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Preface 

The BETA handbook covers basic areas of mathematics, numerical analysis, probability 

and statistics and various applications. The handbook is intended for students and 

teachers of mathematics, science and engineering and for professionals working in these 

areas. The aim of the handbook is to provide useful information in a lucid and accessible 

form in a moderately large volume. The handbook concentrates on definitions, results, 

formulas, graphs, figures and tables and emphasizes concepts and methods with 

applications in technology and science. As a preparation for BETA one of the authors 

has previously published ALPHA, which is a mathematics handbook primarly intended 

for students at the pre-university level. 

The BETA handbook is organised in 19 chapters starting with basic concepts in discrete 

mathematics and ending with chapters on probability and statistics and a miscellaneous 

chapter. Crossreferences and an extensive index help the user to find required 

information. We have not included numerical tables of functions which are available 

on most scientific calculators and pocket computers. We have treated one variable and 

multivariable calculus in different chapters, because students, usually, meet these areas 

in different courses. In formulating theorems and results sometimes all assumptions are 

not explicitly stated. With regard to programming languages we have only included 

instructions and commands from the BASIC language. This language is well suited for 

modest mathematical problems and is available on most pocket and micro computers. 

We are happy to have been able to draw on the expertise of several of our colleagues. 

Our thanks are especially due to Johan Karlsson, Jan Petersson, Rolf Pettersson and 

Thomas Weibull. We also want to thank Christer Borell, Kenneth Eriksson, Carl-Henrik 

Fant, Kjell Holmaker, Lars Hérnstrém, Jacques de Maré and Bo Nilsson for their 

helpful assistance. 

Some tables and graphs have been copied with permission from publishers, whose 

courtesy is here acknowledged. We are thus indebted to the American Statistical 

Association for permission to use the table of Gurland-Tripathis corrections factors in 

section 18.2 and the table of the Kolmogorov-Smirnov test in section 18.7, to the 

American Society for Quality Control for permission to use the table for construction 

of single acceptance sampling control plans in section 18.8 (copyright 1952 American 

Society for Quality Control), to McGraw-Hill Book Company for permission to use the 

table on tolerance limits for the normal distribution in section 18.4 (originally published 

in Eisenhart, et. al: Techniques of Statistical Analysis, 1947) and to Pergamon Press 



for permission to use the graph of the Erlang Loss Formula in section 17.6 (originally 
published in L. Kosten, Stochastic Theory of Service Systems, 1973); 

We shall be grateful for any suggestions about changes, additions, or deletions, as well 
for corrections. It is finally our hope that many users will find the BETA handbook a 
useful guide to the world of mathematics. 

Preface to the second edition 

In the second edition of the BETA handbook corrections and a large number of additions 
have been made throughout the book. The major differences between the first and 
second editions are the following. 

Chapter 1 now gives a more complete treatment of basic concepts and methods in 
discrete mathematics (logic, algebraic structures and graph theory). There is a new 
section on codes. To chapter 2 has been added a treatment of real numbers in different 
bases, to chapter 4 a new section on complex matrices and to chapter 9 a new section 
on linear difference equations. Tables of integrals and Fourier transforms in chapter 7 
and 13 have been enlarged. Chapter 12 now gives more information about Chebyshev 
polynomials, Bessel functions, and exponential, sine, cosine, and Fresnel integrals. 
Chapter 13 has a new section on Hankel och Hilbert transforms and chapter 16 a new 
section on numerical summation. In chapter 18 tables for Bartlett’s test and the 
Studentized range have been included. These tables are published with permission from 
the American Statistical Association and the Biometrika Trustees. Furthermore, this 
chapter now also has a section on factorial experimental design and a statistical glossary. 

We want to thank Juliusz Brzezinski and Eskil Johnson for helpful suggestions. 

Lennart Rade, Bertil Westergren 
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1 Fundamentals. 

Discrete Mathematics 

1.1 Logic 

Statement calculus 

Connectives 

Disjunction PorQ 

Biconditional P if and only if Q 

Conditional If P then Q 

Conjunction P and Q 

Negation Not P 

Truth tables (F=false, T=true) 

P Q PvQ PAQ P>Q POQ 

T se cori T T T 

T F T E E F 

F T T F T F 

F F F E T T 

P and —P have opposite truth values. 

Tautologies 

A tautology is true for all possible assignments of truth values to its components. 

A tautology is also called a universally valid formula and a logical truth. A statement 

formula which is false for all possible assignments of truth values to its components is 

called a contradiction. 



it 

Tautological equivalences © 

Sl galls <oee 
PAQS QaP 

PvQ8 QvP 

(PAQ)AR & Pa(QaR) 
(PvQ)vR © Pv(QvR) 
PA(QvVR) & (PAQ)v (PAR) (Distributive laws) 
Pv(QAR) © (PvQ)A(PvR) 
Ta(PAQ) & APV me (De Morgan laws) 
WED ES WES UO) 

JEN Bee) 
PRE OP 

Rv(PAP)@&R 
RA(Pv7P)@R 
P>Q9S PvQ 
—1(P > Q) © PATNQ 

P3120 10>. IP) 
P— (Q— R) © ((PAQ) — R) 

(P @ Q) (Po 7Q) 
(Po Q) & (P> Q)A(Q > P) 
(P = Q) & (P AQ)v(Pa7Q) 

(double negation) 

Tautological implications > 

PAO (simplification) 
PraQ>Q 
PPV O (addition) 
Q>PvQ 
TP > (P> Q) 

Q> (P—> Q) 
PQ) =>P 
SUB= 0) >.0 
Salle) O) (disjunctive syllogism) 
Pa(P>Q)>Q (modus ponens) 
WAP => 0) > ae (modus tollens) 
(P > Q)A(Q—> R) > (P= R) (hypothetical syllogism) 
(PVQ)A(P> R)A(Q> R)D>R (dilemma) 

T © any tautology F © any condradiction 

Exclusive OR, NAND and NOR 

The connective exclusive or is denoted ““V” and is defined so that PV Q is true whenever either 
P or Q, but not both are true. 

The connective NAND is denoted by “t” and is defined so that 

PF QS (PAQ) 

The connective NOR is denoted by “ |” and is defined so that 

P1Qe—(PvQ) 

10 



Tautological equivalences 

PVQS QVP 

(PVQ)VR © PV(QVR) 
PA(QVR) © (PAQ)V(PAR) 
(PYQ) € ((PA 10) v( PQ) See 
PVQS 7(P © Q) x 

PtQeQrP PP} Qo} PVOehkPLOMPd 
POP * . fe = 

T Pt (Qt R)& Pv(QaR) 
(Pt Q) tR&(PAQ)v mR 4 ial fed Sipe ‘i F 
P\(Q\)R)S TPA(QvR) | aE ae T F 

(P| Q)) R&(PvQ)A7R F|F | EF T ib 

The connectives (—, A) and (—, v) can be expressed in terms of alone or in terms 

of | alone. 4pe py Pp PAQ@—-(Pt QO) PvQeE-Pt7¢a 

sP@P\P PO. iP 1 10 BY Oe (Ph VO) 

Duality 

Consider formulas containing v, A and —.Two formulas A and A* are duals of each other if either 

one is obtained from the other by replacing ~ by v and vice versa. 

A generalisation of De Morgan’s laws: 

Sel (Pastas eet ea) Ae (Gentle eee aa ee stl) 

Here P; are the atomic variables in the duals A and A*. 

Normal forms 

If (for example) P, Q and R are statement variables, then the eight (in general 2”) formulas 

PAQAR, PAQA TR, PATQAR, PAT QATAR, TPAQAR, TPAQATR, TPA TQAR 

and -PA—7Qa—R are the minterms of P, Q and R. Every statement formula A is equivalent 

to a disjunction of minterms, called ‘ts principal disjunctive normal form or sum-of-product form. 

Similarly A is equivalent to a conjunction of maxterms called its principal conjunctive normal form 

or product-of-sum form. (Cf. Boolean algebra, sec. 1.4). 

Example (Cf. example of Boolean algebra sec. 1.4) 

If P, Q, R are the atomic variables, write equivalent sum-of-products and product-of-sums 

of A and A if A=(PAQ)v(QA—1R). 

Solution. (Using Sv 7 S © T and distributive laws). 

1. AS (PAQA(RV MR)) v (PV MP)A QATR) & (PAQAR) v (PAQA TR) v 

v (PAQA MR) Vv (MPAQA TR) &(PAQAR) Vv (PAQA TR) Vv (MPAQA TR) 

2. A © [The remaining minterms] © 

(PATQAR)v(PATQATR)V(MPAQGAR)vV (PA TQAR)v (PA 104A JR) 

3. AS —(—A) © [Duality, see above] © (7PvQv TR) a (7PvOvR) a 

A (Pv TQv TR) a (PvQv JR) A(PvQvR) 

IR) A( Pv FQvR) a (Pv TOv R) Alo] Guleven OV 

11 
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Predicate calculus 

Quantifiers 

Universal quantifier For all x, ... 

Existential quantifier There exists an x such that 

Valid formulas for quantifiers 

(Ax)(P(x) v O(x)) & (Ax) P(x) v (Ax) Q(x) 

(Wx)(P(x) A Q(x)) & (Wx) P(x) A (Wx)Q(x) 

1(Ax) P(x) & (Wx) TP(x) 
al Vx) P(x) = (ax) SIP) 

(Wx)P(x) v(Wx)O(x) > (Wx)(P(x) v O(x)) 

(Ax)(P(x) A Q(x)) > (Ax) P(x) A (Ax) Q(x) 

(Wx)(Pv O(x)) & Pv (Wx)Q(x) 

(Ax)(PA Q(x)) & Pa(Ax) Q(x) 
(Vx)P(x) > O© (Aax)(P(x) 5 Q) 

(Ax)P(x) > O & (Wx)(P(x) > Q) 

P (Vx) Q(x) & (Wx)(P > Q(x) 

P >(Ax)QO(x) © (Ax)(P > Q@)) 
(Vx)(Vy) @ (Wy)(Vx) 

Formulas for two quantifiers 
Zz 

(Wx)(Wy) P(x, y) & (Vy)(¥2)P(x, y) > 
(Wx)(Wy)P(x, y) > (Ay)(Vx)P(x% y)  (ay(vx) (ax)(Vy) 

(Wy)(Vx)PCx, y) > (Ax)(Wy)PCr, y) 
(Ay(¥x)P y) > (vaayP~, yy) vy 
NWP ) > (WNEIPH Y)  yeray wae 
(Wx)(Ay)P(x, y) > (Ay)(Ax)P(x, y) 

(Vy)(Ax)P(x, y) > (Ax)(Ay)P(x, y) Ny) u 
dx)(Sy) P(x, =| , (Ax)(Ay)P@, y) © ( y)(Ax)P(, y) (ay)(ax) S (Ax)(Ay) 

12 



1.1 

Methods of proof 

Some proof methods 

Disjunctive 

syllogism 
oR QO 

P(a) Universal instantiation (Wx) P(x) 
27° Pa) 

Direct proofs Show that Q is true if P is true 

Indirect proofs ShowsthatimnalOiSsnulke 

Implication proof Show that P > Q and OQ > P 

Equivalence proofs Show that R © S where 

(RIS S)( P20) 

12 Contradiction Assume P is false and derive 

a contradiction 

—1(4x) P(x) Contradiction Assume (3x)P(x) and derive 

a contradiction 

(Ax) P(x) Constructive proofs Exhibit a such that P(a) is true 

(Ax) P(x) Nonconstructive proofs Show that —1(Ax)P(x) implies 

a contradiction 

—1(Vx)P(x) Counterexample Show that (Ax) P(x) 

(Wx)P(x) Universal generalization Show that P(a) is true for 

an arbitrary a 

£3 



Lit 

Proof by induction 

A proof by induction that P(n) is true for alla positive integers n proceeds in two steps. 

1) Prove that P(1) is true. 

2) Prove that (Wn)(P(n) > P(n+1)) 

Example. 

We want to prove that 2 i2=n(n+1)(2n+1)/6. 
iS 

1) The formula obviously holds for n=1. 

2) We make the induction hypothesis that P i2=n(n+1)(2n+1)/6 for some positive integer n. 
i= 

This implies 

n+1 n 
2 P= 2 i2+(n+1)2=n(n+1)(2n+1)/6+(n+1)?=(n+1)(n+2)(2n+3)/6 
i= i= 

This is the formula to be proved for (n+1). Thus the formula holds for all positive integers n. 

1.2 Set Theory 

Relations between sets 

Notation: xéA, the element x belongs to the set A 

x¢A, the element x does not belong to the set A 

Let A and B be sets and @ the universal set. Then A is a subset of B, 

AcB, 
if 

(Vx)(xEA > xeB). 

(Sometimes the notation ““AcB” is used and then “Ac B” means that ACB and A¥B.) 

The set B is a superset to A, BDA, if ACB. 

The sets A and B are equal, A=B, if ACBABD>A. 

The empty set is denoted by ©. 

DcAcQ 

AcA 

(AcB)A(BcC) > AcC 

The power set (2) is the set of all subsets of Q. If 2 has n elements, then (Q) has 
2” elements. 

14 
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Operations with sets. Set algebra 

Union AUB {xeQ; xeAvxeB} 

{xeQ; xeAnxeB} 

{xEQ; xeAAx€B} 

Intersection 

Difference A\B 

Symmetric 

difference AAB 

AS, A’ or(A 

{xeQ; xeAVxeB} 

{xEQ; x€A} Complementation 

Commutative laws 

AUB=BUA ANB=BNA 

Associative laws 

(AUB)UC=AU(BUC)  (ANB)NC=AN(BNC) 

Distributive laws 

AU(BNC)=(AUB)N(AUC)  AN(BUC)=(ANB)U(ANC) 

Complementation 

Cf=Q Qc=D (A‘)°=A 

AUAS=Q ANAc=O 

De Morgan laws 

(AU B)°=A‘N BS (AN B)°=ASU BS 

Symmetric difference 

AAB=BAA 

(AAB)AC=AA(BAC) 

AA@D=A 

AAA=@ 

AAB=(ANB‘)U(BN A‘) 

15 
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Cartesian product 

The Cartesian product AXB of A and B is 

Ax B={(a, b); aeAnbeB}. 

Here (a, b) is the ordered pair with first component a and second component b. 

AX(BUC)=(AXB)U(AXC) 

AX(BNC)=(AXB)N(AXxC) 

(AUB)xC=(AXC)U(BXC) 

(AN B)xC=(AxC)n(BxC) 

The set of all functions from A to B is denoted B4. 

Cardinal numbers 

Let c(A) denote the cardinal number of a set A. 

Writing A~B if there is a bijection between A and B, then 

c(A)=c(B) 6 A~B 

c(A)<c(B) @ A+ B and there exists B} cB such that A~B, 

c(A) =n if A is finite with n elements. 

Xo =c(Q) =cardinality of a countable set. 

yn |=c(R) =cardinality of a continuum e.g. the set of all continuous 

functions R > R. 

2¥ = cardinality of the set of all functions R > R. 

2(A) = cardinality of the set of all subsets of A. 

c(A)+c(B)=c(A UB) if ANB=@ aPac=abte 

c(A)c(B)=c(A xB) (a’)°=ae 

c(A)*(8)=c(A) (a, b, c cardinal numbers) 

c(A)<2A); n< Ny <2No= x <2 
@)+a,+... = Ny (a;€ Z*) @)@,...= N(a;€ Zt, a; >1) 

Not Not... t+Ny =nNo= Ny (n=1,2,3...) N+N+... +N =nN= RN (n=1,2,3...) 

Not Not... = XoXy= No N+N+...= NoN= NX 
NoX ye No= (No! = Ny (n= 1,2,3...) NN... N= N= RK (n= 1,233...) 
NoXo-.= (Np) Mo = X XR ..=(R)Xoe X 
2%0 =nXo= (X_)Xo= X (n=2,3...) 2%=nk= (X,)*= NX = 2% (n=2,3...) 

(X_)* = 2% 

16 



1.3 

Alphabets and languages 

An alphabet L is a finite nonempty set of symbols. 

Let L* be the set of all strings (words) of elements in L including the empty string A. 

A language over L is a subset of L*. 

Let A and B be languages over L. Then the set product AB is the language 

AB={xy; xeEA, yeB}. 

(AB)C=A(BC) 

A(BUC)=ABUAC (BUC)A=BAUCA 

A(BNC)cABNAC (BNC)AcCBANCA 

1.3 Binary Relations and Functions 

Basic definitions 

A binary relation R on AXB or from A to B is a subset 

of AXB. A binary relation on A is a subset of AXA. 

Notation: (x, yleR@xRy (x, ERG xRy 

The domain D and the range (codomain) C are defined 

as 

D={x; (Ay)(x, y)eR}, 

C={y; (Ax)(x, y)eR}. 

A relation R can be portrayed with a digraph. 

y 
/ 

xRy xRx xRy, yRx 

The converse R—! of a relation R is the relation 

R-1={(y, x); (x, y)eR}. 

The digraph of R~! is obtained from that of R by reversing the direction of all arrows. 

(R-1)-1=#R (AXB)-!=BxA 

(Ri UR2)~!=Ry~!UR2! (R1NR2)-!=Ry~!N Ry! 

17 
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Properties of relations on A 

( eS 

y 

Transitive xRy, yRz > xRz for all 

x, y, zEA x Zz 

x#y, xRy > yRx for all 

x, yeA 

xRy > yRx for all x, yeA 

Antisymmetric 

The transitive closure is Rt=RUR2UR3U ...(R*=RoR etc.) 

Let R, be a relation from A to B and R2 a relation from B to C. Then the composite 

relation Rj 0 R2 is defined as follows. 

R10 R2={(x, z); xEA, zeEC, (Ay)(yeB, (x, y)ER1, (y, z)ER2)} 

(R10 R2) o R3=R1 0 (R20 R3) (R10 R2)~!=Ro7! 0 Ry} 

Relation (incidence) matrices 

The relation (incidence) matrix M = Mp= (ri) of a relation R on a finite set A is defined by 

bys. ( if xj Rx; 

T\0 if xi: Rx; 

2 

ao oOo 4 = RP Re Or orrFr © eo 2] 2. >. 

18 
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Properties of relation matrices 

1. Converse relation: Mr-i=(Mp)! (transpose) 

2. Composite relation: Mros=MrMs with Boolean arithmetic (ie usual matrix multiplication but 

with the special rule 1+1=1). 

3. Reflexive relation: rj;=1, all 7. 

4. Symmetric relation: M'=M, ie rj=rji, all t, j. 

. Transitive relation: M?<M, ie [M7],<[M]jj, all i, j. 
(R is reflexive) > (R is transitive} M’=M). 

. Irreflexive relation: r;;=0, all 7. 

Nn 

. Antisymmetric relation: rj=1 > rji=0, i]. 

. Union: Mrus=Mrv Ms, ie [Mrus]ii=rijt+5ij (Boolean addition, ie 1+1=1) 

(00° =F ON . Intersection: Mans=MraMs ie [Mrns\]ij=rijsii 

10. Transitive closure: Mt=Mrv Mpov Mpiv... 

Particular relations 

Type of relation on A Definition 

Equivalence relation Reflexive, symmetric and transitive 

Partial order Reflexive, antisymmetric and transitive 

Compatibility relation Reflexive and symmetric 

Quasi order Transitive and irreflexive 

Linear order or total order Partial order and xRy or yRx for all x, yeA 

Well ordering Linear order and every nonempty subset of A 

has a least element 

Equivalence relations 

If R is an equivalence relation the R-equivalence class generated by xeA is [x]r={y; 

xRy}. The equivalence classes constitute a partition of A. They are mutually disjoint 

and their union is A. 

Partially ordered sets 

Let (P, <) be a partially ordered set (x<y © xRy). 

1. Hasse diagram. The partial ordering < on a set P can be represented 

by a Hasse diagram. In such a diagram an element is represented by 

a small cirle or a dot. If x<y, then x is at a lower level than y, and there 

exists a line from x upwards to y (either directly or via other elements). 

2. Let ACP. An element xeP is an upper bound [lower bound] for A if 

asx [xa] for all aeA. a b c 

19 
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3. Let ACP. Anelement xe P is a least upper bound (LUB) or supremum 

(sup) for A if x is an upper bound for A and xy for any upper bound 

y for A. Analogously, an element xe P is a greatest lower bound (GLB) 
or infimum (inf) for A if x is a lower bound for A and ySx for any lower 

bound y for A. 

Example 

In the above Hasse diagram let P={a, b, c, d, e, f, g} and A={d, e, f}. Then 
(i) a<d, c<f but neither a<e nor d<a. 

(ii) b and c are the lower bounds for A. 

(iii) Neither A nor P has an inf. 

(iv) f and g are the upper bounds for A. 

(v) sup A=f and sup P=g. 

Functions B 
A B 

FE 

x A 

A function from A to B, f: A > B, is a relation with the property: To each x€A is 

uniquely assigned a yeB. 

Notation: y=f(x) or x & y. 

Ds=A=domain of f; Rr={f(x): xeA}=range of f. 

If f: A B and CcA, then the image of C under f is 

F(OC)={F(x); xeC} 

f(AUB)=f(A) Uf(B) f(ANB)cf(A)nf(B) 

If D is a subset of B then 

f-'(D)={x; f(x)eD} 

is the inverse image of D under f. 

f-(AUB)=f-(A)uf-1(B) f-ANB)=f-(A)nf-1(B) 
If f: A — B and g: B > C are functions then the composite function g 0 f is the function 

from A to C such that 

gof(x)=g(f(x)), xeA 

Composition of functions is associative. 

(fog) oh=fo(gch) 

The set of all functions from A to B is denoted B4. 
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Properties of functions f: A > B 

Surjective 

or onto 

Injective 

or one-to-one 

x#x' > f(x) #f(x') for 

all x, x’eA 

Bijective 

or one-to-one 

and onto 

Surjective and injective 

If f: A > B is bijective then the inverse function f~! is the converse relation fev he 

inverse function f~! is a bijective function from B to A. 

y=f(x) @ x=f7'() 

f-'(f(x))=x for xeA f(f-(x))=x for xeB 

(gof) =f" cogs: 

1.4 Algebraic Structures 

Basic algebraic structures 

A binary operation * ona set S is a function *: S x S — S. The element in S assigned 

to (x,y) is denoted xxy. The operation * is 

1. commutative if xxy = yxx, allx,ye S. 

2. associative if x*(y*z ) = (x«*y)*z, allx,y,ze S. 

3. distributive over the operation ° if xx(yoz) = (xxy)o(xxz), all x,y ,z€ S. 

The operation * has 

4. an identity element e if xxe =exx =x, allxe S. 

5. azeroelement 0 if xx0 =Oxx =0, allxe S. 

The element x € S 

6. hasan inverse x! if x* x-l=xltx=e 

7. is idempotent if x*x =x. 
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Direct product 

If (A,*) and (B,°) are algebraic systems of the same type, then the direct product of 

these systems is the algebraic system (AXB,0) with (a,,b,)0(a9,b) = (a, *a>,b;°b>), 

aje A, b;€ B. 

A survey of algebraic structures 

Algebraic structure Definition 

Semigroup (S, *) * iS associative 

Monoid (S, *) or Semigroup with identity element e such that 

(S, *, e) e*x=x*e=x,all x (e is unique) 

Group (S, *) or Monoid such that every element x has a unique 

(S, *, e) inverse x—! such that x—!*x=x*x-l=e 

Abelian group or com- Group such that * is commutative 

mutative group (S, *) 

Ring (S, +, -) (S, +) is an abelian group and (S, - ) is a semigroup 

and a: (b+c)=a:b+a:c, 

(b+c):a=b-atc-a 

Field (S, +, -) Ring such that the nonzero elements form an abelian 

group under multiplication - 

Lattice (S, <) (S, <) is a partially ordered set (poset) such that every 

pair x, y of elements in S have a greatest lower bound 

GLB and a least upper bound LUB 

Boolean algebra 

(S, tis =a A 0, 1) 

The binary operations + and - are commutative and 

associative and distribute over each other. The ele- 

ments 0 and 1 are identity elements for + and - and 

x+x'=1 and x-x’=0 (x’ is the complement of x.) 
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Algebraic structure Concrete examples 

Semigroup The integers under addition (multiplication) 

The languages over an alphabet under set product 

The set of binary relations on a set under composition 

Monoid 

identity 

The power set (22) under union with @ as identity 

Group The set of permutations of a set under composition 

The set of symmetries of a regular polygon 

(Zn, +n) where +, is addition modulo n 

Abelian group The integers under addition 

The set of rational numbers 40 under multiplication 

The set of integers (rational numbers, even numbers, 

real numbers, complex numbers) under addition and 

multiplication 

(Zn, +n Xn) where +, and X, are addition and 

multiplication modulo n 

Boolean algebra 

The real numbers under addition with 0 as identity 

The real numbers under multiplication with 1 as 

The set of rational, real or complex numbers under 

addition and multiplication 

(Zn, +n, Xn) where n is prime 

The power set (22) under c, the subset relation 

The set of positive integers under D, where D is the 

“divides” relation, xDy if x divides y. The GLB and 

LUB of x and y is defined as the GCD and LCM of 

x and y 

(P(2), U, N, complementation, ©, 2) 

(S, A, v, —, F, T) where S is the set of equivalence 

classes of statement formulas in n statements and F 

and T denotes contradiction and tautology respec- 

tively 

S={0, 1} with usual definition of addition and 

multiplication with the exception of 1+1=1 (Boolean 

addition and multiplication) and with 0’=1, 1’=0 
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Homomorphisms and isomorphisms 

Let 5; and S2 be algebraic structures of the same type. A mapping g: S; — Sz is called 

a homomorphism if g preserves the algebraic structure. 

Semigroups 

Let (Sj, *1) and (Sz, *2) be semigroups. A mapping g: $1; S2 such that for allx, ye Sy 

g(x *1 y)=g8(x) *2.8(y) 

is called a semigroup homomorphism. 

Monoids 

Let (Sj, *1) and (S2, *2) be monoids with identity elements e; and e2. A semigroup 

homomorphism g: S$; — S2 such that 

g(e1)=e2 

is called a monoid homomorphism. 

Groups 

Let (Si, *1) and (S2, *2) be groups. A mapping g: S$; — Sz such that for all x, yeS} 

g(x *1y)=8(x) *28()) 

is called a group homomorphism. If follows from group properties that 

g(e1)=e2 and g(x~!)=g(x)~! for every xeS}. 

Rings 

Let (S1, +1, 01) and (S2, +2, 02) be rings. A mapping g: S;—> S2 such that for all x, 

yeS} 

g(xtiy)=g(x)+28(y) and g(x 01 y)=g(x) 02 g(y) 

is called a ring homomorphism. 

Lattices 

Let (S1, <1) and (S2, <2) be lattices. A mapping g: S; > S> such that for all x, yes; 

s(GLB(x, y))=GLB(g(x), g(y)) 

g(LUB(x, y))=LUB(g(x), g(y)) 

is called a lattice homomorphism. 

It follows from lattice properties that 

XY > B(x)S2g(y) 
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Boolean algebras 

Let (Sj, +), 01, “, 0), 1)) and (55, +), 02,’, 05, 1,) be Boolean algebras. A mapping 

8: S; Sy such that for all x, ye S, 

g(xtiy)=g(x)+28(y) —- a(x 01 y) = g(x) 028(y) 

g(01)=02— g(11)=12_— g(a’) = g(a)’ 

is called a Boolean homomorphism. 

To prove that g: S$; Sz is a Boolean homomorphism it is sufficient to prove that 

g(x+)y)=8(x)+28(y) and g(a’)=g(a)’ 

Further ‘‘morphisms’’ 

A homomorphism g: $;— 52 is 
(i) an epimorphism if g is onto (surjective). 
(ii) a monomorphism if g is one-to-one (injective) 

(iii) an isomorphism if g is one-to-one and onto (bijective). The inverse of a bijective 

homomorphism is a homomorphism. If there exists an isomorphism between two 

algebraic structures they are called isomorphic. 

An isomorphism is 
(iiia) an endomorphism if Sc Sj 

(iiib) an automorphism if S2=S\ 

Further properties of algebraic structures 

Groups 

1. Definition. A group (G, *) or G is an algebraic system such that 

(i) x*(y*z)=(x*y)*z, all x, y, zEG. 
(ii) There is an identity element e€G such that x*e=exx=x, all xeG. 

(iii) For every xeG, there exists an inverse x~!€G such that x7!*x=x»x7!=e. 

The group is abelian if * is commutative. 

2. Subgroup. (S, *) is a subgroup of (G, *) if S<G and 

(i) a, beS>axbeS (ii) eeS (iii) aceS>a™'eS. 

Note: S is a subgroup Ga, beS=>axb~'eS for all a, beS. 

3. If g is a group homomorphism (see above) from (G, *) to (H,o), then the kernel ker(g)= 

={xeG: g(x)=en} of g is a subgroup of G. 

4. Cayley’s theorem. Any finite group of n elements is isomorphic to a permutation group of 

degree n. 

5. Let (H, *) be a subgroup of (G, *). 

For any aeG, the set aH={axh: heH} 
is called a /eft coset of H in G. 
The element a is a representative element of aH. 

Similarly. Ha={h*a: heH} is a right coset. 

If G is abelian then aH=Ha, all aeG. 
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The set of left [right] cosets of H in G forms a partition of G, ie every element of G belongs 
to exactly one left [right] coset (equivalence class). 

Note: beaH Ga~'*beH; ceHaScxaq'eH. 

6. The order |G| of a finite group is the number of elements of G. 

Lagrange’s theorem: The order of a subgroup of a finite group divides the order of the group. 

The index of a subgroup H of G is |G|/|H|=Number of cosets. 

Note: If the order of G is n then a"=e, all aeG. The cyclic subgroup {a‘: aeG, k=1, 2, ...} 

generated by a is of order m, where m is the smallest number such that a””=e. Here m divides 
n. 

7. If Gis finite and abelian and if the prime number p divides the order of G, then there exists 
an element aeG of order p, ie a?=e. 

8. Normal subgroups. A subgroup (N,*) of (G,*) is called normal if aN=Na for all aeG. 
Quotient groups. If N is a normal subgroup of G, let G/N denote the set of left (or right) cosets 
of N in G. With the operation e defined by (aN)e(bN)=(a*b)N, G/N is a group, called the 
quotient group (or factor group) of G by N, and |G/N|=|G|/|N|. 

Theorems 

a. If (G,*) and (H,o) are groups and g: GH is a homomorphism, then the kernel of gisa 
normal subgroup of G. 

b. (Fundamental theorem of group homomorphisms). If g is a homomorphism from (G,*) to 
(H,°) then G/ker(g) is isomorphic to g(G). 

9. Group multiplication tables. The binary operation * in a group can be represented by a table. 

Example. There are two non-isomorphic groups of order 4: 

b 

b 
c 
e 

a 

{e, b} is a subgroup {e, a}, {e, b}, {e, c} are subgroups 
Cyclic: a?=b, a3=c, at=e —Non-cyclic 

Group order betes, 4 5°6 FSSrOVIG 112 G3 14-1516 177 1881000 
Number of non- 
isomorphic groups Ve hy dy 2 Ny Boal side nel hi eal idol o Se aiaes 

10. Sylow groups. If the order of G is p*m, where p is prime and does not divide m, then G has 
a subgroup (called Sylow p-subgroup) of order p*. The number Ny Of Sylow p-groups (i) divides 
m and (ii) np=1 (mod p). 

Rings 

1. Definition. A ring (R, +, -) or R is an algebraic system such that 
(i) (R, +) is an abelian group with identity element 0 and inverse —x of x, ie x+y=y+tx, 

(xt+y)+z=x+(y+z), x+0=0+x=x, x+(—x)=(Ex)+5=0! 
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(ii) The operation - is associative and distributive over +, ie (x+y): 2=x-(y-z), 
X+(y+z)=x-ytx-z, (x+y) + Z=x-Z+y>z. 

(Note, below - is often omitted writing xy=x-y.) The ring is commutative if - is 

commutative. 

. The ring has a “1” if - has an identity element, ie x- 1=1-x=x. 

. A commutative ring with a “1” is an integral domain if for x#0, xy=xz> y=z. 

(If xy=0 with x and y#0, then x and y are called zero divisors.) 

. (A, +, *) is a subring of (R, +, :) if ACR and if 

(i) x, yeA>x+yeA and xyeA, (ii) 0EA, (iii) xeA>-xEA 

. A subring (I, +, -) of (R, +, -) is an ideal of R if axel and xae/ for all ae/ and all xeR. If 

Ris commutative, then the smallest ideal of R containing an element ais (a)= {xa: xe R}. Ideals 

of this form are called principal ideals. 

An ideal M¥R is a maximal ideal if whenever / is an ideal of R such that McICR, then either 

I=M or I=R. 

An ideal P of a commutative ring R is a prime ideal if abeP, a, beR>aeP or beP. 

. Quotient rings. R/I= {cosets of I relative +}={x+J: xR} is a ring itself with addition ® and 

multiplication © defined by (x+J) ® (yt N=(xty)+/ and (x+ NOt N=xytl. 

The ideal J is the zero element of the quotient ring. 

_ If R is a commutative ring and P is an ideal of R then P is prime © R/P is an integral domain. 

_ If Ris a commutative ring with “1” and M is an ideal of R then M is maximal © R/M is a field. 

_ Fundamental homomorphism theorem for rings. If R and S are rings and g: R-S is a 

homomorphism (see above) with J=ker(g), then g: R/J>S defined by @(x+J)=g(x) is an 

isomorphism of R/J onto g(R). 

The characteristic of a ring R is the least positive integer n such that na=a+at... +a=0 for 

all acR. If such a number does not exist then the characteristic is 0. 

If D is an integral domain 

(i) then the characterstic is either 0 or a prime p. 

(ii) of characteristic 0, then D contains a subring isomorphic to Z. 

(iii) of characteristic p, then D contains a subring isomorphic to Zp. 

Fields 

1 Definition. A field (F, +, +) or Fis an algebraic system such that 

(i) (F, +, -) is a commutative ring with a “1”, 1e 

xty=ytx, (xty)+z=x+(y+z), x+0=x, x+(—x)=0, 

xy=yx, (xy)z=x(yz), x(y+z)=xyt+xz, lr=x 

(ii) (F—{0}, -) is a group, ie for any x#0 in F there exists a multiplicative inverse x~! such 

that xx-'=x-!y=1. 

2. The following inclusions hold: FieldscIntegral domainscCommutative ringscRings. 

3. Subfield. (A, +, °) is a subfield of (F, +, -) if AcF and 

(i) a, be A>a+beA and abeA 

(ii) 0€A and 1leA 

(iii) aeA>—aeA and acA, a#0>a7'eA 
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4. A field has only the ideals F and {0}. 

5. (i) If Fis finite and has characteristic p (p prime) then F has p” elements for some positive 
integer n. 

(ii) For any prime number p and any positive integer n there exists a field with p” elements. 

6. (i) The field E is an extension of the field F if E contains a subfield isomorphic to F. 
(ii) If S is a subset of E then F(S) denotes the smallest subfield of E that contains both S and 

F. For example, 

(a) R(i)=C. ¥ 
(b) Q(V2)={at+bv2: a, beQ} 
(c) O(a) ={(antayat+azn? +... +ay2")/(bot+ bat by? +... + bmx): aj, bjEQ, not all b;=0} 

Integers modulo n 

The set Z, consists of the congruence classes modulo n which are 

[K]={..., K-2n, k—n, k, k+n, k+2n, ...\, k=0, 1, ..., n—-1. 

The integers 0, 1, ..., n—1 are representative elements of each congruence class, respectively. 

1. Operations: [ky] +n[k2]=[ki+k2] [ki] Xn[k2]=[kik2] 

2. [kiJ=[mi], [k2]=[m2] > (i) [ki t+k2]=[ +m] (ii) [k1k2]=[m m9] 

3. (i) Z, is a cyclic group under +,, 

(ui) Z, is a ring under +, and X,, [Z, is a field © n is prime.] 

Polynomial rings 

n 

If Fis a field then F[x] denotes the set of polynomials 2 ayxk, axe F, n arbitrary. 

1. Every ideal J of the ring (F[x], +, -) is a principal ideal of the form T=(g(x))={f(x)g(x): 
f(x)eF[x]} for some fixed g(x)el. 

2. In F[x] the division algorithm holds, ie if f(x), g(x)eF[x] there exist g(x) (the quotient) and 
r(x) (the remainder) in F[x] such that f(x)=q(x)g(x)+r(x) with degree r(x)< degree g(x). 

3. A polynomial p(x)eF[x] of degree > 1 is irreducible if it is not a product of two polynomials 
of lower degree. 

4. Factor theorem. If p(x)eF[x] and aeF, then (x—a) is a factor of P(x) & p(a)=0. 

Example 

The polynomial x2+1 is 

(a) reducible in C[x] because x7+1=(x—i)(x+i) 
(b) irreducible in R[x] because x2+1 has no zero inR 
(c) reducible in Z2[x] because x2+1=(x+1)?. 

5. The quotient ring F[x]/(p(x)) is a field © p(x) is irreducible over F. 

6. Let p(x) in F[x] be irreducible over F. Then F=F[x]/(p(x)) is a field extension of F and p(x) 
has a root in F. 

7. If p(x) is any polynomial of positive degree over F, then p(x) has a root in some extension F 
of F. 
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8. If p(x)=aptayxt...+ayx" is a polynomial over F and /=(p(x)), then each element of F[x]/I 

can be written uniquely as I+(bo+bxt...+by—1x""!), bie F. 

Lattices 

Definition. A lattice (L, <) or L 

(i) is a partially ordered set, ie reflexive, antisymmetric and transitive, 
(ii) has for every pair a, beL a greatest lower bound (GLB) or meet or product and a least upper 

bound (LUB) or join or sum. 

Notation: GLB {a, b}=axb=anb=a- b=ab 

LUB {a, b}=a®b=avb=a+b 

A lattice Not a lattice 

Properties 

For any a, b, ceL: 

1. aa=a at+a=a (Idempotent) 

2. ab=ba at+b=b+a (Commutative) 

3. (ab)c=a(bc) (a+b)+c=at(b+c) (Associative) 

4. a(at+b)=a a+(ab)=a (Absorption) 

5. at+(bc)<(a+b)(atc) a(b+c)2(ab)+(ac) (Distributive inequalities) 

If equality holds, then the lattice is called distributive. 

6. axb@ab=aGat+b=b 
7. axb>ac<bc and at+c<b+c 

8. aXb or aXc>asb+c ax<b and aXc> abc 

a=b or a=c > azb+c a=b and a=c > azbe 

9. A lattice is complete if every non-empty subset has a LUB and a GLB. 

Notation: 0=The least element of L, 1=The greatest element of L. 

10. An element beL is a complement of aeL if ab=0 and a+b=1. If every element of L 

has a complement the lattice is called complemented. (Complemented, distributive 

lattices, see Boolean algebras below.) 

Boolean algebras 

A Boolean algebra (B, +, -, ', 0, 1) or Bisa complemented, distributed lattice. The (unique) 

complement of a is denoted a’. 

Notation: a: b=ab=GLB{a, b}, a+b=LUB{a, b}. 

(Advice: To understand the following laws, think of the Boolean algebra of a power set P(S) with 

A+B=AUB, A: B=ANB, A'=S—A, 0=@, 1=S and AX<BSOACB). 
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Properties 

For any a, b, ceB: 

. aa=a a+a=a (idempotent) 

. ab=ba at+b=b+a (Commutative) 
. (ab)c=a(bc) (a+b)+c=a+(b+c) (Associative) 
a(a+b)=a a+(ab)=a (Absorption) 

. at+(be)=(at+b)(at+c) a(b+c)=(ab)+(ac) (Distributive) 

. (ab)+(bc)+(ca)=(a+b)(b+c)(c+a) 

ab=ac and a+b=a+c>b=c 

OSa<1, a-0=0, a+1=1, a-1=a, at+0=a 

a:a’=0, a+a’=1, 0'=1, 1'=0 (Complement) 

(a-b)'=a'+b', (a+b)'=a' +b’ (De Morgan) 
. aXbGab=aGat+b=b 

axb © ab'=06b'S<a' Sa'+b=1 

1 
2 
3 
4, 
5 

6 
du: 
8. 
93 
0. 
1 

1 

1 

0 0 0 

Not Boolean algebras. Boolean algebra. 
Distributive laws not valid. Distributive laws valid. 
Complement of a not unique. a'=f, e'=b unique. 

Smallest Boolean algebra B={0,1}: 

22 |, Oil Sel Ue | 

OF) 2One al Wie @ @ 
(ele) eng i Oeil 

Minterms 

The Boolean algebra B constituted by minterms (atoms) aj, a2, ..., ay is defined by (taking the 
example n=5) 

(7) Each element a of B is a sum of some minterms, e.g. a=a,+a3+a4, 
1=a,+a)+a3+a4+as (sum of all minterms). 

(ti) The complement a’=a+as (sum of the remaining minterms). 
(vii) Sum +: Remember a;+a;=q;. 
(iv) Product -: Remember a; - a;=a; and q; - aj=0, i#j. 

1 

mt Nm 

a;+& 4;+a, eee 44+45 

a, a a a 

0 

Remark. The above Boolean algebra is isomorphic to a free Boolean algebra if n=24, k integer. 
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Free Boolean algebras 

In a free Boolean algebra generated by n variables x,, x2, ..., X,, the elements are (finite) 

combinations of the x;, x;’ and + and -. The elements can be written uniquely as a sum of minterms 

mS? ae its Se normal form (or similarly as a product of maxterms), where 

aj=0 or 1 and x)=x;', x!=x;. Sum of all minterms=1. 

Remark. The number of minterms is 2” and the number of free Boolean expressions is 27”. 

Duals 

The dual B(x1, x2, ..., Xn) of a Boolean expression a(x), x2, ..., Xn) is obtained by interchanging 

the operations - and +. 

Note: [a(x1, X2, .--, Xn)]'=B(x1', x2", .--, Xn’) (Cf. 10. above). 

Example (Cf. Example of sec. 1.1) 

Consider the free Boolean algebra generated by x, y and z. Find the sum of minterms and 

product of maxterms of b and b’ if b=xy+yz’. 

Solution 

b =xy(ztz’) +yz’(xtx) =xyz + xyz’ + xyz’ +x’y2" =xyz + xyz’ +x’yz’ 

(= min7 + ming + ming = - 2, 6, 7) 

b’ =(-0, 1, 3,4, 5)=x’y’'2’ +x’y'z+x’yzt+xy'2’ + xyz 

b =(’f=+0,1, 3,4, 5 = (xtytz)(xtyt2’)(xt y’+2’)(x"+ y+ z)(x’ +y +2’) 

b’ =4+2, 6, 7=('+ y'+z’)(x'+y'+z)(x+y'+z) 

If B={0,1}, the values of the above Boolean function are given in the table 

So SS Ooo a) ere Sy SSS 

Minimization of Boolean polynomials 

Given a Boolean polynomial (expression, function), how to reduce it to its simplest form? This 

problem may be solved _ using succesively the reduction idea xyz+xyz'= 

=xy(z+z')=xy. 

A systematic way of simplifying a Boolean polynomial (McCluskey’s method) is illustrated by the 

example (written in disjunctive normal form): 

b=xyzw+xyz'wtx'yzwtx'yz'w' +xy'Zw’ +xyzw'+x'yzw’ 

Enumerate the atoms (minterms) in a first column (a). Beginning from the top, compare the terms. 
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Those which differ by only one variable and its complement are reduced, and the reduced new 

terms are listed in the next column (b). This procedure is repeated until no more reductions can 
be made. Finally go backwards in the columns and pick up terms until all atoms are covered. 

(a) (b) (c) 

1 xyzw 1,3 yzw Stayz 

2 xy'z'w 1,5 xyz WSS RIE 

3 x'yzw hl See 4,5,6,7 yw' 

4 x'yz'w’ 4,6 yz'w’ (No 2 is missing) 
5 xy’zw' 4,7 x'yw' 

6 xyz'w' 5,7 yzw' 
7 x'yzw' 

Thus, b=yz+yw'+xy'z'w 

Logic design 

Input—output table 

Inverter 

>= 

Logic gate symbols (IEC 612-12) 

Exclusive 

Or gate 

V,@ 

NAND gate 
if 

a 

(ab)‘=a’4b’ 

fee (a+b)’=a‘b’ 
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Realization of the Boolean expression x(y+z) + y’Z 

1.5 Graph Theory 

A graph G is an ordered tripple (V, E, ~), where 

V is the set of nodes or vertices, 

E is the set of edges and 

g is a mapping from E to ordered or unordered pairs of V. 

YANAAR EA 
Directed graph Undirected Multigraphs Simple graphs 

or digraph graph 

An edge of a graph which is associated with an ordered pair of nodes is directed. An 

edge which is associated with an unordered pair of nodes is undirected. A graph with 

every edge directed (undirected) is called a directed (undirected) graph. A graphis simple 

if there is at most one edge between all pairs of nodes. If the graph has parallel edges 

it is called a multigraph. 

The converse G~!=(v, E~!) of a digraph G=(V, E) is a digraph in which E~' is the 

converse of the relation E (ie the arrows have opposite direction). 
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Y v2 
Outdegree=3 —” V1 V2 V3 node simple path of length 2 
Total degree=4 

¥1 V3 ¥1 v2 edge simple path of length 3 

Indegree=2 —7 V3 ¥1 v2 v3 vy simple cycle of length 3 
Total degree=3 

For a directed graph the outdegree of a node v is the number of edges which have v as 

their initial node and the indegree of v is the number of edges which have v as their 

terminal node. The total degree of v is the sum of the outdegree and the indegree of v. 

For an undirected graph the degree of a node v is the numbers of edges, which are 

incident with v. 

For a digraph a path is a sequence of edges such that the terminal node of every edge 

is the initial node of the next. The /ength of a path is the number of edges in the sequence. 

A path is node (edge) simple if all nodes (edges) in the path are different. A path with 

origin and end in the same node is called a cycle. 

V2 

be! . 

Node vq is reachable from vj. 

Node vs is not reachable from any other node. 

v4 

V4 

V5 

A node u of a simple digraph is reachable from a node v if there exists a path from v 
to u. If for any pair of nodes of such a graph each node is reachable from the other, 
the graph is (strongly) connected. 

For a simple digraph a maximal strongly connected subgraph is called a strong 
component, and every node lies in exactly one strong component. Thus the strong 
componenets constitute a partition of the digraph. 

Matrix representations 

vs ve A: [01000 
10001 
11100 
01011 

e e 00010 
V5 

For a simple digraph (V, E, ~) with V={v4, v2, ..., Vn} the adjacency matrix A=[ajj] 
is the nXn matrix such that 
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rae if (vi, vj)eE 
1” \0 otherwise 

Let A be the kth power of A. The element in row i and column j of A* is the number 

of paths of length k from node v; to node vj. 

The path (connection, reachability) matrix P=(pjj) of a simple digraph with nodes 

{v1, v2, ..., Vn} is defined such that 

__ fl if there is a path from vj to vj or i=] 

J” \0 otherwise 

Then 

P=(I+A) =14+A4A@+...4A0Y 

where A“ denotes the Boolean power matrix (with entries 0 or 1) calculated with Boo- 

lean matrix addition and multiplication. 

Properties 

Converse digraph. If G is represented by A then G7! is represented by A’ (the transpose of A). 

For a symmetric (or for an undirected) graph, A =Ay, 

1. Two nodes v; and v; are in the same strong component = [PAP'];j = pi Pji = |. 

2 [AA'];j = number of nodes which are terminal nodes of edges from both v; and v; 

3: [A‘A] jj = number of nodes which are initial nodes, whose edges terminate in both v; and v; 

4. (A) = number of paths of length k from v; to vj. 

2: (AM); = 1 => There is a path of length k from y; to v;. 

[AM 1; = (0 = There is no path of length k from vy; to vj. 

Trees 

<= oot 

branch node 

at level 2 

<— leaf at level 3 

A directed tree is a digraph without cycles such that exactly one node called the root has 

indegree 0 while all other nodes have indegree 1. Nodes with outdegree 0 are called 

leaves or terminal nodes. All other nodes are called branch nodes. The level of a node 

is the length of its path from the root. 
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Weighted digraphs 
A weighted digraph is a digraph in which each directed edge (vj, vj) is assigned a positive number 
(the weight) wjj=w(vj, v;). If there is no edge from v; to v; then w=. The graph can be represented 
by a weighted adjacency matrix W=(wj;). The weight of a path is the sum of the weights of the edges 

occuring in the path. 

COND, We SMES a=v 

oo 4 wo 7 b=v2 

VV comico mnconn umn? C=V3 
oO 0 © o |] d=v4 

cow OO © VS 

Dijkstra’s algorithm for finding the shortest path 

To find the shortest path from a to z. 

The instructions in the brackets [...] are not needed if only the minimum weight of a path from 
a to z is sought. 

Notation: TL=Temporary Label, PL=Permanent Label, $P=Shortest Path. 

Step 0. Set PL(a)=0 and V=a, TL(x)=«, x#a. Here and below the node which most recently 
is assigned a PL is denoted V. 

[SP(a)={a}, SP(x)=@, all x#a] 

Step 1. (Assignments of new TL.) Set for all x without PL new TLs by 

TL(x)=min(old TL(x), PL(V)+w(V, x)) 

Let y be that node with the smallest TL. Set V=y and change TL(y) to PL(y). 

[(i) If TL(x) is not changed, do not change SP(x). (ii) If TL(x) is changed, set 

SP(x)={SP(V), x}] 

Step 2. (i) If TL(V)=~™, then there is no path from a to z. Stop. 

(ii) If V=z then PL(z) is the weight of the shortest path from a to z. Stop. 
[The shortest path is SP(z).] 
(tii) Return to step 1. 

Example Consider the weighted graph above. Let a=v, and z=vs. 

Step 0. PL(a)=0 V=a SP(a)={a} Iteration 2. 

TL(b)=e SP(b)=@ Step 1. PL(a)=0 SP(a)={a} 
TL(c)=% SP(c)=@ PL(b)=2 SP(b)={a, b} 
TL(d)=% SP(d)=@ TL(c)=6 SP(c)={a, c} 
TL(z)= SP(z)=@ TL(d)=5 SP(d)={a, d} 

'. V=a PL(V)={a} TL(z)=9 SP(z)=@ 
.. V=d, PL(V)=5 SP(V)={a, d} 

Interation 1. 

Step 1. PL(a)=0 SP(a)={a} Iteration 3. 

TL(b)=2 SP(b)={a, b} Step 1. PL(a)=0 SP(a)={a} 
TL(c)=6 SP(c)={a, c} PL(b)=2 SP(b)={a, b} 
TL(d)=5 SP(d)={a, d} TL(c)=6 SP(c)={a, c} 
TL(z)=< SP(z)=@ PL(d)=5 SP(d)={a, d} 

.. V=b, PL(V)=2 = SP(V)={a, b} TL(z)=6 SP(z)={a, d, z} 
.. V=z, PL(V)=6. Stop. 

Shortest path= {a, d, z} with weight 6. 
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1.6 Codes 

Matrix group codes 
Below, arithmetic modulo 2 is used, i.e. 0+0=0, 0+1=1+0=1, 1+1=0 and 0 - 0=0- 1=1 - 0=0, 

(eco eb 

Notation: Z= {binary n-tuples} ={a=(a}, a2, ..., dn): aj=0 or 1, all i} 

1. (@) An (m, n)-code K is a one-to-one function K: XcZ%>Z4,, n=m 
2. The Hamming distance H(a,b) between a,b in Z’, is defined by 

n 

H(a, b)= 2 (aj+b;)=number of coordinates for which a; and b; are different. 
n 

The weight of a is 2 Qj. z 

. A code K: Z’}->Z*, is a matrix code if x=x'A, where the matrix A is of type (m, n). 

. The range of K is the set of code words. 
. A code K: Z"->Z’; is a group code if the code words in Z’, form an additive group. 
. A code detects k errors if the minimum distance between the code words is at least k+1. 
A code corrects k errors if the minimum distance between the code words is at least 2k+1. 

7. The weight of a code is the minimum distance between the code words=the minimal number 

of rows in the control (decoding) matrix C whose sum is the zero vector. 

nn BW 

Encoding and decoding matrices 

Encoding 
k parity checks Transmission Decoding 

aaa 
message code word received error 

x’eZ", xeZ’, code word syndrom 

(n=m+k) yeZ", zeZ' 

The encoding matrix: A= [I,, Q] (normalized form) 

(m,m)(m,k) 

SS 

(m,n) 

(m,k) 
The decoding matrix: C= [ 2] (k,k) | (nh) 

(Sometimes C' is called the parity check matrix). 

Decoding procedure: 
1. If z=0: y is a code word. 

2. If z#0: Find y; of minimal weight (the coset leader) with the same error syndrom 

z. Then y+y; is (probably) the transmitted code word and the first m coordinates 

the meassage. (Alternatively, a decoding table may be used.) 
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8. Hamming codes. In a Hamming code the rows of C=C, are formed by all binary r-ruples+0, 
i.e. n=2'—1. For example, 

0 

1 

1 

100 
010 
001 

Mod loll 
LO ieee (cy | | (Cy'=] 110 
101 101 

Example 

Given A= 

ORO TslEG 

OC OOS ikea Oke SiO) 

OOM ae tenlel 

Decode (a) y=(110011), (6) y=(011111) and (c) y=(111111) and find the message. 

Solution: 

Weight of C=3, row(1)+row(4)+row(5)=(000). 

The code detects 2 errors and corrects | error. 

130 

0 1 

eptityl deed 
Control matrix C= 00 

10 

0 1 oo Hee =) 

(a) z=yC=(000). Thus, y is a code word. Message x’=(110). 

(b) z=yC=(101). y;=(010000) > y;C=(101). Thus, y+y,;=(001111) and 
x’=(001) 

(c) z=yC=(011). No code word of weight 1 has this error syndrom. The error has 
weight 22. No “‘safe’’ correction can be made. 

Polynomial codes 

Consider the polynomial ring Z2[x] with coefficients in the field Z>. In taking sums and products 
of polynomials in Z2[x] the laws of Z2 have to be respected. [E.g. (1+xt+x2)+(1t+x+x)=x2+23 
and (1+x+x)(1+x+x3)=1+x4+25,] 

Identifying f(x)€Z2[x] with the binary vector (sequence) of the coefficients of f [e.g. ltx+x3 
<(1101)], the following definition can be made: 

Definition. Given the generator polynomial B(xX)=aytaxt+...+ayxk (aga, ... ax), the polyno- 
mial code K: Z"—>Z", (n=m+k) maps x=p(x)eZ¥, to y=q(x)eZ, by q(x)=g(x)p(x). 

The last equality can also be written (4091 --- Qn—1)=(Pop1 --» Pm-1)G, where 

A0GT Gere GEOR. 0 

G= AO diane ee a,0..0 of type (m, n) 

(see ee Oapaieenesa ak 

Thus, a polynomial code is a matrix code (not necessarily mormalized). 
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Example 

K: B22, g(x)=142 +2, 

X=(x0X])  XQF XA (KOFAX X)(14224.B) HQ tx xt xyr2+ (xp tx Wo + x4 

© (X0,41,X0.X0tX1.X1)=Y 

Thus, (00)~(00000), (01) (01011), (10)(10110), (11)~+(11101) 

BCH-codes 

(BCH=Bose, Ray-Chaudhuri, Hocquenghem) 
Algebraic concepts and notation, see sec. 1.4. 

Let Z> denote a field which is an extension of Z2 such that any polynomial with coefficients in Z2 

has all its zeros in Zp. 

9. 

10. 

11% 

12: 

13% 

14. 

SE 

(xj +x24+... +X, =x 2 +x? +...+x,7 since 1+1=0. 

Two irreducible polynomials in Z2[x] with a common zero in Z> are equal. 

Let a€Z> be a zero of an irreducible polynomial g(x)€Z2[x] of degree r. Then for any posi- 

tive j 
(i) a is a zero of some irreducible polynomial g(x) €Zz[x] of degree <r. 

(ii) gj(x) divides 1+x?”—}. 
(iii) degree g(x) divides r. 

The exponent of an irreducible polynomial g(x) €Z2[x] is the least positive integer e such that 

g(x) divides 1+x°. 

Note: e<2’—1, where r=degree g(x) and e divides 2’—1. 

For any positive integer r there exist an irreducible polynomial of degree r and exponent 2’—1. 

Such a polynomial is called primitive. 

If g(x) is a primitive polynomial of degree <r and aeéZ> is a zero of g(x), then a9=1, a, a’, 

..., 2? are different (and a?”~!=1). 

g(a)=0> g(a”)=g(a*)=g(a*)=...=0 (Cf. 9. above). 

Definition and construction of BCH-codes 

1°. Decide a minimal distance 2¢+1 between the code words and an integer r such that 

Mepiee ll: 

2° Choose a primitive polynomial g;(x) of degree r (see table) and denote by aeéZa zero 

of gi(x). 

Construct (cf example below) irreducible polynomials go(x), ..., 82x) of degree <r 

with zeros a2, ..., a2", respectively. 

Let g(x) of degree k (k is always <tr) be the least common multiple of the polynomials 

g1(X), -.., Zax) (i.e. product of all different of the polynomials g(x), ..., Za(x)). 

The BCH-code is that polynomial code K: Z’}>Z’, generated by g(x). 

Here, n=2’—-1, m=n-—k and the weight of the code is at least 2'+1. 
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Example 

1° According to the above notation, take t=2, r=4 (and thus n=15). 

2° Choose gi(x)=1+x3+x4. (Cf the table of irreducible polynomials below.) 

3° Construction of the polynomials g2(x), g3(x), g4(x): g1(x)=g2(x)=ga(x) since gi(a)= 
=g1(a?)=g1(a*)=0 (see 10 and 15 above). It remains to construct g3(x) with g3(a°)=0. 
One way to do that is the following (another way is to use the table below): 

Set 93(x)=1+Ax+Bx?+Cx3+Dx*. Now, g1(a)=0> a4+03+1=0 5 
a‘=1+a3. Therefore, recursively, 
a=aat=a(1t+a3)=atat=1+at+a3 
a°=aao=a(1+ata?)=ata?+at=1+a+a2+a3 
a =a3a%=a3(1+ata?+a3)=a3+a4+05+a%=1+02 
a?=3a9=a3(1+a2)=a3+a5=1+a 
g3(a3)=0 > 1+Aa3+B(1+at+a?+a3)+C(1+a)+D(1+a)=0. 

Identifying coefficients yields 

1+B+C+D=0, B+D=0, B+C=0, A+B=0 > A=B=C=D=1. 

Thus, g3(x)=1+x+x2+23 +24. 

8(x)=81(x)g3(x)= (14 8 tx4)(L4xtx2+8tx4=1txti2tx44+38 

Degree g(x)=8=k, m=7. 
E.g. (1100100) > 1+xt+x4—~(Lt+xtx4)\(1+xtx2tx3ta4t x8) = 1443425419 +412 
<= (100100100100100). 
eee 

Examples of known BCH-codes 

Table of irreducible polynomials in Z>[x] 

Explanations 

1. Given a polynomial p(x)= Ae ayx* €Z[x] the reciprocal polynomial p*(x) is defined by 

Pr(x)= 2p aex"* [0.g. p(x)=atbrtcx? & (a,b,c) > p*(x) (a,b,0)"=(c,b,a) > 
<ct+bx+ax?.] 

2. If p(x) is irreducible, [primitive] and has a zero a, then p*(x) is irreducible, [primitive] and has 
zero a—!. Therefore, in the table below only one in the pair p(x) and p*(x) is listed, i.e. the 
sequence of coefficients may be read either from the left or from the right to obtain an irreducible 
polynomial. 
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1.6 

For each degree, let a be a zero of the first listed polynomial. The entry following the bold 

j is the minimum polynomial of a/. How to find the minimum polynomial not listed, use 10, 

and 15, above and a?”—!=1. 

[Example: Let a denote a zero of the polynomial (100101)  1+x3+x° of degree 5 (see table). 
By the table it is clear that a is a zero of (111101) and @ a zero of (110111). Then the minimum 

polynomial of (remember a?!=1) 

a, a’,a4, a8, a!®, a?2=a is pi(x)=(100101) 

a3, a®, al?, a4, (a8=a48-3!=)a@!” is p3(x)=(111101) 

a>, a), a9, (a=)a?, a!8 is ps(x)=(110111) 

Using the zeros of the reciprocal polynomials, the minimum polynomial of 

(a7!=)a39, (a-2=)a9, (a~4=)a2’, (a-8=)a?3, (a~!6=)a!> is py*(x)=(101001) 

(a-3=)a8, (a~®=)a?5, (a~!2=)a!®, (a38=)a7, a! is p3*(x)=(101111) 

(a-5=)a, (a9 =)a?!, (a-%=)a!l!, a”? (a4=)a} is ps*(x)=(111011)] 

. The exponent e of the irreducible p(x) of degree mcan be calculated by e=(2”"—1)/(GCD(2"—1, 
j)). (In factorization of 2”"—1 the table of factorization of Mersenne numbers in section 2.2 may 

be used.) 

[E.g. The exponent of (1001001) is e=(2°-1)/(GCD(2°—1,7)=63/GCD(63,7)=9]. 

TABLE OF ALL IRREDUCIBLE POLYNOMIALS IN Z,[x] OF 

DEGREE < 10 

(P = Primitive, NP = Non-primitive) 

Degree 2 (a? = 1) 

1 me) 

Degree 3 (a = 1) 

1 1011 (P) [Note: (1011)* = 1101 (P) is also irreducible etc. below. See 2. above. ] 

Degree 4 (a> = 1) 

1 10011 (P) 3 11111 (VP) 

Degree 5 (a?! = 1) 

1 100 101 (P) 3 111101 (P) 110 111 (P) 

Degree 6 (a? = 1) 

1 
9 

1000011(P) 3 1010111 (VP) 5 1100111(P) 7 1001001 (NP) 

1101 11 110 1101 (P) ZA 
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Degree 7 (a!27 = 1) 

1 10001001 (P) 3 
9 10111111 (P) 11 1101 0101 (P) 
21 11100101 (P) 

1000 1111 (P) 5 ALOOR MOLE: SPU OL (PB) 
13 10000011 (P) 19 11001011 (P) 

Degree 8 (a25> = 1) 

1000 11101 (P) 
1011 01001 (P) 
1101 01011 (P) 
1011 00101 (P) 
1000 11011 (NP) 
1110 00011 (P) 
111 

Degree 9 (a@!! = 1) 

1011 10111 (NP) 
1101 11101 (VP) 
1110 10111 (VP) 
1100 01011 (VP) 
1001 11111 (VP) 
1001 11001 (NP) 

1111 10011 (VP) 
1111 00111 (P) 
10011 
1011 00011 (P) 
1010 11111 () 
11111 

1 10000 10001 (P) 3 10010 11001 (P) 5 11001 10001 (P) 
7 10100 11001 (NP) 9 11000 10011 (P) 11 10001 01101 (P) 
13 10011 10111 (P) 15 11011 00001 (P) 17 10110 11011 (P) 
19 1110000101 (P) 21 10000 10111 (NP) 23 1111101001 (P) 
25 11111 00011 (P) 27 1110001111 (P) 29 11011 01011 (P) 
35 11000 00001 (NP) 37 10011 01111 (P) 39 1111001101 (P) 
41 11011 10011 (P) 43 1111001011 (P) 45 10011 11101 (P) 
$1 11110 10101 (P) 53 10100 10101 (P) 55 10101 11101 (P) 
73 1011 75 11111 11011 (P) 77 11010 01001 (NP) 
83 11000 10101 (P) 85 10101 10111 (P) 

Degree 10 (q@!923 = 1) 

1 10000 001001 (P) 3 10000 001111 (NWP) 5 10100 001101 (P) 
7 11111 111001 (P) 9 10010 101111 (NP) 11 = 10000 110101 (NP) 
13. 10001 101111 (P) 15 10110 101011 (NP) 17 =: 11101 001101 (P) 
19 10111 111011 (P) 21 ITAL LOLOL (Pe) 23 10000011011 (P) 
25 =10100 100011 (P) 27 ~=—:11101 111011 (NP) 29 10100 110001 (P) 
31 11000 100011 (NP) SSeS TOL 35 ~=11000 010011 (P) 
37 =: 11101 100011 (P) 39 10001 000111 (NP) 41 10111 100101 (P) 
43 10100 011001 (P) 45 11000 110001 (NP) 47 11001 111111 (P) 
49 11101 010101 (P) 51 10101 100111 (NP) 53. 10110001111 (P) 
5511100 101011 (NP) 57 11001 010001 (NP) 59 11100 111001 (P) 
69 10111000001 (NP) 71 11011010011 (P) 73 11101 000111 (P) 
75 10100 011111 (NP) 77 10100 001011 (NP) 83 11110010011 (P) 
85 10111 000111 (P) 87 10011 001001 (NP) 89 =10011 010111 (P) 
91 11010 110101 (P) 93 “TINIE Ait (NP) 99 110111 
101 10000 101101 (P) 103 11101 111101 (P) 105 11110000111 (NP) 
107 11001 111001 (P) 109 10000 100111 (P) 147 10011 101101 (NP) 
149 11000010101 (P) 155 10010 101001 (NP) 165 101001 
171 11011 001101 (NP) 173, 11011 011111 (P) 179 11010 001001 (P) 
341 111 
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2 Algebra 

2.1 Basic Algebra of Real Numbers 

Sum and product symbols 

n n n 

Did =e AeA ADT oo tn IT XK=X1x2 «.- Xn 
T= k=1 k=1 

Algebraic laws 

a+b=b+a ab=ba (commutative laws) 

(a+b)+c=at+(b+c) (ab)c=a(bc) (associative laws) 

a(b+c)=ab+ac (a+b)(c+d)=ac+ad+bc+bd (distributive laws) 

a+(+b)=a—(—b)=at+b a+(—b)=a—(+b)=a—b 

(+a)(+b)=(—a)(—b)=ab (+a)(—b)=(—a)(+b)=—ab 

—4 (laws of sign) 

a<DD<6 => ad=c a<b © a+c<b+c 

a<b, c>0 > ac<be a<b,c<0>ac>be a<b@—-a>-b (laws of order) 

Powers and roots 
Powers 

m, n integers: 

a"=a-a...a(ntimes) 

m 
qm. qgt=qmtn =gm-n (a™)"=an 

a 

n 

b)"= npn = —qy'= a’, n even 

are hea) be n odd 
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Powers n* 

59 049 

16 384 65 536 262 144 1 048 576 

78 125 390 625 1953/1235 9 765 625 

279 936 1 679 616 10 077 696 60 466 176 

823 543 5 764 801 40 353 607 282 475 249 

2 097 152 | 16 777 216 134 217 728 1 073 741 824 

4 782 969 | 43 046 721 387 420 489 3 486 784 401 

100 0001 000 000} 10 000 000 | 100 000 000 | 1 000 000 000 10 000 000 000 

161 051|1 771 561}19 487 171 | 214 358 881 | 2 357 947 691 25 937 424 601 

248 832 |2 985 984/35 831 808 | 429 981 696 | 5 159 780 352 61 917 364 224 

re FP COO WON NUN SF WN 

— N 

Sum of powers, see sec. 8.6. 

Roots 

x=Va=al" @x"=a (a, x20) 

V—a=—-Va, n odd (a=0) 

at gr=KV/q yn Waba 

The binomial and multinomial theorems 

The binomial theorem 
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(at+b)?=a?+2ab+b? (a—b)?=a*—2ab+b* 
(a+b)3=a3+3a2b+3ab2+b? (a—b)3=a3—3a2b+3ab*—b? 
(a+b+c)?=a*+b*+c*+2ab+2ac+2be 
(a—b—c)*=a*+b?+c?—2ab—2ac+2be 

Factorizations 

ab+ac=a(b+c) a?—b?=(a—b)(a+b) 
a>—b?=(a—b)(a2+ab+b?) a>+b3=(a+b)(a*—ab+b?) 
a‘*—b*=(a—b)(at+b)(a*+b?) at+b4=(a2+ V2ab+b*)(a2— V2ab +b?) 

a"—b"=(a—b)(a"—!+a"-2b+...+ab"~2+b"!) 

Factorials and binomial coefficients 

nay 2. 3. O!=1 (factorials) 

(2n-1)!!=1-3-5...(2n-1)) (2n)!!=2- 4-6... 2n (semifactorials) 

n\ _n(n—1) ... w—k+1)_ _* a! ; i, 
4 Tene 6 el LG (n—h)! (binomial coefficients) 

Factorials 

39 916 800 
479 001 600 
6 227 020 800 
87 178 291 200 

1 307 674 368 000 
20 922 789 888 000 
355 687 428 096 000 
6 402 373 705 728 000 

121 645 100 408 832 000 
2 432 902 008 176 640 000 SFOMmMNIANAMHPWNFH a 

ni~V 20 n™*2 e-" as n— © (Stirling’s formula) 

atte 
2 i . (ene 
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n 1 (at+b)" 

1 1 1 a+b 

2 Fin cdy od a?+2ab+b2 
3 Letdat deat a3+3a7b+3ab2+b3 
4 14ae Gn 4 1 a‘ +4a3b+6a2b2+4ab3+b4 
5 hae lOe10- 5° 1 a>+5a‘tb+10a3b2+ 10a2b3 + 5ab4+b5 
6 1%6715 "20 15 6 1 
7 Pr] 21-35 35 21791 
8 Ly S28" 56°70 S628 81 

9 1 9 36 84 126126 84 369 1 

10 |1 1045 120210 252 210 120 45 10 1 
Each number is the sum of the two numbers above to the right and to the left. 

Absolute value 

For each real number x the absolute value |x| is defined by 

fel x if x20 

~|—x if x<0 

Means 

Given n real numbers x1, X2, ..., Xn. 

Meet Ge 

n 

Geometric mean G=W/x1 ... Xn (x;>0) 

Arithmetic mean A= 

Harmonic mean H: a ([2+..42) (xi>0) 
ARE NX) Xn 

Weighted means (A, +...+An=1, Ai>0, xi>0): 

Ajg=Ayx1t...+AnxXn, Gy=x) = xan 

HSGSA (equality © xj=x2=...=xp) 
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Some inequalities 

att byl <3 2+?) pylsd (ext »*) any e>0 

2. The triangle inequality. 
n n 

lb] <betyl<ixl+bl | Boa] 2 bel 

3. Ho6lder’s inequality. If oi rm Pp, q>1 then 

SIR S hurls { 3 iP }?- { 5 te) bg < OS q 
k=1 be k=1 bee 2, 

4. Cauchy’s inequality. 

fier Pemngped i x, < lit = Zee it ee (equality & yxr=cxx) 

5. Minkowski’s inequality. If p>1, xx, yx>0 then 

1 1 ¥ 1 
(3 z ety? <( 3 ZS xP P+ 5 we} 

(equality © yx=cxx) 

Percent (%) 

Growth factor 

The growth factor associated with a change of p % is (1+p/100). The value g, of a quantity after 

n succesive changes of px % (k=1, ..., n) is 

Calculation of interests 

p=rate of interest 

1. (Compounded interest) Value of capital c after ¢ years: 

t 

o(1+365] 

2. (Present value). The capital c falls due in ¢ years. 

Present value: 
Bay. 

1+] 
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3. (Annuity). Yearly instalment on a loan c, payed during ¢ years by equal amounts: 

tial aaa 
(1 +55] 100 

apr (+355) 1 

4. (Inflation). An inflation of p % implies a money value decrease of 

c° 

100p 

100+p % 

2.2 Number Theory 

Number systems 

natural numbers 
integers, (Z* positive integers) 
rational numbers 

real numbers 

complex numbers 

Natural numbers. 

N=({0, 1, 2, 3, ...}. Sometimes 0 is omitted. 

Integers. 

Z={O sale De es} 

Rational numbers. 

Q={p/q: p, qEZ, q#0}. 

The numbers in Q can be represented by a finite or a periodic decimal expansion. Q is countable, 
i.e. there exists a one-to-one correspondence between Q and N. 

Real numbers. 
R= {real numbers}. 

Real numbers which are not rational are called irrational. Every irrational number can be 

represented by an infinite non-periodic decimal expansion. Algebraic numbers are solutions of an 
equation of the form a,x"+...+ag=0, a,¢Z. Transcendental are those numbers in R which are not 

algebraic. R is not countable. (Example: 4/7 is rational, V5 is algebraic and irrational, e and 7 are 
transcendental.) 

Complex numbers. 

C={x+iy : x, yeR}, where i is the imaginary unit, i.e. i2=—1, 
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The supremum axiom 

For any nonempty bounded subset S of R there exist unique numbers G=supS and g=infS 
such that: 

(i) g<x<G, all xeS 
(ii) For any e>0 there exist x,¢S and x2€S such that 

x1>G—e and x.<gte 

Primes and prime number factorizations 

Theorems on prime numbers 

1. For every positive integer n exists a prime factor of n!+1 exceeding n. 

2. Every prime factor of pyp2 ... pnt+1 where pj, p2, ..., Pn are prime differs from each of pj, p2, 
ee ie 

3. There are infinitely many primes. (Euclid) 

4. For every positive integer n=2 there exists a string of n consecutive composite integers. 

5. Ifaand b are relatively prime then the arithmetic sequence an+b, n=1, 2, ... contains an infinite 
number of primes. (Lejeune-Dirichlet) 

The following conjectures have not been proved. 

6. Every even number 26 is the sum of two odd primes (the Goldbach conjecture). 
7. There exist infinitely many prime twins. Prime twins are pairs like (3, 5), (5, 7), and (2087, 2089). 

Unique factorization theorem 

Every integer >1 is either a prime or a product of uniquely determined primes. 

The function 7(x) 

The function value m(x) is the number of primes which are less than or equal to x. 

x 100 200 300 400 500 600 700 800 900 
7(x) 25 46 62 78 95 109 125 139 154 

1000 2000 3000 4000 5000 6000 7000 8000 9000 
(x) 168 303 430 550 669 783 900 1007 1117 

Be 10000 20000 30000 40000 50000 60000 70000 980000 90000 
7(x) 1229 2262 3245 4203 5133 6057 6935 7837 8713 

x 10° 10° 10’ 108 10° 10% 
(x) 9592 78498 664579 5761455 50847534 455052512 

x 
Asymptotic behavior: 1(x) ~ ae as x —> 0 

nx 
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The first 400 prime numbers 
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Prime Number Factorizations from 1 to 999 

22.3 . . 2 

pleat 2°13 

22 : Phen 

PESEYOT : 2°23 

22-13 ‘ 94 

2+31 . D 2°3-11 

23. 32 . 27-19 

2°41 : 2-43 

7°13 22-23 . 25.3 

= 2-3-17 aon ZS) 
3:37 24.7 = . 22.29 
112 2-61 3-41 2-32-7 
= 22-3-11 7-19 : 23-17 
3-47 2-71 11-13 . 2-73 

= 23-19 32-17 . 22-3-13 
7-23 2-34 - #2 2-83 
32-19 22-43 : 24-11 
Es 2-7-13 . 2-3-31 
- 26.3 IES 22.72 

3-67 2-101 : 2-103 
= 22.53 . : BRE: 
13-17 Weegee = 2-113 
Be Tied ye 25-29, 22.59 
= 2-112 2-3-41 

3 22.32.7 o\o 28 

32-29 20131 : Zehe hd 

ie 24.17 . 22-3-23 

- 2-3-47 2. i" 2rd 

2? -73 5 23-37 

2-151 5: 2-32-17 
23.3-13 2-19 
2-723 2-163 
22.83 Ci St) aie 
2-32-19 2-173 ~ 

25-11 . 22-89 3-77-17 
2-181 . 273561 = 
22.3-31 = - : 23-47 13-29 
2-191 = ‘7: 2-193 32.43 
23.72 3-131 : DP 234 Nhe | — 

2:3--67 13-31 : Zed 29 11-37 

2?- 103 7°59 25-13 3-139 

2-211 32-47 2:°3°71 7-61 

24.33 = 27-109 19 +23 

As aliee = : 2-223 3-149 

2?-113 315) re 23-3:19  - 

Teor ele — Se 20233 - 

23-59 11-43 : 22-77-17 32-53 

2-241 3-723 2-3? - 

22-3-41 17-29 24-31 TT 

E.g. 432=24- 33 

al 



Factorizations (continued) 

22.53 

2:3°5-:17 

23-5-13 

2°5-53 
2.33.5 

2-52-11 

Bh S07 

2-3+5<19 

2?.5-29 

Paes) 

B.3-52 
25-61 
2-5-31 
2:32-5-7 
27-5 

2-52-13 

2?-3-5-11 

2-5-67 

2-5-17 

2°33 23 

22.5§2.7 

2°5:71 

24. 32.5 

DiSvts 

22.5 +37 

2:3-53 

23-5-19 

2256711 

2?-3-5-13 

2°5°79 

25.52 

2-34-5 

22-5-41 

2°5-83 

23-3-5-7 

2-52-17 

27-5 +43 

235+ 29 

24-5-11 

2-5-89 

22.32.52 

2°5-7-13 

23.5 +23 

2:3-5-31 

22.5-47 

2-52-19 

26-3-5 

25+ 97 

PEIN: 

2-3?-5-11 

3-167 
7-73 

32.59 

19°29 

3-11.17 

7-83 

3197 

13 - 47 

33-23 

S731 

11-61 

3-227 

32-79 

7-103 

17-43 

SAS 

3° 257 

a All 

Hi We 

3? - 89 

ELPA 

292 

23-37 
3-7-41 
13-67 

34-11 

17-33 

3-307 

P19 

3317 

37 

3? - 109 

2-251 

29 

2-32-29 

22-7-19 

2-271 

23-3-23 

2-281 

27-11-13 

PASO 4 

24.37 

2:7-43 
22.32.17 
2-311 
23-79 
2-3-107 

22-163 

2331 

25.3-+7 

2h 31 

22-173 

2-33-13 

23-89 

2-192 

2?-3-61 

Pai hao¥e) 

24.47 

2°3°127 

2?-193 

Zone 23 

2: 327d 

2-401 

2?-7-29 

Pag SY 

26. 13 

2-421 

2?-3-71 

2-431 

23-109 
2-32-72 

2? - 223 

2-11-41 

24-3-19 

2-461 

2? - 233 

BSS} 

23-7-17 
2:°13-37 
22.35 

2-491 

25-31 

33-19 

13-41 

3-181 

7:79 

3-191 
11-53 

3? - 67 

7-89 

soe 

3-13-17, 

32-7-11 

19 - 37 

Pash | 

3-241 

3251 

7-109 

33-29 

13-61 

11-73 
3-271 

Pl 
3-281 

32-97 

19-47 

3-7-43 
11-83 
13-71 
3-311 
23-41 

32-107 
7-139 

3331 

IRD 

23.32.7 

2-257 

27-131 

2:3-89 

25-17 

ey 

2?-3-47 

2-7-4) 

23-73 

2-33-11 

27-151 

2-307 

24°343 

PACE Yh 

2?-7-23 

2-3-109 

23.83 

2-337 

22.32.19 

2-347 

26-11 

Zee Ny 

27-181 

2-367 

23-3-31 

2-13-29 

27-191 

2-32-43 
24.72 

2397 

2?-3-67 

PAU hoe) 

23-103 

ZS AGD 

27-211 

27°61 

IP og 

219" 23 

22-13-17 

2-3-149 

2213 

2-457 

p22 Sat 

2-467 

24.59 

2-32-53 

2-241 

2-487 

23-3-41 

PA fiat 3 

a2 

5-101 

5-103 

3-52-7 

5: 107 

5109 

335937 

5-113 

52.23 

3?-5-13 

syowfan 

5-112 

3:5-41 
54 

5-127 

3-5-43 

5-131 

SH 19. 

Bo152 

S37 

3+ 139 

3-5-47 

3°11° 13 

5?-29 

3-5-7 

5-149 

S151 

825-17 

Sera 

= 157 

35-53 

NOY) 

5163) 

3-57-11 

5-167 

5-132 

3?-5-19 

S173 

33-7 

3:15:59 

S179 

5-181 
3-5-61 
32.37 
5-11-17 
3-5-7 

52191 

5-193 

3-52-13 

S197 

S199) 

2-11: 23 

2?-3-43 

2-263 

23-67 

223") 13 

2? - 139 

2-283 
26. 32 

2-293 

27.149 

2:3-101 

2-7-11 

2-313 

22-353 

Pr fua 

24.41 

2-32.37 

22-132 

Die 

23.3-29 

2-353 

22-179 

2-3-112 

25.23 

ECW IS) 

22.33.7 

2-383 

23.97 

2°3-131 

22.199 

2-13-31 
24.3-17 
2-7-59 
2-11-19 
2-32-47 

23-107 
2-433 
22.3-73 
2-443 
27.7 

PAE TD bos 

2.229 

2-463 

23.32.13 

2-11-43 

2? - 239 

2°37 -23 

24-61 

2129 

2?-3-83 

3-132 

11-47 

1731 

Ble Ye) 

34-7 

3-199 

22-127 

2h 

243-11 

2-269 

22-137 

2-32-31 

23-71 

DAP 
22.3.72 

21323 

25.19 

2+3-103 

22.157 

2:11:29 

93.34 

2:7-47 
22.167 
2-3-113 
24.43 
2-349 

2?-3-59 

2-359 

23-713 

2-32-41 

Paaea No bi 

2379 

28.3 

2-389 

22-197 

2:3-7-19 

23-101 

2-409 

2? 32.23 

2-419 

293 

(oe oa Wier |} 

2?.7-31 

2-439 

BE SY 

2-449 

22-227 

BoB Soa byl 

22-29 

2°7:67 

2?-3-79 

2-479 
23-112 

2-3: 163 

27-13-19 

2-499 

3°173 

232 

eos 

3?-61 

13 - 43 

31193 

19-31 

3*7 +29 

17:37 

Be ogfll 

TS9 

e223 

797 

1358 
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Least Common Multiple (LCM) 

Let [a1, ..., dn] denote the least common multiple of the integers aj, ..., dn. One method of finding 

that number is: Prime number factorize aj, ..., a,. Then form the product of these primes raised 

to the greatest power in which they appear. 

Example. 

Greatest Common Divisor (GCD) 

Let (a, b) denote the greatest common divisor of a and b. If (a, b)=1 the numbers are relatively 
prime. One method (Euclid’s algorithm) of finding (a, b) is: 

Assuming a>b and dividing a by b yields a=qib+r), 0Sr,<b. Dividing b by 7 gives b=qzar1+ 
+r2, 0Sr2<r;. Continuing like this, let r; be the first remainder which equals 0. Then (a, b)=r,-1. 

Example. 

Determine (112, 42). By the above algorithm: 

112=2 - 42428, 42=1-28+14, 28=2-14+0. Thus, (112, 42)=14. 

Note. (a, b)-[a, b]=ab 

Modulo 

If m, n and p are integers, then m and n are congruent modulo p, m=n mod(p), if m—n is a multiple 

of p, i.e. m/p and n/p have equal remainders. 

m=n, mod(p), m2=n2 mod(p) > 

(i) mytm=(n+nz) mod(p) (ii) mym2=(n1N2) mod(p) 

Diophantine equations 

A Diophantine equation has integer coefficients and integer solutions. 

As an example the equation 

(*) axt+by=c, a, b, ceZ 

has integer solutions x and y if an only if (a, b) divides c. In particular, ax+by=1 is solvable 

(a, b)=1. 

If xo, yo is a particular solution of (*) then the general solution is 

x=xgtnb/(a, b), y=yo—nal(a, b), neZ 
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Mersenne numbers M,=2"—1 

Numbers of the form 2”—1 are called Mersenne numbers. The following table gives the prime 
factorizations of the first 40 Mersenne numbers. 

ped Prime factors of M,, a3 Prime factors of M, 

323) 189) 683 
47 - 178481 
325 2 J 1347: 24d 
31 - 601 - 1801 
SF 273 S191 
7273) 2621657 
S29 4s 13 27 
233 - 1103 - 2089 
Be TAP Sle Il sot 
2 147 483 647 

Seo 25 OS oT 

Ue) SOMES Io 479 
3 -43.691 - 131071 
Sis 7 lee 127 2022921. 

CaN Te RN NE CN oh EAE) 
223 - 616318177 
3 + 174763 - 524287 
7 +79 + 8191 - 121369 

3-5?-11-17- 31-41 - 61681 
13 367 - 164511353 

2 Ul pecaess HE ees 
Sl Sou 

Mersenne primes: If 2?—1 is prime then p is prime. 

Fermat primes: If 2?+1 is prime then p is a power of 2. 

The following are some prime Mersenne numbers. 

Me, =2305 843 009 213 693 951 

Msg =618 970 019 642 690 137 449 562 111 

Mjo7 =162 259 276 829 213 363 391 578 010 288 127 

Mj27_ =170 141 183 460 469 231 731 687 303 715 884 105 727 
M216091 is the (1986) largest known prime number. 
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Fibonacci numbers 

The nth Fibonacci number is denoted by F,,. These numbers are defined by the formulas. 

F\=1 Fo=1 Fn42=F yt Frn+1, n21 

(Cf. sec. 9.5 for an explicit formula.) 

The following table gives prime factorizations of the 50 first Fibonacci numbers. 

12393 233 6 521 
196 418 Dee) 535- 109 
317 811 Sal3e5 29> 281 
514 229 514229 
832 040 2 5 ile. Sl6t 

1 346 269 557 + 2417 
2 178 309 Sila e4en2207 
3 524 578 2-89 - 19801 
5 702 887 It oss 
9 227 465 5-13 - 141961 
14 930 352 283? A 19 1 Oy 
24 157 817 73. 149 + 2221 
39 088 169 37 » 113°* 9349 
63 245 986 PREP EEA Sy IPA 
102 334 155 3-5-7: 11-41 - 2161 
165 580 141 2789 - 59 369 
267 914 296 23-13 - 29-211 - 421 
433 494 437 433 494 437 
701 408 733 3, - 43-89) 199 307 
1 134 903 170 2:5:17-61- 109-441 
1 836 311 903 139 - 461 - 28657 
Z 971 215,073 2971 215 073 
4 807 526 976 26. 32.7-23- 47-1103 
7 778 742 049 13 - 97 - 6168 709 
12 586 269 025 | 57-11-101- 151-3001 
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Real numbers in different number bases 

The positional system 

Every real number x may be written 

X=XmB"+Xm—1B" 1+... +.x9B°+x_1B-!+...=(XmXm-1 KOS XE ESB 

where the natural number B>1 is the base, and each digit x; is one of the numbers 0, 1, ..., B—1. 

As an example the number x=”'thirtysix and three eighths’’, written in the decimal and binary 
systems respectively, becomes 

x=3-10!+6- 10°+3-107!+7-10-2+5 - 10-3=(36.375)10 

X=1-+2°+0-24+0- 2341 -22+0-2!+0-29+0-2-141-2-241-2-3= 
=(100100.011)>. 

Conversion Algorithms 

a (B10). When converting a number X=(XnXm—1 ... Xo. X—-1...)B given in a system with base 
B to the decimal system, compute 

X=Xp,B"+Xm—)B™-14...4+-Xp+X_1B +... 

b (10-+B). When converting a positive number X given in the decimal system to a system with 
base B, the integer part Y of X and the fractional part Z of X are treated separately. (Below, the 
example X=(12345.6789) 9 and B=8 is treated together with the method description.) 

The integer part Y Example 

Y=12345, B=8 
Y/8=1543+1/8, i.e. 
QO) =1543 R\=1 

(i) Divide Y by B. If the quotient is Q; and the remainder 

R; (R; is one of the integers 0, 1, ..., B—1), then Rj is the 

first digit from the right of Y in the new base B. 

(ii) Divide Q; by B. If the quotient is Q> and the remainder Q,/8=192+7/8, i.e. 
R2, then R2 is the second digit from the right. Q2=192 R3=7 

Q3=24 R3=0 
(iii) Proceed accordingly until the quotient becomes zero. Q4=3 R4=0 

Qs=0 Rs5=3 
Thus, ¥Y=(30071)g 

The fractional part Z 

(1) Multiply Z by B. If the integer part of the product is /; 
(J; is one of the integers 0, 1, ..., B—1) and the new frac- 
tional part F), then /; is the first digit of the fractional part 
Z in the base B. 

(ii) Multiply F; by B. If the integer part is J) and the fractional 
part F>, then J; is the second fractional digit in the 
base B. 

Z=0.6789, B=8 
Z + 8=5.4312 ie. 

T=5 F,=0.4312 

F, - 8=3.4496 i.e. 

Ih=3 F,=0.4496 

(iii) Proceed accordingly until the producet becomes an inte- 1=3 F3=0.5968 
ger, or until the desired number of fractional digits have | [4=4 F4=0.7744 
been computed. Is=6 Fs5=0.1952 

etc. 

Thus, Z~(0.5335)g and 

X=(30071.5335)g 
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Binary System (Digits 0 and 1) 

Addition: 0+0=0 0+1=1+0=1 1+1=10 

Multiplication: 0-0=0-1=1-0=0 1-1=1 

Powers of 2 in decimal scale 

n= Qn= Qu 

0 1 1 

1 24 0.5 

2 4 0.25 

3 8 0.125 

4 16 0.0625 

5 32 0.03125 

6 64 0.015625 

7 128 0.007812 5 

8 256 0.003906 25 

9 512 0.001953 125 

10 1024 0.000976 5625 

11 2048 0.000488 28125 

12 4096 0.000244 140625 

13 8192 0.000122 070312 5 

14 16384 0.000061 035156 25 

15 32768 0.000030 517578 125 

16 65536 0.000015 258789 0625 

17 131072 0.000007 629394 53125 

18 262144 0.000003 814697 265625 

19 524288 0.000001 907348 632812 5 

20 1 048576 0.000000 953674 316406 25 

21 2 097152 0.000000 476837 158203 125 

22 4 194304 0.000000 238418 579101 5625 

23 8 388608 0.000000 119209 289550 78125 

24 16 777216 0.000000 059604 644775 390625 

ZS 33 554432 0.000000 029802 322387 695312 5 

26 67 108864 0.000000 014901 161193 847656 25 

2 134 217728 0.000000 007450 580596 923828 125 

28 268 435456 0.000000 003725 290298 461914 0625 

29 536 870912 0.000000 001862 645149 230957 03125 

30 1073 741824 0.000000 000931 322574 615478 515625 

31 2147 483648 0.000000 000465 661287 307739 257812 5 

32 4294 967296 0.000000 000232 830643 653869 628906 25 

33 8589 934592 0.000000 000116 415321 826934 814453 125 

34 17179 869184 0.000000 000058 207660 913467 407226 5625 

35 34359 738368 0.000000 000029 103830 456733 703613 28125 

36 68719 476736 0.000000 000014 551915 228366 851806 640625 

37 137438 953472 0.000000 000007 275957 614183 425903 320312 5 

38 274877 906944 0.000000 000003 637978 807091 712951 660156 25 

39 549755 813888 0.000000 000001 818989 403545 856475 830078 125 

40 1 099511 627776 0.000000 000000 909494 701772 928237 915039 0625 

41 2 199023 255552 0.000000 000000 454747 350886 464118 957519 53125 

42 4 398046 511104 0.000000 000000 227373 675443 232059 478759 765625 

43 8 796093 022208 0.000000 000000 113686 837721 616029 739379 882812 5 

44 17 592186 044416 0.000000 000000 056843 418860 808014 869689 941406 25 

45 35 184372 088832 0.000000 000000 028421 709430 404007 434844 970703 125 

46 70 368744 177664 0.000000 000000 014210 854715 202003 717422 485351 5625 

47 140 737488 355328 0.000000 000000 007105 427357 601001 858711 242675 78125 

48 281 474976 710656 0.000000 000000 003552 713678 800500 929355 621337 890625 

49 562 949953 421312 0.000000 000000 001776 356839 400250 464677 810668 945312 5 

50 1125 899906 842624 0.000000 000000 000888 178419 700125 232338 905334 472656 25 
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Hexadecimal system 
(Digits: 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, A=10, B=11, C=12, D=13 , E=14, and 
F=15) 

Addition table 

1 

nea he 

MMONOW> on!» 

STIMOAWroHmI]a R= SmmoNBMr. |] oe 

I= SmmMINwW> clornd We | w 

NTMMOONDW>S oMmId 

—SOMMOYNDFoaidsHAbhw!] N “AmOOMrcanrn SmoOOD> CnmrdaAlneaune SCTMMOAWDS> CHMIaAnawn WN COMMOONDPIomiId a b 

1 2 3.64 
Eg. B+6=11 

Multiplication table 

wm a I oo r-) > o (o>) i) 2 

2 
4 10 12 eA als TSA 
6 1) Se nes”. I 
8 20. 24. (28. 20 30" 34 
A 28. 22Do532.. ST ee al 
ic 3C 42 #48 4E 
Be es 23 2 31 38h0SF\ 646 ©4Dre S4055B 
10 18 20 28 30 38 40 48 50 S58 60 68 
12 

14 
16 
18 
1A 
1c 
1E 

So p cas) 
Boama 

io) i) 

zB oS tH tM 

is) a om i) + > 4 wW fo, 

1B 24 2D 36" SReE4S SI SoA od, Omer 

21 2C ¢37 42" 4D Visser 630 GE 279 S4ienee 
24 30 3C 48 54 60 6C 78 84 90 9C 
27> 342 41) AB SB p68) eT S82 pe Shin SEAS 

1 
2 
3 
4 

5 
6 
4 
8 
9 
A 
B 
Cc 
D 
E 
F TMOOD> CHIANoWNe AMONDW>, CHDIDAWEWN— 2D 3C 4B SA ~69° 78 “87 “96 “A5” B4 "C3 

1 2 3 4 =) 6 as SCAT UBS CaeeD 

. B-6=42 E.g 

Special numbers in different number bases 

B=2: t= 1.001001 000011 111101 101010 100010 001000 010110 100011... 
e = 10.101101 111110000101 010001 011000 101000 101011 101101... 
Y= 0.100100 111100 010001 100111 111000 110111 110110 110110... 
V2 = 1.011010 100000 100111 100110 011001 111111 OOL110 111100... 
In2 = 0.101100 010111 001000 010111 111101 111101 000111 001111... 

=3: a= 10.010211 012222... B=12: m= 3.184809 493B91... 
e= 2.201101 121221. e= 2.875236 069821... 
Y_= 0.120120 210100... ¥1= 0.6B1518 846760... 
V2= 1.102011 221222... V2 = 1.4B7917 OAO7BB... 
In2= 0.200201 022012... In2 = 0.839912 483369... 

B=8: 2 = 3.110375 524210 264302... B=16: 2 = 3.243F6A 8885A3... 
e = 2.557605 213050 535512... e = 2.B7E151 628AED... 
Y= 0.447421 477067 666061... ¥.= 0.93C467 E37DBO... 
V2= 1.324047 463177 167462... \2= 1.6A09E6 67F3BC... 
In2= 0.542710 277574 071736 ... In2 = 0.B17217 F7DICE... 



Powers of 16 in decimal scale 

(Digits: 0,1,2,3,4,5,6,7,8,9,A=10,B=1 1,C=12,D=13,E=14,F=15) 

n= 16% = 16 "= 

0 1 l 

1 16 0.0625 

2 256 0.0039 0625 

3 4096 0.0002 4414 0625 

4 65536 0.0000 1525 8789 0625 

2) 1 048576 0.0000 0095 3674 3164 0625 

6 16 777216 0.0000 0005 9604 6447 7539 0625 

i 268 435456 0.0000 0000 3725 2902 9846 1914 0625 

8 4294 967296 0.0000 0000 0232 8306 4365 3869 6289 0625 

9 68719 476736 0.0000 0000 0014 5519 1522 8366 8518 0664 0625 

10 1 099511 627776 0.0000 0000 0000 9094 9470 1772 9282 3791 5039 0625 

11 17 592186 044416 (0.0000 0000 0000 0568 4341 8860 8080 1486 9689 9414 0625 

12 281 474976 710656 0.0000 0000 0000 0035 5271 3678 8005 0092 9355 6213 3789 0625 

13 4503 599627 370496 

14 72057 594037 927936 

15 1 152921 504606 846976 

16 18 446744 073709 551616 

17 295 147905 179352 825856 

18 4722 366482 869645 213696 

19 75557 863725 914323 419136 

20 1 208925 819614 629174 706176 

Powers of 10 in hexadecimal scale 

n= 10” = 10” = (approximately with 16 fractional places) 

Dec Hex Hex 

0 1 J 

1 A 0.1999 9999 9999 999A 

2 64 0.028F 5C28 F5C2 8F5C 

3 3E8 0.0041 8937 4BC6 A7FO 

4 2710 0.0006 8DB8 BAC7 10CB 

5 1 86A0 0.0000 A7C5 AC47 1B48 

6 F 4240 0.0000 10C6 F7A0 BSEE 

ch 98 9680 0.0000 OLAD 7F29 ABCB 

8 5F5 E100 0.0000 002A F31D C461 

9 3B9A CA00 0.0000 0004 4B82 FAOA 

10 2 540B E400 0.0000 0000 6DF3 7F67 

11 17 4876 E800 0.0000 0000 OAFE BFF1 

12 E8 D4A5 1000 0.0000 0000 0119 7998 

13 918 4E72 A000 0.0000 0000 001C 25C2 

14 5AF3 107A 4000 0.0000 0000 0002 D093 

ES 3 8D7E A4C6 8000 0.0000 0000 0000 480F 

16 23 86F2 6FC1 0000 0.0000 0000 0000 0735 
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2.3 Complex Numbers = z=x+ly 

Imaginary unit i 

Rez 
?P=-1 

The imaginary unit is sometimes denoted j. 

Rectangular form 

Complex numbers z have the form z=x+iy, x and y real. 

x=Rez (real part); y=Imz (imaginary part) 

Z=x—iy (conjugate of z) 

|z|=Vx?+y? (modulus of z) 

|z1-22|=distance between the points z; and 

22. 

21+22=(x1+iy1)+(x2+iy2)=(x14+x2)+i(y1+y2) 

21—22= (x1 +iy1)—(x2+iy2)= (x1—x2) + i(1-y2) 

21° 22=(x1+iy1)(x2+iy2)=(x1x2— y1y2) + i(x1y2+x2y1) 

gs xitty1 = (x1+iy1)(x2—-iy2) ee (x1x2+y1y2)+ i(x2v1—-x1y2) 

22 xotiy2 (x2+iy2)(x2-iy2) xy tye 

22 

es ——4 24 Z we 
Zj+722=21+722 21Z2=2Z1 * 22 i = <1 

22 

|z1|—|zal<|z1tza|s|zi|+|z2] ——|zazal=|zil « |zal Ps a4 
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Polar form 

r=modulus of z, 0=argument of z 

z=x+tiy=r(cos 0+ isin 0)=re!® 

x=r cos 0 r=Vx'+y" 

y=r sin 0 tan Q== © 6=arctan *+na (n=0 if x>0, n=1 if x<0) 

zy + 22=ryelM « rye!= ryrre(O1t &) arg(z1z2)=arg z1+arg z2 

(moduli multiplied, arguments added) 

Z1 arg — =arg z1—arg z2 
Z2 

(moduli divided, arguments subtracted) 

zh=(rel?)haptein? arg 2"=n arg z 

e/8 = cosé + ising 

hela 
X eae e/8 = cos6 - i sin@ 

ei |=1 arge’6 = @ 

de Moivre’s formula 

(cos 0+isin 0)"=cos nO+isin nO 

The Euler formulas 

Complex analysis, see chapt. 14. 
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2.4 Algebraic Equations 

An algebraic equation is of the form 

(2.1) P(z)=@nz"+an—1z"—!+...+a,z+a9=0 (a; complex numbers) 

The degree of the equation is n (if a,#0). 

Zeros and roots 

A number r is a zero of multiplicity m of a polynomial P(z) if there is a polynomial Q(z) 

with Q(r)#0 such that 

P(z)=(z-r)™ Q(z) 

Also, r is a root of multiplicity m of the equation P(z)=0. 

(An algorithm for finding Q(z), see sec. 5.2). 

If r is a root of multiplicity m (m2=1) of the equation P(z)=0, then r is a root of 

multiplicity m—1 of the equation P’(z)=0. 

The factor theorem 

1. P(z) contains the factor z—r © P(r)=0 

2. P(z) contains the factor (z—r)” © P(r)=P'(n)=...= PO" V(r) =0 

The fundamental theorem of algebra 

An algebraic equation P(z)=0 of degree n has exactly n roots (including 

multiplicity). If the roots are rj, ..., rn, then 

P(Z)=a,(z—1r}). ... (2—Tp) 

Relationship between roots and coefficients 

If ri, ..., % are the roots of (2.1) then ntnmt...trm=— “1 
n 

an-2 

an 
rratnir3+...+/m—wn= 2 rirj= 

i<j 

rr2 ... =(-1)" re 
an 
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Equations with real coefficients 

Assume that all a; of (2.1) are real. 

. If ris a non-real root of (2.1) then so is 7, i.e. P(r)=0 > P(7)=0. 

. P(z) can be factorized into real polynomials of degree at most two. 

. If all a; are integers and if r=p/q (p and q having no common divisor) is a 

rational root of (2.1), then p divides aj and q divides ay. 

. The number of positive real roots (including multiplicity) of (2.1) either equals 

the number of sign changes of the sequence ao, a1, ..., dn or equals this number 

minus an even number. If all roots of the equation are real the first case always 

applies. (Descartes’ rule of signs.) 

Quadratic equations 

ax?+bx+c=0 

ya ot Vb? —4ac 

2a 

b*—4ac>0 => two unequal real roots 

b?—4ac<0 => two unequal complex roots (+V—d=+iV d) 

b?—4ac=0 => the roots are real and equal 

The expression b?—4ac is called the discriminant. 

Let x; and x2 be roots of the equation x*+px+q=0. Then 

x1+x2=—p 

t 1%2=4 

Cubic equations 

The equation az>+bz?+cz+d=0 

is by the substitution z=x—b/3a reduced to 

(2.2) x+px+q=0 

: m5) +6) 
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Then (2.2) has (i) one real root if D>0, (ii) three real roots of which at least two are equal if D=0, 
(iii) three distinct real roots if D<0, Put 

a nee I. 
u= 28 Dy v= as D. 

The roots of (2.2) are 

ut+v 
2 

My=Uutv x2,3=- eps (Cardano’s formula) 

If x1, x2, x3 are roots of the equation x3+rx2+sx+t=0 then 

Xy+x2+x3=—-1r 

XyXQHXjxX3Z+X2X3=S 

X1x2%3=—t 

Binomic equations 

A binomic equation is of the form 

z"=c, c complex number 

1. Special case n=2: z*=a+ib. 

Roots: +|\ See i xe 

Z=tVatib= 
+) /H2 ese) 1bH0 

2. General case: Solution in polar form: Set c=re!® 

r=VerR 

2z=c=pel(9+2kn) 

z= Vrell9+ 2ka)in— Wy [cos 22k O+2KT | icin poke | ' 
n 

kK=0;, 1, ..., n—1 

Note. The roots form a regular n-gon. 
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3 Geometry and Trigonometry 

3.1 Plane Figures 

Triangles 

a, b, c=sides, a, B, y=angles, h=altitude, m=median, s=bisector, 2p=a+b+c= 

=perimeter, R=circumradius, r=inradius, A=area. 

Theorems 

1. (a) a+B+y=180° 

(b) a<P<y © a<b<c 

2. Each of the following triples are concurrent in one point: 

(a) the altitudes 

(b) the angle bisectors (center of the inscribed circle) 

(c) the perpendicular bisectors (center of the circumscribed circle) 

(d) the medians (dividing each other in the proportions 2:1). 

3. Two triangles are congruent if the following correspond- 

ing elements are equal. 

(a) three sides 

(b) one angle and the sides including the angle 

(c) one side and the two angles adjacent to it. 

4. Two triangles are similar 

if one of the following conditions is satisfied: 
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(i) the sides are proportional (a:b: c=a':b':c') ‘i b’ 

(ii) an angle of one equals an angle of the other and the 

sides including these angles are proportional (a=a', 

b/c=b'/c') 

(iii) two angles in one are equal to two angles in the other 

triangle (a=a’, B=’). 

5. If two triangles are similar then 

ate) lel 

Mensuration formulas 

Right triangle 

c?=a*+b* (Pythagorean relation) \ 

b ab a’ b? 
A= ao = =—, y= — 30° 

2 G ue c ? Cc 

Rao pad tb=e es ove - 
2 av2 

a 

a 45° a 60° /\ 

a a 

Equilateral triangle 

4 V3 

jC ST pee a 
2 V3 2V3 

General triangle 

A= Gt = Resin - Vp(p=a\(p—bYp=0) 
(Heron’s formula) 

ia ony 

ma=t V2b°+2c—a’ belt 
2 -(54] 

Ra Bbc poy; Ra, F 
4A o at+b+c Pp 
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Triangle trigonometry 

Trigonometric formulas, see sec. 5.4. 

1. Right triangle. 

(1) * ‘sin'a=?, cosa=2, tana=", cota=2 
c c b a 

2. General triangle. 

(2) owe simp Sty ot (law of sines) 
a b c 2R 

(3) a?=b?+c*—2bc cosa (law of cosines) 

tan ae 
OD beh (law of tangents) 
a—b a—-B 

tan —— 
Z 

A= fe sing (area formula) 

(4) atfP+y=180° (angle relation) 

Solution of plane triangles 

1. Right triangle: Use (1). 

2. General triangle: 

2. | Two sides and DaGua a from (3); B (if b<c) from (2); 

the included angle y from (4) 

3. | Two sides and y from (2); a from (4); a from (2). 

an opposite angle 

b,c, B 
(Possibly two solutions) 

4. | One side and a, B, y a from (4); b, c from (2) 

two angles 
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Quadrilaterals 

a, b, c, d=sides, a, B, y, 6=angles, h=altitude, e, f=diagonals, 2p=a+b+c+d= 

=perimeter, R=circumradius, r=inradius, A=area 

Square Rectangle 

2 

ile ES . 

b 

bas = a = a6 = e=av2 r=e Pp e=Vat+b? Re; 

Parallelogram (a+$=180°) a 

A=ah=ab sina h=b sina Lbs 
Bb 

e?+f2=2(a2+b?) (parallelogram law) A 8 pa IN 

e=Va+b’+2ab cosa f=Va+b’—2ab cosa 

a 

Rhombus 

A=ah=a’sin a=} ef e+ f2=4a? 7 

LF e=2a cos f=2a sin 5 a 

Trapezoid 

Apes h=dsin a=bsin B c 
72 

d hh >< 5 
e=Va’+b’—2ab cos B f=Va’+d—2ad cosa d 

General quadrilateral 

a+B+y+6=360° 

6=90° © a2@+c2=b24+d2 

A=} ef sin 9=4 (b2+d2—a2—c2) tan O= 

=j 4e*f?—(b°+ a0 —a’—c’)’ 

Tangent — quadrilateral 

a+c=b+d A=pr 

If a+y=6+6 then 

A=Vabcd 

68 



aT 

Secant — quadrilateral 

at+y=B+6=180° 

A=V(p—a)(p—b)(p—c)(p—4) 

_14 (act ba)(ad+be)(ab+ed) 
4V (p—a)(p—b)(p—c)(p—4) 

pet (ad Pack Pd) ef=act+bd 

Polygons 

General polygon (n corners): 

Sum of angles=(n—2) - 180° Number of diagonals") 

Regular polygon (n corners): 

a=side, a=angle, R=circumradius, r=inradius, A=area 

Circles LX 

Theorems Yo 

1. (a) Inscribed angles on the same arc are equal. 

(b) An inscribed angle is equal to half the central angle 

having the same arc. 

2. The angle between a tangent and a chord is equal to the 

angle in the opposite segment. 

3. When two chords intersect 

the product of the two line 

segments making up each 

chord are equal. 

ab=cd 
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Mensuration formulas 

r=radius, d=diameter, c=circumference, s=length of arc, a in radians, 

m=3,14159 ... 

Circle Sector Segment 

c=2nr=nd s=ar x=2r sin 2 

2 Me ene ees pan Pe 1 fi ae: r| 1—cos 5 

n(ar—n)=(5) 

ha (h<<r) 

3.2 Solids A= (a-sin a) =} (rs—bx) 

Polyhedra 

a, b, c=edges, d=diagonal, B=area of base, S=total surface area, V=volume 

Rectangular parallelepiped (box) 

d=V@+P +e 

S=2(ab+bc+ac) V=abc 

Prism 

V=Bh 
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Pyramid 

Mw =3 Bh 

Frustum of pyramid 

Vit Ba a 
Vas h 

v= (B+ V BB,+B}) 

Regular polyhedra 

a=edge, V=volume, S=total surface area, R=circumradius, r=inradius 

Tetrahedron 

3 
Vae= v2 S=aV3 

puatv6 =, -4V6 
4 12 

Octahedron 

3 
yar? S=20V3 

Ret pote 
WD V6 

Dodecahedron Icosahedron 

ya 2 5+7V5) ye (3+ V5) 

S=3a2V 5(5+2V5) [ean S=5a2V3 

fae) BEAN R=2V2(5+-V3) TS) € a 
4 oe 4 

yee? [50+22V5 _a@ \/74+3V5 
4 5 6 
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Polyhedron Number of faces Number of edges Number of vertices 

F E V 

Tetrahedron 4 6 4 

Cube (Hexahedron) 
Octahedron 

Dodecahedron 

Icosahedron 

The following relation holds for the numbers F, E and V. 

F-E+V=2 (The Euler relation) 

This relation also holds for nonregular polyhedra. 

Cylinders 

h=altitude, r=radius, B=area of base, A=lateral area, S=total surface area, 
V=volume 

generatrix 

base curve 

General cylinder Right circular cylinder 

V=Bh B=nr A=2rmrh, 

S=2nr(r+h) V=nrh 

Cones 

h=altitude, r=radius, s=slant height, B=area of base, 

A=lateral area, S=total surface area, V=volume 

General cone 

= 2 (B+ VBBi+B}) 
base curve 

generatrix 
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Right circular cone Frustum of right cone 

s=VP+h s=V(n—nyt+h 

A=mrs A=n(rj+r2)s 

S=mr(rt+s) S=a[ry2+(ritre)str27] 

v=5 mrh vm (ry2+ryr2+r2") 

Spheres 

r=radius, S=surface area, V=volume 

Sphere 

S=4nP — V=Sar 

Segment (one base) 

a=r sina h(2r—h)=a* 

az 

h=r(1-cos a) Daas (h<<r) 

S=2nrh a5 h(3r—h)=2 h(3a2+h?) 

Segment (two bases) 

S=2arh 

Spherical sector 

Ve h(3a2+3b2+h?) 

Circular torus 

S =4n2ryr2 

V=292 rr" 
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Solid angle (in radians) 

w=surface area on the unit sphere. (w<47) 

Segment Spherical triangle 

w= 4nsin? w=atBt+y—-T 

eee la- (bXc)| 

2 l1+a-b+b-cte:a 

(Euler — Eriksson’s formula) 

3.3 Spherical Trigonometry 

Spherical triangles 

a, b,c=sides, a, B, y=angles. All six elements 

are anglemeasured and less than 180°. 

s=5 (a+b+c) =5 (a+B+y) 

: ‘ Radius=1 
A spherical triangle is bounded by three great circles on a ps 

sphere. 

General properties 

(Additional results by cyclic permutation) 

(1) 0°<a+b+c<360° (2) 180°<a+B+y<540° 

(3) a<P<y © a<b<c (4) a+b>c (5) a+B>y+180° 

sina_ sinf_ siny : 
6) —— = —+_ =—__ (law of sines 
( sina sinb sinc ( f ) 

(7) cosa=cos b cosc+sinb sinc cosa 
(laws of cosines) 

(8) cosa=—cosf cosy+sinB siny cosa 

Delambre’s equations Napier’s equations 

(9a) sin ; sin ue =sin : cos me (10a) tan 2 cos PTY tan 5 cos py 
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(9b) sin ; cos oi =Ccos 5 cos on (10b) tan Ss sin oy =tan : sin Pe 

(9c) cos 7 sin os =sin 5 sin oe (10c) tan PPY cos 978 =cot ; cos =£ 

(9d) cos 5 cos _ =Ccos ; sin ye (10d) tan re sin ee =cot sin ee 

Half-angle formulas 

(11a),sin? a _sin(s—b) sin(s—c) (1b) cos? oS sins sin(s—a) 

sin b sinc sin b sinc 

Di ee cos(o—a) ld 2 4 _cos(o—f) cos(o—y) 

Gig) ;sin 2 sinB siny ; te) ees 2 sinB siny 

Area of spherical triangle 

Excess E=a+B+y—180°, 

E S s—a s—b s—c \l2 
tan — =|/tan = tan ——— tan —— tan —— 

4 | 2, 2 2 2 

Area A=7R7E/180 

Solution of spherical triangles 

Note conditions (1)—(5) in determining the solution. 

Three angles a, b, c from (8) or (11) 

.| Two sides and ae and Bry from (10), hence f and y; 
; 2 2 

the included angle a from (8) or (11). 

b+c 

2 

a from (7) or (11). 

5.| Two sides and an b, c, B | y from (6); a and a from (10) 

opposite angle (Possibly two solutions) 

Two angles and an B, y, b | c from (6); a and a from (10) 

opposite side (Possibly two solutions) 
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3.3 

Napier’s rules for right spherical triangles 

Let y=90° 

The sine of any angle is equal to 

1. the product of the tangents of the two angles adjacent 

to it in the diagram. 

2. the product of the cosines of the two angles opposite 

to it in the diagram. 

3.4 Geometrical Vectors 

Vectors 

A (geometrical) vector in the plane or in space is characte- B 
rized by direction and length. Notation: A pak D 

"> hl 
8; 0; «3.5 AB, CD, ... 

a=b © a and b coincide by a parallel translation. a=AB=CD 
rad 

|a|=|AB|=length of a 

N 

Orthonormal basis a=(ay, ay, a2) 

Let ex, ey (and e,) be an orthonormal basis 

[i.e. eyley, ey lez,ezLex, |ex|=ley|=|e2|=1] 

in the plane and in space (right-hand system) respectively 
(ONR-system). 

A= Aye, + Ayey+azez=(Ax, Ay, az) 
P2=(Xa; y2; Ze) 

0=(0, 0, 0), ex=(1, 0, 0), ey=(0, 1, 0), e=(0, 0, 1) 

lal=-Var Fa, Fa 
‘ Py=(x1; 1; 21) 

P\=(%1; y1; 21) and P2=(x2; y2; z2) points > ae 
— P;P2=(x2—X1, Yo-Y1, Z2—21) 
P\P2=(x2-%1, y2—-y1, 22-21) 

Vector algebra 

a=(dx, ay, az), b=(by, by, bz), c=(Cx, Cy, Cz) 

s, tnumbers, ONR-system 
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Addition and subtraction ‘ 
| eae a+b <r & 

a+b=(a,+byx, ay+by, az+b;) L oo 2a 

7 a-b -a< : 

a—b=(a,—b,, ay—by, az—b;) 8 Fi 

a -laq 

Multiplication by number 

ta=(tdx, tay, taz) 

a+b=b+a (a+b)+c=a+(b+c) s(ta)=(st)a 

t(a+b)=ta+ tb (s+t)a=sa+ta 

Scalar (dot) product 

The number a - b is defined by a-b=|a|-|b| cos 0=ayby+aybyt+azbz 

a:-b=b-a (sa) - (tb)=(st)(a- b) 

a:(b+c)=a-b+a-c 

a-a=|a\2— a b=0 Salb 

Vector product Pa 

The vector axb is defined by 

(i) |axb|=|a| - |b| - sin é 
(ii) aXb is orthogonal to a and b b 

(iii) a, b, aXb form a right-hand system 6 
ey ey ez 

axXb=(aybz;—azby, azby—axbz, axby—dyby)= | ax ay az - 

by by bz 

axb=—bxa (axb)Xc#ax(bXc) in general 

(sa) x (tb) =(st)(axb) ax(b+c)=axb+axc 

axa=0 ey X€y=ez ey Xez=ex ez Xey=ey 

Scalar triple product 
ay Ay az 

[a, b, cl=a- (bXc)= by by bz A 

Cy Cy Cz volume V=+[a, b, c] 

[a, b, c]=[b, c, al=[c, a, b]=—[c, b, a]=—[b, a, c]=—[a, ¢, ] 

[a, b, c]=0 © a, b, ¢ are coplanar (>0 © a, b, ¢ are right-handed) 
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Vector triple product 

ax (bxc)=(a-c)b—(a- b)c 

(axb)Xc=(a-c)b—(b-c)a 

3.5 Plane Analytic Geometry 

P=(x; y), Pi=(x1; y1), ... points, a=(a,, ay) ... vectors 

1. Distance between P; and P2=V(x1—x2)’+(y1—y2)° 

2. Midpoint Pim (BE nia 

3. P dividing PP2 into ratio r/s: P= ae Dat) 
r+s r+s 

4. Centroid of triangle i.e. intersection of medians P.= 

Seiko ss, ntti) 

3 4 3 

5. Area of triangle= 

Sctatl ay ay =e Dea X ly Day A 

2| by by 2 Xe kp Vo=V i 

6. Area of polygon P1P2 ... Pn= 

=4) (x1y2tx2y3t...+Xn-1ntXny1—X2V1—X3Y2—--. —XnYn—-1—-X1Yn) 

a:b axby+dyby 
7. Angle 0 between vectors: cos @= 

la| - lb) Vay tay Vb +by? 

Straight lines 

Direction vector v=(a, ) 

Direction angle @ 

Normal vector n=(A, B)//(—£, a) 

Slope k=tan 9= PeeeyA eed 2 
a Bo x2-x4 

78 



3.5 

Equation forms y 

8. General form: Ax+By+C=0, n=(A, B), k=- bo D> 
9. Point-slope form: y—y1=k(x—-x1) 

10. Slope y-intercept form: y=kx+m x 

11. Intercept form: eel) 
a 

AxtByrC _ 
12. Normal form: 0 

VA?+ B? 

, x=xotat 
13. Parametric form: r=ro+tv © 

y=yotPt 

14. Angle 6 between lines of slopes k; and k2: tand=+ is i?) 
1+kk2 

15. Two lines of slopes k; and k2 are perpendicular © kjk2=~—1. 

: Ax1i+Byi+C 
16. Distance d from P; to Ax+By+C=0: d=+——=—_— 

‘ VA?+ B’ 

Second degree curves 
General form 

(3.1) Ax?+2Bxy+Cy?+2Dx+2Ey+F=0 (not all A, B, C=0) 

Classification 

(a) AC—B?>0: Ellipse case. Possible geometrical meanings: 

ellipse, circle, one point, nothing. 

(b) AC—B?=0: Parabola case. Possible geometrical meanings: 

parabola, two parallel lines, one (double) line. 

(c) AC—B*<0: Hyperbola case. Possible geometrical meanings: 

hyperbola, two intersecting lines. 

Analysis of (3.1): 

(a) B=0: Completing the squares, 

D \2 E \? D 
Alx+—) +Cly+—] = i te, BEE 2 
(» [» Center at( : , 

ic 

Compare to the equations below. 

(b) B#0: Spectral methods, see sec. 4.6. 
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Circle 

a. Center at origin, radius R: x?+y?=R2 

x=R cost 
Parameter form: .. , 0SS2r 

=R sint 

. Center at (xo, yo), radius R: (x—x0)*+(y—yo)?=R? 

3.5 

Area=7R?, circumference=27R. 

Parameter form x=x9+R cost, y=yo+R sint 

. Three point formula 

x24 y? 38 y 

xerox Vil 

xy +y2 x2 y2 

ee eee a | = pe pe 

Ellipse 

2a=major axis, 2b=minor axis 

. Center at (x0, yo): _ 

. Center at origin, major axis along the x-axis: 

x2 a y 
—+=.=1 
a’ Pp 

x=a cost , 
Parameter form: . , OXt<27 P=(a cost, b sin?) 

y=b sint im 

Foci at (+c, 0) where c= Va’?—b? 

Excentricity e=c/a (0<e<1) 

Area=7ab 

Circumference=4a E(k) with k= Va’—b’/a. 

(See elliptic integrals sec. 12.5) 

(x-x0)? | O- Ono)" 
az 

QF; + QFo=2a 

Parameter form: x=xo+a cost, y=yo+b sint. 
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3D 

Parabola 

Vertex at the origin 

Focus at (p, 0) 

Directrix x=—p a eee 

Excentricity e=1 

Equation: y?=4px 

Segment 

Area=2bh/3 

Arc length= Vb*+ 16h7/2+(b?/8h)In[4h+ Vb?+ 16h’)/b] 

Rotation about x-axis 

Volume=b2h/8 

Area=zb[(b?+ 16h2)>/2—b3]/96h2 

Hyperbola 

2a=transverse axis, 2b=conjugate axis 

Center at the origin, transverse axis along the x-axis: 

i 
az b2 

Parameter form x=acosht 
: F —ao<f[< 0 

of the right branch: | y=bsinht 

Foci at (tc, 0) where c=Va’*+b? . 

Excentricity e=c/a_ (e>1) 

Asymptotes y=+bx/a 

Za PF2—PF\=2a 
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3.6 

3.6 Analytic Geometry in Space 

P=(x; y; z), Pi=(x13 y1; 21) ... points, a=(ay, dy, az) ... vectors 

1. Distance between P; and P2= 

= V(x1—x2) + 01-2) + (21-22) 

2. Midpoint Pm= ae: ye
e, os 

3. P dividing PP? in ratio r/s: 

Ps rXQ+5xX1, Fy2tsy1, 1227821 

rts * rts ° rts 

4. Centroid of tetrahedron 

SS : PN es cae 

5. Area of triangle PiP2P3=3 |P1P2x P1P3 

6. Volume of tetrahedron=+ zla, b,cjJ=+= 

a- b a axby+dybyt+azbz 

la| q \b| Var +ay +a? Vb2+b/ +b? 

7. Angle @ between vectors: cos 0= 

Straight lines and planes 

Lines 

Direction vector v=(a, f, y) 

Line I given by 

(1) point Poel and direction vector y. == — ==> 
x OP=OPo+tv 

r=frottv 

x=xotat 

Equation: y=yotBt S SPOS 8 = 27-20 

a 
Z=zotyt B Hs 

(2) two points P; and P2. Set v=P,P2=(x2—%1, y2—y1, Z2—21) and use (1) 
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3.6 

Planes 

Normal vector n=(A, B, C) 

Spanning vectors »j=(a1, 61, v1), v2=(a2, B2, v2) 

General equation form: Ax+By+Cz+D=0 

Plane m given by 

(3) Poem and normal vector n: 

A(x—x0)+B(y—yo)+C(z—z0)=0 

(4) Poem and spanning vectors v1, v2 in the plane: 

(a) Calculate n=v;Xv2 and use (3) or 

LEC V=¥0 220 

(b)| of B1 yw |=0° or 

G25 P2080? 

x=xotajyt+a2s 

(c){ y=yo+fitt+B2s (parameter form) 

Z=zotyitt+y2s 

(5) Three points Po, Pi, P2E7. 

—_=_=_> -—=> 
Calculate n=PoP1 x PoP2 and use (3). 

(6) Intersections with coordinate axis: 

~4%4%=1 (intercept form) 
@ bee 

Angles 

Between two lines: cos pave 2ls 
|vi] + |v2| 

Between line and plane: cos (90°—6)= 2 3 = 

y| - |n 

Between two planes: cos palm nel 

ny| + |n2| 
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3.6 

Distances 

From a point P; to a line (Po arbitrary on the line) 

— 
dal PoP | 

|| 

From a point P; to a plane (Po arbitrary in the plane) 

quit : PoPi| _ |Ax1+Byi+Czi+D| 

|n| VA7+B’+C 

Between two non-parallel lines (P;, P2 arbitrary on the lines respectively). 

— 
ss |PiP2 - (v1 Xv2)| 

|v1 x v2| 

Second degree surfaces 

General form 

(3.2) Ax?+ By?+ Cz?+2Dxy+2Exz+2Fyz+2Gx+2Hy+2Kz+L=0 

Analysis of (3.2): 

(a) D=E=F=0: Complete the squares and compare to the standard forms below. 

(b) Any D, E, F#0: Spectral methods, see sec. 4.6. 
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3.6 

Second degree surfaces in standard form 

Sphere 

x2+y2+z2=R? 

Ellipsoid Elliptic cylinder 

2, 2 2 2 2 

q@ be a2 b2 

Hyperbolic Cylinder 

ae 
ee aS 
a b2 

Elliptic Paraboloid 

2 2 

ax b 

Elliptic Cone 

Elliptic Hyperboloid 

of one sheet 

Elliptic Hyperboloid 

of two Sheets 
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4.1 

4 Linear Algebra 

4.1 Matrices 

Basic concepts 

In the following only real vectors and matrices are considered. 

a\ 

Column vector a=| ... | ER” Row vector a'=(a, ..., Gn) 

an 

Scalar product a'b=a,bi+...+anby 

Norm (length) \a|= Vala= Vay?+... +a) 

Matrix of order mxn: (A is square if m=n): 

aig: “ain aij 

A=|... =(ajj)=[a1, sna Oran Gals adil ie 

Qm1 ... Amn Amj 

Qj1 ... Am) 

Transpose of A: A'=}]... of order nXm (exchange rows and columns). 
Bitpnnon Gris 

a1 
a22 Diagonal matrix D= 0 =diag(ay1, ..., dnn) (ajj=0, i#)) 

ann 

Identity matrix [=diag(1, 1, ..., 1) of order nxn 

a1 0 

a21 422 

Lower triangular matrix T= . (ajj=0, i<j) 

anil ove ann 

Upper triangular matrix analogously. 

Exponential e4= x A" (A square) 
n=0 Nn: 

Inverse of A: A~! satisfying AA~!=A-!A=] (A square) 

A is symmetric if A=A' OS Ajj= Aji 

A is orthogonal if A is square and A'‘A=I © A‘=A7-! 
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4.1 

Matrix algebra 

1. Addition C=A+B:cj=aj+bj (A, B, C of the same order) 

2. Subtraction C=A-—B:cj=ajj—by (A, B, C of the same order) 

3. Multiplication by a number, C=xA : cjj=xaj (A, C of the same order) 

4. Product AB of two matrices: 

If order (A)=mxXn, order (B)=nxXp, then C=AB is of order mxp 

and A B G 
’ ra 

ei i|eene = -i| @ 

am 
J J 

Note: AB=A[b1, ...5 bp]=[Ab1, --., Abp] 

A+B=B+A (A+B)+C=A+(B+C) x(A+B)=xA+xB 

AB#BA (in general) (AB)C=A(BC) IA=AI=A 

A(B+C)=AB+AC (A+B)C=AC+BC (AB)'=BiA' 

(AB)“!=B-1A-1 (A7}'=(A)7! (A+ B)'= At BE 

cA+BaeAeB if AB=BA (e4)"!=e"4 fd exA=aes 
x 

Differentiation 

If A=A(x)=(aj(x)) and B=B(x), then (i) A’(x)=(aj'(x)) (@W (A+B)'=A'+B' 

(iii) (AB)'=AB'+A'B (iv) (A2)'=AA'+A’'A (v) (An) =-A AAD 

Matrix norms, see sec. 16.2. 

Rank 

Elementary row operations 

I. Exchange of two rows. 

II. Multiplication of a row by a constant #0. 

III Addition of an arbitrary multiple of a row to another row. 

Notation: A~B if A can be transformed to B by a sequence of elementary row 

operations. 
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4.1 

Example 1. 

ote er ie hla 
O=3 3 ©- O-—f 14y=) 0-14 
Oe y= Oubiocd 0 00 

The concepts echelon form matrix and pivot element are explained by the following 
figure: 

row 1 

row 2 

bi Zeros 
row r — 

pivot elements 40 

Any matrix can be transformed to an echelon form matrix by elementary row 
operations. The number r (the rank) is unique. 

Definition of rank 

The following characterizations of the rank r(A) of a matrix A are equivalent. 

1. The number of non-zero rows in an echolon form matrix A'~A. 
2. The number of linearly independent columns or rows of A. 
3. The greatest order of non-zero determinants of sub-matrices of A. 

Example 2. 

r(A)=2 for A in example 1. 

r(AB)<min[r(A), r(B)] r(AA‘')=r(A'A)=r(A) 

Trace 

If A is square of order nXn then 

nA 

tr A= = aii (i.e. the sum of the diagonal elements). = 

tr(x1A+x2B)=x,tr A+xotr B (x1, x2 scalars) 

tr(AB)=tr(BA) (order A=mxn, order B=nXm) 

n 

trA= a Ai (A; eigenvalues of A) 
i= 
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4.2 

4.2 Determinants 

Definition 

The n order determinant of a square nXn matrix A is the number 

aj --. Gin 
D=det A= |... =2(—1)a1p, ... Anp, (n! terms) 

Qn .-. Ann 

The sum is taken over all permutations (pi, ..., Pn) of (1, ..., m) and a is the number 

of all pairs (pj, pj) of the permutation such that p;>p, if i<j. (Or a is the number of 

exchanges necessary to bring the sequence (p1, ..., Pn) to (1, ..., 2).) 

Geometrical interpretation. D=+volume of the “n -dimensional parallelepiped” span- 

ned by the column (or row) vectors of A. 

Special cases 

a11 412 
1. n=2: =a41022—a42a2) 

a21 422 

441 4142 413 

2. n=3: 421 422 423 = A1122A33 + 12023431 + A13A21432— a11A23432— 412421433 — 413422431 

431 432 433 

aii 

. a22 

3. (Triangular determinant) |. i =€11022 ... Ann 

An recone ann 

1. det A'=detA 2. det(AB)=(det A)(det B) 3. detA~!=1/det A 
4. det J=1 5. det (xA)=x" det A 6. det A=A4A2 ... An (A; eigenvalues) 

_ If all elements of a row (or a column) are multiplied by a constant c, then 

the determinant is multiplied by c. 

8. Exchange of two rows (columns) changes the sign of the determinant. 

9. A determinant does not change if one row (column) multiplied by a constant 

is added to another row (column). 

10. A determinant equals zero if (a) all elements of a row (column) are zero, or 

(b) two rows (columns) coincide. 
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4.2 

Development of a determinant. Cofactor 

Subdeterminant Dj of order (n—1)x(n-1) is formed by deleting the i” row and the j” 
column of D. 

Cofactor Ayj=(—1)'*) Dy. 

11. det A=aj1Aj1+4;2A;2+...+ainAin (development by i row) 

12. det A=ayjA1j+azjA2j+...t+anjAnj (development by jt column) 

234 

=[development by 2”4 row]=5-(—1)*+!/ 4 1 1 

345 

Matrix inversion 

13. A~! exists © det A40. 

Calculation of A~! 

a. [A= Aji (cofactor method) 

b. Assume, by elementary row operations, 

Tinos Gaya Misco ices ON On ieee Ones 

[Al]= |... ee =[JB]. 

An... Ann Opel: 0 else 1 by Ds 

Then B=A7!, (Jacobi’s method) 

a22 —a12 

—421— al 

-1 
Special case, n=2: Be = a 1 

421 422 411422— 412421 

Box inversion 

(yp) (q) (P) (4) 
On| 4 au (P) Boi _) =e (order(A)=pxp, order(B)=qxq) 

(q)| O:; B ONRORES Pe, 
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4.3 

4.3 Systems of Linear Equations 

A system of m linear equations and n unknowns 1, ..., Xn has the form 

ayyxytay2x2+...+ainXn=b1 

ayxyta22x2+...+a2nXn=b2 
(ES) 

Am1X1+Am2xX2+...+AmnXn=bm 

—) 

ai1 ... Ain X1 by 

(ES) Ax=b, A=}\... x= | a leb= 

aml Ree Amn Xn love 

9S 

aij 

(ES) xyaj+x2a2+...+XnQn=b, 
 aj= |... 

Amj 

The (ES) is homogeneous if all bj=0, otherwise inhomogeneous. The matrix A is called 

the coefficient matrix and 

a1... @ind1 

the matrix B=]... =[ai, ..., @n, 5] 

Ami --- anyon 

the augmented coefficient matrix. 

The number of solutions 

Homogenous system Inhomogeneous system 

Assumptions Number of solutions* | Assumptions | Number of solutions* 

n<m| r(A)=n 1 r(A)<r(B) 

r(A)<n r(A)=r(B)=n | 1 

r(A)=r(B)<n | © 

1 r(A)=r(B)=n | 1 

© det A#0 
n=m| r(A)=n & 

det A#0 

r(A)<r(B) 

r(A)=r(B)<n 
r(A)<n & 

det A=0 

r(A)<r(B) 
r(A)=r(B) 

n>m 

* In the case of © the number of free variables (indeterminates) is n—r(A). 
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4.3 

Gaussian elimination 

By elementary row operations [i.e. 1. Exchange of equations, 2. Multiplication of an 

equation by a constant #0, 3. Adding one equation to another] the system (ES) can 

be transformed into echelon form. From that form the unknowns are determined by 

backward substitution. Of these there are two groups: 

1. Basic variables: corresponding to pivots. 

2. Free variables: the others. 

Example. 

SV 22) x-y-2z+ u= 0 

BEI) a es Pome Iii) 9S “yt32—2u=-2G) @ 
2A) — ee SL aD yt+3z+ u= 2 

x-y-2z+ u= 0 (1) 

—) Sore (PD) 

6z— u= 0 (3) 

(3) (1) 2) 
Solution: Set z=1 (arbitrary) > u=6z=6t > y=2+3z—2u=2—-9 > x=y+2z7—u=2=13¢ 

(x, y, z are basic variables, u free variable) 

Quadratic systems 

If m=n in (ES) and if det A40 the unique solution can be expressed explicitly by either 

1.x=A7!b (inverse matrix method) or 
2. xj=Dj/D, j=1, ..., n, where D=det A and D;=the determinant that arises when the 

j* column of D is replaced by the column elements by, ..., by. (Cramer’s rule) 

Least squares approximation 

It may happen that (ES) has no exact solution. The problem of finding the approximate 
solution in mean consists in determining x1, ..., x, such that the square mean error 

= qi (a? Ph fe Seon pe n (él +. Ey?) Wath b| 

&1=ayyxi+... Fait, —D1 

where 

Em=Am1X1+... saa 

is minimal. 
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4.3 

Theorem 

Any solution (there always exists at least one) of the nXn square system 

A‘tAx=A'b 

minimizes 7. 

4.4 Linear Coordinate Transformations 

Orthogonal matrices 

The vectors a, b are orthogonal (aLb) if a’ b=a,bi+...+anbn=0. 

Definition. A real square matrix P is orthogonal if P'P=I. 

Let P=(p;)=[p1, p2, ---, Pn], where pj are the column vectors of P. Then 

1. P is orthogonal & The column vectors of P are pairwise orthogonal and 

normed, i.e. pi‘pj=0 (i#j), |pil=1. 

2. P orthogonal > 

(a) P is orthogonal (b) Pal 

(c) det P=+1 (d) (Pa)'(Pb)=a'b 

(e) |Pa|=|a| (f) aLb © Pal Pb 

3. P, QO orthogonal > PQ orthogonal. 

Coordinate transformations 

(The results are given in the 3-dimensional case. They can be generalized to arbitrary 

dimension in an obvious way. Cf. sec. 4.8.) 

Given: Two parallel coordinate systems with bases ey, ey, €z and @x, @y, @z respectively. 

Relationship between bases (P=transformation matrix): 

@x=pi11extp21ey +p31ez Pll P12 P13 

(4.1) @y=p12ex + p22€y + p32€z P=| p21 p22 p23 | =[ex ey, @:] 

@2=P13ex t+ p23ey + P33ez P31 P32 P33 

ll 
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4.4 

Components of a vector = 

Let the vector vy have components (vx, vy, vz) and (Vx, Vy, Vz) 

with respect to the bases e,, ey, e, and @,, @y, @z respectively. 

Then 

Vx Vx 

(4.2) vy | =P] vy 

Vz Vz x 

P is orthogonal if the coordinate systems are orthonormal 

(ON). 

Coordinates of a point 
NI 

Let the point A have coordinates (x; y; z) and (x; y; Z) with x _ 
respect to the coordinate systems (O, ey, ey, ez) and (Q, é,, Ys af Afi 
@y, @z) respectively, where Q=(x0; yo; zo) in the former a vi 

QS y system. Then Sx 
O y 

Xe x0 Xx 

(4.3) Yl=lyo|+P|¥ ‘ 
Z ZO Zz 

1. Both bases orthonormal > P is orthogonal. 

2. Rotation of an orthogonal coordinate system > P is orthogonal. 

Rotation of coordinate system 

Coordinates of point A: 

ia cosa—y sina a cosat+y sina 

y=X sina+y cosa y=-x sinat+y cosa 

4.5 Eigenvalues. Diagonalization 
Definition 

The number / is called an eigenvalue of a square matrix A and g#0 is a corresponding 
eigenvector if 

(4.4) Ag=dg. 
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4.5 

The characteristic equation 

ayi—A ajy2... Ain 

ar, ag2—A 

A is an eigenvalue of A © det(A—AN)= ‘ ; =0 

ani aan Ann—A 

det A=AjA2 ... An. (product of all eigenvalues). 

Symmetric matrices 

A real square matrix A is symmetric if A‘=A. 

A symmetric => (a) all eigenvalues are real (b) eigenvectors corresponding to 

different eigenvalues are orthogonal (c) a’ (Ab)=(Aa)'b 

Spectral theorem for symmetric matrices 

Assume that (i) A is symmetric (ii) 1, ...,An are eigenvalues (incl. multiplicities). 

Then there exist corresponding eigenvectors 1, .-., &n such that 

1. gil g; (4), |g =1 (pairwise orthogonal and normed) 

Set P=[g1, g2, .--» 8n]- Then 

2. P is an orthogonal matrix 

3. PAP=D=diag(A1, 2, ..., An) 

4. A=PDP', Ak=PD*P'=P diag(Ai‘, ..., An*)P! 

5. AminS re <Amax, (x#0) (equality @ x=corresponding eigenvector). 

1-2 0 -4 
0 5-2 4 
-4 4 3-A Example. A= . Characteristic equation: =—A3+942+9A—-81=0 

with roots 1;=9, 42=3, 43=—3. Corresponding eigenvectors: 

a x —8x—4z=0 

A1=9:A| y |=9| y | > —4y+4z=0} with general solution 

iz fi —4x+4y—6z=0 

ile a hai 
x=—t, y=2t, z=2t. Choose gi= 2). Analogously g2= =| 2 

1a ah i 

1 2 1 SL ie 

and g3= 3 —1 |so that P= 3 2 2-1])and D=P‘AP= 

2) 2-1 2 
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4.5 

Affine diagonalization 

Assume that (the non-symmetric) A has n distinct real eigenvalues 1, ..., An. Then 

1. the corresponding eigenvectors gi, ..., gn are linearly independent. 

PL: joe AL=D=diag(A1, eeey An), L=[g1, eeey £nl. 

(Also in the case of multiple eigenvalues there may exist linearly independent 

eigenvectors and hence 2.) 

A generalized eigenvalue problem 

Eigenvalue problem (A invertible): 

(4.5) Bg=/Ag, g#0 

(This coincides with (4.4) if A=/). 

The number J is an eigenvalue of (4.5) © det(B—/AA)=0. 

Generalized spectral theorem 

Assume that (i) A, B symmetric, A positive definite (ii) 41, ..., An eigenvalues 

of (4.5). Then 

1. All eigenvalues are real. 

2. There exists a basis of corresponding eigenvectors gj, ..., gy, such that 

gi'Agj=oj, gi Bgj=A joi. 

3. If L=[gi, ..., gn] then det L40 and L'AL=/, L'BL=diag(Aj, ..., An) 

(simultaneous diagonalization). 

4. POM kL x40. 

xAx 

4.6 Quadratic Forms 

Three dimensions 

A quadratic form is a homogeneous polynomial of second degree, 

O=Q(x)=Q(x, y, z)=a11x?+any"+a3327+ 2a12xy +2a13xz+2an3yz= 

ai1 12 443 |[ x 
=[x y z] | 412 a22 a3 || y | =x'Ax, 

413 423 433 || z 

where A is a symmetric matrix. 
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4.6 

Theorem 

Let (i) A1, A2, 43 be the eigenvalues of A 

(ii) g1, g2, g3 correspondig eigenvectors, pairwise orthogonal and normed, 

(iii) P=[gi, g2, g3] orthogonal matrix 

Then 

a 36 

1. the transformation | y |=P]| y 

Zz Z 

brings Q into the canonical form 

O=A1X2 + Ary? +132" 

2. Amin(x2+y2+22)<SO<Amax(x?+y?+ 27) 

(Equality © x=corresponding eigenvector) 

Arbitrary dimension 

Let 1. aj real, aj=aji, A=(ajj) symmetric nXn-matrix, X= (Lie ha): 

2.24, ..., An eigenvalues of A, gi, ..., 8n corresponding eigenvectors, pairwise 

orthogonal and normed. 

3. P=[g1, ..., gn] orthogonal matrix. 

4. QO(x)=x'Ax quadratic form. 

Then 

1. setting ¥’=(X1, ..., Xn), the transformation x=Px brings Q into the canonical 

form 

O=Ax 124+... +Ank pn? =H! diag(A1, ..., An) ¥ 

2. Amin\x|2<O(x)<Amax\x|?_ (Equality @ x=corresponding eigenvector) 

Definiteness 

Anne ona Cle 565 Chip 

Matrix A= | ax] ... Akk «-- Submatrix Ax= 

Anl1 «++ Ann 

The symmetric matrix A and the corresponding quadratic form Q(x)=x'Ax are said to 

be 



4.6 

1. positive definite if (any of the conditions) 

Q(x)>0, x4#0 © all Ax>0 © all det A,>0 

2. positive semidefinite if Q(x)=0 © all A,=0 

3. indefinite if 

Q assumes positive and negative values © A has positive and negative eigenvalues. 

A, Q are negative definite 4 —A, —Q are positive definite. 

Second degree curves (cf. sec. 3.5) 

Example. (ON-system) 

Classify the curve 6x?+4xy+9y?=1. 

With notation as above: 

6 2 -|$ 2), ay=10, An=5 

vl jer ORSAY 4 (Oras EW I 

; . Coordinate transformation  * 

Canonical form: hae 

Ellipse, semiaxis ——= and ZA). wr 
X—axis: y=2x, y—axis: y=—x/2. 

Second degree surfaces (cf. sec. 3.6) 

Example. (ON-system) 

Classify the surface 

5x*+Sy*+8z2+8xy+4yz—4xz=1. 

With notation as above: 

5 4 -2 1 2. 2 

45 2 Ay=A2=9, A3=0, P=[g1, } pa g3)]= 3 z 1 -—2 

Thee ts! 2a eel 

(Two eigenvalues coincide > surface of revolution, axis along g3). 

ae 

Coordinate transformation: =U 

Zz NI<I &l 

Canonical form: 9x°+9y?=1 (circular cylinder) 

Axis of revolution: (x, y, z)=«(2, —2, 1) 
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Classification 

Canonical form: 41%2+A2y?+A3z2=c 

Ellipsoid 

One point 

Hyperboloid of one sheet 

Hyperboloid of two sheets 

Elliptic double cone 

Elliptic cylinder 

One line 

Hyperbolic cylinder 

Two intersecting planes 

Two parallel planes 

Two coincident planes 

+ot 
+ 

+ 

+ 

+ 

+ 

+ 

++ettee+e¢¢+ 

| 

© + St. oO ol 

4.7 Linear Spaces 

Vector spaces 

Aset L of elements x, y, Z, ..., is called a linear space or a vector space (over R) ifaddition 

and multiplication by scalars are defined so that the following laws are satisfied for all 

x, y, zeL and A, weR. 

I. 1. x+yeL 2. xt+y=yt+x 3. (x+y) +z=x+(y+z) 

4. there exists 0 such that x+0=x 

5. there exists —x such that x+(—x)=0 

II. 1. AxeL 2. A(ux)=(Au)x 3. (Atp)x=Axtpx 

4. A(xt+y)=Ax+dy 5. 1:-x=x 6. 0: x=0 7. A0=0 

Test for subspace 

A nonempty subset M of L is a linear space itself if 

1.x, yeM > xt+yeM, 2. xeM, AER DS AxeM. 

Linear combinations. Basis 

1. The vector y is a linear combination of x1, ..., Xn if y=Aixit...tAnXn. 

2. The linear hull LH(x1, ..., Xn) is {y : y=Ayxit...tAnxn, Ai€R}. 
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Sexi ale 

(i) linearly independent if Ayx1+...+Anx,=0 > A;=0, all i 

(ii) linearly dependent if there exist Aj, ..., An, not all zero, such that 

Ajx1+...+AnxXn=0 (© some x; is a linear combination of the others.) 

4. e1, ..., @n is a basis of the linear space L and L is n-dimensional if 

(i) 1, ..., €n are linearly independent 

(ii) every xeL can be written (uniquely) 

X=X1€1+...+Xnen 

Scalar product 

1. Let L be a linear space. A scalar product (x, y) [other notations x - y, (xly), (x, y) 
etc.] is a function Lx L — R with the following properties holding for all x, y, zeL 

and A, weR: 

1. (x, y)=0, x) 2. (x, Aytuz)=A(x, y)+u(x, 2) 
3. (x, x)20 (Equality © x=0) 

2. Length of x: |x|=V(x, x), |cx|=Ic|- |x| (c scalar). 

3. |(x, y)|<|x| - |y| (Cauchy-Schwarz’ inequality) |x+y|<|x|+|y| (Triangle ineq.) 

Orthonormal basis 

Let L be an n-dimensional linear space with scalar product (Euclidean space). 

1. A basis e1, ..., @n is called orthonormal (ON-basis) if 

1, i=j 
(¢i, a={) ixj 

n n 

Dei... en ON-Dasis, «= 2 tee y= ape => 

(i) xe=(, ex) (ii) |eP= Exe (iti) (x, y)= 2 ray 

Orthogonal complement 

M subspace of L: 

M!={yeL: (x, y)=0, all xeM} 

Orthogonal projection 

M subspace, e}, ..., €m ON-basis of M: 

x’ is the orthogonal projection of x on M if @ 
! Moreover, x’= 2 (x, ex)e x=x'+x", x'eM, x"eM!, RA kek 
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Gram — Schmidt orthogonalization 

Given: 1, ..., ¥n basis of linear space L with scalar product. 

Sought: ON-basis e1, ..., @n of L. 

Construction: (Gram — Schmidt): 

(1) y= + 
|v1| 

me liga 

lfr| ii 
(2) fo=v2—(v2, €1)e1, e2= 

(k) Sk=Vk—-(V, €1)ei1—...— (Vk, €k-1)€k-13 ppd: tk 

ia 

4.8 Linear Mappings 

Let L, M be linear spaces. A function F: L > M is called a linear mapping if 

F(Ax+py)=AF(x) +uF(y) 
for all x, yeL, A, wER 

Matrix representation 

Assumption. (i) e1, ..., én basis of L, fi, ..., fm basis of M. 

% ayy ...| Aj |... Gn 

(ii) Fe)= 2 aif, A=] =lFenrvrenl 
Am1++» | Amj | +» Amn 

Fe;) 

n m 

Then if x= 2 i ej, F(x)= 2 Vidi the mapping x > F(x) 
a i= 

is represented by the matrix A, i.e. 

al G11 «.. Gin x1 

at hl (a | & Y=AX 

Ym aAm1 des Amn Xn 

Inverse mapping L 1M 
F F- 

If F: L — M is invertible then 

F-1: M-— L is represented by A7! 
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Composite mappings L M 
F 

IfF: L+>M,G:M-— Nand if F and G are represented CG G) 

by A and B respectively, then the mapping Go F (defined 

by (Go F)(x)=G(F(x)) is represented by the matrix BA. G 

Symmetric mappings 

Let L be a finite-dimensional Euclidean space and F : L > L a linear mapping. 

1. Fis called symmetric if (Fx, y)=(x, Fy), all x, yeL. 

2. The number J is called eigenvalue, x#0 a corresponding eigenvector, if Fx=Ax. 

3. (The spectral theorem.) If Fis asymmetric mapping then there is an orthonormal basis 

of L consisting of eigenvectors of F. 

The matrix representing F in this basis is diagonal with the eigenvalues along the 

diagonal. 

4. (Projections) A matrix P represents an orthogonal projection @& P2=P and 

P'=P © P*=P and |Px|<\|x\, all x. 

If a matrix A has linearly independent columns, then A’A is invertible and 

P=A(A'A)~!A! represents the orthogonal projection onto the column space of A. 

Change of basis 

(Cf. sec. 4.4) 

Let ej, ..., en and @1, ..., @, be two bases of L with the relationships 

— n — —_ 

o> = Pre ei P=(py)=[41, ..., €n] 
k= 

n 

Cin cogil ej, O=(qij), O=P'=[e1, mo) en] 

1. (Relation between components) 

x] x1 

. “ a2 | p.. | © Letx= a Xj eja= 2 i Cy ue, © cand i. oa ea Sat 
i= i= 

Xn Xn 
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2. (Relation between matrix representations.) 

If F: L > L is represented by the matrices A and A with respect to the two bases, 

respectively, then 

A=P-!AP aij= ae Qik Pkj 

A=P'AP  aj= > Pili Aik Pkj (P orthogonal) 

Range and nullspace 

Given F : L —> M, A the corresponding matrix. 

1. (a) Nullspace 

N(F)={xeL : F(x)=0}cL 

(b) N(A)=set of column vectors XeER” 

such that AX=0. 

2. (a) Range 

R(F)={F(x)eM : xeL}cM 

(b) R(A)=space spanned by the column vectors of A 

(subspace of R”™). 

Theorem 

_ dim L=dim N(F)+dim R(F)=dim N(A)+dim R(A) 
. dim R(A)=dim R(A‘)=rank(A) 

. rank (A)=rank (A‘)=rank (A‘A)=rank (AA‘) 

. dim M(A)=n-—rank (A) ; 

. N(A)=N(A‘A) 

_ R(A‘)=R(A‘A) 
_ N(A)=R(A9! 

Example 

Determine R(A) and N(A) of the matrix A below. 

Solution: By elementary row operations (see sec. 4.1), 

Te 2a lees 
~ 0 3 

0 2 
1 =B 
0 
t 

NN 

VFnnere 

1 
3 
3 
t —aPporre Fp kK) — 
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(i) R(A) is spanned by those columns of A which correspond to the columns (marked with 

arrows) with pivot elements of the echolon form matrix B. Thus the column vectors 

(1,1,2), (1,2,2)! and (1,3,3)' constitute a basis for R(A) and dim R(A)=3. 

(ii) Solving the system Ax=0 | x1 +2x2+2x3+x4+3x5 =0 

x3+2x4+3x5=0 

x4+2x5=0 

yields xs=t, x4=—2t, x3=t, X2=S, Xy=—2t—2s or 

(X15 X25%3, X43 %5)=t(—2; 0; 1,—25 1) +5(—2; 4; 0,0, 0). 

Hence the column vectors (—2, 0, 1, —2, 1)! and (—2, 1, 0, 0, 0)! constitute a basis for N(A) 

and dim N(A)=2. 

4.9 Tensors 
Relations between bases: 

a2 By! ej, e=2qi ej, Q=(qi/)=P-'=(p7/)7} 

Tensors of order 1 

1. a=(a;) covariant if 4;=Xp;/a;_ (transformation as basis vectors). 
j 

2. b=(b') contravariant if bi=dqj'b/ (transformation as vector components). 
j 

Tensors of order 2 

3. A=(ajj) covariant if aij= > pikpj'axs 
Kt 

4. B=(b!/) contravariant if bi= x griqub*! 

5. C=(c;/) mixed if oJ= piEqcx! 

Tensors of higher orders are defined similarly. 

The stress tensor (Tjj) and the strain tensor (ej) are covariant tensors of second orders. 
The metric tensor (gij) where gij=(e;, e;) is a covariant tensor. 

Operations 

1. Sum of tensors and multiplication by a scalar are defined component-wise. 

2. Tensor product C=A®B. E.g. if A=(a;'), B=(bjj) then c!jxj=a;'by1 (mixed tensor of order 4). 

3. Contraction. E.g. dj= > CKin= Lajbu. 

4. Trace. Tr(A)=Za;'. 
Ll 
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4.10 Complex matrices 

In this section components of vectors and elements of matrices are complex numbers. 

Vectors in C” 

Let a, b be (column) vectors in C” 

1. Scalar product a*b=a,b\+a7b2+...+4nbp, b*¥a=a*b 
alb©a*b=0 (a and b orthogonal) Here the bar denotes complex conjugate. 

. Length (norm) \al?=a*a=|a,|?+\a2|?+...+]an|?, |ca|=|c| - |a 

. Cauchy-Schwarz’ inequality: |a*b|<|al - |b]. 

. Triangle inequality: |at+b|<|a|+|b]. 

. Pythagorean relation: |a+b|?=\|a|?+|b|?  aLb. 

, c=complex number. 

nA eb WN 

Matrices 

6. Adjoint A* of A=(ajj): A*=(qi). 

(A+B)*=A*+B* (cA)*=cA*(ceC) 
(AB)*=B*A* Area 
(AB)"1=B-1A-! (A“*=(A*)-! 

Inverse matrices 

Set C=A+iB, A, B real matrices. 

7. If A~! exists then C-!=(A+BA7!B)~!-iA~!B(A+BA7'B)"!. 

8. If B-! exists then C-!'=B-!A(B+ AB~'A)~!-i(B+AB“!A)"!. 

9. A, B singular, C regular: Let r be a real number such that A+rB is regular. Set F=A+rB and 

G=A-rB. Then C~!=(1—ir)(F+iG)~!. Continue as in 7. 

Differentiation of matrices 

10. If A=A(x)=(aj(x)) and B=B(x), then 

(i) A'(x)=(aj'(x)) (ii) (A+B)'=A'+B' 

(iii) (AB)'=AB'+A'B (iv) (A2)'=AA'+A'A 
(v) (A7!)'=-A7!A'A7! 

Matrix norms, see sec. 16.2. 

Unitary matrices 

11. A square nXn-matrix U is unitary if U*U=UU*=1 (/=identity matrix). 

12. Let U=[uj, uw, ..., Un], where u; are the column vectors of U. Then 

(i) U is unitary © The column vectors of U are pairwise orthogonal and normed, i.e. 

uj*uj=Oj%, i, j=1, ple Sera (oe 
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(ii) U unitary > 

(a) U* is unitary (GO) WHew 
(c) |det U|=1 (d) (Ua)*(Ub)=a*b 
(e) |Ual=|al (f) alb©&UalUb 

(iii) U, V unitary of the same order >UV unitary. 

Normal matrices 

13. A (square) matrix N is normal if N*N=NN*. 

14. A (square) matrix H is Hermitian if H*=H. 
A (square) matrix H is skew-Hermitian if H*=—H. 

H is Hermitian > iH is skew-Hermitian 

H is skew-Hermitian > iH is Hermitian 

H is Hermitian >H~! is Hermitian (if it exists) 
Hermitian, skew-Hermitian and unitary matrices are normal. 

15. A normal matrix is 

(i) Hermitian © all eigenvalues are real 

(ii) skew-Hermitian © all eigenvalues are pure imaginary 

(iii) unitary © all eigenvalues have modulus 1. 

Spectral theory, unitary transformations 

16. A is an eigenvalue of a square square nXn-matrix A and g#0 is a corresponding eigenvector 
if Ag=/g. 

17. A is an eigenvalue of A@det(A—AJ)=0. 

18. Gerschgorin’s theorem. Let C; denote the cirular region 
n 

Ga{z |z-ay\= 2) lah eI a 
J= 10+) 

Then the eigenvalues of A are contained in the union of the Cj. 

19. Cayley-Hamilton’s theorem: The characteristic equation P(A)=det(A—AN=(-1)"A"+ 
+¢p-1A"-!+...+c9=0 is satisfied byA, i.e. P(A)=(—1)"A"+c,-1A"-!+...+co1=0. 

20. Schur’s lemma: For any square matrix A there exists a unitary matrix U such that T=U*AU 

is (upper) triangular. The elements 4, of the diagonal of T are the eigenvalues (incl. 
multiplicities) of A. 

ile 

Spectral theorem. (Unitary transformation) 

Assume that (7) Nis normal (ii) 41, 42, ..., An are eigenvalues (incl. multiplicities) 
of N. 

Then there exist corresponding eigenvectors gj), g2, ..., g, such that 

(a) gilg;, i#j, |g|=1 (pairwise orthogonal and normed) 

(b) U=[gy, go, ..., g,| is a unitary matrix 

(c) U*NU=D=diag(A,, Ao, ..., An) 

22. If N is normal then eigenvectors corresponding to different eigenvalues are orthogonal. 
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Hermitian forms 
A hermitian form is a homogeneous polynomial of second degree of the form 

h=h(2)=2" Hz= Pi hyziz) (hjr=hi) 

23. The values A(z) are real, all z. 

24. By a suitable unitary transformation (see above) z=UC, h= = Aglegl2. 

25. Amin|z|2<h(z)<Amax|z|? (Equality & z=corresponding eigenvector). 

26. Law of inertia. If a Hermitian form is written as a sum of squares (e.g. by completing squares 

or by a unitary transformation) in two different ways, then the numbers of positive coefficients 

as well as negative and zero coefficients are the same in both cases. 

27. A Hermitian form is positive definite if 

h(z)>0, z#0 or all Ay>0. 

Decomposition of matrices 

28. For any square matrix A there exist unique Hermitian matrices H) and H2 [H\=(A+A*)/2 and 

H,=(A—A*)/2i] such that A=H,+iHp. 

29. N is normal &N=AH\+iH> with commuting Hermitian matrices H, and Hz (i.e. 

H\H2=H?2A}). 

30. Let H; and H> be Hermitian. Then there exist a unitary matrix U simultaneously diagonalizing 

H, and Hp (i.e. U*H,U and U*H2U are diagonal) @ H\H2=H2A. 

Non-unitary transformations 
31. Assume that the square nXn-matrix A has n linear independent eigenvectors g), 82. ..., Bn (€-2. 

this is the case if the n eigenvalues Aj, Az, ..., An are distinct). Then with 158 [ePoeneserls 

DY Al=D=diagQie 72,44 An): 

32. Jordan form: For any matrix A there exists a non-singular matrix S such that 

Setlists 0 OY Aw 0 
OF Tf oho ets 0 A; Oommen: 0 

StAsafa Vk... pelts, aneees 
xh... eee Os eo A i 
on eee ee 0 Im 0 Brtemee.. 0A; 

where J; are the Jordan blocks. The same eigenvalue A; may appear in several blocks if it 

corresponds to several independent eigenvectors. 
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5 The Elementary Functions 

5.1 A Survey of the Elementary Functions 

Function male nial Inverse function Derivative Primitive function 

y=fix) x=f-*(y) f'@) Sflx)dx 

y=x", neZt 

n even all x y>=0 nxt 
n odd all x all y 

x#0 y>0 = y 

x#0 y#0 =1/Vy 

x=0 y20 x=ylla axa-1 
x>0 y>0 

all x y>0 

all x y>0 

xian n 

l-n’ 

In|x|, n=1 

ale 

y=a*(a>0, a#1) 

=o 
x=In(y+ Vy2—1), (x20) 

cosh x 

sinh x 

cosh x 

sinh x 

1/cosh? x In(cosh x) 

—1/sinh? x In|sinh x| 

y=sinx x=arcsin y (-f=<3) cos x 

y=cosx x=arccos y (0<x<z) —sin x 

y=tanx x=arctan y (-3<<3) 1/cos? x 

y=cotx i a (0<x<r) —1/sin? x 

y=secx X=arccos : (0<SxS<7) sinx sec2x 

y=csex —cos x esc2x xX=arcsin 1 (-Sar<f 
VAN 9) 2 

y=arcsin x xarcsinx+ V 1—x2 

y=alccos xX xarccosx— V 1—x2 

y=arctan x xarctanx—4 In(1+x?) 

=a y=arccot x 
xarccotr+4 In(1+x?) 
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5.2 Polynomials and Rational Functions 

Polynomials 

P(x)=anx"+an—1x"—!+...+a1x+a9 

degree P(x)=n if a,#0. 

Asymptotic behaviour 

P(x)~apx" as x > £0 (ay,4#0) 

Algebraic equations and the factor theorem, see sec. 2.4 

Polynomial division ! 

If deg P1(x)=deg P(x) then uniquely P{x)=x*, k=1, 2, 3, 4 

P(x) R(x) 
P2(x) P(x) 

where deg Q(x)=deg Pi(x)—deg P2(x), deg R(x)<deg P2(x). 

or Py(x)=Q(x)P2(x)+R(x), =Q(x)+ 

Here, Q(x) is the quotient polynomial and R(x) the remainder polynomial. 

The following example illustrates division of polynomials. 

ay) DX OK +9x45 9 44 2x+8 : 

x2-x4+3 x2—x4+3 

2x—-1 

x2=—x4+3 | 2x3-3x24+9x4+5 

—(2x3—2x?+ 6x) 

—x?+3x+5 

—(—x?+x-3) 

2x+8 

Greatest common divisor 

An algorithm (Euclid’s algorithm) for determining a polynomial of maximal degree dividing two 

given polynomials P(x) and Q(x) is the following: 

Assume that deg P(x)=deg Q(x). Dividing P(x) by Q(x) yields P(x)=Ki(x)Q(x)+ R(x) where 

deg Ri(x)<deg Q(x). If Ri(x)#0 then dividing Q(x) by Ri(x) gives Q(x)=K2(x)Ri(x)+R2(x) 

where deg R2(x)<deg R(x). Continuing like this, let Rj(x) be the first remainder polynomial which 

is zero. Then R;-1(x) is a polynomial of maximal degree that divides both P(x) and Q(x). 
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Rational functions y 

NE yen ees, 

Q(x) Q(x)’ 

P, Q, K, R polynomials, deg R<deg Q 

fx)= 

Asymptotic behaviour 

f(x)—K(x) — 0asx— +”, 

Dips Bes fs Os a 1 
~ x(x—1) (x-2) x x-1 x-2 

Partial fractions 

Assume that 

(i) R(x), Q(x) are real polynomials, deg R<deg Q, 

(ii) Q(x) is decomposed in real factors of degree <2, i.e. 

Q(x)=C(x—r)™(x—-s)" ... (x2+2axt+b)P(x*2+2cx+d)4 ..., (a2<b, c?<d) 

Then 

R(x) Ri R2 Rm aL = + wat + 
Q(x) x-r (x-r)? G=ry" 

Sy S2 Sa +—1 + +..+ +...+ 
x-s (x—s)? = 5)? 

Aix+B, t Apx+Bp 

(x2+2ax+b) ~"  (x2+2ax+by 

x*+2ex+d "" (x2+2ext+d)q 

where the capitals in the numerators are uniquely determined constants. 

The following example illustrates how to find the constants. 

1 A Bo Cede 
(2+1)(x+12. x+1 Gti. x41 

_ A(et+1) 741) + B(x? +1)+(Cet+D) (x41)? _ 

(x+1)?(x?+1) 

_ (A+C)x3+(A+B+2C+D)x?2+(A+C+2D)x+(A+B+D) 

(x+1)?(x2+1) 
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Identification of coefficients: 

A+C=0, A+B+2C+D=0, A+C+2D=0, A+B+D=1 

> A=B=-C="'/,, D=0. Thus 

Saas SE St is eee 
(x2+1)(x+1)?  2(xt1)) -2(x41)?_—-2(x? +1) 

5.3 Logarithmic, Exponential, 
Power and Hyperbolic Functions 

Xx 

inx=} z x>0 
1 

Logarithmic functions ; 
Vere 

y=lInx, y'=2 (x>0) 

1 
=40 x, Pipe aa >0, il 

bY g by ] a (a a ) 

In 1=0, Ine=1, lim Inx=—~&, lim Inx= 
x 0+ x0” 

4logx+“logy=4logxy “logx—“log y=“log 5 og xP=p “logx 

b 

“log 1 __alogy dlogx= 08% = Ot 
25 loga Ina 

Complex case: “log z=In|z|+iarg z 

Inverses 

y=Inx @x=e” y=logx © x=a"=e)ln4 

Exponential functions newt 

Natural base e= lim (1+ , )"~2.71828 18285 
noo 

y=e*=exp(x), y'=e 

y=a*, y'=a* Ina (a>0) 

a=1, lim e*=0, lim e*=~ 
X00 PS cd 
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ata’ =a*ty Tag) (a) =a 
a 

Sep alk 1 a@b*=(abyY —— x — pxina =(ab* aY*= at= 

Complex case: e?7=e**=e*e?=e* (cos ytisin y) 

Inverses 

Iny 
y=eOxealny, y=a* & x=“logy ida 

Power functions 

y=x4, y'=axt-1 (x>0) 

Complex case: z4=e4*l082 

Inverses 

y=x? S&S x=ylla 

Hyperbolic functions 

The hyperbolic functions are defined as follows. 

y=coshx 
y=cothx 

y=sinhx 

The curve y=cosh x is called catenary. 

e+er =tanh x=—— =cothx= y Lae y=cothx a 

y'=1/cosh2x y'=—1/sinh2x 
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Transformation table 

| tanhx | | tanhx | 

sinh x= +/cosh’x—1 __tanhx | 

V1—tanh?x tanh’ x dees x= 

coshx=| V1+sinh?x fie Se |coth x| 

ianinee sinh x 4V cosh’ x—1 1 

Vi+tsinh?x | coshx cothx 

_ | Vi1+sinh?x cosh x 1 
cothx= | ——————_ | +________ 

sinh x Vcosh?x—1 tanhx 

Geometrical interpretation 

v/2=area 
of the region ~ 

1. sinh(—x)=—sinh x 2. cosh? x—sinh? x=1 
cosh(—x)=cosh x scale 

tanh(—x)=—tanhx tanh x= chr 
coth(—x)=—coth x 

3. sinh(x+y)=sinhx cosh y+coshx sinh y 

cosh(x+y)=cosh x cosh ytsinh x sinh y 

tanhx+tanhy 
h(xty)= 

ashy) 1+tanhx tanhy 

1+cothx cothy 

eothies y= coth x+coth y 
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4. sinh 2x=2 sinhx cosh y sinh -= zs oe 

cosh 2x=sinh? x+cosh?x cosh 2= fie 

cee ann lest ate er 

5. sinhx+sinh y=2 sinh = cosh ~~ sinh x—sinh y=2 won i sinh ~~ 

cosh x+cosh y=2 cosh = cosh~* cosh x—cosh y=2 sinh2 sinh 

tanh tanhy= Se cothxtcoth y= Se, 

6. sinh x sinh y=5 [cosh(x+y)—cosh(x—y)] 

sinh x cosh y= [sinh(x+y)+sinh(x—y)] 

cosh x cosh y=5 [cosh(x+y)+cosh(x—y)] 

Complex case: 

7. sinhiy=isin y, coshiy=cosy, tanhiy=itany, cothiy=—i coty 

8. sinh(x+iy), cosh(x+iy), tanh(x+iy), coth(x+iy): Use 3 and 7. 

Inverses 

y=sinhx © x=arsinh y=In(y+ Vy’+1) 

y=coshx, x20 © x=arcosh y=In(y+ Vy*=1), y21 

= 
y=tanhx © x= artanh y=5 In = In , lyl|<1 

a 
y=cothx © x= arcoth y=; In » In , ly|>1 
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5.4 

5.4 Trigonometric and Inverse Trigonometric 
Functions 

Trigonometric functions 

The trigonometric functions are defined with the aid of the unit circle. The angle a is 

measured in degrees or radians. One rotation or 360° is 27 radians. 

1°=_7_ radians~0.017453 rad. 1 radian=157 
180 

pes oie em nmaerae sae 
eo [eles] eTS eles 9 
Definitions 

sin a=y 

tana==+ 
ve 

Derivatives. D sinx=cos x D cosx=-—sinx 

D tanx=1+tan? x= ue D cotx=—1-cot?x=— - 
cos’ x sin’ x 

Related functions: secx=— , cscx=— 
: cos x sin x 

Trigonometric functions for some angles of the first quadrant. 

1 
4 (V6+V2) 

V3/2 
1/V2 
1/2 

75°=5a/12 , (V6+V2) 7 (V6-V2) 

90°=n/2 0 
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Graphs 

(periods=27) 

Geometrical 

interpretations 

SQ 
>a 

/. 

csca sina 

! 

lim sin x 

x0 * 

an 

—— 

=1 (x in radians) 

Transformation table 

tana +Vseci'a=1 a-1l 
+V1—cos’ a : 

Vi+tan2 a = a sec a 

cot a 

Ree +V1+cot’ a 

sin a +V1-cos’ a 

+V1-sin’?a COS a 

+V1-sin’a COS a 

sin a +V1—cos’ a 

+ 2 

ers ee ean | eee 
+V1-sin‘’a cot a 

+V1+tan‘’a 
SS te MICO ot 
+V1-cos’a tana 

116 



5.4 

Reductions 

E.g. cos(7—a)=—cos a 

sina 
COs @ 

1. sin?at+cos*a=1 tana= 

| =1+tan?a 1 =1+cot?a 
cos? a sin? a 

. sin(a+B)=sina cosB+cosa sinfB — sin(a—f)=sina cosB—cosa sinB 

cos(a+B)=cosa cosh—sina sinB cos(a—f)=cosa cosf+sina sinB 

tana+tanp 

1-tana tanp 

tana—tanf 
tan(a+B)= au UA 
ee? 1+tana tanB 

tan(a—B)= 

cota cotf+1 

cot a+cotf cot a—cot B 

at+p -B G=B-—. OLB . sina+sinf=2 sin—— cos ae sin a—sinb=2 sin—— cos — 
2 

a—p sin a+p 

cota cot B—1 
cot(a+B)= cot(a—B)=— 

cos a+cos B=2 cos 48 cos of cos a—cos B=—2 sin—- aa 

. sina sinB=3 [cos(a—B)—cos(a+f)] 

sina cosb=3 [sin(a—B)+sin(a+f)] 

cosa cos B= [cos(a—B)+cos(at+f)] 

sin2a=2 sina cosa sin2 G1 0084 

cos 2a=cos? a—sin? a= cos 

=2 cos? a—1=1-2 sin? a 

1—tan“a 2 i+cosa 1+cosa 

cot? a—1 cot ¢=—Sina _+/1tcosa 

2 cota 2 1—cos a 1—cosa 

ry 

2a_1+cosa 
2 2 

cot 2a= 



5.4 

6. sin 3a=3 sina—4 sinta sin 4a=4 sina cosa—8 sin? a cosa 

cos 3a=4 cos? a—3 cosa cos 4a=8 costa—8 cos*a+1 

4 tana—4 tanea 
1—6 tan? a+tanta 

3 tana—tana tan 4a= 
1-3 tan?a 

tan 3a= 

; 2 iF n\. is n\. : 
7. sinna=n sina cos"—!a— (7) sin cos’—3q+ (2) sin cos’ Sa-... 

n nN). 2 n-2 Nn) 4 n—4 cos na=cos” a— |, }sin? a cos a+ | ,}sinta cos"~4a-... 

st oO eee Nal 8. sina pn 

: boas ¥) cos(2n—2)at...+(-1)""! las cos 2a| + (°") 

COs 7, 
Q2n—-2 

2n-1 

1 

sin2”-lq= 

2n-1 

n-1 
sin(2n—1)a— | | sin(Qn—3)arh.¢(—14 | sin a 

cos2"q= ae | os 2nat+ a cos(2n—2)a+...+ (7 Joos 2a 

2n-1 

n—-1 
cos" la= : 5 | cos(2n—t)a+ foe | cos(2n—3)at+...+ | |eos 

Complex case: 

9. siniy=i sinhy cosiy=coshy, 

taniy=itanhy cotiy=—icothy 

10. sin(x+iy), cos(x+iy), tan(x+iy), cot(x+iy): Use 2 and 9. 

1h. cosx= s(e%+en*) sin x= 5 (ele) 
i 

a ea ee a i a ee 2 a ee eh ee Be eS 

The expression a cos x+b sin x 

Let a>0: 

(5.1) cosx+b sinx=r cos(x—¢@) 

: a sinx+b cosx=r sin(x+¢@) 

where r= Va’+b’, p=arctan 2. (Amplitude-phase angle form) 
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5.4 

Basic trigonometric equations 

1. Let xo denote an (arbitrary) particular solution of each of the 

following equations. 

mS DON 
b a. ‘ c. 

sinx=c (—1<c<1) cosx=c (—1<c1) tanx=c 

xo+2n7 
= =+ = ales emt (neZ) x=txot2na7 (neZ) x=xotnn (néZ) 

(xo=arcsin c) (xo=arccos c) (xo=arctan c) 

2. a. acosxt+b sinx=0 b. acosx+b sinx=c (a>0) 

Dividing by cosx: a+b tanx=0 By(5.1): r cos(x—q)=c 

etc. by lc. etc. by 1b. 

Triangle theorems 

See sec. 3.1. 

Inverse trigonometric functions 

The inverse trigonometric functions are defined as follows. (These definitions are 

sometimes called Principal values of the inverse trigonometric functions.) 

y=arcsinx © x=siny, —1<x<1, 

y=arccosx & x=cosy, —1<x<1, 

a y=arctanx © x=tany, —-“<x<0, SReis 5 

y=arccotx & x=coty, —e<x<™, 0<y<7 

(Alternative notation: sin~!x, cos~!x, tan~!x and cot~! x). 

wee : 1 1 
Derivatives: D arcsinx= D arccosx=—- —— 

V1—-x’ V1—x? 

1 1 
D arctanx=——. D arccotx=— = 

1+x2 1+x 
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5.4 

Graphs 

aie: eo 6 ¢1 0" Se 0. eo 6) 6 OiNen e) *) Seems ee 6 ib ki @ ie fe 
<< 

y=arccot x 

<—° Ge ane ane axe axe ate com ees 

y=arctan x 
FT nee A) Sp eS, Be) ie) Te] e6) lesiteincbs 4) [aj emer 6) 08) Oe ve) (ener fe 

y=arcsin x y=ar¥ccos x 

Special values 

arcsin x arccos x arctan x arccot x 

00) = _ 
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5.4 

1. arcsin(—x)=—arcsin x arccos(—x)=m—arccos x 

arctan(—x)=-—arctan x arccot(—x)=m—arccot x 

2. arcsinxtarccos x=2 arctan x+arccot x=2 
2 

T _arctanx, x>0 
me arctan >= 

a arctanx, x<0 

m, xy>1, x>0 
x+y 

3. arctanx+arctan y=arctan ies +i 0, xy<i 

5 =7, xy>1, x<0 

Transformation table (x>0) 

arcsin arccos arctan arccot 

Wi=x 
x 

arcsin x= arccot 

arccos x= arccot 
x 

ie V1—x? 

arctanx= arccot 1 
XK 

arccot x= arcsin arccos 
1 

V1+x? 
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6.1 

6. Differential Calculus 

(one variable) 

6.1 Some Basic Concepts 

Intervals 

[a, b]={x : a<x<b}, closed interval 

(a, b)=]Ja, b[={x : a<x<b}, open interval 

[a, b)={x : a<x<b}, half-open interval 

(a, ©)={x : x>a}, infinite interval 

A function y=f(x) 

1 

3 

. is even if f(—x)=f(x) 

2: is odd if f(—x)=—f(x) 

. has period p if f(x+p)=f(x), all x. 

. is increasing [decreasing] if x1<x2 > f(x1)Sf(x2) 

[f(x1)>f(x2)].- 

. is convex [concave] if for any two points P and Q of the 

curve y=f(x), the chord lies above [below] the curve. 

. has an inflexion point at x=a if the curve changes from 

convex to concave (or vice versa) at a. 

. has a local maximum [minimum] at x=a if there is a 

neighborhood U of a such that f(x)<f(a) [f(x)=f(a)] for 

all xe UN Dy. 

. has an inverse f! if for any yeRy there exists a unique 

xeDy¢ such that f(x)=y. 

y=fle) © x=f71Q) 
Dy-1=Ry, R¢-1=Dyf 
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f(x) even 

x 

Vi 

f(x) odd 

x 

period=p 

Ys increasing 

x = | x1 Xe 

yi 

P concave 

x 
convex Q|inflexion point 



6.2 

6.2 Limits and Continuity 

Limits of a function 

Definitions 

1. lim f(x)=A [ lim, f(x)=4]: 
x—at 

For any e>0 there exists 0>0 such that |f(x)—A|<e for all xe Dysuch that \x-a|<6 [a<x<a+6]. 

(Sometimes |x—a|<6 is replaced by the deleted neighborhood 0<|x—a|<6). 

2 lim f(@)=A: For any ¢>0 there exists w such that |f(x)—A|<e for all x>, xe Dy. 

3; lim f(x)=~: For any M there exists 6>0 such that f(x)>M for all xe Dy such that |x-a|<o. 

Alternative notation: f(x) A as xa etc. 

Assume lim f(x)=A, limg(x)=B (finite limits) exist. 
xa xa 

Then 

1. lim (f(x) +g(x))=A+B 2. lim f(x)g(x)=AB 

4. lim[f(x)]8 =A? (A>0) 

5. limA(f(x))=h(A) (A(t) continuous) 

7. A=B, f(x)<h(x)<g(x) > limh(x)=A 

6. f(x)<g(x) > ASB 

I’Hospital’s rules 

Assume that 

(i) g(x)#0 and f(x), g(x) have continuous derivatives in a deleted neighborhood 

of a (or ©) 

(ii) f(x) and g(x) > 0 (or ») asx > a (orx > oo) 

Then 

if the latter limit exists. 

Indeterminate forms 

u(x) 
Functions f(x) of the forms —~, u(x)v(x), [u(x)]") and u(x)—v(x) are not well de- 

v(x)’ 
fined at a (or at ~) if f(a) has formally any of the forms 

2 QZ @o-~ HP =? O1* Me-@ 
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6.2 

However the limit lim f(x) may exist and may be found by the use of |’Hospital’s rules, 
xa 

rewriting the functions as follows: 

(3) uv== t (4), (5), (6) u’=e” "“, Here the exponent will be of the form (3). 

v 

Some standard limits 

lim (1+3)*=e lim [1+1}"=e lim x//*=1 
x x x— +00 Xt x0 

(Inx)P _ 

xt 
P 

lim ~ = lim xPe~%=0 (a>1, g>0) lim 
x00 X30 x0 

lim 
x0 x0 

In(1+x) a 

x 

0 if m<n 

am if m=n (am, bn#0) 
x20 byx"+...+bo by 

+o if m>n 

Examples 

I. (l’Hospital’s rule) 

1IScosx% = 0) 
2 

(a) lim 
x x 

(b) lim Inx 

x0 

Continuity 

Definitions 

A function y=f(x) is said to be 

1. continuous at x, if x,€Dy and lim f(x)=f(%o), 

2. continuous in an interval J if f(x) is continuous at every point of J, 

3. uniformly continuous in an interval J if for any e>0 there exists a 6>0 such that 

|f(x1)—f(x2)|<e for all x1, x2€/ such that |xj—x2|<6. 
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6.2 

Theorems 

1. f, g continuous > f+g, fg, fig, fog continuous (where they are defined). 

2. Any composition of the elementary functions is continuous where it is defined. 

3. f(x) continuous on a closed interval [a, b] > 
(a) f(x) assumes every value between f(a) and f(b). 

(b) f(x) assumes its supremum (greatest value) and its infimum (least value) in [a, b]. 

(c) f(x) is bounded in [a, b] 
(d) f(x) is uniformly continuous in [a, b]. 

4, f'(x) bounded in an interval J > f(x) uniformly continuous in J. 

6.3 Derivatives 

The derivative f'(x) of a function y=f(x) is defined by 

Ax)—f(x) = jf 4 iieese Ay 

0 Ax AS AX Ora 
Alternative notation: 

y=f(x) 
y tangent 

yiaf'@= LaF fay=Dfe), ap ——-—— = 
f(x) 

j- 2 (y a function of time) 

Higher derivatives 

y'=f'a)= = D90), 

yr=f(x)= SY =Df(x)=(der: D{D"~'f(x)}]. 

Differential 

Difference Af=f(x+Ax)—f(x) 

Differential df=f' (x)Ax=f' (x)dx 

f(x) differentiable > Af=df+e(x)Ax, where e(x) > 0 as Ax > 0 

Equation of tangent at (a, f(a)): y—f(a)=f'(a)(x-a) 

Equation of normal at (a, f(a): IO ees (x—a) 
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6.3 

Lagrange’s mean value theorem 

Assume that f(x) is (i) continuous in [a, b], (ii) differentiable in (a, b). 

Then there exists e(a, b) such that _f(b)—f(a)=(b—a) f'(&) 

Cauchy’s mean value theorem 

Assume that f(x) and g(x) are (i) continuous in [a, b], (ii) differentiable in 

(a, b). 

Then there exists (a, b) such that [f(b)—f(a) ]g'(€)=[g(b) —g(a)] f'(&) 

Differential formulas 

f=f(x), g=8(x), D=d/dx 

Sum, product, quotient 

Diftg)=f'+e' DUg)=f's tie" D (£) aigete. oe z 

D"(fg)= z, [2] Ar-H D(f"g™) =f" 1g" "(ngf' + mfg’) 

D| L 2 = (ngf’—mfe") 

Logarithmic differentiation. Powers 

f(x) =u(x)* v(x)® w(x)e ... > 

(i) In|f|=a Injul+ b In|v|+c In|w]+... 

£@) _ we) .@) ,. we) 
Og = Rae e aeg tee 

D(f8)=De8 ja=ps(LB+ g’In f] 

Composite functions. (Chain rule) 

Df(g(x))=f'(g(x))g'(x) = x = . e 

D°f(g(x))=f'(e(x)) [8 ®)P+F (e@))g"(a) Le a a (#) +t ey 
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6.3 

Integrals 

4 roa=se) <I fdt=—fle) 
v(x) 

Eu Aeat=flola))w'@)=fluco)u' 
d v(x) dv du v(x ) 3 

=| Fix, Hal=rix&, V) — =F, vu) = + ps 
=n Sa Oe! dx oY) dx nk ox 

Inverse function 

Implicit function 

y=y(x) given implicitly by F(x, y)=0: 

1 

COS Xx sinh x coshx 

—sinx cosh x sinh x 

tanhx s-=1 —tanh2x | tanx y =1+tan2x 
cosh¢x cos*x 

coth x i a= =1-—coth2x | cotx — == —1-cot2x 
~ sinh2x sin“x 

arsinh x secx sinx sec2x 

arcosh x —cos x csc2x 

artanh x arcsin x l 
1—x- 

arcoth x 

arctan x 

arccot x 

a2] 



6.3 

Derivatives of composite functions (u=u(x), u’=u'(x), D=d/dx) 

Df(u)=u'f'(u) Dut=au?-1u' —=- aol De“=u'e# 

' 

Din|u|= - Dsinu=u'cos u Dsintu=ku'sink~‘u cos u 

Dcosu=—u'sinu Dcosku=—ku'sinu cosk-!u = Dtanu= 

U , Uy 5 u 
Deotu=— u Darcsin u= LM Darctan u= ik 

u sin2u Vi-w 

Higher derivatives 

n(n-1) ... (n—k+1)(x-a)""*, k<n 
(x—a)", n positive integer n! ,k=n 

0 ,k>n 

1 ae aye , atl)... (atk=l) 
Gay’ n positive integer G1) te "Gas 

x a(a—1) ... (a—k+1)x2-* 

ex ake 

In|x| (—1)*-1(k-1)! x-* 

: fitter ka 
sin ax a“ sin axt+—— 

k | mi) 
a“ cos axt+—— 

6.4 Monotonicity. Extremes of Functions 

Let f(x) be differentiable in an interval J. Then (in /): f’<0 

f'(x)>0 => f(x) strictly increasing 
f (x)20 > f(x) increasing 
f'(x)=0 => f(x) constant 
f' (x)<0 > f(x) decreasing 

f'(x)<0 > f(x) strictly decreasing 

A point x9 is a stationary (critical) point if f’(x9)=0. 

Let f(x) be twice differentiable in an interval J. Then (in J) 

f'(x)20 = f(x) convex 

f'(x)S<0 => f(x) concave 

A point xp is an inflexion point if (i) f"(xo)=0 (ii) f"(x) changes sign at xp. 

Jensen’s inequality 

If f(x) is convex and A,+...+A,=1, Aj>0, then 

f(Ayxit...t+Anxn) SA f (x1) +... t+Anf(%n) 
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6.4 

Necessary and sufficient conditions for extremum 

Assume that f(x) is differentiable. 

Necessary condition 

xo local extremum (maximum or minimum) of f(x) > f’(x0)=0. 

Sufficient conditions 

1. Sign changes of the derivative: 

[ae ea ae a ec 
f'@) - ‘ = = 

f(x) \ va \ Si 

minimum maximum terrace 

2. Higher derivatives 

A. f(x) has local maximum [minimum] at xo if 

(i) f'(xo)=0 and (ii) f"(x0)<0 [>0] or f"(x0)=...=f0-D(x0)=0, 
f™(x0)<0 [>0], n even 

B. xo is a terrace point of f(x) if 

(i) f’(xo)=0 and (ii) f"(xo)=...=f- (x0) =0, f(x0)#0, n odd. 

Global (absolute) extremum 

Global extremum of a function f(x) in an interval occurs (if it exists) 

in one of the following points: 

1. Points where f'(x)=0. 

2. Points where f’(x) does not exist. 

3. Endpoints of the interval. 

129 



pe 

7. Integral Calculus 

7.1 Indefinite Integrals 

Primitive function 

A function F(x) is called a primitive function of f(x) on an interval J if F’(x)=f(x) for 

all xeJ. Any primitive function of f(x) can be written F(x)+C where C is an arbitrary 

constant. 

Notation: F(x)=ff(x)dx. The function f(x) is called integrand. (Note: A primitive 

function of a (composite) elementary function is not always an elementary function. For 

example, fe~*’ dx and f “"* dx are not elementary.) 
x 

Methods of integration 

General properties 

Al. f [af(x)+bg(x)]dx=a J f(x)dx+b J g(x)dx (linearity) 

A2.  f f(x)g(x)dx=F(x)g(x)— J F(x)g'(x)dx (integration by parts) 

J f(g(x))g'(x)dx= J f(Oat, [t=g(x)] (substitution) A3. 

Example 

f sin Vx dx=[substitution: Vx=t © x="; dx=2tdt]= 

=f 2tsint dt=[integration by parts]=—2t cost+2 f cost dt= 

= —2tcost+2sint+C=-2Vx cos Vx+2sin Vx+C 

A4. J f(g(x))g'(x)dx=F(g(x)) 

Ada. J flax+b)dx=1 F(ar+b) 

ff) A4b. [AQ arin |f(x)| 

. f(x) odd > F(x) even 

. f(x) even > F(x) odd (if F(0)=0) 
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Basic primitive functions 

a il oe ax_ J x@dx re) (a#—-1) B2. La In|x| 

f &dx=e B4. _ f sinx dx=—cosx 

f cosx dx=sinx Bo. eed =—cotx 
sin? x 

f aX _tany B8. f 9) =! arctan ~ 
cOs*x a 

dx 
ae 

f dx 

Vae—x 

J sinh x dx=coshx B12. fcoshx dx=sinhx 

=arcsin * (a>0) B10. SS oearinlet Vera 
a 

Some methods for determining primitive functions of certain classes of functions are 

given below. The methods essentially consists in reducing the integrals to one of the basic 

integrals above. (Sometimes simpler methods can be used than those generally 

recommended.) 

Rational functions 

Integral Method 

Cl P(x) ay By partial fraction decomposition (see sec. 5.2) Cl is 

Q(x) reduced to integration of a polynomial and C2 and C3. 

A In |x—al, n=1 

Adx = A 
2. | —— oe 
| (x=a)" (n=De-ayr? 

C3: [te dx The substitution x+a=t transforms to C4 and C5. 
(x*+2ax+b)”" 

(a*<b) 

ie £ In(?+a?), n=1 
t 

C4. | = at 

iy EE Wh Ree 2(n—1)(t*+a*) 

D Leper ee 
CSa. lao dt = arctan z 

D ‘ Dt 2n-1 
ah ee =, —— + I 

C5b. =| (2+a2)" dt Recursively, In+1 2na2(t?+a*)" Onaz n 

(n=2) (Or differentiate /,-1 with respect to a). 
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Algebraic functions 

Integral 

D1. f(x if] peel ee 
cxt+d 

(R rational function) 

dx 
D2. | ——— (a#0 
(== iat 

D3 |= 
’ | Vax'+bx+c 

(P(x) polynomial) 

D4. f R(x, Va’—x’) dx 

DS. f R(x, Vx?+a’) dx 

D6. f R(x, Vx?=a’) dx 

D7: 

f R(x, Vaxr+bx+c)dx 

Tal 

Method 

Substitution: 

fe ra wt? ,x= a brings the integrand to a 

rational function of f. 

2 
Completing the square: axt+brtena(x+2 aF 

2 
+0-F and the substitution texte brings D2 to B9 

a 

(if a<0) and to B10 (if a>0) 

— . ee: a =Q(x)Vax’+bxt+c+ K | at (eee O<deg P) 

Q(x) and K will be determined by differentiation and 

identifying coefficients. Use D2 for the last integral. 

x=asint, dx=acost dt, Va’—x’=acost 

x=atant-dx= ait 1g Woe t—.of-DF 
cos¢t cos t 

x=acosht, dx=asinht dt, Vx’-a’=asinht or D7 

a>0: Subst: Vax’+bx+c=t+xVa 

a<0: Write ax?+bx+c=a(x—p)(x—q)=a(x—p)* —1 

and use D1. P 

Alternative: Complete the square and use D4 or D6. 
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Exponential and logarithmic functions 

Integral Method 

El. {R(e®) dx Substitution: e*=¢, x=4 Int, d= a 

E2. J P(x) e* dx =[integration by parts] =1 P(x) ext f P’(x) e® dx ete. 
(P(x) polynomial) 

+1 
[integration by parts]= aa (inx)!"— 

E3. fx%(In x)" dx = (205 Jxt(Inx)"! dx ete (a#-1) 
+1 (Inx)” (dat) 

n+1 

or t=Inx and use E2. 

1 Sass a 8 le E4. zs f(inx) dx Substitution Inx=rt, out 
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Trigonometric and inverse trigonometric functions 

Note: Trigonometric integrands may be rewritten by means of suitable formulas (cf. sec. 

5.4) and then be integrated. 

Integral Method 

Fl. f f(sinx) cosx dx Substitution: sinx=t, cosx dx=dt 

F2. f f(cosx)sinx dx Substitution: cosx=t, —sinx dx=dt 

F3. f f(tan x) dx Substitution: tanx=¢, dx=, 

F4. { R(cosx, sinx) dx Substitution: 
PePom nods 

> AX 
1+7 1+¢ 

oe : 2t 
tan = =t, sinx=——; , cOsx= 

2 1+7 

FS. f sin"x dx (n21) n odd: Use sin?x=1—cos*x and F2. 
Or use 

n even: Use sin” =5 (1—cos 2x) etc. 149, 173 sec. 7.4 

F6. f cos"x dx (n2=1) n odd: Use cos¢x=1—sin2x and F1. 
Or use 

n even: Use cos? =5 (1+cos2x) etc. 150, 174 sec. 7.4 

F7.. fP) | 

(P(x) polynomial) 

F8a. f P(x) e* cos bx dx | =Re J P(x) e@*t')*dx. Use E2. 

F8b. f P(x) e%sinbx dx | =Im f P(x) e@**dx. Use E2. 

cos x Integrations by parts, differentiating the polynomial 
dx 

sin x (cf. E2). 

F9. fx" arctanx dx =[integration by parts]= 
+1 1 

ae. arctan 1 | 24 av. Use Ck. 
n+1 n+1) 1+x? 

F10. fx” arcsinx dx =[integration by parts]= 

eS ares: — | i Use DS = - — x. Use D3. 
nt+1 n+1} V1—x* 

F11. f f(arcsin x) dx Substitution: arcsinx=t, x=sint 

F12. { f(arctan x) dx Substitution: arctanx=t, x=tant 
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7.2 Definite Integrals 

Riemann integrals 

If (i) f(x) is continuous in [a, b], (ii) F(x) is a primitive function of f(x), then 

b 

Sfx) dx=[F(x)]?=F(b)—F(a) 

(Remark. If f(x) has a finite number of discontinu- 

ities, then the integral is the sum of the integrals over 

those subintervals, where f(x) is continuous.) 

Riemann sums 

Let a=x0<x1<...<%,=b, Axp=Xk—Xk-1, Xk-1SE RSX, d=max Axx. Then 

b n 

Sfx) dx= lim & f(E)Ax.= lim 
a d0 k=1 no 

Properties of integrals 

1: [fle) dx=— ffl) dx 2: F(x) de=0 

3. ffle) det [flx) d= {flx) dx (additivity) 

[af(x)+Bg(x)] dx=a tfc) dx+B fe dx (linearity) 

Nn 

7 
_ [flee dx=[FOe(IR— FACE’ (8) dx integration by parts) 

| ffla(e)) 8") ax=[e=800)]= ) sod (substitution) 

7. fla)<ex) > If) de f(x) dr 

8. | 7) del< flf0)| dx<M(b—a), M= max f(x) 

Mean value theorems 

Assume that (i) f(x), g(x) are continuous in [a, b], (ii) g(x) does not change sign. 

Then there exists a €(a, b) such that 

b 

9. [fla)ae=f(@) (b-a) 10. fflaa(x) x= FE) J ta) dv 
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Inequalities 
1 b b 1 [bo 

11. fifgls Sie |? iiel| ath staal, Pp, q>1_ (Hélder’s inequality) 
a a a 

b b 1 b 1 
12. f\fgls lin | : [fe | 2 (Schwarz’ inequality) 

b 1 b 1 b 1 
13. fire]? < tire P+ rise P p21 = (Minkowski’s inequality) 

a a a 

Improper integrals 

The following integrals are said to be convergent if the limit exists, otherwise divergent. 

Infinite interval: 

00 R 

(a) Sf(x)dx= lim Jf(x) dx 
a R>oa 

oo R 

(b) Cauchy principal value: (CPV) f f(x)dx= lim J f(x) dx 
—00 Roo —R 

Unbounded function 

b 

(a) Sf(e) dx ee j f(x) dx 

feo) convergent if p>1 
d f a age | 

> x(In x)P divergent if p<1 

i oe if p< 

divergent if p21 

Convergence tests (—a or b may be ~) 

(a) 0<f(x)<g(x), Feta) dx convergent > f f(x) dx convergent 

b b 

(b) J f(x)| dx convergent => f f(x) dx convergent 
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Uniform convergence 

J f(x, t) dt converges uniformly for xel if sup | f f(x, t)dt| +0 as Ro 
a xel R 

Test 

(i) |f(x, )|<g(t), xe, (ii) if g(t) dt convergent > 

f f(x, 0) dt uniformly convergent for xel 
a 

7.3 Applications of Differential and 
Integral Calculus 

Plane curves 

(Curves in space, see sec. 11.1) 

A=area, /=arc length, x=curvature, 9= fa =radius of curvature, 
x 

(E, n)=centre of curvature 

Curves in parametric form 

( Dot denotes differentiation with respect tot, e.g. x= a 

Curve C: Oke as<t<b 
y=y(0) 

x(b) b 

A= dy? dx= DOO a: (y=0) 

l= Jds= f aya, = yy _ *y-4S 
G a dx x(t) dxé x 

Asymptotes 

(i) y=kx+m if limx())=+ and k= lim A , m= lim [y()—-kx())] 
t, tot, x(t) tt, 

(ii) vertical x=Xo if lim x(t)=xo, lim y()=+e 
tot, ft, 

gax- ya SIR u 
Mie2ace\e) aoe . 

The evolute is the curve consisting of all centres of curvature of the given curve. 

fae 
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Curves in function form. y=y(x) 

A=F[f@)-e@)ldx (V0) 2800) 
l= [VIFF GP ax 

Asymptote y=kx+m: k= lim de lim (y(x)—kx) 
X00) x—> +00 

pay Vty 
Sey ey vA 

1+-y! 23/2 14+y/2 [1+y’(x)*] faye, 

b 

Tx= J xlf(x)—e(x) |x 
Centroid T=(Ty, Ty) ; > 

Ty= * SUP) 9a) lax 
a 

Moments of inertia about the y-axis about the x-axis 

(i) of curve y=f(x) with density o(x) 

b b 

Iy= Jx? o(x) VI+f' QS dx T= Sf(x)? o(x) V1 +f (XY dx 
a a 

(ii) of plane region with constant density 09 

b 
1y=00 Jx*If(x)-8()] dx (f(x)2g(x)) — Ix=00/3 owrey dx 

Curves in implicit form 

C: F(x, y=0, —=-—, 
a ee F3 

ms (F2+F,2)3? wey 

_., Fw 

sk 6 
Fyv 

ei piers 
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Curves in polar coordinates, x=r cos 0, y=r sin 0 

C: r=r(0), a<0<B ey) 

Remark. The curve r=r(@) may be transformed to rectan- 

gular parametric form by 

x=r(0) cos 6 

bia =r(0) sin 6 ’ a<b<p 

B 
| X=r 00S 6 

A=5 fr°(0)d0 
l= i r(@) +r'(0y 

do y=rsin 7) 

y 
_ r?+2r'2—rr" _ ou 6=B tangent 

tanE~ te) na PO yp mae Tp) 
po [ere i /- ds= Vre+r2de 

_ v(rcos O+r’ sin @) 
uU 

r=r(8) 

v(r sin @—r’ cos @) 
Se eee 

ai dA as dé 

Family of curves 

Family given by F(x, y, 4)=0, A=parameter: 

x 

Envelope 
acne, lope: t 

The envelope is the solution (eliminating 2) of the system Enyelops to tansent={e 
every curve of the fa- 

en y, A)=0 mily. 

Fy(x, y, 4)=0 y 

Orthogonal trajectories 

Differential equation of 

Family of Family of 

curves orthogonal trajectories 

Rectangular coord. 

F(x, y, y’)=0 F(x, y, —\/y’)=0 ‘ 
(yy) wy y) Orthogonal trajectories: 

Polar coord. Intersect the curves of the 

F(6, r, r')=0 F(0, r, —r/r')=0 family perpendicularly. 
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Solids and surfaces of revolution 

General volume formula 

A(x)=area of section 

V= fA(xdx 

Volume of a solid of revolution 

Rotation of region D about x-axis: 

x=b 

Va. J umy* de 
x+=—a 

Rotation of D about y-axis: 

x=b 

V= Jf 2mx|y|\dx (0<a<b) 
x=a 

Guldin’s rule: 

V=product of area of generating region and distance traversed by its centre of 

mass. 

Area of a surface of revolution 

Rotation of curve y=y(x) about x-axis: Rotation of curve y=y(x) about y-axis: 

Asi 

x=b x=b 

A= f 2n\y|ds A= f 2mxds (0<a<b) 
x=a x=a 

[ds=Vx'+y'dt, ds=Vity'(xyPdx, ds=Vr+(r'y dé] 

Guldin’s rule: 

A=product of length of generating curve and distance traversed by its centre of 
mass. 
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Examples of plane curves 

y. 

ea) Woh 
0 2am 

Cycloid Cardioid Astroid 

x=a(t—sin t) r=2a(1—cosf) x234y23= 923 

y=a(1—cos ft) x=a cos* 

y=a sin? p 

GEESE 
Se ew, 

Lemniscate Folium of Descartes Three-leaved rose 

(x?2+y2)?=a?(x?—y?) x3+y>—3axy=0 r=a sin 30 

r2=a’cos 20 x=3ag/(1+¢°) 

y=3ag2/(1+¢°) 

“3a sin 8 cos 0 

sin? 6+cos? 0 

[asymptote: xt y+a=0] 

r=e?9 

Four-leaved rose Hyperbolic spiral Logarithmic spiral 

r=a |sin2¢| = g=arctan . 
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7.4 

7.4 Tables of Indefinite Integrals 

In the following table, the constant C of integration is omitted. The letters u and v 

represent different indicated functions of x. Other letters represent constants. Note that 

m and n denote arbitrary real constants unless otherwise is indicated. 

Algebraic and rational integrands 

Forms containing u=ax+b, v= Vx+c 

1. fedx=ex 

2. fatdx=2— (#1) 

3. [dai |x| 

i [#--— (n#1) 

5. f(ax+b)" de= ee (n#-1) 

6 | ete ace 
it; (sate In |ax+b| 

8. Jrlaxtbytde= 4 (
Wo nee Bhim 

Give 

= | ae dx= 2 — 55 a Fn lu 

= pa 7+ Si
n [ul 

ynr3 Qbutt2 b2yntl 

n+3 n+2 n+1 
12. f{x2(ax+b)" ax= A ( (n#—1, —2, —3) 

Z 2: 
1: [a =5 [ 4 -2bu+b? Inu 

2 
14, x BS tg sai ae ra [u 26 In |u| . 

15; et soul. 2b_ be 
os . a> (in |u)+ us 2u2 

ie u 

| .o x 
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7.4 

cz | tay = Hae Bh : 

2 | eee ae alae 
As aor ele 

y3/2 
22. {Vax bdx= 4 

/2 
x (3ax—2b) 23. fxVaxt+b dx= se 

24. fx2Vax+b dx= oe see 12abx+8b?) 

25. fx" Vax+b dx= (x"u3/2—bn f x"! Vu dx) 
Fn) 

26. an dx= ai 

axtb 1 (= ee ena Ve a 
xX Pas ie eae Dive 2 

28. 

6 nai bn| 2 dn) 

ae 
eae 

oe — age Vi 

ln 

| 

30. Vers tig 20= 3) [= (n#1) 
ss (n—- 1)bx"-1 (2n—2)b 

1 Vu-Vb 50 

ame Ve-N?| (6>0) 

ite 

Si. 
ax+b 2 arctan | j= A b<() 

V-b —b \ 

32, | =2Vx-2cIn || 
Vxte 

33. | Vx dx=x—2cVx+2c? In |v| 
Vxtce 

x 2x Vx 2 3 =X VX _ oy 4 2¢2?Vx-207 In |v 34. | ee Sori C |v| 
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35. | tess oe 

dy 2) ave 

a6 | TA eae 
dx 2c 

37. [ey =2In|v|+ : 

38. oe dx=2Vx—4c In |v|— 

_ lece ee Witee devine 26 +6c? In |y| 

40. eaeae =e 
Ter Vv 

Dae Ve 

a eae ately 

Forms containing u=ax+b, v=cx+d, k=ad—bc#+0 

dx Da 1 il 7 2h ; 

42. | es oe rata tant 2| ymal (m>1, n>0) 

1 43, i 
la k 

1/5 oat 

e latoge k (ent 7 In |y| 

fe (elt u 
> Be eee Ie 
| k (2 Teh 

b d u 
x =——+Sin|# 
= Py ae Gh 

nell b(k+ad) 
o loo De Fe ( £1n|y|—- ie In |u| 

1 5 : 
4 
‘: = bq tel ae ae 

ad? +b? a2 
49. x ta ite 

aanthaa par. |x| hay os nila yin lv 

30. exe BP aoe Sin 
aes 

(ax+b)" 1 yntl vt 
Sil 
ete ~ k(m=1. D ym—T +(m—n-2)a 

taal dx 

yr-l 

a kn] # yn 
ax| 
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7.4 

52. | X40 dx= Vat Vxtd+(b—d) In(Vxt+b+ Vx+d) 

ss. |= X dy=Vb=x Vdtx +(b+d) arcsin\/ 2% 
b+d 

1, | Vaw-V=k 
4, ls" 

ae | 
(c>0, k<0) 

(cxt+d)Vax+b Ze arcean 41 £ BIE) 

VE WN By 4 boc 

Forms containing u=ax?+b, v=b—ax? 

1 a 
—— arctan x\/ =) (a>0, b>0 

et ax Vab | a ( ) 
Si 

ax*+b 1 xVa-V—b In |- ~*~" a>0, b<0 
2V —ab xVa+V—-b ( ) 

dx x 1 
565 = = +—I] 

: | ote 2bu 2b | 

dx x 2n-3 
5) a SS Be ee he 

Bis lola 2(n—l)bu"=1 * 2(n-1)b "| 

58. ahaa (n#—-1) 

59. 

x dx 1 - 1 
(ax ee red Fie ila 

AL 

wae ~ 2b 

60. 

61. a 
u 

= 21, (see 55.) 
oe; Fae Byes Dy 0 

xn! b 
= “ Cae, #1 

& ae ~ a(n-1) 1 a [ a Uu bee ee) 

ee a ee ihe 
OP saan 2(n—ljau" tes ae Neat = a 

1 il |) _ ke += pee, 

pe Heat 2b(n—Du"!  b) xu! 

dx ~ AT (seei579) 
ef. Maer -3| xurl 

E 
lest 
| 
| sedis 

Ig 
at 
cat 
sci 
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68 

69. ‘© 

70 

VAG 

Te: 

qs 

AS. 

76. 

is 

78. 

MD 

80. i) 

81. 

82. 

83. 

84. 

| 

| 

> 
(cxt+d)(ax2+b) 

7.4 

[fin n (ext ad | (k=ad?+bc?) (see 55) 1 
k 

qa oe 1-21 4) cena (k=ad2+be2) (see 55) 
(cx+d)(ax*+b) kl 2 |u| 

x2dx 1 2 2 UIE 5 see Bs +d|+ 261 —bd| (k=ad2+b 55 
(cx+d)(ax?+b) abs Bag aa i gpa ee 

[-Vaeeb d= 2H 4 6 in |eVa+Vil (a>0) 
2Va 2 

EERE dv ONY tO we aroes a J Vb-ax? dx 3 + be aresin(x1/ 2) (a>0) 

rae 
| sar 
| var 

la 
3/2 

fxVaxt+b dx= 4— 

fx2Vax?+b dx= = yor Bx Vie 

y VRE ox 
Var+b 

Vb—ax? 

ape 

Jar 

In|xVa+Vu| (a>0) 

arcsin (: 2] (a>0) 

fees 
Va 

x! Ss 
Va 

bie 
il 2 In 
Vb 

l arctan \/—* (b<0) 
b b 

x 

Vu- ad (b>0) 

3a 

a + InxVa+Vuj (a>0) 

Z 
fre2-Vb-ar ae p24 Ox Wo4 e, te V4) (a>0) 

| Vax'+b ee 

x 

| 

dx 

x2Vax'+b 

n 

dx Vartb 
cx a yes wpe 

8a 

VutVb In Vu-Vb | (b>0) 
i 

Vu-V—b arctan ae (b<0) 

Vu 
bx 

n—2 

* dx (n>0) 
u na na 

n—y die 

fx" Vax?+b di ol fx"-2 Vu dx (n>0) 

| Vax’+b xn 
dx=— 

(n+2)a  (n+2)a 

y>/2 ys te Vu 

b(n—Dx"1 (n-1)b) x2 dx (n>1) 
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85. 

86. 

87. 

88. 

89. 

90. 

eAl 

9 QW 

94. & 

95% 

96. 

OVE 

7.4 

Vu ~ ee dx 
ENG = ~ b(n— 1)x"-! (n—-1)b } x" 2Vu 

EV HO 

wars 
late 
| mover 

eae 

(n>1) 

(c has arbitrary sign) 

C= — |e | tetas 

a = 7b t V(ac+b)f+2act+a 

—if x>c, + if x<c, see 104 or 27) 

1 pee p-l 
Pn a eg ee 

- va +b -| 4 fo 

—if x>c,+ if x<c, see 105, 106, 115 or 28) 

dt 

eee X (2ax?+5b) Vt 3 ai — In IxVat+Vul| (a>0) 

_ 2 
f(b-ax*)?’2dx= 6 2ax? + Sb) V+ els arsin(x V4) (a>0) 

8Va 

fx(ax2+b)?dx= 1 sn 
Sa 

. fx2(ax2+b)dx= sews 2 fx2Vudx (see 78, 79) 

[3(a2+b)2dxr= wipes 2s sl 
Ta’ Sa 

3/2 
(ax?+b)"" ay = fu esp | Mi dx (see 80) 

x 

Ty 

a+ by Vu 

(a (arvee Sai 

a 
lao 
laine 

ei (see 72, 73) 

Sate 
| 

— aVu a) Vu 

il il || abe ee 16 
sae bVu i bee] iP) 

--4(4] 
Mari b2\ x it 

dx 1 1 dx 

Irate -B( abate] in| aw Be 
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7.4 

Forms containing u=ax*+bx+c, (k=4ac—b?) 

2 
Remark. Writing ax?+bx+c=a [x+ a a= 

2 
ue this form is transformed by the 

2a 4a 

substitution erate to the form at?+by. 

1 2ax+b—V—k 2 
In SS 4ac<b 
Vk Wane bei 

dy TZ 2ax+b 2 
102. | —=( —~arctan 4ac>b 
| u Vk Vk ( ) 

ae” ashe 
2ax+b ae 

x 1 b | dx X dy=— In lu|—-2 | & 
u 23 2a we aa u 

dx _ 2axt+b , 2a dx 
2 ku es |p es 

105. | 3 deme B20 
u ku k}] u 

a 106. | = Lin i vue 

sue HE Derr 

dx b u 1 b2 a dx 
107. = ] _ -- 
Ie 22" 132| ex (25 | u 

1 
—=In |2ax+b+2V au a>0 

08, | Ae va We 
u .. —2ax—b 

arcsin —=——._— (a<.0 
—a Vk ae) 

109. | *~dy= VU | ae 
[= a 2a} Vu 

#) 

110. t= Vi 3B gy ca 
[= 2a 4a) Vu 2a} Vu 

1 VutVe b 
——lIn + c>0 
Ve | % 2Vc ee 

dk 1 2 Dx 2E 
111. = arcsin <0 
| V=C xV—k rs) 

a2 (c=0) 
bx 

12. | i. vis) dx 
x°Vu cx 2c)xVu 
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7.4 

(x-d)"Vu t V(ad’+bd+c)P+(2Qad+b)t+a 

(— if x>d, + if x<d) 

114. fVidx= 2048 vig £ k | te 
J 4a 8a } Vu 

y2!2 b 
115. fxVudx= 4—--2 {Vudx 

3a =. 2a 

ys!2 5b2 
116. fx2Vu dx= [x Sb )o 

‘dae 16a2 6a 

vo (& _ 2(2ax+b) 
ae kVu 

118. [4 dx —2ax+b , Zn 1a fd 

“knu" kn u" 

x —_ _bx+2c_ b(2n-1)| dx 119. | dra — bx t2e_ bOn=1) | de 

ee fVudx 

knu” kn 

xml _2(n=m)b = ak 

2» a(2n—m-1)u" (2n—m-—l)a) u" 

pyle ae m—l)e xm—2 120. [a= + imac | “— dx (m#2n-1) 
=7 aa =f) 

1 eee gy 20) egg © A dx (all m,n) 
a UE yn} Gl) We a 

er dx __ 1 = ae dx 
“Jx™ut = (m-1ex™ Fu"-1 — (m—1)c |) xn 

ee dx 
(m—-1)c J) x’™-2un 

dx 1 paar lax 
1228 = ap 
[- — 2e(n—1)u""! 2c u" lee 

123. n dy = (2axtb)u" ur-ld 
EE ae aie 

+1 sete Goer =O aad 124. f xu" dx TENT TE \owieds 

Forms containing u=x°+a° 

(For forms x3—a? change a to —a) 

dx al he! (x+a)? 23a 
125.| —— = = In + + V3 arctan —_| 
Ee 3a2|2 x?-ax+a? avV3 

dx x Dit Gx 126: = 42, | 
[on 3a5u 25 u 
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127. ren rae In ta +V3 arctan a= 

128. aay In |u| 

ce teas 3a3 2 = 

os [action See rS i a e a [2 es 

Forms containing u=x4+a‘4 

dx 1 1,. x2+axV2+a? axV2 
(let = =|n =< + arctan —— +(nz)* 

Ine rl x*-axV2+a* a?—x? en) 

Poe! 1 aw x 
182 (# ek RS A oy pe 

153% | ae 575 arcta x? C— n ad 5 

2 2 
fea —; | el 
a at mae 

1 1 x27-axV24+a2 axV2 E, 
ilSieys n +arctan +(n7)* 
I 2V2a {2 x*+axV2+a? a*—x? oti 

136. | 5 7 i wa arctan | 
2 xt+a a 

137. [a jdx= iin e404 

Forms containing u=ax"+b 

dx 1 ag 38. | ———~ = — oo 
s Pear bn é u 

139 | dx nVb VutVb 

rep f= 2 * 
a cs ep = eat) 

140. f x’"(ax"+b)Pdx= 

1 
m+npt+1 

= 
bn(p+1) 

| (b>0) 

[x"* uP +npb f x™uP—ldxJ= 

[—x™* twp t1+(m+np+ntt) J x"uPt1dx]= 

* Add 7 when going past —a and a. 
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Sac [xmont lupt}—(m—n+1)b fx"uPdx]= 

“Fema [xm ttuP*!—(m-+np+n+1)b fx "uPdx] 

(m, n, p arbitrarily real) 

Transcendental integrands 

Forms containing sin ax, cos ax 

1 

sin x 
(For forms involving secx, cscx, use secx=—_, cscx= 

cos 

141. fsinax dx=— tcos ax 

142. fcos ax dx= Asin ax 

143. {sin2 dx= x — Sin2ax fsintax dx : ae 

144. fcostax dx=X + Sin2ax fcosax dx 5 re 

145. fsin?ax dx=— cos ax+ 3.00s%ax 

1 1 146. fcostax dx= =sinax— =sin? 
a 3a 

ax 

147. fsintax dx= 3% — Sin2ax_, sin 4ax 
8 4a 32a 

4 _ 3%, sin2ax :: sin 4ax 148. fcostax dx 3 ae aire 

149. fsin"ax dx=—+sin"-!ax cos ax+ n=] feinn—2ay dx 
na n 

1 
150. fcos"ax dx= —sinax cos” lax+ "=" feos" ax dx 

na 

a an (a=) 

151. fsin ax cos"ax dx= HM 
— tin |cosax| (n=-—1) 

sin”* lax (eo) 

152. fsin"ax cos ax dx= a(n+1) 

tin \sinax| (n=—1) 
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7.4 

symt+l n=] = z sin” 'x cos" 'x, n 1 fsin’"x cos"-2x dx, or 

153. {sinx cos"x dx= ele: nal aes 
— Sin COS” Xa mat fsin'?—2x cos”x dx 

m+n m+n 

154. {x sinax dx= > (sin ax—ax cos ax) 

155. fx cosax dx =, (cos ax+ax sin ax) 

156. fx*sin ax dx= =; (2c0s ax+2ax sinax—a?x? cos ax) 

157. fx?cos ax dx= =(- 2sin ax+2ax cos ax+a?x? sin ax) 

158. fx” sin ax dx= —1y"c0s ax+ la cos ax dx 

159. fx" cos ax dx= ix" sin ax— or sinax dx 

160. fx sin2ax dx= a _xsin2ax _ cos 2ax 
4a 8a2 

oy c 

161. 2ax dx= x 4. XSin Zax , cos 2ax fx cos*ax dx 7 re S 

sin(m—n)x _ sin(m+n)x 

2(m—n) (m+n) i 
162. fsin mx sinnx dx= 

cos(m—n)x _ cos(m+n)x 
163. fsin mx cos nx dx=— 2(m=n) a(m+n) (m?#n?) 

164. dx = Sintm=n)x sin(m+n)x 14.2 
Jcos mx cos nx =a Se (m?#n?*) 

165. fcscax ax=| 4 <1 in | tan ® 
sinax a 2 

166. Jesc? ax dx=—1 cot ax 

167. {sec ax ax=| 4 Nin itan [+2 
cosax a 2 4 

168. sec? ax dx=4 tan ax 

169. te =-1 cotax 
sintax a 

170. fsecax tanax dx= janet secax= —1 
cos*ax a a cos ax 

in. | 5 = nae 
cos‘ax a 
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7.4 

172. fescax cot ax dx= [e848 dr=— hescar=— 
sin“ax a asin ax 

ax COS ax n=2 dx 173. | = =-— ———__ + — | — 
[a a(n—1) sin’~lax n-1 sin”~2ax 

174. |< : sin ax a dx 
cos"ax a(n—1) cos"~!ax | n—1)] cos" ax 

iS. law =1in |tan ax| 
sinax cosax a 

176. eer SS -1( Al wn tan‘ } 
sin ax cos“ax a \cosax Z 

177. load a -1(-- +In |tan (a+4 
sin“ ax cosax a sin ax ae A 

ce 1 +min2| dx 

178. lone (m—1)sin™-1x cos’~!x = m—1_ J sin™~?x cos"x 

sin’"x ora 1 . min=2 dx 

(n—1)sin™~1x cos"“1x  n—-1 J} sin"x cos"~?x 

sin”* ly ~ manta | sins ay oF 

179 {ints fe (n—1)cos"-!x  n-1_ | cos"~?x 
» Jcost ‘aie z =2 x sinZaex 4m ess x dy 

(m—n)cos"~!x = m-—nJ  cos"x 

1 ‘Ss cos"* he ae eZ | cos os 

180. | costs ye ~ (m=1)sin"~!x Ho sin” 2x 
m -ly = <2 

sinx cos” +h 1 cos” Ry 

(n—m)sin™-!x n-m)_ sin™x 

181. | = dx=—*cotax+ In |sin ax| 
sin* ax 

182. | 5 f= tan ax-+ “yin |cos ax 
cos’ ax 

1 TX 
183. x=—-—tan = 
i ax a (z- 2 

dx it eae 
184. tan |—-+—= 

[= —sinax a Lean (2 | 

We OB 
185. = -tan— 
rae ax a 2, 

Ul auf ABS 
186. = =cot— 

|, —cosax a Dy; 
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7.4 

) b tan “+c 
——<_aretan (be Sc" aVB=e er 

187. ae 1 btan Sreawveab 

ee naaes py fee 8 Ee ee) 

ORES btan S+e+Ve—b 

1 i c dx = tan] = | 
bs | sinx) b : io ae 

189. In | tan | -t £2) 
: lon ‘ gee an(3 4 

=In | tan% | +t + 
wie ss sin x) ae an(4 z) 

191. lace CCOSX 4 b | dx 

ere (b?—c*)(b +csinx) b?—c*) b+csinx 

192, | _Sinede sin x dx bcosx x =p dx 
(b+csinx)2 (c?—b*)(b+csinx) c?—b*) b+csinx 

193. COSMIC = 1 
‘ f sss =- c(b+csin x) 

‘ (b—c) tan & 
——— arctan —————*  (b2>¢? ave Sarr One 

1 
194, | —————__dx= ae ax = —— sl 1 (c—b) tan“ +Ve be a 

(b*<¢+) Se Le 
a il tie 82 BE VeF 

n tan (2 +1) |-¢[ de 
2 e4 b) b+ccosx 

x x t + _ pit n tan (3 t) ion 

195: 
cos aa cos x) pe 

196. 
cos sora +cos x) 

197; n | tan (+2] | —cot~ 
soati-ane cos x) 2 ju 

199. cos x dx bsinx é | dx 

(b+ccosx)? _ (b?—c?)(b+ccosx) | b*—c?} b+ccosx 

Sie 1 200. a 
Het cos (b+ccosx)? c(b+c cos x) 

eel Pe Boamta? 201. 

198. (=e csinx b dx 

(b+c euaaae® (2—b?)(b+ccosx) c2—b?) b+ccosx 

_—a- tan 
b eke Silly. 7 

r=Vb*+c’, a=arctan p (c>0) 
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7.4 

dt ‘ 
202. =[x+a=t]= > 
loom ress — Cee ee!) 

203. [om su! dx=— Lin|b+c cosax| 
b+c cos ax ac 

204. | cosa Sok <In\b+e sin ax| 
b+c sin ax ac 

205. [fo sin ax x= X—| dx 
Senne c cJb+c sinax 

206, | 208k COs ax axa 2-2 dx 
er ra CC D+.G COSAG 

dx 
207. —__—_—_,—_—_- 209 or 210 

asin eae =| mt cos2x foe iN 

dx 
20 209 or 210 

a acos ee -| pe 2x+b sin2x Ge ore 

AL: 
2 
Med aaa 2% ab 

arctan (2 tan x 
a 

210. 
1 in | b tanx+a 

= Pain? x "Dab b tanx—a 

Zads sinx dx =[t=cosx]=- | a (see 55) 
acos¢x+b at?+b 

Zi2- | oe a= [t=sin x]= | 
asin2x+b kseein3) 

dt 
at?+b 

For forms containing cos2x instead of sin*x in 213-220, use cos2x=1—sin2x. 

213. fsinx Vasin'x+b Cs ae caw asin’x +b— 

— + aresin VGC0s2 

214 (sine V b—asinx dy=— are Vb—asin’x— 

(a>0) 

— $Ain| Vacosx+ Vb- —asin’x| (a>0) 

As —sinx _ gy=— 1 aresin Y 22082 a>0 

| ee at Vase OD 

216. | ek dxa-— In| Vacosx+ Vb-asin’x| (a>0) 
Vb-asin’x Va 

217. f cosxVasin’*xt+b dx= wy Va sin’x +b+ 

rage tr | Vasinx+ Vasin’x+b| (a>0) 
2Va 
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7.4 

218. { cosxVb—asin*x dx= ms Vb—asin’x+ 

PAY, 

220. | 

+ sSaarcsin | 

cos x 1 

Va ay Va 

COS x Pp ere ae 

V b—asin°x Va 

{sins | (a>0) 

In| Vasinx+ Vasin’x+b| (a>0) 

resin | i) $sins (a>0) 

Forms containing tan ax and cot ax = aes 
tan ax 

221. ftanax dx=—1 In |cos ax| 

222. ftan2ax dx= tran ax=Xx 

223. ftanax dx=_ tan2ax+ tin lcos ax| 
2a a 

224. ftan" ax dx= u tan” !ax—ftan"~2ax dx 
a(n—1) 

225. ftan"ax secZax dx= ae Saat tan"tlax (n#—-1) 

2 
226. ee ax= | BA de> S =A In|tan ax| 

tan ax cos‘axtanax a 

227. {cot ax dx=1in |sin ax| 

228. fcot?ax dx=— Foot ax-Xx 

229. feot3ax dx=—— cot2ax—Lin sin ax| 
2a a 

230. feot"ax dr=— —1 cot”~lax—fcot"-2ax dx 
a(n—1) 

23ilr. 

ZB2r 

203) 

234. 

Scot"ax esc2ax dx= | 

| 
| 
| 

COUME one 
sin2ax a(n+1) 

cot?*!lax (n#—-1) 

csc2ax ae dx 
cot ax sin? 

dx 

b+c tanx fE 

dx mai 

Vb+c tanx WVb-c 

ax cot ax 
=-1 In|cot ax| 

a 

7 a3 (bx tc In|b cosx+c sin x|) 

arcsin (\ > Ssinx] (b>0, b?>c?) 
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7.4 

Forms containing inverse trigonometric functions 

235. farcsin ax dx=x arcsin ax+ V1=a’x? 

236. {(arcsin ax)2dx=x(arcsin ax)?—2x+ : 1—a’x’ arcsin ax 

237. fx arcsin ax dx= a (2a2x? arcsin ax—arcsin ax+ax V1—a’x’) 

238. fx? arcsin ax dx= 533 (3a3x3 arcsin ax+(a2x?+2) V1—-a’x’) 

239. [aresin ar ar — darcsin ax—a \n 
ie x 

14+ V1-a’x? 

ax 

240. f arccos ax dx=x arccos ax— ! 1-a’x’ 

241. {(arccos ax)*dx=x(arccos ax)?—2x— 2 1—a’x’ arccos ax 

242. fx arccos ax dx= 33 (2ax? arccos ax—arccos ax—ax V 1—a’x’) 
a 

243. {x? arccos ax dx= 53 (3a3x3 arccos ax—(a*x?+2) V1—a’x’) 
a 

244. fateegsat ay — - 1 arccos ax+a In 
x G 

1+ Vi-—a'x 
ax 

245. f arctanax dx= 7 (2ax arctan ax—In (1+a7x?)] 
a 

246. f arccot ax dx= * [2ax arccot ax+In (1+a7x")] 

247. fx arctan ax dx= 5 ((1+a2x?) arctan ax—ax] 

248. fx? arctan ax dx= a (2a3x3 arctan ax—a’x?+In(1+a°x")] 
a 

Doo) 

249. arctan ax qy—_ 1 arctanax— “In oe 
x? x D acx 

250. f sec lax dx=x sectax—4 Injax+ Varx?-1 

251. f csclax dx=x csc lax+ : Injaxt+ Va'x?—1 

2 
252. fx seclax dx= oF sec lax— = Vax=1 

2 
253. fxcsclax dx= a esc laxt+ =a View 
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7.4 

Forms containing exponential, hyperbolic and logarithmic functions (also combined with 

sin and cos) 

254. ferdx=1 oe 

255. fatdx=fetInady= 
Ja J “Ina 

256. Sret*dx=< (ax—1) 

257. frre dx = (a2x?—2ax+2) 
a 

258. (xe dx = Sr [(axy"=n(axy!+ n(n—1)(axy"2= (=D) (n pos. integer) 

dx as. Bil ey aX 259. | A 7p In |b+ce%*|) 

1 260. | pee ao In lb+ce™| 

2 il 2 261. fre™dx= 1 eax Jxe® dx ae @ 

262. x2 eas de= 3 fetetdt. t=x2. See 258. 

263. xe ea 

|e ~ @(1+ax) 

264. f sinhax dx=7 cosh ax 

265. { coshax dx= =1 sinh ax 

266. f tanhax dx=1 In (cosh ax) 

267. f cothax dx=1 In |sinh ax| 

268. f sinh2ax dx=z (sinh 2ax—2ax) 

269. f sinh"ax dx= DS sinh” lax cosh ax— te J sinh"~2ax dx 

270. f csch ax dx= [pases In | tanh & 
sinhax a 

ork jsechax r= | ued =! tanhax 
cosh‘ax a 

272. f sechax tanh ax dx= Sahay dx=—1 sech ax 
cosh*ax a 
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273. { cosh? ax dx=Z. (sinh 2ax+2ax) 

274. f cosh"ax dx= A cosh" lax sinh ax+ hol f cosh"~Zax dx 

275. J sech ax dx= aX — 2 arctan eM 
coshax a 

276. f csch2ax a= | a =- ! cothax 
sinh“ax a 

277. J cschax coth ax dx= | costa dx=—csch ax 
sinh“ax 

278. f tanhax dx=x-1 tanh ax 

279. § coth@ax dx=x-2 coth ax 

280. f Inax dx=x Inax—x 

- nial aX 1 “4 281. fx" Inax dx=x ei a (n#—-1) 

n m Sots, (py mts n m-1 4 

282. fx"(In ax)"dx ET (In ax) an fx™(In ax)" "dx (n#—-1) 

n Srl 
283. (Inax)” 5, (Inax)"* (n#-1) 

¥% n+ 

284. | aX __ —1n(In ax) 
x Inax 

285. f (Inax)2dx=x(In ax)?—2x In ax+2x 

286. f (Inax)"dx=x(Inax)"—nf(Inax)"! dx 

287. fe% sin bx dx= nian (a sin bx—b cos bx) 

“an-l 
288. f e*sin"bx dx= eMsin” bx (asin bx—nb cos bx)+ 

a*+n*b 

+ nN Me f e%sin" “bx dx 

289. fe cos bx dx= nine (a cos bx+b sin bx) 

290. f e“cos"bx dx= cost (acos bx+nb sin bx)+ 

- nna yee f e%cos"~*bx dx 

ek 
291. {xe sin bx dx= a me (a sin bx—b cos bx)— 
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292 

299 

294 

295 

296 

297 

298 

299 

300 

301 

302 

303 

304 

305 

306 

307 

308 

7.4 

PE [(a2—b?) sin bx—2ab cos bx] 
a 

. fxe® cos bx dx= a (a cos bx+b sin bx)— 
a 

GBP [(a2—b?) cos bx+2ab sin bx] 

. f sin(In ax)dx=5 [sin(In ax)—cos(In ax)] 

. J cos(In ax)dx=% [sin(In ax)+cos(In ax)] 

. f In(ax+b) dx= Ot? In (ax+b)—x 

. f In(x?+a?) dx=x In (x*+a?)—2x+2a arctan - 

_ f In(Qx2=a2) dx=x In (x2=a2)—2x +a In*t4 
x-a 

» fxn (x20) de= Hx?) In (74a?) —Fx7 

. fin | x+ Vx2Fa] dx=x In | x+ V2 4a] — V8 +a 

2 2 
. fxin|xt+ Vx?+a| dx= (5+) In| x+ Vx2+a|—- ~ am 

. f arsinh x dx=f In(x+Vx?+1) dx=x arsinh x- Vx?+1 

. f arcosh x dx= f In(x+Vx?=1) dx=x arcosh x-Vx?—1 

. J artanh x dx=x artanh x3 In (x?—1) 

. f arcoth x dx=x arcoth xt5 In (x2—1) 

. f sech"! x dx=x sech!x+sin-lx 

. Jxsechlx dx= < sech hx avin 

. fesch"lx dx=x csch"!x+sgn x sinh-lx 

B} stihe © 

_ fxesch-lx dx= © esch-iv4 1 5 nxV14+x 
2 ane 
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7.5 Tables of Definite Integrals 

I(x) is the Gamma function (see sec. 12.6.) 

y=0.5772156649 ... is the Euler constant. 

Elliptic integrals, see sec. 12.5. 

Integrands containing algebraic functions 

Mm)I(n) 
(m+n) Altech) 

1 

1. fx"-1(1—x)""ldx= 
0 

» Faayr-Wo—ayrldr=(b-aynen} MUA, (a<b, m, n>0) 
I(m+n) 

1 Jn cae n 1 Ss. (=2) = 3, bist Ginn. : (n=1, 2, 3, ...) 

1 
Gy Sai kien ee (n>1) 

0 ( peat eit 

n 

1 3 Ff x eae Va I((a+1)/2) oe 

9 V1-x* 2 '((a+2)/2) 

1 ya-1 “s 1 
: = 0<a<l 

: Say sin at Dsis}) 

! 

9 Vi-x4 a T{h+ i 
Oe 

* dx 1 s. f = (a>1) 
g1+x" a sin 2 

9 [ae 0<a<t) 
ox*(1t+x) sinam 

© .a-1 
10. in zax= —* (0<a<f) 

ee sin (27 ea 
A eS par: sibs een baas (a>0) 

dx” (23)! 
= (NS = Vy Sylone 

(a2+x*)" 2a**-*Qn—2)!! ( 

dx O_O) 
(a 24 y2)(b2+x7) ~ Jab(a+b) 

f 
0 

a2, ¥ 
0 

16. —-f 
0 
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14. 

15; 

16. 

Ts 

es Rl I(m)I(n) 
= SEs , m, n>0 

Str Tn 
* 1 TT b =—arct , ac—b*>0 
lens Vac—b* |2 gies ac—b (te ) 

Serena Val a= 2(b+ Vac) (a, c, d>0) 

Integrands containing trigonometric functions, (combined with algebraic functions) 

1: 

18. 

£O% 

20. 

aan 

jb 

23. 

24. 

(n—1)!! 
nl2 n/2 Apes WL S5195 2ed 

J sin’x dx= Jf cos"x dx= i 7 
0 0 (n yt! 4 un nw 6.x. 

n!! 2 

at+1 
n/2 n/2 vy A 
(esingedc= ! cos?x a= 5 (a>-1) 
0 a+ Ns") 

—1)!! 

ae w, n=1, 3, a eee 

Sanit 2 

ae ee =e ALO 7 

fxsin"x dx= 
0 

ee 
mt 

ee 
T(a+1) M(B+1) 

!2 

2 
n>—1 

ay 
) 

71) 

J sin2@+1y costly dy= 
0 2 I(a+6+2) 

0 (m#n integers) 

sin mx sinnx dx=) 7 
J 5 (m=n integers) 

. 0 (m#n integers) 

Scosnes cos nx dx= : (m=n integers) 

0 (m, n integers, m+n even) 

sinmx cosnx dx={ 2m 
J a (m, n integers, m+n odd) 

/2 
: dx ae ds _ arccosa 

a\<1 
0 1+acosx 9 1+asinx V1-@ ge!) 
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ks 

1 . 
25. —M—2aresinad (_jegey 

bie sin x V1I-@ ( a) 

rs 

4 ee Lb (-1<a<1) 
ae cosx Vi—a 
m/2 i; 

PA <a 
 a*cos*x+bsin*x 2ab eae) 

28a. fsinx*dx= f cosx*dx= “a 
0 0 

8b im 7Z ie Tie Bog “ 1 7 
. J sinx*dx=F|1+—-] sin — J cosx4dx=I'}1+=]| cos — (a>1) 

0 a 2a .- 0 a 2a 

29, fsa get (a> 
J x Z oY 

30, (SiIDX gy (0OSX—4/ 7 
es J x ms 

* sin2x.,,_ 7 
31. J x dx= 

co -; 3 

a; wy? gee 28 
J x 8 

7 sintx 4. 7 

34, (SX ge _7 __ (geqe? 
hee “ 2 (a) sinan/2 Fie. 

35, [SXgya = Ocacl 
eer @ 2 I(a) cos an/2 ae 

36, f S0Sax= C08 bx yy 1b | 5 

37. Se a aoe (a, b>0) 

38. f cosax dx= = e—ab (a, b>0) 
0 D2 +x? 2b 

Integrals containing exponential and logarithmic functions (combined with algebraic and 

trigonometric functions) 

39. fx"e*dx=n! (n=0, 1, 2, ...) 
0 

Rat) (n>—1, a>0) 
* a 

40. fx"e"“dx= 

rt (n=0, 1, 2, ..., a>0) 
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41. 

42. 

43. 

45. 

46. 

47. 

48. 

49. 

50. 

=i 

D2: 

53. 

54. 

D3. 

56. 

tS 

feady= 1 e f o2bx-ax dy = ves Ee aM Ces) 

; r (24) Jaz (n>-1, a>0) 

fate @de= ee (n=2k, k integer, a>0) 

k! 
aye (n=2k+1, k integer, a>0) 

Jem sin bx dx= eae (a>0) 

fee cosbxdx=—"5 (a>) 

Jaen sin bx dem pep (a>0) 

[xe cos bx dem ry (a>0) 

i em sinbe dx=arctan® (a>0) 

f(inaytax= (1)?! idl Oo ae | 

f In|In x| dx= fe-* Inx dx=—y 
0 0 

Inx mw DS dy= © 
ees 6 

jinx me 
oxt1 12 

: Inx 1 
ax=—— In 

Wiee 2 

1 
ee I(n+1) 

x™ | In=) dx= fo (in) are 
~ sin x 1 SLE eee il J xy nx dx ot 

m/2 n/2 

(m>—1, n>-1) 

J In(sinx)dx= f In(cosx) dx=— ina 
0 0 

77/4 

fin (1+ tan x)dx= In 2 
0 
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8.1 

8. Sequences and Series 

8.1 Sequences of Numbers 

Notation: {an} OF a1, a2, 43, ..., Any «+ 

Limit: The sequence {a,}/ has the limit A, lim a,=A or d, > Aasn— &, if for any 

number ¢>0 there exists an integer N such that 

|an—A|<e for all n>N. 

If the limit exists the sequence is convergent, otherwise divergent. 

(Laws of limits and rules for determining them, cf. the corresponding laws and rules 

for functions in section 6.2.) 

lim sup a,=lim (sup ax) exists for all sequences (possibly +). 
noo n>% k>n 

Theorems 

1. {an} monotone and bounded => lim ap exists (finite). 
no 

2. lim a, exists © lim |am—an|=0 (Cauchy condition) 
no m>© 

n> 

Examples 

a if |a|<1 faa 
lim 4 0 if a>1 no 

jim Va = tim, Vina = tim, W/p(n)=1 (a=positive constant, p(n) polynomial) 

n 

lim & =0 (a constant) 
n>2 n! 

iL. Vee: 8 ; 
an= (i+! is increasing and a, > e asn >. 

n 

i-Fa b , 
. An+1= 5) ” a,;=0 recursively given sequence. 

{a,}/ is increasing and bounded 

> lim a,=A exists and 
noe 

A= 
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8.2 

8.2 Sequences of Functions 

Pointwise convergence 

The sequence {f,(x)} is said to converge pointwise to f(x) on the interval J if for every 

fixed xe: lim fn(x)=f(x) [f(x)=limit function]. 
n> 

1. Arzela’s theorem 

Assume (i) fn(x) > f(x) pointwise on [a, b] 

(ii) |fn(x)|<M, all n and xe[a, b] 
(iii) fn(x), f(x) integrable 

Then 

Hin { falw)ebv= [Adee 

Uniform convergence 

The sequence {f,(x)} is said to converge uniformly to f(x) in the interval J if 
sup|fn(x)—f(x)| > 0 asn— &. 
xel 

Example. fy(x)= —— > 0 uniformly for xe[0, 1] because 
nxt+1 

sup |f,(x)|= —~ > 0 as n>. 
xe(0,1] +1 

2. Dini’s theorem 

Assume (i) {fn(x)};° increasing, i.e. fn(x)<fn+1(x), all n, x (or decreasing) (ii) 
n(x) > f(x) pointwise on [a, 5] (iii) fr(x), f(x) continuous on [a, b]. Then the 
convergence is uniform. 

Further results 

Assume that f,(x) is continuous for each n and f,(x) > f(x) uniformly on [a, b]. Then 

3. f(x) is continuous on [a, Db]. 

4. lim eat {fede 

> (fn'(x)}P converges uniformly > f’(x) exists and is equal to lim f,'(x). 
no 
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8.3 

8.3 Series of Constant Terms 
foo} 

An infinite series = aa +a2+a3+... is convergent with sum s if the sequence of partial 
n = 

SUMS Sp= e Aa is convergent with limit s. (Otherwise the series is divergent.) 

foo} 

ie oh convergent > a, > Dasn— ©, 
n= 

Summation by parts (Abel) 

n n n 

te PTiiad oe dee oy eet 17 On), where A,= tk 

Integral estimates 

Convergence tests 

Series with non-negative terms 

5. (Comparison test). Assume 0Sa,<by. Then 

(a) z by, convergent > x an convergent 

(b) x dy divergent > z by, divergent 

6. Assume ay, b,>0, lim bias =c#0, © (or an~bn). Then 
n>2U0yn 

co loo} 

2 an convergent & 2X bn convergent 
1 1 

7. (Integral test). Assume that f(x) is positive and decreasing for x2N. Then 

M8 f(n) convergent & § f(x)dx convergent 
N N ll n 

Series with arbitrary (complex) terms 
eo co 

8. D |an| convergent Se An convergent 
1 
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8.3 

9. (Ratio test). Assume lim =c. Then 
n—->% 

Gn+1 
n 

(a) c<1 >E |an| convergent (b)c>1> x an divergent 

10. (Root test). Assume lit, V |an|=c. Then 

(a) c<1 >E lanl convergent (b) c>1> Say divergent 

11. (Leibniz’ test). Assume (i) {a} decreasing (ii) a, > 0, n—> ©. Then 

x (—1)"an convergent 

A 

12. (Dirichlet’s test). Assume (i) An= = ax is bounded (complex) sequence, (ii) bn \ 0, 
n—>, Then kel 

co 

2 anby convergent 
1 

13. (Abel’s test). Assume (i) x an convergent (ti) {by} monotone and convergent. Then 

toe) 

2 anby convergent 

Examples 

(3 i bee for |x|<2 (Root test) 
PV2 div. for |x|>2 

$1 ee for p>1 (integral test) 1 n(Inn)P div. for p<1 

cony. 

+o({4) and SL done. 
nt 1 n2 

co (aide P : 

(: bes conv. (Leibniz’ test 
1 Va ( ) 

D3, aE ek conv. for x#2mm (Dirichlet’s test, cf. 8.6.18) 

Infinite products 
An infinite product JE, +4) = +41) +42) ... with 1+a,#0 converges to p#0 if 

n 

lim JZ (1+a,)=p. 
n> k=] 

1 HT (1+|a,|) convergent > IT(1+a,) convergent 
1 

2. I (1+|a,|) convergent & ¥ \ax| convergent 
1 1 
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8.4 

8.4 Series of Functions 

Uniform convergence 

The series 2 f(x) [=s(x)] is uniformly convergent for xel if the sequence sp(x)= 

= 2 f(x) converges uniformly to s(x), xel, i.e. — 3 filx)| ~ Oasn— , 
ra xel k=n 

Tests 

1. (Weierstrass’ majorant test). Assume (i) | fn(x)|<Mn, xe, (ii) x My, convergent. Then 

= f(x) is uniformly convergent. 

2. (Dirichlet’s test). Assume (i) Fr(x)= = filx), |Fn(x)|SM, xel (ii) gn41(x)<gn(x), 

xel (iii) gn(x) > 0 uniformly, xe/. Then 

2 fn(x)gn(x) is uniformly convergent, xel. 

Theorems 

Assume s(x)= 2 " fr(x) (fn(x) continuous), is uniformly convergent in [a, b]. Then 
n= 

3. s(x) is continuous. 

A, {seyaie z (Pode 

>i S fn'(3) uniformly convergent > s'(x)= S fil(x). 

Power series 

A power series of a real (or complex) variable x is of the form (an may be complex) 

fx)= E an(e-x0)", a= G0) 

In particular if x9=0: 

(8.1) f(x)= Sank =ag tart a+... qa) . Divergence 
n= 

+ 

Radius of convergence R 

A x jim sup WJan|=[lim Wan] = lim [924 
R no no no n a ~ Convergence 

if the latter limits exist. ] 
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8.4 

Properties. (Assume R>0) 

1. The power series (8.1) 

(i) converges for |x|<R and converges uniformly for |x|<R-—e, any e>0. 

(ii) diverges for |x|>R. 

(Convergence investigations for |x|=R: Look for tests in sec. 8.3). 

2. The series (8.1) may be differentiated or integrated term by term arbitrary many times 

and the received new series also have radius of convergence=R, i.e. 

f@)= 2 nanx™!, Ix|<R 
n= 

2 gq xntl 

Sfadr= E 28+, [el<R 

3. (Uniqueness theorem) 

rio eo > an=by, all n. 

4. (Multiplication of power series) 

x|<R1; Lbyx", Ix|<R2> Sant 
0 

( Sane" \ >b,x" = ¥c,x", 
0 0 0 

n 

Cyh= Foodies x|<min(R1, R2) 

5. (Abel’s limit theorem) 

(i) F)= Zanx”, =—R=y<hk (ii) Sa,R"=s (convergent) > at f@x)=s. 
XS IKS 

Example 

For which (complex) x does x “ converge? 

Solution: 

els j aie = = A. R jim a tSR=1h 

B. The boundary |x|=1: (a) x=1: » - div. 

ee) —] n 

(b) x=—-1: a conv. (Leibniz’ test 8.3.11). 

(c) x#1: set x=e'?: 2 - e? convergent by Dirichlet’s test (8.3.12) because 

1 
ng/2 

st Ne (5, SO) Zen (8.6.18) Ss 
SI 

Answer: |x|<1, x1. 
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8.5 

8.5 Taylor Series 

Taylor’s formula 

Let f(x) and its n+1 first derivatives be continuous in an interval about x=a. Then in 

this interval: 

(8.2) fx)=fa)+ 29 a+ AO (— art. LOO (ays Russo), 

where Ry+1(x)= faa oe f*D()dt= ae ae Gea). 

(€ between a and x) 

Maclaurin’s formula 

f= =f0)+ OO x 4 fe) o oe, +£0 ©). Me fr+D (6x), (0<0<1) 

odd: only odd powers of x 

even: only even powers of x. 
Note: f(x) is | 

Taylor series 

If R,(x) > 0 as n— © then 

o F(k 
f@x)= 2 Eo) (x—a)* [Taylor series] 

k=0 ! 

[Maclaurin series] 
co f(k) 

fa= 3 Ey? x 

The Ordo concept (Big O and Little 0) 

1. f(x)=O(x%) as x 0 means: f(x)=x*H(x), where H(x) is bounded in a neighbourhood 

of x=0. 

2. f(x)=0(x*) as x > 0 means: f(x)/x?— 0 as x 0. 
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8.5 

1. O(x*)+O(x*)=O(x4) 2. O@)£04)=0C?) 

3. x7O() =O) = 0(1) 4, O(x?)O(x3)=O(°) 

Corresponding rules for little o. 

Example. 

O(1) 
*o(1) 

O(x3) 
(x2) =1l+x+— 5+{5 

x2 

e= axe 5+ {6 

Asymptotic equivalence 

f(x)~g(x) as x >a means: —>lasx—-a f(x) 
g(x 

Methods of deriving Taylor series 

Examples of other methods than a direct use of formula (8.2) are given below. In each 

case, the problem is to determine the Taylor series expansion about the given point a 

with the given order n of the remainder term. 

2x? a=0) n=6. (Substitution): f(x)=e7 
2 

f(x)=[t=—-2x2]=e'= 14:14 Ft O(P)=1- 227+ 244+ O(x). 

2. (Multiplication): f(x)=e* sinx, a=0, n=5. 

fa)= | Atx+ ee +0004} x- £ +008)] =xtx2+ ae +O(x) 2 6 

3: Di ist j t j 1 F; ae = =0. (Division, using the geometrical series): f(x) TPs 0, n=6 

A 
en a 2S =e 0G) |= 

x24 E+0(0) -[(£-“ +004] 
2 4 

=14+1+2+0(8)=14+ © — 40 6 O(?)=1+ 5 45 +O(x°) 

(using “‘long division’’): 

1+x2/3—4x4/454... 

x-x3/3+29/5 [x 
—(x-x3/3+x5/5) 

x3/3—x9/5 

~(x3/3—x5/9+x7/15) 

—4x9/45—x7/15 
~(—4x5/45+...) 

4. (Composite ignetion): fa)= In (cosx), a=0, n=6. 
2) 

=inf 14(-2 +E | jg Oe cae ail 6)| = f(x) n| | 5 + +O(x ) E 5 mA +O) 

=t- Pe -  40(x s 
2 2 2 
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8.5 

5. (Rewrite) 

(a) f(Qx)= VI+%, a—U)n=s: 

f= s\/i+8=3 (14. x +01) }= =342-27+0(0) 

(b) f(x)=e@-", a=0, n=3. 

f(x)Her-%4+1Se. cP -B=[t=x?-2y]=e-e'= 

aS | 1+t+ _ +O(#) }=e(1-20+304)+0(8) 

6. f(x)=tanx, a=t 

Method 1. 

(2) =1, f’(x)=1+tan2x, f’ 7) = Netcast, 7) =4. 

3 foy=i42(s- 4) 42[x- 2) +0 §) 
Method 2. 

2 es ¥ 1 lt+tant¢  14+¢+O(P) _ 
faye [x= 4 +1 ]=tan( 4 +t}= i=tane 1-20) 
=[geom.ser.]=(1+t+ O(#))(1+t+P+ O(P))=1421+2P + O(0), 

7. (Asymptotic behavior) a,=V/n, n> % 

n=3. 

Rede 

n n 

Gm=e =~ 
2 

note: 0 as no |~1+ tM ae 
n n 2n2 

8. Differentiation and integration of a given series, e.g. 

ee 
(1-x)* dx 

Se (1txtx24+...)=14+2x43x2+... 
dx 

Operations with series 

Let s=ayxtanx?+a3x9+ 

t=botbix+b2x2+... 

a3+d7b,+a;b2 a4+a3b,+a2b2+a1b3 

a eee a 
16 128 

a5. 4 
ayant +, ay 

1 
2 16“ 4 

a i B Sees 
a aaa ED (: 

1 1 es 1 1 
(1+s)}2 : aii a Oh bya nia —— Cash ar?+ 

= 1 1 3 1 5) 
1/2 Sei 

e 2) 2 4 7 2 2 16 - 

e u tery 
Di lead 

6 ay oats, ot a;> aytayas+s arts 

4 1 1 
ay Leas ay’ —aya3+ay"ay—F ay 

1 
In (1+s) ‘ a3—a1a2+> 

4 i 1 oleae 1 
coss 5) ajaz 0) ayy — a3 WA 1 

2 3 a4 ly a Sh 5 2 
1 

is—F ai 
6 
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8.6 

8.6 Special Sums and Series 
Euler-Maclaurin summation formula, see sec. 16.6. 

Miscellaneous sums and series. 

Arithmetic series: a,=a,—1+d=a,+(n—1)d (d=difference) 

n n + 2a\+(n—1)d 1. 2 ax= E [art(k-1)d]= Marten) an) _ ni2art (n= 1d) 
k=1 k= 2 

Geometric series: a,=an,—1 + x=aox" (x=quotient) 

il ne 
2 2 axk=ataxt+...tax"-l=q- oe: += 

ee a 3. J axk=ataxtax?+...=——  (-1<x<1) 
k=0 1-—x 

oo m é 
4, 2 kaa z aj") (192 .3..%4),.- eee = i 

ay) =a =1, aj =jal"-)+(m-j+1 aj"), j=2, ..., m=1 

Table of aj”) 

3 4 5 6 7 8 9 10 

1 1 

2) 1 1 

3 1 4 1 

4 1 11 11 1 

| 5 1 26 66 26 1 

6 1 57 302 302 Sif 1 
ik 1 120 1191 2416 1191 120 1 
8 1 247 4293 15619 15619 4293 247 1 
9 1 502 14608 88234 156190 88234 14608 502 1 

10 1 1013 47840 455192 1310354 1310354 455192 47840 1013 1 

E.g. 2 hs=C —x)~9(x+26x2+ 66x13 + 26x4+4x5) 

3 kekt= 2% (-1< 
k=1 (xy § sat 

5, 2 A See ees = — hh “= SS 

k=1 k . ee 
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8.6 

Binomic terms (cf. sec. 2.1) 

n n 

6. » ("\a"-kbk=(a+b)" TS Ae | aoe 
E,(")4 Fen, ee k ; 

8. 3 k (7) =nar-t 9 by k2(" =(n2+n)2"~2 
k=0 \k "K=0 \k 

Sums of powers 

10. z panty) Lele $ po— Mn+ YEnt1) 12 S aa (n+iy 

k=1 2 k=1 6 ” K=1 4 

n m+1 m 
3. 5 pea 2 fel (") 8 m-14 1 m m-3, 1 [m oe ey 

et bunt. 2a A \3) Oe 1G \sieelt abana 

(positive powers of n), where Bx are the Bernoulli numbers (sec. 12.3) 

Series of reciprocal powers 

14. 
se IMs is ale 

—Inn— y=0.5772 as n> (y=Euler’s constant) 

1,1 Partial sums Hysltp+gt tt of the harmonic series 
n 2 

2.92896 82539 68253 96825 
5.18737 75176 39620 26080 51177 
7.48547 08605 50344 91265 65182 

9.78760 60360 44382 26417 84779 
12.09014 61298 63427 94736 32194 

14.39272 67228 65723 63138 11275 
16.69531 13658 59851 81539 91189 
18.99789 64138 53898 32441 71104 
21.30048 15023 47944 01668 

, 931.2021, s4= E 

a ae 77° bi Q2n-1,72n 
55~1.0369, S6= oe 5 UTR D, 1 

i pa 

(B;=Bernoulli numbers, sec. 12.3) 
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8.6 

Exponential terms 

inh 2 ns 

16.2 ep alae 2 nti (x40) 
k=1 e-1 sinh & 

B 

ee 1 . Se h=——_ 9 (x30 Ala 20° jse=t (x>0) 

nx 
Le, 1 —eln eee: , 

Stes geet Soa = Gm) 
k=1 ie sin ~ 

2 

Trigonometric terms 

gil =. re Ly 
n n ’ sin > sin =e oe 

19 J snkeim > = = (cf. 18) 
esi] k=0 sin ~ 

2 

AX svon(1)x% 
n n cos 2 sin Pe ag 

20. 2 coskr=Re > 6 = — (cf. 18) 
k=0 k=0 sin = 

2 

a ee OAR a résinkx=Im 2 (7 
rt 1—2rcosx+r2 

+1 
s (re) k= es Aa Tn 

n-1 

22. S récoskx=Re 
k=0 1—2rcosx+r2 

B\. "S sin ka oot 2 
k=1 n 2n 

Some special numbers 

24. e= 3, a =2.7182818284 ... (transcendental) 

2 (-1)* 

25. m=4 arctan 1=4 ZY =3.1415926535 ... (transcendental) 
k=0 2k+1 

aon | 
26. In2= = iS Cpr = + —, =0.69315 ... t d n ape 24 bok (transcendental) 

n 

27. y= lim pS 1 —lIn n| = S7F2Z15665) . (Euler’s constant, irrational, 
n>0\ k=1k 

transcendental?) 
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8.6 

Table of power series expansions 

(In some cases the remainder term R,,(x) is given) 

(Bn=Bernoulli numbers, E,=Euler numbers, see sec. 12.3) 

Power series expansion 

Algebraic functions 

(*) sa(a-W)...(@ n+) 
n! 

Interval of 

convergence 

Function 

, a real number 

(1+x)¢ tart HEAD 124 aR TOR D+ hme -1<x<1 

Rios (2) (1+6x)*-"x", 0<@<1 

i L4+x4x24+x3+...4x74+... -1<x<1 

as 1—x+x2—x3+...+(-1)"x"4+... -1l<x<1 

d 2) 1 Be (22)? +. a+ (22) +. or Ix|<|4 
a—bx a a a a b 

~ 1+ 2 +(4)’ +.. +(4)" fr kl>}P 

ae 14+2x+3x2+...4+(n+1)x"+... ~1<x<1 

1+x 142 -H 4 Ee +..+ ees. -1<x<1 

L 1- 5 + 3 Se + 35x — + 4 xM+.., -1<x<1 

Note: ~Can-2-1!, n00 G 
Table of fractional binomial coefficients, see below. 

Exponential, hyperbolic, logarithmic and inverse 

hyperbolic functions 

R,(x)= fas 0<6<1 
nN: 

2 n a tix nar eng?, , @inay, ae 
n! 
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sinh x 

cosh x 

tanhx 

cothx 

rae 
sinh x 

Fes a 
cosh x 

In (1+ x) 

In (a+x) 

In (1+x) 

arsinh x 

arcoshx 

artanh x 

arcothx 

sin x 

COS Xx 

8.6 

3 2n—-1 
Lleol % _ 4 Bawestaiey: 
el i S04! (2n)! 

sede Le x2ntl 

x + ri Gre 

2 4 “ mE 
26a a! 21) B 
s Ven es) 

22 2°" Bon y2n-1 at +., ~ 45+ 545 (2n)! 
x3 —~ 92a 
360° (2n)! 
5x4 Fon 2 =. ny 24 (2n)! * 

i | Sle 

+ 

ee 

Boyx2"- 1 sae 

‘: 

v|% NES aie 
tad 

A 

Ser Pee... 5 aera ad a * 

A 

. ay 0<é<1 
n 

3 _4)yn-1 (? ~ + EO 2" 
n a 

be ie) +3) 
re 2 ies n\1+x 

3x5 CaS iyi 
— a oma +t = a. 

+ (1 ital rs 40 
3 _ 4 Qn—D ified 

oe (2n)!! Onx2n 

178 
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Trigonometric and inverse trigonometric functions 

3 x> if 2n+1 x x x -2-42--2 4.4(-17 2 eT TPS (“D" Oey 

R ad 

2x 1 Bat ae a .+(-1)" * = ql 

cos 6x x Ron(x)=(-1)"? = (Qn)! # O=0a1 

—2m0<x<2m, x4#0 

-—~O<XK 

le eo) 

1 7 
—=<xX< = 
D 2 

pore va a 

Sonik, =U 

1 7 —i<x<- 
» 2 

—l<x=1 

SOKO) 

— eax 



8.6 

3 2 x 2x5 17x? 22 A(ZelF ll) 
tanx fe ee ete Sw sp SE i de ar el Se Bag te: 

sieiiasy aie ee ee 

cotx — .+(-1 y ere Boyx2"- Os 

o 

1 
SCC 

COS X 

ee ee 

sin x 

(2n—1)!! x27+! 

: Secs (Qayilies 2a-ed 
oT, 2n+1 

ta Mena Xiagl 4 (iyo © 
: i aa a ae 

Ronsi(x)=(-1)" xen" 0<6<1 
x ’ eT hae nal 

arccos x = 5 —arcsin x 

arccot x 5 —arctanx 

Graphs of some Taylor polynomials P,(x) of degree n 

Pay(*) 

y=sinx 

y =In(1+2 

Py2(x) P(x) 

179 
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Fractional Binomial Coefficients ( : ) 

—] 

—5/128 7/256 —21/1024 1 

1 35/128 —63/256 231/1024 

1 3/128 —3/256 7/1024 

1 315/128 693/256 3003/1024 

1 —5/128 3/256 —5/1024 

1 —105/16 1155/128 —3003/256 15015/1024 

1 5/81 —10/243 22/729 : —154/6561 

1 -14/81 35/243 —91/729 728/6561 

1 4/81 —7/243 14/729 —91/6561 

1 40/81 110/243 —308/729 2618/6561 

1 4/81 5/243 ri 8/729 44/6561 

1 —140/81 455/243 —1456/729 13832/6561 

1 aye a9 5/81 5/243 -7/729 35/6561 

1 —5/3 20/9 —220/8 1 770/243 —2618/729 26180/6561 

1 1/4 —3/32 7/128 —77/2048 231/8192 —1463/65536 
1 —1/4 5/32 —15/128 195/2048 —663/8192 4641/65536 
1 3/4 —3/32 $/128 45/2048 117/8192 —663/65536 
1 —3/4 21/32 —77/128 1155/2048 4389/8192 33649/65536 
1 1/5 —2/25 6/125 —21/625 399/15625 —1596/78125 
1 —1/5 3/25 —11/125 44/625 —924/15625 4004/78 125 
1 1/6 —5/72 55/1296 —935/31104 | 4301/186624 —124729/6,718464 
1 1/7 —3/49 13/343 65/2401 351/16807 —1989/117649 
1 1/8 -7/128 35/1024 —805/32768 | 4991/262144 —64883/4, 194304 
1 1/9 4/81 68/2187 —442/19683 | 3094/177147 —68068/4,782969 

[V/ 10 1 1/10 | -9/200 57/2000 —1653/80000 | 64467/4,000000 | —1,052961/80,000000 

2 Le. 7. 8 9 =| 

1/2 33/2048 —429/32768 715/65536 
-1/2 —429/2048 6435/32768 —12155/65536 
3/2 —9/2048 99/32768 —143/65536 
-3/2 6435/2048 109395/32768 —230945/65536 
5/2 =a) 5/2048 —45/32768 55/65536 
5/2 —36465/2048 692835/32768 | —1,616615/65536 
1/3 374/19683 —935/59049 21505/1,594323 
-1/3 —1976/19683 5434/59049 —135850/1,594323 
2/3 208/19683 —494/59049 10868/1,594323 
-2/3 —7480/19683 21505/59049 —559130/1,594323 
4/3 —88/19683 187/59049 —3740/1,594323 =| 
4/3 —43472/19683 135850/59049 —3,803800/1,594323 
5/3 —65/19683 130/59049 —2470/1,594323 
5/3 —86020/19683 279565/59049 -8,107385/1,594323 
ks 4807/262144 —129789/8,388608 44705 1/33,554432 
=e —16575/262144 480675/8,388608 —1,762475/33,554432 
3/4 1989/262144 —49725/8,388608 160225/32 554432 
—3/4 —129789/262144 4,023459/8 388608 —15,646785/33,554432 
1/5 6612/390625 —28101/1,953125 121771/9,765625 
-1/5 | —17732/390625 jl 79794/1 953125 —363506/9,765625 = 
| 1/6 623645/40,310784 —25,569445/1934,917632 1201,763915/104485,552128 

1/7 81549/5,764801 —489294/40,353607 2,990130/282,475249 
1/8 435643/33,554432 —23,960365/2147,483648 167,722555/17179,869184 
1/9 515372/43,046721 —3,994133/387,420489 283,583443/31381,059609 
1/10 8,874957/800,000000 —612,372033/64000,000000 5375,265623/64000,000000 
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9 Ordinary Differential Equations 
(ODE) 

General considerations and terminology, see sec. 9.4. 

9.1 Differential Equations of the First Order 

Special types Solution or method of solution 

1. y'=f(x) y=Jff(x)dx+C 

2. fr) P=a(n) © fOv)dy=a(a)dx; [fO”)dy=[e(a)ax+C; 
f F(y)=G(x)+C 

(separable) (Test of separation: f(x, y)=g(x)h(y) © f fy=fcfy) 

3. y'+f(x)y=g(x) y(x)=e7 FO ( fe g(x)dx+C), where 

(linear) F(x)=Sf(x)dx 

Table of some special cases 

Equation: y’—ay=g(x), a=constant 

Aek* 

P! Po 
P(x), polynomial of SE a (x) 

degree n 

k-a 

+Ce” 

+Ce*, k#a 

he Fa ai leis 

Aekx 

(Ax+C)e™, k=a 

A cos wx+B sin wx = Ne cos wx+ a sin wx+Ce* 
a’+w a“+w 

e(A coswx+B sinwx) | (a?+w7)~!e[(Aa—Bw) cos wx+(Ba+Aq) sin wx]+Ce* 
a=k-a 
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9:1 

4. y’+y f(x)=y%2(x) Substitution: z=y!~4, z'=(1—a)y~*-y’ gives 

(a#0, a#1) z'+(1—a)zf(x)=(1—a)g(x) of type 3. 

(Bernoulli’s equation) 

Substitution: y=xz, y'=xz'+z gives 

j ae & of type 2 

6. y'=f(ax+by) Substitution: z=ax+by, Le Spa 2 gives a separable 

equation of type 2 

: y' =p SES (i) c=r=0: Type 5. 
LY at (ii) ax+by and px+qy proportional 

(i.e. a/p=b/q): Type 6. 

(iii) Subst. x=u+a, y=v+f, o_o where 
u 

a, B solution of geal: BLS ae equation of 

at+qf6+r=0 type 5 in wu and »v. 

8 oo fa S There exists F(x, y) such that Fy=P, Fy=Q. 

F(x, y) may be determined by these equations. 
P(x, y)dx+Q(x, y)dy=0 General solution: ‘ : 
with Py=Q, 

(Exact equation) F(x, y)=C 

Examples 

x dx 
ore ; In|y|= since? F1I)NFC3 Type 2. (+1) = dy —xy=0; [@- [32 

y 

_ y=CVEFI 

Type 3. y'+ SE =x(x>0), F(x)= ie dx=3 Inx > eF=33 

y(x)= 35 (JP -xdx+O)= x4 + 

Type 8. (4x3+2xy+y?)dx+ (x2+2xy—4y3)dy=0 (P dx+Q dy=0) 
Py=Q,=2x+2y (exact) 

Fy=P > F=x++x*y+xy?+g(y) > 

Fy=x°+2xy+@'(y)=Q > g'(y)=—4y3 > g(y)=-y#+C 
Solution: x4+x2y+xy?—y4=C 
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9.2 Differential Equations of the Second Order 

Special types Solution or method of solution : 

1. y"=f(x, y’) Substitution: z=y’ gives z’=f(x,z) i.e. ODE of first 

order. 

Substitution: p= OM dy Eee gives 
2. Y=FO, ¥) dx’ dxt ? dy 

2 Pty, p)=0, ie. ODE of 1% order. 
y 

Given p=p(y) then p=2 is separable. 
bs 

3. y"+f(x)y'+g(x)y=R(x)| Let p(x) be a particular solution of the homogeneous 

equation y’+f(x)y’+g(x)y=0. Then the substitution 

y=zg(x) gives yz"+(2y'+fe)z'=R, i.e. an ODE of 

type 1 in z(x). 

4. y"t+tay’+by=0 

(a, b real constants) 

Let r1, r2 be the roots of (*). 

(i) ry#rz real: y=Cye"™*+Cre"™™ 

Characteristic equation: 

(*) f(y)=r?+ar+b=0 

(ii) r=rn=r2: y=(Cix+C2) e”™ 

(iii) ry=atiB, rn=a—ip: y=e*(C, cosPx+C) sin Bx)= 

=e"C cos(Bx+6) 

5. y"+ay'+by=R(x) 

(a, b real constants) 

ypt+yn=particular solution + solution of homogeneous 

equation. Refering to 4, above, yp= 

Gis ri-r2 

(ii) xe" fe~™R(x)dx—e™ fxe~™R(x)dx 

[e"* fe~*R(x)dx—e™ f e~/*R(x)dx] 

1 
(iii) 2 e“[sin Bx fe~ cos Bx R(x)dx— 

—cos Bx fe~ sin Bx R(x)dx] 

Table of some special cases 

R@)= 
Pla 

P(x)=Ax2+BxtC : P(x)- 2 P(x) + > px) |, b#0 

“ fP(x)dx— : P(x)+ = P's)  b=0, a¥0 
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OR 

Oe 
f(k) 

ae ek*, k simple root of (*) 

fk) 

(Aa—BB) cos wx+(AB+Ba) sin wx 

kx k not root of («), f(k)=k*+ak+b 

kx k double root of (*) 

A coswx+B sin wx , tw not root of (*) 

(a=b-w*, B=aw) 

ale 
20 

ok (Aa-— BB) coswx+(A6+Ba) sin wx 

a?+p 

(—B coswx+A sin wx), iw root of (*) 

ek(A coswx+B sin wx) 
(a=b+ak+k?-o?, 

B=aw+2kw) 

, k+iw not root of (*) 

on ek*(A sinwx—Bcos wx), kt+iw root of (*) 
w 

In analogy to 5. above, 

@ 
geass 

(ii) (x—c)e"™—9 6(x-c) 

(iii) ; e**—Ogin(B(x—c)) O(x-c) 

(er —¢)—erlx—0)) 9(x—c) 

6. x*y"+axy'’+by=R(x) | The substitution x=e! gives 

a, 6 constants, x>0 ’ > ne d 

oer (gen = +by=R(e'), i.e. an equation 
(Euler’s equation) dt? 

of type 5. 

Further examples of 2” order differential equations, see chapter 12. 

Solution by power series expansion 

7. Gauss’ hypergeometric differential equation: 

x(1—x)y"—[(a+b+1)x—c] y’—aby=0 (a, b, c constants) 

Power series solution for |x|<1: y=Cyy,+Coy2, where 

%: 4 a) 6x15, aat1)b(>+1) x 

ee ne Se ae) 21 
y2=x!~¢ F(a—c+1, b—c+1, 2-c, x), c#0, 1, 2, ... 

8. Kummer’s confluent hypergeometric differential equation: 

xy"+(c—x)y'’—by=0 (b, c constants) 

Solution for |x|<%: y=Cyy,;+Coy2, where 

> © Sb BOTT) 
yi=F(b, Cc, x) i+— 1! + c(c+1) 2 Steet 

y2=x!-¢ F(b—c+1, 2-c, x), c#0, 1,2, ... 
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9.3 

9.3 Linear Differential Equations 

Equations with constant coefficients 

Differential equation (a; real constants): 

(9.1) y+ an—-y"-D+...+a1y’taoy=R(x)  [y=y(x)] 

or 
P(D)y=R(x), where P(D)=D"+an—-1D"~!+...+a,;D+a9 

General solution of (9.1): y(x)=yp(x)+yn(x)= 

=Particular solution + Solution of homogeneous equation. 

Homogeneous equations 

(9.2) y+ an—1y"-D+...+. ayy’ +agy=0 or P(D)y=0 

Characteristic equation: 

(9.3) r’+ay,—qr"—!+...+.ar+ag=0 

with roots r1, ..., rk of multiplicity m1, ..., mx respectively. 

General solution of (9.2) 

WA=PiQjeer- tr E jer: 

where P,(x)=polynomial of degree <m;-1. 

In particular, if all roots are simple, then 

yr(x)=Cie™+...+ Cre”, Cj=constant 

Note. If (e.g.) n=atiB, r2==a-iB, m=m1=m2, then 

Py(x)e"™ + Po(x)e™*=e™ (Qi(x) cos Bx+Qr(x) sin Bx) 

where Qj(x), Q2(x)=arbitrary polynomials of degree <m—1. 

Example 

1. y’”"—y=0. Characteristic equation P—-1=0> 7 =1,12,3= 5 (-14iv3) 

yp=Aet+e-*? (B cos V3x/2+C sin V3x/2) 

2. yl" +3y"+3y'+y=0 (D+1)3y=0. Characteristic roots r=—1 (triple root) 

yp=(Ax?+ Bx+C) Ca 
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Particular solutions 

The right hand side R(x) of (9.1) is 

1. Polynomial 

(9.4) P(D)y=Q(x) (deg Q(x) =m) 

(i) aj#0: Substitute Yp=Kmx'™ +... +kix+ko. The coefficients ko, ..., km will be deter- 
mined by substituting y, in (9.4) and identifying coefficients. 

(ii) aj=...=ax—1=0, a,#0. Substitute Yp=Kkmx™tk +... +koxk, 

2. Exponential function 

(9.5) P(D)y=Q(x) e (k=constant, Q(x) polynomial) 

The substitution y(x)=ez(x) will transform (9.5) to P(D+k)z=Q(x), i.e. an equation 
of the form (9.4) in z(x). 

3. Trigonometric functions 

P(D)y1=Q(x) e cos wx (k, w=real constants, Q(x) real polynomial) 
P(D)y2=Q(x) e sin wx 

Considering P(D)y=Q(x) e(k+!)x and determining yp as in 2, yields 

Yip=Re yp, y2p=Im yp 

Special case P(D)y=Q(x) 
COS Wx 

sin wx 

Substitute yp=x*[Qi(x) cos wx+Q(x) sin wx] where deg O1=deg Q2=deg OQ, 
s=0 if iw is not a root of (9.3), otherwise s = the multiplicity of iw as a root of (9.3). 

4. Discontinuous functions, 

such as the unit step function 

xe 0 

0, x<a 
ae-a)=| 

and the impulse function 6(x—a)=6' (x—a) ete. 

Try the substitution y,(x)=u(x)0(x—a)+A 0(x—a)+Bo'(x—-a)+... 

5. Arbitrary function 

(i) Let h(x) be the specific solution of P(D)y=0 which satisfies h(0)=h'(0)=... 
=h\"-2)(0)=0, h@-D(0)=1. Then 
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x 

yp(x)= Sh(x—-21) f()\dt, a suitably chosen. 
a 

(ii) Factorization of the operator 

E.g. (D—a)(D—b)y=R(x) leads to two equations of 15t order: 

(D-—a)z=R(x) and (D—b)y=z 

The Euler equation 

(9.6) nx" D"y +an—1x" |! D"—ly +... + a)xDy+aoy=R(x), 

aj=constants, D= 4 , (x>0) 

Substitution: x=e', t=Inx, 0= £ gives 

xD=6, x*D?=6(0-1), ..., x*Dk=0(0-1) ... (@-k+1) 

Hence, (9.6) will be transformed into an equation with constant coefficients. 

Systems with constant coefficients 

System of two unknown functions y(x), z(x): 

| P11(D)y+P12(D)z=R1 [P22(D)} 
(9.7) P2\(D)y+ P22(D)z=R2 [—Pi2(D)] 

(operator multiplication) 

Eliminating z(x) gives 

{P11(D)P22(D)— P12(D)P21(D)} (x)= P22(D) Ri(x)— P12(D) Ro(x), 

which is solved by the methods above. Analogously for z(x), or y(x) is substituted into 

(9.7). 

Note. 

1. In general the solutions have to be tested in (9.7). The total number of integration 

constants equals the order of the operator P1;P22—Pi2P21 assuming no common 

differential factors of Pi, and P2; or Py2 and P29. 

2. Systems with more unknown functions are treated similarly. 

3. Systems combined with initial values may be solved by Laplace transformation. (Cf. 

below). 
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Matrix method 

Consider a homogeneous system of differential equations in vector form, 

y(t) 

(t) : 
(9.8) y(t) =Ay(t), where y(t) = ue and A is aconstant nxn-matrix. 

Yn(t) 

1. If A is an eigenvalue of A (i.e. det(A — AJ) =0), and v is a corresponding 

eigenvector (i.e. AV = Av, v #0), then y(t) = ely isa particular solution of (9.8). 

2. If A has n linearly independent eigenvectors vj, v7, ... , V, Corresponding to the 

eigenvalues Aj, A, ... , A, (not necessarily distinct), then the general solution of (9.8) 

1S 

y(t) = Citys + Goe'2'va +...4+ Cerny, 

where Cy, C,...,C, are arbitrary constants. 

Initial value problems. (Laplace transformation) 

Problem 

(9.10) eeepc +...+a1y’+aoy=f(t), t>0 (y=y(t)) 

(11) y(0)=yo, y’(O)=y1, -.., ¥""DO)=yn-1 
Method 1 

(i) Find the general solution of (9.10). 
(ii) Determine the integration constants by the conditions (9.11). 

Method 2 

Apply Laplace transformation to (9.10) using OAT). Cr see, 13,5, 

Exampie 

Pe a ee | 
y(0)=0, y’(0)=1 

Laplace transformation gives 
f(t) 

#¥(s)-14+¥%(s)= 5 LS 1 
5 KY 

1 1 1 YV(s ee (et a = t 

©) s2 (4 aa cat { 

t, 0<t<1 

1+sin(t-1), r=1 
t, 0<t<1 

1, 1 

y(t)=t—-[(t-1)—sin(t-1)] a(r-1)=| f(9=t-(t-1)0(t-1)={ 
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9.4 

9.4 General Concepts and Results 

Terminology 

An ordinary differential equation (ODE) is an equation involving derivatives of an unknown 
function of one variable. The order of the equation is the order of the highest derivative of the 
unknown function. An (explicit) ODE of order n has the form 

(9.12) ROG Voce Kt ow, SRV, 
with the general solution 

(9.13) VW= V(x Gi Coy ress Cn) s 

where C; are arbitrary (and independent) constants. Each particular choice of the n constants yields 
a particular solution of (9.12). 

The constants C; in (9.13) may be uniquely determined by for example 

(i) n initial conditions y(xo)=ao, y'(x0)=4a1, ..., y"~))(x9)=an—1, OF 
(ii) n boundary conditions of y(x) and its derivatives at two distinct points x; and xp. 

An ODE is /inear if it has the form 

(9.14) Lily]=y™+an—1 YY +... +agy=g(x), y= y(x), ai=ai(x) 

This equation is (i) homogeneous if g(x)=0, (ii) inhomogeneous otherwise. 

Existence and uniqueness theorem 

* TAC Vign svn) 

Notation: y= eu, f(x, y= |... D={(x, y): |x—xolSa, |yi—yoi/<b} cR"*! 

Yn fn Vis «+5 Yn) 

The Cauchy problem 

(9.15) tail y), (x, y)eD 
y(X0)=Yo 

Theorem 

Assume (i) f;(x, y) are continuous in D. 
(ii) fi(x, y) satisfy a (uniform) Lipschitz condition in D, 

i.e. f(x, y)—fi(x, y)|<cly—y|, (c=constant). 

Then there exists a unique solution y(x) of (9.15) in the interval |x—xo|<d, where 
d=min (a, b/B), |f(x, y)|<B in D. 

Remark. By setting y1=y, y2=y’, ..., ya=y"~)), the equation (9.12) may be written as the system 

yi'=Y2, oe Vae OUD Yn =f (x, Vy vee Yn): 

Systems of linear differential equations 

Given the system 

(9.16) y'(x)=A(x)y(x) +(x), A(x) nXn-matrix, 
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and the corresponding homogeneous equation 

(9.17) y'()=A) yx) 
Definition. y;(x), ..., Yn(x) is a fundamental system (basis) of solutions of (9.17) if they are linearly 
independent solutions of (9.17). 

Fundamental matrix Y(x)=[y1(x), -.., Yn(x)]. 

1. Y(x) is a fundamental matrix of (9.17) © 

Y'(x)=A(x)Y(x) and det Y(x)#0 

2. Y(x) a fundamental matrix of (9.17) > 
x 

yay=¥(x)C+Y(x) J Y~!(t)g(d)dt, C=constant vector, 

is the general solution of (9.16). 

. If A(x)=A is constant then 

y(x)=e4*C+e4* feAtg(t)dt 
Xo 

is the general solution of (9.16). [Also, cf. sec. 9.3] 

Asymptotic behavior 

Let A be a constant matrix with eigenvalues A, and set o(A)=max Red. 

1. If y(x) is any solution of 

yx)=AyG@), 
then 

(i) |y(x)| is bounded as x if o(A)<0. 

(ii) |y(x)| 0 as x @ if o(A)<0. 

2. If y(x) is any solution of 

y' (x) =Ay(x)+8(x), 
then 

(i) |y(x)| is bounded as x if o(A)<0, f |g(t)|dt< 
x0 

x 

or if o(A)<0, Uy |g(t)|dt bounded. ee 
x 

(ii) |y(x)| > 0 as x >& if o(A)<0, iy lg(t)|\dt > 0, x 3% 
pe 

Linear equations of higher order 

(y1(%), ..., Yn(x) are linearly independent if 2 Ayi(x)=0 >/;=0, all i) 
= 

Given the linear ODE 

(9.18) L{y](x)=4n(x)y(x) + an—1 ey" D(x) +... + ao(x) ye) =a(x) 
and the corresponding homogeneous equation 

(9.19) L[y]=0 

Definition. The set of functions y;(x), ..., yn(x) is a fundamental system (basis) of solutions of (9.19) 
if they are linearly independent solutions of (9.19). 
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ile TY aut Bae 

Wronski’s determinant W(y1, ...,Yn)= 1 22 7 Yn 

(n-1) 
n 

yr? ye?) ey 

4. The equation (9.19) has at most n linearly independent solutions. 

5. y1(x), ..., Yn(x) is a fundamental system of solutions of (9.19) © W(y1, ..., Yn) #0. 

6. If yn(x) is the general solution of (9.19) and y,(x) any particular solution of (9.18) then 
y(x)=yp(x)+ynz(x) is the general solution of (9.18). 

Boundary value problems 

Consider the problem 

Liy|(x)= © ax(x)y(x)=h(x), a<x<b 
(9.20) Adie wh , 

By= 2, [any (a)+Bixy (b= Cky k=1, sony N (Qik, Bik, Ck constants) i= 

where h(x), ax(x)eEC[a, b], a,(x)#40. 

Let yj, ..., yn be a basis of solutions of L[y]=0. 

Theorem. The above problem is uniquely solvable © 

(9.21) det(Biy;) #0. 

Green’s function 

Green’s function G(x, &), which is continuous in the square aXx, EXb (if n22), is defined as the 

solution of 

L[G](x, &)=d0(x—&) 5) a<&<b 

B,G(x, €)=0 EDS VA, dona 2 

Theorem. Assume that (9.21) holds. Then the solution of (9.20) with c.=0 can be written 

b 

yex)= [G(x Sale as 

Example 

a ae 0<x<1 
y'(0)=y(1)=0 

Determination of the Green’s function: 

” , d , 

(1+x)y"+y'=d(x-§) & FA (1+x)y'}=d(x—6). 

Thus, (1+x)y’=0(x—&)+A. y'(0)=0 > A=0. 

tes O(x—&) 

(lapse 

y(1)=0 > B=1In(1+é)—In2. Hence, 

_}JInQit+x)—-In2, 0<§<x<1 
Ge cae ree 0<r<é<1 

> y=[In(1+x)—In(1+)] 0(x—€)+B (cf sec. 12.6). 
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Table of Green’s functions 

For the general solution of the differential equation y” +ay’+by=0(x—6), see sec. 9.2, “Table of 

some special cases’. 

In the following examples the corresponding boundary value problem is self-adjoint (see sec. 12.1) 

so that G(x, &) is symmetric, i.e. G(x, é)=GE, x). 

Differential operator L\y] 
in the interval (0, a) 

(D2+k?)y 

D4y 

Boundary 

contitions 

y(0)=y(a)=0 
y(0)=y'(a)=0 
y'(0)=y(a)=0 

Wo ine 
y'(0)+y'(a)=0 

y(0)=y(a)=0 
y(0)=y'(a)=0 
y'(0)=y(a)=0 

y(0)=y(a)=0 
y(0)=y'(a)=0 
y'(0)=y(a)=0 

G(x, &), (x<8) 
[G(E, x), (ESx)] 

(Ea—1)x  [(xa-1)E, §<x] 

é—a 

(§-x)/2—a/4 

—sinh kx sinh k(a—&)/(ksinh ka) 
—sinh kx cosh k(a—&)/(kcosh ka) 
—cosh kx sinh k(a—&)/(kcosh ka) 

—sin kx sin k(a—&)/(ksin ka) 

—sinkx cos k(a—&)/(kcos ka) 

—cos kx sin k(a—&)/(kcos ka) 

(aii 
=y(a)=y'(a)=0 

x?(a—&)?(3aE—(2E+a)x)/6a3 

Integral equations 

1. The Cauchy problem (9.15) is equivalent to the integral equation 

y(x)= $40 y(d))dt+yo 

2, 

Example. y(x)= {ey@dt+x+1 © [by differentiating] 

Cee 
y(0)=1 

2. Fredholm equations. 
b 

First kind { K(x, t)y(t)dt=h(x) 

3. Volterra equations. 
x 

First kind { K(x, d)y(t)dt=h(x) 

Second kind y(x)— K(x, t)y(t)dt=h(x) 

Second kind y(x)— i K(x, t)y(t)dt=h(x) 

£22 

(Ch secn 11227); 



9.5 

9.5 Linear Difference Equations 

Difference (or recurrence) equation of order N (a; real constants): 

(9.22) x(n+N)+an-1x(n+N—1)+...+aox(n)=R(n), n=0, 1, 2, ... 

or 

P(T)x(n)=R(n), 

where the translation operator P(T)=T\ +ay_-,T%~!+...+a,;T+a0, 
Tkx(n)=x(n+k). 

General solution: 

x(n)=x,(n)+x;(n)=Particular solution+ Solution of homogeneous equation. 

Homogeneous equations 

(9.23) x(n+N)+an-1x(n+N-1)+...+aox(n)=0 or P(T)x(n)=0. 

(9.24) Characteristic equation: rN+ay-\rN~!+...+a9=0 

with roots rj, ..., 7x of multiplicity ™m, ..., mx, respectively. 

General solution of (9.23) 

x,(n)=Py(n)ri"+...+Px(n)rg" 

where P,(n) are polynomials (in n) of degree <mj-1. 

In particular, if all roots are simple, then 

x,(n)=Cyry"+...+Cnrn’, Cj=constant 

If r;=0e!, r=oe-, m=m\=mz, then 

Py(n)ry"+ Po(n)rn"=0"(Q1(n)cos nO+ Q2(n)sin n@), 

where Q;(n) and Q>(n) are polynomials of degree <m—1. 

Example. The Fibonacci numbers x(n)=Fy+1 (cf. sec. 2.2) are defined by 

(9.25) x(n+2)=x(n)+x(n+1), n20 

(9.26) x(0)=x(1)=1 

The characteristic equation of (9.25) is r-—r—1=0 with roots a=(1+V5)/2 and b= 

=(1—V5)/2. Thus x(n)=Aa"+ Bb”. Then (9.26) gives A=a/V5 and B=-—b/V5. Thus 

F,,=(a"—b"V/V5, n21. 
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Particular solutions 

The right hand side R(n) of (9.22) is 

1. Polynomial 

R(n)=bgn?+b,g-1n?~!+...+bo a polynomial in n of degree q. 

If r=1 is a root of multiplicity m of (9.24) (m=0 if r=1 is not a root) then substitute 

xp(n)=n(kgn?+kg_jn?-!+...+ko). 

The coefficients ko, ..., kg will be determined by substituting x, in (9.22) and identifying coefficients. 

2. Exponential function 

R(n)=Q(n)c" (c=constant, Q(n)=polynomial of degree q) 

The substitution x(n)=c"y(n) will transform (9.22) to P(cT)y(n)=Q(n). Continue as in 1. 

[Or substitute x(n)=n'"(kgn9+kg_in9-1+...+ko)c" if r=c is a root of multiplicty m of (9.24).} 

Example. 

The substitution x(n)=2"y(n) transforms the difference equation 

x(n+2)—4x(n)=n2" & (T?—4)x(n)=n 2" to 

((2T)?—4) y(n)=n & (T?=1)y(n)=n/4 © y(n+2)—y(n)=n/4 

3. Trigonometric functions 

Ri(n)=Q(n)c" cos nO or R2(n)=Q(n) c” sin nO 

(c, @=real constants, Q(n)=real polynomial) 

Replace R(n) in (9.22) by R*(n)=Q(n)(ce!®)". Determining Xp*(n) as in 2 yields 
X1p(n)=Re xp*(n) and x2)(n)=Im Xp*(n). 

4. Arbitrary function 

For x(0), ...,x(N—1) given (e.g.=0) then x(n), n=Nare recursively uniquely determined by (9.22). 
For example, x(n+1)—ax(n)=R(n), n=0, 1, 2,.. has a particular solution 

=1 

x(0)=0, x(n)= ia RO n=h2/3h 

See also sec. 13.4 (z-transformation). 
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10.1 

10 Multidimensional Calculus 

10.1 The Space R” 

The Euclidean space R” 

The Euclidean space R” has the following characteristics. 

1. R” is the set of (real) n-tuples x=(x1, ..., Xn) 

2. Addition and multiplication with a scalar A are defined: 

Xty=(Kpeyi eka s Ax=(AX1, ..., AXn) 

WwW . Scalar product: x -y=x,yj+x2y2t...+XpnVn 

a . Norm and distance: 

lx|=Vx-ex=Vapt...txye, lx-yl|=VO—y1)+...+(tn—Yn)? 

5. Angle @ between x and y: cos — 
x|-|y 

. Cauchy-Schwarz’ inequality: |x- y|<|x| - |y| 

> en . The triangle inequality: ||x|—|y||<|x+y|<|x|+|y| 

Topological concepts 

Neighborhood Interior point Exterior point Boundary point Limit point Open set 
Closed set Boundary Closure Bounded set Compact set Connecied set Domain 

Region 

Let a, b, c, ... be points (vectors) in R” and let S be a set of points. 

Definitions 

1. A neighborhood of a point p is any ball B with center p, i.e. 

B={x: |x—p|<6, 6>0}. The neighborhood is deleted if p is 

omitted. 

2. aéS is an interior point of S if there is a neighborhood of a all of whose points belong to S. 

3. b¢S is an exterior point of S if there exists a neighborhood of b all of whose points do not belong 

to S. 

4. c is a boundary point of S if every neighborhood of ¢ contains at least one point in S and at 

least one point outside S. The boundary dS= {boundary points of S}. 

5. p is called a limit point (or a cluster point or a point of accumulation) of S if every deleted 

neighborhood of p contains at least one point of S. 
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6. S is said to be open if S contains only interior points. 
7. Sis closed if every boundary point belongs to S (i.e. the complement of S is open). The closure 

S of S is defined by S=SuaS. 
8. S is bounded if there exists a constant M such that |x|<M for every xeS. 
9. S is compact if S is closed and bounded. 

10. S is connected if any two points of S can be joined by a continuous path contained in S. 

11. S is simply connected if any closed curve lying in S can be shrunk to a point without leaving 

S. 
12. S is a domain or an open region if S is open and connected. 

Theorems 

. The union of any collection of open sets is an open set. The intersection of any collection 
of closed sets is a closed set. 

. The intersection of a finite collection of open sets is an open set. The union of a finite 
collection of closed sets is a closed set. 

. (Bolzano—Weierstrass). Every bounded infinite set has at least one limit point. 

. (Heine—Borel). Let S be a compact set and assume that S is covered by a family {A;} 

of open sets. Then there exists a finite number of the sets A; which cover S. 

10.2 Surfaces. Tangent Planes 

Graph of a function 

z=f(x, y), normal vector n=(—f;', —fy’, 1) 

Tangent plane at (a, b, c), c=f(a, b): 

z—c=f,'(a, b)(x—a)+fy'(a, b)(y—b) ” 

Remarks 

(i) The graph of z=f(x, y) is a surface of revolution about 

the z-axis © f(x, y) depends only on (x?+y?). 

(ii) The equation of the surface arising when z=f(x) [or f(y)] rotates about the z-axis 
iS 

z=f(r)=f(Vx°+y’) (cf. figure) 
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Level surfaces 

F(x, y, z)=C, n=grad F=(Fy', Fy’, Fz') 

Tangent plane: 

F,'(a, b, c)(x—a)+Fy'(a, b, c)(y—b)+F;'(a, b, c)(z—c)=0 

Level curves. F(x, y)=C, n=grad F=(F;', Fy’) 

Vv 

Parameterized surfaces (u, v) 

x=x(u, Vv) 

oe) eee |G 
zZ=z(u, Vv) 

n=(A, B, C)=ryXr=(tw Yu Zu) X (Xv, Vv, Zv) 

Tangent plane 

A(x—a)+ B(y—b)+C(z—c)=0 

10.3 Limits and Continuity 

Functions f:R” > R. y=f(x)=f(x1, x2, ---, Xn) 

Definition 

limf(x)=A means: 

For any e>0 there exists a 6>0 such that |f(x)—A|<e for all xe Dy 

such that |x—a|=V(G—a1)" +... #n—Gn) <0 

Example 

22 
1: lim ae =[x=r cos@, y=rsin@]= lim  (r? cos’6 sin*@)=0 

(x, y)> (0,0) x°+y 70+ 
Oarbitrary 

De lim Y — does not exist, because (i) f(x, 0) 0 as x0 23 

(x, y)>(0,0) x2-+y? 

(ii) fx, x0) > 4 as x —> 0. 

The concept of continuity is defined similarly as for functions of a single variable (cf. sec. 6.2). 

Theorem 

If f(x)=f(x1, .--, Xn) is continuous on a compact (i.e. bounded and closed) set D, then 

(i) f(x) is bounded on D 

(ii) f(x) assumes its supremum (maximum) and infimum (minimum) on D. 
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10.4 Partial Derivatives 

Partial derivative 

Consider functions f: R? — R (analogously for f: R’ > R). 

Definition 

f'(@, b)= lime”, Ke. ©) fy'(@, b)= jim He BOA P) 

Alternative notations: f,=D,f= = = = ; ' 
y(=constant 

Higher derivatives: 

" 92 ” 3? U4 3° hec=fix= S-Di, fyx= aoe =D,fy, fy=By= 55 = Doh etc. 

Remark. fry=fyx if these functions are continuous. 

Notation: feC* © f has continuous partial derivatives of order <k. 

u=u(x, y), v=v(x, y), f=flx, y): 

of = pe OSE 
L) ep de | (Oy) 

(2, (8.2) 
Differentiability (Linear approximation) 

f(x, y) is differentiable at (x, y) if 

Af=f(xth, ytk)—-f, y=hf'(% y)+kfy'@ yt V+ e(h, k) 

where e(h, k) > 0 as (h, k) > (0, 0). 

(Analogously for f: R” > R) 

Differential: df= ws el dy 
OX Ove 

f(x, y) is differentiable at (x, y) if the partial derivatives of 
f(%, y) exist in a neighborhood of (x, y) and are continuous 
at G.y) 

Gradient 

Given f: R? > R (analogously for f: R” — R). The vector Vf=grad f=(f;', hy’, fz') is 
orthogonal to the corresponding level surface Fay yozyec. 
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Directional derivative 

Given the directional vector e=(e,, ey, ez) of length 1. 

fe'(a, b, c)=lim 4 [f(attey, b+tey, c+te:)—fla, b, 0)|= 
be 

=“ f(a+tex, b+tey, c+tez)|=9 =e + grad f(a, b, c) 

(if grad f is continuous). 

grad f 
1. fe’ is maximal in the direction e= 

lgrad f| 
2. max fe’=|grad f]. 

The chain rule 

1. z=z(x, y), x=x(t), y=y(t): 

dz _ 9 . dx Oz | dy 

ai ox. “di. oy. val 

Be de By, da Bie de, Beg) 
dt? ox dt? dt\ax2 at axdy dt 

2 dz oye O (2. 2425.9), 
dy de dt\axdy dt dy? dt 

2. z=2z(x, y), x=x(u, Vv), y=y(U, Vv): 4. x, y, z depending on each other: 

92 ox , oz Oy ots) Stiles) ete. 
oy} z Z ou oy ou ox 

Ce C4 oS 

Se a OS) (2) sl, LS lest 4 Oz ox] y 

3: f=flxiy soc; XA) REE XR (Ug ress Um) he 1, en 

fren Homme 9 3 
—-= J 
Ou; k= 1OxK uj’ 

The mean value theorem 

If f: R’ — R has continuous partial derivatives, then 

f(xth)—f(x)=h- grad f(x+6h), 0<@<1 
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Taylor’s formula 

f: R° > R: 

Assume that f(x, y) has continuous partial derivatives 
of order <n in a region containing the straight line 
segment between (a, b) and (a+h, b+k). Then 

(10.1) f(at+h, b+k)=f(a, b)+ 

t+hf,'(a, b)+kfy'(a, b)+ 

+3 Rix(a, b)+2hkfix(a, b)+kf,(a, b)]+...+Rn= 
y 

yi ge : 2412) “Ha, YER, ~ f20 jf! \ ax ath, b+k) 

where R,= = ho. +2] "f(at+ Oh, b+0k), 0<0<1 (a+0h, b+0k) ALN yoy 

or Rn=(h?+k?)"? B(h, k), where B(h, k) is 

bounded in a neighborhood of (0, 0). 

General case f: R" > R: Multi-index j=(j,, ..., jn). D; =Dj, ... Dif, W=hp ... Ws, laf! ... jn! 

f(ath)= D> 
J +... t+in<Sm—-1 

a D; f)hi+R,», where 
oe 

R»=\h\™" B(h), B(h) bounded around 0 

Example 

Find the Taylor polynomial of order 2 at (1, 0) of f(x, y)=In(x-y). 

Method I. Using (10.1): f(1, Bauer > f'(1, 0)=1 etc. gives 

P2(x, y)=0+1-(x-1)-1 “y+5[-1(x-1)2+2(x—1)y=1 2] 
Method 2. Using standard Maclaurin expansions: 

f(x, y)=[x=1+h, y=k]=In(1+h—-k)= 
2 =[h-K]=In(14 =~ £4. hk F(h-k)P+....=ete, 

The implicit function theorem 

Assume 

(i) F: R? = R is continuously differentiable 
(ii) F(a, b, c)=0 

(iii) F,/(a, b, c)#0 
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Then F(x, y, z)=0 defines a function z=z(x, y) in a neighborhood of (a, b) 

[i.e. F(x, y, z(x, y))=0] and 

Example 

Find the Taylor polynomial of order 2 at origin of z=z(x, y) with z(0, 0)=0 which satisfies 

(*) xy+xz+sin z=0. 

Solution. = {xy+xz+sin z}=x+cos z=1 at (0, 0, 0) > z=z(x, y) exists in a neighborhood 

of (x, y)=(0, 0). Differentiating (*): 

D,(*):  y+xz,'+z+z,' cosz=0 > z,’(0, 0)=0 
Dy(*): x+xzy'+zZy’ cosz=0 > zy’(0, 0)=0 
Dyy(*): 14+xZpy+2y'+24y COSZ—Z,y'Zy' sinz=0 > zzy(0, 0)=-1 

etcx By (10:1) Pi y)=—xy 

10.5 Extremes of Functions 
All functions assumed to be differentiable. 

Extremum in the interior of a domain 

Necessary condition 

a. f: R* > R. Assume that f(x, y) has a local maximum or minimum at an interior point 

(a, b) of Dr. Then 

f(a, b)=fy'(a, 6)=0 

i.e. (a, b) is a stationary point. 

b. f: R’ > R. All partial derivatives=0 at an interior extremum point. 

Sufficient conditions 

a. f: R*— R. Assume (a, b) is a stationary point. 

Set D=fixx fyy—(fxy)*. Then 

(i) D(a, b)>0, f(a, 6)>0 => (a, b) is a minimum point 

(ii) D(a, b)>0, fex(a, b)<0 => (a, b) is a maximum point 

(iii) D(a, b)<0 > (a, b) is a saddle point 

(iv) D(a, b)=0 tells nothing. Try Taylor expansion or consider the function 

directly. 
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b. f: R" > R. Assume P=(a1, ..., dn) is a stationary point. 

Q2 

Ox jx; 
Set matrix A=(ajj) where ajj= f(P). Then 

(i) if Q=x‘Ax is positive (negative) definite [cf. sec. 4.6] then P is a minimum 
(maximum) point. 

(ii) if Q=x'Ax is indefinite [cf. sec. 4.6] then P is a saddle point. 

Extremum with side conditions (constraints) 

Problem. Find extrema of f(x, y, z) with side condition g(x, y, z)=0. 

1. Substitution 

Solving for (e.g.) z in the last relation gives the problem of finding interior extremas 
of h(x, y)=f(x, y, z(x, y)). 

2. Lagrange’s multipliers 

a. Special case. 

Necessary condition for maximum or minimum of f(x, y) with side condition 
&(x, y)=0: 

8x'=0 (degenerate case) 

gy =0 

go =0 

b. General case. 

Necessary condition for maximum or minimum of f(*1, ..., Xn) with side conditions 

| 
Cline 2.42) =0, x, PAM yess; In J=RO, Ron 

mcs (f+Aigi+...+Axgx) =0, i=1,%.., 2 
Ox; 

gj=0, j=1, ...,k 

opr | ORE ns Bi) =0 [all ({,) functional determinants of g1, ..) @k With 
Os erat respect to k of the variables x1, ..., xj]. 

(degenerate case) 

3. Method of functional determinants 

Problem as 2b. Solution from 

0 [all (,"; :) functional determinants of f, 81, ...,. 8k 
cs ie Xi.) with respect to k+1 of the variables Vi ssike Xnhs 
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10.6 Functions f: R” — R™ (R" > R") 

Functions f: R” — R™ 

Notation. y=f(x)=(fi(x), ...5 fm(x))!, x=(41, ---5 Xn)ER", Y=(M, ym)ER™. 

Limit. lim f(x)=A=(Al, ..., Am) © lim fi(x)=Am k=1, ..., m. 
x—a xa 

Continuity. f(x) continuous at ae Df if lim f(x) =f(@). 
x—-a 

Total derivative. Df(x)=f' (x)= ol aan al (mXn—matrix) 
Ox1 OXn 

Ofm — fm 
0x1 | OXn 

fe) . 

Differentiability (Linear Approximation). 2F continuous = 
j 

f(at+h)—f(a)=f' (a)h+|hle(h) where |e(h)| > 0 as h > 0. 

Differential. df=f'(a)h, h=(hi, ..., hn)! 

Chain rule. g: R" > R"™, f: R” — RP: 

Df(g(x))=f' (g(x))g' (x) [matrix multiplication]. 

Mean value theorem. (f differentiable). For any veR™ there exists 0<@<1 such that 

[f(ath)—f(a)]-v=f'(at+Oh)h-v (scalar product) 

The implicit function theorem 

Assume that 

(i) fig(X1, +++) Xns V1 -++) Ym), K=1, ..., m, have continuous partial derivatives with respect 

to y1, ..-; Ym in a neighborhood of the point D= (Gis Gyno aD) eRe G 

(ii) fx(p)=0, k=1, ..., m, 

(iit) SMe Sod 40 at p. 
a(y1, ree Ym) 

Then 

(i) the system 

fi, eoeg Xny Yi1> eoeg Ym)=0 

(GOD) eres 
foal Xs. ev, Ape Vins; Ym) =O 

defines m functions yx=y,(x1, ..., Xn), K=1, ..., m in a neighborhood of (Gineee an) 

(ii) See k=1, ..., m, may be calculated by solving the linear system arising when 

j 

differentiating (10.2) with respect to xj. 
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Functions f: R’ > R” 

yi=yi(%1, yor Xn) 

Notation. y=y(x): 

Yn=Yn(*1, Otic: Xn) 

ovr Oy 
d 3 Oy; Ox] ms OXn 

Functional (Jacobian) matrix. PS =]: 

ot) Oyn — 9Yn 
0x1 —OXp 

OM. .@VA 
Oxy Ox Functional (Jacobian) determinant. J = tos =det (2 Ovi |- = || Boe : 

OF» sees n) Ox! | Bn Yn 
Oxy © - OX), 

. Chain rule. (=) = (=) (=) , matrix multiplication 
Ox; Oy; Ox; 

: > \ek 

De (=) = | , Matrix inversion 
oy; Ox; 

3, O(21,.. +» Zn) _ (Zine. O(Z1, ..52n)  O(Vi, » O(1, «++ Yn) 
clea eee Sy OlV is cccn Va) (x1, ..-) Xn) «reg Xp) 

ry O(x1, vs Xn) _ 1/ OW =: (V1, «++» Yn) 

Gael Syao | vanes Xn) 

Examples. 

1 ea cos 6 Ox, y) _ 

’ ly=r sind a(r, 0) 

Xx=r sin cos@ 
2 O(x, y, ae 2 

=r sin@ sin r-sin @ 
. Rac a(r, 8, @) Z=r cos@ 

Ab VY) a A x=au+bv Om, y) 

Gok Rk alae y=cu+dyv d(u, v) 

Local volume (area) scale 

Set m(2)=volume (or area) of Q and assume that Q, and 
$2) are in one-to-one correspondence by 

Y1=Vihi is Xe) 

Yn=Yn(X1, ..., Xn). Then 



10.6 

as m(Q2,;) > 0 ay tee 
 m(Qy) O(x1, seey Xn) 

O(Vi, <5 Ya) 
2 FRA OL eS || See EE « ” 

(Qy) | Stes, | m(Q,) for “small” 2, and Qy. 

Gradient. f: R" > R: grad f=Vf= (=. one | 
X1 i 

Divergence. f: R" > R": divf=V - f= a ress ae 
x1 Xn 

fs of fi fs of2 fi 
Qx2 0x3” Ox3 Oxi’ Ox 9x2 Rotation. f:R? > R?: curl f=rot f= V xf= 

Formulas involving grad, div, curl, see sec. 11.2. 

The inverse function theorem 

Assume (i) y=f(x) is continuously 

differentiable 

ee 3(1, Brcists Yn) 
au) J=————— £0 at a. 
(i) eerie) 

Then there exist open sets A, B (aeA, 

b=f(a)€B) and a uniquely determined in- ff: 

verse function f~!: B = A such that 

(i) f, (f~') are one-to-one on A, (B). 
(ii) f~1 is continuously differentiable and 

; \-1 
(a) (=) = (2 (matrix inversion) 

or Df-(y)=[Df(x)}" 

ClCas, cones) = 1/201 w+) Yn) 
a(1, een) 0(*1, eee) 

Ya=V1(61, «2-9 Xn) X1=X1(V1, --+5 Yn) 

Yn=Yn(X1, DOS) Ten) Xn=Xn(V1s «+> Yn) 

(b) 

10.7 Double Integrals 

Let D be a bounded (measurable) set, f(x, y) continuous 

and bounded on D, A(D)=area of D. 

Riemann sum diam(D)) 

Sn= E fl yi) A(Di) > SJ f(x, y) dxdy as max diam (Dj) > 0 
i D l 
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Iterated integration 

b [ B(x) 
SS fx, y) dxdy= J “P fee»)d | d= 

Bb Bs) 
=Jdx J FG, y) dy 

a a(x) 

(Analogously with variables changed). 

Example 

SJ 6x*y dxdy= j x*dx fy dy= fPae(3y2Ih= 

=2 [202—-"\de=6/35 
0 

1 vy 1 Wy. 
Sf ydy f 6x2dx= f ydy[2x3]= 
0 y 0 

1 
2 Sy0??-y3)dy=6/35 

0 

Substitution 

, D = D’' one-to-one by 

peda v) eee y) 
2S 

y=y(u, v) v=v(x, y) 

O(x, y) Xi oe 
Sea #0 

Q(u, v) Yul yy 

Faas el 

Special substitutions 

1. Polar coordinates 

cS cos? dxdy=rdrd@ 
y=r sin@’ 

B r(@) 
SS f(%, y) dxdy= [do f f(r cos6, r sin@) r dr 
D a 0 
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2. Linear transformation 

paean ax y)_ 1 
v=cxtdy’ (u,v) ad—bc axtby=a; ax+by=az 

Sf fle, y) dedy= Ta II Flu, »), vw v)) dudv 

Improper integrals 

Assume f(x, y)=0 and f unbounded on D or D unbounded. Let {Dy}{ satisfy: (1) Dn 

bounded and f bounded on Dy (i) Dac Dn (iii) D= U Dz. Then (definition) 
n= 

He y)aedy= Mie IPC, y) aay 

Fubini’s theorem 

Assume f(x, y)20 in D: a<x<b, c<x<d, where a, b, c, d are finite or infinite. 

b d d b 

Then, if one of the integrals [= { {f dxdy, h=J dx J f dy, h= J dy Jf dx is conver- 
D a (8 Cc a 

gent, so are all of them and /=/)=). 

Example 

I= f e~’dx=V7, because 

P= f e*'dx i edy= [fe -'dxdy= 
—0o —0 R2 

a Oc parle 
= f dO fre" dr=2n |--e""| =" 

0 60 2 0 

Applications 

Geometry 

1. Area. A(D)=JJ dxdy 

2. Volume V 

V=J SUG, y)—8(%, y)] dxdy x< Projection curve: 

D f(x, Y)=9(x, Y) 
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3. Area of surface z=f(x, y) over D: 

A=fJV1+fr tfy dxdy 
D 

Mass 0(x, y)=density of plane region D 

t= Jo(x, y) dxdy 

Centroid C=(x¢, yc) 

(t) Homogeneous body. (ii) Density distribution (x, y). 

1 X= Bare, Xe= —— JJ xox, y) dxd 

ye= 1 ff ydedy Yo= SS yo, y) dxdy A(D) ‘p in 

Moments of inertia (0(x, y)=density) 

(i) about the x-axis: J;= f fy?o(x, y) dxdy 
D 

(ii) about the y-axis: I= f {x2e(x, y) dxdy 
D 

(iii) polar moment about the origin: 9=1,+1y= Sfr°ox, y) dxdy 

10.8 Triple Integrals 

Iterated integration 

There are two possibilities (cf. the example below): 

1. Q={(x, y, z): P(x, y)=z<y(x, y), (x y)eD} 
v(x y 

JSS fag= SIS FG, y, 2) dxdydz= J) dud i} fo y, z)dz 
P(X, y 

2. Q={(x, y, z): (x, y)eDz, a<z<b}. 

b 

Ji\faa= SSF: y, 2) dxdydz= J dz IS f(s y, 2) dxdy 

Example 

Q=cone: Vx+y<z<1 

1 
1. fff zdxdydz=ffdxdy f{ zdz= 

Q D 
Vx24y2 

(1-x?—y?) dxdy=[pol. coord.]= 

1 

dO { (1-r?)rdr=" 0 4 
1 1 

2. Sf fzdxdydz= f zdz ff dxdy= {z+ nz2dz= 
2 0 D, 0 
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Substitution 

Assume that there is a one-to-one correspondence between in the (x, y, z)-space and 

Q' in the (u, v, w)-space, and that 

3, ¥» 2) 209, 
Then O(u, v, w) 

SS ffl, y z) dedyde= Sf ffx, y, 2) |[S&X | dudvdw 
Q Q' 

a(u, v, w) 

Special substitutions 

1. Spherical coordinates 2. Cylindrical coordinates 

x=r sin@ cos@ x=r cOos@ 

y=r sind sing ; y=r sing 

ERC dxdydz=r’sin 6 drd0dp pepe dxdydz=rdrdpdz 
x24y24 72—/2 x+y=r 

(x, Y; 2) 

Applications 

Geometry 

Volume V(Q)=§ f fdxdydz 
Q 

Mass. 0(x, y, z)=density distribution of body 2. 

m(2)= f J fox, y, 2) dxdydz 

Centroid C=(X¢, Ye, Zc) 

(i) Homogeneous body: x¢= mol dxdydz, Ye) Ze Similarly. 

(ii) Density (x, y, Z): Xc= sao) ieee, y, z) dxdydz, Ye) Zc similarly. 

Moments of inertia (0=0(x, y, z)=density, 1=fr?dm) 

(i) about the x-axis: J;= fffo(y?+z7) dxdydz 
Q 

(ii) about the y-axis: [y= SSfhe@+x’) dxdydz 

(iii) about the z-axis: [,= SSfo(?.t+y?.) dxdydz 
2 

(iv) polar moment about the origin: Jo= Fletly +12) 
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Table of centroids and moments of inertia 

Moments of inertia 

m=mass of body 

Body Centroid 

(homogeneous) 

Straight bar 

y Vv 

fewlee 
-——___e1~—___= | 

Se Pa. 

[,=0 
2 

Rectangle 

Circular sector Ay 

1,=1,=1,+mb2 

1,=1,=2@+0") 

4 

Lat (a*+c?) 

Lt (a?+c?) 

=M (g24.4¢2 1) 12 (4 +4c*) 
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Moments of inertia 

m=mass of body 
Centroid Body 

(homogeneous) 

Spherical shell 

Xc=Vc=Zc=0 

Cylinder 
Zz 

Leha% (3R?+4h7) 

2 
1,=mR 

a) 
—m 24 fy2 1=%% (3R?+h?) 

Cylindrical shell 

(open) L=h=" (3R2+2h?) 

I,=mR? 

=m 24 4,2 u=49 (6R*+h*) 

ian to eee | 

L=l=7 (3R2+2h?) 

2 
1,38 

1-9 (4R?+h?) 

1,=3M. (R°+ 4h?) 

Conical shell 

(open) [eee (R2+2h?2) 

=—™M (9R24+10h2 [y= (OR?+ 10h’) 
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10.9 Partial Differential Equations 

A partial differential equation (PDE) is an equation involving partial derivatives of an unknown 
function of two or more independent variables. 

First order (quasi) linear equations 

(10.3) a(x, y)u;'+b(x, y)uy'=c(x, y, u), u=u(x, y) 

For general solution: 

dy _ b(x, 
(i) Find the characteristic curves, eee 

dx a(x, y) 

(ii) Make the coordinate transformation 

eae y) 
n=a suitable function of x, y (e.g. 7=x or n=y) 

with the general solution &(x, y)=C. 

(iii) The equation (10.3) will take the form 

, r) OU (anx'+bny’) an 

which may be solved as an ordinary differential equation. 

Remark. The general solution u=u(&, ) will contain an arbitrary function of &. 

Example. 

XU,’ +yuy' =u. 

Characteristics: y =» => — 
di, 1X 

=u. 
on 

Separation of variables gives u=nf(é)=xf ) 

Second order (quasi) linear equations 
(10.4) a(x, y)UY,+2b(x, y)Uxy+c(x, y)Ujyy=f(x, y, u, Uy’, Uy’) 

Classification of (10.4) 

1. Elliptic if ac—b?>0 (e.g. Au=ux,+Uyy=0, the Laplace equation) 
2. Parabolic if ac—b?=0 (e.g. u,’=a2u",, the heat equation) 
3. Hyperbolic if ac—b?<0 (e.g. un=c?uy,, the wave equation) 

Characteristics 

dy\? d a (2 2b D ¢en9 3 B=} eveR=a0) 
dx dx dx a 

Thus, if (10.4) is (i) elliptic, there are no real characteristics, (ii) parabolic, one family, (iii) 
hyperbolic, two families of characteristic curves. 
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10.9 

Examples of initial and boundary value problems 

The wave equation 

Example 1. uj—c?uy,=0, c=constant 

The transformation =x+ct, n=x-ct gives ug,=0 with general solution u=f(€)+g(7)= 

=f(x+ct)+g(x—-ct). 

The initial value problem 

ut=cur,, t>0, —<x<0 
u(x, 0)=g(x), —~<x<00 
u;' (x, 0)=y(x), —~<x<% 

has the solution 

u(x, t= 2 [p(x+ct)+p(x—ct)]+ + Evo 

(d’Alembert’s formula) 

The Dirichlet problem 

The problem (u continuous in Q) 

Au=uyx+Uyy=0 in 2 32 

u=f on 0Q (f continuous) 

admits a unique solution. 

Poisson’s integral formulas 

1. Q: The unit disc. Solution: 

1% O-A)f@de | 
u=u(r, 0)= A 

Qn 9 1—2r cos(@—g)t+r- 

2. Q: The upper half plane. Solution: 

ne Saas La 
u(x, y)= e lees y+ dt 3 

3. Q arbitrary: Cf. conformal mapping (sec. 14.5). 

The Neumann problem 

(10.5) Se 0 in 2 

a —=g on 02 

Necessary for solution is $ g(s)ds=0 and in that case the problem admits a unique solution (up 

to an additive constant).°? 

Equivalent Dirichlet problem 

u solves (10.5) & v, the conjugate of u, solves 

Av=0 in Q 
Ss 

v= f g(s)ds on 9Q (s=arc length). 
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10.9 
Orthogonal series representation 

of solutions by separation of variables'(Fourier’s method) 

Example 2. (Heat conduction in a bar) 

(PDE) uj=a2ul,, t>0, 0<x<L 
(BC)  u(0, t)h=u(L, t)=0, t>0 
UC) u(x, 0)=g(x), OSx<L 

(i) Separation of variables: u(x, t)=X(x)T(t) > [by (PDE)] 

TO ray 
es A=separation constant 
a aT(t)  X(x) a ) 

ins Paes 
(i) (BO) = X"-AX=0 | s Xn(x)=sin>—, n=1, 2, 3, ... (eigenfunctions) 

‘i X(0)=X(L)=0 
An=— FE , n=1, 2, 3, ... (eigenvalues) 

Detare 
(iii) By (10.6), Donte T=0 > Th(t)=Cy CWO? 

(iv) Set u(x, N= FE TH(QXn(x)= Z cn ene nrL? gin MTX 
n= n= 

% E 
(v) By (IC), (x)= ¥ c, sin“ > eee g(x) sin“ dx 

mal 1b 1 Dery EL 

Example 3. (Dirichlet’s problem for a sphere.) 

Spherical Coordinates: u=u(r, 6, p)=u(r, @) assuming that u 
is independent of g. Set E=cos : 

(PDE) du= + 2 (7 au) = La (a- Bl au) 0, 0<r<R 

(BC) u(R, 6)=f(€) » t1<é<1 

General solution of (PDE): u(r, €)= : (An r'+B,r-"—!) P,(é), where P,(€) are Legend- 
re’s polynomials (cf. sec. 12.2). 

2n+1 

QR? 

1 
Ayn= JS f(E)P,(dé, B, (B,=0 if u is bounded for r=0) are determined 

=] 
as Legendre-Fourier coefficients by (BC). [cf. sec. 12.1] 

Example 4. (Oscillations of a Circular Membrane.) 

Polar Coordinates: u=u(r, p, t)=u(r, f) assuming that w is independent of ¢: 

(PDE) Au=u!,+ a u'= os ul, O<r<R, t>0 

(BC) u(R, t)=0, 0 

UC 1) u(r, 0)=f(r), O<r<R 

UC 2) u(r, 0)=0, O<r<R 

Separation of variables (a, zeros of Jo(x), see sec. 1224) = 

u(r, j= = A, CO = Pst = | s0(S r), 

; ; 2 . nr here J, B | funct dA,= save’ = where Jo is a Bessel function and A, RU,(a,) Srfir)Jo( R ") dr r, (B,=0) 

are determined as Fourier-Bessel coefficients by (IC). 
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10.9 

Transform representation of solutions 

Example 5. (U(@) Fourier transform of u(x)) 

(PDE) Au=uy,+ujyy=0, —%<x<~, 0<y<1 

(BC) u(x, 0)=f(x), u(x, 1)=0, —2e<x<o 

Set u(x, y)= = J U(a, y)e@*dw > [by PDE] 

Uyy—@?U=0 > U=A(w) cosh wy+B(w) sinh wy > 

u(x, y)= x f (A(@) cosh wy+B(@) sinh wy)e*da 

(BC1) > A(w)=F(@) 

(BC2) > B(w)=-A(a) Gosh os F(a
) he 

sinh w sinh w 

Pee sinh w(1—- j 
> u(x, y)= 5 J Flo) ee — Y) gioxdey 

Example 6. (U(s) Laplace transform of u(t)) 

(PDE) uy,=u;', x>0, t>0 

(BC) u,'(0, t)=f(d), lim u(x, )=0, 0 
x0 

(IC) u(x, 0)=0, x>0 

Laplace Transformation of (PDE) > 

= U(x, s)=sU(x, s) > U(x, s)=Als)erY5+ B(s)e* V5" 
x 

(BO2) > A(s)=0; 2Y =— Bis) Vse"™ (BCL) > BG)=- FO) > 
ox Vs 

U(x, s)=- Mens 

1 

V1T 
u(x, th=— { e/4t¢(t— 1) dt 

0 
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1.0 

11 Vector Analysis 

11.1 Curves 

Vector-valued functions R > R” 

FO=10.--fmOL,— (= La, find) aed 

Si laftbe)=afbe (HDF) =HEHAO+hO FO 

GU w)=f ath @ Lexe)afxetfxg (m=3) 

Af 8 I=L F, 8 I+, & A+ @, hl GAO) = VAR) - Fo) 

fetm=fO+h f+ f@)t+...+ i fO+... 
ae ee 

Curves C: r=r(t): R > R3 

Curve r=r(t)=(x(t), y(t), z(t)), a<t<b 

Tangent vector 

HO= jim AF OO—MO eH), 50, 2) 
b b 

Length of curve=s= f ds= J |r(t)|dt= { VP + +2 dt r(a) 
€ a a 

Arc length element ds=|dr|=|r|dt=vdt 

Motion of particle 

Below, r=r(t) = position vector, t= unit tangent vector, m= unit principal normal 
vector, a; = tangential component, a, = normal component: 

Velocity v=r=vt Speed v=s=Irl Acceleration a=v=fr =a,t+a,n 

. Veer 7_lvxal_ Irx rl == = SS ay, = kv = = v v Ir| Ir| 
Rotation round an axis: 

v=r=oXr 
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principal normal 

Differential geometry normal gf = = = = 

tangent 

rectifying 

plane 

binormal 

Think of C, t, n 
in the plane of paper 

Concept Arbitrary Arc length 

arameter ¢ St rare ara 
P = s=f[VP+y’+z" dt 

c 

as parameter 

Unit tangent 

vector 

Unit principal 

normal vector 

Unit binormal 

vector 

Curvature 

Radius of 

Curvature 

[r’, rs r"*| 

os m2 Torsion 
Ir 

Radius of torsion 

Frenet’s formulas 

t=xvn, n=—xvt+tvb, b=—-tvn 

(v=1 for s=arc length as parameter) 

Remark. C straight line @ x=0. 

C plane curve © t=0. 

2A? 



Example. (Helix) 

r (t)=(a cost, asint, bt), c=Va@+b" 
r (t}=(—asint, acost, b), v=c 
r (t)=(—acost, —asint, 0) 
T (t)=(asint, —acost, 0) 
rXxr(t)=(absint, —abcost, a?) 

a b 
fe i 

ce” c2 

fg 

s= f |r(t)|dt=cto 
0 

i= 1 (—asiny, acost, b), n=—(cost, sint, 0), b=4 (bsint, —bcost, a) 

11.2 Vector Fields 

r=(x, y, z), F=(P, Q, R), £, §, 2 ONR-basis. 

Vector field. F(r)=(P(x, y, Zz), Q(x, y,z), R(x, y, z)): R3 > R3 

Scalar field. ¢(r)=9(x, y, z): R33 R 

ibe grad p=Vo=(¢x', py’, pz’) 

933 % Vect tor V=|—,—,—]= ector operator 2 ay 2) 

Every point is assigned a 
=f --) ee vector 
8x 73y “32 

. F is a gradient field © there exists ¢ such that F=grad  [@ is potential of F] 

. div F=V- F=P,'+Q,'+R,’ 

. curl F=rot F=VXF=(Ry'—Q,', P,'—R,', Q,'—Py') 

- Laplacian Ag=V-V ¢=div grad P=Pixt Pyytosz 

. F=grad ¢ © curl F=0 (in a simply-connected domain) 

~Ie OF om COU aS . F=curl G © div F=0 (in a simply-connected domain) 
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aig. 

Laws for operations with the operator V 

Linearity 

1.V(apt+By)=aVo+pVy grad(ag+By)=a grad @+f grad yp 

2.V:(aF+BG)=aV-F+BV-G div(aF +$G)=a div F+B divG 

3.Vx(aF+fhG)=aVXF+BVXG curl(aF+6G)=a curl F +f curlG 

Operations on products 

4.V(gy)=9oVy+yVo grad(gy)=9 grad p+y grad p 
5.V(F -G)=(F -V)G+(G:V)F+ grad(F -G)=(F : grad)G+ 

+FX(VXG)+Gx(VXF) +(G: grad)F+F XcurlG+Gxcurl F 

6.V-(¢F)=oV-F+(Vo)-F div(@F)=¢divF +F - grad@ 

7.V-(FXG)=G:VXF-F -VxG div(F XG)=G- curl F—F - curlG 

8.Vx(oF)=oVXF+(VO)xXF curl(@F)=@ curlF+(grad ¢)xXF 

9.Vx(FXG)=(G:V)F-(F -V)G+ curl(F XG)=(G- grad)F— 

+F(V-G)-G(V -F) —(F + grad)G+F divG—G divF 

Double application of V 

10.V-(VxF)=0 div curl F=0 

11.Vx(V¢)=0 curl grad p=0 

12.Vx(VXF)=V(V - F)-V-F curl curl F=grad div F— AF 

Orthogonal curvilinear coordinates 

Assume that, in a domain of a Cartesian (x, y, z)-coordinate system 

with unit basis vectors £, f, 2, a one-to-one correspondence between 

(x, y, z) and (uj, uz, 43) is given by 

x=x(U1, U2, U3) 
(11.1) y=y(u1, W2, U3) 

Z=2z(u4, U2, U3) 

F( nr) =F X+ Fyyt F22= 
=Fy, 04+ Fuyle+ Fu, 43 

Given P=(x; y; z), assume that the surfaces uj=constant, i= 1, 2, 3, intersect at P under right angles. 

The intersection curves are called coordinate lines. The local unit basis vectors &, t2, a3 form a 

local ON-system. 

Condition for (11.1) to define an orthogonal (1, U2, u3)-system: 

OR Ol ae eae 
2, me i#j, r=(x, y, Z) 

an. CHa 4) 
The system is right-handed & ——-~~— > 0. 

: e 3(uy, U2, 43) 
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11.2 

Differential formulas in orthogonal coordinate systems 

General coordinates (u, u2, u3). 

Let F(r)=Fyt+ Fy t F.2= Ft + Fyjtin+ Fy,t3 

ax \? (dy j & y : 
= — — — =F 2.9. 
Nees +(2 ¥ Ou; oy 1, a 

: Ox oy. pz 1 (i) Fy=h7 ee Biers van Fx, 

(vector component ado 

(iia) ds*=hy?duy?+ hy?duy?+h32duy2 (arc length element) 
(b) hyhz dujduz, hyh3 duzrdu3, h3hy du3du, (surface elements) 
(c) hyhoh3 duydurdu; (volume element) 

3 1 a9 
(iii) grad p=Vo= 2h i a 

a i bese hyhoh3 
d F= . = —— — )) GY FRNRES oe 2 ie 

ht, hotin h3h3 

1 cc) ) ce) LE=VxXF=——— || oS eee 
regs hyhoh3 | du, du 0u3 

hy Fy, h2F yu, h3 Fy, 

1 3 9 (hyhyh3 3¢ vi) Ag=V29= 25 (ar | 
( ) - ? hyhyh3 i=] Ou; hi Ou; 

Set h;= 
Tr 

Ou; 

Then 

=), i=1, 2,3 

iG; 

Rectangular coordinates (x, y, Z) 

hy=h2=h3=1 

(ii) ds*=dx?+dy?+dz? 

BY 54, 20, Pata ge a) gradg= SPs + el =j. j=]. 7= (iii) grad p= Sy? ay a7 * (£=i, §=j, 2=k) 

Fy 
(iv) atrse ab pers 

oer Oz 

F, ) 
) @).ctir= (= ~ 2) e+ (S-S) Wey bad cae 

oy 2 BF ah Ox OX... soy 

32 3p | ao | ao vi) Ag= Ss ( i) o= ax =D bd or) 972 

Translated and rotated coordinates (2. 1,G) 

=€o+ai16+a12n +4136 
Y=no+a21€+a22n +4236 (aij) orthogonal matrix 
z=Cota31E+a32n +4336 

hy=h2=h3=1 
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11.2 

Fe=ay1Fy+aziFy+a31Fz (ii) ds*=d&?+ dn?+de2 

(i) | Fyp=a12Fy +a22Fy+a32F 2 se ape an) 3g F 

Fe=a13Fy+a23Fy+a33Fz Ce tS dale 3& ts 9 oC ¢ 

OFs +S 

OE 3g 

ty eutr= CE 2Fp, (228) gs (2-28) 
OF POG 6 cs o& on 

fips oo, oo 
ae ae 32 "32 

(iv) divF= 

Cylindrical coordinates (r, ~, Z) 

X=rcos@Y, y=rsing, Z=Z zh 

hy=1, h2=r, h3=1 

F,=F, cos 9+Fy sing | 

(i) | Fo=Fy cos p—F, sing 

F,=F, | 

(ii) ds?=dr?+rdg?+dz* 
x 

(iii) grad @= = P+ fee gt oe 
r 0p az* 

Oy dof oho. oF 
ror r op Oz 

1 oF, Fe) ps (Fe - i bs O(rF g) oF P 

if Op Oz Oz» or r\ or op (v) curl F= (- 

1 oo, ep ap EY Pa 
a r lt ae, og? ae 

Spherical coordinates (r, 6, ~) 

x=r sin@ cosg, y=r sin sing, z=r cos @ 

hy=1, ho=r, h3=rsin@ 

F,=F, sin@ cos g+Fy sin @ sin g+F, cosé 

(i) ( Fo=Fx cos 6 cos pt+Fy cos @ sin g—F, sin@ 

Fo=—F, singt+Fy cos p 

(ii) ds?=dr2+rsin26 dy? +r? de? 

1g, 1 %¢e 
= PF p+ (iii) gad@= =F ; <i 5 
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11.2 

1 a(PF), 1 a(Fesind), 1 Fy 
CORN ie Pr ar rsin@ 00  rsin@ 8p 

1 O(Fysin@) dF 1 ee ecg ie 
= a eae Pee = sino 0+ 

oe rsin@ | 30 op rsin 8] d@ or 

ae O(rFe) _ oF,| ~ 

r or 30 

Ce ONS ee fo 58 Be lend oe tee (vi) Ag= 42 (r oe 4 sin 0 = (sino 28 Psin26 dg2 

079 20¢ 1/9 ao lue@e@ | 
ENS aes bis cee + 182 dg? if €=cos@ 

11.3 Line Integrals 

Differential forms 

f, g: R"° > R, h: R= R. Differential form: 

3 w=fdg=f (Haci+...+ 2 dxn 
OXn 

1. d(af+bg)=adf+b dg 2. d(fg)=fdgtg df 

3, af) 8d fee 5 4. d(h(f))=h'(f)df 
§ § 

Exact differential forms 

In R?: o=Pdx+Q dy is exact if there exists @(x, y) called primitive function of w such 
that ;'=P, py'=Q, (i.e. w=d ¢). 
Test: Pdx+Q dy exact © Py’=Q,', (ina simply connected domain). 

In R?: w=Pdx+Q dy+Rdz is exact if there exists P(x, y, Z) [primitive function] such 
that ¢y'=P, py'=Q, ¢'=R, (i.e. w=d ~). 
Test: Pdx+Q dy+R dz exact © curl(P, Q, R)=06 Py'=Q,', Pz'=R,', Q,'=Ry’, (in 
a simply connected domain). 
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Line integrals 

Given: Curve C: r=r(t)=(x(t), y(d), z(t), aS<t<b 

dr=(dx, dy, dz), ds=|dr|=V¥P4+V+z dt 

Vector field F=F(r)= 

=(P(x, y, z), Q(% y, z), RO Y, Z)) 

Scalar field o(r)=(x, y, Z) 

There are four kinds of line integrals: 

1. fF-dr 2. Solar 3. fFxdr 4. fogdr 
Cc Cc (é Cc 

1. Tangent line integral 

f@= fF-dr= fPdx+Qdy+Rdz= 
Cc G G 

dx dy dz peo eRe re ene real te) at 

Properties: (i) f w=—Jo (i) Jf o=fotfo 
=¢ C GC Co eee 

(iii) ge Ve - dr=(B)-@(A) (iv) w exact > 

fw=9(B)-¢(A), ¢ primitive function of 
Cc 

Example. Calculate I =fydx+z dy—xdz, C: (x, y, z)=(cost, sint, 2), 0<t<27. Solution: 

G 
2m 

dx=—sintdt, dy=cost dt, dz=dt. Thus, /= f(-sin? +t cost—cos? t)dt=—27 
0 

Green’s formula in the plane CG) 

Assume (i) C closed curve with positive orientation, 

(ii) P, Q continuously differentiable on C and in D. 

Then 

an (eo §Pdv+Ody= hs 

Area of D= 

=f xdy=— J ydx= 
Cc c 

aP = 4 J xdy—yax 

dxd 
x) axa 
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11.3 

Theorem 

Assume that P, Q are continuously differentiable in a simply connected domain D. Then the 
following conditions are equivalent. 

(i) Pdx+Q dy is exact 

oP _9Q 
OO ay. “ay Ox 

(iii) $ Pdx+Qdy=0 (any closed C in D) 
Cc 

(iv) f Pdx+Q dy depends only on the initial point and the end point of the curve C, (lying in D). 
C 

Stokes’ theorem es Sécz 11. a 

2. S¢ldr|= J ods= J 5, \at= 

=foe.y0, 200) (4 x +(B)+(4) a 
In particular, /={ds (arc length) 

€ 

b dr Si JP xdr= | F(r(1))x qu (vector valued) 
a 

4. { odr= j o(nn) dt —_ (vector valued) 

11.4 Surface Integrals 

Surface 

Surfaces are given in one of the following two ways: 

A. Graph of a function S: z=z(x, y), (x, y)eD 

ar (zx', zy’, =) 

VIFG) Gy): 

=+ (z,', zy’, —1)dxdy, dS= V1+(zx’)+(zy'¥ dxdy 

dS=nh dS= 

B. Parametrizaiion 

S: r=r(u, v)=(x(u, v), y(u, v), z(u, v)), (u, v)eD 

ry! Xr, h=+ , dS=nhdS=+r,'xr,' dudv 
ny ry 

dS=|r,'Xr,'| dudv 
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11.4 

Surface integrals 
Given: Surface S as above. 

Vector field F=F(r)=(P, Q, R) 

Scalar field @=@(r). 

There are four kinds of surface integrals: 

1. J{F-dS 2) ffods 3f(FxdS 4) ~f {ods 
S S S S 

1. Normal surface integral 

calla et -Q ee +R) drdy 
ox oy 

A. [fF -dS=ffF-nrds=+ ma 
S S D 

(+ refers to the “upwards” direction of the normal vector) 

dudv | 

=+ ff Plxiy, z), y, z]dydz+ J Q[x, y(x, z), z]dxdz+ 

Dyz 
XZ 

B. ffF-dS=ffF-ardS= ff F(r(y, v))- (tu Xn’) 
S S D 

Alternative notation: 

SJ F-dS= Sf Pdydz+Qdzdx+R dxdy= 
S S 

+ ff Rix, y, z(x%, y)]dxdy,  (Dyy=projection of S in xy-plane, etc.) 
D, y 

where the last integrals are “ordinary” double integrals. The + sign is chosen if the normal vector 

of Sis in the “direction of” the positive x-axis, y-axis and z-axis, respectively (i.e. the first, second 

and third components of the normal vector of S is positive in respective cases). 

Remark. §f Pdydz=—J JP dzdy etc. 
S S 

Example 

S=S,+57+S3 closed cylinder 

Si: r=(cosu, sinu, v), D: 0Su<27, 0Sv<1 

r,'=(—sinu, cosu, 0), r,’=(0, 0, 1) 

r,'Xry'=(cosu, sinu, 0) 

So: z=1, $3: z=0, Dyy: x? +y’s1 

Sfr-dS= f{xdydzt+y dzdx+z dxdy 
S S 

ff = Sf (cosu, sinu, v)-(cosu, sinu, 0) dudv= 
ae 

= ff (costu+sin2u) dudv= ff dudv=27 
D D 

ff =+ SS zdxdy=ff1-dxdy=n, ff =— Jf zdxdy=— JJ0-dxdy=0 S3: 2=0 
OS Dy: S3 D Ds 

xy xy 

Thus, ffr-dS=3z. 
Ss 

Alternative (and simpler) solution: Use Gauss’ theorem. 
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11.4 

eh : dS= Jf (x, y, z(x, y)) VIF P+’) dxdy 

a5— SJ o(r(u, v))|ru! Xry'| dudv 

Area of a surface 

Area of S=f f dS ® VIF Tey dxdy © Jf lru! xry'| dudv 
S D 

3. Jf FxdS= ff F(r(u, v))x(ru'Xr,')dudv (vector valued) 
S D 

4. ffpdS=ffo(r(u, v))(ru’Xry')dudv (vector valued) 
S D 

Integral theorems 

(Functions assumed to be continuously differentiable.) 

1. Stokes’ theorem. (C=9S closed curve in space.) 

(a) $F -dr= ff (VxF)-dS=ffcurlF-dS, or 
(ie; S S 

$Pdx+Qdy+R dz= Jf(®y'-92') dydz+(Pz'—R,') dzdx+(Q,'—Py') dxdy 

(b) pedi [ASXV) XE 

(c) $ pdr= Sf (dSxV)o 

2. Gauss’ theorem. (S=8V closed surface) z Hi) 
(a) f F-dS= ff F-adS= fff (V-F)dV= fffdivF dV, or 

S Ss V V 

ff Pdydz+Qdzdx+R dxdy= S{{(Px'+Qy'+R,') dxdydz 
5 V 

(b) ff FxdS=— {{[VxFdv 
S V 

(c) ff pdS=S{fVo av x 

3. Green’s formulas 

(a) oY as= II Vp. Vy ave Sif Ayav 
S n V V 

3 3 ©) (02 —v 2) as= sh @ay-vag)av S$ n on V 

(c) Green’s formula in the plane (see sec. TT) 

og Remark. The normal derivative an is the directional derivative (see sec. 10.4) of ¢ in the n 
direction of the outward normal. 
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1241 

12 Orthogonal Series and 
Special Functions 

12.1 Orthogonal Systems 

Assumptions. p(x), w(x) are real and continuous, f(x) real and piece-wise continuous. 

Definition. 

The set {gx(x)}; is an orthogonal system on (a, b) [finite or infinite interval] with 

respect to the weight function w(x)20 if 

b 

(i) f pK(x) Pn(x)w(x)dx=0, n#k, (Qk, Gn w-orthogonal) 
a 

(i) Ne= [oe@)w(a)dx>0 

General Fourier Series 

fla)y~ E capes), cam pe [flsdoe(sdw(ad 

Here, cy, are the (general) Fourier coefficients of f(x). 

(12.1) 

Approximation in mean 

If sn(x)=a191(x)+...+4nn(x), then 

b 
1. On=fS[f(x)—sn(x)Pw(x)dx is minimal & ag=cx, K=1, ...,0 

a 

b n 

2. min Qn= S f2(x)w(x)dx- 2 Neck 
a => 

b 

The system {px(x)}; is complete if lim LF @)—sn(x)]?w(x)dx=0 
noa 

(with ax=cx), i.e. Sn > f in mean asn >. 
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Theorem. 

20 b 
3. {pe(x)}; orthogonal system > 2 ; News § f2(x)w(x)dx 

= a 

(Bessel’s inequality) 

4. {px(x)}; complete orthogonal system > 

e b 
(i) 2 Necr= SP(x)w(x)dx (Parseval’s identity) 

— a 

20 b 

(ii) 2 ‘ Nucrdk= J f(x)g(x)w(x)dx (dx Fourier coefficients of g(x)) 
= a 

The Sturm-Liouville eigenvalue problem 

Assumptions. 

(i) p(x), p'(x), q(x), w(x) real, continuous in [a, 5] 

(ii) p(x)>0, q(x)Z0 in [a, b], w(x)>0 in (a, b) 

(iii) A, B, C, D real non-negative constants, A2+B?>0, C?+D2>0 

The Sturm-Liouville eigenvalue problem 

Find eigenvalues 4 and corresponding eigenfunctions g(x)#0 of the boundary value 

problem 

- £{Pxo'(x)} +40) 9a) =A w(x) p(x) 

A 9'(a)—B p(a)=0 
Cq'(b)+D g(b)=0 

. The eigenvalues A, satisfy 0S11</12</3<..., 

n? (J Bae) in == ce 
en mm a D(x) 

6. Eigenfunctions corresponding to different eigenvalues are w-orthogonal. 

. The set {x(x)},° of eigenfunctions is a complete orthogonal system. 
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12.1 

Examples of complete trigonometric systems on the interval [0, a] 

Differential equation: p''(x)+Ag(x)=0, 0<x<a 

g'(0)=p(a)=0 oK(x)=cosByx | (k+1/2)m/a, k iv 2, al2 

ee =qg'(a)=0 ox(x)=sin Bax | (k+1/2)m/a, k il oa call a 

g'(0)=9¢'(a)=0 pr(x)=cosByx | kala, k=0, 1, 2, a if k=0, a/2 if k21 

fee =B,2 ox(x)=sin Bx | Bx are the positive roots [atcl(c2+B2)\/2 

g(0)=9(a)=0 p(x)=sin Bax | kala, k=1, 2, 3, al2 
=O, 

=0, 

g'(a)+cp(a)=0 of tanaB=—flc 

(c>0 constant) 

g'(a)+cg(a)=0 of tanaBb=c/p 
¢'(0)=0, =B,2 px(x)=cosBxx | Bx are the positive roots [a+cl(c2+Bx2)\/2 

(c>0 constant) 

A generalized eigenvalue problem 

Notation: (u\v)= \FOneT 

Let A, B be real linear ordinary differential operators and consider the eigenvalue problem 

(EP) (DE) Bv(x)=AA v(x), a<x<b 

(BC) Real linear and homogeneous boundary conditions on v and derivatives of v at a and 

Test function space V= {functions satisfying (BC)}. 

The operator A is 

(i) symmetric if (Au|v)=(u|Av), all u, veV 
(ii) positive definite [semidefinite] if 

(Av|v)>0 [(Av|v)20] all veV, v0 

The eigenvalue problem (EP) is 

(i) self-adjoint if A and B are symmetric 

(ii) totally definite if A and B are positive definite 

(iii) positive semidefinite if A is positive definite and B is positive semidefinite. 

Remark. Sturm-—Liouville’s (EP) is self-adjoint and positive semidefinite. 

Assume that (EP) is self-adjoint. 

8. Ifu, v are eigenfunctions of (EP) corresponding to different eigenvalues, then 

(Au|v)=(Bulv)=0. 

If (EP) is totally definite [positive semidefinite], then every eigenvalue is >0 [20]. 

(By\v) 
Rayleigh’s quotient R(v)= lary 
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Assume that 

(i) (EP) is self-adjoint and positive semidefinite and order (B) > order (A) 
(ii) OSA,SA2S... and vj, v2, ... are eigenvalues and eigenfunctions respectively of (EP). 

Then 

An=min R(v)=R(vp), 

where the minimum is taken over veV such that 

(Av|v,)=0, k=1, ..., n-1 

and the minimum is assumed by the eigenfunctions corresponding to Ap. 

Iteration 

Assume that (EP) is self-adjoint and total definite, order (B) > order (A). 

Iteration for A and vy: 

| Choose upeV 

Ug: Bug=Aug-—, with (BC), vj=ux (k big enough) Ay~ug(x)/ug41(x). 

Schwarz’ constants ax=(Ux—m|AUm) independent of m. 

Schwarz’ quotients up,=ax—1/ax \ A}. 

Hk 
K-AiS 
oe Ar-H 

(Ux—1—-Mk) if Ar>pux 

12.2 Orthogonal Polynomials 

Legendre polynomials P,,(x) 

Explicit form. Pr(x)=2-"/S (—1)k 9 Greed Bawa i ha ea 

Rodrigues’ formula: P,(x)= =< D"{(x2—1)"} 

P,(—*x)=(=1)" Pp); .P,(1)=1,,|\Pejet level 

2 
Inti Ok 

1 
Orthogonality: § Px(x)P,(x)dx= 

= 

Recurrence formulas 

(n+1)Pn41(x)=(2n+ 1)xP,(x)—nP,~1(x) 
(x?-1) Pa’ (x)=nxP,(x)—nPy- 1(x) 

Generating function 

(1—2xt+72)-12= x Pa ae, [t}<1, |x|<1 

Differential equation. y=P,,(x) satisfies 

(1—x*)y"—2xy’+n(n+1)y=0 
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P,=P,(x): 

Po=1 x!0= (256P19+2176Pg+7904P6+ 1550P4+ 16150P2+4199Po)/46189 
P\=x x9=(128P9+960P7+2992Ps+4760P3+3315P)/12155 
P,=(3x?-1)/2 x8=(128Pg+832P6+2160P4+2600P2+715Po)/6435 

P3=(5x?=3x)/2 x?=(16P7+88Ps5+182P3+ 143P;)/429 

P4=(35x4—30x?+3)/8 x©=(16P6+72P4+110P2+33Ppo)/231 
Ps=(63x°—70x3 + 15x)/8 x9=(8P5+28P3+27P)/63 

Po=(231x°—315x4+ 105x?—5)/16 x4=(8P4+20P2+7Po)/35 

P7=(429x7—693x°+315x3—35x)/16 x3=(2P3+3P))/5 

Pg=(6435x8—12012x°+6930x4—1260x?+35)/128 x?=(2P2+ Po)/3 

Po=(12155x2—25740x’ + 18018x5 —4620x3+ 315x)/128 x=P; 

P39=(46189x1°— 109395x8+90090x°—30030x4 + 3465x?—63)/256 1=Po 

The associated Legendre functions P’"(x) 

y=P(x)=(1-x?)™? DP, (x), 0<ms<n, satisfy the differential equation 

(1—x?)y"—2xy!+ 
m2 

n(n+1)— Want y=0 

1 
Orthogonality. § Pf'(x) Pr'(x)dx= (n+m)! 2 

=a (n—m)!  2n+1 Oxn 

Spherical harmonics 

cosmo P"(cos 9) and sinm@ P*(cos 8) satisfy the partial differential equation 

2 
Ae [sino >| eg aay <0 
sin 6 30 30] sin? dg 

Chebyshev’s polynomials 7,,(x) and U,(x) 

i +1 
T,(x)=cos(n arccos x) U,(x)= ee sarecoed —1<x<1, n=0, 1, 2,... 

z _ sin(n+1)6 
T,(cos 0)=cos né U,(cos 0)= - sin @ 

Tn(—x)=(—1)"Tr(X), |Tn(x)|<1 

U,(—x)=(—1)"U,(x), |Un(x)|<n+1 

Orthogonali 
1 E v dx 0, k#n f Ke 

f Ty(x)T, (6) = 7, k=n=0 Ux(x) U(x) V 1-x dx= _ Okn 

“1 Mv VIRx | a2, k=n#0 -) 2 

Recurrence formulas 

Tana 2e-Bt) = TG) Un+1(x)=2x U,(x)— Un-1(x) 

Generating functions 

1—xt sad 
Ey CY x|<1, |t}<1 
1—2xt+2 n=0 n(x) | 

1 eo 

ES SSUES |x|<1, |t|<1 
1—2xtt+P n=0 _ 
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Differential equation 

(1—x?)y"—xy'+n2y=0, -1<x<1 

General solution: y=AT,(x)+BUn-1(x) V1-X° 

U,(x) solves the equation (1—x*)y"—3xy'+n(n+2)y=0 

Ty (x)=06 x=x,=cos((k+1/2)a/n), k=0, 1, ..., n—1. 

IT,(x)|=1 x=x,'=cos(ka/n), k=0, 1, ..., n. 
Tn=Ty(x): 

x =(T yt 1OTg+45 76+ 12074+2107 + 1267,)/512 

x9=(Ty+9T7+3675+8473+ 126T )/256 

X8=(Tg+875+28744 56T2+35Ty)/128 

x7=(T7+7T5+21T3+35T))/64 
T4=8x4—8x2+1 x8=(T5 +6744 1572+ 107))/32 
Ts=16x°—20x3+5x 9 =(T5+573+ 107))/16 
T5=32x°— 48x44 18x71 xX4=(T4+4T343Ty)/8 
T7=64x7 —112x5+56x3—7x x3=(T3+3T)/4 
Tg= 128x°8—256x°+ 160x4—32x2+ 1 2=(T)+Ty)/2 
T9=256x9 —576x7+432x5— 120x3 + 9x 
T9=512x!9— 1280x8+ 1120x°—400x4+50x2— 1 

U,=U,(x): 

Up=1 x!0=(Ujo+9Ug+35U6+75U4+90U2+42Uy)/1024 
Uj=2x x°=(Uy+8U7+27Us+48U3+42U)/512 
Up=4x2-1 x8=(Ug+7U6+20U4+28U3+ 14Uy)/256 
U3=8x3—-4x x7=(U7+6Us+ 14U3+14U,)/128 
Ug=16x4—12x?+1 x®=(Ug+5U4+9U2+5Up)/64 
Us=32x9—32x3+6x x9 =(Us+4U34+5U))/32 
Up=64x°—80x4+24x2- 1 x4=(U4+3U2+2Uy)/16 
U7=128x7—192x5+80x3—8x x3=(U3+2U))/8 
Ug=256x° — 448x5+240x4— 40x24 1 x*=(U2+Up)/4 Ug=512x?—1024x7+672x5—160x3+ 10x x=U,/2 
Ujo= 1024x!°—2304x8+ 1792x—560x4+60x2—1 1=Uy ee 

Shifted Chebyshev’s polynomials 7,,*(x) and U,,*(x) 

Tn*()=To(2x—1)=Ty,(Vx), O<x<1 Un*(x)=U,(2x-1), 0<x<1 
Orthogonalit i a 0, k#n 
J T*(x)Tn*(x)(x—x2)~!2dx= { a, k=n [' Un" (x) Un* (x) (x-x?)!2dx= (21/8) Ojon 0 m2, k=n#0 Mt 

Recurrence formulas 

Tn+1*(x)=(4x-2)Ty*(x)— Ty 1*(x) Un+1*(x)=(4x-2) Up *(x)— Un) *(x) 

Differential equations 

T,,*(x) solves the equation U,,*(x) solves the equation (x=x2)y"”—(x- 1/2) y'+n2y=0 (x-x?)y" —3(x-1/2)y’ +n(n+2)y=0 
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T= Tn (x): 

To*=1 9 x7 =(T7* +1476 +91T5*+364Ty* + 1001 73* +2002T* + 30037) * + 17167 *)/8192 
T\*=2x-1 x9=(To*+12T5* +667 4* +220T3* +495 T7* +7927 * + 4627)" )/2048 
To*=8x2-8x+1 5=(Ts* +1073 +4573" + 120T9* +2107) * + 1267 y*)/512 
T3*=32x3— 48x24 18x-1 x4=(Ty*+8T3* +2879" + 567)* +357 *)/128 
Ty*=128x4—256x3 + 160x2—32x+1 x3=(T3*+6T9* + 157) * + 10T)*)/32 
Ts* =512x5—1280x4+ 1120x3—400x2+50x-1 x2=(T)* +47)" +3Tp*)/8 
T* =2048x°—6144x5 +6912x4—3584x3+ 840x2—72x+ 1 x=(T/*+Ty*\/2 
T7* =8192x7—28672x° +39424x5 —26880x4 + 9408x3— 1568x2+98x- I 1=Tp* 

U,* =U," (%): 

Up*=1 x7=(U7* + 14Ug* +90Us* +350U4* +910U3* + 1638U* +2002 Uj * + 1430 Up*)/16384 
U,*=4x-2 x9=(Ug* +12Us* +65U4* +208U3" +429 Uy* +572U* +429 Uy* )/4096 
U>* =16x2-16x+3 x5=(Us*+10U4* +44U3* + 110U3* + 165U,* + 132Uy*)/1024 
U3*=64x3—96x2+ 40x—4 x4=(Ug" +8U3*+27U2* +48U* +42Up* 1256 
U4* =256x4—512x3+336x2—80x +5 x3=(U3*+6U2* + 14U)*+14Uy*)/64 
Us* =1024x5—2560x4+2304x3—896x7+ 140x—6 x2=(Un*+4U,* +5Up* /16 
Us* =4096x°— 12288x5+ 14080.x4—7680x3 +2016x2—224x+7 x=(U,*+2Uy*)/4 
U;*=16384x7 —57344x°+79872x5—56320x4+21120x3—4032x2+ 336x-8 1=Uy* | 

Hermite’s polynomials H,,(x) 

Rodrigues’ formula. H,(x)=(-1)"e" D"(e~”’), n=0, 1, 2, ... 

Hermite’s functions hn(x)=e~*"Hy(x) 

Orthogonality 

AQ) H ye de= Liu )hin(x)de=n! "Vi On 

Recurrence formulas 

Hn+1(x)=2x Ap(x)—2n Hy-1(x) 
Ay! (x)=2n Hy-1(x) 

Generating function 

Differential equation 

y=H,,(x) satisfies y"—2xy'+2ny=0 

y=h,(x) satisfies y"+(2n+1—x*)y=0 
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H,=H,,(x): 

Ho=1 x!0= (H+ 90Hg+2520H6+25200H4+75600H>+30240H»)/1024 
H,=2x x°=(Ho+72H7+ 1512Hs+ 10080H3+ 15120H})/512 
Hy=4x2-2 x8=(Hg+56H6+840H4+3360H>+ 1680Hy)/256 
H3=8x3—12x x7 =(H7+42Hs+420H3+840H;)/128 
H4=16x4—48x2+ 12 x= (H6+30H4+ 180H2+120H )/64 
Hs=32x5—160x3+ 120x x5=(Hs+20H3+60H))/32 
Ho=64x—480x4+720x2— 120 x4=(H4y+12H>+12Hp)/16 
H7=128x7—1344x5+3360x3— 1680x x3=(H3+6H})/8 
Hg=256x8—3584x°+ 13440x4— 13440x2+4 1680 x2=(H)+2Hy)/4 
Ho=512x9—9216x7 + 48384x5— 80640x3-+ 30240x x=H/2 
H9=1024x!0—23040x8+ 161280x°—403200x4+ 302400x2—30240 1=Hy 

Laguerre’s polynomials L,,(x), L(x) 

Rodrigues’ formula 

L(x) =2—E Dm(xr4e-4), 1, (2)=L.(x), n=0, 1, 2, «. 

Laguerre’s function. |,(x)=e-*L (x) 

Orthogonality 

* 7 (a) (a) = I(1+a+n) S L(x) LS? (x) x%e-*dx= a Okn (a>-1) 
0 ! 

J Ly(x) Ln(x) e~*dx=kn 

Recurrence formulas 

(n+1) LI9,(x)=Qntat1-x) L6%(x)-(n+a) L@,(x) 

4 10 )=-13%) 
Generating function 

(1-H | ~ #4] = 5 LO(x)¢", t}<1 
1—¢ n=0 

Differential equation 

y=L(x) satisfies 

xy"+(1+a—x)y’+ny=0 

Lnr=L,(x): 

Lo=1 x7=5040L9—35280L; + 105840L>— 176400L3+176400L4—105840L5+35280L6—5040L7 Ey=1—x x6=720L9—4320L + 10800L2— 14400L3+10800L4—4320L5+720L¢ L2=1-2x4+x2/2 x°=120L9-600L1+1200L>— 1200L3+600L4—120L5 L3=1-—3x+3x2/2—13/6 x4=24L9—96L)+ 1447..—96L3+24L 4 L4=1—4x43x2-273/34 44/24 x%3=6L9—18L)+ 18L2—-6L3 Ls=1—5x+5x?—5x3/3+5x4/24 —x5/120 x?=2L9-4L)+2L> Lo=1—6x+ 15x /2-10x3/3+5x4/8—x5/20+6/720 x=Lo-L L7=1-7x+21x7/2—35x3/6+35x4/24—7%5/40-+7x9/720—x7/5040 1=Lo 
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Jacobi’s polynomials P‘ P)¢x) 

Rodrigues’ formula 

PO By)" (1 —xy-a (1 tx)-# D8{(1=ay"*9(1-+2)"*9) 
Explicit form 

n 

PR Paya 2 CEG eI Met 
Orthogonality 

29+6+1 P(nt+a+1)l(n+B+1) 5 
kn 

1 
a, B) (a, B) aye = ee Nee 

J PEP) Pre OG) 1-2) a Pde= Oe pa Dall tat Bel) 

Generating function 

u-W(1—t+u)-@(1t¢+u)-P= 5 2-2-8 P@ Ayxyr, — |x|<1, |e[<1 
n=0 

u=VI=2ettF 
Differential equation 

y=P@ P)(x) satisfies 

(1—x?)y"+[B-—a—(at+B+2)x]y'+n(nt+a+B+1)y=0 

12.3 Bernoulli and Euler Polynomials 

Bernoulli polynomials B,,(x) 

Generating function 

fein = ie 
1 = no B,(x) mt 5 \t|<2m 

Relations. Bn'(x)=nBn-1(x); Ba(x+ 1)—B,(x)=nx"—! 

= els Sas -3-3 241 
Bo(x)=1 By(x)=x 5 Bx(x)=x x+e B3(x)=x 5% +5 

Se Wel el erie ge: By(x)=x4-20340-F Bs(x)=x? 

Bernoulli numbers By, 
2(2n)! 

B,~=Br(0), Bon+i=0, Bon=(-1)"*! (2)E (0k+1)-, nel 
qen(22n— 1) k=0 

1/42 7/6 

—1/30 —3617/510 

5/66 43867/798 

—691/2730 —174611/330 
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Euler polynomials E,,(x) 
Generating function 

2 =F E(x), Itl<e 
n=0 n! 

Relations. En'(x)=nEn—1(x); En(x+1)+E_(x)=2x" 

“i exgasd me ee CCI Eo(x)=1 E\(x)=x-5 E>(x)=x*—-x E3(x)=x “5% af 

Siegel 3) eA 3 = —= x442 Ea E4(x)=x*—-2x? +x Es(x)=x 5 +5 x 5 

Euler numbers E,, 

192n+2 

(2n)' 7  (=1)' Gedy, wo 
k=0 

E,=2" E,(3] =integer. E,41=0, E>,=(—1)" 2 mnt 

Generating function 
Jet/2 oo _ tn 
= ee 
e+1  n=0 " n! 

193915 12145 

—240 48796 75441 

37037 11882 37525 

—50521 

2702765 

— 1993 60981 

12.4 Bessel Functions 

Bessel functions J p(x) 

Ip(x)= (=1}* (3) #int 0<x< = |] — co en deo Mi ipekaty\ a) 9° Ve ee eres) 
uae > (—1)* x\nt2k 44 , d i csi ’ = SS COS ee a ie ee i(x sin p—nw Sere Geeone a eee stig i daa are an 

n=O0s la2s.:. 

J=n(x)=(=1)"Ja(x); n=1,2, 3, ... 
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Related functions 

Weber (Neumann) functions Yp(x) (or Np(x)) 

J; =f 
Yp(x)= Zo) cospr—Te) p#integer 

1*5 1 (n- fem 1)! 2k—-n 

Y, aH Y,(x)==lytIn =] Jn(x)- = oo - x)= tim ¥p(2)=2 (y+in 4) Jny~ 212 =) 

LE (Hit (=1)" 5) La Gactne nila ipa —\——__|= == (x sint—nt)dt— k+Hk+n) kinthy! \2 5 ens nt) 

= prefs (ee sinhidt, 

70 
n=O 2s... 

m 

where H»,= & - y=Euler’s constant. 

Seen Yu). te 1, 2433 & 
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Hankel functions 

HM (x) =Jp(x)+i¥ p(x) H®)(x)=Jp(x)—i¥ p(x) 

The modified Bessel functions 
= ¥ oo 1 x\nt+2k 1% ont 

[,(x)=i Jn(ix)= ok nth! 5 ae cos nt dt 

Kn(x)=5 ntl Hy (ix) =3 intl [Jn(ix)+i¥n(ix)]= f e~* 0h cosh nt dt 

The functions ber(x), bei(x), ker(x) and kei(x) are defined by 

ber(x)+i bei(x) =Jo(i3/2x) 

ker(x)+i kei(x)=% H)(32x) 

Differential equations 

1. x*y"+xy'+(a2x2—p?)y=0, (a>0) 2. x°y"+xy!—(a2x2+n2)y=0 
Solution: y=AJp(ax)+BY>p(ax) Solution: y=Al,(ax)+ BK,(ax) 
[Observe that |¥,(x)|— 0 as x> Of] 

Transformed Bessel differential equations 

Equation Solution (C)=AJp+BY>p) 
(xy’)'+(a?x—p2/x)y=0 y=C,(ax) 
x*y""+(a2x2—p?4 1/4)y=0 y=x!/2C,(ax) 
xy" —(2p—1)y’+a*xy=0 y=xP Cp(ax) 
y" +a2xP-2y=0 y=x!2Cy),(2ax?2/p)) 
y" +(a’e*—p?)y=0 y=C,(ae*) 
x°y'""+(2pt1)xy’+(b2x2"+c2)y=0 y=xX"P{Ca(bx"/r)}, q= Vp = @ 
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If a2 is replaced by —a* in the equations, then in the solutions Jp and Y, are replaced 

by J, and K, respectively. 

Generating function 

me flee sow amr Bose 
In particular cosx=Jo(x)—2J2(x)+2J4(x)—2J6(x)+... 

sin x=2J1(x)=2J3(x)+2J5(x)—... 

Zeros 

The functions J,,(x) and Jn'(x), n=0, 1, 2, ... have inifinitely many simple zeros. These 

are denoted by &,; and nj, j=1, 2,3, ... respectively and are tabulated below for 0<nS<7, 

1<j<10. 

Eigenvalue problems 

1. Dirichlet condition. (Singular) eigenvalue problem: 

(xy’(x))'+(Ax—n?/x)y(x)=0, 0<x<a, n=0, 1, 2, ... 

y(0) bounded 

y(a)=0 

Eigenvalues: A=(Enjla)*, j=1, 2, 3, «.. 

Eigenfunctions: Jn(&njx/a), j=1, phe i eae 

Orthogonality: i In(Enjxla) In(Enkxla)x dx = (a2/2)[Jn' (Enj) |? jx 
0 

2. Neumann condition. (Singular) eigenvalue problem: 

(xy'(x))' + (Ax—n?/x)y(x)=0, 0<x<a, n=0, 1, 2, ... 

y(0) bounded 

y'(a)=0 

Eigenvalues: AGP) ee kd OE eae 

Eigenfunctions: In(ynjx/a), J=1, Dea aS 

a 

Orthogonality: { Jn(nnjx/a)Jn(qnkxla)x dx= (a2/2)(1 —n?/nnj)(In(nnj) POjk 
0 
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Roots a,, of Jo(x)=0 and the corresponding values of J(x) 

+0.5191 : +0.0988 
—0.3403 ; —0.0965 
+0.2715 : +0.0944 
=022325 : —0.0924 
+0.2065 : +0.0905 

—0.1877 i —0.0887 
+0.1733 ; +0.0870 
—0.1617 é —0.0854 
+0.1522 +0.0839 
—0.1442 5 —0.0825 

+0.1373 +0.0812 
=O0,1313 : —0.0799 
+0.1261 +0.0787 
—0.1214 —0.0775 
+0.1172 +0.0764 

—0.1134 —0.0753 
+0.1100 +0.0743 
—0.1068 —0.0733 
+0.1040 +0.0723 
—0.1013 —0.0714 

Asymptotic behavior 

1. x 

Se ie cos(x— ") +40 (2) Yal)= If 2 [sin [x- 2 2) +0(4) 

I,(x)= Ja ('0(2)] Kn(x)= Ze |1+0(4) 

n> OF 

In(x)~ + (3) Yo(x)~= Inx Y,(x)~- ems, n>0 

Inlx)~ + (3) Kola)-acine 0” (KG) m2)", noo 

Recurrence formulas 

For any cylinder function Cp(x)=Jp(x), Yp(x), HY) (x) or H®)(x): 

Cr-1@)+Cprixd= 2 Cole) Cp-1(8)~Cp +108) =2Cp(x) 
se 8° Col)}=xP Cyan) de © PCp(A)}=—¥-PCp a(x) 
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12.4 

| In particular: Jo'(x)=—Ji(x), Yo'(x)=— Y1@) 

SCpMax d= > 2°[Cu' (P+ 5 (020?) 

Sxl +"Cn(x)dx=xt4"Cyg(x)=—xbon Cn'(x)— % Cale) 

fxd" Cy (x) d= —x!-"Cy_1(x)=—xb-" Cn'(Qx)+ ® Cul) 

Ine 2)=In1(2)— 2 Iy(2)=2hn' (2) Ina) 

Knsi(x)=Kn-1(0)+ 2 Knle)=-2Kn'(8)—Kn-1) 

Half order functions 

Ji2(x)= 2 sin x J~12(x)= \/ = COs x 

K(x)= \ 2 sinhx J[-1(x)= ies coshx 

Further half order Bessel functions may be obtained by the recurrence formulas above. 

Spherical Bessel functions 
4 = ra ’ 

In(x)= | 5 Inv ale) =x" | oy 4) sl [twee 
X x dx x  2ntly! 

0 

me=(-D 4) 2 1-y-10@)=\) 5, Ynsua(x)=—x" = <\ sce 
x dx x 

AY (x) =jn(x) + iyn(x)= i] om Hy? :2(x) 

h(x) =jn(x)iyn(X)= Vz Hrn(x) 

; sinx ___ COSX 
j= yaar 

; sinx cosx sinx cosx 

j= -S yi@ej=— = -S 
x x x iy 

‘aE 3 ane Se 
—= | sinx— — cosx y2(x)= | - — += | cosx— — sinx 
iS x NOES, xe 
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Reccurence formulas 

For any function fn(x)=jn(x), yn(x), AM (x) or Ax): 

EO ee Saye 

f= * fala) 2 = fnes(2) =fri(x)- 2 = ful) = 

=" fa) —fn+1(x) 
a6 

Differential equation 

x*y""+2xy'+(a2x2—-n(n+1))y=0 

Solution: y=Ajn(ax)+Byp(ax) 

Zeros 

The functions j,(x) and j,'(x), n=0, 1, 2, ... have infinitely many simple zeros. These 
are denoted by En+122,j and €nj, j oe 2, 3, ... respectively and are tabulated below for 
0<ns7, 1<j<10. 

Eigenvalue problems 

1. Dirichlet condition. (Singular) eigenvalue problem: 

(x?y'(x))'+(Ax?2-n(n+1))y(x)=0, 0<x<a) n=0;.1, 2.00: 
y(0) bounded 

y(a)=0 

Eigenvalues: A=(En+1/2,j/a)", j=l, 253" .4 

Eigenfunctions: In(En+12,x/a), j=1, 2, 3, ... 

a 

Orthogonality: i In(En+12, 4/4) jn(En+1/2,4x/a) x? dx=(a7/2)Ljn' (En+112,;) 70 jk 

2. Neumann condition. (Singular) eigenvalue problem: 

(x2y'(x))'+(Ax2—n(n+1))y(x)=0, 0<x<a, w=2Q), Ly Deve 
y(0) bounded 

y'(a)=0 

Eigenvalues: A=(Enj/a)’, j=1, 2, 3, ... 

Eigenfunctions: jn(Enjx/a), j=1, 2, 3, ... 

Orthogonality: { in(ntla) jn(Enevlay? dx=(a7/2)[1—n(n+1)/Enj)]Lin(Enj) 17x 
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12.4 

Numerical tables of 

Bessel and Modified Bessel Functions 

Jo(x) e-XIg(x) e~*I4 (x) 

1.000000 

0.997502 
0.990025 

0.977626 

0.960398 t++eet¢ 

s + 0.938470 

0.6 + 0.912005 

0.7 + 0.881201 

0.8 + 0.846287 

0.9 + 0.807524 

1.0 + 0.765198 

a + 0.719622 

lez + 0.671133 

13 + 0.620086 

1.4 + 0.566855 

15 + 0.511828 

1.6 + 0.455402 

Veg! + 0.397985 

1.8 + 0.339986 

1:9 + 0.281819 

2.0 + 0.223891 

par! + 0.166607 

2.2 + 0.110362 

238 + 0.055540 

2.4 + 0.002508 

Ads) - 0.048384 

2.6 - 0.096805 

df - 0.142449 

2.8 - 0.185036 

ZO - 0.224312 

3.0 - 0.260052 

3 - 0.292064 

Bae - 0.320188 

3x3 - 0.344296 

3.4 - 0.364296 

- 0.380128 

- 0.391769 

- 0.399230 

- 0.402556 

- 0.401826 

0.000000 

0.049938 
0.099501 

0.148319 
0.196027 ++ 44+ 

+ 0.242268 

+ 0.286701 - 0.3085 - 1.2604 

+ 0.328996 - 0.1907 - 1.1032 

+ 0.368842 - 0.0868 = - 0.9781 

+ 0.405950 + 0.0056 = - 0.8731 

+ 0.440051 + 0.0883 - 0.7812 

+ 0.470902 + 0.1622 - 0.6981 

+ 0.498289 + 0.2281 - 0.6211 

+ 0.522023 + 0.2865 0.5485 

+ 0.541948 + 0.3379 = - (0.4791 

+ 0.557937 + 0.3824 0.4123 

+ 0.569896 + 0.4204 = - 0.3476 

+ 0.577765 + 0.4520 = - 0.2847 

+ 0.581517 + 0.4774 = - 0.2237 

+ 0.581157 + 0.4968 0.1644 

+ 0.576725 + 0.5104 = - 0.1070 

+ 0.568292 + 0.5183 - 0.0517 

+ 0.555963 + 0.5208 + 0.0015 

+ 0.539873 + 0.5181 + 0.0523 

+ 0.520185 + 0.5104 + 0.1005 

+ 0.497094 + 0.4981 + 0.1459 

+ 0.470818 + 0.4813 + 0.1884 

+ 0.441601 + 0.4605 + 0.2276 

+ 0.409709 + 0.4359 + 0.2635 

+ 0.375427 + 0.4079 = + 0.2959 

+ 0.339059 + 0.3769 + 0.3247 

+ 0.300921 + 0.3431 + 0.3496 

+ 0.261343 + 0.3071 + 0.3707 

+ 0.220663 + 0.2691 + 0.3879 

+ 0.179226 + 0.2296 + 0.4010 

+ 0.137378 + 0.1890 + 0.4102 

+ 0.095466 + 0.1477 + 0.4154 

+ 0.053834 + 0.1061 + 0.4167 

+ 0.012821 + 0.0645 + 0.4141 

- 0.027244 + 0.0234 + 0.4078 

0.5993 

0.5593 

0.5241 

0.4932 

0.4658 

0.4414 

0.4198 

0.4004 

0.3831 

0.3674 

0.3533 

0.3405 

0.3289 

0.3182 

0.3085 

0.2996 

0.2913 

0.2837 

0.2766 

0.2700 

0.2639 

0.2582 

0.2528 

0.2478 

0.2430 

0.2385 

0.2343 

0.2302 

0.2264 

0.2228 

OZ 19S 

0.2160 

0.2129 

0.2099 

0.1722 

0.1847 

0.1945 

0.2021 

0.2079 

02122 

0.2153 

0.2173 

0.2185 

0.2190 

0.2190 

0.2186 

0.2177 

0.2166 

0.2153 

0.2137 

0.2121 

0.2103 

0.2085 

0.2066 

0.2047 

0.2027 

0.2007 

0.1988 

1968 

1949 

.1930 

1911 

1892 ooooo 

.1874 

.1856 

1838 

1821 

.1804 

1 

1.4167 

1.3301 

1.2582 

1.1972 

1445 

.0983 

.0575 

.0210 

0.9881 

0.9582 

0.9309 

0.9059 

0.8828 

0.8615 

0.8416 

0.8230 

0.8057 

0.7894 

0.7740 

0.7595 

0.7459 

0.7329 

0.7206 

0.7089 

0.6978 

0.6871 

0.6770 

0.6673 

0.6580 

0.6490 

0.6405 

0.6322 

0.6243 

0.6167 
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eXK Q(x) eXK 4 (x) 

DHSE) 

DAU) 

9179 

.7624 — 

.6362 

.5314 

4429 

.3670 

3011 

.2432 

LOND 

.1460 

.1048 

.0675 SSS 

.0335 

.0024 

0.9738 

0.9474 

0.9229 

0.9002 

0.8790 

0.8591 

0.8405 

0.8230 

0.8066 

0.7910 

0.7763 

0.7623 

0.7491 

0.7365 

0.7245 

0.7130 

0.7021 

0.6916 | 



- 0.397150 

- 0.388670 

- 0.376557 

- 0.361011 

- 0.342257 

— Jo~) J (x) 

0.066043 

0.103273 

0.138647 

0.171897 

0.202776 

- 0.0169 
- 0.0561 

- 0.0938 
- 0.1296 
- 0.1633 

12.4 

Yo(x) Y1(x) 

+ 0.3979 

+ 0.3846 

+ 0.3680 

+ 0.3484 

+ 0.3260 

0.2070 
0.2042 

0.2016 
0.1990 
0.1966 

0 

oso 

1788 0.6093 
Ai 7al 0.6022 

1755 0.5953 
1740 0.5887 

1725 0.5823 

0.320543 
= rox ‘ 0.296138 

4.7 - 0.269331 

4.8 - 0.240425 

0.209738 

0.231060 

0.256553 

0.279081 

0.298500 

0.314695 

0.1947 

- 0.2235 

- 0.2494 

- 0.2723 

- 0.2921 

+ 0.3010 

+ 0.2737 

+ 0.2445 

+ 0.2136 

+ 0.1812 

1942 

1919 

1897 

1876 

1855 soose ssoosoe 

-1710 0.5761 

1695 0.5701 

1681 0.5643 

1667 0.5586 
1653 0.5531 

5.0 0.177597 0.327579 0.3085 + 0.1479 0.1835 0.1640 0.5478 

Ss | - 0.144335 - 0.337097 - 0.3216 + 0.1137 0.1816 0.1627 0.5426 

572 - 0.110290 - 0.343223 - 0.3313 + 0.0792 0.1797 0.1614 0.5376 

BRS, - 0.075803 - 0.345961 - 0.3374 + 0.0445 0.1779 0.1601 0.5327 

5.4 - 0.041210 - 0.345345 - 0.3402 + 0.0101 0.1762 0.1589 0.5280 

- 0.006844 - 0.341438 - 0.3395 - 0.0238 0.1745 0.1577 0.5233 
+ 0.026971 - 0.334333 - 0.3354 —- 0.0568 0.1728 0.1565 0.5188 
+ 0.059920 - 0.324148 - 0.3282 — - 0.0887 0.17 12 0.1554 0.5144 
+ 0.091703 - 0.311028 = 0.3177 - 0.1192 0.1697 0.1542 0.5101 
+ 0.122033 - 0.295142 - 0.3044 = - 0.1481 0.1681 0.1531 0.5059 

+ 0.150645 - 0.276684 - 0.2882 - 0.1750 0.1667 0.1521 0.5019 
+ 0.177291 - 0.255865 - 0.2694 - 0.1998 0.1652 0.1510 0.4979 
+ 0.201747 = 0.232917 - 0.2483 = 0.2223 0.1638 0.1499 0.4940 
+ 0.223812 - 0.208087 - 0.2251 - 0.2422 0.1624 0.1489 0.4902 
+ 0.243311 - 0.181638 - 0.1999 - 0.2596 0.1611 0.1479 0.4865 

+ 0.260095 - 0.153841 = 0.1732) =.0,2744 0.1598 0.1469 0.4828 
+ 0.274043 - 0.124980 - 0.1452 - 0.2857 0.1585 0.1460 0.4793 
+ 0.285065 - 0.095342 - 0.1162 - 0.2945 0.1573 0.1450 0.4758 
+ 0.293096 - 0.065219 - 0.0864 = - 0.3002 0.1561 0.1441 0.4724 
+ 0.298102 - 0.034902 - 0.0563 - 0.3029 0.1549 0.1432 0.4691 

+ 0.300079 - 0.004683 = 0.0259" = 0.3027 0.1537 0.1423 0.4658 
+ 0.299051 + 0.025153 + 0.0042 = - 0.2995 0.1526 0.1414 0.4627 
+ 0.295071 + 0.054327 + 0.0339 - 0.2934 0.1515 0.1405 0.4595 
+ 0.288217 + 0.082570 + 0.0628 - 0.2846 0.1504 0.1397 0.4565 
+ 0.278596 + 0.109625 + 0.0907 - 0.2731 0.1494 0.1389 0.4535 

+ 0.266340 + 0.135248 + 0.1173 - 0.2591 0.1483 0.1380 0.4505 
+ 0.251602 + 0.159214 + 0.1424 = - 0.2428 0.1473 0.1372 0.4476 
+ 0.234559 = + :0.181313 + 0.1658 - 0.2243 0.1463 0.1364 0.4448 
+ 0.215408 + 0.201357 + 0.1872 - 0.2039 0.1453 0.1357 0.4420 
+ 0.194362 + 0.219179 + 0.2065 - 0.1817 0.1444 0.1349 0.4393 

+ 0.171651 + 0.234636 a 0.2235 - 0.1581 0.1434 0.1341 0.4366 
+ 0.147517 + : 0.247608 + 0.2381 - 0.1331 0.1425 0.1334 0.4340 
+ 0.122215 + 0.257999 + 0.2501 - 0.1072 0.1416 0.1327 0.4314 
+ 0.096006 + 0.265739 + 0.2595 - 0.0806 0.1407 0.1320 0.4289 
+ 0.069157 + 0.270786 + 0.2662 - 0.0535 0.1399 0.1312 0.4264 

+ 0.041939 + 0.273122 + 0.2702 - 0.0262 0.1390 0.1305 0.4239 
+ 0.014623 . + 0.272755 + 0.2715 + 0.0011 0.1382 0.1299 0.4215 

- 0.012523 + 0.269719 + 0.2700 + 0.0280 0.1373 0.1292 0.4192 
- 0.039234 + 0.264074 + 0.2659 + 0.0544 0.1365 0.1285 0.4168 
- 0.065253 +: 0.255902 + 0.2592 + 0.0799 L 0.1357 0.1279 | 0.4145 
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e-*Ig(x) e*Iy(x) |exKg(x) eXKy(x) 

0. 0.6816 

0.6720 

0.6627 

0.6539 
0.6454 

0.6371 

0.6292 

0.6216 

0.6143 

0.6071 

0.6003 

0.5936 
0.5872 

0.5810 

0.5749 

0.5690 

0.5634 

0.5578 

0.5525 

0.5473 

0.5422 

0.5372 

0.5324 

0.5277 

0.5232 

0.5187 

0.5144 

0.5102 

0.5060 

0.5020 

0.4981 

0.4942 

0.4905 

0.4868 

0.4832 

0.4797 

0.4762 

0.4729 

0.4696 

0.4663 

0.4631 

0.4600 

0.4570 

0.4540 

0.4511 

0.4482 

0.4454 

0.4426 

0.4399 

0.4372 



12.4 

Vas Jo(x) Jy(x) Yo(x) Y4(x) e-XIg(x) eXIy(x) |eXKQ(x) e*K (x) 

- 0.090334 + 0.245312 + 0.2499 + 0.1043 0.1350 0.1272 0.4123 0.4346 

- 0.114239 = + 0.232431 +(0:23830" + 101275 0.1342 0.1266 0.4101 0.4321 

- 0.136748 + 0.217409 + 0.2245 + 0.1491 0.1334 0.1260 0.4079 0.4295 

- 0.157655 +: 0.200414 + 0.2086 + 0.1691 0.1327 0.1253 0.4058 0.4270 

- 0.176772 + 0.181632 + 0.1907 + 0.1871 0.1320 0.1247 0.4036 0.4246 

- 0.193929 + 0.161264 + 0.1712 + 0.2032 0.1313 0.1241 0.4016 0.4222 

- 0.208979 = +: 0.139525 + 0.1502 + 0.2171 0.1305 0.1235 0.3995 0.4198 

- 0.221795 = +: 0.116639 + 0.1279 + 0.2287 0.1299 0.1230 0.3975 0.4175 

- 0.232276 + 0.092840 + 0.1045 + 0.2379 0.1292 0.1224 033955, 0/4152 

- 0.240341 + 0.068370 + 0.0804 + 0.2447 0.1285 0.1218 0.3936 0.4130 

- 0.245936 + 0.043473 + 0.0557 + 0.2490 0.1278 0.1213 0.3916 0.4108 

- 0.249030 = +: 0.018396 + 0.0307 + 0.2508 0.1272 0.1207 0.3897 0.4086 

- 0.249617 - 0.006616 + 0.0056 + 0.2502 0.1265 0.1202 0.3879 0.4064 

- 0.247717 - 0.031318 - 0.0193 + 0.2471 0.1259 0.1196 0.3860 0.4043 

- 0.243372 - 0.055473 - 0.0437 + 0.2416 0.1253 0.1191 0.3842 0.4023 

- 0.236648 - 0.078850 - 0.0675 + 0.2337 0.1247 0.1186 0.3824 0.4002 

- 0.227635 - 0.101229 - 0.0904 + 0.2236 0.1241 0.1181 0.3806 0.3982 

- 0.216443 - 0.122399 - 0.1122 + 0.2114 0.1235 0.1175 0.3789 0.3962 

- 0.203202 - 0.142167 =40:1326) + 0.1973 Oel229 0.1170 0.3772 0.3943 

- 0.188062 - 0.160350 - 0.1516 + 0.1813 0.1223 0.1165 OL37 598" 023923. 

- 0.171190 - 0.176785 - 0.1688 + 0.1637 0.1217 0.1161 0.3738 0.3904 

- 0.152768 - 0.191328 - 0.1843 + 0.1446 0.1212 0.1156 0.3721 0.3886 

- 0.132992 - 0.203853 - 0.1977 + 0.1243 0.1206 0.1151 0.3705 0.3867 

- 0.112068 - 0.214255 - 0.2091 + 0.1029 0.1201 0.1146 0.3689 0.3849 

- 0.090215 - 0.222451 - 9.2183 + 0.0807 0.1195 0.1142 0.3673 0.3831 

- 0.067654 - 0.228379 =10:2252), et 0:0579 0.1190 0.1137 0;3657 0.3813 

- 0.044616 - 0.232000 - 0.2299 + 0.0348 0.1185 0.1132 0.3642 0.3796 

- 0.021331 - 0.233300 - 0.2322 + 0.0114 0.1179 0.1128 0.3627 0.3779 

+ 0.001967 - 0.232285 - 0.2322 =- 0.0118 0.1174 0.1123 0.3612 0.3762 

+ 0.025049 - 0.228983 - 0.2298 - 0.0347 0.1169 0.1119 0.3597 0.3745 

+ 0.047689 - 0.223447 - 0.2252 - 0.0571 0.1164 O.1115 0.3582 0.3728 

+ 0.069667 - 0.215749 - 0.2184 = - 0.0787 0.1159 0.1110 0.3567 0.3712 

+ 0.090770 - 0.205982 - 0.2095 - 0.0994 0.1154 0.1106 0.3553 0.3696 

+ 0.110798 - 0.194259 - 0.1986  - 0.1189 0.1150 0.1102 0.3539 0.3680 

+ 0.129561 - 0.180710 - 0.1858 - 0.1371 0.1145 0.1098 0.3525 0.3664 

+ 0.146884 - 0.165484 - 0.1712  - 0.1538 0.1140 0.1094 0.3511 0.3649 

+ 0.162607 - 0.148742 - 0.1551 - 0.1689 0.1136 0.1090 0.3497 0.3633 

+ 0.176588 - 0.130662 - 0.1375 - 0.1821 0.1131 0.1086 0.3484 0.3618 

+ 0.188701 - 0.111432 - 01187 - 0.1935 0.1126 0.1082 0.3470 0.3603 

+ 0.198842 - 0.091248 - 0.0989 = - : 0.2028 0.1122 0.1078 0.3457 = 0.3589 

+ 0.206926 - 0.070318 - 0.0782 - 0.2101 0.1118 0.1074 0.3444 0.3574 

+ 0.212888 - 0.048852 - 0.0569 = - 0.2152 0.1113 0.1070 0.3431 0.3560 

+ 0.216686 - 0.027067 - 0.0352 - 0.2182 0.1109 0.1066 0.3418 0.3545 

+ 0.218298 - 0.005177 - 0.0134 - 0.2190 0.1105 0.1062 0.3406 0.3531 

+ 0.217725 + 0.016599 + 0.0085 - 0.2176 0.1100 0.1059 0.3393 0.3518 

+ 0.214989 + 0.038049 + 0.0301 - 0.2140 0.1096 0.1055 0.3381 0.3504 

+ 0.210133 + 0.058965 + 0.0512 - 0.2084 0.1092 0.1051 0.3368 0.3490 

+ 0.203221 + 0.079143 + 0.0717 - 0.2007 0.1088 0.1048 0.3356 0.3477 

+ 0.194336 + 0.098391 + 0.0913 - 0.1912 0.1084 0.1044 0.3344 0.3464 

+ 0.183580 + 0.116525 + 0.1099 = - 0.1798 0.1080 0.1040 0.3333 0.3450 
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12.4 

= Jo(x) Tix) Yo(x) Yy(x) | e*Io(x) e“*Iy (x) JeXKo(x) eXKy(x) 

+ 0.1711 + 0.1334 + 0.1272 

+ 0.1570 + 0.1488 + 0.1431 

+ 0.1414 + 0.1626 NOLS 7S) 

+ 0.1245 + 0.1747 + 0.1703 

+ 0.1065 + 0.1850 + 0.1812 

+ 0.0875 + 0.1934 + 0.1903 
+ 0.0679 + 0.1999 0.1974 

+ 0.0476 0.2043 0.2025 

+ 0.0271 0.2066 0.2056 

0.0064 0.2069 0.2065 

0.0142 

0.0346 

0.0544 

0.0736 

0.0919 

0.2051 + 0.2055 

0.2013 + 0.2023 

0.1955 + 0.1972 

0.1879 + 0.1902 

0.1784 + 0.1813 +++ + + 

0.1092 

0.1253 

0.1401 

0.1533 

0.1650 

0.1672 

0.1544 

0.1402 

0.1247 

0.1080 

0.1706 

0.1584 

0.1446 

0.1295 

0.1132 ++ +++ ++ ett 

0.1749 

0.1830 

- 0.1893 

0.1936 

0.1960 

0.0904 

0.0720 

0.0530 

0.0335 

0.0139 

0.0958 

0.0776 

0.0588 

0.0394 

0.0199 +++ +4 +++ +4 

0.1964 - 0.0058 0.0002 

- 0.1948 - 0.0252 - 0.0194 

0.1913 - 0.0444 - 0.0386 

0.1860 - 0.0629 - 0.0574 

0.1788 - 0.0807 - 0.0754 

0.1699 - 0.0977 - 0.0926 

- 0.1593 - 0.1135 - 0.1088 

- 0.1472 - 0.1281 - 0.1238 

0.1337 - 0.1414 - 0.1375 

0.1190 = 0.1532 - 0.1497 

- 0.1031 - 0.1634 - 0.1604 

0.0863 = O719 - 0.1694 

- 0.0688 - 0.1787 - 0.1767 

- 0.0506 - 0.1837 - 0.1822 

0.0321 - 0.1868 - 0.1858 

0.0134 - 0.1880 - 0.1876 

0.0054 - 0.1874 - 0.1874 

0.0241 - 0.1848 - 0.1854 

0.0423 - 0.1805 - 0.1816 

0.0601 - 0.1744 - 0.1760 

' 

+++ t 

0.0772 - 0.1666 - 0.1687 

0.0934 - 0.1572 - 0.1597 

0.1086 - 0.1463 - 0.1491 

0.1226 - 0.1340 - 0.1372 

0.1353 - 0.1204 - 0.1239 +++ t+ + 
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12.4 

Jo) Ji) Yo(x) Yy(x) | e-*1g(x)  e-*I4 (x) |eXKo(x) e*Ky(x) 

+ 0.1466 - 0.1057 - 0.1095 

+ 0.1564 - 0.0900 - 0.0941 

+ 0.1646 - 0.0735 - 0.0778 

+ 0.1711 - 0.0564 - 0.0608 

+ 0.1759 - 0.0388 - 0.0433 

+ 0.1789 - 0.0209 - 0.0255 

+ 0.1800 - 0.0029 - 0.0075 

+ 0.1794 + 0.0151 + 0.0105 

+ 0.1770 + 0.0328 + 0.0283 

+ 0.1729 + 0.0501 + 0.0457 

+ 0.1670 + 0.0668 + 0.0626 

a } _ error<0.0001 for x>20 

a } _ error<0.0001 for x>20 

} , error<0.0001 for x>20 

a } , error<0.0001 for x>20 

In(x)= 22D IyQ)—In-2@)— Jo’) =a) 

¥n(1)= 20) y,,-92)-Yn-2le) Yo'(®)=-Vi@) 

For x>20, Io(x)=e* (1+ y | 2ae I(x) ~e* a ES |v 
, 8x 8x 

Ko(x)~e* Vz | {= = ] Kj(x)~e* y= | 

In(2)=In-2e)— 229) 4-102) Io'(®) =x) 

Ky(2)=Kn-200) +729 Ky -1(2) Ko'(x)=— Kiln) 
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12.4 

Zeros ¢,; 0f J,(x) and associated values Thos) 

Sejs Ue'leg) |< Eyseav yh lee ey Rae ere, CORE, 

2.4048 - 0.5191 3.8317 - 0.4028 5.1356 - 0.3397 6.3802 - 0.2983 
5.5201 0.3403 7.0156 0.3001 8.4172 0.2714 9.7610 0.2494 
8.6537 - 0.2715 | 10.1735 - 0.2497 | 11.6198 - 0.2324 | 13.0152 - 0.2183 

11.7915 0.2325 | 13.3237 0.2184 | 14.7960 0.2065 | 16.2235 0.1964 
14.9309 - 0.2065 | 16.4706 - 0.1965 17.9598 - 0.1877 | 19.4094 - 0.1800 

18.0711 0.1877 
21.2116 - 0.1733 
24.3525 0.1617 

19.6159 0.1801 
22.7601 - 0.1672 
25.9037 0.1567 

27.4935 - 0.1522 | 29.0468 - 0.1480 | 30.5692 - 0.1442 
30.6346 0.1442 | 32.1897 0.1406 | 33.7165 0.1373 

Th me [em |e 
7.5883 - 0.2684 8.7715 - 0.2454 9.9361 -0.2271 
11.0647 0.2319 | 12.3386 0.2174 13.5893 0.2052 
14.3725 - 0.2064 | 15.7002 - 0.1961 17.0038 - 0.1873 
17.6160 0.1877 18.9801 0.1799 | 20.3208 0.1731 
20.8269 -0.1732 | 22.2178 - 0.1671 23.5861 - 0.1616 

21.1170 0.1733 
24.2701 - 0.1617 
27.4206 0.1522 

22.5827 0.1672 
25.7482 - 0.1567 
28.9084 0.1480 
32.0649 - 0.1406 
35.2187 0.1342 Se sss MWBWNH— 

IG) 

11.0864 -0.2121 
14.8213 0.1948 
18.2876 - 0.1794 
21.6415 0.1669 
24.9349 - 0.1566 

24.0190 0.1617 
27.1991 - 0.1522 
30.3710 0.1442 
33.5371 - 0.1373 
36.6990 0.1313 

25.4303 0.1567 
28.6266 - 0.1480 
31.8117 0.1406 
34.9888 - 0.1342 
38.1599 0.1286 

26.8202 } 
30.0337 - 0.1441 
33.2330), 0:1373 
36.4220 - 0.1313 
39.6032 0.1261 

28.1912 L 
31.4228 -0.1405 
34.6371 0.1342 
37.8387 - 0.1286 
41.0308 6.1237 

Zeros 1),,; of J,(x) and associated values Finny) 

Ny Ji(1);) "; 

0.0000 1.0000 1.8412 0.5819 
3.8317 - 0.4028 5.3314 - 0.3461 
7.0156 0.3001 8.5363 0.2733 

10.1735 - 0.2497 11.7060 - 0.2333 
13.3237 0.2184 | 14.8636 0.2070 

3.0542 0.4865 
6.7061 - 0.3135 
9.9695 0.2547 
13.1704 - 0.2209 
16.3475 0.1979 

4.2012 k 
8.0152 - 0.2912 

11.3459 0.2407 
14.5858 -0.2110 
17.7887 0.1904 

16.4706 - 0.1965 18.0155 - 0.1880 
19.6159 0.1801 | 21.1644 0.1735 
22.7601 -0.1672 | 24.3113 -0.1618 
25:9037 \ O:1567 4) 27.4571 10:1523 
29.0468 -0.1480 |} 30.6019 - 0.1442 

19.5129 -0.1810 
22.6716 0.1678 
25.8260 - 0.1572 
28.9777 0.1484 
32.1273 - 0.1409 

20.9725 : 
24.1449 0.1630 
27.3101 - 0.1531 
30.4703 0.1449 
33.6269 - 0.1378 

14; J4( N4j) 15; J5( Ns;) N6j 

5.3176 0.3997 6.4156 0.3741 
9.2824 -0.2744 | 10.5199 -0.2611 
12.6819 0.2296 13.9872 0.2204 
15.9641 - 0.2028 17.3128 -0.1958 
19.1960 0.1840 | 20.5755 0.1785 

7.5013 0.3541 8.5778 0.3379 
11.7349 -0.2502 | 12.9324 -0.2410 
15.2682 0.2126 | 16.5294 0.2059 
18.6374 - 0.1898 | 19.9419 - 0.1845 
21.9317 0.1736 | 23.2681 0.1693 

22.4010 -0.1699 | 23.8036 - 0.1653 
25.5898 0.1587 | 27.0103 0.1548 
28.7678 -0.1495 | 30.2028 - 0.1462 
31.9385 0.1417 | 33.3854 0.1388 
35.1039 -0.1351 | 36.5608 - 0.1326 

25.1839 -0.1613 | 26.5450 - 0.1576 
28.4098 0.1514 | 29.7907 0.1482 
31.6179 -0.1432 | 33.0152 -0.1404 
34.8134 0.1362 | 36.2244 0.1338 
37.9996 - pei 39.4223 - 0.1281 
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12.4 

Zeros X,,; = C aat/2g j of j,,(x) and associated values j,, ‘Anj i) 

X3j J3 (Xs) 

6.9879 - 0.1338 
10.4171 0.0933 
13.6980 - 0.0718 
16.9236 0.0585 
20.1218 - 0.0493 

3.1416 - 0.3183 
6.2832 0.1592 
9.4248 -0.1061 
12.5664 0.0796 
15.7080 - 0.0637 

4.4934 -0.2172 
7.7253 0.1284 
10.9041 - 0.0913 
14.0662 0.0709 
17.2208 

5.7635 - 0.1655 
9.0950 0.1079 
12.3229 - 0.0803 
15.5146 0.0641 
18.6890 - 0.0533 

18.8496 4 
21.9911 - 0.0455 
25.1327 0.0398 
28.2743 - 0.0354 
31.4159 0.0318 

20.3713 0.0490 
23.5195 - 0.0425 
26.6661 0.0375 
29.8116 - 0.0335 
32.9564 0.0303 

21.8539 0.0456 
25.0128 - 0.0399 
28.1678 0.0354 
31.3201 - 0.0319 
34.4705 0.0290 

23.3042 0.0427 
26.4768 - 0.0376 
29.6426 0.0336 
32.8037 - 0.0304 
35.9614 0.0277 

Clie. wae IB 
FS 

Js (Xj) 

10.5128 - 0.0848 
14.2074 0.0664 
17.6480 - 0.0547 
20.9835 0.0465 
24.2628 - 0.0405 

11.6570 - 0.0754 
15.4313 0.0606 
18.9230 - 0.0507 
22.2953 0.0435 
25.6029 - 0.0382 

8.1820 
11.7049 0.0822 
15.0397 - 0.0650 
18.3013 0.0538 
21.5254 - 0.0459 

9.3558 - 0.0966 
12.9665 0.0735 
16.3547 - 0.0594 
19.6532 0.0499 
22.9046 - 0.0430 

28.8704 0.0340 
32.1112 - 0.0307 
35.3332 0.0280 
38.5414 - 0.0257 
41.7391 0.0238 

24.7276 : 
27.9156 - 0.0356 
31.0939 0.0320 
34.2654 - 0.0291 
37.4317 0.0266 

26.1278 0.0378 
29.3326 - 0.0338 
32.5247 0.0305 
35.7076 - 0.0278 
38.8836 0.0256 

27.5079 0.0358 
30.7304 - 0.0322 
33.9371 0.0292 
37.1323 - 0.0267 
40.3189 0.0246 

—- Oond UARWN- 

Zeros GH of j,, (x) and associated values Fite ) 

Jo(So)) = Oy Fi(S)) 

0.0000 1.0000 2.0816 0.4362 
4.4934 -0.2172 5.9404 - 0.1681 
7.7253 0.1284 9.2058 0.1086 
10.9041 - 0.0913 12.4044 - 0.0806 
14.0662 0.0709 15.5792 0.0642 

boy 

3.3421 0.3068 
7.2899 - 0.1396 
10.6139 0.0950 
13.8461 - 0.0726 
17.0429 0.0589 

525) 

4.5141 ; 
8.5838 - 0.1205 

11.9727 0.0850 
15.2445 - 0.0663 
18.4681 

20.2219 - 0.0496 
23.3905 0.0428 
26.5526 - 0.0377 
29.7103 0.0337 
32.8649 

21.6066 4 
24.8501 0.0404 
28.0239 - 0.0358 
31.1910 0.0321 
34.3534 - 

17.2208 - 0.0580 | 18.7426 - 0.0534 

20.3713 0.0490 | 21.8997 0.0457 

23.5195 -0.0425 |} 25.0528 - 0.0399 

26.6661 0.0375 | 28.2034 0.0355 

29.8116 - 0.0335 | 31.3521 - 0.0319 

Cay Jal Fy) IS) 

5.6467 0.2016 
9.8404 - 0.1067 
13.2956 0.0772 
16.6093 - 0.0612 
19.8624 0.0509 

Cs Js(Ss,) 

6.7565 0.1740 
11.0702 - 0.0961 
14.5906 0.0709 
17.9472 - 0.0570 
21.2311 0.0479 

C6 Jol Co) 

ESO ae O LOST 
12.2793 - 0.0877 
15.8631 0.0658 
19.2627 - 0.0534 
22.5781 0.0452 

by 
8.9348 0.1380 
13.4720 - 0.0808 
17.1175 0.0614 
20.5594 - 0.0503 
23.9064 0.0429 

27.1992 - 0.0375 
30.4575 0.0333 
33.6922 - 0.0300 
36.9099 0.0274 
40.1151 - 0.0251 

25.8461 - 0.0393 
29.0843 0.0348 
32.3025 - 0.0313 
35.5063 0.0284 
38.6996 - 

24.4748 - 0.0413 
27.6937 0.0364 
30.8960 - 0.0326 
34.0866 0.0295 
37.2686 - 0.0270 

23.0828 - 0.0437 
26.2833 0.0383 
29.4706 - 0.0341 
32.6489 0.0308 
35.8205 - 0.0280 
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1255 

12.5 Functions Defined by Transcendental Integrals 
The Gamma function [(z) fat 

I(z) is an analytic function in the whole plane 

except for simple poles at 0, —1, —2, ... 

Le, n?n! MO MD. eet Ie+2) Fn) 
aa —1,-t 

+$—+—4+—+-= Ts e~'dt, Rez>0 ae sees 

2% Ste ia Gt I(2)= fe edt > #0, 1, 
1 n=0 n! (z+n) 

T(z) 1 coat | 1 
=—--y+ 2Y |--—— =Euler’ ; T(2) ; y z(t a), y=uler'’s constant 

[(z+1)=zI(z) (n)=(n-1)!, n=1,2, 3. ... Els 

M2) F(1-2)= —2— r(3 +2] rs (3 -2] 

TQ2)=. 222-Ir(2) P +3) P(Ajamy 

Asymptotic behavior (Stirling’s formula) 

I(z)=V2m e~?z27-2]44 14 _1  _ _ 139 ee yam 12z" 28822 3184023 *? \z4]| » arg z|<m, |z| > 

The Beta function Bip, q) 

1 Bop, jew. ¢ m/2 

tP-1(1-1)9-1dt=2 f sin2?-1¢ cos24-1¢ at R Reg> ferent (P=7) J (Rep, Req>0) 
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12.5 

Numerical table of I(x) 

Values of I(x) outside the interval 1<x<2 may be obtained using [7 (x+1)=xI(x) recursively. 

0.90640 0.88623 0.91906 

0.90440 0.88659 0.92137 

0.90250 0.88704 0.92376 

0.90072 0.88757 0.92623 

0.97844 0.89904 0.88818 0.92877 

0.97350 
0.96874 
0.96415 
0.95973 
0.95546 

0.89747 
0.89600 
0.89464 
0.89338 
0.89222 

0.88887 
0.88964 
0.89049 
0.89142 
0.89243 

0.93138 

0.94261 

0.95135 0.89115 0.89352 0.94561 

0.94740 0.89018 0.89468 0.94869 

0.94359 0.88931 0.89592 0.95184 

0.93993 0.88854 0.89724 0.95507 

0.93642 0.88785 0.89864 0.95838 

0.93304 0.88726 1.65 0.90012 0.96177 

0.92980 0.88676 .66 0.90167 0.96523 

0.92670 0.88636 .67 0.90330 0.96877 

0.92373 0.88604 .68 0.90500 0.97240 

0.92089 0.88581 .69 0.90678 0.97610 

0.91817 0.88566 1.70 0.90864 0.97988 

0.91558 0.88560 vill 0.91057 0.98374 

0.91311 0.88563 72 0.91258 0.98768 

0.91075 0.88575 HS 0.91467 0.99171 

0.90852 0.88595 0.91683 0.99581 

1.00000 
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12:5 

Elliptic integrals 

Elliptic ae. of the first kind 

do * dt 2 ae 

Fk | ae iVaanaaes <1 s sing) 

Elliptic integrals of the second kind 

vi x E229) 
E(k, ~)= Jf V1—ksin’6 do= ay) ~ “ dt (k*<1, x=sing) 

0 0 ar 

Elliptic Aone of the third kind 

dé 

ia +nsin’0)V1—k’sin’6 as 

et Sete at teen dt 

0(1+nP)V1-A) RP) 

m7(k, n, p)= 

(k*<1, x=sin g) 

Complete elliptic integrals 

m/2 de 2 K=K(k)= F({k alg Rea (k2<1) 

F=5(62 E(k z)- | VI=RS =Ksin'® do (K2<1) 

Legendre’s relation (k'=V/1—k’) 

E(k)K(k')+ E(k')K(k)—K(k) K(k’) = . 

Differential equations 

PK dK k(1—k?) <* + (1-342) * 4K = Spier ia yak 
@E dE k(1-k) —= +(1-k2) 4 +E =0 ( )R ( Ler 
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12:5 

Numerical tables of complete elliptic integrals 

k=sina (a in degrees) 

OmMANADN RWNFRO 

10 

50° 1.9356 
51 1.9539 1.2963 
52 1.9729 1.2870 
53 1.9927 1.2776 

54 2.0133 

55 2.0347 
56 205719 1.2492 
57 2.0804 = 1.2397 
58 2.1047 1.2301 
59 2.1300 

60 2.1565 
61 2.1842 1.2015 

62 DONS 2 1920 

63 2.2435 1.1826 
64 2.2754 

65 2.3088 
6515 2-326 11592 
66.0 2.3439 1.1545 

66.5° 2.3622 ‘1.1499 

67.0 2.3809 

67.5 2.4001 
68.0 2.4198 1.1362 
68.5 2.4401 Pedi 
69.0 2.4610 1.1272 

69.5 2.4825 

70.0 2.5046 
70.5 2.5273 1.1140 

TAG Oe O50 /mee 11096 

71.5 2.5749 1.1053 

72.0 2.5998 

72.5 2.6256 
73.0) 216521 1.0927, 

73.5 2.6796 1.0885 
74.0 2.7081 1.0844 

Tees PL IRMIS) 

F510 27681 
75.5 2.7998 1.0725 
76.0 2.8327 1.0686 
76.5 2.8669 1.0648 

77.0 2.9026 

Wks, PSB 
78.0 2.9786 1.0538 

78.5 3.0192 1.0502 
79.0 3.0617 1.0468 

79.5 3.1064 

80.0 3.1534 
80.2, ~3.1729' 1-0388 
80.4 3.1928 1.0375 

80.6 3.2132 

80.8 3.2340 

258 

8127/0)" 3.2958 
812) 3.277 1.0326 
81.4 3.2995 1.0314 
81.6 3.3223 1.0302 

81.8 3.3458 

82.0 3.3699 
82.2 3.3946 1.0267 
82.4 3.4199 1.0256 

82.6 3.4460 1.0245 

82.8 3.4728 

83.0 3.5004 
83.2 3.5288 1.0213 
83.4 3.5581 1.0202 

83.6 3.5884 1.0192 

83.8 3.6196 

84.0 3.6519 
84.2 3.6852 1.0163 

84.4 3.7198 1.0153 
84.6 3.7557 1.0144 

84.8 3.7930 

85.0 3.8317 
85.2 3.8721 1.0118 
85.4 3.9142 1.0110 

85.6 3.9583 1.0102 

85.8 4.0044 

86.0 4.0528 
86.2 4.1037 1.0079 
86.4 4.1574 1.0072 

86.6 4.2142 1.0065 

86.8 4.2744 

87.0 4.3387 
87.2 4.4073 1.0047 
87.4 4.4811 1.0041 

87.6 4.5609 1.0036 
87.8 4.6477 1.0031 

88.0 4.7427 
88.2 4.8478 1.0021 

88.4 4.9654 1.0017 
88.6 5.0988 1.0014 

S8iSaqeoe2527 

89.0 5.4349 
89.1 5.5402 1.0006 
89.2 5.6579 1.0005 

89.3 5.7914 1.0004 

89.4 5.9455 

89.5 6.1278 
89.6 6.3509 1.0001 
89.7 6.6385 1.0001 

89.8 7.0440 
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12.5 

Exponential integrals 

Det a: eae a ad oo (=1)" 

i, a Ce ee y—Inx 2 a (x>0) 

mat 

at (x>0, n=0, 1, 2, ...) En+i(x)= = [e*—x Ey(x)], n=1, 2, 2 Eels 
1 

43 t oo n 

3. Ei@x)= f <dt=y+Inx+ bers (x>0, Cauchy P.V.), y=Euler’s constant 
—-o n= . 

x 

4. li(x)= jt =Ei(Inx), (x>1, Cauchy P.V.) 

y 

Asymptotic behaviour (x >): 

of 

En(x)~<— Ei(x)~ i li(z)~ = 

Error function 

5: erf(x)= ea, e-’dt= 2 > bh ine 50 x2ntl 

Vir0 Vir n=0 n!(2n+1) 

Cf. table, sec, 17.8. 
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12.5 

Sine and cosine integrals 

sint ca ESN Wak oak. 
6. Si(x j= = = Ee (n+1)(2n+1)! (x20) 

7. Ci(x)== FSS de=y+inx+ i oye (x>0) 

Fresnel integrals 

Near 
8. C({x)=f | cose dt= 

ees (— 1/2)" dnt 
n=o (2n)\(4n+ 1) 

9. S(x)= (sme dt= 
0 ”) 

ed ah HD ale a Pe 
n=0 (2n+1)!(4n+3) 

IDD 



12:5 

Numerical tables of 

Exponential, Sine, Cosine, and Fresnel Integrals 

0.000000 - 60 0.00000 0.00000 
3.354708 - 3.314707 0.020000 - 3.334907 0.02000 0.00000 

0.04 2.681264 - 2.601257 0.039996 - 2.642060 0.04000 0.00003 
0.06 2.295307 - 2.175283 0.059988 = 2.231095 0.06000 0.00011 

2.026941 - 1.866884 0.079972 - 1.950113 0.08000 0.00027 

1.822924 - 1.622813 0.099944 - 1.727868 0.10000 0.00052 
0.12 1.659542 - 1.419350 0.119904 - 1.546646 0.11999 0.00090 
0.14 1.524146 - 1.243841 0.139848 - 1.393793 0.13999 0.00144 
0.16 1.409187 - 1.088731 0.159773 - 1.261759 0.15997 0.00214 

1.309796 - 0.949148 0.179676 - 1.145672 0.17995 0.00305 

1.222651 - 0.821761 0.199556 - 1.042206 0.19992 0.00419 
0.22 1.145380 - 0.704195 0.219409 - 0.948988 0.21987 0.00557 
0.24 1.076235 - 0.594697 0.239233 - 0.864266 0.23980 0.00723 
0.26 1.013889 - 0.491932 0.259026 - 0.786710 0.25971 0.00920 
0.28 0.957308 - 0.394863 0.278783 - 0.715286 0.27958 0.01148 

0.30 0.905677 - 0.302669 0.298504 - 0.649173 0.29940 0.01412 
0.32 0.858335 - 0.214683 0.318185 - 0.587710 0.31917 0.01713 
0.34 0.814746 - 0.130363 0.337824 - 0.530355 0.33888 0.02053 
0.36 0.774462 - 0.049258 0.357418 - 0.476661 0.35851 0.02436 
0.38 0.737112 +0.029011 0.376965 - 0.426252 0.37805 0.02863 

0.40 0.702380 0.104765 0.396461 - 0.378809 0.39748 0.03336 
0.42 0.669997 0.178278 0.415906 - 0.334062 0.41679 0.03858 
0.44 0.639733 0.249787 0.435295 - 0.291776 0.43595 0.04431 
0.46 0.611387 0.319497 0.454627 - 0.251749 0.45494 0.05056 
0.48 0.584784 0.387589 0.473898 - 0.213803 0.47375 0.05737 

0.50 0.559774 0.454220 0.493107 - 0.177784 0.49234 0.06473 
0.52 0.536220 0.519531 0.512252 - 0.143554 0.51070 0.07268 
0.54 0.514004 0.583646 0.531328 - 0.110990 0.52878 0.08122 
0.56 0.493020 0.646677 0.550335 - 0.079986 0.54656 0.09037 
0.58 0.473173 0.708726 0.569269 - 0.050441 0.56401 0.10014 

0.60 0.454380 0.76988 1 0.588129 - 0.022271 0.58110 0.11054 
0.62 0.436562 0.830226 0.606911 +0.004606 0.59777 0.12158 
0.64 0.419652 0.889836 0.625614 +0.030260 0.61401 0.13325 
0.66 0.403586 0.948778 0.644235 +0.054758 0.62976 0.14557 
0.68 0.388309 1.007116 0.662772 +0.078158 0.64499 0.15854 

0.70 0.373769 1.064907 0.681222 0.100515 0.65965 0.17214 
0.72 0.359918 1.122205 0.699584 0.121879 0.67370 0.18637 
0.74 0.346713 1.179058 0.717854 0.142296 0.68709 0.20122 
0.76 0.334115 1.235513 0.736031 0.161810 0.69978 0.21668 
0.78 0.322088 1.291613 0.754112 0.180458 0.71171 0.23273 

0.80 0.310597 1.347397 0.772096 0.198279 0.72284 0.24934 
0.82 0.299611 1.402902 0.789979 0.215305 0.73313 0.26649 

0.289103 1.458164 0.807761 0.231568 0.74252 0.28415 
0.279045 1.513216 0.825438 0.247098 0.75096 0.30228 
0.269413 1.568089 0.843009 0.261923 0.75841 0.32084 
0.260184 1.622812 0.86047 1 0.276068 0.76482 0.33978 

256 



1.00 

1.05 

1.10 

1.15 

1.20 

1.25 

1.30 

1.35 

1.40 

1.45 

1.50 

1.55 

1.60 

1.65 

1.70 

VTS. 

1.80 

1.85 

1.90 

1.95 

2.0 

2a 

PE 

23 

2.4 

2 

2.6 

PAT 

2.8 

DS) 

3.0 

3.1 

3:2, 

3.3 

3.4 

3D 

3.6 

Shi 

3.8 

3:9 

4.0 

4.1 

4.2 

4.3 

4.4 

4.5 

4.6 

4.7 

48 

4.9 

0.219384 1.895118 

0.201873 2.031087 
0.185991 2.167378 

0.171555 2.304288 
0.158408 2.442092 

0.146413 2.581048 

0.135451 2.721399 

0.125417 2.863377 

0.116219 3.007207 

0.107777 3.153106 

0.100020 3.301285 

0.092882 3.451955 

0.086308 3.605320 

0.080248 3.761588 

0.074655, 3.920963 

0.069489 4.083654 

0.064713 4.249868 

0.060295 4.419816 

0.056204 4.593714 

0.052414 4.771779 

0.722657 1.340965 

0.730792 1.371487 

0.738431 1.397422 

0.745622 1.419172 

0.752405 1.437118 

0.758815 1.451625 

0.764883 1.463033 

0.770637 1.471662 

0.776102 1.477808 

0.781300 1.481746 

0.786251 1.483729 

0.790973 1.483990 

0.795481 1.482740 

0.799791 1.480174 

0.803916 1.476469 

0.807868 1.471782 

0.811657 1.466260 

0.815294 1.460030 

0.818789 1.453211 

0.822149 1.445906 

0.825383 1.438208 

0.828497 1.430201 

0.831499 1.421957 

0.834394 1.413542 

0.837188 1.405012 

0.839887 1.396419 

0.842496 1.387805 

0.845018 1.379209 

0.847459 1.370663 

0.849822 1.362196 

1245 

Si(x) Ci(x) C(x) 

0.946083 0.337404 0.77989 

0.987775 0.362737 0.77591 

1.028685 0.384873 0.76381 

1.068785 0.404045 0.74356 

1.108047 0.420459 0.71544 

1.146446 0.434301 0.68009 

1.183958 0.445739 0.63855 

1.220559 0.454927 0.59227 

1.256227 0.462007 0.54310 

1.290941 0.467109 0.49326 

1.324684 0.470356 0.44526 

1.357435 0.471862 0.40177 

1.389180 0.471733 0.36546 

1.419904 0.470070 0.33880 

1.449592 0.466968 0.32383 

1.478233 0.462520 0.32193 

1.505817 0.456811 0.33363 

1.532333 0.449925 0.35838 

LESS 0.441940 0.39447 

1.582137 0.432934 0.43906 

1.605413 0.422981 0.48825 

1.648699 0.4005 12 0.58156 

1.687625 0.375075 0.63629 

1.722207 0.347176 062656 

1.752486 0.317292 0.55496 

1.778520 0.285871 0.45741 

1.800394 0.253337 0.38894 

1.818212 0.220085 0.39249 

1.832097 0.186488 0.46749 

1.842190 0.152895 0.56238 

1.848653 +0.119630 0.60572 

1.851659 +0.086992 0.56159 

1.851401 +0.055257 0.46632 

1.848081 +0.024678 0.40569 

1.841914 - 0.004518 0.43849 

1.833125 - 0.032129 0.53257 

1.821948 - 0.057974 0.58795 

1.808622 - 0.081901 0.54195 

1.793390 - 0.103778 0.44809 

1.776501 - 0.123499 0.42233 

1.758203 - 0.140982 0.49843 

1.738744 - 0.156165 0.57370 

1.718369 - 0.169013 0.54172 

1.697320 - 0.179510 0.44944 

1.675834 - 0.187660 0.43833 

1.654140 - 0.193491 0.52603 

1.632460 - 0.197047 0.56724 

1.611005 - 0.198391 0.49143 

1.589975 - 0.197604 0.43380 

1.569559 - 0.194780 0.50016 
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0.43826 

0.48805 

0.53650 

0.58214 

0.62340 

0.65866 

0.68633 

0.70501 

0.71353 

0.71111 

0.69750 

0.67308 

0.63889 

0.59675 

0.54920 

0.49938 

0.45094 

0.40769 

0.37335 

0.35114 

0.34342 

0.37427 

0.45570 

0.55315 

0.61969 

0.61918 

0.54999 
0.45292 

0.39153 

0.41014 

0.49631 

0.58182 

0.59335 

0.51929 

0.42965 

0.41525 

0.49231 

0.57498 

0.56562 

0.47520 

0.42052 

0.47580 

0.56320 

0.55400 

0.46227 

0.43427 

0.51619 

0.56715 

0.49675 

0.43507 



125 

ae | ee, [sr rae |e) se 
0.852111 1.353831 1.549931 - 0.190030 0.56363 0.49919 

ey 0.854330 1.345589 1.531253 - 0.183476 

52 0.856481 1.337487 1.513671 - 0.175254 
53 0.858568 1.329538 1.497315 - 0.165506 For x>5, 
5.4 0.860594 1.321754 1.482300 - 0.154386 

an an 

| | 

5.5 0.862562 1.314144 1.468724 - 0.142053 3 3 
5.6 0.864473 1.306714 1.456668 - 0.128672 = = 
5.7 0.866331 1.299471 1.446198 - 0.114411 <= 2 
5.8 0.868138 1.292416 1.437359 - 0.099441 Sh slg, 
5.9 0.869895 1.285554 1.430184 - 0.083933 5 S 

a} a 

6.0 0.871606 1.278884 1.424688 - 0.068057 = 3 
6.1 0.873271 1.272406 1.420867 - 0.051983 + eS 
6.2 0.874892 1.266120 1.418707 - 0.035873 ® © 
63 0.876472 1.260024 1.418174 = 0.019888 Prsbconeeilh 
64 0.878012 1.254115 1.419223 - 0.004181 Rl i 

n 

6.5 0.879513 1.248391 1.421794 +0.011102 8 § 
6.6 0.880977 1.242848 1.425816 +0,025823 eee 
6.7 0.882405 1.237482 1.431205 +0.039855 pal Z| S 
6.8 0.883799 1.232290 1.437868 +0.053081 rl 
6.9 0.885159 1.227267 1.445702 +0.065392 - bs 

ale a8 
7.0 0.886488 1.222408 1.454597 0.076695 5 i 
71 0.887785 1.217709 1.464433 0.086907 | 
72 0.889053 1.213166 1.475089 0.095957 Bley bl 
7 0.890292 1.208774 1.486436 0.103789 Bl Sass 
74 0.891503 1.204527 1.498345 0.110358 < 2 

n oO 

15 0.892688 1.200421 1.510682 0.115633 pes a 
716 0.893846 1.196452 1.523314 0.119598 omg eg 
Ta 0.894980 1.192615 1.536109 0.122246 - ; 5 
7.8 0.896089 1.188905 1.548937 0.123586 
19 0.897174 1.185317 1.561671 0.123638 =|8 4/8 

8.0 0.898237 1.181848 1.574187 0.122434 z di 
8.1 0.899278 1.178493 1.586367 0.120017 eee 
8.2 0.900297 1.175247 1.598099 0.116440 buanted p 
8.3 0.901296 1.172106 1.609278 0.111767 caveemnw ay 
8.4 0.902275 1.169068 1.619807 0.106071 een 

8.5 0.903234 1.166127 1.629597 0.099431 
8.6 0.904174 1.163279 1.638570 0.091936 
8.7 0.905096 1.160522 1.646655 0.083679 
8.8 0.906000 1.157852 1.653792 0.074760 
8.9 0.906887 1.155266 1.659934 0.065280 

9.0 0.907758 1.152759 1.665040 0.055348 
9.1 0.908611 1.150330 1.669084 0.045069 
9.2 0.909450 1.147974 1.672049 0.034555 
9.3 0.910272 1.145690 1.673930 0.023913 
94 0.911080 1.143474 1.674729 0.013252 

95 0.911873 1.141323 1.674463 +0.002678 
9.6 0.912652 1.139236 1.673157 - 0.007707 
97 0.913417 1.137210 1.670845 - 0.017804 
9.8 0.914169 1.135241 1.667570 - 0.027519 
9.9 0.914907 1.133329 1.663384 - 0.036764 
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10.0 0.915633 1.131470 1.658348 - 0.045456 

10.2 0.917048 1.127906 1.645995 - 0.060892 

10.4 0.918416 1.124534 1.631117 - 0.073320 

10.6 0.919739 1.121340 1.614391 - 0.082368 

10.8 0.921020 1.118309 1.596541 - 0.087809 

11.0 0.922260 1.115431 1.578307 - 0.089563 

11.2 0.923461 1.112694 1.560416 - 0.087693 

11.4 0.924625 1.110089 1.543557 - 0.082402 

11.6 0.925754 1.107606 1.528354 - 0.074015 

11.8 0.926850 1.105237 1.515347 - 0.062967 

12.0 0.927914 1.102975 1.504971 - 0.049780 

12.2 0.928946 1.100811 1.497547 - 0.035042 

12.4 0.929950 1.098740 1.493270 - 0.019383 

12.6 0.930925 1.096756 1.492206 - 0.003444 

12.8 0.931874 1.094854 1.494297 +0.012138 

13.0 0.932796 1.093027 1.499362 0.026764 

13.2 0.933694 1.091273 1.507111 0.039889 

13.4 0.934567 1.089586 1.517161 0.051043 

13.6 0.935418 1.087962 1.529047 0.059845 

13.8 0.936247 1.086399 1.542249 0.066018 

14.0 0.937055 1.084892 1.556211 0.069397 

14.2 0.937843 1.083438 1.570362 0.069926 

14.4 0.938611 1.082035 1.584141 0.067666 

14.6 0.939360 1.080680 1.597016 0.062781 

14.8 0.94009 1 1.079370 1.608505 0.055536 

15.0 0.940804 1.078103 1.618194 +0.046279 

15-2 0.941501 1.076877 

15.4 0.942181 1.075690 

15.6 0.942846 1.074541 

15.8 0.943495 1.073426 

16.0 0.944130 1.072345 

16.2 0.944750 1.071296 

16.4 0.945357 1.070278 

16.6 0.945951 1.069289 

16.8 0.946532 1.068328 

17.0 0.947100 1.067394 

17.2 0.947656 1.066485 

17.4 0.948201 1.065601 

17.6 0.948735 1.064741 

17.8 0.949257 1.063903 

18.0 0.949769 1.063087 

19.0 0.952181 1.059305 

20.0 0.954371 1.055956 

50 0.980755 1.020852 

100 0.990194 1.010206 

200 0.995049 1.005051 

oo 1.000000 1.000000 
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12.6 

12.6 Step and Impulse Functions 

Heaviside’s step function 6(t) oe 

1, t>0 f hirea t 
ds 0, t<0 a-a)=| 0, t<a aE) 3 

10 
sgn(t)=20(t)—1= “1, t<0 

0, t<a 1—O(t-a) 

f()[0(t—a)—0(t—b) |= | f(t), a<t<b 

0, tb 1-6(t-a)=0(a-) 7 
f f()0(t—a)dt=(F(t)—F(a)) 0(t—a)+C 
F primitive function of f. 

! | 
| ! t 

a b 

6(t—a)—6(t—b) 
Dirac’s delta function 6(f) 

The generalized function 6(¢) has the following proper- 

ties. (Cf. sec, 12.9). 

1. 6(t)=0, (t#0), 6(0)=+ 

2.0 Poliides f |S |dt=0, n=1 
— 6 =h 

3. d(-A)=<d(1) (6 is even) 
5()=" lim dn(t) 

4. 6 [£}=a90 a>0 

5. 6'(t)=0(8), £ sen(t)=26(1) 

h 

f(®) continuous: 

6. f(t)d(t—a)=f(a)d(t—a) 

7. Sf 8(-a)ar=f(a) J0(t—a)dt=0(t—a)+C 

f'(t) continuous: 

8. f(0)8"(t-a)=f(a)s"(t-a)=f (a)8(t-a) 
9. J F"(—adi=— ff (08(t-adr=—f'(a) 

f(®) continuous: 

10. f fd(e—a)ae=(—1)" f(a) 
11. fe dOM(H=fM(1), n=0, 1, 2, ... 

12. r*f(t)=0Df(0t)=Cod(t) + Cyd'(t)+...+Cy— 10" (1), n=1, 2, 3... 
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12.6 

Example 

Let f(t)=e7!". Calculate the (distributional) third derivative f(t). Solution: 

f'(t)=—sgnt en!" 

f'"O= —26(t)e7!"+(sgnt)e7!!= 
—26(t)+e7l! 

f" (Q)=—26'(t)—sgnt en!" 

12.7 Functional Analysis 
Spaces 

. Linear space or vector space. 

. Metric space: Set with a distance function. 
. Normed space: Linear space with a norm (distance). 
. Banach space: Complete normed space. 
. Hilbert space: Banach space with an inner product. Ab WN PR 

1. Linear spaces. See sec. 4.7. 

2. Metric spaces 

A set M of points u, v, ... is a metric space if there is a distance function d(u, v) on M satisfying 

for all u, v, weM: 

(i) d(u, v)20 [=0 © u=v] 
(ii) d(v, u)=d(u, v) 
(iii) d(u, v)<d(u, w)+d(w, v) 

Convergence 

1. un u as n—© if d(un,, u) > 0 asn—>© (u, uneM) 

2. A sequence {un}F in M is a Cauchy sequence if lim d(Um, Un)=0, i.e. for any e>0 there exist 

an N such that d(um, Un)<e, all m, n>N. enim: 

3. M is complete if every Cauchy sequence in M has a limit in M. 

Topology 

Let S be a subset of M. 

. ug€S is an interior point of S if there exists a 6>0 such that weS for all we M satisfying d(u, uo)<d. 

. ugeM i is an accumulation point of S if there is a sequence {u,}, UnES, UnA~Ug with jim, Un=Uo. 

. S is open if every point of S is an interior point. 

. The closure S (of S) is formed by adding to S all its accumulation points. 

. S is closed if S=S, or equivalently, if the complement M\S is open. 

. S is compact if any sequence in S contains a subsequence that converges in S. 

. S is dense in M if every point of M is the limit of some sequence in S. 

. Mis separable if it contains a countable dense subset. ONINMNHWN PH 

3. Normed spaces 

A linear space L of elements u, v, ... is a normed space if there is a norm ||-|| on L satisfying for 

all u, veL: 

|=0 [=0 © u=0] 
(ii) ||aul|=|a| - |lu|| (@ scalar) 
(iii) ||u+v||S<|lul|+||| 
With the distance d(u, v)=||u—v|| the space is a metric space. 
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4. Banach spaces 

A complete normed space is called a Banach space. 

Examples of Banach spaces 

1. Every finite-dimensional normed space (e.g. R”). 

2. C([a, b])={continuous functions on [a, b]} with norm || f||= sa f(x)| 
asxs 

3. The L,(82)—spaces, 1<p<~, with ordinary Lp-norm. 

5. Hilbert spaces 

A linear space L is a real [complex] inner (scalar) product space if there is defined an inner product 
(u|v) on L satisfying for all u, veL: 

(i) (ulu)=0 (=0Su=0 

(i) (v|u)=(ulv) [(vJu)=(ulv)] 
(iii) (ayuj+a2u2|v)=a1(uy|v)+a2(u9|v) 
The elements u and v are orthogonal if (u|v)=0. 

A norm is defined by |lu||?=(u|u). 

A Banach space with inner product is called a Hilbert space. 

Examples of Hilbert spaces 

4. R" with inner product (x, y)= Pore 

5. L2(92) with inner product (f, g)= f f(x)g(x)dx. 
Q 

Let H be a Hilbert space. 

Orthonormal basis 

An orthonormal family {e,}/, i.e. (ej|e))=6;, is an orthonormal basis (ON-basis) of H if 

u=E (ulen)en, all ueH. 

1. H is finite dimensional: See sec. 4.7. 

2. H is infinite dimensional: The following conditions are equivalent: 

(i) {en}; is an ON-basis 
(ii) (ule,)=0, all n > u=0 

(iii) l/?= 2 (ule,)*, all ueH. (Parseval’s identity) 

Gram-Schmidt orthogonalization process, cf. sec. 4.7. 

Orthogonal complement 

Two subspaces U and V of H are orthogonal (ULV) if (u|v)=0, all ueU, veV. 

Orthogonal complement of a set UCH: U!={veH: (ulv)=0, VueU}, which is a closed linear 
subspace of H (i.e. U+ is a Hilbert space). 
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Linear operators 

Let T be a linear operator {i.e. T(au+Bv)=aTu+BTv] on a Banach space B or a Hilbert space H 

(or from one such space to another). 

The operator T is 

(i) continuous at uo if ||Tu—Tuo|| > 0 as u > uo 
(ii) bounded if there exists a constant C such that 

\|Tul|<Cllul|, all weB 

The smallest bound C is called the norm of T, denoted ||7]|, i-e. 

(r= sup Zl = sup yrul 
weRl WH doal=t 
u+#0 

||Tul|<||7|- [lel 
71+ Talls||Till+ Tall 

71 T2l|S|ITil| - [Tall 
llaT\|=la) - [ITI 

(With this norm the space consisting of all bounded linear operators on Bis itself a Banach space.) 

| T is continuous at ug © T is continuous at 0 © T is bounded | 

A linear operator T is compact (or completely continuous) if for every bounded sequence {u,,} the 

sequence {Tu,} contains a convergent subsequence. 

1. If T, T, compact and S bounded linear operators, then 

(i) T is bounded, 
(ii) Tj+T2, TS and ST are compact, 

(iii) Ty > A, i.e. ||Tn—Al| > 0 > A is compact. 

2. If Tis linear and the range of T is finite dimensional, then T is compact. 

Examples 

6. If B is infinite dimensional, then the identity operator Ju=u is not compact. 

7. Let K(x, y) be an integral operator on [a, 5}, i.e. 

b 
Kf(x)= JK y)fO)dy. 

Then 

(i) K(x, y) is continuous in the square aSx, ysxb > 

K is compact on C[a, b] and ||K||<max|K(x, y)| 

(ii) K(x, y)€L2 in the square a<x,y<b > 

K is compact on L2[a, b] and ||K\|<\|K(x, y)|lz, 

Inverse operator T~!: v=Tu @ u=T~y; TT '=T'T=1. 

T—! exists if 

(i) T is surjective and ||Tul|>c\u||, c>0. Then ||7-1\|<1/c. 

(ii) T=I-K, ||Ki|<1. Then T-!=(-K)"!=1+ K+ K°+... 
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Symmetric operator 

Let T: H — H be a linear operator. The adjoint operator T* is defined by (Tu|v)=(u|T*v) 

T is symmetric (hermitian in the complex case) if T*=T, i.e. (Tu\v)=(u|Tv). 

Example 8. The integral operator in example 7 above is symmetric if K(x, y)=K(y, x). 

Projection Ma 

Let Hj, be a subspace of H and Pu the orthogonal projection of u 
onto Hy, i.e. (u—Pu|v)=0, all veH, Y 

! 

2 P is an orthogonal projection ; H; 
P2=P and P*=P PueH; |” 

I|P|=1 
Spectrum 

Let T be a linear operator on H. The number A is an eigenvalue of T and u the corresponding 
eigenvector if Tu=Au, uX0. 

— . Eigenspace H,={ueH: Tu=Au}. 
. Tsymmetric => all eigenvalues are real and eigenvectors corresponding to different eigenvalues 
are orthogonal. (Hj, 1 Hj,, 4;#A2). 

. T bounded > |A|<|\T||. 

. T symmetric and compact > 

NO 

WwW 

(i) H; is finite dimensional if A4+0 
(ii) ||T|| or —||T|| is an eigenvalue. 

A spectral theorem. (Hilbert) 

Assume that T#0 is a linear, symmetric and compact operator on H. Let 
lAi|=|A2|=|A3|=...>0 be the non-zero eigenvalues of T and let {e;} be a corresponding 
orthonormal family of eigenvectors. Then 

(i) u= X (ulee;+ug, where ue Hp, i.e. Tu,=0 
L 

(ii) Tu= & Aule;)e; 
L 

The Fredholm alternative in Banach spaces 

Let K be a compact (integral) operator on B. Then the equation 

f-Kf=8 
has a unique solution fe B for any ge B if the equation f— Kf=0 admits only the trivial solution f=0. 

The Fredholm alternative in Hilbert spaces 
Let K be a compact (integral) operator on H. Then the equation 

sd Sas 
has a solution feH if and only if g is orthogonal to every solution of the equation 

Ct 9 bo 
The solution is unique if this equation admits only the trivial solution f=0. 
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Linear functionals 

A linear operator F: B (or H) > R (or C) is called a linear functional (or linear form). 

Theorems 

1. (Hahn-Banach): Let F, be a bounded linear functional on a linear subspace B, of B. Then 

F, can be extended to a linear functional F on B such that ||F\|=||Fill. 

2. (Riesz): Every bounded linear functional F on H has the form Fu=(u\v) for a unique 

veH, and ||F\|=||v|). 

Bilinear forms 

An operator A(u, v): HXH — C (or R) is a bilinear form if 

Ray beipa v)=ajA(uy, v)+a2A (U2, V), 
A(u, B1v1+B2v2)= BiA(u, vi)+B2 ACU, v2). 

The form is bounded if |A(u, v)|<Clu|-||v|]. The norm ||A|= sup |A(u, v)| 
\lull=lvl|=1 

A(u, v) is elliptic if |A(u, u)|2cllul|, c>0. 

Theorem (Lax-Milgram) 

(i) Every bounded bilinear form A on H has the form A(u, v)=(Tul|v) for a unique linear 

operator T, and ||A\|=\|7}. 

(ii) Let A be a bounded and elliptic bilinear form on a linear space V and let F be a bounded 

linear form on V. Then the variational problem A(u, v)=F(v), all veV has a unique 

solution ueV. 

12.8 Lebesgue Integrals 

Lebesgue measure 

Set measure 

Let S be a subset of an interval J=[a, b] and let S’'=1\S. Set m()=b—a. 

Exterior Lebesgue measure m,(S)=inf 2 mUn), SE U In, In interval. 

Interior Lebesgue measure mj(S)=(b—4)— m,(S'). 

If me(S)=m,(S), then the set S is Lebesgue measurable and the Lebesgue measure is 

m(S)=me(S)=miS) 
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An unbounded set S is measurable if SN(—c, c) is measurable for any c>0 and 

m(S)= lim m[SN(—c, c)] 

Sets of measure zero 

A countable set S={p,}; e.g. @, has measure zero, because, for any e>0, letting p, belong to an 
interval of length ¢-2~” it follows 

m(S)< Ee “25h =6 

On the other hand, a set of measure zero does not have to be countable. 

Measurable functions 

A function f(x) is measurable if the set {x: f(x)=c} is measurable for every c. 

A property which holds for every point (of a set) with the exception of a set of measure zero is 
said to hold almost everywhere (a.e.). 

The Lebesgue integral 

1. Assume that (i) f(x)=0 and measurable (ii) S measurable. 

Set S(y)={x: f(x)2y}. Then m(S(y)) is decreasing and Riemann 
integrable: 

Definition: [f(x)dx= Jm(S(y))dy S(y) 

If this value is finite, then f(x) is summable over S. 
2. f(x) arbitrary sign. Set f+(x)=max{[f(x), 0]=0 and f-(~)=max[-—f(x), 0]>0. 

Then f(x)=f.(x)—f_(x) and 

J fx)dx= f f(a)dx— [ f_(x)dx 
S S S 

Fubini’s theorem 

If f(x, y) is summable over R?, then f f(x, y)dxdy= J dx ffx, y)dy. 
R2 R eR 

(The formulation implies that the right hand side makes sense.) 

Limit theorems 

Fatou’s lemma 

If (2) f,(x)=0 summable over Q 
(ii) fr(x) > f(x) a.e. 

(iii) f fr(x)dx<C, 
Q 

then f(x) is summable and f f(x)dx<C 
Q 
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Lebesgue’s theorem 

If (i) f(x), g(x) are summable over 92 

(ii) |fu(®)|<e() 
(iii) f,(x) > f(x) a.e., 

then f(x) is summable and 

f flax)de= him, { fas) 

Approximation 

If f(x) is summable, then for any e>0 there exists a piece-wise constant function (with a finite 

number of steps) v(x) such that f|f(x)—¢(x)|dx<e. 
Q 

Some function spaces in R” 

Notation. 

a. Below QcR" denotes a domain (open and connected). All functions are complex valued and 

defined on a subset of R” 

b. Multi-index a=(aj, ..., Gn), |a|=ai+...+On, Bsa Bi<aj, all i. 

c. D%=D,% ... Dy*, Dj=9/0X;. 

Leibniz’ formula: 

prewr= 3 (g)omor (5)=( 5) (i) 
Bsa 

d. 2\;c¢cQ2 means thatQ)cQ and 9, is bounded. 

Let uw be a function. The support of u is the set supp u={xeR": u(x) #0}. 

u has compact support in Q if supp uccQ. 

Spaces of continuous functions 

C(Q)=C(2)={¢: ¢ is continuous in £2} 

C(Q)={¢: D%@ is continuous in 22, |a|<m} 

C*(2)={o: D%@ is continuous in 2, all a} 

Co(Q)= {Functions in C”(2) with compact support in 2}, 0<ms~@., 

C"Q)={peC"(Q): D*p is bounded and uniformly continuous in Q, |a|<m} 

Cp"(2)={peC”(Q): D%@ is bounded in 2, |a|<m} 

1. With the norm ||¢||/= ape sup |D%p(x)|, 

C™Q@Q) is (i) a Banach space (ii) separable if 2 is bounded. 

2. Let Q9¢¢2,ccQ. Then there exists a peCo”(2) such that p(x)=1 in 22 and o(x)=0 outside 

Qi. 
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L?-spaces 

A function f(x) belongs to L?(Q) if f |f(x)|Pdx<e. L?(Q) is a Banach space with the norm Q 

IIflp=lFllzp¢a)= (J/F(x)|Pdx)"? 

A function f(x)€L*(Q) if f(x) is measurable over Q and if there is a constant C such that | f(x)|<C 
a.e. The smallest possible value of C, essup|f(x)|, is the L*-norm of fa) ice: 

xEeQ 

||f||.=essup|f(x)| 
xEeQ 

Also L*() is a Banach space. 

Furthermore, L7(Q) is a Hilbert space with the inner product (u, v)=f u(x)v(x)dx. 
Q 

Approximation 

a. L?(82) is separable if 1<p< [but not so for p=]. 
b. Co*(Q) is dense in L?(Q2) if 1<p< [but not so for p=]. 

Weak derivatives 
The function D¢ueL!(Q) is the weak (distributional) derivative of ueL'(Q) if 

J Deu(x) o(x)dx=(—1)! f u(x)D%G(x)dx, all $eCy”(Q). 
Q Q 

Remark. (i) If Du(x) exists, then it is unique up to a set of measure zero. (ii) If D“u(x) exists in the classical sense, then it coincides with the weak derivative a.e. 

Dual space 

I o+2=l, P, q21, L? and L4 are said to be dual. 

Inequalities. (1<p<~) 

IIf+g lpsllfilptle llp [Minkowski’s inequality] 

Welh<Islpllela, — 5+2 [Holder's inequality 
If+sl-<lflolgla, <5+2-4=1, p, g, r=1,f, g20 [Young’s inequality] 

Convolutions (one dimension) 

feete)= f fee-ye)ay 

1. feL', g bounded > f«g bounded 4. fxg=gxf 
2. feL!, geL? (1<p<~) > f* gel? 5. fx (gth)=f*gtfxh 
3. f(x), 8(x)=0, x<0 > f* g(x)=0, x<0 6. (FSgyay’ gfe it fF", ge ebt. 
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Sobolev spaces 

1. Norms: (i) |elrm.p=lelhm,p.o= { py |Deulp\". 1<p< 
ja|<m P 

(ii) ulm, o=||ellm,2,9= max ||D*ulle 
0<|al<m 

. The Sobolev spaces W"?(Q)={ueL?(Q): D*ueLP(Q) for |\a|\<m}=The comple- 

tion of {ueC(Q): ||u||m,p<*%} with respect to the norm ||| 

. Wo?(Q)=the closure of Co*(Q) in the space Ww™P(Q). 

mM, p* 

. WP(Q) is a Banach space (and separable if 1<p<~). 

5. H™(Q)=W"2(Q) [Hol"(Q)= Wo” (Q)] is a separable Hilbert space with inner 

product 

(u,v)= = (Du, Dv), (u, v)= Jux)v@x)dx. 
la|l<m Q 

_ Characterizations: Let Q be bounded. Ho!(Q)={ueH\(Q): u=0o0n 92}, Ho*(2)= 

={ueH?(Q): u=du/dn=0 on dQ} 

. Interpolation type inequalities. Introduce the semi-norm 

tlm, p=lelmp, =f pa |Deulp\”, 
lal=m 

Let Q be “‘sufficiently regular” (e.g. convex). Then for any e>0,m, and p there exists 

a constant C such that for 0<j<m-—1, 

|u|), p<elUlm, p+ Clulo,p, all ue W™P(Q). 

_ Poincaré-Friedrich’s inequality: If Q is bounded then there exists a constant C=C(Q) 

such that |u|o,2<C|u|1,2, all ueHo!(2). 

. Sobolev imbedding theorem. 

Notation. A normed space X with norm ||e||x is imbedded in another normed space 

Y, written XY, if (i) X is a vector subspace of Y (ii) There exists a constant E 

such that 

|x|] y<Cl|x||x, all xeX. 

Let Q be “sufficiently regular” (e.g. convex). Then 

A. If mp<n, then Wit. P(Q)>Wi4(Q), p<qSnp/(n—mp), j29. 

B. If mp=n, then (i) Wit”-?(Q), >Wh4(Q), p<q<~ (ii) Wit" 1(2)>Cpl(2). 

(If 2 is bounded Wit. P(Q)>W!:4(Q), p<q=~. In particular, 

lull, c<C||ul|jn2}+1.2, [¢]=integer part.) 

C. If mp>n, then Wit. P(Q)—>Cpl(Q). 
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12.9 Generalized functions (Distributions)* 

Test functions. (The class S$) 

1. A test function is a complex-valued function y(t) on R=(—%, ©) satisfying: 

(i) (4) is infinitely differentiable, i.e. peC*(R) 
(ii) a t?p9)(t)=0 for all integers p, q>0. 

tlio 

The class of all test functions is denoted S. (Another class of test functions is D, consisting of 
all infinitely differentiable functions, which are zero outside a bounded subset of R. Note that 
DcS.) 

[Example: g(t)=e~"eS] 

2. A sequence 9,€S is a zero sequence if 

lim max|t?g'(t)|=0 for all p, g=0 
n> teR n 

[Example: geS > oni=9 (14 4 —(t) is a zero sequence. ] 

Generalized functions. (The set S’) 

3. A functional on S$ is a function f which maps geS to a complex number, denoted (f|@) or f(¢). 
4. A generalized function (g.f.) (or temperate distribution) is a continuous linear functional fon 

S, i.e. 

(i) (flap+By)=a(flp)+B(fly), a, BEC; @, pes. 
(ii) lim (f\@,)=0 for any zero sequence gyéS. 

no 

The set of all temperate distributions is denoted S’. (The corresponding functionals on D are 
called distributions. ) 

- f=8 © (flg)=(gl¢) for all ge. 
. The support of peS is the smallest closed set outside of which g(t)=0. 
. Let ACR be an open set. Then f=g in A if (f|~)=(g|q), all peS with support in A. 
. The support of feS’ is the smallest closed set outside of which f=0. 
. Let f(¢) be a piece-wise continuous function such that OMOrAINN 

J +P) f@|dt<e 

for some integer m. Then 

(Fle)= I flop oat 
defines a regular g.f. A non-regular g.f. is called singular. Also for singular g.fs. the notation 
f(®) (instead of f) is used as well as 

(fla)= $ Fp dt 
10. Dirac’s delta function 6(t) is a singular g.f., defined by 

(6|~)=9(0) 
11. The g.f. f(att+b), a#0, is defined by 

$ flat oyotode= 1 § 109 (2) a 
* Essentially listed from Jan Petersson: Fourieranalys, Chalmers University of Technology, 
Goteborg, 1987. 
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12. The g.fs. ft+g, cf, fand yf (where yeC® and for each integer q>0 there exists an integer p 

such that t-P y(t) > 0 as |t| >) are defined by 

(f+glp)=(fle)+ (gle) (cf\p)=c(fle) 

Gio=(10) (yflg)=(flv9) 

13. y(t)d(t—a)=(a)d(t-a) 
14. tf(1)=0 © f()=cd(2) 

Derivatives 

15. The derivative f’(t) is defined by (f’|p)=—(f|¢’) 

16.) (vf)'=9f'+¥'f 

17. 6'(t)=6(t) 
pint 18. The singular g.fs. -", n=1, 2, 3, ... are defined by ~"= (@—iyl 

19. tr-1=1 

Fourier transforms 

20. The Fourier transform G(w) of a test function g(f) is defined by 

Pw)= f oe iorar 
21. peS > GeS 
22. @n is a zero sequence > @n is a Zero sequence. 

23. The Fourier transform f(w) of a g.f. f(t) is defined by 

(flip) =(f19) 
VEE ie Te 

24. feS' > feS', f()=2af(-), fee > frs. 
25. The laws F3—F11, sec. 13.2, hold for g.fs. 

26. 6(w)=1, 0(w)=70(w)—iw™!. 

Convolutions 

27. feS', peS > f+ P(t)= $ P(t—1) f(r)dreC*(R) 

28. The convolution h=f*g, f, g€S' is defined if fees’, by 

NN AN 

h=fg 

29. If the convolutions exist: 

feg=erf, fx(gth=fegtfeh,  (fxg)'=f'*s=frs’ 

30. fx dM =f, all feS’. 
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13 Transforms® 

13.1 Trigonometric Fourier Series 

Fourier series of periodic functions 
f(t) 

Assume that f(t) 

(i) is bounded and has period T 

(ii) is piece-wise differentiable 

(ii) = 5 LA) +f) at jumps : ee 
ss a en 

Cosine — sine — form 

Orthogonality 0, n#k 2 =a 
J cos kKQt cosnQt dt={ T, n=k=0 

f n=k>0 
jh 

{sin kQt sin nQtdr= Okn (k, n>0) 

is 
JSsin kQt cosnQtdt=0 
0 

f= ae E (ar cos nQt+b, sinnQt) 

ii 
J f(@) sinnQtdt (n=1) 
a 

a 

(t) cos nQt dt (n=0) bn= 2 
ii 

Special case. Period T=27 

f= S + 2 (an cos nt+b, sin nt) 

1 7 1 7 an= — J £0) cosntdt, b,=— f f(t) sinntdt ris Ty 

4 T/2 

f(even > a,=— LF cos nQt dt, 

T/2 
f()odd > an=0, bn= ff) sinnQedt 

0 

* Essentially following Jan Petersson: Fourieranalys, Chalmers University of Technology, Gote- 
borg 1987. 
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Approximation in mean 

n 

Sp(t)= . + = (ae cos kQt+ bz sin kQt) 

2 Ti 

On=— J [f()—sn(t)Pdt (T=27/2) 

Qn minimal © ax, by are Fourier coefficients. 

: oy Ah ao n 

min Qn=— LPO BT ey te Hk ) 

Amplitude -— phase form 

Q= ot f(t) rea] 

f(t)}=Aot+ 3 An cos(nQ2t+ an) 
n= 

Ao= a An=Van+bn, — Gn=atg(an—ibn) 

COS An=An/An, sin n= —by/An, tan an=—by/an, an—ibn=Anel™ 

Complex form (92=27/T) 

Orthogonality 

if 
f elk 2te—in2tdt= TOkn 

0 

ro) f at+T } 

f= FE cnem,  cn=ae ST fle nat 
n=—-© a 

Relations between Fourier coefficients 

a 5 : : 
5 700 An—ibp=2cn, Antibn=2c-n, An=Cnt+C-n, Pyeilc,;—C-n)e | nel 

Ao=co; Anei@"=2cn, An=2\Cn|, On=argen, N21 

Parseval’s identities 

[Primed coefficients refer to g(t)] 

f-(Odt= at + 

ti 

oPar= = 

273 



13.1 

Sine and cosine series 

Orthogonality 

f sin im sin a de= 5 kn (k, n>0) 

Lokam. mx mae J cos = cos = dx= L, n=k=0 

0 L/2, n=k>0 

f(x) given in the interval (0, L): 

f(x)= = bp sin wa = 25 f0) sin - dx 

20 LE 
eee cos, an= 5 If) cos dx 

Special Fourier series 

fo=3 ag+ E (an COsnQt+bn sinn@t), Q=2n/T 
n= 

Function f(t) Fourier coefficients 

(1) T=2L Fh OVER E 2h sinnma aii 
asi h nT 

bn=0 See —- => ¢ 
Sob HL fk 

(2) T=2L an=0 
asi 
Ee b,=Zt=cos na) 

t AT 

(3) ag=ah; an=Zh sin n7ta— ee 5 (1—cos n7a) 
nt ant 

br=0 

(4) an=0 

b= _2h cos Saas = = sinn7a 
nit 

Fourier series for further rectangular and triangular periodic functions can be obtained 
by combining (1)-(4). 
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(5) 

(6) 

(7) 

(8) 

(9) 

(10) 

(11) 

13:1 

an=0 

0, n even 

ag=h; ayn=| 4h 
c Ff ——, n odd 

mn 

bn=0 

a,=0 

0, n even 

ops L2 
a gee n odd 

men? 

LD 0, n odd 
rom ha me mem once 2 

N= Sa Ui 4L = 

Paes = ireren 
mn 

0, n odd 

bn=\__4nh —jz—, n even 
m(n*—1) 
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(12) f(@=t, -—L<t<L 

T=2L 

f=", -—L<t<L 

T=2L 

(13) 

(14) .f()=P, —-L<t=b 

T=2L 

(15) f(t)=cosat, —7<t<z 

T=27, a#integer 

(16) f(t)=sinat, —7<t<z7 

T=27, a#integer 

f()\=e74ll, —a<t<r 
T=27 

(17) 

= sinnt ee | 

eer 2: 
19 > _4)nt1 sin nt (19) = (ay! 3. 

, 0<t<27 

Fen a<t<e 

2 

OS nt t (20) 5 SOS" _-Ip [2 sin zy O<t<2n 
nA z n=1 

1 See nad COSTE (21) & (aye ses 5 
coe a © i 

& 2 2 2 Grenarrae ie ( 3) 5 sing a 4 rag 12 4 0<t<27 

cos(2n+1)t _ 

2nt+1 

* sin(2n+1)t 7 

alee wes pare 
(26) $ (-1)" cos(2n+1)t _ 

n=0 

(24) 5 
n=0 

0<t<7 

Md 
2n+1 2 

Bes 
Pian 
4° 2 

sin(2n+1)t 
(27) = (-1 SS ee 

<t< 

li 
2n+1 2! 

rsint 
rt = (28) = sin nt= 1=o7eoere Ir|<1 

1—rcost 
29) 2r' = ( ) = cos nt= T= orcs Ir|<1 

= 

b,= 2h. (-1)"*1 

2 2 
ap=z. a,=(—1)" es n=1 

b,=0 

an=0 

3 
-ae yynti 213 ie £4 

a) nt nn 

an=(—1)"41 2a sin amt 

m™(n2—a?) 

b=0 

an=—0 

=(—1)r+1 27” Sin am 

Pe) 
ele ay ie) 

. 1(n?+a?) 

bn=0 

=In — cos 4), —1<t<7 

1 t 
= In 4), 0<t<7 

<< 
NIX rel a Pee eae 
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13.2 Fourier Transforms 

Assume that f(t), —°<t<, is piece-wise differentiable and absolutely integrable. 

(Fourier transforms of generalized functions, see sec. 12.9). 

Fourier transform F(@)= f f(je- at 

Inversion formula f@= = J F(@)e@dw 

(if f(t) differentiable at ¢) 

Plancherel’s (Parseval’s) formulas 

5 fog@d= Lf F(w)G@)de 

T noPa= 2 f |F@)Pao 

Cosine and sine transforms 

FAB)= F ftw) cosBxdx (x)= 2 TFB) cos Bx dp 

FiB)= [fla) sinBeds  fla)= 2 [F(B) sinBedp 

An application of Fourier transformation, see example 5, sec. 10.9. 

Properties and table of Fourier transforms 

Fi. f() te f(Qen*dt 

F2. 1 Ff Fw)e%de F(w) 
27 —« 

F3. af(t) +b g(t) a F(w) +b G(w) 

F4, f(at) (a#0 real) ial F 3 

F5. f(-d F(-@) 

2a) 



F6. 

F8. 

F9. 

F10. 

Fit. 

Plz. 

FA3; 

F14. 

Fd; 

F16. 

IAG. 

F18. 

FI9: 

F20a. 

F20b. 

| PA le 

F 22: 

£23. 

F24. 

FQ); 

Us 

FO) 
f(t-T) 
et F(t) 

F(t) 

(4)"ro 

(—it)" f(O) 

(T real) 

(2 real) 

fea(= f flt—ng(r)dr 

fl) 8 

d(t) [d(t-T)] 

5()(t) 

A(t)= 
10 

0, t<0 

1, >0 

—1, t<0 

te? It|<a 

0, |t/>a 

sgn t= { 

—1, -a<t<0 

1, 0<t<a 

0, |t|>a 

1 

ei Qt 

bak It|<a 
0, |t|>a 

e~“6(t) (a>0) 

e“(1—€(t)) (a>0) 

e~ alt (a>0) 

te~ all (a>0) 
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F(a) 

F(-o) 

eT F(q) 

F(w-2Q) 

2 f(-—@) 

(iw)" F(w) 

d n (£)"Fe) 

F(w) G(@) 

= F*G(a) 

1 

(iw)" 

= +76(w) 

2 

iw 

2 sin aw 

Oo 

4sin2aw/2 

lw 

27 0(@) 

27 0(w—-Q) 

2 sin a(922—w) 

Q-w 

1 

at+iw 

1 

a-iw 

2a 

a?+w? 

_ 4iaw 

(a*+w?)* 

[ew] 



$3i2 

B 2(a2—w?) 

F217. -allsont >0 a7 e sen (a>0) ime 

1 = pe 2 

F28. Se a>0 eae Vana ve 
F29. |é|-4 (0<a<1) 2r(1—a) sin Zs \w|1-4 

F30. \t|-@sgnt (0<a<1) —2isgn wI(1—a) cos = loess 

F31. Sint 6(w+2)-0(w-2) 
ve 

2 
F32a. sin at? 2 cos (2 + 2) 

a 4a 4 

2 
2 a eg) 

F32b. cos at 7 cos ( a "| 

F33. h,(t) i”? V2m hp(@) 

: 1\7 } 1 nt+1 

F34, A(t) In(t) iw- = iwt+= 
2 2 

(a2—t2)~ 12 F \t|<a 

F35. {¢ aise 1 Jo(aw) 

F36. u (it)"—1e!‘sent ane (c real, n=1, 2, ...) 

1 
F37. Sosee (a>0) 

wo 
F38. sgnt Sona (a>0) 

oo ka+b 
39. |+ict(jaksgnt+b+kc) GEE (c real, a>0) 

F40. kw+b (c real, a>0) 

l 

FO (w) < g() SR) < & J"e+G+C.0"'O+.-+ C10" Y(2) 

[c means: is Fourier transform of] 

279 



182 

Table of Fourier cosine transform 

F(B), B>0 

F36. (a>0) 
B 

F37. >0 g 

F38. (a>0) £ 2 eB/4a 
2Va 

(0<a<1) 

(a>0) 

(0<a<1) 
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Fourier transforms in higher dimensions 

Two-dimensional Fourier transforms 

Fourier transform F(u, v)= Jf f(x, yet dxdy 
R2 

Inversion formula f(x, y)= SJ F(u, vyei4*+¥Y)dudv 
(27 ea 

Parseval’s formulas f { f(x, y)g(x, y)dxdy= Sf F(u, v)G(u, v)dudv 
ll 

1 
Jf f(x, y)|?dxdy= ny? J |F(u, v)|2dudv 

Properties and table of 2-dimensional Fourier transforms 

Fol. flax, by) (a, b real) iab| F(4 | 

F»2. f(x-a, y—b) (a,b real) e (autbv) F(y, vy) 

F,3. elaXeibY f(x, y) F(u—a, v—b) 

F4. Dy Dyf(x, y) (iu)™(iv)"F(u, v) 

FS. (—ix)'"(—-iy)"f(x, y) uw DyF(U, V) 

F,6. (Fes) y= SIG, n)g(x—&, y—n)d&dn F(u, v)G(u, v) 

Fy]. F(x, y) (2x)*f(—u, —v) 

6(x—a, y—b)=6(x—a)d(y—b) 
e—i(au+ bv) 

1 fa 2 
so ane , 

F,9. eas te Ae (al b>0 e7auw—bv 

: 4aV ab ( ) 

F10 be \x|<a, |y|<b (rectangle) 4sinau sinby 

ahs 0, otherwise 
a 

1, |x|<a (strip) 4tsinau 

FM ee otherwise 
Sone 0(v) 

tele 2 Were] 5 

cei (0 eee ane ere 
aa Ji(ag), o2=u?+v? 
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EA e. 

n-dimensional Fourier transforms 

n 

Notation: f(x)=f(x1, ..., Xn), X* y= = Xii 
1= 

Fourier transform —- F(y)= f f(x)e~®Ydx 
R" 

Inversion formula f(x)=(22)™" J Fly)e* Ydy 

Parseval’s formulas _f f(x) g(x)dx=(2m)~" f Fly)G(y) dy 
R" n 

J If(x)/?dx=(20)-" f |F(y) Pay 
R" R" 

Properties and table of n (3)-dimensional Fourier transforms 

FAs f(ax) (a real) la|-"F(a-1y) 
F,2. f(x—a) e'@’YF(y) 
Fp3. ats 6 9) F(y—a) 
F,4. DYf(S) =D Pee DOF (x) (iy) *F(y)=(iv1)™ ... (ivn) Fy) FS. | (~ix)*f(x) D*F(y) 
Fro. | (Fea)@)= J fa-deoat F(y)G(y) 
Fy7. F(x) (20)"f(—y) ee 

Below, n=3, x=(x, y, z), y=(u, v, w) 

F38. 6(x—a, y—b, z—c) e~i(aut+bv+cw) 
F39. e—*/4a—y7/4b—27/4c 8213/2-\/abc eae —bv?=cw? 

<a, |y|<b, |z|<c (box) 8sinau sinby sinvw 
otherwise uvw 

F310. 
a ore 

kad 

1, |x|<a, |y|<b (bar) 8zsinau sinbv 
Fi. 0, otherwise uy or) 

, |xl<a_ (slab) 82r7sinau ean 5(0)(») 
, |x|<a, y?+z*<b? (cylinder) 2sinau _ 2nb 
, otherwise a 2 (bo), 

(o°=u?+y) 

F312. { 1 
0, otherwise 

1 

0 
F313. 

F314. i x*+y2+4+22<b?2 (ball) 
ae (sinas—ascosas) 0, otherwise - 

(s?=u2+v2+w2) 
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13.3 

13.3 Discrete Fourier Transforms 

Periodic sequences 

Let SN donote the set of N-periodic complex-valued sequences (x(n))nez, 1.€. 

x(n+N)=x(n), neZ 

Unit pulse at k (mod N) 

d(n)= | 
1, n=k+mN, meZ 

0, otherwise 

Discrete Fourier transforms. (DFT) 

The discrete Fourier transform of xeSN: 

N-1 ‘ 

X(u)= - > x(n)W, weZ, W=ern!N 
N n=0 

The inversion formula: 

N-1 

x(n)= - X(u)WH", neZ 
= 

Parseval’s formulas 

1 N-1 — N=1 x v 

L'e, xya= 2, XW YW) 
1 x | pe a x P 

ren x(n) |= a (u) 

Fast Fourier transform (FFT) 

FFT is an algorithm which reduces the number of operations for DFT if N=2”. The number of 

operations using the definition ~N? and using FFT~N - “log N. 

The idea of FFT: 
2m-1 

Xw= 2 xn)wew= 2+ z= 
ie 0 neven nodd 

2m-1—-] 2Qm-1—-] 

=" S x(2k)(W2)-HK + WH x(2k+1)(W?) 
k=0 k=0 

Since W2=exp(—27i/2"—!) these two sums are DFT(N=2"~!). This halving procedure is then 

continued until a sum of DFT(N=2) is obtained. 
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13.3 

Properties and table of discrete Fourier transforms 

DFi. 

DF2. 

DF3. 

DF4. 

DFS. 

DF6. 

DF7. 

x(n) 

N-1 
> X(u) wen 

u=0 

ax(n)+b y(n) 

, SS site Ney= ay Ze Hy 

x(n—p) 

W"" x(n) 

X(n) 

The sampling theorem 

N age? 

X(u) 

a X(u)+b Y(u) 

X(u) Y(u) 

W-HP X(u) 

X(u-v) 
1 
W x(-) 

A continuous bandlimited signal is uniquely determined by its values at uniform 
sampling points if the sampling frequency is greater than twice the maximal 
frequency of the signal. 
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13.4 

13.4 The z-transform 

For sequences (x(n)),=9 the z-transform is defined by 

X(z)= E x(nyz" 

. n 

Inversion formula. x(n)=5— dat (z)z"-ldz= 4 (74) X(z)|z-1=0 (r large enough) 

In practice, x(n) often is determined by series expansion or by using the table below. 

Properties and table of z-transforms 

1, n=0 

0, n<0 
Below 0(n)= 

ze x(n) E x(n)z" 

Zan ax(n)+b y(n) aX(z)+b Y(z) 

ZB. x(n—k)0(n—k)= | ie it 2-kX(z) 

24, x(n+k) (k>0) zkX(z)—zkx(0)—zk-x(1)-....- 

—zx(k—-1) 

2D. a~"x(n) X (az) 

z6. nx(n) —zX'(z) 

xey(n)= 5 x(n—b) y(W) X(2) ¥@) 
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(a complex) 

0, OSn<k-1 1 
EY z10. (5%) Beck sak (z—a) 

k-1 

zi. =e 
z-a 

z Z 

ee Ga | (e-ay | 
B a(zt+a)z 

z13. aa 

z \k+l 
z14. (| 

z—-a 

z 
Z15. ee 

216. 1 sinnd z 
b (z—a)*+b? 

¢ b>0, r=Va’+b*, 6=arctan A] 
a 

FAW 1 in sinn@ a ae 
b (z+a)?+b2 

(a b>0, r=Vae +b’, =n-arctan?) 
a 

z(z—rcos 4) 
18. i 0 >; 

5 re z*—2rz cos O+r? 

rzsin@ 
19. r’sinn@ ae ee 

: ae z*—2rz cos 0+r2 

220. ain! ez 

Recurrence (difference) equations 
An N* order linear recurrence equation with constant coefficients and N initial values: 
(13.1) ee x(n+N—1)+7>kagx(n)=f(n), n=0, 1, 2, ... 
(13.2) x(0), x(1), ..., x(N—1) given 

To find the solution, take z-transform of (13.1) and use z4 and (13.2). This gives X(z), 
from which x(n), n=0, 1, 2, ... are uninquely determined. 
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13.5 

13.5 Laplace Transforms 

Assume that f(t) is piece-wise continuous, apart from finitely many impulses, and that 

J f(t) edt exists for Re s2a. - 

Laplace transform 

F(s)= fe" f(ar= Ae j e*' f(t)dt 

Inversion formula 
, 1 atib ; 1 

= —— = f= jim, Tie ase, F(s)ds, aza 

(if f(t) has no impulses and is differentiable at ¢). 

Applications of the Laplace transform, see sec. 9.3, 10.9 and 13.6. 

Functions with rational Laplace transform 

Limit theorems 

Assume that f(¢) is continuous and F(s)= P(S)i. rational. Then 
O(s) 

jim fO= lim sF(s) if degree P(s)<degree Q(s) 
_—> So 

lim f()= lim sF(s) if all poles (singularities) of sF(s) lie in the half plane Re s<0. 
hoa 

sa 

Rational transforms with simple poles 

Let P(s) and Q(s) be polynomials with degree P(s)<degree Q(s) and assume that the 

zeros sx of Q(s) are simple (real or complex). If 

= ENS) P(s) aA] A2 An 

= G(s) ~ e(s=si(8—52) (Sn) S= Soh Sls 

then 

= ach it P(Sn) nt j = P(sx) 
f(O= O's) Casta S oaeie i.e. Ak O'(s,) 
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13.5 

Properties and table of Laplace transforms 

Li f(t) i e~* F(t) dt 

ty) af (t)+b g(t) a F(s)+b G(s) 

L3. flat) (a>0) t F(s} 

LA. f(t-T)6(t-T)= e eee), ce (T=0) | e-™ F(s) 

oa e “7(t) F(s+a) 

L6. t” f(t) (—1)" Fs) 

Li. f(t) s F(s)—f(0-)* 
L8. fo s* F(s)—s f(0-)—f'(0-) 

Lo. holo) s” F(s)— a st kf(k-1)(Q~) 

L10. f(t)dt : F(s) if 
OF 

é f f@)g(t—nae (F(t), g()=0, ¢<0) 

1 
t 

Ei. 
f flo)g(t—r)de cee) 

L12. f(t) {P(w)du 

E13: f(t+T)=f(t) (periodic) (1-e—75)-1 fe f(ndt 

L14. 6(t) 1 
Li4a. O(t—-T) (T>0) en fs 

E15. 5) (2) s” 

L16. 1, 0(t) ! 

El Fon ot «ethene OR Dectee Fn 

L18. ett poh 
‘Names | 

* In some texts this reads s F(s)—f(0*) if impulse functions are not considered. 
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L20. 

E21. 

E22, 

£23. 

L24. 

125: 

£26. 

) BaP 

128. 

129. 

L30. 

131. 

L32. 

L33. 

L34. 

L35. 

L36. 

13.3 

e#,. n=0, 1, 2ireve 

(1+at)e™ 

sin at 

cos at 

sinh at 

cosh at 

ett—ebt 

a—b 

aet!— bet 
a—b 

(b—c)e” + (c—ae?' + (a—b)e“ 

~ @=by(b= (c=) 
ab—c)e" + b(c—ae”' + c(a—b)e" 

i (a—b)(b-c(c-@) 
a(b—c)e" + b*(c—ae"! +c*(a—b)e" 

- (a—b)(b=o\(c-a) 
e% —e°' -(a—b)te?! 

(a—b) 
ae” —ae®' —b(a—b)te”! 

(a—b)? 

aze" —b(2a—b)e”! — b?(a—b)te”! 

(a—b)? 

e” —(a/b)sin bt—cos bt 

a+b 
ae” —acos bt+b sin bt 

SP 
ae” +ab sin bt+b’cos bt 

a? + b? 

at—sin at 
a 

289 

(s-a)(s—b) 
a se Bee 
(s—a)(s—b) 

1 

(s—a)(s—b)(s—c) 

Panes aera eee 

(s—a)(s—b)(s—c) 
52 

(s—a)(s—b)(s—c) 
1 

(s—a)(s—b) 

fe) Se 
(s—a)(s—b)? 

@ 

(s—a)(s—b)? 

1 

(s—a)(s?+b7) 

S 
(s—a) (s?+ b2) 

§2 

(s —a)(s?+ b2) 

1 

s*(s*+a’) 



L38. 

139. 

L40. 

141. 

L42. 

L43. 

L44. 

LAS. 

L46. 

L47. 

L48. 

L49. 

LS0. 

£51. 

Est: 

L33. 

LS4. 

L55. 

135 

sin at—at cos at 

2a3 

tsinat 

2a 

ae (sin at+at cos at) 
2a 

tcosat 

b sin at—a sin bt 

ab(b?—a*) 

1 ’ 
= et sin bt i sin 

e" cos bt 

eat eatl2 cos EE, Fae) 

sin at cosh at—cos at sinh at 

it (Rea>-1) 

.e 
Vt 

Vt 

Int 

1 e7@/4t a>0 

Tt 

VA: e7@/4t a>0 

1 

1—erf Pea a>0 
t 

eW 12a? a>0 

sin at 
t 

sinaVt 
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1 

(s*-+a*)* 

5 
(s*+a?)? 

Badal 
(s?+a?)? 

s2—q2 

(s*+a*)* 

1 

(s*+a?) (s2+ b?) 

1 

(s—a)*+b? 

Sad 

(s—a)*+b2 

3a2 

sS+a3 

4a3 

s4+4a4 

I'(a+1) 
gat 

{| Zac (1 (2) 9 (5)] 

arctan : 

Va 
2 

ae~#14s/53/2 



59. 

L60. 

Lé1. 

L62; 

L63. 

L64. 

L65. 

L66. 

L67. 

L68. 

L69. 

L70. 

L71. 

L72. 

L73. 

135 

cosaVt 

Vt 

sinhaVt 

coshaV t 

Vt 

sinaVt 
t 

Jo(at) 

J,(at) 

tJo(at) 

tJ;(at) 

tJ,(at) 

t" J,(at) 

Jo(at)—atJ;(at) 

J,(at)/t 

Jo(avt) 

1/2], (aVt) 

Io(at) 

[,(at) 

t Ip(at) 

t I\(at) 

bei 

Via e455 

Vi gea?lAs 53/2 
2 

Vian SVS 

7 erf(a7/4s) 

fils 
Vs+a 

(vVsta—s)" 
asta 

RY 
(e+a2)2 

a 
(+a 

(Vs?+a’—s)"(st+nVs' +a‘) 
a"(s?+a?)3/2 

a"(2n—1)!! 
(2-402) Qn+ D2 

52 

(s?+ qa’)! 

Cvis-bat 5)? 
na” 

e7@/45/5 



BS 

2 L74. | Io(at)+at I;(at) ait 

met A eta 2\n 

Vy I,(at)/t n=1, 2, ... = 

L76. Io(aVt) et 48/5 

n 07/45 L717. | hy (avi) n=0, 1, «. (3) = 

L7B. Po(cos t) I/s 

L79. Pi(cost “ 1(cos t) s7+1 

2+1?)(s2+32)...(s?+(2n—1)?) 80. 4| PPsstoas =1,2f 0—4 Ce ar) 2n(cos 1) E s(s2+22)(s2+42)....(s2+ ny?) 
2+2)(s2+4?)...(s2+(2n)?) 181. P { ee pias LCi el 2n+1(COst) 5 (s2+12)(52+39)..(2+ (2n+1)) 

—1 n L82. Ly(t) n=0, 1, ... ae 

~1/2)" L83. In(t “os ag n( ) (s+1/2)"+1 

L84. Hon Vit)/Vt n=0, 1, ... Va (2n)! (1s) n! pnt 1/2 

Vit (2n+1)! (1-s)" L835. Hon+1(Vt) n=0, 1, ... we 

L86. e %/s 

f()=0, 0<t<a 

f(O=1, t2a 

L87. (e~%—e-5s)/s 

f(j)=0, t<a, t>b 

f()=1, aX<t<b 
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k(t-a) . 

a 

f(j=0, 0StSa 

f(j=k(t-a), tBa 

“fas 1 _ 1+coth(as/2) 

Sti ee) 2s 

a 2a 3a 4a 

L90. ‘ 
k(1—e74) 

kt s 

t 
a 

f(tj)=kt, OSt<a 

f(tj=ka, t2a 

wis tanh(as) 
S 

Ly... | 1 
s(1+e~%) 

a 2a %a 4a 5a 

Wan. 
2a 4a 6a 8a 10a 

tanh(as) 

2as? 
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13.6 

13.6 Dynamical Systems (Filters) 

Filters 

A filter (or a dynamical system) is characterized by an operator L, 
which uniquely transforms an input signal x(t) to an output signal 
y(t)=Lx(t)). Filters are of two kinds: Analog filters, transforming 
continuous time signals, and discrete filters, transforming discrete 
time signals. x(t) ~y(t) 

y=L(x) 

Composite filters 

x() V(b) 

Filters in series 

Feedback 

Definitions 

A filter L is 

(i) linear, if L(axj+bx2)=aL(x,)+bL(x), a and b constants 
(ii) time invariant, if x(t) ~ y(t) >x(t-T) ~ y(t-T), T real 

(iii) stable, if there exists a constant K such that 

|x(t)|<M > |y(0|<KM, all t. 
If a filter L is linear and time invariant, then it is 

(iv) causal, if x(t)=0, t<0 > y(t)=0, t<0 

Note. In the following, all filters are assumed to be linear and time invariant. 

Analog filters 

Fo) is the Fourier transform, F(s) the Laplace transform of f(t). 

Let A(t) denote the impulse response, i.e. 6(t) ~ h(t). 

Step response J(): 6(t) ~J(t)= f h(t)dr; h(t)=J'(t) 

. Lisstable & f \h(1)|\dt<e 

2. L is causal © h(t)=0 for t<0 

x() ~ y=hex(=_[ h(@)x(t—n)de 
9(w) =h(w)<(o) 
et —~ h(w)el 

cos wt ~ A(w). cos [wt+(a)] 

7. sinwt ~ A(w) sin [wt+¢(o)] 

where A(o)=|h(o) k (w) =arg h(w) 

GN Ue 
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13.6 

The transfer function 

Assume that L is causal. The transfer function H(s) is the Laplace transform of the impulse response 

h(t). 
061 

8. Y(s)=H(s)X(s) if x()=0, <0 

9. Filters in series: H(s)=H;(s)H2(s) ... Hn(s) 

Hi(s) 
10. Feedback: HA F5 (3) AS) 

If L is causal and defined by a state equation 

P(D)y(t)=Q(D) x(t), D=d/dt, 

where P(D) and Q(D) are linear differential operators with constant coefficients, then 

H(s)=Q(s)/P(s) 

11. Ifthe transfer function H(s) is rational, then L is stable © All poles of H(s) lie in 

Res<0 and degree Q(s)<degree P(s). 

Discrete filters 

F(z) denotes the z-transform of f(n). The input and output signals are denoted by x() and y(n), 

respectively and the unit pulse at k by x(n). 

Let h(n) denote the response of the unit pulse at zero, he: 

do(n) ~ h(n) 

1. Lisstable © & \h(n)|<~ 

2. Lis causal & h(n)=0, n<0 

Transfer function 

Assume that L is causal. 

The transfer function H(z) is the z-transform of the unit pulse response h(n). 

. y(n)=h*x(n)= _E_x(n-k) [= 2 h(k)x(n-k) if L is causal and x(n)=0, n<0] 
3 

4. Y(z)=H(z)X(z) if.x(n)=0, n<0 

5. Filters in series: H(z)=H,(z)H2(z) ... Hn(z) 

6 H,(z) . Feedback: H(z)= TF (2) Haz) 

If L is causal and defined by a recurrence equation 

N M 
2 beyn-H= oo a;x(n—k) (ax, bx constants) then 

M N 
H(z)= oo ak zhi eolk zk 

If the transfer function H(z) is rational, then L is stable © All poles of H(z) lie in |z|<1 

and MSN. 
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13.6 

Example 

[@=addition [2>=multiplication by a =delay k steps] 

From a block diagram to the corresponding recurrence equation: 

x(n) y(n) x(n) 

5 W(n+1)=x(n)+y(n=1) > y(n+1)-2y(n=1) =2e(n) 

13.7 Hankel and Hilbert transforms 

Hankel transforms 

Hankel transform of orderp F,(y)= f xf(x)Jp(xy)dx [p>- ; 
0 

Inversion formula fal= fi yF p(y )Jp(xy)dy 
0 

co 

Parseval type formulas xf(x)g(x)dx= J yFp(y)Gp(y)dy 
0 

8. O=ag 

o—_= 
x{flx)"dx= J ylFo() Pay 
a te ge 

The Hankel transform of order zero is essentially the result of what one gets when 
making a polar substitution in the two-dimensional Fourier transform for functions with 
circular symmetry. 

Properties of Hankel transforms of order Dp 

f(ax) (a>0) 

xP~'D{x!*f(x)} 
x-PID {xP * lf(x)} 

Ha2. 

Ha3. 
—yFp-1(y) 

yFp+i(y) 
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Ese 

Properties and table of Hankel transforms of order zero 

F(y)=Fo(y) 

flax) (4>0) 

F(x) 

xf'(x) 

Has. fly) 

O(x—a) (a>0) aJo(ay) 

IRO <<a Has. Nee # 1(ay) 

| 1-2 ] 

Ha9. (0<a<2) 4 
2-ap “| il 

Hai0. i 
y 

Hall. Ko(ay) 
x2+a" 

a y 
Hai2. ———. ~Ki(a 

(x2+a?)* 2 (4y) 

1 (sms 
Hai3. ——- _— 

Veta y 

il ey 
Hal4. Grade sift 

Hal5. eae 2ae~Y/4a 

cosax O(y—a) 
Hal6. —— 

: x Va 
Hal. sinax ie 

% a= 

Hilbert transforms 

ih 
Hilbert transform F(y)=(CPV)— ij “ dx (Cauchy Principal Value)= 

-|-2-1)]o 
le eee 

Inversion formula fle)==(CPV)— i} Way 

207, 



3) 7f 

Parseval type formulas ff f(x)g(x)dx= ff F(y)G(y)dy 

J leo)Pde= f |FO)Pay 

Properties and table of Hilbert transforms 

F(x) -f) 
Hi2. af(x)+bg(x) aF(y)+bG(y) 
Hi3. f(x+a) F(y+a) 
Hi4, f(ax) (a>0) F(ay) 

His. f(-ax) (a>0) =F(—ay) 
Hi6. f'(x) F'(y) 
HiT. | aftx) wfo)+ = f fladdr 
HB. | (feg\(x)= Ff fOgee—Hae —(FG\(y) 

, 1 a=t=b 
Hi9. 4 

is otherwise 

Hit0. tea) : 
ma-y) 

Hill. [F a<x<o, a>0 Ee x my ‘a-y 
0, otherwise 

f 1 i 

: 1 y Hii3. — (Re a>0 — —-—_ x2+ 2 ( ) 
a(y?+a?) 

Hil4. = (Re oat) S 
x2+a2 ( ) y2+a2 

Hil5. sinax (a>() cosay 
Hil6. cosax (a>0) —sinay 
Hil7. sinax (a>0) cosay—1 

“ss ¥ 
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14.1 

14 Complex Analysis 

14.1 Functions of a Complex Variable 

Complex numbers, see sec. 2.3. 
2 z-plane W-plane 

Notation ome ae 

w=f(z)=f(xtiy)=u(x, y) tiv, y) 

Differentiation 

f(z) is differentiable at z if 

f'(2= jim Lereey-fe) exists. 
Az 

Remark. f'(z)=Uux' +ivy' =Vy' ily’ 

Analytic functions 

Definition. The function f(z) is analytic in a domain Q if f(z) is differentiable at every 

point of Q. [f(z) is analytic at © if f(1/z) is analytic at 0.] 

Remark. |\z| and z are not analytic functions. 

Some properties of analytic functions 

Assume that f(z) is analytic in 2 with boundary C. Then in Q, 

1. Any order derivative of f(z) exists and is an analytic function. 

2. (Cauchy—Riemann’s equations:) 

au_dv Qu__av 
ox Oy oy Ox 

The converse is true if the partial derivatives are continuous in 2. 

Remark. f(z)=u(z, 0)+iv(z, 9); if (Q=ue 0) tix (z; = 

=u,'(z, 0)—iuy'(z, 0) ete.; f(z)=2u (2,-2} +c=2i [Z.-#}+c 

if f(z) is analytic around zero. 
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. Au=uy,+ty=0, Av=0, i.e. uw and v are (conjugate) harmonic functions. 3 

4. u(x, y)=C1, v(x, y)=C?2 represent two orthogonal families of curves. 

5. ’'Hospital’s rule for limits is valid for a quotient of analytic functions. 

6 . (Maximum — modulus principle.) 

[f(z)|<M on C (C simple) > |f(z)|<M in Q (if f(z) is not constant). [|f(z)| attains 
its maximum (and minimum if f(z)#0) on the boundary]. 

7. f'(a)#0 > w=f(z) has an analytic inverse function z=f—!(w) in a neighborhood of 
a and 

dz dw —< =1/——. 
dw : dz 

8. (Liouville’s theorem). If f(z) is analytic in the entire plane (i.e. an entire function) 
and bounded, then f(z) is constant. 

9. (Schwarz’ lemma) 

(i) f(z) analytic for |z|<1 (ii) |f(z)|<1, f(0)=0 > 

\f(z)|S|z| (equality only if f(z)=cz, \c|=1) 

Elementary functions 

Single-valued functions 

1. z"=(x+iy)", n integer (z#0 if n<0) 

2. e?=e%e'’=e%(cos y+i siny). Period=2zi 

3. cosh z= 5 (e¢+e~7) 4 sinh z=5 (257) 

tanh g== Sib (2+ +3) ; th z—coshz anh z re 5 i | euecothtz gees (z#kmi) 

4. cosz= i (e2 +e), sinz= b (e?—e7 #2) 
2 2i 

tanz= S02 (z# (+4) 2), cot z= SO8Z (z#km) COS Z 2 sin z 

cos iz=cosh z, siniz=isinh z 

cosh iz=cos z, sinhiz=isin z 

(Formulas for real elementary functions (cf. chapt. 5) are valid also in the complex case. ) 
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Multiple — valued functions 

5. logz=In |z|+iargz=Inr+i(@+2n7) 

(infinitely-valued) 

Principal branch: 

Log z=Inr+i0, —7™<@S7 
branch point branch cut 

6. z4=e4!082, q non-integer 

(i a=f €Q then q-valued, ifa¢Q then s-valued 

Example 

1. log 2i=In |2i|+i arg 2i=In 2+i ic +2na] 

~ (F+2nn)+iin2 
2. (dimes 2i=e =e W2—2nz [cos(In 2) +i sin(In 2)] 

A survey of elementary functions 

w=f(z)=f(xtiy)=u(x, y)+iv(@, y), r=|z|\=Vx'+y’, O=argz 

Inverse Isolated 

singularities 
Zeros 

(K=O; 2) 
Function | Real part Imaginary part 

w=f(z) u(x, y) 
m=order m=order z=f—'(w) 

2, m=1 (pole) w 

2, m=2 (pole) wil2 

0, m=1 (pole) 1/w 

ey 1/2 aes 0, m=2 0, m=2 (pole) w 

1 
—x+r\2 ; ; 

ae (=e) 0, branch point 0, © branch points| w2 

e* cos y e*siny = co (ess. sing.) log w 

cosh x cos y sinh x sin y (+5) ml, m=1 oo (ess. sing.) log(w+Vw2—-1) 

sinh x cos y cosh x sin y kri, m=1 co (ess. sing.) log(w+ Vw2+ 1) 

sib ey kni, m=1 K+] ni, m=1 |= woe [| 
cosh2x+cos2y | cosh 2x+cos 2y 2 2 1-—w 

(poles) 

oo, (ess. sing.) 

Inr 0+2ntT 1 (princ. branch), | 0, branch points} e” 

m=1 

cos x cosh y —sin x sinhy [+5] 1, m=1 oo (ess. sing.) —ilog(wt+Vw2-1) 

sin x cosh y cos x sinh y kn, m=1 © (ess. sing.) —ilog(iwt+ V1—w2) 

sin 2x sinh 2y ee yes (i+5}. a i toe (| 

cos2x+cosh2y | cos 2x+cosh 2y 
3} 2 1—iw 

(poles) 

2, (ess. sing.) 

301 



14.2 

14.2 Complex Integration 

Basic properties 

Definition 
b 22 

J f(z)dz= J f(z())z'(Odt= a 

= {(utiv)(dx+idy) Zz 
(G 

C: z=z(t), a<t<b 

Properties 

1. | f f(z)dz |<J|f(z)|-|dz|<M- L, if | f(z)|SM on C, L=length of C. 
G (e 

2. If f(z) is analytic in a domain containing C and F(z) is a primitive function of f(z), 

then 

Bg alien) 

3. (Cauchy’s theorem) 

f(z) analytic on and inside a closed curve C > $f(z)dz=0 
G 

4. (Morera’s theorem, converse of Cauchy’s theorem) 

(i) f(z) continuous in a region 2 

(ii) $ f(z)dz=0, every simple closed curve C in Q 
Cc 

> f(z) is analytic in Q. 

5. If f(z) is analytic in a region with a finite number of 

“holes” (where f(z) is not necessarily analytic), then 

J f(z)dz= J f(z)dz+ f f(z)dz+... 
C G CG; 

6. If f(z) is analytic on and inside a simple closed curve C, 

and a is any point inside C, then 

(7) (Cauchy’s integral formula) 

fay= 1 gla, 
Pantie a Cc 

tig nicm de 
c (z- (z—-a)"*1 fin(ay= 

oni 

(ii) |Fa|<¥ i : ; : : 
oo if C is a circle with centre at a and radius=R, 

WwW oa ie) 
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Residues 

Res f(z)=c-1, i.e. the coefficient of (z—a)~! in the Laurent series expansion of f(z) [cf. 
Z2=@ 

sec. 14.3]. 

The residue theorem 

Assume that f(z) is analytic on and inside C except at finitely 

many points aj, a2, ..., dn. Then 

fl wath Me 

aa $iZ)dz= 2 Res f) 

Calculation of residues 

1. Determine c_; in the Laurent series expansion. 

2. Simple pole: Res f(z)= lim (z—a)f(z). [l’Hospital’s rule may be used]. 
zZ=a za 

In particular, if f(z), g(z) analytic, f(a)#0, g(a)=0, g’(a)#0, then 

ff) _ f(a) 
Ome iO} 

3. Pole of order me: Res f(z)= tt ea (2\"" {(z-a)™f(z)}. 

Calculation of definite integrals 

i —z-! z+2z7!)\ dz 
1. f R(sin@, cos 0)d0=[z=e]= R (2 eS aes) Hen 

S ( ) ] oe 21 2 1Z 

2. If f(z) is analytic in the upper half-plane Im z>0 except for finitely points aj, ..., a, above the 

real axis, and if |zf(z)| > 0 as z >=, then 

j f(x)dx=2n1 a Res f(z) 

3. If Cr: z=Re9, 0<O<m and if |f(z)|<M-R-*, (M, k>0 constants), then f f(z)e7'™ 7dz > 0 
Cr 

as R>&, 

elx 

x2+a? 
2 COosx 3 

E le. J= dx=Re 
Re J x2+a? J —0o mad 

dx, a>0. 

Set f(z)= =: Resf(z)=e~# lim 2— =[1'Hospital’s rule]= 
zt+a* z=ia z>ia Z2+a7 

1 Oe \z\e-Y |z| 
=e? lim — = . Furthermore, |z f(z)|= < —> J0asz—>” 

F pest on ef)! \z2+a?| |z*+a°| 

—a —@ 

Thus, J=Re (271 e — 
2ia a 
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Calculation of sum of infinite series 

Assume that |f(z)|<constant |z|~¢, a>1 as z >. 

ie S f(n)=—[sum of residues of mf(z) cot zz at all poles of f(z)]. 

2. 5 (—1)"f(n)=—[sum of residues of= — : at all poles of f(z)]. 

moon + Res 

z=ia z°+a? z=-ia 2°+a 

17 cot 1Z 
>a 7 coth ma 

a 
Example. X nisl * 4 

—o N~ 

14.3 Power Series Expansions 

Taylor series singular 
~~ Point 

If f(z) is analytic in a neighborhood of z=a, then 

fle)= E an(2—a)", a=) 

Radius of convergence R=distance to the nearest singular point, or 

z= lim sup V A= im Va he iat 
n>o hee 

Gnt+1 

an 
if they exist. 

Example. Sought: Taylor series of Log(2z—i) about z=0; Log(2z—i)=Log[—i(1+2iz)|= 
=Log(—i)+Log(1+2iz)=—in/2+2iz—1/2 (2iz)*+... 

Table of series expansions, see sec. 8.6. 

Laurent series 

If f(z) is analytic in an annulus about z=a, then 

f@= EF enlz—ay", = § LO ae 
2mi C (z—a)"*} 

R, and R2 radii of convergence: 

i = lim sup We R,= lim sup V/ Ca 
n> n> 

f(z) has singular points on the circles |z—a|=R;j, i=1, 2. 
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Example. 

Sought: Laurent series expansion of f(z)= oh in the annulus 1<|z—2|<3. 
oN 

14.4 Zeros and Singularities 

Zeros 

Assume that f(z) is analytic (and #0) in a neighbourhood of z=a. The point a is a zero 

of order n if f(z)=(z—a)"g(z), where g(z) is analytic and g(a)#0. 

Remark. ais a zero of ordern & 

fla)=f (a)=...=fl" D(a)=0, f(a) #0 

Singularities 

z=a is a singular point of f(z) if f(z) fails to be analytic at a. It is isolated if there is a 

neighbourhood of a in which there are no more singular points. 

Classification of isolated singularities. 

The point z=a is 

(i) a removable singularity if lim f(z) exists. 
zZ—a 

(ii) a pole of order n if f(z)=(z—a)~-"g(z), where g(z) is analytic, g(a)#0. [The 

Laurent series expansion about a contains finitely many negative power 

terms. | 

(iii) an essential singularity otherwise, in which case there are infinitely many 

negative power terms in the Laurent series expansion about a. 

Furthermore, branch points of multiple-valued function are examples of non-isolated 

singular points. 

1. (Picard’s theorem) 

The point z=a is an essential singularity of f(z) > Every neighborhood of a contains 

an infinte set of points z such that f(z)=w for every complex number w (with the possible 

exception of a single value of w). 

[Example. f(z)=e.. Essential singularity at z=0, exceptional value w=0]. 

2. An isolated singular point z=a is a pole © lim |f(z)|=©. 
i AE 
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The argument principle 

Assume that f(z) is analytic inside and on a simple curve C 

except for a finite number of poles inside C, f(z)#0 on C. 

Let N=number of zeros, P=number of poles inside C 

(including multiplicity). Then 

spk tear ie | N-P= oe $2) dz= = Acarg f(z) 

Rouché’s theorem 

w-plane 

w=f(z) 

Acarg f(z)=47 

N-P=2 

Assume (i) f(z), g(z) analytic on and inside a simple closed curve C (ii) |g(z)|<|f(z)| 

on C. Then f(z) and f(z)+g(z) have the same number of zeros inside C. 

14.5 Conformal Mappings 

Assume that f(z) is analytic. The iia dla 

mapping w=f(z) is conformal Ce 

(i.e. preserves angles both in a 

magnitude and sense) at zg if < C; 

f' (Zo) #0. 

Remurk The Jacobian <<" =A CA lee 
a(x, 

Riemann’s mapping ee 

Assume that £2 is a simply connected region with boundary C. Then 
there exists a mapping w=f(z), analytic in 2, which maps Q 
one-to-one and conformally onto the unit disc and C onto the unit 
circle. 

The bilinear (Mobius) transformation 

ate The mapping Aas ee 7 aa bc#0) maps 

(7) circle — circle or straight line 

(ii) straight line — circle or straight line 

Invariance of cross ratio 

(w—w1)(w2—w3) _ (z2—21)(z2—23) 
(w—w3)(w2-w 1) (z—23)(Z2—21) 
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Inverse points 

z and z* are inverse points 

(i) with respect to a circle if 

(z*—a)(Z—-a@)=R? 

(ii) with respect to a line if 

(b-@)(z*—a)=(b—a)(Z—2) 

Invariance of inverse points 

Pairs of inverse points are mapped to pairs of inverse points (with respect to 

corresponding circles or lines). 

Preservation of harmonicity by conformal mappings 

Assume that a 
w=u+tiv 

(i) h(u, v) is harmonic in w-plane. 
(ii) f(z)=u(x, y)t+iv(x, y) is an analytic function map- 

ping 2 conformally into Q’. 

Then 

A(x, y)=h(u(x, y), v(x, y)) is harmonic in Q. 

Remark. 22 =00naa' > 24=0 on aa. 
on on 

Cf. Poisson’s integral formulas, sec. 10.9. 

Special conformal mappings 

Mappings onto the upper half plane 

Mapping 

w=d (z=—a)+c 
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Mapping 

9. w=e iS 

(6 arbitrary) 

1 
Ww =a 10. ‘a 
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Mapping 

Composite mappings 

Example. Find a conformal mapping of the circle sector 0<arg z<7/4, |z|<1 onto the unit 
disc |z|<1. 

Solution. 

Zz 

(i) 2;=2* 

(ii) zat 

(iii) 23=z2? or directly by 8: 23= (+44) : 

(Fic eal +z4)?—i(1—z4)? 
iv) By 11: w= ———— 
ad z3ti  (1+z4)?+i(1—2z4)? 

Miscellaneous mappings 
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( ) 

we 

l1-2z 

Parabola v? = —4a*(u—a?) 
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S 1+ bce—¥(1—b?)(1 -c?) Rs 1—be- (1—b?)(1 —c?) 

b+c b-c 

Do: é 

z-a 
we 

1 -—az 

_ 1+bc-y¥ (b2- 1)(c? - 1) ee 1— be—¥ (b2 — 1)(c? - 1) 

b+c b-c 
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A xy =C; 

S12 



14.5 

w=f 
(1 —22)(1 —k?1?) 

et 



i 
a 

1 

a-1 
yo = cosh! (=—41) > avon | Se) 

es (a-1)z 
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183 Optimization 
(In this chapter all functions are assumed to be ‘“‘smooth enough”’.) 

15.1 Calculus of Variations 

The calculus of variations treats the problem of finding extrema of functionals, i.e. real 

valued functions having functions as “independent variables’. Below, necessary 

conditions (the Euler-Lagrange equation (15.1), the solutions of which are called 

extremals) are stated for some different kinds of variational problems. Sufficient 

conditions can be formulated (e.g. Weierstrass’ theory on strong extrema). However, 

“common sense” may often be used to establish the sufficiency. 

Problem 1 (fixed end points) 

Find a function y=y(x) that minimizes 

1y)= [FCs y, yer 
y(a)=a, y(b)=8 

for a given function F(x, y, y’). 

Necessary condition for solution: 

aF_d(oF Shae oF | x0 ast) 4(2F) e 

Ee oy yy Hy 
In particular, if F=F(y, y’) then (15.1) implies 

(15.2) Fay) FC (C constant) 

Remark. The equation (15.1) is an ordinary differential equation of 2"4 order. Combined 

with the boundary conditions y(a)=a and y(b)=f the problem to be solved is a 

boundary-value problem. 

315 



15:1 

Example. 

Find that curve y=y(x) connecting two points (a, a) and (b, 8) which has the property that 
the area of the surface of revolution, arising as the curve rotates about the x-axis, is 
minimized. 

The functional to be minimized is 

b 

I(y)=27 f yV1+y" dx. 

The equation (15.2) takes the form 

Misty Daley eG 
> 1+y’?=c;y* with solution 

y(x) = cosh c;(x+c). 

Thus, the extremals are catenaries. 

Weierstrass-Erdmann corner condition 

Assume that the system 

OF = ok 
Oy’ y'=k, oy’ y'=k, 

OF OF F-y' & =|F—y' = 
| i: al y'=k, | a a y'=k, ky=y(c-) 

has at least one solution with kj#k2. Then the curve y=y(x) 
that minimizes J(y) may have corners. 

Example. 

I(y)= fy(1-y'Pax; y(0)=0, y(2)=1. 

In minimizing J(y), note that J(y)=0, all y. Furthermore, 
I(y)>0, if y(x) has continuous derivative on (0, 2], but J(yo)=0 
pe ra(e)={P 0<x<1 

ial ee ee 

which is an extremal in this case. 

Problem 2 (several functions, fixed end points) 

Find functions yj=y,(x), i=1, ..., n, that minimize 

b 
I(y1, 1 Yn)= FC, Visas Vag VE Ga ae Oe 

yila)=a;, yi(b)=B;, i=1, ..., 1 
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Necessary conditions for solution: 

SF _d (2F) 0 oe 
dy; dx\dy; f satis 

n n 
pnb wt = ' ”" ay « ”" wn" fe 

Ey er eee er FeAl od Fait C= earl 

(System of n ODE of 2"4 order.) 

Problem 3 (Higher derivatives) 

Find a function y=y(x) that minimizes 

b 

IQ)= J P(e, y, Y's YO) dx 

y®)(a)=az, y(b)=B,, k=0, ...,n-1 

Necessary condition for solution: 

A araty agate al au J=0 
dy dx\dy’ dx" \ay) 

Problem 4 (Free boundary values) 

Find a function y=y(x) that minimizes 

b 

Ky)= J FQ, y, y') dx 
No conditions on y(a) and (or) y(b) 

Necessary conditions for solution: 

Condition (15.1) and 

= (x, y(x), y'(x))=0 at x=a (and x=b). 

(natural boundary conditions). 

Problem 5 (Transversality) 

Find a function y=y(x) (and ¢) that minimizes 

y= [ F(x, y, "Vax 
y(a)=a, (t, y(t)) has to lie on the given curve 

y=8(x). 
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Necessary conditions for solution: 

Condition (15.1) and 

Frise ay pete x . oe (-») ay! =0 at x=1 (transversality condition) 

(Analogous condition if the left end point lies on a given curve.) 

Problem 6 (Side condition) 

Find a function y=y(x) that minimizes 

b 

Iy)= J F(x, y, y")dx 
y(a)=a, y(b)=B and 

b 

J(y)=JS G(x, y, y’)dx=Jo (constant) 
a 

Necessary conditions for solution: 

y(x) has to satisfy the Euler-Lagrange equation for 

b 

J (F+A G)dx, A4=constant, 
a 

b 

[or for f Gdx (degenerate case)]. 
a 

The extremals may be written in the form 

y=y(x, A, 1, c2) 

Determine /, c; and co from the boundary conditions and the side condition. 

Example. (The classical isoperimetric problem.) 

Find that curve y=y(x) connecting the points A and B 
and having given length L which has the property that 
the area between the curve and the x-axis is maximal. 

A b b 
Set I(y)= Jf ydx, J(y)= f(ty”?)!?dx=L. (b, 0) 0 0 

Length=L>b 

Y=VX) 

b 
The Euler-Lagrange equation for the functional f [y+A(1+y’2)!]dx is 

0 
1-1 £ pidty)!7]=0; y"(1+y’?)-32=1/A=constant. 

This shows that the extremals have constant curvature and hence are parts of a circle. There 
is exactly one such through the given points having length L.. This result can easily be used 
to show that the circle is that curve of given length which encloses the greatest area. 
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Variational formulation of boundary value problems 

As an example, consider the boundary value problem 

(15.3) —[p(x) y'(x)]' +(x) yx)=h(x), a<x<b 

y(a)=y(b)=0. 
In this case, the equation (15.3) is the Euler-Lagrange equation (15.1) of the functional 

b 

I(y)= J (py'?+qy?—2 hy)dx 
a 

Ritz’ method 

Often, the Euler-Lagrange differential equation cannot be solved exactly so that approximative 
methods have to be used. Consider Problem 1 above and assume y(a)=y(b)=0. [If this condition 

is not fullfilled, replace y(x) by y(x)—a—(B—a)(x—a)/(b—a)]. Now, let y,=a1Q1+...+AnQn, Where 
f1, --+> Pn are linear independent functions on [a, b] satisfying y,(a)=,(b)=0, all k. Then, for 

yn to be an approximate solution of the problem, the parameters a, have to be chosen such that 

(15.4) 8I(yn)/Bax=0, k=1, ...,7n 

Example. 
1 

I(y)= S(y"?—y?—2xy)dx, y(0)=y(1)=0. 

Set ya(x)=argi(x)+arp2(x), gi(x)=x(1-x), G2(x)=x*(1-2). 

Determining a; and a by (15.4) yields the approximate solution 

y2(x)=(71x—8x?—63x3)/369. 

The exact solution, determined by (15.1) is 

peste 
fe sin 1 

The difference y(x)—y(x) is of order 1074. 

Problem 7 (Several variables) 

Find a function u=u(x, y) that minimizes 

I(u)=Jf F(x, y, Uy, Uy, Uy) dxdy 

D 

u given on 0D 

Necessary condition for solution: 

3 c) a 
Fy 5y (Fu) By Fuy) 0 

Control systems 

Notation: x=(%1, ..., X,)'ER” 

u=(Uj, ..., Um)'ER™ (control variable) 

SH, «5 fn)'ER" 

OF | Of; 
, NnXn—matrix 

Ox Ox; 
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Problem 

ty 

Find min f fo(¢, x(t), u(t))dr if 
a) 

x(N=f(t, x(X), u(d) 
(15.5) X(to)=xo, X(t) =x} = 

u(t)E QcR™ (admissible controls) 
(to fixed, t; free or fixed) 

Necessary conditions for extremum (Pontryagin’s maximum principle): 

Introduce the Hamiltonian function 

A(t, x, u, no, n)=nofolt, x, u)+nf(t, x, u), 

where no is a scalar and 7 a row vector. If u* is an optimal control on [¢, t;*] and x* the 

corresponding solution of (15.5), then there is a constant 7)<0 and a row vector function 
n(t)=(71(t), ..-, Mn(t)) with the following properties for te[f, *]: 

(i) Q)=- P= Le HO, wo)=nly Z (2°, wX(0) 
(ti) (no, n())#(0, 0) 

(ui) H(t, x*(0), u*(D), m0, nD) = Hewes x*(t), u, no, (0) 

(iv) If t; is free, then r* also satisfies 

A(ty*, x*(t)*), u*(t1*), no, n(t1*))=0 
(v) Furthermore, if f and fp are independent of f, then 

A(x*(t), u*(t), no, n(t))=constant 

Remarks. 

1. In most applications 79#0, in which case one may take no=—1. 
2. The condition x(¢;)=x, means that all components of the vector x(t;) are fixed. If instead only 

some of the components are required to be fixed while the others are free, then the components 
of n(t;*) corresponding to the free components of x(t;) are 0. (This is a transversality condition). 
In particular, if x(t,) is free, then 4(t;*)=0. 

Special case 

a. If fo=1, 4 free (minimum time problem), then there is 7(t)#0 such that for te[to, t)*], 

() 0=-n0 FO, w*(0) 
(it) nO fit, x*(O, He tes MOS x*(t), u) 

b. In particular, if (15.5) is linear, i.e. x=A(t)x+B(t)u, then 

(i) nO=—n( AW) 

(ii) y(t) Bt) u*(t)= max n(t) Btu 
ueQd 
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15.2 Linear Optimization 
rately ace Chl xi 

Notation. A= |... ped ax, Lg C= (X1, cry LH KEYS Xpeyy, all 

Am1 eee Amn Xn 

Linear optimization (linear programming) 

Canonical form 

(CLP) Find minimum of the object function Find min c'x 

Cie Gat ye if eet 

with the constraints ee 

Alice iin On 

Opniticoeee nnn knsorn 

x20, alli 

Standard form 

(SLP) Find min(cjx1+...+¢nXn) Find min c'x 

if ayixit...+ainxneby if ara 
9S 

x20 

Am1x1+ eee +AmnXn=bm 

xj=0, all i 

An (SLP) can be transformed to the following (CLP) by introducing slack variables 

S1, -.-» Sm defined by s=Ax—b: 

Find - min (cjx1+...+¢nXp) Find min cx 

if Ayjx{+...+dipkn—5S1 =] S if Ax—s=b 

x20, s=0 

Am1X1+..-+AmnXn—Sm=bm 

= OS = Onedllen 

The dual problems 

The dual problems (D) corresponding to the above primal (P) LP-problems are: 

(CLP)p Find max b’u (SLP)p Find max b'u 

if Alu<c if A'tus<c 

No constraints on u u=0 

Optimality criterions 

A feasible solution of an LP-problem is a vector x (or uw) that satisfies the constraints. An optimal 
solution & (or i) is a feasible solution that minimizes (maximizes) the object function. 
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1. If x and wu are feasible solutions of (P) and (D) respectively, then 

(i) b'us<c'x 
(ii) b'u=c'x > x and wu are optimal. 

2. (Duality theorem. ) 

(i) If both (P) and (D) have feasible solutions, then there exist finite optimal solutions 
¥ and ad, and c'k=b'd. 

(ii) (P) [or (D)] has no feasible solution © 

(D) [or (P)] has no finite optimal solution. 

3. (The complementarity theorem) 

Assume that £ and @ are feasible. Then the vectors £ and @ are optimal solutions of (P) 
and (D) respectively if and only if (all i and j) 

iG n 
2 ag > 0; > 4;=0 uj>0 = 6 ma aj X=; 

‘ or equivalently m m 
2a Uj<Cj = £=0 Xj>0 > 2 aij uj=C; 

The Simplex method 

Basic solutions 

Assume that the system Ax=b has been transformed to echelon form by Gaussian 
elimination. A solution in which all free variables (i.e. variables not corresponding to 
pivots) are zero, is called a basic solution. [Referring to the example of sec. 4.3, x=2, 
y=2, z=0, u=0 (u free) is one basic solution of that system.] The number of basic 
solutions of Ax=b is at most (,), where n=number of variables, m=rank of A. A feasible 
basic solution is a solution with all x;=0. 

If an LP-problem in canonical form has an optimal solution, then at least one 
feasible basic solution is optimal. 

The Simplex algorithm 

Consider an LP-problem of canonical form, 

(LP: 1) min(cyxj+...+¢pxX,)=min c'x 

Aires -aintn 1 

dy are: 

Cras tate Onan =O x>=0 

0) tol weer 

and assume that rank (A)=m and b30 (if necessary, change the sign of some equations). 
The simplex algorithm is a method of finding an optimal basic solution of the problem. 

To begin with, it may be difficult to find a feasible basic solution. Therefore, artificial 
variables yi, ..., Ym are introduced as follows: The original problem is replaced by the 
new LP-problem 
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(GP 2) min(cyx1+...+CnX%,+yit...+ym) 

Q41X1+...+anxXnt+yi=b1 

aoe eegats 

Am1X1+ ... FAmnXnt+V¥m=bm x20, y=0 

xi=0, yp20, i=1, ..., n, K=1, ...,m 

If (LP 2) admits an optimal basic solution with y=0, then the corresponding vector x 
is an optimal basic solution of (LP 1). Note that x;=0, i=1, ..., n and ye=b20, k=1, 
..., M, is a feasible basic solution of (LP 2). The simplex algorithm now consists of two 
phases. (In order to get all yj=0, phase 1 obtains a solution of the problem 
min(yi+...+ym) if Axty=b, x>0, y>0): 

Phase 1 (Finding a feasible basic solution of (LP 1)) 

Initial tableau Box scheme 

The stars are below the basic variables (unit vectors). In box (2) is an identity matrix. 

Change of basic variables. (Cf. the example below) 

1. Look for the smallest number in box (7), say d;. Mark with an arrow. This means 

that x; will enter the basic solution. 

2. Look for that number in box (1) below xj, say aj, which is positive and for which 

the quotient of the b-element of the it) row and aj; (i.e. bj/ajj) is minimal. Mark with 

a ring. 

3. Divide each element of the i'® row by ay. 
4. Pivot (Gauss eliminate) so that all other numbers of the jt® column in the boxes (1), 

(4), (7) will be 0. Move the star from below y; to below x;. 

5. Repeat the above procedure until all the basic variables are components of the 

x-vector (i.e. all stars below box (7). Check that the number in box (9) is zero. 
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Example (Phase 1) 

min(x}+x2+3) 

X1—-X2+x3=1 

—X1+2x2+2x3=3 

X1, X2, xX320 

Tableau 1. 

iliees) ete [Note 7 ; 

Since there is no negative number in box (7), Phase 1 is now finished. A feasible basic solution 
of (LP 1) is x3=0, x2=1/4, x3=°/4 (look at box (3)). This solution is in fact optimal because there 
is no negative number in box (4). Also the dual solution may be obtained by tableau 3. Changing 
the signs in box (5), the dual solution is u;=0, w2=1/2. Also changing the sign in box (6), this is 
the value of the object function. 

Phase 2 (Finding an optimal basic solution of (LP 1)) 

(If there is a negative number in box (4)): 

By phase 1 a feasible basic solution of the original problem is obtained. But is it optimal? 
The optimum criterion is that alla numbers in box (4), the so-called reduced prices, are 
20. If this is not the case, continue the procedure above until all elements in box (4) 
are 20. 

Remark. In phase 2 the boxes (2), (5), (7), (8), (9) may be cancelled if only the solution 
of the primal problem is required. 
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The linear transportation problem 

Goods are transported from m depots (i=1, ..., m) to n consumers (j=1, ..., n). Assume that 

(i) the transportation cost of one unit from depot i to consumer | is Cij, 
(ii) bj=quantity of goods available at depot i 

aj=demand of consumer j 

(iii) 2, Fs) 

The transportation problem 

Find min 2 CijXij if 

ij 
m . 

2 ti % j=l 

n . 

ra a P=), ines IM 

Xxj20 

For the solution the simplex algorithm may be used or, alternatively, the more efficient 
transportation algorithm. 

15.3 Non-linear Optimization 
(Cf. methods in sec. 10.5) 

Problem 

(NLP) Find minf(x, ..., x) if Find min f(x) 

8101, -.-; Xn) S0 & if  g(x)<0 
(15.6) Daag: 

ian xn) SU 

Remark. A constraint of the form gj=0 may be replaced by g;<0 and —g,;<0. 

Optimum conditions 

The Lagrange function L(x, u) is defined by 

L(x, u)= flee) + wg) =fry os Xn) + Bui gies «5 Xn) 
(The u; are called Lagrange multipliers or dual variables.) 

Necessary condition for optimum (the Kuhn-Tucker theorem) 

Assuming a convex* (admissible) domain: 

If € is optimal of (NLP), then there exists a vector 420 such that 

3 $70 at (f, @), i=1, ...,.n 
(15.7) 

ij gi(£)=0, i=1, see g IN 

Vectors x satisfying (15.6) and (15.7) are called KT-points. 

* The result is valid also for more general domains satisfying “constraint qualifications’, i.e. all ‘‘normal”’ 

domains. 
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Convex functions 

A function f of n variables is convex if 

fdx+(1—-A)y)<Af(x)+(1-A) f(y), O<AS1 

The function f(x) is convex in a domain D © the Hessian matrix 

is positive semi-definite (cf. sec. 4.6) in D. 

| If f, 21, ---, m are convex, then every KT-point is optimal. 

Algorithms for finding extrema ets 22 

The golden ratio method (one variable) ic) 

Algorithm for finding the minimum point < of a (convex) function f(x) in the interval 

[a, b]. Below, a sequence of intervals [a,, by] is constructed recursively so that they form 

a nest of intervals contracting to the minimum point x: 

Let r=(V5—1)/2. 

x14 

OX; 

X X12 

Step 1. Set aj=a, b}=b, x1,;=a,+ (1—r)(b1—4@)), x12=a1+r(b1—a}) 

Step n. 

an 

Xn2 

an+(1—r)(%n2-4an) Xn2 

Xnl 

Gradient method (several variables) 

Iterative method of finding the optimum point £. 

1. of (NLP) without constraints: 

. Starting point x9. 

2. Xe41=X_ t+ vy, trealizing min f(x,+tv,), where the direc- 

tion vz, is chosen as 

(a) v%x=—grad f(x,) or 
(b) vy=Hf(xx)~! grad f(x;), where Hf is the Hessian 

matrix of f. 

(To find the minimum, use e.g. the golden ratio algorithm.) 
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Note that if fis quadratic, i.e. f(x)=x'Ax+b'x+c, then grad f(x)=2Ax+b (A symmetric). 

Other descent methods may be used, e.g. cyclic search in the coordinate directions. 

2. of (NLP) with constraints: 

Transform problem (15.6) to an (NLP) without constraints, using a penalty function R(x): 

0 : , 
If R(x)= | aes , then (15.6) is equivalent to: 

Find min(f(x)+R(x)) without constraints. In practice R(x) is approximated by Rj(x)[R,(x) > R(x) 
as A > ~], e.g. Ry(x)= Lexp(Aigi(x)). 

t 

(Key-word: SUMT = Sequential Unconstrained Minimization Techniques) 

15.4 Dynamic Optimization 
t=N, N-1, ..., 1, 0 recursive variable, x(t)=state variable, u(t)=decision variable (x and 

u may be vectors). 

Discrete deterministic dynamic programming 

Problem : N 
Find min [fo(x(0))+ 2 filx(t), u(t))] 

if x(t)e X(t), O<t<N 
u(t)eU(t, x(t)), 1St<N 
x(t-1)=T,(x(0), u(t)), 1St<N 

(x(N) given) 

A policy sn consists of values of x(N) and u(N), ..., u(1) with x(t)eX(t) and 

u(t)e U(t, x(t)), t=1, ..., n. If the value of the above object function (obtained by sy) 

is denoted by f(sy), then an optimal policy $n satisfies f(S)<f(sn) for all admissible 

SN. 

Bellman’s optimality principle 

An optimal policy Sy has the property that Ss, is an optimal policy from level t=k to t=0 with initial 
value x(k). 

Algorithm for dynamic programming 

Tet f(x(0)) =fo(x(0)) for each x(0)eEX(0) 

2. Recursively for increasing t=1, ..., N, find for each x(t)eX(0), 

fice) =min[ fer), uO) +h-ae(t-))], 
where x(t—1)=T,(x(#), u(¢)) and u(t)eU(t, x(t). me 

3. For each ¢ and x(t), storg one value of u(t), denoted u,(x(t)), which realizes f,(x(t)). 

4. Set (if x(N) is not given) fy= min  fr(x(N)), realized by ¢(N). 
x(N)eX(N) 

Then joa is the minimal value of the object function and an optimal policy sy is defined 

by 
x(N)=X(N), u(t)=ax(t)), x(t-1)=Ti(x(d), u(t), t=N, N-1, ..., 1. 
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Stochastic dynamic programming 

Given: 

(i) Object function: wo(x(0))+ = w(x(t), u(t) 

with state variable x(t) and decision variable u(t)=u(t, x(t) 

(ii) probabilities: For each u(t), pjx(t, u(t, j))=P[x(t-1)=k|x(t)=j, decision u(t, j)] 

For a strategy z, let f(z) be the value of the object function and let Ef(z) be the expected value 

of the object function. 

Problem 

Find an optimal strategy Z that minimizes the expected value of the object function, i.e. 

Ef(2)SEf(z) 
for all strategies z. 

Algorithm for stochastic dynamic programming 

1. For each state value x(1)=), find 

AlW)= min (ws, uC.) 2 pul. w(. f)w0(K) 
2. Recursively for t=1, ..., N, find for each j, 

a) : meth RS 
f= pes Be u(t, J+ 2 piel, ult D)f-1(k)) 

3. The minimum realization values of u(t, j) are denoted u,(j) and they constitute the optimal 

strategy 2. 
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16 Numerical Analysis and 
Programming 

16.1 Approximations and Errors 

Errors 

Errors in numerical computations are due to 

a) errors in input data, 

b) round-off errors, due to the use of a finite number of digits, 

c) truncation errors, due to approximations, 

d) mistakes in numerical computations. 

Let ao be an approximation to a. 

The absolute error &g of ao iS Eg=ag—a. 

: sioeee 
The relative error of ag is Fi 

0 

Ea—b=Ea~ Eb 

Ealb _ €a_ €b 
alb a b 

Ef(a)~f' (a0) €a Ef(a, b)~€a fa' (a0, b0)+€b fo'(a0, bo) 

If \eq|<6a and |e,|<dp then 

\ea+b|SOatOp \ea—b|<OatOp 

Eab ieee et Ealb <a 4 Ob 

ab la| |b alb la| |b| 

More general let x9, ..., x? be approximations to x1, x2, ... Xn and let f=f(x1, ..., Xn). Then 

with e=x—x; 

ef er fa, (x4, ax) At Enkei: ea) 

In the special case f =x‘... xkn 

rp~kyrnt...t lente 

where rf, 71, «--, Tn are the relative errors of f, x1, ..., Xn- 
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Convergence of order k 

Let {a,}{ be a sequence of approximations to a with 

lim a,=a 
no 

The convergence is of order k if 

|an+1—a|<A|a,—a\*, n>N, A constant. 

For k=1 the convergence is linear, for k=2 it is quadratic. 

16.2 Numerical Solution of Equations 

(Algorithms for finding extrema of functions, see sec. 15.3) 

Solving an equation by bisection 

Let the equation F(X)=0 have a root in the interval A<X<B. A Basic coimputer- 
program according to the following flow charts determines this root with an error +E. 
It is assumed that F(A) and F(B) have different signs. 

A program may be tested using the equation x>—2x—5=0, which has the root 
2.094551482 in the interval 1<x<3. 

PRINT X+E 
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Iteration 

f(x)=0 & x=9() Xn+1=P(Xn) 

Convergence Divergence 

The iteration process converges if |p'(x)|<k<1. If |p'(x)|<k in a neighbourhood of the 

root a, then 

lxn+1—a|< 7 Ixn+1—Xnl 

secant 

The secant method (Regula falsi) 

Xn—Xn-1 

f(%n)-f&n-1) 
Xn+1=Xn—f (Xn) : 

The convergence is of order approximately 1.6. Choose x9 

and xj close to x, not nessessarily on the same side. 

The Newton-Raphson method 
tangent 

1. One single equation yt 

f(x)=0 

Choose xo suitably close to x. 

The convergence is at least quadratic for a simple root if f"(x) is continuous. 
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2. System with two equations and two unknowns 

ee y)=0 
g(x, y)=0 

Iteration (Xn, Yn) > (Xn+1, Yn+1) given by 

Igy'—fy'8 
Xn+1F=Xn— ; (Xn, Yn) 

fe'8y' —fy'8x 

fx'8—fex (Xp) Yn) 
Vip ae 
‘a i fe'8y —fy &x 

Choose (x0, yo) suitably close to (x, y). 

3. System with m equations and m unknowns 

ideas cae ih) =O = ily ep por 

f(x)=0 

Iteration x") — x(* by solving the linear system 

M(x) (e+ D—x()) + F(x) =0 

xt D= x) — M(x) —1 f(x), where 

M(x)= 4 is the functional matrix [cf. sec. 10.6]. 
ij 

Systems of linear equations 
Gauss’ elimination method 

Consider the system 

GiXT Op ore.0: 110}, 0 eee 

or 

Ax=b 

with 
Cece ty, xq by 

Aa Sania ; pa ee (De alle 

an ayes Gnn Xn by 

The system is assumed to be non-singular, i.e. det AX0. 

When using the Gauss elimination method (see also sec. 4.3) the system is brought to 
the following triangular form by successive elimination 

QUIN O19) C1313 te. 1X pert 

(1) (1) 1 1 
as) xt airy +o.4+ a en =b5 

ays +..+ ay, = b&) 

a Peg 
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This system is then solved by back substitution, computing x», from the nth equation, 

Xn—1 from the (n—1)st equation and so on in that order. The numbers aj,, a) a)... 

are called pivot elements. 

Partial pivoting: At the rth elimination step use that equation of the (n—r) last ones for 

the elimination where x; has the largest coefficient in absolute value. 

Complete pivoting: At the rth elimination step the largest element ja\?, i, j2r+1 is 
determined. If this is aval then the pth equation is used to eliminate xg from the 

remaining n—r—1 equations. 

Scaling: Multiply equations by numbers #0 and/ore make substitutions xj=cjyi, ci#0. 

For an example of Gauss-elimination see below under LR-decomposition. 

LR-decomposition 

Decompose the coefficient matrix A such that 

A=LR, 

where L is a unit left triangular matrix (j=0 for i<j and /;j=1) and R is a right triangular 

matrix (rjj=0 for i>j). Then 

Ax=b © Rx=z, Lz=b 

First solve Lz=b by forward substitution and then Rx=b by back substitution. The matrix 

Acan be uniquely factorized, A=LR, if det A, #0, k=1, 2, ...,n— 1, where Axis obtained 

from matrix A by deleting rows and columns k+1, k+2, ..., n. 

The actual decomposition can be performed using Gauss elimination. 

Example 

4x+11ly+17z=—2 

6x+24y+39z=—9 

We only write the coefficients when we solve this system by Gauss-elimination. We write 

the factors used to multiply equations to the right. 

ee) Oe ee. 0 
Spl OrVedii5: neta GD| rk: thay 2 

ite | OO 

Fe 4y+ 6z=0 

C249 39)|"—-9 1 Bil 2) =I 

2x+4y+6z= 0 x=1 

The system is equivalent to 3y+5z=-2 or y=l 
z=—-1 z=-1 

From the solution above we get the LR-decomposition 

D 44 ee 6 LOOM ees a0 
ADS mest all 3) 

ym Sault 1 

Ove 

6 24 39 0 0 
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Iterative methods 

Write A=D—L-—R, where D isa diagonal matrix and L and Rare left and right triangular 
matrises. Start with an arbitrary initial vector xO), 

The Jacobi method 

x\=D-1(L+R)x4-D4+D-1p 

The Gauss-Seidel method 

x)=(D-L)1Rxk-)4+(D-L)“1b 

Example 

10xj+ x2+ 7x3=33 

X1+10x2+ 6x3=39 

3x1+ 5x2+10x3=43 

In this case the Jacobi method will use the following recursive formulas. 

x =—0. 148) 9, 7x69 43.3 
x9=-0.1x6-) —0 6x49 43,9 

x$9=-0,3x44-) —9 5x4-D 4.4.3 
While the Gauss-Seidel method will make use of the following recursive formulas. 

2-0, 12 977 9433 

x=-0.1x9  -0.6x-9 43.9 

| x9=-0.3x —0,51 44.3 

A simple sufficient condition for the convergence of the Jacobi and Gauss-Seidel 
methods is that the absolute values of each diagonal element in A is larger than the sum 
of the absolute values of the other elements in the same row of A. 

Iterative method to find eigenvalues and eigenvectors 
(Power method) 

Assume that |A1|>|A2|>... where /; are the eigenvalues of a square matrix A. Starting 
with a column vector v; (almost arbitrarily chosen), then vk+1=Avx/|Avg| (if k is big 
enough) can be used as an approximation of an eigenvector of length 1 corresponding 
to Ai, and A;~vxl Avg. 

Note. (i) The eigenvalue with the smallest absolute value and the corresponding 
eigenvector may be calculated as the eigenvalue with the greatest absolute 
value and the corresponding eigenvector, respectively, of A7!. 

(ii) If A is symmetric, then the corresponding eigenvector of the second 
eigenvalue may be calculated similarly by starting with a vector u; which is 
orthogonal to the first eigenvector etc. 
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Perturbation analysis 

Vector norms and matrix norms 

Let x=(x1, ..., X,)! and A=(a;j) be of order nXn. In any vector norm ||x|| the corresponding matrix 
norm is 

A [All= sup = sup Axl 
x#0 ||x||__|[x\/=1 

|Ax||[<||Al|-|x| [A+ B||<||Al|+]Bl| — |AB||S|/Al] - 1B] 

The condition number of A is x(A)=||A|j- ||A~'|| 

Special norms 
n l/p ; 

Ip-norm — ||x||)= ( 2 iP | . In particular, 
= 

n 2 
Euclidean norm _ ||x\|2= ( 2 ie . ||Al]=Vereatest eigenvalue of A‘A 

i= 

Maximum norm _ |x||.0.= max |x;|._ ||A||~= max ( z |aij| 
1<i<n 1<i<n \ j=1 ssn 

Perturbation 

Let A be a non-singular matrix. 

1. Perturbation of the right hand side. 

Ax=b (exact system) 
A(x+06x)=b+0b (perturbed system) 

Error estimate: 

Leal <4) ob 
Ij II 

2. Perturbation of the coefficient matrix and of the right hand side. 

Ax=b (exact system) 
(A+0A)y=b+0b (perturbed system) 

Error estimate: If ||6A||- | A~!|/=r<1 then 

Pe (A) ( 6A] ek 
xl = 1-r [All bl 
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16.3 Interpolation 

The interpolation problem is to find a polynomial P(x) of degree at most n such that 

P(xj)=yi, i=0, 1, ..., n. 

Often y;=f(x;) for a given function f(x). There exists exactly one such interpolation 

polynomial. 

Lagrange’s interpolation formula 

General form 

PO)= flrs) Lax) 
(x—x0)(%—%1) «.. (®—XK=1) %—¥ E41) .-- (X—Xn) 

(xi—X0) (%E—41) ee (HR— X= 1) AK—- FR +1) 2 (XX a) 

Ly(xp)=1, Lx(xi)=0 for i#k 

Ly(x)= 

Remainder term R(x) =f(x)—P(x)= (x—x0)(x—x1) ... (x-%n) f* D(@)//(n +1)! 

where &e(a, b) if x, x1, x2, ..., Xn€[a, D]. 

The case n=2 (three point case) 

as x—X1)(x—x2) (4=X0)F— 9) (¥—x9)(x—*1) 

POOH) Co sy(xo—aa) TY Cermxo)Gai—a2) 1) Ger ao\r—a1 
Remainder term R=(x—xo)(x—x1)(x—x2) fO)(€)/3! 

The case n=2 with three equally spaced points 

POxo+ th) =D p(xp— hn) +) flo) + “EY fexo+h) 
|R|S0.065 h3 |fC)(E)|~0.065 A3 if |‘\<1 

The case n=3 with four equally spaced points 

Peotth)=— DEP (9-9) + EVE F¢)- 

— LE VED ¢x94 1) ED peaot2m) 
|R|<0.024h4| f(4)(€)|~0.024 44 for 0<t<1 

|R|<0.042h4| f(4)(£)|~0.042 4 for —1<t<0, 1<1<2 
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The case n=4 with five equally spaced points 

we ee = es 
Poxotth)= MED p¢q)— 24) MEY Fxg) 4 

~ De) face SELES) f(xot+h)+ see) Heoreh) 4 6 

|R|S0.012h5|fO)(€)|~+0.012 A5 for |t|<1 

|R|S0.031h9|f)(E)|+0.031 A5 for |<|t|<2 

Horner’s scheme 

Writing a polynomial P(x) in nested form 

P(x)=ayx"+ay— 1x" !+ayn—2x"-* +... Fayxt+ag= 
=(...(G,X+an—1)X+an—2)x+...)x+a9 

the value P(x)=bo can be calculated using the algorithm 

Dy=a,y, 

bp=bpaixtay, kK=n=1;..., 0 

Newton’s interpolation formula 

P(x)=Aot+A1(x-x0)+A2(x—x0)(x—x1) + A3(x—x0)(4—x1)(X— 2) + 
+. 28 FAn(x—X0) (X01) Oe =X 1) 

P(x)=f(x0)+41(x0, ¥1)(X-X0)+ 42(x0, x1, ¥2)(X-X0)(x—-x1) + 
+A3(xo, x1, 2, X3)(x—x0)(x—%1) (x—xX2)+...+ 

+ Ay (X0% X15 «2-5 Xn) (K—XO) X=) O— Xp 1) 

The divided differences A,(xo, x1, ..., Xx) are defined as follows 

Ai(xo, 1) feet) 

A4(x1, X2)—A1(%0, x1) 
X2—-X0 

A(x0, X1, X2)= 

Aya (Rip 02, 10-5 Xi) Dei M0, Mays XK-1) 
AGAXO; Xb cceeekk) = eee 

Remainder term=(x—x0)(x—x1) «.. (x—xn) fF) (E)\(n+ DY}, 

where &e(a, b) if x, x1, x2, ..., Xn€[a, DB]. 
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Stirling numbers 

Factorial polynomials 

The factorial power x) is defined by 

x") =x(x—-1)(x-2) ... (x-nt1), n=1, 2, 3, ... 
x=] 

x-M=1/(x+n)”, n=1, Ms 3; WS 

With Ax =(x+1)™—x) it follows for all integers n, 
AxMe=n x("-1) 

AkKx™=n(n-1) ... (n—k+1)xHa=nhxr-’) 
In particular A"x) =n! 

Stirling numbers a(”) of the first kind 
tee se (pei eee ey x= as ax Recursion: a)=al"—)—(n—-1)al"—), al)=0 

E.g. x©)=x5—10x4+35x3—50x2+24x 

ES Me 

— —1172700 | 723680 

1 
2 

3 1 
a a6) 1 

5 35 —10 

6 225 85 
7 1624 o> 1 
8 13132 6769 28 1 
9 118124 | —67284 546 | —36 1 
0 —9450 |} 870|—45 

Stirling numbers ((”) of the second kind 

= Zbex® Recursion: BY =p V+kBe-, Bw) =0 

E.g. =x) + 10x) +425x8) +4 15x2) 4 x(1) 

1 1 
2 1 

3 1 
4 1 

5 1 

6 1 
7 1 

8 1 
3 1 
0 1 — 
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Finite differences 

y=f(x), ve=f (xk), xK=xo+kh, kK=0, +1, +2, +3, ... 

AYK=Yk+1—Yk xab V2 vy 
See st Aay = 

A*y~=Ayk+1—AVk=Vk+2— 2Vk+1 +k Peek Ayo 2 : Syn 4 x0 YO Ayo A"y-1 
Seiv efrsiate sjelaitle Seialeles caisitistess nisistesewainia sein aie sniaeeura aloe Se ebisr Ay, 2 Ayo 

x1 Sin penatays 
ch r rhe x? y ye 

AryR=A™ tyke I yK= Z (— WG | Yeti 
l= 

A(¥Z)k=VkAZkKt+Zk4+1 Ak 

J 2) _ ZeAYk-YhAZk 
Z/k Zk Zk+1 

r . . 

A'(yz)K= 2, (A "yp +i A'zx ( the discrete Leibniz formula) 
l= 

n-1 n= 

ek AZk=YnZn—YoZ0— ayo - Zk+1 (summation by parts) 

Newton’s interpolation formula 

t 
f(xot+th)=yot+téAyo+ (5) 420+. (‘] A"yo 

t t R i Syl n+1)(£)\)~ n+1 emainder term=h a4 ferv® an Zan V9 

Some linear operators 

E: Ey(x)=y(x+h) (Displacement operator) 
A: Ay(x)=y(x+h)—y(x) (Forward difference operator) 

V: Vy(x)=y(x)—y(x—-h) (Backward difference operator) 
6: dy(x)=y(x+h/2)—y(x—h/2) (Central difference operator) 
be my(x)=[yc+h/2)+y(x—h/2)]/2 (Averaging operator) 
D: Dy(x)=y’'(x) (Differentiation operator) 

Relations between operators 

14+.67/2+6V1+67/4 
67/2+6V1+6074 
—67/24+6V14+07/4 

V1+67./4 

2h-!sinh~!(6/2) 

1-(1+4)7! 
E2—f-12 | 44a)? 
[E¥24 £71272 | (14.4/2)(1+A)-!? 
h-'n E h-'In(1+A) 

E.g. A=(1-V)1!-1 

2sinh(hD/2) 
cosh(hD/2) (1-V/2)(1-V)-¥2 

~h-'In(1-V) 
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16.3 

Inverse interpolation 

By inverse interpolation is meant that ¢ is to be calculated such that 

f(xotth)=y; 

for given y;. 

Linear inverse interpolation 

es Yt— Yo 

VAL VA0 

Reversion of series 

Write an interpolation as a power series 

yr agtayt+art?+... 

Then with u=(y;—ao)/ay 

t=ut+cqu?+c3u3+... 

where 
c2=—a?/a 

C3= —a3/a,+2(az/ay)? 

c4= —aalay+5aza3/a12—5(a2/a1)° 

c5=—as/a,+6ara4/aq2+ 3a32/a12— 21a72a3/a,3+ 14(a2/a,)4 

Bisection 

Also bisection can be used se sec. 16.2. 

Richardson extrapolation 

Assume the following holds when y is approximated by y(h) 

y=y(h)+khP 

If y is approximated by y(h) and y(2h) then 

"= y(h)—y(2h) 
y=y(h) a 

p=2 gives y~y(h)+ wave =3 4y(h) Set) “(22—1)-rule” 

If more generally y is approximated by y(h) and y(qh), q>1, 

se y(h)—y(qh) 
ieee ga 

Richardson extrapolation can be used e.g. in connection with numerical integration. 
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16.3 

Curve fitting 

Given N points (x1, y1), ..., (®N, YN), XiFX;, AJ, find acurve 

y=f(x) of given type that is of best at in the sense of the least (Xk Yk) 

square method, i.e. such that o=2 (Fen) —yx)* is mini- 

mized. (See also sec. 4.3). 

(A) General case 

Function y=f(x; a1, ..., dn) depending on 1 parameters a; (n<N). Set 

Q= fi (FQ 1s cuxs an)—yx]?. The constants a; may be found from the equations 

(the normal equations) 

In particular, if the desired function is to be a linear combination of some “‘simple”’ functions ~;(x), 
BOC) ices 

y=f(x)=c1gi (x) +... +enPn(X); 

then c, has to satisfy 

C1(91, G1) +¢2(G1, G2) +--+ Cn(P1, On=VF, G1) 
C1(G2, P1)+C2(G2, G2) +--+ Cn(G2, Pn=(F, $2) 

C1(Pny P1)+C2°Pn, P2)+---+Cn(Pn Pn=F, Pn) 

where the vectors g, and f are defined by p,'=(x(%1), ---, Px(XN)) and f=(1, ..., yn), respec- 
tively, and (u, v) is the scalar product u'v. 

n 

(B) Fitting of polynomial y= ayers. 

The coefficients ax, are determined from the linear system 

N N 
i 1+i I I 

Qs Lea 2a ee een 2x l= Dian jaa Fah n k ria kYk 

(C) Fitting of straight line y=ax+b. a=(N2xpyp—-2xKZyK)/D 

Set D=N2x;2—(Z xx)’. b=(Lyz—aTxz)/N 

Least square method with respect to log y 

(D) Power function y=ax®. This equation is, by taking logarithms, transformed to 

log y=log a+b logx. Use (C) to find log a and b. (In a diagram with logarithmic scales 

on both axis y=ax? becomes a straight line). 

(E) Exponential function y=ab*. This equation is, by taking logarithms, transformed 

to log y=loga+x log b. Use (C) to find loga and log b. (In a diagram with logarithmic 

scale on the y-axis and uniform scale on the x-axis y=ab* becomes a straight line.) 
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16.4 

Bezier curves 

Let ro, r1, ..., Tn be position vectors of n+1 control points Po, P1, ..., Pn. 

A Bezier curve is then given by 

n P2 P. 

HO=Z Br, ir 3 

where B,, x(t)=({)t*(1—-1)""* are Bernstein polynomials. Then Py 

r(0)=ro, r(1)=r,, r’(0)=n(r1—r0), r’(1)=n(rp—Tn-1)- 

A Bezier curve lies in the convex hull of its control points. B 

0 P. 4 

16.4 Numerical Integration and Differentiation 

Numerical integration 

Midpoint rule 

a h b ; 
Ry=truncation error 

AO XY Xo faker Seale 

b 

ff@)dx=h p (2) rhe oof (Batt) +RrahhbRe 
a 

= Coa" m8), a<t<b 

b 

J fle)de= 5 [fC40)+2 flor) +2 flr) ++ 2F na) +flen]+Rr= Tot Rr 
(b— oe st * (b-a) Res fil), a<é<b 

(b—a)h*4 jee 
£ 180 FOE), a<E<b 

342 



16.4 

Remarks 

(a) Simpson’s rule is exact for polynomials of at most third degree. 

1 1 
(b) Sn=3 (Tn+2 Mn) Tn+i= 5 (Tn+Mn) 

The flow chart in the following figure describes a computer program where these 

formulas are used to find the Simpson approximation to f f(x)dx by interval halving 

such that the relative error is at most E. : 

H=B-A : T=(F(A)+F(B))*H:M=0 

T=(T+M)/2 : M=0 

FOR X=A+H/2 TO B STEPH 

M=M+F(X) 

M=M+H : S=(T+2*M)/3 

H=H/2 

Yes ia 
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16.4 

Newton-Cotes formulas 

Newton-Cotes formulas (Closed type) 

Xp=xot+kh, k=1, 2, 

j flxjde~ 72 (F(x0) + 3f(x1) + 3f(x2) + f(x3)) 

Remainder term=—3f(4)(£)h5/80 

f flx)dx~ = ae 2 (rf (x0) +32f (x1) + 12f(x2) + 32f(x3)+7f(x4)) 

Remainder term=—8f)(£)h7/945 

i f(x)dx~ a4 = g (19f(x0) + 75f (x1) + SOF (x2) + SOF(x3) + 75f(x4) + 19f(x5)) 

Remainder term=—275f()(£)h7/12096 

i fxdr~ Ze (41f(x0) +216f (x1) +27F(x2) + 272F (x3) + 27F (x4) +216 fxs) +41 f(x6)) 

Remainder term=—9f(®)(E)h9/1400 

f [flay (751f (x0) +3577f(x1) + +1323f(x2)+ 2989f(x3) +2989f(x4) + 1323f(x5)+ 
+3577f(x6)+751f(x7)) 

Remainder term=—8183f(®)(E)h9/518400 

Newton-Cotes formulas (Open type) 

Xp=Xotkh, k=1, 2, ... 

P payax~3 (90) +/(e2)) 
Remainder term=3f)(€)h3/4 

F ptayde~% (2fter)—fla)+2f(03) 
Remainder term=28f()(£)h5/90 

fpGjar~Z (11f (x1) + (x2) +f(x3) + 11f (x4) 

Remainder term=95f(4)(E)h5/144 

i fxdx=S ae 1f(x1)—14f(x2) + 26f(x3)— 14f (x4) +11f(xs5)) 

Remainder ECS 

f [ fla)de~ si (611s) 453f(x2) + 562f(x3) +562f (x4) — 453f(x5) +611 f(x6)) 

Remainder term=5257f((£)h7/8640 
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16.4 

Gauss’ quadrature formula 

1 S 
a f(x)dx~ 2 afi) 

' 22n+1(p1)4 
Truncation Se eS CTaIE fEM(E) 

The weights a; are given by 

re a 7 a> 
(1—xi°)(Pn'(xi)) 

where the abscissas x; are the n zeros of the Legendre polynomial Py. 

b = 
For the integral { f(x)dx make the substitution x=25t pease 

a . Z 

Abscissas x; and weights for some n are given in the following table 

0.57735 02692 

0 

0.77459 66692 

0.33998 10436 

0.86113 63116 

0 

0.53846 93101 

0.90617 98459 

1 

0.88888 88889 

0.55555 55556 

0.65214 51549 

0.34785 48451 

0.56888 88889 

0.47862 86705 

0.23692 68851 

0.23861 91861 

0.66120 93865 

0.93246 95142 

0.18343 46425 

0.52553 24099 

0.79666 64774 

0.96028 98565 

0.14887 43390 

0.43339 53941 

0.67940 95683 

0.86506 33667 

0.97390 65285 

0.46791 39346 

0.36076 15730 

0.17132 44924 

0.36268 37834 

0.31370 66459 

0.22238 10345 

0.10122 85363 

0.29552 42247 

0.26926 67193 

0.21908 63625 

0.14945 13492 

0.06667 13443 

Romberg integration 

b 

This method to approximate f f(x)dx uses Richardson extrapolation, see sec. 16.3, 
a 

starting with the trapezoidal rule 

T(h)= (flo) +2f a1) +--+ 2 lens) +fl%n)), b= P= 

with truncation error ~kh? 

4T(h)—T(2h) 
3 

16T\(h)—T)(2h) 
T\(h)= 5 T2(h)= 

345 



16.4 

The calculations can be organized according to the following scheme 

T(8h) 

T(4h) T,(4h) 

T(2h) T,(2h) T2(2h) 

T(h) Ti(h) T2(h) T3(h) 
T(h/2) T\(h/2)  T>(h/2) T3(h/2) T4(h/2) 

FOF OO > > 

(2?—1)-rule = (24—1)-rule =~ (2®-1)-rule — (28—1)-rule 

Improper integrals 

Given an improper integral or an integral with a non-regular integrand (i.e. with 
unbounded derivatives). Before using some numerical method (e.g. Simpson’s formula), 
the integral may be transformed by substitution, integration by parts or series expansion 
cic 

Bounded interval 

If origin is the singular point, try the substitution x= with a large enough. 

Example. The substitution x=/? transforms the integrals 

1 1 
tan Vx dx and f ©°S* dx 

S j Vx 
1 1 

to the regular forms f 2¢ tanrdt and f 2 cos dt, respectively. 
0 0 

Unbounded interval 

Suitable substitutions: t=arctanx, x=1~%, e~*=t¢ etc. 

Example. The substitution x=¢~¢ transforms the integral 

oo 1 

J +x°)-!? dx to a f 24-1(1 +162) -12 gy 
1 0 

with a regular integrand if a=1/2 (or a=n/2, n=2, 34. a): 

Double integrals 

11 
The integral f { f(x, y) dxdy may be calculated by successive use of some of the above 

00 

tules of integration. Thus, using a one-dimensional approximation 

1 n 1 

{fle)dt= & aiftxi), then Sfx, ydrdy~ aiaj f(x, y4) 
i, J= 

becomes a two-dimensional approximation. 

Also, cf. the Monte Carlo method below. 
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16.4 

Numerical differentiation 
(16.1) 

ie Se fle-h)) 

Truncation 

error 

(a) f’() 

(b) f'(x) —f(x+2h)+8f(x+h)—8f(x—-h)+f(x—-2h)) a 

(c) fF") pa lfle+h)—2f(x)+f(e-h)) 

(d) f"(x) says (Plat 2h) + 16f(x+h)—30f(x) + 16f(x—h)—f(x—-2h))| 0(h4) 

CP") | Sey (Fe+2)—2f(x+h)+ 2f(x—h)-f(e-2h)) 

These approximations can be improved by the use of Richardson extrapolation, see sec. 

16.3. 

General differentiation formula 

yO(ay=h-n (abprary(a+ Bo TSI ere I) \- 
(n+2) 

y(a)+ 94 2y() — (n+1)(n+2) il 
where a) are Stirling ee of the first kind. 

ant 
=r ( ae pny x)— — 

In particular 

iin Ae 14 das Late. | 1=5 Pa V2+ A ee x)= 

a 1 1 Vf yd— 4 ys3+ + pos——_p07+ + 09-... \y(x)= “h (# Barer a9 Sotho" ly @) 

aH FS (4k. EY? g2ettyy 
hoe ) (2k+1)! yx) 

1 iL ea leg ar i ei 2. y"(x)= = ( A2-234 = At 2 454 1 49- £74... )y(Qx)= 
eS a Gas 1 180 MG }@) 

= yeyeeenyis 2 oP ao ts PO 
he jon” 63 180s0 wal0 
1 1 1 =+ ( e—4Lot4 tos 984 _9104., ‘)y x)= 
ia 12 90 560 Aer yx) 

Ge Wey eal 4) ae ve 
Wii OksS)! ee) 
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16.4 

Using operator multiplication fo1mulas for higher order derivatives can be derived from the above 
formulas. [In that case the identity u2=1+67/4 may be used in order to avoid higher powers than 
one of w in the formulas.] E.g. 

2 
=py=p2pry= | 4 ( 2-1 44156-15841 5104...) |*y= a as - E 12° 90 560. 3150 

= [ ot— Loewe ot_ Seid), 
ii 6 240 7560 

Formulas for numerical differentiation 

(For calculation of derivatives at non-tabular points the table below may be combined with 
interpolation.) 

y= ys), € in the 
relevant interval 

Notation: y, = y(x+kh) 

| Truncation error | = 

hy”’/2 

h2y(3)/6 

h2y3)/3 

h3y(4)/12 

hay (5)/5 

h4y(5)/5 

h4y(5)/30 

hsy)/6 

hsy(6)/6 
h6y(7)/140 

hy(3) 

h2y(4)/12 

11h2y(4)/12 

Sh3y(5)/6 

Sh3y(5)/6 

h4y5)/90 

137h4y(5)/180 

137h4y(5)/180 

h®y(8)/560 

3hy(4)/2 

Th2y(5)/4 

Th2y(5)/4 

hy()/4 

Th4yM/120 

2hy) 

2hy(S) 

Yo. (Y)-Yo)/h 

Oi-y-)/2h 

(—y2+4y\-3y9)/2h = (3yo-4y_)t+y_p )/2h 

(2y3-9yy+18y|—1 Lyg )/6h = (11y9-18y_,+9y_y-2y_3)/6h 
(—3y4+16y3-36y+48y,-25 yo )/12h 

(25y—48y_)+36y_)—16y_3+3y_4)/12h 
(-y2+8y)—8y_)+y_7)/12h 

(12y5—75y4+200y3-300y+300y,-137y9)/60h 
(137y9-300y_}+300y_,—200y_3+75y_4—12y_5)/60h 

(3-9y2t 45y,—45y_}+9y_»—y_3)/60h 

Yo" = (Oa 2yyty9 Wh? = (vo-2y_jty_2)/H? 

(9) -2yoty_))/h? 

(—y3+4y2-Sy+2yq /h? = (2yq-Sy_\+4y_p-y_3)/h? 

(Ll y4-S6y3+114y.-104y,+35y9)/12h2 

(35y9-104y_)+114y_,—56y_3+1 1 y_4)/12h2 

(—y2+16y;—30y9+1 6y_}-y_>)/12h? 

(-10y5+61y4—156y3+214y)-154y,+45yq)/12A2 
(45yo-154y_)+214y_5-156y_3+61 y_4—10y_5)/12h?2 

(293-27 y9+270y ;—490y9+270y_)-27y_»+2y_3)/180h2 

Yo = — (¥3~3y2+3y-Yo AF = (Yo-3y_1+3y_p-y_3)/A3 

(—3y4+14y3-24y5+18y,—5y9)/2h3 

(Syo-18y_,+24y_.-14y_34+3y_,)/2h3 

(92-2y1+2y_)—-y_y)/2h3 

(—y3+8y2-13y,+13y_)-8y_,+y_3)/8h3 

YO = Ya 4y3t+ 6y2—4y1+ Yo /h4 

Oo-4y_)+6y_2—-4y_3+y_4)/h4 

(2-491 +6 9-4 y_ | + y_a)/h4 
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16.4 

In the following table with approximations to partial derivatives the following notation 

is used uo, o=u(x, y) Um, n=U(x+mh, y+nh) 

Thus (24) is the partial derivative 9U in the point (x, y) 
8x] 0,0 Ox 

(16.2) 

Partial Approximation Truncation | Configuration 

derivative error 

1 h 

Od ee a CN fe aan 

(b) (= 2 Gy.622uopeu RO orn 
axe et ie 1,0 0,0TU-1,0 (h-) 

2 1 
(c) (=] Tayo eS on Drag Alon aorta) 0(h*) 

0,0 

ax3 2h 
(d) (Es) ; (uz,9—2u 9+2u-1,9—U-2,0) 0(h?) Se pepo 

4 
e tu (in. be 4B Ort 0-40=1 0 =3,0) 0(h?) 

dx*] 0.0 h* 

( (=) en Ge aap W144 -1) 0(n2) 
axdy/] 0.0 AN 

(g) Au= (4 +2s) SG ofr o+ Uo,-1—4Uo 0) + 0(h?) 
Ox? dy2Joo A?” ; 

4 4 4 
(h) A2u= (4 rage +2) = 

Ox ax-dy* dy"/o0 

= = [uz otuo2+u—2,0+U0,-2—8(U1 0+ Uo,1+U-1,0+U0,-1) + 

+2(uy y+uy,—1+U-1,1+U-1,-1) +20u9 0] + 0(h7) 
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16.4 

Monte Carlo methods 

A Monte Carlo method is a method to solve a mathematical problem by an experiment with random 
numbers. Such methods can be used to estimate areas, volymes, multiple integrals and solutions 
to partical differential equations. E.g.: Let X and Y be independent random variables uniformly 
distributed in (a, b) and (c, d). Suppose that M out of N generated points (X, Y) belong to the 
subregion D of the rectangle R. Then (M/N) (b—a) (d—c) for large N is an estimate of the area 
of D. 

16.5 Numerical Solutions of Differential Equations 
Ordinary differential equations. Initial value problems 

The methods below may be combined with Richardson extrapolation. 

Problem. Find y=y(x) such that 

Pet y) 
(xo)=yo 

Euler’s method 

Ynt1=Ynthf (xn, Yn) 

Global truncation error=O(A). 

System in vector form: (each y) Y=O1, «+5 Ym) . y(x0) =o Gu fo) 

Midpoint method Heun’s method 

h hk 
Yns1=Ynthf bint 2’ yt Ynt+1=Ynt : (ki +k2) 

ki=f(Xn, yn) ki=f(n, Yn) 

ko=f (xn +h, Ynthky) 

Global truncation error=0(h?) Global truncation error=0(h?) 
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16.5 

The Runge-Kutta methods 

1. First order equation. Problem: y’=f(x, y), y(xo)=yo 

Iteration: (%n41=Xnt+h) 

Ynt1=Ynt : (ky +2kp+2k3+ ka) 

ki=hf(Xn, yn) 

ky h 

h k 
ka=hf nt 5? yn 42] 

ka=hf(xnth, yn+ks) 

Global truncation error=0(h*). 

2. System of first order equations 

y'=f(x, y, 2, --) y(xo)=Yo 
Problem ro(¢z'=p(xpy7, \:) 2(x0)=Zo 

Iteration: (%n41=xn+h) 

yn+1=Ynt : (ky+2ky+2k3+ ka) 

Zn+1=2n+ ; (m,+2m2+2m3+m4) 

ki=hf (xn, Yn» Zny ve) 

m=hg(xXn, Yn Zn --+) 

h k 
ka=Wf [ont 543 nt >> Zito ) is 

_ Birr Beta, op IE ma=he (tnt 57 Yat 7? Znt+ 7? | 

h k m 
k= hf int Bidin ae Zn+ i . 

h k m 
m3=hg fen > nts int a 
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16.5 

kg=hf (xn +h, Va akee Zn+ms3, asl) 

m4a=hg(xnth, ynt+k3, Zn+m3, ...) 

3. Second order equation 

Problem: 

y"=f(x, y, y'), yxo)=yo, y'(x0)=yo' 

Iteration: (%74+1=xXn+h) 

Ynt1=Ynthyn'+ 2 (ky-+ko+ks) 

Yn'+1=Yn' + Z (ky +2k2+2k3+k4) 

ki=hf (Xn, Ynys yn’) 

ko=hf [en a Van a, Vn ot 44) 

k= hf [int yn t Yn 24 Eh yn't+ 2) 

kami [onthe VnatVn- n+ ya's 

4. n’th order equation 

(n)= fe (n—1) y= Y, Yenc Vue 4) Problem: ; : rm b 
y(X0)=yo, y' (x0) =o", ---.y¥" DY (xo) =D 

The problem may be transformed to the case 2 by the substitutions 

Y1=Y, Y=’, wey n=", 

Taylor series method 

Problem: 

levies 

es, | ER 

By (16.3), y'(xo)=f(x0, yo). 

Differentiating (16.3) yields 

y"=fx'(x, vty" fy’ ¥) Sy"(X0)=fe’ (x0, Yo) +Y' (Xo) fy’ (x05 Yo) 
etc. 

Then use Taylor’s formula [cf. sec. 8.5]. 

co 

Remark. Sometimes, in linear differential equations, the power series substitution y(x)= Yayx" 
(identifying coefficients), is useful. 7 
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Boundary value problems 

Two-point boundary problem. 

y"=f(x, y, y'), a<x<b 

y(a)=a 
y(b)=B 

Shooting method 

With a suitable start solution at one endpoint the value at 

the other endpoint may be calculated by any of the above 

methods (e.g. the Runge-Kutta method). Varying the start 

solution the boundary conditions will be satisfied with 

desired accuracy. Assuming that y’(a)=71 and y'(a)=y2 give 

ending values 6; and £2 respectively, then try 

y'(a)=y3=y2+ ee (8-62) etc. 

Finite difference method 

Derivatives are approximated by finite difference quotients. 

Example (one dimension) 

y"+a°y=0; y(0)=0, y(1)=1 
Dividing the interval [0, 1] into n subintervals of length h=1/n and using (16.1 c), the 
corresponding difference equations will be [y,~y(kh)] 

Cae k=1,...,n-1 

yo=0, yn=1 

The finite element method (Ritz-Galerkin method) 

Model problem 

—u"(x)+q(x)u(x)=f(x), 0<x<1 (q(x)20) 

oe) u(0)=u(1)=0 

Let V denote the space consisting of all continuous and piecewise 

differentiable functions v(x) with v(0)=v(1)=0. Using the notation 
1 

(u, v)=f u(x) v(x)dx, the variational formulation of (16.4) is: Find 
0 

ueV such that 

(16.5) (u’, v')+(qu, v)=(f, v), all veV 

Now, given a subdivision 0=x9<x)<...<x,=1 of [0, 1], let V;, denote the finite dimensional space 

consisting of all continuous and piecewise linear functions v(x), subordinate to the subdivision, with 
v(0)=v(1)=0 (cf. the figure). [In greater generality: V;, consists of all piecewise polynomials v(x) 
of degree Sk with v(0)=v(1)=0 and such that the derivatives of v(x) of order <k—1 are continuous, 
so-called splines.] 

0 Xi-1 Xi X44 1 
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The space V;, has basis functions g(x), i=1, ..., n (cf. the figure) so that every u,eV;, can be written 

n 

Up= X ajg;(x), aj constants 
= 

The corresponding discrete analog of (16.5) is: 

Find u,eV;, such that 

(un', Va')+(quny, Vn)=(f, Va), all vnc Vp 

or, equivalently: 

Find the constants a; such that 

n n 

(16.6) S agi’, pj )+ o alqgir P)=(f %), I=1, «-- 
= i= 

This is a linear system of aj, ..., @, with the coefficients 

' t / , 1 

Gis Fi-)= (GA: Gr )=> F 
(J 

(pi, 9j')=0 if |i-j|>1 

~ E higai1)+ 2 (hit hiss) aCe) 2 hiss g(ie1) 1 

(q Pi Gi) 1 

3 
qo(hit+hj+1) if g(x)=qo constant 

1 
~5 hiq(xi-1)+4(xi)] 

(9 Fi Pi-D=(4Fi-1, PI)! 
nar qoh; if q(x)=4o 

(ag 9j)=0 if |i-j|>1 

The system (16.6) always admits a unique solution, because the coefficient matrix is positive 
definite. If g, f are smooth, then u, converges to u in the norm 

\lv||=(v, v)!? with the rate O(h2), i.e. 

\|u—up||<Ch?, h=max h; 

Integral equations 

Replacement by Riemann sum 

As an example, consider a Fredholm equation of second kind (cf. sec. 9.4) 

b 

(16.7) yx) J KG 1) y(at=h(x) 

Setting xj=a+j(b—a)(n and y;=y(xj), j=1, ..., n, then (16.7) can be approximated by the system 
of linear equations 

n 

y= a K(x, xj) yj(b—a)/n=h()), i=1, ..., n 
= 
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Writing this system (E—A)Y=H, then if det(E—A)#0, Y=(E—A)~!H which converges to y(x) 
as n— ©, under suitable assumptions. 

Remark. Instead of a Riemann sum, other integral approximations may be used. 

Partial differential equations 

Some illustrating examples. 

Example 1. The finite element method 

The Dirichlet problem in the plane. 

—Au=f in Q 
(16.8) u=0 on the boundary 32 

In analogy with the one-dimensional case above, basis functions er : 
as ; : renee 2=original domain 

gi(x, y) of the space V;, consisting of all continuous piece-wise linear Qp=triangulated domain 

functions in §2;, which are zero on 02), are defined in the following g=0 outside the shad- 

way: Assume that there are N interior node points P; of the owed region. 
triangulation. Then g(x, y) is chosen such that g;(P;)=1 and h=max diam T; (Tj €2h) 

N 
gi( P;)=0, j#i. An approximate solution uj,=2 a;¢; of (16.8) is then 

il 
obtained as the unique solution of the linear system 

2 9% ly (grad g)(grad gj)dxdy= i J f% y) ex, y)dxdy, j=1, ...,N 

Rate of convergence=O(h?) (smooth data). 

Example 2. Finite difference method 

The Dirichlet problem in a rectangular domain. 

patie in Q (2.0) 
u=g on 0Q 

: (h, 0) “s 
Using the 5-points-formula (16.2 g), the corresponding differ- _ 
ence scheme will be Uj, ;=U(ih, jh) 

—hA), Uj, ;=4U; j— Vi41,j- Ui-1j- UU; = jh), 1Si, jS3 

U;, ;=g(ih, jh) on 02 

2S 

ip Sa ay d ee 
—|] 4 Oneal 0 Ur, hf2,+ U9 

Oe 4 0 Om tT U3; hf3; + Ug, + U39 

=| 0 0 Ay il 0 U2 hf 2+ Up2+ U3 

Ot Om =I AN =I Un? h>fagt U3 

0 0 =1 04 =1 4 U32 h? f+ U42+ U33 

Note that the coefficient matrix is symmetric and sparsely filled, i.e. it contains many zeros. 

Remark. If Q is not rectangular, (16.2 g) has to be modified near the boundary. 
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Example 3. Finite difference method 

Heat equation [u=u(x, y, t), 2: 0<x<1, 0<y<1] 

u;' =Au, (x, y)EQ, 0<t<T 
u(x, y, t)=0, (x, y)€dQ, 0<t<T —— (boundary condition) 
u(x, y, 0)=g(x, y), (x ye (initial condition) 

The space variables x, y are discretized as in example 2 above. The time interval is divided into 
parts of length tr. At the mesh points (ih, jh, nt) the approximate solution U= U; = =U(ih, jh, nt) 
can, at any time level, be recursively calculated by the difference equation 

1 (ontiur)= AnUp =h->( UP y+ Usa yt Uj ait Uj 

Initial and boundary values of the discrete problem are obtained in an obvious manner from the 
corresponding values of the original continuous problem. 

Convergence U > uash, t > Oif t/h2=constant<1/4. 

t=(n+1)r 

(i-1)h  x=ih ~~ (i+4)h 

Further examples of the finite difference method 

Notation. 

=U(th,nk) f"=f(nk) fi =f(ih) 

SUR" 6,Ul = Ul Ur) 

6, 5, Uf = Uf, —2U" +Uf, 

Finite difference methods for the equation 

Ow F0ru 
—=7—— (a= constant) 
ot ox? 
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‘ ¥m ka? 
1. Forward difference scheme (explicit), q = Pe = constant 

lies Late 
poi = 59 Oe On U; > 

n+1 

1 €) Se O-n 
Local truncation error = O(k +h’). Stable if q < -. 

2 i-1 i i+1 

Special cases : 

il 1 =-: Usthen. us Ue 
(i) q 2 56 +1 1 ) 

1 
(ii) q= as Local truncation error = O(k* +h’). 

2 
2. Backward difference scheme (implicit), q = ~ = constant 

1 a = 1 

pour = 8 OUT => n+i 

— qU8#} +(1+2q)U?** - qUh*! = UP n 
Local truncation error = O(k +h”). Always stable. it : i+ 

; ag ka? 
3. Crank - Nicolson scheme (implicit), q = a = constant 

is 7 ile, 6US +US!}) = k | Soca | D2 ae I 1 n+1 

— qUt} +2(1+2q)Uf*! - qUn4* = oe ¥0}+ et , 
= qU},1 +2(1—2q)U?" +qU}* 1 i-1 i it 

Local truncation error = O(k? +h”). Always stable. 

Initial - Boundary - Value Problem. 

(PDE) Uy = aux, O<x<L, t>0 

(BC1,2) u(0,)=f(), uLl,t=e(), t>0 
dC) u(x, 0) = p(x), 0<x<L 

Finite difference approximation 

(h= L/M, M = number of subintervals) : 

(PFD) Any of the schemes above. 

(BC1,2) UsS=f"=fnk) Um =e" Oh U=P L 

(IC) U? = p; = ptih) 
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A boundary condition of the form u, (0, 4) = f() may be approximated by 

“Ut —U$) =f" with truncation error = O(h) or 

S Cus +4Uf-3U$) =f" with truncation error = O(h”) 

etc. (cf. table in sec. 16.4) 

— 

Finite difference methods for the equation 

sot a oy (a= constant) 
ot? ox? 

ae k2 

1. Explicit scheme. q= a = constant 

a 
—6,6,U; = —6, 6, U;" => 
k2 h2 
une = gUi.1 +2(1—q)US +gqUi"., Sed 

Local truncation error = O{k* +h’). S table if qs. 

a? k? 
2. Implicit scheme. q = —— = constant 

PA 

L sey a8 5 § yl 

n+1 

2 tr; ee; x Ux U; => 
R 

—qUi tt} +(1+2qg)U!*)- guft! =2Uf —u? 
a 

Local truncation error = O(k? +h”). Always stable. if i ie 

. Initial - Value Problem. | 

(PDE) ie Oo te ete 

C1) u(x, 0) = f(x) 

(C2) Uz (x, 0) = g(x) 

Finite difference approximation : 

The initial conditions may be approximated by 
t 

(C2) O,UP = gi => U} = UP +keg; x 

with truncation error = O(k) or 
; 1 
Up = Up +kg; took = Let Sent de 

with truncation error = O(kh? + k*) 
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16.6 Numerical summation 

Euler-MacLaurin summation formula 

Let x,=xgt+hk. Then 

flaodtfter)+.tflm= 2 f fladdrt $ [ao)+foan]+ 
@ WEB: ¢ok-i NBom 4 2h2"* ze ) —f2k=1) 2m+2: 2m+2) 

Fes yc) is (2k)! Uf (Xn ) f me (2m+2)! Fi (§), X9<E<Xp, 

where B; are the Bernoulli numbers (see sec. 12.3) 

Remark. The formula may also be used for numerical integration. 

In particular, 

on f(k)=flm)+f(m4+1)+...+f(n)= j fix)dxt 5 Aare 5 (a) —f'(m)|— 

— J (f(0) FM) }+ EO) P01 Ta. 8 eG 1%) —fO(m)]+ 
Bom _|2m-1)(n) fn Ge ey Ns 

Numerical calculation of sums of infinite series 

Notation: 
ce) N 20 

Series SN= sl ans in ena, 
n=1 n=1 n=N+1 

Improvement of convergence 

1. Kummer’s transformation 

Given two COONS series 

s= 53 ay and s\= = bn with 2" c#0 as n>. 
n=1 =1 n 

Then 

S= & d,—cyt = (1-e@t Jan 
n=1 n=1 n 

If s, is known this transformation may improve the convergence. 

ro) 1 i) 1 oe) i] 1 oe 2 

Egon = >y + 2 (s=—-s)=>- 2 
8 n=l n2+1 n=l n2 n=l | n 6  n=1n*(n*+1) 

2. Euler’s transformation 

If the series to the left is convergent then 

LS | exe nete A"ag=! = (1 (7) amt mel |) Ana where ao a n-k snitch kyl) atl eo Nk 
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Series with positive terms 
Assume that f(x)=0 and set a,=f(n). 

Rapidly convergent series 

3. Estimate by an integral: 

If f(x) is decreasing for x>N then 

f foddr<Ry< f fixjdx 
N+1 N 

Slowly convergent series 

4. Lagrange interpolation: 

Consider sy as P( = ] and extrapolate according to Lagrange’s interpolation formula 

(see sec. 16.3) towards = =0. 

Example 

1 n2 

P(0.1)=s19=1.549767731 
P(0.05)=s39=1.596163244 
P(0.04)=s95=1.605723404 

2 N 
ee we su=P(3,)= 2 5 

1 

By Lagrange interpolation (extrapolation), 

s=P(0)= = P(0.1)—8P(0.05)+ = P(0.04)=1.644901 

Nm 
mh 

Correct value=s= 7 =1.644934 

5. Euler-Maclurin’s formula: 

Ry-= = fin)= | foyde+ Lany-Lpiry +L powy- 
n=N N 2 12 720 
ee Cs 1 Dany. — ame fOm-Dyinnye 
so2a0" ™)* 00800" Nw. my f rae 

If the first neglected term to the right is decreasing for x=N then the error is less than twice the 
modulus of that term. 

Example 

As in the previous example, let s= z 

s9=1.53976773 i 
flax, fO(x)=(-1)(k+1)!x-*-?. Thus, 

eb al . 1 1 Ree{ Set or24 4+ 19-3 1 . 4). 10eSeores ince: sr Pea 12 720 ane 
S=1.64493406 

2 
Correct value= = =1.644934066 ... 

360 



16.6 

Alternating series 
foo} 

Remark. An alternating series ag—a,+a2—4a3+...= 24 (—1)"ay, a,>0 may be transformed to a 
m= 

positive series by grouping the terms as (ag—a1)+(a2—43)+... if {a,} is decreasing. 

Rapidly convergent alternating series 

6. If a, | 0 as n> then |Ry|Say+1. 

Slowly convergent alternating series 

7. Repeated means: 

Example: It is known that 

2 (-1ye! baler 
SS = aise 

EC a1 5 tg t= G2 0.78539816 ... 

In the scheme below, Mj is the mean of the “northwestern” and the ‘‘southwestern” neighbours. 

6 0.744012 
0.782 473 

a 0.820935 0.785 037 
0.787 601 0.785 339 

8 0.754 268 0.785 641 0.785 386 
0.783 680 0.785 434 0.785 396 

9 0.813091 0.785 228 0.785 405 
0.786 776 0.785 375 

10 0.760 460 0.785 523 
0.784 269 

11 0.808 079 

8. Euler-Maclurin’s formula 

Ry-1=f(N)—f(N+ eae 

+ 43)(N)— 5 7) 
f(N)- SfN)ts i (N) ome leer Pa 

(N = ———— Lae 2m-1) N)+. 

hy se 7 f ” 

Example. See the previous example. Let 

flx)=(2x-1)71, fO()=(-1)kk12K(2x-1)-*? and 

higeag 1 2 ae 
(i Sa e S e (— )e n). Then 

Bi aes, taped? 

ite : Vat fe rc =0.7604599 

R= > - St... 
a 23 pO Dinaniee 214) 240" 21 

| 193 ! 
1 icra: ae) ee BSP 1 12 5 +— te | =0.0249383 

Thus, s=sj9+R19=0.785398. Correct values 7 —0.785398163 . 
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16.7 Programming 

Symbols for flow charts 

sso 

haa 

pala 

Come 

Instruction 

DATA 

DEP EN...0.2.) 

DIM 

END 

POR. (OG: 

FOREWTOk SEP x: 

GOSUB 

General symbol for process e.g. assigning values to 

variables. 

Input and output. 

Decision with two alternatives. 

Loop in program. 

Terminal point. 

Purpose 

Assigns values to variables in READ statement. 

Defines a function. 

Reserves computer memory for range of variables. 

Tells the computer to cease the execution of a program. 
On some computers also all variables are cleared. 

Executes part of program for all integer values of 
variable from given starting value to given end value. 

Gives step length in connection with the instruction FOR 
ene kG eee 

Jump to subroutine. 
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GOTO 

lr. THIEN. 

IPS THEN. BLOE .: 

INPUT 

DEY 

NEXT 

ON, GOSUBM 

ON=.. GOTO™s 

ON ... RESTORE 

PRINT 

PRINT X; 

PRINT X, 

PRINT °X’ 

PRINT TAB(N) 

RANDOMIZE 

READ 

REM 

RESTORE 

RETURN 

16.7 

Jump to specified line number. 

If the condition after IF is satisfied, the computer follows 

the instruction after THEN. If not the computer follows 

the instruction in the next program line. 

If the condition after IF is staisfied, the computer follows 

the instruction after THEN. If not the computer follows 

the instruction after ELSE. 

The computer prints a question mark and waits for 

values of one or more variables. 

Makes it possible to change the value of a variable. 

Used in connection with the instruction FOR ... TO ... 

to indicate point of looping back to the instruction after 

the FOR ... TO ... instruction. 

Gives jump to subroutine depending upon the value of 

indicated variable. 

Gives jump to program line depending upon value of 

indicated variable. 

Gives RESTORE to item in DATA statement depend- 

ing upon value of variable. 

Gives transcription on the screen. 

Gives dense transcription. 

Gives transcription in columns. 

Expression between quotation marks will be printed. 

Gives transcription in position N on line. 

Gives random start to the random number generator, 

which is initiated by the instruction RND. 

Gives values to one or several variables according to 

DATA statement. 

Gives a possibility to write comments in a program. 

Sets the READ pointer back to the first item in the 

DATA statement. 

A subroutine must be finished with a RETURN state- 

ment. Will return operation to the line following the one 

which called the subroutine. 
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Arithmetic operations 

A+B 
A-B 
A*B 
A/B 
A?tB, A** B, AiB 

Equalities and inequalities 

Mathematical functions 

SIN(X), COS(X), TAN(X) 

ASN(X), ACS(X), ATN(X) 

LOG(X) 

LGT(X) 

EXP(X) 

SQR(X) 

INT(X) 

ABS(X) 

SGN(X) 

Jed 

RND 

Useful program instructions 

1 Calculation of sum 

20 LET S=S+X 

Priority order 

Addition 1. Functions, powers, minus sign 

Subtraction 2. Multiplication, division 

Multiplication 3. Addition, subtraction 
Division 

Powers AB 

equals 

less than 

less than or equal to 

greater than 

greater than or equal to 

not equal to 

Trigonometric functions with X in radians. 

arcsin X, arccos X, arctan X 

In X or log eX 

logioX or lg X 

e* or exp(X) 

VX 

The integer part of X, the greatest integer, which is less 

than or equal to X. 

Absolute value |X| of X 

Signature function, that is the function gives —1 if X is 
negative, 0 if X is 0 and 1 if X is positive. 

Gives decimal approximation of 7. 

Gives random number between 0 and 1. 

The variable S gives the sum of the values of the variable X. 

2 Calculation of sum of squares 

30 LET S=S+X«X 

The variable S gives the sum of the squares of the values of the variable X. 

3 Rounding off to nearest integer 

30 LET X=INT(X+ .5) 
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4 Rounding off to one decimal place 

30 LET X=INT(10*X+ .5)/10 

5 Rounding off to two decimal places 

30 LET X=INT(100*X+ .5)/100 

6 Test of divisibility 

40 IF X/Y=INT(X/Y) THEN ... 

X is divisible by Y, if the condition is satisfied. 

7 Is X odd or even? 

40 IF X/2=INT(X/2) THEN ... 

X is an even number, if the condition is satisfied. 

8 Remainder by division 

30 LET R=X—INT(X/Y)*Y 
The variable R is the remainder, when integer X is divided by the integer Y. 

9 To truncate digits one by one from right to left 

40 LET Z=10«(X/10—-INT(X/10)): PRINT Z 
50 LET X=INT(X/10) 
60 IF X<>0 THEN 40 

10 Frequencies 

50 LET F(X)=F(X)+1 

The variable F(X) gives the number of times the variable X has taken different values. 

11 Setting flags 

60 LET F(X)=1 

If the variable X has been assigned a certain value then the flag F(X) is 1. If not F(X)=0. 

12 All combinations of variable values 

40 FOR X=1 TON 
50 FOR Y=1 TOM 

100 NEXT Y 
110 NEXT X 

13 Interest 

50 LET X=K+R 7 N 

X is the value of the amount K after N years with compound interest with interest factor R. 

When the interest is 5 percent, the interest factor is 1.05. 

14 Present value 

60 LET X=K/RT N 

X is the present value of the amount K to be paid in N years. The interest factor is R. 
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17 Probability Theory 

17.1 Basic Probability Theory 

Outcome sets (sample spaces) and events 

Outcome set Q=set of all possible outcomes. Events are subsets of the outcome set Q. 

( GD 
A and B A or B Not A 
A and B occur At least one of A and A does not occur 
ANB B occurs CA or AS 

AUB 

A B 
Q 

CUD 
A but not B Exactly one of A and B occurs 
A occurs and B does not occur AAB 
A\B 

Definition of probability measure 

1) 0SP(A)<1 for each event A 

2) P(Q)=1 

3) ANB=@ > P(AUB)=P(A)+P(B) 
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4) Ain Aj=O, i#j > P(UA’)= 2 PCA) 
= 

Property 4 is equivalent to Aj>Aj+1, a Aj=@ > lim P(Ay)=0 
i= no 

Probability laws 

P(CA)=1-P(A) 
P(AUB)=P(A)+P(B)—P(ANB) 
P(AUBUC)=P(A)+P(B)+P(C)- 

—P(ANB)—P(ANC)— P(BNC)+P(ANBNC) 
P(B\ A)=P(B)—P(ANB) 
P(AA B)=P(A)+P(B)—2P(A NB) 

Aj, A2, ..., An are events and 

S,= 2 P(Aj), Sz= 22 P(A;N Aj), S3= ZZDP(AiN ANA), «-- 
P i<j i<j<k 

P(at least one of the events occur)= 

n 

=P( UA) St SatSan Sate. tSe 
= 

P(at least k of the events occur)= 

k (esos k+2 = 
=s.-(,*,] Sk+it bas SK+2- Fee) Skea eee i Sn 

P(exactly k of the events occur)= 

k+1 k+2 k+3 
=S,- Sk+it Sk+2- Sesst at |, | Sp 

k k k k 

P( U AjS = P(Aj) (Boole’s inequality) 
i= i= 

P( A Aj)21- Zs (1—P(Ai)) (Bonferroni's inequality) 
i= i= 

For a uniform probability distribution 

P(A)= Number of outcomes in A 

Total number of outcomes 

Combinatorics 

Multiplication principle 

A multistage experiment is performed in k stages in a given order. The number of 

outcomes in the stages are 11, 2, ..., Nk. Then the total number of outcomes of the 

multistage experiment is 

ny:n2:...*Nk 
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Combinatorial formulas 

Set 2 has n elements 

The number of ordered k-tuples (variations) of Q is 

(n)xk=n(n—-1) ... (n—k+1) 

The number of permutations of Q is 

n!=n(n—-1) ... 2-1 

The number of subsets of 922 with k elements is 

[i] = Ge nee ED n! 

The number of ways $2 can be partioned in r subsets with kj, kz, ..., ky elements (n =5 ki) 

is nl it 

ky! k2! ... ky! 

Sampling 

Number of ways of taking k elements from a population of n elements 

With regard to order 

Without regard to order (”) 

Conditional probability and independent events 

P(ANB) 
P(B) 

P(AnB) P(A|B)= mer P(B|A)= 

P(ANB)=P(A)- P(B| A) 

P(ANBNC)=P(A): P(B|.A): P(C| AN B) 

P(AjN...An)= 

= P(A) P(Az| Ai) P(A3|A1MA2)-...*P(An| Ain... NAn—1) 

P(A;| B)= Ai) PUB | Ai) (Bayes’ formula) 

2 P(A) P(B| Ai) 
n 

P(B)= 2 P(A;) P(B| Ai) (Total probability formula) 
1= 
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For independent events the following holds 

P(ANB)=P(A) P(B) 

P(B|A)=P(B), P(A| B)=P(A) 
P(ANBNC)=P(A) P(B) P(C) 

P(A1NAgN...NAn)=P(A1) P(A?) « ...» P(An) 

Calculation of probabilities with the aid of tree diagrams 

Multistage random experiments can be portrayed by tree diagrams. 

2 3 
5 5 

aes eee Aa 
fe YN 

Sum rule 

The probability of an event is the sum of the probabilities for the outcomes of 

the event. 

Product rule 

The probability for a path is the product of the probabilities along the path. 

Random (stochastic) variables 

Basic definitions 

Discrete random variable X Continuous random variable X 

probability probability 

function f(x) density f(x) 

J | 5 Be i" 

A 

P(XeEA)= 2 f(x) P(XeA)=§ f(x)dx 
xeA A 
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Expectation E|X] or w= Expectation E[X] or w= 

= xf (x) f xf(x)dx 
xEeQ Q 

Distribution function F Distribution function F 

x 

F(x)=P(XSx)= = f(t) F(x)= [ f@dt 
tsx 2G 

Variance Var[X] or o* Variance Var[X] or o* 

P=E(X-wil=e pe —u)? fx) o°=E|(X-“)*]= J (x—w)? flx)dx 
xe 

Standard deviation=o 

Entropy H(X) Entropy H(X) 

H(X)=E[? log(1/f(X))]= H(X)=E[? log(1/f(X))]= 

= — FOE log f(x)) a sl log f(x) f(x)dx 

Expectations 

E[aX]|=a E[X] E[X+Y]=E[X]+E[Y] 

E[g(X)]= Py Sl) f(x) (discrete random variable) 

E[g(X ir g(x) fx(x)dx (continuous random variable) 

Variances 

Var[aX]=a? Var[X] 

Var[X]=E[X?]-(E[X])* (Steiner’s theorem) 

Var[X+ Y]=Var[X]+ Var[Y]+2Cov[X, Y] 

Chebyshev inequality 

P(|X|2a)SE[X?2|/a? 

P(|X—p|2a)S<Var[X J/a? 

P(|X—p|=ko)S<1/k? 

Jensen inequality. 

If f(x) is a convex function, then 

E[ f(X)|> f(ELX)). 
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Moments 

The kth central moment wx is defined as 

Mk=E[(X—p)*] 
The skewness y; and curtosis y2 are defined as 

yi=p3/0 y2=(us/o4)—3 

For the M(u, o) normal distribution 

Mak+1=0 — aax=07*(2kK—-1)!! yy =72=0 

Convergence 

Convergence in probability 

limp X,=X © lim P(|X,—X|>e)=0 for each e>0 
no no 

Convergence almost surely 

plim X,=X © P( lim X,=X)=1 
no n—-©0 

Convergence in distribution 

Xn— X& lim P(X;S<x)=P(XSx) for each x such that P(X<x) 
n>o 

is continuous in x 

Convergence in mean 

Lim. X,=X © lim E[|X,—X|?]=0 
noo no 

plimx,=X 
no 

> limp X,=X > X,— X in distribution 

Gti GSD. ate 

Twodimensional (bivariate) random variable 

Discrete variable (X, Y) Continuous variable (X, Y) 

Vd 

x 

P(X, Y)eA)= 22 f(x, y) P(X, Y)eA)=J J f(x, y)dxdy 
(x, y)eA A 

f=twodimensional probability function f=twodimensional probability density 

Distribution function F Distribution function F 

Hoy 
F(x, y)=P(X<x, Y<y)= 2 Zi, v) F(x, y)=P(Xsx, Y<y)= he Shu v)dudv 
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Marginal distributions Marginal distributions 

fu@)=2 FCs y) fu(x)= f fle, y)dy 

fr) =2 fl, ¥) fr(v)= f fos y)de 
Expectation Ele(X, Y)] Expectation E[g(X, Y)] 

Elg(X, Y)]=2 Zax ») fle») Elg(X, Y= f Sets, ») fle y) dedy 
(E[XY])°SE [X2] E[Y?] (Schwarz’ inequality) 

For independent random variables X and Y 

fs Y=fxO) fro) 
F(x, y)=Fx(x) Fy) 
E[XY]=E[X] E[Y] 
Var[X+ Y]=Var[X]+Var[Y] 

For independent continuous random variables X and Y 

fxsv@)= f fx(0 frle—nde 
For independent non-negative random variables X and Y 

peor j f(t) frx—ddt 

Covariance Cov[X, Y] 

Cov[X, Y]=E[(X—p1)(Y—#2)], E[X]=1, E[Y]=42 

Cov[X, X]=Var[X] 

Cov[X, Y]=E[XY]-E[X] E[Y]=Cov[Y, X] 

X and Y independent > Cov[X, Y]=0 

Var[X+ Y]=Var[X]+ Var[Y]+2 Cov[X, Y] 

Correlation coefficient 0 

2 Viel OA Sd Ne me 
VVar[X] Var[Y] 

X and Y independent > e=0 

Var[X+ Y]=Var[X]+ Var[Y]+20V Var(X) Var(Y) 
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For random variables X 1, X2, ..., Xn 

n n n 

Var[ = XiJ= 3 ¥ Cov[X;, X= ¥ Var[Xj]+ EE Cov[Xi, X= 
i=1 i=1j=1 i=1 i#j 

= = Var[X]]+2 EE CovlXi, X)] 
i= i<j 

X 1, X2, ..., Xn independent > Var[ 2 X= £ Var[X 
i= i= 

Conditional distributions f(x|y) and f(y|x) 

fOvlx)=f@, y)/ Fx) f(xly)=f@, vy frO) 

f HA)SZS ¥) fly) (Discrete random variables) 

fr) =Z fx) fOls) 

f ade= Jf v0) fely)ay (Continuous random variables) 

fr)= J fx) fOlx)dx 

For independent random variables X and Y 

fOlx)=frO) f(xly)=fx@) f& W=fx@) frY) 

__fxte) fle) 
FOM"S Fe flv) 

fx) FOX) 
Sfx) folndx 

(Bayes’ rule, discrete case) 
— tad 

(Bayes’ rule, continuous case) f(xly)= 

Conditional expectations 

ELX|Y]=Exf ely) BLY|XI=2 yf 010) 

E[X|¥]=f xf aly)ae ELY|X]=J yfOlx)dy 

ELX|=2 ELX\y] fr) ELY]=2 BLY el x(x) 

E[X]=f ELX\ylfv(»)dy BIY|=f BLY elf (xx 

E[X]=BIELX|Y I] E{Y]=ELELY|X1) 
Var[X]=E[Var[X|Y]]+Var[E[X|¥]] 

Var[ Y]=E[Var[Y|X]]+ Var[E[Y|X]] 
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X has linear regression with regard to Y if E[X|y] is a linear function of y, in which case 

E[X\y]= ute Z (yma) 

where “1=E[X], “2=E[Y], o12=Var[X], o22=Var[Y] and @ is the correlation coeffi- 

cient. 

If Y has linear regression with regard to X then 

O- 

ELY|x]=m2t+0 5 (c=) 

17.2 Probability Distributions 

Discrete probability distributions (random variables) 

Distribu- P(X=x) Expec- Variance Example of application 

tion tation o 

Binomial ()pi (hap) ae The frequency in n inde- 

B(n, p) =O" Ieee pendent trials has a bino- 

mial distribution. Prob- 

ability in each trial=p 

Geometric aD. The number of required tri- 
G(p) = (W223 008 als until an event with prob- 

ability p occurs has a 

geometric distribution 

Poisson e ! Distribution of number of 

P(A) =0, 1, 2, ... points in random point pro- 

cess under certain simple 

assumptions. Approxima- 

tion to the binomial distrib- 

ution when n is large and p 
is small, A=np. 

ira Hypetze- This distribution is used in 
Sees ¢) = connection with sampling 
Hilton un) without replacement from a 

finite population with ele- 
ments of two different kinds 

Negative xh) p’a-py-" = The number of required tri- 
binomial or | y=;, r+1, ... 2 als until an event with prob- 
Pascal ability p occurs for the rh 
NB(r, p) time has a negative bino- 

mial distribution 
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Continuous probability distributions (random variables) 

Distribu- fix) Expec- Variance Example of application 

tion tation o 

Uniform me ot i. Certain waiting times 

U(a, b) ~ =a Rounding off errors 

asx<b 

Exponential | Ae~** 1/A2 Distribution of length of life 
E(A) x20 when no aging 

Normed If X has a general normal 

normal distribution, then (X—p)/o 
distribution has a normed normal distri- 

N(O, 1) bution 

General 

normal 

distribution 

N(x, 9) 

Under general conditions, 

the sum of a large number 
of random variables is ap- 

proximately normally distri- 

buted (the central limit 

theorem) 

Distribution of the sum of n 

independent random vari- 

ables with an exponential 

distribution with parameter 

A 

Distribution of uw;2+u2+ 
...+u,2, where uy, U2, ..., Uy 
are independent and have a 
normed normal distribution 

The parameter r is 
called the “num- 
ber of degrees of 

freedom” 

Distribution of 

ulV X/r 

where u and X are indepen- 

dent, u has a normed nor- 

mal distribution and X a 

?-distribution with r de- 
grees of freedom 

F 

F(r1, 2) 

a, x(rilra)—1 

"Yr 

Distribution of 

(Xy/r1)/(X2/r2) 
where X, and X> are inde- 

pendent and have x?-dist- 
ributions with r; and r2 de- 

grees of freedom 

2rr(r} “I r2—2) 

r1(r2—2)*(r2-4) 
bArz+rx) 
x20 
a,=T 8) rytl2pyra/2 

b=T() TQ) 
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Rayleigh 

R(o) 

Cauchy 

C(a) 

172 

apg (lay: 

O<x<1 

ptamebd UE 
’4 Tp) (4) 
p>0, q>0 

ABBxB-le- x)? 

xZ0 

F(x)=1-e7 )? 

x ea x20? 
Be 

x=0 

a Does not 

m(a?+x?) exist 

The bivariate normal distribution 
The two-dimensional random variable (X, Y) is N(441, 42, 01, 02, @) if its density function 
1S 

fa, y= 
1 

270102V 1-0 

1 £=)21\? 4 -exp|— =?9 |- 
exp ell a} 2 tera \ 

Useful as apriori distri- 

bution for unknown prob- 
ability in Bayesian models 
and in PERT-analysis 

Useful as length of life dis- 
tribution in reliability 
theory 

Useful in communications 
systems and in reliability 
theory 

If angle w has the U(—7/2, 
m/2) distribution, then 
atang has the C(a) distri- 

bution 

ey) 
The conditional distribution of Y given X=x is normal N(w, 0) with 

w="2+0 a (x-m1) and o?=077(1—¢7) 

(X, Y) is N(m1, #2, 01, 02, 2) > ((X—m1)/01, (Y—-y2)/02) is N(O, 0, 1, 1, @) 

If (X, Y) is N(0, 0, 1, 1, @) then 

P(XY>0) =jtt arcsin @ P(XY<0) =3-2 arcsin o 
7 

Let Z; and Z2 be independent and N(0, 1) and 

X=m1+o1Z; and Y=y2+02(eZ1+ V1—¢ Z2) 

Then (X, Y) is N(u1, “2, 01, 02, @) 
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The density function of the bivariate normal distribution can be written 

il 
———=— e 
2nV det x 

where x—u=(x1—1, X2—2) and X is the covariance matrix 

x|-5 (x—p) E71 (x— pe)! 

oy" 

Q0102 02 

Q0102 
2 

For the k-dimensional normal distribution N(u, 2) the density function is 

1 1 a t Neem are (e—p)E-1(e—p) 

where u=((11, 42, .-., Mk) is the vector of expectations and & is the covariance matrix. 

Addition theorems for some distributions 

X, and X2 are independent random variables. 

B(ni, p) B(n2, p) B(ni+nz, p) 
P(A,) P(A2) P(A, +2) 

NB(r1, p) NB(r2, P) NB(r1 +12, P) 
E(A) E(A) EO.) 

T(ny, A) I'(nz, A) I'(nj+nz, A) 

N(«1, 01) N(u2, 02) N(uitme, Vo; +07) 
x7(r1) 7(r2) V7(n1+12) 
C(a) C(a) C(2a) 
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Relations between distributions 

Xj and X2 are independent random variables and Y is a function of X; or of X; and 

X?. 

E(A) 
E(A) 
I(r, A) 

I(r, 4) 
E(A1) 
N(0, 1) 

t(r) 
v7(rn) 

F(r1, r2) 

I(r, A) 
7(r1) 
N(0, o) 

E() 
E(A) 

I'(r2, A) 
E(A2) 
V(r) 

X7(r) 

I(ra, A) 

y7(r2), rn<ry 

N(0, o) 

ve Distribution 

Ofmys 

AX 

A(X, +X2) 
E(1) 
FO) 

24(X1+X2) ¥?(4) 

AX, t(D) 

2A(X1+X2) y?(2r1+2r2) 

Min(X1, X2) E(A,+A2) 
X4/V Xo/r t(r) 

x2 Fi = r) 

(X4/r1)/(X4/r2) F(r1, r2) 

u(t is Xi | B(r2/2, 74/2) 
2 

Xq/(X1+X2) B(r1, 72) 
X4—-X2 

X4/X2 
¥7(r1-12) 
C(1) 

Transforms of probability distributions (random variables) 
Definitions 

Transform 

Probability generat- 

ing function or 

geometric transform 

(integer-valued ran- 

dom variables only) 

Moment generating 

function 

Characteristic func- 

tion 

Laplace transform 

(non-negative ran- 

dom variables only) 

Definition 

p(s)=E[s*] 

v(s)=E[e*] 

p(s)=E[es*] 

p(s)=E[e*] 

E[X] 

y'(1) y"D+v'()-(y'())?? 

y'(0) v"(0)—(y'(0))? 

v"(0)—y'(0)? 

In each case the transform of X,+X> is the product of the transforms of Xj and X, if 
X,1 and X2 are independent. 

px,+x,(s)=Wx,(s) px,(s) 
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Transforms for specific distributions 

Distribution Probability 
generating generating 
function function 

Binomial 

B(n, p) (1—p+ps)" (1-p+pe’)" (1-p+pe*)" 
Geometric ps pe pes 

1-(1—p)s 1-(1-p)e° 1-(1—p)e* 

Poisson 
P(A) eA(s-1) eA(e—1) e(e*—1) 

Negative | ps é ( pe ; | pe's J 

binomial 1-(1-p)s 1=(1—p)es 1=(=pye* 
NB(r, p 

Uniform ebs — eas eibs — gias a 

U(a, b) s(b—a) is(b—a) 

A 

Normed normal 

distribution 

N(0, 1) 

Characteristic 

function 

Moment Laplace 
transform 

Q 

i 

General normal 

distribution 

N(h, 0) 

(1+2s)-"2 

17.3 Stochastic Processes 

Markov chains 

Pi 
Pil Pi2 P13 

ji 
P31 P32" P33 

P(Xn=i| Xo, XG es Xn—-1)= P(Xn=i|Xn-1) 

pij=P(Xn+1=)|Xn=i) pij(n)=P(Xm+n=i|Xm=i) 

P=[pjj]=transition matrix 

P,=[pi(n)]=n-step transition matrix 

Pin+n=PmPn Pn=P" (Chapman-Kolmogorov equations) 
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The Poisson process 

A A A 

= ae 

P(X(t+h)=i+1|X(t)=i) = Ah+o(h) A=intensity of the process 
X(t) is P(t) | 

P(X(t) = jae OY i=0,1,2,...  “E[X(@]=Varlx@]=2 

P(X(h) =1)=Ah+o(h) —- P(X(h)=0) =1—-Ah+o(h) 

-~NOWR 

To Ty T2 T3 14 

The lengths of times 7p, T1, T2, ... in states 0, 1, 2, ... are independent and E(A) > 

P(T;>)=e-", (>0. 

Birth and death processes 

Birth and death process with two states 

A 

u 

P(X(t+h)=1|X(t)=0)=Ah+to(h) P(X(t+h)=0|X(t)=1)=ph+0(h) 

Po(t)=— (1—e- Att —(A+u)t = 7h (Ie F400) + Po(O)e 
A 

P\(t)=—— (1-—e-@+t —(Atu)t (2) tu (le )+ Py(O)e 

>a 
o= lim Po(t) re 7 lim Pi() ee 
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General birth and death process 

ho Ay he Ag 

lad M2 43 M4 ‘ 

P(X(tt+h)=i+1|X (=i) =Ajh+o(h) P(X(t+h)=i-1|X()=) =uiht+o(h) 

Ao, A1, A2, ... birth intensities of the process 

141, 12, 43, ... death intensities of the process 

m=stationary (and asymptotic for t+) probability of state / 

pa Huis Aoar Ail gy Snel 

Mi M1f2«.- Mi i 

The lengths of time To, 71, T2, ... in states 0,1, 2, ... are independent and 7; is E{Ait+uil, 

Mo=0. 

Stationary processes 

Basic definitions 

Expectation function u(t)=E[X (t)] 

Variance function o7(t)=Var[X(0)] 

Covariance kernel K(s, t)=Cov[X(s), X(0)] 

A stochastic process {X(t)} is (strictly) stationary if {X(t1), X(t), ..., X(tn)} and 

{X(tt+h), X(t2+h), ..., X (tn+h)} have the same probability distribution for all t, f2, 

..5 ty and h>0. 

A stochastic process {X(t)} is weakly (second order) stationary, if Cov[X(s), X (s+t)] 

is independent of s and thus a function of t and E[X(s)] and E[X?(s)] are independent 

of s. 

Weakly stationary processes 

Autocorrelation function Rx(t)=Cov[X(s), X (s+t)] 

E[X()]=0 > Rx()=E[X(9) X49] 

Power spectral density px(@)= J Rx(s)eSds=2 J Rx(s) cos ws ds 

R(-t)=R() 

g(-®)=9() p(w)20 

|R(#)|SR(0) 

1 % | 
Rx(t)= a ie px(w)e''dw 

Cross-correlation function Rx, y{t)=Cov[X (s), Y(s+0)] 
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Cross-spectral density px, y(t)= J Rx, y(s)e~Sds 

Rx WO= = f Px rlo)elotde 

X(t)=aU(t) > 

Rx(t)=a* Ry (2) Rx, y(=a Ry, y(t) Ry, x(t)=a Ry, u(t) 

px(w)=a? pu(a) 

X()=U()+V(t) > 

Rx(t)=Ru(t)+Rv(t)+Ru, v(t)+Ry, u(t) 

Px(%)=9uU(@)+9V(o)+ gu, V(w) +o, U(@) 

Rx, y()=Ru, y(t)+Ryv, y(t) 

Px, ¥() =u, y(@)+ gv, (a) 

Ergodic processes 
Ds 

Rx(1)= lim 3 f X(u) X(w+0) du 
Too —T 

T 

Rx, y= lim f X(u) ¥(u+s) du 
T>2-T 

Linear filters 

L(a, X4(t)+a2 X2(t)) =a1 L(X1(2)) +a2 L(X2(t)) 

f Y(H=L(X(¢ Y= f h(t) X(t-ndr X(0 (0=L(X(0) 
h=impulse response (weighting function) 

Frequency-response function G(iw)= Se~@'h(t)dt 
0 

E[Y]=E[X] fh(t)dr 
0 

Ry(t)= FI Rx(e+u—vyh(uyh(v)dudy 

PY(w)=|G(iw)|? Sx(w) 

MA-, AR- and ARMA-processes 

Here {e} is a white-noise process. 

E{e;]=0, E[e?]=02, E[ese:]=0, s+t. 

Moving Average Process, MA(q) 

X=et+-b1e;-1+... +bger—g 
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Autoregressive Process AR(p) 

Xt=e:—a1X-1—...-ApXt-p 

Autoregressive-Moving Average Process ARMA(p, q) 

X=er+bye;-1+...+bg er—q-M Xt-1—---— Ap Xt-p 

Random sine signal process 

X(t)=A sin(wt+a) where a is U(0, 27) A 

E[X(t)]=0 sae 
2 

RO=<— cos wt 

Random telegraph signal process 

X(t)=(—1)2*, 0 where P(a=0) = P(a=1) = 0.5 and Y(t) is a Poisson process 

with intensity /. 

E[X(t)]=0 
R(t)= aie 

g(w)= 
eee 

Filtered Poisson process (shot noise) 

X(t)= Pe att tk, Yx), where {t,}®,, are time epochs of a Poisson process with intensity 

A, Ye as independent random variables independent of the Poisson process and 

g(t—s, Y)=0 for s>t 

E[X()]=A { Blau Y)|du 

R(t)=A Ele e+, Y) g(u, Y)\du 

17.4 Algorithms for Calculation of Probability 

Distributions 

The binomial distribution 

The probability function f(x) and the distribution function F(x), 

x 

fe)=@) p"A-py* and F)= 2 (pK(-py* 

can be calculated for given values of n, p and x according to the formulas 
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f= & EE fe), f= (1p) 
Test values 

n=10, p=0.5 and x=S gives 

f(x)=0.24609375 and F(x)=0.623046875 

n=20, p=0.7 and x=16 gives 

f(x)=0.130420974 and F(x)=0.8929131955 

The Poisson distribution 

The probablity function f(x)=e~4A*/x! and the distribution function F(x)= © Mahi 

can be calculated for given values of A and x according to the formulas 

fix)=4 + flx-1), fO)=e?, 

Test values 

A=4 and x=5 gives f(x)=0.1562934518 and F(x)=0.785130387 

A=10 and x=10 gives f(x)=0.1251100357 and F(x)=0.5830397502 

The hypergeometric distribution 

The binomial coefficient (%) for given values of n and x can be calculated according to 
the formulas 

(") -2=a41. ( n ("}=1 
x x x-1)’ \0 

This can be used to calculate 

fe (ME) Ya) amt Fe 2 40 n-x n 

Test values 

Np=200, N—Np=300, n=50 and x=30 gives f(x)=0.0013276703 

Np=S0 , N—Np=450, n=40 and x=6 gives f(x)=0.1080810796 

Calculation of the normal, y?, ¢- and F-distributions 

Programs for the calculation of the distribution functions for the normal, t-, y2- and 
F-distributions can be based on the following approximations. 
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Normal N(0, 1) distribution 

P(x)=1(1+e-P™), p(x)=x(1.5976+0.070566x7), x=0 

y2-distribution y?(r) 

F(x)~H(A/B), A=(x/r)!3+(2/9r)-1, B= V2/9r 

H(x)=1/(1+e7P), p(x)=x(1.5976+0.070566x7), x20 

t-distribution ¢(r) 

G(x)=H(A/VB), A=x23+2/9-2x73/9n)-1, B=21449/r)/9, FOx)=U+G(x))/2 

For H(x), see above. 

F-distribution F(r;, rz) 

_{H(z) if n>4 
i ones 25/ry3) if <4 

2=AIVB, A=x"342/(9r1)—2x"3/(9r2)-1, B=2(x27/r2+ U/r)/9 

For H(x), see above. 

Programs for the calculation of x for given F(x) can be written with the use of the above 

approximations and inverse interpolation e.g. by bisection. 

17.5 Simulation 

Random number generators 

General methods 

Xn41=axn(mod m) (multiplicative congruential generator) 

Xn+1=axX,+b(mod m) (mixed congruential generator) 

(x mod y=x—y INT(x/y)) 

Some specific congruential generators 

Name or source 

Lehmer 

Rotenberg 

GGL 

Neave 

Oakenfull 

Oakenfull 

Wichmann-Hill 
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The following is a useful random number generator for modest simulations on micro 

and pocket computers. 

Xn+1=FRAC(147xp) 

Instead of 147 the factors 83, 117, 123, 133, 163, 173, 187 and 197 can be used. 

Random numbers in BASIC 

In BASIC the command ‘“‘RND” will produce a random number between 0 and 1. The 
command “RANDOMIZE” will give the generator a random start. 

RANDOMIZE 

PRINT INT(10*RND) 

The BASIC program above will produce N random digits. 

Simulation of specific distributions 

In the following U, Uj, ..., U, denote independent random numbers between 0 and 1. 

Distribution Simulation formula 

Symmetric two point (ox 

distribution KL) INT(2U) or INT(U+0.5) 

Two point 

distribution INT(U+P) 

Two point 

distribution (—1, 1) pani 2ZINT(U+P)-1 

Three point po f' p> 
distribution (0, 1, 2) aie > | INT(U+P2)+INT(U+P)+P2) 
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Uniform distribution on 

(0 es RRO ae INT(NU) 

Uniform distribution on 

fy Dinky N} INT(NU)+1 

n 

Binomial distribution B(n, p) 2 INT(U;+p) 
l= 

Exponential distribution E(A) -5 InU 

1 n 

Gamma distribution [(n, A) rag 2 In U; 
1= 

Weibull distribution W(A, B) : (—In U)'8 

Simulation of the Poisson process and the Poisson distribution 

The following flow chart describes a computer program in BASIC for simulation of the 

Poisson process. It uses the fact that in a Poisson process with intensity c the lengths 

of the time intervals are E(c)-variables. 

T=T-LOG(RND)/C 

The following flow chart describes a computer program in BASIC for simulation of a 

Poisson distribution. It uses the fact that in a Poisson process with intensity c the number 

of points in a unit length interval has a Poisson distribution with parameter c. 



im 

Simulation of the normal distribution N(u, 0) 

Use of the central limit theorem 

12 
Calculate the sum T= 2 U; of twelve random numbers between 0 and 1 and calculate 

(T-6)o+u. oi 

The Box-Miiller method 

This method uses the following result. Calculate X; and X2 according to 

X1,=V—21n U2 cos(27U) 

X2=V—21n U2 sin(27U4) 

If U; and U2 are independent random numbers between 0 and 1, then X; and X2 are 

independent and N(0, 1). 

General methods for simulation of probability distributions 

The ‘‘table-look-up’’ method for discrete distributions 

Let X be such that P(X=k)=p,, k=0, 1, 2, ... Let U be a random number beetween 

0 and 1. The following algorithm will give an observation on X. 

If 0<U<po_ set X=0. 

k-1 k 

If 2. Piau= 2 Pi set X=k. 
{= t= 

The inverse method for continuous distribution 

This method applies the following theorem. 

Let X be a continuous random variable with strictly increasing distribution function F 

and let U be a random number between 0 and 1. Then F~!(U) has distribution function 

F. 

The inverse method can be used when F~!(U) can be obtained explicitly or can be 

conveniently approximated. 

Acceptance-rejection method for continuous distributions 

Let X be a continuous random variable with density f(x), 0<x<1, such that f(x)<M. 

Observations on X can be simulated with a program according to the following flow 

chart, where U; and U> are random numbers between 0 and 1. 

Generate U; and Up 
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17.5 

Variance reduction 

Use of antithetic variable 

Let the aim of a simulation be to estimate the expectation E[X] of a random variable 

X. An antithetic variable is a random variable Y with the same distribution as X and 

negatively correlated to X. If g is the correlation coefficient and o*=Var[X]=Var[Y], 

then 

The use of simulated observations of (X+Y)/2 will thus reduce the variance and 

especially so when @ is negative. 

Example: Let U be a random number between 0 and 1 and let X= —A-1In U and 

Y=—A-!In(1-U). Then both X and Y are E(A)-variables and it can be shown that 

o=1-77/6. 

Use of control variable 

Let Y be a random variable with known expectation E[Y]=0. Then simulated 

observations of Z=X—(Y—@) can be used to estimate E[X], because E[Z]=E[X]. 

From 

Var[Z]=Var[X]+Var[Y]—2 Cov[X, Y] 

follows that it is especially useful if X and the control variable Y have positive correlation. 

17.6 Queueing Systems 

M/M/1, M/M/n and M/G/1, Basic formulas 

The formulas below hold for stationary conditions. 

X= number of customers in the system 

Y= number of customers in the queue 

W= waiting (queueing) time 

U= total time in system (system time) 

Z= length of busy period 

B= service time 

A= intensity of arrival Poisson process 

= intensity of exponential service time 
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17.6 

Scect” bceel 0<o<1 0<e<1 0<oe<1 

aah ses a )U—s) fF ACU=s)) ue sUSe) Cas iiCdiss 

aN ~— FGG=s))=s 
B=(ng)"/((1—@)n!) f*(s)=Ele$?] 
T=(no)km/k!, k<n 

E(x] o/(1-@) 
7=BI(A+B), 
A, B see above 

vll=0), #= A 
elu(1-e)) | m(un(1-0)) 2E[B?\((2(1—-0)E[B])= 

=AE[B*)/(2(1—@)) 

m™=0*-"n,, ken 

Wu(l-0)) | (1+m/(n(1-9)))/u E(W]+E[B] 
UGaitse)) {3 loin nwonkndiivr| EBMire) 

Traffic 

intensity @ 

P(X=k)=7, 

K=05)1,'25 .3 

o+07E[B*/(2(1—e) E*[B]) 
E[B?]=Var[B]+E2[B] 

o(n+m/(1—-@)), m= > Tk 

°E[B?\/(2(1—@) E*[B]) Q 

Q 

Additional formulas for M/M/1 and M/G/1 

MIM/1 

E[s*]=(1—@)/(1-@s) Var[X]=@/(1—@)* 
E[sY]=(1—-@)(1+e—-0s)/(1—-@s) Var[Y]=@7(1+e—07)/(1—-e)? 
P(Wsx)=1—ge Ho) Var[W]=0(2—@)/(u(1—@))? 
P(U<x)=1—e-H(1-9) Var[U]=1/(u2(1—@)?) 

MIG/I 

SW, Ul o)s sty lo) sf*(s) Me SFO He S46) 
fz(s)=Ele2]=f*(s+A—Afz(s)) f*(s)=E[e?] 

Little’s formula 

For a steady state system 

L=,W 

A= intensity of arrival process 

L= expected number of customers in the system 

W= expected time of customer in system 
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17.6 

Erlang’s loss formula 

ing system has c servers an A queue 

busy under c, @) that all servers are 

waiting line. The traffic intensity is 9. Then IV 

Erlang’s loss formula gives the probability 7( 

stationary conditions. 

d no 

c : 

I Zolli!) (e‘/c mc, @) 
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17.7 Reliability 

Coherent systems 

System functions and reliability 

1 if system is functioning for vector x 

AD SteR THN SIOn m(x)={) if system is failed for vector x 

xX=(%1, X2, .... Xn), where 

_}1 if component nr i is functioning 

0 if component nr / is failed 

For coherent systems x<y > ®(x)<P(y). 

pi=P(xj=1)=E|[x;]=reliability of component nr i 

E[®(x)]=h(p1, p2, ..., Pn)=reliability of system 

Series system 

{7} 

ie . 

P(x)= HI xa=min(1, X32, aun) 
t= 

n 

Reliability (independent components)= J7 p; 
i=1 

Parallel system 

n n 

P(x)=1- A (1-x)= H xi=max(x1, Nye Xp) 
i= i= 

n 

Reliability (independent components)= IJ pj=1— I (1—p;) 
i=1 i=1 
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k-out-of-n system 

sig hg 

The system is functioning if at least k components are functioning. 
n 

Lif > xj>k 
i=1 

P(x)= n 
Cif DS xyck 

i=1 

Reliability (independent components with the same reliability p)= 

n . . 

= 5 ()pid-py 

Specific coherent systems 

System System function 

=1—(1—x)(=22) 

X4X2X3 

x X2 We3= 

=1—(1—x1)(1—x2)(1—3) 

x4 (x2 1x3) = 
=Xx4(x2+x3-—x2%3) 

x1 LI (x2x3)= 
=X +X2X3—X1X2X3 

(x12) LI (x1x3) Ll (x2x3)= 

=1—(1—x1x2)(1—x1%3)(1— x23) = 
=X4X2TX4X3 +x9x3—2x1x2X3 

393 

Reliability 
(independent 

components) 

i Ui x 
=1—(1-pi)(1—p2) 

PiP2P3 

pillp2 p3= 
=1-—(1—p1)(1—p2)(1—ps) 

pi(p2+ P3—P2P3) 

P1t+P2P3—P1P2P3 

P1p2+ P1p3+ P2P3— 2P 1P2w3 



We 

Life distributions 
Basic definitions 

X=length of life for component or system of components 

Distribution function F(x)=P(XXx) 

Survival probability (reliability) G(x)=P(X>x)=1-F(x) 
Probability density f@)=F'(x~)=-G'(x) 

Failure (hazard) rate r(x)=f(x)/G(x)=F' (x)/(1-F (x)) 

Expected lifetime M= fof (x)dx= f(x 

Variance o*= Fa —p)? f(x)dx 

P(XSt+h|X>1)=r(t)h+o(h) 

~Fritde 
G(x)=1-F(x)=e ° 

Properties of life distributions 

Property 

IFR r(t) is increasing in ¢ 
Increasing failure rate 

Decreasing failure rate r(t) is decreasing in t 

t Increasing failure rate average J r(x)dx/t is increasing in ¢ 
0 

(b Decreasing failure rate average J r(x)dx/t is decreasing in ¢ 
0 

New better than used G(x+y)<G(x)G(y) 
New worse than used NWU G(x+y)=G(x)G(y) 

New better than used in NBUE J G(x)dx<uG(t) 
expectation : 

New worse than used in NWUE J G(x)dx=uG(0) 
~ expectation 
8 

Harmonic new better than HNBUE J G(x)dx<pe-t 
used in expectation ~ 

8 
Harmonic new worse than J G@)dxEpe- 
used in expectation ~ 

IFR > IFRA > NBU > NBUE 3 HNBUE 

DFR > DFRA > NWU 3 NWUE 3 HNWUE 
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17 

Specific life distributions 

Weibull 

u=A-!F(1+1/8) 

o2=A-2((1+2/8)-F'2(1+1/8)) 

1 a ae 2 2 

Lognormal x)= e~ (Inx—a)?/28 
8 f(x) Bevin 

p=ertP2 

o2= 20+ B(e6*_1) 

Gamma flx)=—A ytle-*y, x30 
I(n) 

For positive integers n 

Life distribution for systems 

Constant failure rate 

f(x) =BABxB ley? 
G(x) =e" WY? 

r(x) =Babxb-! 

IFR for B21 

DFR for 6X1 

IFR for n=1 

DFR for 0<nS1 

—1 ; 

G(x)= ea Cx) .-ax 
U sey tt 

benla 

o2=n/A2 

f(x)=1/(b-a), aSx<b 

G(x)=(b—x)/(b-a) 

r(x)=1/(b-x) 

u=(at+b)/2 

o?=(b—a)*/12 

General component life distributions 

F(x)=1-(1-Fi(x))(1— Fa(x)) 
G(x)=Gi(x) G2(x) 

F(x)=Fi(x) Fan) 
G(x)=Gi1(x)+G2(x)—Gi(x) G2(x) 
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7.7 

Exponential component life distributions 

F(x)=1—e7 @s+4a)x 

Gla) ments 
m=1(Ay +d) 

F(x)=(1-e74)(1-e742*) 

G(x)=e74% 4 e742 e7 Aitdr)x 

1 1 sak 
1 Ag” AttAg 

In = 

> 

F(x)=(1-e7**)" 

waz 5 (-vii@li-g 5 
A i=1 = Sor 

1 
Ai = 

17.8 Tables 

The binomial distribution 

Probability function 

The table gives f(x)=(%)p*(1—p)"~*, x=0, 1, ..., n for different n, p and x. Concerning 
calculation of f(x) with programmable machine, see section 17.4. 

n * p=0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

y) 0.8100 0.6400 0.4900 0.3600 0.2500 0.1600 0.0900 0.0400 0.0100 
0.1800 0.3200 0.4200 0.4800 0.5000 0.4800 0.4200 0.3200 0.1800 
0.0100 0.0400 0.0900 0.1600 0.2500 0.3600 0.4900 0.6400 0.8100 

0.7290 0.5120 0.3430 0.2160 0.1250 0.0640 0.0270 0.0080 0.0010 
0.2430 0.3840 0.4410 0.4320 0.3750 0.2880 0.1890 0.0960 0.0270 
0.0270 0.0960 0.1890 0.2880 0.3750 0.4320 0.4410 0.3840 0.2430 
0.0010 0.0080 0.0270 0.0640 0.1250 0.2160 0.3430 0.5120 0.7290 

0.6561 0.4096 0.2401 0.1296 0.0625 0.0256 0.0081 0.0016 0.0001 
0.2916 0.4096 0.4116 0.3456 0.2500 0.1536 0.0756 0.0256 0.0036 
0.0486 0.1536 0.2646 0.3456 0.3750 0.3456 0.2646 0.1536 0.0486 
0.0036 0.0256 0.0756 0.1536 0.2500 0.3456 0.4116 0.4096 0.2916 
0.0001 0.0016 0.0081 0.0256 0.0625 0.1296 0.2401 0.4096 0.6561 2WNe SO wons-= & N= So 
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17.8 

i a 

n x p=0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

ees
 

0.5905 0.3277 0.1681 0.0778 0.0312 0.0102 0.0024 0.0003 0.0000 

0.3280 0.4096 0.3602 0.2592 0.1562 0.0768 0.0284 0.0064 0.0004 

0.0729 0.2048 0.3087 0.3456 0.3125 0.2304 0.1323 0.0512 0.0081 

0.0081 0.0512 0.1323 0.2304 0.3125 0.3456 0.3087 0.2048 0.0729 

0.0004 0.0064 0.0284 0.0768 0.1562 0.2592 0.3602 0.4096 0.3280 

0.0000 0.0003 0.0024 0.0102 0.0312 0.0778 0.1681 0.3277 0.5905 

0.5314 0.2621 0.1176 0.0467 0.0156 0.0041 0.0007 0.0001 0.0000 

0.3543 0.3932 0.3025 0.1866 0.0938 0.0369 0.0102 0.0015 0.0001 

0.0984 0.2458 0.3241 0.3110 0.2344 0.1382 0.0595 0.0154 0.0012 

0.0146 0.0819 0.1852 0.2765 0.3125 0.2765 0.1852 0.0819 0.0146 

0.0012 0.0154 0.0595 0.1382 0.2344 0.3110 0.3241 0.2458 0.0984 

0.0001 0.0015 0.0102 0.0369 0.0938 0.1866 0.3025 0.3932 0.3543 

0.0000 0.0001 0.0007 0.0041 0.0156 0.0467 0.1176 0.2621 0.5314 

0.4783 0.2097 0.0824 0.0280 0.0078 0.0016 0.0002 0.0000 0.0000 

0.3720 0.3670 0.2471 0.1306 0.0547 0.0172 0.0036 0.0004 0.0000 

0.1240 0.2753 0.3177 0.2613 0.1641 0.0774 0.0250 0.0043 0.0002 

0.0230 0.1147 0.2269 0.2903 0.2734 0.1935 0.0972 0.0287 0.0026 

0.0026 0.0287 0.0972 0.1935 0.2734 0.2903 0.2269 0.1147 0.0230 

0.0002 0.0043 0.0250 0.0774 0.1641 0.2613 0.3177 0.2753 0.1240 

0.0000 0.0004 0.0036 0.0172 0.0547 0.1306 0.2471 0.3670 0.3720 

0.0000 0.0000 0.0002 0.0016 0.0078 0.0280 0.0824 0.2097 0.4783 

0.3826 0.3355 0.1977 0.0896 0.0312 0.0079 0.0012 0.0001 0.0000 

0.1488 0.2936 0.2965 0.2090 0.1094 0.0413 0.0100 0.0011 0.0000 

0.0331 0.1468 0.2541 0.2787 0.2188 0.1239 0.0467 0.0092 0.0004 

0.0046 0.0459 0.1361 0.2322 0.2734 0.2322 0.1361 0.0459 0.0046 

0.0004 0.0092 0.0467 0.1239 0.2188 0.2787 0.2541 0.1468 0.0331 

0.0000 0.0011 0.0100 0.0413 0.1094 0.2090 0.2965 0.2936 0.1488 

0.0000 0.0001 0.0012 0.0079 0.0312 0.0896 0.1977 0.3355 0.3826 

0.0000 0.0000 0.0001 0.0007 0.0039 0.0168 0.0576 0.1678 0.4305 

0.3874 0.1342 0.0404 0.0101 0.0020 0.0003 0.0000 0.0000 0.0000 

0.3874 0.3020 0.1556 0.0605 0.0176 0.0035 0.0004 0.0000 0.0000 

0.1722 0.3020 0.2668 0.1612 0.0703 0.0212 0.0039 0.0003 0.0000 

0.0446 0.1762 0.2668 0.2508 0.1641 0.0743 0.0210 0.0028 0.0001 

0.0074 0.0661 0.1715 0.2508 0.2461 0.1672 0.0735 0.0165 0.0008 

0.0008 0.0165 0.0735 0.1672 0.2461 0.2508 0.1715 0.0661 0.0074 

0.0001 0.0028 0.0210 0.0743 0.1641 0.2508 0.2668 0.1762 0.0446 

0.0000 0.0003 0.0039 0.0212 0.0703 0.1612 0.2668 0.3020 0.1722 

0.0000 0.0000 0.0004 0.0035 0.0176 0.0605 0.1556 0.3020 0.3874 

0.0000 0.0000 0.0000 0.0003 0.0020 0.0101 0.0404 0.1342 0.3874 

0.3487 0.1074 0.0282 0.0060 0.0010 0.0001 0.0000 0.0000 0.0000 

0.3874 0.2684 0.1211 0.0403 0.0098 0.0016 0.0001 0.0000 0.0000 

0.1937 0.3020 0.2335 0.1209 0.0439 0.0106 0.0014 0.0001 0.0000 

0.0574 0.2013 0.2668 0.2150 0.1172 0.0425 0.0090 0.0008 0.0000 

0 

1 

2 

3 

4 

5 

0 

1 

2 

3 

4 

5 

6 

0 

1 

2 

3 

4 

5 

6 

i 

8 0 0.4305 0.1678 0.0576 0.0168 0.0039 0.0007 0.0001 0.0000 0.0000 

1 

2 

3 

4 

5 

6 

a} 

8 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 0 

1 

2 

3 
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17.8 
re ee 
n Bh p=0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 
a 

4 0.0112 0.0881 0.2001 0.2508 0.2051 0.1115 0.0368 0.0055 0.0001 
Ss 0.0015 0.0264 0.1029 0.2007 0.2461 0.2007 0.1029 0.0264 0.0015 
6 0.0001 0.0055 0.0368 0.1115 0.2051 0.2508 0.2001 0.0881 0.0112 
7. 0.0000 0.0008 0.0090 0.0425 0.1172 0.2150 0.2668 0.2013 0.0574 
8 0.0000 0.0001 0.0014 0.0106 0.0439 0.1209 0.2335 0.3020 0.1937 
9 0.0000 0.0000 0.0001 0.0016 0.0098 0.0403 0.1211 0.2684 0.3874 

10 0.0000 0.0000 0.0000 0.0001 0.0010 0.0060 0.0282 0.1074 0.3487 

0.2824 0.0687 0.0138 0.0022 0.0002 0.0000 0.0000 0.0000 0.0000 
0.3766 0.2062 0.0712 0.0174 0.0029 0.0003 0.0000 0.0000 0.0000 
0.2301 0.2835 0.1678 0.0639 0.0161 0.0025 0.0002 0.0000 0.0000 
0.0852 0.2362 0.2397 0.1419 0.0537 0.0125 0.0015 0.0001 0.0000 
0.0213 0.1329 0.2311 0.2128 0.1208 0.0420 0.0078 0.0005 0.0000 
0.0038 0.0532 0.1585 0.2270 0.1934 0.1009 0.0291 0.0033 0.0000 
0.0005 0.0155 0.0792 0.1766 0.2256 0.1766 0.0792 0.0155 0.0005 
0.0000 0.0033 0.0291 0.1009 0.1934 0.2270 0.1585 0.0532 0.0038 
0.0000 0.0005 0.0078 0.0420 0.1208 0.2128 0.2311 0.1329 0.0213 
0.0000 0.0001 0.0015 0.0125 0.0537 0.1419 0.2397 0.2362 0.0852 
0.0000 0.0000 0.0002 0.0025 0.0161 0.0639 0.1678 0.2835 0.2301 
0.0000 0.0000 0.0000 0.0003 0.0029 0.0174 0.0712 0.2062 0.3766 
0.0000 0.0000 0.0000 0.0000 0.0002 0.0022 0.0138 0.0687 0.2824 

0.1216 0.0115 0.0008 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
0.2702 0.0576 0.0068 0.0005 0.0000 0.0000 0.0000 0.0000 0.0000 
0.2852 0.1369 0.0278 0.0031 0.0002 0.0000 0.0000 0.0000 0.0000 
0.1901 0.2054 0.0716 0.0123 0.0011 0.0000 0.0000 0.0000 0.0000 
0.0898 0.2182 0.1304 0.0350 0.0046 0.0003 0.0000 0.0000 0.0000 
0.0319 0.1746 0.1789 0.0746 0.0148 0.0013 0.0000 0.0000 0.0000 
0.0089 0.1091 0.1916 0.1244 0.0370 0.0049 0.0002 0.0000 0.0000 
0.0020 0.0545 0.1643 0.1659 0.0739 0.0146 0.0010 0.0000 0.0000 
0.0004 0.0222 0.1144 0.1797 0.1201 0.0355 0.0039 0.0001 0.0000 
0.0001 0.0074 0.0654 0.1597 0.1602 0.0710 0.0120 0.0005 0.0000 
0.0000 0.0020 0.0308 0.1171 0.1762 0.1171 0.0308 0.0020 0.0000 
0.0000 0.0005 0.0120 0.0710 0.1602 0.1597 0.0654 0.0074 0.0001 
0.0000 0.0001 0.0039 0.0355 0.1201 0.1797 0.1144 0.0222 0.0004 
0.0000 0.0000 0.0010 0.0146 0.0739 0.1659 0.1643 0.0545 0.0020 
0.0000 0.0000 0.0002 0.0049 0.0370 0.1244 0.1916 0.1091 0.0089 
0.0000 0.0000 0.0000 0.0013 0.0148 0.0746 0.1789 0.1746 0.0319 
0.0000 0.0000 0.0000 0.0003 0.0046 0.0350 0.1304 0.2182 0.0898 
0.0000 0.0000 0.0000 0.0000 0.0011 0.0123 0.0716 0.2054 0.1901 
0.0000 0.0000 0.0000 0.0000 0.0002 0.0031 0.0278 0.1369 0.2852 
0.0000 0.0000 0.0000 0.0000 0.0000 0.0005 0.0068 0.0576 0.2702 
0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0008 0.0115 0.1216 
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17.8 

Binomial distribution, distribution function 

The table gives the distribution function F(x)= s (‘,) p<(1—p)"~* for different values 

of n and p. a, 

Concerning calculation of F(x) with programmable machine, see section 17.4. 

n x p=0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 

2 0 0.8100 0.6400 0.4900 0.3600 0.2500 0.1600 0.0900 0.0400 0.0100 

0.9900 0.9600 0.9100 0.8400 0.7500 0.6400 0.5100 0.3600 0.1900 = 

0.7290 0.5120 0.3430 0.2160 0.1250 0.0640 0.0270 0.0080 0.0010 

0.9720 0.8960 0.7840 0.6480 0.5000 0.3520 0.2160 0.1040 0.0280 

0.9990 0.9920 0.9730 0.9360 0.8750 0.7840 0.6570 0.4880 0.2710 

0.6561 0.4096 0.2401 0.1296 0.0625 0.0256 0.0081 0.0016 0.0001 

0.9477 0.8192 0.6517 0.4752 0.3125 0.1792 0.0837 0.0272 0.0037 

0.9963 0.9728 0.9163 0.8208 0.6875 0.5248 0.3483 0.1808 0.0523 

0.9999 0.9984 0.9919 0.9744 0.9375 0.8704 0.7599 0.5904 0.3439 

0.5905 0.3277 0.1681 0.0778 0.0313 0.0102 0.0024 0.0003 0.0000 

0.9185 0.7373 0.5282 0.3370 0.1875 0.0870 0.0308 0.0067 0.0005 

0.9914 0.9421 0.8369 0.6826 0.5000 0.3174 0.1631 0.0579 0.0086 

0.9995 0.9933 0.9692 0.9130 0.8125 0.6630 0.4718 0.2627 0.0815 

1.0000 0.9997 0.9976 0.9898 0.9688 0.9222 0.8319 0.6723 0.4095 

0.5314 0.2621 0.1176 0.0467 0.0156 0.0041 0.0007 0.0001 0.0000 

0.8857 0.6554 0.4202 0.2333 0.1094 0.0410 0.0109 0.0016 0.0001 

0.9841 0.9011 0.7443 0.5443 0.3438 0.1792 0.0705 0.0170 0.0013 

0.9987 0.9830 0.9295 0.8208 0.6563 0.4557 0.2557 0.0989 0.0159 

0.9999 0.9984 0.9891 0.9590 0.8906 0.7667 0.5798 0.3446 0.1143 

1.0000 0.9999 0.9993 0.9959 0.9844 0.9533 0.8824 0.7379 0.4686 

0.4783 0.2097 0.0824 0.0280 0.0078 0.0016 0.0002 0.0000 0.0000 

0.8503 0.5767 0.3294 0.1586 0.0625 0.0188 0.0038 0.0004 0.0000 

0.9743 0.8520 0.6471 0.4199 0.2266 0.0963 0.0288 0.0047 0.0002 

0.9973 0.9667 0.8740 0.7102 0.5000 0.2898 0.1260 0.0333 0.0027 

0.9998 0.9953 0.9712 0.9037 0.7734 0.5801 0.3529 0.1480 0.0257 

1.0000 0.9996 0.9962 0.9812 0.9375 0.8414 0.6706 0.4233 0.1497 

1.0000 0.0000 0.9998 0.9984 0.9922 0.9720 0.9176 0.7903 0.5217 

0.4305 0.1678 0.0576 0.0168 0.0039 0.0007 0.0001 0.0000 0.0000 

0.8131 0.5033 0.2553 0.1064 0.0352 0.0085 0.0013 0.0001 0.0000 

0.9619 0.7969 0.5518 0.3154 0.1445 0.0498 0.0113 0.0012 0.0000 

0.9950 0.9437 0.8059 0.5941 0.3633 0.1737 0.0580 0.0104 0.0004 

0.9996 0.9896 0.9420 0.8263 0.6367 0.4059 0.1941 0.0563 0.0050 

1.0000 0.9988 0.9887 0.9502 0.8555 0.6846 0.4482 0.2031 0.0381 

1.0000 0.9999 0.9987 0.9915 0.9648 0.8936 0.7447 0.4967 0.1869 

1.0000 1.0000 0.9999 0.9993 0.9961 0.9832 0.9424 0.8322 0.5695 

0.3874 0.1342 0.0404 0.0101 0.0020 0.0003 0.0000 0.0000 0.0000 

0.7748 0.4362 0.1960 0.0705 0.0195 0.0038 0.0004 0.0000 0.0000 = © NaA nk WN HS SC Ankh wWNeE SC NN BWN KS SC 2 WN = © one © | i) 
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10 

12 

20 
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p=0.10 

0.9470 

0.9917 

0.9991 

0.9999 

1.0000 

1.0000 

1.0000 

0.3487 

0.7361 

0.9298 

0.9872 

0.9984 

0.9999 

1.0000 

1.0000 

1.0000 

1.0000 

0.2824 

0.6590 

0.8891 

0.9744 

0.9957 

0.9995 

0.9999 

1.0000 

1.0000 

1.0000 

1.0000 

1.0000 

0.1216 

0.3917 

0.6769 

0.8670 

0.9568 

0.9887 

0.9976 

0.9996 

0.9999 

1.0000 

1.0000 

1.0000 

1.0000 

1.0000 

1.0000 

1.0000 

0.20 

0.7382 

0.9144 

0.9804 

0.9969 

0.9997 

1.0000 

1.0000 

0.1074 

0.3758 

0.6778 

0.8791 

0.9672 

0.9936 

0.9991 

0.9999 

1.0000 

1.0000 

0.0687 

0.2749 

0.5583 

0.7946 

0.9274 

0.9806 

0.9961 

0.9994 

0.9999 

1.0000 

1.0000 

1.0000 

0.0115 

0.0692 

0.2061 

0.4114 

0.6296 

0.8042 

0.9133 

0.9679 

0.9900 

0.9974 

0.9994 

0.9999 

1.0000 

1.0000 

1.0000 

1.0000 

0.30 

0.4628 

0.7297 

0.9012 

0.9747 

0.9957 

0.9996 

1.0000 

0.0282 

0.1493 

0.3828 

0.6496 

0.8497 

0.9527 

0.9894 

0.9984 

0.9999 

1.0000 

0.0138 

0.0850 

0.2528 

0.4925 

0.7237 

0.8822 

0.9614 

0.9905 

0.9983 

0.9998 

1.0000 

1.0000 

0.0008 

0.0076 

0.0355 

0.1071 

0.2375 

0.4164 

0.6080 

0.7723 

0.8867 

0.9520 

0.9829 

0.9949 

0.9987 

0.9997 

1.0000 

1.0000 

17.8 

0.40 

0.2318 

0.4826 

0.7334 

0.9006 

0.9750 

0.9962 

0.9997 

0.0060 

0.0464 

0.1673 

0.3823 

0.6331 

0.8338 

0.9452 

0.9877 

0.9983 

0.9999 

0.0022 

0.0196 

0.0834 

0.2253 

0.4382 

0.6652 

0.8418 

0.9427 

0.9847 

0.9972 

0.9997 

1.0000 

0.0000 

0.0005 

0.0036 

0.0160 

0.0510 

0.1256 

0.2500 

0.4159 

0.5956 

0.7553 

0.8725 

0.9435 

0.9790 

0.9935 

0.9984 

0.9997 

400 

0.50 

0.0898 

0.2539 

0.5000 

0.7461 

0.9102 

0.9805 

0.9980 

0.0010 

0.0107 

0.0547 

0.1719 

0.3770 

0.6230 

0.8281 

0.9453 

0.9893 

0.9990 

0.0002 

0.0032 

0.0193 

0.0730 

0.1938 

0.3872 

0.6128 

0.8062 

0.9270 

0.9807 

0.9968 

0.9998 

0.0000 

0.0000 

0.0002 

0.0013 

0.0059 

0.0207 

0.0577 

0.1316 

0.2517 

0.4119 

0.5881 

0.7483 

0.8684 

0.9423 

0.9793 

0.9941 

0.60 

0.0250 

0.0994 

0.2666 

0.5174 

0.7682 

0.9295 

0.9899 

0.0001 

0.0017 

0.0123 

0.0548 

0.1662 

0.3669 

0.6177 

0.8327 

0.9536 

0.9940 

0.0000 

0.0003 

0.0028 

0.0153 

0.0573 

0.1582 

0.3348 

0.5618 

0.7747 

0.9166 

0.9804 

0.9978 

0.0000 

0.0000 

0.0000 

0.0000 

0.0003 

0.0016 

0.0065 

0.0210 

0.0565 

0.1275 

0.2447 

0.4044 

0.5841 

0.7500 

0.8744 

0.9490 

0.70 

0.0043 

0.0253 

0.0988 

0.2703 

0.5372 

0.8040 

0.9596 

0.0000 

0.0001 

0.0016 

0.0106 

0.0473 

0.1503 

0.3504 

0.6172 

0.8507 

0.9718 

0.0000 

0.0000 

0.0002 

0.0017 

0.0095 

0.0386 

0.1178 

0.2763 

0.5075 

0.7472 

0.9150 

0.9862 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0003 

0.0013 

0.0051 

0.0171 

0.0480 

0.1133 

0.2277 

0.3920 

0.5836 

0.7625 

0.80 

0.0003 

0.0031 

0.0196 

0.0856 

0.2618 

0.5638 

0.8658 

0.0000 

0.0000 

0.0001 

0.0009 

0.0064 

0.0328 

0.1209 

0.3222 

0.6242 

0.8926 

0.0000 

0.0000 

0.0000 

0.0001 

0.0006 

0.0039 

0.0194 

0.0726 

0.2054 

0.4417 

0.7251 

0.9313 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0001 

0.0006 

0.0026 

0.0100 

0.0321 

0.0867 

0.1958 

0.3704 

0.90 

0.0000 

0.0001 

0.0009 

0.0083 

0.0530 

0.2252 

0.6126 

0.0000 

0.0000 

0.0000 

0.0000 

0.0001 

0.0016 

0.0128 

0.0702 

0.2639 

0.6513 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0001 

0.0005 

0.0043 

0.0256 

0.1109 

0.3410 

0.7176 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 

0.0001 

0.0004 

0.0024 

0.0113 

0.0432 



17.8 

n x p=0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 

16 1.0000 1.0000 1.0000 1.0000 0.9987 0.9840 0.8929 0.5886 0.1330 

17 1.0000 1.0000 1.0000 1.0000 0.9998 0.9964 0.9645 0.7939 0.3231 

18 1.0000 1.0000 1.0000 1.0000 1.0000 0.9995 0.9924 0.9308 0.6083 

19 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9992 0.9885 0.8784 

The Poisson distribution 

Probability function 

The table gives f(x)=e~4 A*/x! for different values of J and x. 

Concerning calculation of f(x) with programmable machine, see section 17.4. 

x A=0.1 A=0.2 A=0.3 A=0.4 A=0.5 A=0.6 

0 0.9048 0.8187 0.7408 0.6703 0.6065 0.5488 
1 0.0905 0.1637 O2222 0.2681 0.3033 0.3293 
2 0.0045 0.0164 0.0333 0.0536 0.0758 0.0988 
3 0.0002 0.0011 0.0033 0.0072 0.0126 0.0198 
4 0.0001 0.0002 0.0007 0.0016 0.0030 
5 0.0001 0.0002 0.0004 

x A=0.7 A=0.8 A=0.9 A=1.0 A=1.1 A=1.2 

0 0.4966 0.4493 0.4066 0.3679 0.3329 0.3012 
1 0.3476 0.3595 0.3659 0.3679 0.3662 0.3614 
2 0.1217 0.1438 0.1647 0.1839 0.2014 0.2169 
3 0.0284 0.0383 0.0494 0.0613 0.0738 0.0867 
4 0.0050 0.0077 0.0111 0.0153 0.0203 0.0260 
5 0.0007 0.0012 0.0020 0.0031 0.0045 0.0062 
6 0.0001 0.0002 0.0003 0.0005 0.0008 0.0012 
7 0.0001 0.0001 0.0002 

x A=1.3 A=1.4 A=1.5 A=1.6 A=1.7 A=1.8 

0 0.2725 0.2466 0.2231 0.2019 0.1827 0.1653 

1 0.3543 0.3452 0.3347 0.3230 0.3106 0.2975 

2 0.2303 0.2417 0.2510 0.2584 0.2640 0.2678 

3 0.0998 0.1128 0.1255 0.1378 0.1496 0.1607 

4 0.0324 0.0395 0.0471 0.0551 0.0636 0.0723 

= 0.0084 0.0111 0.0141 0.0176 0.0216 0.0260 

6 0.0018 0.0026 0.0035 0.0047 0.0061 0.0078 

7 0.0003 0.0005 0.0008 0.0011 0.0015 0.0020 

8 0.0001 0.0001 0.0001 0.0002 0.0003 0.0005 

9 0.0001 0.0001 
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A=1.9 

0.1496 
0.2842 
0.2700 
0.1710 
0.0812 
0.0309 
0.0098 
0.0027 
0.0006 
0.0001 

A=5 

0.0067 
0.0337 
0.0842 
0.1404 
0.1755 
0.1755 
0.1462 
0.1044 
0.0653 
0.0363 
0.0181 
0.0082 
0.0034 
0.0013 
0.0005 
0.0002 

A=2.0 

071353 
0.2707 
0.2707 
0.1804 
0.0902 
0.0361 
0.0120 
0.0034 
0.0009 
0.0002 

A=6 

0.0025 
0.0149 
0.0446 
0.0892 
0.1339 
0.1606 
0.1606 
0.1377 
0.1033 
0.0688 
0.0413 
0.0225 
0.0113 
0.0052 
0.0022 
0.0009 
0.0003 
0.0001 

A=2.5 

0.0821 
0.2052 
0.2565 
0.2138 
0.1336 
0.0668 
0.0278 
0.0099 
0.0031 
0.0009 
0.0002 

A=7 

0.0009 
0.0064 
0.0223 
0.0521 
0.0912 
0.1277 
0.1490 
0.1490 
0.1304 
0.1014 
0.0710 
0.0452 
0.0264 
0.0142 
0.0071 
0.0033 
0.0014 
0.0006 
0.0002 
0.0001 

17.8 
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A=3.0 

0.0498 
0.1494 
0.2240 
0.2240 
0.1680 
0.1008 
0.0504 
0.0216 
0.0081 
0.0027 
0.0008 
0.0002 
0.0001 

0.0003 
0.0027 
0.0107 
0.0286 
0.0573 
0.0916 
0.1221 
0.1396 
0.1396 
0.1241 
0.0993 
0.0722 
0.0481 
0.0296 
0.0169 
0.0090 
0.0045 
0.0021 
0.0009 
0.0004 
0.0002 
0.0001 

A=3.5 

0.0302 
0.1057 
0.1850 
0.2158 
0.1888 
0.1322 
0.0771 
0.0385 
0.0169 
0.0066 
0.0023 
0.0007 
0.0002 
0.0001 

0.0001 
0.0011 
0.0050 
0.0150 
0.0337 
0.0607 
0.0911 
0.1171 
0.1318 
0.1318 
0.1186 
0.0970 
0.0728 
0.0504 
0.0324 
0.0194 
0.0109 
0.0058 
0.0029 
0.0014 
0.0006 
0.0003 
0.0001 

A=4 

0.0183 
0.0733 
0.1465 
0.1954 
0.1954 
0.1563 
0.1042 
0.0595 
0.0298 
0.0132 
0.0053 
0.0019 
0.0006 
0.0002 
0.0001 

A=10 

0.0000 
0.0005 
0.0023 
0.0076 
0.0189 
0.0378 
0.0631 
0.0901 
0.1126 
0.1251 
0.1251 
0.1137 
0.0948 
0.0729 
0.0521 
0.0347 
0.0217 
0.0128 
0.0071 
0.0037 
0.0019 
0.0009 
0.0004 
0.0002 
0.0001 



17.8 

Poisson distribution, distribution function 

x 

The table gives the distribution function F(x)= 2 eo“ AK/k! for different values of A 

and x. (i 

Concerning calculation of F(x) with programmable machine, see section 17.4. 

x A=0.1 A=0.2 A=0.3 A=0.4 A=0.5 A=0.6 

0 0.9048 0.8187 0.7408 0.6703 0.6065 0.5488 
1 0.9953 0.9825 0.9631 0.9384 0.9098 0.8781 
2 0.9998 0.9989 0.9964 0.9921 0.9856 0.9769 
3 1.0000 0.9999 0.9997 0.9992 0.9982 0.9966 
4 1.0000 1.0000 0.9999 0.9998 0.9996 
5 1.0000 1.0000 1.0000 

x A=0.7 A=0.8 A=0.9 A=1.0 A=1.1 A=1.2 

0 0.4966 0.4493 0.4066 0.3679 0.3329 0.3012 
1 0.8442 0.8088 0.7725 0.7350 0.6990 0.6626 
2 0.9659 0.9526 0.9371 0.9197 0.9004 0.8795 
3 0.9942 0.9909 0.9865 0.9810 0.9743 0.9662 
4 0.9992 0.9986 O977 0.9963 0.9946 0.9923 

5 0.9999 0.9998 0.9997 0.9994 0.9990 0.9985 

6 1.0000 1.0000 1.0000 0.9999 0.9999 0.9997 

a 1.0000 1.0000 1.0000 

x A=1.3 A=1.4 A=1.5 A=1.6 A=1.7 A=1.8 

0 0.2725 0.2466 0.2231 0.2019 0.1827 0.1653 

1 0.6268 0.5918 0.5578 0.5249 0.4932 0.4628 

2 0.8571 0.8335 0.8088 0.7834 U.7572 0.7306 

3 0.9569 0.9463 0.9344 0.9212 0.9068 0.8913 

4 0.9893 0.9857 0.9814 0.9763 0.9704 0.9636 

5 0.9978 0.9968 0.9955 0.9940 0.9920 0.9896 

6 0.9996 0.9994 0.9991 0.9987 0.9981 0.9974 

7 0.9999 0.9999 0.9998 0.9997 0.9996 0.9994 

8 1.0000 1.0000 1.0000 1.0000 0.9999 0.9999 

2 1.0000 1.0000 
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x A=1.9 A=2.0 A=25 A=3°0 A=305 A=4.0 
i ne a a ee eee a eee 

0 0.1496 0.1353 0.0821 0.0498 0.0302 0.0183 

1 0.4338 0.4060 0.2873 0.1991 0.1359 0.0916 

pe 0.7037 0.6767 0.5438 0.4232 0.3208 0.2381 

3 0.8747 0.8571 0.7576 0.6472 0.5366 0.4335 

4 0.9559 0.9473 0.8912 0.8153 0.7254 0.6288 

5 0.9868 0.9834 0.9580 0.9161 0.8576 0.7851 

6 0.9966 0.9955 0.9858 0.9665 0.9347 0.8893 

Ii 0.9992 0.9989 0.9958 0.9881 0.9733 0.9489 

8 0.9998 0.9998 0.9989 0.9962 0.9901 0.9786 

9 1.0000 1.0000 0.9997 0.9989 0.9967 0.9919 

10 0.9999 0.9997 0.9990 0.9972 

11 1.0000 0.9999 0.9997 0.9991 

12 1.000 0.9999 0.9997 

13 1.0000 0.9999 

14 1.0000 
i 

404 



17.8 

Normal distribution 
Distribution function 

x 

The table gives OW)=—— f e-®2 dt. For x<0 values of ®(x) can be obtained 

from @(—x)=1-—@(x). a 

x 0 1 2 3 4 5 6 i 8 9 

0.0 0.5000 0.5040 0.5080 0.5120 0.5160 0.5199 0.5239 0.5279 0.5319 0.5359 

0.1 0.5398 0.5438 0.5478 0.5517 0.5557 0.5596 0.5636 0.5675 0.5714 0.5753 

0.2 0.5793. 0.5832 0.5871 0.5910 0.5948 0.5987 0.6026 0.6064 0.6103 0.6141 

0.3. 0.6179 0.6217 0.6255 0.6293 0.6331 0.6368 0.6406 0.6443 0.6480 0.6517 

0.4 0.6554 0.6591 0.6628 0.6664 0.6700 0.6736 0.6772 0.6808 0.6844 0.6879 

0.5 0.6915 0.6950 0.6985 0.7019 0.7054 0.7088 0.7123 0.7157 0.7190 0.7224 

0.6 0.7257 0.7291 0.7324 0.7357 0.7389 0.7422 0.7454 0.7486 0.7517 0.7549 

0.7. 0.7580 0.7611 0.7642 0.7673 0.7703 0.7734 0.7764 0.7794 0.7823 0.7852 

0.8 0.7881 0.7910 0.7939 0.7967 0.7995 0.8023 0.8051 0.8078 0.8106 0.8133 

0.9 0.8159 0.8186 0.8212 0.8238 0.8264 0.8289 0.8315 0.8340 0.8365 0.8389 

1.0 0.8413 0.8438 0.8461 0.8485 0.8508 0.8531 0.8554 0.8577 0.8599 0.8621 

1.1 0.8643 0.8665 0.8686 0.8708 0.8729 0.8749 0.8770 0.8790 0.8810 0.8830 

1.2 0.8849 0.8869 0.8888 0.8907 0.8925 0.8944 0.8962 0.8980 0.8997 0.9015 

1.3 0.9032 0.9049 0.9066 0.9082 0.9099 0.9115 0.9131 0.9147 0.9162 0.9177 

1.4 0.9192 0.9207 0.9222 0.9236 0.9251 0.9265 0.9279 0.9292 0.9306 0.9319 

1.5 0.9332 0.9345 0.9357 0.9370 0.9382 0.9394 0.9406 0.9418 0.9429 0.9441 

1.6 0.9452 0.9463 0.9474 0.9484 0.9495 0.9505 0.9515 0.9525 0.9535 0.9545 

1.7 0.9554 0.9564 0.9573 0.9582 0.9591 0.9599 0.9608 0.9616 0.9625 0.9633 

1.8 0.9641 0.9649 0.9656 0.9664 0.9671 0.9678 0.9686 0.9693 0.9699 0.9706 

1.9 0.9713 0.9719 0.9726 0.9732 0.9738 0.9744 0.9750 0.9756 0.9761 0.9767 

2.0 0.9772 0.9778 0.9783 0.9788 0.9793 0.9798 0.9803 0.9808 0.9812 0.9817 

2.1 0.9821 0.9826 0.9830 0.9834 0.9838 0.9842 0.9846 0.9850 0.9854 0.9857 

2.2 0.9861 0.9864 0.9868 0.9871 0.9875 0.9878 0.9881 0.9884 0.9887 0.9890 

2.3 0.9893 0.9896 0.9898 0.9901 0.9904 0.9906 0.9909 0.9911 0.9913 0.9916 

2.4 0.9918 0.9920 0.9922 0.9925 0.9927 0.9929 0.9931 0.9932 0.9934 0.9936 

2.5 0.9938 0.9940 0.9941 0.9943 0.9945 0.9946 0.9948 0.9949 0.9951 0.9952 

2.6 0.9953 0.9955 0.9956 0.9957 0.9959 0.9960 0.9961 0.9962 0.9963 0.9964 

2.7. 0.9965 0.9966 0.9967 0.9968 0.9969 0.9970 0.9971 0.9972 0.9973 0.9974 

2.8 0.9974 0.9975 0.9976 0.9977 0.9977 0.9978 0.9979 0.9979 0.9980 0.9981 

2.9 0.9981 0.9982 0.9982 0.9983 0.9984 0.9984 0.9985 0.9985 0.9986 0.9986 

3.0 0.9987 0.9987 0.9987 0.9988 0.9988 0.9989 0.9989 0.9989 0.9990 0.9990 

3.1 0.9903 0.9906 0.910 0.9713 0.9916 0.9°18 0.9°21 0.9°24 0.9726 0.9°29 

3.2 0.9931 0.9934 0.9°36 0.9938 0.9°40 0.9942 0.944 0.9°46 0.9°48 0.9°50 

3.3 0.9°52 0.9953 0.9955 0.9°57 0.9958 0.9°60 0.961 0.9°62 0.9°64 0.9°65 

3.4 0.9°66 0.9968 0.9969 0.9°70 0.9°71 0.9°72 0.9°73 0.9°74 0.9°75 0.9°76 

$e 

For large values of x the following approximation can be used. 

i eo bes, <1-—@(x SM 3 e~vl2 a 

V20 4 (? A ©) V20 3 
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17.8 

Normal distribution: x and P for given value of ®(x) 

The table gives x for given values of the distribution function 

B)=—— fe Pat 

Probability P in the table is P=®(x)—@(—x)=2@(x)-1. 

0.99995! 3.8906 
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17.8 

The y?-distribution 

The table gives x for given values of the distribution func- 

tion F(x) for a y?-distribution with r degrees of freedom. 
x 

ee es ee oe ee ee ee 

F(x)= 0.0005 0.001 0.005 0.010 0.025 0.05 0.10 0.25 0.50 

r="1 0.039 0.016 0.039 0.016 0.0°98 0.0039 0.0158 0.1015 0.4549 

2 0.0010 0.0020 0.0100 0.0201 0.0506 0.1026 0.2107 0.5754 1.386 

3 0.0153 0.0243 0.0717 0.1148 0.2158 0.3518 0.5844 1.213 2.366 

4 0.0639 0.0908 0.2070 0.2971 0.4844 0.7107 1.064 1.923 3.357 

5 W158. 0.210,.-.0.410, 0.554 40.831 1-145 “1.610, 2/675 . 4.551 

6 0.299 0.381 0.676 0.872 1.237 1.635 2.204 3.455 5.348 

7 0.485 0.598 0.989 1.239 1.690 2.167 2.833 4.255 6.346 

8 0740. OS57. 1.344001 6468 422.190 4) 26733. 29490 S07) . 7.344 

9 0.972 a5% 1.735%° 2.088% 122.700 0 3:325 4.168 5.899 8.343 

10 1.265 1.479 2.156 2.558 ° 3.247 3.940 4.865 6.737 9.342 

11 1.587 We34 260308 ..3.053s,5.3.81619).4.575— 15.578 7:584— 10:34 

12 1.934 2.214 3.074 3.571 4.404 5.226 6.304 8.438 11.34 

13 2.305 2.617 3.565 4.107 5.009 5.892 7.042 9.299 12.34 

14 9697 3.041 4.075 4.660 5.629" 6:571 © 7.790 10.17 13.34 

15 3.108 3.483 4.601 5.229 6.262 7.261 8.547 11.04 14.34 

16 B56 3942... 5.14276 5.812: 6.90815, 7.962 19.312 11.91 15.34 

17 3.980 4.416 5.697 6.408 7.564 8.672 10.09 12.79 16.34 

18 4.439 4.905 6.265 7.015 8.231 9.390 10.86 13.68 17.34 

19 4.912 5.407 6.844 7.633 8.907 10.12 11.65 14.56 18.34 

20 5398 5.921 7.434 8.260 9.591 10.85 12.44 15.45 19.34 

21 5.896 6.447 8.034 8.897 10.28 11.59 13.24 16.34 20.34 

22 6.405 6.983 8.643 9.542 10.98 12.34 14.04 17.24 21.34 

23 6.924 7.529 9.260 10.20 11.69 13.09 14.85 18.14 22.34 

24 7.453 8.085 9.886 10.86 12.40 13.85 15.66 19.04 23.34 

25 7001 8.649 10.52, 11.52 13.12 1461 16.47 19.94 24.34 

26 8.538 9.222 11.16 12.20 13.84 15.38 © 17.29 - 20.84 25.34 

27 9.093 91803 12:81 12.88 14.57) 16.15 18.11 21.75 26.34 

28 9.656 10.39 12.46 13.56 15.31 16.93 18.94 22.66 27.34 

29 10.23. 10.99 13.12 14.26 16.05 17.71 19.77 23.57 28.34 

30 10.80 11.59 13.79 14.95 16.79 18.49 20.60 24.48 29.34 

34 13.18 14.06 16.50 17.79 19.81 21.66 23.95 28.14 33.34 

39 16:27 1726 20.00), 21.43.42 23.65% °25.70 ©2820 32.74. 38.34 

44 19:48 20:58 23.58' 25.15%{ 27.58 29.79 §$32:49 37.36 43.34 

49 22.79 23.98 27.25 28.94 31.56 33.93 36.82 42.01 48.34 

59 29.64 31.02 34.77 36.70 39.66 42.34 45.58 51.36 58.34 

69 36.74 38.30 42.49 44.64 47.92 50.88 54.44 60.76 68.33 

79 44.05 45.76 50.38 (52.72 56.31 ‘159.52. 63.38 70.20 78.33 

89 51.52 53.39 58.39 60.93 64.79 68.25 72.39 79.68 88.33 

99 59.13 61.14 66.51 69.23 73.36 77.05 81.45 89.18 98.33 
RS eon ee 

Ex. 0.03 16=0.00016 
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17.8 
eee 
F(x)= 0.75 0.90 0.95 0.975 0.990 0.995 0.999 0.9995 

r= 1 1.323 2.706 3.841 5.024 6.635 7.879 MO leet 
2 Peedi 4.605 Sel 7.378 9.210 10.60 [Sere » MIS AA0 
3 4.108 6.251 7.815 9.348 11.34 12.84 16.27 1913 
a 5.385 Wott 9.488 11.14 13.28 14.86 18.47 20.00 

> 6.626 9.236 11.07 12.83 15.09 16.75 20.52 22.10 
6 7.841 10.64 1259 14.45 16.81 18.55 22.46 24.10 
7 9.037 12.02 14.07 16.01 18.48 20.28 24.32 26.02 
8 10.22 13.36 155i 17,93 20.09 21.96 26.12 27.87 
9 11.39 14.68 16.92 19.02 21.67 78) Oy 27.88") 29567 

10 12.55 15.99 18.31 20.48 Pug) 2) 25.19 prebee)— G ills 
11 13.70 17.28 19.68 21.92 24.72 26.76 31.26 33.14 
12 14.85 18.55 21.03 23.34 26.22 28.30 32.91 34.82 
13 15.98 19.81 22.36 24.74 27.69 29.82 34.53 36.48 
14 Ail, 21.06 23.68 26.12 29.14 S1E32 30,12 eee Sakl 

15 18.25 Pp aNik 25.00 27.49 30.58 32.80 57d Om oon Le 
16 19.37 23.54 26.30 28.85 32.00 34.27 39.25), 341-311 
17 20.49 24.77 27.59 30.19 33.41 33) 2 40.79 42.88 
18 21.60 25.99 28.87 Silos! 34.81 37.16 42.31 44.43 
19 Piped 27.20 30.14 32.85 36.19 38.58 43.82 45.97 

20 23.83 28.41 31.41 34.17 STS 40.00 45.32 47.50 
21 24.93 29.62 32.67 35.48 38.93 41.40 46.80 49.01 
22 26.04 30.81 83292 36.78 40.29 42.80 48.27 50.51 
25 27.14 32.01 35.17 38.08 41.64 44.18 AON 3S 200 
24 28.24 33.20 36.42 39.36 42.98 45.56 pill) Sisheeae 

25 29.34 34.38 37.65 40.65 44.31 46.93 52.62 54.95 
26 30.43 35.56 38.89 41.92 45.64 48.29 54.05 56.41 
ui | $1.53 36.74 40.11 43.19 49.96 49.64 55.48 57.86 
28 32.62 37292 41.34 44.46 48.28 50399 56.89 59.30 
29 SS 39.09 42.56 45.72 49.59 52.34 59.50 60:73 

30 34.80 40.26 43.77 46.98 50.89 53.67 59.70 62.16 
34 39.14 44.90 48.60 S1eoF 56.06 58.96 65.25 67.80 
39 44.54 50.66 54.57 58.12 62.43 65.48 T2005 7492 
44 49.91 56.37 60.48 64.20 68.71 71.89 ISTS) 81253 
49 55.26 62.04 66.34 70.22 74.92 78.23 SD SMSC oS 

52 65.92 73.28 TA 93 82.12 87.17 90.72 98.32 101.4 
69 76.52 84.42 89.39 93.86 99723 103.0 LAE a8, 
79 87.08 95.48 100.7 105.5 AB Li 115.1 123,66 "12720 
89 97.60 106.5 112.0 117.0 122.9 127.1 136.0 139.5 
99 108.1 117.4 1232 128.4 134.6 139.0 148.2 151.9 Se OE ea 

For r>30, the variable V2X is approximately N(V2r—1, 1). 
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17.8 

The gamma distribution 

The table gives x for given values of the distribution function F(x) for a gamma 

distribution with parameters r and A=1. 

F(x) 0.005 0.025 0.05 0.95 0.975 0.995 F (x) 

r= 1 0.005 0.025 0.051 3.00 3.69 5.30 r= 1 

2 0.103 0.242 0.355 4.74 yo! 7.43 2 

3 0.338 0.619 0.818 6.30 ee! Oh 3 

4 0.672 1.09 SS Weis 8.77 11.0 4 

5) 1.08 1.62 he OW Onl 10.2 12.6 5 

6 1.54 2.20 2.61 10.5 MGT 14.1 6 

a 2.04 2.81 3:29 11.8 {leyil S57 7 

8 PI y| 3.45 3.98 131 14.4 17a 8 

9 3:13 4.12 4.70 14.4 15.8 18.6 9 

10 8.72 4.80 5.43 15.7 17.1 20.0 10 

11 4.32 5.49 6.17 17.0 18.4 21.4 11 

12 4.94 6.20 6.92 18.2 19:7 22.8 12 

13 5.58 6.92 7.69 19.4 21.0 24.1 13 

14 6.23 7.65 8.46 20.7 ee, 295.5 14 

iS 6.89 8.40 9225 ZAGS 23:5 26.8 15 

16 Wea! 9.14 10.0 2351 24.7 28.2 16 

17 8:25 9.90 10.8 24.3 26.0 BSS) 17 

18 8.94 10.7 11.6 ESS) ihe?) 30.8 18 

19 9.64 11.4 12.4 26.7 28.4 B21 19 

20 10.4 122, 13.3 2S 29.7 33.4 20 

21 11.1 13.0 14.1 Has) 30.9 34.7 21 

22 11.8 13.8 14.9 30.2 Sel 35.9 22 

23 12 14.6 1557, 31.4 83.3 Mile”? 2, 

24 13.3 15.4 16.5 32.6 34.5 38.5 24 

J 14.0 16.2 17.4 33.8 Sed BON. 25 

26 14.7 17.0 18.2 34.9 36.9 41.0 16 

27 15:5 17.8 19 36.1 38.1 42.3 27 

28 16.2 18.6 1979) SIE2 shel 43.5 28 

29 17.0 19.4 20.7 38.4 40.5 44.7 29 

30 17.8 20.2 21.6 39.5 41.6 46.0 30 

31 18.5 2151 22.4 40.7 42.8 47.2 31 

32 19.3 ZnS 23-3 41.8 44.0 48.4 32 

33 20.1 Damn 24.2 43.0 45.2 49.7 33 

34 20.9 23.5 25.0 44.1 46.3 50.9 34 
SOO 
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17.8 

The ¢-distribution 

The table gives x for given values of the distribution function F(x) for a ¢-distribution 

with r degrees of freedom. For x<0 values of F(x) can be obtained from F(—x)=1—F ‘eal 

x 

F(x)= 0.75 0.90 0.95 0.975 0.990 0.995 0.9975 0.9995 

r= 1 1.0000 3.078 6.314 12.71 31.82 63.66 127.3 636.6 

2 0.8165 1.886 2.920 4.303 6.965 9.925 14.09 31.60 

3 0.7649 1.638 2.355 3.182 4.541 5.841 7.453 12.92 

4 0.7407 1.533 Dale 2.776 3.747 4.604 5.598 8.610 

5 0.7267 1.476 2.015 Zeo7 1 3.365 4.032 4.773 6.869 

6 0.7176 1.440 1.943 2.447 3.143 STALE ES oS) CSL) 

7 0.7111 1.415 1.895 2.365 2.998 3.499 4.029 5.408 

8 0.7064 1.397 1.860 2.306 2.896 3.355 3.832 5.041 

9 0.7027 1.383 1.833 2.262 2.821 3.250 3.690 4.781 

10 0.6998 LES 12 1.812 2.228 2.764 3.169 3.581 4.587 

11 0.6974 1.363 1.796 2.201 2.718 3.106 3.497 4.437 

12 0.6955 1.356 1.782 279 2.681 3.055 3.428 4.318 

13 0.6938 1.350 1.771 2.160 2.650 StOI25 wy3 S725 45221 

14 0.6924 1.345 1.761 2.145 2.624 2.977 3.326 4.140 

15 0.6912 1.341 1.753 2.131 2.602 2.947 3.286 4.073 

16 0.6901 1.337 1.746 2.120 2.583 ZOD 3.252) 64015 

17 0.6892 1.333 1.740 2.110 2.567 22898 3.222 93:965 

18 0.6884 1.330 1.734 2.101 2.52 Py giie, SNAP VL PPe 

19 0.6876 1.328 1.729 2.093 DDOo. 2.861 3.174 3.883 

20 0.6870 16325 1.725 2.086 2.528 2.845 3.153 3.850 

21 0.6864 16323 1.721 2.080 2.518 PSA Gale Shee Sho G) 

22 0.6858 ES PAI 1.717 2.074 2.508 Ze SIO 3 LAOS 92, 

23 0.6853 1.319 1.714 2.069 2.500 2.807 3.104 3.767 

24 0.6848 1.318 1.711 2.064 2.492 Zee 3.090 ea 45 

25 0.6844 1.316 1.708 2.060 2.485 ZiShy 3.0185 93.125 

26 0.6840 S15 1.706 2.056 2.479 PIA) eSEUG EY. SIKU 

27 0.6837 1.314 1.703 2.052 2.473 2.1 11) ee -056 832690 

28 0.6834 1.313 1.701 2.048 2.467 2.763 3.047 3.674 

29 0.6830 1.311 1.699 2.045 2.462 ZAI) we S.0S8, ee SL059 

30 0.6828 1.310 1.697 2.042 2.457 2.750 3.030 3.646 

34 0.6818 1.307 1.691 2.032 2.441 2.728 3.002 3.601 

ah) 0.6808 1.304 1.685 2.023 2.426 ZAOST) ©2297 Ope sooo 

44 0.6801 1.301 1.680 2.015 2.414 2: 092m 2.956 pis. 526 

49 0.6795 1.299 1.677 2.010 2.405 2.680 2.940 3.501 

59 0.6787 1.296 1.671 2.001 Rey iil 2.662 2.916 3.464 

69 0.6781 1.294 1.667 1.995 2.382 2.649 2.900 3.438 

79 0.6776 1.292 1.664 1.990 2.374 2.640 2.888 3.418 

89 0.6773 1.291 1.662 1.987 2.369 2.632 2.879 3.404 

99 0.6770 1.290 1.660 1.984 S09) 210265) 2.87.1 7 085.392 

8 0.6745 1.282 1.645 1.960 2.326 2,510" 2.807 8.291 
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17.8 

F(x)=0.95 

The F-distribution 

The table gives x such that F(x)=0.95 for an F-distribution with 7; degrees of freedom 

for the numerator and rz degrees of freedom for the denominator. 

r/ry 1 2 3 i 5 6 i, 8 9 10 

1 161.45 199.50 215.71 224.58 230.16 233.99 236.77 238.88 240.54 241.88 

2 18:510>. 249.00 bE19: 16 © $19. 25.219: 300 219/350-6519 35M S19 SRY R938. | 19:40 

3} 10.13 BS) 9.28 ON2 9.01 8.94 8.89 8.85 8.81 8.79 

4 ep 6.94 6.59 6.39 6.26 6.16 6.09 6.04 6.00 5.97) 

5 6.61 Sak, 5.41 Sle: 5.05 4.95 4.88 4.82 4.77 4.73 

6 SSE) 5.14 4.76 4.53 4.39 4.28 4.21 4.15 4.10 4.06 

tl So) 4.74 4.35 4.12 Sys) 3.87 oo 3783 3.68 3.64 

8 5.32 4.46 4.07 3.84 3.69 3.58 3.50 3.44 S59 3.35 

9 5.12 4.26 3.86 3.63 3.48 Beall 3°29 323 3.18 3.14 

10 4.96 4.10 Spill 3.48 3.33 Sey) 3.14 3.07 3.02 2.98 

11 4.84 3.98 Broo 3.36 3.20 3.09 3.01 Zo 2.90 2.85 

12 4.75 3.89 3.49 3.26 Syl! 3.00 2.91 2.85 2.80 PIES) 

13 4.67 3.81 3.41 3.18 3.03 2.92 2.83 PP PPA 2.67 

14 4.60 3.74 3.34 Syl 2.96 2.85 2.76 2.70 2.65 2.60 

15 4.54 3.68 329 3.06 2.90 2.79 Asif 2.64 PES) 2.54 

16 4.49 3.63 3.24 3.01 2.85 2.14302 2.060 Jie) 2.54 2.49 

17 4.45 Bye 3.20 2.96 2.81 2.70 2.61 DS 2.49 2.45 

18 4.41 355 3.16 295 Poss] 2.66 2.58 2k 2.46 2.41 

19 4.38 Shay? Baile 2.90 2.74 2.63 2.54 2.48 2.42 2.38 

20 4.35 3.49 3.10 2.87 Mb 2.60 2.5K 2.45 2.39 2.39) 

2M 4.32 3.47 3.07 2.84 2.68 Deel 2.49 2.42 Peso Mee! 

22 4.30 3.44 3.05 2.82 2.66 AES 2.46 2.40 2.34 2.30 

23 4.28 3.42 3.03 2.80 2.64 253 2.44 Mesii! Zod PRP 

24 4.26 3.40 3.01 2.78 2.62 Paps 2.42 2.36 2.30 PRI) 

25 4.24 3.88 2.99 2.76 2.60 2.49 2.40 2.34 2.28 2.24 

26 4.23 33h 2.98 2.74 ess) 2.47 PRESS) Deey) Phepadl 2.22 

A 4.21 3.35 2.96 ZAS Pay | 2.46 223i Ppeiik 22S 2.20 

28 4.20 3.34 205 Ze 2.56 2.45 2.36 229 2.24 Hah 8) 

29 4.18 3:33 2393; 2.70 EOS 2.43 PEE) 2.28 Php) 2.18 

30 4.17 3:32 292 2.69 25 2.42 233 2.21 PPM 2.16 

35 4.12 SA 2.87 2.64 2.49 230, eps) figgap) 2.16 Poe kik 

40 4.08 3:23 2.84 2.61 2.45 2.34 ig pes) 2.18 2.12 2.08 

50 4.03 3.18 ETE) 2.56 2.40 ph) 2.20 213 2.07 2.03 

60 4.00 Bells) 2.76 SSS DS, Peis) 2.17 2.10 2.04 1s 

80 3.96 Sits! abe, 2.49 233 PEGA 2.13 2.06 2.00 1295 

100 3.94 3.09 2.70 2.46 ZeoM. 2219 2.10 DAOS OF 193 
ee 
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17.8 
nn ne UE EEE 

r/ry 11 12 15 20 25 30 40 50 100 
oo i ee en Re eee 

1 242.98 243.91 245.96 248.01 249.26 250.08 251.15 251.77 253.01 

2 19.40 19.41 19.43 19.45 19.46 19.46 19.47 19.48 19.49 

3 8.76 8.74 8.70 8.66 8.63 8.62 8.59 8.58 8.55 

4 5.94 5.91 5.86 5.80 Sot! 5.74 D2 5.70 5.66 

5) 4.70 4.68 4.62 4.56 4.52 4.50 4.46 4.44 4.41 

6 4.03 4.00 3.94 3.87 3.84 3.81 Bil, 313 Swil 

7 3.60 3:57 3.51 3.44 3.40 3.38 3.34 Sy) 3.27 

8 eyail 3.28 Bu22 3: Sold 3.08 3.04 3.02 USMY 

9 3.10 3.07 3.01 2.94 2.89 2.86 2.83 2.80 2.76 

10 2.94 2.91 2.85 Zul 2.73 2.70 2.66 2.64 PENS 

11 2.82 Peete) 213 2.65 2.60 AS 2.53 pew 2.46 

12 2.72 2.69 2.62 2.54 2.50 2.47 2.43 2.40 235) 

13 2.63 2.60 2.53 2.46 2.41 2.38 2.34 Zou 2.26 

14 2S Mees} 2.46 2039 2.34 231 22h 2.24 NO) 

15 2.51 2.48 2.40 2.35 2.28 2.29 2.20 2.18 Dele 

16 2.46 2.42 2235 2.28 223 BAS Dols 212 2.07 

17 2.41 2.38 Pa eh epi 2.18 215 2.10 2.08 2.02 

18 PaeH | 2.34 PP | PMS, 2.14 PMA 2.06 2.04 1.98 

19 2.34 2.31 juegos) 2.16 all 2.07 2.03 2.00 1.94 

20 291 2.28 2.20 ZAe 2.07 2.04 1.99 197, 19H 

Pas 2.28 Peps, 2.18 2.10 2.05 2.01 1.96 1.94 1.88 

22 2.26 2.23 2.15 2.07 2.02 1.98 1.94 19] 1.85 

23 2.24 2.20 ZS 2.05 2.00 1.96 | 1.88 1.82 

24 2.22 2.18 Peg 2.03 Lo 1.94 1.89 1.86 1.80 

25 2.20 2.16 2.09 2.01 1.96 1.92 1.87 1.84 1.78 

26 2.18 2.15 2.07 ee, 1.94 1.90 1.85 1.82 1.76 

27 Zl 213 2.06 1.97 og 1.88 1.84 1.81 1.74 

28 PE ANS Pa, Vb 2.04 1.96 OM 1.87 1.82 ETRY: ia7S 

29 2.14 2.10 2.03 1.94 1.89 1.85 1.81 17a ily 

30 2A 2.09 2.01 1.93 1.88 1.84 eS 1.76 1.70 

35 2.07 2.04 1.96 1.88 1.82 is 1.74 1.70 1.63 

40 2.04 2.00 f.92 1.84 1.78 1.74 1.69 1.66 1E59 

50 1.99 195 1.87 1.78 173 1.69 1.63 1.60 E52 

60 195 1S? 1.84 Be: 1.69 1.65 159) 1.56 1.48 

80 1.91 1.88 1.79 1.70 1.64 1.60 1.54 ila! 1.43 

100 1.89 1.85 1.77 1.68 1.62 1:57 52 1.48 1339 
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17.8 

F(x)=0.99 

The F-distribution 

The table gives x such that F(x)=0.99 for an F-distribution with r; degrees of freedom 

for the numerator and r2 degrees of freedom for the denominator. 

r/ry 1 2 3 4 S 6 7 8 S 10 

97998550 $99.00 ce 99:17 —, 0 99:25 Fp 99.30, 99533=—. 99136", 99.37%, 99.39 99.40 

Ss, 3A0FD hy 3082 29146 sie 28. Te DS D4 oy 27.91 fp 2767 yy ZTSO «27-34 2122, 

4 21.20 18.00 16.69 15.98 15.52 15.21 14.98 14.80 14.66 14.55 

50): 16206 ee 13°27 © 12065 11539)», 10.97 fp 10:67, 10:46, 10:29", 10.16 10.05 

Guo 13.75 ay 10.92 9.78 915 8.75 8.47 8.26 8.10 7.98 7.87 

Imm 1225 9.55 8.45 7.85 7.46 GAS) 6.99 6.84 6.72 6.62 

Sime 11.26 8.65 7.59 Heo 6.63 6.37 6.18 6.03 5.91 5.81 

9 24 10:56 8.02 6.99 6.42 6.06 5.80 5.61 5.47 525 5.26 

10 =: 10.04 7.56 6.55 3) ey) 5.64 Bee) 5.20 5.06 4.94 4.85 

11 9.65 TN 6.22 5.67 DoW 5.07 4.89 4.74 4.63 4.54 

12 9.33 6.93 St95 5.41 5.06 4.82 4.64 4.50 4.39 4.30 

13 9.07 6.70 5.74 S20 4.86 4.62 4.44 4.30 4.19 4.10 

14 8.86 6.51 5.56 5.04 4.69 4.46 4.28 4.14 4.03 3.94 

15 8.68 6.36 5.42 4.89 4.56 4.32 4.14 4.00 3.89 3.80 

16 8.53 6.23 5229 4.77 4.44 4.20 4.03 3.89 3.78 3.69 

1h 8.40 6.11 5.18 4.67 4.34 4.10 3.95 379 3.68 3.52 

18 8.29 6.01 5.09 4.58 4.25 4.01 3.84 Shih 3.60 325k 

19 8.18 5.93 5.01 4.50 4.17 3.94 Si 3.63 Bio2 3.43 

20 8.10 5.85 4.94 4.43 4.10 3.87 3.70 3.56 3.46 Shas) 

DN 8.02 5.78 4.87 4.37 4.04 3.81 3.64 Bho)! 3.40 Sail 

22 UES Si? 4.82 4.31 3.99 3.76 Stew) 3.45 353) 3.26 

23 7.88 5.66 4.76 4.26 3.94 Bhi 3.54 3.41 3.30 EYAL 

24 7.82 5.61 4.72 4.22 3.90 3.67 3.50 3.36 3.26 Duly 

25 Toth 5.57 4.68 4.18 3.85 3.63 3.46 BZ BAe Siodl3) 

26 Wises 5293 4.64 4.14 3.82 3059 3.42 3:29 3.18 3.09 

Pall 7.68 5.49 4.60 4.11 3.78 3t56 B39 3.26 3.15 3.06 

28 7.64 5.45 4.57 4.07 3:75 393 3.36 3.23 By 12 3.03 

29 7.60 5.42 4.54 4.04 376 3.50 3:33 B20 3.09 3.00 

30 7.56 5359 4.51 4.02 3.70 3.47 3.30 Soll 3.07 2.98 

35 7.42 S27, 4.40 3.94 Bye) Soil 3.20 2:07 2.96 2.88 

40 Teh 5.18 4.31 3.83 appl 329 Bhilps BOE 2.89 2.80 

50 Tele 5.06 4.20 3.72 3.41 3.19 3.02 2.89 2.78 PEIN 

60 7.08 4.98 4.13 3.65 3.34 32 295 282 Pies 2.63 

80 6.96 4.88 4.04 3.56 3.26 3.04 2.87 2.74 2.64 2.09 

100 6.90 4.82 3.98 eye Sera! 2.99 2.82 2.69 259 2.50 

a i a en 
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12 

99.42 

27.03 

14.37 

9.89 

7.72 

6.47 

5.67 

Sul 

4.71 

4.40 

4.16 

3.96 

3.80 

3.67 

3295 

3.46 

S037 

3.30 

3.23 

SI 7/ 

Sale) 

3.07 

3.03 

Deo 

2.96 

2293) 

2.90 

2.87 

2.84 

2.74 

2.66 

2.56 

2.50 

2.42 

2.37 

15 

99.43 

26.85 

14.19 

O72 

7.56 

6.31 

S202 

4.96 

4.56 

4.25 

4.01 

3.82 

3.66 

32 

3.41 

By ail 

3:23 

315 

3.09 

3.03 

2.98 

2.93 

2.89 

2.85 

2.81 

2.78 

219 

2.73 

2.70 

2.60 

2.52 

2.42 

2.35 

Papell 

22 

17.8 

20 

99.45 

26.67 

14.02 

9555 

7.40 

6.16 

5.36 

4.81 

4.41 

4.10 

3.86 

3.66 

Sy)! 

By Sih 

3.26 

3.16 

3.08 

3.00 

2.94 

2.88 

2.83 

2.78 

2.74 

2.70 

2.66 

2.63 

2.60 

Za 

DiS 

2.44 

2.37 

4-92) 

2.20 

2H 

2.07 

414 

25 

99.46 

26.58 

13.91 

9.45 

Ta29 

6.06 

5.26 

4.71 

4.31 

4.00 

3.76 

Sheu! 

3.41 

3.28 

3.16 

3.07 

2.98 

229% 

2.84 

2.78 

2513 

2.69 

2.64 

2.60 

2a 

2.54 

2 

2.48 

2.45 

Vee) 

2.27 

Ze 

2.10 

2.01 

i! 

30 

99.46 

26.50 

13.84 

9.38 

123 

199 

5.20 

4.65 

4.25 

3.94 

3.70 

SiO) 

3535 

S21 

3.10 

3.00 

2392 

2.84 

2.78 

22 

2.67 

2.62 

2.58 

2.54 

2.50 

2.47 

2.44 

2.41 

J. 33) 

2.28 

2.20 

2.10 

2.03 

1.94 

1.89 

40 

99.47 
26.41 
13.75 
9.30 
7.15 
5.91 
5.12 
4.57 
4.17 
3.86 
3.62 
3.43 
3.27 
3.13 
3.02 
2.92 
2.84 
2.76 
2.69 
2.64 
2.58 
2.54 
2.49 
2.45 
2.42 
2.38 
2.35 
2.33 
2.30 
2.19 
2.11 
2.01 
1.94 
1.85 
1.80 

50 

99.48 

26.35 

13.69 

9.24 

7.09 

5.86 

5.07 

4.52 

4.12 

3.81 

3.57 

3.38 

S222 

3.08 

DESI] 

2.87 

2.78 

Za 

2.64 

2.58 

DaSS 

2.48 

2.44 

2.40 

2.36 

2:33 

2.30 

PLGA] 

2.24 

2.14 

2.06 

1595 

1.88 

179 

1.74 

100 

99.49 

26.24 

13.58 

9515 

6.99 

Sx/5 

4.96 

4.41 

4.01 

SefAl 

3.47 

Sn2i 

S211 

2.98 

2.86 

2.76 

2.68 

2.60 

2.54 

2.48 

2.42 

Pai | 

2133 

Ji, PhS) 

DDS 

By Jap 

219 

2.16 

2.13 

2.02 

1.94 

1.82 

LETS 

1.65 

1.60 



17.8 

Random digits 
Concerning generation of random numbers with programmable machines see section 

1h Se 

44955 16384 62827 82305 32836 96761 11602 81743 04141 47108 

17932 78415 89813 17856 00680 71694 52288 75979 33302 99361 

41763 11665 63153 43438 46603 03827 29956 00038 75401 94972 

24368 09593 27757 44838 12770 91420 93676 66719 90221 16232 

15642 24041 12815 18518 06378 99162 40329 24883 46760 26236 

85537 15524 99132 95641 43956 98043 60034 02098 30631 12463 

15677 42470 26268 40123 29130 50944 39644 13782 03367 77646 

48595 88058 73988 87135 22800 20225 53898 45156 63801 34295 

41738 27261 14091 40545 09782 97321 28817 81141 37045 11829 

54523 09552 56660 53594 56115 56811 60488 23350 44662 77605 

89334 90573 07140 59493 51322 97035 79963 62688 01059 37140 

58339 58474 48617 34156 08020 37190 55787 46350 86923 42659 

54199 58469 07812 10144 12042 02875 65886 32141 77782 81310 

19148 30559 59869 13381 30812 42690 11672 62036 51495 38737 

48331 65457 13151 59708 88927 51889 98772 73912 16399 37448 

25293 52004 49064 12356 75433 73997 53983 52831 12185 76572 

63951 93582 82641 51223 43848 93627 92107 17974 15294 94484 

29565 62944 74131 26636 26962 21246 34327 05938 79038 97533 

01089 21886 15310 67429 63405 63559 34930 68284 60604 48349 

60220 63072 26778 59404 04745 44621 38544 85741 83060 96768 

79683 54745 94840 86867 07609 58465 52296 32327 63997 53752 

53064 18997 08430 77163 92571 80804 65540 16726 72245 94150 

33819 07200 74681 57676 93974 17337 91193 82123 24452 78148 

64553 23559 80327. 45480 «24850 «41763. 13819 = 70349 ~=—-07650 57147 

32597 64944 71337 48485 19982 30264 91456 37063 39605 54095 

17544 50752 91544 93192 58536 84910 03137 50084 05482 67794 

24026 54944 37891 13879 67888 88580 60992 91701 39938 49102 

87362 32581 05670 90871 59193 71763 00730 43520 69073 30795 

41673 16726 62427 18765 41364 87630 12355 95964 24665 96386 

97223 50516 94212 70881 45125 59221 91447 28360 03518 40692 

04146 49156 14321 30145 57476 26316 57831 21491 50325 79647 

23432 90904 87099 30489 97607 11283 99215 47428 72654 58559 

74381 28845 29786 66906 26377 96663 42434 83312 05480 72825 

72999 12066 87644 29770 65753 64923 93435 03391 44963 76260 

05670 41529 91943 47655 48027 24013 48716 79298 70093 = 13525 

24179 78159 53752 08593 28764 08332 58345 83802 24289 27143 

89836 35105 97261 96261 50601 14638 97187 20524 59107 53331 

83810 31299 20328 24967 37923 25802 91158 79410 49566 63902 

25069 64048 17067 73386 99206 77203 97801 49056 76395 19221 

69768 65339 24077 45499 17472 09554 16845 75439 23694 10906 
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17.8 

Normally distributed random numbers 

The table gives observations on a random variable with an N(0, 1) distribution. 

Concerning generation of such observations with a programmable machine see section 

17S: 

—2.208 0.926 -—0.518 —0.904 52 1207 00.9930 10680-0733 12058 

=0'302 =0:092' 0696 0.373 1.174 —1.504 OMSO POF Tier = 0325 075 

—0.600 —1.241 0.916. 70317 Os 1120280: LIS ee OS ee 8250241, 

—0.042 0.989 —0.092 0.631 —0.495 1.065 0.142 —0.444 0.210 —0.187 

—0.284 —0.548 0.774 1.780 0.677 0.231 0.203 —1.221 1.657 0.847 

1.170 =: 0.386 = —2.184 1067, B=0'873 905437 OSS i= 2.506 —0:5025 = 0.601 

-1.194 0.026 O27 =0:979 0.025 1.009 L659 Rel 52800 22 ORS 

=(F169)  SORIS6) = ik523 0.851 272 O10 =0;929.aee.0-45i 1.025 0.368 

—0.880 1.077 02309 a Olo.6 0.262 0.266 —0.561 0.412 0.917 1.067 

—1.645 1.687 01412 0992 096 0385 0.034 1.140 O22 —0:258 

—1.606 0.782 —2.341 O:/39 = 21 67/ 02615 = 0.6575 51-103) e—0.036g8—0:378 

=(O2950 = 01520 0.354 OLSS9 a 0 Saat 262 1.459 —0.900 0.980 1.052 

=0:945" S010775 50225 53.0985 — 05 1a 02 75a 048i 0.003 1.031 0.265 

0.212 1.075 01663 0.797 ae — 2,01 1.241 —1.243 1.634 OlSSVae eo, 

—0.620 0.978 0.140 Z.095ts— 0.579 0.923 O38) — 0620" — 0331 — 0690 

2.446 0.437 —0.220 0.908 0.393 0.062 —0.494 0.107 —0.491 0.540 

-1.610 0.350 —0.964 0.642 —0.666 —0.411 0.190 —0.143 0.377 0.270 

=1:266 —07307, {0588 1-0:991 05780 58 0'259ee— 0:5 hi 0.339 0.144 0.361 

—0.298 1.494 1.656 0.436 2.325 —0.544 0313 5 — 01573 0.205 0.565 

0.905 —0.248 0.515 O732 eS 0.549 0.172 —0.449 0.030 0.902 

1003" aleS 9542255 ee 2 S068 358 0.637 0.763g= 055 4e— 0821 

—0.630 0.796 02767 01507 P06 ea Aso 0 083 0.415 1.844 0.089 

0.487 03503) 501327 F— 0.3895 Bi 560 0.303 = 1.392 2.431 1.030 0.997 

—0.780 0.885 OS ie 71s 0.458 1.454 -—1.445 —0.126 1.374 0.959 

—0.454 0.854 —1.495 0.244 —2.014 —0.142 0.064 —0.428 LS PPAS) 2.013 

0.189 0.387 0.129 1.173 0.614 1.406 0.171 0.258 —0.482 —0.021 

1.385 15383 0.479 0553) B= 12136 0.020 2.774 0:253; 4 0:389%)—0.056 

—0.651 0.014 —0.325 1.009 —1.064 1.891 —0.466 0.944 0.610 2.120 

—0.480 —0.034 0.552 —0.204 0.645 i L040 97S 0081 0.130 0.646 

—0!300 — —0'632, 0194) 0872) 0,090 1.186 0.382 —0.457 0.456 —1.197 

0.374 0.084 —0.575 0.683 03505 50:078. 9 0:9585—0:787 0.644 —0.466 

=(:349 = 1932 201681 0.438 1.214 0.795 1.742 0.602:9—2.538h0—1.243 

=—0:321 0.747 —1.026 1.451 0.383 2.195 =0:646) 1.146 O:672 9) — 0.761 

—():602 1.920) — 01381 0.008 1.342 1.701 —0.370 0.444 0.011 —0.966 

—0.945 1.450 —0.701 -—0.938 —-0.643 —0.410 0.825 —0.864 OFIS37 — 1295 
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18.1 

18 Statistics 

18.1 Descriptive Statistics 

Diagrams 

Bar diagram 10 

Observation as SNe 7 OS Rae 3 ka eet | 

Frequency BerSe iO) 160422. a 

Histogram 

Frequency Relative 

frequency 

i 

1 

5 

8 

9 

9 

7 

4 

4 

2, 

9 10 11 12 13 14 15 16 17 18 

417 



18.1 

Cumulative 

relative 

frequency 

8 Say 0 1 fir iN 145 NTS 16 ene 

1:st quartile 2:nd quartile 3:rd quartile 

Median 

Stem and leaf diagram 

8 8 (1) 
9 9 (1) 

10 Ce a a (4) 
11 Om 2a ags 44 4) OS (9) 

12 A493 Bas 5a 6u9 (7) 
13 Oy 0 U2: 20 ae 44s 37 (10) 
14 (Sp Re Fe ie a NOR ee (8) 
15 1. 6.65.9 (4) 
16 ie 3u5 (3) 
17 £3 7 (3) 

(50) 

Box plot a+ 

ot 
Smallest observation Median Largest observation oa 

Xmin Xniax 

| feanes | *t 
x 

x 13 

“a eS a 
1:st quartile 3:rd quartile 
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18.1 

POPULATION — DISTRIBUTED ACCORDING TO SIZE OF HOUSEHOLD 

Number of sf Household with Number of 

persons \ = ... persons persons 
ee 

SS 1 3 292 

10000 f = 2 8 310 

itl 3 11.304 
A SS if 12 932 

5000 (ike 5 7 035 
ZO 5150 
7 %\ 48 023 

Size of Z a 
household 

India 1951 Sweden 1950 

Age 

Percent Percent 

Measures of location 

Mean and median 

For statistical data with observations x1, x2, ..., Xn the mean (average) X is 

Do tiigm Pardons He 
i een Us 

n gail 

For statistical data, where the observations x1, X2, ..., Xn Occur with the frequencies 

fis f2, ---> fn the mean (average) x is (N=fitfot+...+fn) 

__ fixitfoxet...tfntn_ 1 ie 
mit ere = — D2 fix. 

« N Aas 

For statistical data with an odd number of observations the median Q> is defined as 

median Q2=middle value. 

For statistical data with an even number of observations the median is defined as 

median Q2=mean of the two middle values. 
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18.1 

Quartiles 

For statistical data with an even number 2n observations the first quartile Q) is defined 

as : ; : 
first quartile Q;=median of the n smallest observations 

and the third quartile Q3 is defined as 

third quartile Q3=median of the n largest observations. 

For stastistical data with an odd number 2n+1 of observations the first quartile Qi is 

defined as 
first quartile Q;=median of the n+1 smallest observations 

and the third quartile Q3 is defined as 

third quartile Q3=median of the n+1 largest observations. 

The second quartile Q2=median. 

Measures of spread 

Range and interquartile range 

For statistical data the range R is defined by 

R=Xmax—Xmin; 

where Xmax and Xmin are the largest and the smallest values in the data. 

The interquartile range is defined as Q3—Q, where Q; and Q3 are the first and third 

quartiles. 

Variance and standard deviation 

For statistical data with observations x1, x2, ..., X, the variance s* and the standard 

deviation s are defined by 

n 

patilins (xj-x)?, s=V5s". 
Teel 

For statistical data, where the observations x1, x2, ..., Xx, occur with frequencies f1, f2, 

...5 fn, the following holds (N=f1+f2+..-fn) 

n 

Ga 2 fiei- XY, saV 5" 

Sometimes the variance s? is defined with the numerator n instead of n—1. The following 

formula holds for the variance 

2-1 (K-S?/N 

where JN is the total number of observations, S is the sum of the observations and K 

is the sum of the squares of the observations. 
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Calculation of mean, variance and standard deviation with 

18.1 

calculator and computer 

Calculator 

The following flow chart describes how to find mean, standard deviation and variance 

., Xn With the aid of a calculator with keys for such statistical 

data analysis. Instead of “+” other notations like “xp” are used. Check in the manual 

of your calculator if it is programmed to calculate the variance with the denominator 

norn-—1. Usually, calculators are preprogrammed to handle the case when observations 

for statistical data x1, x2, .. 

X1, X2,..., Xn occur with frequencies f}, f2,..., fn- 

Central moments 

For statistical data x1, x2, .. 

Enter observation 

Have all 

observations 

been entered? 

Yes 

Find standard deviation 

Find variance 

., Xn the central moments mx are defined as 

m ae y (x;-x)* k Nizi i 

n 

With hy= 2 xitin, 
l= 

m2= n=l s?=h2—-hy? 
n 

m3=h3—3hh2+ 2h 

ma=ha—4hyh3+ 6hy2h2—3h14 

The skewness gi and curtosis g2 are defined as 

3/2 
gi=m3/m, g2=(malm})—3 
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18.1 

Weighted aggregate index 

Poi= base period prices 

P,;= current period prices 

Qoi= quantities in the base period 

Q\;= current period prices 

5 Pj Qo; 
Laspeyres index =——__—__ 

Bt 2 Poi Qoi 

= Py; Qi 
Paasche index= +———— 

2 Poi Qii 

Chain index Po;=Po, 1-1 P:-1, t 

Median ranks uj 

Let x(1)<x(2)S...<x(n) be an ordered sample from a distri- 

bution with distribution function F. Using F-distribution 

paper (e.g. normal distribution paper, Weibull distribution 

paper) the median ranks u; are plotted against x(j), where 

uj in percent is found in the table below. 

Xi) 

Sample size n 

50.0) -329:3%. 20.65 415.9% 12.9 

se 5 0.0" 38.67 “31:5 

79.4 61.4 50.0 

84.1 68.5 

87.1 

1 

2 

3 
4 

5 

6 

at 

8 

9 

— Oo 
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18.1 

1 

2 

3 
4 

5 

6 

7 

8 

30 35 40 45 

OMOANANDMNHPWNPR 
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18.1 

For large n, u; can be calculated 

from 

uj~(i—0.3)/(n+0.4) 

18.2 Point Estimation 

Definitions and basic results 

Let T=T(X1, X2, ..., Xn) be an estimator of the parameter g(@). 

T is unbiased if 

E(T]=q(@). 
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18.2 

T is consistent if 

lim P(|T(X1, X2, ..., Xn)—q(@)|Ze)=0 for every e>0 

or ae 

limp T(X1, X2, ..., Xn)=q(@) 

T is asymptotically efficient if T is asymptotically normal with minimum variance. 

T is sufficient for © if the conditional distribution of (X1, X2, ..., Xn) given T does not 

involve O. 

T is uniformly minimum variance unbiased (T is UMVU) if T is unbiased and has 

minimum variance among all unbiased estimates. 

T is maximum likelihood estimate of © if T is that value of O which maximizes the 

probability function (discrete case) or the probability density (continuous case) p(x, O) 

Of (X14, 3, «2.5 <n) 

b(O, T)=E[T—q(@)]=bias of T 

R(O, T)=E[(T—-q(@))*]=mean squared error of T 

R(O, T)=Var[T]+b2(0, T) 

The Fisher information number I(@) is defined as 

2 

1(0)=E|| Sinp(X1, X2, Ass @)) 

where p(%1, x2, -.., Xn, @) is the probability function.or density function of 

CX4, XQ, ayekn)- 

The information inequality 

Var[T]=¥'(0)7/1(0), 

where Y(0)=E[T]. 

The Cramér-Rao inequality 

Var[T]21/1(@), 

if T is unbiased. 

UMVU estimation with sufficient statistics T 

Let T be sufficient for O. Then, according to Lehmann-Scheffé, a UMVU- 

estimator of g(@) can be constructed in two ways. 

1) Find A(T) such E[h(T)]=q(@) 

2) Let S be unbiased and find E[S|T]. 
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18.2 

Specific UMVU estimates 

X 1, X2, ..., Xn are independent with the same distribution. 

n = 

S= Xi X=Sin s2= 
(h 

Uniform U(0, 0) 

Exponential E(A) 

Exponential E[A] 

Normal N(u, 0) 

Normal N(u, 0) 

Normal N(u, 0) Cn 

(For cn see below.) 

Poisson P(A) 

f@)=p"(—p)', x=0, 1 

Estimation of moments 

Unbiased estimation of 4, 42, 43 och 4 

Mk=E[(X—-n)*] u.=07 
fn te aes =i 

me=— & (Xi-X) m=" 4 

E[X]=“ 

754 pcs = By pe) i ma| 2 E[s*]=o 

n2 = 

(n=1)(n-2) ms| — 
n(n2—2n+3) 3n(2n-—3) 

(1A Din—3) (n=1hn—2in—3) my |=4 
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18.2 

Estimation of skewness y; and curtosis y2 

y1=13/08 gi=m3/m3” 

y2=(uglo*)—3 g2=(malm3)—3 

lim Elgil="1 jim. E(g2|=y2 

For a normal N(u, o)-distribution 

y1=y2=0 E[gi]=0 Elg.|=-—2- 
n+1 

Gurland-Tripathi’s correction factor for s 

Let s be the standard deviation of a sample with n observations from the 

Nu, o)-distribution. Then cys with c, from the table below is the UMVU estimate of 

O. 

Sample size 

n 

2 

3 
4 

5 

6 

7 

8 

9 

— = © 
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18.3 

18.3 Confidence Intervals 

Definitions. Pivot variables 

A 100 a% confidence interval for an unknown parameter @ is an interval which has been 

calculated such that the probability that it contains @ is a. Very often the value a=0.95 

is used. 

Let T=T(X1, X2, ..., Xn) be a statistic. A suitable method to find a confidence interval 

for a parameter @ is to use a pivot variable g(T, @). Such a variable has a distribution 

which is independent of the unknown parameter @. Then x; and x2 can be found such 

that 

P(x1<g(T, 0)<x2)=a 

If 
x1<g9(T, O)<x2 © hy (x1, x2, T)<O<h2(x1, x2, i 

then 

hi<@O<hz2 

is a 100a% confidence interval for 9. 

If 
P(g(T, O)Sx1)=P(g(T, O)2x2)=(1-a)/2 

the confidence interval is symmetric. 

Confidence intervals 9<h or O>h are called one-sided. 

Example. Let X), X2, ..., Xn be independent E(A) variables. Then 24S with S=EX; can 
i=1 

be used as a pivot variable, because 24S has a y°(r)-distribution with r=2n. We can use 21S 

to find a confidence interval for A or 1/A or other functions of A. From a table of the 

y?-distribution we can find x; and x2 such that 

P(x1<2AS<x2)=a. 

This gives the following 100a% confidence interval for 1/A 

25 
x2 

2s 1 
<=-< 

A x1 
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18.3 

Specific confidence intervals 

X1, X2, ..., Xn are independent with the same distribution. 

TMs 

n AS as 

S=2X,  X=Sin, ga S (x;-X) 
i= 

Distribution Parameter | Pivot Distribution of | Two-sided 

variable pivot variable confidence interval 

Exponential E(A) y?(2n) 

Exponential E(A) 

x4/(28)<A<x9/(2S) 

4?(2n) 2S/x2<1/A<2S/x1 

(see also sec. 18.4) 

Exponential E(A) 

Exponential E(A) 

INGE, 10) 

T(n, 1) 

x4/S<A<x9/S 

S/x9<1/A<S/x1 

(see also sec. 18.4) 

Normal N(y, 0) 

o known 

Normal N(u, 0) 

N(0, 1) u=X+txolVn 

u=X +xs/Vn 

(see also sec. 18.4) 
t(n—1) 

Normal N(u, 0) (n—1)s2/o? | x?(n—-1) (n—1)s2/x2<0*<(n—1)s?/x1 
(see also sec. 18.4) 

- X-p SEG opera 
f(x)=p*(1-p)!* —_—_£ __ | approx. N(0, 1) | p=XtxVX(1-X)/n 

x=0, 1 VX(1—-X)/n (see also sec. 18.4) 

X= Ch 
X Poisson (ct) approx. N(0, 1) 

Sampling finite populations 

Notation 
2 N 1 

Population mean ea aah Sample mean x=— ~ 3 xi 
— 

= 

; ; pale x2 Mey ay ey 
Population variance S ae 2) (Xj-X) Sample variance s mei) Gin) 

Population proportion P Sample proportion p 

Simple random sampling 

= cay sh n 
Elzj=X Varty|= _ 8 fot 

Are P) New P= P) ‘es 

Elp|=P Varfp]= Se Of) 
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18.3 

Confidence interval for P with confidence level approximately equal to a 

P=p+uaq eee) (1-f) 

where uz is calcalated from the N(0, 1) distribution e.g. uo,95=1.96. 

Stratified sampling 

= A r 

X estimated by X= 2 (NIN ) Xi 
l= 

A r RNP |e 
Var[X]= 2 be Ih 9 

PANN Ap 

Proportional allocation nj=(Nj/N)n. 

Optimum allocation with cj=cost per sampled unit from stratum / 

_ NSi/Vei 
(is er aes woe 

2 N;Sj/'V Ci 
l= 

P r 

P estimated by P= 2 (NIN) Pi 
l= 

5 £ NZ P(1-P) Ni-m_ 1 4% x2 P(1-Pi) Pie Sa eS NG (Ie 
wet i=1 N2 nj Ni-1 Neizt ' nj oe) 

Confidence interval for P with confidence level approximately equal to a 

P=Ptugh\| np -BG=bd. 
N \ i=1 Nj 

Optimum allocation with cj=cost per sampled unit from stratum / 

NiVPiA-Pilci 

Ni V P(1—Pej 
i'M i 
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18.3 

Confidence interval for unknown probability 

Chart giving 95% confidence interval for unknown probability p from observed relative 

frequency f in n trials. 
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the confidence interval can be found from the pivot variable For large n, 

n 

Add 
p)/ GF 

Nres2; 
> 

fd 

which is approximately N(0 

eh) f+1.96 p= 

is a confidence interval for p with approximate confidence level 0.95. 
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18.4 

18.4 Tables for Confidence Intervals 

Confidence interval for the expectation of an exponential 

distribution 

Let X be the mean for a sample of n observations from an exponential distribution with 

expectation w. A 95% confidence interval for u can then be calculated by 

ky -¥<u<k2-¥ (0.95) 

where the factors ky and kz are taken from the table below. 
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18.4 

Confidence interval for the expectation of a normal distribution 

Let ¥ and s be the mean and the standard deviation for a sample of n observations from 

a normal distribution with expectation u. A 95% or 99% confidence interval for u can 

then be calculated by 

m=x+tk;-s (0.95) and w=xtk2-s (0.99) 

where the factors ky and kz are taken from the table below. 

D 

3 

4 

5 

6 

i, 

8 

9 

10 37 0.3334 0.4471 

11 38 0.3287 0.4405 

12 39 0.3242 0.4342 

16 40 0.3198 0.4282 

14 4] 0.3156 0.4224 

15 42 0.3116 0.4168 

16 43 0.3078 0.4115 

ilps 44 0.3040 0.4063 

18 45 0.3004 0.4013 

19 46 0.2970 0.3966 

20 47 0.2936 0.3919 

21 48 0.2904 0.3875 

22 49 0.2872 0.3832 

2 50 0.2842 0.3790 

24 60 0.2583 0.3436 

2D 70 0.2384 0.3166 

26 80 0.2225 0.2951 

DG 90 0.2094 O27 

28 100 0.1984 0.2626 

For large n, k1~1.9600/Vn and ko=2.5758/ Vn. 
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18.4 

One-sided confidence interval for the standard deviation of 

a normal distribution 

Let s be the sample standard deviation for a sample of n observations from a normal 

distribution with standard deviation o. A one-sided confidence interval for o with 

coefficients 0.95 and 0.99 is then given by 

o<k,-s (0.95) and o<k2-s (0.99), 

where the factors k; and kz are taken from the table below. 
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18.4 

Two-sided confidence interval for the standard deviation of 

a normal distribution 

Let s be the sample standard deviation for a sample of n observations from a normal 

distribution with standard deviation o. A 95% two-sided confidence interval for a is then 

given by 

ky -s<o<k2:s (0.95), 

where the factors k; and k are taken from the table below. 

DOAN ADAUNFWHN 1 

11 
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18.4 

Confidence interval for the difference of expectations of normal 

distributions 

Let Xj and X2 be the means in samples of 1 and n2 observations from normal distributions 

with the same variance and expectations “1 and y2. Let 

s2=((nj—1)s12+(n2—1)s2?)/ (m1 +122-2) 

be the pooled variance. 

A 95% confidence interval for “;—2 is then given by § “1—42=X1—X2+ks (0.95), 

where the factor k is taken from the table below. 

1.566 

1.305 

1.053 

O51 

0.9776 

0.9215 

0.9589 | 0. ; i 0.8770 

0.9229 | 0. ; ; : . 0.8408 

0.8932 | 0. : : : F 0.8107 

0.8681 | 0. : : 3 : 0.7852 

0.8467 | 0. : : ; 0.7634 

0.7444 

0.7278 

0.7130 

0.6999 

0.6881 

0.6774 
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18.4 

Tolerance limits for the normal distribution 

The following table gives factors k; and k2 such that the following kind of statements 

can be made. 

At least the proportion P is less than ¥+k 1s with confidence 0.95. 

At least the proportion P is greater than ¥—k,s with confidence 0.95. 

At least the proportion P is between ¥—ks and x+k2s with confidence 0.95. 

n=sample size x=sample mean s=sample standard deviation 
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18.5 

18.5 Tests of Significance 

Basic definitions 

Let (Xi, X2, ..., Xn) have a distribution which depends upon a parameter 0. A 

hypothesis H specifies that O€ Qo, 

H: O€Oo. 

The alternative hypothesis K specifies that O€@1, 

K: 0€OQ,. 

A hypothesis H or K is simple if it contains only one point, otherwise it is composite. 

In significance testing a test statistic T=T(X1, X2, ..., Xn) is used to accept or reject H. 

The hypothesis H is rejected if TeC, where C is called the critical region. 

A type 1 error is to reject H when it should be accepted and a type 2 error is to accept 

H when it should be rejected. 

The power of a test against the alternative © is the probability of rejecting H when © 

is true. The (significance) level a is the maximum probability to rejecting H when H 

is true. A test is uniformly most powerful (UMP) if it maximizes the power for all 

alternatives. 
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18.5 

Specific tests 

X1, X2, ..., Xn are independent with the same distribution 

n as 

S= 2 Xi X=S/n, s2= 
l= 

a=(significance) level Xq=a-fractile of T under Ho, P(TS<xa)=a 

Critical 
region 

Distribution 

of T 

under H 

x? (2n) 

x7 (2n) 

x2 (2n) 

N(O, 1) 

Para- Hypothesis 

Distribution | meter i 
E(A) 

E(A) 

E(A) 

statistic 

T 

Ds 

2AoS 

INS 

X=Ho We 
oO 

Devic 

Xe 

T<xXq2, T>x1-a/2 

N(u, 9) 
o known 

UBoye 

EEO N(u, 0) 3 N(O, 1) T>x1-a 
o known + 

xX- 

Niu, 2) aE vn |N(@, 1) [Tl>x1-a2 
o known is 

xX- 

N(u, 0) So ipl tr=1) T<Xq 
S 

Saale 
S 

N(u, 0) t(n—1) xi 

X=Ho Vn 
s 

(n—1)s?/o92 

(n—1)s/a9" 

(n—1)s?/o9? 

|T|>x1-a/2 Nw 

N(u, 
N(u, 0) 

N(u, 0) 

9) t(n—1) 

¥2(n-1) 

72(n-1) 

¥?(n-1) 

0) axe 

T>x\-a 

T<Xgp2, T>X1-a/2 

S—npo 
pap) = | approx. N(0, 1) | T<xa 

x=0, 1 Vnpo(1—Po) | n large 
S—npo 

pip) || AP PLOK. INO 1) 4) Px a 

x=0, 1 Vnpo(l—Po) | n large 

y2-tests and contingency tables 

Test of specified distribution 

The hypothesis H that the outcomes U1, U2, ..., Uk have probabilities 01, 2, ..., Ox 

can be tested using the test variable 

§ (rin i)? age 
i=1 nO; i=1 
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18.5 

Here nj; is the observed frequency of the outcome uj, n=2n;. Under H, the test variable 

is approximately 7j_,. 

Test of family of distributions 

The hypothesis H that outcomes uj; for i=1, 2, ..., k have probabilities 

Oi(y1, 2, ---, Yr); r<k—1, can be tested using the test variable 

$ (ni—n@iy1, P2, «--5 Pr)? 
i=] nOi(y1, ~2, S25'5) Yr) 

Here the estimates 7, 72, ..., ¥y are obtained from 

k Aj 
9 

. 

ts ER Gi(Vis Vo 0-3, V7) = 0; fale, Fo 
1001, V2, 5 Yr) OY (M1, ¥ yr)=9, j 

Under H, the test variable is approximately yZ_,_1. 

Test of independence in pXb contingency table 

Ct er ts b LCI CIL ae 
Pp 

G= 2 Ni 
i=1 

i= 

Pp b 

n= 2 H= 2 CG 
i=1 j= 

Test of the hypothesis that two characteristics C) and C2 with p and b possibilities are 

independent can be performed with the test variable 

| a) Dp we oe 
oe St Be 
rei rj Cj 

. . . . . Y 

Under the hypothesis of independence the test variable is approximately x ee 

For a 2X2 table the test variable can be written 

(nyin22—n12n21)*n 
c1c2r1r2 

In this case the test variable is approximately v1. The expected frequencies for the four 
cells should be at least 5 for the approximation to be valid. 
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18.5 

Test of homogeneity in pXb confingency table 

The y?-test in the previous section can be used to test a homogeneity hypothesis for a 

pxXb contingency table. This hypothesis states that each row represents a sample of the 

same random variable. 

Sequential testing 

Let Xi, X2, ... be independent equally distributed random variables with density or 

probability function f. A sequential probability ratio test (SPRT-test) to choose between 
n 

H: f=fo and K: f=f; is defined as follows. Put Y,= HT (f(Xi/fo(X)) and observe X1, 
l= 

X2 ... after each other. At each stage compute Y, and continue sampling when 

B<Y,<A. If Y,<B accept H and if Y,2=A accept K where A and B, 0<B<1<A, are 

suitable constants. 

Let N be the number of observations, a the probability of an error of the first kind (to 

reject H when H is true) and y the probability of an error of the second kind (to accept 

H when K is true). Then 

P(N<|H)=P(N<@|K)=1 

=> ATi pel dae OF 
a £—@ 

With A=(1—y1)/a1 and B=y;/(1—a1) the following inequalities hold 

as<aj;/(1—71) ysy1/(1—-a1) aty<a,+¥71 

In practice A=(1—y)/a and B=y/(1—a) are used. 

Example. For f(x)=p*(1—p)'~*, x=0, 1, H: p=po, K: p=pi, po<pi the SPRT test can 
be performed as follows. 

n 

Put Y,= 2 Xi and 
= 

1— 
log +n log i = log —? +n log i cr 

b i _ OO —— yr 

H ioe pill—po) S log Puli =Po) 
po(i-p1) po(i-p1) 

Continue to sample when 

Dina; 

Accept H when Y,,<b, and reject H when Y,24py. 
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18.5 

Use of Studentized range for test of normality 

Let s be the standard deviation and R the range for a sample of n observations. Then 

gn=Ris is the studentized range of the sample. The following table gives F(x)=P(qnSx) 

for a sample from a normal distribution. 

The hypothesis that the sample comes from a normal distribution can be tested with gn 

as test statistic. The hypothesis is rejected for small or large qn. E.g. for n=15 the 

hypothesis of normality is rejected on level 0.05 if ¢n<2.88 or qn>4.29. 

Size of 

sample 
0.01 0.025 

6 PN Ze pgp 

7 2.22 2.26 233 
8 2.31 OFS) 2.43 

9 239) 2.44 pay 
10 2.46 Zo 239 

11 psy, 2.58 2.66 

12 2.09 2.64 PNG? 

13 2.64 2.70 2.78 

14 2.70 Lape 2.83 

15 2.74 2.80 2.88 

16 2.79 2.84 2295 

17 2.83 2.88 PHOT 

18 2.87 22 3.01 

19 2.90 2.96 3.05 

20 2.94 2.99 3.09 

25 3.09 S¥51 5) 3.24 

30 321 3.27 S97 

35 3.32 3.38 3.48 

40 3.41 3.47 3:50 

45 3.49 259) 3.66 

50 3.56 3.62 3,73 

D2 3.62 3.69 3.80 

60 3.68 3:75: 3.86 

65 3.74 3.80 3.91 

70 319 3.85 3.96 
aaa Lx 
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18.5 

Bartlett’s test for equal variance 

Let 52, 52, ..., 5x2 be the variances for k independent samples with m, 12, 

..., Nk Observations from normal distributions M(ui, oi), =1, OR ky Let n= 

k 

and fi=rj/ = rj. The hypothesis 017=077=...=0," can be tested with the test statistic 
i=1 

k k 
b= II (s7)f/ = fis. 

i=1 i=1 

For nj=n=...=ng=n the hypothesis is rejected on level 0.05 if b<bx(n), where by(n) 

is given in the table below. For unequal n; the hypothesis is rejected on level 0.05 for 

b<b*, where 
k 

b*= > njb;(nj)/n (the Dyer-Keating approximation) 
i=1 

k 

and m= 2171}: 
i=1 

0.3123 0.3299 

0.4780 0.4921 

0.5845 0.5952 

0.5028 

0.6045 

0.6563 0.6646 

0.7075 0.7142 07213 

0.7456 0.7512 0.7574 

0.7751 0.7798 0.7854 

0.7984 0.8025 0.8076 

0.6727 

0.8175 0.8210 0.8257 

0.8332 0.8364 0.8407 

0.8465 0.8493 0.8533 

0.8578 0.8604 0.8641 

0.8676 0.8699 0.8734 

0.8761 0.8782 0.8815 

0.8836 0.8856 0.8886 

0.8902 0.8921 0.8949 

0.8961 0.8979 0.9006 

0.9015 0.9031 0.9057 

0.9063 0.9078 0.9103 

0.9106 0.9120 0.9144 

0.9146 0.9159 0.9182 

0.9182 0.9195 0.9217 

0.9216 0.9228 0.9249 

0.9246 0.9258 0.9278 

0.9275 0.9286 0.9305 

0.9301 0.9312 0.9330 

0.9326 0.9336 0.9354 

0.9348 0.9358 0.9376 

0.9513 0.9520 0.9533 

0.9612 0.9617 0.9628 

0.9677 0.9681 0.9690 

0.9758 0.9761 0.9768 

0.9807 0.9809 0.9815 

0.5122 

0.6126 

0.6798 

0.7275 

0.7629 

0.7903 

0.8121 

0.8298 

0.8444 

0.8568 

0.8673 

0.8764 

0.8843 

0.8913 

0.8975 

0.9030 

0.9080 

0.9124 

0.9165 

0.9202 

0.9236 

0.9267 

0.9296 

0.9322 

0.9347 

0.9370 

0.9391 

0.9545 

0.9637 

0.9698 

0.9774 

0.9819 

0.5204 

0.6197 

0.6860 

0.7329 

0.7677 

0.7946 

0.8160 

0.8333 

0.8477 

0.8598 

0.8701 

0.8790 

0.8868 

0.8936 

0.8997 

0.9051 

0.9100 

0.9143 

0.9183 

0.9219 

0.9253 

0.9283 

0.9311 

0.9337 

0.9361 

0.9383 

0.9404 

0.9555 

0.9645 

0.9705 

0.9779 

0.9823 | 

0.5277 

0.6260 

0.6914 

0.7376 

0.7719 

0.7984 

0.8194 

0.8365 

0.8506 

0.8625 

0.8726 

0.8814 

0.8890 

0.8957 

0.9016 

0.9069 

0.9117 

0.9160 

0.9199 

0.9235 

0.9267 

0.9297 

0.9325 

0.9350 

0.9374 

0.9396 

0.9416 

0.9564 

0.9652 

0.9710 

0.9783 

0.5341 

0.6315 

0.6961 

0.7418 

OT oe, 

0.8017 

0.8224 

0.8392 

0.8531 

0.8648 

0.8748 

0.8834 

0.8909 

0.8975 

0.9033 

0.9086 

0.9132 

0.9175 

0.9213 

0.9248 

0.9280 

0.9309 

0.9336 

0.9361 

0.9385 

0.9406 

0.9426 

0.9572 

0.9658 

0.9716 

0.9787 

Decal 0.9830 
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18.6 

18.6 Linear Models 

The two-sample case Cae 

My M2 

Let X11, X12, ..., Xin, be independent and N(u1, 0) and let X21, X22, ..., X2n, be 

independent and N(w2, 0) 

im ny Bs n2 

A= 2 XWin X2= 2 Xana 
i= = 

1 = 1 @ io 
2= Y (X4j;-X1)* 2= D (X7;-X2)* 51 See 1i-X1) oD ei 2) 

mens (nj—1)s12+(n2—-1)s2? 
ooled variance 

nytn2—2 (P ) 

pa Kia X2)— (mi =H) 4/ mine 
K) nit+n2 

The statistic T is t((n1+n2—2) and can be used as a pivot variable to derive a confidence 

interval for “1-2 e.g. 

> = nyt+n2 —"2.=X\-Xz4xs \| = M1 —2=X1—-X2+xs Ade 

(see also table in sec. 18.4). 

The statistic T with “1;=2 can be used to test the hypothesis H: “;=2. For example 

let the hypotheses be 

H: wi=42 OK: wi<pa 

T= X\—X2 ny{n2 

S V ni+n2 

is t((ny+n2—2) under H and H is rejected for T<xq. 

Then 

If Xi1, X12, ..., Xin, are N(u1, 01) and X21, X22, ..., Xan, are N(u2, 02) then 

_ s/o; 

577/072 

is F(mj—1, n2—1) and can be used as a pivot variable to derive a confidence interval for 
4/05 e.g. 

a 2 2 Ge eer 
a S25) 2 gokd, 82 

The statistic 7; with o;=02 can be used to test the hypothesis H: o;=02. For example 

let the hypotheses be 

Jo kmost oy) K: o4>02 

Then 7) =s2/s2? is F(nj—1, n2—1) under H and H is Tejected ton Iqe=vp=a- 
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18.6 

Simple linear regression, 

a 

y=atb(x—x) 

Mathematical model 

Y1, Y2, ..., Yn for given x1, x2, ..., Xn are independent and Y; is N(a+b(x;—x), 0), 

n 

where x= & x;/n. 
i=1 

UMVU estimates 

n & n n n 

2 (xj-x)(Yi-Y) 2 Giawii oh xiYi—( 22, Y;)/n 
i= = = 

n n n n 

2 (xj-x)? > (xi-x)* > x?—-( 2 niin 
l= 

i= i=1 i=1 

Two-sided confidence 

interval 

a=datxs/Vn 
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18.6 

Prediction interval for re for given x 

Y-a- Re =X) 

s \J1i+ = 1 @ax? 

n 
z (xj-x)? 
= 

is t(n—2), which gives the following prediction interval for Y 

A _x)2 
Y=4+b(x—-X)+xs fo 

ig 2 ix? 
1= 

Testing the hypothesis H: b=0 

The variable T2b \= (ix +s is t((n—2) under the hypothesis H: b=0. If the hypo- 

theses are 

H: b=0 K: b+0 

H is rejected when |T|>x1-q/2. 

Analysis of variance (ANOVA) 

Completely randomized, one factor design 

Mathematicai model 

Yj for i=1, 2, ..., p and j=1, 2, ..., nj are independent and Yj is N(u+aj, o) with 

Pp 
2 aj=0 
i=1 

UMVU-estimates 

eee te 
Gi=Yj.—U, W= ar /p with Yj;.= ce Y¥j/nj 

= Is 

Xo os ei cy Pp 
O-=s 5 2 Ya-Y;- = Jn; 

N-Pi=ij Ce f” 

Confidence intervals 

The pivot variable (Y;.—u—aj) Vnj/s is t((n—p), which gives the confidence interval 

uUt+aj=Yj.+xs/V nj 
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18.6 

5 craigs confidence intervals for all possible contrasts z Ri with wj=u+a; and 

2 aj=0 with simultaneous confidence level a are given by 
i=1 

Aiti= 5 aiY;.tAs\/ 5 az/ni, 
1 i=1 i=1 

where A=V(p—1)xa and Xq is the a-fractile of the F(p—1, n—p) distribution. 

My I 

ANOVA table 

Test of the hypothesis H: aj=a2=...=ap=0 can be organized in an ANOVA table 

P 

MSr=SS7/(p—1) Treatment | p—1 

MSg=SSe/(n—p) 

P 

1= 
i=1i=1 

Completely randomized two factor design with equal number of observations per cell 

Mathematical model 

Yijx for i=1, ..., p, j=1, ..., b; k=1, ..., € are independent and Yjx is N(ut+aitdj, 0) 

with 2 aj=2 Aj=0. fisted Of this additive model, a more general model with interactions 

Oj; can be used. Then Yijx is 

, b 
N(utaj+Aj+ Oy 0) where 2 i= 2 Oy-9. 

i= j= 

UMVU-estimates 
IN 

Qi=Yj..-Y... Ay=Y.j.-Y... n=Y... 
c a G [Du wald 

‘Yee 5 55 2 _ runipbe Yj.= 2 2 Yi/be Yj= 22 Yijx/pe 

i=1j=1k j=lk=1 =1k=1 
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18.6 

ANOVA table 

Tests of the hypotheses Hj: aj=a2=...=a)=0 and H2: 4,=A2=...=Ap=0 can be 

organized in an ANOVA table. 

P 
First SSi=eb E (Vi Yuan)? a Silk yd MLE: 

i=1 MS_ 
factor 

MS» b 
SSy=cp ¥ (Y.;.—Y...)? = | 

j= b=1 
factor 

p 

Error | n—p—b+1 | SSE= > 
i=1j=1k=1 

E (Yije-Y}..-Y,/. 

For c>1 the hypothesis H: Oj=0, i=1, ..., p, j=1, ..., b can be tested using the 

testvariable 

pad 

(n—pb)c 2 2 Vy. a fd Ge +Y...)? 
I= 1 

Dp. Rot 

(b—1)(p-1) 2 peep >) (Yin -Y5-)7 
i=1 j=1k=1 

which, under the hypotheses, is F(n—pb, (b—1)(p—1)). 

The general linear model 

Y; | = [cq cy ... Cip By ae ey! 

¥3 C21 €22 ... Crp |} Bo £2 

Ye Cni Cni --» Cnp|| Bp En 

or 

y=CBte 

where C is a known design matrix and €1, €2, ..., €, are independent and N(0, 0). 

If Rank(C)=p, UMVU estimes of £1, 62, ..., Bp are given by 

B=(CIC)"ICy 
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18.7 Distribution-free Methods 

The Kolmogorov-Smirnov statistics D, 

Dn=max |Sn(x)—Fo(x)| 

Sn= empirical distribution function 

Fo= distribution function under null hypothesis 

F= distribution function of Dy, F(x)=P(DnSx) 

Ceram 
1 0.900 0.925 0.995 

2 0.726 0.776 0.842 0.929 

3 0.597 0.636 0.708 0.829 

4 0.493 0.525 0.565 0.624 0.734 

> 0.447 0.474 0.510 0.563 0.669 

6 0.410 0.436 0.468 0.520 0.617 

7 0.381 0.405 0.436 0.483 0.576 

8 0.358 0.381 0.410 0.454 0.542 

9 0.339 0.360 0.387 0.430 0.513 

0.323 0.342 0.369 0.409 0.489 

0.308 0.326 0.352 0.391 0.468 

0.296 0.313 0.338 0.375 0.450 

0.285 0.302 0.325 0.361 0.432 

0.275 0.292 0.314 0.349 0.418 

0.266 0.283 0.304 0.338 0.404 

0.258 0.274 0.295 0.327 0.392 

0.250 0.266 0.286 0.318 0.381 

0.244 0.259 0.279 0.309 0.371 

0.237 0.252 0.271 0.301 0.361 

0.232 0.246 0.265 0.294 0.352 

0.22 0.238 0.264 0.317 

0.20 

0.19 

large n 
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18.7 

The Wilcoxon statistic U (or W) 

n= number of X-observations 

m= number of Y-observations 

U= number of pairs (Xj, Yj) with X;<Yj 

W= rank sum of the Y-observations 

U=w- m(m+1) 

2 

Aue Vane) 

2 12 

The table gives 

P(Usx)=P(U2nm—-x) 

rj=min(n, m) r2=max(n, m) 

RK OOMONANRWNFK OC — pa 

0 

1 

, 

5 
4 

5 

6 

7 

8 

9 
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0.0040 
0.0079 
0.0159 
0.0278 
0.0476 
0.0754 
0.1111 
0.1548 
0.2103 
0.2738 
0.3452 
0.4206 
0.5000 
0.5794 
0.6548 
0.7262 
0.7897 
0.8452 
0.8889 
0.9246 

OMANI AADMHAWNF OS 

Buea n= 5 r2=6 i Ti 2 8 

0.0022 0.0013 0.0008 
0.0043 0.0025 0.0016 
0.0087 0.0051 0.0031 
0.0152 0.0088 0.0054 
0.0260 0.0152 0.0093 
0.0411 0.0240 0.0148 
0.0628 0.0366 0.0225 
0.0887 0.0530 0.0326 
0.1234 0.0745 0.0466 
0.1645 0.1010 0.0637 
0.2143 0.1338 0.0855 
0.2684 0.1717 0.1111 
0.3312 0.2159 0.1422 
0.3961 0.2652 0.1772 
0.4654 0.3194 0.2176 
0.5346 0.3775 0.2618 
0.6039 0.4381 0.3108 
0.6688 0.5000 0.3621 
0.7316 0.5619 0.4165 
0.7857 0.6225 0.4716 

0.0011 0.0006 0.0003 
0.0022 0.0012 0.0007 
0.0043 0.0023 0.0013 
0.0076 0.0041 0.0023 
0.0130 0.0070 0.0040 
0.0206 0.0111 0.0063 
0.0325 0.0175 0.0100 
0.0465 0.0256 0.0147 
0.0660 0.0367 0.0213 
0.0898 0.0507 0.0296 
0.1201 0.0688 0.0406 
0.1548 0.0903 0.0539 
0.1970 0.1171 0.0709 
0.2424 0.1474 0.0906 
0.2944 0.1830 0.1142 
0.3496 0.2226 0.1412 
0.4091 0.2669 0.1725 
0.4686 0.3141 0.2068 
0.5314 0.3654 0.2454 
0.5909 0.4178 0.2864 
0.6504 0.4726 0.3310 
0.7056 0.5274 0.3773 
0.7576 0.5822 0.4259 
0.8030 0.6346 0.4749 
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18.7 

The Wilcoxon sign rank statistic 

n= number of differences Xj— Yi=Z; 

R;= +rank of |Z;|_ sign of Ri=sign of Z; 

1” 2 n(n+1) Wels Re 
Dakin 4 

The table gives 

P(Wsx)=P(W> mene) | 

0.5000 0.2500 0.1250 

0.5000 0.2500 

0.3750 
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0.3203 
0.3711 
0.4219 
0.4727 

0.1797 
0.2129 
0.2480 
0.2852 
0.3262 
0.3672 
0.4102 
0.4551 
0.5000 

0.0967 
0.1162 
0.1377 
0.1611 
0.1875 
0.2158 
0.2461 
0.2783 
0.3125 
0.3477 
0.3848 
0.4229 
0.4609 
0.5000 

18.7 

0.0508 
0.0615 
0.0737 
0.0874 
0.1030 
0.1201 
0.1392 
0.1602 
0.1826 
0.2065 
0.2324 
0.2598 
0.2886 
0.3188 
0.3501 
0.3823 
0.4155 
0.4492 
0.4829 

453 

0.0261 
0.0320 
0.0386 
0.0461 
0.0549 
0.0647 
0.0757 
0.0881 
0.1018 
0.1167 
0.1331 
0.1506 
0.1697 
0.1902 
0.2119 
0.2349 
0.2593 
0.2847 
0.3110 
0.3386 
0.3667 
0.3955 
0.4250 
0.4548 
0.4849 

0.0133 
0.0164 
0.0199 
0.0239 
0.0287 
0.0341 
0.0402 
0.0471 
0.0549 
0.0636 
0.0732 
0.0839 
0.0955 
0.1082 
O21219 
0.1367 
0.1527 
0.1698 
0.1879 
0.2072 
0.2274 
0.2487 
0.2709 
0.2939 
0.3177 
0.3424 
0.3677 
0.3934 
0.4197 
0.4463 
0.4730 
0.5000 

0.0067 
0.0083 
0.0101 
0.0123 
0.0148 
0.0176 
0.0209 
0.0247 
0.0290 
0.0338 
0.0392 
0.0453 
0.0520 
0.0594 
0.0676 
0.0765 
0.0863 
0.0969 
0.1083 
0.1206 
0.1338 
0.1479 
0.1629 
0.1788 
0.1955 
0.2134 
0.2316 
0.2508 
0.2708 
O:29%9 
0.3129 
0.3349 
0.3574 
0.3804 
0.4039 
0.4276 
0.4516 
0.4758 
0.5000 



18.7 

Confidence interval for the median 

Let x(1)Sx(2)S...<%(n) be an ordered sample from a continuous distribution with median 

m. Then 

X(k)SMSX(n—k+1) 

is a confidence interval for m. The following table gives values of k such that the level 

of confidence is close to 0.95. The exact confidence level is also given in the table. 

Confidence interval Level of confidence 

X(1)SMSX(5) 0.938 

X(1)SMSX(6) 

X(1)SMSX(7) 

X(2)SMSX(7) 

X(2)SMSX(g) 

X(2)SMSX9) 

X(3)SMSx9) 

X(3)SMSX(10) 

X(3)SMSX(11) 

X(4)SMSX(11) 

X(4)SMSX(12) 

X(4) SSX (13) 

X(5)SMSX(13) 

X(5) SSX (14) 

X(6) SSX (14) 

X(6)SMSX(15) 

X(6) SNS (16) 

X(7)SMSX(16) 

X(7)SNSX(17) 

X(8) SSX 17) 

X(g) SSX (18) 

X(8) SSX 19) 

X(9)SMSX(19) 

X(9)SMSX (20) 

X(10)SMSX(20) 

X(10) SSX (21) 

X(10) SSX (22) 

X(11) SSX 22) 

X(11) SSX (23) 

X(12) SSX 23) 

X(12) SSX 24) 

X(13) SSX (24) 

X(13) SSX 25) 

X(13) SSX 26) 

X(14) SSX 26) 

X(14) SSX (27) 
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18.8 

18.8 Statistical Quality Control 

Factors for computing control chart lines 

The table gives factors for computing central line (Cy) and control lines (C, and C)) 

for control charts according to the 30-rule. Sample size n. 

Cu 

CL 
x-chart 

1. CL=“0 G 

Ci=“0-Aoo 

R-chart 

1. Cr=d200 

C|=d209—3d300= D100 

Cy=d2090+3d309= D200 

22Cri=R a 

C)=R-3d3 Rid7=D3R 

Cy=R+3d3 R/d,=D4R 
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18.8 

Table for construction of single acceptance 
sampling control plans B 

AQL LTPD 

P; P2 
Values of p/p; for: 

ue =0.05| a=0.05 a =0.05 

=0.10| B=0.05 =0.01 

a=0.01 | a=0.01 

c B=0.05 | B=0.01 

0 | 44.890 | 58.404 | 89.781 0 | 229.105 | 298.073 | 458.210 | 0. 
1 1 | 26.184 | 31.933 | 44.686 | 0.149 
2 2 | 12.206 | 14.439 | 19.278 | 0.436 
3 3 | 8115 | 9.418 | 12.202 | 0.823 
4 4 | 6249 | 7.156 | 9.072 | 1.279 
Sls, ; 5 | 5.195 | 5.889 | 7.343 | 1.785 
6 | 3.206 | 3.604 | 4.435 | 3.286 | 6 | 4.520 | 5.082 | 6.253 | 2.330 
7 | 2.957 | 3.303 | 4.019 | 3.981 | 7 | 4.050 | 4.524 | 5.506 | 2.906 
8 | 2.768 | 3.074 | 3.707 | 4.695 | 8 | 3.705 | 4.115 | 4.962 | 4.130 
9 | 2.618 | 2.895 | 3.462 | 5.426 | 9 | 3.440 | 3.803 | 4.548 | 4.130 

10 | 2.497 | 2.750 3.265 6.169 10 3.229 3:555 4.222 4.771 
11 2.397 | 2.630 3.104 6.924 11 3.058 3.354 3.959 5.428 
12) | 2esiZ |) 2-528 2.968 7.690 12 2.915 3.188 3.742 6.099 
13 | 2.240 | 2.442 2.852 8.464 13 2.795 3.047 3.559 6.782 
14 | 2ATT A 2,367 2.752 9.246 14 2.692 2.927 3.403 7.477 

1S | 2A220 2.302 2.665 10.035 15 2.603 2.823 3.269 8.181 
16 | 2.073 | 2.244 2.588 10.831 16 2.524 Zoe 3.151 8.895 
a7} Z.029 12.192 2.520 11.633 17 2.455 2.652 3.048 9.616 
18 1.990 | 2.145 2.458 12.442 18 2.393 2.580 2.956 | 10.346 
19 1.954 | 2.103 2.403 13.254 19 2.337 2.516 2.874 | 11.082 

20 1.922 | 2.065 2.352 14.072 20 2.287 2.458 2.799 | 11.825 
21 1.892 | 2.030 2.307 14.894 21 2.241 2.405 2.733 | 12.574 
22 1.865 | 1.999 2.265 15,749 22 2.200 2.357 2.671 | 13.329 
23 1,840 | 1.969 2.226 16.548 72) 2.162 2.313 2.615 | 14.088 
24 | ©4817 |) 1.942 2.191 17.382 24 2.126 2.272 2.564 | 14.853 

25 2795: |\= 1.917 2.158 18.218 25 2.094 2.235 2.516 | 15.623 
26 1.775 | 1.893 2.127 19.058 26 2.064 2.200 2.472 | 16.397 
27 1.757 | 1.871 2.098 19.900 27 2.035 2.168 2.431 | 17.175 
28 1.739 | 1.850 2.071 20.746 28 2.009 2.138 2-393) | 17.957 
29 1.723 | 1.831 2.046 21.594 29 1.985 2.110 2.358 | 18.742 

30 1.707 | 1.813 2.023 22.444 30 1,962 2.083 2.324 | 19.532 
1.796 2.001 23.298 31 1.940 2.059 2.293 | 20.324 
1.780 1.980 24.152 32 1,920 2.035 2.264 | 21.120 
1.764 1.960 25.010 33 1.900 2.013 2.236 | 21.919 
1.750 1.941 25.870 34 1.882 1.992 2.210 | 22.721 

1.736 1.923 26.731 35 1.865 1.973 2.185 | 23.525 
1.848 1.954 2.162 | 24.333 

1.936 2.139 | 25.143 
1.920 2.118 | 25.955 
1.903 2.098 

Numerical example 

We want to design a single sampling plan with 

p1=0.013, a=0.05, p2=0.054, B=0.10 

In this case p2/p;=4.15. Choose in the table for a=0.05, 8=0.10, the value of p2/p; which 

is closest to 4.15} that is 4.057. This gives c=4 and np,=1.970. Thus n=1.970/ 

0.013=151.2. The plan is then to sample 151 units and reject if more than 4 units are 

defect. 
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18.5 

18.9 Factorial Experiments 

The complete 23 factorial design 

8,+++ 

3,-+- 

Factor 2,F2 

Factor 3, F3 
Gr=+ 

Factor 1, F1 1,--- oie 

Standard order of runs 

Run Fil F2 F3 Observed effect 

1 = = = Y| 

2 + = = 105) 

3 = a = ¥3 

4 + + = Y4 

5 - - + Y5 

6 + ~ + Y6 

‘i = * a Y7 

8 + of a Yg 

Estimation of effects 

Ji] FQ F3 F1xF2 F2xF3 ~F1XF3 -FIXF2xF3 ¥ 

- - - + + tr = Yat 

+ = = = + = ae 19) 

= + = = = 4 + YB 

+ ar - sta = 3 = Y4 

- - + + - - + Y5 

+ = + = + = Y6 

- + = a = = Y7 

te + 7 of ar ae Yg 

Effect Estimator 

1 (-Y, +¥) -Y¥3 +¥4-Ys5 +¥o -Y7 +¥8)/4 

2 (-Y, -Y> +¥3 +¥4—-Ys5 Yo +¥7 +Y)/4 

3 (-Y, -Y¥> -Y3-Y4+Ys5 +¥o +Y7 +Y)/4 

F1xF2 interaction (4+Y¥, -Y> -Y¥3 +¥44¥5 Yo -Y7 +¥s)/4 

F2xF3 interaction (+Y, +¥> -Y3 -Y4—-Ys5 Yo +¥7 +¥s)/4 

F1xF3 interaction (+Y, -Y> +¥3 -Y4-Y5 +¥o -Y7 +¥9)/4 

F1xF2xF3 interaction (-Y, +¥> +¥3 -Y4tYs5 Yo -Y7 +¥s)/4 
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18.9 

A 23 factorial design with blocking 

In the following design block levels A and B and the three factor interaction effect F1xF2xF3 
are confounded. 

3,++=\B 

F2 

| mia 

FA ts==-)h 

Fill 1 3h20* GS F\xXF2 F2xF3 F\XF3 F1xF2xF3 Block 

= = = a0 + me A 

+ ~ = = 3 = a B 
= + = - = 3° af B 
+ + = 2E = = = A 

~ ~ + + - = =f B 
- = + - = o0 = A 
= + = = as = = A 

+ + 2 + + + Se B 

Half fractional factorial designs 

A (2)),)3-! factorial design has 2~!.23 = 4 runs and the resolution is III, which means that main 

effects are not confounded with each other but only with two and three factor interactions. The 
following diagrams describe two such designs. The second is the complementary of the first 
design. 

EAS | pe Ps F3 Observation 

= - + Y| 

a= = = Y2 

= ys = Y3 

is + + Y4 

The confounding pattern is found from the generator 3=12 by multiplication first by 3 and then 
by | and 2. 

fees 128 2=13 312 

(-Y, +Y>—Y3 +Y4)/2 estimates the effect of F1+F2xF3 

(-Y, -Y, +Y3+Y,)/2 estimates the effect of F2+F 1xF3 

(+¥, -Y>—-Y3 +Y4)/2 estimates the effect of F3+F 1xF2 
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1.7 

The following table describes the best half fractional designs for 4 and 5 variables. 

(2hy)*! (2y)5-} 

Fl F2 F3 F4 Filcw: Fo usher eA oak 
- - - - - - - - + 

bebo Ridy 3 eateainn 

+ - - + - + - - - 

+ + - - + 

- + ~ + - - + - - 

+ - + - 

+ + ~ - - + - 

+ + - - 

- - + + - - - + - 

+ - - + + 

+ - + - - + - + + 

+ + - + - 

- + + - - - + + - 

+ - + + - 

+ + + + - + + - 

+ + + + 

4=123 5=1234 

1=1234 1=12345 

(2p)k™ fractional factorial designs 

(2p)k™ fractional factorial designs with N runs 

Design | N Generators Design |N Generators 

6=12345 

A=) = 3,10=235—125 

5=123, 6=234, 7=134 

6=1234, 7=1245 

7=123456 

3=12 (2ry)! 32 

4=123 Qi 8 

4=12 , 5=13 Qn 16 

5=1234 (2;y)72 32 

4=12 , 5=13 , 6=23 ORES 64 

5=123 , 6=234 

The resolution is R if no p-factor effect (p-factor interaction) is confounded with other effects 

with less than R-p factors. 

Example. A (2y;)%3 design has the generators 4=12, 5=13, 6=23. Multiplication gives 

I = 124 = 135 = 236 = 2345 = 1346 = 1256 = 456 
Multiplication by 1, 2,... gives the confounding pattern 

1 = 24 = 35 = 1236 = 12345 = 346 = 256 = 1456 
2 = 14 = 1235 = 36 = 345 = 12346 = 156 = 2456 
and so on. 
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18.10 

18.10 Statistical glossary 

Admissibility, a statistical method is admissible if there does not exist in the considered class of 

methods another method which performs uniformly at least as well as the considered method. 
AEDL, Average Extra Defectives Limit, for a continuous sampling plan CSP the AEDL measure 

is the expected extra number of defectives passed above the AOQL. 

AIC, Akaike Information Criterion is definied as follows. 

AIC=—2x(maximum loglikelihood of the model)+ 

+2x(number of free parameters of the model) 

AIC can be used as a basis of comparison and selection among several models. A model that 

minimizes the AIC can be considered to be the most appropriate model. 

AOQ, Average Outgoing Quality, the expected quality of the outgoing product following the use 

of an acceptance sampling plan. 

AOQL, Average Outgoing Quality Limit, maximum of AOQ over all possible levels of incoming 

quality. 
AQL, Acceptable Quality Level, the maximum percent defective that can be considerd satisfactory 

for a production process. 

ARL, Average Run Length, the expected length of time a production process will run before a 

control procedure will indicate a shift in the process level. 
ASN, Average Sample Number, the expected number of observations until decision in a multistage 

statistical method. 

ATI, Average Total Inspection. 

Block, in experimental design the material is divided in a number of blocks to isolate sources of 

heterogeneity. 

BLUE, Best Linear Unbiased Estimator. 

Bootstrapping, computer intensive method based on resampling of an observed sample. 

Brownian motion, a stochastic process X(t) is a Brownian motion with drift parameter w and 

variance parameter o* if 1) X(t)—X(0) is N(ut, oV 1) and 2) X(t1)—X(t), X(b)-X(t), «.., 
X(ty)-X(t,-1) with OS<t)S...<t, are independent. 

Burn in, a selection method used in reliability testing to improve the reliability of the items. 

Censored data, a sample is censored when not all the observations in the sample are known. In 

type 1 censoring (to the right) observations above a certain level are not recorded. In type 2 
censoring the sampling is stopped when the r“-ordered observation has been obtained. There 
exist special statistical methods to deal with censored data. 

Chernoff faces, a graphical presentation of multivariate observations by a cartoon of a face. Up 
to 18 dimensions can be recorded. 

Variable Feature 

NW angle of face 1 

2 NE angle offace yr, apes ie ref aaa 
3 Left eyebrow ee rae nee = th ihe wea 
4 Right eyebrow Ree Fae aa aa 

5 Socket of left eye He ac : i of dS ESS mt 3 

L i, A - 6 Pupil of left eye oe - i — a : é Shae : 
7 

8 

No} 

— Y Socket of right eye } . aia ae ; 

Pupil of right eye pepe a i PO 27 et SRL 2 

Shape of nose eo " eeveeeesecens z USSeemes 5 

10 Shape of mouth 

11 SW angle of face 

5 12. SE angle of face 

Crossvalidation, the method to divide a sample at random in two parts and to use one part for model 
fitting and the other part for model validation. 
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18.10 

Confounding, in experimental design when certain comparisons can be made only for treatments 

in combinations and not for separate treatments, those treatment effects are said to be 

confounded. 

Counter models, statistical models for counters used to register impulses such that registration of 

an impulse causes a certain dead time. In a type 1 counter process impulses arrived during a 

dead time do not cause any dead time but in a type 2 counter process each arriving impulse 

causes a dead time. 

CSP, Continuous Sampling Plan, a type of sampling inspection when the production process is 

continuous. 

DGP, Data Generating Process. 

EDA, Exploratory Data Analysis. 

EDF, Empirical Distribution Function, the EDF F of a sample (Xi, X2, «--. X,,) is defined as 

F(x)=(Number of X;Sx)/n. 

Efficiency, let 0; and @ be consistent estimators of a parameter @. Then the relative efficiency of 

6, with respect to @2 is defined as Var[62)/Var[6 |. 

EVOP, Evolutionary Operation, a technique for the optimisation of a production process. The 

method is based on routines for systematic small changes of the process variables. 

Extreme value distribution, distribution of the largest (smallest) observation in a sample. There 

exists three different types of asymptotic extreme value distributions. 

FTA, Fault Tree Analysis, a graphical technique used for qualitative and quantitative reliability 

analysis of technical systems. 

Graeco-Latin square, in a Graeco-Latin square with e.g. symbols A, B, C, a, B and y each Latin 

letter occurs exactly once in each row and each column, each Greek letter occurs exactly once 

in each row and each column and a Greek letter occurs exactly once with each Latin letter. 

Aa BB Cy INGE Abie Cy ADK) 

By Ca AB (SET PD)SieeX Clo 

CB Ay Ba CB Da Aod By 
Dy Cd Aa BB 

Graeco-Latin squares are used in experimental design to eliminate the effects of three blocking 

variables. 

Homoscedasticity, the property of random variables to have equal variance. The contrary property 

is called hetereoscedasticity. 

IID, Independently and Identically Distributed. 

IQL, Indifference Quality Level, for a given sampling inspection plan IQL is that quality of an 

incoming batch for which the acceptance probability is 0.5. 

Isotonic regression function, a function f is isotonic on a set A if x<y>f(x)Sf() for x, y in A. 

The isotonic regression function g with weights w on A with respection to f is the function g 

which minimizes 2 w(x)(g(x)—f(x))? in the class of isotonic functions on A. 

Jackknife methods, certain methods to reduce bias in estimators. For example, let the estimator 

T, for a sample of n observations be biassed to order 1/n and let (FO) be the estimator when 

observation no i is omitted. Then the jackknife J calculated as the mean of nT,—(n—1)(T™,) 

is biassed to at most the order 1/n’. 

Kalman filter, a recursive unbiased least-squares estimator (predictor) of a Gaussian random signal, 

widely used e.g. in aerospace applications. 

Kaplan-Meier estimator, a non-parametric estimator of the survival function based on censored 

data. 
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18.10 

Latin square, a latin square of n symbols is ann Xn arrangement such that each row and each column 
has each symbol exactly once. Latin squares are used in experimental design to eliminate the 

effects of two blocking variables. 

AnD <C AB JC 1) AtT BG De IE AB GreL) Saris 
Bin Cae [oho Fs\e WOAME. BG SD REA. Bel Ces Con 
GaAB GP DVATB CDE, w An eB COE Bi Ae LE, 

DG BA DAE A.B 1 DE GTE Bega 
EVA BR CD ED Ai. BC 

PE sD Ce AB 

Permutations of rows or columns give another Latin square. 

LTPD, Lot Tolerance Percent Defective, quality level at which acceptance probability is equal to 
the consumer’s risk. 

Martingale, a sequence of random variables X;, X2, ... is a martingale if 

15D. G IDG OP OR Aree? C=O, Cope Eile 
Nominal data, statistical data which are numbers of observed classes in a classification. 

OLSPCS, On Line Statistical Process Control System. 
Ordinal data, statistical data that has a natural ordering of the possible values but for which the 

distances between the values is not defined. 

Outlier, observation in a sample which is so separated from the other observations so it can be 

believed to be from a separate distribution. There exists special statistical outlier tests. 

Pattern recognition, identification of patterns by automatic means. 
PERT, Program Evaluation and Review Technique, a graphical method used for planning and 

controlling major projects. 

Rank correlation, rank correlation measures the degree of correspondence between two rankings 

(orderings). The most used rank correlation coefficients are Kendalls t and Spearmans o. 

Renewal process, a stochastic point process in which times between events (renewals) are IID. 

Renewal theorem, in its simplest form it states that if X(f) is the number of renewals in (0, ¢) and 
is the expected time between renewals then E[X(t)|/to1/u (to). 

Robustness, a statistical method is robust if it is not sensitive to departures from those assumptions 
on which it was derived. 

Semi-Markov process, a stochastic process that changes states according to a Markov chain, but 
in which the lengths of time spent in each state are random variables. 

Sheppard correction, corrections applied to moments calculated from grouped observations. For 

the sample variance s? the Sheppard corrected value is s*—h?/12, where h is the length of the 
grouping interval. 

SPRT, Sequential Probability Ratio Test. 
Statistic, function of random variables X;, X, ..., Xp. 

Stress-strength model, statistical model of reliability based on stress and strength of material. 

Subjective probability, probability interpreted as measuring degree of belief. 

Taguchi method, a systematic approch advocated by Taguchi for use of statistical methods at the 
product and process design stage to improve product quality. 

TTT-statistic, if 0=X9<X)S...<X;,, is an ordered sample the TTT-statistic of the sample is defined 

as z (n—i+1)(X(i)—X(i-1)). The statistic has an obvious interpretation in life testing. 
= 

TTT-transform, TTT-plot, useful tools in reliability for model identification, replacement theory 
and burn-in problems. 

White noise, a stochastic process is a white noise process if it has a constant spectral density function. 
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19 Miscellaneous 

Greek alphabet 

a A alpha Bo wl iota (yl rho 

B B beta x «K kappa Of 2 sigma 

a? gamma A A lambda Tow, tau 

0 A delta nM mu UP upsilon 

eo epsilon putes IN nu o @® phi 

C and zeta Boris Xi j pein chi 

aa & 6 eta Gren O omicron Wires casepsi 

OAw eG, theta cena Ul pi o omega 

Mathematical constants 

Approximations to 25 decimal places and hexadecimal places 

W2= 1.41421 35623 73095 04880 16887=1.6A09E 667F3 BCC90 8B2FB  1366F 

\/3 = 1.73205 08075 68877 29352 74463=1.BB67A E8584 CAA73 B2574 2D708 

V5 = 2.23606 79774 99789 69640 91737=2.3C6EF 372FE 94F82 BE739 80C0C 

V10= 3.16227 76601 68379 33199 88935=3.298B0 75B4B 6A524 09457 9061A 

In2= 0.69314 71805 59945 30941 72321=0.B1721  7F7D1 CF79A BC9E3 B3980 

In3= 1.09861 22886 68109 69139 52452=1.193EA 7AADO 30A97 6A419  8D550 

Inl0= 2.30258 50929 94045 68401 79915=2.4D763 776AA A2B0S BA95B 58AE1 

1/In2= 1.44269 50408 88963 40735 99247=1.71547 652B8 2FE17 77D0F FDAO0D 

1/In10= 0.43429 44819 03251 82765 11289=0.6F2DE CS549B 9438C A9AAD DS557D 

m= 3.14159 26535 89793 23846 26434=3.243F6 A8885 A308D 31319 8A2E0 

7/180= 0.01745 32925 19943 29576 92369=0.0477D 1A894 A74E4 57076 2FB37 

180/m=57.29577 95130 82320 87679 81548=39.4BB83 4C783_ EF70C 2A5D4 DFD03 

I/t= 0.31830 98861 83790 67153 77675=0.517CC 1B727 220A9 4FE13  ABE90 

72= 9.86960 44010 89358 61883 44910=9.DE9E6 4DF22 EF2D2 56E26 CD981 

Wa = 1.77245 38509 05516 02729 81675=1.CSBF8 91B4E F6AA7 9C3B0 520D6 

e= 2.71828 18284 59045 23536 02875=2.B7E15 1628A ED2A6 ABF71 5880A 

e= 0.36787 94411 71442 32159 55238=0.5E2D5 8D8B3 BCDF1 ABADE C7829 

e2= 7.38905 60989 30650 22723 04275=7.63992 E3537 6B730 CES8EE 881AE 

y= 0.57721 56649 01532 86060 65121=0.93C46 7E37D BOC7A 4DIBE 3F810 

~= 1.61803 39887 49894 84820 45868=1.9E377 9B97F 4A7C1 5S5F39C C0606 

sinl= 0.84147 09848 07896 50665 25023=0.D76AA 47848 67702 O0C6E9 E909C 

cos1= 0.54030 23058 68139 71740 09366=0.8A514 O7DA8 345C9  1C246 6D977 

0.1=0.19999 99999 99999 99999 9999A 

0.01=0.028F5 C28F5 C28F5 C28F5 C28F6 

0.001=0.00418 9374B C6A7E F9DB2 2D0E5 

10-4=0.00068 DB8BA C710C B295E 9EIBI 

10-5=0.0000A 7CSAC 471B4 78423 OFCF8 

10-=0.00001 OC6F7 AOBSE D8D36 B4C7F 

cot 355=33173. 70877 45785 70590 14882 75772 

tan 573204=—3 402633. 79542 44036 22259 83658 79644 
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Famous numbers 

The number 7 

Circumference=27 Area=7 

7~3.14159 26535 89793 23846 26433 83279 50288 

(This approximation was calculated by Ludolf van Ceulen 

(1540-1610)) 

The first 1000 decimal places of 7: 

1415926535 BOTOS23BN6 2643383279 SOZBBKIPTI 6939937510 SBZ09THPRL SYZSOTBISK 0628629899 8628034825 3421170679 
8214808651) 3282306647 0938446095 5058223172 $359408128 HBIIITSSO2 8810270193 8521105559 S4¥6229489 SUPSOSBI%S 
BH2BB109TS 6659334446) 2687564823 37B67B316S 2712019091 &564856692 3460388610 BS43266482 1339360726 C2U9IB12TS 
7245870066 0631558817 4B81S$20920 96286292580 9171536836 7892590360 0113305305 4882086652 1388186951 9415116008 
3305727036 STS9S9I9SS OPZIBSIITS BI93Z6IITY SIOSTIBSHB OTRHE237TOD S27THOSET3S 18BS7S272% BYI2Z27H3B1 BIO 1VRHI2 
9833673362 4406566630 B602139K9% 395228737 1907021798 GOPRSTOZTT OSS9ZITITS 2931767523 BHbTHBIBUG 7669405132 
000568127) &526356082 7785771382 7577896091 7T363TITB7Z 186BRRO9O! 2289538301 4654958537 1050792279 6892589235 
&201995611 2129021960 864034818) S9B1362977 &771309960 5187072113 &999999B3T 297BOK99S1 0597317328 1609631859 
5028659855 3469083026 &252230825 3348685035 261931188! 7101000313 7838752886 $875332083 BI%2061717 1669187303 
5982534906 2875546873 1159562863 8823537875 93TSI9STTB 1857780532 1712268066 1300192787 6611195909 2164201989 

Decimal approximations with more than 29 millions decimal places have been calculated 

with computers. 

m(in octal)=3.11037 55242 10264 

Rational approximations to 7: 

Da 355,_ 7 3.142 857 143 iB 3.141 592 920 

The number e 

The number e¢ is the basis of natural logarithms. 

1\" Hesel tactadal Sie gs wp Lepsh sodegcloies 
a sim ( 4] cD OLALE a2) Gen 410m 

e~2.71828 18284 59045 23536 02874 71352 66249 77572 

Rational approximations to e: 

193 1264 —=2. 0 =. 71 7183 098 465 2.718 279 570 

Euler’s constant y or C 

: jeer! 1 
=i 1+++=+...+=-l 

? ssi 92S n = 

y=0.57721 56649 01532 86060 65120 90082 40243 10421 59335 93992 

35988 05767 23488 48677 26777 66467 09369 47063 29174 67495. 
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The golden section ¢ 

Point P divides AB such that A P B 

Then PB/AP=AB/PB. 

p=1.61803 39887 49894 84820 45868 34365 

Physical constants 

1.66057 « 10-27kg 
1.6750 - 10-27 kg 
1.6726 - 10-2’ kg 
9.1095 - 10-3! kg 
1.6022 - 10-19 As 
5.2918 - 10-1! m 
6.6262 - 10-34 Js 
6.6720 - 10-1! Nm2 kg~? 
9.80665 m/s2 
2.997925 - 10° m/s 
1.3807 - 10-3 JK! 
1.09678 - 107m7! 
5.670 - 10-83 Wm-2K-~4 
2.898 -10-3m-K 
6.022 - 1023 mol~! 
8.314J mol7!K-! 
9.6485 - 104 Asmol7! 
8.854 - 10-12 As V-! m7! 
1.25664 - 10-° Vs A-! m7! 

Atomic mass unit 

Mass of neutron 
Mass of proton 

Mass of electron 

Electron charge 
Bohr radius 
Planck constant 
Gravitational constant 
Gravitational acceleration 
Speed of light in vacuum 
Boltzmann constant 
Rydberg constant 
Stefan-Boltzmanns constant 
Constant in Wien’s displacement law 

Avogadro’s constant 
Universal gas constant 

Faraday constant 
Permittivity of vacuum 
Permeability of vacuum 

Roman numeral system 

I=1 V=5 X=10 L=50 C=100 D=500 M=1000 

1=I 2=II 3=II] 4=IV 5=V 6=VI 7=VII 8=VIII 9=IX 10=X 

1989=MDCCCCLXXXVIIII=MCMLXXXIX 
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Prefix 

1 000 000 000 000 000 000=1018 
1 000 000 000 000 000=10!5 

1 000 000 000 000=10!2 
1 000 000 000=10° 

1 000 000=10° 
1 000=103 
100=102 
10=10! 
0.1=107! 

0.01=1072 
0.001=10~3 

0.000 001=10~6 
0.000 000 001=10~? 

0.000 000 000 001=10~ 12 
0.000 000 000 000 001=10-15 

0.000 000 000 000 000 001=10~-18 Prose B69.0 2 ee ee 

\S 

Conversion factors. US and metric system (SI) 

2.540 cm 

30.48 cm 

0.03937 inches 

0.3937 inches 

0.9144 m 3.281 feet 

1.609 km 

6.452 cm? 1.094 yards 
929.030 cm? 0.6214 miles 

0.836 m2 1 cm? 0.155 inch? 

2.5899 km2 1 m2 1.196 yard? 

4046.9 m2 1 m? 10.764 foot? 

16.387 cm? 1 km? 0.386 mile2 

28317 cm? 0.061 inch? 

0.765 m3 1.308 yard? 

1 nautic mile=1.852 km=6080.20 feet 

1 gallon=3.785 liters 1 liter=61.024 inch? 
1 hectare=2.471 acres 

1 ounce=28.34952 grams 

1 pound=453.59237 grams 

1 radian="S° (~53.70) degrees 1 degree=7 (~0.01745) radians 

F=Fahrenheit temperature C=Celcius temperature K=Kelvin temperature 

F=2 C+32 C=K-273.15 
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Abbreviations in computer science 

FPS 
GIGO 
HLL 
Ie 
vo 
ICE 
LIFO 
LP 
LSI 
Megaflop 
MIPS 
MSB 
PROM 
RAM 
ROM 
SAM 
SIF 
SNA 
SP 
VDU 
VM 
WFF 

Analog-to-Digital 
Automatic Data Processing 
Automatic Engineering Design 
Artificial Intelligence 
Assembly Language 
Arithmetic-Logic Unit 
American Standard Code for Information Interchange 

Available Space List 
Binary-Coded Decimal 
Business Data Processing 
Bits per second 
Basic Sequential Access Method 
Computer-Aided Design 
Computer-Aided Instruction 
Computer-Aided Manufacturing 

Computer Graphics 
Computer-Integrated Manufacturing 
Conversational Monitor System 

Central Processing Unit 
Compatible Time-Sharing System 
Digital-to-Analog 
Direct Access Method 

Direct Memory Access 
Data Manipulation Language 
Disk Operating System 
Dynamic Random Access Memory 

Flip-Flop 

First-In-First-Out 
Floating Point System 
Garbage-In-Garbage-Out 

High-Level Language 
Integrated Circuit 
Input/output 
Job Control Language 

Last-In-First-Out 
Linear Programming 

Large-Scale Integration 
Million floating-point operations per second 

Millions instructions processed per second 

Most Significant Bit (Byte) 
Programmable Read-Only Memory 

Random Access Memory 
Read-Only Memory 
Sequential Access Method 

Shortest Job First 
System Network Architecture 

Structured Programming 

Video Display Unit 
Virtual Memory 

Well-formed Formula 
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Famous mathematicians 

Niels Henrik Abel (1802-1829) 

Norwegian. Proved the impossibility of solving the general quintic 

equation in radicals. Died in poverty before news of a university 

post in Berlin reached him. 

Ahmes (about 1700 B C) 

The first mathematician the name of whom is known to us. He wrote 

Papyrus Rhind, which contains 84 mathematical problems. It is our 

most important source for knowledge about Egyptian mathematics. 

Archimedes (287-212 B C) 

The greatest mathematican in antiquity with important contrib- 
utions to geometry and statics. He calculated the area of a parabolic 

segment and was thus a pioneer for the calculus. He was advizer 
to king Hiero of Syracuse and was killed by the Romans when they 

sacked the city. 

Charles Babbage (1792-1871) 

English mathematician and inventor. Worked on an analytical 
engine to be programmed to perform a sequence of arithmetical 

operations. Pioneer of the computer. 
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Jacques Bernoulli (1654-1705) 

The Bernoulli family produced a large number of talented math- 
ematicians. He contributed to the calculus, the creation of Newton 

and Leibnitz. Is also one of the founders of probability theory. 

Made the first proof of the law of large numbers. 

Johan von Bolyai (1802-1860) 

Hungarian mathematician who besides Lobachevski discovered 

non-Euclidian geometries. 

Georg Cantor (1845-1918) 

German mathematician. Founder of set theory, which is of great 

importance for the foundation of many mathematical theories. 

Augustin Louis Cauchy (1789-1857) 

French mathematician who made important contributions to group 

theory and the theory of functions. The first to give a stringent 

definition of the limit concept. 

René Descartes (1596-1650) 

French philosopher and mathematician. Creator of analytic 

geometry. Has been called ‘the father of modern philosophy’. 
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Euclid of Alexandria 

Euclid lived about 300 B C. He collected the mathematical 

knowledge of his time, especially in geometry, in his work Elements, 

the most well known mathematical book through all the times. 

Leonhard Euler (1707-1783) 

Swiss mathematician, professor in mathematics in Berlin and St 
Petersburg. Euler is one of the most productive mathematician of 

all times. Active even in his last years when he was blind. 

Pierre de Fermat (1601-1655) 

Fermat was Counsellor in the Parliamant in Toulouse and is 
considered to be the greatest of all amateur mathematicians. He 
made important discoveries in analysis and number theory. A 

famous correspondence with Blaise Pascal is the origin of prob- 

ability theory. 

Joseph Fourier (1768-1830) 

French mathematician and administrator. He accompanied Napo- 
leon to Egypt as scientific advisor. His book Theorie analytique de 
la chaleur has been described as ‘‘a great mathematical poem” and 

is the origin of Fourier series and Fourier transforms. 

Evariste Galois (1811-1832) 

French mathematician with a short and troubled life. Made 
important contributions to the theory of equations. Killed in a duel. 
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Karl Friedrich Gauss (1777-1855) 

German, considered to be one of the greatest mathematicians ever. 

Has been called ‘the king of mathematicians’. Contributed to 
many different areas of pure and applied mathematics. His most 

important work has the title ““Disquistiones Aritmeticae”’. 

David Hilbert (1862-1943) 

German mathematician, professor in Gottingen. He is considered 

to be the last mathematican with a working knowledge in all areas 

of mathematics. 

Felix Klein (1849-1925) 

German geometer and algebraist. In his inaugural address in 

Erlangen he formulated his Erlangen program, which greatly 

influenced geometry and its teaching. He was also very interested 

in the didactics of mathematics. 

Sonia Kovalevsky (1853-1891) 

Daughter of a Russian artillery officer. Studied with Weierstrass 

in Germany. Professor of mathematics in Stockholm from 1884. 

Worked among other things with partial differential equations. 

Joseph Louis Lagrange (1736-1813) 

French mathematician, who worked in Turin, Berlin and Paris, 

where he was professor at Ecole Polytechnique. Contributed to 

analysis, number theory, probability theory and theoretical mech- 

anics. 
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Pierre Simon Laplace (1749-1827) 

French marquis and mathematician, he has been called ‘‘The 

Newton of France’’. Once had Napoleon as a pupil. Napoleon later 

made him minister of the interior for a short time. Contributed to 

analysis, probability theory and celestial mechanics. 

Gottfried Wilhelm Leibniz (1646-1716) 

German mathematician and expert on law. Has been described as 

the last one to master all the knowledge of his time. Discovered 

besides Newton the differential and integral calculus. Is also 

founder of mathematical logic. 

Nikolaij Lobachevski (1793-1856) 

Russian mathematician working in Kazan. One of the discoverers 
of non-Euclidean geometries. Although blind, year before his death 
he dictated a large exposition of his non-Euclidian geometry. 

Andrei Andrejevitch Markov (1856-1922) 

Russian mathematician, working in St Petersburg. Founder of the 

theories of Markov chains and Markov processes, which are of great 
importance in probability theory. 

Gésta Mittag-Leffler (1846-1927) 

Swedish mathematician, one of Weierstrass’ most important stu- 
dents. Contributed to analysis. Founder of the journal Acta 

Mathematica. 
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John Napier (1550-1617) 

British mathematician, physicist and engineer, the founder of 

modern logarithms. 

John von Neumann (1903-1957) 

Born in Hungary but active as a mathematician in USA. Has been 

called “the Archimedes of our time” due to his great contributions 

to various areas of both pure and applied mathematics. Founder 

of the theory of games. Behind the construction of the first 

computers. 

Isaac Newton (1642-1727) 

English mathematician and physicist. Newton is one of the domi- 

nating figures in the history of science. He and Leinbitz discovered 

differential and integral calculus. Discovered the general gravi- 

tation law. 

Blaise Pascal (1623-1662) 

French mathematician and philosopher. Although only 16 he wrote 

a paper on new results for conics. Together with Fermat founder 

of probability theory. Constructed the first calculating machine. 

Henri Poincaré (1854-1912) 

French mathematician with important contributions to analysis, 

topology, probability and mathematical physics. Wrote in all about 

500 mathematical papers. 
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Pythagoras (about 580-500 B C) 

Greek philosopher and mathematician. Founded a brotherhood in 
Croton where he taught mathematics, astronomy, music, and 
philosophy. His name is linked with the theorem of Pythagoras 
about the squares on the sides of a right angled triangle. 

Srinivasan Ramanujan (1887-1920) 

Mathemtician from India, who taught himself with the aid of one 

textbook. Obtained astonishing mathematical results, which he 
wrote down in his diary. Came later to Cambridge in England, 
where he worked with a professional mathematician, G. H. Hardy. 

Bernhard Riemann (1826—1866) 

German mathematician who made important contributions to the 

theory of functions. With his lecture “Uber die Hypothesen, welche 
der Geometrie zugrunde liegen”’ he prepared for Einsteins relativ- 
ity theory. 

Karl Weierstrass (1815-1897) 

German mathematician who with Riemann founded the modern 

theory of functions. He was the first to give an example of a 
non-differentiable continuous function. 

Norbert Wiener (1894-1964) 

American mathematician. Was a mathematical infant prodigy. 

Although only 14 he took his first academic degree. Founder of the 
cybernetics. 
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Glossary of functions 

|x| sec. 2.1 Dx) sec. 12.2 C(x) sec. 12.5 

Vx ol Ly (x) 12.2 S(x) 12.5 

xe 5.3 LF) 122 A(t) 12.6 

a‘, e*=exp(x) 33) Pf P(x) 1222 sgn(t) 12.6 

log x 5.3 B,(x) 12.3 d(t) 12.6 

Inx 5.3 E(x) 123, 12,5 (x) 172 

sinh x 5.3 Ip(x) 12.4 B(x) 17.8 

cosh x 5.3 Y/(x) 12.4 

tanhx 5.3 Hy (x) 12.4 

coth x 5.3 HYp(x) 12.4 

arsinh x 5.3 1,(x) 12.4 

arcosh x 58 K, (x) 12.4 

artanh x Dee ber(x) 12.4 

arcoth x 5:3 bei(x) 12.4 

sin x 5.4 ker(x) 12.4 

cos x 5.4 kei(x) 12.4 

tanx 5.4 T(x) 1255, 

cotx 5.4 B(p, q) 5) 

secx 5.4 F(k, 9) 12k) 

csc x 5.4 E(k, @) 12:5 

arcsin x 5.4 m(k, n, ) 12.5 

arccos x 5.4 K(k) 12.5 

arctan x 5.4 E(k) 1235 

arccot x 5.4 Ei(x) 12.5 

F(a, b, ¢, x) 9.2 li(x) 1255 

F(b, c, x) 9:2 erf(x) IDS 

P,(x) 12.2 Si(x) 12.5 

P(x) 122 Ci(x) 12.5 

T n(x) 12:2 
Un(x) 12-2 

H,(x) 122 

hy (x) 122 
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Glossary of symbols 

M te 3 ims 2 

N 

. Se) lie 

Se Soe Uo 

x 

D 

Ds, Re 

(h) 
N, Z, Q, R, Cc 

R" 

Zn 
1 Soe 

Axl. 
os; 8 

u-y, u'v, (u, v), (u/v), u*v 

uxyv 

|u| 

[cl], lll, p 

A=(aj), [aij] 
A! 

A 

I|Al 
1 dW_p, »- 4 

y dx yy dt 

Meaning 

and 

or 

exclusive or 

negation 

implies 

equivalent 

there exists 

for all 

NAND 

NOR 

thus 

belongs to 

subset 

superset 

complement 

intersection 

union 

difference 

symmetric difference 

difference 

Laplacian 

product set 

empty set 

domain, range of f 

binomial coefficient 

number sets 

Euclidean space 

set of congruence classes modulo n 

set of binary n-tuples 

polynomial ring over field F 

boundary, closure of S 

scalar product 

vector product 

length (norm) 

norm 

matrix 

transpose of matrix 

adjoint of matrix 

norm of matrix 

derivative 
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Section 

sbBil 

1.1 

eT 

(lit 

Nai 

Tet 

1.1 

tll 

ile 

ileal 

2 

2 

2 

te 

12 

2; 

1.2 

2 
Oat6:3 
12 

2 

2 

13 

eal 

2.2 

10.1 

1.4 

1.6 

1.4 

10.1 

3.4, 4.1, 4.7, 12.7, 4.10 

3.4 

3.4, 4.7 

PAM VAs: 

4.1 

4.1 

4.10 

16.2 

6.3 
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partial derivative 

directional derivative 

normal derivative 

Jacobian determinant 

gradient 

difference operators 

Lebesgues spaces 

spaces of differentiable functions 

Sobolev spaces 

ordo 

closed, open interval 

row equivalence 
asymptotic equivalence 

Fourier series expansion 

convolution 

equality 

inequality 

less than (or equal) 

greater than (or equal) 

identity 

approximately equal 

congruent to 

parallel to 

perpendicular to 

infinity 

Kronecker delta 
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10.4 

10.4 

11.4 

10.6 

ee, 

16.3 

12.8 

12.8 

12.8 

8.5 

6.1 

4.1 

i2el 
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Index 

Abel’s limit theorem 170 

Abel’s test 168 

Abelian group 22 

Absolute error 329 

Absolute value 46 

Acceleration vector 216 

Acceptance sampling control 456 

Accumulation point 195, 261 

Adjacency matrix 34 

Adjoint of matrix 105 

Adjoint operator 264 

Affine diagonalization 96 

d’Alembert’s formula 213 

Algebraic equation 62 

Algebraic function, integration of 132 

Algebraic laws, real numbers 43 

Algebraic number 48 

Algorithms for probability 

distributions 383 

Allocation 430 

Almost everywhere 266 

Alphabet 17 

Alternative hypothesis 438 

Amplitude-phase angle form 118, 273 

Analog filter 294 

Analysis of variance 447 

Analytic function 299 

Analytic geometry in space 82 

Analytic geometry in the plane 78 

Angle between line and plane 83 

—lines 79, 83 

—planes 83 

—vectors 78, 82 

Annuity 48 

ANOVA 447 

Anthitetic variable 389 

Approximation in mean 92, 227, 273, 

341 

AR-process 382 

Arc length 137, 216 

Arccosine function 119 

Arccotangent function 119 

Arcsine function 119 

Arctangent function 119 

Area of 

—circle 70, 80 

—cone 73 

— cylinder 72 

—ellipse 80 

— polygon 69, 78 

— polyhedra 71 

— quadrilateral 68 

—region 137, 207, 223 
— solid of revolution 140 

— sphere 73 

— spherical triangle 75 

— surface 208, 226 

—triangle 66, 78, 82 

—torus 73 

Area scale 204 

Argument principle 306 

Arithmetic mean 46 

Arithmetic series 174 

ARMA-process 382 

Artificial variable 322 

Associative law 43 

Astroid 141 

Asymptote 137, 138 
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Asymptotic equivalence 172 

Augmented coefficient matrix 91 

Autocorrelation function 381 

Automorphism 25 

Autoregressive process 383 

Banach space 262 

Bar diagram 417 

Bartlett’s test 443 

BASIC instructions 362 

Basic solution 322 

Basic variable 92 

Basis 76, 99 

Basis, change of 93, 102 

Baye’s formula 368 

Baye’s rule 373 

BCH-code 39 

Bellman’s optimality principle 327 

Bernoulli number 235 

Bernoulli polynomial 235 

Bernstein polynomial 342 

Bessel function 215, 236 

— modified 238 

— spherical 241 

Bessel functions, numerical table of 

243 

~, table of zeros 248 

Bessel’s inequality 228 

Beta distribution 376 

Beta function 250 

Bezier curve 342 

Bijective 21 

Bilinear form 265 

Bilinear transformation 306 

Binary 

—number system 57 

— operation 21 

—relation 17 

Binomial 

— coefficient 45 

— distribution 379, 383, 387 

— distribution, table of 396, 399 

—theorem 44 

Binomic equation 64 

Binormal vector 217 

Birth and death process 380, 381 

Birth intensity 381 

Bivariate 

—normal distribution 376 

—random variable 371 

Block diagram 296 
Bolzano-Weierstrass’ theorem 196 

Bonferroni’s inequality 367 

Boole’s inequality 367 

Boolean algebra 22, 29 

Boolean expression 31, 33 

Boundary 195 

Boundary point 195 

Boundary value problem (ODE) 191 

— (ODE), numerical solution of 353 

— (ODE), variational formulation 319, 

353 

— (PDE) 213 

— (PDE), numerical solution of 355 

Bounded operator 263 

Bounded set 196 

Box 70 

Box plot 418 

Box-Miiller method 388 

Calculus of variation 315 

Cardano’s formula 64 

Cardinal number 16 

Cardioid 141 

Cartesian product 16 

Catenary 112,316 

Cauchy 

—condition 165 

— distribution 376 

—principle value 136 

— problem 189 

— sequence 261 
Cauchy’s inequality 47 

— integral formula 302 
—mean value theorem 126 

—theorem 302 
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Cauchy-Riemann’s equations 299 

Cauchy-Schwarz’ inequality 100, 105, 

195 

Causal filter 294 

Cayley’s theorem 25 

Cayley-Hamilton’s theorem 106 

Central limit theorem 375, 388 

Central moment 371, 420 

Centroid 78, 82, 138, 208, 209 

Centroid, table of 210 

Chain rule 126, 199, 203, 204 

Chapman-Kolmogorov equation 379 

Characteristic 

—curve 212 

—equation 95, 185, 287 

—function 378 

Chebyshev’s 

— inequality 370 

— polynomial 231 

— polynomial, shifted 232 

x°- distribution 375, 379, 384 
x°- distribution, table of 407 
x°-test 439 
Chord theorem 69 

Circle 69, 80 

Circle, equation of 80 

Circumference of 

— circle 70, 80 

— ellipse 80 

Closed set 196, 261 

Closure 196, 261 

Code 37 

Codomain of relation 17 

Cofactor 90 

Coherent system 392 

Column vector 86 

Combinatorics 367 

Commutative law 43 

Compact 

— operator 263 

—set 196, 261 

— support 267 

Comparison test 167 

Complementarity theorem 322 

Complementary design 458 

Complete 

— metric space 261 

— system 227 

Complete trigonometric systems, table 

of 229 

Completely continuous operator 263 

Complex 

—analysis 299 

— integration 302 

—matrix 105 

—number 60 

—vector 105 

Composite hypothesis 438 

Computer science, abbreviations in 

467 

Concave function 122, 128 

Conditional 

— distribution 373 

— expectation 373 

— probability 368 

Cone 72, 85, 99 

Confidence interval 428 

-, ANOVA 447 

—, exponential distribution 429, 432 

—, linear regression 446 

—, median 454 

—, normal distribution 429, 433, 434, 

435, 436 

—, Poisson distribution 429 

—, unknown probability 431 

Conformal mapping 306 

—, table of 307 

Confounding pattern 458, 459 

Congruent triangles 65 

Conjugate harmonic function 300 

Conjugate of complex number 60 

Connected set 196 

Connective 9 

Consistent estimator 425 

Constants 

— mathematical 463 
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— physical 465 — transform, table of 280 

Constraint 202 Cotangent function 115 

Contingency table Cotangent hyperbolic function 112 

—test of homogeneity 440 Covariance 372 

— test of independence 439 Covariance matrix 377 

Continuous function 124, 197, 203 Covariant kernel 381 

Continuous functions, spaces of 267 Cramer’s rule 92 

Continuous operator 263 Cramer-Rao inequality 425 

Continuous random variable 369 Crank-Nicolson scheme 357 

Contradiction 9 Critical point 128 

Control Cross ratio 306 

—chart 455 Cross-correlation function 381 

—system 319 Cross-spectral density 382 

— variable 319, 389 Cube 71 

Convergence Cubic equation 63 

— almost surely 371 Curl 218 

— in distribution 371 Curtosis 371, 420 

—in mean 371 —, estimation of 427 

—in probability 371 Curvature 137,217 

— order of 330 Curve fitting 341 

— test, series 167 Curve in space 216 

Convergent Curve, plane 137 

— integral 136 Curve, second degree 79, 98 

—sequence 165, 261 Cycloid 141 

—series 167 Cylinder 72, 85, 99 

Converse of relation 17 Cylinder function 240 

Conversion algorithm 56 Cylindrical coordinates 209, 221 

Conversion factors, US-metric system 

466 Death intensity 381 

Convex function 122, 128, 326 Decision variable 327 

Convolution 268, 271 Decoding matrix 37 

Coordinate transformation, linear 93, Decreasing function 122, 128 

98 Defiteness 97 

Correlation coefficient 372 Delambre’s equations 74 

Cosecant function 115 Delta function, Dirac’s 260, 270 

Coset 25 Dense set 261 

Cosine Derivative 125, 271 

—function 115 = table of 27128 

— hyperbolic function 112 —, weak 268 

— integral 255 Descartes’ rule of signs 63 

— integral, numerical table of 256 Determinant 89 

—series 274 Diagonalization of matrix 94, 96 

—transform 277 Difference equation 193, 286 
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Difference, finite 339 

Differentiable function 125, 198, 203 

Differential 125, 198, 203 

Differential equation, ordinary 181, 

189 

—, asymptotic behavior 190 

—, Bessel’s 238 

—, Chebyshev’s 232 

—, elliptic integrals 252 

—, Euler 184, 187 

—,exact 182 

—, first order 181 

—, Gauss’ hypergeometric 184 

—, Hermite’s 233 

—, Jacobi’s 235 

—, Kummer’s confluent hypergeometric 

184 

—, Laguerre’s 234 

—, Legendre’s 230 

—, linear 185 

—, numerical solution of 350 

—, second order 183 

—, separable 181 

—, system of 187, 189 

—, Bernoulli 182 

Differential equation, partial 212 

Differential form 222 

Differential formulas 126, 220 

Differential geometry 217 

Differentiation of matrix 87, 105 

Differentiation, numerical 347 

Digraph 33 

Dijkstra’s algorithm 36 

Dimension 100 

Dimension theorem 103 

Dini’s theorem 166 

Diophantine equation 53 

Dirac’s delta function 260, 270 

Direct product 22 

Directional derivative 199 

Dirichlet’s problem 213, 214, 355 

Dirichlet’s test 168, 169 

Discrete Fourier transform 283 

Discrete random variable 369 

Distance between 

—lines 84 

— point and line 79, 84 

— point and plane 84 

—points 78, 82, 195 

Distribution 270 

Distribution free method 449 

Distribution function 370, 394 

Distributive law 43 

Div 218 

Divergence 205 

Divergent 

— integral 136 

—sequence 165 

— series 167 

Dodecahedron 71 

Domain 196 

Domain of function 20 

Domain of relation 17 

Dot product 77 

Double integral 205 

—, numerical calculation of 346 

Dual problem 321 

Dual space 268 

Dual variable 325 

Duality theorem 322 

Dynamic optimization, algorithm for 

327) 

Dynamic programming 327 

Dynamical system 188, 294 

e, number 176 

Echolon form matrix 88 

Edge 33 

Efficient estimator 425 

Eigenvalue of 

— linear mapping 102 

— matrix 94, 106 

— operator 264 

Eigenvalue problem 228 

Eigenvalue, numerical calculation of 

334 
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Eigenvector 94, 102, 106, 264 Excess 75 

Elementary functions, complex 300 Expectation 370, 372 

Elementary functions, real 108 —function 381 

Elimination, Gaussian 92, 332 Exponent of irreducible polynomial 39 

Ellipse 80 Exponential 

Ellipse, equation of 80 — distribution 375, 379, 387, 395 

Ellipsoid 85, 99 —function 111 

Elliptic — function, integration of 133 

— bilinear form 265 — integrals 254 

— integrals 252 — integrals, numerical table of 256 

— integrals, complete, table of 253 — matrix 86 

Elliptic PDE 212 Extension of field 28 

Encoding matrix 37 Exterior point 195 

Endomorphism 25 Extrapolation 340 

Entire function 300 Extremum of function 128, 201 

Entropy 370 —, global 129 

Envelope 139 Extremum, algorithm for finding 326 

Epimorphism 25 
Equation, numerical solution of 330 F-distribution 375 

Equivalence relation 19 F-distribution, table of 411 

Ergodic process 382 Factor theorem 28, 62 

Erlang’s loss formula 391 Factorial 45 

Error 329 —experiments 457 

Error function 254, 405 — polynomial 338 

Essential singularity 305 Factorization theorem 49 

Essup 268 Factorization, table of 51 

Estimator 426 Failure rate 394 

Euclid’s algorithm 53, 109 Famous mathematicians 468 

Euclidean space 100 Fast Fourier transform 283 

Euclidean space R" 195 Fatou’s lemma 266 

Euler number 236 Feasible solution 321 

Euler polynomial 236 Feedback 294 

Euler relation 72 Fermat prime 54 

Euler’s constant 176, 250, 464 Fibonacci number 55, 193 

—formulas 61 Field 22, 27 

—method 350 Filter 294 

— transformation 359 Filtered Poisson process 383 

Euler-MacLaurin summation formula Finite difference method 353, 355 

359, 360, 361 Finite differences 339 

Even function 122 Finite element method 353, 355 

Event 366 Fisher information number 425 

Evolute 137 Fitting of curve 341 

Exact differential form 222 Flow chart symbols 362 
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Folium of Descartes 141 

Fourier coefficient, general 227 

Fourier series 

—, general 227 

—, table of 274 

—, trigonometric 272 

Fourier transform 271, 277 

—, discrete 283 

—, fast 283 

—, higher dimensions 281 

—, table of 277 

Fourier transformation 215 

Fourier’s method 214 

Fractional factorial design 458, 459 

Fredholm integral equation 192 

Fredholm’s alternative 264 

Fredholm’s equation 354 

Free variable 92 

Frenet’s formulas 217 

Frequency-response function 382 

Fresnel integral 255 

Fresnel integral, numerical table of 

256 
Fubini’s theorem 207, 266 

Function 20 

—R">R™ 203 

—R"—>R" 204 

— spaces 267 

Functional determinant 204 

Functional matrix 204 

Functions 

— elementary, complex 301 

— elementary, real 108 

Functions, glossary of 475 

Fundamental matrix 190 

Fundamental theorem of algebra 62 

Gamma distribution 375, 387, 395 

Gamma distribution, table of 409 

Gamma function 250 

Gauss’ quadrature formula 345 

Gauss’ theorem 226 

Gauss-Seidel method 334 

Gaussian elimination 92, 332 

Generalized function 270 

Generator 458, 459 

Geometric 

— distribution 374, 379 

—mean 46 

—series 174 

—transform 378 

—vector 76 

Gerschgorin’s theorem 106 

Glossary of 

—functions 475 

—symbols 476 

Glossary, statistical 460 

Golden ratio method 326 

Golden section 465 

Grad 218 

Gradient 198, 205 

— field 218 

—method 326 

—, operations with 219 

Gram-Schmidt orthogonalization 101 

Graph theory 33 

Greatest common divisor (GCD) 53, 

109 

Greek alphabet 463 

Green’s 

—formula 223, 226 

—function 191 

— functions, table of 192 

Group 22, 25 

Guldin’s rule 140 

Gurland-Tripathi’s correction factor 

427 

Hahn-Banach’s theorem 265 

Hamiltonian function 320 

Hamming code 38 

Hamming distance 37 

Hankel 

— function 238 

— transform 296 

Harmonic function 300, 307 
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Harmonic mean 46 

Hasse diagram 19 

Heat equation 212, 214, 215 

Heaviside’s step function 260 

Heine-Borel’s theorem 196 

Helix 218 

Hermite’s 

— function 233 

— polynomial 233 

Hermitian 

—form 106 

—matrix 106 

— operator 264 

Heron’s formula 66 

Hessian matrix 326 

Heun’s method 350 

Hexadecimal number system 58 

Hilbert space 262 

Hilbert transform 297 

Histogram 417 

Homomorphism 24 

l’Hospital’s rule 123, 124 

Horner’s scheme 337 

Hyperbola 81, 113 

—, equation of 81 

Hyperbolic function 112 

Hyperbolic PDE 212 

Hyperboloid 85, 99 
Hypergeometric distribution 374, 384 

Hypothesis 438 

Holder’s inequality 47, 136, 268 

Icosahedron 71 

Ideal 27 

Idempotent 21 

Identity matrix 86 

Imaginary unit i 60 

Imbedding theorem 269 

Implicit function theorem 200, 203 

Implicit function, differentiation of 

Wi 

Improper integral 136, 207 

Improper integral, numerical 

calculation of 346 

Impulse response 382 

Incidence matrix 18 

Increasing function 122, 128 

Indefinite matrix 98, 202 

Indefinite quadratic form 98 

Independent events 368, 369 

Independent random variables 372 

Indeterminate form 123 

Induction, proof by 14 

Inertia theorem 107 

Infinite product 168 

Inflation 48 

Inflexion point 122, 128 

Information inequality 425 

Initial value problem (ODE) 188 

— (ODE), numerical solution of 350 

— (PDE), numerical solution of 356 

Injective 21 

Inner product 262 

Integer 48 

Integral 

—domain 27 

— equation 192 

— equation, numerical solution of 354 

— estimate of sum 167 

— operator 263 

—test 167 

—theorems 226 

Integral, complex 302 

—, definite 135, 303 

—, definite, table of 161 

—, differentiation of 127 

—, double 205 

—, double, numerical calculation of 

346 

—, improper 136, 207 

—, improper, numerical calculation of 

346 

—, indefinite 130 

—, indefinite, table of 142 

—, Lebesgue 266 
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= wines223 

—, numerical solution of 342 

=, surface 225 

-, triple 208 

Integration by parts 130, 135 

Integration by substitution 130, 135, 

206, 209 

Integration methods 131 

Intensity of Poisson process 380 

Interaction 457, 458 

Interest 47 

Interior point 195, 261 

Interpolation 336 

Interquartile range 420 

Interval 122 

Inverse function 21, 122 

—theorem 205 

—, differentiation of 127 

Inverse 

— interpolation 340 

—mapping 101 

—matrix 90, 105 

— operator 263 

— points 307 

— trigonometric function 119 

— trigonometric function, integration of 

134 

Irrational number 48 

Irreducible polynomial 28 

Irreducible polynomials, table of 40 

Isomorphism 25 

Isoperimetric problem 318 

Jacobi’s 

—method 90, 334 

— polynomial 235 

Jacobian 

—determinant 204, 306 

— matrix 204 

Jensen’s inequality 128, 370 

Jordan form of matrix 107 

Kolmogorov-Smirnov test, table 449 

Kronecker delta 477 

Kuhn-Tucker theorem 325 

Kummer’s transformation 359 

Lagrange 

— function 325 

— multiplier 325 

Lagrange’s 

— interpolation formula 336 

—mean value theorem 126 

—multipliers 202 

—theorem 26 

— function 234 

— polynomial 234 

Language 17 

Laplace 

— equation 212, 215 

—transform 287 

— transform (for random variable) 378 

— transform, table of 288 

— transformation 188, 215 

Laplacian 218 

Lattice 22,29 

Laurent series 304 

Lax-Milgram’s theorem 265 

Least common multiple (LCM) 53 

Least squares approximation 92, 227, 

341 

Lebesgue integral 266 

Lebesgue measure 265 

Lebesgue’s theorem 267 

Legendre function, associated 231 

Legendre polynomial 214, 230 

Legendre’s relation 252 

Leibniz’ formula 267 

Leibniz’ formula, discrete 339 

Leibniz’ test 168 

Lemniscate 141 

Length of curve 137, 216 

Length of vector 76, 86, 100, 105, 195 

Level curve 197 

Level surface 197, 198 

Life distribution 394 
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—, properties of 394 

Limes superior 165 

Limit of function 123, 124, 197, 203 

Limit of sequence 165 

Limit point 195 

Line integral 223 

Line, straight 78, 82 

Linear 

—algebra 86 

— combination 99 

— filter 294, 382 

—form 265 

— functional 265 

—hull 99 

—mapping 101 

— model 449 

— model, statistical 444 

— operator 263, 339 

— optimization 321 

— programming 321 

—regression 373, 374 

— space 99 

Linearly dependent 100 

Linearly independent 100 

Liouville’s theorem 300 

Lipschitz condition 189 

Little’s formula 390 

Local maximum 122 

Local minimum 122 

Logarithmic differentiation 126 

Logarithmic function 111 

—, integration of 133 

Logic 9 

—design 32 

— gate 32 
Lognormal distribution 395 

L?-space 268 
LR-decomposition of matrix 333 

MA-process 382 

Maclaurin’s formula 171 

Mapping, linear 101 

Mapping, symmetric 102 

Marginal distribution 372 

Markov chain 379 

Mass 208, 209 

Mathematical constants 463 

Mathematicians, famous 468 

Matrix 86 

— algebra 87 

—code 37 

— inversion 90, 105 

—norm 335 

— representation of linear mapping 101 

—, adjacency 34 

—, complex 105 

—, covariance 377 

—, diagonalization of 94, 96 

—, differentiation of 87, 105 

—, echolon form 88 

—, eigenvalue of 94 

—, eigenvector of 94 

—, exponential 86 

—, functional 204 

—, fundamental 190 

—, Hermitian 106 

—, Hessian 326 

—, identity 86 

—, incidence 18 

—, indefinite 98, 202 

—, inverse 90 

—, Jacobian 204 

—, LR-decomposition of 333 

—,normal 106 

—, orthogonal 93 

—, path 35 

—, positive definite 98, 202 

—, projection 102 

—, rank of 87 

—, relation 18 

—, row operations of 87 

—, symmetric 95 

—, trace of 88 

—, transition 379 

—, transposed 86 
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—, triangular 86 

—, unitary 105 

Maximum 122, 201 

Maximum likelihood estimator 425 

Maximum-modulus principle 300 

McCluskey’s method 31 

Mean 46, 419 

Mean value theorem, differential 126, 

199, 203 

Mean value theorem, integral 135 

Measurable function 266 

Median ranks 422 

Median, statistical 419 

Mersenne number 54 

Mersenne prime 54 

Metric space 261 

Midpoint 78, 82 

Midpoint method 350 

Midpoint rule 342 

Minimum 122, 201 

Minimum time problem 320 

Minkowski’s inequality 47, 136, 268 

Minterm 31 

Mixed congruential generator 385 

Modified Bessel function 238 

Modulo 28, 53 

Modulo 2 37 

Modulus of complex number 60 

Modus ponens 13 

Modus tollens 13 

de Moivre’s formula 61 

Moment 371 

— generating function 378 

— of inertia 138, 208, 209 

— of inertia, table of 210 

Moments, estimation of 426 

Monoid 22 

Monomorphism 25 

Monte Carlo method 350 

Morera’s theorem 302 

De Morgan laws 10, 11, 15 

Moving average process 382 

Multinomial theorem 44 

Multiplication principle 367 

Multiplicative congruential generator 

385 
Multiplicity of zero and root 62 

Multipliers 202 

Mobius transformation 306 

Napier’s equations 74 

Napier’s rule 76 

Natural number 48 

Negative binomial distribution 374, 

379 

Neighborhood 195 

Nested form 337 

Neumann function 237 

Neumann’s problem 213 

Newton’s interpolation formula 337 

Newton-Cotes formulas 344 

Newton-Raphson’s method 331 

Node 33 

Non-linear optimization 325 

Norm of 

— function 267 

— matrix 335 

— operator 263 

—vector 86, 195, 335 

Normal 

— derivative 226 

— distribution 375, 379, 384, 388 

— distribution, table of 405, 406 

— equations 341 

—form 11,31 

—matrix 106 

—of curve 125 

—plane 217 

— random numbers, table of 416 

—vector 83, 196, 217 

Normed space 261 

Nullspace 103 

Number systems 48 

Numbers, special 176 

Numerical 

— differentiation 347 
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— integration 342 

— solution of equation 330 

— solution of equation, bisection 

method 330 

— solution of equation, iteration 331 

— solution of equation, Newton- 

Raphson’s method 331 

— solution of equation, secant method 

331 

— solution of integral equation 354 

— solution of ODE 350 

— solution of PDE 355 

— solution of system of equations 332 

— summation 359 

Octahedron 71 

Odd function 122 

One-sided confidence interval 428 

Open set 196, 261 

Operator 263 

Optimal solution 321 

Optimality criterion 321 

Optimization, dynamic 327 

Optimization, linear 321 

Optimization, non-linear 325 

Optimum allocation 430 

Ordered k-tuples 368 

Ordinary differential equation (ODE) 

181 

Ordo 171 

Orthogonal 

—complement 100, 262 

— curvilinear coordinates 219 

— matrix 93 

— projection 100 

— system 227 

— trajectories 139 

—vectors 93 

Orthonormal basis 76, 100, 262 

Osculating plane 217 

Outcome set 366 

Parabola 81 

Parabolic PDE 212 

Paraboloid 85 

Parallelogram 68 

Parity check matrix 37 

Parseval’s identity 228, 262, 273, 277, 

283 

Partial derivative 198 

Partial differential equation (PDE) 212 

Partial differential equation, numerical 

solution of 355 

Partial fractions 110 

Partial order 19 

Pascal distribution 374 

Pascal’s triangle 46 

Path matrix 35 

Penalty function 327 

Percent 47 

Periodic function 122, 272 

Periodic sequence 283 

Permutation 368 

Perturbation analysis 335 

Physical constants 465 

Pi, m, number 176, 464 

Picard’s theorem 305 

Pivot element 88 

Pivot variable 428 . 
Pivoting, complete 333 

Pivoting, partial 333 

Plancherel’s formula 277 

Plane 83 

Plane analytic geometry 78 

Plane trigonometry 67 

Poincaré-Friedrich’s inequality 269 

Pointwise convergence, sequence 166 

Poisson distribution 374, 379, 384, 

387 

—, table of 401, 403 

Poisson process 380, 387 

Poisson’s integral formula 213 

Polar coordinates 139 

Polar form of complex number 61 

Pole 305 

Polygon 69 
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Polyhedron 70 

Polynomial 109 

—code 38 

— division 109 

—ring 28 

Polynomial, nested form 337 

Pontryagin’s maximum principle 320 

Positional system 56 

Positive definite 

— matrix 98, 202 

— operator 229 

— quadratic form 98 

Positive semidefinite eigenvalue 

problem 229 

Potential 218 

Power 43 

— function 112 

—method 334 

— of test 438 

—series 169 

— series, numerical solution of ODE 

352 

— series, table of 177 

—set 14 

— spectral density 381 

Predicate calculus 12 

Prediction interval 446 

Prefix 466 

Prime number 49 

—, table of 50 

Primitive function 130, 222 

Primitive polynomial 39 

Principle normal vector 217 

Prism 70 

Probability density 369, 371, 394 

Probability distribution 

—, beta 376 

—, binomial 374 

—, bivariate normal 376 

—, Cauchy 376 

Din STS 
—, exponential 375, 395 

—, F- 375 

—, gamma 375, 395 

—, geometric 374 

—, hypergeometric 374 

—, lognormal 395 

—, negative binomial 374 

—, normal 375 

—, Pascal 374 

—, Poisson 374 

—, Rayleigh 376 

—, t- 375 

-, uniform 367, 375, 395 

—, Weibull 376, 395 

Probability function 369, 371 

Probability generating function 378 

Probability theory 366 

Product rule 369 

Product symbol 43 

Program instructions, BASIC 364 

Programming 362 

Projection matrix 102 

Projection operator 264 

Proof method 13 

Proportional allocation 430 

Pyramid 71 

Pythagorean relation 66, 105 

Quadratic equation 63 

Quadratic form 96 

Quadrilateral 68 

Quantifier 12 

Quartiles 420 

Queueing system 389 

Quotient ring 27 

Radius of convergence 169, 304 

Random digits, table of 415 

Random number generator 385 

Random sine signal process 383 

Random variable 369 

Randomized two factor design 448 

Range of 

— function 20 

— linear mapping 103 

—relation 17 
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Range, statistical 420 

Rank of matrix 87 

Ratio test 168 

Rational function 110 

—, integration of 131 

Rational number 48 

Rayleigh distribution 376 

Rayleigh’s quotient 229 

Real number 48 

Reciprocal polynomial 40 

Rectangle 68 

Rectifying plane 217 

Recurrence equation 193, 286, 295, 

296 

Reduced price 324 

Region 196 

Regression 445 

Regula falsi 331 

Relation matrix 18 

Relation, binary 17 

Relative error 329 

Reliability 392 

Residue 303 

Residue theorem 303 

Resolution 458, 459 

Reversion of series 340 

Rhombus 68 

Richardson extrapolation 340 

Riemann integral 135 

Riemann sum 135, 205 

Riemann’s mapping theorem 306 

Riesz’ theorem 265 

Ring 22, 26 

Ritz’ method 319 

Ritz-Galerkin method 353 

R" 195, 262 
Roman numeral system 465 

Romberg integration 345 

Root 44 

Root of equation 62 

Root test 168 

Rose 141 

Rotation 205 

Rotation of coordinate system 94 

Rouché’s theorem 306 

Round-off error 329 

Row operaton, matrix 87 

Row vector 86 

Runge-Kutta method 351 

Saddle point 201 

Sample space 366 

Sampling 368, 429 

Scalar field 218 

Scalar product 77, 86, 100, 105, 195 

Scalar triple product 77 

Schur’s lemma 106 

Schwarz’ 

— constant 230 

—inequality 136, 372 

—lemma 300 

— quotient 230 

Secant function 115 

Second degree 

—curve 79,98 

— surface 84, 98, 99 

Sector circular 70 

Sector, spherical 73 

Segment 

—, circular 70 

—, spherical 73 

Self-adjoint eigenvalue problem 229 

Semifactorial 45 

Semigroup 22 

Separable set 261 

Separation of variables 214 

Sequence of 

— functions 166 

—numbers 165 

Sequential testing 441 

Series of 

— constant terms 167 

—functions 169 

Series, operations with 173 

Series, reversion of 340 

Set 14 
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Set algebra 15 

Set of measure zero 266 

Shooting method 353 

Shot noise 383 

Signal 294 

Similar triangles 65 

Simple linear regression 445 

Simple random sampling 429 

Simplex algorithm 322 

—, example of 324 

Simply connected set 196 

Simpson’s rule 342 

Simulation 385 

Simulation of specific distributions 

386 

Simultaneous diagonalization 96 

Sine function 115 

Sine hyperbolic function 112 

Sine integral 255 

—, numerical table of 256 

Sine series 274 

Sine transform 277 

Sine transform, table of 280 

Singularity 305 

Skewness 371, 421 

—, estimation of 427 

Slack variable 321 

Slope 78 

Sobolov space 269 

Solid angle 74 

Solid of revolution 140 

Spectral theorem 95, 96, 102, 106, 264 

Sphere 73, 85 

Spherical 

— Bessel function 241 

— coordinates 209, 221 

—triangle 74 

— trigonometry 74 

Spiral 141 

Splines 353 

SPRT-test 441 

Square 68 

Stable filter 294 

Standard deviation 370, 420 

State equation 295 

State variable 327 

Statement calculus 9 

Stationary 

—point 128, 201 

—process 381 

Statistical glossary 460 

Statistical linear model, general 449 

Statistical quality control 455 

Statistical test 439 

—, concerning probability 439 

= y’-test 439 

—, exponential distribution 439 

—, Kolmogorov-Smirnov 449 

—, linear regression 446 

—, normal distribution 439 

—, sequential 441 

—, Wilcoxon 450 

—, Wilcoxon sign rank 452 

Steiner’s theorem 370 

Stem and leaf diagram 418 

Step function, Heaviside’s 260 

Stirling numbers 338 

Stirling’s formula 45, 250 

Stochastic dynamic programming, 

algorithm for 328 

Stochastic process 379 

Stochastic variable 369 

Stokes’ theorem 226 

Straight line 78, 82 

Stratified sampling 430 

Strong component of digraph 34 

Studentized range 442 

Sturm-Liouville’s eigenvalue problem 

228 

Subset 14, 368 

Subspace 99 

Sufficient estimator 425 

Sum of 

— arithmetic terms 174 

—binomic terms 175 

— exponential terms 176 
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— geometric terms 174 Taylor series 171, 304 

— infinite series, calculation of 304 —, methods of deriving 172 

— powers 175 —, numerical solution of ODE 352 

— reciprocal powers 175 —, table of 177 

— trigonometric terms 176 Taylor’s formula 171, 200 

Sum rule 369 Temperate distribution 270 

Sum symbol 43 Temperature conversion 466 

Summable function 266 Tensor 104 

Summation by parts 167, 339 Terrace point 129 

Summation, numerical 359 Test 439 

Superset 14 Test of significance 438 

Support of function 267 Test of statistics 438 

Supremum axiom 49 Tetrahedron 71 

Surface 224 Time invariant filter 294 

— integral 225 Tolerance limits, normal distribution 

—of revolution 140, 196 437 

—, second degree 84, 98, 99 Topology 195, 261 

Surjective 21 Torsion 217 

Survival probability 394 Torus 73 

Sylow group 26 Total derivative 203 

Symbols, glossary of 476 Total order 19 

Symmetric Total probability formula 368 

— confidence interval 428 Totally definite eigenvalue problem 

—mapping 102 pe) 

—matrix 95 Trace of matrix 88 

— operator 229, 264 Traffic intensity 390 

System of linear equations 91, 332 Transcendental number 48 

System of linear equations, iterative Transfer function 295 

methods 334 Transition matrix 379 

Transitive closure 18 

Transportation problem 325 

t- distribution, table of 410 Transposed matrix 86 

t-distribution 375 Trapezoid 68 

Tangent Trapezoidal rule 342 

— function 115 Tree35 

— hyperbolic function 112 Tree diagram 369 

—of curve 125 Triangle 65 

—plane 196, 197 Triangle inequality 47, 100, 105, 195 

—vector 216, 217 Triangular matrix 86 

Tautological equivalences 11 Trigonometric 

Tautology 9 — equation 119 

Taylor expansion 124 —function 115 

Taylor polynomials, graphs of 179 — function, integration of 134 
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Trigonometry, plane 67 

Trigonometry, spherical 74 

Triple integral 208 

Truncation error 329 

Truth table 9 

Type | error 438 

Type 2 error 438 

UMP 438 

UMVU 425 

Unbiased estimator 424 

Uniform convergence 

—, integral 137 

—, sequence 166 

—, series 169 

Uniform distribution 375, 379, 395 

Uniform probability distribution 367 

Uniformly continuous function 124 

Uniformly minimum variance unbiased 

estimator 425 

Uniformly most powerful 438 

Unitary matrix 105 

Unitary transformation 106 

Variance 370, 420 

— function 381 

—reduction 389 

Vector 76, 86 

— algebra 76 

— analysis 216 

—field 218 

—norm 335 

— product 77 

— space 99 

— triple product 78 

—, geometrical 76 

Velocity vector 216 

Vertice 33 

Volterra integral equation 192 

Volume of 

—body 140, 207, 209 

—cone 72, 73 
—cylinder 72 

— ellipsoid 85 

— parallelepiped 77, 89 

— polyhedra 71 

— solid of revolution 140 

— sphere 73 

—tetrahedron 82 

—torus 73 

Volume scale 204 

Wave equation 212, 213, 214 

Weak derivative 268 

Weber function 237 

Weibull distribution 376, 387, 395 

Weierstrass’ majorant test 169 

Weierstrass-Erdmann corner condition 

316 

Weight function 227 

Weighted 

— aggregate index 422 

—digraph 36 

Well ordering 19 

White noise 382 

Wilcoxon sign rank statistic (table) 

452 

Wilcoxon statistic (table) 450 

Wronski’s determinant 191 

Young’s inequality 268 

z-transform 285 

Zero of 

— analytic function 305 

— polynomial 62 
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