k-regular, where & > 3. Then with the notation of Theorem 5.10 we have v = v, and
f = fr and by Theorem 5.10 {a) we have

w=kuy=rf, ie,2e=kv=rf.
Using this and Euler’s Polyhedron Formmula we have

8 dv —4e+ 4f dv —2et+4f —2e

dv—kv+4f —rf : (d—kw+{4-r)f

Since v and f are both positive this implies that either 4 — % > 0 or 4 —» > 0. Since
we also have k& > 3 and r > 3 this leads us to four cases, namely ¥ =3, 4 and r = 3,
4, We now treat each of these cases separately.

Case 1: & = 3, Since 8 = (4 —kyv + {4 — )/, here we have § = v + (4 — #)f. Since
2¢ = 3u = rf, substituting gives 8= v +4f —3v =4f —2v end so v = 2f — 4. Hence

8=v4+({d—r)f=2f—4+(4-r}f=(6-r)f—4, le,12={6—-r)f.

Thus either
(i) r =5 and f = 12, and in this case P is the dodecahedron, or
{(ii) r = 4 and f = 6, and in this case P is the cube, or
(iii) » = 3 and f = 4, and in this case P is the tetrahedron.
Case 2: k = 4. Since 8 = (4 —klw+ (4 —r)f, here we get 8 = (4 —r)f. Since r > 3
this results in » = 3 and f = 8. Thus, in this case P is the octahedron.
Case 3: r = 3. This is just the same as Case 1 but with the roles of & and r reversed.
Thus we get either (i) k =5 and v = 12, or (ii) ¥ =4 and v = 6, or (iii) ¥ = 3 and
v = 4. Only (i) is new, since (ii) and (iii) were treated in Cases 2 and 1 respectively.
In (i) the polyhedron P is the icosahedron.
Case 4: r = 4, Arguing as in Case 2 we get k = 3 and v = 8, so P is the cube again.
Thus we have shown that there are only five possible regular polyhedra. []

Exercises for Section 5.3
5.3.1 Prove that the polyhedral graphs of the five Platonic solids are all Hamiltonian,

5.3.2 Let G be a polyhedral graph with 12 vertices and 30 edges. Prove that the degree
of each face of G is 3.

5.3.3 Draw two non-isomorphic polyhedral graphs with 6 vertices and 10 edges.
5.3.4 Prove that there is no polyhedral graph with exactly 25 edges and 10 faces.
53.5 Let G be a polyhedral graph with v vertices, e edges and f faces. Prove that

{a) 3f < 2,
(b) 2v >4+ f,
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(c) 2f 24+v,
{(d) 3f -6 2,
() vz4,e>6and f 24

5.3.6 Let P be a convex polyhedron whose faces are either pentagons or hexagons.

Use the Euler Polyhedron Formula to prove thai P must have no less than 12
pentagonal faces.

5.4 Kuratowski’s Theorem

Let G be any graph. A subdivision of 7 is a graph obtained from G by
inserting vertices (of degree 2) into some of the edges of G.

For example, in Figure 5.17 the graph H is a subdivision of the graph &. On the
other hand, the graph L of Figure 5.18 cannot be a subdivision of this G. To see
why, note first that any subdivision of a graph will either create longer cycles or leave
cycles unaffected, Then, since L has a cycle of length 3, whereas G has only a cycle
of length 4, L cannot be a subdivision of G.

1 2
[ 2
G=
3¢ 4 —» —_—
ingert vertex insert vertex
6 into edge 13 7 into edge 35

B2 —p» 6

ingert vertex
8 into edge 37

Figare 5.17: An example of & subdivision.

Clearly any subdivision of a plane {or planat) graph is again plane (or planar).
Moreover any subdivision of a nonplanar graph is again nonplanar.
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5

Figure 5.18

The concept of subdivision gives an important characterisation of planarity due to
Kuratowski [41]. We will sketch a proof of this here.
First we recall a graph operation which we introduced briefly in Exercise 2.3.6.

Let e = uv be an edge of the simple connected graph G| let d{u) = k and
d(v) = I and let N{u) = {v,uq,..., 81} and N{v) = {v,vq,...,011}. A
contraction on the edge e changes 7 to a new graph G * e where

V(G xe) = (V(G) ~ {u,v}) U {w},
E(Gxe) = E(G ~ {u,v}) U {wuy,...,wup_y,woy, ..., w01}

and w is a new vertex not bhelonging to 3.

The definition is complicated but the idea is simple. All that really happens is that
% and v become fused (identified) as the one vertex w and the edge ¢ is removed. Any
edges joining u to u; are replaced by edges joining w to u;. Similarly, any edges joining
v to vj are replaced by edges joining w to v;. We illustrate this in Figures 5.19 and
5.20.

Figure 5.19: A contraction.

We make one simplifying adjustment to the definition. If M{u) N N(v} # V then
the contraction on the edge e = uv will create parallel edges incident with w. In this
case we delete all but one of the edges in a collection of parallel edges., This amounts
to taking the underlying simple graph.
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Ya

7 ¥ u
3 u Gy v 8 3 w Gy*e
Figure 5.26: Two more contractions.

As can be seen from Exercise 5.5.3, it is not always true'that G and G x ¢
have the same vertex connectivity. When this is so it is straightforward to see that
x(G * &) < &(G). We will be interested in when these two graphs do have the same
connectivity.

If G and & » ¢ have the same connectivity we say that e is a contractible
edge.

Qur next result is some guarantee that contractible edges exist.

Theorem 5.12 Let & be a simple J-connected graph with af least five vertices. Then
& has a contractible edge.

Proof Let e = zy be any edge of G. I e is not contractible then G # ¢ ia not 3-
conpected and so there must be a vertex z in G such that &—{z,y, z} is disconnected.
Choose such an edge e = zy in G with such a corresponding subset § = {z,y, z}
so that G — S has a component {/ with as many vertices as possible. Since G is 3-
connected, the vertex z iz adjacent to some vertex u not in ¥/, because otherwise the
removal of just x and y would disconnect (7. We illustrate this in Figure 5.21,

Let H be the subgraph of & induced by I/, 2 and y. If H is 1-connected then it has
a cut vertex, ¢, say. But then G — {¢, 2z} will be disconnected, which is a contradiction
since (7 is 3-connected. Hence H is'2-connected.

Now consider the edge f = wz. If this is not contractible then, as before, there
is a vertéx v in G such that G — {u,v, 2} is disconnected. Now if v lies in H then,
since ¥ and z do not lie in H, v will be a cut vertex of H, a contradiction since H is
2-connected. Hence v ¢ H and so H C G — {u,v,z}. Clearly H is then a connected
subgraph of the disconnected G — {z,¥, z}. This is a contradiction to our choice of
the edge ¢ = xy. Thus & must have a contractible edge, as required. []
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Figure 5.21

We will use Theorem 5.12 to prove the following result.

Theorem 5.13 Let G be a simple 5-connected graph. If G contains no subgraph which
is o subdivision of K or K33 then G is planar.

Proof We use induction on {V(G)|. Clearly the result is true for {V{G)| = 4. So we
assume that every 3-connected graph with fewer than |V(G)] vertices, which contains
no subgraph which is a subdivision of Kj or Kag, is planar,

By Theorem 5.12 we know that G contains an edge e such that G +¢ is 3-connected.
Let w be the vertex corresponding to e in G * &,

It is straightforward to see that if G * e contains a subgraph which is either a
subdivision of Ky or of K33 then so does G, in contradiction to our hypothests. Thus
(7 # ¢ has no such subgraph and so, since it has fewer.vertices than G, we can assume,
by induction, that it is planar and, without loss of generality, in fact plane.

Figure 5.22

Consider the plane drawing of G+ in Figure 5.22, Here C is the cycle surrounding w
which surrounds a face in (G xe)—w. Let 4; € N({UINV(C) and et v; € N(VINV(C).
Further let Py) be the subpath of C which joins u;_; to w; for { = 1,2,.,.,n, where
Un = uo. Let v; be any vertex of {V(G) N V(C)) — {u} which is adjacent to v.
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There are four cases which may arise when we return w to uv (and hence from G »e
to (7). We look at these in turn.

Casge 1. Suppose that every v; lies on precisely one Fy;). Then we can insert %, v and
their adjacent vertices in the plane drawing of G'*e to give a plane drawing of G. (See
Figure 5.23 {a).)

Case 2. Suppose that v is adjacent to v;, an internal vertex of P;, and » is adjacent to
some vertex not in Py, (See Figure 5.23 (b).) This implies that G contains a subgraph
with a subdivision of K3 3. Since this contradicts the hypothesis on G, this case does
not occur.

Case 3. Suppose that v is only adjacent to neighbours of « {otherwise see Case 2)
and that it is adjacent to at least three such neighbours. From Figure 5.23 (¢} we see
that then G contains a subdivision of K. This is a contradiction.

Figure 5.2

Case 4. Suppose v is adjacent to iwo neighbours of u and that these two neighbours
are not end vertices of a Py, From Figure 5.23 (d) we see that this implies that G
contains a subgraph with a subdivision of K3a. U3

The proofs of Theorems 5.12 and 5.12 were given by Thomassen [59] in 1981. We
now present the main result of this section.
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Theorem 5.14 (Kuratowski, 1930) A graph G is plenar if and only if it has no
subgraph isomorphic to a subdivision of K5 or Ky3.

Proof As noted earlies. clearly any subdivision of a nonplanar graph is nonplanar
and so if G does have a subgraph which is a subdivision of either K5 or K33 then G
is not planar.

Conversely, suppose that G has no such subgraph. Then, if G is 3-connected, it
follows from Theorem 5.13 that (7 is planar, We leave the rest of the proof, i.e., when
(7 is not 3-connected, to the reader in the form of Exercise 5.4.7. O

Figure 5.24: The Petersen graph.

Using Kuratowski's Theorem we prove that the Petersen graph G, shown in Figure
5.24, ig nonplanar. Perhapa one’s first thought is to try to find a subgraph of G which
is a subdivision of Ky since G has some similarity with Ky because of the 5-cycle
ABCDEA. However since Ky has vertices of degree 4 any subdivision of K will also
have such vertices so & can not have any such subdivision since ite vertices each have
degree 3. So instead we Jook for a subgraph of G which is a subdivision of the bipartite
graph Kas. Trial and error gives the subgraph H of Figure 5.25 as a subdivision of
K3gs. Thus the Petersen graph G is not planar, as claimed.

Figure 5.25: A subgraph of the Patersen graph which is a subdivision of K 5.

Finally in this section we draw the reader’s aitention to a. recent article by

Thomassen [60] illustrating a link between the Jordan Curve Theorem of Section
5.1 and Kuratowski's Theorem.
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Exercises for Section 5.4
5.4.1 Perform contractions on the edges e in the graphs of Figute 5.26.

Figure 5.26

5.4.2 Show that P, xe= P,y foreachn > 2. I8 Cy # ¢ = Cy.; for each n > 37

5.4.3 Show by example that the connectivily of G may be different from that of a
contraction G *e.

5.4.4 (a) Is it true that if G is l-connected, then there exists e € E{(G) such that
G » ¢ is 1-connected?

(b) Is it troe that if 7 is 2-connected, then there exists e € E{G) such that
G » ¢ is 2-connected?

5.4.5 Determine which complete tripartite graphs are planar.
5.4.8 Determine the values of n for which the n.cube Q, is planar,

5.4.7 The crossing number of a graph G, denoted by cr(G), is the smallest possible
number of pairs of crossing edges that occur in a drawing of & in the plane.
Here we assume that in such drawings adjacent edges never cross, no edge
crosges itgelf, we do not have three or more edges crossing at any point, and
two nonadjacent edges cross no more than once, From this definition we have
that er{G) = 0 if and only if G is planar.

{a) Show that or{Ky) = er{H3a) = 1.
(b) Show that cr(Kg) = 3, by drawing Ky with three crossings, introducing
new vertices and the crossing points, and using Theorem 5.6,

5.4.8 Use the proof of Theorern 5.13 to show that every 3-connected planar graph can
be drawn with edges as straight lines and with every internal face convex. {Here
a face is called convex if any two points inside it can be joined by a straight
kine which does not cross any of its boundary edges.)
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Figure 5.27

5.4.9 Use the diagrams of Figure 5.27 to show that the discussion of the planarity of
all graphs can be reduced to the planarity of 3-connected graphs.

5.4.10 Use the previous exercise to complete the proof of Kuratowski’s Theorem, i.e.,
show that if & is connected and contains no subgraph which is a subdivision of
Ky ot K33, then G is planar.

5.4.11 Use Kuratowski's Theorem to show that the graphs of Figures 5.28 and 5.29 are
nonplanar,

Figure 5.28
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AL

Figure 5.20

5.5 Non-Hamiltonian Plane Graphs

Given a plane graph G which has a Hamiltonian cycle C we let
¢; denote the number of faces of degree ¢ lying inside the cycle C and
B; denote the number of faces of degree  lying outside the eycle C

For example, in the plane graph G of Figure 5.30 the cycle ' shown in shaded lines is
Hamiltonian and the numbers are the degrees of the corresponding faces. (Note that
we must also consider the exterior face.)

M"'"w"'m

Figure 5.30: A Hamiltonian plane geaph to illusirate Grinberg’s Theorem.
Here the possible values for ¢ are 4, 5 and 6 and we have
[17] =1,ﬂ¢=2, 05=4,ﬁ5=2, g =0,,85= 1. .

There is a useful formula, due to Grinberg [31], which involves the numbers o; and
B;. Before we state it, in Theorem 5.15, we introduce a term used in its proof.
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Let G be a plane Hamiltonian graph without loops and let C be a fixed
Hamiltonian cycle of G. Then, with respect to this cycle, a diagonal is an
edge of G which does not belong to C.

Theorem 5.15 (Grinberg, 1968) Let G be a plane graph without loops. If & has a
Hamiltonian cycle C and o, 3; are defined as above then

2. =2 (i - 8:) =0
(where the summation is over all possible values of i),
Proof Let G have n vertices. Suppose that there are s diagonals of & in the interior
of the cycle C. Since G is plane no two of these diagonals cross each other and so each
diagonal is an edge for exactly two faces in the interior of C. If we consider drawing in
these diagonals one at time, after each one is drawn we have increased the number of
faces in the interior of C' by one, Thus, with all s diagonals drawn, we see that there
are s -+ 1 faces of G within the interior of C. Hence

Sai=s+1.
>3

Now let d denote the sum of the degrees of the faces within the interior of C. Then
d = ¥, ia;. However in obtaining this total for d each diagenal is counted twice,
since it 18 an edge for exactly two of the faces, and each of the n edges on the cycle €
is counted once. Thus we also have

d=2s+n.

Hence ¥ipg e = d = 2(Fi5p0 — 1) + n and s0

E(i - Doy =n—2

i>7

A similar argument applies to the diagonals of G in the extetior of the cycle.C and

this produces
SE-28=n-2

iz2

Combining the last two equations gives X.5,(¢ — 2){e: — §;) = 0, as required. (M
To iliustrate Grinberg’s Theorem, for the graph & of Figure 5.30 we have
26 =2)(—8) = (4—2)(au —Ba)+(5~2)(as — Fs) + (6 — 2){e — fo)
‘ 21 -2)+34-2)+40-1)=-24+6—-4=0,

as expected from the Theorem.
The main use of Grinberg's Theorem is to establish that certain planar graphs
are non-Hamiltonian, We illustrate this using the graph of Figure 5.31 (known, not
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Figure 5.31: The Grinberg graph.

coincidentally, as the Grinberg graph.) As with the graph of Figure 5.30, the
numbers shown here are the degrees of each face. We show that the graph is not
Hamiltonian by assuming that it is and then deducing from this assumption that we
have a contradiction to Grinberg's Theorem.

Thus let us assume that 7 has a Hamiltonian cycle C. Then, by the Theorem,

Z(i —-2)e; — 5} = 0.
Here the values for i are 5,8 and 9 50 the equation becomes

3(as — Bx) + 6(as — o) + T(ae — F5) = 0
and so
3{(as — Bs) + 2(ae — fa)} = T(fs — ).

This shows that 3 must divide 7(f — as). However the exterior face is the only face
with 9 edges on its boundary and so either

Pa—ap=1—0 or fg~ag=0-1, ie, T(fg—ap) = £T.

This means that, if our assumption is true, then 3 divides %7, codswallop. Qur
assumption must therefore be false. Hence & is not Hamiltonian.

Exercises for Section 5.5

3.5.1 Use Grinberg's Theorem to show the plane graphs of Figures 5.32 and 5.33 are
not Hamiltonian.
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Figure 5.32;: Two non-Hamiltonian plane graphs.

5.5.2 Use Grinberg's Theorem to prove that there are no plane Hamiltonian graphs
with

(a) faces of degree 3, 8 and 7, with just one face of degree 7,
(b) faces of degree 4, 6 and 9 with just one face of degree 9.

Figure 5.33: Another non-Hamiltonian plane graph.

5.5.3 Use Grinberg’s Theorem to show that the plane Hamiltonian graph of Figure
5.34 has no Hamiltonian cycle containing hoth the edges ¢ and f.
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Figure 5.34

5.6 The Dual of a Plane Graph

In this section we introduce a concept which will prove useful when we study the
colouring of maps in Section 6.7.

Let G be a plane graph. We define the dual of G to be the graph G*
constructed as follows. To each face f of G there is a corresponding vertex
F* of G* and to each edge e of G there is a corresponding edge e* in G* such
that if the edge e occurs on the boundary of the two faces f and g then the
edge e* joins the corresponding vertices f* and ¢* in (. (If the edge e is a
bridge then we treat it as though it occurs twice on the boundary of the face
f in which it lies and then the corresponding edge €* is a loop incident with
the vertex f* in G*.)

Figure 5.35 shows a plane graph and its dual,

It turns out that the dual G* of the plane graph (7 is also planar. We indicate
why this is so by describing how we can draw G* as a plane graph. Given our plane
drawing of G, place the vertex f* of G* inside its corresponding face f. If the edge e
lies on the boundary of two faces f and g of G, join the two vertices f* and g* by the
edge ¢" drawing so that it crosses the edge e exactly once and crosses no other edge
of G. (This procedure is still possible if the edge e is a bridge.) We uged this drawing
procedure in Figure 5.35.

If the edge e is a loop in G then it is the only edge on the common boundary of
two faces, one of which, say f, lies within the area of the plane surrounded by e with
the other, say g, lying outside this area. The face f may not be the only face enclosed
by e but, clearly from the definition of G*, any path from a vertex h*, corresponding
to such a face k, to the vertex g* must use the edge e*. Thus e* is a bridge in G*.

Conversely, if the edge €* is a bridge in G*, joining vertices f* and g*, then e* is
the only path in G* from f* to g*. This implies, again from the definition of G*, that
the edge e in G must completely eniclose one of the faces f and g and so0 ¢ must be a
loop.

To summarise, the edge e is a loop in & if and only if €* is a bridge in G*.
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Figure 5.35: A plane graph and its dual.

The occurrence of paralle]l edges in G* is easily described. A moment’s thought
should convince the reader that, given two faces f and g of G, then there are k
parallel edges between f* and ¢* in G* if and only if f and ¢ have k edges on their
common boundary.

The reader may have noticed that we have defined the dual of a plane graph instead
of a planar graph. The reason for this is that different plane drawings Gy and G, of
the same planar graph G’ may result in non-isomorphic duals G} and (3. Exercise
5.6.2 illustrates this.

We now record some simple consequences of the dual construction.

Theorem 5.16 Let G be a connected plane graph with n vertices, e edges and f faces.
Let n*, e* and f* denote the number of vertices, edges and faces respectively of G*.
Thenn* = f, e* =e and f* =n.

Proof The first two equalities follow immediately from the definition of G*. The
third then follows from Euler’s Formula since both G and G* are connected plane
graphs. [

Now suppose that the face ¢ of the plane graph G*, corresponding to the vertex v
of G, has €], ..., e}, as its boundary edges. Then, by our construction of G*, each of
these edges e} crosses the corresponding edge ¢; of G and, as illustrated in Figure 5.35,
these edges are all incident with the vertex ». It follows that ¢ contains the vertex v.

Since G* is a plane graph, we may also construct the dual of G*, called the double
dual of (G and denoted by G**. From the discussion of the previous paragraph, the
following result may come as no surprise.



Sectlon 5.8, The Dual of & Plane Graph 187

Theorem 5.17 Let G be a plane connected graph. Then G is isomorphie to its double
dual G**.

Proof As seen above, any face ¢ of the dual G* contains at least one vertex of 3,
namely its corresponding veriex v. In fact this is the only vertex of G that ¢ contains
since, by Theotem 5.16, the number of faces of G* is the same as the number of
vertices of . Hence, in the construction of the double dual G**, we may choose the
vertex v to be the vertex in &** corresponding to the face ¢ of *. This choice gives
us the required isomorphism. 1

It is quite easy to see that Theorems 5.16 and 5.17 are not true for disconnected
plane graphs and we leave this to the reader in the form of Exercises 5.6.7 and 5.6.8.

Exercises for Section 5.6
5.6.1 Draw the duals of the plane graphs of Figure 5.36,

Figure 5.36

5.6.2 Show that the plane graphs G, and G, of Figure 5.37 are isomorphic but have
non-isomorphic duals.

5.6.3 A connected plane graph G is called self-dual if it is isomorphic to its dual G*.

(a) Show that the graphs of Figure 5.38 are self-dual,
(b) Prove that if G is self-dual with n vertices and ¢ edges then 2n =€+ 2.

(c) For each n > 4, give an example of a self-dual graph with n vertices. {Try
generalising one of the examples in (a).)

(d) Prove that the converse to (b) is false in general by giving an example of
a connected plane graph with five vertices and eight edges which is not
self-dual.
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Figure 5.37: Two isomorphic plane grapha with non-isomorphic duas.

5.6.4 Let G be a plane connected graph. Prove that G is bipartite if and only if G* 1s
an Euler graph.

5.6.5 Prove that the graph of the octahedron is the dual of the graph of the cube and
that the graph of the icosahedron is the dual of the graph of the dedecahedron.
(You do not need to draw the duals in each case. Instead consider degrees and
use the argument of the proof of Theorem 5.11.)
What is the dual of the graph of the tetrahedron, the remaining Platonic body?

566 Prove that G* is always connected, even when & is disconnected.

Figure 5.28: Four salf-dual graphs.
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5.6.7 Let G be an arbitrary plane graph. Using the notation of Theorem 5.16, prove
that f* = n only if G is connected. Express f* in terms of n and the number of
connected components of (7.

5.6.8 Prove that the plane graph & is isomorphic to its double dual if and only if G
is connected.




Chapter 6

Colouring

6.1 Vertex Colouring

<
Lame Duck Airlines of Pocatello, Idaho, is considering operating the following seven
weekly flights, all starting from Pocatello. "

Flight | Route
A Burley — Twin Falls — Boise —» Lewiston
B Billings — Great Falls — Missoula — Lewiston
C Idaho Falls — Boise — Lewiston — Pullman
D Idaho Falls — Yellowstone — Great Falls
E Idaho Falls — Sun Valley — Boise
F Butte — Missoula — Lewiston
G Butte — Helena —+ Great Falls

To allow time for plane repairs, Frank Drake, owner of Lame Duck, wants the flights
to take place only on Mondays, Wednesdays and Fridays. He also wants no more than
one flight per day visiting any of the towns. To see if this is possible he constructs the
graph of Figure 6.1, which has seven vertices, one representing each of the proposed

flights, and where an edge joins two vertices if the corresponding flights have a town
in common.

Figure 6.1: The Lame Duck Airlines network.

191
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¥ there is a solution to his problem then he should be able to assign the labels
Monday, Wednesday and Friday to the vertices, one per vertex, so that no two adjacent
vertices have the same labef.

Replacing the thres days by colours red, white and blue, the problem becomes one
of colouring the seven vertices so that adjacent vertices have different colours. This is
a typical example of how colours can be used in graphs to model problems where one
wishes to avoid some form of “interference® or ensure some “independence” — here
twa flights interfere with each other if they have a town in common. Further examples.
are given in the exercises at the end of this section.

We now formalise the above ideas.

Let G be a graph. A {vertex) colouring of G assigns colours, usually
denoted by 1, 2, 3, ..., to the vertices of (7, one colour per vertex, so that
adjacent vertices are assigned different colours.

A k-colouring of & is a colourmg which consists of k different colours and
m this case G is said to be k-colourabla.

For example, in the Lame Duck Airlines problem, the question being asked amounts
to whether or not the graph of Figure 6.1 has a 3-colouring. Figure 6.2 shows that it
has a 4-colouring.

- Figure 6.2: Lame Duck flies again.

The minimum number a for which there is an nr-colouring of the graph G
is called the chromatic index (or chromatic number) of G and is denoted
by x{G). If x{G) = k we say that G is k-chromatic,

If the graph & has a loop at the veriex v then v is adjacent to itseif and so no
colouring of G is possible. To aveid ihis uninteresting case we will assume that in any
vertex colouring context graphs have ro loops.

Also, two distinct vertices of a graph G are adjacent if there is at least one edge
between them and so for our purposes all but one of a set of parallel edges may be
ignored. In short, we can (and will} assume that our graphs are simple.

We now try to get a feel for what value the chromatic number of a graph takes.
Qur first result is quile elementary.
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Theorem 6.1 (a} If the graph G has n vertices, x{G) < n.

(b) If H is a subgraph of the graph G then x(H) < x(G).

(c) x(Kn)=n foralln > 1.

(d} If the graph G contains K, es a subgraph, x(G) > n.

(e} If the graph G has Gy, ..., Gy as its connected components then

x{G) = x(G.

Proof This is Exercise 6.1.1.

From Theorem 6.1{d) we can now solve the Lame Duck Airlines problem. The
problem’s graph G in Figure 6.1 has K, as a subgraph {(induced by the vertices A, B,
C and F) and so x(G) = 4. Since we have displayed a 4-colouring of (7 in Figure 6.2
this means that x{G) = 4. Thus the seven flights, can be scheduled on four days but
not three, subject to the stated restriciions.

Let us now look at some simple examples. Firstly if the graph G has no edges then
each vertex can be given the same colour, i.e., x(G) = 1. Clearly the converse also
holds. Thus x(G) =1 if and only if G is an empty graph.

Now let G = C,, the cycle of length n, with vertices vy,...,v, appearing in order
round the cycle. H we assign colour 1 to v, v2 must be coloured differently, say by
colour 2. But then we may colour v3 by 1 again. Continue in this fashion round the
cycle and we see that if = is odd then v, needs a different colour, 3. Thus x{C,) = 2
if n 1s even, 3 if n 13 odd.

We can in fact completely characterise graphs with chroma.tm index 2. Cur next
result shows that they are old friends.

Theorem €.2 Let G be a nonempty graph. Then x(G) = 2 if and only if G is
bipartite.

Proof Let G be bipartite with bipartition ¥V = X UY. Assigning colour 1 to all
vertices in X and colour 2 to all vertices in Y gives a 2-colouring for G and so, since
G is nonempty, x(G) = 2.

Conversely, suppose that x(G@) = 2. Then G has a 2-colouring. Denote by X the set
of all those vertices coloured 1 and by Y the set of all those vertices coloured 2. Then
0o two vertices in X are adjacent and similatly for Y. Thus any edge in & must join
a vertex in X and a vertex in Y. Hence G is bipartite with bipartition V = X u¥. U

Corollary 6.3 Let G be a graph. Then x(G) = 3 if and only if G has an odd cyele.
Proof This follows from Theorem 1.3. [J

Unlike the n = 2 case there is no easy characterisation of graphs with chromatic
index 3, or, for that matter, higher index. However there are various results which give

upper bounds for the chromatic index of an arbitrary graph G, provided we know the
degrees of all their vertices of G. For the first of these we need some notation.
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For a graph G we let
A(G) = max{d(») : v is a vertex of G}.

Thas A{(7) is the maximum vertex degree of G.

Theorem 8.4 For any graph G, x(G) < A(G)+ 1.

Proof We use induction on n, the number of vertices in (¢. The theorem is clearly
true for » = 1 since here &' = K, x(G) =1 and A(G) = 0.

Now suppose that the result is true for all graphs with n — 1 vertices, where n is
a fixed integer greater than 1, and let G be some graph with n veriices. Choose a
vertex ¢ of G. Then the subgraph G — v has n — 1 vertices and so, by the induction
assumption, x{& —v) £ A(G — v} + 1. This allows us to choose a vertex colouring of
G —v involving A{G —v) +1 colours. Now our vertex v has at most A((G) neighbours
in G and so these neighbours use up at most A(G) colours in the colouring of G — v.
Thus if A(G) = A(G — v) there is at least one colour not used by s neighbours and
we can use such a colour for v, giving a (A(G) + 1)-colouring for G. On the other
hand, if A(G) # A(G — v) then A(G —v) < A(G) and simply colouring v with a
brand new colour gives a (&(G — v) + 2)-colouring of G which is good enough since
A{G —v)+ 2 € A(G) + 1. Hence, in both cases, we have x(G) < A(G)+1. U

Notice that if G = K, or a cycle of odd length we actually have x(G) = A(G) + 1.
However we can often improve upon Theorem 6.4. For this purpose we now describe
a technique which allows us, in certain circumstances, to improve upon a colouring.

Let (7 be a graph with a colouring involving at least two different colours, denoted
by i and j. Let H(i,j) denote the subgraph of  induced by all the vertices of G
coloured either 1 or j. Let K be a connected component of this subgraph. Then, as the
reader can easily check, if we interchange the colours i and j on the vertices of K but
leave the colours of all other vertices of &G unchanged then we get a new colouring of
- @, involving the same colours we started with. Such a subgraph K is called a Kempe
chain and the recolouring technique is called the Kempe chain argument. Figure
6.3 illustrates this for a graph with vertex colours 1, 2, ..., 5.

We will use the Kempe chain argument in the proof of the improvement to Thecrem
6.4. Although this improvement, due to Brooks [9], seems a modest one, the proof is
quite intricate,

Theorem 6.5 (Brooks, 1941) Let G be a connected graph with A(G) 2 3. If G is
not compiete then x(G) = A(G).

Proof We use induction on n, the number of vertices of . Since A{G) = 3 our
induction starts at » = 4 and so, since G is not complete, in this case (7 is one of the
graphs shown in Figure 6.4. It is straightforward to see that the chromatic index is at
most 3 in each of these cases.

Now assume that n > 5 and {hat the result is true for n — 1, By looking back at the
proof of Theorem 6.4 we see that if G has a vertex v of degree less that A(G) then
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Figure 6.2: The Kempe chain argument.

we can colour G by A(G) colours, since the neighbours of  use up at most A(G) -1
colours. Thus in this case the result is proved. This means that we can now assume
that every vertex of G has degree A(G), ie., setting d = A((), that G is d-regular.
We will finish'the proof if we show that & has a k-colouring.

Let v be some fixed vertex of G. Then, by our induction hypothesis, the subgraph
G — v has a d-colouring. If the neighbours of v in & do not use up all the d colours
in this d-colouring of &' — v then any unused colour may be applied to v giving a
d-colouring of G, as required. Thus we are left to deal with the case where the d
neighbours of v use up all the 4 colours in G — v’s colouring. Let these neighbours be
¥1,-..,0g, coloured by the colours 1,...,d respeciively.

N N N

Figure 6.4: The incomplete simple grapha on four vertices.

Now suppose that there are two neighbours v; and v; such that the corresponding
Kempe chains H,.(4,5) and H, (i,5) containing v; and v; are different, i.e., v; and v;
belong to different components of the subgraph H(%, j) induced by the colours i and
J. Then, by the Kempe chain argument, we can interchange the colours in H,,(¢,)
to give a d-colouring of G — v where v; now has colour j, the sgame as v,’s colour.
However this brings us back to the situation we dealt with in the previous paragraph,
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namely when v's neighbours use less than d colours, Thus we can now assume that,
for each i and §, v; and v; belong to the same Kempe chain,

We now examine the degrees of the vertices in the Kempe chain containing »; and
v;. For simplicity we denote this chain by H. First suppose that the degree of v; in H
is greater than 1. Then v; is adjacent to at least two vertices coloured j. This implies
that there is a third colour, k say, not used in the colouring of v;'s neighbours. If we
now recolour v; by & this allows us to colour v by ¢ and we are finished. Thus we can
now assume that u; and, similarly, v; have degree 1 in H.

Now let P be a path from v; to v; in H and suppose that there is a vertex in P
with degree at least 3 in H. Let u be the first such vertex and suppose it is coloured
¢, (If it is coloured j, the following argument applies with the obvious changes.} Then
at least 3 of u's neighbours are coloured 7 and so there is a colour, & say, not used by
these neighbours. If we now recolour u by & and interchange colours ¢ and 7 on the
vertices of P from z; up to but not including u we get a colouring of G — v where
z; and z; are now both coloured j. (See Figure 6.5.) This allows us to colour v by i
as before. Thus we can now assume all vertices on a path from v; to v;, apart from
these two end vertices, have degree 2 in H. From this one can easily see that i just
consists of a single path from v; to v;.

% Yi u Y

® > O0—0---<« 4

] J 1 i b
]

Figure 6.5

We are now in the situation where all the Kempe chains are paths. Let A and X be
those chains corresponding to v, v; and v;, vy respectively, where § 3 k. Suppose that
w is a vertex different from v; but a member of both chains. Then w is coloured ¢,
has two neighbours coloured j and two neighbours coloured k. Thus there is a fourth
colour, { say, not used by w’s neighbours. If we now recolour w by ! and interchange
colouts k and ¢ on the vertices of A beyond w up to and including v we get a colouring
of G — v where z; and z;, are now both coloured i. (See Figure 6.6.) This allows us
to colour » by k. Thus we can now assume that two such Kempe chains meet only at
their common end vertex v;.

We now come to the last stage of the proof! Let »; and v; be two neighbours of
v which are not adjacent and let x be the vertex coloured j adjacent to v; on the
Kempe chain H from v; to v;. With & # j, let X denote the Kempe chain from o;
to vy, Then, by the Kempe chain argument, we can inferchange the colours in A
without interfering with the colours of the other-vertices. This results in ¥; coloured
k and vy, coloured 4. Since w is adjacent to v; it must be in the Kempe chain for the
colours &k and 7. However it is also the the Kempe chain for the colours ¢ and j. This
contradicts our assumption that Kempe chains have at most one vertex in common,
the end vertex. '
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S 4N L

Figure 6.6

This contradiction implies that any two v and v; must be adjacent. In other words
all neighbours of v are neighbours of each other. This implies that G is the complete
graph K, a contradiction to the hypothesis on . Thus our proof is complete. O

Combined with Theorem 6.1(d), Brooks’ Theorem provides estimates for the
chromatic index. For example, for the graph G of Figure 6.7, A(G1) = 8 while G} has
K, as a subgraph. Thus 4 < x(G;) < 8 (and it is not difficult to see that x(G:) = 4).
Similarly for G of Figure 6.7, known as the Birkhoff diamond, A{G;) = 5 while
(G, has K. 3 as a subgraph. Thus 3 < x(G2) = 5. We leave it to the rea.der to show that
x(Gz) =

£
o

Gl Gy
Figure 6.7: Two 4-cheomatic graphs.

On the other hand, as Exercise 6.1.3 shows, the upper bound of A{G) may be quite
different from y(G).
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Exercises for Section 8.1

6.1.1

6.1.2

A high school wishes to timetable for examinations in nine different subjects. Of
course if there is a pupil doing two of these subjects their examinations must be
held in different time slots. The table below shows (by crosses) which pairs of
subjects, labelled A to I, have at least one pupil in common. The school wishes
to find the minimum number of time slots necessary and how to allocate subjects
to times accordingly, Interpretting this problem as a graph colouring problem,
find the minimum number of time slots needed and a suitable time allocation
of the subjects.

A B CDEVFGHERII
A X X %
B | x X
Clx x X X
D|lx x X X
E X X x X
F x X %
G X X X
H x x x
1 b x
An industrial company wishes to store seven different chemicals Cy, ..., Cy, but

since some of these can not be stored together safely different locations are
needed. The table below indicates {(by crosses) which pairs of chemicals cannot
be stored together. Use graph colouring to find the minimum number of locations
needed and how one can assign the chemicals to such an optimal solution.

Cy O C Cy Cs Cg Cf
o) X X X
Cy | x X X
Cs x X X
Cyq X x X X
Cs X X x X
Ce | x X X X
Cyf x X X

6.1.3 (This exercise shows that the upper bound A((7) given by Brooks' Theorem can

6.1.4

be quite different from ¥(G).)

(a) Show that for the wheel graph W, the chromatic index is 3 if n is odd and
4 if n is even. What is A(W,,)?
(b} Find x(G) and A{G) when G is the k-cube. (See Exercise 1.4.13.)

(a) A graph G is called k-partite if the vertex set V can be partitioned into
& nonempty sets V),..., Vi such that every edge of G joins vertices from
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different subsets. Thus k& = 2 gives us the bipartite graphs. Generalise part
of Theorem 6.2 by showing that if G is k-partite then x(G) < %.

(b) The k-partite graph 7 is called complete k-partite if, for each ¢ F §,
every vertex of the subset v is adjacent to every vertex of the subset v;.
Show that any k-chromatic graph is a subgraph of a complete k-partite
graph.

6.1.5 Prove that x(G) = A(G) + 1 if and only if G is either a complete graph or a
cycle of odd length.

6.1.6 Show that if G contains exactly one odd cycle then x{G) =3.

6.1.7 Let G be a graph in which any pair of odd cycles have a common vertex. Prove
that x(G) < 5. (Assume that x{(7) > 6 and consider the subgraphs H,; and H,
where H) is induced by the vertices coloured 1, 2 or 3 and H; is induced by the
other vertices.}

6.2 Vertex Colouring Algorithms

There is no good algorithm for colouring the vertices of a graph using the minimum
number of colours and consequently there is no good algotithm for determining the
chromatic index of a graph. However there are a number of colouring algorithms
which give approximations to minimal colourings and we present some of these in this
section.

The first of these is called the simple sequential algorithm. This starts with
any ordering of the veriices of the graph G, say w,...,v,. Now assign colour 1 {o
vy, Moving to vertex vy colour it 1 if it is not adjacent to v,; otherwise, colour it 2.
Proceeding to vg, colour it 1 if it is not adjacent to w; if it is adjacent to v, colour it 2
if it is not adjacent to vy; otherwise colour it 3. Proceed in this manner, colouring each
vertex with the first available colour that has not been used by any of its neighbours.

We deseribe this in stepwise fashion.

The Simple Sequential Colouring Algorithm
Step 1. List the vertices of G as z,,...,,. List the colours available as 1,2,...,n.

Step 2. For each i = 1,...,n, let €; = {1,2,...,i}, the list of colours that could
colour vertex x;.

Step 3. Seti=1.

Step 4. Let ¢, be the first colour in (; and assign this to vertex z;.
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Step 5. For each § with i < j and z; adjacent to z; in F set C; = C; — {c.}- (This

means that z; will not be given the same colour as z;,) Change i to ¢ + 1
and if s + 1 € n return to Step 4.

Step 8. Record each vertex and its colour.

We illustrate the algorithm using the graph of Figure 6.8.

¥,

Figure 6.8

Step 1. List the vertices as shown: v,,. .., vr. The colours available are 1, 2, ...,7.
Step 2. C, = {1}, = {1,2},...,C7 = {1,2,...,T}.

Step3.i=1.

Step 4. 1 is the first colour in € so assign it to vertex v,.

Step 5. vy, v3, vs5, ve and vy are adjacent to v; so we get

C? = {1!2} - {1} = {2}& C3 = {233}7 04 = {2!3s 4]!
Cy = {2,8,4,5}, Cs = {2,3,4,5,8}, C = {2,3,4,5,6,7}.

¢ becomes 2 and we return to
Step 4. 2 is the first colour in 2 so we assign this {0 vy.

Step 5. v; is adjacent to v so C; becomes {2,3} — {2} = {3}.

Change ¢ to 3 and return to
Step 4. 3 is the first colour in €y so we assign this to v,

Step &. vy and ws are adjacent to v5 so Oy becomes {1,2,3,4} — {3} = {1,2,4} and
Cs becomes {2,4,5}. :

i becomes 4 and we return to

Step 4. 1 is the first colour in €y so we assign this to vy.
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Step 5. vy and v are adjacent to vy so Cj stays as {2,4,5) and Cj stays as
{2,3,4,5,6}.

i becomes 5 and we return to
Step 4. 2 is the first colour in Cy so we assign this to vs.

Step 5 vg is adjacent 1o vs 50 Cg becomes {3,4,5,6}.

i becomes 6 and we return to
Step 4. 3 is the first colour in Cs so we assign this to ve.

Step 5. vy is adjacent to ve so C; becomes {2,4,5,6,7}.

i becomes 7 and we return o

Step 4. 2 is the first colour in C7 so we assign this to vy.

1 becomes 8,

Step 6. v; and vq are coloured 1.
vq,v5 and vy are coloured 2.
vy and vg are coloured 4.

Although in this example the algorithm has clearly given a minimal eolouring this
need not always be the case even for relatively small graphs. For example, for ihe
graph G of Figure 6.9, with the vertex ordering 24, 24,. .., ze as shown, the algorithm
gives a 3-colouring (also shown), but x(G) = 2 since G is bipartite.

Figure 6.9: The simple sequential colouring algorithm does not give a minimal colouring here.

Not surprisingly the actual bisting of the vertices used can affect the outcome of
the algorithm. We now describe a listing which may encourage a smaller number of
colours used in the final colouring,

Roughly speaking, if a vertex has large degree and many of its neighbours have
already been coloured by the algorithm process, then it is more likely that we have to
colour it with a previously unused colour. For this reason we initially list the vertices
of the graph in decreasing order of their degrees. This modification of the simple
sequential colouring algorithm is called the largest-first sequential algorithm or
the Welsh and Powell algorithm (after its proposers {63]). As we said, the only
difference between it and the simple version is in its initial step. We now formally
record this new Step 1.
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The Largest-First Sequential Algorithm (Welsh and Powell)
Step 1. List the vertices of G as zy,...,2, so that d(z,) > d(23) = --- = d(z,).

List the colours available as 1,2,_.. . n.

Now proceed with Steps 2 through to 6 of the simple sequential colouring
algorithm.

We note that there may be some choice in the listing in Step 1 — in particular if
the graph is regular! We illusirate the Welsh and Powell algorithm using the graph of
Figure 6.9.

Step 1. Take ;, = v3, 23 = vy, T3 = ¥4, T4 = Us, Ty = Uy, Ty = Vg. Lhis gives
d(z1) > d(z3) 2 - - 2 d{z¢), as required.

The colours available are 1, 2, ... 6.
Step 2. C, = {1}, ..., Ce = {1,2,3,4,5,6}.
Step3.:=1.
Step 4. z; is assigned colour 1, i.e., v3 has colour L.

Step 5. 2 = {2}, C5 = {2,3,4,5}, Ce = {2,3,4,5,6}.
t becomes 2.

Step 4. z; is assigned colour 2, i.e., vy has colour 2.
Step 5. Ca = {1,3}, C; = {1,3,4}. { becomes 3.
Step 5. z3 is assigned colour 1, i.e., v; has colour 1

and so on until we reach the final outcome, namely the top three vertices are coloured
1 and the bottom three coloured 2, so that we have a 2-colouring. This is the best
possible outcome since & is bipartite,

In fact it turns out (as the reader can verify) any degree-descending listing of the
vertices of this graph G will give a 2-colouring of & so this is indeed an improvement
on the arbitrary simple sequential colouring algorithm.

The Welsh and Powell algorithm does not always give a minimal colouring, even
for bipartite graphs, as can be seen in Exercise 6.2.1.

However it can be shown that the algorithm always uses at most A{G) +1 colours.
{Recall Theorem 6.4.)

We now describe a third algorithm, called the smallest-last sequential algo-
rithm, due to Matula, Marble and Isaacson [43], which often performs better than
the Welsh and Powell algorithm. It is also*a modification of the simple sequential
colouring algorithm, This time we create a list by first choosing z,,, the last verlex in
the list, as a vertex of minimum degree in G. Then we choose z,_y, the second last
vertex in the list, to be a vertex of minimum degree in the vertex-deleted subgraph
G —z... Continue in this way creating vertex-deleted subgraphs and choosing vertices
of minimum degree. This gives us the following initial step.
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The Smallest-Last Sequential Algorithm

Step 1. (a)Choose z, to be a vertex of minimum degree in G.

(b)Fori=n—1,n—-2,...,1, choose z; to be a vertex of minimum degree
in the vertex-deleted subgraph G — {2y, Z5e1,..., Tig1 }

{c)List the vertices as z1,...,2n.
(d)List the colours available as 1,...,n.

Now proceed with Steps 2 through to 6 of the simple sequential colouring
algorithm.

We forego a detailed worked example on the smallest-last sequential algorithm.
Instead we refer the reader to the graph of Figure 6.10. There the given listing
Z1,T3y...,Fr has been produced by Step 1, parts (a) and (b), of the algorithm
(although other listings are also possible).The algorithm then continues to produce a
3-colouring for the graph with vertices x1, z3 and z7 coloured 1, z2 and =y coloured 2
and z4 and z¢ coloured 3. (The reader should verify this!)

Figure €.10: The smallest-last sequential slgorithm at work.

Exercises for Section 6.2

6.2.1 Find a colouring of the regular bipartite graph & in Figure 6.11 using the simple
sequential colouring algorithm on the list z,,z,,...,75 as indicated. Find a
colouring of G by also using the smallest-last sequential algorithm.

6.2.2 Prove that for any & > 3 there is a bipartite graph G with vertices listed as
T,-..,2, such that the simple sequential algorithm produces a ¥-colouring of
@@ using this list.

6.2.3 Carry out each of the three algorithmus on the graphs in Figute 6.12, using the
listing (if given) for the simple sequential colouring algorithm.
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Figure 6.12

6.2.4 (The graphs in this exercise are featured in a recent article by Butcher [10]

where they are applied to a method of bidding in the game of contract bridge.)
Let m and n be two integers with n positive and 0 < &k < n. Let P(k,n) be
the collection of all subsets of the set {1,...,n} consisting of k elements. Then
[P{k,n}| is the binomial coefficient : . We now define a graph T';, whose

vertex set is P(k,n) and two vertices (subsets) are joined by an edge if one can
be obtained from the other by replacing just one integer.

For example, for k£ = 2 and n = 4 the 6 vertices are v, = {1,2}, v = {1,3},
vy = {2,3}, va = {3,4), vs = {1,4}, vs = {2,4)} and [y, is shown in Figure
6.13.

Also, for k = 2 and n = 6 the 10 vertices are vy = {1,2}, v2 = {1,3}, v3 = {2,3},
wW = {2!4}r vy = {314}! Vg = {315}3 vy = {415}' Vs = {1!4}7 Uy = {2!5}a
vig = {2,5} and ;5 is also given in Figure 6.13.

{a) Prove that [';, is a regular graph. What is the degree of each of its vertices?
(b} I'on, and 'y, are well-known graphs in disguise. Reveal their identity!
{c} Show that [, and I',_; . are isomorphie.

(d) Using the listing vy,..., v, as shown in Figure 6.13, find a colouring of I';4
and [ 5 using the simple sequential algorithm.

{(e) Find a colouring of I'y5 using the simple sequential algorithm and the
listing 1, w10, ¥2, Vs, v3, Us, U4, Y2, Vs, Ve
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Vg Vg

Tou

Vs Vg
¥y

Figure 6.13: Tz, and Ty 5.

6.3 Critical Graphs

In this section we look at graphs with chromatic index & but which are very close to
having smaller index. These graphs have proved useful in attempis to find suitable
upper bounds 'for the chromatic index.

A graph G is called k-critical if x(G) = & and x(G — v) < & for each
vertex v of G.

Thus a graph is k-critical if it needs & colours but each of its vertex deleted
subgraphs can be coloured with less than & colours.

To get a feel for, the definition let us look at k-critical graphs for small k values. A
moment’s thought shows that K, is {he only 1-critical graph. A 2-critical graph G witl
be bipartite (by Theorem 6.2) and such that, for every vertex v, G —v is 1-colourable,
i.e., @ — v is an empty graph. Such a graph can not have more than one edge and
from this we see that K, is the only 2-critical graph.

It turns out that the 3-critical graphs are precisely the odd cycle graphs Cunys.
We leave this as Exercise 6.3.1, but note here that part (b) of the following theorem
should be useful in this.

Since, as we have remarked earlier, there is no easy characierisation of k-chromatic
graphs when &k > 3, it is not surprising that there is similarly no easy description of
k-critical graphs when k > 4.

Figure 6.14 shows a 4-critical graph -— the verification of this is left to the reader
in Exercise 6.3.3 — while another example is given later in Figure 6.15.

The next result, due to Dirac [17], describes some of the important features of a
k-critical graph.
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Figure 6.14: A 4-critical graph.

Theorem 8.6 (Dirac, 1952) Let G be a k-critical graph. Then

{a) G iz connected,

{b) the degree of every vertex of G is at least k -1, .

(c) G has no pair of subgraphs Gy and G, for which G =G, UG; and G, NG, 15
a complete graph,

{d) G — v is comnected for every verter v of G (provided k > 1}

Proof (a) Suppose that  is not connected. Since ¥(G) = k, by Theorem 6.1{e),
there is a connected component C of G with x(C) = k. Then, if v is any vertex of G
not in €, C will be a component of the subgraph G — v and so, again by Theorem
6.1{e), x{G — v) = ¥(C) = k. This gives a contradiction since (7 is k-critical. Hence
& must be connected.

(b} Suppose that v is a vertex of G with d{v) < k—1, Since G is k-critical, the subgraph
& — v has a {k — 1)-colouring. Since v has at most k — 2 neighbours these neighbours
do not use up all the colours in this (k — 1)-colouring of G — v. By colouring v with
one of these unused colours we extend the colouring of G - v to a (k —1)-colouring of
(7. This is a contradiction since x(G)} = k. Hence every vertex v has degree at least
k — 1, as reguired.

(c) Suppose that G = Gy UG, where G, and G, are subgraphs with G, NG, = K.
Since G is k-critical, G, and G, both have chromatic index at most & — 1. Choose a
(k¥ —1)-colouring for Gy and one for G,. In the overlap &) NGy, since this is complete,
every vertex has a different colour (in each of the (k — 1)-colourings). This enables us
to rearrange the colours in the (& — 1)-colouring of G5 so that it gives the same colour
to each vertex in &1 N Gy as the colouring of G, gives. Combining the two colourings
then produces a (k — 1)-colouring of all of G. This is impossible since x(G) = k. Thus
no such subgraphs &,, G4 exist.

(d} Suppose that G — v is disconnected for some vertex v of (. Then @ — v has
subgraphs H, and H; with H, UH, =G —v and H, N Hy; = V. Set G, and Gy as the
subgraphs of @ induced by H, together with v and ¥, together with v respectively.
Then G = G, UG, and G| NGy = K, (with vz as'the single vertex). This contradicts
{c) and so (7 — v cannot be disconnected. (1
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We will use Theorem 6.6{b) to prove a result about k-chromatic graphs. First we
show that any k-chromatic graph & coniains a k-critical subgraph. To see this, note
that if G is not k-critical then x{(G — v) = & for some vertex v of G. H G — v
happens {o be k-critical then we have got our subgraph. f G — v is not k-critical then
G — {v,w} = (G —v) — w has chromatic index &, for some vertex w in G — v. If this
new subgraph is k-critical then, as before, we are finished. If not, we continue this
vertex deletion procedure and we will eventually reach a k-critical subgraph.

Theorem 6.7 Let G be a graph with x(G) = k. Then G has at least k vertices v such
that d{v) > k-1,

Proof Let H be a k-critical subgraph of G. Then every vertex of I has degree at
least & — 1 in H, by Theorem 6.6(b), and so has at least this degree in G also. Since
H is k-chromatic it has at least k vertices and so this completes the proof. (O

We note that Theorem 6.4 i3 an easy consequence of Theorem 6.7.
We finish this section with a result proved by Welsh and Powell [63] and related to
their algorithm (presented in Section 6.2).

Theorem 6.8 Let G be o graph and let vy, v, ..., v, be a Bsting of the vertices of G
such that
d(v)) 2 d{v) 2 -+ - 2 d(v).
Then
x(6) < max {min{s, d(v:) + 1}).
Proof If G is an empty graph, x{@) = 1 and d(v) = 0 for each i. Thus
1121%:El{m1n{s,d(v;) +1}} = Pg&};{nﬂn{s,l}} =1
and the result. follows in this case. )

Now let G be a nonempty graph with x(G) = k. Then G has a k-critical subgraph.
By Theorem 6.7, H has at least & vertices of degree at least & and consequently so
has G. Thus in our given listing of G’s vertices we have d(v;) > k—1fori=1,...,k.
In particular, min{k,d(v¢) + 1} = k. Thus

;gg,{nﬁn{s‘,d(w) +1}} 2 KG),

as required. [J

Exercises for Section 6.3

6.3.1 Prove that the 3-critical graphs are just the odd cycles Cpnyi. {Hint: use
Theorerns 6.6(b) and 3.1.)
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6.3.2 Prove that the wheel Wi, is a 4-critical graph for each n > 2.
6.3.3 Show that the graph of Figure 6.14 is a 4-critical graph.
6.3.4 Let G = Gy + Gy, the join of the two graphs Gy and .

(a) Prove that x{@) = x(G1) + x(Ga).

(b) Prove that G is a k-critical graph if and only if G: is k,-critical and G; is
kp-critical, where &k = ky + k.

6.3.5 Let G be a k-critical graph, where & > 3, and let v and v be two distinct vertices
of G. Show that u has a neighbour which is not a neighbour of ». Hence show
that G has at least k + 2 vertices.

6.3.6 Show that the graph of Figure 6.15 is 4-critical.

Figure 6.15: A 4-critical graph.

6.3.7 Use Theorem 6.8 to show that for &, the complement of G,
x(G) £ max {min{n i+ 1,n ~ d(ri}}},
where t1,...,v, is a listing of the vertices of (7 such that d{v) = --- = d(v,).

6.3.8 Using induction on r, the number of vertices of @, prove that x(G) + x(&) <
r+ 1.

6.4 Cliques

For any graph G a complete subgraph of G is called a clique of G.The
number of vertices in a largest clique of & is called the clique number of G
and denoted by ol(G).
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T <>

G, O o o

Figure 6.16

For example, in Figure 6.16, cl{G,) = 3,¢l(G2) = 4 and c/(G3) = 2.
It follows immediately from Theorem 6.1(d) that for any graph G,

<l(G) < x(G).

In particular if G contains a triangle, i.e., K3, as a subgraph, then x(G) > 3. To see
that the converse does not hold, note that if n > 2 then the cycle Cinyq is triangle-
free with chromatic index 3. In fact we now give a theorem which shows that one can
construct graphs & with arbitrarily high chromatic index but.clique number just 2.
The construction is due to Mycielski [48].

Theorermn 6.9 (Mycielski, 1955) For every k > 1 there is a k-chromatic graph M,
with no triangle subgraphs.

Proof We use induction on &. The graphs X, and K; show that the result is true
for k =1 and 2 respectively.

Now suppose that & 2 2 and that M), is a k-chromatic graph containing no triangles.
We use M;, tq construct a (k + 1)-chromatic graph M4, containing no triangles.

First suppose that vy, vs,. .., vy are the vertices of M. The vertices of the new graph
M1 are defined to be those of M) together with an extra n + 1 vertices denoted
by w1, u2,...,u,,v. The edge set of M;,, is defined to consist of all the edges of M,
together with an edge from v to each of the u;s and an edge from each u; to each of
the neighbours of v;.

Starting with M, = K, Figure 6.17 shows the construction of M, and M,.

We now show {hat A4, has no triangles. Assume this is false, ie., that there is
a iriangle in Miyq. Since My, by assumption, contains no triangles, such a triangle
must have either v or at least one of the u;’s as a vertex. Since no two of the u’s
are adjacent and v is only adjacent to the w;’s this forces the triangle to be of the
form v;vyuv;. However, since u; is adjacent to v; and vy, these latter vertices must
be neighbours of v; and we get the triangle v;vv;v;, impossible since this lies in M.
Thus M,y has no triangles, as required.

Now we show that x(Miyq) = &+ 1. Giver a k-colouring of M, we can extend
this to a (k + ii-colouring of M4y by colouring each w; by the colour assigned to
v; and then colouring v with a (k + 1)st colour. (It is easily checked that {his is a
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simply Cg)

Figure 6.17: The Mycielski graphs Mz, Ms and M,.

{k + 1)-colouring of M, because of the way the edge set of M, is defined.) Thus
x{Mps1) £ &+ 1 and so we must now show that M;,; can not be k-coloured.

Suppose, to the contrary, that My, has a k-colouring using the colours 1,2,..., k.
Suppose that the veriex v is coloured k. Then each vertex «; can not be coloured
k, since v and u; are adjacent. Also, since x(M,) = k, the colour k must be used
to colour some vertices in M. Recolour those vertices v; coloured &k in M, by the
colour assigned to their corresponding u;. Then, since u; and v; have exactly the same
neighbours in My, this has produced a (k —1)-colouring of M), which is a contradiction
since x(M,} = k. It now follows that x(M:4,) = k + 1, finishing the proof. [

We note in passing that the graph M shown in Figure 6.17 is know as the Grotzsch
graph.

Although Myecielski's construction shows that in general the clique number may
be quite different forn the chromatic index there is a large class of graphs whete the
numbers are equal. To describe this class we first need a result on the complement G
of a graph G.

Theorem 8.10 Let G be a graph. Then the following lweo statements are equivalent.
(a) For every nonempty subset U of V(G), either the induced subgraph G[U] of G
is disconnected or the induced subgraph G|U] of G is disconnected.
(8) G has no vertex induced subgraph isomorphic to Py, the path of length 3.

Proof Suppose that there is a subset I/ of G such that the induced subgraph G{U]
of & is isomorphic to Py. Since P, is its own complement, the induced subgraph G[{/]
of G is also isomotphic to Py. In particular, G[I/] and G[U] are both connected. This
argument shows that {a) implies (b).
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Now suppose that G does not contain-a veriex-induced subgraph isomorphic to £y,
We adopt a proof by contradiction to show that (a) holds. Thus we assume that & does
contain a nonempty subset I/ such that both GiU/] and G[U/] are connected. Clearly
we can choose such a subset I/ to have as small a number of vertices as possible. Thus
it T is any proper subset of U then either GIT| or G[T] is connected. Also a moment’s
thought shows that our minimum subset &/ has at least 4 vertices.

Let w; be a vertex in U and set Uy = U — {u}. Then, by the minimality of U,
either G{/j] or Gil};] is disconnected. Suppose that G[U/1] is disconnecied. (It suffices
to do this since, once our argument is finished, we may replace @ by G because P, is
the complement of itseif.) Then, since EEU] is connected, there is a vertex up in U
such that w,u; € E((), the edge set of G.

Denote the vertex set of the component of G[U/;] containing 4 by U;. Then any
vertex 43 in U; has no neighbours in the set U} ~[/;. Moreover, since G[U/] is connected,
there is such a vertex uy adjacent to u; in & and also a vertex uy € I/} —U; also adjacent
to w in G. So thus far we have u;u; € E(G) and u,ua, u us € E{(G).

Now let

X = {zr € U3 : z is & neighbour of 4, in G} and

Y = {y € U : y is a neighbour of u; in G}.

Then X and Y are both nonempty since uy € X and uz € Y. Also clearly {/; = X UY
and X NY = v. Moreover, since ([U/;] is connected (by the definition of I/;) there
are vertices z € X and y € Y such that zy € E(G).

Finally let Z = {4, u1,2,y}. Then we have vyuy, w12, 2y € E(T) but wyy ¢ E({),
by the definition of Y, and u,z, usy & E{G), since u, is not in the component G[U%]
of G[U]. It follows that ([Z] is isomorphic fo Py, in contradiction o cur initial
assumption. Thus (b} does imply (a), as required. [1

We now use Theorem 6.10 {o ptove our final result of this section. Due to Seinsche

[56], it displays a class of graphs where the cligue number does equal the chromatic
index.

Theorem 6.11 (Seinsche, 1974) Let G be a graph in which no set of four vertices
induces Py as a subgraph. Then x(@) = cl(3).

Proof We use induction on n, the number of vertices of G. For n = 1 the result is
true since x(K,) = <l(K,) = 1.

Now suppose that the result is true for all graphs satisfying the hypothesis and with
at most n vertices where n > 1 is fixed. Let G be a graph with n + 1 vertices in which
no subset of four vertices induces Py as a subgraph. Then, by Theorem 6.10, for any
nonempty subset I of V(@) either G[U] or GU] is disconnected. In particular, taking
U = V(G). we see that either G or its complement G is disconnected.

First suppose that (G is disconnected and denote its components by Gy, Gy, ..., Gy,
so that { > 2. Then clearly no G, contains P, as an induced subgraph. Thus, since
each (; has less vertices than &, sur induction assumption gives ¥(G:) = ¢l(G;) for
each { = 1,...,% Since x(G) = max{x(G:) : 1 £ i < ¢}, by Theorem 6.1(e), and
l(G) = max{cl{G;) : 1 €£i <t} (see Exercise 6.4.1), it follows that x(G) = <l(G), as
required.
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Now suppose that G is disconnected and denote the complements of its components
by Hy, H,,..., Hy, 50 that 5 > 2. Since (G does not contain P, as an induced subgraph
neither do each of the H,'s, Thus, again by our induction ac: w.aption, x(H;) = l(H;)
for ¢ = 1,...,s. Moreover, by Exercise 1.5.5 (d}, G is the join

G=H1 +Hg+"'+H..
Hence, by Exercise §.3.4 (a), x{(G) = 320, x{H)). Since cl(G) = TL, cl{H;) (by

Exercise 6.4.3) it foliows that y(G) = ¢l(G), as required. The result now follows by
induction. 0

1t is quite easy to see that the converse of Theorem 6.11 is false. Just take G to be
P, itself,

Exercises for Section 8.4

6.4.1 Let the graph G have connected components Gy,...,G;. Prove that cl{(G) =
max{el(G;): 1 <i < t}.

6.4.2 Determine the cliqgue number of a nonempty bipartite graph, the wheel W, and
the cycle C,, for each n > 4.

643 Let G = Gy + Gy, the join of the two graphs G, and G,. Prove that ¢}(G) =
cl(GY) + el Gy).

6.4.4 Let G be a graph with n vertices. If x(G) = n — 1, what is ci(G)?
6.4.5 Let M, be the kth Mycielski graph as constructed in the proof of Theorem 8.9.

(a) Show that if we take M; as Ky, M), has 3.2""% — 1 vertices for each & > 2.
How many edges does M) have?

(b) Prove, without using Theorem 6.11, that each M; does not have any set of
four vertices which induces Py as a subgraph.

(¢} Using induction on %, show that each M, is k-critical.

6.4.6 Prove that a graph G has.a k-colouring if and only if it is a subgraph of some
graph H such that ¢l(H) < k and H does not contain Py as an induced subgraph.

6.5 Edge Colouring

In this section we turn our attention to colouring edges of a graph instead of vertices.
Recall that two edges of a graph are called adjacent if they have an end veriex in
common. Ag in the vertex colouring case we will assume that ali our graphs are simple.
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Let ¢ be a nonempty graph. An edge colouring of G assigns colours,
usnally denoted by 1, 2,3, ..., to the edges of G, one colour per edge, so that
adjacent edges are assigned different colours.

A k-edge colouring of G is a colouring of & which consists of k different
colours and in this case G is said to be k-edge colourable.

The minimum aumber n for which there is an n-colouring of G is called the
edge chromatic number (or edge chromatic index) of 7 and is denoted
by x1{G). If x1{G) = k we say that G is k-edge chromatic.

We begin our study of edge colouring by noting two elementary properties. Firstly,
if H is a subgraph of G, then
x1(H) £ x:(G).

Secondly, letting A(G) denote the maximum vertex degree of (7 as usual, we have
A(G) < xl(G), (6.1)

since if v is any vertex of G with d(v) = A{G) then the A{G) edges incident with v
must each have a different colour in any edge colouring of G.

As we will see |ater the inequality (6.1) is almost an equality in that x1{G) is either
A(G) or &(G)+ 1. However, before we prove this we will establish the edge chromatic
index for two of your favourite classes of graphs, namely the bipartite graphs and
the complete graphs. We begin by describing the edge analogue of the Kempe chains
defined in Section 6.1. This will prove-useful in proofs to come,

Let G be a graph with an edge colouring involving at least two different colours,
denoted by ¢ and j. Let H{i,j) denote the subgraph of G induced by all the edges
coloured either ¢ or j. Let K be a connected component of this subgraph. Then, as
the reader can easily check, & is just a path whose edges are alternately coloured by
f and j and if we interchange the colours on these edges, but leave the colours on all
the other edges of (7 unchanged, the result is a new colouring of &7, involving the same
initial colours. As in the vertex colouring situation we refer to such a component K
as a Kempe chain and this recolouring technique as the Kempe chain argument.

Given an edge colouring of the graph G involving the colour i we say that
i is present at a vertex v of G if there is an edge coloured ¢ incident with ».
If there is no such edge incident with v then we say that i is absentfrom v.

We are now ready for our bipartite result.
Theorem 6.12 Let G be @ nonempty bipartite graph. Then
x1(G) = 8(G).

Proof The proof is by induction on the number of edges of G. The result is clearly
true if 7 has just one edge.

Now let G have more than one edge and -assume that the result is true for all
Donempty bipartite graphs with less edges than G has.
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Since A{G) € x2(G) it suffices to prove that G has a A{G)-edge colouring. To
simplify the notation let A{G) = k.

Let ¢ be some fixed edge of G. Then the edge-deleted -Lgraph 7 — e is bipartite
with less cdges than G and so, by the induction assumption, has a A(G — e)-edge
colouring and so a k-colouring since A(G — e} < A(G) = k. We will show that the
same k colours can be used to colour G.

Let the uncoloured edge e have end vertices u and v. Since d{u} < kin G and e is
uncoloured there is at least one of the k colours absent from u. Similarly at least one
of these colours is absent from v. If there is a colour absent from both u and » simply
use it to colour e and we get a k-edge colouring of (7, as required. Thus we are left
to deal with the case where there is a colour { present at « but absent from v and a
colour j present at v but absent from u.

Let K be the Kempe chain containing u in the subgraph H(:,j) induced by the
edges coloured ¢ or j. Now suppose that v is also in K. Then there is a path £ in K
from u to v. Since u and v are adjacent they do not belong to the same bipartition
subsel of the bipartite graph G and so the path P must have odd leagth. Moreover,
since the colour 7 is present at u, the first edge of P is coloured ¢. Since the edges of
P are aliernately coloured : and 7 and P is of odd length this implies that the last
edge of P, that incident with v, is also coloured i. This is a contradiction since ¢ is
absent from ». Hence v does not belong to the Kempe chain K.

We now use the Kempe chain argument on /. This interchanging of colours makes
i now absent from u, but does not affect the colours of the edges incident wish v. Thus
i is absent from both u and v in this new k-edge colouring. As before we can safely
colour edge e by ¢ to produce a kiedge colouring of G. [

Before we go on to look at the edge chromatic index of complete graphs, let us
briefly describe an application of Theoremn 6.12 to the construction of Latin squares.

A Latin square (of order n) is an » x »n matrix having the numbers
1,2,...,n as entries such that no single number appears in more than one
row and in more than one coluron,

For example

3451 2
g i f g 5123 4
2 3 4 1 and |2 3 4 5 1
123 4 45123
1 23 45

are Latin squares of orders 4 and 5 respectively. Latin squatres are used frequently by
statisticians and quality control analysts in experimental design. We now show how
we can construct a Latin square of order n using an n-edge colouring of the complete
bipartite graph K, .. (Note that A(K,.) = » and so, by Theorem 6.12, K, , does
have an n-edge colouring but ne edge colouring with less than g colours.)

Let K, , have bipartition V = XUY, where X = {1,....z.}and Y = {z1,..., 4},
and denote the colours of the edge colouring by 1,...,n. We define the n x n matrix
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A = (a) by
a;; = k where z,yx is the edge coloured j (incident with z,}.

Then, for each distinci pair of indices j; and ji, 4, # a,;, (since otherwise there
would be a pair of parallel edges).

This shows that each row of A has n different entries. Moreover, if for indices i) # i3
we have 4;,; = ai;, say with the common value %, then the vertex y; would be the
end vertex of two different edges coloured 7, which is of course impossible. Thus each
column of A has n different entries. Hence the matrix A we have constructed is a
Latin square.

We now turn our attention to the edge chromatic index of the complete graphs.

Theorem 6.13 Let G = K,,, the complete graph on n vertices, n > 2. Then

AlG =n-1) ifn is even
X1(G)={AEG§+1 ( {=n) ifnis odd.

Proof We first suppose that n is odd. Draw ( as usual so that iis vertices form a
regular polygon (with the n edges on the perimeter having the same length). Colour
the edges around the perimeter using a different colour for each edge. Now each of
the remaining “internal” edges of G is parallel to exactly one on the perimeter and
we assign if the same colour as we have assigned to this perimeter edge. Figure 6.18
shows K’y partially edge coloured in this way.

Figure 6.18: The beginnings of an edge ¢olouring of K.

Then two edges have the same colour oaly if they are parallel and from this it
follows that we do have an edge colouring of G. Since it involves n colours we have
shown that x1{G) < n ( = A(G) +1).

Now suppose & has an {n — 1)-colouring. Now, from the definition of an edge
coleuring, the edges of one particular colour form a matching in (7 and so, since n 1s
odd, the maximum possible number of these is {(n — 1). This implies that there are
at most (r — 1) x 3(n — 1) edges in G, a contradiction since K, has in(n —1) edges.
Hence G does not have an {» — 1)-colouring and so x;(G) = n, as required.
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We now deal vith the case when » is even. Let » be some fixed vertex of G. Then
G — v is compleie, with n - 1 vertices. Since n — 1 is odd we can give it an (n — 1)-
colouring, as described above. With this colouting there is a colour absent from each
vertex, with different vertices having different absentees. G is reformed from G —v by
joining each vertex w of G — v to v by an edge. Colour each such edge with the colour
absent from w. This gives an {rn — 1}-colouring of G and since A(G) = n — 1 we get
x1{G) = A(G) = » — 1, as required. [

The last part of the proof of Theorem 6.13 is illustrated in Figure 6.19 for n = 6.

Figure 6.1%: The edge colonring of K, induced by that of Kj.

Theorem 6,13 shows that x,{G) can be either A(G) or A(G)+1 for complete G. The
next result, due {0 Vizing [62], is the most important in the theory of edge colouring.
It shows that for all (simple) graphs G these two possibilities are the only ones.

Theorem 6.14 (Vizing, 1964) Let G be a nontrivial grapk. Then
AlG) < x(GY £ 4G +1.

Proof Since we always have A(G) < x:(G) we just need to show that x;{G) <
A{G)+ 1. We use induction on the number of edges of G. If & has just one edge then
A{G) =1 = x1(G) so we can now assume that & has more than one edge and that
the result is true for all nontrivial graphs having less edges than & has. To simplify
the notation let A{G) = k.

Let € be a fixed edge of G, with end vertices v, and v;. Then, by our assumption,
the edge-deleted subgraph G — e has a (k + 1)-edge colouring, using the colours
1,2,..., %+ 1, say. Since d(v1) and d(v;) are both at most k there is at least one of
these k colours absent from vy and at least one absent from vy, If there is a common
colour absent from both then we may use this to colour e and so produce a (k + 1)-
colouring of G. Se in this case x,(G) < k + 1, as required. Hence we now assume that
there is a colour, say 1, absent from v, but present at v; and there is a colour, say 2,
absent from vy but present at v,

Starting with v, and vy we now construct a sequence of distinct vertices vy, v,..., U
where each v, for i > 2, is adjacent to vy. The vertex vs is chosen so that vy is
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coloured 2 — w3 does exist since 2 is present at »; but absent from v,. For the next
vertex, first note that not all the k + 1 colours are present at vy. If possible, choose
a new colour 3, absent from va but present af vi, and let vivy be the edge coloured
3. Proceed now in this fashion by, if possible, choosing a new colour f absent from v;,
but present at vy, and let vyv;;; be the edge coloured :. In this way we get a sequence
of vertices vy, vy,...,v; such that

(a) v; is adjacent to v, for each i > 1,

{b) the colour ¢ is absent from v; foreachi=1,...,7 —1 and

(c) the edge vyvi4y is coloured i foreach t = 2,...,7 — 1.

We illustrate this partly in Figure 6.20.

v 4 (4 absent)
¥2(3 absent)

v, (2 absent)

Figuare 6.20

Since d{v,} < k it follows from (a) that such a sequence has at most & + 1 terms,
ie, j £ k+ 1. We now investigate a longest such sequence vy,...,u;, i.e., one for
which it is not possible to find a new colour j, absent from v;, together with a new
neighbour vj4y of v such that vvj4, is coloured j.

Let us first suppose that for some colour j absent from v; there is no edge of.thai
colour present at v,. Now colour edge € = vyv; with colour 2 and recolour the edges
wv; with colourifori = 3,...,7—1. Since i was absent from v; foreachi =2,...,5-1,
this gives a (k + 1)-colouring of the subgraph &G — v,v;. However, since the colour j
abgent from v; is also absent from v,, we may use J to recolour »;v; and this produces
a (k + 1)-colouring of 3, as required.

Thus we may now assume that no matter how we choose 7 as a colour absent from
v; then this colour is present at v;. If v;4, is a new neighbour of v; coloured by such
a j then we have extended our sequence to vy, vy,...,¥;,v;1;, in contradiction to the
assumption that v, vz,...,v; can not be extended further. Thus, choosing j to be a
colour absent from v;, one of the edges v va,..., 10, must be coloured j, say v (s0
that j = I —1). Now colour edge e = vt by 2 and recolour each of the edges vyv; for
t=3,...,{—1 by i. Remove the colour j from ¥,v;. Then we have a (k + 1}-colouring
of the edge-deleted subgraph G — vyo which we wish to extend to G.

Let H(1,j) denote the subgraph of G induced by the edges coloured I or j in this
partial colouring of (. Since the degree of every vertex in H(1, ) is either 1 or 2, each
component of H(1, §) is either a path or a cycle (see Exercise 4.1.12). Since 1 is absent



218 Chapter 6. Colouring

from w and j is absent from both v; and v it follows that these 3 vertices do not all
belong to the same connected component of H{1,7}. Thus, if we let K and I denote
the corresponding Kempe chains containing v; and w respeciively, either v; & K or
" L.

S%lppose that v; ¢ L. The Kempe chain argument used on L, interchanging the
colours, gives a (k + 1)-colouring of G — v,v; in which 1 is missing from both »; and
v;. Colouring vv; by 1 gives us a (& + 1)-colouring of G.

Finally, if 1 € X, colour the edge vy by [ and recolow the edges vv; for
i=1+1,...,7 —1 by i but remove the colour j — 1 from v,v;. Then, from the
definition of the sequence vy,vs,...,%;, we obtain a (£ + 1)-colouring of G — vyv;
which has not affected the two-coloured subgraph H(1, j). Now use the Kempe chain
argument to interchange the colours in the component k and we gzt 8 (k+1)-colowing
of & — vv; in which 1 iz absent from both v, and v;. Colouring v;v; by 1 now gives
the desired colouring.

While Vizing's Theorem pins down x({G) to either A(G) or A{G) + | there is as
yvet no good characterisation of the graphs for which x1(G) = A(G) (or, equivaiently,
of the graphs for which x1(G) = A(G} +1).

Exercises for Section 6.5

6.5.1 Let &7 be the complete bipartite graph K, , with bipartition ¥V = X UY where
X={x,....2x},¥Y = {m,-..,un} Lei cq,..., ¢, denote n different colours. If
1 €1 £ § < n, assign the colour ¢,_;1; to the edge a;y; whileif { £ <i < n,
assign the colour ¢;4;.i41 to the edge x.;. Prove that this gives an n-edge
colouring for & and describe the corresponding Latin square of order n.

6.5.2 In an international yacht race, involving 2n teams, the preliminary round takes
the form of a round-robin fournament in which every team has to compete
against every other team. No team compctes more than once each day and so
this round must take at least 2r — | days by scheduling the races to finish. Prove
that it s possible to finish in just 2 — 1 days by scheduling the races as follows.

Using ihe technique described in the proof of Theorem 6.13, edge colour the
complete graph Ky, with 2n — 1 colours, denoted by 1,2,...,2n — 1. Also label
the vertices of iy, by 1,2,...,n. Then schedule team ¢ to race against team ;
on day & if the edge joining vertices i and j is coloured k.

6.5.3 Prove that the Petersen graph (see Exercise 1.6.7) has edge chromatic index 4.

6.5.4 Show that if G is a 3-regular Hamiltonian graph then x,(G) = 3. (This together
with the previous exercise proves that the Petersen graph is not Hamiltonian.)

6.5.5 A class of 30 school pupils take 12 different subjects although the maximum
number of subjects taken by any individual is T and the largest subject has 15
pupils. The parents of the pupils are invited to the school one evening tc discuss,
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in private, their child’s progress with each of the child’s teachers. Discussion
times of 10 minutes each are planned. Allowing for & minutes between discussion,
use edge colouring to determine the minimum total time required to complete
the discussions.

6.6 Map Colouring

In this section we look al what was once one of the most famous problems in
mathematics, namely the Four Colour Conjecture.

This stated that if the plane was divided up into regions and the regions coloured
so that no two regions with a common edge had the same colour, then at most four
colours were required. We illustrate this in Figure 6.21.

Figure 6.2}: A map with its regions coloured.

This problem first came to light in 1852 when a student was supposed to be doing his
Geography homework. Instead he spent his time colouring the counties of England in
such a way that no two counties with a common boundary had the samne colour. To his
surprise he found Le never needed more than four eolours. Of course, in graph theory
parlance, the map of the counties of England forms a plane graph with each county
corresponding to a face of the graph. Thus the general problem can be expressed as
whether one can assign just four colours to the faces or regions of any plane graph &
so that adjacent faces of G have different colours, If you are interested in finding out
more of the history of this problem, have a look at the book by N. Biges, E.K. Lloyd
and R.J. Wilson [8].

To pui our discussion on a more formal footing, we introduce some terminology.
We wish to colour the regions of a plane graph G in such a way that, on crossing an
edge e, we go from one coloured face to a face with a different colour. This is clearly
impossible if the edge ¢ is a bridge, since e lies on the boundary of only one face.
We therefore restrict our discussion to graphs without bridges — a very reasonable
restriction in the context of map coloutrings.
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A map is defined to be a plane conected graph with no bridges.

A map @ is said to be k-face colourable if we can colour its faces with
at most & colours in such a way that no two adjacent faces, i.e., two faces
sharing a common boundary edge, have the same colour.

From this we can now give a formal staiement of the Conjecture:

r The Four Colour Conjecture: Every map is 4-face colourable. |

We have now three ways of colouring a plane graph — we may colour its vertices,
ite edges or its faces. However we will now see that we can change a face colouring
problem into a vertex colouring problem.

Theorem 6.15 (a) A map G is k-face colourable if and only if its dual G* is k-vertezr
colourable.

{8) Let G be a plane connected graph without loops. Then G has o verter colotring
of k colours if and only if ils dual G" has o k-face colouring.

Proof (a) Denote the faces and edges of G by f1,..., fs and ¢,..., &y Tespectively.
Then, as detailed in Section 5.6, the vertices of G~ are f,...,f; and ef,...,€},
respectively, in one-tc-one correspondence with the faces and edges of G, and iwo
such vertices f* and g* in G* are joined by an edge ¢* if and only if the cotresponding
faces f and g in 7 have the corresponding edge e as a common edge on their boundary.

Now choose a k-face colouring for G. Then, if we colour the vertex f* in G* with
the colour assigned to the face f in G, this gives a vertex colouring of G* (since the
vertices f* and ¢* are only adjacent in G* if the corresponding faces f and g are
adjacent in ). Hence G* has a vertex colouring of k colours.

Conversely, choose a vertex colouring of G* consisting of & colours. Then, if we
colour the face f in & with the colour assigned to the vertex f* in G*, this gives a k-
face colouring of G (since the faces f and g are only adjaceat in G if the corresponding
vertices f* and ¢* are adjacent in G*).

(b) Since G has no loops, its dual G* has no bridges (see Section 5.6) and so is a
map. Thus, by part {a), G* is k-face colourable if and only if the double dual G** has
a k-face colouring. However, by Theorem 5.17, since (G is connected ii is isomorphic
to G* and so the result follows. {1

As an application of Theorem 8.15, we can quickly determine which maps are 2-face
colourable.

Theorem 6.18 A map G is 2-face colourable if and only if it is an Euler graph.

Proof Let & have a 2-face colouring. Then, by Theorem 6.15 (a), x{(G*) = 2 and
0, by Theorem 6.2, G* 13 bipartite. Thus, by Exercise 5.6.4, the double dual G** is
an Euler graph. Since G and G** are isomorphic, (7 is Euler, as required.

Counversely, suppose that G is an Euler graph. Then its double dual ** is Euler
and so, again by Exercise 5.6.4, G is bipartite, Thus, by Theorem 6.2, x{G™) = 2 and
50, by Theorem 6.15 (a), G has a 2-face colouring. [J



Section 6.6. Map Colouring 221

As a further application of the duality principle provided by Theorem 6.15 we have
the following resuli:

Theorem 6.17 Let G be a cubic map, t.c., o map in which each verlez has degree
3. Then G has g 3-face colouring if and only if each of its faces has even degree, i.e.,
each of its faces has an even number of edges on ifs boundary.

Proof First suppose that & has a 3-face colouring, using colours &, § and 4. Let f
be any interior face of (7 coloured a. Then the faces surrounding f must be coloured 8
or 7. Looking at these faces in turn as we go clockwise round f, since no two faces of
the same colour can be adjacent, those coloured # must alternate with those coloured
~ and they must be ever in number, Since each of these faces corresponds to an edge
on the boundary of f, it follows that f has even degree. A similar atgument applies
to the exterior face of G.

For the converse, we first prove a “dual” tesult. Let H be a plane connected Euler
graph in which every face has degree three, i.e., each face is a triangle. We will show
that H has a 3-colouring, i.e., a vertex colouring of 3 colours. First, it is straightforward
to see that every edge of H is part of a cycle and so H has nc bridges. Hence H is
an Euler map and so, by Theorem 6.16, H is 2-face colourable. Let us choose red and
blue to colour the faces of H.

Now choose a red face f of H. Starting at a particular vertex of f and visiting the
other two travelling clockwise, colour the first veriex a, the second vertex & and the
third . Any face ¢ adjacent to f is coloured blue and now has two of its vertices
coloured. Colour the remaining vertex of g with the third unused colour. This results
in the three colours a, & and ¢ being assigned, in that order, to the vertices of g in
anticlockwise fashion.

We can now extend this vertex colouring to all the vertices of H, resulting iz a
clockwise allocation of a, b and ¢ to red faces and an anticlockwise allocation to blue
facen, aa ghown in Figure 6.22. Thus we have shown that if H is any plane connected
Euler graph in which every face has degree 3 then H has a 3-colouring,

Figure 6.22: The colouring of i starting from a red face.
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Now let (7 be a cubic map in which each face has even degree. Then in the dual map
G* each vertex has even degree while each face has degree 3. Hence, by our arguments
of the previous two paragraphs, G* has a 3-colouring. Thus, by Theorem 6.15 (a), &
has a 3-face colouring, as required. [J

It follows from Theorem 6.17 that not all maps are 3-face colourable. For example,
the cubic map of Figure 6.23 has faces of odd degree and so, by the Thecrem, can not
be 3-face colourable,

- -

Figure 6.23: A map which is not 3-face colourable — remember the exterior face.

Of course the Four Colour Conjecture says that just one more colour is needed to
he able to colour all maps. We will prove shortly that five colours are sufficient but
first we give an easy proof that six colours suffice.

Theorem 6.18 Every map G has e foce colouring of at most siz colours.

Proof Let H denote the dual of G. By Theorem 6.15 {a), it suffices to prove that
H has a vertex colouring of at mosi six colours. Slightly more generally, we prove that
any plane graph H is 6-colourable.

We use induction on n, the number of vertices of H. Of course, if H has at most six
vertices then it is trivially 6-colourable. Thus we may suppose that n > 7 and {hat
all plane graphs on less than n vertices are 6-colourable. Further there is no harm in
assuming that H is a simple graph. Then, by Corollazy 5.7, H has a vertex v with
d(v) < 5. The vertex deleted subgraph H —v is then a plane graph with n —1 vertices
and so, by our induction assumption, is 6-colourable. Such a 6-colouring of H — v
can now be extended to all of H simply by assigning to v any of the six colours not
given to its neighbours — there is at least one such free colour since v has at most
five neighbours. induction now finishes the proof. []

In the history of the Four Colour Conjecture one of the more significant attempis
at its proof was made by A. B. Kempe in 1879 [38]. His “proof” used what is now
known as the Kempe chain argument, as defined in Section 6.2. Unfortunately, in
1880, P. J. Heawood [33] produced a map which; although it did not show the Four
Colour Conjecture to be false, did show thai Kempe's proof failed. However, on a
mote positive note, Heawood also showed that Kempe's arguments could be used to
solve an easier problem — the Five Colour Problem.

We now prove Heawood’s Five Colour Theorem. The proof involves a particular
form of plane graph which we now defins.
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r A plane graph in which every face has degree 3 is called a triangulation.J

Theorem 6.19 (The Five Colour Theorem, Heawood)} The faces of @ map ean
always be coloured with five or fewer colours.

Proof We will present the proof in four steps.

Step 1. Lock at the part of a map shown in Figure 6.24 (a). We see that five
faces meet at the vertex P. Replace P by a face {in a patch-like fashion as shown in
Figure 6.24 {b)). Then only three faces meet,

{a) )]

Figure 6.24

Further, if we can colour the map of Figure 6.24 (b) with five colours, we can do
the same for the map of Figure 6.24 {a). Thus, from now on we may assurne that, in
the maps we ate considering, at most three faces meet anywhere. (We leave the reader
to give a formal argument for this in Exercise 6.6.2.)

Step 2. We now change our map problem info a plane connected graph problem
by taking the dual graph of the map, using Theorem 6.15. Because of Step 1, every face
of the dual graph is a triangle and so the dual is a triangulation. Thus, by Theorem
6.15, it suffices to show that the vertices of any triangulation can be coloured using
at most five colours.

Step 3. We will now show that in every triangulation there is a vertex of degree
2, 3, 4, or 5. The argument is similar to the one we used to prove Theorem 5.10, the
cornerstone of our proof that there are only five Platonic bodies.

Let v,...,v, denote the vertices in a parficular triangulation G and let »; be the
nurnber of vertices of degree i in G. Clearly ny = 0. Also, if A(G) = &, we have

k
n= ng+n3+...+nk=2n;.
i=2
Further, if e denotes the aumber of edges in G,

k
2e = d(v)) + d(vz) +... + d(va) = 2n + 3ng + ...+ kny = 3 ing.

i=2



224 ; Chapter 6. Colouring

Now let f denote the number of faces of G and go round the boundary of each face
counting up the edges. Then, since each boundary has three edges and in this counting
process each edge is counted twice, we get

k
3f=2e=) in.

i=2
Substituting this into Euler’s Formula n — e + f = 2 and tidying up we get
dnp+3na+ 20y +n5 =12+ (i —6)n.

Y

But, since the right hand side of this equation is positive, the left hand side must be
positive. Hence at least one of ng, n3, ny, ng is pesitive and so G must have a vertex
of degree 2,3,4 or 5, as claimed.

Step {.  The smallest triangulation is one witli {hree vertices, i.e., a triangle. Its
vertices can be coloured with three colours so five will certainly do. We proceed by
induction on n.

Suppose first that the triangulation contains a vertex v of degree 4, as in Figure
6.25. In this case, we remove v from the graph and, as shown in the fignre, insert the
edge u,uy. Now we have a triangulation with fewer vertices than the original so we
miist be able to five colour it. Hence at most four colours are used on the vertices
Uy, Ug, Us, Ug. This leaves a [ree fifth colour which we can use on u in our original
triangulation, thereby colouring all its vertices with at most five colours, as required.

uy

\u,
Figure 6.25: Reducing the veriex number of a triangulation having a weriex ¢ of degres 4.

So if the original triangulation has a vertex of degree 4 then it is 5-colourable,

Similar arguments apply to a triangulation with a vertex of degree 2 or a vertex of
degree 3 — we leave the details as Exercise 6.6.9, Thus from now on we may suppose
that the triangulation contains a vertex v of degree 5.

Again we remove v and set up a smaller trizngulation. This time the reduction
process converts five faces into two, as shown in Figure 6.26. By our induction
hypothesis, we can colour the vertices of this smaller triangulation with five or fewer
colours. If the vertices uy, ug, u3, 1y, t5 (see Figure 6.26) take up no more than four
of these colours then, just as before, there is a free fifth colour which we can use on v
allowing us to produce a 5-colouring of the original graph.
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uy

Ug Rz

Figure 6.26: Reducing the vertex number of a trinngulation having a vertex v of degres 5.

This leaves us to deal with the case in which all five colours are used on
{1, 42, 43, g, tt5 } 7 Suppose that, for each i = 1,...,5, vertex u; is coloured by colour
¢;, as shown in Figure 6.27.

Figure 6.27

Now have a look at the vertices coloured ¢; and ¢;. Suppose that #; and us are
in different components of the Kempe subgraph H{¢1, ;) induced by those vertices
coloured ¢; and ¢3. In that case, we can use the Kempe chain argum :nt to interchange
the colours ¢; and ¢; on the component containing ;. This leaves ¢; unused on
the set {u,us,ua,uq,us} and so we have a spare colour to give to v in the original
triangulation.

So our only problem now is if 4, and wuy are in the same component of the Kempe
subgraph H{c,, c;). In that case have a look at the Kempe subgraph Hie,, ¢,) induced
by the vertices coloured ¢, and ¢,. If u, and u4 are in different components of H{c,,¢,)
then, again by the Kempe chain atgument, we can swap colours in one component to
give a spare colour for vertex v in the original triangulation.
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If u; and w; are in the same component of H{e;, cg), then the ¢y — ¢3 Kempe chain
from u; to uz must cross the ¢; — ¢ Kempe chaio from s to uy. (See Figure 6.27 (OLJ
Trls cannot happen since the {riangulation is a plane graph

chis contradietion has deall with the fina! remaining case. Thus we can colour any
triwagulation in five colours. [

We close this chapter with a brief discussion of the proof of the Four Colour
Conjecture. This was published in 1977 by K. Appel and W. Haken, with help from
J. Koch ({2], E3})

Now it would be nice to be able to say that a proof of the Five Colour Theorem can
be easily adapted to prove that the Four Colour Conjecture is true, i.e., to prove the
Four Colour Theorem, The fact that it took over 120 years to prove the Foar Colour
Theorem suggesis that this not the case.

However, the method of proof is very similar. Appel and Haken used the trangula-
tion approach of the Five Colour Theorem’s proof and showed that all triangulations
contain certain confignrations. lu the Four Colour Theorem there are four configu-
rations — vertices of degree 2, 3, 4 or 5. Appel and Haken had to have nearly 2000
configurations.

In the Five Colour Theorem we had to show that each of the configurations could
be coloured starting from a similar triangulation. Appel and Haken did the same.

It should be clear that the computer was an essential tool in Appel and Haken's

proof. In fact, they used many weeks of computer time before they settled the Four
Colour Theorem.

Theorem 6.20 (The Four Colour Theorem) Every map can be coloured in four
or fewer colours.

-

Exercises for Section 8.6

6.6.1 Colour the faces of K with four colours. Can only three colours be used (so
that no two neighbouring faces have a common colour}?

6.6.2 Show that the reduction described in Figure 6.24 is good. That is, show that if
the map of Figure 6.24 (b) can be coloured in five ¢colours, so can the map in
Figure 6.24 (a). Can “five” be replaced by “four”?

6.6.3 Is Step 2 of the proof of the Five Colour Theorem true if we replace “five” by
“four”?

6.6.4 Is Step 3 of the proof of the Five Colour Theerem true if we replace “five™ by
“four??

6.6.5 In Step 3 of the proof of the Five Colour Theorem we claimed that n; =0 in a
triangulation. Justify this.
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6.6.6 For the triangulation shown in Figure 6.28, show that 2¢ = ©°%_, n; and that
3f = 2¢, where e is the number of edges, f is the number of faces, k is the
maximum vertex degree and, for each ¢ = 1,...,%, n; denotes the number of
vertices of degree ¢.

Figure 6.28: A triangulation.

6.6.7 Prove that in any triangulation 2¢ = T¥_, n;.

6.6.8 Show that, for a triangulation G,

dny+3ns + 2ns+ns =124+ Y (i — 6)ny,
ixe

where n; is the number of vertices of degree i in G, just as in the proof of
Theorem 6.19.

6.6.9 Show that a triangnlation with a vertex of degree 2 or 3 can be coloured with
five colours.

6.6.10 Where does the proof of the Five Colour Theorem break down for four colours?




Chapter 7

Directed Graphs

7.1 Definitions (and More Definitions)

Consider the set of boys Alan, Bill, Charlie and Don and the set of girls Ethel, Florence
and (ail. Alan cares only for Ethel, Bill and Charlie are both keen on Florence, but
Chatlie is also interested in Gail. Don is a confirmed bachelor and has nothing to do
with any of the girls. Ethel’s heart belongs to Alan, Gail fancies Don and Florence
doesn't care for any of them. We can represent this by the diagram in Figure 7.1. Here
we have drawn an arrowed line from a point z to a point y, i.e., the arrow points
from 2 fo ¥, if z “is fond of” y.

A B c D
Figure 7.1: A fondness diagram.

Another way of describing this “being fond of” relationship is to list it as a set of
ordered pairs:

(A, £), (B, F), (C,F), (C,G), (E,A), (G,D)

_Wl%ere (#,y) is in the list to signify that z is fond of y. The order in the pair (z,y)
5 important—X first, Y second, so that (z,y) 1s different from (y, 1) if z is different
from y. Hence the term ordered pair. In Figure 7.1 this ordering was represented by
the direction of the arrow head.

This bri ngs us to the concept of a directed graph.

229
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A directed graph D = (V, A) consists of two finite sets

V, the vertex set, a nonempty set of elements called the vertices of D and
A, the arc set, a (possibly empty) set of elements called the ares of D,

such that each arc a in A is assigned an ordered pair of vertices (u,v).

If a is am arc, in the directed graph D), with associated ordered pair of
vertices (u,v), then ¢ is said {o join u to v, u is called the origin or the
initial vertex or the tail of 4, and v is called the terminus or the terminal
vertex or the head of a.

We represent directed graphs diagrammatically just as for graphs except that arcs
are represented by arrowed lines. Thus, for example, Figure 7.2 represents the directed
graph D with vertex set V = {u,v,w, 2z} and arc set A = {a4, a3, 43, 04,95, 25,67}
where

@) joins u to v and so has associated ordered pair (u,v), -

az joins v to v and so has associated ordered pair (v,v),

@3 joins v to w and so has associated ordered pait (v, w),

as joins w to v and so has associated ordered pair (w,v), and so on.

u

ag

Figure 7.2: A digrapk.

We shall abbreviate the term directed graph to digraph and also sometimes speak
of arcs as directed edges (or simply edges).

If at some time more than one digraph is being considered we may denote the vertex
set of a digraph I by V(D) and simnilarly the arc set by A(D).

Given a digraph D we can oblain a graph G from D by “removing all {the
arrows” from the arcs. More formally this graph G has {he same verfex set
as D and corresponding to each arc @ in D with associated ordered pair of
vertices {u, v) there is an edge e in G with associated unordered pair (u,v).
G is then called the underlying graph of D.

Thus Figure 7.3 shows the underlying graph of the digraph I of Figure 7.2.
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“a

Figure 7.3: The underlying graph of the digraph of Figure 7.2.

Many of the definitions that we gave for graphs have analogues for digraphs. We
now give some of these.

Let D be a digraph. Then a directed walk in D is a finite sequence
W = voagvy ... aguy,

whose terms are alternately vertices and arcs such that for: = 1,2,...,%, the
arc a; has origin v;_; and terminus v;.

As in graphs, this directed walk W is often written simply as its sequence of vertices
W= oty « v o Vg

the number & of arcs in W is called the length of W, and we can have directed walks

of length 0 where the sequence consists solely of one vertex (and no arcs), for example
W = 5.

There are similar definitions for directed trails, directed paths, directed cycles
and directed tours.

For example, in the digraph D of Figure 7.2,
W=vevezvazwasvagw

is a directed walk of length 5. It is not a directed trail since the arc a3 occurs fwice.
Also
T=rarwesvarvasw

is a directed trail (of length 4). It is not a directed path since the veriex v occurs
twice {as does the vertex w). Similarly

P:zafw&gualv
is a directed path, while

C=vegwagua v
Is a directed cycle.
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The walk W given in the definition above is said to be a vg —vx walk or a
walk from v to v,. The vertex v is called the origin of the walk W, while
v is called the terminus of W,

A vertex v of the digraph D is said to reachable from a vertex w if there
is a directed path in D from u to v.

In the digraph D of Figure 7.2, u,v and w are all reachable from z but r is not
reachable from any vertex apart from itself,
In digraphs there are two natural notions of connectedness

A digraph D is said to be weakly connected or connected if its
underlying graph is connected.

Thus

our example D of Figure 7.2 is weakly connected.

A digraph D is said to be strongly connected (or diconnected) if for
any pair of vertices © and v in I there is a directed path from u to v, ie,,
given any pair of vertices in D, each is reachable from the other.

Since z is not reachable from any other vertex, the digraph of Figure 7.2 is not
strongly connected. However the digraph of Figure 7.4 is strongly connected.

The

Figure 7.4: A strongly connected digraph.

Given a graph (7 we can ¢btain & digraph from G by specifying for each edge
in (G an order to itz end vertices. Such a digraph D is called an orientation
of G.

graph Ky has eight different orientations, shown as Dy,.._, Dy in Figure 7.5,

although, of these, only two are strongly connected, namely D, and Dj.

Two digraphs D; and [, are said to be isomorphic if there is a one-to-one
and onto correspondence between V{f}) and V(I},) and also a one-to-one
and onto correspondence between E{D;) and E(D);) such that if are & in
Dy goes from vertex u, to ¥, then the corresponding arc ey in D; goes from
vertex uy to vertex vy where uy and vy are the vertices in D), corresponding
to u; and v; respectively. Of course, such a pair of correspondences is called
a (digraph) isomorphism.
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Figure 7.5: The eight orientations of K.

It can be easily seen thai, among the otientations of K shown in Figure 7.5, Dy
and Dg are isomorphic with a suitable vertex correspondence given by

1~1,3~2 2~3,

while Dy, Dy, ..., D7 are all isomorphic to each other. For example, for D; and D;
the vertex correspoudence is

1~2 2~1,3~3.

A strong component 5 of a digraph ) is a subdigraph of D which
is strongly connected and is not a proper subdigraph of any other strongly
connected subdigraph of D.

This notion corresponds to that of connected components in graphs. Using argu-
ments similar to that used for graphs we can show that if the vertex u belongs to
the strong component & of the digraph D then S consists of all those vertices v of I}
such that v is reachable from u and u is reachable from v together with all the arcs
in D which join such vertices. {We realise thai we have not formally defined the term
subdigraph used in the definition but feel confident in leaving this to the reader.)
Figure 7.6 shows a digraph D and its four strong components.

A digraph D is called simple if, for any pair of vertices u and v of I,
there is ai most one arc from u to v and there is no arc from u to itself.

For example, the digraph D of Figure 7.2 is not simple but that of Figure 7.4 is.
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Ve

vy vy ¥ S30vye v1 vy
8, 5, 8,
Vs V5 ¥ \"8

Figure 7.6: A digraph and its atrong components,

Exercises for Section 7.1

7.1.1 Let D be the digraph of Figure 7.7.

b ¢

Figure T.7

{a) Find a directed walk in D of length 8. Is this walk a directed path?
{b) Find a directed trail in I of length 10.

(c) Find a directed path in D of longest possible length.

(d) Find a directed cycle in [} of longest possible length.

(e) 1s I weakly connected?

(f) Is D strongly connected? If so, give an example of a directed path from u
to v for each pair of vertices u and v of D. If D is not strongly connected,
find a pair of vertices u and v such that u is not reachable from v.
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Figure 7.2

7.1.2 Find the sirong components of the digraph of Figure 7.8.

7.1.3 A digraph D i3 said to be unilaterally connected if, given any pair of vertices
u and v of D, either u is reachable from v or v is reachable from u, but not
necessarily both.

(a) Show that the digraph of Figure 7.9 is unilaterally connected but not
strongly connected.

Figure 7.%: A unilaterally connected digraph which is not sirongly connected.

(b} Determine whether or not the digraph of Figure 7.8 is unilaterally con-
nected.

(c} Prove that a digraph D is unilaterally connected if and only if there is a
directed walk in D involving all the vertices of D, i.e.,, D has a directed
spanning walk.

7.14 Let v and v be distinct vertices of the digraph D. Prove that every directed
u — v walk in D contains a directed « — v path. {This is the digraph analogue
of Theorem 1.3.)

7.1.5 Prove that a digraph D is strongly connected if and only if it has a closed
directed walk going through all its vertices. (Compare this result with Exercise
7.1.3 (c).)
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7.1.6 Which pairs of the digraphs given in Figure 7.10 are isomorphic? For those pairs
that are isomorphic, write down an isomorphism. For those pairs that are not

isomorphic, explain clearly why they are not.

@

Figure 7.10; Pairs of iaomorphic digraphe?

®)

7.1.7 Let D be a simple digraph. We define the complement of I to be the simple
digraph D with the same vertex as D and where there is an arc from a vertex
¢ to a vertex v if and only if there is no such arc in D. Figure 7.11 illustrates a
digraph and its complement.

Give an example of a simple weakly connected digraph D which is not unilat-
crally connecied but its complement is

(a) strongly conunected,
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{b) unilaterally connected but not strongly connected.

D b

Figure 7.11: A simple digraph and its complement.

7.1.8 Given a digraph D we define its condensatien to be the simple digraph
D* whose vertices vy, ...,v, are in one-to-ohe correspondence with the strong
components 5y,...,5, of D and such that there is an arc a from u; to u; (for
1 3 7) if and only if there is an arc from some vertex of S; to some vertex of 5;.
Figure 7.12 shows a digraph D and its condensation D*.

D‘

Figure 7.12: A digraph and its condensation.

(a) Find the condensation D" of the digraph D of Figure 7.8.
(b) Prove that the condensation D* of any digraph D has no directed cycles.

(¢) Prove that the condensation D* of any digraph [} is strongly connected,
unilaterally connected or weakly connected if and only if D is strongly
connected, unilaterally connected or weakly connected, respectively. (This
shows that the condensation construction produces a digraph D*, usually
much simpler than the given digraph D, with the same connectedness
attributes as D.)
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7.1.% Comnstruct the digraph D’ from a given digraph D by introducing a new vertex
v and an arc joining v to each vertex of D and an arc joining each vertex of D
to v. Prove that I¥ is strongly connected.

7.1.10 The converse of a digraph D, denoted by f, is the digraph obiained from D
by reversing the direction of each arc of D.

{a) Prove that a vertex v is reachable from u in D if and only if u is reachable
from v in f
(b) Prove that I’ is weakly connected, unilaterally connected or strongly

connected if and only if Tis weakly connected, unilaterally connected or
strongly connected, respectively.

(c) Show that for every n > 1 there is a digraph D on » vertices which is
isomorphic to its converse.

7.2 Indegree and Outdegree

Let v be a vertex in the digraph D. The indegree id(v) of v is the number
of arcs of D that have v as its head, i.e., the number of arcs that “go to™ v.
Similarly, the cutdegree od{v) of v is the number of arcs of D that have v
as its tail, i.e., that “go out” of v.

Figure 7.13
Thus in the digraph of Figure 7.13 we have id{v) = 0, idi{v;) = 3, td(vg) = 1,
id(vy) = 1, id(vs) = 1, while od(y) = 1, ed(va) = 2, od(v3) = 2, od(vy) = 1,

od(us) = 0.
Our first theorem on digraphs is the analogie of Theorem 1.1 on graphs.

Theorem 7.1 (The First Theorem of Digraph Theory) Let D be a digraph
with n vertices and g aves. If {vy,...,v,} is the set of veriices of D then

] n

Eid(v,-) = Z od(v;) = ¢.

f=1 i=1
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Proof When the indegrees of the vertices are summed, each arc is counted exactly
once since every arc goes to exactly one vertex. Thus

2 id(w) = ¢

i=1
Similarly, when the outdegrees are summed, each arc is counted exactly once since
every arc goes out of exactly one vertex and this gives the other equality. Tl

We continue with our graph theory analogies.

Let 1 be a weakly connected digraph. Then a directed Euler trail in
D is a directed open trail of D' containing all the arcs of D {once and only
once}. A direcied Euler tour of D is a direcied closed trail of D containing
all the arcs of D} (once and only once). A digraph D containing a directed
Fuler tour iz called an Euler digraph.

For example, in Figure 7.14 the digraph D, is Euler with directed Euler tour
) a3 43 Q4 A5 G d7 Qg dg d1p €1
while the digraph Dy, although it is not Euler, has a directed Euler trail, e.g.,

i a7 @a Q4 dsx.

Figure 7.14: D is an Euler digraph snd D2 has a directed Euler trail.

We now give a characterisation of Euler digraphs which is very similar to that of
Euler graphs given in Theorem 3.2.

Theorem 7.2 Let D be a weakly connected digraph with at least one arc. Then D is
Euler if and only if od{v) = id(v) for every vertez v of D.

Proof Suppose first that D is Euler and let T" denote a directed Exler tour of D,
beginning (and so finishing) at the vertex v. Then, if u is a vertex different from v,
each time that u is encountered on T it is entered by an arc and left by an arc and
8o each occurrence of u in T represents a contribution of | to the-indegree of u and
1 to the outdegree of u. Since every arc incident with u occurs in T it follows that
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od(u) = id{u). It is left to consider the initial vertex v of T'. Since T" begins and ends
at v the first acc of T contributes 1 to the outdegree of v while the last arc contributes
1 to its indegree. Since every other occurrence of v on the tour I' contributes 1 each
to its outdegree and indegree, it follows once again thal od{v) = id(v).

For the converse, suppose that D is a weakly connected digraph with od(v) = id{v)
for every vertex v of D. We use induction on ¢, the number of arcs in D). To begin
with, if I} has only one atc, ¢, say, with head u and tail v, then % = v since otherwise
either od(v) = 1 but id(v) = 0 or od(u) = 1 but id{u) = 0, in contradiction te the
hypothesis on D). Thus a is a directed loop and by itself gives a directed Euler tour
of D.

Although it is not necessary for us to do this, let us now suppose that ¢ = 2. Then,
again by the hypothesis, either both of the two arcs are loops incident with the same
vertex or they are both non-loops with opposite heads and tails as shown in Figure
7.15. Clearly both the resulting digraphs have a directed Euler tour.

ay
By

Figure 7.15: The only Euler digrapha with two azcs.

Now assume that g is a fixed number with ¢ > 3, and that all weakly connected
digraphs with less than ¢ arcs in which every vertex has equal outdegree and indegree
are Euler. Since our digraph D is weakly connected and od(v) = id(v) for every vertex
v, every vertex of D has positive outdegree, i.e., its outdegree is not zero.

Now select any vertex u in D. Since od(u) > 0 there exists a trail W’ in D starting
at u. If W also finishes at u then we have a closed x — u trail in D. If W’ finishes
at v # ¢ then, using the “contribution argument” of the first part of the proof there
must be an arc a in I going out of v which is not part of W' and so we can extend
W’ to a longer trail. Clearly we can only make these extensions a finite number of
times before we are forced io finish the trail at «, our starting place. This argument
shows that we can find a closed trail W starting (and so finishing) at the vertex u.

Now if this closed {rail W contains every arc of ) we are finished since it is a directed
Euler tour and so [ is Euler. Otherwise there are atcs of D that do not belong to
W. Remove from_ D all those arcs in W together with any resulting isolated vertices
to obtain a new digraph F. Since for every veriex v of W we have odw(v) = fdw{v)
(where odw{v) and odw (v) denote the outdegree and indegree, respectively, of v in W)
it follows that in F' od{v) = id(v} for every v in F. Now the connected components of
the underlying graph G of F produce weakly connected subdigraphs of F' each having
less than g edges and with every vertex having equal indegree and outdegree. Thus, by
our induction hypothesis, each such subdigraph is Euler. Moreover, since D is weakly
connected, each of these subgraphs has a vertex in common with W. A directed Euler
toutr can now be constructed by attaching to W at each of these comnmon vertices the
Euler tour of the subdigraph. [

The following is the digraph analogue of Theorem 3.3.
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Theorem 7.3 Let D be a weakly connected digraph with at least two vertices. Then
D has a directed Euler trail if and only if D has two vertices u and v such that

od(v) = id(u) +1 end id(v) = od(v) +1

and, for all other vertices w of D, od{w) = id(w). Furthermore, in this case the trail
begins af u and ends al v.

Proof Suppose that I} contains an Euler trail W that beginz at « and ends at v.
Then, as in the first part of the proof of Theorem 7.2, for every vertex w different
from both v and v we get od{w) = id{w). Moreover the first arc of W contributes
1 to the outdegree of « while every other occurrence of u in W contributes 1 each
to the outdegree of v and the indegree of 4. Therefore od{u) = id{u) + 1. Similarly
id(v) = ed(v) + 1.

Conversely, let D be a weakly conpnected digraph containing vertices wu,v as
described in the statement and with ed(w) = id(w) for all other vertices w. Add
a new arc a to D joining v to u. This produces a new digraph F in which the new
outdegree of v Is one more than its old outdegree so now id(v) = od(v), similarly
id(u) = od(x}, and for every other vertex w we still have id(w) = od{w). Moreover F
is weakly connecied and so since id(z) = od{z) for every vertex z in F it follows from
Theorem 7.2 that F is Euler. Let T then be a directed Euler tour. Then T contains all
the arcs of I} together with the added arc a. Deleting this arc a produces a directed
Euler trail back in our digraph D, and this trail must start at # and finish at v, as
required. [J

We can apply Theorems 7.2 and 7.3 to the digraphs I and Dy respectively of
Figure 7.14 to verify, just by looking at the outdegrees and indegrees of the vertices,
that they have a directed Euler tour and trail respectively (and in Dz the trail muet
start at the tail of the arc gy and finieh at the head of thd arc a5),

We now discuss an application of directed Euler tours to a problem in coding theory.

Let £ = {0,...,n=1} be an alphabet of n letters. We can form precisely n* different
sequences of length k using these letters, Such a sequence is called a word of length
k from .

An (n, k) de Bruijn seguence is a sequence
Qolly .0 gy

of letters from £ = {0,...,n — 1} such that every word w of length k from
% can be written in the form

W= QA1 « o Bigh-1

for a unique ¢ € {0,...,t — 1}. (In the case where i > { — 1 — k this form is
interpretted to be

LS AR RE P L) I« I W Y

so that, in effect, the sequence aga; ... a¢-; is cyclical.)
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For example, consider the case alphabet n = 2, so that £ = {0,1}. Then the
sequence

100061110

is a (2,3) de Bruijn sequence. To see this, take sections of three consecutive letters
@je;418;542 from the sequence, starting at its beginning (and running over to the

beginning again for the last two words). This produces all of the 2° = 8 different
words of length 3 from ¥ namely:

100,000,001,011,111,110, 101, 010.

In general the process of producing alt of the n* words from a given (n, k) de Bruijn
sequence is to take the first k letiers from the sequence for the first word, then “shift”
this along by one place to get the second word and continue this shifting procedure
until we come full circle back to the firast word. Since there are n* shifts in all, we see
that any (n,k) de Bruijn sequence has precisely n* terms.

De Bruijn sequences are very important in coding theory and are used by shift
registers in the case where & = {0,1}. For this reason they are also called shift
register sequences.

We now associate to any given {n,k) de Bruiju sequence a digraph Dz, called a
de Bruijn diagram or Good diagram. The vertex set V of D, is defined to be
the set of all words of length & —1 from the alphabet £ = {0,...,n —1}, so that Dy,
has r*~1 vertices. We now introduce an arc from each such vertex {word) &:bz.. . by,
{0 each vertex (word) of the form byba... b, (50 that we cancel off the first term of
the tail of the arc and add on a new last term to get the head of the arc). We label
this arc unambiguously by by, ... b,. Note that there are n* such arcs, and that each
corresponds uniquely to an (n, %) de Bruijn sequence. Figures 7.16 and 7.17 illustraie
the two digraphs Dy s and Ds .

Figure 7.16: The de Bruijn diageam Dy 5.

We now use the digraphs D, ; to show that, for every pair of positive integers n
and k, both greater than 1, there is an (»,%) de Bruijn sequence.
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First suppose that the digraph D, has a directed Euler tour T say. Now choose
the first term of each arc of T in turn to form a sequence ¢ of n* terms. We claim
that o is a de Bruijn sequence. To see this, let w = bifobs. .. b, be any word of length
n from Z. Then this corresponds to the unique arc a from the vertex bbby ... b, to
the vertex bybgby ... b,. On the tour T the next arc after a must begin b;byb, . . ., while
the next one affer that must begin b3b,..., and so on. Thus, in our construction of
the sequence ¢, we must encounter w = b 5,05 . . . b, as a subsequence of n consecutive
terms. This shows that each of the n* words is generated by ¢ in the desired way and
50, since ¢ has »* terms, it follows that ¢ is a de Bruijn sequence, as claimed.

Figure 7.17: The de Bruijn diagram I 3.

We have proved that an {r, k) de Bruijn sequence exists provided the corresponding
digraph D, ; has a directed Euler tour. The following theorem guarantees such tours.
1t was proved by N, G. de Bruijn [15] for the case ¥ = 2 and for arbitrary & by
L 1. Good [27].

Theorem 7.4 (de Bruijn, 1946; Good, 1946) For each pair of positive integer n
and k, both greater than one, the de Bruijn dingram D,y has a directed Euler tour.

Proof By Theorem 7.2 it suffices to show that D, is weakly connected and that
id (v) = od (v) for each of its vertices v.

Iet z and y be two vertices of D, 4, say £ = bibabg.. . byp and y = c1coes. .. Cnmte
Then there is a directed path from z to y given by the sequence of vertices

b162b3“-bn-1| b2b3---bﬂ—1cl, 5354...5“_10102, PN 5 L Lin SR vy TN

This shows that I}, ; 1s weakly connected, in fact, strongly connected.
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Consider again our vertex T = bz ...b,—;. By the definition of the arcs in I,
any arc a having  as its tail is of the form y = byfebs ... bp-1c1. It follows that x has
outdegree n. Similarly, any arc b haviag z as its head is of the form y = ey bbby .. by
and so z has also indegree n. Thus, since od(z) = id(x) for all vertices z, Dy has a
directed Fuler tour, as required. []

To illustrate the above discussion, we construct a (3,3) de Bruijn sequence using
the de Bruijn diagram of Figure 7.17. As the reader may easilv check from the Figure,
a directed Euler tour of Dy is given by the sequence of arcs

200, 000, 001, O11, 111, 112, 122, 222, 220,
202, 022, 221, 212, 121, 211, 110, 103, OO,
100, 002, 021, 210, 102, 020, 201, 012, 120

Thus, taking the first {erm of each of these azcs in turn, we get the de Bruijn sequence
200011122262212110100210201.

Similarly, using the de Bruijn diagram of Figure 7.16, we may construct the {2,3)
de Bruijn sequence

00011101,

We now discuss an application of (2,%) de Bruiin sequences to a problem in
telecommunications. To simplify the discussion we resirict our attention to (2,3)
de Bruijn sequences, (which are of length eight). Suppose we have a rotating drum
with eight segments round its circumference, some of which can conduct an electric
current while the others are insulated. Three electric contacts are placed against the
drum so thet after any rotation of the drum there are three consecutive drum segments
touching these contacts, one segment per contact. Then, for example, if we denote a
conducting segment by 1 and an insulated one by 0, we get a binary sequence of length
three for each position of the drum. The question arises as to whether we can arrenge
the segments of the drum so that each position givea a different sequence.

Figare 7.18: A drum design constructed using a (2,3) de Bmijn seguence.

Clearly such an arrangement amounts to finding a {2,3) de Bruijn sequence. Using
the one above, we get the drum design shown in Figure 7.18 where the dark segments,
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corresponding to the 0’s in the sequence, are insulated and the positioning starts a$
the top and procedes clockwise. Finally we note that this problem occurs in a various
forms, ranging from the generation of codes in cryptography to the design of washing
machine dials, and is known as the teleprinter’s problem.

Exercises for Section 7.2

7.2.1 Find od{v) and id(v) for each vertex of the digraph of Figure 7.7.

7.2.2 A digraph D is called k-regular if od(v) = id{v) = k for each veriex v of D.
(a) Give an examnple of a l-regular digraph with n verfices for each n > 2.

{b) Give an example of a 2-regular digraph with five vertices.

{c} Prove that given any » 2 1 and any & with 0 < k < n there is a simple
k-regular digeaph I with n vertices.

7.2.3 Let D be & digraph with an odd number of vertices. Prove that if each vertex

of D has an odd outdegree then there is an odd number of vertices of D with
odd indegree.

(a)

Figure 7.19

7.2.4 Which digraphs of Figure 7.19 are Euler and which have a directed Euler trail?
7.2.5 Let D be an Euler digraph. Prove that D is strongly connected.

7.2.6 Let D be a digraph with a directed Euler trail. Prove that [} is unilaterally
connected.
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Draw the {3,2) de Bruijn diagram and use it to construct a (3,2) de Bruijn
sequence,

Draw the (2,4) de Bruijn diagram and use it to construct a (2,4) de Bruijn
sequence. Use this sequence to design a rotating drum, having the same
properties as that described in the text but with 16 segments round its
circumference and four electric contacts.

Prove by induction on n that for each n > 1 there is a simple digraph [} with »
vertices vy,. .., v, such that od{v;) = i—1 and id{»;) = n—iforeachi=1,...,n.

Let D be a digraph such that either every vertex of I} has positive ouidegree or
every vertex of D has positive indegree. Prove that [ has a directed cycle.

Let I be a digraph such that id{v) > k for every vertex v, where k is some fixed
positive integer. Prove that D has a directed cycle of length at least & + 1.

7.3 Tournaments

| A tournament is an orientation of a complete graph.

In other words, a tournament is a digraph with no (directed) loops in which any
two distinct vertices are joined by exactly one arc.

The number of non-isomorphic tournaments increases sharply with the number of
vertices. For example, there is only one tournament with exactly 1 vertex and only one
with exactly 2 vertices. Thete are two tournaments on 3 vertices, four on 4 vertices,
12 on 5 vertices. However there are over 9 million on 1{ vertices.

T'g T20———»0 Ts Ty
1 vertax 2 vertices

3 vertices

19 K

4 vertices

Figure 7.20: The tournaments on at most four vertices.

The tournaments on less than five vertices are shown in Figure 7.20. Here, in the
tournaments on four vertices, 7 is the only one with a directed cycle of length 4, 75
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is the only one with a directed cycle of length 3 and a vertex of indegree 3, Ty is the
only one with a directed cycle of length 3 and a vertex of outdegree 3 and T is the
only one with no directed cyele of length 3.

The reason for the name “tournament” is that the digraph can be used to record
the results of games in a round-robin tournament in any game in which draws aze not
allowed, such as tennis. The arc from a to b then indicates that a has beaten 5.

Figure 7.21: A tournament on five vertices.

For example, in the digraph of Figure 7.21 representing a round-robin tournament, v
has beaten every other competitor, y has lost each match, each of the other competitors
have won two and lost two matches. The vertex v has maximum outdegree 4. Every
other vertex can be reached from v by a directed path of length at most 2. This
illustrates the following general result:

Theorem 7.5 Let v be any verter having mazimum outdegree in the tournament T.
Then for every vertex w of T there is a directed path from v to w of length at most 2.

Proof Let od{v) = m and let the vertices joined by an arc from v be vy, vs,..., V.
¥ T has n vertices then each of the remaining n —m — 1 verlices uy,uz,..., tp—m-1
are adjacent to v, since T is a tournament, ie., for these remaining vertices w;,
1 £j £n—m— 1, there are arcs from u; to v. (See Figure 7.22.)

Then for each ¢, 1 < i < m, the arc from v to v gives a directed path of length 1
from v to v;. It remains to show that there is a directed path of length 2 from » to u;
foreach j,1 < j<n—m-—L

Given such a vertex uy, if there is an arc from v; to u; for some ¢ thea wuvu;
gives a directed path of the desired type. However, now suppose there is a u,
1 €k £n—m—1, such that no vertex v;, 1 < i < m, has an arc from v o
ug. Then, because T is a tournament, there must be an arc from 4, to each of the m
vertices v;. Since we also have an arc frem u, to v this gives od(u;) = m + 1. This
contradicts the fact that v has maximum outdegree with od(v) = m. Thus each u;
must have an arc joining it from some v; and so the proof is complete by using the
directed path vvu;. [1

Theorem 7.5'has the following interpretation in roxnd-robin tournaments. Let w be
a winner in such & tournament, i.e., any player with the most victories — there may
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I.‘I.1 'I.lz l.'l.a u

n-m-1

Figure 7.22: Vertex ¢ has marimom outdagres.

be more than one winner. Then w has been defeated only by players who themselves
have lost to players defeated by w.

Suppose T is a tournament on n vertices and Jet v be any vertex of I'. Then by
T —» we mean the directed graph obtained from 7' by removing v and all arcs incident
with v. Now any two vertices of T — v are joined by exactly one arc, since these two
vertices are joined by exactly one arc in 7. Hence I' — v Is also a tournament. We use
this property of tournaments in the proof of the next theorem, due to Rédei [53).

A directed Hamiltonian path of a digraph I} is a directed path in D
that includes every vertex of D (once and only once).

Theorem 7.6 (Rédei, 1934) Every tournament T has a directed Hamilionian path.

Proof Assume that T has n vertices. H n = 1, 2 or 3 we can easily check from
Figure 7.20 that T has a directed Hamiltonian path. Thus we may assume n > 4.
Fix such an n and assume that the result is true for all tournaments on n —1 vertices.
Let © be a vertex of T. Then T — v has n — 1 vertices and so, since by the remarks
above T — v is a tournament, there is, by our assumption, a direcied Hamiltonian
path in T — v. Let P = v vp...va_; be such a path.
Now, if there is an arc from » to vy, then

P' =UtU3...Vp1
is a directed Hamiltonian path in T. Similarly, if there is an arc from v,_; to v then
P” = Mtg... {,ﬂ_lv

is a directed Hamiltonian path in 7. Thus, in both of these cases, we are finished.
Hence we may now suppose that there is no arc from v to v, and no arc from v,_4

to v. Then there is at least one vertex w op the path P with the property that there

is an arc from w to v and w is not v,_; (since v, has this property). Let v; be the
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last vertex on P having this property, so that the next vertex vy, does not have this
property. Then, in particular, there is an arc from v; to v and an arc from v {6 viss, 83
ilustrated in Figure 7.23. But then Q@ = vivo . .. vjuvi1%isy . .. vy gives us a directed
Hamiltonian path in D. Qur proof is now complete by induction. [

Figure 7.23

A directed Hamiltonian cycle in a digraph D is a directed cycle which
includes every vertex of D. If D contains such a cycle then D is called
Hamiltonian,

The previous result shows that every tournament is “nearly Hamiltonian®, The next
two, due to Camion [11], completely determine when & tournament is Hamiltonian,

Theorem 7.7 A strongly connecled tournament T' on n vertices confains directed
cycles of length 3,4,...,n.

Proof We first show that T contains a directed cycle of length 3. Let v be any
vertex of T. Let W denote the set of all veriices w of T for which there is an arc from
v to w. Let Z denote the set of all vertices z of T for which there is an arc from = to
v. (Note that since T is a tournament WNZ = @.)

Figure 7.24
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Then, since T is strongly connected, W and Z must both be nonempty. (For
example, if W were empty, then there would be no arc going out of v, impossible
because T' is strongly connected). Moreover, again because T is strongly connected,
there must be an arc in T going from some w' in W to some 2’ in Z. This gives the
directed cycle vw'z'v of length 3. (See Figure 7.24.)

We now use induction to finish the ptoof. We suppose that T has a directed cycle C
of length & where k& < n (and k > 3) and, using this, we prove that T has a directed
cycle of length & + 1. Let C be given by

V2. .. VR

Suppose that there is a vertex v, not on the cycle C, with the property that there
is an arc from v to v; and an arc from v; to v for some v;,v; on C. Then there must
be a vertex v; on € with an arc from v;_; to v and an arc from v to v;. Then

" , 2.
Cf = v, U UV - TR

is a directed cycle of length k+1, i.e., of the desired length. (See Figure 7.25.)

Figure 7.25

If no vertex exists with the above property, then the set of vertices not contained in
the cycle can be divided into two distinct sets W and Z, where W is the set of vertices
w such that for each i, 1 < ¢ < %, there is an arc from v; to w, and Z is the set of
vertices z such that for each ¢, 1 < i < k, there is an arc from z to v;. If W is empty
then the vertices of €' and the vertices of Z together make up all the vertices in T
However, by the definition of Z there is no arc from a veriex on C to a vertex in Z,
a contradiction since T is strongly connected. Thus W must be nonempty. A similar
argument shows that Z is nonempty. Again, since T is sirongly connected, there must
be an arc from some w' in W to some z' in Z. Then €' = vyw'z'vavy...taty in &
directed cycle of length k+1, i.e., of the required length. (See Figure 7.26.) The proof
is now complete by induction. [J
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Figure 7.26

Corollary 7.8 (Camion, 1859) A tournament T is Hamiltonian if and only if it is
strongly connected.

Proof Suppose that T has n vertices. f T is strongly connected then, by the
theorem, T must have a directed cycle of length n. Such a cycle is a directed
Hamiltonian cycle since it includes every vertex of T. Hence T is Hamiltonian.

Conversely if T' is Hamiltonian with directed Hamiltonian cycle C = wvg .. vy,
then given any v;,v; in the vertex set of T, if i > j then v;u;4, ... v; is a directed path
Py from v; to v; while wuggy .. Vp_1Watr .. vj_19; is & directed path Py from v; to u;.
(See Figure 7.27.) Thus each vertex is reachable from any other vertex and so T is
strongly connected, as required. [J

Figare 7.27

We finish this section by noting that strongly connected tournaments may be used
to give a ranking of participants in a round-robin competition. In such a competition,
there may be several players tied on first place (with the same maximmum number
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of wins}. Similarly, there may be several players tied at the next level, and so on.
One possible way of ranking the players is to find a directed Hamiltonian path —
one exists by Theoremn 7.6 — and ther rank according to the position on the path.
Unfortunately, this system of ranking can be very unfair since in general a tournament
can have several directed Hamiltonian paths. However, provided there are at least four
players in the competition and the corresponding tournament is sirongly connected,
there is a procedure that produces a fair ranking of all the players.

Briefly, the procedure is as follows. We first count the number of games won by each
player and compare them, This is called the score of the player. {See also Exercise
7.3.6.) This gives us an initial ranking where there may be several players on any
particular score. In order to distinguish between such players, we next consider the
players’ second level scores. Here a second level score of a player is the sum of the
scores of the players she beat. The sequence of second level scores may still result in
ties so we compute each player’s third level score, i.e., the sum of the second level
scores of the players she beat. Even if no ties occur among the second level scores
thete may appear to be an unfair rearranging of the players’ relative positions and so
the second level score sequence should be computed regardless,

We now continue the process, finding the fourth level scores, then the fifth level
scoren, and so on. But when do we stop? The answer to this question lies in matrix
theory. Using convergence of matrices one can show (but we won't) that the nth level
scores settle down to o fixed pattern after taking a high encugh level providad the
tournament in question is strongly connected and has of least four vertices, For further
details and a worked example, we refer the reader to Section 10.7 of Bondy and Murty
[7.

Exercises for Section 7.3

7.3.1 In a digraph D, if there is a directed path from the vertex u to the vertex v,
then the distance from u to v, denoted by d(u,v), is defined to be the length
of the shortest such path. *

(a) Prove that if », v and w are vertices in the digraph D such that w is
reachable from v and v is reachable from u then w is reachable from u and
d(u,w) < d(u, v} + d(v, w).

{b) Prove that if u and v are distinct vertices of a tournament T then
d(u,v) 5 d(v,u). What are the possible values of d{u,v)?

7.3.2 Let T be a tournament on at least two vertices and let I/ be a proper subset of
the vertex set of T, Let T — U/ denote the digraph obtained from D by deleting
all vertices in & and all arcs having either an initial vertex or a terminal vertex
in U/, Show that T — U is a tournament.

7.3.3 ({a) Prove that if five teams play in a round robin tourrarnent then it is possible
that all five teams tie for first place, i.e., all have the same number of wins
(and losses).
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(b) Prove that if six teama play in a round robin tournament then it is not
possible that all six teams tie for first place.

{c) Prove that if n teams play in a round robin tournament (where n > 3)
then it is possible that all teams tie for first place if and only if r is odd.

7.34 Let T be any tournament. Prove that T, the converse of T, and T, the
complement of T, are isomorphic. (See Exercises 7.1.7 and 7.1.10 for definitions.)

7.2.5 A simple digraph I} is called transitive if, whenever there is an arc in D from
vertex u to vertex v and there is an arc from v to veriex w, then there is an arc
from u to w.

{(a) Prove that a tournament T is transitive if and only if it has a unique
directed Hamiltonian path.

(b) CGive an example of a tournament T on four vertices which is not transitive.
Justify your example by showing that the transitive condition is not satis-
fied and also by showing that 7' has more than one directed Hamiitonian
path.

{c) Give an example of a tournament T on four vertices which is transitive.
What is the unique directed Hamiltonian path in your example 77

(d) Prove that if & simple digraph £ has a directed cycle of length three then
it is not transitive. Is the converse to this true?

(e) Prove that a tournament T is transitive if and only if it has no directed
cycles.

7.3.6 The score of a vertex v in & tournament T Is defined to be its outdegree, (If T'
represents a tound robin tournament and v & player in this tournament then v's
score is the number of games v has won.) If 7" has vertex set {vy,v4,...,v,} where
od{v) € od{vs) Z .-+ od(v,) then the sequence (cd(v1), od(vs),...,0d(v,)} ls
called a score sequence of T

(a) Find score sequences of the tournaments on four vertices in Figure 7.20
and the tournament on five vertices of Figure 7.21.

(b} Prove that if (s;,...,9s) is 2 score sequence of a tournament T' then
T8 =n{n~-1)/2

(c) Draw a tournament with score sequence (0,1,2,3,4).

(d) Is it possible for a tournament o have (3,3,3,3,3) as its score sequence?

() Prove that a tournament T on n vertices is transitive if and only if it has
score sequence {0,1,2,...,n — 1),
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7.4 Traffic Flow

One-way street assignment is ofien used by cities to help alleviate traffic flow problems.
Given a street map of a city one may ask whether or not it is possible to make each
street on the map a one-way street in such a way that one can still drive from many
part of the city to any other part {obeying the one-way rules of coursel). We may
rephrase this question using a graph and an associated digraph as follows.

First construct a graph  in which each vertex represents a street intersection. Join
two veriices ¢ and ¥ of G by an edge if it is possible to travel between z and y without
passing through any other intersection. (If it is possible to make such a trip between
z and ¥ in several ways then there should be an edge corresponding to each of these
ways.} The resulting graph G gives us, in effect, a street map of ihe city, albeit without
the street names and possibly not to scale.

If we now want {o make each of the streets a one-way sireet the this amounts
to assigning a direction to each of the edges of G, i.e., orienting each edge of G.
Doing this creates a digraph I which is an orientation of G. Qur initial question now
amounts to whether or not we can find such a digraph D in which every vertex z is
reachable from every other veriex y.

| A graph G is called orientable if it has a strongly connected orientation.

Clearly then our question asks if our graph ¢ is orientable. To determine when a
graph is orientable we first consider the graph G of Figure 7.28.

Figure 7.28

In any orientation of & the edge uv is oriented either from u to v or from v to wu.
If the former then there will be no v — u directed walk in the orientation while if the
latter happens then, similarly, v will not be reachable from u. Thus in any event the
orientation can not he strongly connected and so G is not orientable.

Of course the reason we are denied a strongly connected orientation here is because
the edge uv is a bridge in . It turns out that bridges are the key to orientability, as
the following result, due to Robbins [54], shows.

Theorem 7.9 {Robbins, 1938) A graph G is orientable if and enly if it iz con-
nected and has no bridges.
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Proof Clearly if G is not connected then it has no strongly connected orientation.
Moreover, if G has a bridge e = uv, then, as the argument above shows, in any
orientation of G either u is not reachable from v or vice versa. This shows that if &
is orientable then & is connected and has no bridges.

Conversely, suppose that G is connected and has no bridges. Any subgraph induced
by a single vertex v of (7 is orientable, since if there are any loops incident with v
then changing them to arcs produces a strongly connected digraph with v as the only
vertex, Since this shows that G does have vertex induced orientable subgraphs we
may now choose a largest possible subset {7 of the vertex set V of G such that the
induced subgraph H = G[U] is orientable. If H = G then, of course, G is orientable
and our goal is achieved.

Thus we are left to deal with the case when H # G, i.e., U # V. In this case we
choose u € U,v ¢ U/, and, since H is orientable, we may orient the edges of I to get
a strongly connected digraph D. Since (7 is connected and has no bridges it foltows
from Exercise 7.4.3 (see also Theorem 8.7 of the next chapter) that there are two
edge-disjoint paths from « to v in G say

P=ugu;... umv and P = vyvy ... 001,

where ug = vg = u. Since u € H but V ¢ H, there is a vertex u; € P which is the
last vertex in P belonging to J and there is a vertex v; € P which is the first vertex
in 7 belenging to H. Now let @ and ¢’ be those paris of P and P’ which start at w;
and v; respectively, i.e.,

’
Q@ =winipg . U v and Q' = viviy L UpgY

Qrient the edges in @ from u; to w41, from ui + 1 to u,43, and so on and orient the
edges in @' from v 10 ve—1, from v,y to ve—z and so on (s0 that the edges of ¢ ate
oriented in reverse to the direction of the path). We illustrate this in Figure 7.29.

T

Figure 7.29

Now let I be the digraph with vertex set [/ {ogether with all the verlices of @
and ¢ and with the arc set of [} together with those arcs we have just defined on @
and Q. Then, since I is strongly connected and the directed walk @} concatenates



256 Chapter 7. Directed Graphs

with the reverse of Q' to give a directed walk from u; {0 v; it follows easily that I is
strongly connected.

However, [} has at least one more vertex than D has, namely v, and so tkis
contradicts our choice of I/ as a largest possible subset of vertices of G which induces
an orientable subgraph. This contradiction shows that H = G after afl. (]

We now present an algorithm due to J. E. Hopcroft and R. Tarjan [35] which
produces a strongly connected orientation for a connected bridgeless graph. The
algorithm is not based on the proof above and we leave its justification to Exercise
7.4.5. It uses a labelling technique.

The Hoperoft and Tarjan algerithm

Step 1. Let G be a connected graph with no bridges.
Let z be an arbitrary vertex of G and label = by setting Mz) =1.

Set L = {z} and U = V(G) — {z}. {Here L denotes the set of labelled
vertices while I/ denotesthe set of unlabeled vertices.}

Set A = @. (A denotes the set of arcs produced by orienting edges of G.)
Step 2. Let v be a vertex in L, of highest possible label value, which is adjacent to

some vertex u € /. Set Afu) = Alv) +1.

Replace L by L U {u} and U by U — {u} (since u has just been labelled).

Orient. the edge vu from v to u and replace A by AU {(v,u)} (since there is
now a new arc from v to u). {Note that, in this process, each new arc of A
goes from a labelled vertex to one with a higher label.)

Step 8. If L # V(G), repeat Step 2.

Step 4. (When we reach this step we must have L = V{(G), i.e., every vertex of &
has been labelled, Moreover the arc set A gives an underlying spanning tree
of G and one can show that those edgea of G not yet oriented join veriices
having different label values.)

For each edge 2y of (f not yet oriented, if A{2) > My) then orient 2y from
z to y. (Since, a9 noted, the labels of  and y are different, this will always
result in an orienting of the edge zy.)

This completes the orientation of G.

We now illustrate the algorithm with the connected bridgeless graph G of Figure
7.30.

Step 1. Choose vy as the first vertex in the labelling process. Thus we set A{vy) =
LL={un},U=V(G) —{v)}and A=10.

Step 2. Choose vy € UNN(v). (Ancther possibility is v5.} Set A(vg) = A(py)+1 = 2.
L becomes {v;,v,} and U/ becomes {va,...,v3}.

Orient the edge viv; from ¥ to v; so that A becomes {(v;,v5)}.
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Figure 7.30: A connected graph with no bridges.

Step 3. L # V{G) so we return to step 2. (For the sake of brevity, we will omit all
but the last of the subsequent step 3’s.)

Step 2. Choose vs &€ U N N(vy). (Other possible ‘choices are vz and vy.) Set
Mug) = A(vg) +1=3.
L becomes {vy,vy,%5} and U becomes {v4,...,vs}.
Orient the edge viv3 from 5 to v3 so that A becomes {{vy, v3),{vs2,v3)}.

Step 2. Choose v, € U N N(vy). (Other possible choices are vs and vg.} Set
Avs) = Mws) +1 = 4.
L becomes {w,...,v} and U becomes {vs,...,vs}.
Orient the edge vav, from vy to vy 50 that A becomes {{vy, v}, (v2, va}, {3, va)}.

Step 2. Choose vg € U NN(vy). (There is no other choice.) Set A{vg) = A{vy)+1=135.

L becomes {v,...,v,vs} and U becomes {vs,vr,vs}.

Orient the edge vyvg from vy to vg so that A becomes
{(vla ‘Ug), (02: v3)1 ('—’3! 7)4), (U4, vﬁ)}-

Step 2. Now v is the highest labelled vertex with an unlabelled neighoour. Choose
vz € U N N(vy). (There is no other choice.) Set A{vs) = A{vg) +1 =4.
L becomes {v,...,vs} ana IV becomes {vr,vs}.

Orient the edge vavg from vy to vs so that A becomes
{{v1, v2), (v2, v3), (v3, ¥4), (V4 v6), (03, 25) }.

Step 2. Now vy is the highest labelled vertex with an unlabelled neighbour. Choose
vy€ U N N(vs). {Another possible choice is vg.) Set A{vs) = A(vs) +1 = 5.

L becomes {v1,...,v7} and U becomes {vs}.
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Qrient the edge vsvr from vs to vy so that A becomes
{(Uls U2)1 (021 'Ua): (031 04], {vds vﬁ}! (USs U5}! (051 Uf)}'
Step 2. Choose vg € U N N{v7). (There is no other choice.) Set A(vg) = A(vr)+1 =5.

L becomes V(G) and U becomes {he empty set.

Orient the edge vsv from w7 to vg so that A becomes
{{v1,2), (v2,3), (v3,v4), (v4,%6), (v3, v5), (U5, ¥7}, (¥7,v8) }-

At this stage our (incomplete) orientation of G is as shown in Figure 7.31,
together with the labels assigned to the vertices of G.

Figure 7.31: A partial orientation of the graph ' of Figure 7.28.

Step 3. We now have L = V(G).

Step 4. The edges of & not yet oriented are vyva, v V7, VaV5, V307, vavg and vsvg. These
are each oriented from the vertex with the higher label to the veriex with the
lower label.

This completes the orientation of G, giving the strongly connected digraph
shown in Figure 7.32,

Exercises for Section 7.4

7.4.1 Let G be a Hamiltonian graph. Prove that G is otientable without using
Theorem 7. 9.

7.4.2 Qive a simple construction of a strongly connected orientation for each complete
graph with at least three vertices and also for each complete bipartite graph
which is not a star graph.
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Figure 7.32: A strongly connecied orientation of 7.

7.4.3 Prove that if G is a connected graph with no bridges then between any iwo
distinct vertices u and v of (7 there are two edge-disjoint paths.

7.4.4 Using the Hopcroft and Tarjan algorithm, find a strongly connected orientation
for the graphs of Figure 7.33.

Figure 7.33: Orientalle graphs.

7.4.5 This exercise sketches a proof that the Hoperoft and Tarjan algorithm does
produce a strongly connected orientation for the connected bridgeless graph G,

(a) Prove that, once all the vertices of G have been lm.belled in the algorithm,
the arc set A gives an underlying spanning tree T of G,

(b) Prove that no arc in the set A joins two vertices having the same label
value,

{c) We will aay that a vertex ¢ is an ancestor of a vertex 4 in the digraph
D finally produced by the algorithm if there is a directed path from e to
b involving only arcs from the set A. Prove that z, the first vertex to be
labelled, is an ancestor of every vertex.
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(d) Let u be a vertex in D different from z and let v be the unique vertex
in D such that (v,u) is an arc in A. Let T" be the subtree of T induced
by all directed paths in T having u as their initial vertex, ie., induced by
u and all those vertices having v as an ancestor. Using the fact that the
edge vu is not a bridge in G, show that there must be an edge in G joining
some veriex w in 7 to a vertex y not in T¥, Prove also that this edge wy
is oriented from w to y in D and that y is an ancestor of u.

(e) Prove that if u is a vertex in D different from z then it has a reachable
ancestor.

(f} Prove that r is reachable from every other veriex of D and hence that D
is strongly connected.




Chapter 8

Networks

8.1 Flows and Cuts

A manufacturer in New Zealand wants to export several boxes of one of his products,
clockwork kiwifruit, to a deparimen{ store in Taiwan. There are various channels
through which the boxes can be sent and the digraph of Figure 8.1 represents these,
with vertex s as the manufacturer and ¢ the depariment store. The numbers assigned
to each arc represent the maximum foads which each of the corresponding channels
can handle.

Figure 8.1: A clockwork kiwifruil export network.

The manufacturer wishes to find the maximum number of boxes he can send through
the network of channels and “middle men” z, y and z to ¢ so that he never exceeds
the permitted capacity of any channel.

Using this example as motivation we now define the concept of a network,

A network N is a weakly connected simple digraph in which every arc o
of N has been assigned a non-negative integer c(a), called the capacity of a.

A vertex s of a network N is called a source if it has indegree 0 while a
vertex ¢ of N is called a sink if it has outdegree 0. Any other veriex of N is
called an intermediate vertex.

261
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It follows that any arc incident with a source s goes frem s to another veriex and
any arc incident with a sink ¢ goes from some vertex fo i.

We will assurne from now on that any network ¥ we consider has exactly one source
and ezxactly one sink.

Roughly speaking, the source of any network can be thought of as the manufacturer
and the sink as the market. The intermediate vertices represent middle men, while
the capacity on each arc is the maximum amount of goods that can be sent from the
{ail of the arc to its head. In Figure 8.1, s, being the only vertex with zero indegree,
is the source and similarly ¢ is the sink.

Given any vertex u of the network N we let denote the set of arcs going inte u and
going out of u by J{u) and O(u) respectively.

A flow in a network N from the source s to the sink ¢ is a function f
which assigns a non-negative integer to each of the ares @ in & such that
(1) (capacity constraint) f(e) < ¢(a) for each arc a,
(i1) the total flow into the sink ¢ equals the total flow out of the source s and
(i) (Rew conservation) for any intermediate vertex x, the total flow info
2 equals the total flow out of z.

To be more specific, (ii) means that for the source s and the sink ¢,

>, fla)= 2 fla),

aE{s} eel(t)

while (iii) means that if = is a vertex different from s and ¢ then

Y. fla)= 3 fla).

ac0(r) ag f{x)

For example, Figure 8.2 shows a flow for the network of Figure 8.1,

Figure 8.2: A flow for the network of Figure 8.1.
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In this example we have

Y fle) = 3+42+41 =6 = 2+44 = Y fla),
€0} a€l{i)
. fla) = 241 =3 = 340 = 3 fla),
a€0(z) aef(z}
Z fla) = 042 = 2 = E f(a),
aeC(y} eEf(y}
S fle) = 0+4 =4 = 14241 = Y f(a),
a€0(z) acliz)

and for each arc a of the network, 0 < f(a) < ¢(e).

The number

d= 3, fla)= 3 fla),

aE{a) as€l(t)

where s and { are the source and sink of the network N, is called the value
of the flow f.

Thus the flow in our example above has value 6.

Let f be a fiow on the network N = {V, A) and for any proper subset X of the
vertex set V of N let X denote the complement of X in V,ie;, X =V — X.

If X contains neither the source s nor the sink £, then intuitively we would expect
the net flow from the vertices in X to those not in X, ie., to X, to equal d, the value
of the flow. We illustrate thia with the network in Figure 8.3 where the first number
assigned to each arc a is its capacity e{a), while the second is f(a), the flow across a.

Figure 8.3: A network with a flow.

Here if we take X = {s,u,z}, so that X = {v,w,t}, then the arcs from vertices in
X to vertices in X are uv, sw and xt while there is only one arc from vertices in X
to vertices in X, namely wz. Thus the net fiow from vertices in X to vertices in X is

fluv) + f(sw) + f(zt) — fluwz)=04+1+4-1 =4,

which is the value of the flow f, as expected. (The value of the flow is given by
Fflsu) + f(sw) = 3 + 1, or, alternatively, by f(vt)+ f(zt) = 0 +4.)
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Also, intuitively we would expect the net fiow from any such subset X to X not to
exceed the capacity of the arcs from X to X, where by this we mean the sum of the
capacities of each arc going from a vertex in X to a vertex 1n X. For example for our
subset X in the network of Figure 8.3, the capacity of the arcs from X to X is

c(uv) + cfsw) +e(zt) =2+ 544 =11,
which is certainly larger than the value of the flow, namely 4.

The preceling ideas are generalized in our first result below. We first fix some
notation.

If X and Y are any two subsets of vertices of the network N we let A(X,Y)
denote the set of arcs from vertices in X to verticesin V.

H ¢ is any function which assigns non-negative integers to the arcs of the
network N (for example, g could be the capacity function ¢ or a flow f), then
for any two subsets of vertices X,Y of N we define

g(X, Y) = Z g‘(ﬁ)

aEA(X.Y)

In Othe@,; words, g{X,Y) is the sum of the values of the function g on each arc
from a ¥ertex in X to a vertex in Y.

A cut is a set of arcs A{X,X) where the source s is in X and the sink ¢
is in X

Thus, for the subset X = {s,u,z} of Figure 8.3, A(X,X) is a cut and for the
capacity function ¢,

X, X)= Y cla)=cluv)+c(sw)+e(zt) =2+ 5+4=11
sEA(X X

Theorem 8.1 Let f be o flow on a network N = (V, A) and let f have value d. If
A(X,X) is a cut in N then

d= f(X,X) - f(X,X)

and
d<e(X,X).

In other words, the total flow out of X minus the total flow into X, i.e., the net

flow out of X, equals d, the value of the flow, and this never ezceeds the total capacity
of the arcs from X to X.

Proof From the defin tion of flow, for the source s we have

J{s}hV) =d and f(V,{s})=0,
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while, for any vertex u different from both s and the sink ¢,

f{e}, V)= 3 fla)= 3 fla) = f(Vi{u}),

aEO{n) agl(u}

Le, F({u}, V) = F(V, {u}) = 0 for u # s,t.

Thus, for our eut A(X,X), we have

L Uh V) SV 2D} = F{sL V) = fF(Vi {sh +0=d -0 +0 =4,

reX
i.e, f{X,V)— f(V,X) = d. However
HXV) = FIXX U (X)) = £(X,X) + f(X,X)
and similarly
Thus
d=f(X,V)-f(V, X)=F(X, X)+ (X, X)- f(X, X) - {(X, X) = f (X, X) - f(X, X),

ie, d= f(X,X) - f(X,X), thus establishing the first part of the Theorem.
Moreover, since for each arc a of N we have f(a) < ¢(a) {from the definition of a
flow), we get (X, X) < e(X,X) and so

d=f(X,X) - f(X,X) £ f(X,X) € (X, X)
giving d < e{X,X), as required, [J

The second part of the theorem tells us that the value of any flow is less than or
equal to the capacity of the arcs from X to X for any cut A{(X,X). Thus, if fis a
flow with value d, we have

d € min{c(X,X) : A(X,X) is any cut}.

We are particularly interested in flows having values equal to the upper bound imposed
by the last inequality.

A flow with value equal to

min{c(X,X) : A(X,X) is any cut}

is called a maximal flow.

In the network of Figure 8.3, if A(X,X) is a cut then s must be in X,¢ in X and
each of the four intermediate vertices u, v, w and z can be either in X or X. It follows
that there are 2! = 16 possible cuts in this network. (More generally, if there are
n intermediate vertices in the network N then N will have 2 cuts.) If we examine
the capacity of each of these cuts in turn it turns out that the cut A(X, X) where
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Figure 8.4: This is just Figure 8.3 in a more convenient place.

X = {s,4,w,z} {(and so X = {v,t}) has capacity c(uv)+c{wr) +c(zt) = 24+14+4 =7
and that this is the smallest capacity of any of the possible cuts. Hence, by the above
inequality, any flow on the network must have value at mos{ 7.

We now try to coastruct a maximal flow on our network. We increase the given f
by steps. Figure 8.4 shows f.

For example, the flow on the directed path s u v £ is not at a maximum since the
flow’s value on each of su, uv, vt can be increased by 1 and still remain within the
capacity of each arc. This gives a new flow f,, shown in Figure 8.5.

Fignre 8.5: Flow f, has value 5, an improvement on '3 value.

The value of this new flow is 4 4+ 1 = 5, one more than the value of f. Likewise f;
can be increased since the flow on the directed path s w v ¢ is not at a maximum but
can be increased by 1 by increasing the flow on each of its arcs sw,wv and vt by 1,
This gives a new flow f3, shown in Figure 8.6, with value 4 + 2 =6,

Now each of the four possible directed paths from s to ¢, namely suwvi, su xt,
swz ¢ and s w v t, have an arc whose flow equals the capacity of the arc: s u v ¢ has
*su, as does s u z ¢, while s w £ { has zf and 5 w v ¢ has wv. Thus we may suspect
that f; is a flow of maximal value, i.e., no flow can have value more than 6. However
we must still investigate the possibilty that the flow can be increased by some other
kind of adjustment. In fact, if we increase the flow on sw, w2, uv and vt each by 1 and
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Figure 8.6: Flow f; kas value 6, an improvement on fi's value.

decrease the flow on uz by 1 we get a new flow f3, shown in Figure 8.7, with value
3+ 4 =T. Moreover, since there is a cut with capacity 7, f; is a maximal flow,

Figare 8.7: Flow fi has value 7, an improvement on f;'s value, and is 2 maximal flow.

We note that each of the adjustments made in the process of obtaining f3 did
in fact give a flow according to our definition: if we increased the flow of an arc
info an intermediate vertex z then we made a similar increase on an arc ouf of z
or a corresponding decrease on another arc inte z, so that flow conservation was
maintained, while flow increase out of source s was matched by a flow increase into
sink £, so that condition (ii} of the definition was also respected.

The main result of this chapter assures us that for any network there is alweys a
maximal flow. Furthermore the proof of the result yields an algorithm which constructs
such a maximal flow. Before we state and prove it we mtroduce some more terminology.



268 Chapter 8. Networks

Given any walk W = vory... v in the underlying graph G of a network
N, then the associated arcs in N are either of the form v_;u; or of the form
#;;—1. An arc of the first form is called a forward arc of W while one of the
secend form is called a reverse arc of W,

If f is a flow in N we associate to the walk W, in the underlying graph G,
a non-negative integer (W), called the increment of W, defined by

i{(W) = min{i{a) : 2 is an arc associated with W},
where

o« § ela)— fla) ifaisaforward arc of W
i{a) = f(a) if a is a reverse arc of W,

For example, for the flow f on the network N of Figure 8.4, shown again in Figure
8.8, the walk W = s w r u v has forward arcs sw, wr and uv while the remaining
agsociated arc zu is a reverse arc of W. Thus
elsw) — flsw) =5-1=4, i(wz)

fluz) =3, i{uv)

and so i{W) = min{4,1,3,2} = 1.

i(sw)
i(uz)

clwz) — flwz) =2-1=1,
cluv) — fluv) =2-0=2,

Figure 8.8: This is just Figure 8.4 in a more convenient place.

The amount i{(W) is the largest by which the flow [ along W can be increased
subject to the capacity consiraint. For example, for W = s w = u v above, we can
increase the flow on sw, wz and wv by 1 and make the corresponding decrease by 1
on the arc zu (and this gives the largest increase possible on W), {See Figure 8.9.)

The walk W is said to be f-saturated if i{W) =0 and f-unsaturated
if (W) > 0.

This simply means that f-unsaturated walks are precisely those that are not being
used to their full capacity. Thus, for example, our walk W = s w z u v above is
f-unsaturated.
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51

Figure 8.9; The flow is ircreased along W by (W) =1.

An f-incrementing walk is an f-unsaturated walk from the source s to
the sink #.

We are now ready for our main result, due to Ford and Fulkerson {23). We shall
interrupt its proof at several stages to illustrate it using our favourite network, that
of Figure 8.8 (or is it Figure 8.47). Each of these interruptions begins and ends with
the symbol B,

Thearem 8.2 (The Max-Flow, Min-Cut Theorem) Let N be a network with
capacily function c. Then there exists a mazimum flow in N, i.e., there exisis a flow
[ in N with value

min{e{X,X) : A(X,X) is a cut}.

Proof We already know from Theorem 8.1 that for any flow f in N with value d
we have
d < min{e(X,X) : A(X,X) is a cut}.

Given an arbitrary flow f, we let X be the set of vertices z in IV such that either
2 = 8 or in the underlying graph & of IV there is an f-unsaturated walk W =vq... v
from s to z (30 that 8 = vo, z = ).

B Thus, for our example N of Figure 8.8, the set X coasists of:
3, the source,
u, since, for the walk W = su, i{{W) = i(su) = clsu) — f(su) =4 -3 > 0,
w, since, for the walk W = sw, (W) = i(sw) = ¢[sw) — fsw)=5-1>0,
v, since, for the walk W = suv,

(W) min{i(su),i{uv}} = min{c(su) — f(su), c{uv) — fluv)}
min{d —3,2—-0} > 0, -

z, since, for the walk W = swz,

H{W) min{i(sw), i{wz)}
min{e(sw) = f(sw), c{wz) — flwaz)}
min{5— 1,221} > 0,
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t, the sink, since for the walk W = suvt,

(W) min{i{su}, i(uv), i(vi)}

min{c{su} — f(su}, c{ur) — fluv), c{vt) — f(vt)}
= min{d—3,2-0,4—0} >0,

ie, X = {s,u,w,v,7,t}. m _
Now, returning to the proof, either the sink £ is in X or it is in X. Let us suppose

first that ¢ is in X. Then there must be an f-unsaturated walk W from s to ¢, i.e., an
f-incrementing walk. Choose such a walk W and let

W) =¢,

inn

so that € > 0.
B Thus, in our example, we take W as suvt, so that i{(W)=¢=1. m
We now define a new function f; on the arcs a of N by

Ffla)+ ¢ if ais a forward arc in W
fle) =19 fle)~¢ if ais areverse arcin W
Fla) if @ is any other arc in W,

Then f, is a flow with value d + ¢. (We leave the proof of this as Exercise 8.1.2.) Since
€ is, by its definition, a positive integer, we have increased the flow f, with value d,
to a new flow f; with value d +¢.

This new flow f, is called the revised flow based on (the f-incrementing
walk) W,

B In our example, fi is aciually the flow f; given in Figure 8.5 since

filsuw) = flsu)+e = 3+1 = 4, filsw) = f(sw} = 1,
Hlww) = fluw)+e = 0+1 = 1, fifuz) = f(ur) = 3,
Alot) = Jlothte = 041 = 1. Rlw) = floo) = 0,
Hlwz) = flwz) =1, hizt) = f=t) = 4,

and the value of this new flow fiisd+e=4+1=5 nm

This procedure of increasing the flow is always possible provided the sink ¢ is in
the set X. Thus we may repeat the process, progressively revising the flow based on
incrementing walks until we reach a stage when ¢ is not in the associated set X, At
this stage, there is no longer an incrementing walk available to us. Also, since ¢ ¢ X,
A(X,X) is a cut.

B In our example, the set X associated with f, (see Figure 8.5) consists of:
3, the source,
w, since, for the walk W = sw, i(W) = i(sw) = ¢{sw) — fi{sw) =5-1> 0,
z, since, for the walk W = swxr,

H{W) min{i(sw),i(wz)} min{c(sw) — fi(sw), e{wz) — fi{wz)}
min{5-1,2-1} > 0,

v, since, for the walk W = swv,

(W)

I

min{i(sw),i(wv)}
min{5 - 1,1 -0}

fl

min{{sw) = flowly{ur) ~ i(wo))

W
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4, since, for the walk W = swwu,
{W) min {i(sw), {(wv), i(vu)}

min{c(sw) — fi(sw), e(wv) — fi(wv), fL{uv)]

min{5 — 1,1 — 0,1} > 0,

i, since, for the walk W = swut,
i{(W) min {i(sw), {wv), i(vt)}

min{c(sw) — fi{sw), c(wr) — fi(wr), e{vt) — f{vi)}

min{§ —1,1-0,4 -1} >0,

te., X =V, asfor f.
Taking the walk W = swvt we get € = 1. This is used to define a new function f;
on the arcs of N by

1+1=2, fa(we) = fi(wv)+e = 0+1=1,

flsw) = fi{sw)+e
= 0+1=1,

f2lvD) fi{vt) + ¢

and, for every other arc ¢, fa{e) = fi(a). In fact, f; is just the flow f; given in
Figure 8.6.

We now find the set X associated with f;. It consists of (see Figure 8,6) the following
vertices: -
3, the source,
w, since, for the walk W = sw, i(W) = i(sw) = e(sw) — fa(sw) =5 -2 > 0,
z, since, for the walk W = swz,

(W)

nn

min {{(sw),i{wz)} =
min{5—2,2 -1} >

mi{e(sw) ~ foow), (wz) ~ ufws)

u, since, for the walk W = swau,
{W) min{i(sw),i(we),i(zu)}

min{e{sw) — fo(sw), c(we) — fr{wz), foluz)}

min{5-2,2-1,3} >0,

nHn

v, since, for the walk W = swzuv,
{W) min{i{sw), i{wz), i(zu), i(uv)}

min{e{sw) — fa(sw), c(wz) — falwz), fi(uz), cluv) — fa(uv)}

min{5—-2,2—-1,3,2 -1} > 0,

t, since for the walk W = swauvt,

(W) = min {i(sw), {wz), i(zu), i{uv),i(v))}

= min{e(sw) — fi(sw), c(wz) — falws), fo(uz), c(uv) — fa(uv),e(vt) — fo(vt))
= min{5-2,2-1,3,2-1,4—2} >0,

ie., X =V again.
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Then taking the walk W = swzuwvt from s to t we get € = 1. This is used to define
a new function f; on the arcs of N by

fafsw) = falsw)+e = 2+1=3, falwz) = folwz)+e = 1+1=2,
faluz) = faluz)—e = 3-1=2, filww) = filuv)+e = 1+1=2,
flvt) = falvi)+e = 241=3,

and fa(e) = fa(a) for all other arcs a. In fact, f3 is just the fiow f3 given in Figure 8.7.
We now find the associated set X. It consists of (see Figure 8.7) the vertices:

s, the souree,

w, since, for the walk W = gw, (W) = i(sw) = c{sw) — fa(sw) =5-3 > 0,

and no other vertices since all the other arcs incident with s or w go from s or w to

another vertex and their current flow value equals their capacity value, i.e.,

X ={s,w)

Since t ¢ X, A(X,X)isacut. @

Meanwhile, back at the proof of the Theorem, we have also reached a flow, call it
F', which has associated set X with ¢ ¢ X,

Then A(X,X) is a cut. Now if the vertex z is in X then, by the definition of X,
there is an f'-unsaturated walk W = vp.., v from the source s to z, (so that 3 = uy
and v, = z). Suppose that y is a vertex not in X, i.e., ¥ € X. Then, if there is an arc
zy from = to y satisfying f'(xy) < c(+y), the walk W, = vo...vry from s to y would
also be f-unsaturated, implying that g is in X, not X, a contradiction. Similarly, if
there is an arc yr from y to z satisfying f'{yz) > 0 then the walk Wy = w...tay
from s to y would be f-unsaturated, again giving a contradiciion. Thus any arc of
the form zy where z € X and y € X must have f'(zy) = ¢(zy), while any arc of the
form yx where £ € X and y € X must have f'(yz) = 0. This shows that

F(X, X} = (X, X) while f(X,X) =0.
Now, if f/ has value d then, since A(X,X) is a cut, we have, by Theorem 8.1,
d=f(X,X) - (X, X),

Thus d = ¢(X,X) — 0 = ¢{X, X}. In other words, the value of our flow f' equals the
capacity of cut A(X, X). It follows that f’ is a maximai flow, completing the proof.

B In our example, f* = f; and the set X was found to be {s, w}. The arcs from X to
X.ie, A(X,X), are su, wv,wr and so ¢ X, X) = e{su)+c(wv)+(wz) = 44142 =7,
which equals the value of the flow f3, as expected. m [J

Exercises for Section 8.1

8.1.1 For the two networks of Figure 8.10, list all the cuts and find a minimum cut.
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8.1.2

8.1.3

Figure 8.13: Two networks.

Let f be a flow on a network N and let W be an f-incrementing walk. Let f;
be the revised flow based on W as defined in the proof of Theorem 8.2. Prove
that f, is indeed a flow on . (This fills a gap left in the proof of the Theorem.)

In this exercise we consider networks with several sources and several sinks and
indicate how to modify these so the the theory of the single source, single sink
situation can be applied.

Let N be a network with sources sy,...,8; and sinks £;,:..,%. Then a flow in
N from these sources to these sinks is a function f which assigns non-negative
real numbers {o each of the arcs & in N such that

{a) fla) € ¢(a) for each arc a,

(b} the total flow out of the sources s;,...,5; agquals the total flow into the
sinks ¢;,...,%, and

(c) for any vertex x which is neither a source nor a sink the total flow into z
equals the total flow out of z.

The value 2 of f is defined to be the total flow out of the sources and so by (b),

=3 2 M@= ¥ 1@.

=1 agl(s;) J=1a€l{t;)

From N we now create a network N* with a single source s and a single sink ¢.
We do this by simply introducing s and ¢ as two new vertices, joining an arc a;
from s to each g; and joining an arc b; from each t; to ¢, these new arcs having
infinite capacity (or, in practice, a capacity which is the sum of all the capacities
of the arcs already in N).

Now let f* be a flow in our new network A", and let f be the function obtained
by restricting f* to the arcs of V.

{a) Show that f is a flow in N with the same value as f*.

(b) Show that if f* is a maximal flow in N* then f is a maximal flow in N.
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8.1.4 Let f be a flow in a network NV and let A(X,X) be a cut in .
{a) Prove that, if

f(a)

fla)

then f is a maximum fow and A{X,X) is a minimum cut.

(b} Conversely, prove that if f is a maximum flow in N and A(X,X) is a
minimum cut then

f(a)
f(a)

8.1.5 Let f; and f; be flows in a network N and let A(X,X) be a cut in N.

c(a) for every a € A(X,X), and
] for every a € A(X, X),

cla) for every a € A(X,X), and
0 for every a € A{X, X).

(a) Prove that if f, and f; are both maximum flows then fi{a) = fa(a) for
every ¢ € A(X,X) and every 2 € A(X, X).

(b) Is the converse to {a) true? (In other words, if f; and f; agree on both
A(X,X) and A(X, X), are both £, and f; maxirnum flows?)

8.2 The Ford and Fulkerson Algorithm

We now present an algorithm, due to Ford and Fulkerson {24], and based on the

proof of the Max-Flow Min-Cut Theorem, which constructs a maximal flow. It uses

a labelling technique to produce a maximal flow. Starting' with a known flow, for

example the flow which has 0 assigned to each arc (i.e., the zero flow}, it recursively

constructs a sequence of flows of increasing value, terminating with a maximal flow.
To describe the labelling technigue we need the following definition.

An f-unsaturated tree of the network ¥ [with respect to the flow f) is
a subtree T of the underlying graph G of N such that
(1) the source s is a vertex of T,

(3) for every vertex v of T the unique s — v path in T is an f-unsaturated
path.

In Figure 8.11 an example of an f-unsafurated tree is given by the shaded edges.

The sequence of flows of increasing value is constructed using f-incrementing walks,
which are found by “growing” f-unsaturated trees. The growing procedure is as
follows.

(i) Initially the f-unsaturated tree T' consists of just the source s,

(i) f X is the set of vertices of T at any given stage, an arc a is adjoined to T
in either of the two following ways, provided this process does not create cycles, (ie.,
provided the end result is still o tree):
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Figure 6.11: An f-unsaturated tree.

(a) if there is an arc a in A(X,X) such that f{a) < c(a) then adjoin both a and its
head to T,

(b} if there is an arc a in A(X, X) such that f{a) > 0 then adjoin both ¢ and its tail
o T.

Under this construction our tree T either eventually grows out as far as the sink ¢
or it stops short of £. I it does grow out as far as ¢ we say we have breakthrough
and in this case the 5 — ¢ path in T is an f-incrementing path. On the other hand, if
T stops growing before it reaches ¢ then, as the last part of the proof of the thecrem
shows, our flow f must be a maximal flow.

The actual labelling technique assigns labels to the vertices of an f-unsaiurated
iree T as it grows. For each vertex v of T' the label A(v) = {(P,) where P, is the
unique path in T from the source s to v. The advantage of this labelling is that if
breakthrough does occur then not only do we have an ‘f-incrementing path £ from
the soutce s to the sink £ bus also we have calculated A(¢) = i(F:), the increment used
to obtain our revised flow based on P:. The labelling procedure begins by assigning
to the source s the label A(s) = co. It continues according o the following rules:

{1) i a is an f-unsaturated are whose tail u is already labelled but whose head v
is not, then v is labelled

A(v) = min{A(u), ee) — f(a)}.

(2) I @ is an arc with f(a) > 0 whose head u is already labelled but whose tail  is
not, then v is lahelled

Av) = min{A(u), f(a)).

In both cases we say that v is labelled based on u. To scan a labelled vertex u is to
label all unlabelled vertices that can be labelled based on u. The labelling procedure is
continued until either the sink ¢ is labelled (i.e., we have breakthrough) or all labelled
vertices have been scanned and no more vertices can be labelled (i.e., the flow f is a
maximal flow).

We now give a formal statement of the algorithm. Tt uses the zere flow as the initial
flow on the network N.
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Step 1.
Step 2.

Step 3.

Step 4.
Step 5.
Step 6.

Step 7.

Step 8.
Step 9.

For each arc zy in N set f(zy) = 0.

Set A' = @. (A’ is the set of arcs in the unsaturated iree.}

For the source s of N, set A(s) = co.

Set L = {s). {1-s the set of labelled vertices.)

Set S = @. (S is the set of vertices in L which have been scanned.)

Let F be the set of atcs oy in N such that c(zy) > f(cy). (F consists of
forward arcs.)

Let R be the set of arcs zy in N such that f{zy) > 0. (R consists of reverse
arcs.)

IfL -5 =0 go to Step 10.
Choose z € L — §.

If there is no y € L such that zy € F and the set of arcs A’ U {zy} induces
an underlying tree, then go to Step 7.

If there is a y € T such that zy € F and the set of arcs A’ U {zy} induces
an underlying tree then label y by
A(y) = min{A(z), e(zy) ~ f(zy)}.
Change A’ to A'U {zy} and L to LU {y}.
Now repeat this step.

If there is no y € I such that yz € R and the set of arcs A’ U {yz} induces
an underlying tree, then go to Step 8.

If there is a y € T such that yz € R and the set of ares A’ U {yz} induces
an underlying tree then label y by
My) = min{Mz), f(y=)}.
Change A’ to A" U {yx} and L to LU {y}.
Now repeat this step.
Change 5 to S U {z}. If t € L return to Step 4.

{We reach this step when the sink ¢ has heen labelled, i.e., when we have
breakthrough.)

Using a backtracking procedure, identify the incrementing walk W from s to
t in N using the arcs from A’ and for each a in W change f(a) to fla)+A(f)
ifa € Fandto fa)—A(t)ifa € R.

Return to Step 2.
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Step 10. (We reach this step when all labelled vertices have been scanned and there
is no breakthrough.)

The values f(xy) for each arc zy in N give a maximum flow in N and ihe
set of vertices L gives a minimum cut.

We now illustrate the algorithm in Figures B.12 -~ 8.16 using the network N of
Figure B8.11, starting with the flow f given there {instead of the zero flow as used in
the algorithm}. At each stage the unsaturated tree is shown having shaded edges, the
vertex being scanned is in white and the label assignment is shown below the diagram.
To save space, we omit listing the specific steps of the algorithm used for the example
and also recording the changes to the sets A’, L, and 5, but these should be clear to
the reader from the diagrams.

labelled vertices i 8
ia.bel] o0

labelled vertices l 5§ w

label ! oo minfoo,6—1} =35

Figure 8.12
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labelied vertices is w =z
label 1co 5 min{5,3-2}=1

labelled vertices | s w r u
label |00 5 1 min{5,2}=2

labelled vertices I 8 w zT Uy

fabel [co 5 1 2 min{2,5-8}=2

Figurs 8.13
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labelled vertices | s w T Wy z
label (oo 5 1 2 2 min{2,5}=2
10 4
l“"h“
o~ b ¢
¥ 5,5

Aha! - BREAKTHROUGH !
(with increment 2),

labelled vertices { 5 w u y £ i
label joo 5 1 2 2 2 min{2,4—0}=2

labelled vertices | 5

labal | oo

Figure 8.14

279
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labeiled vertices | 5w

label | oo min{eo,8 -3} =3
Figure 8.15

The following diagram is our last since, in the next stage, scanning all the labelled
vertices, i.e., 8, w and r, gives no new labelled veriices. Since all labelled vertices
have been scanned, i.e., L = 5 in the terminology of the algorithm, and we have no
breakthrough, the flow shown in this last diagram is a maximal flow. It has value
J(s2) + f(sw) = 4 + 3 = 7. Moreover the set X = {s,w,z} of labelled vertices gives
a minimal cut A(X,X), with capacity given by

c(sz)+wz) +e(zy)=4+1+2=T1,

which is the flow’s value (as expected).

X no breakihrough

labelled vertices | 5 w z

label |00 3 min{3,3-2}=1

Figure 8.16
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Exercises for Section 8.2

8.2.1 Use the Ford and Fulkerson algorithm to find a maximal flow and a cut with
capacity equal to this flow for both of the networks in Figure 8.10. (Draw the
unsaturated trees ai each stage of their growth and identify the seis A, L, 5,
F and R as definred in the step-wise presentation.)

8.2.2 Use the Ford and Fulkerson algorithm {o find a maximal flow and a cut with
capacity equal to this flow for each of the networks in Figure 8.17.

Figure 8.17: Two networks.

8.2.3 The two networks of Figure 8.18 have several sources and sinks. Use the
technique described in Exercize 8.1.2 together with the Ford and Fulkerson
algorithm to find maximal fiows for both networks. What is the value of each of
your flows? What is the total value of each of your flows out of each individual
source and into each individual sink?
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Figure 5.18: Two networks with several sources and sinks.

8.3 Separating Sets

In this section we shall use the Max-Flow Min-Cut Theorem to prove some results
related to the connectivity of graphs.

Let # and v be two distinct vertices of a graph G. A set § of vertices of 3,
containing neither u nor v, is said to be 4 —v separating if the vertex deleted
subgraph G — § is disconnected with « and v lying in different components.
In this case, S is also said to separate u and v.

Similarly, a set F of edges of G is said to be u — v separating if the
edge deleted subgraph G — F is disconnected with u and v lying in different
components. In this case, F is said to separate u and v.

For example, in the graph G of Figure 8.10, the set of veriices § = {f,w,y}isu—v
separating while the set of edges F = {iv,ir,wx,wz, uy} is u — v separating.
Our first result gives a simple characterisation of separating sets.

Theorem 8.3 Let u and v be two distincl vertices of the graph G.

fa} A set § of vertices of G is u — v separgting if and only if every u — v path has
at least one internal vertex belonging to S,

(b} A set F of edges of G is u — v separating if and only if every u — v path hes at
least one edge belonging to F.

Proof (a)Let S be a u—v separating set of vertices in G and let P be a u—v path.
I P has no internal vertices belonging to 5 then the deletion of § from G leaves P
intact. But then u and v will be in {he same connected component of G — S, which is
a contradiction since S is u — v separating. Thus every u — v path mmst have at least
one internal vertex belonging to S.
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Figure 8.19

Conversely, suppose that every u — v path has an internal vertex belonging to 5.
Then if we delete S from G there will be no path from u to v in the resulting subgraph
G — §. In other words, u and v are in different connected components of G — 5 and
so § is u — v separating, as required.

(5) The proof of this is similar to part (¢)’s and is left as Exercise 8.3.1. []

Qur goal now is to show that, for two nonadjacent vertices « and v, the size of
a smallest possible u — v separating set of vertices (or edges) is equal to the largest
possible number of internally disjoint {respectively edge disjoint) u — v paths. Since
this equates minimums with maximums, perhaps it is not too surprising that we will
prove these results using the max-flow min-cut theorem. The vertex version was first
proved by K. Menger in 1927 [44], but the proof given here is from a 1956 article by
G. B. Dantzig and D. R. Fulkerson [14).

Theorem 8.4 {Menger’s Theorem)} Let u and v be two nonadjacent vertices of a
graph G. Then the maximum number of internally disjoint u — v paths in G equels
the minimum number of vertices in & u — v separaling seb.

Proof Let m be the maximum number of internally disjoint « —v paths in G and let
n be the minimum number of vertices in a u — v separating set. Let Py, ..., Fym) be
m internally disjoint 2 —v paths and let § be a u — v separating set of vertices. Then,
by Theorem 8.3 (a), each of the paths Fjyy,..., Fy) contains at least one member of
S. On the other hand, since the paths are internally disjoint, no member of 5 can
occur as an internal vertex in more than one of the paths. From this we see that we
have at least as many vertices in 5 as we have paths, ie., |5| 2 m. Since § was any
separating set, it follows that m < n,

To prove that m > n we consiruct a network N from G, having u as source and
v as sink, as follows. The vertex set of N consists of u and v together with a pair of
vertices, denoted by () and =2, for each vertex z in & different from both u and
v. Each such pair is joined by an arc from 2!} to z(*}. Such an arc will be called an
internal arc of N while all other atcs (still to be defined) will be called external.
Now to each edge of the form uz in G we associate an arc from u to z{!) in N and to
each edge of the form yv we associate an arc from y® to v. Finally, to each edge zy
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in G, having neither u nor v as an end vertex, we associate two arcs, one from 2 10
y® and the other from y!® to z(}. Figure 8.20 illustrates this construction.

g y 42)

Figure 8.20

Now assign a capacity of one to each internal edge and infinite capacity to each
of the external edges. (If the reader is unhappy with infinite capacities then he can
change these to a large number, bigger than the total number of arcs in N, say.)

We now prove that m, the maximum number of internally disjoint ¥ — v paths in
(, ia equal to the value d of a2 maximum flow f in the network . First note that in
N any vertex of the form (1) in the tail of only one arc, the associated internal are,
and this has capacity one. Similarly, any vertex of the form z(*) is the head of only
one arc, again the associated internal arc with capacity one. It follows from this that
the value of a flow into and out of any vertex in N is either one or zero. In particular,
the maximum flow f of value d must be obtained using d internally disjoint directed
u — v paths in N, each contributing the value one to the {otal How value.

Now any u — v path P = uwsitz-.. v in G uniquely induces the u — v directed
path

Q = wuiMuPuPMu? Wyl

in N and this path § permits a flow of value one along it. On the other hand, any
directed w —v path @} permitting such a flow must be induced in this way froma u—v
path P in G since the internal arcs are the only arcs of capacity one in N. Moreover,
if the u« —v paths Py, ..., Py induce the directed paths Qq), ..., Q) in N thenitis
easy to see that Fy,..., Py are internally disjoint in G if and only if Qqy,- .., Q(m)
ate internally disjoint in N. It now follows that the maximal flow value d cotresponds
to d internally disjoint u — v paths in & and s0 d € m. Similarly, since m internally
disjoint paths in (7 can induce a flow of value mn in N and so m < d. Hence m = 4,
as required.

Now the Max-Flow Min-Cut Theorem tells us that there is some cut A(X,X) in N
such that e(X,X) = 4. Since d is finite, each arc from X to X must be an interaal
arc. Moreover, since A(X,X) is a cut, each directed path from u to ¥ must use at
least one of these arcs. It follows ihat deleting the tails of all the arcs in A(X,X)
removes all possible « — » directed paths in N. This in turn implies that the set of 4
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vertices in G corresponding to these 4 tails must be a © — v separating set. Since this
has produced a # — v separating set of size d we must have d > n. Thus, since d =m
and m < n, we have m = n, as required. []

As a simple consequence of Theorem 8.3 we have the following characterisation of
n-connected graphs. Note that it generalises Whitney’s Theorem (Theorem 2.21).

Theorem 8.5 A simple graph G is n-connected if and only if, given any pair of
distinct vertices u and v of G, there are ot least n internally disjoint paths from u
to v.

Proof Suppose that G is n-connected and « and v are two distinct vertices of G.
Then any u — v separating set must have at least n vertices. Thus, by Theorem 8.4,
there must be at least n internally disjoint u — v paths, as required.

Conversely, suppose that, given any pair of distinct vertices u and v of 3, there are
at least n internally disjoint paths from u to v. Then, by Theorem 8.4, every u — v
separating set must have at least n vertices for each pair of vertices u and v. Thus it
requires the deletion of at least n vertices from G in order to produce a disconnected
graph or K. In other words, G is n-connected, as required. 3

We now turn our attention to the edge analogues of Theorems 8.4 and 8.5. Their
proofs are similar but a little easier. They are due to Ford and Fulkerson.

Theorem 8.6 (The edge version of Menger’®s Theorem) Let u and v be two
vertices of a graph G. Then the marimum number of edge disjoint u — v paths in
G equels the minimum number of edges in a v — v separating set.

Proof Let m be the maximum number of edge disjc‘)int # — v paths in G and let
n be the minimum number of edges in a u — v separating set. Let Fp),..., F(m) be
m edge disjoint u — v paths and let F' be a 4 — v separating set of edges. Then, by
Theorem 8.3 (b), each of the paths Py, ..., ) contains at least one member of F,
On the other hand, since the paths are edge disjoint, no member of F can occur as an
edge in more than one of the paths. From this we see that we have at least as many
edges in F as we have paths, i.e., |F| > m. Since F' was any separating set, it follows
thatm < n.

To prove that m > n we construct a network N from G, having u as source and
v as sink, as follows. The vertex set of V is defined to be V{G). To each edge of the
form wuz in G we associate an arc from u to 2 in N and to each edge of the form yv
we associate an arc from y to v. To complete the arc set of N, for each edge uv in G,
having neither « nor v as an end vertex, there are two associated arcs in N, namely
one from u to ¥ and one from v to u. Figure 8.21 illustrates this construction. Now
assign a capacity of one to each arc in N.

We now prove that m, the maximum number of edge disjoint u — v paths in G,
is equal to the value d of a maximum flow f in the network N. First note that any
u — v path P = uuug ... upv in G translates simply over to a directed pu — v path
P in N and, under this translation, any set of edge disjoint ¥ — v paths retains the
property of being edge disjoint. Thus we can choose a set of m edge disjoint directed
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Figurs 8.24

u — v paths in N. Clearly each path in this set can contribute one to a flow in ¥ and
s0 there is a flow from u to v with value m. Thus d < m.

To see the opposite inequality, let f be a maximal flow with value d. Then since the
capacity of each arc in N is just one, each arc can only contribute at most once to the
flow’s value 4 and so the flow is achieved by d edge disjoint directed © — v trails, (each
having flow component of value one). Moreover, given one of these directed trails, if it
involves a pair of arcs (z,y) and (y, 7), both having flow value one, then, by omitting
these arcs, we may prune the trail to obtain a new trail still with flow value one.
Indeed, doing this for all such pairs of arcs in each of the & trails, we produce d edge

disjoint w — » paths in N. We illustrate this pruning procedure in Figure 8.22. From
this we get that d < m and so d = m.

w

Figure 8.22

The max-flow min-cut theorem now tells us that there is some cut € = A{X, X) in
N such that ¢(X,X) = d. Since C is a cut, every directed u —v path in N uses at least
one arc of C'. Moreover, such a path is induced from a u — v path in G and so each
u — v path in & uses at least one edge of the form ry such that the induced arc oy
belongs to €. Ii {oliows that the set of all such edges in 7 is a u — v separating set of
edges and this set has at most |C| we get n < |C|. However, d = ¢(X,X) = |C|, since
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the capacity of each arc in ' is one, and so n < 4. Thus, since d = m and m < n, we
have m = n, as required. [J

We finish this chapter with a quick look at edge connectivity.

Let G be a simple graph, The edge connectivity of G, denoted by «.(G),
is the smallest number of edges in & whose deletion from & either leaves a
disconnected graph or an empty graph.

For example, any nonempty simple graph G with a bridge has x.(G) = 1. Clearly
£.{G) = 0 if and only if either & is disconnected or an empty graph. The graph G of
Figure 8.23 has #.(G) = 2.

Figure 8.23

A simple graph G is called n-edge-connected (where » > 1) if £.(G) > n.—l

As a simple consequence of Theorem 8.5 we have the following characterisation of
n-connected graphs.

Theorem 8.7 A simple graph G is n-edge-connected if and only if, given any patr of
distinct vertices u and v of G, there are af least n edge disjoint paths from u to v.

Proof Suppose that G is n-edge-connecied and u and v are two distinct vertices of
. Then any u — v separating set of edges must have at least n members. Thus, by
Theorem 8.6, there must be at least » edge disjoint u — v paths, as required.
Conversely, suppose that, given any pair of distinct vertices « and v of G, there are
at least n edge disjoint paths from u to v. Then, by Theorem 8.6, for each pair of
vertices u and v, every ¥ —v separating set of edges must have at least » members. Thus
it requires the deletion of at least n edges from G in order to produce a disconnected
graph or an empty graph. In other words, 3 is n-edge-connected, as required. {1

Finally we give a result showing how the two connectivities are related. We let §(G)
denotes the smallest of all the vertex degrees in G.
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Theorem 8.8 Let G be a simple graph. Then
K{G) = 5(G) < 8(G).

Proof Let v be a vertex with degree §(G). Then deleting the (&) edges incident
with v creates either the empty graph K (if v is the only vertex in &) or a disconnected
subgraph H, since v is an isolated vertex in H. Hence «.(G) < §(GF).

Now if x.(G) = 0 then either & is disconnected or empty and so x{G) = 0. If
ke(G) =1 then G is connecied and has a bridge, € say. In this case either G = K; or
G has a cut vertex (namely one of €’s ends). In either case x(G) = 1. Thus we may
now assumne that «.(G) > 2. To simplify the notation we set & = x.(G).

Then G has a set {eq,..., ez} of edges whose deletion disconnects G, but no set with
less edges has this effect. Thus, deleting the first & — 1 of these edges, eq,...,¢e1,
produces a connected subgraph H having the undeleted edge, e, as a bridge. Let
ey =uv. Forz =1,..., &k — 1, it is now possible, since (7 is simple, to choose an end
vertex u; of the edge e;, different from both u and v, such that u; # u; for ¢ £ 3.
Let H’ denote the subgraph obtained by deleting these & — 1 vertices from G. If H*
is disconnected then (@) < k~ 1 < k = x.((7) and we have our required result. If,
however, H' is connecied then, since it is a subgraph of /f containing the edge e = uv
as a bridge, it is either isomorphic to K or it has either « or v as a cut vertex. Thus
a deletion of one further vertex will produce from H’ either a disconnected graph or
a K;. This shows that x{G) < k = x.(G). Hence £{G) £ «.(G) £ §(G). O

Exercises for Section 8.3

8.3.1 Let u and v be two distinct vertices of the graph G. Prove that a set F of edges
of G is u — v separating if and only if every u — v path has at least one edge
belonging to F. (This is Theorem 8.3 (b).)

8.3.2 Verify that Theorems 8.4 and 8.6 are true for the vertices « and v of the graphs
@ of Figure 8.24.

Figure 8.24

8.3.3 Verify that Theorems 8.5 and 8.7 are true for the complete bipartite graphs K33
and Ky4, the wheel Wy and the 4-cube Q4.
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8.3.4

8.3.5

8.3.6

(In this exercise we show how matchings in a bipartite graph correspond to
flows in an associated network.) Let G be a bipartite graph with bipariition
V(&) = X UY. Construct a netwotk ¥ from & by introducing two new veriices
s and #, the source and sink of N, an arc from s to each of the vertices in X,
an arc from each of these vertices in ¥ to {, and orienting the edges of G from
vertices in X to those in Y. Assign capacity 1 to the arcs from s and also to the
arcs to t and let all other arcs have infinite capacity (or a very large capacity).

(a) Let f be a flow from s to ¢ in ¥ and let M consist of all the edges zy in
G such that the flow value f(z,y) (on the corresponding arc) is positive.
Prove that this defines a matching AM in G.

(b) Conversely, let M be a matching in G. For each arc (u,v) in N, define
flu,v) = 1 if M satuvrates either u or v and f(u,v) = 0 otherwise. Prove
that this defines a flow f on N with value equal to the pumber of edges in
the matching M.

{c) Prove that the definitions of (a) and (b) establish a one-to-one correspon-
dence between the set of matchings in G and the set of flows on N in such
a way that maximum flows correspond to maximum matchings.

(In this exercise we sketch a proof of how Menger's Theorem can be used to
prove Hall's Marriage Theorem (Theorem 4.3).) Let G be a bipartite graph
with bipartition V(G) = X UY and suppose that |N(&)] = |5] for every subset
S of X. Adjoin to (7 two new vertices s and ¢, an edge joining s to each vertex of
X and an edge joining ¢ to each vertex of Y. {Compare this with the construction
of the network in the previous exercise.) Denote this supergraph of G by G,.

{a) Let X = {z),...,2s}. Prove that G has a maiching M which saturates X
if and only if G, has a set of n internally disjoint s — ¢ paths Pyy,..., Py
(so that, after reordering the paths if necessary, P(; must go through z; for
each {).

(b) Using Hall’s condition that |N($)| = |§] for every subset S of X, prove

that any s — i separating set of vertices in | has at least n vertices and
hence that G has a matching which saturates X.

Let & be a plane graph and let G* be its dual {as defined in Section 5.6). For
each set of edges F in G let F* denote the set of edges in G corresponding to
those in F.

(a) Prove that a sei of edges F in & forms a cycle in (7 if and only if the
edge-deleied subgraph G* — F* is disconnected but G* — £} is connected
for any proper subset Fy of F.

{(b) Prove that for any set F of edges in @, the edges of F* form a cycle in G*
if and only if G — F is disconnected but G — F; is connected for any proper
subset F} of F.




Chapter 9

Ramsey Theory

9.1 A Party

Six people ate at a party. Show that there are three people who all know each other
or that there are three people who don’t all know each other. _

This problem was posed in a slightly different form in the 1953 Lowell Putnam
Examination — a mathematics competition for university students in North America.

The easiest way to solve this problem is using graph theory but it is, in fact, one of
the simnplest illustrations of a theotermn by F. P. Ramsey which was developed in the
area of logic. Ramsey’s theoremn was rediscovered, in a combinatorial setting, by two
Hungarian mathematicians, P. Erdos and G. Szekeres. Ramsey produced his version
[52] in 1930, while the Erdos-Szekeres result [20] was five years later in 1935.

So let’s go back to the party. What does the problem say in graph theory terms?
Consider the complete graph G = Kj. Represent the six people by the six vertices
of G. Now colour the edges joining two vertices blue, if the corresponding two people
know each other. If two people don’t know each other, colour the edge between the
corresponding vertices red. If there are three people who know each other then this
is represented by a blue triangle in Kg, on the vertices corresponding to these people.
Similarly, if there are three people who don't know each other then this is represented
by a red triangle. Figure 9.1 shows two possible parties.

(a) (b)

Figure 9.1: Two parties.

201
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Given an assignment of colours to all the edges of a graph (3, a subgraph
H of (& is called monochromatic if all the edges of H have the same colour.

The party question now becomes: if we arbitrarily colour the edges of K either
blue or red, then must we have a mopochromatic clique on three vertices, ie, a
monochromatic triangle?

We now give a simple argument to show that the answer to the question is yes.

Take an arbitrary vertex a in Kg. It has degree 5 in K¢. So when we colour the
edges incident with a either red or blue, one colour must be used at least three times.
Without loss of generality, assume that at least three edges are coloured blue as in
Figure 9.2. (If three edges are coloured red we only need to interchange the words
blue and red in the following discussion,)

a
bO/\c
Y. Of
04

Figure 9.2: Three blue edges incident with the vertex a.

So assume that ad, ac, od are coloured blue. (In other words, ¢ and b know each
other, ¢ and ¢ know each other and & and d know each other.) If any one of be, bd or
de is coloured blue, then we have the required blue triangle. Hence we may suppose
that be, bd or cd are all coloured red. However, this then gives us a red triangle and
the argument is completed.

Exercises for Section 9.1

9.1.1 Show that both colourings of Figure 9.1 contain monochromatic triangles, How
many monochromatic triangles are there in each colouring?

9.1.2 Is it possible to colour the edges of Ky either red or blue so that there is no
monochromatic triangle?

9.1.3 Using a coin, arbitrarily assign colours to the edges (heads = blue, tails =
red, say). How many edges do you need to colour io be sure that you have &
monochromatic triangle? What is the expected pumber of edges that has to be
coloured before you get a monochromatic triangle?
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¢.1.4 If every blue/red edge colouring of the edges of K produces a monochromatic
triangle, show that every bluefred edge colouring of the edges of K; also
produces a monochromatic triangle.

9.1.5 Let n be a positive integer such that every blue/red edge colouring of the edges of
K, produces a monochromatic ttiangle. Show that every blue/red edge colouring
of the edges of K4, also produces a monochromatic triangle.

0.1.6 Show that any blue/red edge colouring of K; actually produces at least fwo
raonochromatic triangles.

9.1.7 Arbitrarily colour the edges of K7 blue or red. How many monochromatic
ttiangles are guaranteed?

9.1.8 Suppose we arbitrarily colour the edges of Ky either red or blue. Show that any
vertex is on the end of at least four edges of the same colour.

9.1.8 (a) Colour the edges of Kj; in blue, red or green. Show that any vertex is on
the end of at least five edges of some colour.

(b) Colour the edges of K, in one of m colours, where n = mq + r with
0 < r < m. How many edges of some colour can we guarantee are joined
to any arbitrary vertex?

9.2 A Generalisation of the Party Problem

More generally, we might want to take any complete graph K, and s colours. If we
colour each edge of K, arbitrarily in one of these s colours we might ask if we are
forced to have a monochromatic triangle.

For instance, suppose we arbitrarily colour the edges of Kz in blue, red or green.
Must we have a monochromatic triangle or is it possible to arrange things so that
there are no monochromatic triangles in such a colouring?

Try to answer this by yourself before continuing.

Before we go further, let us modify a definition which we gave in Section 6.6. There
we defined an edge colouring of a nonempty graph G to be an assignment of colours
to all the edges of 7 such that adjrcent edges are coloured differently. In this Chapter
we will drop the adjacent edges requirement, i.e., an edge coloaring of G is simply
an assignment of colours to all the edges of (7, one colour per edge. If there are s
different colours used in such a colouring then it is called a s-edge colouring of G.

Let us now try to construct a red, blue, green colouring of K, i.e., a 3-edge colouring
of K, which avoids a monochromatic triangle. Clearly, to do this we have to use
all three colours, otherwise the argumeat of Section 9.1 will give a monochromatic
triangle. Now suppose that there is a vertex v of K5 which has three blue edges
incident with it, say the edges vz, vy and vz. Then, again as in Section 9.1, none of
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the three edges zy, vz and yz can be blue, they can not all be red and they can not
all be green. Thus two of them are red and the other is green, say. Suppose that zy
and zz are red while yz is green. In particular the vertex z is on the end of three
edges which have different colours, namely vz, £z and yz.

Now suppose that the vertices of K are given as a, b, ¢, d, e and f. As we have just
seen, for our construction we can choose a vertex, say a, which is incident with three
edges of different colours, say eb is blue, ad is red and o f is green. Now colour ac blue
and ae red, so that all the edges incident with ¢ are now coloured. (See Figure 9.3.)

Q4

Figure 9.3: The colouring of the edges incident with a.

At the next stage of the construction, we clearly want to avoid bc being blue and
de being red. So colour b¢ in red and de in green. Now, no matter how we colour
{he other edges incident with b, we can not get a monochromatic triangle with b as a
vertex. So colour all three edges bd, be and bf blue.

Now look at ¢. Colouring cd, ce, ¢f blue gives no monochromatic triangles. With d
we need a little caution. We can’t colour df blue. But colouring it red is okay. Finally
ef can’t be blue but it can be red. This completes a red, blue, green colouring of K,
which has no monochromatic triangle. We illustrate it in Figure $.4.

d
Figure 9.4: A 3-edge colouring of Ky which has no monochromatic triangle,

Now, generalising Exercise 9.1.5, it is straightforward to see that if n is an integer
such that every s-edge colouring of K, has a monochromatic triangle then every s-
edge colouring of K4, also has a monochromatic triangle, simply because any such
colouring of K., induces one for K. In view of the above, this raises the question:
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What is the smallest value of n such that every 3-edge colouring of X,. must have
a monochromatic triangle?

One way of tackling this question is to first show that for some n we must have
a monochromatic triangle, and second o show that we can find a 3-edge colouring
of K,_; which has no monochromatic triangle, If we can find such an n then clearly
it must give the smallest X, in which every 3-edge colouring has a monochromatic
tiiangle.

Now it turns out to be easy to show tha{ K7, when 3-edge coloured, must have a
monochromatic triangle. The proof goes like this. {As before we work with the colours
blue, red and green.)

Choose a veriex a4 of Ky;. Since ¢ has degree 16, if we 3-edge colour K7, ¢ must
be an end of € edges which all have the same colour (by Exercise 9.1.¢ (b)). Without
loss of generality, assume that 4 is the end of the six blue edges ab, ac, ed, ae, af and
ag. Then, if one of the edges joining any pair of the vertices b, ¢, d, e, f or g is blue,
we have a monochromatic triangle and so we are finished. Otherwise the six vertices
b, e, d, e, fand g form a Kg in which the edges are 2-coloured, by red and green.
By Section 9.1 we know that this clique Kg must contain a monochromatic triangle.
Hence K7 must contain a monochromatic triangle when the edges are 3-coloured.

If we can now show that the edges of Ag can be coloured in three colours without
there being a monochromatic triangle, we will have found the answer to our “smallest
n” question. Figure 9.5 gives such a colouring for K, with the blue edges given as
solid lines, the red edges as the (thicker) shaded lines and (to make the figure clearer)
the green edges missing.

Figure 9.5: A 3-edge colouring (one colour invisible) of K1 which has no monochromatic triangles.

Now let’s turn to four colours. If we want to find how big an n we need so that
colouring the edges of K, with four colours forces a monochromatic triangle, then we
need to choose n sufficiently large so that we can use the fact that X7 works for three
colours,

In this K., at a given vertex a, we try io find at least one colour @ which has to be
used on 17 edges. Then the 17 vertices adjacent to @ by edges coloured o, either have
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an edge between them coloured « or they don’t. If they do have ar edge coloured «,
then there is a triangle coloured &. If they don’t have any edge coloured «, then there
are only three edge colours used in the K,y that is left. We already know that this
forces a monochromatic triangle.

So how big does n have to be to ensure that a vertex o has at least 17 edges coloured
in one colour? Certainly if the degree of a is 4 x 16+ 1, that will be enough. So n = 65.

By the above argument, we know that for all N > 65, if we arbitrarily colour the
edges of K in four colours, then a monochromatic triangle results. But is 65 the best
possible? Can we colour the edges of Kgy in four colours and avoid a monochromatic
triangle? What is the smallest n here? At the moment no one knows the answer to
this last question.

. However, the above discussion gives a method of establisking an upper bound for
che monochromatic triangle problem with s+1 colours, working from the known result
with s colours.

Let us summarise what we have discovered so far. We want to know for what n,
when we arbitrarily colour the edges of K, in s colours, do we get a monochromatic
triangle.

Let f(s) be the smallest such »n. Then we know that

f(2) =6 and f(3) = 17.

Using the argument that we have employed earlier in the s = 3 and s = 4 cases, we
also get the following resuit.

Theorem 9.1 f(s+1) <sf{s)+1.

Exercises for Section 9.2
8.2.1 *What is the value of f{1)? Use this value to find an upper bound for f(2).
9.2.2 Prove Theorem 9.1.

9.2.3 (a) Use the result of Exercise 9.1.2 to give a simpler proof of the fact that
3-colouring the edges of A does not necessarily produce a monochromatic
triangle.

(b) Suppose we colour m edges of Ky green. Colour all other edges blue or
red. What is the smallest value for m if K contains no monochromatic
iriangles?

9.2.4 Show that the edges of K7 can be coloured either blue, red or green so that it
contains no monochromatic triangle,

9.2.5 Colour the edges of {7 arbitrarily with three colours. What is the minimum
number of monochromatic triangles produced?
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9.3 Another Generalisation of the Party Problem

But why are we hung up on triangles? Why not arbitrarily colour the edges of K,
in blue and red and ask when are we forced to have a monochromatic clique of four
vertices, i.e., a monochromatic K47

Let us tackle this using the argument of the proof of Theorem 9.1. Note first that
any veriex a of K, has degree n — 1. Thus, if we arbitrarily colour the edges of £, in

lue or red, then at a one colour must appear at least [1(n —1)] = ¢ times.! Suppose
blue occurs most. Then we would need ¢ to be big enough either to guarantee a blue
triangie (which along with the blue edges from a gives a blue Ky) or a red K,. On the
other hand, if red occurs most, then we would need ¢ to be big enough to guarantee
a red triangle or a blue K,.

This has got us into a slightly new situation. Before (in Section 9.2) we only had
triangles to worry abous. Now we seem to have to take acoount of triangles and K's.
At least we do if we are to continue the argument we started above. So let’s stop a
minute and make a definition.

Given two positive integers m and n we define the Ramsey number
r(m,n) to be the smallest p such that if we arbitrarily colour the edges of the
complete graph K, blue or red, then we must get a blue K,, or a red K, as
a subgraph.

From what we did in Section 9.1, we know that r{3,3) = f(3)} = 6. The question we
started this section with is: what is r(4,4)? More generally, do we know, or is there
some way of finding, the value of #(m,n) for small values of m and n?

First of all, does it make any sense for m (or n) to be 17 Since K, does not have
any edges, colouring the edges of K, blue or red (or pink or cerise for that maiter)
does not help us to get a & with blue or red edges.

Fot this Teason, we assume from now on that m and n are both at least two. Then
the smallest value of r(m, n) ought surely to be r(2,2). What complete graph can we
colour to be sure that we get either a blue edge or a red edge? Won't K; do? If the
single edge is coloured blue, then we have a blue edge. If the single edge is coloured
red, then we have a red edge. It follows that

r{2,2) = 2.

Can we now do r(2,3)? It is fairly easy to see that r(2,3) > 3. But is »(2,3) = 37
To see that it is, note that we can’t arbitrarily colour edges of K; either blue or red
and force either a blue K or a red K3 — we might jusi have used red on the one
edge. Thus

r(2,3)=3.

The same sort of argument shows that

#(2,4) = 4.

'For any number = the symbol [z] denotes the largest integer greater than or equal to z.
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We ate cleatly making progress!

The next number to try is probably r(3,4). We iry to tackle this using the Theorem
9.1 approach. Take some vertex o in our complete graph K, where p = r(3,4}, and let
there be b blue edges and r red edges incident with a. (This means that p=4+r+1.
Let B be the set of vertices adjacent to o by blue edges and R be the set of vertices
adjacent to a by red edges.

Suppose that & > r(2,4), Then in B we either have a blue edge or a red K. If we
get the ted K we are done. If we get just a blue edge, then that blue edge, together
with two of the edges incident with & form a blue Kj. So we must have a blue K3 or
a red Ky and again we are done.

Now suppose that r > r{3,3). Then in B we must have a blue K5 or a red Kj. A
blue Kj is fine, s0 assume we get a red K. This red K5, together with three red edges
incident with a, give a red K. Again we have either a blue K3 or a red K.

So how can we guarantee that either § > r(2,4) or r > r(3,3)7 Simply take p =
r(2,4)+7(3,3). i b < r(2,4) and r < r(3,3), then b < r{2,4)—1and r < r(3,3) - 1.
Hence, since p = b+r+1, we have p < (r{2,4)—114+(r(3,3)-1)+1 = r(2,4)+r(3,3)-1
which contradicts the fact that p = #(2,4) + r(3,3).

Thus, if p = #(2,4) + r(3,3) and we colour the edges of K, blue or red, we must
have either b > r(2,4) or r 2 r(3,3). Either way we then get our biue K5 or our red
K. Hence

r(3,4) < »(2,4) +r{3,3).

But "3 it possible that a p smaller than r(2,4) + r{3,3) also does the job? Since,
from above, r(2,4) = 4 and r(3,3) = 6 this is askang if #(3,4) < 9. In particular, can
we colour K so that there is no blue ;3 or red K47 Well no, but the beginnings of
such a colouring for Kz are shown in Figure 9.6.

Figuee 9.6: A partial 2-edge colouring of K3, showing blue edges.

Suppose that the edges of K shown in Figure 9.6 are blue. By the symmetry of the
figure it is easy to see that there are no blue triangles. Now colour in the remaining
edges red. There cannot be a red K,. Any four vertices you choose have at least one
blue edge between them. Hence r{3,4) > 9.

We now know that 10 > r(3,4) > 9. We leave it as Exercise 9.3.6 to show that

r(3,4) = 9.
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But we can make some progress with a more general situation. The argument used
to show that »(3,4) < r(2,4) + r(3,3) can be used to prove the next result.

Theorem 8.2 Form,n > 2,

r{im,n) £r{m—1,n) +r(imn-1).

We can box in the number r(m, n) by using Theorem 9.2 to obiain an upper bound for
r{m,n) and then using specific colourings to obtain a lower bound for r{m,n). Hard
work and special arguments {or a computer) can then give us r{m,n) in the cases
where the difference between the upper and lower bounds is small. This approach has
produced the following numbers but beyond this there has been little progress.

r{3,4) 8, r(3,5) 14, r(8,6) 18,

r(3,7) 23, »{3,8) = 28, r{4,4) = 18

Exercises for Section 8.3
9.3.1 Prove Theorem 9.2, i.e., that r{m,n) < r{m—1,n)4r(m,n—1) forallm,n > 2.
9.3.2 Find estimates for +(3,5), r{4,5) and #(5, 5).
$.3.3 Prove that
m—1

r(m,ﬂ)s(m+n—2).

9.3.4 (a) Why is r(2,3) # 27
(b) Prove that r(3,2) = 3.
(c) Prove that r(m,n} = r(n,m).
(d) Find r(2,n) for all n > 2.

9.3.5 Show that »(3,4) = 9.
9.3.6 Try to show that r(3,5) = 14, r(3,6) = 18 and r{4,4) = 18.

9.3.7 Use Theotem 9.2 to show that r(m, n) is finite for m,n > 2.




300 Chapter 8. Ramsey Theory

9.4 The Compleat Ramsey

Suppose that we decide to use s colours, called 1,. .., s, to arbitrarily colour the edges
of the complete graph X ,. We might combine the generalisation of the last two sections
in the following question:

How big does p have to be to guarantee that this results in either a K, in colour
1, or a K,, in colour 2, ..., or a K, in colour s7

From what we have done so far it would seem thai, provided we choose n; > 2
for i = 1,2,...,s, then there probably is some fintte value of p. With this optimism
we have the following definition.

Given s positive integers ny,...,n,, all at least 2, we define the (gen-
eralised) Ramsey number r(ny,n2,...,n,) to be the smallest integer p
such that if we arbitrarily colour the edges of the complete graph K, with s
colours, called 1,2,...,s, then we must get either a K, coloured 1, a K,
coloured 2, ..., or a K, coloured s (as a subgraph of K,).

Our optimism is justified by the following result, known as Ramsey’s Theorem. We
omit its proof but those interested can consult Chapter 13 of Behzad, Chartrand and
Lesniak-Foster [4]

Theorem 9.3 (Ramsey) Given s posilive inlegers ny,...,n,, all at least 2, the
Romsey number

T(Ry, Ngy.e oy ,)

is finste.

The difficulty with the generalised Ramsey numbers +(ny,na,...,%n,} is that,
although we know they exist, it is proving extremely difficult to find them.

In Section 9.2 we defined f(s). Of course f(s) = r(3,3,...,3), where there are s
threes in the last bracket. Theorem 9.1 gave us an inequality for f(s). This inequality
seems to be very poor and so does not provide us with a useful upper bound for f(s).

The inequality of Theorem 9.2 also appears to become less and less useful as an
upper bound for r{m,n) as the values of m and n increase.

Because of the difficulty found in obtaining precise values for the Ramsey numbers,
or indeed in obtaining better estimates for them, Ramsey Theory has generalised
further. Much effort has been expended on finding the minimum value of p, so thak
when K, is coloured, we are forced to have, not necessarily complete monochromatic
subgraphsa, but, say, monochromatic subtrees or monochromatic cycles or some other
kind of monochromatic subgraph.

Some results of this type are listed below. But first we give another definition.

Let G and H be two simple graphs. Then the Ramsey number r(G, H) is
defined to be the smaliest integer p so that when the edges of K, are coloured

blue or red there is always either a blue G or ared H occurring as a subgraph
of K,
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Thus r(m,n) = r(3, H) if we take @ = K,, and H = K,. The following gives
r(G, H) for some common G and H.

(1} r(Kn,T)={(m~1)n —1)+ 1, where T is a tree with n vertices.

(2) r(sKs sKs) =25+t —1,for s 21 2 1. (Here, and below, 3G denotes the
graph with s connected components each isomorphic to G.)

(3) r{s1Ky 823, 8. K2) =81+ 14+T5 (s, — 1), when 3, > s;

(4) r(sK5tKa)=3s+ 2t fors>t>1ands 22

For more information on results in Ramsey Theory, the reader should have a look at

a recent article [29] in Scientific American by R.L. Graham and J.H. Spencer. Other
references are cited there.

Exercises for Section 9.4

9.4.3 (a) Can the edges of A+ be coloured blue, green or red so that K7 is a disjoini
union of monochromatic Hamiltonian cycles?

(b) Repeat (a) with Ky and the colours blue, red, green and yellow.

(c) Show that the edges of Ky.q can be coloured with n colours so that it is
the disjoint union of » monochromatic hamiltonian cycles.

{d) What corresponding result holds for K,,?
9.4.2 Show that if s > ¢ > 1, then

ps+ (g~ 1)t ~1 < r(8K,,tK,) < ps + (¢ ~ 1)t + f(p, q).

Here f(p,q) = r(tokp, 10K,), where 1o is chosen so that {min{p,q} =
2w (K, K,).
9.4.3 Prove that
(a) r(2K3, K3) = 8;
(b) (2K, 2K) = 10;
(¢} r{Cs,Cy) =6,
(d) (CeCs)=T;
(e} (K13, K1) =6
(f) r(P;, F;) = 6.
Prove (a) and (b) directly without recourse to the general result in Section 9.4.

9.4.4 Show that ~(2,3,3) = 6. Determine (2,3, 3, 3).




Chapter 10

Reconstruction

10.1 The Reconstruction Conjecture

The open question that we will describe in this final chapter was imitially posed
by Stanislaw Ulam, one of the scientists involved in the Manhattan Project which
produced the first atomic bomb. The question was initially investigated by P. J. Kelly
for his Ph.D. thesis in 1942. Although the question was raised about 40 years ago, it
still remains unanswered. This chapter lists some of the progress made to date.

To describe the problemn, we first introduce some terminology.

Mathematicians often describe a (finite) set X by listing its elements in the form

X = {zl.,...,Iﬂ}.

In doing so, there is an implicit agreement that the set X has exactly n different
clements, namely z,,...,z,. However, for the purposes of this chapter, we want to
lock at the less restrictive notion of a collection X. Here

X={z1,...,2}

is a collection of the n elementis x,,... x,, but these elements need not be distinct,
in other words, some elements may be duplicated.! For example,

X ={1,2,2,3,4,4,4}

is a collection of seven elements in which there are only four distinct elements — the
set of elements corresponding to X is ¥ = {1,2,3,4). To emphasise this distinction
between collection and set we will use square brackets when listing the elements of a
collection as opposed to the curly brackets usually used for sets. Thus we write the
collection X above as

X = [31,. . .,.1:“].

Clearly we need not restrict ourselves to finite collections. For example, the
collection
X =11,2,2,3,3,3,4,4,4,4,.. ]

1Just as there are often duplicates in a stamp collection.

303



304 Chapter 10. Reconstruction

in which the element 1 occurs once, the element 2 occurs twice, the element 3 three
times, etc., has the sei of natural numbers as its “underlying” set,
The collections that we are particularly interested in here consist of graphs.

Let ¢ and ‘H be two finite collections of simple graphs, say
G=[G1,...,Gp) and H = [Hy,..., H,).

We say that ¢ and X are equal, writing this as usual by ¢ = N, if they
have the same number of elements, i.e., m = n, and if, after reordering cone
of the collections i necessary, the graphs G; and H; are isomorphic for each
i=1,...,m.

We are now ready to describe what is considered by many to be the most important
unseclved problem in graph theory.

Take any simple graph GG with at least three vertices and let G denote
the collection of all its vertex deleted subgraphs of the form G — z, i, G =
[G—z:2 € V(G)]. Now take another simple graph H, again with at least
three vertices, and similarly let H denote the collection [H —y: y € V(H)].

The Reconstruction Conjecture says:

If the collections G and H are equal then G is isomorphic to H.

Why must the graphs (7 and H in the definition have at least three vertices? For
the simple reason that there are non-isomorphic graphs G and H on two vertices for
which G = M. Figure 10.1 shows two such graphs. However if we keep to our condition
that there be at least three vertices then to date nobody knows of any non-isomorphic
pair of graphs G and H for which ¢ = H.

n v

-] L] o ]
G G-u G-v

u v

o—0 o o
H H-u H-v

Figure 10.1: Two non-isomorphic graphs & and H with § = M.

Another way of looking at the Reconstruction Conjecture is that, given a collection
of subgraphs of the form G, then ezactly one graph G can be uniquely recaptured
from G, where § = [ —v : v € V(G)|. In this case we say that G is reconstructible
(from G).

What basic information can we derive from this collection of subgraphs ¢? Can we
determine the number of vertices of G? What about the number of edges?

Well, [V(G)| is straightforward. This is simply the number of graphs in § because
the deletion of each vertex produces a graph in the collection G.
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So what about |E{G)[? Let v be any vertex of (7. We start counting the edges of &
using the edges of & —v. From Figure 10.2, we see that

|E(G)} = 1E(G —v)| + d(v)-

Figure 10.2: |E(GY = | E(G - v)| + d{v).

Hence

3 IEG= X |BG-v)i+ X d)

vEV{T) vEV{T} veV(d)
By Theorem 1.1, this gives Y IEG) = 3} 1E(G - v+ 2E(G),
veV{(G} veV(G)
Thus IVIANEG) = 2 1B(G —v)|+2[E(G)|
veV(G)
and so E@IV@I-2= T IEG-v).
wEV{G)
From this we get @ —v)]
_ EueV(G) IE(G —v

Since |V{G)| > 2, we are not dividing the right hand side of the last equation by zero.
Further, on that right hand side we know 3 |E(G — v)|, namely all the edges in the
entire collection ¢, and we know |V(()|, namely the number of graphs in G. Hence
we can always find |E(G]]|.

The argument we have just used to find |E(G)| can be extended to find how often
a particular graph H occurs as a non-spanning subgraph of G. To see this, we first
find the number of triangles in G, given that |V{&)] > 4. For each v € G, let

$(Cy, @) and 3(C5,G —v)

denote the number of iriangles in G and G — v, respectively.
From Figure 10.3, we can see that the triangle with vertices a, b and ¢ lies in any
G — v except for v = a,b or ¢. So triangle a, b, ¢ is counted once in s{Ca, G — v} unless
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Figure 10.3

v = a,b or ¢. In T,ev(g) 9(Cs, G — v} we therefore count triangle a, b, ¢ a total of
[V(G)|—3 times. Since this is true for any trianglein G, in ¥, cv (g 5(Cs, G —v) every
triangle of G is counted |V(G)| — 3 times. Hence

2. 3(Ca,G —w) = (V(G) - 3)s(Cs, ),
vEV(6)

80

Loevic) $(Cs, G — )
V(G -3
Before reading further you should attempt Exercises 10.1.6, 10.1.7 and 10.1.8 —
this should help to fully understand the proof of the following theorem.

5(0830) =

Theorem 10.1 Let s(H,G) and s{H,G — v) be the number of subgraphs of G and
G — v, respectively, which are isomorphic to H, where |V(H)| < |V(G)|. Then

Teevic) $(H,G - v)
V(&) = (v{H)| -

Proof Take a particular copy H' of H in G. Since {V{H")| = |V(H)| < [V(&)), H'
oceurs in V(&) — |V(H'}| of the subgraphs G —v. Soin ¥ s(H, G —v}, H' is counted
[V(G)| — |[V{H")| times. But this is the case for every subgraph of G isomorphic to
H. Henee

S(H,G) =

>, 8(H,G—v)=(IV(G)] - [V(H))s(H,G),

vEV(G}
and the result follows. [

The result we proved earlier for edges is an easy consequence of Theorem 10.1.
Corollary 10.2
|B(G —v)|

V(G) -2
Proof Let H = P,, the path consisting of a single edge. Then s(H,G) = |E(G)|

and s(H,G —v) = |E(G — v)l. Clearly [V(H)}| = 2 and the Coroliary follows by
substituting these values into the equation of Theorem 10.1. []

|E(G)| =



Section 10.1. The Reconstruction Conjecture 307

Exercises for Section 10.1

10.1.1 Show that the Reconstruction Conjecture holds for each of the four collections G
shown in Figure 10.4. To make the individual membets of each collection clearer,
we have displayed them as if drawn on a playing card. The problem is then to
reconstruct G from its deck of cards G.

@
3 copies of &—O
Gy o~ o [
F e )
L - ‘°
2 copiea
i) N ™ P
N Z AN J A
2 copies
™ (o I N\ a
\.. AN v
2 copies 3 copies
Figure 10.4

10.1.2 What is the smallest graph for which G is a non-empty set?

10.1.3 For the various collections G of Exercise 10.1.1, calculate |V(G)|, |E(G)| and
d{v) for all v € V{G). Do these calculations make it easier to reconstruct G in
each case?

10.1.4 Is G a regular graph if and only if the vertices in the graphs of & have only {wo
different kinds of degree?
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If the answer to the question is yes, prove it. If the answer to the question is no,
how “close” to being true is it? Prove as much as you can.

16.1.5 How many iriangles are there in the graphs which are reconstructible from the
collections G in Exercise 10.1.1.

10.1.6 Use an argument similar to that used in the text to count triangles to determine
s(Ps, ), where s(Ps, ) is the number of paths of length 2 in @, Check your
answer on the graphs of Exercise 10.1.1.

10.1.7 Find an expression for s{C,,G), the number of cycles of length 4 in G. Check
your answer on the graphs of Exercise 1(.1.1.

10.1.8 How many subgraphs isomorphic to C3 U K, are there in the graphs of Exer-
cise 10.1.17

10.1.9 Can Theorem 10.1 be used to find the number of Hamiltonian cycles in a graph
G from the collection G? If not, can this number be found some other way?

10.1.10 If H is a spanning subgraph of & can the number of copies of H in G be
determined from G?

10.2 Reconstruction of Regular and Disconnected
Graphs

It is a very straightforward matter to show that regular graphs are reconstructible.

First, given G, we can determine whether or not any graph &, H or whatever, which
leads to G, must be regular. To see why this is so, note that d(v) = |E(G)| —{E(G ~v)|
and so, since we can determine |E{G)| and |E(G — v)| from G, we can find d(v) for
all v € V(G). Thus if, for some fixed r, this gives d(v} = » for all v € V(G), then of
course G must be regular.

Our second stage is to show that there is only one 7 which gives rise to §. For this,
take any v € V{G). Then G — v will have r vertices of degree » — 1 produced when v
was deleted from G. If we now add a new vertex v’ and join it to these r vertices of
degree r — 1, we will have recovered the original graph & from G — v. Since there is
only one way to add this vertex v to G — v then G is uniquely determined by G.

We will now use the same two step procedure to reconstruct disconnected graphs. 30
first we show thal we can recoghise from ¢ whether G, H or whaiever is disconnected.
Then we show that the disconnected graph G can be reconstructed uniquely from G.

For the first step, let 7 be a disconnected graph. What are the graphs G — v likely
to look like? Will they all be disconnected? Have a go at Exercises 10.2.1 and 10.2.2
before you go further.
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From Exercise 10.2.1 it is clearly not the case that if G is disconnected, then so are
all the G — v, However, it might be the case that if G is disconnected, then all but
one of the G — v is disconnected. i

From the results of Exercise 10.2.2 you should see that if (7 contains at least three
components, then each & — v contains at least two components. You can only lose a
component in G — v if v is an isolated vertex component in . The same argument
applies to a graph G with two components. Hence, we can prove the following result.

Theorem 10.3 If G is disconnected with |V(G)| > 2, then af most one subgraph
G — v is connected.

Now try Exercises 10.2.3-10.2.6 inclusive.

Suppose now that each graph G — v in § is disconnected. Is there any chance that
7 itself is connected? If it were, then every vertex of G would be a cut vertex. This
is impossible, since, by Theotem 2.20, G has at least two verfices which are not cut
vertices. In fact, this also shows it {o be impossible to have precisely one connected
graph G — v in ¢. We can therefore improve upon Theorem 10.3 as follows:

Theorem 10.4 Let |V{(G)| > 2. Then G is discornected if and only if at most one
subgraph of the form G — v is connecied.

This result enables us to recognise from G when G (or H) is disconnected, in other
words, disconnected graphs are recognisable, The problem now is to find out how to
reconstruct such a &G uniquely. Now try Exercises 10.2.7-10.2.10 inclusive before you
continue,

o—o—0 - o—0
o-—v—o o—0—0 0—90
(a) () 0]
Figure 10.5

We use Exercise 10.2.8 to illustrate the approach used in this second stage of
the reconstruction. In Exercise 10.2.8 (iii) the first two distinet graphs have the
components of Figure 10.5 {(a) in common. If we assume thzse are components of
(G, then the other two components of & must be obtainable from the two components
in Figure 10.5 {b). or Figure 10.5 (c). But if the components of Figure 10.5 (a) are in
G, then those of Figure 10.5 (b) and Figure 10.5 (c) must have come from deleting a
vertex of G. So in each case one of these components is in & and the other is J ~ v
where J is a component of G.

The path of length two, Ps, is the largest of the components of Figure 10.5 {b) and
Figure 10.5 {c) g0 it must be a component of' G. It is clear that the other component
is Po. So we have reconstructed G.
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‘This technique will work in general. Suppose G has at least three components. In
&, unless 7 is regular, there must be two distinct members G — v and G — w which
have all but {wo components the sarne. These components are in G.

Of the four remaining components, the largest J in G —w say, is in G. Now we can
identify .J — v in G — v and the remaining component of G — v is the final required
component of G.

If G has only two components (neither of which is an isolated vertex), then we use
the argument of the las{ paragraph.

The above discussion is summarised in Theorem 10.5.

Theorem 10.5 Disconnected graphs are reconstructible.

Exercises for Section 10.2
10.2.1 Find G for the following graphs:
(a} Pbu Py,
(b) CiUCs,
(c) K.UK;.

Do these results support the conjecture that & is disconnected if and only if
each G — v is disconnected?

10.2.2 Suppose (7 coniains at least three components. Is it true that all G -~ v are
disconnected?

10.2.3 Prove Theorem 10.3. Why do we need {V(G)| > 27

10.2.4 State and prove a similar result relating the number of components of & to the
number of components of G — v.

10.2.5 Is the converse of Theorem 10.3 true? In other words, if at most one subgraph
G — v is connected, does this imply that & is disconnected?

10.2.6 Is the converse of Exercise 10.2.4 true?

10.2.7 Show that if G has one or more isolated vertices, then G is uniquely recon-
structible.

Can you recognise from G when G has isolated vertices?
10.2.8 From each collection shown in Figure 10.6 reconstruct a unique graph G.

10.2.9 What strategies used in the last exercise will enable you to reconstruct a
disconnected graph which has no isolated vertices? Will these strategies work if
( has only two components?
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Figure 10.6
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10.2.10 Prove Theorem 10.4.
10.2.11 Prove Theorem 10.5.

10.2.12 From each collection shown in Figute 10.7 reconstruct a unique graph G.

B Re;

1]

(one copy) (two copies)
s j ™y 4 ? ™
L o . i
(two copies) {five copies)
i) ¢ N ™\
e _ W N J
{four copies) {eight copies)
(iii}
(five copies) {four copies)
Figure 10.7

10.2.13 (a) Are paths recognisable and reconstructible?
(b) Are trees recognisable?
() Are trees reconstructible?

(d) Are forests recognisable and reconstructible?
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10.3 Edge Reconstruction

Let G be the graph of Figurel0.8 (a). Then its edge deleted subgraphs are shown in
Figure 10.8 (b).

(a) (b}
Q
e[| f h f h ¢ h ¢ h e
1 E 4 E
G G-e G-f G-g G-h

Figure 10.8

In view of the previous two sections a natural question {o ask is can a graph be
reconstructed uniquely from its edge deleted subgraphs?

Take any simple graph & with at least four edges and let G, denote the
collection of all its edge deleted subgraphs of the form G — ¢, ie., G. =
[{G —=z:e€ E(G)]. Now take another simple graph H, again with at least
four edges, and similarly let H, denote the collection [H — f: f € E(H)]

The Edge Reconstruction Conjecture says:

If the collections G, and H, are equal then & is isomorphic to H.

Why must the graphs G and H in the definition have at least four edges? For the
simple reason ithat there are non-isomorphic graphs G and H with less than four
edges for which G, = ‘H,. Figure 10.9 shows {wo such graphs. As the reader can easily
check, the same is also true for the pair of graphs &; U K3 and K 3, with three edges.
However if we keep to our condiiion that there be at least four edges then to date
nobody knows of any non-isomorphic pair of graphs G and H for which G, = H,.

Figurs 10.9

. At first glance edge reconstruction appears to be easier than vertex reconstruction.

Certainly deleting an edge seems to leave us with a lot more information than deleting
a vertex does. It turns out that at present more progress has been made with the Edge
Reconstruction Conjecture than with the Reconstruction Conjecture. Partly this is
due o the following theorem (and its corollary) of Greenwell [30] published in 1971.
We omit the proofs. '
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Theorem 10.8 {Greenwell, 1971) If & is reconstructible and has no isolated ver-
tices, then G is edge reconstruetible.

Corollary 10.7 If G is reconsiructible, then it is edge reconstructible.

But in fact it has been shown that the Edge Reconstruction Conjecture is true
except possibly for graphs with a relatively sparse collection of edges. More specifically,
we have the following results, again omitting the proofs. The first is due to Lovidsz
{1972) [42] and the second to Miiller {1977) [46].

Theorem 10.8 A graph G 13 edge reconstructible if
1{ V(@
1E(G)l>-2~(‘ il )

Theorem 10.9 A graph G is edge reconstructible if |E(G)| > |V(G)| x log, IV(G)|.

Exercises for Section 10.3

10.3.1 Find all pairs of graphs with three or fewer edges which have the same collection
of edge deleted subgraphs.

10.3.2 Reconstruct graphs from the collections of edge deleted subgraphs of Figure
10.10.

10.3.32 What graph parameters {such as |E(G)|, d{v), etc) can be reconstrucied from
the edge deleted subgraphs of a graph?

10.3.4 Are regular graphs edge reconsiructible? Are trees edge reconstructible?
10.3.5 Prove that an edge analogue of Theorem 4.1 holds.

10.3.6 Assuming Theorem 10.6, prove Corallary 10.7.

10.3.7 Give further classes of graphs which are edge reconstructible.

10.3.8 If [V(G)| = 10, how many edges will the graph G have if 2IF(@-1 > |V(G)?
Are most graphs on 10 vertices edge reconstructible?

10.3.9 Are directed graphs reconsiructible?

10.3.10 Recall that a tournament or n vertices is K, with an arbitrary orientation

assigned to each edge. Show that there are small tournaments which are non-
reconstructible.

10.3.11 Show that all tournaments on five or more vertices are reconstructible or show
that there ate non-reconstructible tournaments on 2™ + 2" vertices for m,n not
Jboth zero.
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Figure 10.10
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10.4 The Infinite

Ages ago, back in Section 1.1, when we first defined a graph G we required that the
vertex V{G) and the edge set E(G) be finite sets. We have come a long way since
then but now, with admittedly little time left, we feel that it is time for a change. So,
in this final short section, we remove from the definition these finiteness restrictions
on the vertex set and edge set of a graph, i.e., we look at graphs which are possibly
infinite. While there is a lot of what we have done in earlier chapters that can now
be re-examined in this widet setting, we will content ourselves with a look at the
Reconstruction Conjecture for out wider family of graphs.

The only problem is that the Reconstruction Conjecture is not true for infinite
graphs.

To see this, we consider the infinite tree of Figure 10.11. Here every vertex is joined
to infinitely countably many (i.e., ) vertices immediately below it.? Denote this
graph by T,

Figure 16.1]1

Now it is straightforward to see that every vertex of T+ “looks the same”. By this
we mean that if we put any vertex v’ in the position currently occupied by v, then
we get the same picture of T* as is shown in Figure 10.11. What this means, then, is
that T* — v is isomorphic to Tt - o'

A strange thing happens when we delete v from T, Instead of getting a “smaller”
graph, we appear to get an infinite increase! This is because T+ — v consists of ¥
disjoint copies of T+. We write T+ — v = RoT*. Thus T = [TF —v : v € V{(T?)]
consists of ¥y copies of NoT'F.

Is there another graph ¥ such that 7 = [I" —w : w € V(T")]? (Now try Exercises
10.4.1 to 10.4.3 inclusive.)

Consider the graph consisting of two disjoint copies of T+, which we denote by 2T,
First of all, are T+ and 2T% the same?

¥The symbol ¥y, pronounced “aleph nought”, is an infinite number, defined to be the number of elements
in the set of natural numbers {1,2,3,...}. )
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Clearly not. Given Iong enough, an ant could get from any vertex of T* to any
other vertex using edges of T+, The same can not be said for 27, In other words,
T+ is connected and 27 is not. So T'* is not isomorphic o 2T,

But is 7 = {(2T*) — w : w € V(2T*)}? First, we should note that (27*) —w =
THURT* = NoT*. (This relies on infinity plus one being equal to infinity, or, more
precisely, ¥ + 1 = ¥y .} Moreover, this is regardless of which vertex w is removed
from 27+, So in fact [(2T+ —w:w € V(2T*}] is equal to 7.

Hence the Reconstruction Conjecture is false for infinite graphs.

Maybe the reason for the failure of the Reconstruction Corjecture with T+,27+
and so on, is that-the vertices of these graphs have infinite degree. Perhaps order
would be restored if we restricted our attention to grapha where every vertex has
finite degree (but still permitting the vertex set to be infinite).

| A graph (3 is said to be locally finite if every vertex of (7 has finite degree. ]

Of course, the class of locally finite graphs contains the class of finite graphs of our
earlier sections. However, we will now describe a construction of {wo locally finite
graphs which shows that the Reconstruction Conjecture is also false for locally finite
graphs.

This construction involves a paricular locally finite graph which we now define.

The locally finite graph Py, called the two-way infinite path, is defined
to have the countably infinite vertex set {...,-3,-2,-1,0,1,2,3,...} and
an edge between every pair of vertices of the form i,7+1, (so that each vertex
has degree 2), as shown in Figure 10.12.

Figure 10.12: The two-way infinite path Pre.

The construction also involves a series of locally finite graphs A, fori=1,2,3,...,
the first three of which are shown in Figure 10.13. To form these, we essentially take ¢
copies of Py, and join a new vertex u; to an arbitrary vertex from each of the ¢ copies
of P Zoo-

For each j, let A;; be any subtree of A; except Pp,,. We then construct (7 to be the
union of Ny copies of each A;;.

Now if v is a vertex in a finite component of G then G — v is isomorphic to G-

On the other hand, if v is in an infinite subtree of A, then G —v = G unless v = u;
(see Figure 10.13), in which case G — v = G U Py,,. This latter graph occurs Ro times
since (7 contains ¥y copies of A4;.

In the case that v is in an infinite subiree of Ay, then G —v =G U2PF,,, GU P,
or (7, depending on whether v is a vertex uy of Figure 10.13 in a copy of A; in G, or
v corresponds to the vertex u; in a subtree T of A; where T —v = TV U P (T” being
an arbitrary tree) or v does not correspond 10 up. (Here 2P, is the graph consisting
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of 2 (disjoint) copies of Ps,, and, mote generally, » Pz, consists of r copies of Py, for
any r > 2.

Similarly we see that if v is in an infinite subtree of Ay, G —v = GU3 P, GU2Py,
G U Py, or G. Further each of these graphs occurs Ry times.

Hence we find that G consists of ¥y copies of GUrPy, forr > 0.

- L]
111 - .
u
A, Ag 2
L] .
- L] - L]
L - . -
. .
L] -
L] L]
43
Aﬂ-
-
L] -

Figure 10.13: The first three locally finite graphs in the sequence A;.

Now take the graph H = G U Pooo. We know that H —w = GU{r + 1) Py if
we V(G) forr 2 0. I w € V(Pye), then, since P, —w = 2P, H, = G. Now this
means that H —w = GUrPy for # € AU {0} and that each such vertex deleted
subgraph occurs Ry times. Hence H = G.

The two examples that we have given of non-reconstructible infinite graphs are
(i) Tt and 2T*, and {ii) G and G U Pi,.

In both cases the first graph of the pair is a subgraph of the second. Further, the second
graph is an induced subgraph of the first. Is this the reason that infinite graphs ate
not reconstructible?

Finally, let us broaden our definition of reconsiructibility.
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Two graphs Gy and &, are called H-isomorphic if (; is an induced
subgraph of G and (; iz an induced subgraph of G,.

A graph G is called H-reconstructible if every reconstruction of G is
H-isomorphic to G,

The German mathematician Rudolph Halin conjectures that all non-reconstructible
graphs are H-isomorphic. This is still an open question.

Exercises for Section 10.4

10.4.1 (a) Draw the infinite regular tree R of degree 3.

{(b) Is R — v isomorphic to R — v’ for v,v' € V(R)?

(¢) Is R — v isumorphic to 3R?

(@) Ts the collection of vertex deleted subgraphs for R the same as that for 2R?
10.4.2 Is 2T+ — w isomorphic to (2T+) — w' for all w, " € V(2T+)?
1043 (2) 8T =[(3T*) —x:z € V(3TH)|?

(b) Find infinitely many graphs not isomorphic to T+ whose collection of vertex
deleted subgraphs is T+,

1044 Rq is just one “size” of infinity. Show that the Reconstruction Conjecture is false
for every infinity.

10.4.5 Can you find any other counterexamples io the Reconstruction Conjecture for
infinite graphs?

10.4.6 Find two other examples to show that locally finite graphs are not recon-
structible.

10.4.7 Show that if Halin’s conjecture is true, then so is the Reconstruction Conjecture.
10.4.8 Show that T+ and 3T* are H-isomorphic.

10.4.9 Let P and @ be finite graphs. If P and @ are H-isomorphic, is P isomotphic to
Q7
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Absent colour, 213
Acyclic graph, 47
Adjacency matrix, 35
Adjacent vertices, 7
Adjacent edges, 13
Algorithm,
Breadth First Search, 69, 71
(Closest Insertion, 117
Dijkstra’s, 72
Fleury's, 8%
Ford and Fuikerson, 274, 276
Fusion, 42
Hierholzer's, 95
Hopcroft and Tarjan, 256
Hungarian, 136
Kruskal's, 63
Kuhn-Munkres, 147
Largest-First Sequential, 201
Prim’s, 65
Simple Sequential, 199
Smallest-Last Sequential, 202
Two-Optimal, 110
Welsh and Powell, 201
Alternating path, 122
Alternating tree, 136
Ancestor, 259
Are, 230
external, 283
forward, 268
internal, 283
reverse, 268
Arc set, 230
Articulation point, T8
Assignment problem, 143
Augmenting path, 122

Berge's Theorem, 124
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BFS Technique, 69
Bipartite graph, 10
complete, 10
Bipartition, 10
Birkhoft diamond, 197
Bondy and Chvatal’s Theorem, 105
Breadth First Search Technique, 69
Breakthrough, 275
Bridge, 53
Brooks’ Theorem, 194

Cpy 29
e(G), 104
Capacity
of an arc, 261
consiraint, 262
Cayley’s Theorem, 59
x(G}, 192
Xl(G)! 213
Chinese postman problem, 96
Chromatic graph
k-, 192
k-edge, 213
Chromatic index, 192
edge, 213
Chromatic number, 192, 213
(@), 208
Clique, 208
Clique number, 208
Closed walk, 26
Closest Insertion Algorithm, 117
Closure, 104
Collection, 303
Colour,
absent, 213
present, 213
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Colourable graph

k-, 192

k-edge, 213
Colouring, 192

k-, 192

k-edge, 213

edge, 213

vertex, 192
Complement

of a graph, 23

of a digraph, 236
Complete graph, 10
Complete bipartite graph, 10

Complete k-partite graph, 199
Complete tripartite graph, 34

Component, connected, 28
Concatenation, 28
Condensation, 237
Connected component, 28
Connected digraph
strongly, 232
unilaterally, 235
weakly, 232
Connected graph, 28
n-, 80
Connected vertices, 27
Connectivity, 79
edge, 287
vertex, 79
Contracted edge, 60
Contractible edge, 175
Contraction of an edge, 174
Converse of a digraph, 238
Convex face, 179
Convex solid, 169
Covering, 134
er(G), 179
Critical graph, -, 205
Critical planar graph, 161
Crossing number, 179
Cube, k-, 16
Curve, Jordan, 158
Cut, 264
Cut edge, 53
Cut vertex, 78
Cycle, 29

Index

even, 2%
k-, 29
odd, 29

dy, 147
d(p), 165
d(v), 14
de Bruijn diagram, 242
de Bruijn sequence, 241
Defect, 147
Degree of a vertex, 14
Degree of a face, 165
(@), 287
A(@), 194
Diagonal, 182
Diameter, 33
Diconnected digraph, 232
Digraph, 230
Digraph i1sormorphism, 232
Dijkstra’s Algorithm, 72
Dirac’s Theorem on Hamiltonian graphs,
102

Dirac’s Theorem on critical graphs, 206
Directed cycle, 231
Directed edges, 230
Directed Euler tour, 239
Directed Euler trail, 239
Directed graph, 230
Directed Hamiltonian cycle, 249
Directed Hamiltonian path, 248
Directed path, 231
Directed spanning walk, 235
Directed tour, 231
Directed trail, 231
Directed walk, 231
Disconnected graph, 28
Disjoint subgraphs, 20
Distance between vertices

in a graph, 32

in a digraph, 252
Dot, 2
Double dual, 186
Dual, 185
Duplicated edge, 96

E;, 144
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Eccentricity, 33 Face of a plane graph, 162
Edge, 2, 230 exterior, 162

cut, 53 interior, 162

directed, 230 Face colourable, 220
Edge chromatic graph, k-, 213 Feasible vertex labelling, 144
Edge chromatic index, 213 First Theorem of Graph Theory, 14
Edge chromatic number, 213 Five Colour Problem, 222
Edge colourable graph, k-, 213 Yive Colour Theorem, 223
Edge colouring, k-, 213 Fleury's Algorithm, 89
Edge colouring, 213, 263 Flow, 262
Edge connected, n-, 287 conservation, 262
FEdge connectivity, 287 maximal, 265
Edge deleted subgraph, 18 revised, 270
Ydge disjoint subgraphs, 20 zero, 274
Edge Reconstruction Conjecture, 313 Flow value, 263
Edge set, 2 - Ford and Fulkerson Algorithm, 274, 276
Edges, Forest, 51

adjacent, 13 Forward arc, 268

N parallel, 7 Four Colour Conjecture, 220

Empty graph, 10 Four Colour Theorem, 226
End vertex, 2 Fusing vertices, 41
Equal collections, 304 Fusion, 41
Equality subgraph, 145 Fusion Algorithm, 42

Euler digraph, 239
Euler graph, 83 gh ¢114¢:l51 24
Euler Polyhedron Formula, 169 o0¢ dingram, 242

Euler’s Formula, 163 gmpﬁ,‘z e 8
Euler’s Theorem, 85 raph 1somorphism,
Eul Grinberg graph, 183
uler tour, §3 L ,
directed, 239 Gn”nberg s Theorem, 182
Euler trail, 83 Grétzsch graph, 210

directed, 239 H-isomorphic, 319
Eulerian graph, 83 H-reconstructible, 319
Euler’s Formula, 163 Hall’s Marriage Theorem, 130
Even vertex, 14 Hamiltonian graph, 100
Even cycle, 29 Hamiltonian circuit, 100
Exterior of a Jordan curve, 158 Hamiltonian cycle, 100
Exterior face, 162 directed, 249
External are, 283 Hamiltonian digraph, 249
f-inctementing walk, 269 ﬁ;‘;‘ift;’;;a“ path, 99, 248

J-saturated vertex, 268 Wierbiolzer’ :
f-unsaturated vertex, 268 jertiolzer's Algorithm, 95

Hoperoft and Tarjan Algorithm, 256
?-(lén)saf;;ated tree, 274 Hungarian method, 136

f(s), 296 I(u), 262
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(W), 268
1d(v), 238
Identifying vertices, 41
Incidence matrix of & graph, 39
Incident edge and vertex, 13
Increment, 268
Incrementing walk, 269
Indegree, 238
Induced subgraph, 20
Initial vertex, 230
Interior of a Jordan curve, 158
Interior face, 162
Intermediate vertex in a network, 261
Internal arc, 283
Internal vertices, 25
Internally disjoint paths, 80
Intersection of graphs, 21
Isolated vertex, 7
Isomotphic graphs, 8

H-,319
Isomorphic digraphs, 232
Isomorphism

of graphs, 8

of digraphs, 232
Isthrrms, 53

Join of two vertices, 2, 230
Join of graphs, 24

Jordan curve, 158

Jordan Curve Theorem, 158

k-partite graph, 198
complete, 199
Koy, 10
K, 10
Koz 34
#{G), 80
k(@) 287
Kempe chain, 194, 213
argument, 194
Konigsberg bridge problem, 213
Kruskal’s Algorithm, 63
Kuhan-Munkres Algorithm, 147
Kuratowski's Theorem, 178

Labelled based on, 275
Labelling, feasible vertex, 144

Index

Largest-First Sequential Algorithm, 201
Latin square, 214

Length of a walk, 25, 231

Locally finite graph, 317

Loop, 2

M-alternating path, 122
M-alternating tree, 136
M-augmenting path, 122
M-saturaied vertex, 121
M-saturates v, 121
M -unsaturated vertex, 121
Map, 220
Marriage problem, 129
Marriage Theorem, 130
Matching, 121

maximum, 122

optimal, 144

petfect, 122
Matrix, adjacency, 35
Matrix, incidence, 39
Max-Flow, Min-Cut Theorem, 269
Maximal flow, 265
Maximal son-Hamiltonian, 101
Maximum vertex degree, 194
Maximum matching, 122
Menger’s Theorern, 283

edge version of, 287
Minimal spanning tree, 62
Minimum covering, 134
Monochromatic subgraph, 292
Multigraph, 7
Mycielski's Theorem, 209

N{5), 129

N(v), T

Neighbour, 7
Neighbour set, 129
Neighbourhood set, 7
Network, 261

Node, 2

Ofu), 262
od{v), 238
0dd vertex, 14
Qdd cycle, 29
w(@), 28
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Open walk, 26
Optimal assignment problem, 143
QOptimal circuit, 110
Optimal matching, 144
Optimal tree, 62
QOtrdered pair, 229
Orientable graph, 254
Orientation, 232
Orienting edges of a graph, 254
Origin

of an arc, 230

of a directed walk, 232

of a walk, 25
Qutdegree, 238

F,, 26
Py, 317
Parallel edges, 7
Path, 26
alternating, 122
augmenting, 122
Perfect matching, 122
Personnel assignment problem, 135
Petersen graph, 32
Planar graph, 157
Plane graph, 157
Platonic hodies, 170
Platonic solids, 170
Point, 2
Polyhedral graph, 169
Polyhedron, 169
regular, 170
Present colour, 213
Prim’s Algorithm, 65
Proper subgraph, 17

Qn, 16

r{m,n), 297

r{n1,Ng,...,1,), 300

Radius, 33

Ramsey number, 297, 300
generalised, 300

Randomly traceable graph, 95

Reachable vertex, 232

Recognisable property of a graph, 309

Reconstructible graph, 304
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H-, 319
Reconstruction Conjecture, 304
Regular
digraph, 245
graph, 15
polykedron, 170
Reverse are, 268
Revised flow, 270

Saturated veriex, 268
Scaa, 275
Score, 252, 253

second level, 252
Score sequence, 253
Self-complementary graph, 23
Self-dual graph, 187
Separates, 282
Separating set

of edges, 282

of vertices, 282
Shift register sequence, 242
Simple

digraph, 233

graph, 7
Simple Sequential Algorithm, 199
Sink, 261
Smallest-Last Sequential Algorithm, 202
Source, 261
Spanning subgraph, 17
Spanning supergraph, 17
Spanning tree, 57
Square of a graph, 33
Star graph, 51
Strong compornent, 233
Strongly connected digraph, 232
Subdigraph, 233
Subdivision of a graph, 173
Subgraph, 17

proper, 17
Supergraph, 17

spanning, 17
Symmetric matrix, 35

Tail of an arc, 230
Teleprintet’s problem, 245
Terminal vertex of an arc, 230
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Terminus
of an arc, 230
of a directed walk, 232
of a walk, 25
Tour, 83
directed, 231
Euler, 83, 239
Tournament, 246
Trail, 26
directed, 231
Euler, 83, 239
Transfer along augmenting path, 125
Transitive digraph, 253
Travelling salesman problem, 110
Tree, 47
alternating, 136
f-unsaturated, 274
spanning, 57
Triangulation, 223
Trivial graph, 10
Trivial walk, 25
Two-Optimal Algorithm, 110
Two-way infinite path, 317

Underlying graph of a digraph, 230
Underlying simple graph, 18
Unicyclic graph, 57

Unilaterally connected digraph, 235
Union of two graphs, 21
Unsaturated iree, 274

Unsaiurated walk, 268

Value of flow, 263
Vertex, 2

end, 2

even, 14

initial, 230

isolated, 7

odd, 14

terminal, 230
Vertex colouring, 192
Vertex connectivity, 79
Vertex deleted subgraph, 18
Vertex set, 2
Vizing’s Theorem, 216

Wa, 32

Index

Walk, 25
closed, 26
incrementing, 269
open, 26
trivial, 25
saturated, 268
unsaturated, 268
Weakly connected digraph, 232
Weight, 62
Weighted graph, 62
Welsh and Powell Algorithm, 201
Wheel, 32
Whitney's Theorem, 80
Word, 241

Zero flow, 274



