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PREFACE 

This Handbook presents in one volume a concise summary of the major definitions, formulas, 

graphs, tables, and examples of elementary and intermediate mathematics. It places emphasis 

on technological applications and was prepared to serve as a desk-top reference book for 
aeronautical, architectural, civil, mechanical, chemical, industrial, electrical, and construction 

technologists and the practicing engineers in these fields. 
The content of the book is grouped into four parts, each related to a particular type of 

technical calculations. 

Part I - Elementary mathematics (Chapters | to 5) covers arithmetic, algebra, plane geometry, 

space geometry, and plane trigonometry. 
Part II - Intermediate mathematics (Chapters 6 to 11) presents analytical geometry, differen- 

tial calculus, sequences, series, integral calculus, matrices, determinants, and vectors. 

Part III - Numerical procedures (Chapter 12 and Appendix A) gives a comprehensive 

outline of operations with decimal and complex numbers, applications of tables of numeri- 
cal constants and elementary functions, calculations of interest and annuities, and various 

practical approximations. 
Part IV - Conversion procedures (Chapter 13 and Appendix B) introduces the systems of 

units of measure (FPS system, SI system) with emphasis on their definitions, classification, 

and conversion. 
The form of presentation has many special characteristics allowing easy and rapid location of 

the desired information and permitting the indexing of this information. 
1. Each statement in the book is a coded sentence designated by the position number and key 

word. 
The related sentences form logical sequences and their lengths allow speed reading. 

3. The extensive index of all key words (of all sentences) given in the last part of the book 
offers the possibility of using this handbook as a dictionary of technology mathematics. 

4. All formulas are presented in general symbols and their applications are illustrated by 

examples where this is desirable. 

5. The application of tables of numerical coefficients is described in step-by-step procedures 

in Chapter 12, with cross-references given below each table. 

NO 

xu 



In the preparation of this book free use was made of the pertinent material from my earlier 

book, “Engineering Mathematics Handbook,” McGraw-Hill, New York, 1970. Although this 

handbook overlaps in part the Engineering Mathematics Handbook, their respective levels and 

objectives are so different that instead of competing with each other, they form a complemen- 

tary set which many users may find useful in their professional work. 

Boulder, Colorado . Jan J. Tuma 
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1.01 DEFINITIONS AND NOTATIONS 

(1) Definitions 

(a) Arithmetic is the systematic study of fundamental operations with real numbers and of the 

use of these operations in solving practical problems. 

(b) Real numbers are: 

(a) The natural numbers (Sec. 1.01-1c). 

(B) The rational numbers (Sec. 1.10-14d). 

(y) The irrational numbers (Sec. 1.10-1e). 

~ 

(c) Natural numbers (also called the arabic numbers or positive integers) are the symbols 
arrived at by counting such as 1, 2, 3, 4,..., where the three dots mean “and so on.” 

(d) Four fundamental operations of arithmetic are: 

(a) The addition (Sec. 1.02-1). 

(B) The subtraction (Sec. 1.02-2). 

(y) The multiplication (Sec. 1.02-3). 

(5) The division (Sec. 1.02-4). 

(2) Symbols of Relationship 

The following symbols define the relationship of two numbers: 

ee ee 

=or:: Equals + or # Does not equal 

= Greater than —< Less than 

= Greater than = Less than 
or equal or equal 

= Identical = Approximately equal 

+ Not greater than =< Not less than 
eee 

(3) Symbols of Aggregation 

The symbols of grouping (aggregation) are: 

—eeeeeeSeeeSSSSSSFMSSmsmsmsmsmsfsFsFeFsesese 
() Parentheses iat Braces 
el Brackets — Vinculum 

Arithmetic 



(4) Signs of Operations 

The signs of operations are: 

ae Plus or positive = Minus or negative 

=f Plus or minus, 7 Minus or plus, 

positive or negative negative or positive 

<< Ge - Multiplied by = Or: Divided by 

a nth power of a Va nth root of a 

log } Common logarithm, or In Natural logarithm, or 

logio Briggs’s logarithm log, Napier’s logarithm 

1.02 FOUR FUNDAMENTAL OPERATIONS 

(1) Addition 

(a) Addition is the operation of finding the sum of two or more numbers. 

example: 

2+3+4=9 

where 9 is the sum and 2, 3, 4 are the terms of the sum. 

(b) Order of terms in addition may be changed without affecting the sum (commutative law). 

examples: 

24+3+4=9 34+44+2=49 44+29+3=9 

(c) Grouping of terms in addition may be changed without affecting the sum (associative law). 

examples: 

(2+3)+4=5+4=9 9+(3+4) =24+7=9 

(2) Subtraction 

(a) Subtraction is the operation of finding the difference of two numbers. 

example: 

9-4=5 

where 5 is the difference, 9 is the minuend, and 4 is the subtrahend. 

(b) Difference of two equal numbers is zero. 

example: 

9-9=0 

Arithmetic 



(3) Multiplication 

(a) Multiplication is the operation of finding the product of two or more numbers. 

example: 

2x3x4 = 24 

where 24 is the product and 2, 3, 4 are the factors of the product. 

(b) Order of factors in multiplication may be changed without affecting the product (commuta- 

tive law). 

examples: 

2X3X4 = 24 3xX4x2 = 24 4X2x3 = 24 

(c) Grouping of factors in multiplication may be changed without affecting the product (as- 

sociative law). 

examples: 

(2X 3)x4 = 6x4 = 24 2x (3x4) = 2x12 = 24 

(4) Division 

(a) Division is the operation of finding the quotient of two numbers. 

example: 

24:8 = 3 

where 3 is the quotient, 24 is the dividend, and 8 is the divisor. 

(b) Quotient of two equal numbers is 1. 

example: 

24:24 = 1 

(5) Even, Odd, and Prime Numbers 

(a) Even number is an integer divisible by 2. 

example: 

2,4, 6,...are even numbers. 

(b) Odd number is an integer not divisible by 2. 

example: 

1, 3,5,...are odd numbers. 

(c) Prime number is an integer divisible only by 1 and itself. 

example: 

1,2, 3,5, 7,...are prime numbers. 
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(6) Factoring 

(a) Every nonprime number greater than | can be expressed as a product of prime numbers. 

examples: 

30 = 2x3x5 60 = 2x2x3x5 

(b) Highest common factor (HCF) of a given set of numbers is the largest number that is a 
factor of all the numbers. 

example: 

A 2G? eS 60 = 2X2x3x5 84 = 2x2x3x7 

HCF = 2X23 = 12 

where HCF is the product of the prime factors that are common to all the numbers of the set. 

(c) Lowest common multiple (LCM) of a given set of numbers is the smallest number that has 
each of the given numbers as a factor. 

example: 

94 =9x9x9x3 G0 = 29x 3x5 84 = 2xX2x3xX7 

LCM = 2X2X2xX3x5x7 = 840 

where LCM is the product of all the different prime factors of the given numbers, each taken the 

greatest number of times that it occurs in one of the numbers. 

1.03 SIGNED NUMBERS 

(1) Graphical Representation 

(a) Real numbers may be represented by points on a straight line as shown in Fig. 1.03-1, 

where the distance between two adjacent point: is constant and equals 1. 

Fig. 1.03-1 

(b) Positive numbers + 1, + 2, +3,... are then associated with the points on the right side of 

the origin designated by 0 (zero). 

(c) Negative numbers — 1, — 2, —3,... are then associated with the points on the left side of the 

origin. 

(d) Positive and negative numbers are called the signed numbers. Zero in arithmetic has no 

sign, and all unsigned numbers are assumed to be positive numbers. 

(e) Absolute value of a number is its numerical value regardless of sign and is designated by 

two vertical lines surrounding the signed number. 

examples: 

eS es | a ie ales | = 15 

which means the absolute value of a positive number equals the absolute value of the negative 

number and vice versa. 
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(2) Addition and Subtraction 

(a) Sum of two numbers of like signs equals the sum of their absolute values prefixed by their 

sign. 

examples: 

(+3)+(+5)=+8 (-3)+(-5)=-8 

(b) Sum of two numbers of unlike signs equals the difference of their absolute values prefixed 

by the sign of the number having the larger absolute value. 

examples: 

Ge) Ga) 2 (3) en Geo)? 

(c) Difference of the signed numbers equals their sum in which the sign of subtrahend (Sec. 

1.02-2a) was reversed. 

examples: 

(Gr J) = (Gea) = (Gr iP) a3) = se@) 

(Gre) = (8) = (GRA) ae (Ge B) = oe is 

(1) Gr 3) = (sea) = 5 

(le (8) = (6 WA eGea)) = =) 

(3) Multiplication and Division 

(a) Product of two numbers of like signs equals the positive product of their absolute values. 

examples: 

(+ 12) x (+3) = +(12X3) = +36 (— 12) x (- 3) = + (12 X3) = +36 

(b) Product of two numbers of unlike signs equals the negative product of their absolute values. 

examples: 

(+ 12) x (—3) = -(12x3) =-36 (—12)x(+3) = —(123) = —36 

(c) Quotient of two numbers of like signs equals the positive quotient of their absolute values. 

examples: 

(C2 G'S) = sta D3) as or €12) 5CG3) S43 0233) ==e4 

(d) Quotient of two numbers of unlike signs equals the negative quotient of their absolute 
values. 

examples: 

Gal2 (3) = (12"3) ee, (S12) 5\GF3) == (123) = —4 
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1.04 OPERATIONS WITH ZERO 

(1) Addition and Subtraction 

(a) Sum of any number N and zero equals N. 

examples: 

5+0=5 0+5=5 

(b) Difference of any number N and zero equals N. 

examples: 

5—Q =5 but 0-5=-5 

(2) Multiplication and Division 

(a) Product of any number N and zero equals zero. 

examples: 

5x0 =0 0Ox5=0 

(b) Quotient of any number N and zero is meaningless, but a quotient of zero and N is zero. 

example: 

0:5=0 

1.05 SIMPLE FRACTIONS 

(1) Definitions 

(a) Fraction is an indicated division. The part of the fraction above the vinculum is called the 

numerator N and the part of the fraction below the vinculum is called the denominator D. 

example: 

N : 
— = fraction 

(b) Proper and improper fraction. When N < D (N is less than D), the fraction is termed a 

proper fraction. When N > D (Nis greater than D), the fraction is termed an improper 

fraction. 

examples: 

3 = proper fraction ? = improper fraction 

(c) When N and D are integers, the fraction is termed a simple fraction. When N or D or both 

are fractions, the fraction is termed a complex fraction. A sum of an integer and a fraction is 

a mixed number. 
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8 Arithmetic 

(2) Principles Used in Operations 

(a) Enlarging a fraction by multiplying both its numerator and its denominator by the same 

number (except zero) does not change the value of the fraction. 

example: 

(b) Reduction of a fraction by dividing both its numerator and its denominator by the same 

number (except zero) does not change the value of the fraction. 

example: 

_ _ no 

O09 | NO 

(c) Change in sign of both numerator and denominator of a fraction does not change the sign of 

the fraction. 

examples: 

= =) 2 2 

=3 3 3 = 3 

(d) Change in sign of either numerator or denominator of a fraction changes the sign of the 

fraction. 

examples: 

9 9) 9 9 9 9 

(e) Lowest common denominator (LCD) of two or more fractions is the lowest common mul- 

tiple (LCM) (Sec. 1.02-6c) of their denominators. 

example: 

les eee q : : : : 
LCD of 5, 6, 5 is 18 and their transformation to this denominator is accomplished by rule (a) of this 

section as 

iLoixee 6 ee ee” 7x2 14 
fie kh YS GSS ky «Gh OO aie 

I~ 

(3) Addition and Subtraction 

(a) Fractions of common denominators can be added or subtracted. 

(b) Sum or difference of two fractions with a common denominator equals a fraction whose 
numerator is the sum or difference of their numerators and the denominator is their 

common denominator. 

examples: 

G1) D6 HOngibae 8 6 9 6-9 3 | 
18 18 18 L386 ey RY TRS 18 6 



(c) Sum or difference of two fractions of different denominators is found by transforming the 

given fractions to their lowest common denominator. 

examples: 

9 ¢ c ge 2,4 _2%5 4x3 LOA 2 22 

SoD SENS Us: 

ee oy AES) 210 S190 a 12 
3955) 3X oe 5X3 15 15 

(d) Sum or difference of an integer and a fraction is found by transforming the integer into a 

fraction of the same denominator. 

examples: 

ip Py UIT gp isise al 7 
Se 
1x Ss . § 3 

ed 2k G1 5 
=o mei eS 3 3 

(e) Transformation of a mixed number into a fraction is found by applying rule (d) of this section. 

example: 

3 | ea 3x16 1 40d lag 

MiLGgeeeee 1G weleclGn IG 16 16 

(4) Multiplication and Division 

(a) Product of two or more fractions is the product of their numerators divided by the product 

of their denominators. In this process, reduction (Sec. 1.05-2b) should be used where 

possible to reduce the amount of multiplication. 

examples: 

eR ESD Re ee ee ee ae 
Sy fe ee Ih PRI eR ee Sl 

2 2x5 10 SP Pare 10 
— 5 = = — 7X = = —— 

Vell a ea ae eee 

(b) Reciprocal of a number is 1 divided by this number. Reciprocal of a fraction is a fraction 

obtained by interchanging the numerator and the denominator in the given fraction. 

examples: 

Reciprocal of 5 is 5. 

Reciprocal of § is 3. 
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(c) Product of a number and its reciprocal equals 1. Product of a fraction and its reciprocal 

also equals 1. 

examples: 

1 
x 

5 

(d) Quotient of two or more fractions is the product of the first fraction with the reciprocals of 

the remaining fractions. In this process reduction (Sec. 1.05-2b) should be used where 

possible to reduce the amount of multiplication. 

examples: . 

oie ae oe 
S75 Boe Sem 1B 2) $59 8 8 IRS So 

9 Dy oe 5 9x7 14 
$ x > = 

go eg 8 36 15 ae eG 

1.06 MIXED NUMBERS 

(1) Definitions 

(a) Mixed number is a sum of an integer and a fraction (Sec. 1.05-1c). 

examples: 

Desa Ge ate = 

(b) Every mixed number can be converted to a simple improper fraction. 

examples: 

92 2,2 _2%3 2a OL 

2 tl BS Wee” 8 3 3 

poh EA Ee Ne! 
4 1 4 1x4 4 4 

(c) Every simple improper fraction can be converted to a mixed number. 

example: 

15 14+1 See! 
9 9 Us ate att 

where 15 was resolved into a highest multiple of the denominator (which is 14) and the remainder 
(which is 1). 
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(2) Addition and Subtraction 

(a) Sum of mixed numbers is the sum of their integers and of their fractions. 

example: 

(b) Difference of two mixed numbers is the difference of their integers and of their fractions. 

example: 

] ye 5 
Bee 3+ = 3— 

a 3 4 1 12 

(c) In general however it is more convenient to convert the mixed numbers to improper frac- 

tions and apply rules of Sec. 1.05-3b and c. 

examples: 

vt pes OA I 
ne ae ae 4 12 i Bileaad 

52 9! 17 OS ial 2 2 

3 4 3 4 ile 1? 12 

(3) Multiplication and Division 

(a) Product of two mixed numbers is the product of their improper fraction equivalents. 

example: 

(b) Quotient of two mixed numbers is the quotient of their improper fraction equivalents. 

example: 

pi Sao 

1.07 COMPLEX, COMPOUND, AND CONTINUED FRACTIONS 

(1) Definitions 

(a) Complex fraction is a fraction whose numerator or denominator or both are fractions. 

examples: 

5 
2 are complex fractions. 

OU|wiro 
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(b) Compound fraction is a fraction whose numerator, or denominator, or both are mixed 

numbers. 

examples: 

, <> are compound fractions. 

(c) Continued fraction is an integer plus fraction whose denominator is an integer plus fraction 

and so on. . 

example: 

2 Paice Oe is a continued fraction. Ae ‘ 

ee 
1 

Sn ee 

(2) Reductions 

(a) Every complex, compound, and continued fraction can be reduced to a simple fraction. 

(b) Reduction of a complex fraction is the quotient of its numerator and of its denominator. 

examples: 

Oulein = |Oul ceino 

no 
2 

SoG NO) 

xfoie x 

(c) Reduction of a compound fraction is the quotient of its numerator and of its denominator, 

each converted to an improper fraction. 

examples: 

oe 5 bebe ee ON ee 5 : x = ; x= 
i i Sal Tea ees} gu 1°138)—=«dL 8787 

2; - oh Say es 1 143 
77 50 : aera 

134 5, UT 5 150 750 

(d) Reduction of a continued fraction is found by successive reduction of compound fractions in 
its denominator. 

example: 

al ~J} Ot 
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1.08 AGGREGATIONS 

(1) Definitions 

(a) Parentheses ( ), brackets [ |, braces { }, and the vinculum are symbols of aggregation 

introduced to designate groups of terms which should be treated as one quantity. 

(b) Plus sign in front of a quantity indicates that the quantity is to be multiplied by + 1. 

example: 

+(7—10+3—5) = +(0—15) = 10-15 = —5 

(c) Minus sign in front of a quantity indicates that the quantity is to be multiplied by — 1. 

example: 

(7-—10+3—5) = —(10-—15) = —104+15 = +5 

where + in front of 5 is usually omitted. 

(d) Multiplication sign between two quantities indicates that the first quantity is to be multiplied 

by the second one and vice versa. 

examples: 

(7-—8+3-—5)x (3—6+5) = —3xX2 = -6 

(2—8) x (1+3) = -—6x;=—8 

(e) Division sign between two quantities indicates that the first quantity is to be divided by the 

second one but not vice versa. 

examples: 

(7—84+3—5):G—6+5) =—-3:2= 

(2-8) :(1+3) = -6:4=-3 

(2) Composite Aggregations 

(a) Composite aggregation is a group of terms, some or all of which are aggrega- 

tions. Usually parentheses ( ) are used within brackets [ ] and brackets within braces { }. 

(b) Process of removing symbols of complex aggregation begins with the innermost symbols 

(parentheses) first and terminates with removal of the outermost symbols (braces). 

examples: 

[2(5 — 3) + 3(—7—5)] = — [4-36] = +32 

—{—3[4—5(7—8)]+ 1} = —{—3[44+5]+ I} = —{-27+4+ I} = +26 
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1.09 EXPONENTS 

(1) Definitions 

(a) Positive integral exponent. If n is a positive integer and A is a signed number, then 

A" =A XAXA XX? =" xXA 
So 

n times 

where A" is the nth power of A, n is the exponent, and A is the base. 

Lion As an even number and A is a positive number, 

then A” is a positive number. 

If n is an even number and A is a negative number, 

then A" is a positive number. 

If n is an odd number and A is a positive number, 

then A” is a positive number. 

If n is an odd number and A is a negative number, 

then A” is a negative number 

If n = 0, then A” = 1; if n = 1, then A' = A; if n =-2, then A’ is called the square of 

A; and if n = 3, then A’ is called the cube of A. 

examples: 

(+ 2)° = (+2) x (+2)x (+2) = +8 (hs) = Ga) XC) Xs) =e 

(2) = 2)*C2)x@2)==8 3)” = (—3) X(—3) X (-3) = —& 

(= 2)" = (-2)X(-2)x(-X(-Y =+16  (- 3 = (KH |HK(-)X(-D = +8 

(b) Negative integral exponent. If —n is a negative integer and A is a signed number 

= 1) eal, Saal 1 1 
= —xX —x —X::- —-— = Ol 

a hte he teak AG 
n times 

where A " is the reciprocal of A". 

(c) Sign of the exponent does not affect the sign of the base. 

If n = —1, then A™' = 1/A and if n = 0, then A’ = 1. 

examples: 

(+2)° = (+3) X (+3) X (+3) = +3 (+3)° = (+) x(43x(49 = 42 

(—2)° = (-3)X(-3) X(—) = -8 (-3)° = (-)x(-))x(-3) = -2 

(—2)* = (-3)X(-3)X(-2) X(-D = +28 (—3) * = (—3) X(—3) x (-§) x (-3) = +8 
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(2) Laws of Exponents 

(a) nth power of the product of two signed numbers A and B is the product of their nth powers 
and vice versa. 

(AS GBA At oR" 

examples—positive exponent: 

[(+ 2) x (—3)]}* = [(+ 2) x (+ 2)] x [(— 8) x (—3)] = +36 

[(— 2) x (—3)}° = [(— 2) x (— 2)] x [(— 3) x (— 3)] = +36 

[(+ 2) x (—3)]}° = [(+ 2) x (4+ 2) x (+ 2)] x [(— 8) x (— 3) x (—3)] 216 

[( 2) x (—3)P = [(2) x (— 2) x (— 2)] x [ 3) x (— 8) x (— 8)] = +216 

examples—negative exponent: 

¢ -2 ] ali te ty 208. l 

[(+ 2) x (—3)]~ = [4X DIX X(D] > in (+2) x (—3)]° = ate 

[(-2)x(- 8)? = 42 fenxear=1 
[(— 2) x (—2)] x [(-3)x(-3)]_ 36 216 

(b) nth power of the quotient of two signed numbers A and B is the quotient of their nth 

powers and vice versa. 

examples—positive exponents: 

pence aes ee Gia) ee eee eo: 

oo OXC2). 4 Be alge ens ©: 
Go 2)a(>3) (—3)x(—3) a 2) so) + oF 

examples—negative exponents: 

: ie (=) (3), 9 (—3)7? = —20 

ies 2 Ee 3)K E3) 2 3 Biya 27 2) 2 yey gp EO = + 
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(c) Product of A” and A" equals the (m + n)th power of A. 

A” At = Ae 

where m and n are signed integers. 

examples: 

+3°X +3? = +(+3)? = +243 +3°X(=3) = =(3) = 243 

(—3)?x +3? = + (+3)? = +243 (— 3)? x (— 3)? = —G43)’ = — 243 

+3?X+3°% = +(4+3)' = +43 +3?x(—3) °° = —(48) ° = -3 

~ 

i) aS a) ete a) ie (—3P?X+3° = 4+(43) > =+ ll 

(d) Quotient of A” and A” equals the (m —n)th power of A. 

where m and n are signed integers. 

examples: 

ape Spe jl cee ae ae. 
+3 ail Git) ae +3 3) (+ 3) = 

(=O) —_ —1 _ I G3) = = =1 _ ll 
+33 = +(+3) os (3 (+ 3) 3 

icles Ore ae cater 9)! = 
pecan (4+ 3)? = +248 ie (+3)'=+3 

+3° +3° 
= = —(+3) = — 243 —_ = —(+3)' = — 

(e) nth power of A” is the (m X n)th power of A. 

(Any =(A")" = A™ 
where m and n are signed integers. 

examples: 

(+37) = 3h = +81 Gey = Gs = 8) 

Gita tate ae — 33)? = (-3)7 a4. 

3y\3 9 $\— = 1 — 3°)’ = (-3)° = -— 19,688 = (— 3°) = (-3y)° = — 
eid ) a 19,683 
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1.10 RADICALS 

(1) Definitions 

(a) Radical r is the nth root of A where A is the nth power of r. 

+= WA= A" 
where 

B= eT Ar Moe Xp eg” 

n times 

where A is the base (radicand) and n is the index of the radical (signed integer). 

(b) Square root. When n = 2, the radical is called the square root of A. 

p= fa ale 
and the index 2 is omitted in VA. 

(c) Positive and negative radical. The radical r is positive if A is positive and is negative when 

n is odd and A negative. When n is even and A is negative then r is imaginary. Only 

real radicals are considered in this section. 

examples: 

W+8 = W(+2)x (+2) X (+2) = +2 W+1,000 = W(+ 10) x (+10) x (+10) = +10 

W—8 = W(-2) x (—2) x (-2) = -2 W/—1,000 = ¥/(— 10) x (= 10) x (— 10) = —10 

(d) Rational numbers are real numbers that can be expressed in the form p/q where p and q 

are integers (q can be 1). 

examples: 

5, 4, 11, V4, 1,000 are rational numbers. 

(e) Irrational numbers are real numbers which cannot be expressed in the form p/q where p 

and q are integers. 

examples: 

V2, V3, V10, Vi, V5 are irrational numbers. 
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(2) Laws of Indices 

(a) nth root of the product of two signed numbers A and B is the product of their nth roots anc 

vice versa. 

WAX B= VWAXVB= A™XB™ 

examples: 

JH4X 49 = VEI2X42X V4E3BX4+3 = +2X4+3 = 46 

N/A X B+ 16 = (2% 5)W4+4X4+16 = 10V +64 = +40 

(b) nth root of the quotient of two signed numbers A and B is the quotient of their nth roots 

and vice versa. 

fA_ WA_ A™ 

Bee Bae Bs 

examples: 

fo ee 
+ 64 V+ 64 4 +16 + 16 2 

(c) nth power of the mth root of A which is a signed number equals the mth root of the ntl 

power of A. 

WA= VAta Ar 

and if m = n, 

(WA)" =WA"=A 

examples: 

97? = 27 = 43 S49 

li pee | 4228) - By. 25 
(+S) ( na) (+ 2 * 36 

(d) mth root of the nth root of A which is a signed number is the (m X n)th root of A. 

WA as IN = Ao ireste 

examples: 

VV45 = V45 Veil = Wei 
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2.01 DEFINITIONS AND NOTATIONS 

(1) Definitions 

(a) Algebra is a systematic investigation of general numbers (algebraic terms) and their 

relationships. General numbers are letter symbols (A, B, CGA 0 See kOe Bay ee) 

representing constant or variable quantities. 

(b) Algebraic term is a product or quotient of one or more general numbers and of a 

numerical factor (which can be any natural number) with a prefixed sign (plus sign is 

frequently omitted). 

examples: 

2a, 3x", —5x°*/y, —V ab, e* are algebraic terms. . 

(c) Algebraic expression is a collection of one or more algebraic terms connected by the 

symbols of relationship (Sec. 1.01-2), and/or signs of aggregations (Sec. 1.01-3) and/or signs 

of operation (Sec. 1.01-4). 

examples: 

ax? +bx +c, (atb)(c +d), ax+b, a>b, b<c, c=d, d#e, 

Gee (“ i: al a eu are algebraic expressions 
@ardin’ \eseake//) ~ \heseaks ° : : 

(d) Multinomial is an algebraic expression consisting of more than one term. Special cases of 

multinomials are the binomial (two terms), the trinomial (three terms), andsoon. A mono- 

mial consists of one term only. 

examples: 

ax” + bx +c, ax + by + cz,... are trinomials. 

ax + b, ax + by, 3x*y + 2xy,... are binomials, but they are also multinomials. 

(e) Polynomial is a multinomial in which every term is integral and rational in literals. 

examples: 

5x? + 3x"y +x"y, 4ab + 3cd + 8ef are polynomials, but 

5/x° + 3y/x*+x*/y, 4a/b +3c¢/d + 8e/f, 4Vab+3Vcd+8V ef are not polynomials. 

(2) Algebraic Operations 

(a) Algebraic transformations involve a finite number of binary operations, governed by 
algebraic laws (Sec. 2.01-3) and rules of signs (Sec. 2.01-4). 

(b) Four basic algebraic operations are: addition (Sec. 2.02-1) and its inverse, subtraction (See: 
2.02-2); and multiplication (Sec. 2.02-3) and its inverse, division (Sec. 2.02—4). 

(c) Three higher algebraic operations are: involution (Sec. 2.10-1) and its two inverses, evolution 
(Sec. 2.11-1) and finding the logarithm (Sec. 2.13-1). 
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(3) Algebraic Laws 

Commutative law: Associative law : 

a+b=b+a at+(b+c)=(at+b)+¢ 

ab = ba a(bc) = (ab)c 

Distributive law : Division law: 

a(b+c) = ab+be If ab = 0, then a = Oand/or b = 0. 
(a+ b)c = ac+be 

(4) Rules of Signs 

Summation: Multiplication: Division: 

at+(+b)=a+b (+.a)(+b) = +ab (+ a):(+b) = +(a:b) 

at+(—b)=a-b (+ a)(— b) = —ab (Fa) 0) = Sas b) 

a—(+b)=a—b (— a)(+.b) = — ab (—a):(+b) = —(a: bd) 

0)" +10 (—a)(— 0) = + ab (=a) :(—b) = +(a: 5) 

2.02 ADDITION AND SUBTRACTION 

(1) Addition 

(a) Addition is the operation of finding the sum of two or several terms. Only like terms can 

be added. 

example: 

2a+4b+6c+7a+8b = 9a+12b+6c 

(b) Order of terms in addition may be changed without affecting the sum (commutative law, 

Sec. 2.01--3). 

example: 

ape 6 = b+ oa — ict ab = 

(c) Grouping of terms in addition may be changed without affecting the sum (associative law, 

Sec. 2.01-3). 

example: 

at+(b+c) =(a+b)+c = (a+c)+b 

(2) Subtraction 

(a) Subtraction is the operation of finding the difference of two terms or of two quantities. 

example: 

(2a +4b + 6c)—(7a+8b) = 2a+4b+6c —7a—8b = —5a—4b+6c 

(b) Difference of two equal terms is zero. 

example: 

5x —5x = 0 
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2.03 MULTIPLICATION 

(1) Basic Products 

(a) Multiplication is the operation of finding the product of two or more terms. 

example: 

2ab -3bc -4cd = 24ab*c*d 

where - is the algebraic symbol of multiplication, which shall be omitted hereafter. 

(b) Order of terms in multiplication may be changed without affecting the product (commuta- 

tive law, Sec. 2.01-3). 
a 

example: 

(2ab)(3bc)(4ced) = (3bc)(4cd)(2ab) = (4cd)(2ab)(3bc) 

(c) Grouping of terms in multiplication may be changed without affecting the product (associa- 

tive law, Sec. 2.01-3). 

example: 

[(2ab)(3bc)](4cd) = (2ab)[(3bc)(4cd)] 

(2) Special Products 

(a) Multiplication by a factor. 

(a—b+c—d)(+m) = am—bm+cm—dm 

(a—b+c¢—d)(—m) = —am+bm—cm+dm 

(b) Products of binomials. 

(a+ b)(c +d) = ac+be+ad+ bd 

(a+ b)(c —d) = ac + bc — ad — bd 

(a—b)(c +d) = ac — be + ad — bd 

(a—b)(c —d) = ac — be — ad + bd 

(at+m)(a+n) = a°+(m+n)atmn 

(a+m)(a—n) = a°+(m—n)a—mn 

(a+ b)\(a+b) = a’°+2ab+b° 

(a+b)(a—b) = a®—bd° 

(a—b)(a—b) = a®—2ab+b? 
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2.04 HIGHEST COMMON FACTOR AND 
LOWEST COMMON MULTIPLE 

(1) Definitions 

(a) Factors of a given algebraic expression are two or more algebraic expressions, the product 

of which is the given expression. 

(b) Common factor of two or more expressions is a factor of each of these expressions. 

examples: 

ab + ad = a(b+d) a is the common factor 

a°b°c+ab°c? = ab’c(at+c) ab*c is the common factor 

(c) Prime factor is an algebraic expression divisible by no other expression than itself and 1. 

example: 

a(b+c) a and (b +c) are the prime factors 

(d) Multiple of a factor is an algebraic expression divisible by this factor. 

(e) Common multiple of two or more factors is an expression divisible by each of these factors. 

(f) Highest common factor (HCF) of two or more expressions is the expression of the highest 

degree and largest numerical coefficients which is a factor of each of these expressions. 

example: 

4(a+b)*, 2a+b), 4(at+by 2(a +b) is the HCF 

(g) Lowest common multiple (LCM) of two or more factors is an algebraic expression of the 

lowest degree and smallest numerical coefficients divisible by each of these factors. 

example: 

4(a+b)*, 2%a+b), 4(a+by 4(a + b)* is the LCM 

(2) Factoring 

(a) Factoring into prime factors. If the given algebraic expressions can be factored into prime 

factors, their HCF and LCM can be determined at once from these factors. 

(b) Highest common factor is the product obtained by taking each factor to the lowest power to 

which it occurs in any of these expressions. 

(c) Lowest common multiple is the product obtained by taking each factor to the highest power 

to which it occurs in any of these expressions. 

(d) The process of factoring an algebraic expression is also known as decomposition. 
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2.05 DECOMPOSITION OF BINOMIALS AND TRINOMIALS 

(1) General Cases 

(a) Decomposition of binomials, zero remainder (k = 1, 2, 3,...). 

hye baw pt = (a =e ha fe ab ae an b+ set bor) 

Gi ae = (a—b)(a*+a™'b+a™"**b’+:: -+ 57") 

ae at. pee = (a ae b)(a™ = iG =f qin ie = aoo2= b*) 

(b) Decomposition of binomials, with remainder (k = 1, 2, 3,...). 

i au bo = (a oa bao. +g 2p tk We peas aldo b2") +95 

a = pret = (a aL b)(a™ =a ab a arb? — merce pay ope 

Guu be = (a = b)(a™* Sac aeD = ie Ape ae eee b*)+2b7**! 

(c) Decomposition of binomials into products of binomials. 

an om bie = (a‘ a b*)(a* = b*) 

ee Sap = (a* + b*)\(a* —b*)+2b" 

(d) Decomposition of trinomials. 

x + px+q = (x+m)(x +n) 

where p = m+n and q = mn. 

example: 

x°—5x —14 = (x —7)(x +2) 

(2) Special Cases 

(a) Decomposition of even-power binomials (a™ — a”). 

a*— b> = (a—b)(a+b) 

a‘—b* = (a—b)(a*+a°b +ab?+b') 

a°— b° = (a—b)(a°>+a‘b + a°b? + a7b*+ ab‘ + b°) 

a‘'—b* = (a+ b)(a’—a’*b + ab?— 5’) 

a°—b° = (a+ b)(a’—a‘b + .a°b?— a°b* + ab’ — b°) 

(b) Decomposition of even-power binomials (a™ +b”). 

a’ +b = (a+ V2ab+ b)(a — V2ab+ b) 

a'+b* = (a°+ abV2+ b*)\(a°— abV2+5) 

a°+ b° = (a°+V2a°b' + b’)\(a® — V2a"b* + b’) 
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(c) Decomposition of odd-power binomials (a™*'— b**"'). 

cb = (a — b)(a>+ ab + b’) 

a’—b’ = (a—b)(a'+a*b+a°b?+ ab'+b') 

(d) Decomposition of odd-power binomials (a™'*' + b***'). 

a’+b* = (a+ b)(a*— ab + 6°) 

a’ +b? = (a+ b)(a’— ab +.a°b?— ab’ + b') 

2.06 DIVISION 

(1) Basic Quotients 

(a) Division is the operation of finding the quotient of two terms. 

examples: 

6a°*b : 3ab = 2a 

8(a* + ab): 4a = 2(a +b) 

(b) Quotient of two equal terms 1s 1. 

example: 

3abc : 3abc = 1 

(2) General Quotients 

(a) Binomials, zero remainder (k = 1, 2,3,...). 

(a* —b"):(a¥ b) = CG sa- Dra bP Ssh * 

(47 = bt) (a — bh) = a ta ba bt + 

(ae ) ab) = a Hab Fae et 

(a* —b™):(a* +b") = a* —b* 

(a =) eal Os Sy) = 4 + i 

(b) Binomials, with remainder (k = 1, 2,3,...). 

9 OL o-9 eee =a 9p?" 

(a* +b"): (a ¥b) fa sh a epee be ee rea 

Pay hes. Ce = Pe re ee ge 

‘ es 
a+b 

SY Tey BEL) e —b) = fay 8 pyle ae gt ipa 2. + pr rods 

_ ue 
a+b 
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(3) Special Quotients 

(a) Even-power binomials. 

(a°—b*): (a+b) =a-b 

(a°—b*):(a—b) =at+b 

(a‘— b*): (a+b) = a’—a*b + ab*— b° 

(at—b*):(a—b) = a? +a°b + ab’ + b° 

(a°— b\ (a+b) =a -ab+ab —a bab —b 

(a°— b’):(a—b) = a +.a*b +.a°b?+.a°b? + a°b’ + ab*+b° 

(a*— b*): (a? + b*) = a? —B° 

(a*— b*): (a®—b’) = a? +B? 

(a°— b°) : (a°+ b*) == i= b? 

(a°— b°) : (a°— b’) = ges b? 

(b) Odd-power binomials. 

(a°—b*):(a—b) = a. +ab+b* 

(a? b°)< (ab) — a> ab b 

(a°—b’): (a—b) = a‘ +a°b+a°b’+ab +b 

(a°+ 6°): (a+b) = a*—a*b+a°b’—ab’+b° 

2.07 SIMPLE FRACTIONS 

(1) Definitions 

(a) Algebraic fraction is an indicated division of two algebraic expressions called again the 

numerator N and denominator D (Sec. 1.05-1). 

examples: 

2ab a’—b? 34% e ek nc, ee 
5 iE ~ are rational algebraic fractions. 

3b’ a+b’ x°+6x+8 8 

(b) Simple and complex fractions. When N and D are integral expressions, the fractions 

are termed simple fractions. When N or D or both are simple fractions, the fraction is 

termed a complex fraction. 

examples: 

Lig a hb are simple fractions ee SID (ae lex fracti —,-, are s ractions. : : > are complex fractions. 
a’ b c+d I a/b’ c? (dt+eyif P Saat 
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(2) Principles Used in Operations 

(a) Enlarging of fraction by multiplying both its numerator and its denominator by the same 

expression (except zero) does not change the value of the fraction (Sec. 1.05-2a). 

examples: 

a_ am x+2 (x +2)(x +4) x°+6x+8 

b = bm x+3 (x+3)(x+4) x*+7x +12 

(b) Reduction of fraction by dividing both its numerator and its denominator by the same 

expression (except zero) does not change the value of the fraction (Sec. 1.05-2b). 

examples: 

am a aR (GaP Dee) sew 

byt b x°+7x+12  (x+3)(x++4) x+3 

where the diagonal line across a term in the numerator and across an identical term in the 

denominator indicates the canceling of common factors; i.e., the numerator and the denominator 

are divided by this factor. 

(c) Change in sign of both numerator and denominator of a fraction does not change the sign of 

the fraction (Sec. 1.05-2c). 

examples: 

a =O aa a a aU! a _ a 

b —b b = 1p b pail Gh=~ p= Gl 

(d) Change in sign of either numerator or denominator changes the sign of the fraction (Sec. 

1.05-2d). 

examples: 

(e) Lowest common denominator (LCD) of two or more fractions is the lowest common 

multiple (Sec. 2.04-1g) of their denominators (Sec. 1.05-2e). 

example: 

GD, ae : : 
: a’ (x +2)’ x°+5x +6 

1S) Git 2) (Keats Os 

Their transformation to this denominator accomplished by rule (a) of this section is, since 

x? + 5x +6 = (x +2)(x +3), 

1 (Oca 2) (ta) 1 a(x +3) 1 a 

a a+ 2x3) xt2 a(et+Det3) x+5e 46 a(x +2)(x +3) 
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2.08 COMPLEX, COMPOUND, AND CONTINUED FRACTIONS 

(1) Complex Fractions 

(a) Definition of complex algebraic fraction is identical to that of complex fraction in 

arithmetic (Sec. 1.07-la). 

(b) Reduction procedure of a complex algebraic fraction follows the outline of Sec. 1.07-1b as 

illustrated symbolically below. 
. 

examples: 

a am 

») ad te _ adpet — ad 

¢ be cm beper be 

d dn 

a|lolea 
In |o] See 

Sas 

alalea lol! 
Ss 

2 

Saaics 

(c) Operations. Once the complex algebraic fraction is reduced to a simple algebraic frac- 

tion, the prescribed operations are performed according to the rules of Secs. 2.07-3 and 

2.07-4. The same applies in cases of compound and continued fractions. 

examples: 

alm, c/p an, cq _ adnp + bemq 

b/n d/q bm dp bdnp 

a/mc/p — an cq _ acnq alm _c/p an _ cq _ adnp 

b/n d/q  bmdp  bdmp b/n d/q bm dp — bemgq 

(2) Compound Fractions 

(a) Definition of a compound algebraic fraction is identical to that of arithmetic compound 

fraction (Sec. 1.07-1b). 

(b) Reduction procedure of compound algebraic fraction follows the outline of Sec. 1.07—-2c as 
illustrated symbolically below. 

examples: 

a+b/m  (am+b)/m _ n(am +b) 

ct+d/n (cn +d)/n m(cn + d) 

atb/m (am+b)/m am+b 

Cc c/1 cm 

a a/l ean 

c+d/n — (en +d)/n cntd 
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(3) Continued Fractions 

(a) Definition of continued algebraic fraction is identical to that of arithmetic compound frac- 

tion (Sec. 1.07—Ic). 

(b) Reduction procedure of continued algebraic fraction follows the outline of Sec, 1.07—2d as 

illustrated symbolically below. 

example: 

] ] ] 
- ze 

: b+ : : a = ~ d 
ct+I1/d (cd + 1)/d l+cd 

I 
aoa 1 oe 1+cd 

b(1+cd)+d : d+b(1+cd) 

1+cd 

ad+ab(1+cd)+1l+cd ad+(1+ab)(1+cd) 

d + b(1+ cd) d+b(1+cd) 

2.09 OPERATIONS WITH ZERO 

(1) Addition and Subtraction 

(a) Sum of an algebraic expression and zero equals the expression. 

examples: 

a+Q=a O+a=a 

(b) Difference of an algebraic expression and zero equals the expression. 

examples: 

a—0O=a but 0—a =-—a 

(2) Multiplication and Division 

(a) Product of an algebraic expression and zero equals zero. 

examples: 

a-0=0 0-a=0 

(b) Quotient of an algebraic expression and zero is undefined but a quotient of zero and of 

an algebraic expression is zero. 

examples: 

a: 0 = indeterminate O0:a =0 
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2.08 COMPLEX, COMPOUND, AND CONTINUED FRACTIONS 

(1) Complex Fractions 

(a) Definition of complex algebraic fraction is identical to that of complex fraction in 

arithmetic (Sec. 1.07-1a). 

(b) Reduction procedure of a complex algebraic fraction follows the outline of Sec. 1.07-1b as 

illustrated symbolically below. 
~ 

examples: 

a am 

') ad uy adpet — ad 

¢ be cm bepet be 

d dn 

al|sle ans Se 
Salis 

Alals 

Ia [et 
NO 

i=} 

TS 

(c) Operations. Once the complex algebraic fraction is reduced to a simple algebraic frac- 

tion, the prescribed operations are performed according to the rules of Secs. 2.07-3 and 

2.07-4.. The same applies in cases of compound and continued fractions. 

examples: 

alm, c/p _ an, cq _ adnp + bemq 

In d/q bm dp bdnp 

a/mc/p — an cq acnq a/m_c/p an cq adnp 

b/n d/q bmdp  bdmp bin d/q bm’ dp — bemq 

(2) Compound Fractions 

(a) Definition of a compound algebraic fraction is identical to that of arithmetic compound 
fraction (Sec. 1.07-1b). 

(b) Reduction procedure of compound algebraic fraction follows the outline of Sec. 1.07—2c¢ as 
illustrated symbolically below. 

examples: 

at+b/m  (am+b)/m_— n(am +b) 

ct+d/n  (cn+d)/n mi(cn + da) 

atb/m _(am=+b)/m am +b 

c c/l cm 

a a/\ San 

c+d/n (cn+d)/n cntd 
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(3) Continued Fractions 

(a) Definition of continued algebraic fraction is identical to that of arithmetic compound frac- 

tion (Sec. 1.07-1c). 

(b) Reduction procedure of continued algebraic fraction follows the outline of Sec. 1.07-2d as 

illustrated symbolically below. 

example: 

] ] 1 
at (NSF + ; 1 : 1/1 a era da 

c+1/d (cd + 1)/d il ge cee 

1 
ot. ] ~ l+cd 

b(l+cd)+d : d+b(1+cd) 

1+ cd 

ad+ab(l+cd)+1+cd ad+(l1+ab)(1+cd) 

d+ b(1+ cd) d+b(1+cd) 

2.09 OPERATIONS WITH ZERO 

(1) Addition and Subtraction 

(a) Sum of an algebraic expression and zero equals the expression. 

examples: 

a+0O=a Q+a=a 

(b) Difference of an algebraic expression and zero equals the expression. 

examples: 

a—-O=a but 0—a=-—a 

(2) Multiplication and Division 

(a) Product of an algebraic expression and zero equals zero. 

examples: 

a:-0=0 0-a=0 

(b) Quotient of an algebraic expression and zero is undefined but a quotient of zero and of 

an algebraic expression is zero. 

examples: 

a: (0 = indeterminate 0O:a=0 
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OPA 

2.10 EXPONENTS 

(1) Definitions 

(a) Positive integral exponent. If n is a positive integer and a is an algebraic expression, then 

- a 
n Gh ious (4) Oe OO 

n times 

is said to be the nth power of a, n is the exponent of the power, and a is the base. 

(b) Negative integral exponent. If —7n is a negative integer and a is an algebraic expression, 

then 

ae tot i 1 1 ee ee ee 
a @ © a a ———————————— 

n times 

is said to be the nth power of the reciprocal of a. 

(c) Rules of signs. If 2n is an even integer and 2n +1 is an odd integer, then 

(#a)% = ie (+ aye = +q?r*! 

(d) Special cases. If a#0, then 

Sia Gah pum any Se ieee ht 
a a a 

(2) Laws of Exponents (m, n = integers) 

(a) Addition and subtraction (p, q = algebraic expressions). 

pa 2am = GCE=Qar = Ge 

(b) Multiplication and division. 

OO =a" Gi 2a = a a”a 

Ge an — pee ‘ia ae = Ga a = g 

(c) Powers of products and quotients. 

(ab)™ = a™b™ (GED) Ss ameb ee 

~—m — ai) . mm —. (ab) ™ = a"b" (a2b)s = 

(d) Powers of powers and fractions. 

(a) = (a) = a™ (“) = 7 

ay a(t (#)° = 
a b a 
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(3) Powers of Binomials and Trinomials 

(a) Binomials (see also Sec. 2.19-1). 

(a+b) = a?+2ab +0" 

(a+b) = a®+3a7b +3ab?+b° II 

(a+b) = a*+4a°b + 6a°b?+4ab*+ b' 

(a+b) = a°+5a‘b + 10a°b? + 10a°b° + 5ab'+b° 

(a+b) = a°+6a°b + 15a*b? + 20a°b* + 15a°b'+6ab*+ b° 

(b) Trinomials. 

(atb+c)y = a°+b?4+c°+2ab + 2be + 2ac 

(atb+c) = a+b*+c°+3a(+b +c) +3b%(a+c)+3c%(a +b) + babe 

2.11 RADICALS 

(1) Definitions 

(a) Positive integral index. If n is a positive integer and a is an algebraic expression, then 

+= Wa=a™ 
is said to be the radical (nth root) of a, which must satisfy the relationship 

5 1 a nc ey ae ee Al om 

n times 

where a is the radicand (base) and n is the index of the radical. 

(b) Square root. When n = 2, the radical of a is called a square root of a, 

r=Va 

and the index 2 is omitted; that is, Wa = Va. 

(c) Negative integralindex. If —n isa negative integer and a is again an algebraic expression, 

then 

] —1y— ] 
iia! V a= = = l/n 

r VW a 

Jeon None Eas ee. 
a in Se ve Yr ie 

n times 

where a is again the radicand (base) and —n is the negative index of the radical. 

(d) Rational number. When a in r is the nth power of a real number, then r is a rational 

number. 

(e) Irrational number. When a in r is not the nth power of a real number, then r is an 

irrational number. 
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(f) Surdic expression (surd) consists of a rational part and an irrational part. "Two surds are 

conjugates of each other if they differ in sign. 

examples: 

a+Vbis a surdic expression. 

a+Vb, a+ Vb are conjugate surdic expressions. 

(g) Rules of signs. If 2n is an even integer and 2n +1 is an odd integer, then 
~ 

2n 5 2n+1 : 2n+l ntl 

Ve” =a Vta™t=+a VSG SS 

(2) Laws of Indices (m,n = integers) 

(a) Addition and subtraction (p, q = algebraic expressions). 

pWarqVa=(p2qWa Pix 4 = P29 
: Wa Wa Wa 

(b) Multiplication and division. 

VY any a = fi eeorene XY a = Wa = ae™ mn 

examples: 

WW xX/ x = glee = ee = AY ol Wx = ¥/x = yve-ue — 52/5 — \/x2 

(c) Radical of product, quotient, and fraction. 

Wab= Wah Wa:b= Ya: Wb {2- za 

examples: 

W8x3 = WP x? = Ix Vx y =Vxi: Vy = xy 

Vo _ V64x7y? _ Bxy 

Bury VIBu2v? B5uv 

(d) Power of radical and radical of radical. 

(Vv a)" = VA = qm mn Wa Ee ae = a’ mn 

examples: 

34 Algebra 



(e) Rationalization of denominator. 

i 4 m an l Wan 

vy a a am a n a 

examples: 

lee a8 Use l Wa? Wa? 

9Va 2aVa 2a 9Va Waa? 2a 

(3) Operations with Surdic Expressions 

(a) Elementary surds. 

(a+Vb)+(a—Vb) = 2a (a+ Vb)(a—Vb) = a2—b 

(a+ Vb)—(a—Vb) = 2Vb (a+ V2) :(a— Vb = Sth aV ae 

(b) Higher surds. 

—_ 
/ = f= ———————— 
VatVb+tVa-Vb= V2atVa—b) 

oe = A eal eg 
(c) Surdic fractions. 

2.12 IMAGINARY AND COMPLEX NUMBERS 

(1) Definitions 

(a) Second root of a negative algebraic expression (number) defined as 

VE = bV=1 = bi 
is called imaginary algebraic expression (number). 

(b) Imaginary unity (unit of imaginaries) 

i=V-1 
is the basis of imaginary numbers. 

(c) Complex algebraic expression (number) consists of the real part and the imaginary part, 

p=ath 

(d) If a =0, the complex expression becomes an imaginary expression and if b = 0, the 

complex expression becomes a real expression. 
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(e) Conjugate complex expression (number) is a pair of binomic complex terms differing in 

sign only, 

p=at+h q=a-h 

(f) Complex surd is the squa:e root of a complex expression, 

Vat bi 

(g) Conjugate complex surd is a pair of binomic complex surds differing in sign only, 

Vat bi Va —bi 

(2) Rules of Signs (n = 0, 1, 2,...) 

(a) Basic cases. 

GVerl Gy =Fes (Gye —1 Gy =s 

(b) General cases. 

GREER MGs, Grisly, 

(3) Operations with Complex Numbers* 

(a) Addition and subtraction 

(a+ bi) +(c+di)=(a+c)+(b+d)i (a+ bi) -—(c + di) =(a—c)+(b—d)i 

(a + bi) +(a— bi) = 2a (a + bi) — (a — bi) = 2bi 

(b) Multiplication and division 

(a + bi)(c + di) = (ac— bd)+(ad+bc)i (a+bi)(a—bi) = a2+b° 

(a+ bi)(a+ bi) = a’ +2abi —b? (a — bi)(a—bi) = a®’—2abi —b° 

(ae bivoed diye eee | ora 
Ga. at+bi a+b 

: : *+ Qabi — b? ] at bi 
+.b : —b — a > 5) a Se begeae > igi by) a+b a-—bi Gabe 

(c) Resolutions 

a’ +b’ = (a+ bi)(a — bi) 

ie aA Pen 

a*+b*> =(a +b)(a pla 4 So b) 
4 

oe Vo ee ‘3 5 a+b = [a+ Pario]fa- 5 a+ipblfa+ 2 a— iol] a-Pa-ay) 
oD 

*For numerical applications refer to Sec. 12.09. 
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2.13 LOGARITHMS 

(1) Definitions 

(a) If a° = b, then c is the logarithm of b to the base a. 

(b) Logarithms to the base 10 are called common or Briggs’s logarithms and are denoted as log x or 
logio x. 

(c) Logarithms to the base e¢ = 2.71828 are called natural or Napier’s logarithms and are 

denoted as In x or log, x. 

(cd) Transformation relationships between log x and In» are: 

In x 
x = = (0.43429...) Inx x = 28* — (9.30958 log x In 10 (0.434 )In x = (2.3025. 

(2) Basic Formulas 

log 1 = 0 

log 10 = 1 

log 100 = 2 

log = =-—-] 

— ae 
°8 7100 

(3) Basic Operations* 

log xy = log x + log y Inxy =Inx+Iny 

log ~ = log x —log y In~ = Inx—Iny y y 

log x" = k log x Inx* = kInx 

log Wx = —log x A 
k 

k log 10* 

(4) Composite Operations* 

= log x —log y —logz : Ine yy az 

= mlogx—n logy -—p logz sar = minx —niny—p nz 

vi l 
In x In y Poe ¢ Jee ary lie 

n  p Wy x n 

*For numerical applications refer to Sec. 12.05. 
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2.14 LINEAR EQUATIONS IN ONE UNKNOWN 

(1) Definitions 

(a) Equation is a statement of equality of two expressions. 

(b) Equations are classified as identities, conditional equations, and functional equations. 

(c) Identity is the equality of two constant terms. 

examples: 

A=B *1+2=3 

(d) Conditional equations contain one or several unknowns. 

examples: 

ax +b = 0 ax + by+cz +d = 0 

where x, y, z are the unknowns. 

(e) Functional equations (functions) state the relationship between two or several variables. 

examples: 

y =ax+b Y = Apa QiXq ty Gaia to - 

where y changes as x changes or as xX), Xs,... change. 

(f) Algebraic equation of nth degree in the unknown x is 

dy + a,X + ax? +--+ + a,x" + a,x" = 0 

in which ay, a, @,... are real or complex quantities. 

(g) Linear algebraic equation in one unknown is 

ax+b = 0) 

where a # 0. 

(2) Solution 

(a) Roots of equation. To solve an algebraic equation for the unknown x means to find 
values of x (roots of equation) which satisfy this equation. The fundamental theorem of 
algebra states that any algebraic equation of the nth degree has n real or complex roots, if 
m-fold roots are counted m times. 

(b) System of n algebraic equations. A set of n equations which are valid only for a certain 
definite set of values of the unknowns x), x2, .. . , X» is called a system of n equations. Suchaset 
of values is called the solution of this system. 

(3) Axioms of Solution 

(a) Equivalent equations. “Two equations that have the same roots are said to be equivalent 
equations. 
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(b) Addition or subtraction of equal terms. If the same term is added to or subtracted from 
both sides of a given equation, the new equation is equivalent to the given equation (has the 
same roots). 

example, addition: 

Given equation x-a=b 

Addition of a +a +a 

Equivalent equation x=bt+a 

This operation is equivalent to the carrying 
of term a with the opposite sign to the other 
side of the equation. 

0 

x— ¢ =b+a 

(c) Multiplication or division by equal terms. 

example, subtraction: 

Given equation xt+c=d 

Subtraction of ¢ —1G TG 

x=d-c 

This operation is also equivalent to the carrying 
of term ¢ with the opposite sign to the other side of 
the equation. 

0 

wy ade 

If both sides of an equation are multiplied or 

divided by the samé term (not zero), the new equation is equivalent to the original equation 

(has the same roots). 

example, multiplication: 

: : Be Ste 
Given equation Fa ss 

a d 

PR eis. x bt+c 
Multiplication by a Be = a 

d a d 

; " a(b+c) 
Equivalent equation 5 aanmeae aae 

This procedure is also equivalent to the 
carrying of term a from the denominator of 
one side to the numerator of the other side. 

x b+c eee, 
aesand 

But if x/a +e = (b +c)/d, the term e must 

be first carried over to the right side as 

and then the fraction of the left side is cleared 

by rule (c) as 

example, division: 

+h 
Given equation fx= fae k 

poe ime Bele 
Division by [2 es 

M f Tk 
Sele 

Equivalent equation x= aa 

This procedure is also equivalent to the carrying 
of term f from the numerator of one side to the 

denominator of the other side. 

But if fx +m = (g +h)/k, the term m must be 

first carried over to the right side as 

and then the product fx of the left side is cleared by 
rule (c) as 

rer eee 

oe) 
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2.15 LINEAR EQUATIONS IN TWO UNKNOWNS 

(1) Definitions 

(a) Independent equations. Two linear equations in two unknowns x and y, 

ayx+by = ¢ 

Ax + boy = Ce 

are independent if neither can be derived from the other by algebraic operations. 

(b) Consistent and simultaneous equations. The two equations in (a) are said to be consistent 

and simultaneous if a, b, c are constants, a, b are not both zero in one equation, both c’s are 

not zero, and they are satisfied by one pair of values (one value for x; another value for y). 

(2) Methods of Solution 

(a) Three methods of solution are commonly used for the solution of linear equations in two 

unknowns: substitution, comparison, and elimination. 

(b) Substitution method. First express one of the unknowns from one of the equa- 

tions. Then substitute this value in the other equation and solve for the second un- 

known. Finally return to the equivalent first equation and solve for the final value of the 

first unknown. 

example: 

Given axt+bhy = ¢ a,x + boy = Cs G2) 

From (1), x= Giang (3) a, 

Substitution of (3) in (2) yields 

€,— by : QiCs)— (As6s 
lS) = 0 fr Thick (= Se 5 as ‘s oy Gs rom which y bab (4), (5) 

Then (3) in terms of (5) gives x= She Gt (6) 
a,be— ash; 

(c) Comparison method. Express the first unknown from each equation and equate their 
right sides. Then solve this equation for the second unknown. Finally return to the 
equivalent equation (to the simplest one) and solve for the first unknown. 

example: 

Given ax+bhy = c Axx + boy = Cy (1), (2) 

From (1) and (2) respectively, 

pee ses ip eiGsss U5) 

ay sli Ay (3), (4) 

Equality of the right sides of (3) and (4) gives 

ei — by eyo boy framerrhicl Ayla — Asly 

a ay pt — a, bs — asd, (5), (6) 

Then (3) or (4) in terms of (6) yields x = £iby = Coby 7 
a, bs — ash, (7) 
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(d) Elimination method. Multiply or divide each equation by such factors as to make equal the 

coefficients of one unknown in each equation. Then add or subtract these modified equa- 

tions so as to eliminate one unknown. Solve the resulting equation for the remaining 

unknown. ‘Then substitute this value in the simplest one of the original equations and 

solve for the first unknown. 

example: 

Given Gy by) = G; ase + by = Cs (1), (2) 

Divide (1) and (2) by a, and as respectively and subtract the second equation from the first one or vice 

versa. 

; b c é 
():a,is xtty=— (3) 

a,” ay, 

: bs Gs 
—(2): a, is —x——y = —— (4) 

Ag ~ a 

; b bs Cc Co 
The sum is y( ~——= |} == (5) 

~ \ay, as ay Qs 

E Qi Co— Gob < 
from which —— (6) 

ss Gj0s—as0, 

Then (3) or (4) in terms of (6) yields 

1 Gis 050; (7) 

a, bs— ash, 

2.16 MEANS AND PROPORTIONS 

(1) Definition of Means 

i eenyee tis tees a, are n real algebraic quantities, then their 

(a) Arithmetic mean is 

ay + Gy ot Ga, 

n 
Al = 

(b) Geometric mean is 

Ca naa. 

(c) Harmonic mean is 

(d) Their relationship is 

Ae Gas EL 

provided that all a’s are positive. 
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(2) Definitions of Proportions 

(a) Simple proportion is the equality of two ratios. 

a be—Vor.d 

(b) Successive proportion is the equality of several ratios. 

Oe) = C30 = 63 = eee 

(c) Arithmetic proportion is defined as 

(et) al (ee) ene 

where x is the arithmetic mean of a and b, and c isan arbitrary term (also | but not zero). 

(d) Geometric proportion is defined as 

Oe = Mew 

where x is the geometric mean of a and b. 

(e) Harmonic proportion is defined as 

(eX) (et) en 

where x is the harmonic mean of a and 6b. 

(3) Transformations of Simple Proportion 

If a:b = c:d isa given proportion of known or unknown terms, the following operations 

are possible and admissible. 

(a) Multiplication and division of terms. 

am :bm=c:d coe ae d 
m'm 

am 3b = cm 2d ope Sd 
m m 

a:bm=c:dm eee 
m m 

a:b= em sdm eee 
m'm 

(b) Sum and difference of terms. 

(Ore bi rnb a (Greer) eva, 

(c) Powers and roots of terms. 

O30 =" Cleese Wa: VWb= We: Wd 

where m is an arbitrary factor and n is a real natural number. 
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2.17 QUADRATIC EQUATIONS IN ONE UNKNOWN 

(1) Standard Case 

(a) Quadratic equation in one unknown is an integral rational equation in which the term of 
highest degree in the unknown is of the second degree. 

ax*+ bx +c = 0 

where a, 5, c are real, a#0, and x is the unknown. 

(b) Roots. The solution of this equation is 

_ —b+Vb°—4ac 
2a 

X12 

where b*—4ac is called the discriminant. 

(c) Classification of roots. If 

b°—4ac > 0, the roots are real and unequal, 

b°—4ac = 0, the roots are real and equal, 

b*—4ac <0, the roots are conjugate complex. 

example, real and unequal roots: 

Given 2x°>—4x —16 = 0 

; —(—4)+V(— 4)? -(42)(- 16) 4+#12 ; 
By formula (b), X12 = os aes 4) ») soot = [fee 3 

and x, =4 Xo = —2 

example, real and equal roots: 

Given 9x? +8x+8 = 0 

; — (8) + V (8)? — 4(2)(8) _ —8 _ 
By formula (b), X,2 = (2)(2) r 2 

and Kye Xe — — 2 

example, conjugate complex roots: 

Given 2x*—3x+4=0 

—(— 3) + V(— 3)? — 4(2)(4) _ 3 +193 
i. (2)(2) 4 

By formula (b), nie 

3+1V23 ye ea) 
and xX) 4 2 4 
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(2) Special Cases 

(a) If b = 0, the reduced quadratic equation is called pure quadratic equation. 

LG 
ax’ +c = 0 and fie SSE os 

where if c/a .> 0, the roots are imaginary, equal but of opposite sign, and if c/a < 0, the 

roots are real, equal but of opposite sign. 

(b) If c = 0, the standard form reduces to 

ax’ + bx = 0 or x(ax +b) = 0 

and 

(3) Biquadratic Equation 

(a) Biquadratic equation in one unknown is an integral rational equation in which the 

unknowns are of the fourth and second degree. 

ax*+ bx? +c¢ = 0 

(b) Transformation. By the substitution y = x° this equation reduces to the quad- 

ratic equation 

ay’ +by+c = 0 

(c) Roots. The solution of this transformed equation is 

—b+Vb?—4ac 

2a 
AS 

from which in terms of y = x’, 

niga = [DEVE tee 
Pe ae 

2a 

2.18 FACTORIALS 

(1) Definitions 

(a) The factorial of an integer n > 0 is defined as 

n!=n(n—1)-+:3-2-] 

(b) The main property of the factorial is the relationship 

n! = n(n—1)! 

n! = n(n —1)(n —2)! 

(c) By definition, 0! = 1. 
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(2) Table of Factorials of 0, 1, 2,..., 20 

n n! n n! 

0 1 

] 1 11 39 916 800 

2 2 12 479 001 600 

3 6 13 6 227 020 800 

4 24 14 87 178 291 200 

5 120 15 | 1 307 674 368 000 

6 720 j 16 20 922 789 888 000 

7 5 040 Wi 355 687 428 096 000 

8 40 320 18 6 402 373 705 728 000 

9 362 880 19 121 645 100 408 832 000 

10 3 628 800 20 2 432 902 008 176 640 000 

2.19 BINOMIAL THEOREM 

(1) Definitions 

(a) Expansion. The nth power of (a+b) is given by the general Newton’s formula as 

(QD = ah at (T)ans 2t vies 30 at ia" 

where n is a positive integer and b is a positive or negative term. 

(b) Binomial coefficients. The coefficients of the binomial expansion are given symbolically as 

(7) nin Win 2) EAD = ( n ) 

i k! n—k 

where k = 0, 1, 2,... (see also Table A.43 and Sec. 2.22). 

example: 

(3) - (5)(4)(3) _ iG 

3 (3)(2)() 

(2) Properties of fa 

(a) Symmetry. The binomial coefficients in the Newton’s formula are symmetrical, 

ees k 1 —k 

(b) Special values. 

(ar (ee (tee Qo 
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2.20 COUNTING AND PERMUTATIONS 

(1) Definitions (see also Secs. 2.18 and 2.19) 

(a) Counting. If one thing can be done in m different ways, provided that it can be done by 

any of these m ways, and if another thing can be done in n ways, provided again that it can 

be done by any of these n ways, then the total number of ways the things can be done in the 

indicated order is mn. This statement is known as the principle of counting (Example, Sec. 

2.20-2). 

(b) Permutation is an arrangement of m elements (things). “The number of all possible 

permutations of m different elements is 

P, = m(m —1)(m —2)--=(2)0) = m! 

(c) The number of all different permutations of m elements, among which there are a elements 

of equal value (same), is 

m(m —1)(m—2):>-(2)(1)  _ m! 

GAC teal |) (Cee 2)) en 2) (09) a! 
ie mm 

(d) The number of all different permutations of m elements, among which there are a elements 

of one value (of one type) and b elements of another equal value (of another type), is 

ATU (Vice L) (11a 2) cts 2) (I) m! 

~ a(a — 1)(a — 2) -- = (2)(1)b(b — 1)(b —2)---(2)01)_— ab! 
1 b,m 

(2) Examples 

Elements m,n, a 
oe eh 

IM 7 Nod Bie 18355 18% m2. —3 

Counting Ay, B, As, B, 
Case (a) Nia, Ja As, Bs mn = 6 

A., Bs As, Bs 

at ACG m = 3 

Permutations ABC BCA CAB Pa a0 

Case (b) ACB BAC CBA 

A, A, G m=3,a=2 

Permutations AAC ACA CAA Pe a = 38 

Case (c) an 
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2.21. VARIATIONS AND COMBINATIONS 

(1) Definitions (see also Secs. 2.19 and 2.20) 

(a) A variation is an arrangement of m elements (things) into a group of k terms, without 
regard to their order. 

(b) The number of all possible variations of m elements into groups of k elements, if each 
element is used any number of times but only once in one group, is 

Ak cs m! _ (m),, 

Vn (m —k)! (ii) 

(c) The number of all possible variations of m elements into groups of k elements, if each 
element is used any number of times and repeated up to k times in one group, is 

V,** = 

(d) A combination is an arrangement of m elements (things) into a group of k terms, with 
regard to their order. 

{e) The number of all possible combinations of m elements into groups of k elements, where 
each element is used any number of times but only once in one group, is 

ae m! _ (m 

Ge ~ (m—k)tk! is 

(f) The number of all possible combinations of m elements into groups of k terms, where each 

element is used any number of times and repeated up to k times in one group, is 

C.t* = (m+k—W! _ (" ees 
ss (m —1)!k! k 

(2) Examples 

Elements A, B, C m=3,k =2 

a 

3! 2 
Variation AB BG GA Vi = ee 6 

Case (b) BAS GB VAG 

Variation AA AB AC 

Case (c) BA BB BC Vea SQ 

GA CB SAGE 

. 3! J 
Combination ABS AG BE C= 1191 = 3 

Case (e) 

Combination AA AB AC 4y 

Case (f) BB BC Cat 191 Cy 

Ge 
| 
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2.22 PASCAL’S TRIANGLE 

(1) Definition (see also Sec. 2.19) 

(a) Coefficients of the binomial expansion can also be represented by a triangle of integers, 

where the lower number equals the sum of the two adjacent numbers above. 

(b) Triangle 

10 

LAN hk 

(a+b) =1 
Gres) Ss 2h 

(ab) =a =2ab 467 

(a#=by =a +=3a7b+3ab2? =+b° 

(a+b)' = at+4a°b +6a7b? +4ab> +5' 
(a+b) = a’ +5a‘b + 10a°b?+ 1007)? + 5ab*+b° 

48 Algebra 



3 
PLANE 

GEOMETRY 



3.01 DEFINITIONS AND NOTATIONS 

(1) Definitions 

(a) Plane geometry (planimetry) is a systematic investigation of-plane geometric elements and 

their relationships by synthetic methods (geometric constructions) and/or numerical 

methods. 

(b) Plane geometric elements are: points, lines, angles, and segments. 

(c) Geometric figure is a collection of one or several geometric elements devised from the 

axioms of geometry and algebra by means of geometric constructions. 

(d) Axiom (postulate) is a statement (conclusion) based on experience or observation admitted 

to be true without proof. 
(e) Proof is course of logical reasoning by which the truth or falsity of a statement is 

established. 

(2) Symbols 

A, B, C,... = points, vertices h,, h,, he = altitudes 

A = area m,, M,, mM. = medians 

C = circumference 2p = perimeter (sum of sides) 

D = diameter r = inradius 

R = circumradius Ya, TM, Te = ESCumradii 

a, b,c,... = segments, sides t,, t, t. = internal bisectors 

e, f,... = diagonals a, B, y,... = angles 

3.02 POINTS, LINES, AND SEGMENTS 

(1) Definitions 

(a) Point has no dimension and denotes position only. 

(b) Straight line is the shortest distance between two points. 

(c) Ray is a straight line of which one end is in the infinity. 

(d) Segment is the portion of the straight line between two points. 
(e) Parallel lines (parallels) do not intersect no matter how far extended (Fig. 3.02-1). 
(f) Concurrent lines meet (intersect) in a point called concurrence (Fig. 3.022). 
(g) Transversal is a line intersecting one or several other lines. 

Fig. 3.02-1 Fig. 3.02-2 
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(2) Proportions 

(a) Two parallels cut off proportional segments on any 
two transversals (Fig. 3.02-3). 

a:b=c:d 

(b) Two transversals cut off segments on two parallels 
proportional to the segments cut off by the parallels 
on the transversals (Fig. 3.02-3). 

Xx: = as(atb) ieee Gates ((G 1 (CL) 

Fig. 3.02-3 

(c) Harmonic division of asegment. A line segment AB is divided harmonically by the points 
C and D if itis divided internally by C and externally by D in the same ratio (Fig. 3.02-4). 

ab = a6 — me 1 

o 
4 

> 

“< / 
I -— 

SG es / 
m/ \ SS / 

7 Ms Rats 7 Pe, 

a a b Ps 6m 

A CS D 
AL 

d 

Fig. 3.02-4 Fig. 3.02-5 

(d) Harmonic set. A set of concurrent lines that divides any transversal harmonically is called 

a harmonic set (Fig. 3.02-5). 

(e) Golden section. A line segment AB is divided internally by the point C in the mean and 

extreme ratio (Fig. 3.02-6) if its greater segment (AC = x) is the geometric mean of the whole 

segment (AB = a) and its smaller segment (BC = 

= 3 é an 
G@2x%—x*2(a—x) OF x =< (V5 Nee - x a ane 8 

Fig. 3.02-6 

3.03 ANGLES 

(1) Definitions 

(a) Angle. Two rays (arms) proceeding from one 

point (Fig. 3.03-1) divide the plane into two parts 

called the internal angle a and the external angle a’. 

(b) Sense. The angle is positive if measured in the 0 

counterclockwise direction and is negative if 

measured in the clockwise direction. 

(c) Complete revolution of a line is a rotation through an 

angle called the perigon. Fig. 3.03-1 
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(2) Angular Measures 

(a) Angles are measured in degrees, minutes, and seconds or 

in radians. 

(b) One degree (1°) is 1/360 of the perigon (Sec. 

3.03-1c). One minute (1') is one-sixtieth of 1 degree and R 

I second (1") is 1/60 of 1 minute. 

Perigon 
2 OS ° = / = ” ~ 1 . 

360) 1 60 3,600 radian 

(c) One radian ( 1 rad) is the angle subtended at the center 

ofacircle of radius R by anarc of length R (Fig. 3.03-2). Bic a 

=, lrad = 780 

(d) Relations between degrees and radians are (see also Appendix Tables): 

1° = 0.01745 rad 1 rad = 57°17'44.8" 

(3) Classification of Angles 

Zero angle Acute angle Right angle 

O<a<90 

Obtuse angle Straight angle Convex angle 

a 

90° < a <180° : 180° <a < 360° 

Convex angle Convex angle Perigon 

a a a 

270° < a < 360° 
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(4) Two Angles 

(a) Complementary angles. ‘Two angles (a and B) are complementary (Fig. 3.03-3) when 
their sum is equal to the right angle. 

a+B = 90° or a+p=— 

(b) Supplementary angles. “Two angles (@ and B) are supplementary (Fig. 3.03—4) when their 
sum is equal to the straight angle. 

a+B = 180° or a+B=7 

xX a. — 
Fig. 3.03-3 Fig. 3.03-4 Fig. 3.03-5 

(c) Conjugate angles. Two angles (a and a’) are conjugate (Fig. 3.03-1) when their sum is 

equal to the perigon. 

a+a' = 360° or at+a’'=2nr 

(d) Vertically opposite angles. Two angles which have a common vertex and whose arms are 

two straight lines (Fig. 3.03-5) are said to be vertically opposite to one another. 

a=y B=6 atB=180 at6=180 atB+y+6 = 360° 

(e) Angles formed by a transversal to a set of parallels (Fig. 3.03-6) are called: 

Step angles: 

Qe Py a = B 

a, = Bs ay = 

Alternate angles: 

a, = Bs a) = 

Opposite angles: 

Q, ats B = 180° 

a;+ Bo a 180° 

Fig. 3.03-6 
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3.04 TRIANGLES 

(1) Definitions 

(a) Triangle is a portion of a plane bounded by 

three segments called sides. The sum of sides 

is the perimeter 2p. 

2p =atbte 

(b) Sum of interior angles of a triangle is 180°, and 

the sum of exterior angles is 360° (Fig. 3.04-1). 

a+B+y = 180° als Bey = 360" 

Fig. 3.04-1 

(c) Special cases. Triangle with three unequal sides is called a scalene triangle (Fig. 

3.04-2). A triangle with two equal sides is called an isosceles triangle (Fig. 3.04-3). A 

triangle is called an equilateral triangle when its three sides are equal (Fig. 3.04—4). 

Fig. 3.04-2 Fig. 3.04-3 

(2) Properties 

(a) Median m of a triangle (Fig. 3.04—5) is a segment joining the 

vertex with the middle point of the opposite side. Three 

medians intersect in one point which is the center of gravity of the 

triangle. Each median is divided by this point in the ratio 2: 1. 

m, =4V2(b'+ ¢)—a" m = 3V%c?+a)—b 

m. = 1V%a+b)—e panics 

(b) Bisectors ¢,, t,, t (Fig. 3.04-6) halve the respective interior angle 
of the triangle and intersect at the incenter. 

a 

_ Vobc[(b +c) — a3] _ Veal[(c + a) — 6°] _ Vab[(a + bY — c°] 
b+c cta ft a+b 

(c) Incenter is the center of the inscribed circle of radius 

_ Velp—a)(p—b)(p—c) _ A if = 

p p 

(d) Axes of symmetry of the respective sides (Fig. 3.04—7) intersect at the circumcenter. 
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Fig. 3.04-6 

(e) Circumcenter is the center of the circumscribed circle of radius 

abc = abe 

4V b(p—a)(p—b)\(p—c) 4A 

(f) Escribed circle touches the side of the triangle 

and the extensions of two other sides. Every 

triangle has three escribed circles (Fig. 

3.04-8). Their radii are 

,  Vp(p—a)(p-bp-c) __A 
& p—a p-a 

no VIG a) Vip ere A 
Th = 

p—b p—b 

, — Vb(b = a)(p = b)p=c) __ A 
p—c a= 

(g) Altitudes of triangle h., h, h. are perpendicu- 

lar to the respective sides and they intersect at 

the orthocenter (Fig. 3.04-9). 

, — 2Vb(p = a)(p = by(p=c) _ 2A 
: c c 

1 —2V b(b = a)(p = b)(p =) _ 2A 
b 

a a 

2V p(p —al(p—b\(p—c) _ 2A 
Les b b 

(h) Area of triangle (symbols, Sec. 3.01—2). 

es ee EE A 5p = dp AB =o) 
2 2 me 

Fig. 3.04-7 

(65 

Fig. 3.04-9 

Plane Geometry bys) 



(3) Right Triangle 

(a) Right triangle has one right angle. The side opposite to it is the hypotenuse and the other 

two sides are legs (Fig. 3.04—10). 

y = 90° a+ B = 90° 

(b) Relationships between the sides of the right triangle are defined by the Pythagorean 

theorem. 

a’ +b? = ¢* 

(c) Three geometric means relate a, }, c, x, y, and h. 

b:c=x:b or b=Vcx (Fig. 3.04-11) 

G2C= 2a or a=Vecy (Fig. 3.04-12) 

Os = 7S 10 or h=Vxy (Fig. 3.04-13) 

(d) Formulas (symbols, Sec. 3.01-2). 

ab ab a+b—c OM Pee eee > ll | => Il | vs) lI 
Nolo 

Fig. 3.04-11 Fig. 3.04-12 Fig. 3.04-13 

(4) Isosceles Triangle 

(a) Isosceles triangle has two equal sides and two equal angles (Fig. 3.04—-14) 

(b) Relationships between sides of the isosceles triangle and its 

altitude are defined by the Pythagorean theorem. 

ay ENS : es 
Ae oh h= a Gl r=< ee: Fig. 3.04-14 

2 2 2a 2are 

R — 

V (2a t= Gi) (20) == G) 
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(4) Equilateral Triangle 

(a) Equilateral triangle has three equal sides and three equal 

angles (Fig. 3.04—15). 

(b) Formulas (symbols, Sec. 3.01-2). 

h 5 ? 6 VS R 3 V3 

Fig. 3.04-15 

3.05 QUADRILATERALS 

(1) Definitions 

(a) Quadrilateral is a portion of a plane bounded by four segments. The sum of interior 

angles of a convex quadrilateral is 360°. 

(b) Quadrilaterals are classified as: square (Fig. 3.05-1), rectangle (Fig. 3.05-2), rhombus (Fig. 

3.05—-4), rhomboid (Fig. 3.05-5), trapezoid (Fig. 3.05-3), and trapezium (Fig. 3.05—-6). 

SS SS ES 
Fig. 3.05-1 Fig. 3.05-2 Fig. 3.05-3 

Fig. 3.05-4 Fig. 3.05-5 Fig. 3.05-6 

(2) Particular Cases (symbols, Sec. 3.01-2). 

(a) Square (Fig. 3.05-7) 

aV2=14142a R= ave _ 0.7071a é 

5 A= a’ 

Fig. 3.05-7 
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(b) Rectanyie (Fig. 3.05-8). 

5 
90 a 

= 2 2 = => = b e Va +b R 9 A a c= 

oS » 5 b ~~ cos @ = (1—k*):(1+k’) where k = a == 
90° a 

e/2=R 

(c) Rhombus (Fig. 3.05-9). 

a : 
e = 2a cosa h =asina 

a 5 9 9 
f = 2a sing r= sina e+f =4a 

(d) Rhomboid (Fig. 3.05-10). 

e = Va’+b>— 2ab cos B h, = bsina 

f = Va" + b?—2ab cos a h, = asina 

eae 
4ef 

A = ah, = bh, = ab sina a+B = 180° 

e +f = 2a’ +b’) cos @ = 

(e) Trapezoid (Fig. 3.05-11). 

e = Va>+b’—2ab cos B = Vc? + d2—2cd cos 5 

f = Va*+d°—2ad cos a = Vb" + c?— 2be Cos y Fig. 3.05-10 

pe ab ae ad 

2 

he ae s—b d ee S(s —a+c)(s—b)(s —d) 

= Gs cyh 
9 

h =dsina = bsinB A 

A a B 

Fig. 3.05-11 

3.06 POLYGONS 

(1) General Polygons 

(a) General polygon with n sides (Fig. 3.06-1) has the 
sum of interior angles equal to (n — 2)180°, and the 
sum of exterior angles equal to 360°. 

(b) Area is found by decomposition into triangles 
(Fig. 3.06-1). 

Fig. 3.06-1 
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(2) Regular Polygo ns 

(a) Regular polygon has n equal sides and n equal angles (Fig. 3.06-2). 

(b) Angles. Central angle a, interior angle B, and exterior 
angle y are 

36 ° =o ° QRneo we 0 ie (n — 2)180 _ 360 

n n n 

(c) Formulas (symbols, Sec. 3.01-2). 

na wee nRe .. 247 WT 
A= r cot er OG sin s R 9 CSC r 

The evaluation of these formulas for n = 3,4,..., 

in Table 3.06-1. 

n 180°/n 

3 60.000 

+ 45.000 

5 36.000 

6 30.000 

fe DT Lae oases 

8 22.500 

9 20.000 

10 18.000 

12 15.000 

15 12.000 

16 11.250 

20 9.000 

24 7.500 

32 5.625 

48 3.750 

64 2.8125* 

TABLE 3.06-1 Coefficients of Regular Polygons 

0.433013 

1.000000 

1.720477 

2.598076 

3.633914 

4.828427 

6.181825 

7.694208 

11.196154 

17.642362 

20.109363 

31.568769 

45.574519 

81.225378 

183.084812 

325.687826 

A/R* 

1.299038 

2.000000 

2.377642 

2.598076 

no no WO PO 

0,2) 6 t nN LS) | oe os 

.938926 

3.000000 

3.050524 

3.061464 

3.090168 

3.105827 

3.121442 

3.132619 

3.136541 

A/jr® 

5.196152 

4.000000 

3.632713 

3.464102 

3.371021 

S22137 10 

3.275732 

3.249197 

3.215389 

3.188348 

3.182596 

3.167687 

3.159659 

3.151724 

3.146082 

3.144114 

R/a 

0.577350 

0.707107 

0.850651 

1.000000 

1.152383 

1.306563 

1.461902 

1.618034 

1.931852 

2.404867 

2.562917 

3.196228 

3.830649 

5.101151 

7.644910 

10.190024 

*180°/7 = 25.714 285 714... .° (periodic), 180°/64 = 2.8125° (finite) 

examples: 

Given n = 6, a 

A = 2.5981(10)* = 259.8] m* 

= 10m, by Table 3.06-1, 

R = 1.0000(10) = 10m 

Given n = 10, R = 20m, by Table 3.06-1 

A = 2.9389(20)” = 1175.56m* 

R — 1.6180 
a 

R _ 1.0515 ; 

from which-a = 20: 1.6180 = 12.36m 

from which r = 20: 1.0515 = 19.02m 

r/a 

(0).288675 

0.500000 

0.688191 

0.866025 

1.038261 

1.207107 

1.373739 

1.538842 

1.866025 

2°352314 

2.513670 

3.156877 

3.797877 

5.076586 

7.628533 

10.177744 

r = 0.8660(10) = 8.6m 

R/r 

2.000000 

1.414214 

1.236068 

1.154701 

1.109916 

1.082392 

1.064177 

1.051462 

1.035277 

1.022341 

1.019592 

1.012465 

1.008629 

1.004839 

1.002147 

1.001206 
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3.07 CIRCLES 

(1) Definitions 

(a) Circle is the part of a plane bounded by a curved line, all points of which have equal 

distance from a point within called the center. 

(b) Length of the bounding line is called the circumference C, and the equal distance is called the 
radius R. 

(c) Diameter of the circle D is the length of a chord through the center, D = 2R. 

(2) Particular Cases (symbols, Sec. 3.01-2) 

(a) Circle (Fig. 3.07-1). 

C = 27R aD circumference 

TRa® Da ; 
iS 180° Ra = 9 = are length 

RW Re 
360° 2 

(c)* Circular segment (Fig. 3.07-3). 

aN Ra ha R sin> = htan< 

Se VIS RCO st cot 5 

v=R-h a = 2cos't 

9 

A= ee (Te sin a) = 2 (a = SICe)) 

(3) Constants Involving 7 = 3.14159+ 

Arc 1° = —~ = 0.017 453 293 rad 
180 

7 
cl’ = —— = 0.000 290 888 rz Arc 1 10800 000 290 888 rad 

7 
| "= ——— = (),000 004 848 r; Arc |] 548000 0.000 004 848 rad 

* Oa ne . rle 7 AO z == 2 v a” = central angle in degrees, a = central angle in radians. 

~ 

Fig. 3.07-1 

Fig. 3.07-2 

e 

‘| 

| 

“| 

t el 

| 
Fig. 3.07-3 

tFor tables of constants involving a see front endpapers and Tables A.01, A.02, A.24, and A.26. 
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(4) Relationships 

(a) All peripheral angles belonging to the same chord with vertex on the same side of the circle 
are equal (Figs. 3.07-4 and 3.07-5). 

Bi By Bs Soaks B is & i pehe 5 

(b) Peripheral angle is half the size of the central angle (Figs. 3.07-4 and 3.07-5), 

Bra 5=y 

Fig. 3.07-4 Fig. 3.07-5 

(c) Sum of central angles belonging to the same chord is 360° (Fig. 3.07-5). 

2a+2y = 360° = 28 +26 or B+6 = 180° 

(d) All peripheral angles belonging to the same chord 2l = 2R are right angles (Fig. 3.07-6). 

Bi = Bo = Bs =--- = 90° 6, = 6. = 65 = --- = 90° 

Fig. 3.07-6 

(e) If two chords intersect inside a circle, the product of the 

segments cf one equals the product of the segments of the 

other (Fig. 3.07—7). 

FG- GB = DG: GC 

(f) If a tangent and a secant are drawn from a point outside a A 

circle, the tangent is the mean proportion between the secant Fig. 3.07-7 

and its external segment (Fig. 3.07—7). 

AB = V AF: AE = V AD: AC 
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3.08 CONGRUENCE, SIMILARITY, AND EQUALITY 

(1) Congruence Theorems 

(a) Triangle. Two triangles are congruent if they have identical: 

(a) Two sides and the included angle 

(B) Two angles and the included side 
(y) Two sides and the angle opposite to the larger side 

(5) Three sides 

(b) Polygon. Two polygons are congruent if their corresponding sides and angles are 

identical. . 

(c) Circle. Two circles are congruent if their radii are equal. 

(2) Similarity Theorems 

(a) Triangle. Two triangles are similar if they are equal in: 

(a) Three angles 

(8B) Ratio of three sides 

(y) Ratio of two sides and the included angle 

(5) Ratio of two sides and the angle opposite to the larger side 

(b) Polygon. Two polygons are similar if their corresponding angles are equal and their 

corresponding sides are proportional. 

(c) Circle. All circles are similar. 

(3) Equality Theorems 

(a) Triangle. Two triangles are equivalent if their areas are 

equal (Fig. 3.08-1) (a, h congruent). 

Fig. 3.08-2 Fig. 3.08-3 Fig. 3.08-4 

(b) Parallelogram. ‘Iwo parallelograms are equivalent if their areas are equal (Fig. 3.08-2) (a, 
h congruent). 

(c) Trapezoids. Two trapezoids are equivalent if their areas are equal (Figs. 3.08-3 and 
3.08-4) [a, c, h or g, h congruent, where g = (a+c)/2 = (e + f)/2]. 
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4.01 DEFINITIONS AND NOTATIONS 

(1) Definitions 

(a) Space geometry (solid geometry, stereometry) is the extension of the plane geometric 

methods to the systematic investigation of geometric elements and their relationships in 

three dimensions. 

(b) Space geometric elements are points, lines, angles, segments, areas, and volumes (solids), 

designated again by letter symbols and representing constant quantities. 

(2) Symbols 

Ae et oo ee i eee See EE 

A = lateral area, lateral surface M = area of midsection 

B,, B, = area of lower base, upper base S = total surface 

C = circumference V = volume 

D = diameter 
ee eee 

ll 

4.02 POINT, LINE, AND PLANE 

(1) Definitions 
(a) Plane is a subset of points in space such that a straight line joining any two points of this 

subset lies in this plane. 

(b) Plane is determined by: three noncolinear points; or one straight line and a point not on the 

line; or two concurrent straight lines; or two parallel straight lines. 

(2) Two Straight Lines Ss 

(a) Two straight lines ona plane are parallel, or 

concurrent. 

(b) Two lines are skew in space if they do not l 

intersect one another and do not lie in a 

plane. a 

Fig. 4.02-1 

(3) Straight Line and Plane 

(a) Straight line / is parallel to a plane 7a if it is parallel to one straight line l’ on that plane (Fig. 

4.02-1). 

(b) Straight line k is perpendicular to a plane 7z if it 

intersects that plane and is perpendicular to every 

straight line (l, m, n,..., contained in that plane) 

passing through the point of intersection P (Fig. 

4,02-2). 

Fig. 4.02-2 
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(4) Point and Plane 

(a) Shortest distance. A straight perpendicular line is the shortest distance d 
between a point A anda plane m (Fig. 4.02-3). y 

(b) Plane of symmetry 7 of a segment AB is a plane perpendicular to AB and ff 
bisecting the segment at C. AC = CB=d. fj 

4.03 TWO AND THREE PLANES 

(1) Two Planes Fig. 4.02-3 

(a) Skew planes. If two planes cut each other, their intersection is a straight line. 
(b) Parallel planes. If two planes are perpendicular to the same line, they have no line of 

intersection and they are parallel. 
(c) Dihedral angle. The opening between two intersecting planes is called the dihedral angle 

w. Itis measured by two perpendiculars AB, BC to the line of plane intersection at B (Fig. 
4.03-1). 

Fig. 4.03-1 Fig. 4.03-2 Fig. 4.03-3 

(d) Normal plane. Two planes are perpendicular 

(normal), if their dihedral angle is a right angle. 

(e) Planeofsymmetry. Every point ina plane which 

bisects the dihedral angle is equidistant from the 

planes forming the angle and lies on the plane of 

symmetry of this angle (Fig. 4.03-2). 

(2) Three Planes 

(a) Two skew planes normal to a third plane. If 

two intersecting planes are perpendicular toa 

third plane, their line of intersection is also 

perpendicular to the third plane (Fig. 4.03-3). 

(b) Two parallel planes skew to a third plane. If two 

parallel planes are intersected by a third plane, their Fig. 4.03-4 

lines of intersection are parallel lines (Fig. 4.03-4). 
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4.04 POLYHEDRONS 

(1) General Polyhedrons 

(a) Polyhedron is a solid bounded by planes. The bounding planes are called the faces; the 

intersections of the faces, the edges; and the intersections of the edges, the vertices. 

(b) Polyhedron is convex if the dihedral angles w formed by the adjacent planes are less than 

180°. 
(c) Relations. If j is the number of vertices, k the number of faces, e the number of edges, and 

m the number of angles between the edges, then for any convex polyhedron, 

(ere = Caer 2e =m 

(2) Regular Polyhedrons 

(a) Polyhedron is regular if its faces are regular congruent f-sided polygons and if the same 

number of edges meets at each vertex. 

(b) Classification. The polyhedron of 4 faces is called a tetrahedron (Fig. 4.04-1); of 6 faces, a 

hexadron or a cube (Fig. 4.04-2); of 8 faces, an octahedron (Fig. 4.04—-3); of 12 faces, a 

dodecahedron (Fig. 4.04—4); and of 20 faces, an icosahedron (Fig. 4.04—5). 

(c) General relationships (symbols, Sec. 4.012). 

a = edge length, g = m/j 

Dihedral angle 

Inradius 

Circumradius 

Surface 

Volume 

(3) Formulas (symbols, Sec. 4.01—2) 

(a) Tetrahedron (Fig. 4.04-1). 

4 triangles, 6 edges, 4 vertices, w = 70°31'44” 

mw ayia Lie a _ ave 
R =4 ve = ip V6 Uv oe 

8 

S = aV3 = 1.732la  V = Re = 0.1179a° 

Fig. 4.04-1 
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(b) Cube (Fig. 4.04—2). 

6 squares, 12 edges, 8 vertices, w = 90° 

(c) Octahedron (Fig. 4.04-3). 

8 triangles, 12 edges, 6 vertices, w = 109°28'16" 

“ = 
R=<V2 1r=2V6 

2 6 

S = 9a°V3 = 3.464202 V = ae = 0.4714a° 

(d) Dodecahedron (Fig. 4.04—4). 

12 pentagons, 30 edges, 20 vertices, w = 116°33'54" 

a(1+V5)V3 a [50+22V5 
Loe 4 Mi Adu ee 

S = 3a2V5(5 +2V5) = 20.6457a" 

ore <q (18 + 7V5) = 7.6631a’ 

(e) Icosahedron (Fig. 4.04—5). 

20 triangles, 30 edges, 12 vertices, w = 138°1 1/23" 

R= 4V26 + V5) 

§ = 5a?V3-= 8.660380" V = 2f-(3+ V5) Sontikee 
Fig. 4.04-5 
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4.05 PRISMATOIDS 

(1) General case 

(a) Prismatoid. Polyhedron (Fig. 4.05-1) is called a prismatoid if its two polygonal bases are 

in parallel planes, and the lateral surface is formed by triangles or trapezoids with one side 

common with one base and the opposite vertex or side common with other base. The 

altitude of a prismatoid is perpendicular to the bases. Its midsection is made by a plane 

perpendicular to the altitude, bisecting the altitude and all the lateral edges. 

(b) Volume of a prismatoid is equal to the product of one-sixth of its altitude v times the sum 

of the areas of its bases B;, B, and four times the area of its midsection M. 

(B, + B. +4M)u 
6 

V= 

Fig. 4.05-1 

(2) Prisms 

(a) Prism is a polyhedron of which two bases are equal polygons in parallel planes, and the 

lateral faces are parallelograms. The altitude of a prism is the perpendicular distance 

between the bases. A right section of a prism is a section made by a plane perpendicular to 

the lateral edges. A right prism is a prism whose lateral edges are perpendicular to the 

bases. An oblique prism has lateral edges oblique to their bases. The sum of its lateral 

faces is called the lateral area and its surface is the sum of areas of its bases and of the lateral 

area. 

(b) Truncated prism is the part of the prism between the base and the section made by a plane 

oblique to the base. 

(c) Parallepiped is a prism whose bases are parallelograms. If all six faces are rectangles, the 

solid is called a rectangular parallelepiped. 

(d) Volume of prism(B = areaofbase,v = altitude)is V = Bw. 

(3) Pyramids 

(a) Pyramid is a polyhedron of which the base is a polygon and the lateral faces are triangles 
having a common vertex. The intersection of the lateral faces are called the edges and the 
sum of the lateral faces is called the lateral area. The surface of a pyramid is the sum of its 
lateral area and of the area of its base. _ Its altitude is the distance of the vertex to its base. 

(b) Pyramid is regular if its base is a regular polygon whose center coincides with the foot of 
the altitude. The slant height of a rectangular pyramid is the altitude of any of the lateral 
faces. . 

(c) Truncated pyramid is the portion of a pyramid between the base and the section made bya 
plane oblique to the base, cutting all the lateral edges. 

(d) Frustum of a pyramid is the portion of a pyramid between the base and a section parallel 
to the base. ‘The altitude of a frustum is the distance between the bottom and the top 
base. The slant height of a frustum is different for each face and is equal to altitude of the 
trapezoid forming the respective face. 

(e) Volume of pyramid(B = areaofbase,v = altitude)is V = }Bu. 
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(4) Particular Cases (symbols, Sec. 4.01-2) 

(a) Rectangular parallelepiped (Fig. 4.05-2). 

io, pep aS Va'+b?4+ 0? 
e=Vat+bh tc — 5 

S = 2(ab + be + ca) V = abc 

(b) Prism (Fig. 4.05-3). 

2p = perimeter of right section 

A=%h S=At+2B V=Bo 

(c) Right pyramid (Fig. 4.05—4). 

1 =n QeneG) 
B = ab S=A+B v=3 

(d) Frustum of right pyramid (Fig. 4.05-5). 

A. = (a5 + a)v+ (A=*) + (b,
 + b)afutt aS 

S — A a,b, =f a,b; V= 3 (Br ali B, i WV B,B,) 

(e) Right wedge (Fig. 4.05-6). 

A = 2%atc)Vv7+b?+2bVv'+(a-c) 

S = A+4ab V = (ea +e) 

Fig. 4.05-4 

Fig. 4.05-6 
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4.06 CYLINDERS 

(1) Definitions 

(a) Cylinder is a solid bounded by a cylindrical surface and two parallel bases. The cylindri- 

cal surface is generated by a straight line translating parallel to a fixed line along a fixed 

plane curve. The translating line is called the generatrix and the fixed curve the 

directrix. The axis of a cylinder is a straight line connecting the centers of the bases. The 

altitude is the perpendicular distance between the bases. The axis of a right cylinder is 

perpendicular to the bases; the axis of an oblique cylinder is oblique to the bases. 

(b) Directrix of a circular cylinder is a circle. A right circular cylinder may be generated by the 

revolution of a rectangle about one side. 

(2) Particular Cases (symbols, Sec. 4.01-2) 

(a) Right circular cylinder (Fig. 4.06—1). 

A = 27Rv Bea 

S = 27R(R+v) V = mR°v 

(b) Truncated frustum of a cylinder (Fig. 4.06-2). 

A = wR(h, + ho) S= AR| hy + he R+ ee) 

Ve= mR Th = Rv 

(c) Ungula of a cylinder (Fig. 4.06-3). 

A= 2B Tb — R)w +a] 

| ee : 
V= gp la(3R*— a") +3R%(b— Rw] 

Iii 5aj=s bes: 

At= 2Rh V = iR*h Fig. 4.06-3 

(d) Hollow cylinder (Fig. 4.06-4). 

_ IRAP 
5) 

s 

Und OS, p A = 27Rv 

B m(R*—r*) VV = av(R®?—1°) = Qarvtp 

Right sectio 

(e) General circular cylinder (Fig. 4.06—5). 

C = circumference of right section 

A = Ch B = rR? VS Ba 

Fig. 4.06-5 
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4.07 CONES 

(1) Definitions 

(a) Cone is a solid bounded by a conical surface and a plane cutting all straight lines of this 

surface. The conical surface is generated by a straight line moving 9n a fixed plane curve 

and passing through a fixed point not included in the plane of the curve. The moving line 

is called a generatrix, the fixed curve the directrix, and the fixed point the vertex. The 

altitude of the cone is the perpendicular distance between the vertex and the base. ‘The 

axis of the cone is a straight line connecting the vertex with the center of the base. “The 

axis of a straight cone is perpendicular to the base, of an oblique cone oblique to the base. 

(b) Directrix of a circular cone is a circle. A right circular cone may be generated by the 

revolution of a right triangle about one leg. 

(2) Particular Cases (symbols, Sec. 4.01—2) 

(a) Right circular cone (Fig. 4.07-1). 

A = tRVv'+R* = wRh 

" _ R°v 
B=nR? S=anR(R+h) V=2— 

(b) Frustum of a right cone (Fig. 4.07-2). 

A — qr(R, + Rs)V v’+(R,— Rs) = a(R, + Ro)h 

B, mR, B, = a7Rs 

S m[Ri+(Ri+R)h+Re]  V = Q(Ri+ RiRot Re’) 

(c) General circular cone (Fig. 4.07-3). 

2 _ Bu _ aRev 
3) 3 

V 

For frustum B, = 7R,’, B, = 7R:: 

V = 4 (B, + B+ VB.B) 

4.08 SPHERES 

(1) Definitions 
Fig. 4.07-3 

(a) Sphere is a solid bounded by a surface all points of which are equally distant from a point 

within called the center. The equal distance is the radius of the sphere R. 

(b) Every section of a sphere made by a plane is a circle. A great circle of a sphere is a section 

made by a plane which passes through the center of the sphere. Only one circle can be 

drawn through any three points on a sphere, and only one sphere can pass through four 

points not in the same plane. 
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(c) Spherical angle is formed by two arcs of great circles intersecting on the axis passing 

through the center (Fig. 4.08-1). A spherical triangle is spherical polygon with three sides, 

bounded by three great circles (Fig. 4.08-2). 

Fig. 4.08-1 Fig. 4.08-2 

(d) Areas of the spherical angle and of the spherical triangle are, respectively, 

_ Rae : 
A= 90° (Fig. 4.08-1) 

Ra oe oe O— || 0° 

pee: are BE ea ers 0829) 

(2) Particular Cases (symbols, Sec. 4.01-2) 

(a) Sphere (Fig. 4.08-3). 

S = 4R® = 12.5664R®? = wD? = V36rV" = 4.83627 V" 

Pe pe? ogi ee ee 6 6 = 0.0940V S 

(b) Spherical sector (Fig. 4.08—4). 

aR(2v +a) = 3.1416R(2u + a) 

oa : 
sake = 2,0944R2v 

(c) Spherical segment (one base) (Fig. 4.08—5). 

a = Vu(2R-v) A = 27Rv = 6.2832Rv 

S = 7v(4R — v) = 3.1416(44R —v)V t 

V= 3 UR ~v) = 1.0472v2(3R — v) ! 

\ | / 
NS 
RS | = 
Se Is ae Fig. 4.08-5 
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(d) Spherical segment (two bases) (Fig. 4.08-6). 

ae | 
, 

A = 27Rv = 6.2832Rv | 

S = w(2Rv +a°+b°) = 3.1416(2Rv + a?+ 5’) 

7 Ga 434 v’) = 0.5236u(3a°+ 3b°+ v°) 5 

— i ae 
Reb ae 

Fig. 4.08-6 

4.09 GENERAL SOLIDS OF REVOLUTION 

(1) Theorems of Pappus (also called Guldin’s theorems) 

(a) If a plane curve of length C rotates about a straight line in the plane of C, the area of the total 

surface generated by this rotation is equal to the product of the length of C and the length 

of the path made by the center of gravity of C during this rotation. 

S = 2aRC 

where R is the radius of rotation of the centroid of C. 

(b) If a plane area A rotates about a straight line in the plane of A, the volume of the solid 

generated by this rotation is equal to the product of the area A and the length of the path 

made by the center of gravity of A during this rotation a. 

V = aRA 

where R is the radius of rotation of the centroid of A and in case of a complete revolution 
= O= a = adi. 

a) ts Cone 
Ee J a 

(2) Particular Cases (symbols, Sec. 4.01-2) 

(a) Conical ring (Fig. 4.09-1). 

a= InR(v = R-= = 6.2882R (v - sey 

Sphere 

Ve = 3 Rev = 2.0943R-v 

Fig. 4.09-1 

(b) Torus (Fig. 4.09-2). —__,- 

S = 47°Rr = 39.4784Rr V = 2n°Rr’ = 19.7392Rr° ee 

psa cots ES 

Fig. 4.09-2 
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(c) Circular barrel (Fig. 4.09-3). 

= hqu(2R? + 1°) = 1.04720(2R* +1’) 

Parabolic curvature: V = bav(8R’+4Rr + 3r°) = 0.20940 (8R°+4Rr + 3r’) 

Circular curvature: V 

Fig. 4.09-3 Fig. 4.09-4 

(d) Ellipsoid (Fig. 4.09-4). 

General case: V =3nabe = 4.1888abc 

Rotational about 2a axis, b = c V = iaab* = 4.1888ab* 

Rotational about 2b axis, a = ¢ V = jaa’b = 4.1888a7b 

(e) Paraboloid (Fig. 4.09-5). 

General case: V =3aabv = 1.5708abv 

Rotational about v axis, a = b: V =}aa*v = 1.5708a7v 

Fig. 4.09-5 Fig. 4.09-6 

(f) Truncated paraboloid of revolution (Fig. 4.09-6). 

V = 270(R* +7’) = 1.5708u(R?+ 7’) 
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5.01 DEFINITIONS AND NOTATIONS 

(1) Definitions 

(a) Plane trigonometry describes relations between the sides and angles of plane triangles and 

polygons by means of trigonometric functions (Sec. 5.02-1). 

(b) Basic relations. Since all plane polygons can be decomposed into a system of right 

triangles, the basic trigonometric relations are those derived from the properties of the 

right triangle. 

(2) Notations 

A = area a, B, y,... = angles 2p = perimeter 

R = circumradius ha, ty, he = altitudes r = inradius 

a, b G,... = sides Mm,, ™, mM. = medians ta, ts, tt = bisectors 

5.02 TRIGONOMETRIC FUNCTIONS 

(1) Functions and Their Argument 

(a) Trigonometric functions of the angle a are defined by means of the trigonometric circle of 

radius R = 1 (Fig. 5.02-1), or for the acute angle a(@ = 90°), by means of the right triangle 

(Fig. 5.022). 

aay 

z 

a \ 
b Cc 

Fig. 5.02-1 Fig. 5.02-2 

: ; == 
Sie a =— sin ae—a2) nr c : 

cosecant a = csc a = 05 = VEESINE: = Vers & 
Cc a 

: = b == c 
cosine a@ = cos a = 0] = secant a = sec a = 04 = coversine @ = covers @ 

a C 

aT ea ae 
tangent a = tan a = 34 = — | cotangent a = cot a = 75 = 

b 

where 02 is always positive but 01 and 12 are directed segments (coordinates of point 2) 
whose signs depend on their directions. If measured in the direction of the respective axis 
(01 along + X, 12 along + Y) they are positive; otherwise they are negative. 
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TeY 

AP as 
ay) 

ey 
Fig. 5.02-3 

exampies: 

For the angles a, a, as, and a, shown in Fig. 5.02-3 find their sine, cosine, and tangent. 

; + 0.8 : +0.8 = 058 —0.8 = =+0.800 sina, = = +04 ae pecs re OOF aes sin Q = 10 0.80 SIN Qs +10 + 0.800 sin a. +10 0.800 sin Q4 = 10 0.800 

+0.6 : — 0.6 —0.6 +0.6 
= = +(0.600 COS Qs = = —().6 > LS ——— = — = COS @ +10 0.60 COS @: +10 0.600 COS Qs: +10 0.600 COS Q, +10 + 0.600 

+0.8 +0.8 — 0.8 —0.8 
—= = + 1,333 > = — = —- 1,33 , = — = = — = — 3° tan @ +06 1.333 tan @» +06 1.333 tan sp 06 = ledoo) tan a, 06 lees) 

(b) Argument of a trigonometric function is the angle a (sometimes designated as A). This 

angle is positive if measured in the counterclockwise direction and negative if measured in 

the clockwise direction. 

(2) Measures of Angles 

(a) Units of a are degrees, minutes, and seconds, or radians. 

(b) One degree (1°) is the measure of the central angle subtended by an arc of a circle equal to 

1/360 of the circumference of the circle. One minute (1') is 1/60 of adegree. One second (1") 

is 1/60 of a minute. 

(c) One radian (1 rad) is the measure of the central angle subtended by an arc of a circle equal to 

the radius of the circle. 

(d) Circumference of a circle is 27R and subtends an angle of 360°. Then for R = 1 (Fig. 

5.024), 

In rad = 360° or ar rad = 180° where 7 = 3.14159.... 

and 

end 57 20578" A 19 =~ = 0,017453 rad 
qv 180 

Fig. 5.02-4 
examples: 

o 40° mee d A TD oe 
30° = 30 3 ae 76°23'40" e—__ = — = 0.5236 rad 180° > 6 rad 6 rac 
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(3) Analysis of Functions 

(a) Sign of the respective trigonometric function depends on the quadrant in which the radius 

01 of the angle a lies (Figs. 5.02-1 and 5.02-3) as shown below. 

Quadrant sin cos tan cot sec CSC vers covers 

I ap ae te + ar ae + ay 

II at ate + 45 

II = = + Ls - = te - 
IV = + = 2 = 4 

(b) Graphical representation of the eight trigonometric functions is shown in Fig. 5.02-5. Their 

special valnes are given in Table 5.02-1. 

90° tee 1270° 60: 

Me: | iim, 
Hf Sh ll TN l 

Fig. 5.02-5 
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TABLE 5.02-1 Special Values of Trigonometric Functions 

Degrees Radians covers @ 
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(4) Change in Argument 

(a) Negative argument. 

sin (—@) = —sina@ cos (—a@) = cosa 

tan (—a@) = —tana CO (= a)! = COL a 

csc (—a@) = —csca sec (—a@) = seca 

covers (~@) = 2—covers a vers (—a@) = versa | 

(b) Argument (90°— a). 

sin (90°— a) = cosa cos (90°— a) = sina 

tan (90°— a) = cota cot (90°— a) = tana 

csc (90°— a) = seca sec (90°— a) = csca@ 

covers (90°— a) = vers a@ vers (90°— a) = covers @ 

(c) Argument (90° < a < 360°). 

B = 360°—a 

+ cos @ + sin @ Se COSTe —sin @ 

—sina@ — cos @ +sina + cos @ 

= COU tan a + cot @ —tana 

= tail @ Cot @ +tana = COLe 

= CSc = SEC 2 €SE'O! 

csc B +1 Seca += CSC @ SEG & CSC & 

& a COvers @ 
vers B 2 — Covers & 2—vers a vers @ 

2— covers a 
Or ee 

covers B vers @ seeks < 2—vers a 2 — covers 
; covers @ is si aie ae 

examples: 

sin 120° = sin (90° + 30°) = cos 30° or sin 120° = sin (180°— 60°) = sin 60° 

cos 190° = cos (180°+ 10°) = —cos 10° or cos 190° = cos (270° — 80°) = — sin 80° 

tan 290° = tan (270° + 20°) = — cot 20° or tan 290° = tan (360°— 70°) = —tan 70° 

vers 110° = vers (90° + 20°) = 2—covers 20° or. vers 110° = vers (180°— 70°) = 2—vers 70° 

(d) Argument (n360°+ a). 

F(n360°+ a) = F(a) 

where F(_) is the respective trigonometric function and n = OMS ee 

example: 

tan 780° = tan [2(360°) + 60°] = tan 60° 

80 Plane Trigonometry 



5.03 RELATIONS BETWEEN FUNCTIONS 

(1) Basic Relations 

(a) Formulas. 

- 9 2 . 
sin a@a+cos @ sina@csca = | 

sec a@—tan’ @ 

° 2 
ESC ja — Got. a 

sin a@ + covers @ 

cos @ + vers @ 

(b) Geometric models. The basic formulas of Sec. 5.03-la can be conveniently derived from 

Figs. 5.03-1, 5.03-2, and 5.03-3. 

examples: 

From Fig. 5.03-1: 

sin® a+cos'a = |] sin a+coversa = 1 

cosa+versa = | = aaa | " ore 

SS | 
5 i n 

sin @ COS @ —— | S 
tana cota = mene Sie \> 

COS @ s fo) a i) 

From Fig. 5.03-2: 

7 5 ] ‘ tan @ 3 
1+tan a = sec @ cosa = sina = & 

sec a sec @ ay 

l 
cota. = 

tana@ 
+1 

Fig. 5.03-2 

From Fig. 5.03-3: 

4 e ; l cota 
“a = sina = cosa = 1+cot a csc @ cae ae 

l 
tana = 

cot @ 
cota 

Fig. 5.03-3 
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(2) Transformations 

(a) Direct transformations. The basic formulas of Sec. 5.03-la give direct relations between 

sin a and cos @, sin aw and csc a, cos a and sec a, tan a@ and sec a, cot a and csc a, tan a and 

cot a, sina and covers a, cos a and vers a. 

examples: 

72 From sin’ a +cos’ a = 1: sina = +V1—cos a or cosa = +V1-sin’a 

1 1 
i ale i = or csca == From sin @ csc @ HUE sin @ ara ‘ as 

From sina +coversa = 1: sin a = 1—covers a or covers a = 1—sina 

(b) Indirect transformations. The remaining relations cannot be derived from one basic 

formula, and two or more relations of Sec. 5.03-la must be employed. 

sina 

+Vi1+tan7a 

tana 

2 vers a — vers2a 

+1 

(c) 

+V1+ cot7a 

+ 

cote +V csc2a—1 4°V 2 covers” = Covers s 
(f) (g) (h) 

Fig. 5.03-4 

example: The relation between tan a and sin a can be derived from 

where cos a = +V1~—sin* a as shown in the preceding example. 

(c) Geometric models. The same relations can be conveniently derived from the right 
triangles of Fig. 5.03—4. 

examples: 

: : tana From Fig. 5.03—4c: ST Cs cosa = a 
+V1+tan? a@ =) Jeptanna 

From Fig. 5.03—4e: sina = +V2 vers a —vers. a cosa = Ivers a, 
(d) Transformation table. A complete set of transformation relations is given in Table 5.03-1, 
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5.04 TRIGONOMETRIC IDENTITIES 

(1) Sums 

(a) F(a +B). 

; As Pee Spy tan a tan B 
sin (@ +B) = sina cos B £sin B cosa tan(@+ (Pomeun és 

ta cot B +1 
cos (a +B) = cosa cos B ¥sin @ sin B cot (a+ PB) = a: te 

(b) F(a) + F(B). cae 
sin a +sin B = 2 sin3(a + B) cos x(a — B) CRC SEL: Se ar 

sin a —sin B = 2sin3x(a — B) cosx(a + B) 
1 a 

cos a + cos B = 2.cos5(a@ + B) cos x(a — B) cot a cot B= SHIGE? 

cos a — cos B = —2sin3(a + B) sin3(@ — B) 

(c) F(a)+G(a). 

sina +cosa@ = V2sin (7+ a) = V2cos (F-a) 

sin @ — cos a = — 3 cos (Z+ a) = =VOSm (7-2) 

tan a+cota = 2csc 2a 

tania —coua) ———_21cot 2a 

(d) F(a)+ F(B)+ F(y), (a+B+y = 180°). 

a+B Qa B 

2 
sina +sin B +sin y = 4sin g C085 COS 

‘ : ; ee Orci ee Coe 
sin @ + sin B — sin y = 4sin —> B sin & sin 

aes: 
Dial. 

Qe be 
cos a +cos B + cos y = 4 cos > Baa 

Gaia} e: Qa B 

cos a + cos B —cos7y = 4.cos 5 cos 5 cos‘5 — | 
a 4 

tana +tan B+tan y = —tan(a+B) tana tan B 

tana +tan B —tan y = —cot(a@ +B) tana tan B 

F(a + B)+F(a—B). 

sin (a + B)+sin (a — B) = 2sina cos B 

(e — 

sin (a + B)—sin (a — B) = 2cosa@ sin B 

cos (a + B) + cos (a — B) = 2cos a cos B 

cos (a + B)—cos (a — B) = —2sina sin B 
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(2) Multiple Angles 

For i) refer to Table A.43. 

(a) sin na (n = 2, 3,4,...). 

sin 2a = 

singa = 

sin4a = 

sin da = 

sin 6a = 

eee 4 
sin /@ 

sin n 

(b) cos na 

—_ 9: 6 cy Speers | a q 9 5 a Ces — / Sin’ a COS: a —35 Sin a@cos a+21 sin’ a cos a a SL 

(n 

] 

2sin a cosa 

3 sin a cos’ a —sin’ a = (sin a)(3—4 sin’ a) 

; | am; 5 woe 
5sin a cos a —10sin* a cos’ a +sin’ a 

be) ete 5 awe! 3 Ate A 
6 sin a cos’ a — 20 sin’ a cos a +6sin’ a cos a 

a, ree 

cos 2a@ 

cos 3a@ 

cos 4a 

cos 5a@ 

cos 6a@ 

cos 7a 

COS NQ@ 

(c) tan na 

tan 2a 

tan 3a 

tan 4a@ 

tan 5a 

tan 6a 

tan 7a 

tan na 

(n 

2 225 =, 09 2 
EOS) 2s a)— isin’ a = Jicos, a — | 

cos a—3sin°>a cosa = (cos a)(4 cos’ a — 3) 

4 —2 2 . 2 4 cos a—6sin a cos a+sin' a = 1—8cos°a+8cos'a 

5 omer 5 * 
cos a—10sin° a cos a+5sin* a cosa 

. 3 Se : 2 4sin a cos a—4sin*’ a cosa = (4sin a cos @) (2ICOSear wl) 

n\ . Seen Wee ee: nm\ . 5 eres sin @ Cos ee 3 Sin @ COS Qe r sin @ COS Vea 
J a 

6 ~ 2 9 a 9 6 
cos’ a — 15 sin’ a cos'a +15 sin‘ a cos’ a —sin® a 

7 pels’ 5 . 3 CREA 33 
cos’ a — 21 sin’ a cos’ a + 35 sin’ a cos’ a —7 sin’ @ cos a 

N\ = 5 e 
cos" a — i sin’ @ cos" a+ ( 

n 

4 
+4 n—-4 

) sin @ COS 

2tana _ Z 

l-tan?a@ cota—tana 

3tana-—tan’a 

1—3tan’a 

4tana—4tan’a 

1—6tan*a+tan‘a 

5tana—10tan’a+tan’a 

1—10tan*a@+5tan’*a 

6 tan a —20 tan’ a+6tan’a 

1—15tan>a+15tan‘* a —tan'a 

7tana —35tan’a+2l1tan’a—tan'’a 

1-21 tan’ a +35tan'a—7tan’a 

n eee 3 m apie gree (7) tana (7) tan a+(") tan’ @ 

=| n 2 tanta + (7) tanta (7) tanta +> 

a--': 
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(d) cot na (n = 2, 3,4,...). 

cot'a—1 _ cota —tan a cot 2a = ———__ = 
2 cota 2 

cot’a—3cota 
cot 3a = 3 

Scour — ll 

cot'a—6cota+1 
cot 4a = 5 

4cot a—4cota 

ts cot? a —10 cot? a +5 cota Z 
cot a = 

5 cot'a—10cot’'a+t1 

ae cot’a —15cot'at+1l5cot'a-—1 
cot 6a = : 

6 cot? a —20 cot’ a +6 cota 

cot’ a —21 cot? a +35 cot’ a —cota 
cot7a = 

7 cot’ a —35cot'a —2lcot a+] 

n n n—-2 n n—4 
(CO C2 = cot a+ (7) cot GY 0.80 

(3) 4 
cot na = 

ee) cot” |a-— (") cot” >at je) cot" aa": 
1 3 5 

(3) Half Angles 

(a) F(a/2) = G(a@). 

ieee [/1—cos @ ens /1+cos @ 

2 2 2 2 

re (Bl O St CaS LENO et COSICY 

2 1+cos a l+cosa sin @ 

a 1+cos a 1+cos a sin @ 
Cole Al = 

2 l—cosa sin @ iS eosra! 

(b) F(a) = H(a/2). 

sin a = 2sin>cos> cos @ = cos’ =— sin* = 9 5 a = cos 5—sin' 5 

2 tan (a/2 2 sin (a@/2) cos (a/2 2 fan (@/2) _ (@/2) (a/2) _ 
~ 1=tan? (a/2) ~ cos’ (a/2) — sin? (a/2) cot (a/2) —tan (a/2) 

eae cot’ (a/2)—1 “ cos’ (@/2) — sin” (@/2) _ cot (a/2) — tan (a@/2) 

2 cot (a/2) 9 sin (a/2) cos (a/2) 2 

F(a) = H(2a). 

sina = »/r £0824 _ ,/i+cos ‘ 9 cosa = 9 

ee eros sin 2a COs oe 
tana = = ——— 

1+cos2a 1+ cos 2a sin 2a 

1 + cos C 1 By ee [1+ cos 2a = | COS 2a _ _Sin 2a 

1—cos2a sin 2a 1—cos2a 

(c — 
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(4) Products 

(a) F(a) F(B). 

sin @ sin B = 5cos (a — B)—3cos (a + B) 

cos a cos B = cos (a — B) +3 cos (a + B) 

tana tang = 2 (a — B)—cos(a+B) _ tana+tanB 
cos (@— B)+cos(a+B) cota +cot B 

cos (a — B)+cos(a+B)_ cota +tanB 
cos (a —B)—cos(a+B) tana+cot B 

cota cot B = 

(b) F(a)G(B). 

sin a cos B = 3sin(a — B)+3sin(a + B) 

sin(a—B)+sin(a+B) _ tana+cot B tan a@ cot B = : - = 
—sin(@a—B)+sin(a+B) cota+tanB 

cos @ sin B = 3sin(a + B)—ssin (a — B) 

: ae _ 

cot @ tan B ee B) sate pe sees ae 
sin(a+B)+sin(a—B) tana+cot B 

(5) Powers 

(a) sin” a. (b) cos” a. 

sin’ a@ = 3(—cos 2a + 1) cos a = (cos 2a +1) 

sina = 1(—sin3a+3sina) cos a = 3(cos 3a +3 cos a) 

sin'a = 3(cos 4a —4 cos 2a + 3) cos’ a = 3(cos 4a +4 cos 2a + 3) 

sin’ @ = j(sin5a —5sin3a+10sin a) cos’ a = (cos 5a +5 cos 3a + 10 cos a) 

(c) tan” a. (d) cot" a. 

Ae ys fe 1—cos 2a Beare 1+ cos 2a 

1+ cos 2a I COs2@ 

5 —sin3a+3sina 3 cos 3a+3cosa 
tana = Qe = SS 

cos 3a+3cosa SIT iets OI SHNCY 

A cos 4a —4 cos 2a +3 h cos 4a +4cos2a +3 
a 6 = SS Qh eS Se 

cos 4a +4cos 2a +3 cos 4a —4 cos 2a +3 

8 sin 5a —5sin3a+ 10sina ; cos 5a +5 cos 3a + 10 cos a 

cos 5a +5cos3a+10cosa sin 5@ —5sin 3a + 10sina@ 
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5.05 PLANE RIGHT TRIANGLE 

(1) Trigonometric relationships (Fig. 5.05—1) 

(a) Segments x, y and altitude h. The altitude h divides the area of right triangle in two right 

triangles from which 

h = Vxy = asin B = bsina = Vab cos a cos B 

x = Vb°—h? = bcosa = bsinB = hcota = htanB 

y = Va —-h = acosa = bsinB = hcotB = htana 

¢=x+y =acosp+bcosa =Vatb 

(b) Radius of inscribed circle is 

at+b—c_ c(sina+sinB—1) _ c(cosa +cos B —1) 

Pe ele? 2 < 9 

(c) Radius of circumscribed circle is 

T= 

acosB+bcosa@_ asina+b sin B 
9 9 s Ss 

R= 

nois 

(d) Area of the triangle is Fig. 5.05-1 

Cb ee ; b> ; b° 
A= ay 

; a a 
= 4 sin 20 = 9 cot a= 9 cot B = 9 tan B =~ tall @ 

(2) Solutions 

(a) Right triangle is uniquely determined by two sides or by one side and one angle. 

Consequently four basic problems can be identified in the solution of right triangle. 

(b) First problem (a,b). If a and b are known in Fig. 5.05-2, then 

See a b Bia 
= Ta jae ee, oe . ses => c=Va'+b tana => tan B - La 

and a + B must equal 90° (which is always a useful and 

necessary check). 

Fig. 5.05-2 

(c) Second problem (a,c) or (b,c). Ifa or b and c are 

known in Fig. 5.05-3, then 

ie ae a tear 

is Vc? —a’ or a= Vc — bh 

: a 
sina = — cos B = — - 

or 

lI 
b ‘ 

cosa =— sin B 
Cc 

In each case, a +B = 90°. 

Fig. 5.05-3 
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(d) Third problem (a,a), (a,B), (b,a), or (b,B). If one angle is known in Fig. 5.05-4, then 
automatically the second angle is known, since a +B = 90°. This then reduces the 
solution to finding the other leg and the hypotenuse. If @ and a are known, then 

a a 
from tan a = —: j= 

b tan a 

a : a 
and from sin a@ = —: ue SS 

c sin @ 

(e) Fourth problem (c,a) or (c,8). Again if c 

and @ are known, the solution (Fig. 5.05—5) 

reduces to 
Fig, 5.05-4 

a=csina and b=ccosa 

where a +6° = c’ is used as a numerical check. 

5.06 PLANE OBLIQUE TRIANGLE A 

(1) Basic Laws (Fig. 5.06-1) FOBERISE 

(a) Sum of any two sides of a triangle is greater than the third side. Sum of internal angles of a 

triangle equals 180°. 

(b) Law of sines. In any triangle, the sides are proportional to the sines of the opposite 
angles. 

i EN: C 

sina sinB- siny 

from which 

a_ sina ae sins Giaeesiniy 

Deesixt B c siny a sina 

and also Fig. 5.06-1 

ca sin @ a sin B Go. sin Y 

a+b sina+sinB Daa sin 3 4 sim sy ie sG — “<Sihol (64 ar Sikol 9Y 

Ca sin @ Die as sin B ae sin Y 

Ga Ue sith sin S b—¢ ‘sin B sim y OC 8) simvar— sini 

Marl — Sones ar cinye) DenG msi o gastnic Ase Seat GF ar Sil 5 

i Oe SIO! Sill Dies Sti 9) sti, CGS UNC SITY) 

(c) Lawofcosines. In any triangle the square of any side equals the sum of the squares of the 

other two sides diminished by twice the product of these two sides and the cosine of the 

angle between them. 

a® = b?+c?—2bce cosa = (b +c) —4be cos’ S = (b—c) +4be sin” 
role 

\| 2B 
2 Noi ex) 

b? = c?+.a?—2ca cos B = (c +a) —4ca cos = = (c— a)’ +4ca sin” 

9 

c? = a? + b?—-2ab cos y = (a+b) —4ab cos a (a — b)’+4ab sin® 
Nhe 
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(d) Projection law. In any triangle, 

a = bcosy +c cos B 

(e) Law of tangents. 

B=" G GOS @ 4 dcOsy 

In any triangle, 

a+b. tan[(a+B)/2] cot (y/2) bee tanl(p yi 
a-b tan[(a— B)/2] tan [(a — B)/2] b-—c  tan[(B—y)/2] 

ate _ tan[(at+y)/2] _ cot (8/2) 

(aa GATAN | (Cray) il tan || (Ceey)) 24 . 

(f) Mollweide’s formulas. In any triangle, 

a+b _ cos[(a—B)/2] a—b _sin[(a —B)/2] 

cre sin (y/2) c cos (y/2) 

Diss Guan GOS) |(Biaey,) 21 b—c _ sin[(B — y)/2] 

7 sin (a@/2) a cos (a/2) 

Cra COS —@ye2) Crete sin (ye a2] 

b sin (8/2) b cos (B/2) 

(g) Simple angle formulas [p =(a+6-+c)/2]. In any triangle, 

sina = 2 Vp a)(p — b)(p —c) cosa = os 

: 2 S ~ 
sin B = F V p(p a)(p — b)(p —c) cos B = - c= b 

: 2 24+ bp? —¢? sin y =—-Vp(b—ab—b)p—0) cosy = SE 

(h) Half-angle formulas [p = (a + b + c)/2). 

sing = ee cos 5 

In any triangle, 

a) 

p(p — 6) 

[b(p — 
bc 

\ecu 
sin gy 0 cup =o) cos e 

sin " = (p = ave = b) cos 3 

from which 

Bo om i OP ae) tan 5 Ae) cot 
so 

ab a (PSP Sa) 
tan 9 b(p = b) cot f 

an Ye ./PE ape b) tan 9 b(p Ze) cot 3 
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(2) Laws of Angles (a + 6B + y = 180°) 

(a) Transformations. In any triangle, 

sin (a + B) = sin y cos (a + B) = —cos y 

tan (a +B) = —tan y cot (a + B) = —cot y 

: uF Gist ; 
sin) Bi cos 5 COS Bos sin 

Ost Cek 
tale ae cota cor Es tan 2 

“ a 

(b) Sums of functions of simple angle. In any triangle, 

: ; : a ; é . ot (tes 
sin a +sin B +sin y = 4 cos 9 COS B cos sin a +sin B —sin y = 4sin 9 SiN 5 COS 5 

cos a +cos B + cos y = Pe eek ra net eg SOS/@i- COS! = = 4cos= = Stal — ll s ‘ sy sing sing sing cos cos cos Y COS 5 COS 5 SIN 5 

tan a +tan B +tan y = tana tan B tan y tan a + tan B —tan y = (tana tan B — 2)(tan y) 

(c) Sums of functions of double angles. In any triangle, 

sin 2a + sin 26 + sin 2y = 4sin a sin B sin y 

cos 2a + cos 2B + cos 2y = —(4cosa cos B cos y +1) 

(d) Sums of squares of functions of simple angles. In any triangle, 

sin’ a@ + sin’ B +sin> y = 2(cos a cos B cos y +1) 

9 9 9 

cos a+cos B+cos y = 1—2cosa cos B cos y 

(3) Altitudes and Area 

(a) Altitudes h,, h,, h. of any triangle (Fig. 5.06-2) are 

h,=6 sin y =c sin B 

h, =a sin y =c sina 

Fig. 5.06-2 h,=asinB =b sina 

(b) Area of any triangle (Fig. 5.06-2) equals half the product of its base and altitude. 

aa bey _ esng _ aan _ OX = QR" sina sin B sin y 

a’sinBsiny _ b’sinysina _ c sina sin B 
~ Qsin(Bt+y) 2sin(y+a)  2sin(a+B) 

Last) Ne Fab 9 a 9 

p tan > tan B tan x = ry? cot cot ECOUr 
2 Z 2 2 2 2 

where R and r are respectively the radius of circumscribed and inscribed circle and 

p = (a+b+c)/2. 

ll 
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(4) Radii [p = (a+b +c)/2] 

(a) Circumradius R of any triangle (Fig. 5.06—3) is 

a b G R p 

 9sina 22sinB 2siny 
he 

a OE 
4 cos 5 COS B cos 

(b) Inradius r of any triangle (Fig. 5.06-4) is * 

Vi (p —a)tan$ = (p—b) tan 

a B y On epee y. 
r = ptan=tan=—tan-= = 4R sin=sin sing AG ea peor O 

(c) Escumradii r,, 7,, 7. of any triangle (Fig. 5.06-5) are 

a cos (8/2) cos (y/2) 

cos (a/2) 

a 

2 

B _ 6b cos (y/2) cos (a@/2) 

2 

ny, 

Tn = 40 eum 

is = 90 Vata 
cos (B/2) 

c cos (@/2) cos (B/2) 

cos (y/2) 
ie = Hs: 

(5) Medians and Bisectors 

(a) Medians m,, m,, m. of any triangle (Fig. 5.06—6) are 

m =iVAWV+0)—a_ =3V b+ c+ 2be cos a 

m =31VAC+a)—b = Ve +a’ + 2ca cos B 

m= /Hae+b)—c = 3Va_ +b + 2ab cos y 

Fig. 5.06-5 

(b) Bisectors ¢,, t, (. of any triangle (Fig. 5.06-7) are 

_ Vobcf(b+c)'— a") _ 2be cos (a/2) 
: b+c b+c 

_. Fig. 5.06-6 
ae Vca[(c + a)*— b°] _ 2ca cos (B/2) 

ct+a cta 

nee Vab[(a +b) —c*] _ 2ab cos (y/2) 

atb a+b 

Fig. 5.06-7 
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(6) Solutions 

(a) Any oblique triangle is uniquely determined by: 

Three sides 

Two sides and the angle between them 

‘Two sides and the angle opposite the greater side 

One side and two adjacent angles 

One side, one adjacent angle, and one opposite angle 

(b) First problem (a,b,c). If a,b,c are known in Fig. 5.06-8, then the angles a, B, y are 

computed from the laws of cosines as 

ee ae a p(p—a) 
COS (0) 0 eee or coss = 

2 bc 2 be 

ige= C= b? a b 

cos B = re or cos 2 = Pip?) 

2 pes 2 = 

be YE ee i cos 5 = ere = 

The results must satisfy a+ B+y = 180°. 
A @ B 

Fig. 5.06-8 

(c) Second problem (a,b, y). Ifa, b, y are known in Fig. 5.06—9, then 

y GE 

The sum and difference of these values yield 

a+B,a—B Gp seis) tele) 

2 2 ne 9 

which again must satisfy a + B+ y = 180°. Fig. 5.06-9 
Finally, by the law of cosines, 

c = Va? +b? —2ab cos y 

(d) Third problem (a, b, a). If a, b, a are known in Fig. 5.0610, then from the law of sines, 

; (e 
b sin @ 

a 
sin B = y = 180°-(a+ B) 

Finally, from the law of sines, 

a sin y 

sin @ 

The results must satisfy c = Va’ + 6°—2ab cos y. 

Fig. 5.06-10 
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(e) Fourth problem (a, B, y). If a, B, y are known in Fig. 5.06-11, then 

a = 180°-(B + y) 

and b and c are computed from the law of sines as 

Saas Oa ONSITIN Aja. siny = asin y 

sina sin (B + y) sin @ sin (B + y) 

The results must satisfy a = Vb" +c —2bc cos a. 

(f) Fifth problem (a, a, 8B). If a,a,B are known in he 

Fig. 5.06-12, then 

y = 180°—(a +B) 

and b and ¢ are computed from the laws of sines as 

a sin B ; asiny  asin(a+fB) 

sin @ sin a sin @ 
—_— 

The results must satisfy a = Vb°+c>—2bce cos y. 

Fig. 5.06-12 

59.07 INVERSE TRIGONOMETRIC FUNCTIONS 

(1) Definitions and Notations 

(a) Inverse function of y = F(a) is a = F ‘(y). 
(b) Inverse trigonometric functions are defined as follows. If 

y = sina then a@ = arcsin y = sin ' y 

y = cosa then @ = arccos y = cos | y 

y = tana then a = arctan y = tan 'y 

y = cota then a = arccot y = cot 'y 

y = sec a then a = arcsec y = sec 'y 

y = csca then @ = arcesc y = cosc | y 

which means that @ (in radians) is the arc of an angle of which the trigonometric function 
is 9. 

(2) Analysis of Functions 

(a) Graphical representation of inverse trigonometric functions is shown in Hiss 5:07=1:. 
According to these graphs, the inverse trigonometric functions are not single-valued 
functions (as the trigonometric functions) but multiple-valued functions, each value 
corresponding to one branch of the function. 
examples: 

1 
For y = -: sin y=-, —, — eae 1 a 5a Tor 117 
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(b) First branch of the inverse function is called the principal branch (shown by solid lines in 

Fig. 5.07—1). 

(c) Principal values of an inverse trigonometric function are the y values of the first branch. 

(d) Limits of principal values (limits of the first branch) of six inverse trigonometric functions 

are: 

For y 20 For y <0 

<a 7 T ‘ieee 7 
OS sin“ y => Veco yss == Sin 0 5 = cot <a 

s 7 7 7 7 . 
0= cosy == Neseo") <> 5 = cos y= 7 Ae ee 

7 7 7 S 7 a 
0=tan"y <5 OF CSG) =e tan, ye) aes csc? V0 

Fig. 5.07-1 

Plane Trigonometry 95 



96 

(3) Relations between Functions 

(a) Functions of simple arguments. 

sin | y+cos | y= 

tan 'y+cot | y= 
rly 

sec 'y+esc y= 

(b) Transformation relations between the principal values 

tions for y > 0 are given in Table 5.07-1. 

of six inverse trigonometric func- 

examples: 

Derive sin’ y = cos 'V1—y°. 
From Table 5.03-1, sina = V1l—cos a. Placing each side equal to y, 

. o 

y = sina and y = V1—cosa@ or cosa = V1=—%" 

ee = Sol @ and a = cos -V1=y" 

Derive tan”? y = sin! y/V1+y’. 
From Table 5.03-1, tana = (sin a)/V1—sin’ a. 

and their inverses are 

Placing each side equal to y, 

sin @ y 
y = tana and ——$—_——- a or = — sine 

V1-—sin? a Vity? 

Inverting, @ = tan 'y and a = sin 

| 
tan! Vy*=—1 
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PLANE ANALYTIC 

GEOMETRY 



6.01 DEFINITIONS AND NOTATIONS 

(1) Definitions 

(a) Analytic geometry is a systematic investigation of geometric elements, figures, surfaces, 

and solids and their relationships by analytical methods. 

(b) System of-coordinates. The basis of this investigation is a system of coordinates: a set of 

rules relating the geometric elements to numbers and vice versa. 

(c) Plane and space analytic geometry. Since the object of investigation may be a planar ora 

nonplanar system, terms plane and space analytic geometry are used respectively. Only 

planar systems are considered in this chapter. 

(d) Classification. Two most common systems of plane coordinates are the rectangular 

(cartesian) coordinate system (Sec. 6.01—2a) and the polar coordinate system (Sec. 6.01-3a). 

(2) Cartesian Coordinates 

(a) Notations. A point P is given by two mutually perpendicular distances x, y (coordinates) 

measured from two mutually perpendicular axes X, Y (coordinate axes), which intersect at 

the origin 0 (Fig. 6.01-1) and define the coordinate plane. 

(b) Quadrants. The coordinate axes divide the coordinate plane into four quadrants (I, II, 

III, IV) and assign directions to all coordinates (Fig. 6.01—2). 

(c) Sign of x. The coordinate x (called abscissa) measured along the X axis is positive to the 
right and negative to the left of the Y axis. 

(d) Sign of y. The coordinate y (called ordinate) measured along the Y axis is positive above 

and negative below the X axis. 

aia 1 Y 

Ol@ 
Fig. 6.01-1 Fig. 6.01-2 

mee, 
So 

“Fig. 6.01-4 

(3) Polar Coordinates 

(a) Notations. A point P is given by two polar coordinates associated with a fixed axis X 
(polar axis) and a fixed point 0 on this axis (pole). The first coordinate is the distance from 
0 to P called the radius r and the second coordinate is the position angle @ measured from 
the X axis to the radius r (Fig. 6.01-3). 

(b) Signs of r and 6. The radius r is always positive. The angle @ is positive if measured in 
the counterclockwise direction and negative if measured in the opposite direction. 

(c) Relations between the cartesian and polar coordinates of the point P derived from the right 
triangle of Fig. 6.01-4 are 

x = r cos 0 y = rsin 0 r= Vx"+y? @ = tan! 
x 

y x where sin 9 = —=—— cos 0 = tan @ == 
x+y VN ge Rl 
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6.02 POINTS 
ap 4 

(1) Two Points ps4 Ee *2 P 
d ee 

(a) Cartesian coordinates (Fig. 6.02-1). The distance ice 2 a 
of two points Pi(x1,9:), P2(x2,ys) is Pi | 

| ly, 
/ 2 2 ly i d = P,P, = V(x :— x)" + (%2— 91)" : | | . 

| “Xx 
The direction tangent and cosines of P,P, are 8 

Fig. 6.02-1 
yo V1 Xo — X} yp ae yi 

tana SOS Ce : SS ae coal COS @ A cos B 5 

(b) Polar coordinates (Fig. 6.02-2). The distance of 

two points P;(7%,0;), Ps(17,,42) is 

fee be yo r.n,605 (= 8) 
The direction tangent and cosines of P,P, are 

Yo sin 05 — 71; Si ’ 
ana =— G2 — 7 sin 6; Fig. 6.02-2 

r2 COS 60 — 7, Cos 0, 

Ts COS 95 — 7; COS Os YT. Sin O85 — 71, sin 6; 
cosa = cos B = 7d 

d 

(c) Coordinates of a point P; dividing the segment 

P,P: in a given ratio m:n (Fig. 6.02-3) are 

_ NX, + MX _ ny, + My 

m+n cis mt+n 
,; = 

(d) Coordinates of a midpoint C of the segment P,P; are 

; xX) + X9 it Yo 
Do) ae ee NG aes ae 

which are also the coordinates of the centroid of P,P». 

Fig. 6.02-3 

(2) System of Points 

(a) Area of a triangle given by vertices P;(x;,y,), P2(X2,¥2), Ps(Xs,¥s) 1s 

A= 5[X1(Yo = ¥s)iar Xo(Ys = yi) “hs x3(91 a ye) ] 

where A is positive if the vertices are numbered counterclockwise and negative if 

numbered in the opposite direction. 

(b) Coordinates of centroid of the triangle P, P,P; are 

X1 + Xo + Xs _ Mt yor Ys 
ee aie a? a i 

(c) Area of a convex polygon given by vertices P,(x,,¥:), Ps(x2,y2),-. +» Pn(XnJn) 18 

A= aL (4 — xX9)(¥1 + Yo) + (X2 — X3) (Yo + Ys) oe a (Xe Ie) | 

where A is again positive if the vertices are numbered counterclockwise and negative if 

numbered in the opposite direction. 
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6.03 STRAIGHT LINE 

(1) Equations of Straight Line 

(a) Every linear equation in x and y represents a straight line. 

(b) Four forms of this equation are available: direction form, intercept form, normal form, and 

general forin. 

iy 

Fig. 6.03-1 Fig. 6.03-2 

(c) Direction form is 

y = kx +l 

where k = tan ¢ 1s called the slope and | is the intercept on the Y axis. If k >0, the line is 

rising (Fig. 6.03-1). If k <0, the line is falling (Fig. 6.032). 

(d) Intercept form (Fig. 6.033) is 

se ae 
an 

where a, b are the intercepts on the X and Y axis 

respectively and tan ¢ = —b/a. 

(e) General form (Fig. 6.03-3) is 

Ax + By+ Cc = 0 Fig. 6.03-3 

where A b, B @, (E; ab, and tan @ = —A/B. 

(f) Normal form in terms of a, B, n (Fig. 6.03-3) is 

x cosB+ycosa =n 

where B is the angle of n with the + X axis, a = 90°— B, and n is the normal distance of the 
line to 0. 

(g) Normal form in terms of A, B, C (Fig. 6.03-3) is 

AX TaD viet G 0 

+VA?+B 

where the sign of the radical is opposite to the sign of C. 

(h) Polar form (Fig. 6.03—4) is 

= n 

COS ((Gaa/3)) 

where n and B are the same as in (f) above. ons 
Fig. 6.03-4 
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(2) Special Cases of Ax + By +C = 0 

(a) If A = 0, then By + C = 0 defines a line parallel to the X axis at d = — C/B (Fig. 6.03-5). 

(b) If B = 0, then Ax + C = 0 defines a line parallel to the Y axis at d = — C/A (Fig. 6.03-6). 

(c) lf C = 0, then Ax + By = 0 defines a line passing through the origin 0 in a direction 

k = —A/B (Fig. 6.03-7). 

(d) If A = 0, B 1, C = 0, then y = 0 defines the X axis. 

(e) If A 1, B = 0, C = 0, then.x = 0 defines the Y axis. 

fy +Y 

Fig. 6.03-5 Fig. 6.03-6 Fig. 6.03-7 

(3) Points and Straight Lines 

(a) Straight line passing through a point P, in a given direction 

k (Fig. 6.03-8) is defined by 

= 9 = Rie ae) 

where x, y; are the coordinates of P; and k = tan @. 

(b) Straight line passing through two points (Fig. 6.03—9) is defined by 

y-y y—y Fig. 6.03-8 
J Fees | Jt 

Xx—-X X—% 

where (x;,¥;), (x,9;) are the coordinates of P;, P; respectively and its 

direction is 

k =tangd = ee 
Xj — Xi 

(c) Distance from a point P;(x;,y,) to the line Ax + By + C = 0 

(Fig. 6.03-10) is 

d Ax; + By, + C 

" +VA?+ B? Fig. 6.03-9 

where the sign of the denominator is opposite to the sign of C. ak YE 

(d) Distance from the origin 0 to the line Ax + By + C = 0 

(Fig. 6.03-10) is are 
= Seu 

d — ao ae ly; a 
0 = KARE B° wera 

wel 4 
which is a special case of (c). Gea ae 

Fig. 6.03-10 
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6.04 TWO STRAIGHT LINES 

(1) Relationships—Direction Forms 

Two lines defined by 

y= khxt+h and y = hex +l, 

ane. 

(a) Concurrent, if k; # ky. 

(b) Parallel, if ki = ks, l, # ls. 

(c) Collinear, if k; = ky, 1, = lb. 

(d) Normal, if k; = — 1/k». 

(2) Relationships—General Forms 

Two lines defined by 

Aix+By+C,=0 and Aox+ Byt+C, = 0 

are: 

(a) Concurrent, if Ai/B; # A:/By 

(b) Parallel, if Ai/Bi = Ao/Bs, Ci # Co. 

(c) Collinear, if Ai/B, = A2/Bs, Ci = Co. 

(d) Normal, if Ai/B, = — By/Aos. 

(3) Intersection of Two Lines 

(a) Direction form. If the condition of Sec. 6.04—la is satisfied, then the coordinates of the 

point of intersection 7 (Fig. 6.04-1) are 
me : 

ies ly — lh se kik kl, A Line 2 

TS dea a 
Line 1 

and the angle w between these two lines is given by 

tan @ = cee 
1+ kik i 

taken as an absolute value. 

(b) General form. If the condition of Sec. 6.04-2a is 9° eek 
satisfied, then the coordinates of the point of inter- Fig. 6.04-1 

section 2 are 

= BCs = BoC, 2 C,Ao— CsA, 

; A, By— AoB, yi A, Bs—AoB, 

and the angle w between these two lines is given by 

A, Bo— AoB, 

pe ie peo BBs 

taken as an absolute value. 

(4) Distance of Two Parallel Lines 

(a) Direction form. If the condition of Sec. 6.04-1b 
is satisfied, then the distance of two parallel lines 

(Fig. 6.04—2) is 

Peak | 

=VItk 
taken as an absolute value. 

(b) General form. If the condition of Sec. 6.04—2b 

is satisfied, then the distance of two parallel 

lines (Fig. 6.04—3) is 

a= | 

Cy C, d . 7 2 

+VAJ+ BS +VAS+ Be 

where the sign of each radical is opposite to 

that of C and d is taken as an absolute value. 
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6.05 TRANSFORMATION OF COORDINATES 

(1) Definitions 

(a) Transformation is a substitution of a function of one or more variables fora given variable. 

(b) Three types of transformations are used in the analytic geometry: transformation of one 
system of coordinates to another (Sec. 6.01-3c), translation of a coordinate system (Sec. 
6.05-2a), and rotation of a coordinate system (Sec. 6.05-2b). 

(c) Translation. When the initial coordinate axes X, Y are moved into a new parallel 
position, the transformation is called the translation. 

(d) Rotation. When the initial coordinate axes X, Y are rotated about their fixed origin 0 toa 

new position, the transformation is called the rotation. 

a 

Fig. 6.05-1 Fig. 6.05-2 

(2) Relations 

(a) Translation. The transformation equations of translation (Fig. 6.05-1) are 

x=x'+a y=y't+b 

! ' el = eS J — ya 

where x, y are the coordinates of P in the X, Y system (initial axes), x’, y’ are the coordinates 

of P inthe X’, Y’ system (translated axes) and a, b are the coordinates of the new origin 0’. 

(b) Rotation. The transformation equations of rotation (Fig. 6.05—2) are 

x = x°cosw—y°sin w y= x°sinw + y°cos w 

° 

°=xcosw+ysinw y° = —x sinw+y cos w x 

where x, y are the coordinates of P in the X, Y system (initial system), x°, y° are the 

coordinates of P in the X°, Y° system (rotated axes), and w is the angle of rotation (positive 

in the counterclockwise direction). 
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6.06 CIRCLE 

(1) Basic Equations 

(a) Center at 0 (Fig. 6.06-1). Equation of a circle of radius R with center at the origin 0 is 

x+y? = R? 

Parametrically, x = R cost and y = R sinz, where 7 is the position angle. 

(b) Center at M (Fig. 6.06-2). Equation of a circle of radius-R with center at an arbitrary 

point M(x, ya) 1s 

(Cau) (oy) ER 

Parametrically, x = xy + R cos 7, y = yw +R sint, where 7 is again the position angle. 

aia 

cine Ya 

Fig. 6.06-1 Fig. 6.06-2 

(c) Polar equation of the circle of Fig. 6.06-2 is 

r’—2Qrur cos (0 — O04) +r = R? 

where 1, 6 are the polar coordinates of the circle and ry, 0, are the polar coordinates of its 
center M. 

(d) General equation of the circle of Fig. 6.06-2 is 

Ax’ + Ay? +2Dx +2Ey+F = 0 

which can be reduced (dividing each term by A) to 

x + y°+2dx +2ey +f =0 

from which the coordinates of the center are xy = —d, tm = —@, and the radius is 
R = Vd'+e-f. 

example: 

If 5x” + By" — 20x — 30y — 15 = 0 

then x°+ y*— 4x— 6y-— 3=0 

where d=-2, ¢=—3, .f=-38 

and Xx = 2, yw. = 3, R V4+9--3 = 4 
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(2) Circle and a Straight Line 

(a) Conditions. If x°+y* = R* and y = kx +l are respectively equations of a circle and a 
straight line, the coordinates of their points of intersection are (Fig. 6.06-3) 

—kl+VA Sik VA 
eee ee 

where A = R°+ R°k*— I’, 

If A > 0, the line intersects the circle at two points P\(x,,9:), Ps(X2, V2), 

If A = 0, the line is a tangent to the circle at P,(x,,9,) = Po(x2,y2) and x, = Xe, yi = No. 

If A < 0, the line does not intersect the circle and x)», y;» are conjugate complex numbers 

(coordinates of imaginary points). 

“xX 

Fig. 6.06-3 

(b) Tangent and normal (Fig. 6.06—4). 

Equation of tangent at P,(Xx),¥»): Xa M1 = 

Equation of normal at P\(x,,¥11): yx — XY = 

Ry, Fig. 6.06-5 
Length of tangent: t= em 

Length of normal: n=R 

eee i, 
Length of subtangent: Si m 

Length of subnorma!: S, = |x| 

(c) Length of tangent between P; and the point of contact P, or P» (Fig. 6.06—5) is 

d = V(x; — xy) + (9; — yy) — Re 
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6.07 ELLIPSE 

(1) Definitions 

(a) Ellipse is the locus of points whose sum of distances from two fixed points F; and F», called 

foci, is constant and equals 2a (Fig. 6.07-1); that is, FiP+ F2P = 2a. 

(b) Axes of ellipse are the major axis AB = 2a and the minor axis CD = 2b. 

(c) Linear eccentricity, F,0 = 0F) = ¢ = Va?—6’, is the absolute value of the x coordinate of 

the focus F, and Fy; F,F, = 2e. . 

(d) Numerical eccentricity is « = e/a <1. 

ae Ye 

Fig. 6.07-1 

Fig. 6.07-2 

(2) Basic Equations 

(a) Center at0. Equation of an ellipse whose major axis AB = 2a coincides with the X axis, 

minor axis CD = 2b coincides with the Y axis (Fig. 6.071), is 

Parametrically, x = a cos 7 and y = b sinz, and 7 is the angle defined in Fig. 6.07-2. In 

polar coordinates (pole at 0), 

2 ab? 
eS Serica: 2 2 

a’ sin. 0+ b> cos’ @ 

where r, @ are the polar coordinates (Fig. 6.07-1). 

(b) Center at M (lig. 6.07-3). Equation of an ellipse whose major and minor axes are parallel 

to the X and Y axes respectively at the center M (x,y) is 

x= Xu \" y —ym\" ab, pe -- 
( a ( b ) ; 

Parametrically, x = xy +a cos T, y = yw +6 sin 7. 
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(c) General equation of the ellipse of Fig. 6.07-3 is 

Ax*+ Cy? +2Dx + 2Ey+ F = 0 

from which xy = — D/A, yy = — E/C, and the semiaxes are 

CD*+ AE*— ACF 

AL 
CD*+ AE*— ACF 

AC 
hs 

Fig. 6.07-3 Fig. 6.07-4 

(3) Ellipse and a Straight Line 

(a) Conditions. If x°/a°+y°/b° = land y = kx +l are respectively equations of an ellipse and 
a straight line, the coordinates of their points of intersection (Fig. 6.07-4) are 

_=akltabVA bl +abkVA 
ies beta eS ae 

where A = b°+a°k?- I’. 

(b) Tangent and normal (Fig. 6.07-5). 

. XX) 

Equation of tangent at P)(x),9:): ea 

E : nee Nie 
quation of normal at P;(x;,yi): a 

1 

Length of tangent: t= Vyit (A=: 

Fig. 6.07-5 

bVa‘i—ex; 
Length of normal: n= ae aaa 

Length of subtangent: s = |" i 
1 

bx, 

Length of subnormal: ey ul a? 

2 2 2 
WihetenCet— i (e—0e 
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6.08 HYPERBOLA 

(1) Definitions 

(a) Hyperbola is the locus of points whose difference of distances from two fixed points Fi, Fs, 

called foci, is constant and equals 2a (Fig. 6.08-1); that is, Be Eek = Yi, 

(b) Axes of hyperbola are the major axis AB = 2a andthe minor axis CD = 2b. Asymptotes ofa 

hyperbola are two tangents through 0 whose points of contact are at an infinite distance from 

0. 

(c) Linear eccentricity, F\0 = OF) = e = Va' +b’, is the absolute value of the x coordinate of 

the focus F; and Fo; that is, Fi Fo = 2e. 

(d) Numerical eccentricity is « = e/a >1. 

Fig. 6.08-1 Fig. 6.08-2 

(2) Basic Equations 

(a) Center at 0. Equation of a hyperbola whose major axis AB = 2a coincides with the X 
axis and minor axis coincides with the Y axis (Fig. 6.08-1) is 

Parametrically, x = a/(cost) and y = +b tan +, where 7 is the angle defined in Fig. 
6.08-2. In polar coordinates (pole at 0), 

9. 5 

f mom 
ras z Seeaeee 

b° cos @—a’ sin’ @ 

where r, 6 are the polar coordinates (Fig. 6.08-1). 
(b) Center at M, (Fig. 6.08-3). Equation of a hyperbola whose major and minor axes are 

parallel to X and Y axes respectively at the center M (X,Y) is 

(* — Xm ) ( — Yu ) =] 

a a 

Parametrically, x = xy +a/(cos 7), y = ym +b tan +. 
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(c) General equation of the hyperbola of Fig. 6.08-3 is 

Ax” — Cy? +2Dx +2Ey + F =0 

from which xy = — D/A, yw = — E/C, and the semiaxes are 

Pin CD. tAm =AGE 5 Dae EAE 
A*C AC’ 

Fig. 6.08-3 Fig. 6.08-4 

(3) Hyperbola and a Straight Line 

(a) Conditions. If x°/a°—y*/b> = 1 and y = kx +l are respectively equations of a hyperbola 
and of a straight line, the coordinates of their points of intersection (Fig. 6.08-4) are 

_a@kitabVA — _ bl +abkVA 
X12 = Loe iol re 

where A = b?—a°*k? +I’. 

(b) Tangent and normal (Fig. 6.08-5). 

. 
SOUS. y ) 

Equation of tangent at P;(x,,y;): 2 psig 

j= 9 Equation of normal at P;(x),\): cave 
J 

Length of tangent: t= 

Length of normal: n= 
Fig. 6.08-5 

x; —a 
Length of subtangent = : 

1 

b?x, 

Length of subnormal: a a 

2 2 
where e* = a+)’. 
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6.09 PARABOLA 

(1) Definitions 

(a) Parabola is the locus of points whose distance from a fixed-line (directrix) is equal to their 

distance from a fixed point F (focus) (Fig. 6.09-1); that is, EP = FP. 

(b) Axis of parabolas in Figs. 6.09-1 and 6.09-2 is the X axis and Y axis respectively with the 

vertex at 0 bisecting the distance p (parameter) between the directrix d and the focus F, 

D0 = p/2, OF = p/2. 

(c) Linear eccentricity is0F = e = p/2isthe x coordinate (or y coordinate) of the focus F. 

(d) Numerical eccentricity is « = e/(p/2) = 1. 

sta” 

Directrix 

+X Ea 

Directrix 

Fig. 6.09-1 Fig. 6.09-2 

(2) Basic Equations 

(a) Vertex at0. Equation of a parabola whose axis is the X axis with vertex at 0 (Fig. 6.09-1) is 

y? = 2px 

which is open to the right if p > 0 and is open to the left if p <0. If the axis of the parabola 

is the Y axis with the vertex at 0 (Fig. 6.09-2), the equation is 

x" = 2py 
If p>0, the parabola is open upward; if p<0, the parabola is open 

downward. Parametrically, x = (p/2)t*, y = pr (Fig. 6.09-1), and y = (p/2)7”, x = pt 
(Fig. 6.09-2). 

In polar coordinates (pole at 0), 

r = 2p cos 6 (1+ cot’ 0) 

where r, @ are the polar coordinates (Figs. 6.09-1 and 6.09-2) and @ is always measured from 
the axis of the parabola. 

110 Plane Analytic Geometry 



(b) Vertex at A. Equation of a parabola whose axis is parallel to the X axis with vertex at 
A (X4,9a) (Fig. 6.09-3) is 

(y—ya)? = 2p(x — x4) 

which is open to the right if p > 0 and is open to the left is p<0. If the axis of the 
parabola is the Y axis with vertex at A (xa,ya) (Fig. 6.09-4), the equation is 

(x — xa)’ = 2p(y — ya) 
which is open upward if p > 0 and is open downward if p <0. Parametrically, x = 
Xa + (p/2)7*, y = ja + pr (Fig. 6.09-3), and x = x4 + pt, y = ys +(p/2)7° (Fig. 6.09-4). 

(c) General equation of the parabola of Fig. 6.09-3 is 

Cy*+2Dx +2Ey+F = 0 

from which x, = (E*— CF)/2CD, y, = —(E/C), and the parameter 

a. 
eG 

(d) General equation of the parabola of Fig. 6.09-4 is 4X 

Ax*>+2Dx +2Ey+F = 0 = 

From which x, = — D/A, ys = (D*— AF)/2AE, and the parameter Fig. 6.09-3 

Pe 
BK 

(3) Parabola and a Straight Line 

(a) Conditions. If y° = 2px and y = kx +1 are respectively equations 
of a parabola and of a straight line, the coordinates of their point 

of intersection (Fig. 6.09-5) are 

ee ee eee: p a 

where 

A = p(p —2kl) 

(b) Tangent and normal (Fig. 6.09-6). 

Equation of tangent at P,(x;,¥,): yy = p(x +x) 

Equation of normal at P,(x),yj): p(y — 91) + yi(x — x1) = 0 

Length of tangent: t = Vy2+ 4x? 

Length of normal: n=Vypt+p 

Length of subtangent: S = 2x, 

Length of subnormal: Sn. = p 

Fig. 6.09-6 

Plane Analytic Geometry Ill 



6.10 GENERAL ALGEBRAIC FUNCTIONS 

(1) Definitions 

(a) Algebraic curve is one whose equation is of the form f(x,y) = 0, where f(x,y) is a rational or 

irrational algebraic expression in x and y. 

(b) Classification. They are classified as rational integral functions, rational fractional func- 

tions, irrational integral functions, and irrational fractional functions. 
. 

(2) Rational Integral Functions 

(a) Function y = Ax +B defines a straight line introduced in Sec. 6.03. 

(b) Function y = Ax’+Bx+C defines a quadratic parabola with vertex at xy = —(B/2A), 

yy = (4AC — B’)/4A, and with its axis parallel to the Y axis (Fig. 6.10—1). 

+Y me 

V (4y, Vy) 

Fig. 6.10-1 

(c) Function y = Ax*+ Bx* + Cx + D defines the cubic parabola whose shape depends on the 
values of A and A = 3AC— B*. Three typical cubic parabolas are shown in Fig. 6.102. 

aos 

stxe 
A 07 N= 0 ArH Qs AO 

Fig. 6.10-2 

(d) Function y = Ax", where n is a positive integer, defines a:parabola of the nth degree. if 71 
is even, the curve is symmetrical with respect to the Y axis and its vertex is at 0. If n is odd, 
the curve is antisymmetrical with respect to the Y axis and its inflection point is at 0 (Fig. 
6.10-3). 
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“eh g +Y 
h A>0,n=2k A A>On=2k+1 

x 
N N ~ 

l| Il 

= S ‘ SY 
a i] 
// s 
s 

= 

0 +X 0 srs 

ame 

Fig. 6.10-4 

\\ 
V = 

Be 

a 

A <0, n =2k + 1 
Fig. 6.10-3 —y 

(3) Rational Fractional Functions 

(a) Function y = A/x defines the asymptotic hyperbola whose asymptotes are the X and Y 

axes (Fig. 6.10-4). 

(b) Function y = 1/(Ax°+ Bx+C) defines the third-degree reciprocal curve which is 

symmetrical with respect to an axis parallel to the Y axis, and its shape depends on 

A = 4AC — B? (Fig. 6.10-5). 

(c) Function y = A/x” defines the nth-degree asymptotic curve. If n is even, the curve is 

symmetric with respect to the Y axis. If n is odd, the curve is antisymmetric with respect 

to the Y axis (Fig. 6.10-6). 

Fig. 6.10-5 

ADE 

Fig. 6.10-6 sink ae 

0 +X spat 

0 cay 0 0 +X 

Ae Oe De A <0,n = 2k A<0,n=2k+1 AS Os = Zee il 113 



(4) Irrational Integral Functions 

(a) Function y = V Ax + B defines a second-degree parabola which is symmetric with respect 

to the X axis (Fig. 6.10-7). “ 

(b) Function.» = VAx* + Bx + Cdefines the hyperbola if A > 0 and the ellipse if A < 0 ie 

6.10-8). The orientation of the principal axis is governed by the sign of A = 4AC SB". 

ae anal ENE oY? 

1 ¥ ane 4 \/ A 

M 
M 

0 ay 0 +x 0 +x 0 a4 

F XK 0 mee JEN 

A>0O A<0 
Ai OyAe 0 APO < 0 A <0,A>0- 

*If A <0,A <0, the curve does not exist. 

Fig. 6.10-7 Fig. 6.10-8 

(5) Special Irrational Functions 

(a) Function y = Vx is the exponential inverse of y = x". Their graphs are symmetrical with 

respect to x = y (Figs. 6.10-9 and 6.10-10). 

(b) Functions y = Vx and x = Vy are the semicubic parabolas. Their graphs are symmet- 

rical with respect to x = y (Fig. 6.10-11). 

Fig. 6.10-9 Fig. 6.10-10 Fig. 6.10-11 
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6.11 SPECIAL ALGEBRAIC FUNCTIONS 

(1) Functions of Third Degree 

(a) Witch of Agnesi (Fig. 6.11-1) is defined in the — 

cartesian coordinates by 

poke 
yx +4R? 

and parametrically by 
Asymptote 

x = 2Rcotd and y = R(1—cos 2¢) Fig. 6.11-1 

Its graphical construction is shown in Fig. 6.11-1 and follows the sequence of numbers 

|e Fars es ae 

asymptote is 47R°. 

(b) Cissoid of Diocles (Fig. 6.11—2) is defined in the cartesian coordinates by 

3 
> % a 

3 2R 

in polar coordinates by 

r = 2R sin 6 tan 6 

and parametrically by 

The curve is asymptotic to the X axis and the area between the curve and its 

m 2Rt° 
ce Le Pe 

Its graphical construction is shown in Fig. 6.11-2, where 12 = 03, 45 = 06, 

78 = 09,.... The curve is asymptotic to the line x = 2R and the area 

between the curve and its asymptote is 37R°. Fig. 6.11- 

(c) Folium of Descartes (Fig. 6.11-3) is a cissoid of the ellipse x°—xy+y>—a(x+y) = 0 

with regard to the straight line x ty = 

defined in the cartesian coordinates by 

— 4, 

x>+y>—3axy = 0 

in the polar coordinates by 

_ 3a sin 6 cos 6 

sin’ @+cos’ 6 

and in parametric form by 

Ria 

~ Asymptote x 

Dies 3at 

1+t 

Its graphical construction is 

where 

asymptotic 
6.11-3, 

curve is 

Py sat: 
Sea 

_is shown in Fig. 

04 = 56,°..._ The 
x+y = and 

01 = 23, 
to 8 

symmetrical with respect to x = y, with vertex 

V (3a/2, 3a/2). The area of the loop is 3a’/2 

and the area between the curve and its asymp- 

tote is also 3a°/2. 

Fig, 6.11-3 NOS 
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(d) Strofoid (Fig. 6.11-4) is defined in the cartesian coordinates by 

2 247% 

Onis < 

in the polar coordinates by 

cos 20 

cos 6 

and parametrically by 

_ a(l=t') _ at(l—t?) 
~ 47 1l+t 

Strofoid of Fig. 6.11-4 is the locus of points P, and P, for which 

0Q = QP, = QP». The curve is asymptotic to x 

metrical with respect to the X axis with vertex A (a,0). 

sala 

te ee 

the loop is a*(1— 7/4), and the area between the curve and its 

asymptote is a°(1+ 7/4). 

(2) Functions of Fourth Degree 

(a) Conchoid of Nicomedes (Fig. 6.11—5) is defined in the cartesian coordinates by 

(x* + y?)(x — a)? — b*x? = 0 

in the polar coordinates by 

= @ us 

cos 6 

and parametrically by 

Ea UICOSI@ 

y=atandt+bsnd 

Geometrically, it is the locus of points P, 

and Ps, for which 0P, = 0Q—b and 

OP: =0Q+b. The curve has two 

branches symmetrical with respect to the 

X axis and asymptotic to x =a. The 

area between the curve and its asymptote 

is ©, 

? 

b<a 

s Asymptote o) 

=a 
@ | 

a 
a. 
£1 
D> 

Yn! 

a 
~< ad— >< a 

Fig. 6.11-4 
= —a, and sym- 

The area of 

aie a 
A 

P. 

+X ; +X 
B ere a" = C IB a 

|2 
10 
1a 
1€ 
i> 
1n 

\< 

| 

b>a 
Fig. 6.11-5 

(b) Pascal’s snails (Figs. 6.11-6 and 6.11-7) are defined in the cartesian coordinates by 

(x? + y?— ax?) — b (x2 + y?) =i 

in the polar coordinates by 

r =acos0+b 

and parametrically by 

x = acos 6+b cos @ y=acos¢dsingd+t+b sing 

Geometrically, its points — satisfy OP, = 0Q+b 
0Q-b. The curve is symmetrical with respect to the X axis and 
its four typical shapes, depending on the relation of a to b, are 

For the curves without the 

The special case of a = b is called 

shown in Figs. 6.11-6 and 6.11-7. 

loop the area is 7(b* + a’/2). 

the cardioid. 
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Fig. 6.11-7 

(c) Ovals of Cassini (Fig. 6.11-8) are defined in the cartesian coordinates by 

(x? + 71. 9e2(x2— y’) =e 

and in the polar coordinates by 

r> = e* cos20+Ve' cos 20 +(a'—e’) 

Geometrically, their points satisfy the relation F\P- F,P = a°, where F, and F2 are two fixed 

points. Their shapes depend on the relation of a to e. 

tg XG 

Fig. 6.11-9 Fig. 6.11-8 

(d) Lemniscate of Bernoulli (Fig. 6.11—9) is a special case of the oval of Cassini, a = e, defined in 

the cartesian coordinates by 

(x? + y?)? = 9a*(x? — y’) 

in the polar coordinates by 

r = 2a’ cos 20 

and parametrically 

— at V2(1 + t’) _ at V2(1— t?) 
pie k es ier Oe 

The curve is symmetrical with respect to the X and Y axes and the area of one of its loops is 
9 

a. 
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(3) Spirals 

(a) Spiral of Archimedes (Fig. 6.11-10) is defined in the polar coordinates by 

r= ad 

The curve is generated by the point P moving with aconstant linear velocity v along a straight 

line which rotates with a constant angular velocity @ about the fixed origin 0. 

The length of the arc of the curve is (a/2)(0@V 6 +1+sinh'@) which for large @ is 

approximately a0°/2._ The area of a sector bounded by 6, and @» is a°(@2 — 0,)/6. 

~ 

Fig. 6.11-10 Fig. 6.11-11 

(b) Hyperbolic spiral (Fig. 6.11-11) is defined in the polar coordinates by 

The curve is asymptotic to y = a, and the area of the sector bounded by 6; and @, is 
(a*/2)(1/6; — 1/62). 

6.12 CYCLIC FUNCTIONS 

(1) Cycloids 

(a) Ordinary cycloid (Fig. 6.12-1) is defined aA 
in the cartesian coordinates by 

a EO ork as x =a cos? =—2—V/y(Qa —y) 2a | 
a : y / 

= ; > a aa ae 

O=P <7a>< 7a re nd herd eg mi 7a>| and parametrically by 

x = a(o—sin d) yea (lS cosa) ei 

This curve is generated by a fixed point P on a circle of radius a which rolls without slipping 
along the X axis. The curve is periodic (repeats) with the period 27a. The length of the 
curve between two cusps is 8a, and the area between one full arch of the curve and the X axis . 9 

is 37a’. 
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a Y¥ 

(bis) NEN ZL 
i a 7a a Ta ik eal 7a en 

Fig. 6.12-2a 

(b) Trochoid (Fig. 6.12-2) is defined parametrically by 

x = a(@—A sind) y = a(l—-Acos¢) 

This curve is generated by a fixed point P at distance Aa from the center of a circle of radius a 

which rolls without slipping along the X axis. 

If A <1, the curve (Fig. 6.12—2a) is called the curtate cycloid. If A >1, the curve (Fig. 

6.12-2b) is called the prolate cycloid. 

(2) Epicycloids 

(a) Ordinary epicycloid (Fig. 6.12-3) is defined parametrically by 

ee ear hy ay th ae ah x = (a +b) cos @ ~ b cos ; 

This curve is generated by a fixed point P on a circle of radius b which rolls without slipping 

on the outside of a fixed circle of radius a. 

If a/b = N isan integer, the curve consists of N equal branches. The length of the arc of 

each branch is 8(a + b)/N, and the area of one sector is (ba/a)(a+b)(a+2b). If Nisa 

fraction, the branches cross one another. 

One 

sector ; ad/b 

mil VAWAN=3 Ly 
l 0) kcal 

hit A vA iF, 

6 

Fig. 6.12-3 Fig. 6.12-4a Fig. 6.12-4b 

(b) Epitrochoid (Fig. 6.12-4) is defined parametrically by 

: : se la) 
x = (a +) cos. 6 ~ Ab cos 4" 4 y = (a +b) sin $ ~ Ab sin b 

This curve is generated by a fixed point P at a distance Ab from the center of a circle of radius 

b which rolls without slipping on the outside of a fixed circle of radius a. 

If a/b = N isan integer, the curve consists of N equal branches. If N is a fraction, the 

branches cross one another. 

If A <1, the curve (Fig. 6.12-4a) is called the curtate epicycloid. If A > 1, the curve (Fig. 

6.12-4b) is called the prolate epicycloid. 
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(c) Cardioid (Fig. 6.12-5) is a special case of epicycloid (a = b) definedin +y 

the cartesian coordinates by 

(x?+y?— a" = 4a%[(e— a)? +9") 
in the polar coordinates by 

r= 2a(1—cos 6) 

and parametrically by 

x = a(2cos d —cos2¢) y = a(2sin ¢ —sin 29) 

The length of the curve is 16a and the area between the curve and 

(3) Hypocycloids 

(a) Ordinary hypocycloid (Fig. 6.12-6) is defined parametrically by 

x = (a—b) cos d + b cos b d 

a-—b One 

Fig. 6.12-5 

the fixed circle is 67a’. 

@ = le 
y = (a—b)sin@—b sin b db 

This curve is generated by a fixed point P ona circle of radius 6 which rolls without slipping 

on the inside of a fixed circle of radius a. 

If a/b = N is an integer, the curve consists of N equal branches. The length of the arc 

of each branch is 8(a —b)/N and the area of one sector is (ba/a)(a — b)(a — 2b). 

For N = 2 the hypocycloid reduces to the straight line 

(horizontal diameter of the fixed circle). 

(b) Hypotrochoid (Fig. 6.12—7) is defined parametrically by 

(i = 1D 
x = (a—b)cos 6 + Ab cos b co) 

a- b 
b d y = (a—b) sin d—Ab sin 

The curve is generated by a fixed point P at a distance Ab from the 

center of a circle of radius b which rolls without slipping on the 

inside of a fixed circle of radius a. 

If a/b = N isan integer, the curve consists of N equal branches. 

If N is a fraction, the branches cross one another. 

If A <1, the curve (Fig. 6.12-7a) is called a curtate hypocycloid. 

If A > 1, the curve (Fig. 6.12-7b) is called a prolate hypocycloid. 

(c) Astroid (Fig. 6.12-8) is a special case of hypocycloid (b = a/4) 
defined in the cartesian coordinates by +y 

2/3 2/i 2/2 x2 +3 = a2 

or 

(x? + >= a?) + 27a7x"y? = 0 

and parametrically by 

3 ce eth i x = acos y=asin Fig. 

The length of the curve is 6a and the area between the curve 
and the circumference of the fixed circle is aa’. 

Fig. 6.12-7b 
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6.13 EXPONENTIAL AND LOGARITHMIC FUNCTIONS 

(1) Simple Functions 

(a) Function y = A* = e* (where B = In A) defines the ordinary exponential curves of Fig. 
6.13-1. 

(b) Function y = A * = e ™ (where B = In A) defines the reciprocal exponential curves of 
Fig. 6.13—2. 

Fig. 6.13-1 Fig. 6.13-2 

(c) Function y = e ‘*” defines the distribution curve of Fig. 6.13-3. 

anne 

i points, 

+X 

1/BV 2><-1/BV 2. 

Fig. 6.13-3 

(d) Function y = log, x defines the general logarithmic curve of base A. The function exists 

only for x >0 (Fig. 6.13—4). 

Fig. 6.13-4 
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(2) Composite Functions 

(a) Function y = Ax"e™ defines a family of curves shown in Fig. 6.13—5. 

+Y +Y . +Y 

io = Mia =O i > shia <O Ore 10) m<0O,n<0 

Fig. 6.13-5 

(b) Function y = Ae “ cos Bx defines the damped vibration curve of Fig. 6.13-6. 

az Ys 

os 
~ 
a, At | 

Prrali + Ae | | 

A : | 
| 

0 9) —— 

= ———— ia Hip As 

| 
| 

| [ 
A l | 

| | 
| | 

ZA 
4 

is 7/B Ie eet 1 /B 1 a/B i = ji as 

Fig. 6.13-6 

6.14 HYPERBOLIC FUNCTIONS 

(1) Definitions and Relationships 

(a) Hyperbolic functions are defined as follows: 

ey ol ci ge Mines ch = Bee = ears Cres Cn 
Hyperbolic sine of x = sinh x = z Hyperbolic cotangent of x = cothx = ————= 

~ : ee 

. . : e+e“ : 
Hyperbolic cosine of x = coshx = a Hyperbolic secant of x = sechx = = 

2 ee 

2 Clan . 
Hyperbolic tangent of x = tanhx = ov ae Hyperbolic cosecant of x = cschx = = 2 =x 

xe 
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(b) Relationships 

cosh* x — sinh? x = 1 sech x cosh x = 1 

csch x sinhx = | tanh* x + sech? x = 1 

coth® x —csch? x = 1 tanh'x cothx = | 

sinh x cosh x 
tanh x = cothx = —— 

cosh x sinh x 

(2) Analysis of Functions 

(a) Graphical representation of hyperbolic functions is shown in Fig. 6.14-1. Contrary to 

their trigonometric counterparts they are not periodical for the real argument x 

nl 

y= coshicn 

i 
if 

fi 

ae (| I | 

+1/2 

e*/2 

| uy 

Fig. 6.14-1 
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(b) Limit values. 

— 0 —© +c =I 0 0 

=i 1 iis + 1.5431 eo) + 0.6480 — 0.8509 

0 0 ae il +o +1 #00 

ar || + 121752 + 1.5431 +0.7616 + 1.3130 + 0.6480 + 0.8509 

+00 +0 +¢ Il aa 0 

(c) Transformation relations between the six hyperbolic functions (based on the formulas of Sec. 

6.14-1b) are given in Table 6.14-1. 

TABLE 6.14-1 Transformations of Hyperbolic Functions* 

tanh x kV/1—sech? x 1 
sinh x | sinh x kV cosh? x — 1 : 

V1—tanh?x | Vcoth? x —1 sech x csch x 

x kV 1+csch? cosh x | VI+sinh? x 2 | hoot eo 
V1—tanh?x | Vcoth? x —1 sech x csch x 

rt sinh x kV cosh? x — 1 i ey ee 1 Mies ee 
V1+sinh* x cosh x coth x V1+csch® x 

V 1+ sinh? x k cosh x k ee 
coth x. |) ——————— coth x V1+csch* x 

sinh x V cosh? x — 1 V1—sech? x 

wane 1 1 Al Sanhee kV coth? x — 1 ey 4 k csch x 
7. aa Live : = = ee secn xX So 

V1+sinh’? x | cosh x coth x V1+csch? x 

V1—tanh? x eT sech x csch x mS kV coth* x — 1 oe csch x 
tanh x V1—sech? x 

AGE EY Sa), fe is i Re fk SS al 

(d) Negative argument 

sinh (~x) = —sinh x cosh (~x) = +coshx 

sech (—x) = +sech x csch (~x) = —cschx 

tanh (—x) = —tanhx coth (~x) = —cothx 
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(3) Sums (x, = a, x. = D) 

(a) F(a+b). 

sinh (a + b) =sinh a cosh b cosh a sinh b 

cosh (a+b) = cosh a cosh b + sinh a sinh b 

tanh a tanh b 

ae 1+tanh a tanh b 

a a Nea 

(b) F(a) * F(b). 

sinh a +sinh b = 2sinh“ _ Beh = 5 b 

sinh a — sinh b = 2 cosh = - enh o x b 

cosh a +cosh 6 = 2cosh = . cash g 5 b 

cosh a — cosh b = 2sinh “ be a = b 

tanh a+tanh 5 = ee 

ah a —ftanh b = ee 

coth a+ coth b = sue 

coth a —coth b = ant 

(c) F(a) = Gla). 
sinh a+cosh a = e* sinh a—cosh a = —e * 

tanh a+ coth a = 2 coth 2a tanh a —coth a = —2csch 2a 

(OR sla 22 
sinh (a + b) +sinh (a — b) = 2 sinha cosh b 

sinh (a + b)—sinh (a — b) = 2 sinh b cosha 

cosh (a + b) + cosh (a — b) = 2 cosh a cosh b 

cosh (a + b) —cosh (a — b) = 2 sinha sinh b 
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(4) Multiple Arguments (x = na) 

(a) sink nanG@y—=9253, 45>) 

sinh 2a = 2 sinh a cosha 

sinh 3a = 3 sinh a cosh” a + sinh? a = sinh a(3+4 sinh’ a) 

sinh 4a = 4 sinh a cosh? a +4 sinh’ a cosh a = 4sinh a cosh a(1+2 sinh’a) 

sinh 5a = 5 sinh a cosh‘ a + 10 sinh’ a cosh’ a + sinh’ a 

sinh 6a = 6 sinh a cosh’ a + 20 sinh’ a cosh’ a + 6 sinh’ a cosh a 

sinh 7a = 7 sinh a cosh® a + 35 sinh’ a cosh‘ a + 21 sinh’ a cosh’ a + sinh’ a 

sinh na = (") sinh a cosh” 'a+ G sinh’ a cosh" > a+ (") sinh’? a cosh" °>a+-:-> 

(b) cosh na: (nu 273,.4,-2)- 

cosh 2a = cosh’ a + sinh’ a 

cosh 3a = cosh’ a +3 sinh? a cosh a = cosh a (4 cosh’ a — 3) 

cosh 4a = cosh‘ a +6 sinh? a cosh? a + sinh* a = 1—8 cosh” a + 8 cosh‘ a 

cosh 5a = cosh’ a + 10 sinh’ a cosh’ a +5 sinh’ a cosh a 

cosh 6a = cosh® a + 15 sinh? a cosh‘ a + 15 sinh’ a cosh’ a + sinh’ a 

cosh 7a = cosh’ a + 21 sinh’ a cosh’ a + 35 sinh* a cosh*® a +7 sinh’ a cosh a 

n 

2 

n 
cosh na = cosh" a + ( y ) sinh? a cosh" a+ ( ) sinh* a cosh" ~a+--- 

(c) tanh na (1 = 2,3,4,...): 

eeeZtanhya 

eal 00 1+tanh’a 

eee 3 tanh a +tanh’ a 

oy 1+3 tanh’ a 

oP Wy Pag 4tanha+4 tanh’ a 

14+ 6tanh’* a +tanh‘ a 

Cee 5 tanh a+10tanh® a+tanh’ a 

1+10tanh® a +5 tanh‘ a 

ee 6 tanh a + 20 tanh*® a + 6 tanh’ a 

1+15tanh® a + 15tanh* a+tanh*a 

_ 7tanh a +35 tanh’ a+21 tanh’ a+tanh’ a 
(een A), = 

1+21 tanh* a+ 35 tanh* a+7 tanh’ a 

(") tanh a + (") tanh’ a + (4 tanh°a+::: 
] 3 5 

tanh na = 

1+ (") tanh’ a + (‘) tanh‘ a+ («) tanh®’a+::- 

126 Plane Analytic Geometry 



(d) ‘coth na (n= 2,3; 4,...). 

coth? a +1 ig Se 
cotbad 2cotha 

3 

Conroe coth’ a +3 coth a 

3 coth a+] 

coth*a+6coth?a+1 
th4a = 

os : 4coth*a+4cotha 

rr ee coth’ a+ 10coth’ a+5cotha 
5 coth' a+ 10 coth?a +1 

ae coth® a+ 15 coth* a+15coth? a+1 

6 coth® a + 20 coth®* a +6 coth a 

_ _ coth’a+21coth’ a + 35coth’ a+7cotha 
coth 7a = = = 7 = 

7 coth’ a+ 35 coth a +21 coth’a+1 

coth"a + (5) coth" °a+ (‘) coth" *a+::: 
2 4 

coth na = = : 5 

(") coth" a+ B coth" >a+ (") coth” °a+-::: 

(5) Half Arguments (x = a/2) 

(a) F(a/2) = G(a). 

sinh 5 = Vi(cosh a — 1) = $V cosh a + sinh a—}V cosh a — sinha 

cosh 5 = Vi(cosh a + 1) = $V cosh a + sinh a+3V cosh a — sinh a 

foe sinha _ cosha—1__— /cosha—1 

ae 2° cosha+1 sinh a cosha+1 

a sinh a coshha+1_ /cosha+1 
Ons == —$ —] === = = 

2 coshia—! sinh a cosh a— 1 

(b) F(a) = H(a/2). 

son O a Cee 
sinh a = 2 sinh=cosh= cosh a = cosh’=+ sinh’ 5 

2 2 zz 

a 

2 tanh 9 1+coth’ a 
fan = coth a = ———~- 

Es tanh’ 5 2 coth 9 
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(6) Powers (x = a) 

(a) tsimlittan (Wis 253) 

sinh’ a = 3(cosh 2a — 1) 

sinh’ a = i(sinh 3a — 3 sinh a) 

sinh a = afcosh 4a —4 cosh 2a + 3) 

sinh’ a = 7,(sinh 5a — 5 sinh 3a + 10 sinh a) 

(b) cosh"a (n = 2,3,4,...). : 

cosh* a = 3(cosh 2a +1) 

cosh’ a = 3(cosh 3a + 3 cosh a) 

cosh‘ a = 3(cosh 4a + 4 cosh 2a + 3) 

cosh’ a = 7%(cosh 5a + 5 cosh 3a + 10 cosh a) 

(c) (FG) Gayl” Gu= 23,4... 

(sinh a +cosh a)’ = sinh 2a + cosh 2a 

a ,COsa4ai ae Il 
(tanh a+cotha) = 4 Bh aeal 

ho 8 
(tanh a—cotha) = emer U SES) 

(cosh a sinha)" = cosh na + sinh na 

6.15 INVERSE HYPERBOLIC FUNCTIONS 

(1) Definitions and Relationships 

(a) Inverse hyperbolic functions are defined as follows: 

If y = sinhx then x = arsinh y = sinh ‘y 

If y = coshx then x = arcosh y = cosh"' y 

If y = tanh x then x = artanhy = tanh y 

If y = cothx then x = arcothy = coth' y 

If y = sechx then x = arsech y = sech' y 

If y = cschx then x = arcsch y = csch” y 

(b) Relationships. 

sinh y = In(y + Vy?4+1) csch"' y = In fe Sa 2 ay 
y 

cosh ' y = In (y +V y?—1) sech ' y = ae eS} 

» 1 l+y y. + 
tanh Es coth” y = 5 In 2 
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(2) Analysis of Functions 

(a) Graphical representation of inverse hyperbolic functions is shown in Fig. 6.15-1. 
According to these graphs: 

sinh 'y is an odd, single-branch, single-valued function, in range —» < y < ~, 

i . . : : : . : cosh “ y is an even, single-branch, double-valued function, in range 1 < y, with principle 
values cosh 'y > 0. 

tanh ' y is an odd, single-branch, single-valued function, in hange — way <a 

coth 'y is an odd, double-branch, single-valued function, in igennvere S) << = enoval gy 2 I 

sech 'y is an even, single-branch, double-valued function, in range 0 < y <1, with 
principal values sech 'y > 0. 

csch ' y isan odd, double-branch, single-valued function with range y > —~, y4#0,y < ~, 

x =sinh-‘y x =cosh7!y 

A A 
| 
| 

O} sj 

\ 
INS 
SS 

| SS 
r+ 1+ a 

x = coth—y 

| 

—— | 

H | 
| | 
| 

| 0 

| 

| 
ae 

| x =sech-'y A x =csch-ly 

Fig. 6.15-1 
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(b) Transformation relations between the six inverse hyperbolic functions (based on the 

formulas of Sec. 6.14-1b) are given in Table 6.15-1. 

TABLE 6.15-1 Transformations of Inverse Hyperbolic Functions* 

cosh ' y 

: VIi=5* 
tanh‘ y k cosh ' Risechias V/ (ya | seschins ea 2 

coth | y k cosh ' 

sech ' y 

coth | Vy?+1 

Tie Oke se ssoriit yO ke ale 

examples: 

Derive sinh y = k cosh’ Vy*>+1, for y > 0, k = +1. 

From Table 6.14-1, sinh x = Vcosh? x —1, for x > 0, k = +1. 

Placing each side equal to y, 

y = sinhx and y = Vcosh’ x — 1 or coshx = Vy>+1 

and their inverses are 

x = sin 'y and x =cosh’Vy?+1 

Derive tanh"' y = sinh ' y/V1—y. 

From Table 6.14-1, tanh x = (sinh x)/V1+4 sinh? x. 

Placing each side equal to y, 

sinh x : y 
y = tanhx and ) 2 SSS or sinh x = > 

V 1+ sinh? x Vi-y¥? 

and their inverses are 

x = tanh 'y and x = sin '— u : 
WAR hii 

130 Plane Analytic Geometry 



7 

DIFFERENTIAL 
CALCULUS 



132 

7.01 DEFINITIONS AND NOTATIONS 

(1) Intervals and Functions 

(a) Interval. A real number x may be represented by a point on a straight line (Fig. 

7.01-1). A set of values of x, such that a < x < }, is called a bounded open interval (a,b), 

which means x is any real number greater than a and less than 6, but is not equal to a or 

b. A-set of values of x, such that a < x < b, is called a bounded closed interval [a,b], which 

means x is any real number equal to or greater than a, or equal to or less than b. 

0 ate XG 

= 
x 

b 

Fig. 7.01-1 

(b) Variable and constant. A quality which changes its value is called a variable and its range 

of variation is known as its interval. A quality which remains unchanged is called a 

constant and its range is a single number. 

(c) Function of one variable. A variable y is a function of another variable x, 

vassal (%) 

if for each value in the range of x there are one or more values in the range of y, where x is 

called the independent variable (argument) and y is called the dependent variable. 

examples: 

The area A of a circle, A = 7R’, is a function of the radius R. For R = 0, A = 0; for R = 1, 

A =; for R =2, A =4rr 

The sine of angle a, y = sina, is a function of the angle a. For a = 0°, y = 0; for a = 1°, 
y = 0.01745; for a = 2°, y = 0.03490 peeee 

An algebraic expression y = x*+3 isa function of x. Forx = 0, = 3; forx = 1, y = 4; forx = 2, 
N= Taras 

(d) Function of several variables. A variable y isa function of several variables x), x2, .. . , Xp 

9 =f (Ri May os ny Me) 

if for each set of values of x’s there is one or more values of Y. 

examples: 

The length c = Va*+b* is a function of a and b. For a =0, b =1 ¢ = 13) for a=) = 
c= V2: fora =1,b=2,c=V5 Sore 

The sine of (a + B), y = sin (a + B), isa function of a and B. Fora = 0°, B = 1°, y = 0.01745; for 
a = 1", B = 1°, y = 0.03490; for a = 1°, B = 2°, y = 0.05934,.... ; 
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(e) Single and multivalued functions. A function y = f(x) is a single-valued function if it has 
one value of y for any given value of x. A function y = f(x) is a multivalued function if it 
has more than one value of y for any given value of x. 

examples: 

y = kx is a single-valued function of x. For x = 1, yi ks torn = 2) y = Qk... 

y° = kx is a double-valued function of x. For x = l, y= Vk, yo = —Vk; for x = 2, w= VIR, 

= = V 2k PRR CE 

(f) Even and odd functions. A function is even if f(—x) = f(x) and odd if f(—x) = — f(x). 

examples: 

y = cos @ is an even function since cos (—a@) = cos a. 

y = sin @ is an odd function since sin (—a) = —sin a (Sec. 5.02-4a). 

(g) Analytical representation. Three forms of representation are: 

(a) Explicit function: 8) i ( ite ys eae) 

(B) Implicit function: = a(n, he, Kee a) 

(y) Parametric function: x1 = hi(T), x2 = Ae(T), x3 = hs(T),...,% = Py (yh (z) 

examples: The circle of radius R can be represented analytically as 

y = VR*—x> =explicit function 

0 = x°+y*— R* = implicit function 

x = R sint, y = R cost = parametric function 

(2) Finite and Infinite Limits 

(a) Limit of variable. A variable x has a limit a(limx =a or a—x) as x takes on 

consecutively the values x), %2,x3,..., if for any positive value €, however small, the 

numerical value of 

i al € 

examples: 

If x = 3.9, 3.99, 3.999, 3.9999,..., where the nth term is a, = 4—0.1", 6, = 0.1", then limx = 4, 

since [3.99 — 4| < 0.1, |3.999—4| < 0.01,.... 

3 1 1 ; ‘ 
Ifx = 5, ..., where the nth term is a, = I+3n 6, = 3" then lim x = 1, since 

10 1 28 1 
ee = (Pei eS. 5. E tere 27 | 9° 
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(b) Limit of a function. A function f(x) has a limit b as x >a (lim f(x) = b) if, as x 

approaches its limit without assuming the value of a, the numerical value of 

If(~)—b] < 
where € is any preassigned number, however small. 

example: 

If f(x) = x +2 = 0.9+2, 0.99+2, 0:999+2,..., where f(x,) =3—0.1, 6, = 0.V, then lim f(x) = 3. 

since “ 

|2.99-3| < 0.1, |2.999-3] < 0.01, 

(c) Positively infinite variable. A variable x becomes positively infinite (x > +%) if for any 

preassigned positive number N, however large, x becomes larger than N. 

example: 

x > +0 as it takes on consecutively the values of the sequence 3, 6, 9, ..., (any sequence of positive 

numbers) where N is any large number in this sequence. 

(d) Negatively infinite variable. A variable x becomes negatively infinite (x > — ©) if for any 

preassigned number N, however small, x becomes less than N. 

example: 

x > —© as it takes on consecutively the values of the sequence —2, —4, —6,... (any sequence of 

negative numbers), where N is any large negative number in this sequence. 

(e) Positively infinite function. A function f(x) becomes positively infinite as xa 
[lim f(x) = +] if, as x approaches its limit a, f(x) is greater than any preassigned positive 

number N, however large. 

examples: 

nage : 
lim; = + lim = a = + co 

230 X- oe let ae Mera 

(f) Negatively infinite function. A function f(x) becomes negatively infinite as x > 
a [lim f(x) = —%] if, as x approaches its limit a, f(x) is less than any preassigned negative 
number N. 

examples: 

pees =] 
lim = 00 lim = ——__. = — 
x0 x? x+o 1/x + Wine 

(g) Infinity is not a number and rules (c), (d), (e), (f) are used as terms of convenience denoting 
that the variable or the function is increasing or decreasing without limit. 

example: 

Statements such as 1/0 = +, 1/ = 0 are therefore absurd statements indicating a behavior but not 
a value. 
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(3) Continuity 

(a) Continuity ata point. A function f(x) is continuous through the neighborhood of x = a if 

and only if lim f(x) = f(a) and f(a +0) = f(a—0). 

(b) Continuity in an interval. A function f(x) is continuous in an interval (a,b) or [a,b] if and 

only if it is continuous at each point of this interval. 

(c) Discontinuity at a point. A function f(x) is discontinuous at x = a if f(a +e) # f(a—e) 

where € > 0. The difference of these two values is called the jump of f(x) at that point. 

examples: 

tan @ is discontinuous at a = 90° where tan (90°— €) = +2 and tan (90° + €) = —~ (see Fig. 5.02-5). 

coth x is discontinuous at x = 0, where coth (0—e€) = —* and coth (0+ e€) = + (see Fig. 6.14-1). 

7.02 ORDINARY DERIVATIVES AND DIFFERENTIALS 

(1) First and Higher Derivatives 

(a) First derivative of y = f(x) with respect to x is the limit approached by the ratio of an 

increment Ay of the function to the increment Ax of its argument, as Ax tends to zero 

(Ax > 0). 

= = first derivative 
dx 

lim 2 == Finn) 
Ax-0 AX Ax=+0 

f(x +Ax)—f(x) _ d 
Ax 

where dx and dy are the differentials of x and y respectively. 

The necessary and sufficient conditions of the differentiability of a function at a certain 

point are (1) the continuity of this function at this point, and (2) the existence of the said limit. 

(b) Alternative notations for the first derivative of y = f(x) are 

D _ GO) = py) = 5! i 
dx dx : 

If y = f(t), 

dy _ df(t) 
0? olay eA aed 

; as] 

Fig. 7.02-1 ia a 

(c) Interpretation. The first derivative of a function is a measure of the rate of change of y 

with respect to x at each point x, where the limit exists. Graphically, f'(x) corresponds to 

the slope of the tangent to f(x) at x (Fig. 7.02-1). 

dy = , = 2 = f(x) = tang 
(d) Second and higher derivatives of f(x) with respect to x at the point x are respectively: 

i = a (2) = “(/'@) = f"(x) = 2d derivative 

: . d m” : : 

a = = (2) Soa [f"(x)] = f(x) = 3d derivative 

eWrcl ater Tair em apsiiat/el us’ ete <iieirsi,e’,suvelua) e/lelie\ vule| 6! sc whole: ies) sis ene/ 78118, 8 ale: (6) lei iv. is) eine: ‘6: fo 

n u—) 

aes (5 *) = ff %x)] = f(x) = nth derivative 
x 
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(2) First and Higher Differentials 

(a) First differential of f(x) at x is the product of the first derivative of f(x) and of dx. 

1 ‘ 

dy = wt = d[f(x)] = f'(x) dx = y' dx = first differential 
.* ax; 

(b) Second and higher differentials of f(x) are obtained by successive differentiation of the first 

differential. 

d° “ 
dy = £4 dx® = f"(x) dx® = 2d differential 

x 

d° 

dy = a dx* = f(x) dx” = 3d differential 

7.03 FIRST DERIVATIVES OF ELEMENTARY FUNCTIONS 

(1) Basic Cases 

(a) Algebraic functions. If a is a constant (a # 0) and m is an integer, then 

(ax) = a (2) =-4 
, 

MUN fs m-1 a ma 

(ax ) — max ( m ) aes un +1 

(aWx)! = aw x <.) = a 

mx x mx Wx 

examples: 

(Pn) =o) (CEN SS ee Ss Sie 

— 2\' ie 
( ) = (20) SS) (= 2) = eee 

x x 

(8Vx)' = (8x)! = 1(8)a'2-! = Sy -W2 = ae 
2X 

=2 i 56 3 3 
( =) So) Se 3x — a 
Vx Vai x?V/x 
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(b) Exponential functions. If @ is a constant (a # 0), e = 2.71828..., and m is an integer, then 

(e*)’ = e* (ej er 

(e™)' = me™ (eo: == mer 

(a™)' = ma™ In a fa" y = =ma “In a 

(ore) ease (1c) (0) se: (tain oe) 

(x”™*)' = mx"™(1+In x) (5) ie + ln x) 

where In is the natural logarithm to the base e (Sec. 2.13=1). 

examples: 

(5°) = 2(5*) In 5 = 2(25*)In5_ or (5°*)' = (25°)’ = 25° In25. where 1n25 = In5? = 2In5 

(c) Logarithmic functions. If @ is a constant (a # 0), In is the natural logarithm to the base e 
(Sec. 2.13-1), and log is the decadic logarithm to the base 10 (Sec. 2.131), then 

(In x)!’ = i (in 7) ae 
Bs x & 

(In ax)' = A (in =) = a 
x x x 

, _ loge i\ »nuslog e 
(log x)’ = : (lows = : 

, _ loge ( a) Eat OSL. 
(log ax)’ = : log. = : 

where loge = 0.43429.... 

(d) Trigonometric functions. If a is a constant (a 4 0), then 

i a COS ax 
. ay . 9 

sin ax sin’ ax 
(sin ax)’ = a cos ax 

(cos ax)’ = —a sin ax ( 
1 _ asin ax 

a 9 

COS ax COS ax 

; a ] ) ps a 
tan ax) = — 5 
( ) cos: ax tan ax Six 

a 
COCs)! = === = 
( ) sin’ ax COs ax 

cos” ax 

a COS ax 
. 9 

sin’ ax 
(csc ax)! = = a COS ax 

eee) 
(sec ax)’ = aera ( : ) = — asin ax 

eal 
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(e) Inverse trigonometric functions. If a is a constant (a # 0), then 

TP aeiee 7 
(sin ' ax)’ = a ; 5 (sini) (axe = E 

Nl (CX) 

(cos! ax)! = ——=== = : Ol cos axe-—2 7 
Wil = (aay 

=i ' a we =1 a . 
= == < iain a =< 

ee 1+ (ax) 2 2 

-1 ig pa a a 0< cot !ax<7 (cot ax) 1+ (ax): 

. 7 
+ if 0 < sec ' ax -5 

(sec. ax) = Pe 
s 2 

xV (ax) — 1 —if = <sec'ax <7 
2 

, J T 
—if 0 <csc ax <= 

= || 2 
(csc ax)’ = Ge 

: 7 t 
+ if — 9 < csc * ax <0 

where the second statements define the range of existence of the derivative (see Fig. 5.07-1). 

(f) Hyperbolic functions. If a is a constant (a ¥ 0), then 

138 

' 

3 a cosh ax 
(sinh ax)’ = a cosh ax : ) SSS 

sinh ax sinh’ ax 

5 1 a sinh ax 
(cosh ax)’ = a sinh ax ( = ——_, — 

cosh ax cosh’ ax 

a if 4 a 

( ) cosh’ ax tanh ax sinh’ ax 

a 1 é a 
coth ax)! = =——>— ( J-ote 
( ) sinh’ ax coth ax cosh® ax 

a sinh ax i : 
sech ax)’ = : ( = a sinh 
( ) cosh? ax sech =) oe 

a cosh ax ] d 
csch ax)’ = —————— = acosh as 
( ) sinh’ ax Le = 
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(g) Inverse hyperbolic functions. If a is a constant (a ¥ 0), then 

re —o < sinh ' ax < © 
(sinks ax)? = ——* —— { . 

V (ax) +1 DED tS) SNee 

ane a Ge: cosh |‘ ax > 0 ax > | 
(cosh ax)! = (ax)e—1 —if cosh 'ax <0 ax > 1 

as =] 

(tanh ax)! = —— { oo = tanh” ax < 
(100) =< ee <i 

iy , = : 

(coth™ ax)’ = a : { ce <coth ax <o 

(ax, S28) 5S 1h) 5 ll| Il ihe << es 

> +] —if sech"' ax > 0 OS he Sl eer: fe 
Sees) x V1—(ax)° +if sech”' ax < 0 ax — |. 

Oe =e ji tee if cosh ' ax < ax > 0 

; xV1+ (ax) + if cosh” ax > —© ax < 0 

where the statements behind the brace define the existence of the derivative (see Fig. 

6.15-1). 

(2) Fundamental Rules 

' 
(a) Notations. wu, v, w = differentiable functions of x, u’, v', w’ = first derivatives of u, v, w 

with respect to x, du, dv, dw = differentials of u, v, w. 

(b) Derivative and differential of a sum. 

(utvtw) = u't+v'+w’ d(utut+w) = du+dv+ dw 

examples: 

Sl Se Se il y’ = 15x*—4x+6 dy = (15x? —4x + 6) dx 

(c) Derivative and differential of a product. 

(uv) =u'v + uv’ 

d(uv) = vdu+udv 

(uvw) = u'vw + uv'w + uvw' 

d(uvw) = vw du + uw dv + uv dw 

examples: 

y = ax sinx u = ax v = sinx u'=a v' = cos x 

y’ = asin x + ax cos x dy = (a sin x + ax cos x) dx 

y = ax sin x cos x u = ax v = sinx w = cosx 

u'’=a v' = cosx w' = —sinx 

y’ = asin x cos x + ax cos*x — ax sin® x 

5 ee 
dy = (a sin x cos x + ax GOS: a0 Sin) an) 
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(d) Derivative and differential of a quotient. 

uv uv(du, dv dw peels (+2 a 
w DOF WD 

examples: 

sin x é A 
y= u = sinx v = cosx u 

cos x 

, _ cos’ x +sin® x cos’ x + sin? x 
Nes 2 dy = 3 dx cos’ x cos’ x 

sin x COs x ; 
7; == u = sin x v = cosx 

e 

j= SECO (OS sin _ 6°) 
J é SUD NGOS) on es 

x 
e 

v’ 

sinx cosx/cosx sinx e* 
dy = = 5; === |) uhs 

e sin x 

(e) Derivative and differential of a 

fo(xs), sey Xn = ie) then 

1 = Ay dey dey | dX 
dx, dx» dx, dx 

dy dx, dx» dx ) 
d = (2 & Senn ee 

dx, dxy dxs dx oe 

examples: 

y = (ax*+b)? y= x x, = ax>+b 

dy dx, ‘ FA 
y' = oe = 2(ax”+ b)(2ax) = 4ax(ax*+ b) 

y = sin?Vax"+b y =x" X; = sin Xo 

dy 
dx, 

de 
dxs 

dx, 

dx, 
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x 
e 

composite function. 

= —sinx 

cos’ x — sin? x — cos x sin x 

cos’ x — sin? x —cos x sin x 
dx 

If y = fo(x1), x1 = filx2), X= 

Xs. = ax b 

et 

dx 

y’ = (2sin Vax? + b) (cos Vax? + b) [2(ax*+ b)-'"] (Qax) = ax sin 2V ax" + b 
——.— Vax*+b 



(f) Derivative and differential of an exponential composite function. If y = u’, then Iny = 
v In wu and the first derivative of this logarithmic equation is 

u’ 
—=v' Inu+vu— 
y u 

from which 

t u 
y=u (v’ Inu+ v) 

u 

' 

dy = u* (v’n u + v=) dx 

example: 

y = (ax + b)* u=axt+b v = 2x 

; al F a 
y= (ax bb) Pe Met O) eaten - | 

us aM In u VU wij 

7.04 HIGHER DERIVATIVES OF ELEMENTARY FUNCTIONS 

(1) Basic Cases 

(a) Algebraic functions. If a isaconstant (a ¥ 0) and n is the order of the derivative, then the 

nth derivatives of the respective algebraic functions are 

ota) = am(m —1)(m ~2)---(m—n + x" fakes 

ota) = an! m=n 

Ce ae 
: 

aXe 

d"(ax_") _ (—1)"m(m + 1)(m +2)---(m+n—I)a 
ein 

dx” 
pe 

d*Wax _ (—1)"'(m-1)Qm—-1)---[(n-Dm- Wa 
msn 

dx” 
mrXyxm 

a" (ag tax + agx +--+ + a,x") _ 
; 

Picea 

aes 

examples: 

ae ) = (6)(4)(3)(2)x* * = 
144x 

efi 

(2) _ 1 92)8)(4) _ _ 12 
Te ay ee gs x 
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(b) Exponential and logarithmic functions. If a, k are constants (a # 0, k # 0), In is the natural 

logarithm to the base e (Sec. 2.13-1), log is the decadic logarithm to the base 10 (Sec. 2.13-1), 

and n is the order of the derivative, then the nth derivatives of the respective exponential 

and logarithmic functions are 

at( a) ei d"(a*) a= Pi, 
ita ax" (In a)"a 

d"(e™) 2 rae aa) = are 

dx" =] k é dx" (Rk In a) a ; 

aia here cw ae ro 
dx" —¥ ( k) é dx" ( k In a) a 

d*(Inx) _ (—1)" ‘(n—D)! d" (log) (Ie Dioge 
dx" OC dx” he 

d"(Inax)  (=1)" “(n= 1)! d" (log ax) _ (—1)""‘(n=1)! loge 
ies © ng dx" Xe 

where log e = 0.43429.... 

(c) Trigonometric and hyperbolic functions. If k is a constant (k + 0) and n is the order of the 

derivative, then the nth derivatives of the respective trigonometric and hyperbolic func- 

tions are 

ds (sins) Peon = sin (: +3) scons fo = cos (« +3) 

GEMSTONE Ua os ( =) d"(cos kx) _ ,. ( =) 
a4e k” sin | kx + 9 Se ee. RaXcOS WR 5 

d"(sinh x) _ jae x nm even 

axe cosh x n odd 

d"(cosh x) _ jean x n even 

a” sinh x n odd 

d" (sinh kx) _ me sinh kx nm even 

ala k” cosh kx n odd 

d" (cosh kx) _ ee cosh kx n even 

abs k” sinh kx n odd 

(2) Fundamental Rules 

(a) Notations. u, v, w = differentiable functions of x, wu”, v™, w™ = nth derivatives of U, U 
w, with respect to x, du, d™v, d™w = nth differentials of u, v, w. 

(b) Derivative and differential of a sum. 

COS ea) ee d"u, dv d"w 

dx." Ue syste sain 

d"(utu+w) = d™ut+d'u+d"w 

=. ur tyM+ w™ 
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(c) Derivative and differential of a product and a quotient. 

d" (uv) n ee NEY eS (n) QQ). (n-1 n (2). (n-2 _ 
ce hal +()u v' + (3) Weyer D4... pyMy 

a 

d A if (n) n s ] (n-1) n . 1 (n-2) uw” 

dx” ey +(f)m (;) +(3)s (7) seas ors 

d*(uv) = ud" + ?) dud"™'v “He ") a wd” y+ <4 div 

ar(= “\ =u a*(=)+ ii ) dud” (=) . (°) dud" (=)+ roe 
v 2 v v 

n n , : 
where a (5), ... are binomial coefficients (Sec. 2.19-1b) and 

d"™u =— u™ dx” Ph lietey) — we) dar 

d"™v = v™ dx” Hho Y= = de, 

(n) / n-1) 

a(=) = (=) dx" ae) Bs (4) dat, 
ro) U U U 

examples: 

d*(uv 
2 Aue) = uv"+2u'v'+u"v 

dx 

d*(uv ’ 
ws Ness uv + 3u'v" + 3u"v' + uv 

d*(uv) = u d*v +2du dv +vd7u 

d*(uv) = u d*u+3dud7v+3d?udvu+tudu 

7.05 PARTIAL DERIVATIVES AND DIFFERENTIALS 

(1) First and Higher Partial Derivatives 

(a) First partial derivative of y = f(x,, x.,...,x,) is the limit approached by the ratio of an 

increment Ay of the function to the increment of one of its arguments Ax;(i = 1,2,..., m), 

when Ax; tends to zero and all the other arguments remain constant. 

oe Ay _ pay LOR Bas MFA, «Mn ) = FHI, Moy ss Bis Hm) ay 

Ax;>0 Ax: hu ae Ax; OX; 

The necessary and sufficient conditions of the differentiability of a function at a certain 

point are: (1) the continuity of this function at this point; and (2) the existence of the said 

limit. 

(b) Alternative notations for the first partial derivatives of y = f(x, X2,...,%m) are 

Oy = ORES 6, inc « apts oe aten) oa 

OX; OX; : 
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(c) Number of first partial derivatives. If there are m independent arguments, then the 

function y may have as many as m first partial derivatives. 

dy dy dy 
ar = ar EDO ea F,, 
A gr a ay ore 

example: 

IDES) 2 BPR SER WaKera 

(d) Interpretation. The first partial derivative of a function of several variables is the measure 

of change of y with respect to a particular variable x; at each point where the limit exists. 

(e) Second and higher partial derivatives of y with respect to x;(i = 1,2,...,m) and/or 

iG) = Wo 2aoces Hl) Ge 

eee ee 
ax; ud Ox; Ox; yp 

a°y a°y ay 
Se a a RE So eesti = [he 
ax; Fis Ax; Ox; Bs Ix; OX; OX; ’ 

if the limits in question exist. The number of differentiations performed is the order of 

the derivative and if the highest derivative involved is continuous, then the result is 

independent of the order in which the differentiation is performed. 

Fiji Lg = Eos 

(2) First and Higher Partial Differentials 

(a) First partial differential of y = f(x., x, ...,: ‘m) With respect to x;(1 = 1,2,..., m) is 

0 dy = > des = dfn, m,..., %)] 

(b) Second and higher partial differentials of y = f(x, x9,...,3 ™) With respect to 
RO = Wy eecan iil) cuaxeliorr CHG) 2). oo ari) aage 

he ae Bellen diy ax dx; diy = amas dx; dx; 

a°y 

diii a d ; MLL), ) Dare y 5 x diy ax? Ox, dx; dx; 

(3) First and Higher Total Differentials 

(a) First total differential of y = f(x,, x.,...,X%m) is 

oy oy oy 
d = — + —= 5 Cluny ci pape iS ‘y) an, dx, a dx» + + Me Xm 
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(b) Second and higher total differentials of 0) Saat eee Xm) are 

example: 

If z = x°siny, then 

dz oz See 3 
a dx +— dy = (3x* sin y) dx +(x* cos y) dy 

ox dy ~ 5 

tS, 
mo 

nm ll 
rs Biting R | 

~e R Jo 
i—w 4 
ee 

n 

fe Rape a*z OSes 
— = an 2 dx dy +— > dy* 

Ox” : ax dy = ay” dy 

= (6x sin y) dx* + 2(3x* cos y) dx dy +(— x" sin y) dy? 

7.06 DERIVATIVES AND DIFFERENTIALS OF SPECIAL FUNCTIONS 

(1) Inverse Functions 

(a) Differentials. If y = f(x) has the unique inverse function x = g(y) and dx/dy # 0, then 

dy = we dx dx = woes dy 

d’y Be FLO a! d°x = a dy* 

(b) Derivatives. From these relations (see above), 

dy _ of(x) _ 1 aes | 

dx ax dg(y)/dy  dx/dy 

‘lzaves| _ Caer) dy _ 9°f(x) g(y)/dy} _ _\dx/dy/ _ _ d°x/dy’ 
dx* ax” Ox ax (dx /dy)’ 

. 1 Es ] 

> _ aye) _ 2" laggy] _ 2 Gea) dy _ 9"f(x) _ dg (y)/dy dx /dy 
dx" ax” ox ox 

example: 

If y = sin 'x and x = sin y, then 

; 1 Pes toe 1 i 1 

‘ a(sin y)/a€y cosy V1-—sin*y 1—x? 
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(2) Implicit Functions 

(a) Differentials. If y = f(x) is given implicitly as F(x,y) = 0, then 

dF (x,y) = eee dx a dy = 0 

Tea ] Fe) = d F(x,y) 2 dx + ay dy| F(x,y) = 0 

Hae = (2 hy +2 dy) Foie 0 

(b) Derivatives. From these relations (see above), 

F,dx + F, dy = 0 or F+KRD = 

where 

_ OF (x,y) ‘ike OF (x,y) £0 

i Ox : dy 

from which 

dy __F 
dx F, 

d yi MEL Hl reel, By 

dx* 1 

where 

2 2 2 

re ere Hey) ae dF (x,y) ree a #9) 
Ox cf 

example: 

Lf F(x,)) = x+y —1 = 0, 

F.=2x F=2 Fe=2 F,=2 F,=0 

and 

dy __x d*y _ _ 8y?+8x? ] 
dx y dx* 8yy sy? 

where x°+y* = 1 from the statement of the problem. 

(3) Parametric Functions 

(a) Differentials. If the dependence of x and y is given parametrically as x = x(t) and 
y = y(t), then 

Ox(t : de = FO ea dy = 20H = 50 at 

and for z = f(x,y), the total differential 
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(b) Derivatives. From these relations (see above), 

dy _ ay/at _ jt) 
modmy 7 

déy _ A(dy/dx) dt _ §(t)X(t)— 5 (t)x(t) 
dx* at = dx [x(t)} 

le =) a" \(dy/dx) dt 

Ghee at dx 

example: 

If x = sin at, y = cos bt, then 

Ox ; oy ; : 
at Xht) = a cos at ar = 3¢t) = ~6 sin br 

iy Be ay. = 
Sete x(t) = —a sin at af = y(t) = —b°cos bt 

dy ___ bsinbt d*y _ —b*cos bta cos at —b sin bt a’ sin at 
dx a cos at dx* a*cos* at 

7.07 INVESTIGATION OF A FUNCTION 

(1) Function of One Variable ay 

(a) Rates of change of f(x) at x = x; (Fig. 7.07-1). 

Bef (eae Fe) is. risiowiat (ay x, < kg; eS <2, ). 

If f'(x,) = 0, f(x) has a tangent parallel to the X axis at x; 

(at x. and xx). 

If f'(x;) < 0, f(x) is falling at x;(%. < x; < xy). 

Inflection point 

Concave 

(b) Shape of curve of f(x) at x = x; (Fig. 7.07-1). 4 

inj. (x3) <a 0, (%) 1s Conver atx Ge, << Ky Xs): 

If f"(x;) = 0, f(x) has an inflection point at x; (point 3). 0 

If f"(x;) > 0, f(x) 1s concave at x;(x3 < x; < xs). Fig. 7.07-1 

(c) Maximum and minimum of f(x). If f(x) has a continuous second derivative at x = x;, then 

f(x) AS 

A maximum, if f'(x;) = 0 and f"(x;) < 0. 

A minimun, if f'(x;) = 0 and f"(x;) > 0. 

(d) General case. If f(x) has n continuous derivatives f'(x), f"(x),..., f(x) at x = x, and 

fils) = f") =--- = f" (mi) = 0 but f(x) 4 0, then f(x;) is 

A maximum, if n is even and f"(x;) < 0. 

A minimum, if n is even and f"(x;) > 0. 

An inflection point, if n is odd and f"(x;) 2 0. 

example: 

Li yi one) 2 Ox lethen 

Dit aie wit el 8) and gy = Phase il 

From y’ = 0, x; = 2, x. = —3, and in terms of x), x2, yi = 5and yy = —5. Thus y isa maximum at 

xX» = —3, where ys = 0, yz < 0 and is a minimum at x, = 2, where y; = 0, yi > 0. 
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(2) Function of Two Variables 

(a) Conditions of extremum. If f(x,y) is continuously differentiable at x = x, and y = y;, then 

f(xi,y;) is a maximum or minimum if 

= 0) FeO ako re — A 0 

where 

Of (Xi,9i) ie Of (Xi, 9i) 
is Ox dy . 

2 ar Piao i) 2 Ni 
pe elie) Paps (areal OS _ 9 f(%Vi) 

Ox oy Ox dy 

(b) Maximum and minimum. If f(x,y) has continuous second derivatives at x, y;, then 

f (%i,9;) 1s: 

A maximum, if at least FE, <0 or KF, < 0 and A > 0. 

A minimum, if at least F,. > 0 or F, >0 and A> 0. 

example: 

1 eS ete = Shy — Sy te I), avera) 

F. = 3x*>-3 EF =8y?-3 £F. = 6x F, = 6y F,, = 0 

From F, = 0, x, = 1, x. = —1; from F, = 0, y: = 1, ye = —1; and for x, = 1, y, = 1, Ay, = (6)(6) = 

36> 0. Forx = —1, y= —1, A» = (—6)(—6) = 36 > 0: ~Thusz isa maximum at x5 — — I) ys = 

—1, where F,. = —6 <0, F, = —6 < 0 and is a minimum at x, = 1, y, = 1, where F,. = 6 > 0, 

FE; = 010: 

7.08 GEOMETRY OF PLANE CURVE 

(1) Explicit Equation 4+y 

(a) Derivatives of the plane curve defined by 

y = f(x) are 

»— ay _ df(x) we ty — di) 
y dx dx ) dx” dx* 

(b) Direction functions are 

sin d = co cos @ = 
ds 

0) 
where 

Fig. 7.08-1 
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(c) Radius of curvature p and the coordinates of the center of curvature X¢, Yo are 

dy\? ) p=A 1+(2) xe = x- AD Sar 

where 

a = Lt (dy/dxy’ 
: d*y/dx* 

(2) Implicit Equation 

(a) Derivatives of a plane curve defined by F(x,y) = 0 are 

a ary) aoe aney i = oF ey) 

(b) Direction functions are 

; ale IES F 
sin d = St VEtF cos d = ae VEAE tan d = — F. 

where 

ds = co be aT care, dx = SS) yEte dy 

and the sign of V F, + F; is governed by the quadrant in which ¢ terminates. 

(c) Radius of curvature p and the coordinates of the center of curvature xc, yc are 

p= BVF+F, Xo = x — BF, yo = y — BF, 

where 

_ Fo+ 

| yD 0 a Oe oe eet 
&B 

(3) Parametric Equations 

(a) Derivatives of the plane curve defined by x = x(t), y = y(t) are 

. _ a(t) . _ dy(t) z= d°x(t) ia d*y(t) 
dt dt dt” dt” 

(b) Direction functions are 

tang =2 
in 

: y - oe os 
sin ———————_ cos d = = aI d A lixteet y mye ae y° 

where ds = Vx°+ 9° dt. 

(c) Radius of curvature p and the coordinates of the center of curvature Xc, Yo are 

p= CVs? +5" Xo ia Oy yo = yt Cx 

where 

x+y? 

xy — xy 
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(4) Examples +Y 

(a) Catenary. 
For the hyperbolic cosine curve (catenary), of = Cosa 

Fig. 7.08-2, y = cosh x. 

1+ sinh’ x 5 
SS — h ATS cosh x p = cosh x ie 

and xc = x —coshx sinh x yo = y tcoshx am 
V 

At the vertex V, xv = 0 y = tl] p=tl tal 4x 

Xo = 0 One Tae = OF = 

Fig. 7.08-2 
(b) Hyperbola. 

For the hyperbola of Fig. 7.08-3, b°x?—a°y* = a*b* 

ay a mb xe ay _ (b*x? + a*y*)*” 

roach: as a'b 
Za b? aay 

and x, =" a3 x yg = 5 y° 

At the vertex 2, x2 = a, yo = 0, and 

b? 

an 
a’+b° 

Xo = Yc =0 
a 

Oo = 

which leads to the simple geometric construction 

of Fig. 7.08-3. 

Fig. 7.08-3 

(c) Ellipse. 

For the ellipse of Fig. 7.08-4, b°x°+a*y* = a°b° 

ae b*y? + atx? 7 (b'x? + aty?)?? +y 

Tah fl icear A 
a*—b? , a°*—b° | 

and Reed x* % 3 y° g- 

At the vertex 1, x1 = —a, y, = 0, and 
P4 

Tiidlp een ce | 
Pi A Cc 5 Men = | 

; = = NG Center of p At the vertex 4, x4 = 0, y4 = b, and ee 4 ! 
Gi a “a 

mila; a a*—b° 
Pes ke, = 0 se as eae sae Fig. 7.08-4 

which again leads to the simple geometric constructions of Fig. 7.084. 

(d) Parabola. 

For the parabola of Fig. 6.09-1, x = (p/2)t?, y = pt, x = pi.x =p, y=p, ¥ =0, C =-(1+8, 
p = |p(it+t?)"|, and xc = (p/2)(2+ 3t°), ye = pt(2+t). At the vertex 0, p = |p|,xc = ~, Yo = 0, which 
leads again to a very simple geometric construction. 
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SEQUENCES AND 

SERIES 



8.01 SERIES OF CONSTANT TERMS 

(1) Definitions 

(a) Sequence isa set of n numbers, a1, ds, a3, ... , dn, arranged in a.prescribed order and formed 

according toa definite rule. Each member of the sequence is called a term and the sequence 

is defined by the number of terms as finite or infinite. 

(b) Finite series is the sum of the terms of a finite sequence. 

> a = atatat-:-+aita = S, 
k=1 

where n < © and —»~ < §, < o, 

example: 

2+4+-6+8 = 20 where n = 4, S, = 20 

(c) Infinite series is the sum of the terms of an infinite sequence. 

DS = atatat::-=S$.=S 
k=1 

where n = © and —-» <= S,, = ~, 

example: 

b+itit-:-- =] where n = ©, S.. = | 

(d) General term of a sequence defines the law of formation (governing law of sequence). 

examples (k = 1,2,3,...): aa 

Gs, = 2; 2+4+6+8+--- 

a, = 2" Dae OPE 2p Deere 

a —— st3tqtet+::: Rk LeE 2 3 4 5 

ll 1 1 1 
A ~ Pp l+stetet::: 

(e) Convergent series is an infinite series that approaches the limit S as the number of terms 
approaches infinity (n > ~); that is, if 

n 

Say and lim S, = S 
k=1 ieee 

exist, the series is said to be convergent and S is the sum (—~ < § < 00), 

example: 

ent : 1 1 1 1 | : : Infinite series 3+4+3+i5++-- governed by a, = 1/2" is convergent since S = 1, 

(f) Divergent series is an infinite series that increases without bound as the number of terms 
increases. 

example: 

Infinite series 2+4+8+16+-++ governed by a = 2" is divergent, S = ~, 
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(g) Absolutely convergent series is a series whose absolute terms form a convergent series. 

> las! = |s| 
example: 

Infinite series, 3—j+3—is+-:-, governed by a = — I/(—2)" is absolutely convergent since 
stitstut::-isa convergent series (Sec. 8.01-Ic). 

(h) Conditionally convergent series is a series which is not absolutely convergent. 

example: 

Infinite series, 1—3+3—4+---, governed by a = —(—1)*/k is conditionally convergent since the 
infinite series of its absolute terms, 1 +}+1+!+--- is divergent (after 1 million terms the sum is less 
than 15 and still slowly diverging). 

(i) Alternating series is a series whose terms alternate in sign. 

example: 

] Depa tg 
Das wea 

(j) Convergent alternating series is an alternating series satisfying the condition 

la, + n+ = |ayeo+ Oy +3 

example: 

: : . : 1 ty 
Alternating series, 1—23+3—4+---, is convergent, since |1—3| > |;—4. 

(2) Tests of Convergence 

(a) Comparison test. If 

ax] < |b, | 

where c isa constant independent of k and b, is the kth term of another series which is known 

to be absolutely convergent, the series of a terms is also absolutely convergent. Typically ab- 

solutely convergent series of ch terms useful in the comparison test are: 

cterter*t+erst+:::, & = rh! Sl = 

1 ] 1 l ] 
—— +— +——+—+°-:-,7 bh = —— 

1(2) 2(3) 3(4)  4(5) #0 thE 1) 

1 i See al ] Se ee b= eo rua ae a 
example: 

Infinite series 1/1! + 1/2!+1/3!+1/4!+--+ governed by a, = 1/k! is convergent, since |a,| = |1/k!| < 
|b,| = |1/k(k + 1)| (see second series above). Note in this case c = 1. 
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(b) Ratio test. If 

then the series is absolutely convergent for L < 1, divergent for L > 1, and the test fails for 

L=1. 

example: 

Infinite series 1/2 + 2/2 + 3/2? + 4/2*+--- has 

ay 

Since L < 1, the series is convergent. 

(c) Other tests. Several other tests of convergence of infinite series are available: Cauchy’s 

test, Raabe’s test, and integral test. 

(3) Operations with Absolutely Convergent Series 

(a) Change in order. The terms of an absolutely convergent series can be rearranged in any 

order, and the new series will converge to the same term. 

(b) Sum, difference, and product. The sum, difference, and product of two or more absolutely 

convergent series is an absolutely convergent series. 

8.02 FINITE SERIES OF CONSTANT TERMS 

(1) Arithmetic Series 

(a) Definition. The finite arithmetic series is 

a + (a,+ d)+(a,+2d)+---+[a.+(k —1)d]+---+[a,+(n—1)d] 

where n= number of terms 

a, = first term d = difference of two successive terms (a+; — a) 

a, = kth term a, = last term 

(b) Governing law. Each term of the arithmetic series is defined as 

a = a,+(k—l1)d 

Consequently, the last term is a, = a,+(n—1)d 

(c) Sum. 

a + An tre 
Ss, = ( ® )n = 5 (2a, + (mn ~1)d] 

(d) Number of terms. 

[A 
d 

example: 

Find the sum of 3+6+9+---+300. 

By (a), d = 3, by (d), n = [(300—3)/3]+1 = 100, and by (c), S, = (8+300)100/2 = 15,150. 
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(2) Geometric Series 

(a) Definition. The finite geometric series is 

atartart+:++tar''+---+ayr"! 

where n = number of terms 

a, = first term 

a, = kth term 

| ‘ . Qk +1 
r = ratio of two successive terms —— 

Ak 

a, = last term 

(b) Governing law. Each term of the geometric series is defined as 

= a,r*! 

n—1 
Consequently, the last term is a, = air 

(c) Classification. [he geometric series is divergent for r > 1, convergent for 0 <r <1, alter- 

nating for r <0, and is a series of n constant terms (a;+ a,;+a,+--- = na,) for r = 1. 

(d) Sum of finite series (n < ~). 

te tk) 
= = = 

Sn al ell Se 

ee Pees 
lap =F 

S, = na; r=] 

example: 

Find the sum of 2+6+18+54. 

By (a), r = 3, n = 4; and by (©) for r > 1, S, = [5463) —21/8—1) =.80. 

(e) Sum of infinite series (n = ~). 

a sea nes tir ae | 
l-r 

example: 

Find the sum of 2+1+3+34+4+°:°: 

By (a), r = 3 and by (e), S. = 2/(1—2) = 4. 

Note that 2—1+!—1+3-—--- is also an infinite geometric series: 

BD 4 
r= au and OS See in 

ze ies 
] a) 
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(3) Finite Series of Powers of Integers (n < ~) 

(a) ie eye SE OME AE 6 6 Oo = CO) 

k=1 

De ee ar eae 
k=1 

k=1 

Dd kt = 144+2°+3%+ n° 
k=1 

DS he = P4243 +e tn 

X 4] Sk=142+34---4+0 = arin 

5 — (tose Ie = Wyn 

6 

5 ntl) n’ 

_ (3n*+3n—1)2Qn + 1)(n+1)n 

30 

(b) 17-43" 45" 4-4 (2n — 1)” = S(n). 

> (Qk-1) = 14+34+5+-- 
k=1 

Soh Si) = 12825 On = 1) = ete 
k=1 

> (2h —1)° = 24+3?+5?+---+(2n—1) = n?(2n’-1) 
k=1 

a Dn ee ee ee = penn 1)Can —7 
> (2k 1)' = 1°4+3'+5'+---+Qn-1) Ts 

(4) Finite Series of Products of Numbers (n < ~) 

(a) (1+ a)(1+ 6) +(2+a)(2+b)+---+(n+a)(n+b) = S(n). 

9, n(n + Ga 7 3b an ai apt S (k+ay(k +b) = 

-+(2n -1) = n° 

6 

where a, b are integers or fractions. 

examples: 

a=0,b=1: 

a= 0) > = 2: 

a=1,b = 3: 
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1(2) + 2(3) + 3(4)+-:-: 

1(3) + 2(4) + 3(5) +-- 

2(4) + 3(5) + 4(6) + =: 

33) +3(3) +'3(3) + 

-tn(n+1) = 
n(n + 1)(n + 2) 

3 

n(n + 1)(2n +7) 
-+n(n +2) = 

*+(n+1)(n +3) = 

6 

n(n + 1)(2n + 13) 

6 

n(n + 1)(2n + 3) 42 
a(t 3) 5) — 6 

9 

3n 



(b) 1+a)1+b)(1+c)+(2+a)(2+b)(Q+c)+:- Sain (UT) (ata) (Tut i@)) =" Ss 

n n+ 1)[3n?+(3+4d)n +2 
Dy (k + a)(k + b)(k +c) 2 RE) Ee ue eAGey Balraee 

where d = a+b+c, e = ab+be+ca, and a,b,c are integers or fractions. 

examples: 

a=0,b=1,c =2: 

min + 1)(n + 2)(m +3) 
1(2)(3) + 2(3)(4) +--+ +n(n4+1)(n +2) = 4 

a=0b==lL¢==1: 

n(n + 1)(3n*—5n + 2) 

12 
2(1°) + 3(2°) +---+n(n—1)? 

(5) Finite Trigonometric Series (n < ~) 

(a) Sine series. 

sin (na /2) sin [(n + 1)a/2] 
sina +sin2a+sin3a@+-:--+sin na = = 

sin (a/2) 

sin’ na 
Gites = Sin ayes Se Sie Gres eo oo see (ye = len = SS 

sin @ 

; : : ‘ sin(n+l)a (n+1)cos[(2n + l)a/2 
sina +2sin2a+3sin3a+-°:--+nsinna = ie jars ait Joy] 

4 sin’ (a/2) 2 sin (a/2) 

Be Le er <<, n sinnacos(n+l)a 
sin? a +sin®* 2a +sin* 3a++-:+sin° na = ~=— ( ) 

2 2 sin a@ 

where @ is a positive or negative integer or fraction in radians. 

(b) Cosine series. 

sin (na/2) cos [(n + 1)@/2] 
cos a +cos 2a +cos 3a +:::+cos na = = 

sin (a@/2) 

sin 2na@ 
cos a +cos 3a +cos5a+---+cos(2n—l)a A OeWaP 

cos la— ze (n + 1) sin [(2n + l)a/2] 

4 sin’ (a@/2) 2 sin (a/2) 
cosa +2cos2a+3cos3at+:-:+ncosna = 

9 P 5 5 n. sin na cos(n+l)a 
Ghar at TP 2 OSS EO}: (a) evan 5 cos a+cos 2a+cos 3a 9 ie 

where aq is a positive or negative integer or fraction in radians. 
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8.03 

(1) Infinite Series of Fractions (n = ~) 

(a) Series converging to a*/(a’+ 1), (a # 0, 1). 

ies a al 4 = 
ecru 8° =a a=2 

1 el 9 5 aad Be ae =e 
To grt gi— gst 10 H 

livre lee a” -_ 
Serpe rome Saray a=a 

where a = 2,3,4,.... 

(b) Factorial series. 

INFINITE SERIES OF CONSTANT TERMS 

ile ‘ tats aP = 2.71828 = e = base of natural logarithm 

a all wl 
1 Toc ae 0.36788 = 7 

Liar? ee ome: = 
st ae i a =| 

(c) Series converging to 1, 3, 5, :, and 1/(m —1)(m—1)! 

1 1 1 7 1 1 L< ofa hh 
M@'@@' @@* 7! 6) @G) OM 9 

l 1 l nil l 1 1 8 
MOG OG4 O40 ~4 MO O®' OOH 4 

i i 1 1 

(DQ) ---m Q@)-:-(m +1) @)4)---(m +d 

(d) Series of powers of fractions. 

] ie ok pl ] 1 ] 1 
Se a tc = ee 
\| m om Sia 4™ Qa ( m ) 1 m 3” is tr 7 m 

] 1 ] ] ] ] ] 1 
et tos = B( a 1” om t 3m — Gm B(m) 137 tam 

The values of a(m), B(m), y(m), 6(m) for m = 1,2 

a i 

= (mS) Gn 1)! 

wie ym) 

5(m) 

, 3,4, 5 are given below. 

m* a(m) B(m) y(m) d5(m) 

] ee) 0.69314... oo 0.78539 . 

2 1.64493 ... 0.82246... 123370) 0:97596.. .. 

3 12020622 0.90154... 1.05179... 0.96894... 

t E0823 20a 0.94703... 1.01467... 0.98894... 

5) 1.03693... O.O 7210 1.00144... 0.99615... 
—_—_——— eee — 

*In technical calculations for m>5, a(m) = B(m) = y(m) = 
5(m) = 1. 
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(2) Infinite Trigonometric Series (n = ~) 

(a) Sine series (a + 0). 

a sina 3 asina+a’sin2a+a‘*sin3a+-::: = 5 (i Sj} 
ee 2 GCOS 

: sin2a_ sin3a T—a 
sina + + oss = ORS 7; 

2 3 2 z 

where q@ is in radians. 

(b) Cosine series (a + 0). 

- l—acosa 9 
acosa+a>cos2a+a*cos3a+::: = 3 ir) 

la as—2 0 Gos 

cos2a@_. cos3a l 1 
OSes i 0 —<S05—= 2 77, 

2 3 2 2 cosia)) 

where aq is in radians. 

8.04 BINOMIAL SERIES 

(1) General Case 

(a) Definition. The nth power of (1 +x) can be expanded by the Newton’s formula (Sec. 2.19) 

in a power series in x, called binomial series. 

(l+x)* = 1+(")e+(S)ata(S)ate-- 

n(n—1) 5, n(n—I1)(n—2) 3 

iin = 3 | ait = l+nx+t+ 

n n! ; ae ree bs 3 
where (7) = a= and n is a positive or negative integer or a positive or negative 

Ces 
fraction (see Sec. 8.04-2 and Table A.43). 

(b) Classification. If: 

(a) n = 0,1,2,3,..., then the series consists of (n + 1) terms (finite series) (Sec. 2.10-3a). 

(B) n# 0, 1, 2, 3,... and x” < 1, then the series is convergent. 

(y) n#0, 1, 2, 3,... and x” > 1, then the series is divergent. 

({c) Transformation. 

fatf(x)J =a*(l+u)* = a'[1+(?)u+(5) ws(2) 4gerk o | 

where u = f(x)/a is a function in x. 
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(2) Special Cases [wu = u(x), u> < 1]. 

(a) Exponent n = 1/m (m = 2, 3, 4,...). 

er ; = Il _(m=)am=— 1) 

Lae te Gi (*) = a 31 

in = eee Lm — 1) (+) ae 

visi f-1(9)<836)-BBB 0) = 
visi =15-36)*B8 0) BOSC) = 
Tse 168-30) G) SRE = 
vr 135-40) BBG) SN = 

(b) Exponent n = —m (m = 1, 2, 3,...). 

a Se pee 2 m(m seta +2) 3, m(m + ave ele yy ae 

=, =l=uturu tu F--: 

i = 1F2ut+3u?+4u°+5u'F-:- 

ea = 1¥3u+6u'>10u>+ 15u*=--- 

em = 1¥4u+10u? = 20u*+ 35u'* + 

aca = 145ut+15u°s35u°+ 70u7=--- 

(c) Exponent n = — 1/m (m = 2, 3, 4,...). 

Fue iuhi ceca 7, oa eae A ee ae 
Taw 73°36) "a 6) eae @) * 
Visa” 1757265) * ya) 65) “@ayay (3) = 
Grea” ata (7) * a9) (4) * yaa Gi) 
T7526) “ae G) aaa) 
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(d) Exponent n = a/B (a = 1, 2, 3,...; B = 2, 3, 4,...). 

Wituy = l+a(@\_alB=2) (u ~,O(B =a)GB =a) fury 

a a(3) 21 (3) 7 3! fe 
AP = CPB) (ty a... 

4! B 

uy _ 2)(4) (x) (2)(4)(7) (¥) ee 
Same (2) (O)eNS (2)(3)(4) \37 | 

Maza ~ 123(3)-3() 99 (9) “B80 (2) = 
(e) Exponent n = —a/B (a = 1, 2, 3,...; B = 2, 3, 4,...). 

] en k a(a+B)/u *_ a(a + B)(a + 2B) a \e 

Wisi a(z)+ oT i 31 a 
@ a(a+B)(a+2B)(a+3B) (4) = 

4! B 

l ee (uy 2l5) fay — CSS) (uy? QS) (uw ee + CAE PROMI E  e 
Vasu (3)+ 9 (5) (2)(3) (3) *@@)4) (3) 

] PSS yay OM fy 2 BOG (ay OMADaa jay ee i = al or ANY ALE iy ls bale 
Wal+uy G)+ 2 a (2)(3) (7) 25 (2)(3)(4) (3) 

8.05 SERIES OF FUNCTIONS 

(1) Definitions 

(a) Sequence of functions in x is a set of n functions, f\(x), fo(x),..., f.(%), arranged in a 

prescribed order and formed according to a definite rule. The sequence is finite if n < * 

or infinite if n = %. 

(b) Finite series of functions is the sum of a finite sequence. 

> fel) = fi(x) + folx) ++ °° + fax) = Si (x) 

where f,(x) is the kth function, n < ~, and S,(x) is the sum. 

example: 

sin x + sin? 3x +sin 5x = (sin® 3x)/(sin x) (Sec. 8.02-5a), where n = 3 and S;(x) = (sin® 3x)/(sin x). 

(c) Infinite series of functions is the sum of an infinite sequence. 

> f(x) = file) + fle) +++ = Six) 

where n = © and S(x) is the sum. 

example: 

sin x + (sin 2x)/2 + (sin 3x)/3 +--+ = (7 —x)/2if 0 <x < 2m (Sec. 8.03—-2a) where n = and S(x) = 

Gros) 2: 
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(d) Generating function of a series of functions defines the law of formation of the series. 

examples (k = 1, 2, 3,...): 

fr(x) = kx* Mp ae Dye aE By abo 0 0 

x" me i, 
fi (X) == (—2)' 9° 4 8 I 

i k 

(e) Region of convergence of a series of functions is the set of all values of the argument x for 

which this series converges; 1.e., if 

S.(x) = 3 A(x) and lim $,(x) = S(x) 
exists for a < x < b, then the series is said to be convergent at all points of the interval 

@ <i < to. 

example: 

Interval of convergence of the series of example (c) is 0 <x <2. At the ends of this interval 

(x = 0, x = 27) the series is zero and for x < 0 and x > 27 the series diverges, S(x < 0) = ~, 

S(x > 2a) = ©, 

(f) Infinite power series in (x — a) is a special and most important case of series of functions 

defined as 

=) a(x —a)* = eo te)(x —a)+e(x—a)t+--- = Se) 
k=0 

where 4, Co, Ci, ¢z,... are constants, n = ©, and S(x) is the sum. If a = 0, the series is 
called a power series in x. 

example: 

Lif.) ——— (Go) n kh cand kes eee enthen 

eet 
232 4 

is a power series in x. 

(2) Operations with Power Series 

(a) Uniqueness theorem. If two power series 

> ax' = S(x) and > bx* = S(x) 
k=0 k=0 

converge to the same sum S(x) for all real values of x, then 

a = bo, a, = bh, ay = bo, 
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(b) Summation theorem. Two power series in x can be added or subtracted term by term for 
each value of x common to their interval of conv ergence. 

> ax +> dst = D (ay + dy) x" 

k=0 k=0 

Their sum is a new power series which converges at least in the common interval of 
convergence of the two series. 

example: 

Since 

2 3 4 x8 ema x x 
lt ata tate =e and 1+ a + sta -=cosh x 

are convergent for all |x| < ~, then their sum 

Aa: mish th Se : 
A oi a)? at aes Cat GOST 

is also convergent for all |x| <<. 

(c) Multiplication theorem. Two power series in x can be multiplied term by term for each 
value of x common to their interval of convergence. 

e AX > bx ‘ = ayh(1+ Aix + Aox?+-- ‘)\(1+ Bix + Box? +-- *) 
k=0 k=0 

= ao bo(1 =i Gas = Cox? + C3x> + C.x* +-- ) 

b 
where Ga = Ait B, A, = a B, = — 

ao bo 

C, = As+ A\B,+ By a eee 
ao bo 

a3 bs 
Cs; = A3;+ A,B,+ A, B.+ Bs A; = oF B; = be 

0 0 

b 
Cy = A,+A;B,+ A,B.+ A, B;+ Bg Ay — = Bs = re 

The product is a new series which converges at least in the common interval of convergence 

of the two series. 

example: 

Since 

ch ae Loe ial a! d ie ee a a Hae 
it 31° sl 7! ates Me i 3 

are convergent for all |x| < %, then their product 

Sa- Lee 9 aq? + °° = sine sinh x 

is also convergent for all |x| < ~. 
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(d) Division theorem. The quotient of two power series in x is 

k > ax 
k=0 _ dy (1+ Aix + Aox? +: : -) _ a 

Sie i bo (1+ Byx + Byx?+---) a by 
k 

k=0 

(1+ Cix + Cox? + Csx° + Cyx* +* > -) 

where C, = A, — B, 

Clave (Bee BG) 

C; = A;—(B3;+ BoC, + B,C) « 

Cy = Ay— (By+ B3C, + BoC + B,Cs) 

The interval of convergence of the quotient series cannot be (in general) determined from 

the intervals of convergence of the two series. 

example: 

3 5 7 2 4 rhs (GMX ee nO : Ce of ede sae Bie ee Neel ES a il P< +: = €OS Xx 7 31 Bt 7 sin x and a1 41 6! 

are convergent for all |x| < ©. Their quotient 

mo Oe ha” Bee sin x eee iL ogo = 
i 3 16 315 2835 Cone = tan x 

is not convergent for all |x| <> but only for all |x| < 7/2. 

(e) Power theorem. The mth power of a power series in x [obtained by theorem (c)] is 

(> asx") = ay (1 ote Aix + Aox? + ss ye = ao (1 45 Cx =e Cox? + C3x° + Cyx* + “< -) 
k=0 

where C, 

Cs = Jaca, 4 ("Ja 8 

9 i 

| 
ax(t 

| 
| Sane” eS es 

> > + no 
eae 
a) 

The resulting power series is convergent in the interval of convergence of the original series 
and n = m. 

example: 

For m = 2 

Cy =2(AiAst+As) Cy = (A24+2A,A,+2A,) 
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(f) Reversion theorem. If y = x + Asx? + Ayx'+ A,x'+-+-++, then the reversed series is 

x = y+ Coy? + Coy? + Cyyit--- 

where C, = — A» Cs = —(A;3—2A,’) 

Cy =a (Ay S SA3Ay2 ar 5A2’) Gy == (A; —6A sAg a 3As" ts DP WAGAGs = 14A,°) 

5 ll 
ca (Ag — 7TAsAys = 28A Ast a 98A;"A»v — 84A;Ay ae 49 A.) 

The interval of convergence of the reversed series cannot be determined from the interval of 
convergence of the given series. 

example: 

u a 8 al Ol sin x 

ly? 13) 9°. 1(3)(5) y7_-1(3)(5)(7) y? sm 
h fet 3 Dt Reba 
oe ~*~ 39'3 "9(4) 5 2(4)\(6) 7 -2(4)(6)(8) 9 ous) 
where A, = A, = Az =-:-=0 

and G.= 0) Cy — As: Grea AACS 

8.06 REPRESENTATION OF FUNCTIONS BY SERIES 

(1) General Expansions 

(a) Taylor's series about x = a. If f(x) and its derivatives f'(x), f"(x),..., f(x) exist and are 

continuous in the closed interval a = x = b and f*'(x) exists in the open interval 
a<x < }, then 

f(x) = fla) +A) (xq) + OD (x ay +L (yay Tae =) 

where Ra(x— a) = HE (x — a)" ON EaN 

is the remainder of the Taylor’s series expansion of f(x). 

(b) MacLaurin’s series about a = 0. A special case of Taylor’s series expansion of f(x) for 

a = Oils 

f'(0) f"(O) 24.4 LO) + R(x) 
ee OA x 2?! “ n! 

where R,(x) = ae Vet il 

is the remainder of the MacLaurin’s series expansion of f(x). 

(c) Approximate values of functions (algebraic and transcendent) are calculated by means of 

series (a) or (b). The error involved in replacing the given function by the partial sum of the 

respective series is the remainder R,. The series represents f(x) for those values of x for 

which R, > 0 as n > &. 
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(2) Particular Cases 

(a) Exponential functions (a > 0). 

“| i Peal See 4a OUT SOR 1 
e= Yai tqytaty eke 

Lee (Dae el ele ei eee a 0.36787 ... 

ee er eee . es) SZ pe KS ee 

Sk ll 913i 

eh) ee ee = 
rg Se ree stmt 

= (In a)" Ina, (Ina) , (Ina) 
= = | Ses aoe ey 31 

Ina, (In a) _ (dn ay, 

cae a ee 9! 3! 

v= 5 He jg, al te eal Gms. ocx <0 

at= CRBS) La ee ee Paha eee 

(b) Logarithmic functions (a > 0). 

Pee le eee In2 = dX yor = 9 + 905 +30 + apt = (0.69314... 

A ed Ge bor Rees ely ho Bal a 

ie 2 geal a = ea) te) spe ol 

ee po enya) AGG: 2 k 9 3 Oi axe —eo 

pe etek mantew jes) 5 
In(+2)= SC. F ee ae -l<x<1 

In (l=) = )(-2) =-* 28 _#o -l<x<l 

In<*— — aia i= o(tgstest::) = 2coth' x [aio I 

Inga = DE = (24 4S.) = Stans Ix] <1 
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(c) Trigonometric functions. 

Qk+1 3 5 7 ke x x? x 
sin x = 1 = Ee LS Se Se 

Te Okan * atts at 

x xh ee et lane 

cos x = 1 == SSS 
2D! Gayl ay al Gl 

aod? — Bx ee ONL ae OOK 
tan x = =x+—+— = 

> (Qk)! Sasi ip 318. 5.685 

iL RG ee al x x 2 x 
cot X = = = By Se = ae ~ ae 

x > (2k)! “ E 45 945 4,725 ) 

= JG x*  5x* 6lx® 277x° 
see xi — = aaa 3 sf ire oe 

»> (2k)! 2 24 720 8,064 

= AP = 1) Bx 
CSene————- 

x > (2k)! 

By ee teed Oy 127%" 
x 6 360 15,120 604,800 

2 3 4 

sin(a+x) = Sane ee = z sin a ( tas +- 7 1 a 3) COS & qi Sin a 

x2 x? 4 

cos(a+x) = cosa — A sina ~5,cosa +3 sin a +77 COSTO Faas 

=O <a) CO 

—o< x < © 

0 aint Ix] <5 

Olay a NO 

== SCs he SES 

where B,, E, are constants given in Sec. 8.06-2l and q@ is an arbitrary constant. 

(d) Powers of trigonometric functions. 

ap * a en , x OP sae ee 
“hohe == 2 Cl) Qk) cos x = 1 > ( 1) (Qk)! 

a a : - ogee ae Pat we oO +3)x?" 

sin xX = 2) 1) = FS ee cos x = 42 1) Qk)! 

(e) Products of exponential and trigonometric functions (~~ < x < ~). 

e* sin x = Fix + Fox? + Fsx* — F5x° — Fox° — Fox’ + Fox? + Fyx'" + bpp 

— Fisx? — Fyx'* — Fix + Fyx + Fysx 8 + Fyox'? +> 20 

F.x° + Fox° — F7x" + Fox? — 
— Fyx?+ Fux" 

e sinx = F\x — Fox? + F3x°* — 
— F,,x'°+ Fy, 

eo conn = 1 Exe ae Fx = ya’ + Fe + Fs PE 
— F,x"'- 

eo cose = 1 = Fix + Fox? = Fix’ Fyx?— Fix’ $F ex5— Fox 

Fyx'!° + F,,x" 

x — Fisx'* + Fox? +: hae 

Fyx? — Fyyx"? + Fi3x? + Fyox'° + Fix" +: oe 

ew 
+ Fux! — Fix” + Fy3x" — Fix’ Jae at OS Pyne ae 

ee 

where F,, Fe, Fs,... are constants given in Sec. 8.06-2l. 
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(f) Hyperbolic functions. 

ca 2Qk+1 x! 

sinh x = La ahs e Vthte 

cosh x = San = 454% ore 

tanh x= SP Ba 8 TT 
coth x -14 523 =} snes a Tet 

Bice eS ape a ye 
CRON = 145 2C~ ee -=4 ; a reel 

xe x3 

sinh (a + x) = sinha +7 cosh a +55 ee COSMNGEe 

x2 

cosh (a +x) = cosha +— 7 ~ sinh a 2S 7 cosh a 
= 

where B,, E, are constants given in Sec. 8.06—21. 

(g) Sums of hyperbolic and trigonometric functions. 

12 x 
cosh x beosx = 9(14% +44 ) |x| < 0 

x x? x? nae 

i 1 = 9 t anteme ° sinh x + sin x 2(A+E +245 4 ) |x| < 

x x° x 1° se 

= =9) : ee : cosh x — cos x 2(F+e ee ee ) |x| < © 

x! 11 15 

sinh x —sin x = 2 (= eee te] |x| < 
: See eS 

(h) Products of hyperbolic and trigonometric functions. 

x" x8 x |? 

Ss x = OF SOE 4 5 : cosh x cos x = 1 a2 ter 12 + Ix| < 

2 6 10 14 ; ; oe gape ales nay 
sinh x s = Gt e 9) ae ‘ nh x sin x oT 2 612 t qo? a2 * |x| < 00 

3 5 7 

‘ Sy et 92 Oo5e wa. cosh x sin x 7 312 Bl> apt |x| < © 

3 5 7 

é * = 9 92 Ores sinh x cos x i 3t- Ble ye |x| < 0 
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(i) Sums of products of hyperbolic and trigonometric functions. 

5 9 18 : 5 x X54 x yee 
cosh x sin x +sinh x cos x = 2{ 2°+—9'-—_ 98+... x| < 00 

Ly eo! 9! 13! | | 

x? x? x"! Re 

cosh x sinx — sinh x cosx = 2(i 9—-— 94-98 _~_ 974. x| < 00 
3! 7! ll! ill | | 

(j) Inverse trigonometric functions. 

aS Shes ek 019 (1)(x*) re ‘Y, MAG). 
sin’ * = Doar De ** QB * OOO? QAO * Bla! 

cos * = ae 'x (for sin’'x use the series above) Eabesoal 

= (—1)*x2**! 7 <2 . 

Seapine si 9 ee 
tan x = 

- iy” papain line 1 ew. tif x21 
saps (2k+1)x"**! 9 EOC: ae ee = al 

cot = z, tan |x (for tan ' x use the respective series above corresponding to the 

e interval of x) 

Bg a ee erg, My of § | 1(3) :) sec X = cos = ga aa Ome |x| > 1 

pee a a ] (1)(3) (1)(3)(5) he >] 

se SIE ® QBE®) DAHER) DAE(DR) id 

(k) Inverse hyperbolic functions. 

een 16) MOG) OBOE), a 
2 9°* (Dk + 1)(k!)° * 28) us (2)(4)(5) — (2)(4)(6)(7) I 

sinh = 

aye Sires Poly Oe) = 
= lls 2(4) 4x" i 

f, (2k)!x™* 
cosh a ) a 

a ps ] (1)(3) (1)(3)(5) fe | = 1 

ia i oh aes HAAR) DAG R ” : 
ee aad ee ee ee ee 2] (igialla, os ram etote tat x 

Cx 1 0 Sa ee ame re ee = 1 
coi taitila > (2k+1)x**! x ue a : 

re 9 Gi ine 2, we CON) (DG)Oox Oe 
sech'x = In Doran Me 8) OHA QAO) : 

. 2 < na (2k — 1)!x”" 
esch |x = Int XC) FRE 

Zee FO)Ge) OG) Gx). s .. es al 
ae (2)(2) (2)(4)(4) (2)(4)(6)(6) 
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(1) Constants B,, E., F, and n! (Sec. 8.06—2c, e, f). 

! = 720 

! = 5,040 

= 40,320 

! = 362,880 

= 3,628,800 

= 39,916,800 

B, E, F, ! 
en ee eee 

B, = 1/6 E, =1 fF, = 1 1! 

Bz = 1/30 [hy = Fy = 2/2! 2! 

B; = 1/42 E; = 61 F; = 2/3! 3! 

B, = 1/30 E, = 1385 F, = 27/4! 4! 

B; = 5/66 E, = 50,521 Z F, = 27/5! 5! 

B, = 691/2,730 E, = 2,702,765 Fs = 2°/6! 6! 

B, = 7/6 E, = 199,360,981 F, = 2°/7! 7! 

Bs = 3,617/510 Es = 19,391,512,145 Fz = 2°/8! 8! 

By = 43,867/798 E, = 2,404,879,675,441 Fy = 2°/9! 9! 

By = 174,611/330 Ey) = 370,371,188,237,525 Fy. = 2°/10! 10! 

By, = 854,513/138 E,, = 69,348,874,393, 137,901 F,, = 27/11! 11! 

By, = 236,364,091/2730 Ey = 15,514,534,163,557,086,905 Fy, = 2°/12! 12! 

8.07 SERIES OF FUNCTIONS OF COMPLEX VARIABLE 

(1) Pure Imaginary Argument, ix 

(a) Exponential functions. 

few = I 

By the series-expansion procedure introduced in Sec. 8.06 it can be 
shown that for the pure imaginary argument, 

eee ix, (ix) (ix)? 
e= itsyt 7 ae 31 te 

b} 4 3 5 

PE (pee ue 7 Rtn eee (1 ott qi )+ik 31” 4 
= cosx +i sinx 

. A 9 . 3 

at 1x (1x ix Fey aca AE, 
1! 2! 3! 

x? x4 x x x? 

=H ot 4 lettres, 41 >) 
= cosx—1 sin x 

from which 

, =~ ix po ee 9 

Sine : cos x = ————— secx = — - 21 2 e-+e™ 

1(e —e u(e= -ie 9) 7 

tanx = —-————;- cotx = —~——- csc y= e+e e' —e” e- —e ™ 

ANCralsOnt Olas eee 

(GOSHO==a7esimN)) 
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(b) Trigonometric functions. 

ix (ix)’, (ix)? 
simi == 49057 ¢ I! 3) 4 2 sinh x 

Kae (ix)?  (ix)* 
COS 1x i 7 + 4 - = coshx 

and similarly, 

tan ix = itanhx cot x = —icothx 

sec 1x = sech x csc 1x = —icschx 

(c) Hyperbolic functions. 

: + \3 “\5 
Seen on 2, ee eS ee 
sinh ix ut 31 BIE Sin 

— (ix)? (ix)? 
cosh ix = 1+ ry ari +--+ = cosx 

and similarly 

tanh wx — 1 tan x coth ix = —icotx 

sech ix = sec x csch ix = —icshx 

(d) Inverse functions. By similar reasoning, 

sin ix = i sinh’ x sinh | ix = i sin! x 

cos | ix = ki cosh ' x cosh’ ix = ki cos’ x 

tan | ix = i tanh’ x tanh ‘ix = itan’ x 

cot ix = —icoth'’x  coth'ix = —icot'x 

sec | ix = ki sech ' x sech | ix = ki sec’ x 

csc | ix = —icsch x csch™' ix = —icsc'x 

wheres k = + if «= 0; and k = —1 1f x =< 0. 

(2) Complex Argument, z = x +iy, i = V—-1 

(a) Exponentialfunctions. By the series-expansion procedure introduced in Sec. 8.07-la it can 

be shown that for the complex argument, 

=z 
e’ = e (cosy +7 sin y) e =e ‘(cosy +¥isiny) 

from which 

: Pea —e@” : (oe +e** 

Sig) = OS) : 2i 2 
he =F" 4 = tC tS 3) 

ON) oe OLY eee fre 
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(b) Trigonometric functions 

sinz = sinx cosh y i cos x sinh y 

cos Z = cos x cosh y ¥7 sin x sinh y 

sin 2x +7 sinh 2y 
tanz = 

cos 2x + cosh 2y 

sin 2x + 7 sinh 2y 
tz = —~_——_—_ 

re “cos 2x — cosh 2y 

(c — Hyperbolic functions 

sinh z = sinh x cos y +7 cosh x sin y 

cosh z = cosh x cos y £7 sinh x sin y 

sinh 2x +7 sin 2y 

oe me cosh 2x + cos 2y 

sinh 2x + 1 sin 2y 

cosh 2x — cos 2y 
Couns — 

(d) Periodicity, k = 1,2,... 

sin(x + 2k7) = sin x sinh(x + 2k) = sinh x 

cos(x + 2kar) = cos x cosh(x + 2k7i) = cosh x 

tan(x + 2k7) = tan x tanh(x + 2kmi) = tanh x 

cot(x + 2k) = cot x coth(x + 2k7i) = coth x 
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9.01 DEFINITIONS AND CONCEPTS 

(1) Definitions 

(a) Primitive function. The function F(x) is said to be a primitive function (indefinite integral) 

of the function f(x) in the interval (a,b) if 

EK) ae 

sone ail alta) (Gp). 

(b) Indefinite integral. Since the derivative of F(x) + C where C is a constant (or zero) is also 

equal to f(x), all indefinite integrals of f(x) are included in the expression 

[ fe dx = F(x)+ GC 

where f(x) is called the integrand and C is the constant of integration. 

(c) Constant of integration. Because of the indetermi- 

nancy of C, there is an infinite number of F(x)+C nar d 

differing only in their position relative to the axis. A 

: 2 example: ae 

= wor x Sak: y [ cosas sinx+C re | 

: 0} : — 
Figure 9.01—1 represents y for C =—2, —1, 0, +1, +2. CXS 

alt 
SIN! ee 

=Z 
sin x —2 

Fig. 9.01-1 

(2) Basic Cases 

(a) Antiderivatives. If f(x) is a derivative of a known function F(x) such as those given in Sec. 
7.03-1, then the indefinite integral of f(x) is this function F(x) plus the constant of 
integration. 

aE dx = F(x)+C 
dx 

The application of this relationship leads to the so-called basic integrals listed below. 
(b) Integrals of constants and of simple algebraic functions. 

,m+i 

[@a-=c [ sna = ae m#—] 
m+] 

1) dx =x+C x 
fo ‘ i [S=invte x ~ 0 

[@ de = ax te @ 3 0 

examples: 

5 ae 2 5x* — hae 10x Vx 

5 Nao 5 ~ 2 —(1/2)+1 

= dx = 5 +C =--+C de = 5 = : 
{3 Saar tt at lee Say tC = Vet 
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(c) Integrals of simple transcendental functions. 

[era&=e se€, [ vae= “+0 
Ina 

= Be a a 
fe dx =—e*+C [a dx = — +C 

Ina 

[ cosxde = sinx +6 [ sin xdx = -cosx +0 

dx dx 
enn ae tal eG. SSS SOS GS 
COS cx Sis x 

| cosh x dx = sinhx + C | sinh x dx = coshx + C 

| = = tanhx+C | sBx = -cothx +e 
cosh x sinh’ x 

9.02 TECHNIQUES OF INTEGRATION 

(1) Algebra of Integration 

(a) Integral of a sum of functions equals the sum of their integrals plus C. 

| Hehe =: eee fan 50) | Xe) Ey (Xi) = Fe) sae eta Feo) ict G 

example: 

According to Sec. 9.01-1b, c 

3 

[ @-x¢+sin x) as = ie tea EEG 

(b) Integral of a product af(x), where a # 0 is a constant, equals the product of a and of the 

integral of f(x) plus C. 

[ core dx = (a) | f(x) as = (a)F(x)+C 

example: 

According to Sec. 9.01—lc 

[ ros eas = 7 | cos xd = / sin xa © 

(c) Integral of a quotient f(x)/a, where a # 0 is a constant, equals the quotient of the integral of 

f(x) and of a plus C. 

a 

example: 

According to Sec. 9.01-lc 

cos x 1 sin x 
——— —— = — + | 5 dx 1 { cosas 5 G 
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(d) Integral of a product of two functions f,(x) fs(x) does not equal the product of their integrals 

plus C 

[ Hepon de 4 HOF) +C 

(e) Integral of a quotient of two functions f,(x)f.(x) does not equal the quotient of their integrals 

plus C. 

fue) , , Fils) 
EN TG 

(2) Substitution Method 

(a) Change in variable. If the argument of the integrand is a function in x such as 

f(x) = flg(x)], it serves frequently to an advantage to introduce the substitution t = g(x) 

and dt = g'(x) dx so that 

a a = | £0 A | feo ex = ia 

where g'(x) is either a constant or must be expressed in terms of t as g’(x) = h(t). 

examples: 

[sn 2x dx can be expressed in terms of t = 2x, dt = 2 dx or dx = dt/2 as 

sin t cos t cos 2x 
9 dt 5) +C = 9 a (C 

[> cos x* dx can be expressed in terms of t = x®, dt = 2xdx or dx = dt/2x as 

x cos t dt cos t sin t sin x> faut [Sta - 5 +C === +C 
2x 2, 4 4 

(b) Integral of a product f(x)f'(x) can be expressed as 

[tte Poo ax Se ONL 
—_— os] 

u du 

example: 

: sin* x 
[sins AOR ah = era 
e—_a_ lf 2 

u du 

(c) Integral of a quotient f'(x)/f(x) can be expressed as 

' \ dx 1 

j@ os {2 =Inu+C = In[f(x)]+C 
f(x) 

example: 

COs X d(sin x)/dx , 
jee dx = re dx = In(sinx)+C 
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(3) Integration by Parts 

(a) Integral of a product of two functions. If the integrand f(x) can be expressed as a product 
of two functions in x such as 

f(x) = u(x)v'(x) 

or f(x) = u'(x)u(x) 

l Xx i 'd where eC) ae and Us) — we) 

then respectively | feo dx = w(ayo(n)— | [w'o(0)] dx 

or | fe dx = wxyu(x) = | fu(eyv'@) dx 

where the integral of the right side may be one of the basic cases (Sec. 9.01-2) or it may be 
one of the tabulated values (Sec. 9.03). 

example: 

- x* x I x Inx 1 é x x 
[> Inxds = Finx—[5-2ax =F, dx = Inx—G+C 

~—_— —_ SH 

uw uv u wv’ 

(b) Integral of the derivative of a product of two functions. If the integrand 

f(x) = u'v + uv' 

where u = f(x), v = fo(x), and u’, v’ are their respective derivatives, then 

| fe dx = [ws +uv') dx = uvt+C 

examples: 

e*(sin x + cos x) dx = | (e* sinx +e” cosx) dx = e* sinx+C 
ea ee OO 

A Uv U 

5 hee d sin x 5. 1d COS. : sin 2x 
(cos’ x — sin? x) dx = (a ah oh) Si Coline ae (0) = a5 37 Gs: 

dx dx 

u' v u vu’ 

9.03 TABLES OF INDEFINITE INTEGRALS 

(1) Notations 

(a) Tables of the most common integrals are given in this section. 

(b) The constant C is omitted but implied in all cases. 

(c) Logarithmic expressions In(_) (if involved) must be evaluated for the absolute value of the 

argument. 

(d) All angles are in radians and all arguments of inverse functions represent the principal 

values only. 
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(2) Rational Algebraic Functions 

(a) f(«) = x”. 

[xa Se [ S=ins 
2 4 

é é. vee dx = ng 

[> De ay || Bagee ic 

(b) f(x) = (a + bx)", R = a+ bx, b # 0. 

Ra dx InR 
[Ra-% [¢- b 

[Re dx l 

n = —_ = 2 1 

[R CS Th ce oe le EEA ical hk 

(c) f(x) = x"(a + bx)", R = a+bx, b # 0. 

IR aORe 

[ Rae = Sa - Ser 
Rie aR 

n = ‘®s set) 

[ =r dx Ces Crus ea 

m n = 1 m m+ { m-1 n = 1 _m+l A ke ey 

|e eee eS TE ree nee oe +na | x"R dx) 

x™ 

(d) f(x) = Cee IR == a se lie, (I) =2 Oy 

dx _InR tg pes 
{Z- is [3#-2e alnR) 

dK —] n-2 
{s (n-DbR™ (R 7) ize We ile 

de el (Riana) a 
| jee pa | Re dR 

ee SIE 
xR Guiex 

dx = bY R 1 

x"*R a x ax 

dx _ 2b) R Leeb 
Me Re a Aen aR 

(e) f(x) = x"/(a*+x*)" R = a?+x*, aF 0. 

[= Fiant® R 7 ean ; 

xdx _ 1 Chalk x? {% 9 InR ee ae 
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(f) f(x) = x"/(a*—x*)", R = a®—-x’, aH 0. 

{@-41 at+x 

R Tie eee 

See ee! : 

mes ek gn Re 

(g) f(x) = [x"/(a + bx + cx*)"] x, R = atbx+cx’, c#0, y = 4ac—D°. 

= tan” oeee >0 
Vy Vy ae 

teh es - 
R | Qex+b ae 

l Qex +b -V—¥ 
] —— <0 

Vy: tee bbe Vy i 

xdx 1 __b { dx 

ie PES A Oi 

| dx ___—-2cx +b 22n—3)ca fe dx aA 

Riadin=ieke ie by.) RR 

(3) Irrational Algebraic Functions 

(a) f(x) = Wx, m ~ I. 

9x Vx dx 
Vx dx = — = 2Vx 
| a 3 Vx 

Wx dx mx Vx = Say a eae 
| Kock See e Wx  (m—1)Vx 

(b) f(x) = Vat bx, R = a+bx, b# 0. 

[ vRas _2RVR dx _2VR 
3b VR b 

[wR =$—*_vRe™ & ._" _yRm 
(m +1)b WR  (m-—1)b 

(c) f(x) = x"Wat bx, R =atbx,b40,nF# 1. 

fava SP8G-§) 
4 

n n+l n n n+2 nx aah 
(n+ 1)b - (n + 1)(2n + 1)b° 

[ »VRax = 
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(d) f(x) = x"/Wa+ bx, R = atx, b 4 0. 

xdx _2VR ip 3a) 

VR 3b? 

oe Le ae) 
VR ae ast, a eS) 

2 R 
Sane LR 0 
Va a 

ee ae Rea 0 
dx a a 

(iainin ~ sy/—= a < = 
Vem Ob, Oh 

eR a>0,R>0 
Vala REN oO 

(e) f(x) = x"Va>+x*, R = a°+x’, a 0. 

| vRa = NxVR+a7ln(x+VR)] 

[ xVRav=iRVR [B® = va-ams8 

Hig x"[Va?+x*?, R = a?4+x’*, aH 0. 

dx ae eis 
—= = sinh '~ = In(x +VR 
\ a ( ) 

x dx VR i dx ] atA7R 

VR xVR a a o0 

(Qe) =e" Vaan, R= ax ae 0: 

VR dx = Es xVR+ a? sin? ~ 
2 a 

— 
— Pa 

i 

[ ©VRax = -1RVR [Y2&-ve pipe 

x x 

(h) f(x) = x"/Va?—x’*, R = a?-x?, a 0. 

dx eR 
— = sinh '= = In(x + VR) 

R a 

Koran an 
rea {+ lS oertR 

R xVR a x 
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(i) f(x) = x"Vx*—a®, R = a®—x’?, a¥ 0. 

| x VR dx = 1RVR 

VR- + En (x+V R) 

(j) f(x) =x" IN) 6 a pep == ieee 

{4 = cosh! = = In (x +VR) 
VR a 

x dx Lon PEW 5) 

VR 

(k) f(x) = x"™Vatbx+cex*,R =at+bxt+cx’, 

| dx ] * 
a — cosh 

ON IR a 

= VR-acosh" 

x 

a #0, y = 4ac—b’. 

VR dx = 242, ee i 
J de ae VR see (I) 

[evr dx = SaaS VR dx see above 
3c Qc 

(l) fe) =x" r/a+bx tex®, R = atobx tex’, 

2 ‘CR) Go) 

+2 
<- sinh” z = b= Oey > 0 

ae 8] VC Vy 

VR aa Ae 
= cosh” ——=— f= Dry <6 

/ = 
vy 

= Slay 
——a al —= C << (icy, <a\()) 

Ve V-y¥ 

xdx VR 6b dx 
a see above 

7 c 9c) VR 

(4) Trigonometric Functions 

(a) f(x) = sin" A, A = bx, b 4 0. 

| sin Aax = es 

a9 sin 2Ay A 
[sin A dx = Ab +35 

s n=l y= wed cos A sin Ayn [sin 2A dx 
[ sin A dx = ra 

a# 0, y = 4ac—b’. 

n> 0 
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(b) f(x) = cos" A, A = bx, b# 0. 

[cos A ax = ue 

9 a si? Agee 
| cost Ade = 4b +55 

: n-1 =* 

[cos ads SES eee 1 [ cost? A ds n>0O 
nb n 

(c) f(x) = 1/(sin" A), A = bx, b # 0. 

ee eA) be ak 4 

dx _ _cotA 

sin’ A b 

Gi —cos A 2 dx 
= = ae eae = | 

sin"A  b(n—1)sin"'A n-—1J sin"? A e 

(d) f(x) = 1/(cos" A), A = bx, b # 0. 

= nfo (Fo) cosA 0b alee 4 ? 

dx _ tanA 

cos A b 

dx sin A We dx 
= + 5) = 

cos"A  b(n—1)cos"'A_ n-1 = A oe 

(e) f(@) = x™ sin” A, A = bx, b 4 0: 

[> es phy eae Age 

b b 

is Dx sesin2A cos 2A 
[ sin A dx 4 Ab Bh: 

Sy 6 ie 2x sin A 2 cos, [ s*sin Aas ots os AG x up an cos A 

(fo) = ercos’ AarAu—sbxe bce 0s 

i x cos A dx = ~ = oP on 

‘ x xsin2A cos2A 
x cos A dx = —+ = — 
| eas aa 4b 8b 

9 . 

5 x sim Al 2x cos Al 2sin Al 
| x° cos A dx = = 5 7 

b lay b 
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(9) f(x) = f(l+sin A), A = bx, b+ 0. 

[—--:} (7-4) 
1+sinA (hte AO 

Petes meee Te AY. Pas 

fea — a (7 S) +e In [cos (7-4) 

[-.- Le fae A. 
l—sin A =e Pe $42) 

_ de x (a, A\, 2 ree 

J rer = Beet (Fg)+ Fem [sn F-Z)] 
(h) f(x) = f(l+cos A), A = bx, b# 0. 

er fF te p ans 

GE aS Ale 2 A 
Si p tang tzeln (cos) 
l+cosA 

| -“- a ee 
l-—cosA peat 

|, -~*; eee A,2) (si A 

l-cosA 5 aD tae sin 5) 

(i) f(x) = sm™ A cos” A, A = bx, b+ 0. 

| * o 

| sin A cos A dx = as 

Ned sin” A 
[ sin en EAE m= — | 

: r ees? A 
[ sin 4 cos A dx = FES n#—I1 

(j) f(x) = 1(sin" A cos" A), A = bx, b # 0. 

dx ] 

| Saacora = pI (an A) 
| dx Es —] | dx 

sin” AcosA  b(m—1)sin™'A sin” * A cos A 

| dx - 1 n dx 

sin A cos*A  6(n—1)cos"'’A sin A cos" A 

(k) f(x) = (sin”™ A)/(cos" A), A = bx, b # 0. 

jas _ _In(cos A) 

cos A b 

jects pee sto A — dx 
cos A b(m — 1) cos A 

| sinAdx _ 1 

cos"Adx  b(n—1)cos”'A 

m # | 

n# 1 

m # 1 

n# 1 

Integral Calculus 183 



(Il) f(x) = (cos" A)/(sin” A), A = bx, b 4 0. 

jase _ In(sin A) 

sin A b 

cos" A dx _ cos" 'A cos" A dx 
———_ = + | ————_- eae 

sin A Dire) sin A 

cos A dx —] 

| sin"A  b(m—l)sin" A “i 

(m) f(x) = f(sin ax, sin Bx, cos ax, cos Bx), a #0, B #0. 

: ; _ Sin(@ — [Bye Sm (@2 F/B) 
[ sin ax sin Bx dx (aaa) Xa +B) 

cos (a — B)x_cos(a + B)x 

2(a — B) 2(a + B) 

gun (r= fee ., Sin (az a= fees 

2(a — B) 2(a + B) 

[ sin ax cos Bx dx = 

[ cos ax cos Bx dx = 

(n) f@) = fi@an™ Ay cot A), A= bx. b= 0: 

[tan ads eeaamicos:4) 
b 

3 ml 

[ tan" ads = a4 [tan A de m>1 
DiGi) 

[ cot A dx = Auta 
b 

n ne CO Ae - n—2 4 
[ cot" A ax = FOnan [ cor A dx pl! 

(5) Hyperbolic Functions 

(a) f(x) = f(x", sinh" A, A = bx, b ¥ 0. 

| sinn A dx = core b 
30 n-1 Sah ae 

| sinn dy = Sink uel oo = tf sinh "A dx 

x cosh A sinhA 

b b° 
[> sinh A dx = 

[a sinh A dx = ~ ann a. . x""' cosh A dx 
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(b) f(x) = f(x", cosh A), A = bx, b # 0. 

[ cosn A dx = vat 

. x s} n-1 Si ! 

[ cosn A dx = 22 3 sinh on Ms , [ cosn’ * A dx 

x sinh A’ cosh A 

b b° 
[> cosh A dx = 

m 4 

x" sinh A m ete 
= x" sinh A dx 

b bs 
[x cosh A dx = 

(c) f(x) = f(sinh™ A, cosh" A); A = bx, b ¥ 0 

| OR ea ine) mL 
2b 

hoes m+l1 

| sinh A cosh A dx = ae m -~ — 1 

on oe aT 

| sinn A cosh" A dx = ae n#-—1 

| dx _ In (tanh A) 

sinh A cosh A b 

jo A dx _ ] 14 

sinh” A (m—l)bsinh™ =A ™ 

je A dx z 1 4 

cosh" A (n—1)b cosh" | A % 

(d) f(x) = f(sinh ax, sinh Bx, cosh ax, cosh Bx), a 4 0, B # 0. 

sinh (a + B)x sinh (a — B)x 

2(a + B) (Oa) 

cosh (a + B)x , cosh (a — B)x 5 5 

%a+B) ~ %a-B) plepe 

| sinn ax sinh Bx dx = 

| sinn ax cosh Bx dx = 

sinh (@ + B)x sinh (a — B)x 

2(a + B) 2( Ol /3)) 
| cosh ax cosh Bx dx = 

(e) f(x) = f(tanh A, coth A), A = bx, b 4-0. 

[ ann Adx = prised e) een A) 

- m—l 

[ tanh A ae = pie tanh” ° A dx m # | 
BGi a) 

[com Adx = mia 

n-| 

[ coma a COU he coth" * A dx n# | 
b(n —1) 
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(6) Exponential and Logarithmic Functions 

(a) f(x) =f ec Al bx b= 0: 

A 

[erde= © 

[ xe de = ADE b? 

mA = CO ee Pep m-1_A 
yO” ake = b h mee BR ahs 

(b) f(x) = f(x", a), A= bx, a 4 0,.b = 0. 

A an ae 

[2 co bina 

v _ (A Ina—1)a* 

| x0 us (b Ina) 

i Ae xa m a 
[ xva*ds = —— | xt 'a* dx 

~ bIna bina 

(c) f(x) = f(e™) sin Bx, cos Bx), a # 0, B # 0. 

ee eye = e“*(a sin Bx — B cos Bx) 

a°+B 

ee _ e“(a cos Bx + B sin Bx) 
fe cos Bx dx Ara: 

{2 Bxdx (asin Bx + B cos Bx) 
es (a> + B)e™ 

je Bxidxmn (@ICOS) Oxia) Gasime 00 
Be (a> + B)e* 

(d) f(x) = f(x", In A), A = bx, b+ 0. 

[im A dx = x(In A —1) 

m+) 

fe In A dx = 3[(m +1) In A —]] m# —1] a: Bd 
(m + 1) 

(7) Inverse Trigonometric Functions 

(a) f(x) = f(x", sin”' B,cos'' B), B = x/b, b # 0. 

| sin 'Bax= xsin B+Vb=~< 

m+l 
m+l 

m Co x mn l x x™ sin’ Bdx = sin ' B | rN 
m + | m+1JVb?—x? 

m+] m+l 
1 x 

[ cos Bdx = x cos B—Vb?—x? 

a x = 
NGOS dx cos | B+ —————— LN 

m+1 mt+1JVb?—x? 
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(b) f(x) = f(x", tan’ B, cot” B), B = x/b, b# 0. 

| an Bdx = x tan! B—bInVb2+x: 

,m+i m+1 

x" tan”! Bdx = — ani b = | be m+] fan B alee m # —] 

[ cor Bdx = xcot'B+bInVb24+x2 

ke m+1 x" cot’ B dx = — Se | eee 
| > ao BR ey Pax” m # —] 

(8) Inverse Hyperbolic Functions 

(a) f(x) = f(x", sinh ' B, cosh"! B), B = x/b, b # 0. 

| sion B dx = x sinh ' B—Vx*—b° 

ee ae 1 x dil 
x” sinh B dx = — sinh | B | - dx m#—I1 
| m+1 mt+l1JVx?+b? 

[ cosh Bdx =x cosh | B= Vx — 6° 

¥ m+1 2 ] qe 

x™ cosh B dx = — cosh), B= | : dx m2#z-—1 
| m+] mt+1J Vx?— 6}? 

(— if cosh’ B > 0, + if cosh'' B < 0) 

(b) f(x) = f(x", tanh’ B, coth" B), B = x/b,b # 0. 

[ ant’ Bdx = x tanh 'B+bInVb?—x’ 

m+1 m+1 
= Be rarx a eb oe er 

[> tanh’ B dx mp] tanh B alee Sk m#—\1 

| coun Bdx = x coth' B+bInVx*—b* 

m+l b m+1 x a eNeY Lie 5 
ma coth B eet xp m#—1 [ coun B dx 

(9) Tables of Integrals 

For more extensive tables of indefinite integrals, refer to: 

Tuma, Jan J.: “Engineering Mathematics Handbook,’’ McGraw-Hill Book Company, New 

York, 1970. 

Dwight, H. B.: “Tables of Integrals and Other Mathematical Data,” 4th ed., Macmillan, New 

York, 1961. 

Gradshteyn, I.C., and I. M. Ryzhik: ““Tables of Integrals, Series and Products,’ Academic 

Press, New York, 1965. 
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9.04 DEFINITE INTEGRAL 

(1) Definitions and Notations 

(a) Definition. If F(x) and its derivative f(x) are single-valued.and continuous in the closed 

interval [a,b] and if this interval is subdivided into n equal parts by the end points of 

coordinates ,x), %2,..., %,-1 (Fig. 9.04-1) so that 

_b=@ 

an 
Ax 

then the definite integral of f(x) with respect to x, between limits x = a and x = B, is 

[pe de = tim SS pg) ax = [f F046] = Reh = FO) Fo) 
Ax>0) 

where F(x) is the indefinite integral +Y 

@u 7 (). 

examples: 

Fig. 9.04-1 

+y 
A (a) 

Fig. 9.04-2 

(b) Limits. ‘The numbers a and b are called respectively the lower and upper limits of 

integration and the closed interval [a,b] is called the range of integration. 

(c) Geometric interpretation. ‘The definite integral equals numerically the area bounded by 

the graph of f(x), the X axis, and ordinates f(a), f(b) as shown in Fig. 9.04—2a, b, c. The sign 

of this area is governed by the signs of f(x). Ifthe graph intersects the X axis one or several 

times inside the interval [a,b], then the integral equals the algebraic sum of all areas above and 

below the X axis. If the sum of all the areas above the axis (+ areas) and the sum of all the 

areas below the axis (— areas) are equal, then the definite integral equals zero. 
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Fig. 9.04-3 

examples: 

In Fig. 9.04-3a: | sin x dx = [—cos x] = (—cos 7) —(—cos 0) = 2 

In Fig. 9.04-3b: | sin x dx = [—cos x]2” = [(—cos 27r) — (—cos mil =—2 

In Fig. 9.04-3c: | sin x dx = [—cos x],” = [(—cos 277) — (—cos 0)] = 0 

(2) Rules and Theorems 

(a) Rules of limits. 

b a ‘ b b c c b 

Hosen: let sade [e | a b a c a a b a 

+Y 

al ‘all +x 
il
 | 

— 

Fig. 9.04-4 

In addition to the theorems of Sec. 9.02 the following special theorems (b) Special theorems. 

govern the integration of f(x) in [a,b]. 

[ fey ae =o 

XA = const. ih A f(x) dx = af fe dx 

2 |" Fx) dx if f(—x) = f(x) (Fig. 9.04-4a) 

[feo a= 
0 if f(—x) =—f(x) (Fig. 9.04-4b) 
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examples: 

| 2 sin x dx = 2| sinx dx = 2[—cosx]s = 2[—cos 7 + cos 0] = 4 
0 0 

ar /2 

| sin x dx = 0 since sin (—x) = —sinx 
a/2 

ar /2 ar /2 ; £ TT age: ; : 4 
{ cos x dx = 2{ cos xdx = Q[sin x] = 9] sin 9 sin of =2 since cos (—x) = cos x 

= 0) 

(c) Change in variable. If x = $(t), a = d(a), b = $(B), then 

b B 

[ toa = | feme'w a 

where a and B are the new limits and t is the new variable. 

example: 

1 ——————— 

| V1—x? dx in terms x = sint, dx = costdt, and t = sin’'x has the lower limit sin''0 = 0 and 
0 

sin. l= a/2) Thus 

1 a /2 a i2 sn) 9 aw/2 

| V1—x* dx | \V/(1—sin’® t) cos t dt =|| Ose bdta— [+4] =4 (Sec. 9.03—-4b) 

(3) Tables of Definite Integrals 

(a) Algebraic functions in [0,a]. 

| Wai dea 5 (V2 + In (1+ V9) = (1.14774...) 

a 2 

| Va? — x? dx va = (0.78539... .)a? 

dx 

j N/a oe? = in (1-+ V2) =. 0.8618 Tee 

= a = 1.57079... 
Ir dx d 

> AX 
0 VY Qe 

(b) Trigonometric functions in [—a,a] (m,n = 1,2,3,...). 

MTN. NTX 0 ifmAn 
sin sin dx = : 

P a a a ifm =n 

a 

. mmx NIX 
| sin cos ax — 0) 

r a a 

‘ MAX NITX 0 if mA n 
cos cos ax = : 

Pe a a a ifm =n 
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(c) Trigonometric functions in [0,7/2] (m,n = 1,2,3,...). 

ar/2 a /2 

I Sim oGho = | COS dna 
0 0 

1/2 

sin’ x dx = | cos’ x dx = 
0 19 

a/2 

sin’ x dx -| cos x dx = 
0 Co| no 

(2n —1) 7 is 
(2)(4)(6)--- (Qn) 2 

(2)(4)(6) + + + 2n) 
Hae | costae = ay ae 

(= Lie — 1)! 

Amen —1)! 

[ sin” x dx = [7 cos x dx = a 

1 x cos” |x dx = 

(d) Trigonometric functions in [0,7] (m,n = 1,2,3,...). 

| sin x dx = 2 | cos x dx = 0 
0 0 

sin? x dx = ih cos xdx = = 
no|y 

0 ifmAn 

| Se ae | cos xdx = 0 

cos mx cos nx dx Wes 
9 ifm =n 

0 if m # n and m+n is even 

5; 2n : . 
| cos mx sin nx dx = Pape if m # n and m+n is odd 

0 | ame 

0 ifm =n 

Bs 0) ifm #An 

| sin mx sin mx dx = 4 7 
; 2 ifm =n 

example: 

a ! 4 4 3 ; 
cos x sin 2x dx = ei 5 since 1 # 2 and 1+2 is odd 

0 iM - 
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9.05 PROPERTIES OF PLANE CURVES 

(1) Length of a Plane Arc 

(a) Cartesian coordinates. The length L of the arc iP of the plane curve of Fig. 

9.05-la given explicitly by y = f(x) or x = g(y) is, respectively, 

Lo [VUR& 1 =| Vise Ora 

where f'(x) = ce ’ 

d 
£0)= one 

X1, Yi, X2, Yo are the cartesian coordinates of the end points of the arc 

= | Y 

Fig. 9.05-1 

(b) Polar coordinates. If the curve is defined in polar coordinates (Fig. 9.05-1b) by r = r(@) 
or 6 = @(r), then 

L=['ViEr@@ré 1 = [VF Fr OF ae 
1 

where 0'(r) = an 

ve 
1, %, 0, 8 are the polar coordinates of the end points of the are 

(c) Parametric form. If the same curve (Fig. 9.05-la) is defined parametrically by x = x(t), 
y = y(t), then 

where x = a) 
dt 

— Ay(t) 
Pea 

ti, t; are the parameters of the end points of the arc 
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(2) Static Functions of a Plane Arc 

(a) Static moments of Lin Fig. 9.05-la are 

y 

Q.= [VIF Or dy = [ foviriFeor ax 

x 
Q, = | “x VI+(P@)T dx = | “go)V1+ [ek dy 

about the X axis 
a | 

y 

about the Y axis 
v1 

(b) Coordinates of the centroid of Lin Fig. 9.05-la are 

(3) Inertia Functions of a Plane Arc 

(a) Moments of inertia of L in Fig. 9.05-la are 

In = [VFR Or dy =| LF(x) PV 1+ [f(x FP dx 

t= | (xO T+ [f'(x)P dx = | ‘Le PV1+ [e’OE ay 

about the X axis 

Xo 

1 

about the Y axis 

(b) Products of inertia of L in Fig. 9.05-la are . e 

I, = I, = | -g(y)yV1+ [gy] dy 

= if xf (x)V1 + [f'(x)}° dx 

(c) Polar moment of inertia of L in Fig. 9.05-1a is 

ps = df a Ih 

where I,, and I,, are the moments of inertia given in (a). 
1/2——>« 1/2 

(4) Particular Cases 

about the Z axis € 

in terms of y 

in terms of x 

0 

Fig. 9.05-4a 

(a) Horizontal straight segment (Fig. 9.05-4a).* 

1 — a Xe = 1/2 

Ix=0° I, = 1/3 

— > > \| =I =p & \| = Se no 

(b) Inclined straight segment (Fig. 9.05—-4b). 

cs Xe 

te Ll’ sin? a@ I 
tw 3 yy 

lL’ sin? a 
a= 19 Ip 

*There are no figures missing. 

No = 0 

ly = 0 

Ing = 0 

| cos @ —_ lsina 

9 ao 5 

Ll’ cos’ a ae l’ sin a cos a 

2 3 Fig. 9.05-4b 

lL’ cos’ a I I’ sin a cos a 

12 e 12 

Numbers of figures have been adjusted to match their case numbers. 
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(c) Circle (Fig. 9.05—4c). 

Lia Zar ks Xe = yo = R 

I, = 1, = 37R° le Tie 

lm = Ign = Re Inn = 0 

(d) Half circle (Fig. 9.05-4d). 

i TR Xe = R Noe 2R/7 

= mR’ & 3R° = 3 
Ta = 9 I, = wom Eo 2R . 

mn 3 R? Fig. 9.05-4c 
Taa = oe Ip = = Tap a) 

(e) Circular segment (Fig. 9.05—4e). 

L = 2Ra xo = R sina Yo = R(2S— cos a) 

Ix = R*(a —3 sin a cos a + 2a cos’ a) 

Iy = R*(a@ —sin @ cos a + 2a sin’ @) 

j sin @ 
I= 2 Raisin a cos a) 

a Fig. 9.05-4d 
A : 2 sin’ a 

they SS (« +sin @ cos @ —2sin @) 

i B 

Iss = R*(a —sin @ cos a) Iy3 = 0 

9.06 PROPERTIES OF PLANE FIGURES 

(1) Plane Area 

(a) Curvilinear trapezoid of Fig. 9.06-la. The area of 

the curvilinear trapezoid bounded by the X axis and 

y = f(x) in limits a; = x = agorbyx = x(t),y = y(t) 

in limits t; S t S te is, respectively, 

A= [fos as eo Ne [ s@x@ a 

where x(t) = dx(t)/dt. Fig. 9.05-4e 

(b) Curvilinear trapezoid of Fig. 9.06-1b. The area of the curvilinear trapezoid bounded by 
the Y axis and x = g(y) in limits b} = y = b, or by x = x(t), y = y(t) in limits t; < t < ty is, 
respectively, 

by i 

A =| g(y) dy or A = | x(t)p(t) dt 

where y(t) = dy(t)/dt. 

(c) Curvilinear sector of Fig. 9.06-Ic. The area of the curvilinear sector bounded by r = r(@) 
and radii r(@,), r(@s) in limits 6; = 6 < @, is 

we 4 “[r(@)p do 
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ar M4 

g(b>) 

“th ) <a Oa 

Xx 

es ek SS 

Cae © 
dy 

d 

atl 

ro. 
f(a) 

(a) (b) (c) 

Fig. 9.06-1 

(2) Static Functions of a Plane Area 

(a) Static moments of A in Fig. 9.06—-la, b are, respectively, 

ek i Lf (x)P dx about the X axis in Fig. 9.06-la 

Q, = | _xf(x) dx about the Y axis in Fig. 9.06-la 

b, 

Q, = | yg(y) dy about the X axis in Fig. 9.06—-1b 
by 

by 

re i] [z(y)] dy about the Y axis in Fig. 9.06-1b 

(c) Coordinates of the centroid of A in Fig. 9.06-la,b are 

where Q,, Q, are the respective static moments and A is the area of the figure. 

(3) Inertia Functions of a Plane Area 

(a) Moments of inertia of A in Fig. 9.06-la,b are, respectively, 

I. = if “TOOT dx about the X axis in Fig. 9.06-la 

i, = | * x2f(x) dx about the Y axis in Fig. 9.06-la 

by 

i= | yg (y) dy about the X axis in Fig. 9.06—-1b 
by 

= 

by 

f =| ‘[g(y)P dy about the Y axis in Fig. 9.06-1b 
by 
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(b) Products of inertia of A in Fig. 9.06-la,b are, respectively, 

if x[f(x)P dx in terms of x in Fig. 9.06-la 
1 

Ty = Dy ll 

by 
~~ 

1 ee i yLg(y)} dy in terms of y in Fig. 9.06-1b 
by 

(c) Polar moments of inertia of A in Fig. 9.06-la,b are 

Je let Ly, about the Z axis 

where I, and I, are the moments of inertia of the respective area given in (a). 

(4) Particular Cases 

(a) Square (Fig. 9.06-4a).* 

A=@ he = Ne 5 

- ~ a’ “ a‘ Fig. 9.06-4a 
Ths: = Ty = 3 He = 4 

4 4 

Ina = Inn = a Inn = 0 Ipp = o 

(b) Rectangle (Fig. 9.06-4b). 

b 
A= ab x = 5 ‘a= é 

43 7 2p? Fig. 9.06-4b 

ad’ a a0” 

De = Vii ao me xy — e 3 ik 3 Ik 4 ne 

_ ab’ _a’b : a’b Ak 
; lin = 12 Ip a i Iy3 = 0 Inp a 6(a>+ b°) t | a 

(c) Triangle (Fig. 9.06—4c). 

bh be —b h 
A= ry Xc = oa ot ! Yo = 3 

3 Q 9 9. 9 | 

Terese @ 4 epee p= (ohhh! it oe: : 
XN 12 yy 12 xy 94 Fig. 9.06-4c 

bh’ (by + 2bb, by + bs*)h bh* by — bs)h> 
Ina = 36 Ign = ae ee T+ = ae Inn = te 

(d) Trapezoid (Fig. 9.06—4d). 

(a+b)h h(a + 2b) Y=B 
A= Xo = 0 c= SS 9 ze Ye = “3a +b) A y 

_ (a@+3b)h' _ (at=b4h + 
I. a gee I, = 48(a =) 7 Tpp | 

PA nheehvie ‘ 

Inn = ig a = Me Ir = (Ba + b)h” aa ié i 

: - t—a/2—+— a/2 | 
3 3 

C= Ing = Irn = 0 Inn = eet Fig. 9.06-4d 

*There are no figures missing. See footnote on page 193. 
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(e) Regular polygon (Fig. 9.06—4e). 

na a a a 
A= cot Tf =—cot— R= i 

4 2 2 2 2 sin (a /2) 

ts nar (12r° + a”) 360° 
Taa a Ips = Say a ee CO .— 

96 n 

(f) Circle (Fig. 9.06—-4f). 

(g) Half circle (Fig. 9.06—-4g). 

R? 

A= eR ee a Fig. 9.06-4f 
Z ayers 

awR* 57R* DR? 
ip —— y= - —— ees 

8 I, 8 ! 3 

4 

Inn = 0.1098R* = Inn = a lus = 0 

Fig. 9.06-4g 

(h) Quarter circle (Fig. 9.06—4h). 

aR° 4R 4R 

red et I gM 

= _ aR’ Me 
JE a Te = 16 i he wd 8 

Ian = das = 0.0549R* Ing = —0.0165R‘* 

Fig. 9.06-4h 

(i) 2° parabolic complement (Fig. 9.06-47). 

ab _ Bw bee. iy 
A= 3 ta = 4 GRE 10 

ab’ ab a’b° 4 
— eye (oS ib 2 3 

_ 37ab’ a mo 6 

Isa = 9100 30 He 150 Fig. 9.06-4i 
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(j) k° parabolic complement (Fig. 9.06-4/). Xi B 

ip _ k+l Geb 
eho me oe ye OOk+1) =F 

979 b A 

oe ab* Pa ab p= 2 Os 10 ——— 
* 3(3k +1) m k+3 °  4(k +1) (a ee 

_ (7k? +4k + 1)ab’ a a’b 7 ka°b> Fig. 9.06-4j 
daa 123k +1)(2k+1) "7 (k+2)(k+3) “7 4(k+1)(k +2)(2k +1) 

ye B Cc 

(k) 2° parabolic segment (Fig. 9.06—4k). 

4ab 3a 
A= rs Xo = ae Je = 

4ab* = 4a’b 
Ty. ad 15 ly =) 7 I. 

16a°b 32a°b 
Iz3 = 175 Tec = 105 Ing = 0 

(1) 2° parabolic sector (Fig. 9.06-41). 

Fig. 9.06-4k _ ab _ 3a 3b : sr Cu mel as Saga a 
_ 2ab* _ 24°) x 

Ihe = 15 Ih ae 7 Ik az 

19ab° 8a°b 
In, = 80 BB i= amr Typ 

(m) k° parabolic sector (Fig. 9.06-4m ). 

Fig. 9.06-4] kab _(k+l)a — _ (k+1)d al SF Shar wel k+1] 

kab* ka*b 
is =e 3(k Pa) d Ke = Sk sb ] |e = 

Tina k(k°>+4k + 7)ab* 7 k*a°b 
AA 19(k + 2)(k + 3) 8 (8k + 1)(Qk +1) 

fe ala 

~ 4(k + D(k +2)2Qk +1) 

(n) Ellipse (Fig. 9.06—4n). 

A= Tab xe = @ Jo= 

_ 5arab* 5ara’b 
Ih. as 4 Hh or 4 Ty hs 

arab* oF 

Ih, = aw Iz3 = i Iy3 = 
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(0) Half ellipse (Fig. 9.06—40). yw B 

arab A 
rN ees Xo = a Yo = Sh 

2 : 3a 

trab* mab 2a°b* Ix = ee ee = SU! a 
: 8 1k 8 Ex 3 

_ arab* 64 tab 
Ty 8 (1 +s) Inn = 8 Inn = 0 0 

(p) Circular sector (Fig. 9.06-4p). i. a +t. a 

Ao oR: en a =e a Fig. 9.06-40 

== Y — 2 

the SAME Th, = TRAN I, = 0 

Taa — R*(M — P) Izp = R’*N Tap = 0 

Scher e ate + sin @ COS @ 

4 Ye 

BO SIN CGOS o& ~ 
XS SS 4 

= sin’ a@ 

9a 

(q) Circular segment (Fig. 9.06—4q). 

- 3 
A = R?M/2 eh) ee ak sin a 

au Fig. 9.06-4p 

_- R'QM+N) _ R‘6M—N) 7 a 
Tn 16 Ie = 48 I = 0 Y = B 

Ri(2M+N-P Ri6M—N 

Tan = 16 Inn = cee Inn = O 

where M = 2a —sin 2a 

N = 2sin a —sin4a@ 

98 sin® pa —128sin' a _ 
9(2a@ — sin 2a) 

9.07 PROPERTIES OF COMPOSITE PLANE FIGURES pene nes 

(1) Parallel-Axes Theorem 

(a) Static moments of a single plane area. Since by definition the static moments of a single 

plane area with respect to its centroidal axes A, B are zero, the static moments of the same 

area with respect to any other set of parallel axes X, Y (Fig. 9.07—-1) can be expressed as 

0 0 
Q. = yA +Qa Q, = xxA +Qpe 

where A is the area, Q, = 0, Qn = 0 are the static moments of the area with respect to the 

centroidal axes A, B, and x,, y. are the coordinates of the centroid C in the X, Y axes. 
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(b) Inertia functions of a single plane area. Analogically, the inertia functions of the same 

plane area (Fig. 9.07-1) with respect to the same set of axes X, Y are 

1 =a yo A AP A Ie a xc A =F Ipp 

ihe. = Te == xeNcA =e Tap 

IE = (x¢’ + yo )A + Ih, + Ign = rc A + Je 

where Iaa, Iss, Jags = Ina, Jc are the inertia functions 

of the area in the A, B axes, parallel to the X, Y axes. 

(2) Summation Formulas : 
Fig. 9.07-1 

(a) Static functions of a composite plane figure in the X, Y axes are 

A= ApPAs+ 2-64 A, = >) A; i oer Ym 

Q. = yA = yoAs + Sr Ot in Am = SS yiAi 
m 

OFS XAG ss Noy aA > KA; 

SS NANG Dy yiAi 
Me = m Yc = m ak 

A; Ai 

> > Fig. 9.07-2 

where A,, Az,..., An are the areas of the respective parts, x), %2,..., Xm; Nin Jenee 35 Na ale 
the coordinates of the respective centroids, and i = 1, 2,..., m (Fig. 9.07-2). 

(b) Inertia functions of a composite plane figure (Fig. 9.07-2) in the X, Y axes are 

[ee yea) Teg ie Ae 
m 

Shes == Hex a SS xiNiAi ar S Ibizg = »S xiViAi a » Ih 
m 

m 

J: = sy (xe ar Ai ar > (Gh: ar Ii) =a = mA; a Py Ji: m 
™ 

zr 
a 

where Tis, Tin, Tisy = iy, Jc are the inertia functions of A; in its centroidal axes Xi, Yi parallel to the X, Y axes. ‘ 
Y B 

(3) Particular Cases 

(a) Hollow circle (Fig. 9.07-3a). 

A = m(a°’— b’) i Yo =a 

I = [Ly = 4 (6a"+ b>) L, = ws 

Ales; 5 
Ih, = Inn = ra b’) Ing = 0 

Fig. 9.07-3a 
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(b) Half hollow circle (Fig. 9.07-3b). 

a(a*— b*) 
A= ee Xc =a Jes 

ACP Ys 4 A 9 9 
i sae te eral sis WY a 5 a rm = I A (ae Laie) Ike q (5a-- 6°) Th 

3 A as 5 
Ing = Ix — CA Inn = 4a 0") Iyn = 

(c) Hoilow rectangle (Fig. 9.07—-3c). 

A = ab—cd X= 5 x= 3 

b* : b 
Tn = GA + Ia a Fle eA 

ee aa ak oll ee 
1 12 ' 

= Fig. 9.07-3c 

(d) J -Section (Fig. 9.07-3d). 

b 
A = ab—cd Xe= 5 ye = 5 

3) dz 5b at 3d 

Iy4 = ae Ing = Se In = 0 

a A nae re ns ae 
4 4 4 

Fig. 9.07-3d 

(e) [.-Section (Fig. 9.07-3e). 

12a°v+u'd b 
A = ab —cd i= = 5-4 Ye = 5 

cP AE 3p — Pd +20°%v 

LE ie. moe Ign = : f 3 at tian = 0 

2 : b 

eA In Ip A tps Iy= 5A 
4 2 

Fig. 9.07-3e 

(f) | -Section (Fig. 9.07-3f). Y=B 

Alsat al xo = 0 7 

os l(a—u)v +ub> _ t Fapee | Ge. c/2 i 

Nicns 9 A 4 d i i 

ae*—(a—u)(e—v) + uf® = a*vt+u*(b—v) = z < 
Tha = 3 Ign = menos aa Inn = 0 FA 5 

v ——— | x 
I. = eA t+ Isa Ly = Isp i= 4 Peay 

Fig. 9.07-3f 
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(g) L -Section (Fig. 9.07-3g). 

A=av+cw+du f=b-e 

l(a-—u)v'+(c—u)(2b—w)wtud*? _ ‘ 
Gt a 9 A 

F ae>—(a—u)le—v) + cf'—(c —uy(f—w) 
AAD = 3 

3 3 3 figs stow lie mee 

Tn = @' A+ Isa Eales L, =0 

(h) L-Section (Fig. 9.07-3h). 

A =av+du 

Egle (b0) hae Pee OEMs 5. 
8 eee ee area, 

1. = aa = wl f= vy + wb = fy 
AA 3 

be’—d(e—u) +v(a-—u) tls 
Inn = 3 tan 2a wea 

I G0(Gi== 20) (0 2h) imicd Qu 6 —2e) (Qu d — 2f) 
AB: 4 

lbs = fA ar Ta Wk, == eA = Tgp H bes = efA Sir Tap 

where qa is the position angle of the principal axes U, V. 

(i) “L-Section (Fig. 9.07-3:). 
b 

A = 2av+cu Xo = 0 Nae 

GD (=e b* 
Ix, = we ee Ix = ve Alyse dbs 

bu*+[(2a — u)’— u*]v 

Q(Ge)\(O a) D 2Tap 
== = Jh. tan 2a = —=——— Ip 5 an 2a ti 

where @ is the position angle of the principal axes U, V. 

9.08 PROPERTIES OF SURFACES 
OF REVOLUTION Fig. 9.07-3i 

(1) Area of a Surface 

(a) Rotation of f(x) about the X axis. The area S of a surface of revolution generated by the 
rotation of the plane curve defined by y = f(x) about the X axis (Fig. 9.08-la) is 

S = 2m ["foyVIF POR &x 

where y' = df(x)/dx = f'(x) and a,=x <a». 
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(b) Rotation of g(y) about the Y axis. The area S of a surface of revolution generated by the 

rotation of a plane curve defined by x = g(y) about the Y axis is +y 

by ——<———— 

S= 2{ g(y)V1+[g'(y)F dy Fig. 9.08-1a 

where x’ = dg(y)/dy = g'(y) and b; Sy S by. 

(2) Static Functions of a Surface | 
i (a) Static moments of S are, in Fig. 9.08-la, 

Q, = 0 about the X axis 

a. a 

* xf (x)V 1+[f'(x)P dx about the Y or Z axis Q,= @ = 2n/ 
a) 

and in Fig. 9.08-18, 

b. 

by 

Q.= 2 = an | yg (y)V1+[g'(y)} dy about the X or Z axis 

Q, = 0 about the Y axis 

(b) Coordinates of the centroid of S in Fig. 9.08-la are 

x = 2 yo = 0 Ic = 0 

and in Fig. 9.0815, 

Xe = 0 x = = zo 0) 

(3) Inertia Functions of a Surface 

(a) Moments of inertia of S in Fig. 9.08-la are 

I. = an | (f(x) PV1+[f'(x)} dx about the X axis 
% p Fig. 9.08-1b 

ete Wa 
I, = I. = an | {s ars br@vi +[f'(x)} dx about the Y or Z axis 

and in Fig. 9.08-1b, 

I. = I, = an | {ye Ql g(y)V1+[g'(y)J} dy about the X or Z axis 
by 

by : 

lL, = 2m | [g(y) PV 1+ [g'(y)]P dy about the Y axis 
by 

(b) Products of inertia of S in Figs. 9.08-la, b are 

B= = 1 0 

since the surfaces are axial symmetrical with respect to the X and Y axis respectively. 

(c) Polar moment of inertia of S in Figs. 9.08-la, b is 

hear dh edb 

Us ee 

where I,, I, L: are the respective moments of inertia given in (a). 
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(4) Particular Cases (shell thickness t = 1) Fig. 9.08-4a 

(a) Spherical shell (Fig. 9.08—4a).* 

Ss) = 47rR* Xe = We — 0 LG = R 

2 9 2 

Te ee a 4 3 C 

2SR° 
Inq = Ipp = Icc = 3 

(b) Hemispherical shell (Fig. 9.084). 

5 R 
S = 27R° Xo = Ye = 0 Zo a5) 

Ihe dhe I a anh 
? 3 

5SR° 2SR° 
Ina = Ign = o Icc = 3 

(c) Circular cylindrical shell (Fig. 9.08—4c). 

S 2arRh GW aan) Cilio 0 LG) = ll 

ie S(3R? + 2h. i oR II 
Ihe 

In, = Ign = 2 OR'+ h*) Icc = SR° 

(d) Half circular cylindrical shell (Fig. 9.08—4d). 

S = wRh Xe = t Jo. = 0) £6 > 
he T 

Fig. 9.08-4d 
Io pea Ia GRE oh 

B 

Iya = R° 1--—S S Sap = AA S ( +) Ip 19 (or 

S 9 9 
Ico = Inn = Jo OR” aed )) 

(e) Circular conical shell (Fig. 9.08—4e). 

S=aRVR*+h®> xe =0 yc =0 

Sere oi 
Ty it Iy = ik + 2h:) Hs. ae 2A 

eee 2 
Isa = Ine = 75(9R*+10h) Toe = “8 

*There are no figures missing. See footnote, p. 193. 
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(f) Half circular conical shell (Fig. 9.08—4f). 

SSS 2 
s=-> Rae eee" yc = 0 Zz emer 

2 3 : : Sar 

Sk Sus. 
Ihe = 9 I, = 1 = A sod (ie) 

or: 52 S tao ; 
Ina = 18 (9 =) Inn = 18 (oR pet. R°+10h ) 

S . Eas 
Icc = 7gQR + 10h-) Inn ll S(3R*+4h") 

Fig. 9.08-4f 

(a) (b) (ie) 

Fig. 9.09-1 

9.09 PROPERTIES OF HOMOGENEOUS BODIES 

(1) Volume of a Body 

(a) Circular sections. The volume V of a body of revolution generated by the rotation of the 

plane curve y = f(x) about the X axis (Fig. 9.08-la) is 

V= [' acd : mf f(x) ds 

where A (x) is the area of the circular section normal to the X axis. Similarly, the volumes of 

bodies of revolution generated by the rotation of the plane curved about the Y and Z axes are 

respectively 

Il 
by b 3 

v=[ana=-] tors 

va [(a@e = nf (heyt dz 

where A(y) and A(z) are the areas of the circular sections normal to the Y and Z. 
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(b) Parallel sections. The volumes V of bodies formed by sections parallel to a fixed place 

(Fig. 9.09-1) are respectively 

Va iI A (x) dx A(x) parallel to the Y, Z plane, Fig. 9.09-la 

by 

| 

Vie | A(y) dy A(y) parallel to the Z, X plane, Fig. 9.09-1b 

V= A(z) dz A(z) parallel to the X, Y plane, Fig. 9.09-le 

by 

- 

Va | 

« 

(2) Static Functions of a Body 

(a) Static moments of V are respectively 

Q, = I V(b? + c*)A(x) dx about the X axis 

Q, = | V(c> + a°)A(x) dx about the Y axis 

QO I ony Gee b° A(x) dx about the Z axis 

where a = a(x), b = b(x), ¢ = c(x) are the coordinates of the centroid of A(x). Q, Q, Q. 

may be also expressed in terms of A(y) or A(z) as the definite integrals in b, = y S by or in 

C; =z Sy, respectively. 

examples: 

Q. = I ; V (b> + c*) A(y) dy where b = b(y), ¢ = c(y) 
b) 

Q.= I V(b? + c°)A(z) dz where 6 = b(z), c = c(z) 

(b) Coordinates of the centroid of V are 

i aA(x) dx | ~ bA(x) dx cA (x) dx 

Co a JG = ae By =. 

I A(x) dx | A(x) dx | A(x) dx 
ay ay ay 

where a, b, c and A(x) have the same meaning as in Sec. 9.09-la. xc, ye, 2 May be also 
expressed in terms of A(y) or A(z). 

by 

| aA (y) dy 
by xX. = ———--- where a = a(y),..: 
by 

| A(y) dy 

or 

| aA (z) dz 

Ss where a = a(z),... 

i A(z) dz 
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(3) Inertia Functions of a Body 

(a) Moments of inertia of V are respectively, 

Ta = | ; [(b° + c)A(x) + Jx(x)] dx about the X axis 

I,, = | “[(c? + a®)A (x) + I, (x)] dx about the Y axis 

I, = i Hatt b*)A(x)+I.(x)] dx about the Z axis 

where a, b, c and A (x) have the same meaning as in Sec. 9.09-2a and the J, (x), I, (x), I(x) are 

the inertia functions of A(x). Ix, [y, I: may be also expressed in terms of A (y) or A (z). 

(b) Products of inertia of V are respectively, 

ln =4 = | " abA(x) dx I. = I, = | "belay de I, = In = | * caA (x) dx 

where a, 6, c and A(x) have the same meaning as in Sec. 9.08—2a. Iy, I, Ix may be also 

expressed in terms of A(y) or A(z). 

(c) Polar moment of inertia of V is 

= (as & ae oS 

Zz 
J 

where [,,, I, IL. are the moments of inertia of V defined in Sec. 9.09-3a. 

(4) Particular Cases (A = area of cross section, t = thickness) Cc 

(a) Thin straight bar (Fig. 9.09-4a).* 

V= lA Xc 

V=IA Xe 

ip fey. 
Ihe = 3 

abV 
= town Ty = 3 

ie (b°+c¢7)V 
AA —_ 12 

abV 
L3o— o- BG ae Ge 

*No figures are missing. Please see footnote, p. 193. Fig. 9.09-4b 
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(c) Thin circular ring (Fig. 9.09-4c). @ Fig. 9.09-4c 

V = 27RA Xo = 0 Yo = %c = R 

9 3VR° 
I. = 3VR° L=h= a 

I, = 0 Lo VR I, = 0 

9 VR° 
Ta = Vie Ips Te — 9 

Inn = Isc = Ica = 0 

(d) Thin circular bar (Fig. 9.09-4d). Z=C 

Rsi i Fig. 9.09-4d 

V=2RaA x=0 ye=0 1 eet 

2 nA - VR® sin 2a@ Leave Lies 1, Ss (1 +9022) 

VR? sin 2a < = 
lL, = 9 (1 oe ) I, = 0 I. = 0 

Tae VR(1 sn) T= O 
Qa 

re VR" (1 , sin 202 i “) neeete 

2 2a a 

PAV sin 22) 2 

anes ( Da ie 
(e) Thin isosceles triangular plate (Fig. 9.09-4e). 

bht h 
V= oy Xe = 0 Aol as 0 44g = 3 

Vie ce, G Vh Vb 
— ~ + = — — 

i he 94 (4h b ) d i 6 I 94 

Iy = I, = Ix = 0 

V ny pleat Vh> Vb° 
Ta = 7g 4h’ + 3b ) Tas = 713, Tec = 4 

Ing = Ipc = Ica = 0 Fig. 9.09-4e 

(f) Thin square plate (Fig. 9.09-4f). 

Vea xe=0 =5 xe =e 

9 2 Ao 

ee Ai ie eG 
3 3 

ae Wier 
4 

V 2 Va‘ 

Ika = 5 Tp Icc = o 

Lae Ise lax 0 Fig. 9.09-4f 
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(g) Thin rectangular plate (Fig. 9.09-4¢). 

V = abt Xo = 0 Nc = 5 a ‘ 

Via’ +b’) Vb? Va 

Tx 77 a 7. — % 3 I 3 jf ; 

Vab 
L,. = oe — 

0 I 4 I 0 

_ V(a*+b*) Vb va 
Tas = 12 Ip = 12 Tex = 12 

(h) Thin circular plate (Fig. 9.09-4h). 

V= aR’ xe = 0 Yc = R zc = R 

5VR° 5VR° 
1 = = ) fe = Is = 

VR? VR 
Lee 5 Ipp = Icc = 4 

Ixn = Isc = Ica = 0) 

(i) Thin half circular plate (Fig. 9.09-47). 

R°t 4R 
Vie m9 Xc —— 0) Vc = R Zc = = 

3VR® _ VR? SVR: 
In = 5 tp LAA 

(eet Peay oe wh yh 
3%r 

In, = 0.3199VR* Ipp = 0.0699VR° 

Tec — 0.25 VR° Tap — Tx = Toca a (() 

(j) Cube (Fig. 9.09-4)). 

3 0 a a 
V=a xo > 5 Je = 5 ia 5 

2Va™ LoheL—, 

Va* 
he aa Ib = Ih. aa 4 

Va* 

lie = Isc = Ica = 0 

Fig. 9.09-4g 

Fig. 9.09-4h 

Fig. 9.09-4i 

Fig. 9.09-4j 
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P j 

iG Fig. 9.09-41 

ll __t lil 
ol 

Y Fig. 9.09-4m 

Fig. 9.09-4n 
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(k) Rectangular prism (Fig. 9.09-4k). 

Va Ta0G Ray ye 9 ao 5) 

bere Vv: (c+a)V Fee (a+b)V 
Ihe i 3 Ihe 3 2z ® 

abV = OCV _ caV 
1h = <2 If ag 4 Ube 4 

_ (B+e?)V een +a°)V (a Fb Vv 
Taa a 12 BB: aa 12 CG 12 

Ip Isc Ica = 0 

(1) Right rectangular pyramid (Fig. 9.09-41). 

bh h 
V== Xo = 0 ye = 0 oe aw 

poe eran eae hey . @ rev 
a 20 4 20 20 

iL = If, = i = 0 

= (4b°+ 3h°)V = (4a° + 3h*)V Tea 
AA 80 BB 80 cc 

Ing = Inc = Ica = 0 

(m) Right circular cylinder (Fig. 9.09-4m). 

= 2 h 
V=a7Rh Xe = 0 yc = 0 4 = 5 

Es _ (8R?+4h?)V 2, VR? 
The = Jk =, ee Si 9 

d bes = Ty = iB = 0 

8R°+h*?)V 
Ixy, = Ign = ( o iM Icc = iE 

Inn = Isc = Ica = 0 

(n) Right circular semicylinder (Fig. 9.09-4n). 

,_ wRh Ie 4R 
v= 9 XG = 9 Yo = 0 2G. = zm 

7R2 2 2 Toe ue Lap (GRes aes 

2 12 

dE = d be = ig — 0 

Ing = 0.3199VR* — Ign = 0.0699 VR? Icc = 0.25 VR? 



(0) Right circular cone (Fig. 9.09-40). Fig. 9.09-40 LEE 

: | V = aR” Xe = 0 Yo = Q les 1 

eg OR 2h), _ 3VR° 
ae kn 20 I = 79 

Ls = Es — 4 ee = 0) 

3(4R°+h*)V 
Ix, = Isp \ 80 ) Icc = I 

Ing = Ipc = Ica = 0 

Fig. 9.09-4p 7, 

(p) Right circular semicone (Fig. 9.09-4p). 

mRh Gel 2 dae 52 
gg Sar A Yc = 0 alee 

SVR: _ (3R?+2h*)V 
1B = ate eB = 1 BS —- 9) 

~ 5 
\| 

soos! 
\| ~~ t 

Il i) 

Bey R: ees (4R°+3h°)\ l= 3(4R°>+h*)V 
eens fed 80 a 80 

(q) Sphere (Fig. 9.09-4q). Fig. 9.09-4q T=1E 

y= <8 Xx; = 0 yo = 0 a — 0) 

9V 
I, =]l,=lL= als 

: J 

7VR* 
I he = If = | Be = 0 I+ — Ty aa 5 

Fig. 9.09-4r Z=C 

(r) Hemisphere (Fig. 9.09-4r). 

QmR® _ 3R 
Vass w=0 =0 w= 

2VR° 
(eh a 5 

1h = ik < jhe = 

83VR° _ 208VR 

Wy = Ipp 391) Ico = I Ir 39) 
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LE (s) Semiellipsoid (Fig. 9.09-4s). 

= 2 trabc 5c 
V 3 Xo = 0 yo = 0 Bee 

(4b°+90°)V _ (4a°+9c*)V a (a°+b°)V 
ee (ee {> a 90 a 5 

dbs, == br — Ibe = 0 

(64b° + 19¢°) V (64a°+19c°)V 
Tan = "399 Is = ~“390 

Tec = I. Ing = Inc = Ica” = 0 

2 2 24 NV 
[ee ee es 

5) 5 

Fig. 9.09-4s Y 

(t) Elliptic paraboloid (Fig. 9.09-4t). 
hE 

2h 
Vi = aL Gia 0 Ne — 0 2 3 

a (b°+3h°)V ee (a°+3h°)V ae (a +b)V 
po a PE D3 Cae 6 2z 6 

IL, =I, = I, =0 

367° +h? iva 38a°+h)V 

Iy, = we BB = cea Icc = I 

Typ = Inc a) 

b+h)V *+h°)\V jee (6 +h )V jee = fay 
6 “e 6 

Fig. 9.09-4t Y 

9.10 PROPERTIES OF COMPOSITE HOMOGENEOUS BODIES 

(1) Parallel-Axes Theorems 

(a) Static moments of a single body. Since by definition the static moments of a single body 
with respect to its centroidal axes A, B, C are zero, the static moments of the same body with 
respect to any other set of parallel axes X, Y, Z (Fig. 9.10-1) can be expressed as 

———— {0 
Q, = Vie + t¢)V + 

a re 0 

Q;.= Ve ar Xe) V +r 

—. oe 0 
Q. = V(xe +92) V +82 

Fig. 9.10-1 
where V is the volume of the body, Q, 
with respect to the centroidal axes A, B, 
in the X, Y, Z axes. 

= 0, Qs = 0, Qc = Oare the static moments of V 
C, and xc, yc, zc are the coordinates of the centroid 
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(b) Inertia functions of a single body. Analogically, the inertia functions of the same body 
(Fig. 9.10-1) with respect to the same axes X, Y, Z are 

Zz 

Te = (ye +72z¢)V+ Ta 

l= (2c Hac) V + Ios 

I, = (xe + ye) V + Ice 

i a HB =). POC YoV = Tap 

i 0 
I, = 1, = yctceV + Tec 

Fig. 9.10-2 

dB = if = xoV + Tea axa 

2 2 ae liver se ; 
Jo = (xe +y0 +22)V + = &=r12V + Jc 

where I44, Iss, Icc, Ins = Isa, Inc = Ica, Ica = Inc, Jc are the inertia functions of V in the 

centroidal axes A, B, C, parallel to the X, Y, Z axes respectively. 

(2) Summation Formulas 

(a) Static functions of a composite body (Fig. 9.10-2) in the 

V= Vit Vot+-++ Va = > Vi 

Qe = Vy + 21) Vi + V (92 + 22°) Va t+ + Vom + Zn) Vin 

or =a. (zi, ae x1") V, i= (Gs I Xo") Vy shes 3 Gee a %,) Vai 

where Vi, Vo, as 

Zly L250 « 

., Vn are the volumes of the respective parts, x1, x2, .. 

.,2m are the coordinates of the respective centroids, 1 = 1,2,...,m. 

Doane xeseane 

= DS Vote) Vi 

=> >. V (z; + x;) V; 

= DS V(x? + ¥)V; 

“3 Xm 1, Yo, ONC} Ym 
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(b) Inertia functions of a composite body (Fig. 9.10—2) in the X, Y, Z axes are 

Ie = >) OF + Vi + >) Tee j= io Soy ‘e ies 
m m 

Ih = > (a2 + yi) Vi ar » Tiyy ie a IE, == sS ViZi V; a > jv) 

m m 

I, = >) (x? + y2)Vi + > Ten La l= eV, 2 le 
m m m 

Dy (iene ieee be} P 
Jo = , (xe + y? + 2) V; an m 5 

where i lel — ll i are chesinekiaatUnciOns Om nmIGS 

centroidal axes x;, y;, z; parallel to the X, Y, Z axes. 
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10 
MATRICES AND 
DETERMINANTS 



10.01 BASIC CONCEPTS OF MATRICES 

(1) Definitions and Notations 

(a) Matrix [A] is a rectangular array of m X n elements arranged in m rows, n columns, and 

enclosed in brackets. 

ay. Ap ars Qin 

As Ags 93 Qs, 
au . 

Ant An» Ans ay Qin . 

(b) Element a; (any element) of the matrix represents a number, an algebraic expression or a 

function in the jth row and in the kth column (j = 1, 2,3,..., mand k = 2203) eam) 

(c) Order (size, dimension) of a matrix is designated as (m X n), stating the number of rows m, 

the number of columns n, and the number of elements m X n. 

examples: 

1 0 —-7 

8 0 2 ; : : : 
jog. Sele (4 3) matrix of signed numbers which consists of 4 rows and 3 columns 

= 17 

Wes (a+b) b 
(ez dy re 2 | = (2X3) matrix of algebraic expressions which consists of 2 rows and 3 

columns 

OSM =SyMigs : : : : ’ 
ee ens (2X 2) matrix of trigonometric functions which consists of 2 rows and 2 

columns 

(2) General Types of Matrices 

(a) Rectangular matrix, m # n. (b) Square matrix, m = n. 

tee eles 
(c) Row matrix, m = 1. (d) Column matrix, n = 1. 

[a1 a: as] (1 x 3) a (3X1) 

b, 

(3) Special Types of Matrices 

(a) Zero (null) matrix. A matrix whose elements are all equal to zero is called the zero matrix 
[O]. 

(b) Unit matrix. A square matrix whose principal diagonal elements equal 1 and whose 
off-diagonal elements are zero is called the unit matrix, [I]. 

(c) Diagonal matrix. A square matrix whose some or all principal diagonal elements are 
nonzero and all off-diagonal elements are zero is called the diagonal matrix 
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(d) Symmetrical matrix. A square matrix which is symmetrical about the principal diagonal 
(Qj. = a) is called the symmetrical matrix. 

(e) Antisymmetrical (skew) matrix. A square matrix which is antisymmetrical about the 
principal diagonal (a, = — a,) and whose principal diagonal elements equal zero is called 

the antisymmetrical matrix. 

examples: 

Zero matrix (3 X 3): Unit matrix (3 X 3): Diagonal matrix (3 X 3): 

OF 0 0 ie a0) ea) a 0 O 

0 0 0 oO 1.0 Ome ba O 

00 0 0 0 1 00 ¢ 

Symmetrical matrix (4 X 4): Antisymmetrical matrix (4 X 4): 

] 8 12 0 0 -8 12 Q 

8 3 -3 5 8 0 -3 —-5 

We 56 = i 3 0 6 

0 5 —-6 9 0 ay 18) (0) 

(4) Relationships of Two Matrices 

(a) Equality of matrices. Two matrices [A ] and [B] are equal if they have the same order and 

if their corresponding elements are equal (a; = Dj). 

(b) Transpose of a matrix. The matrix [A]’ is called the transpose of the matrix [A] if each 
row of [A]' is identical with the column of [A] and vice versa. 

a dq! 

rp ar te a, e == fie ap 

c f 

a 

La Gen aG ARS oe 

baie aly e A E [ j| ‘mk 
C if jim 

(c) Transpose of a symmetrical matrix. If [B] is a symmetrical matrix, then 
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(d) Transpose of an antisymmetrical matrix. If [C] is an antisymmetrical matrix, then 

(e) Transpose of a transpose. The transpose of [A]’ is the. matrix [A]. 

I[AI"|? = [A] 

example: 

= T 4 

a ore i [_! -2 y-[- | = all = 5 ¥ = 2 
3 6 —4 ey 6 4 5 6 3 6 

10.02 ALGEBRAIC OPERATIONS WITH MATRICES 

(1) Matrix Addition 

(a) Definition. The sum of two or more matrices of order (m Xn) is a matrix of the same 

order each of whose elements equals the sum of the respective elements of the given 

matrices. 

example: 

E ‘l+(.3 Aare | 

7 ie 19 Si ~ |eo iy 
ue —4 —— — <<< 

[A] [B] [A + B] 

(b) Order of terms. The matrix addition is commutative. 

[Al (Bl (CG) [Bi Cl+(Al= [GC] [APs] 

(c) Grouping of terms. ‘The matrix addition is associative. 

[A]+[B]+[(C] = [A +B]+[C] = [A]+[B+C] 

(d) Transpose of asum. The transpose of a sum of two or more matrices is equal to the sum 
of their transposes and vice versa. 

[A+B+C]’ = [A]’ +[B]’ +[c]? 

(2) Matrix Subtraction 

(a) Definition. The difference of two or more matrices of the same order (m X n) is a matrix 
of the same order each of whose elements equals the difference of the respective elements of 
the given matrices. 
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example: 

} slalee °] - 7 —5 
7 —192 13 -—5| |-6 =| 

[A] (B] [A —B] 

(b) Order of terms. The matrix subtraction is commutative. 

eat Bi (ep (BC {Ai = =(C]+[Al=(B1 

(c) Grouping of terms. The matrix subtraction is associative. 

BT 16)-1C} = {A= 3B) [0] = [A]—-(B+ C] 

(d) Transpose of a difference. The transpose of a difference of two or more matrices is equal 

to the difference of their transposes and vice versa. 

(AB etel (AT Bye 1C] 

(3) Matrix and its Transpose 

(a) Sum of the square matrix [A] and its transpose [A]’ is a symmetrical matrix. 

[A]+[A]’ = [symmetrical matrix] 

example: 

2 6 E 4 Bs a 
— = 

E 4 GnekZ 14 24 

[A] [A]* 

(b) Difference of the square matrix [ A | and its transpose [A ]’ is an antisymmetrical matrix. 

[A]—[A]' = [antisymmetrical matrix] 

example: 

26 ZA ite! =e 4 
F ol-[e 9) 7 9 0 

[A] [Al* 

(c) Resolution. Every square unsymmetrical matrix [A] can be resolved into the sum of a 

symmetrical and antisymmetrical matrix. 

[A] = [4] + [A] +2[A]-[A]'] 

example: 

S welm lls wel*L-s el)lls Gelb ell 
FE 
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(4) Product of a Scalar and a Matrix 

(a) Definition. The product of a scalar a and a matrix [A] of order (m Xn) is an (m X n) 

matrix, each of whose elements equals the product of a and the corresponding element of 

the matrix. 

Be ie ed nl 
a = 

Ay; Avg Qa, AAs 

(b) Order of terms. The product of a matrix and one or more scalars is commutative. 

a[A] = [A]a aaf[A] = a[A]a, = [Alaias i 

(c) Grouping of terms. The product of a matrix and of one or more scalars is associative. 

aia[A] = [aA lay = [aA lai = [aarA] 

(5) Matrix Multiplication 

(a) Definition. The product of two conformable matrices of order (m, X n;), (ms X ny) is a 

rectangular matrix of order (m, X ns) whose elements are equal to the sum of products of 

the inner elements (see below). Two matrices are conformable if n; = mo. 

examples: 

is Ais | _ a =. [aide rarer Sea 

Az, Ags * (@21D,; + As2b2, + ds3bs1) (d21b,2 + Ax2b22 + Ao3bs2) 

ana ee) Coee, s (Son One) en ee 
oe i EG (4)(— 7) + (— 5)(8) + (6)(9)_— (410) + (— 5)(— 11) + 6) (12) 

: k 18 al 
~ 1-14 167 

(b) Sequence of terms. The multiplication of conformable matrices is not commutative. 

[A][B][C] 4 [B][C][A] 4 [C][A][B] 

(c) Grouping of terms. The multiplication of conformable matrices is associative. 

[A][B][C] = [AB][C] = [A][BC] 

(d) Distribution of terms. The multiplication of conformable matrices is distributive. 

[A][B+C] = [A][B]+[A][C] [E+ F][G] = [E][G]+[F][G] 

(e) Transpose of a product. The transpose of a product of two or more matrices is the 
product of their transposes in reverse order. 

[LA ]LB][C]]” = [C]"[B]"[A]" 
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(6) Special Products 

(a) Row and column matrix products. 

x a 

[a b af |=e y af | = tasty 

(b) Column and row matrix products. 

x fain Wises Tepe a 

a b cl= ' by °| = ut yz 

[2 ayes bey A6z iG 

SO OVP an dis “dis Q\y\X AX ais) 

|: , off Qo» | = fas Ay) Ass) 

0 UO 2 Q3; a3. 33 Q3\Z  AyZ As 

ay} Ay a\3 x 0 0 Q\\X a2) Q\3Z 

As) Qos Qox 0) 3) 0 = Qy\X Ag A932 

a3) Ax Ass () ae Z Ax\X Ax: 332 

(7) Operations with Zero Matrix 

(a) Sum. (b) Difference. 

AIO LAI [Aj—10] = [A] 

(c) Difference of two equal matrices. 

[A]—[A] = [0] 

(d) Products. 

[A][0] = [0]  [0][A] = [0] —_[0](0] = [0] 

(8) Operations with Unit Matrix 

(a) Sum and difference. 

ait] Aye a; 

eee (Mee 
Am Am2 a 

(b) Products. 

[AZ] = [A] ipa 1Ad iL 

ax 

] = | bx 

cx 

Matrices and Determinants 221 



10.03 BASIC CONCEPTS OF DETERMINANTS 

(1) Definitions and Notations 

(a) Determinant |A| is a square array of n X n elements arranged in n rows and n columns, 

and enclosed in two vertical clues. 

Qi Ai Ais Qin 

G2, Aya Ay ay Va sar deeA 

Ant An2 Ans Ann x 

where a, is again (as in the matrix) the element of the jth row and kth column. 

(b) Similarity. The arrangement of elements in the matrix [A] of (n X n) order and in the 

determinant |A | of the same order is identical, but the symbols [ ] and | | distinctly indicate that 
each array is governed by specific laws which are not the same for [A] and |A]. 

(c) Minor. Any element a, of |A| is associated with another determinant |A,| of (n — 1) xX 
(n — 1) order obtained by deleting the jth column and kth row in |A]. 

example: 

Qi, Qi G3 Ais Ain Qi Giz Ay Qin 

G2, sz Gog Gog Gon G3, Asg As4 as 

| Asal = — 
G3; Asq G3s_ As, * Asn 

Ani Gna  Gygs Ana a, Qni Ane Ana Quin 

(d) Cofactor. The product of the minor | Aj 

Ay (il) \A| 

and (— 1)’ is called the cofactor Aj. 

example: 

In the determinant 

i =3 0 
[Al= is =7.. 8 

Cp 

the cofactors are 

Se sel = 18 = 142 oS 143 5 =7 Ai (Gl) 9 3 Ais = (—1) 9 : Ajs = (a) 9 , 

et) 7 mela) alt tes 
Ax (S11) 9 i Ax = Gal) E | Ass = (sail) |, | 

a al 8 1 =3 A, _ 1 1 S 349 = = 3+3 - etaimey | te). ee ee 
For the evaluation of these cofactors refer to Sec. 10.03—2a. 
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(e) Evaluation. The value of the determinant |A| is the sum of the products of the elements 
of any row or any column into their respective cofactors. 

n n 

|A| = > OjrAj = a Or Aj 

1 Toes =1 

(2) Two Basic Cases of Evaluation 

(a) Second-order determinant. 

—_ {4 Ais 
A= = A1Ax2 — A291 

Az; Ax 

examples: 

Lees 
4 = (D)6)—©3)() = 5+ 21 = 26 

i J 

(1)(3) — (0)(2) = 3-0 = 3 
no o-) 

(b) Third-order determinant. 

Qi Ay ais 

|A| =] Ax ax) = AyAnt+ apAyw+t ay3Ai3 

as) A392 a33 

= 11( 22433 — A332) — A)2(A2\A33 — A23431) + A13(G21A32 — A22431) 

where Aj, Aiz, Ais are the cofactors defined in Sec. 10.03-1d, and the minus sign in front of ay» 

is the result of (—1)* = (-1)'"? = (-1)° = -1. 
Alternative forms of evaluation are: d2;A9;+ dxA2+ A93A93, OF A3;A31 + A32A39 + €33A33, OF 

Q Ai; + Ay,Ao; + Ax1A3i, OF Ai2Aj2+ AeA + A32A32, OF A13A13 + Go3A03 + A33A33, all yielding the 

saine value of the determinant. 

=I 

example: 

ee es, ee ae | ee 
Pee a ead ay Cog | 
g) z 3 

or 

ites 0 
; =i % —-3 0 - 

i = 7/ 8 = (| 9 1-0 9 1 +)| 

9 2 3 

= (1)(—37) — 6) 9) + 9) 

and so on. 

| — AX 37) + B)(— 57) + O)G 73) = = 208 

208 
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(3) Theorems of Determinants 

(a) Same value. The value of the determinant remains unchanged if: 

(a) Rows and columns are interchanged, i.e., the determinant is equal to its transpose. 

example: 

Qi, Ai Ais Q\; Ag, Asi 

Az, GAs2° Qos Ajo Aga Ase 

Q3; As, As3 Gis GAe3 Ass 

(B) Even number of rows or columns is interchanged. 

example: 

Q\, Aig Ais Az, As Ars 

Az, As Ags Q3, Aso 433 

Az, Aso Ass Qi, Aig Ais 

(y) To each element of a row (or column) is added m times the respective element of any 

other row (or column). 

example: 

Qi, Ape Ais ay, Ai2 a3 

Ax, Ag Ags] = [Agi MA, Azot MA As3+ MA;3 

@3; G32 Ass As) As as 

(b) Zero value. The value of the determinant is zero if: 

(a) Two or more rows (or columns) are identical. 

examples: 

Qi, Ay Ais Qi Ay Ais 

A, Az a3) = 0 Gz, Ax, As} = 0 

43, G32 sz Q3; Gs, As3 

(6B) All elements of at least one row (or column) are zero. 

examples: 

Qi, Ay Ais ay, O ais 

0 0 0|=0 Gin AD! Gies|) =) 

Qs; As. Ags Gai Olden 

(y) Elements of one row (or column) are linear combinations of the elements of another 
row (or column). 

examples: 

ayy Aig ais ay, MAY, Ais 

ma;, May Mas) = 0 i eye Call =X) 

As) Ase Ass As, MAs, Ags 

where m is an integral or fractional factor. 

(c) Change in sign. The sign of the determinant is changed by the odd number of inter- 
changes of rows (or columns). 

example: 

Qi, Ay Ais Az; Asa Axy Qing Ay Ais 

Qs, Ase Gsy) = — |G; @iz Qis| = — dss s)- og 

G3; Aso Ags Ay, Ayo Ags A302 3, = Agg 
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10.04 INVERSE AND RELATED MATRICES 

(1) Cofactor and Adjoint Matrices 

(a) Cofactor matrix of a given matrix [A] of order (n X n) denoted as [A]® is the matrix of 

order (n X n) in which each element a, of [A] is replaced by its respective cofactor Aj (Sec. 

10.03-1d). 

Ai Ais A, A, 

[A] = A 1 Ags: A \ Hl 

4 1 Ans A, A 1 

(b) Adjoint matrix adj[A ] of a given matrix [A] of order (n X n) is the transpose of its cofactor 

matrix [A]°. 

Ain A | As) A | 

A Ay Ass A 32 rp Ane CVT 

ie ee sto? occ co =A 
Aj Aon 4 A 

(c) Product of a matrix and its adjoint of order (n X n) is a diagonal matrix of order (n X n) 

whose principal diagonal elements are |A]. 

(A) ee0* + 40 

oO Al “0 0 PedW es = |All) 
0) 0 0 |A| 

example: 

The cofactor matrix of the determinant 

1-3 0 

|AJ=|5 -—7 8] =—208 (Sec. 10.03-26) 
Sway Gs 

iS 

=| 7s) 15 8 | = 7 

| 2 4 — as CD'\9 | - ne 
3 0 10 1 ao —37 57 73 

[A]® = -1| . 4 1) | 1 -| 9 3 “2 
ae 9 3 9 9 
P —-294 -8 8 

1173 9 -3y|! 0 ( | —3 

N73] © [5 8 Wy =7 

and the adjoint of [A] is 

oO 

37 —94 
Adj [A] = {[A]°}" =| 57 : “| 

73. =29 8 

The product of the matrix [A ] of the determinant |A| and its adjoint must satisfy the relation of Sec. 

10.04—-1c; that is, 

1 =3 097-37 9 —4 — 9208 0 0 Lo. 0 

[AJadj[A]=|5 -7  8]| 57 es 0 208 | = -908/0 1 0 

Gyete Ad ion 29 8 0 0 —208 Oracned 
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(2) Inverse of a Matrix 

(a) Definition.’ The inverse of the matrix [A ] of order (n X n) designated as [A J ‘isan (n X n) 

matrix uniquely defined by the conditions 

[AAT =A Aram and |A | # 0 

where [I] is the unit matrix of order (n X n) and |A| is the determinant of [A]. 

(b) Nonsingular matrix. The matrix [A] which satisfies these conditions is said to be a 

nonsingular matrix. 

(c) Formula. Analytically, the inverse of [A] is . 

adj [A] 
|A| 

where adj [A] is defined in Sec. 10.04-1b and its construction is shown in Sec. 10.04-lc. 

Al= 

example: 

The inverse of 

i = 0 

Asi : =7 | 

9 ) 3 

ij[A] 1 = 37 9 —24 0.17788 —0.04326 0.11538 
adj a A : 

= o 3 —8]= |—0.27403 —0.01442 0.03846 |A| | 57 1 7 0 | 
1B) =29 8 — 0.35096 0.13942 —0.03846 

[Ay" 

which in turn must satisfy 

Ly =3 0 0.17788 —0.04326 0.11538 ay 

ranay'=[5 =i sf om — 0.01442 ose | Om | 

9 2 3 JL — 0.35096 0.13942 —0.03846 Op Oma 

(d) Singular matrix. If |A| = 0, the inverse of [A] does not exist and [A] is called singular 
matrix. 

(e) Inverse of an inverse of order (n X n) is the initial matrix of the same order. 

EAS ee==9(A | 

(f) Inverse of atranspose of order (n X n) is the transpose of the inverse of the same order. 

[LA = (Ay ] 

Thus the operations of transposing and inversing are commutative. 

(g) Inverse of a product. The inverse of a product of two or more square matrices equals the 
product of their inverses in reversed order. 

{TA ]LBI[C]* = [Cy"[By"L4y' 

(3) Special Inverses 

(a) Inverse of a unit matrix of order (n X n) is the unit matrix of the same order. 
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(b) Inverse of a diagonal matrix of order (n X n) isa diagonal matrix of the same order, each of 
whose principal diagonal elements is the reciprocal of the respective element of the given 
matrix. 

example: 

aoroudls ie @ W 9 @ 
Creo i ih 6 0 
0 0 0 0 ON ice 0 

OF O07 ad 0 0 0 tI/d 

(c) Inverse of a symmetrical matrix of order (n X n) is another symmetrical matrix of the same 

order. 

(d) Inverse of an antisymmetrical matrix of order (2n + 1) X (2n +1) does not exist (singular 

matrix). 

(e) Inverse of an antisymmetrical matrix of order (2n) < (2n) is an antisymmetrical matrix of the 

same order. 

(4) Special Matrices 

(a) Normal matrix. 

[AT AT 

A square matrix [A] is said to be normal if 

All zero, unit, diagonal, and symmetrical matrices are normal matrices. 

(b) Orthogonal matrix. A square matrix [A] is said to be orthogonal if 

[AI 4Ar’ 

All unit and angular transformation matrices are orthogonal (Sec. 10.07-1b). 

(c) Orthonormal matrix. A square matrix [A] is said to be orthonormal (involutory) if 

[AI = IAT = {AT 

All unit matrices are orthonormal matrices. 

10.05 MATRIX DIVISION 

(1) Scaling 

(a) Uniform scaling. A matrix is divided by the scalar a if each element is multiplied by 

the reciprocal of this scalar. 

example: 

Gy, Giz ‘Gis Ayy/@  Aywfa Ays/a 

Gs; Ges Goa [2 @ = | Gsy/@ Azx/Q@ Aa5/ 

Q3; Qsg 33 As;/@ A52/Q A33/Q 

(b) Specific scaling of each row. Each row of a matrix is divided by the selected scalar if it is 

premultiplied by the inverse of the diagonal matrix of these scalars. 

example: 

l/a@ 0 0 Ay Ai Arg = Ay/H A/a Ay3/a 

0 1/B 0 Goi Aga Ags A2i/B 29/8 A2s/B 

0 O I/yJLa@s: sz ass Asi/Y As2/Y — s3/Y 
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(c) Specific scaling ofeach column. Each column ofa matrix is divided by the selected scalar if 

the matrix is postmultiplied by the inverse of the diagonal matrix of these scalars.: 

example: 

Q\, Ay Aj3 l/a 0 0 a,,/a Qyo/B Qi3/Y 

Ay, Ase vs 0 1/B 0 =|) sya Ay9/B Qo3/Y 

Q3,; Aso ‘*A33 0) 0 l/y A3,/a As9/B A33/Y 

(2) Division of Square Matrices 

(a) Simple division. The square matrix [A ] of order (n X n) is divided by the square matrix [B ] 

of the same order if it is premultiplied by the inverse of the second matrix. 

[Alb] ={[By (A) 

(b) Chain division. The square matrix [A] of order (n X n) is divided by a chain product of 

square matrices [B ][C] - - - [N] each of which is of order (n X n) if itis premultiplied by their 

inverses in reversed order. 

example: 

FIPBICr INI = (NI Ss Cit blyA) 

(c) Factoring of square matrices of the same order is governed by the following rules: 

[A]+([B]LC] = [BI[B]"[A]+[C]] 

[AIBI+ (Cj[D] = 

(d) Fraction. A simple fraction of two square matrices [A ] and [B] of the same order is the 

indicated division of these two matrices. 

(Al _ -4y-7B) = Br aye al el BAT 

[A][BHU]+[B] [Ay '[C][D} 

(e) Formulas. The following relations hold for square matrices of the same order. 

[Cc] _ P pay+Hd = [ay+ (pric) 

[A] a = [APY [c] 

[Cc 
[A] LD LL LC GO | 

10.06 SIMULTANEOUS LINEAR EQUATIONS 

(1) Homogeneous and Nonhomogeneous Equations 

(a) System of m equations of the form 

Osea Geko) Ady — | O) 

Ao) X, == Ao9Xo + OD erg) 

Ap Xy AmaXo 2° GX, = by, 

is called a system of m linear equations in the n unknowns x, x we 
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(b) Homogeneous equations. If b,, by,..., b, areall zero, the system is called homogeneous. 

(c) Nonhomogeneous equations. If at least one of the coefficients bj, bs, ..., by is not zero, the 
system is called nonhomogeneous. 

(d) Admissible solution. Any set of numbers x), x», ..., x, which satisfies the given system of 

equations is called an admissible solution of this system. 

(e) Unique solution. If m = n, and the determinant of the factors, 

Qi) Gye Ss Oty 

Qs; 29 Qs» 

[Al = # 0 

Qn | Qn2 ay, 

and at least one of the coefficients b;, bo, ..., b, 1s not zero, then there is only one set of values 

Xi, X9,...,X, Which satisfies this system and this set is called the unique solution. 

(2) Determinant Solution 

(a) General solution. If the conditions of Sec. 10.06-le are satisfied, then the unique solution 

of the given system in the determinant form is 

eta lad 
“Al |A | , “ww? |. |” wee Te, An : 

where |A| is the determinant of a, and |A\|,|AoJ,..., |A,,| are the augmented determinants 
defined below. 

(b) Augmented determinant | A,| is obtained from |A| by removing the kth column of a elements 

and replacing it by the column of b elements; that is, 

b, Ay Qty, ayy b Ain ai, Ary b 

b Ax Qs, ax, dy Ayn Q2, Ax by 
|A,|= rcih aera taneene is iocavs A) Set Beare aevotes sunienomsicas 7 ; |A,,| a rte oc ene oe eos 

bs Ay} al el Ann Qn} b,, ed Onn Ani An Ao o b, 

example: 

The unique determinant solution of 

es ees =—5 

5X = [Xs OXs — 15 

9x, + 2xo+3x, = 22 

is 

A» AN, 

|A| Al |A| 

where |A| = — 208 (Sec. 10.03-26), and 

= =e 0 Le) an () i =a = 

Ana LS) 7 8] = —208 [AJ = }5 15 8|=— —416 |As|) = 15 —7 15| = —624 

22 2 3 Lo) a o 222 

The back substitution of x, = 1, x» = 2, x, = 3in the given system of equations must satisfy uniquely 

these equations, that is, (1)(1) — 3)(2) = —5, (5)(1) — (7)(2) + (8)(3) = 15, (9)(1) + (2)(2) + (3)G) = 22. 
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(3) Matrix Solutions 

(a) Inverse solution. If the conditions of Sec. 10.6-le are satisfied, then the unique solution of 

the given system in the matrix form is 

x) ATA eno eA b 

X2 Ai Ass X Ang bs 

pls Bhs aule yslaslittee eeu ates ay eu 

|A| 
Xn Ain Aon ee Ags bn 

or, symbolically, 

[xl AI 1b) 

where [A] ' is the inverse of 

ay are Qin 

a2 As Aan 

ii pe es cere area: 

An An2 Any 

example: 

The unique inverse solution of 

%1 — 3X2 =-5 

5x,— 7x2+ 8x3 = 15 

9x, +2x%.+3x%3 = 22 

xy 0.17788 —0.04326 0.11538][—5 1 

is | = - 0.27403 —0.01442 | a S 2] 

x3 — 0.35096 0.13942 —0.03846 22 3 
ee 0. Fr 

[x] [A] [b] 

where [A] ' was computed in Sec. 10.04-2c. 

(b) Transformation. The given system of equations (Sec. 10.06-la) can be transformed to 

a. aig Qin b 
xy = De aa = 

ay ay ai 

ao Ao», bs 

x2 = x) 
Qoo Ayo Ayo 

Ant b,, 

Xn = Par 
Ann Ann 

which is the basis for the iterative solution shown in (c). 
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(c) Iterative solution. The matrix form of these transformed equations is 

x1 () ta 25 teed my 

Xg Tes, AO ee eS ees Ms 
Ale hereyelics sh edie vb s ae 

Xn Tn 1 Tne 0 x ni m n 

————— oo SF?—S  - ed 

[x] [r] [x] [m] 

where 7 = — ax/a; and m = b,/a;. 

Then the unique iterative solution of this set is 

[aL islet ira in] 

where [I] is an (n X n) unit matrix, [r] is the carryover matrix of the same order shown 

above, [r]’ = [r]{r], [r]’ = [r][r][r], ..., and the matrix series is equivalent to[A]'. Ifthe 

principal diagonal terms ay), d2,..., Gn are large compared to the other a terms in their 

respective rows, the iteration series converges rapidly to the unique solution; if they are 

small, it may converge slowly or not at all. 

example: 

The unique iterative solution of 

LOxy — Xs = 80 

—*, + 10xs— Xs 160 

—x>5+ 10x; = 280 

ll 

is obtained from the transformed set 

x, = (0.1)x.+8 

X> = (0.1)x, + (0.1)xs + 16 

x3 = (0.1)xe+ 28 

as [x] = {U)+0r) +P +[rP+-- Hm] 

in 0s0 0 0.1 0 8 

where k= 107 1 0 (r)=]|0.1 0 0.1 [m] = | 16 

Om Oued 0 0.1 0 28 

0.01 0 0.01 0 0.002 0 

(r? = [r]{r]| 0 0.02 0 (r} = [r][r][r] = | 0.002 0 0.002 

0.01 O 0.01 0 0.002 0 

and for {{1]+[r]+[r}+[7]} gives 

6 1.0100 0.1020 0.0100 8 9.9080 

x2 | = | 0.1020 1.0200 0.0 yl = | 19.9920 

Ns 0.0100 0.1020 1.0100 JL.28 29.9920 

which shows a good convergence to the exact solution x, 10, x» = 20, x, = 30, made possible by the 

large diagonal terms a); = @22 = ds; = 10, and small off-diagonal terms a). = dz; = G23 = As. = — 1, 

Q\3 = ay, = 0. 
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10.07 TRANSFORMATION OF COORDINATES 

(1) Direct Transformations 

(a) Translation. The transformation equations of translation introduced in the algebraic 

form in Sec. 6.05-2a and referred to in Fig. 6.05-1 can be expressed in matrix form as 

xe a Xe a lee: a 
le eles ee moi deca (We 

—— “ aed eed =! S~ 

Is) di is | ie Ie es 

where [s’] is the column matrix of the coordinates (x’,y") of P in the 0 system of axes, [s'] is 
the column of coordinates (x',y') in the 1 system of axes, and [d] is the column matrix of the 

linear displacements (a,b) of the origin from 0 to 1. 

b) Rotation. The transformation equations of rotation introduced in algebraic form in Sec. q g 
6.05-2b and referred to in Fig. 6.05-2 can be also expressed in matrix form as 

[eh of ee — sin led * _ cos@ sin ale 
y” sin w cos w Ly! y! —sinw cos@I]ly" 

Key SS =, 

[s"] [a] [s'] [s'] [7] [s"] 

where x", y" are the coordinates of P inthe X°, Y° axes, x', y' are the coordinates of the same 

point in the X', Y' axes, and [7], [7] are the angular transformation matrices which satisfy 

the relations 

[a] — ele = len A [a] =: [ryt = par i 

and consequently are orthogonal. 

y? 

A 

Fig. 10.7-1 

example: 

If the point P is given in the X°, ¥ 

Fig. 10.07-1 are 

[1 -| cos 30° elle -| 0.86603 0.50000 ][ 10 18.66 
y! —sin 30° cos 30°||.20 — 0.50000 0.86603 JL 20} nee 

and inversely 

ea e Ee 50° sin ellie = Fase — 0.50000 ][ 18.66 10 
y° sin 30° cos 30° JL 12.32 0.50000 0.86603 a iz aa 

) = as . As Pee ) a = J = axes by x" = 10, y° = 20, then its coordinates in the X* Y! axes of 
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Fig. 10.7-2a 

(2) Successive Transformations 

Fig. 10.7-2b 

(a) Translations. Ifthe system of axes is successively translated as shown in Fig. 10.07—2a, then 

is) fa") ols] [s\) (4°) [s7] 

or, directly, 

[s) fa") fd) fs") td) Ls?) 

where [s°], [s'], [s°] are the column matrices of the coordinates of P in the 0, 1, 2 systems 
respectively and [d”'], [d"], [d"’] are the column matrices of the respective linear displace- 

ments of the origin. 

Inversely, 

[se] ={[s 1=[4"] [s'] = [s"]-[d"] 

and 

9 (s°] = [s°1-[4"]-(4"] = [s°)- 14") 

Both relations can be extended to include any number of translations. 
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(b) Rotations. If the system of axes is successively rotated as shown in Fig. 10.07—2b, then 

sjGancei) ()-[a ele y° sin @ cos a jLy! y! sin B cos B Je 
—— a — ad 

[s°] [a] [s'] [s‘] [a'"] {s"] 

or directly, 

x 1 [cosa = sin a||(cos 8 9 —sin Alle - E (Ge) eer Se (Cee AA 

[. - ee oe: ee cos B JLy” (sin (a+ B) cos (a + B)JLy” 
eee ee te es 

[s°] [7"] [7] [s"] . [7°] [s"] 

where [s°], [s'], [s"] are the coordinate matrices of P in the 0, I, m system and [7"], [7], 
[7°] are the respective angular transformation matrices. 

Inversely, 

I") = Co" Ms] Os) = Crs) and fs") = [9 ™ Irs") = CIE" 
Both relations can be extended to include any number of rotations. Asin Sec. 10.07-18, all 7 

matrices are orthogonal. 
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11.01 VECTOR ALGEBRA 

(1) Basic Concepts 

(a) Scalar. The quantity defined by the magnitude only and designated by ordinary letters 

SUCH aS 0,0, ice. Ay D, Cys ws, sD, y IS called the scalar. Typical scalars are length, time, 

temperature, and mass. 
(b) Vector. The quantity defined by the magnitude and direction, and designated by 

boldface letters such as a,b,c,..., A, B, C is called the vector. Typical vectors are force, 

moment, displacement, velocity, and acceleration. . 

(c) Right-handed cartesian system. For the graphical representation of vectors two different 

rectangular (cartesian) coordinate systems can be used: the right-handed system and the 

left-handed coordinate system (Fig. 11.01-1). In this book the right-handed system is used 

consistently. 

a7, 7h 

0 = +Y ates 

Right-handed system Left-handed system 

+X +yY 

Fig. 11.01-1 

(d) Representation. A vector V (any vector) can be represented graphically by a directed 
segment (Fig. 11.01-2) such as 

Vea PO 
Ties 

where P is the initial point (origin of 

vector) and Q is the terminal point 

(terminus of vector). 

(e) Magnitude of V (length of vector) is 

designated as V, or |V}. 
Analytically, 

> 

V = V (xp — xg)? + (yp — Yo)’ + (zp — 20)" 

where xp, yp, Zp and xg, ye, 2g are the 

coordinates of P and Q respectively. 

+X 

Fig. 11.01-2 

(f) Unit vector. The ratio of V to V is called the unit vector v and consequently, 

V=Vv 
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(2) Addition and Subtraction 

(a) Equal vectors of identical direction (Fig. 11.01-3). Two vectors A = Aa and B = Bb are 

equal and of identical direction if A = B and a = b; that is, 
A 

Se a 

| 

j B 

AT— B or Aa = Bb Con ae 

| 

Fig. 11.01-3 

(b) Equal vectors of opposite direction (Fig. 11.014). Two vectors C = Ce and D = Dd are 

equal but of opposite direction if C = D and ec = —d; that is, C 

3 | 

G==D or Ce = —Dd 
ii ree 

Fig. 11.01-4 

(c) Sum of two vectors. The sum of two vectors A and B called their resultant C is obtained 

graphically by placing the origin of B on the origin of A and joining the terminus of B to the 

the terminus of A (Fig. 11.01-5). Analytically, 

A+B=C 

(d) Difference of two vectors. The difference of vector A and B denoted as D is obtained 

graphically by placing the origin of B on the origin of A and joining the terminus of B to the 

terminus of A (Fig. 11.01-6). Analytically 

A-B=D 

(e) Zerovector. If, in Fig. 11.01-6, A = B, then D = Ois called the zero vector. Analytically, 

A-B=0 

Fig. 11.01-5 Fig. 11.01-6 

(3) Vector Polygon 

(a) Resultant. The resultant of two or several vectors is their vector sum R. Graphically 

(Fig. 11.017), R is the closing vector of the polygon obtained by placing the origin of the 

second vector on the terminus of the first vector, the origin of the third vector on the 

terminus of the second vector, and so on. Analytically 

R=A+B+CG 

(b) Summation laws. The summation of vectors is commutative 

R=A+B+C=B+C+A=C+A+B 

and is also associative, 

R = (A+B)+C = A+(B+C) Fig. 11.01-7 
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(4) Scalar and Vector Relations 

(a) Sum and difference. “The sum or difference of a scalar m and vector A is not possible. 

(b) Product laws. 

mA = Am commutative law 

m(nA).= (mn)A = n(mA) associative law 

(m+n)A = mA+nA distributive law 

m(A+B) = mA+mB distributive law 

where m, n are scalars. 

(5) Dot Product of Two Vectors 

(a) Definition. The dot product of two vectors A = Aa and B = Bb (also called the scalar 

product) denoted as A+B or (AB) and read A dot B is defined as the product of their 

magnitudes and the cosine of the angle @ between them (Fig. 11.01-8). The result is a 

scalar. Analytically, 

A-:B = ABa-b = AB cos 0 0=60=7 

(b) Special cases. 

If = A-B= AB 

If o0== A-B=0 
2 

If O0=7 A:B=-—AB A 
Fig. 11.01-8 

(c) Dot product laws. 

A-B=B:A commutative law 

mA:nB = mnA-:B associative law 

A:(B+C)=A-B+A-C distributive law 

(6) Cross Product of Two Vectors 

(a) Definition. The cross product of two vectors A = Aa and B = Bb (also called the vector 

product) denoted as A X B or [AB] and read as A cross B is defined as the product of their 

magnitudes, the sine of the angle 6 between them, and the unit vector n normal to their 

plane (Fig. 11.01-9). The result is a vector. Analytically, 

AXB = ABaXb = ABsin@n OS Sr 

(b) Special cases. 

If 6=0 AXB= 0 

If 6 = 
nroly 

AXB = ABn 
A 

Fig. 11.01-9 If @ = > AXB= 0 
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(c) Cross product laws. 

AXB=—-BxA commutative law fails 

(mA) X (nB) = mn(A XB) associative law A 

AX(B+C) = AXB+AXxXC distributive law 

where m, n are scalars. 

(7) Scalar Triple Product 

(a) Generalcase. The scalar triple product designated as[A BC] o 

is a dot product of two vectors one of which is a cross product of two Fig. 11.01-10 

other vectors. The result is a scalar. Analytically, 

{A B C]=A-:(BxXC) = B:(CXA) = C-:(AXB) 

StAX Bb) G— (BX G)-A— (GXxA)2B 

where the dot and cross signs are interchangeable and A, B,C 

follow the sequence of Fig. 11.01-10. 

(b) Specialcase. If A, B, C are three mutually perpendicular 

nonzero vectors (Fig. 11.01-11), then 

[A B C]=+ABC 

is the positive (negative) volume of the parallelepiped having 

A, B, Cas edges in the right-handed (left-handed) cartesian 

system. 

(c) Unit vectors. If a, b, c are three mutually perpendicular 

unit vectors (Fig. 11.01-12), then 

a-b=b-c=c:‘a=1 and fa b c]==1 

where the physical interpretation is that of Sec. 11.01-7b. 
Fig. 11.01-12 

(8) Vector Triple Product 

(a) Generalcase. The vector triple product is a cross product of two vectors, one of which is 

a cross product of two other vectors. The result is a vector. Analytically, 

AX(BXC) = (A-C)B—-(A-B)C 

(Ax B)xC = (A-C)B-(B-C)A 

which shows that 

AxX(BXC) 4 (AXB)xC 

(b) Specialcase. If A,B, Care three mutually perpendicular vectors (Fig. 1 1.01-11), then 

AX(BXC) = (AXB)xC=0 

(c) Unit vectors. If a, b, c are three mutually perpendicular unit vectors in the right-handed 

system (Fig. 11.01-12), then 

a=bXe b=cXa c— aD 

and also 

aX (bXc) = bX(c Xa) = cX(aXb) = 0 
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11.02 CARTESIAN VECTORS 

(1) Resolution 

(a) Components. In the cartesian right-handed system (Fig. 1].01-1), a given vector V 

can be represented as the vector sum of its components V,, V,, V: which are parallel to 

the respective coordinate axes (Fig. 11.02-1). Analytically, 

Vi Vt VN 2 81 Vl Vek 

where V,, V,, V. are the magnitudes of the respective components and i, j, k are the unit 

vectors parallel to the X, Y, Z axes respectively (Fig. N.02-2). 

Fig. 11.02-1 Fig. 11.02-2 

(b) Magnitude of V is then the length of the diagonal of the rectangular parallelepiped having 
V,, V,, V. as edges (Fig. 11.02-1).  Analytically, 

VetVetVe 

(c) Unit vector. By definition, the unit vector v of V is 

Wh Wen Wee NE 
=> — = —14+— - Vv 1 V jt V V V k = vxitvujt+uk 

example: 

The magnitude of A = 3i+4j+12k is A = V94+16+ 144 = 13 and its unit 
isi + ij task. 

vector is a= 
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(2) Geometry 

(a) Direction cosines of the vector V are the cosines of the angles a, B, y measured to V from 
the positive X, Y, Z axes (Fig. 11.02-3). Analytically, 

aed, 
- : ¢ 

— an = = —n We — z 

COS a = > = tx cos B = vy cosy = 77 = % 

(b) Relationship of the direction angles is given by 

cos’ a + cos’ B + cos? y = 1 

which shows that 

vy + vy + ur = | 

(c) Independence. Out of three direction angles two and only 

two are independent and the third one is determined from the 

relationship of Sec. 11.02-2b. Consequently, the direction of 

a vector is defined completely and uniquely by two direction 

angles (any two). 

example: dee 

The direction cosines of A = 3i+4j+12k are Fig. 11.02-3 

3 
COS @ A. et SG 

AVS eo 

cos B Sy or ee = ().30769 
Te W/Gi RSET ae 

9 

cos ¥y = es = aE 0.92307 
TV Cee Ears 

and must satisfy 

(0.23076)° + (0.30769) + (0.92307)* = 1 

(3) Addition and Subtraction 

(a) Sum of two vectors A = A,i+ A,j+ A.k and B = B,i+ B,j + B.k equals the vector sum of 

the sums of their respective cartesian components. 

A+B = (A, + B,)i+ (A, + B,)j+ (A, + B.)k 

(b) Difference of the same two vectors A and B equals the vector sum of the differences of their 

respective cartesian components. 

AB = (Ae B+ (A, — Bj + A, —B,)k 

examples: 

If A = —3i+ 10j+ 13k and B = —8i—5j+ 13k, then 

A+B = (—3—8)i+ (10—5)j + (13+ 13)k = — 11i+5j + 26k 

A-—B = (~3+8)i+ (10 +5)j + (13 — 13)k = 5i+ 15j 
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(4) Operations with a Scalar Factor 

(a) Scalar factor. The scalar factor of a vector is the largest common factor of all the 

magnitudes of its cartesian components. 

example: 

V = 18i—27j + 90k = 9(2i— 3] + 10k) 

(b) Product of a scalar and a vector is the vector sum of the products of the scalar m and the 

respective cartesian components of the vector V. 

example: < 

mV = 3(18i—27j+ 90k) = 54i—81j + 270k 

(c) Quotient of a vector and a scalar is the vector sum of the quotients of the respective 

cartesian components of the vector V and the scalar n. 

example: 

V _ 18i—27j + 90k a 

n 9 
94 — 3] + 10k 

(5) Dot Product of Two Vectors 

(a) Orthogonal unit vectors. The dot products of the cartesian unit vectors i, j, k are special 

cases of the dot product defined in Sec. 11.01—5a. 

icin i y= 0 ie k= 0 

j-i=0 joe) j;k=0 

k-i=0 k-i=0 k-k= 1 

(b) Orthogonal components. The dot product of two vectors A = A,i+ A,j+A.k and B = 
Bi By + BK is 

A-B = A,B, + A,B, + A.B. 

example: 

If A = 291-3] +4k and B = 4i+5j+7k, then 

A+B = (2)(4) + (—3)(5) + (4)(7) = 21 

(c) Angle 6 between two vectors A and B defined above is given (Sec. 11.01-5a) by 

A-B_ A,B, + A,B, + A.B, 
AB AB 

where A, B are the magnitudes of A, B respectively. 

example: 

If A, B are the vectors of Sec. 11.02—5b, then 

21 
cos @ = —— — = 0.41128 

VP +(-3P + PVEL REP 

(d) Magnitude of the vector A = A,i+ A,j+ A.k is also defined as 

A=VA:‘A=VAZ+A,+A, 
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(6) Cross Product of Two Vectors 

(a) Orthogonal unit vectors. The cross products of the cartesian unit vectors i, j, k are special 
cases of the cross product defined in Sec. 11.01-6a. 

ixi=0 ixj=k ixk=—j 

J x1 <—k jxj=0 jXk=i 

kxXi=j egy) = kxk = 0 

(b) Orthogonal components. The cross product of two vectors A = A,it+ A,j+A.k and 

B = B,it+ B,j+ B.k is 

AXB= 

(A,B. — A.B, )i— (A.B. — A.B,)j + (A.B, — A,B. )k 

example: 

If A = 2i—3j+4k and B = 4i+5j+7k, then 

oe or ~T 

= [(—3(7) — (4)(5)]i — [(2)(7) — (4)(4)]j + [(2)(5) — (— 3) (4) ]k 

= —41i+2j+ 22k 

and the magnitude of A XB is 

|A x B] = V(—41) + (2)? + (22)? = 46.57 

(c) Angle 6 between two vectors A and B defined above is given (Sec. 11.01-6a) by 

|AxB|  V(A,B,— A.B.) + (A.B, — A.B.) + (A.B, = A,B) 
aT bine TABLET AB 

where A, B are the magnitudes of A, B respectively. 

example: 

If A, B are the vectors of Sec. 11.02-6b, then 

|AxB| _ 46.57 

AB V (2)? + (—3)? + (49 V (4)? + (6) + (7)? 
0.91156 sin @ = 

The result of this problem and that of problem of Sec. 11.02-5c must satisfy the relation 

sin’ @+cos 6 = 1. 
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(7) Triple Products 

(a) Scalar triple product (Sec. 11.01-7a) of the vectors 

A=Ajit+Aj+Ak B= BitBj+Bk C= CitGjt+Ck 

is 

Ax Ay A, Ay is (OF 

A-(BxXC)=(AXB)-C=(8, B, B= Ay» By G, 

GaeG. ae: AN, 18h. (Cz 

= Ay (B,C. = BiG>) i AG (B,C, ri Be) aR Jaks (B.C, os B,C, ) 

(b) Vector triple product (Sec. 11.01-8a) of the vectors A, B, C defined above is 

Ax (Bx C) = ee we = (A: C)B-(A- B)C 

. B-C 
(axB)xc = |* es | = A-©B-B-OA 

A B 

where A-B = A,B,+A,B,+ A.B, B:C = B,C,+B,G,+ B.C, and A-C=A.CG.+ 

ALG, AG. 

11.03 VECTOR CALCULUS 

(1) Vector Derivatives 

(a) Vector function. If to each value of a scalar t there exists a vector F(t) then F(t) is said to 

be the vector function of the single scalar variable t. In the cartesian system, 

F(t) = F,(t) + F\(t) + F.(t) = F.(t)it+ Fy(t)j+ F.(t)k 

where F,(t), F,(t), F.(t) are the magnitudes of the vector function’s components F, (t), F,(t), 

F,(t), respectively. 

(b) Limit, continuity, and derivatives of the vector function F(t) follow rules similar to those of 

the scalar function F(t). 

(c) First derivative of F(t) with respect to ¢ is 

dF) _ ARO], RO, , aCROL, 
dt dt dt dt 

or, simply, 

F = FRit+Fj+Fk 

where the dot above the symbols indicates the first derivative with respect to t and i, j, k are 
unaffected by the differentiation process. 

(d) Second derivative of F(t) with respect to t is 

F = Ki+FKjt+ Fk 

where the double dot above the symbols indicates the second derivative with respect to t. 

example: 

The first and second derivatives of F = sin wt i+ cos wt j+ wt k with respect to t are 

F = w cos of i—@ sin wt {+ ok 

F = —o* sin wt i- w’ cos at j 

where @ is constant (dw/dt = 0). 

Scalars and V ectors 



(e) Derivatives of sum and products of two vector functions A = A(t) and B = B(t) with respect 
to their scalar variable t are 

d ney-k 
a A+B) A+B 

d : F 
a A: 8B) =A-B+A-B 

t 

d ; . 
a A * B) = AXB+AxB 

where A and B are the first derivatives of A and B respectively. 

(f) Second derivatives of these vector functions with respect to t are 
9 

= Any AaB 
dt” 

d° e oan > 
dp (A B) =A-B+2A-B+A-B 

d* " oe Wee ers 
dp (& * B) =AXB+2AXB+AXB 

(2) Indefinite Vector Integrals 

(a) Definition of the indefinite integral of the vector function f(t) is formally identical to that 
of the indefinite integral of its scalar equivalent f(t). Analytically, 

[ te at = [40 dt = F(t)+C 

where C is the vector constant of integration which has a similar meaning as its scalar 

counterpart in Sec. 9.01-le. 

(b) Cartesian components. If f(t) = f.(t)it+ f\(t)j+f.(t)k, then 

[ tw a = i[rmarifpoasn[ poe = F,(t)it+ F,(t)j+ F.(t)k+C 

where F,(t), F(t), F.(t) are the indefinite integrals of f,(t), f,(t), f(t) respectively, i, j, k are 

constants unaffected by the integration process and 

C= Cit Gi Gk 

is the vector constant of integration defined by three components of magnitudes C,, C,, C.. 

example: 

2 

[ oti cos tj +sin tk) dt = ae (sin t)j — (cos t)k +C 
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(3) Definite Vector Integrals 

(a) Definition of the definite integral of a vector function f(t) is also formally identical to that 

of the definite integral of its scalar equivalent f(t). Analytically, 

[ tw dt = ano dt = F(t.) — F(t:) 

where t, < t < ts is the closed interval of integration and t,, t: are the lower and upper 

limits of integration respectively. 
. 

(b) Cartesian components. If f(t) = fi(t)it+ f,(t)j+f.(t)k, then 

io dt = (F. (te) — F(t) i+ LB (te) — F(t) ]) + UE (&) — F(t) Ik 

where F,(t), F,(t2), F.(tz), and F,(t:), F(t), F.(t:) are the integrals of f.(t), f(t), f(t) in terms 

of t. and t, respectively. 

example: 

2 3 O+4 2 

i (2ti+ 9t?j + 12t°k) dt = Fasecchers K| 

: 
1 

(22 (Q)*1. . [HQ@*_ @ay"}. , Faye@*_ aga 
9 9 jel 3 3 hi+[ 4 4 jk 

= 31+ 217+ 45k 
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12.01 DECIMAL SYSTEM 

(1) Definitions 

(a) Decimal notation for expressing numbers is called a place system of base 10 in which each 

digit is a multiple of the respective position power of 10. Digits of the decimal system are 

Oe Bo ee Grind, OF 
(b) Decimal point is the reference point of position. Digits on the left side of this point are 

multiples of ..., 10°, 10', 10° respectively, and digits on the right side of this point are 

multiples of 10°', 10°, 10°,..., respectively. The digits on the right side of the decimal 

point are called the decimal places. 

examples: 

2,345 = 2x 10°+3x 10?+ 4x 10'+5 x 10° 

234.5 = 2x10°+3x 10'+4x 10°+5x 10" 

23.45 = 2x 10'+3x 10°+4x10'+5xX10° 

2.345 = 2x 10°+3x10'+4x10°+5x10° 

(c) Decimal fraction is the quotient of a number and a power of 10. 

examples: 

2,345 2,345 9 = = 9345 = = 2,345 10° 2.345 10 

2,345 2,345 
BE) == LES) = = 234.5 10! 0.234 10" 

2,345 2,345 
23.45 = —, 02345. 45 10 0.02345 10° 

(d) Every fraction can be converted to a decimal (number or fraction) by performing the 
indicated division. 

(e) Terminating decimal. When the division process yields a finite number of digits, the 
quotient is called terminating decimal. 

examples: 

1050 a = 0.25 a = 0.125 

(f) Endless decimal. When the division process does not terminate, the quotient is called 
endless decimal. 

examples: 

57 = 0.7543859 

= (.3333333... = 0.3 

where the last decimal 0.3 is called periodic number. 
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(2) Four Fundamental Operations 

(a) Addition of decimals. First all decimals are written in a vertical column aligned on their 
decimal points. Then the columns of digits are added in a sum with the decimal point 
placed under the other decimal points. It is desirable to add once going upward and then 
downward to check the result. 

examples: 

701.2 0.373 

10.46 0.002 

fears 1.719 

2712.3 20.103 

Sum = 3425.09] Sum = 22.197 

(b) Subtraction of decimals. First the subtrahend is placed below the minuend with the 
decimal points aligned. Then the digits of each column are subtracted with the decimal 
point placed under the other decimal points. 

subtrahend must equal the minuend. 

examples: 

Subtraction: Check: 

Minuend 127.830 Difference 68.858 

Subtrahend —58.972 Subtrahend +58.972 

Difference 68.858 Minuend 127.830 

(c) Multiplication of decimals. 

presence of decimal points in both factors. 

factors are counted and assigned to the product. 

multiplying the factors in reversed order. 

example: 

Multiplication: 

31.64 = multiplicand —= 2 decimal places 

X 2.783 = multiplier —<— 3 decimal places 

9492 = (3 x 3164) 

25312 = (8x 3164) 

22148 = (7X 3164) 

6328 = (2 x 3164) 

88.05412 = product oa 5 decimal places 

Check: 

2.783 = multiplicand <— 3 decimal places 

x 31.64 = multiplier = 2 decimal places 

11132 = (4X 2783) 

16698 = (6 x 2783) 

2783 = (1 X 2783) 

8349 = (3 X 2783) 

88.05412 = product — 5 decimal places 

To check, the sum of the difference and the 

First the product of the factors is found, disregarding the 

Then the number of decimal places of both 

Finally the result is checked by 
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(d) Division of decimals. First the decimal point is removed from the divisor by moving the 

decimal point in the dividend an equal number of places (if the dividend has fewer decimal 

places than the divisor, then the respective number of zeros must be added). Then the 

division process is carried out with the decimal point of the quotient aligned above the 

decimal point of the dividend. Finally the product of the quotient and of the divisor plus the 

250 

remainder (if there is one) must equal the dividend, which is a useful and necessary check. 

example: 

Removal of decimal point in divisor: 

Initial position of decimal points 

56.789 : 1.234 

56.789 : 12.34 

56.789 : 123.4 

For solution see cases 1, 2, and 3 below 

example: 

Case 1: 

46.02 = quotient 

Shifted position of decimal points 

56.789. : 1.234. 
SS 

56.78.9: 12.34. 
\A Ne 

56.7.89 : 123.4. 
er ws 

example: 

Case 2: 

4.602 = quotient 

Divisor = 1234 56789 = dividend Divisor = 1234 5678.9 =dividend 

— 4936 = (4X 1234) — 4936 = (4x 1234) 

7429 7429 

—7404 = (6X 1234) —7404 = (6X 1234) 

25 0 2 50 

—000 = (0x 1234) —000 = (0x 1234) 

25 00 2 500 

—24 68 = (2 x 1234) —2 468 = (2 x 1234) 

32 = remainder 32 = remainder 

Check: (46.02) x (1234) + 0.32 = 56789 Check: (4.602) x (1234) + 0.082 = 56789 
i) Cee! Nocepaneet entered ee) ae, Nt peat ey 

quotient divisor remainder dividend quotient divisor remainder dividend 

example: 

Case 3: 

By inspection, quotient = 0.4602 and re wainder = 0.0032 
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(3) Special Rules 

(a) Divisibility of numbers. A decimal N consisting of a finite number of digits is perfectly 
divisible by: 

2, if its last digit is an even number 

3, if the sum of all its digits is divisible by 3 

4, if the number made up of its last two digits is divisible by 4 

5, if the last digit is 0 or 5 

6, if it is even and divisible by 3 

8, if the number made up of its last three digits is divisible by 8 

9, if the sum of all its digits is divisible by 9 

0, if the last digit is zero 

1, if the difference of the sum of odd-place digits and of the sum of even-place digits is 
divisible by 11 or is zero 

12, if it is divisible by 3 and 4 

25, if the last two digits are 00, 25, 50, or 75 

50, if the last two digits are 00 or 50 

100, if the last two digits are 00 

No rule is available for the divisibility of a number by 7. 

example: 

The number 443,520 is divisible by: 

since the last digit is 0 (even) 

since 4+4+3+5+2+0 = 18 is divisible by 3 

since 20 is divisible by 4 

, since the last digit is zero 

, since it is an even number divisible by 3 

, since 520 is divisible by 8 

, since 4+4+3+5+2+0 = 18 is divisible by 9 

, since the last digit is 0 

, since (4+5+0)—(4+3+2) =0 

, since it is divisible by 3 and 4 

SD Or Hw OO NO 

— Noe © © 

(b) Special products. A decimal N consisting of a finite number of digits can be conveniently 

multiplied by: 

5, if it is multiplied by 10 and divided by 2 

25, if it is multiplied by 100 and divided by 4 

125, if it is multiplied by 1,000 and divided by 8 

example: 

1,934X5 = nee = 6,170 

1,234 x 25 = a = 30,850 

1,234 X 125 = ae = 154,250 
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(c) Special quotients. A decimal N consisting of a finite number of digits can be conveniently 

divided by: 

5, if it is multiplied by 2 and divided by 10 

25, if it is multiplied by 4 and divided by 100 

125, if it is multiplied by 8 and divided by 100 

examples: 

29,375: 5 = 2937.52 = 5,875 

29,375 : 25 = 293.75 X 4 = 1,175 

29.375 : 125 = 29.375 X 8 = 235 . 

12.02 Binary and Other Systems 

(1) Definitions 

(a) Binary notation for expressing numbers is called a place system of base 2 in which each digit 

isa multiple of the respective position power of 2. Digits of the binary system are 0 and 1. 

(b) Binary point is the reference point of position. Digits on the left side of this point are 

multiples of ..., 2°, 2', 2°, respectively, and digits on the right side of this point are multiples 
of 27.2) 24...» respectively. 

examples: 

1101 = 1x2?+1x2°+0x2'+1x2° W101 1 23-F Io? AO See Dee 

LON 2s eos OK LO) SK 206 9e 006 o ee ioe 

(c) Binary fraction is the quotient of a number and a power of 2. 

examples: 

1101 -i7 1101 = 

(10.1 = i. 0.1101 = 

11.01 = a 0.01101 = 3 

(d) Advantage of binary notation is that only two different symbols (0 and 1) are involved in the 
representation of any number which in turn requires only two devices of transmission. 

examples: 

On a punch card, 1 can be represented by a hole and 0 by the absence of a hole. 

On a magnetic tape, | can be represented by a magnetized spot and 0 by the absence of a magnetized 
spot. 

(e) Disadvantage of binary notation is the large number of places required to express a number. 

example: 

1X2*+0x2°+0x2?+0x2'xQx 9° = 10 000 in the binary system and equals 1 X 10'+6X 10° = 16in 
the decimal system. 
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(f) General notation for expressing numbers is called a place system of base B in which each 
digit is a multiple of the respective position power of B. Digits of the general system are 
On bee carus Bi): 

examples: 

Be= 35 21.20 = 2X 3'+1X3°4+2x3'40x37 

Bir 534.6 = 5X7?+3x7'+4x79+6x77 

(2) Conversions 

(a) Binary to decimal conversion is performed by successive summation of the respective multi- 
ples of powers of 2. 

example: 

Binary number 101.11 equals decimal number 9.75; that is 

1x2° = 8 = 8.00 

Mex Ole — (080) 

ioe 100 

eS) 

1x27 =4 = 0.25 

Decimal number = 9.75 

a |me 

(b) Decimal to binary conversion is performed by means of Table 12.02-1 of the powers of 2. 

example: TABLE 12.02-1 Powers of 2 

76.34 = given decimal number 

= p= —64.00 =-1x2 
S a 12.34 = Ist remainder ae 
N = ee 3 = U0. = 8.00 Lx 2 ere 
2 4.34 = 2d remainder ee = 
“a = —4.00 = —|x2 a = 0.125 

EB 0.34 = 3d remainder 2° = 0.0625 
a Pe : = -2 2° = 0.031 25 —0.25 =-1x2 a nN 7 ; 2° = 0.015 625 ot 0.09 = 4th remainder a 
2 < wy, 2°’ = 0.007 8125 be — 0.0625 =-1x2 “5 
v ye ig® : 2" = 0.003 906 25 = 0.0275 = 5th remainder - 
2 ee 6 2” = 0.001 953 125 & pe —0.015625 =—-1x2 vite 
s Sis : 2 ” = 0.000 976 562 5 2 0.011875 = 6th remainder ee 
2 S -7 2" = 0.000 488 231 25 

Es a ara 2 = 0,000 244 115 625 Z 0.0040625 = 7th remainder me 
2°" = 0.000 122 057 812 5 

b  sfchah Rte Lea e sha wa assatase v0 Bent GOOG TOD8 OO os 

2° = 0.000 030 514 453 125 

This process can be repeated to a desired accuracy. If the process stops with the 7th remainder, as 

shown above, then the binary equivalent of the given decimal number 76.34 is 

1x 2°+0x2°+0x2*+1K24+1X2?+0X2'+0* 2°+027+1K27+0x27 

+1K24*+0xK2°4+1xK2°4+1x*27+--- = 1001 100.010 1011--- 
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12.03 APPROXIMATE COMPUTATIONS 

(1) Significant Figures 

(a) Measured data inherently are not exact and if recorded in decimal notation they consist of 

a finite set of decimal digits called significant figures, the last of which is called the doubtful 

digit. 

(b) Zero is a significant figure if surrounded by other digits, or if specifically designated as 

such; otherwise the zeros are used to fix the decimal point and hence are not significant. 

examples: . 

570.2 has four significant figures: 5,7,0,2. 0.00134 has three significant figures, 1,3,4, and the zeros 

are used to fix the decimal point. 

210,00 has five significant figures, 2,1,0,0,0, where the zeros are designated as significant; or has two 

significant figures, 2,1, if the zeros are not designated as significant. 

(c) Scientific notation. A large or a small number N can be expressed in the form 

N =t X10" 

where t is a number between | and 10 and n is an integer. 

examples: 

400,000 = 4 x 10° 8,200 = 8.2 x 10° 0.025 = 2.5x 10° 

(2) Retention of Significant Figures 

(a) Rounding off numbers. Frequently the number is rounded off by rejecting one or several 

of its last figures (digits). In rejecting figures, the last figure retained should be increased 

by 1 if the figure rejected (dropped) is 5 or greater. 

example: 

Rounded off to 

Given number Two figures 

3.1416 3.142 Sol 

2.7183 2.718 vy! 

347.25 347.3 350 

10,350 

(b) Addition and subtraction. The number of significant figures of the sum or difference 

should be rounded off by eliminating any digit resulting from operations on broken column 

on the right as shown below. 

examples: 

201.3 201.3 

1.05 Sano 

21.76 SPA 

0.0013 — 0.0013 

224.1113 = 224.1 178.4887 = 178.5 
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(c) Multiplication and division. The number of significant figures of the product or of the 
quotient should be rounded off to a number of significant figures equal to that of the least 
accurate term involved in the calculation. 

examples: 

3.14159 x 21.13 = 66.38179 = 66.38 

3.14159 : 21.13 = 0.14868 = 0.1487 

where 21.13 is the least accurate number (4 significant figures) and therefore both results are rounded 
off to four significant figures. 

(d) Squaresandcubes. The number of significant figures of a square or of a cube of a number 
N should be rounded off to the number of significant figures of N. 

examples: 

2.13° = 4.5369 = 4.54 2.13° = 9.6636 = 9.66 

(e) Square roots and cube roots. The number of significant figures of a square root or of a 
cube root of anumber N should be rounded off to the number of significant figures of N. 

examples: N(x) 
= 

V 2.13 = 1.4595 = 1.46 

= 1 

(3) Interpolation of Tabulated Values Fig. 12.03-1 

(a) Definition. The process of finding a value of a function between two tabulated values by a 

procedure other than the evaluation of the function generating these values is called 

interpolation. 

(b) Linear interpolation. If N, and N, are two tabulated values representing the ordinates of 

N(x)atx = aandx = bin Fig. 12.03-1, then the approximate value of N, atx = p is 

N,—N, 
(9 = 1) = IN Ge PS nN (p — a) f 

where N, — N, = A is the tabular difference, b — a = s is the interval of interpolation, and 

(p —a)/s = f is the interpolation factor (decimal fraction). 

N, = N, + 

example: 

The circumference of a circle of diameter D = 4 is C, = 4a = 12.5664 and of a circle of diameter 

D = 5is C, = 5a = 15.7080. Then by linear interpolation the circumference of a circle of diameter 

D = 4.25 is 

15.7080 — 12.5664 
12.5664 + em (4.25 —4) = 13.3518 D 

which is in a good agreement with the exact value 4.25m = 13.3518. 
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(c) Limitations. The application of linear interpolation is limited to densely spaced values 

which can be represented graphically by a smooth curve. 

example: 

If sin 20°10’ = 0.3448 and sin 20°20' = 0.3475, then A = 0.3475.— 0.3448 = 0.0027, and for 

f = 0.1: sin 20°11’ = 0.3448 + 0.0027 X 0.1 = 0.3451 

f= 0.2: sin 20°12’ = 0.3448 + 0.0027 X 0.2 = 0.3453 

f = 0.8: sin 20°18’ = 0.3448 + 0.0027 x 0.8 = 0.3470 

f = 0.9: sin 20°19’ = 0.3448 + 0.0027 x 0.9 = 0.3473> 

where the last digit was rounded off in all results. 

(4) Numerical Errors 

(a) Absolute error € is the difference between the true (correct) value N (assumed to be 

known) and the approximate value N (obtained by measurements or calculations). 

e€=N-N 

(b) Relative error € is the ratio of the absolute error € to the true value N. 

(c) Percent error €% is defined as 

E% = (100E)% 

example: 

If the correct value N = 200m and the measured value N = 199.9m, then the absolute error 

€ = 200—199.9 = 0.1m, the relative error € = 0.1/200 = 0.0005, and the percent error €% = 

(100)(0.0005) = 0.05%. 

(d) Types oferrors. Aside from possible outright errors (blunders), four types of basic errors 

occur in numerical calculations: (1) inherent errors, (2) truncation errors, (3) round-off 

errors, (4) interpolation errors. 

(e) Inherenterror. The error in the initial data based on inaccuracy of measurements, obser- 

vation, or recording is called the inherent error, &. 

(f) Truncation error. The error due to approximation of a function by a series of few terms is 

called the truncation error, &. 

example: 

T 

9 The correct value of N = sin= = 1.00000 

The approximate value of N computed by series expansion (Sec. 8.06—2c) is 

— am (a/2)*  (a/2)?  (ar/2)’ 

a D 3! 5! 7! 
+ eee 

If only the first term of the series is used, ¢ = N-—N = 1.00000 ~ 5 = — 0.57080 (—57%) 

(1/2) 
3! 

If the first two terms are used, €, = N-N = 1.00000 — 2+ = + 0.07516 (+7.5%) 

z 9) : 
If the first three terms are used, e, = N—N = 1.00000 riz a = — 0.00453 (—0.5%) 

Finally, if the first four terms of the series are used, €, = 0.00015 and the truncation error becomes 
insignificant. 
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(g) Round-off error. The error due to finite number of digits expressing a transcendent 

number, a periodic number, or a number with rejected figures (Sec. 12.03-2) is called the 

round-off error, &. 

(h) Interpolation error. The error due to approximation of a number by its interpolative 

equivalent (Sec. 12.03-3) is called the interpolation error, €, (Fig. 12.03-1). 

(j) Numerical accuracy. The accuracy of numerical calculations is governed by all these 

errors, and the results cannot be more accurate than the given data. Since the technical 

data are seldom known with an accuracy greater than +0.2 percent, the computations per- 

formed should remain within the same range of error. 

12.04 APPLICATION OF TABLES OF NUMERICAL CONSTANTS 

(1) Square Roots and Cube Roots of Fractions 

(a) Direct values. Tables A.01 and A.02 give directly the numerical values of V N/n and 

W Nin for N = 1, 2, 3, 2, 4, 5, 6, 27, 7, 8, 9, 34 and n = 1,2,...,9. 

examples: 

From Table A.01: From Table A.02: 

V2 = 0.81650 W2 = 0.87358 

ee = 1.12100 See = 1.07912 
2 ba } 

(b) Resolution of radicand. The same tables can be used in cases where N/n can be resolved 

into a product and/or a quotient of two or several fractions whose roots are given in the 

tables. 

examples: 

From Table A.01, 

[= r= 7 
2a _ qe a = 0.83554 X 0.57735 = 0.48240 
27 

15 5 7 . Bik Se = —= : 9 = 9 “A = ae : We 1.58133 : 1.02333 1.54528 

From Table A.02, 

3[214 _ “tx AH = 1.05615 x 1.11869 = 1.18150 
40 8 ly 

a = Wile en = 2.15444 : 1.67654 = 0.68858 
3a 2 

where W10 is given in Table A.03. 

(c) Resolution of exponent. The same tables can be used in cases where the exponent of the 
: : : * 

fraction can be resolved into sums, differences, or multiples of 5 and 3. 
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examples: 

(N/n)°2 =(N/n)XVNin 
(N/n)®* = VN/nX YN/n 

(N/n)2 = (Nin) VN]n (Nin) = (N/n)X VN/n 

(N/n) = VNIAXVYNIa (N/n)" = VNIn/ NT 

(d) Linear interpolation. Ten-point linear interpolation between two adjacent tabulated val- 

ues in Tables A.01 and A.02 leads to large errors and is not admissible. 

~ 

(2) Squares, Cubes, and Roots of Integers 

(a) Direct values. Appendix Tables A.03 to A.22 give directly the numerical values of NAN 

VN, YN, VN, and VN for N = 1,2,..., 999, 1,000. 

example: 

From Table A.05, for N = 123, 

1237 = 15,129 123° = 1,860,867 V/123 = 11.09054 

V123 = 4.97319 Vals 

ll 

ll 3.33025 W123 = 2.61807 

(b) Resolution of N. The same tables can be used where N can be resolved into a product 

and/or a quotient of integers whose squares, cubes, and/or roots are given in the tables. 

examples: 

From Table A.05: 

123,000° = (123 x 1000)° = 1237 x 1,000? = 15,129 x 1,000,000 = 15,129,000,000 

From Tables A.05 and A.03: 

V 1,230 = V 123 x 10 = V 123 X V10 = 11.09054 x 3.16228 = 35.07139 

From Tables A.05 and A.04: 

ase 123/128 4.97319 V1.3 = i oo NA ee CICS ee 
100 100 4.64159 

(c) Resolution of exponent. The same tables can be used in cases where the exponent of the 
number can be resolved into sums, differences, products, or quotients of 2, 3, 5,3, 4, and}. 

examples: 

VN ze N°? = Nia = NXVN WN! = Nw = Nia Yh ee Nx W/N 

YN? =N®=N% 2N:YN WN? = N= NM 2 N-WN 
WN® = No = nto) — NX WN ~/ NE = No — NivO = NXW/N 

YN' = N= NO =NSYN WHS = NM = NOM = VN YN 
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(d) Linear interpolation. Ten-point linear interpolation of two adjacent tabulated values in 
Tables A.03 to A.22 is admissible and the error never exceeds one unit in the fifth significant 
figure. 

examples: 

From Table A.09: 

V 326.6 = V326+0.6A = 18.05547 + 0.6 X 0.02767 = 18.07207 

where A = V327—/326 = 18.08314 —18.05547 = 0.02767 and the result must satisfy 18.072? = 
326.597 = 326.6. 

From Tables A.09 and A.03: 

V3,266 = V10 x V326.6 = 3.16228 x 18.07207 = 57.14895 

where V 326.6 is taken from the first example, and the result must satisfy 57.149° = 3,266. 

12.05 APPLICATION OF COMMON LOGARITHMS 

(1) Common Logarithm of N 

(a) Common logarithm of N (decadic or Brigg’s logarithm) denoted as log N is the exponent 

of the power of 10 so that 

1pr* = IN 

(b) Properties. Every positive number has a common logarithm which can be expressed as a 

decimal number with accuracy to a definite number of significant figures. The integral 

part of the logarithm is called the characteristic c and the decimal fraction (usually endless) is 

called the mantissa m. 

examples: 

If 10° = 1,000, then log 1,000 = 3.0000 where 3 is the characteristic and 0.0000 is the mantissa. 

If 10°”** = 573, then log 573 = 2+0.7582 = 2.7582 where 2 is the characteristic and 0.7582 is the 

mantissa. 

(c) Characteristic of log N is determined according to the following rules: 

(a) If N > 1(N is greater than 1) the characteristic of log N is the positive number of digits 

before the decimal point diminished by 1. 

(B) If N < 1(N is less than one) the characteristic of log N is the negative number of zeros 

after the decimal point diminished by 1. 

examples: 

log 573 = 2+ 0.7582 = 2.7582 

log 57.3 = 1+0.7582 = 1.7582 

log 5.73 = 0+0.7582 = 0.7582 

log 0.573 = —1+ 0.7582 = 9.7582 —10 

log 0.0573 = —2+ 0.7582 = 8.7582 —10 

log 0.00573 = —3+ 0.7582 = 7.7582 —10 

where the last three logarithms have been expressed in a more convenient form by adding and 

subtracting 10. 
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(d) Mantissa of log N is a tabulated value (Tables A.23 and A.24) which is independent of the 

decimal point. 

example: 

log 573, log 57.3, log 5.73,... have all the same mantissa 0.7582 as shown in (c). 

(2) Finding of log N 

(a) Direct values. The characteristic of log N is determined by the rules of Sec. 12.05-lc and 

the mantissa for any number defined by three significant figures can be found directly in 

Tables A.23 and A.24. . 

examples: 

log 83.1 = 1.9196 log 2.75 = 0.4393 

log 0.112 = 9.0492-10 log 0.013 = 8.113910 

where the last mantissa is taken from Table A.23 under 130. 

(b) Special values. It is useful to remember (Sec. 2.13-2) that 

Several other special values of log N frequently occurring in technical calculations are given 

in Table A.24. 

(c) Interpolated values. For N defined by more than three significant figures the mantissa of 

log N can be found approximately by the linear interpolation (Sec. 12.03-3b) of two 

adjacent tabulated values in Tables A.23 and A.24. To facilitate the interpolation proce- 

dure the average tabular difference A is given in the last column of each table. The exact A 

is the difference of two adjacent tabulated values. 

example: 

log 8,736 = log 8,730 + 0.6A = 3.9410 +0.6 x 5x 10% = 3.9413 

where in this case the average difference A is the exact difference A = 5X 107. 

(3) Finding of Antilog of log N 

(a) Direct values. The antilog of log N is N. If the mantissa of log N is a tabulated value, 

then the antilog is the corresponding N of the table. 

example: 

From Table A.24, 

Antilog of 3.8267 = 6,710 antilog of (8.8267 — 10) = 0.0671 

(b) Special values. Using inversely the relations of Sec. 12.05—-2b, 

antilog of 1.0000 = 10 antilog of (~~) = 0 

antilog of 0.0000 = 1 antilog of (+0) = +0 
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(c) Interpolated values. If the mantissa of log N cannot be found exactly in Table A.23 or 
A.24, then the following linear interpolation gives a good approximation of the desired N. 

N= xan ; 

where m is the mantissa of log N, m is the nearest smaller mantissa, N is the number 
corresponding to m, A is the tabular difference of the nearest higher and nearest lower 
mantissa, and c is the characteristic of log N. 

example: 

From Table A.24, 

(0.9413 — 0.9410) x 10° 

J 

antilog of 3.9413 = 8,730+ = 8,736 

where ¢ +2 = 3+2 = 5. 

(4) Logarithmic Calculations 

(a) Purpose. The logarithmic calculations are used for the evaluation of complex numerical 

expressions consisting of products, quotients, powers, and roots of numbers but are not 

applicable in the evaluation of sums or differences. 

(b) Logarithms of products and quotients. According to Sec. 2.13-3, 

log (A X B) = log A + log B 

log = log A —log B 

log a= = log A + log B —log C —log D 

where A, B, C, D are given numbers. 

examples: 

J = 127.5 X 0.0023 x 17.6 log 127.5 2.1055 

log 0.0023 = 7.3617 — 10 

log 17.6 1.2455 

log N 10.7127 — 10 = 0.7127 

(0.7127 — 0.7126) x 10? 
9 = 5.16+ = 5.161 where c+2 = 0+2=2 

127.5 x 0.0023 
SSS 127.5 = 2.1055 17.6 log 127.5 2 

log 0.0023 = 7.3617— 10 

—log 17.6 = —1.2455 

log N = 8.2217—10 

(0.2217 — 0.2201) x 10° 
26 

N = 0.0166 + = 0.01667 Whetere 22) et a0) 
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(c) Logarithms of powers and roots. According to Sec. 2.13-3, 

log A” = m log A logs = — m log A 

los Al =e toed ho ea oe 
n WA n 

Wy m _ m l sade log VA = 7 log A eae 7 8A 

where A is a given number and m, n are given integers (or decimal numbers). 

examples: 

N = V0.148 log N = 3 log 0.148 

= ()(9.1703 — 10) 

= (29.1703 — 30) 

= 9.7234 — 10 

N= 0.5984 OBO 2) 062804 here ea 

It should be noted that the second factor in the product (3)(9.1703-10) can be conveniently modified 

by adding and subtracting any multiple of 10 without affecting the result. 

N = W12.57? log N = 2 log 12.57 

= 0.4 1.0994 

0.4398 — 0.4393) x 107 
( a Hes = 2.753 where c = 0+2=2 N = 2.75 + 

12.06 APPLICATION OF NATURAL LOGARITHMS 

(1) Natural Logarithm of N 

(a) Natural logarithm of N (Napier’s logarithm) denoted as In N is the exponent of the power 
of e so that 

CNT 

where 

at LV eel LOL 3 
¢ = lim (1+) Ita tay tay tt: = 2:71828... 

is called the base of natural logarithms. 
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(b) Properties. Every positive number has a natural logarithm which again can be expressed 

as a decimal number with accuracy to a definite number of significant figures. The in- 

tegral part of the logarithm is again called the characteristic c and the decimal fraction 

(usually endless) is called also the mantissa m. 

example: 

If e°*" = N, then In N = c +m, where the characteristic does not define directly the position of the 

decimal point but is a tabulated value. 

(c) Transformations. The relations between log N and In N (given in Sec. 2.13-1d) are: 

In N = (2.30258...) log N log N = (0.43429...) In N 

examples: 

If log 573 = 2.7582, then In 573 = 2.3026 X 2.7582 = 6.3510. 

If log 0.573 = 9.7582—10 = —0.2418, then In 0.573 = 2.3026 x (—0.2418) = —0.5568, where the 

transformation error in the last digit may be +1 (see Sec. 12.06—2a). 

(2) Finding of In N 

(a) Direct values. The characteristic and the mantissa of In N for N = 1.00—9.99 can be 

found directly in Tables A.25 and A.26. 

For N <1, N is expressed as t/10", and 

eee = InN = Injps Int—nI1n10 

For N > 10, N is expressed as t X 10" and 

In N = In(t X10") = Int+n1n10 

where Int is one of the tabulated values, n is an integer, and In 10 = 2.3026. 

examples: 

In Table A.25: 

In 5.73 = 1.7457 

In 57.3 = In (5.73 X 10) = In 5.73 + In 10 = 1.7457 + 2.3026 = 4.0483 

In 573 = In (5.73 X 10°) = 1n 5.73 +2 In 10 = 1.7457 + 4.6052 = 6.3509 

me = In 5.73—1n 10 = 1.7457 — 2.3026 = — 0.5569 = S OU a ie) ll 

(b) Special values. It is again useful to remember that 

In e = 1.0000 

In 1 = 0.0000 
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(c) Interpolated values. For N defined by more than three significant figures the natural 

logarithm of N can be found approximately by the linear interpolation similar to that of 

Sec. 12.05-2c. 

example: 

In 34.56 = In (3.456 x 10) = In 3.456 +1n 10 = 3.5458 

where In 3.456 = In 3.45+0.6A = 1.2413 + 0.6 x 0.0029 = 1.2432 

In 10 = 2.3026 

12.07 APPLICATION OF TABLES OF TRIGONOMETRIC FUNCTIONS 

(1) Natural Trigonometric Functions in Degrees and Minutes 

(a) Direct values. Tables A.27 to A.31 give directly the numerical values of sin a, cos a, tan a, 

and cot a fora = 0°—90° in intervals of 10 minutes. Fora = 0°—45°, the respective value 

is found referring to the top boxhead and moving down along the left stub of a. For 

a = 45°—90°, the respective value is found referring to the bottom boxhead and moving up 

along the right stub of a. 

examples: 

sin 12°20’ = 0.2136 is found in Table A.28, under the top boxhead “‘nat. sine,” left stub, a = 12°20’. 

sin 58°30’ = 0.8526 is found in Table A.30, above the bottom boxhead “‘nat. sine,” right stub 
a = 58°30’. 

(b) Large angles. If a > 90°, the argument is reduced according to Sec. 5.02-4c, d (before 
entering the respective tables). 

examples: 

cos 293°40' = cos (270° + 23°40') = sin 23°40’ = 0.4014 

tan 112°10’ = tan (90° + 22°10’) = —cot 22°10’ = — 2.4545 

(c) Negative angle. If a < 0°, the given function is transformed according to Sec. 5.02-4a 
(before entering the respective table). 

examples: 

sin (—60°20') = — sin 60°20' = — 0.8089 

tan (— 112°10’) = —tan (90° + 22°10’) = cot 22°10’ = 9.4545 

(d) Secant and cosecant. The values of sec a and csc @ are taken as the reciprocal values of 
cos @ and sina respectively. 

examples: 

sec 72°50! = ae ee = oie = 3 3275 

. 7 cos 79°65 ()! 0.2959 na LOy [i] 

9K (I 1 ] a 

esc12 00 = aan = = 1.0466 
sin 72°50’ ~—- 0.9555 
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(e) Interpolated values. The linear-interpolation procedure described in Sec. 12.03-3b is 
directly applicable in Tables A.27 to A.31. 

examples: 

sin 12°24’ = sin 12°20'+ 0.4A = 0.2136 + 0.4 x 0.0028 = 0.2147 

where A = sin 12°30’ — sin 12°20’ = 0.2164 — 0.2136 = 0.0028 

cos 12°24’ = cos 12°20'+ 0.4A = 0.9769 + 0.4 x (—0.0006) = 0.9767 

where A = cos 12°30’ — cos 12°20’ = 0.9763 — 0.9769 = — 0.0006 

It is important to note that for sin @ and tan a, A is positive and for cos a and cot a, A is negative. 

(2) Common Logarithms of Trigonometric Functions 

(a) Direct values. Tables A.27 to A.31 give directly the numerical values of log sin a, 

log cos a, logtan a, and logcota@ for a = 0°—90° in intervals of 10 minutes. For a = 

0° — 45°, the respective value is found referring to the top boxhead and moving down along 

the left stub a. For a = 45°—90°, the respective value is found referring to the bottom 

boxhead and moving up along the right stub a. The tabulated value includes the 

characteristic and the mantissa of the logarithm. If the characteristic is 7, 8, or 9, the 

tabulated value must be supplemented by — 10. 

examples: 

log sin 12°20’ = 9.3296—10 is found in Table A.28, under the top boxhead “‘log sine,” left stub, 

a = 12°20’. 

log cot 12°20’ = 0.6603 is found in Table A.28, under the top boxhead “‘log cotangent,” left stub, 

a = 12°20'. 

(b) log secant and log cosecant. The logarithms of seca = I/cos a and csc a = I/sin @ are 

log sec a = —logcos a log csc a = —log sina 

where log 1 = 0. 

examples: 

log sec 12°20’ = — log cos 12°20’ = — (9.9899 — 10) = 0.0101 

log csc 12°20’ = — log sin 12°20’ = — (9.3296 — 10) = 0.6704 

(c) Interpolated values. The linear-interpolation procedure described in Sec. 12.03-3b is 

directly applicable for the values of log sin a and log tan @ in the range a = 3°— 90° and for 

the values of log cos a and log cot @ in the range a° = 0°— 87°. For the excluded values of 

a, the linear interpolation of tabulated values is not accurate. 
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examples: 

log sin 12°24’ = log sin 12°20'+ 0.4A = 9.3296 — 10 + 0.4 x 0.0057 = 9.3319 — 10 

where 

A = log sin 12°30’ — log sin 12°20’ = (9.3353 — 10) — (9.3296 — 10) = 0.0057 

log cos 12°24’ = log cos 12°20'+ 0.4A = 9.9899 — 10 + 0.4 x — 0.0003 = 9.9898 — 10 

where < 

A = log cos 12°30’ — log cos 12°20’ = (9.9896 — 10) — (9.9898 — 10) = — 0.0003 

It is important to note that for log sin a and log tan a, A is positive and for log cos a and log cot a, A 

is negative. 

(d) Antilogarithms. The antilog of the given logarithm of a trigonometric function is found 

by a procedure similar to that of Sec. 12.06-3 from Tables A.27 to A.31 as shown below. 

example: 

If log tan a = 9.9736— 10, find a. 

Referring to Table A.31, the nearest higher and lower logarithms in the column “log tangent” are 
respectively, 

log tan 43°20' = 9.9747 — 10 = log tan (@ + 10’) 

log tan 43°10’ = 9.9722 —10 = log tan @ 

from which A = 0.0025 is their tabular difference. 

In the same table, 

log tan a = 9.9736—10 

log tan @ = 9.9722 —10 

from which m—m = 0.0014 is the difference of their mantissas. 

Then, 

=, =i 0.0014 
CLS Clap K 10’ = 43°10 + 6 0095 10’ = 43°16’ 

but also a = 180°+ 43°16’, 360°+ 43°16’, .... 

12.08 APPLICATION OF TABLES OF ELEMENTARY FUNCTIONS 

(1) Natural Trigonometric Functions in Radians 

(a) Direct values. Tables A.32 to A.38 give directly the numerical values of sin x, cos x, and 
tan x for x = 0.01 to 3.00 radians in intervals of 0.01 radian and for x = 3.00 to 5.00 radians 
in intervals of 0.05 radian. 

examples: 

From Table A.34: 

sin 1.41 = 0.98710 cos 1.41 = 0.16010 tan 1.41 = 6.16536 
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(b) Indirect values. By their definitions, the numerical values of sec x, esc x, and cot x can be 
obtained from the same tables as the respective reciprocal values of cos x, sin x, and tan x. 

examples: 

1 
= 6.24610 csc 1.41 = a 1.01307 From Table A.34: sec 1.41 = 

cos 1.41 sin 1.41 

(c) Interpolated values. The linear-interpolation procedure described in Sec. 12.03-3b is 
directly applicable for the values of all trigonometric functions in Tables A.32 to A.38. 

(d) Large arguments. If x is greater than 5.00 but less than 10, the argument x can be 
resolved into the sum of any two numbers and inserted in the respective formula of Sec. 
5.04-la which can be then evaluated in terms of the tabulated values. If x is greater than 
10, then the argument x can be resolved into the sum of a multiple of 27 (such as 
27,47, 67,...) and a remainder and inserted in the reduction formula of Sec. 5.09-4d 

which then again can be evaluated by means of the tabulated values. 

examples: 

The numerical value of cos 7.26 is found by means of 

cos (a + B) = cosa cos B — sina sin B (see Sec. 5.04-la) 

which for a = 5.00, B = 2.26, in terms of Tables A.36 and A.38 yields 

cos 7.26 = cos 5.00 cos 2.26 — sin 5.00 sin 2.26 

= 0.28366 X (— 0.63592) — (— 0.95892) x 0.77175 = 0.55966 

The numerical value of cos 51.73 is found by means of 

cos (2n7 +a) = cosa (see Sec. 5.02-4d) 

where 2n7 in this case is 167 = 50.265 and a = 51.73—50.265 = 1.488. 

Then cos 51.73 = cos 1.488 = cos 1.480+0.8A = 0.08270 where, from Table A.34, 

A = cos 1.490 —cos 1.480 = 0.08071 — 0.09067 = — 0.00797 

(2) Exponential Functions of Base e = 2.718281... 

(a) Direct values. Tables A.32 to A.38 give directly the numerical values of e* and e * for 

x = 0.01—3.00 in intervals of 0.01 and for x = 3.00—5.00 in intervals of 0.05. 

examples: 

From Table A.34: e'*! = 4.09596 e *** = 0.94414 

(b) Interpolated values. The linear-interpolation procedure of Sec. 12.03-3b is directly 

applicable for the values of e*, e * in Tables A.32 to A.38 if x = 0.01 to 3.00. For larger 

arguments this procedure is inaccurate and one of the procedures of the subsequent section 

must be used. 

(c) Large arguments. If x is greater than 3 but less than 10, the exponential expression can 

be resolved as follows. 

x 
e* = ee? ee. =e e 

where x = x,;+Xs, and e”, e” or e “, e ® are values given in tables. 

If x > 10, the logarithmic transformation given below is more convenient. 

Ry eee CaO 18 = 7p = 10%e° 

where a is the integer of x/(In 10), b is the decimal of x/(In 10), c = b In 10 = 2.302586, and 

e° is a value given in tables. 
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examples: 

From Tables A.34 and A.38: 

eo 4! = 94! — 148.41316 xX 4.09596 = 607.89436 

For the evaluation of e” introduce 

72 72 
= oi =31 b=0.26914 c = 0.61972 
an rere re ee 

and ae = Ogre = Ore. 620 = 1.85893 « 10”! < 

(3) Hyperbolic Functions 

(a) Direct values. Tables A.32 to A.38 give directly the numerical values of sinh x, cosh x, and 

tanh x for x = 0.01 to 3.00 in intervals of 0.01 and for x = 3.00 to 5.00 in intervals of 0.05. 

examples: 

From Table A.34: 

sinh 1.41 = 1.92591 cosh 1.41 = 2.17005 tanh 1.41 = 0.88749 

(b) Indirect values. By their definitions, the numerical values of sech x, csch x, and coth x can 

be obtained from the same tables as the respective reciprocal values of cosh x, sinh x, and 

tanh x. 

examples: 

1 ] 
AN = Se = OW A= SS 051924 sech 1.41 Paral 0.46082 csch 1.41 Gap Tal 0.51924 

(c) Interpolated values. The linear-interpolation procedure of Sec. 12.03-3b is directly 

applicable for the values of hyperbolic functions in Tables A.32 to A.38 in the range of 

x = 0.01 to 3.00. For larger arguments this procedure is inaccurate and one of the 

procedures of the subsequent section must be used. 

(d) Large arguments. If x is greater than 3 but less than 10, the exponential resolution of Sec. 

12.08-2d should be used. If x is greater than 10, then 

x 

sinh x ~ coshx =~ tanhx ~ 1—2e ™ cothx ~ 1+2e™ 

examples: 

sinh 6.41 = lel eae tL ais abel Pian ws 303.94636 

where 

ee"! = 607.89436 and eae Cea pee Sey 0.00164 
~ 607.89436 

are taken from example of Sec. 12.08—2c. 

72 e” 

2 
sinh 72 = = ().92946 x 10°" 

where e”™ is taken from example of Sec. 12.08-2c. 
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(4) Inverse Functions 

(a) Direct values. Tables A.32 to A.38 can be used directly for finding the inverse 
trigonometric and hyperbolic functions in limits of the respective table as shown below. 

example: 

From Table A.32: sin * 0.35227 = 0.36 sinh ' 0.36783 = 0.36 

(b) Interpolated values. The linear-interpolation procedure of Sec. 12.03-3b is directly 
applicable in Tables A.32 to A.38 for sin '' y, cos ' y, tan ' y, and for sinh | y, cosh ' y, tanh” y. 

examples: 

In Table A.34: 

0.90000 — 0.89570 

0.90010 — 0.89570 
sin ' 0.90000 = 1.11+ 0.01 = 1.11977 

where 0.90000 —0.89570 is the difference between the given argument and the nearest lower 

tabulated value, 0.90010 — 0.89570 is the table difference, and 0.01 is the decimal position factor. 

In Table A.33: 

sinh ' 0.90000 = 0.80 + 
0.90000 — 0.88811 : 
0.90152—0.88811 "1 ~ 980887 

where the interpolative correction is computed similarly as above. 

12.09 COMPUTATIONS WITH COMPLEX NUMBERS 

(1) Geometric Representation 

(a) Cartesian form. A complex number p = a+bi introduced in Sec. 2.12-lc can be 

represented as the point P in the rectangular (cartesian) coordinate system of Fig. 12.09-1, 

in which the X axis is referred to as the real axis, the Y axis as the imaginary axis, and the 

X, Y plane is called the complex plane (Agrand or Gauss plane). 

ap i 
(b) Polar form. Employing polar coordinates in the complex plane 

a =rcos@ b = rsin 6 
P(a, bi) 

the complex number 

p =atbi =r (cos 6+isin 0) = r[cos (6+ 2k) +7 sin (0 + 2k7r)] 

where 

r= Va'+b* 6 =tan'y ae ee Fig. 12.09-1 

(c) Vector form. In terms of vector notation, the position vector of P in Fig. 12.09-1 is 

p = ae, + (bi)es 

where the magnitude of p is r and e,, e, are the unit vectors along the X and Y axis 

respectively. The notation e;, e, instead of i, j is used to avoid a confusion of the symbol 

i = V-—1 and i = unit vector along the X axis. 
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example: 

If p = 3—41, then 

2 2 =4 ° , 
r = V(3) +(-4) =5 tan@ = 3 @ = 306°52 

In polar form, p = 5(cos 306°52’ + i sin 306°52’) but also 

5 cos 666°52’ + 7 sin 666°52’ > lI 

= 5 cos 1,026°52' + 7 sin 1,026°52’) 

(d) Product and quotient. If p, and p, are two complex numbers defined as 

Pp: = ri(cos 0; + 7 sin 6) and po = Ye(cos 82+ 7 sin 82) 

then their product is 

Pips = 1 re[cos (8; + 42) +12 sin (6; + 82)] 

and their quotient is 

OT cos (ne ON sin (Gi e)| 
po % 

examples: 

If p, = 10(cos 45° +7 sin 45°) and ps = 20(cos 30° + 7 sin 30°), then 

Pips = 200(cos 75° + i sin 75°) = 51.764 + 193.186: 

(cos 15°+ 7 sin 15°) = 0.48297 + 0.129411 

(e) Powers and roots. If p = r(cos @+i sin @) and m, n are integers, then 

p” 

Vp 

m 
r™(cos 8 +7 sin 80)" = r™(cos m@ +7 sin m@) 

II Aleipe = . 64+2kmr .. 0+2k7r 
WrWcos 6 +i sin 6 = We cos +27 4 8 

1 n 

9 : 9 

Wp" = Wr" /(cos 0 +i sin 0)" = Vi" | cos (even +7 sin Sawin ahr 
n n 

where k = 0,1,2,...,n—1 and there are n roots of p. These relations are known as 

De Moivre’s theorems. 

example: 

If p = 10(cos 45° + 7 sin 45°), then 

p> = 100(cos 90°+ i sin 90°) = 100% 

V 10(cos 22°30! + i sin 22°30’) = 2.92159 + 1.21015: 
Vp= a 

~ ay V 10 (cos 112°30' + i sin 112°30') = — 1.21015 + 2.92159i 
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(2) Exponential representation 

(a) Exponential form. By definition of e” (Sec. 8.07-la, x 

e” = cos @+i sin @ 

and consequently 

e''™) = cos (0 + 2Qkar) +7 sin (@ + 2k7r) 

where k = ..., —2, —I, 0, 1, 2,.... 

Then the polar form of p (Sec. 12.09-1b) written in terms of these relations becomes 

pb = a+bi = r(cos 0 +i sin 6) = r[cos (0 + 2k7r) +7 sin (0 + 2kar)] = re” 

and is called the exponential form (Euler’s formula). 

example: 

If p = 3—41, then from Sec. 12.09-lc, 

r=5 @ = 306°52’ = 5.35584 rad p = 5e™*ress 

which in electrical technology is frequently abbreviated as 

p = 5/306°52’ 

i(@+2k7) 
= re 

(b) Products and quotients. If p, and p, are two complex numbers defined as 

fp, = ne™ and pe = ree? 

then their product is 

Pips = T1172 

and their quotient is 

1(4,+8,) 

pi = wy ei ® 

ps T2 

examples: 

If j= 10e™" and ps = 20e"”, then 

Dips = 200e°""" and s-=fe" 

(c) Powers and roots. If p = re “ and m, n are integers, then 

m__imé m_im(6+2k7r) 
De OE Ee 

Wp = AY pg (Ot 2km)i n 

Wp” = AW 9 (OFA Imi 

example: 

If p = 10e™”, then 

p* = 10,000e" = — 10,000 

where e™ = cosm+isin 7 = —1 (Sec. 8.07-1a). 
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(d) Special values. The relations of Sec. 12.09-2c yield the following special values: 

TT eee 
= cos=+i2 sin 

2 

282 — cosa +isina = —1 e°?™? = cos—mt+isin—-7 =—1 

Ae Sr, oc. War : Beye nin ae ey 
en" = cos — +7 sin — = —1 Ce COS lS ee 

2 2 2 2 

s 4n.. . 4a Pec 40 4a 
e*™”? = cos —+i sin— = 1 Ca —TCOS +“ sin. al 

2 2 2 2 

ll | 
KS) 

| 
Se S i ~ and in general for k 

etm = cos (2k +1)a +1 sin(2k +1)a7 = —1 e'™ = cos 2k +i sin 2Qka7 = 1 

[O+(2k+1)r]i 
é ge =k = cos (9+ 2km) + 1 sim (O4 2kar) = 

= cos[0+(2k+1)7]+isin[@+(2k+l)7] =—-e ” 

eo = @° (cos Q2ka +1 sin 2k) = e° eo Orr ™ = e* [cos (2k + 1)a +7 sin (2k + 1)7] = —e* 

(3) Extraction of Roots of Numbers 

(a) General case. The n roots of equation x" = a are 

Kio = Va(cos #7 + é sin 27) 
n n 

and of equation x" = —a are 

= 9 
X190n = NY a [cos CREDA sin G+ br) 

n n 

Wileieukm=—s )sulen2sneern yi lic Curae) 

(b) Special cases. The roots of x" = a fora = 1,a = —l,and n = 2, 3, 4 are represented 

by circles of radius r = 1 in the complex plane in Fig. 12.09-2. 

example: 

The roots of x° = 27 are 

5 0 be ON 
x, = V27 [cos a a i en ral = 3(cos 0°+ 7 sin 0°) = 3 

3/ 2 1 TI ea 2 TI i 2 
Xo = \ 27 cos! a + 2 sin ( oa = 3(cos 120°+ 3% sin 120°) = 3(- : = Ey? 

43/ 2)(2) a Riran(2) (2) a1 iV 3 
x3 = V27 [eos © ) att etic * ) | = 3(cos 240° + 7 sin 240°) = 3(-3— v8) 

where the factors of 3 are those shown in Fig. 12.09-2 for x° = 1. 
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Fig. 12.09-2 
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(4) Natural Logarithms 

(a) Natural logarithm of a complex number a + bi. 

In (a a bi) = In freee 

= Inr +1(0+ 2k) Ine = Inr +1i(0 + 2k7) 

where k = ...,—2,—1,0,1,2,... and Ine = 1. 

(b) Natural logarithm of a pure imaginary number Jz. 

If a = 0, b > 0, then r = Bb, tan @ = 6/0 = +, 6 = 7/2, and 

In bi Inb+ (3+ 2km) 

If a = 0, b <0, then r = B, tan 0 = —0)/0 = —@&, 6 = 3277/2, and 

tha = In (—b) +i (SF + 2k) 

(c) Natural logarithm of a real number, a = 0. 

lize pa mthena tm —saatanen—(0/cu—0 Oe —s Osean 

Ina = Ina+2kim 

lia —= 0b) — 0sthen 7 = — a) tanig) —.0/—a — 0) @)—7 and 

Ina = In(—a)+(7+2k7)i 

examples: 

In (+1) = 2aki Ini= (3+ kn) 

Ye Ne Oa Ie (FF +2km)i 

12.10 USEFUL APPROXIMATIONS 

(1) Algebraic Approximations 

(a) Square roots of large numbers. If N = a°+Aand Ais very small compared to a’, then 

= A 
VN=Va?+A~a i 

2a 
Dy 

where a’ is a number to be selected from Tables A.03 to A.22 or by inspection. 

example: 

934,567 = V4848 +311 ~ 494421 
(2)(484) 

which should satisfy (approximately) 

= 484.321 

484.321° = 234,566.967 = 234,567 
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(b) nth roots of large numbers. If N = a"+A and A is very small compared to a", then 

WN = Wa" +A ~at— n 
na 

=} 

where a" is a number to be selected from Tables A.03 to A.22. 

example: 

399 pays 

W/234,567 = W61.6°+ 822 = 61.6+——_ 
(3)(61.6°) 

= 61.6722 

which should satisfy (approximately) 

61.6722° = 234,567.76 = 234,568 

(2) Geometric Approximations 

(a) Smallest angle in right triangle. If a@ is the smallest angle in the right triangle of Fig. 

12.10-1, then 

3a Lia 
eg 2S in radians or Qa = — 

b+2c b+2c 

where a, b, c are the known sides. 

examples: 

The errors of this formula are: 

a = 5° a = 4.975° e = 1-50’ a = 30° a = 29.983° 

a= 10° a = 9.991° = 10553) =A? a = 39.952° 

eo a = 20.015" € = 0.90’ a = 45° a = 44.923° 

(b) Length of a circular arc of Fig. 12.10-2. For w < 45°, 

6RI 61 
sph 3a 

where r, 1, h are known and n = h/R. 

example: 

If R = 10, h = 4, then | = V100—36 = 8, n = 4/10 = 0.4, and 

_ (6)(8) 
3—0.4 

Vs = 18.61 

The range of errors of this formula is the same as in Sec. 12.10-2a. 

(c) Length of ellipse. 

L ~ r[1.5(a + b) — Vab] 

where a, b are the semiaxes. 

(d) Length of a parabolic arc of Fig. 12.10-3. For x/y = A < S 

L = y(1+3A°-3A) 

where x, y are the coordinates of P. 

(65 
a 

b 

Fig. 12.10-1 

in degrees 

é€ = 1:02’ 

€ = 2.88’ 

e = 4.68’ 
jb 

Fig. 12.10-2 0 

+X 
= 

Fig. 12.10-3 
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(3) Transcendental Approximations 

(a) Trigonometric functions and their inverses. 

Approximation* Interval Conversion 

sin x ~ x 
OSU Oi) Oniiradi— 6230: 

sin x= 

COS X ~ 
[— 0.06, 0.06] 0.06 rad = 3.44° ‘ 

COsmel liao 

tanx = x 
[- 0.08, 0.08] 0.08 rad = 4.58° 

*Error of less than +0.2% 

(b) Hyperbolic functions and their inverses 

Approximation* Interval 

sinh x ~ x 
(= O22, 0224) 

sinh) x = x 

cosh x = | 
[— 0.06, 0.06] 

cosh) | = x 

tanh x ~ x 
[-- 0.18, 0.18] 

tanh x = x 

*Error of less than +0.2% 

(4) Area Approximations 

(a) Area of circular segment of Fig. 12.104 is 

i Re wo 

4 3 (1—0.2w* + 0.02@"*) 

where 2@ is the central angle in radians. 
approximation is 3.3 percent, and it decreases rapidly as 2w decreases. 
error is less than 0.1 percent. 

(b) Area of elliptical segment of Fig. 12.10-5 for x < a/2 is ai 

rl (liegt cn Wg 
A ab 3 : As) xy 

s 

where x, y are the coordinates of P. 

For x > a/2 use the exact formula, 

A = abcos' SKY 
a 
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0.22 = 0.0707 

0.06 = 0.0197 

0.18 = 0.0577 

Fig. 12.10-4 

For 2@ = w(half circle) the error of this 

For 2@ < 7/2 the 

ae 
“a 

Pf 

4 b 
/ 
¢——--¢___ +X \ 0 

\ 
NY 

SS 
oS 

sea Fig. 12.10-5 



(c) Areas of hyperbolic segment of Fig. 12.10-6 for x > 2a is 

A = xy — ab(in =*— 4) 
a 4x 

where x, y are the coordinates of P. For x < 2a use the exact formula, 

=i % 
A = xy—ab cosh — 

a 

(d) Area of parabolic segment of Fig. 12.10-7 is exactly 

riges (x1 = X2)(yi — yo)” 
ae 6(y1 + yo) 

where x,, y: and x», ye are the coordinates of P; and Ps, 

respectively, (x1 # x9). 

If x; = xe, then 

_ 4x91 
3 

A 

Fig. 12.10-6 

+ Y¥ 

7 p, “bay 

4 
x P, 

\ 
Ns 

Fig. 12.10-7 Fig. 12.10-8 

(e) Irregular area of Fig. 12.10-8 is first divided into n vertical strips by equidistant parallel 

chords of lengths ho, hi, ho,..., h, and then evaluated by one of the approximate formulas 

given below. 

hy h,, 

(a) Trapezoidal rule (n = even or odd): is\ a(@+ fic lig+** +) 

A 
(B) Simpson’s rule (n = even): A= 3 (ho + 4hi + 2he + 4h + Qh; t---+h,) 

where hy and/or h, may be zero. 

“N “ Numerical Procedures 2 



278 

12.11 INTEREST AND ANNUITIES 

(1) Interest 

(a) Definition. The money paid for the use of another’s money (principal P) is called the 

interest p. The interest is paid at the ends of specified intervals of time (annually, 

semiannually, etc.). 

(b) Rate. The ratio of the amount of interest paid for a given period of time to the principal 

is called the rate of interest and is usually expressed as a percentage. 

example: 

If the principal P = $10,000 is used for a period of one year for the interest of p = $600, then the 

rate of interest is said to be 

p _ 600 
P ~ 10,000 = 0.06 or 6% 

(c) Simple interest is the money paid for the use of principal P for the number of periods n. 

I = Pni 

example: 

The total simple interest paid for use of P = $10,000 during n = 5 periods (years) at rate of i = 6% 
per period is 

I = Pni = (10,000)(5)(0.06) = $3,000 

(d) Compound interest is the amount of money paid by the end of each period on the principal 
and on the accumulated interest. 

(e) Accumulated amount A,. The principal placed for n periods accumulates: 

(a) At simple interest i to: A, = P(1+nt) 

(B) At interest i compounded at the end of each period to: dale == VE@I SEG)! 

(y) At interest 1/q¢ compounded q times during each period to: A, = P( a) 
q 

(f) Table of (1+ 7%)". The numerical values of (4)? for n= 12, see colin @ = 149) eee 
are given in Table A.39. 

examples: 

If the principal P = $10,000 is deposited for 10 years at the annual interest i = 4% compounded annually, then from Table A.39, 

A, = P(1+7i)" = 10,000(1 + 0.04)? = 10,000(1.48024) = $14,480.24 

If the same principal is deposited for the same number of years at the same annual interest which is, however, compounded quarterly, then i = 4/4 = 1%, n = 10X4 = 40, and from Table A.39 
A, = 10,0001 + 0.01) = 10,000(1.48886) = $14,888.60 
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(g) Present amount P. The present value P which during n periods accumulates to A,: 

(a) At simple interest 7 is: P= A,(t+ ny” 

(B) At interest i compounded at the end of each period is: IP => Ase ayy © 

(y) At interest i/q compounded q times during each period is: P= A,( +2)" 

(h) Table of (1+7)". The numerical values of (bse) moe 7 = 12555. ,/s0) arvel 4 = 
1,2,...,8 are given in Table A.40. 

examples: 

The amount required to be deposited to accumulate to $10,000 at the end of 10 years at the annual 
rate 1 = 4% compounded annually is (Table A.40) 

P= A,(1+1)™ = 10,000(1 + 0.04)? = 10,000(0.67556) = $6,755.60 

If the interest is compounded quarterly, then i = 4/4 = 1%, n = 104 = 40, and (Table A.40) 

P = 10,000(1 + 0.01)" = 10,000(0.67165) = $6,716.50 

(2) Annuities 

(a) Definition. The annuity is a sequence of equal payments made at equal periods of time. 

(b) Amount of annuity Sj. If a payment R is deposited at the end of each successive period 

for n periods and the interest i is compounded at the end of each period, then the 

accumulated amount at the end of the nth period is 

+i)" - See i l 

If the periodic payment R is made at the beginning of each period, then 

Sai = R(+ jf oo ] 

(c) Table of [(1+72)"+1]/1. The numerical values of [(1+7)"+1]/i for n = 1,2,...,50 and 

1 = 1,2,...,8 are given in Table A.41. 

example: 

If the payment R = $1,000 is made at the end of each year for n = 10 years and the interest 1 = 5% 

is compounded annually, then at the end of the tenth year the accumulated amount is (Table A.41) 

(+i =1 (1 +0.05)'°—1 
i Sis = R 0.05 = 1,000 = 1,000(12.57789) = $12,577.89 

(d) Present value of annuity A;z;. The present amount required to produce a periodic 

payment R at the end of each successive period for n periods during which the interest 2 is 

compounded on the outstanding balance at the end of each period is 

L=(eeae 
Agi == Pe F 

If the periodic payment is made at the beginning of each period, then 

Ug R= i)[ =] 
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(e) Table of [1—(1+1%)"]/i. The numerical values of [1-—(1+7) “"]/i forn = 1,2,...,50 and 

1 = 1,2,...,8 are given in Table A.42. 

example: 

The present value of annuity which will pay R = $1,000 annually atthe end of each year for a period 

of 10 years at compound interest 1 = 5% is (Table A.42) 

= (a O0a) 1 
= 1,000 0.05 Avs = R us ye 1,000(7.72173) = $7,721.73 
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13 
UNIT SYSTEMS AND 

THEIR RELATIONSHIPS 



13.01 QUANTITATIVE MEASUREMENTS 

(1) Definitions 

(a) Physical quantities (such as length, mass, temperature, etc:) are measured by comparison 

to the quantities of the same kind designated as units of measure. 

(b) Concepts of measurement. Thus the statement of a physical quantity X involves two 

concepts: 

(a) Numerical factor n (dimensionless number) defining the number of units 

(B) Symbol of unit u designating the dimensions 

Analytically, 

xX = nu or i = d/o 

examples: 

Equatorial radius of earth 6.378 X 10° km 3.963 x 10° miles 
Polar radius of earth 6.356 X 10° km 3.950 X 10° miles 

Volume of earth 1.083 x 10°! m° 3.825 x 107 ft? 
Mean density of earth 5.522 x 10° kg/m* 3.447 x 107 Ib/ft® 

Average linear velocity of earth 2.977 X 10 km/s 1.850 X 10 miles/sec 

Average angular velocity of earth 7.272 X 10° rad/s 2.618 x 10“ rad/h 

Acceleration due to gravity 9.80665 m/s* 3.21740 X 10 ft/sec® 

Speed of sound at 0°C 3.314 x 10° m/s 1.087 ft/sec 

Speed of light in vacuum 3.000 x 10° m/s 9.843 x 10° ft/sec 

Density of water at 4°C 1.000 X 10° kg/cm* 
Density of dry air at 0°C 1.293 X 10°° kg/cm* 

Density of mercury at 0°C 1.359 X 10 * kg/cm* 

Mass of electron 0.91091 x 10°*’ g 

Mass of proton 1.67252 x 10° g 

Mass of neutron 1.67548 x 10°" g 

(2) Basic and Derived Units 

(a) Origin of units. The various units of measure (such as meter, kilogram, degree Celsius, 

etc.) are by no means prescribed by nature but are products of human selection (national or 
international conventions). 

(b) Classification. As the physical quantities are of the basic type (length, mass, time, 
temperature, etc.) and of the derived type (volume, velocity, work, etc.) their units are also 
designated as the basic and the derived units. 

(c) Systems of units. Out of several systems of units, three systems are introduced in Tables 
13.02-1 through 13.02-5; their relationships in terms of their conversion factors are given in 
Appendix B. 
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13.02 INTERNATIONAL SYSTEM OF UNITS 

(1) Establishment of the System 

(a) Convention. At the Eleventh General Conference on Weights and Measures of 1960, the 
Metric System (with some modifications) was given the name International System of Units and 
the abbreviation SI in all languages.* 

(b) Recommendation. The members of this conference recommended the adaptation of the 
SI system for all scientific, technical, practical, and teaching purposes. 

(2) Basic Units of the SI System 

(a) Six units defined in this section are the basic units of the SI system. Their definitions are 
extracted from the records of the general conference. 

(b) Unit of length. ‘The meter (m) is the length of exactly 1 650 763.73 wavelengths of the 
radiation in vacuum corresponding to the unperturbed transition between the levels 2 Pio 
and 5d; of the atom of Krypton 86, the orange-red line.” 

(c) Unit of mass. ‘“The kilogram (kg) is the mass of a particular cylinder of platinum-iridium 
alloy, called the International Prototype Kilogram, which is preserved in a vault at Sevres, 
France by the International Bureau of Weights and Measures.”’ 

(d) Unit of time. “The ephemeris second (s) is exactly 1/31 556 925.974 7 of the tropical year of 
1900, January, 0 days and 12 hours ephemeris time.” 

(e) Unit of electric current. ‘“The ampere (A) is the constant current which, if maintained in 
two straight parallel conductors of infinite length, of negligible circular sections, and placed 

1 meter apart in a vacuum, will produce between these conductors a force equal to 2 X 10” 
newtont per meter of length.”’ 

(f) Unit of temperature. “The thermodynamic Kelvin degree (°K) is the unit of temperature 

determined by the Carnot cycle with the triple-point temperature of water defined as 

exactly 273.16°K.”’ The International Practical Kelvin Temperature Scale of 1960 and the 

International Practical Celsius Temperature Scale of 1960 are defined by a set of 

interpolation equations based on the following reference temperatures: 

State akk 2G 

Oxygen, liquid-gas equilibrium 90.18 — 182.97 

Water, solid-liquid equilibrium 273.15 0.00 

Water, solid-liquid-gas equilibrium 273.16 0.01 

Water, liquid-gas equilibrium ANS) 100.00 

Zinc, solid-liquid equilibrium 692.655 419.505 

Sulfur, liquid-gas equilibrium 717.75 444.6 

Silver, solid-liquid equilibrium 1233-95 960.8 

Gold, solid-liquid equilibrium 1336.15 1063.0 

(g) Unit of luminous intensity. ““The candela (cd) is of such a value that the luminous intensity 

of a full radiator at the melting temperature of platinum is 60 candela per centimeter 

squared.” 

*Recent revisions of units of time, temperature, and luminous intensity are given in Sec. 13.02-6 on p. 288. 

+For the definition of | newton, see Sec. 13.02-3b. 
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(h) Multiples and fractions of these units defined by their factor, prefix, and symbol are given 

in Table 13.02-2. 

(i) Special multiples and fractions of 1 meter frequently used in technology are: 

1 micrometer = 1 wm = 10 °m 

] nanometer = 1nm = 10 °m 

langstrom = 1A= 10m 

1 kilometer = 1km = 10°m 

l centimeter = 1cm = 10° m 

1 millimeter = 1mm = 10 °m 

1 astronomical unit = 1.49598 X10" m, 1 light year = 9.46055 x 10° m, 1 parsec = 3.08374 x 10’°m 

Se ES — —— 

(3) Derived Units of the SI System 

(a) Ten units defined in this section are the most important derived units of the SI 

system. Their definitions have been extracted from the records of the general conference. 

(b) Unit of force. ‘““The newton (N) is that force which gives to a mass of 1 kilogram an 

acceleration of 1 meter per second per second.” 

(c) Unit of energy. ‘The joule (J) is the work done when the point of application of 1 newton 

is displaced a distance of 1 meter in the direction of the force.” 

(d) Unit of power. ‘‘The watt (W) is the power which gives rise to the production of energy at 

the rate of 1 joule per second.” 

(e) Unit of electric quantity. ‘The coulomb (C) is the quantity of electricity transported in 1 

second by a current of 1 ampere.”’ 

TABLE 13.02-1 Systems of Basic Units 

System 

Designation Dimension English (FPS) Metric (MKS) International (SI) 

Length jh, foot (ft) meter (m) meter (m) 

Mass M pound (Ib) kilogram (kg) kilogram (kg) 

Time t second (sec) second (s) second (s) 

Electric current A ampere (A) ampere (A) ampere (A) 

‘Temperature WE degree degree degree 

Fahrenheit (°F) Celsius (°C) Kelvin (°K) 

Luminous intensity l candela (cd) candela (cd) candela (cd) 

TABLE 13.02-2 Decimal Multiples and Fractions of Units 

Factor Prefix Symbol Factor Prefix Symbol 

deka Dye 10! deci 

10° hecto h Oi centi c 

10° kilo k 10° mill? m 

10° mega M LOns micro bh 

10° giga G Kt nano n 

10" tera ay LO pico p 
Oe femta F One femto f 

One atta A ire atto a 

*In some literature, the symbol ‘‘da”’ is used for deka. 
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(f) Unit of electric potential difference and electromotive force. ‘The volt (V) is the difference of 
electric potential between two points of a conducting wire carrying a constant current of 1 
ampere, when the power dissipated between these points is equal to | watt.” 

(g) Unit of electric resistance. ‘The ohm (QM) is the electric resistance between two points of a 
conductor when a constant difference of potential of 1 volt, applied between these two 
points, produces in this conductor a current of | ampere, this conductor not being the 
source of any electromotive force.”’. 

(h) Unit of electric capacitance. ‘The farad (F) is the capacitance of a capacitor between the 
plates of which there appears a difference of potential of 1 volt when it is charged by a 
quantity of electricity equal to 1 coulomb.” 

(i) Unit of electric inductance. ‘“The henry (H) is the inductance of a closed circuit in which 
an electromotive force of 1 volt is produced when the electric current in the circuit varies 
uniformly at a rate of 1 ampere per second.” 

(j) Unit of magnetic flux. ‘“The weber (Wb) is the magnetic flux which, linking a circuit of one 
turn, produces in it an electromotive force of 1 volt as it is reduced to zero at a uniform rate 
in 1 second.” 

(k) Unit of luminous flux. ‘“The lumen (lm) is the luminous flux emitted in a solid angle of 1 
steradian by a uniform point source having an intensity of 1 candela.” 

TABLE 13.02-3 Systems of Derived Units, Geometry 
te 

System 

ie Designation Dimensions English (FPS) | Metric (MKS) International (SI) 

— 

Area ile: fie m> m> 

Static moment of area Tes ft? m’ m° 

Moment of inertia of area Tee ft" m'* m' 

Product of inertia of area Ts tt m'* m' 

Polar moment of inertia of area L* ft m* m' 

Volume 1s tie m° m' 

Static moment of volume 1 by ft" m* m' 

Moment of inertia of volume tb 2 fife m° m 

Product of inertia of volume lee ft” m° m 

Polar moment of inertia of Ike ft? m’ m 

volume 

Mass = M = W/g* M lb kg kg 

Static moment of mass ML lb-ft kg-m kg-m 

Moment of inertia of mass ML* lb-ft" kg-m* kg-m* 

Product of inertia of mass ML* lb-ft" kg-m° kg-m* 

Polar moment of inertia of mass ML* Ib-ft® kg-m* ke-m> 

Curvature of a curve f ise I/f{t 1/m 1/m 

Torsion of a curve es 1/ft 1/m 1/m 

Plane anglet R rad rad rad 

S 

*In the English system (FPS) and in the metric system (MKS), the mass M is a derived unit defined as the 

weight W divided by the acceleration due to gravity g. lb = pound mass; kg = kilogram mass. 
+The unit of plane angle called radian (rad) and the unit of solid angle called steradian (sr) are 

supplementary units. 
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(4) Supplementary Units 

(a) Two units defined in this section are the supplementary units of the SI system. ‘Their 

definitions are extracted from the records of the General Conference. 

(b) Unit of plane angle. The radian (rad) is the plane angle subtended at the center of acircle 

by an arc whose length is equal to the radius (Fig. 13.02-1). 

(c) Unitofsolidangle. The steradian (sr) is the space angle subtended at the vertex of spherical 

sector whose spherical part of the surface is equal to the square of the radius of the sphere 

(Fig. 13.02-2). 

= - : Surface area 
Pe SAR R2 

i / / \ Mie / v fs \ 

ve vi Arc length / os yw A 

/ pil an / ES aa 
i / 1 radian I YYZ steradian, 
! pease ae ! Mu 
\ R } \ j 

Circle of \ } Sphere of , / 
radius R \ / radius R \ / 

\ / \ f. 
iN 7 \ v8 

\ 4 SS 7 4 
Se gt Se oe: 

Fig. 13.02-1 Fig. 13.02-2 

TABLE 13.02-4 Systems of Derived Units, Mechanics 

| System 

Designation Dimension English (FPS) Metric (MKS) International (SI) 

Linear velocity come ft/sec m/s m/s 

Angular velocity Rte rad/sec rad/s rad/s 

Linear acceleration tae ft/sec” m/s” m/s 

Angular acceleration Rt rad/sec” rad/s rad/s 

Linear momentum* MLt ' Ib-ft/sec kg-m/s N:s 

Angular momentum Mize Ib-ft"/sec kg-m”/s N-m/s 

Forcet MLt lb, kg, N 

Moment of force ML*t~* Ib, -ft kg,;-m N-m 

Linear impulse MLt ' Ib, -sec kg;-s N:s 

Angular impulse ML*t™' lb,-m-sec kg,-m:s N-m<:s 

Stress (pressure) ME at Ib, /fC kg,/m* N/m? 

Work (energy)t ML’*t° ft-lb, m-kg, J 

Linear power§ ML?t* Ib, -ft/sec kg,-m/s W 
Angular power ML’*Rt~* lb, -ft-rad/sec kg,-m-rad/s W rad 

Linear stiffness Mt ~* Ib, /ft j kg,/m N/m 
Angular stiffness Mie eentine Ib, -ft/rad kg,:m/rad N-m/rad 
Linear flexibility Mista ft/lb, m/kg, m/N 
Angular flexibility MIE rad/Ib, -ft rad/kg,-m rad/N-m 
Viscosity Mike te Ib/ft-sec kg/m:s N-s/m* 

Frequency ip 1/sec 1/s 1/s 

*N = newton = kg:m/s’. tb, = Ib-(32.174 ft/s"), Lkg, = kg (9.80665 m/s’). 
{J = joule = N-m = kg-m’*/s* = 10’ ergs. §Watt = N-m/s = kg-m?/s® = J/s. 
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(5) Related Units of the SI System 

(a) Ten additional units related to the units of the SI system are: the liter, the kilogram-force, 
the dyne, the bar, the technical atmosphere, the torr, the physical atmosphere, the erg, the 
technical calorie, and the (metric) horsepower. 

(b) Liter (1) is now a special name for the cubic decimeter. 1] = 1 dm’. Formerly the liter was 
defined as the volume occupied by a 1-kg mass of pure water at 4°C (39.2°F) and standard 
atmospheric pressure (1 atm). The weight of 1 liter of water = 1 kilogram-force. 

(c) Kilogram-force (kg,) is that force which, when applied toa body having a mass of | kg, gives it 
an acceleration of 9.806650 meters per second per second at latitude 45° and sea level. 
1 kg; = 9.806 650 N. 

(d) Dyne (dyn) is that force which, when applied to a body having a mass of 1 gram, gives it an 
acceleration of 1 centimeter per second per second. 10° dyn = 1N = 0.101 971 6 kg,. 

(e) Bar (bar) is the pressure equal to 10°N/m*. 1 bar = 10 N/cm? = 1.019716 kg,/cm> = 

750.062 torr. 

(f) Technical atmosphere (at) is the pressure resulting from the uniform action of 1 kg; over an 

area of lcm*. lat = 1kg;/cm* = 10*kg;/m® = 9.806 650 N/cm?. 
(g) Torr (torr) is the pressure of a 1-mm column of mercury. (This value is accurate to | part in 

7 million.) 1torr = 1.33322 millibars (mb) = 1.333 220 x 10° dyn/cm? = 133.322 N/m? = 

1.359 506 x 10° * kg;/cm? = 1/760 atm. 

TABLE 13.02-5 Systems of Derived Units Heat, Electricity, Magnetism 

System 

Designation Dimension |English (FPS) Metric (MKS) _ International (SI) 

Quantity of heat* ML*t* ft-lb, m-kg, J 

Heat capacity lite lie ft-lb, /°F m:-kg,/°C J/°K 

Specific heat [Beet ha ft-lb, /Ib-°F m-kg,/kg:°C J/ke-°K 

Heat flow’ Misr. ft-lb, /sec m-kg,/s Ww 
Heat conductivity Mitton Ib, /sec-°F kg,/s-°C W/m-°K 

Heat transfer coef. Miele Ib; /ft-sec:°F kg,/m-s:°C W/m*-°K 

Electric charge‘ At G C C 

Voltage potential* WM Ave acto iV. V Vv 

Electric resistance’ MON sot ||) 10) 9) QD 
Electric capacitance’ Masai at yi F F 

Electric inductance*® MA”’L?-t* | H H H 

Electric field strength MA 'L-t* V/m V/m 

Dielectric constant MaeAcTia te F/m F/m 

Permeability MAA Late H/m H/m 

Magnetic intensity AC Tine A/m A/m 

Magnetic flux" MA™'L?-t-? | Wb Wb Wb 

Magnetic flux density’) MA '-t* Ag al sli 
Luminous flux’ (cd)(sr) Im Im Im 

Luminance (cd) (Ee cd/ft* cd/m* cd/m* 

. Ilumination* (cd)(sr)(L)* | 1m/ft? Ix Ix 

“J = joule = N-m = kg-m’/s’ = 10’ erg *H = henry = V°s/A = N-m/A?* = oe 

*W = watt = J/s = N-m/s = kg:m’/s” "Wb = weber = V's = N:m/A = kg-m [A's 

©C = coulomb = A-s = ampere:-second *T = tesla = Wb/m? = N/A-m = kg/A:s” 

4V = volt = W/A = N-m/A:s = kg-m’*/A:s* ‘Im = lumen = cd:sr 

©Q = ohm = V/A = N-m/A®:s = kg-m?/A’:s® ‘Ix = lux = lm/m? 

‘F = farad = A:s/V = A®-s?/N-m = A?*:s*/kg-m? 
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(h) Physical (standard) atmosphere (atm) is the pressure equal to the weight of a 760-mm cole 

of mercury at latitude 45°, sea level, and 0°C. latm = 760 torr = 1.033 228 kg;/cm™ = 

1.033 228 at. 

(i) Erg (erg) is equal to the work done by a force of 1 dyn moving a particle a distance of 

lcm. 10’ ergs = 1N-m = 0.101971 6kg;-m = 1 J. 
(j) Technical calorie (cal) is the quantity of heat required to raise the temperature of 1 gram of 

water from 14.5 to 15.5°C. 1cal = 4.1865 J = 4.1865 x 10’ ergs. 

(k) Horsepower (metric) (hp) is the work done by 75 kg; moving a particle a distance of | meter in 

1 second. 1lhp = 735.497 500 J/s = 735.497 500 W. 

(6) Revised and Additional Units of the SI System 

(a) Definitions of three basic units (second, kelvin, candela) were revised at the Thirteenth 

General Conference on Weights and Measures in 1967. These new definitions have no 

quantitative effect on the corresponding units defined in Sec. 13.02-2. 

(b) Unit of time. ‘“The second (s) is the duration of 9 192631770 periods of the radiation 

corresponding to the transition between the two hyperfine levels of the fundamental 

[ground] state of the atom of cesium 133.” 

(c) Unit of thermodynamic temperature. ‘The Kelvin* (K) is the fraction 1/273.16 of the 
thermodynamic temperature of the triple point of water.” 

(d) Unit of luminous intensity. ‘The candela (cd) is the luminous intensity, in the direction of 

the normal, of a blackbody surface 1/600 000 square meter in area, at the temperature of 

solidification of platinum (2042°K) under the pressure of 1 physical atmosphere (1 atm = 

101 325 pascals). 

(e) One additional basic unit and two derived units (mole, pascal, siemens) were adopted at the 

Fourteenth General Conference on Weights and Measures in 1971. 

(f) Unit of amount of substance. ‘““The mole (mol) is the amount of substance containing the 

same number of particles as there are atoms in 0.012 kilogram of the pure carbon nuclide 
2 

(g) Unit of pressure or stress. “The pascal (Pa) is the pressure or stress of one newton per 

square meter.” 

(h) Unit of electrical conductance. ‘The siemens (S) is the electrical conductance of a conductor 
in which a current of one ampere is produced by an electric potential difference of one volt.” 

*In this book, the notation | degree Kelvin = °Kisused toeliminate the potential conflict with the FPS unit of 
force, 1 Kip = 1000 pound-force = 1 K. 
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Appendix A 

NUMERICAL 
TABLES 



A. xioerercrery 

JAD 
eAJGAT 
2 

= 
! 



A.01 SQUARE ROOTS OF N/n* N = 1-30 n =2-9 

0.70711 RO OL 0.50000 0.44721 0.40825 0.37796 0.35355 0.33333 

1.00000 0.81650 0.70711 0.63246 0.57735 0.53452 0.50000 0.47140 

1.22475 1.00000 0.86603 0.77460 0.70711 0.65465 0.61237 0.57735 
IE 

1225331 1.02333 0.88623 0.79267 0.72360 0.66992 0.62666 0.59082 

1.41421 1.15470 1.00000 0.89443 0.81649 0.75593 0.70711 0.66660 

1.58133 1.29099 1.11803 1.00000 0.91287 0.84515 0.79057 0.74536 

1.41421 : 1.09545 1.00000 0.92582 0.86603 0.81658 

1.44720 S2ODE 1.12100 1.02332 0.94742 0.90180 0.83554 

1.18322 1.08011 1.00000 0.93541 0.88192 

1.26491 1.15470 1.06904 1.00000 0.94281 

2.12132 .13205 50000 1.34164 1.22474 1.13389 1.06066 1.00000 

2217080) ileal: 50000 1.37294 1.25331 1.16034 1.08540 1.02333 

*For applications see Sec. 12.04-1. 

A.02 CUBE ROOTS OF N/n* N = 1-39 n = 2-9 

0.79370 0.69336 : ) 0.58480 0.55032 0.52276 0.50000 0.48075 

1.00000 0.87358 as 0.73681 0.69336 0.65863 0.62996 0.60571 

1.14471 1.00000 0.90856 0.84343 0.79370 0.75395 0.72112 0.69336 

1.16245 1.01549 0.92264 0.85650 0.80600 0.76563 0.73230 0.70410 

125992 1.10064 1.00000 0.92832 0.87358 0.82983 0.79370 0.76314 

1.35721 1.18563 1.07722 1.00000 0.94104 0.89390 0.85499 0.82207 

1.44225 1.26061 1.14471 1.06266 1.00000 0.94991 0.90856 0.87358 

1.27944 1.16261 1.07912 1.01549 0.96463 0.92264 0.88724 

1.51829 1.32635 1.20507 1.11869 1.05273 1.00000 0.95647 0.91964 

1.58740 1.38672 1.25992 1.16961 1.10064 1.04552 1.00000 0.96150 

1.65096 1.44225 1.31037 1.21761 1.14471 1.08738 1.04004 1.00000 

1.67654 1.33067 1.23528 1.16245 1.10423 1.05615 1.01549 

*For applications see Sec. 12.041. 291 
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] iL 1 1.000 000 1.000 000 ~ 1.000 000 1.000 000 

2 4 8 1.414 214 1.259 921 1.189 207 1.148 698 

60) 9 al 1.732 051 1.442 250 1.316 074 1.245 731 

4 16 64 2.000 000 1.587 401 1.414 214 1.319 508 

5 25 125 2.236 068 1.709 976 1.495 349 1.379 730 

6 36 216 2.449 490, 1.817 121 1.565 085 1.430 969 

7 49 343 2.645 751 1.912931 + 1.626576 1.475 773 

8 64 512 2.828 427 2.000 000 1.681 793 1.515 717 

9 81 721 3.000 000. 2.080 084 1.732 051 1.551 846 

10 100 1000 3.162 278 2.154 435 1.778 279 1.584 893 

ll 121 1331 3.316 625 2.223 980 1.821 160 1.615 394 

12 144 1 728 3.464 102 2.289 428 1.861 210 1.643 752 

13 169 2179 3.605 513 2.351 335 1.898 829 1.670 278 

14 196 2744 3.741 657 2.410 142 1.934 336 1.695 218 

15 225 3 375 3.872 983 2.466 212 1.967 990 1.718 772 

16 256 4096 4.000 000 2.519 842 2.000 000 1.741 141 

17 289 4913 4.123 106 2.571 282 2.030 543 1.762 340 

18 324 5 832 4.242 641 2.620 741 2.059 767 1.782 602 

19 361 6 859 4.358 899 2.668 402 2.087 798 1.801 983 

20 400 8 000 4.472 136 2.734418 2.114 743 1.820 564 

2] 441 9 261 4.582 577 2.758 924 2.140 695 1.838 416 

De 484 10 648 4.690 416 2.802 039 2.165 737 1.855 601 

23 529 12 167 4.795 832 2.843 867 2.189 939 1.872 171 

24 576 13 824 4.898 979 2.884 499 2.213 364 1.888 175 

25 625 15 625 5.000 000 2.994 018 2.236 068 1.903 654 

26 676 17576 5.099 020 2.962 496 2.258 101 1.918 645 

27 729 19683 5.196 152 3.000 000 2.279 507 1.933 182 

28 784 21 952 5.291 503 3.036 589 2.300 327 1.947 294 

29 841 24 389 5.385 165 3.072 317 2.390 596 1.961 009 

30 900 27 000 5.477 226 3.107 236 2.340 347 1.974 350 

31 961 297791 5.567 654 3.141 381 2.359 611 1.987 341 
oo 1 024 32 768 5.656 854 3.174 802 2.378 414 2.000 000 
33 1089 35 937 5.744 563 3.207 534 2.396 782 2.012 347 
34 1 156 39 304 5.830 952 3.239 612 2.414 736 2.024 397 
35 1 225 42 875 5.916 O80 3.271 066 2.432 299 2.036 168 

36 1 296 46 656 6.000 000 3.301 927 2.449 490 2.047 673 
27 1 369 50 653 6.082 763 3.332 299 2.466 326 2.058 924 
38 1 444 54 872 6.164 414 3.361 975 2.482 828 2.069 925 
39 1521 59319 6.244 998 3.391 211 2.498 999 2.080 719 
40) 1 600 64 000 6.824 555 3.419 952 2.514 867 2.091 279 

4] 1681 68 921 6.403 124 3.448 217 2.530 440 2.101 632 
42 1 764 74 088 6.480 741 3.476 027 2.545 730 2.111 786 
43 1 a3 79 507 6.557 439 3.503 398 2.560 750 2.121 747 
44 1 936 85 184 6.633 250 3.530 348 2.575 506 2.131526 
45 2 025 91 125 6.708 204 3.556 893 2.590 020 2.141 127 

46 2116 97 336 6.782 329 3.583 048 9.604 291 2.150 560 
ps “ os 103 825 6.855 655 3.608 826 2.618 330 2.159 830 
- : 304 | 0 592 6.928 203 3.634 241 2.632 148 2.168 944 
49 2 401 117 649 7.000 000 3.659 306 2.645 751 2.177 906 
50 2 500 125 000 7.071 068 3.684 031 2.659 148 2.186 724 

*For applications of Tables A.03 to A.22 see Sec. 12.04-9. 



A.04 SQUARES, CUBES, AND ROOTS OF N 

2601 

2704 

2 809 

2916 

3.025 

132 651 

140 608 

148 877 

157 464 

166 375 

141 428 

.211 103 

-280 110 

348 469 

416 198 ~sI~I ~I ~I ~] 

3.708 430, 

Owe ol 

3.756 286 

3.779 766 

3.802 952 

2.672 345 

2.685 350 

9.698 168 

2.710.806 

2.723 270 nh 

N = 51-100 

2.195 402 

2.203 945 

2212307) 

2.220 643 

2.228 807 

3 136 

3 249 

3 364 

3481 

3 600 

175 616 

185 193 

195 112 

205 379 

216 000 

483 315 

549 834 

.615 773 

.681 146 

745 967 Sass ajay 

3.825 862 

3.848 501 

3.870 877 

3.892 996 

2.735 565 

2.747 696 

2.759 669 

2.771 488 

3.914 868 2.783 158 

2.236 864 

2.244 786 

2.252 608 

2.260 322 

2.207990 

3721 

3 844 

3.969 

4 096 

4 225 

296 981 

238 328 

250 047 

262 144 

274 625 

.819 250 

.874 008 

.937 254 

-000 000 

062 258 

~J ~7I ~J 

oo oO 

3.936 497 

3.957 892 

3.979 057 

4.000 000 

4.020 726 

2.794 682 

2.806 066 

Pod Wie) be) 

2.828 427 

2.839 412 

2.275 443 

2.282 855 

2.290 172 

2.297 397 

2.304 532 

4 356 
4489 
4624 
4761 
4 900 

287 496 

300 763 

314 432 

328 509 

343 000 

8.124 038 

8.185 353 

8.246 211 

8.306 624 

8.366 600 

4.041 240 

4.061 548 

4.081 655 

4.101 566 

4.121 285 

2.850 270 

2.861 006 

2.871 622 

2.882 121 

2.892 508 

2.311579 

2.318 542 

2.325 422 

2.332 222 

2.338 943 

5041 
5 184 
5 329 

357 911 

372 248 

389 017 

405 224 

421 875 

8.426 150 

8.485 281 

8.544 004 

8.602 325 

8.660 254 

4.140 818 

4.160 168 

4.179 339 

4.198 336 

4.217 163 

2.902 783 

2.912 951 

2.923 013 

2932972 

2.942 831 

2.345 588 

2.352 158 

2.358 656 

2.365 083 

2.371 441 

438 976 

456 533 

474 552 

493 039 

512 000 

8.717 798 

8.774 964 

8.831 761 

8.888 194 

8.944 272 

4.235 824 

4,254 321 

4.272 659 

4.290 840 2.981 308 

4.308 869 | 2.990 698 

2.377 731 

2.383 956 

2.390 116 

2.396 213 

2.402 249 

614 125 

9.000 000 

9.055 385 

9.110 434 

9.165 151 

9.219 544 

4.326 749 

4.344 481 

4.362 071 

4.379 519 

4.396 830 

3.000 000 

3.009 217 

3.018 349 

3.027 400 

3.036 370 

2.408 225 

2.414 142 

2.420 001 

2.425 805 

2.431 553 

636 056 

658 503 

681 472 

704 969 

729 000 

9,273 618 | 

9.327 379 

9.380 832 

9.433 981 

9.486 833 

4.414 005 3.045 262 

4.43] 048 3.054 076 

4.447 960 3.062 814 

4.464 745 3.071 479 

4.481 405 3.080 070 

2.437 248 

2.442 890) 

2.448 480 

2.454 019 

2.359 509 

92 

93 
830 584 

857 375 

9.539 392 

9.591 663 

9.643 651 

9.695 360 

9.746 794 

4.497 941 

4.514 357 

4.530 655 

4.546 836 

4.562 903 

3.088 591 

3.097 041 

3.105 423 

SLUSiaT 

3.121 987 

2.464 951 

2.470 345 

2.475 692 

2.480 993 

2.486 250 

97 

99 

100 

884 736 

912 673 

941 192 

970 299 

1 000 000 

9.797 959 

9.848 858 

9.899 495 

9.949 874 

10.000 000 

4.578 857 3.130 169 

4.594 701 3.138 289 

4.610 436 3.146 346 

4.626 065 3.154 342 

4.641 589 3.162 278 

2.491 462 

2.496 631 

2.501 758 

2.506 842 

2.511 887 
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A.05 SQUARES, CUBES, AND ROOTS OF N N = 101-150 

10 201 030 301 10.049 876 4.657 010 Sakis 

10 404 O61 208 10.099 505 4.672 329 Be WES 

10. 609 092 727 10.148 892 4.687 548 3-185) 733 

10 816 124 864 10.198 039 4.702 669 3.193 437 

11 025 157 625 10.246 951 4.717 694 3.201 O86 

nm nw ro 

ro no 

236 191 O16 10.295 630 4.732 623 3.208 680 

447 225 043 10.344 080 4.747 459 3.216 108 

664 259 712 10.392 305 4.762 203 Z 710 

881 295 029 10.440 307 4.776 856 3.231 146 

100 331 000 10.488 088 4.791 420 3.238 532 

on iy) Peo Al| 367 631 10.535 654 4.805 896 3.245 867 

2 544 404 928 10.583 005 4.820 285 822535) 153 

2 769 442 897 10.630 146 4.834 588 3.260 390 

2 996 481 544 10.677 078 4.848 808 3.267 580 

3 225 520 875 10.723 805 4.862 944 3.274722 

or Ov OK IID ae ; ; 

or 192) Se) 3 090 

3 456 560. 896 10.770 330 4.876 999 3.281 818 587 567 

3 689 601 613 10.816 654 4.890 973 3.288 868 2.592 013 

3 924 643 032 10.862 780 4.904 868 3.295 873 2.596 429 

161 685 159 10.908 712 4.918 685 3.302 834 2.600 814 

400 728 000 10.954 451 4.932 424 3.309 751 2.605 171 

641 771 561 11.000 000 4.946 O87 3.316 625 2.609 499 

884 815 848 11.045 361 4.959 676 3 456 2.613 798 

860 867 11.090 537 4.973 190 246 2.618 069 

906 624 11.135 529 4.986 631 994 2.622 312 

953° 125) 11.180 340 5.000 000 3 702 2.626 528 

000 376 11.224 972 5.013 298 3.350 369 2.630 717 

048 383 11.269 428 5.026 526 3.356 997 2.634 879 

097 152 11.313 709 5.039 684 3 586 2.639 016 

641 146 689 11.357 817 5.052 774 136 2.643 126 

900 197 000 11.401 754 5.065 797 648 2.647 212 

161 248 091 11.445 523 5.078 753 

474 299 969 11.489 125 5.091 643 

689 352 637 11.532 563 5.104 469 5 963 2.659 318 
7 956 406 104 i575" 837 5.117 230 2 328 2.663 305 

225 Syd 11.618 950 5.129 928 3.408 658 2.667 269 

123 2.651-272 

9 561 2.655 307 

496 515 456 11.661 904 5.142 563 3.414 953 2.671 208 
5 769 : 353 11.704 700 E1SSe1S:7 3.421 213 2.675 125 

9 044 928 072 11.747 340 5.167 649 3.427 439 2.679 019 
9°32] 5 619 11.789 826 5.180 101 3.483 632 2.682 
9 600 000 11 eSs2 160 = 192 494 3.439 791 2.686 7 

9 881 803 221 11.874 342 

164 863 288 11.916 375 

449 924 207 11.958 261 

736 985 984 12.000 000 

025 3 048 625 12.041 595 

204 828 3.445 917 2.690 

217 103 3.452 010 2.694 ° 

.229 315 3.458 010 2.698 

241 483 3.464 102 .701 92 

588 3.470 100 2.705 6 ov or or OT or 

316 : 856 12.083 046 5.265 637 3.476 067 
609 : 5 523 12.124 356 5.277 632 3.482 005 
904 > 792 125165 525 5.289 572 3.487 911 
201 3 307 949 12.206 556 5: 459 3.493 788 

2 500 3 375 000 12.247 449 DLS 203 3.499 636 

709 

713 0 

716 

720 428 

.724 070 monn nw 
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A.06 SQUARES, CUBES, AND ROOTS OF N N = 151-200 

22 801 3 442 951 12.288 206 5.325 074 3.505 454 2.727 692 

23 104 3 511 808 12.328 828 5.336 804 3.511 243 2.731 296 

23 409 OS lov? 12.369 317 5.348 481 3.517 004 2.734 880 

23 716 3 652 264 12.409 674 5.360 108 3.522.737 2.738 446 

24 025 3 723.875 12.449 900 5.371 685 3.528 442 2.741 993 

336 3.796 416 12.489 960 bro83 213 3.534 119 2.745 522 

649 3 869 893 12.529 964 5.394 691 3.539 769 2.749 033 

964 3 944 312 12.569 805 5.406 120 3.545 392 2.752 526 

25 281 019 679 12.609 520 5.417 502 3.550. 989 2.756 O01 

5 600 096 000 12.649 115 5.428 835 “B50 10) OYS}E) 2.759.459 

25 921 173 281 12.688 £ 5.440 122 3.562 103 2.762 900 

6 244 251 528 12727 92% 5.451 362 3.567 621 2.766 324 

) 569 747 12.767 14! 5.462 556 3.573 114 2.769 731 

5 896 944 12.806 2 5.473 704 3.578 582 Pathtisy NPD 

225 92 125 12.845 23: 5.484 807 3.584 025 2.776 494 

556 574 296 12.884 099 5.495 865 3.589 443 

7 889 57 463 5.506 878 3.594 836 

224 632 12.961 481 5.517 848 3.600 206 

561 26 809 13.000 000 D281 3.605 551 

900 913 000 13.038 405 5.539 658 3.610 873 

29 241 

29 584 

29,929 

276 

625 

000 13.076 697 5.550 499 3.616 172 2.796 400 

O88 13.114 877 5.561 298 3.621 447 | 2.799 663 

177 13.152 946 bib 721055 3.626 699 2.802 910 

268 13.190 906 5.582 770 3.631 929 2.806 143 

359 13.228 757 5.593 445 3.637 136 2.809 361 Or Or Or Or Or 

451 776 13.266 499 5.604 079 3.642 321 2.812 565 

545 233 13.304 135 5.614 672 3.647 483 2.815 754 

639 75 13.341 664 5.625 226 3.652 624 2.818 928 

735 339 13.379 088 5.635 741 3.657 744 2.822 088 

832 000 13.416 408 5.646 216 3.662 842 2.825 235 

976 

B29 

684 

041 

400 

or oT OT 

Or ov 

929 741 13.453 624 5.656 653 3.667 918 2.828 367 

028 568 13.490 738 5.667 051 3.672 974 2.831 485 

128 487 13.527 749 5.677 411 3.678 009 2.834 590 

229 504 13.564 660 5.687 734 3.683 023 2.837 681 

331 625 13.601 471 5.698 019 3.688 017 2.840 759 

761 

124 

3 489 

33 856 

225 aDaDDD or 

434 856 13.638 181 5.708 267 3.692 991 2.843 823 

539 203 13.674 794 5.718 479 3.697 945 2.846 874 

644 672 Hee7AN Si 5.728 654 3.702 879 2.849 913 

751 269 13.747 727 5.738 794 3.707 793 2.852 938 

859 000 13.784 049 5.748 897 3.712 688 Peel ae) Say 

596 

969 

35 344 

S5ni2) 

36 100 

lor) 

ADMD 

36 481 967 871 13.820 275 5.758 965 Bul 7e563 2.858 951 

36 864 077 888 13.856 406 5.768 998 3.7712) 419 2.861 938 

37 249 189 057 13.892 444 5.778 997 S/2h 2or 2.864 913 

37 636 301 384 13.928 388 5.788 961 3.732 076 2.867 876 

38 025 414 875 13.964 240 5.798 890 3.736 876 2.870 826 

38 416 7 529 536 14.000 000 5.808 786 3.741 657 2.873 765 

38 809 7 645 373 14.035 669 5.818 648 3.746 421 2.876 691 

39 204 7 762 393 14.071 247 5.828 477 3.751 166 2.879 606 

39 601 7 880 599 14.106 736 5.838 272 3.755 893 2.882 509 

40 000 8 000 000 14.142 136 5.848 035 3.760 603 2.885 400 
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A.07 SQUARES, CUBES, AND ROOTS OF N N = 201-250 

Oe a 
201 40 401 8 120 601 14.177 447 5.857 766 3.765 295 2.888 279 

202 40 804 8 242 408 14.212 670 5.867 464 3.769 970 2.891 148 

203 41 209 8 365 427 14.247 807 5.877 131 3.774 627 2.894 005 

204 41 616 8 489 664 14.282 857 5.886 765 3.779 267 2.896 850 

205 42 025 8 615 125 14.317 821 5.896 369 3.783 890 2.899 685 

206 42 436 8 741 816 14.352 700 5.905 941 3.788 850 2.902 508 

207 42 849 8 869 743 14.387 495 5.915 482 | 3.793 085 2.905 321 

208 43 264 8 998 912 14.422 205 5.924 992 3.797 658 9.908 122 

209 43 681 9 129 329 14.456 839 5.934 472 3.802 214 2.910 913 

210 44 100 9 261 000 14.491 377 5.943 929 3.806 754 2.913 693 

211 | 44 52] 9 393 931 14.525 839 5.953 342 3.811 278 | 2.916 463 

Pe 44 944 9 528 128 14.560 220 5.962 732 3.815 786 2.919 299 

213 45 369 9 663 597 14.594 520 5.972 093 3.820 277 2.921 971 

214 45 796 9 800 344 14.628 739 5.981 424 3.824 753 2.924 710 

215 46 225 9 938 375 14.662 878 5.990 727 3.829 214 2.927 438 

216 46 656 10 077 696 14.696 939 6.000 000 | 3.833 659 2.930 156 

217 47 089 10 218 313 14.730 920 6.009 245 3.838 O88 2.932 864 

218 47 524 10 360 232 14.764 823 6.018 462 3.842 502 2.935 562 

219 47 961 10 503 459 14.798 549 6.027 650 3.846 901 2.938 251 

220, 48 400 10 648 000 14.832 397 6.036 811 3.851 128 2.940 929 

221 48 841 10 793 861 14.866 069 6.045 944 | 3.855 654 2.943 598 

222 49 284 10 941 048 14.899 664 6.055 049 3.860 008 2.946 257 

223 49 729 11 O89 567 14.933 185 6.064 127 3.864 348 2.948 906 

224 50 176 11 239 424 14.966 630 6.073 178 3.868 673 2.951 546 
225 50 625 11 390 625 15.000. 000 6.082 202 3.872 983 2.954 177 

226 51 076 11 543 176 15.033 296 6.091 199 | 3.877 280 2.956 798 
227 51529 11 697 083 15.066 519 6.100 170 3.881 561 2.959 410 
228 51 984 11 852 352 15.099 669 6.109 147 3.885 829 2.962 013 
229 52 441 12 008 989 15.132 746 6.118 033 3.890 O83 2.964 607 
230, 52 900 12 167 000 15.165 751 6.126 926 3.894 323 | 2.967 191 

231 53 361 12 326 391 15.198 648 6.135 792 3.898 549 2.969 767 
232 53 824 12 487 168 15.231 546 6.144 634 3.902 761 2.972 334 
233 54 289 12 649 337 15.264 338 6.153 449 3.906 960 2.974 892 
234 54 756 12 812 904 15.297 059 6.162 240 3.911 145 2.977 441 
235 55. 225 12 977 875 15.329 710 6.171 006 3.915 317 2.979 982 

es 2 a = 
236 55 696 13. 144 256 15.362 915 6.179 747 3.919 476 2.982 513 
237 56 169 13 312 053 15.394 804 6.188 463 3.923 621 2.985 037 
238 56 644 13 481 272 15.427 249 6.197 154 3.922 754 2.987 551 
239 57 121 13 615 919 15.459 625 6.205 829 3.931 873 2.990) 058 
240, 57 600 13 824 000 15.491 933 - 6.214 465 3.935 979 2.992 556 

241 58 O81 13 997 521 15.524 175 6.223 O84 3.940 073 2.995 045 
ae = ae * ne Re + as ed pis 4 ei oe 2.997 527 
of 4 ni ‘ pe a a ae ee ae Sb ge 220 3.000. 000 
ye 7A He a ee ie 5: oh _ 6.248 ey 3.952 278 3.002 465 
24! 2 5 125 15.652 476 6.257 325 3.956 321 3.004 922 

a _ he . iste a | lias sof 200 827 3.960 352 3.007 371 
C 5 069 295 15.716 234 6.274 305 3.964 371 3.009 812 

248 61 504 15 252 999 15.748 016 6.282 761 3.968 377 3.012 245 e ne 2 ie ee at 4 6.291 195 3.972 371 3.014 671 
f yds 5 62! 5.811 388 6.299 605 3.976 354 3.017 088 
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A.08 SQUARES, CUBES, AND ROOTS OF N 

63 001 

63 504 

64 009 

64 516 

65 025 

15 813 251 

16.003 008 

16 194 277 

16 387 064 

16 581 375 

15.842 980 

15.874 508 

15.905 974 

15.937 377 

15.968 719 

1.307 994 

6.316 360 

6.324 704 

6.333 026 

).341 326 

3.980 324 

3.984 283 

3.988 229 

3.992.165 

3.996 088 

N= no or 1-300 

3.019 498 

3.021 900 

3.024 295 

3.026 682 

3.029 061 

65 536 

66 049 

66 564 

67 O81 

67 600 

16777 216 

16 974 593 

VAAL 512 

17 373 979 

17 576 000 

16.000 000 

16.031 220 

16.062 378 

16.093 477 

16.124 516 

6.349 604 

6.357 861 

6.366 097 

6.374 31] 

6.382 504 

4.000 000, 

4.003 901 

4.007 790 

4.011 668 

4.015 534 

3.031 433 

3.033 798 

3.036 155 

3.038 505 

3.040 848 

262 

263 

264 
265 

68 121 

68 644 

69 169 

69 696 

70 225 

17 779 581 

17 984 728 

18 191 447 

18 399 744 

18 609 625 

16.155 494 

16.186 414 

16.217 275 

16.248 077 

16.278 821 

6.390 677 

6.398 828 

6.406 959 

6.415 069 

6.423 158 

4.019 390 

4.023 234 

4.027 068 

4.030 890 

4.034 702 | 3.052 454 

3.043 183 

3.045 512 

3.048 784 

3.050 147 

266 

267 

268 

269 

270 

70 756 

71 289 

71 824 

72 361 
72 900 

18 821 096 

19 034 163 

19 248 832 

19 465 109 

19 683 000 

16.309 506 

16.340 135 

16.370 706 

16.401 219 

16.431 677 

6.431 228 | 

6.439 277 

6.447 306 

6.455 315 

6.466 304 

4.038 503 

4.042 293 

4.046 073 

4.049 842 

4.053 600 

3.054 755 

3.057 048 

3.059 334 

3.061 614 

3.063 887 

mms aw] “I SJ] “J 

no ~I o 

73 441 

73 984 

74 529 

75 076 

75 625 

19 902 511 

20 123 648 

20 346 417 

20 570 824 

20 796 875 

16.462 078 

16.492 423 

16.522 712 

16.552 945 

16.583 124 

6.471 274 | 

6.479 224 

6.487 154 

6.495 065 

6.502 957 

4.057 349 

4.061 086 

4.064 814 

4.068 531 

4.072 238 

3.066 153 

3.068 413 

3.070 666 

3.072 912 

3.075 152 

76 176 

76 729 

77 284 

77 841 

78 400 

21 024 576 

21 253 933 

21 484 952 

2 TP 659 

21 952 000 

16.613 248 

16.643 317 

16.673 332 

16.703 293 

16.733 201 

6.510 830 

6.518 684 

6.526 519 

6.534 335 

6.542 133 

4.075 935 

4.079 622 

4.083 299 

4.086 966 

4.090 623 

3.077 385 

3.079 612 

3.081 832 

3.084 046 

3.086 254 

78 961 

79 524 

80 089 

80 656 

81225 

22 188 041 

22 425 768 

22 665 187 

22 906 304 

23 149 125 

16.763 055 

16.792 856 

16.822 604 

16.852 300 

16.881 943 

6.549 912 

6.557 672 

6.565 414 

6.573 138 

6.580 844 

4.094 271 

4.097 909 

4.101 537 

4.105 155 

4.108 764 

3.088 455 

3.090 650 

3.092 839 

3.095 021 

3.097 198 

81 796 

82 369 

82 944 

83 521 

84 100 

23 393 656 | 

23 639 903 

23 887 872 

24 137 569 

16.911 535 

16.941 074 

16.970 563 

17.000 000, 

17.029 386 

6.588 532 

6.596 202 

6.603 854 

6.611 489 

6.619 106 

4.112 364 

4.115 954 

4.119 534 

4.123 106 

4.126 678 

3.099 368 

3.101 533 

3.103 691 

3.105 844 

3.107 990 

84 681 

85 264 

85 849 

86 436 

87 025 

24 389 000 | 

24 642 171 

24 897 088 

25 153 757 

25 412 184 

25672 375 

17.058 722 

17.088 007 

T7117 243 

17.146 428 

17.175 564 

6.626 705 

6.634 287 

6.641 852 

6.649 400 

6.656 930 

4.130 221 

4.133 764 

4.137 299 

4.140 825 

4.144 341 

3.110 130 

3,112 265 

3.114 394 

SellGeoiliy, 

3.118 634 

87 616 

88 209 

88 804 

89 401 

90 000 

25 934 336 

26 198 073 

26 463 592 

26 730 899 

27 000 000 

17.204 651 

17.233 688 

17.262 677 

17.291 616 

17.320 508 

6.664 444 

6.671 940 

6.679 200 

6.686 883 

6.694 330 

4.147 849 

4.151 348 

4.154 838 

4.158 319 

4.161 791 

3.120 745 

3.122 851 

3.24, 95 

3.127 046 

3 5L29135 

297. 
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A.09 SQUARES, CUBES, AND ROOTS OF N = 301-350 

301 90 601 27 270 901 17.349 352 6.701 7 4.165 255 3.131 218 

302 91 204 27 543 608 17.378 147 6.709 4.168 710 3.133 296 

303 91 809 27 818 127 17.406 895 6.716 570 4.172 157 3.135 368 

304 92 416 28 094 464 17.435 596 6.723 951 4.175 595 3.137 435 

305 93 025 28 372 625 17.464 249 6.731 315 4.179 025 3.139 496 

306 93 636 28 652 616 17.492 856 6.738 664 4.182 446 al ui tetas 

307 94 249 28 934 443 72521 415 6.745 997 4.185 859 3.143 603 

308 94 864 29 218 112 17.549 929 6.753 313 4.189 264 3.145 648 

309 95 481 29 503 629 17.578 396 6.760 614 4.192 660 3.147 688 

310 96 100 29 791 000 17.606 817 | 6.767 899 4.196 048 3.149 723 

311 Sona) 30 080 231 17.635 192 6.775 169 4.199 428 Salo e752 

S12 97 344 30 371 328 17.663 522 6.782 423 4.202 799 S53) Ta 

Sule} 97 969 30 664 297 17.691 806 6.789. 661 4.206 163 3.155 796 

314 98 596 30 959 144 17.720 045 6.796 884 4.209 518 3.157 810 

oS 997225 SIF 2558575 17.748 239 6.804 092 4.212 866 3.159 818 

316 99 856 31 554 496 17.776 389 6.811 285 4.216 206 3.161 822 

oli 100 489 31 855 013 17.804 494 6.818 462 4.219 537 3.163 821 

318 101 124 32 157 432 17.832 555 6.825 624 4.222 861 3.165 814 

O19 101 761 32 461 759 17.860 571 6.832 771 4.226 177 3.167 803 

320 102 400 32 768 000 17.888 544 6.833 904 4.229 485 3.169 786 

321 103 041 33 076 161 17.916 473 6.847 021 4.232 785 3.171 765 
322 103 684 33 386 248 17.944 358 6.854 124 4.236 078 3.173 739 
323 104 329 33 698 267 17.972 201 6.861 212 4.239 363 3.175 708 
324 104 976 34 012 224 18.000 000 6.868 285 4.242 641 3.177 672 
oD 105 625 34 328 125 18.027 756 | 6.875 344 4.245 911 3.179 631 

326 106 276 34 645 976 18.055 470 6.882 389 4.249 173 3.181 585 
327 106 929 34 965 783 18.083 141 6.889 419 4.252 428 3.183 534 
328 107 584 35 287 552 18.110 770 6.896 434 4.255 675 3.185 479 
329 108 241 35 611 289 18.138 357 6.903 436 4.258 915 3.187 419 
330 108 900 35 937 000 18.165 902 6.910 423 4.262 148 3.189 354 

331 109 561 36 264 691 18.193 405 6.917 396 4.265 373 3.191 285 
532 110 224 36 594 368 18.220 867 6.924 356 4.268 591 3:193 201 
333 110 889 36 926 037 18.248 288 6.931 301 4.271 801 3.195" 132 
334 111 556 37 259 704 18.275 667 6.938 232 4.275 005 3.197 049 
335 112 225 37 595 375 18.303 005 6.945 150 4.278 201 3.198 961 

336 112 896 37 933 056 18.330 303 6.952 053 4.281 390 3.200 869 
337 113 569 38 272 753 18.357 560 6.958 943 4.284 572 3.202 772 
338 114 244 38 614 472 18.384 776 6.965 820 4.287 747 3.204 670 
339 114 921 38 958 219 18.411 953 6.972 683 4.290 915 3.206 564 
340 115 600 39 304 000 18.439 O89 6.979 532 4.294 076 3.208 454 

341 116 281 39 651 821 18.466 185 6.986 368 4.297 230 3.210 339 
342 116 964 40 001 688 18.493 242 6.993 191 4.300 377 3.212 220 
343 117 649 40 353 607 18.520 259 7.000 000 4.303 517 3.214 096 
344 118 336 40 707 584 18.547 237 7.006 796 4.306 650 3.215 968 
345 119 025 41 063 625 18.574 176 7.013 579 4.309 Fi 3.217 835 

pe a a 41 421 736 18.601 075 7.020 349 4.312 896 3.219 699 at a ae : uy - eon 7.027 106 | 4.316.009 | 3.221 558 
349 121 801 42. 508 549 ad ies ie es ee ee a es e ie 546 8.6 1 shies 72040 581 4.322 215 3.225 263 RE Zonk 2 875 000 18.708 287 7.047 299 4.325 308 3.227 109 



A.10 SQUARES, CUBES, AND ROOTS OF N N = 351-40 0 

351 123 201 43 243 551 18.734 994 7.054 004 4.328 394 3.228 95] 
352 123 904 43 614 208 18.761 663 7.060. 697 4.331 474 3.230. 789 
353 124 609 43 986 977 18.788 294 7.067 377 4.334 547 3.232 622 
354 125 316 44 361 864 18.814 888 7.074 044 4.337 613 3.234 452 
355 126 025 44 738 875 18.841 444 7.080 699 4.340 673 3.236 277 

356 | 126 736 45 118 016 | 18.867 962 7.087 341 4.343 727 3.238 098 
357 127 449 45 499 293 18.894 443 7.093 970 4.346 774 3.239 915 
358 128 164 45 882 712 18.920 888 7.100 588 4.349 815 3.241 728 
359 128 881 46 268 279 18.947 295 7.107 194 4.352 849 3.243 537 
360 129 600 46 656 000 18.973 666 7.113 787 4.355 877 3.245 342 

361 130 32] 47 045 881 19.000 000 7.120 367 4.358 899 3.247 143 
362 131 044 47 437 928 19.026 298 7.126 936 4.361 914 3.248 940 
363 131 769 47 832 147 19.052 559 7.133 492 4.364 924 3.250 733 
364 132 496 48 228 544 19.078 784 7.140 037 4.367 927 S252) 522 
365 133 225 48 627 125 19.104 973 7.146 569 4.370 924 3.254 307 

366 133 956 49 027 896 1931126 7.153 090 4.373 914 3.256 089 
367 134 689 49 430 863 19.157 244 7.159 599 4.376 899 3.257 866 
368 135 242 49 836 032 19.183 326 7.166 096 4.379 877 3.259 639 
309 136 161 50 243 409 19.209 373 7.172 581 4.382 850 3.261 409 
370 136 900 50 653 000 19.235 384 7.179 054 4.385 816 32263) 175 

371 137 641 51 064 811 19.261 360 7.185 516 4.388 777 3.264 937 
372 138 384 51 478 848 19.287 302 7.191 966 4.391 731 3.266 695 
313 139 129 51 895 117 19.313 208 7.198 405 4.394 680 3.268 449 
374 139 876 52 313 624 19.339 O80 7.204 832 4.397 622 3.270 200 
515 140 625 52 734.315 19.364 917 7.211 248 4.400 559 3.271 947 

t 
376 141 376 53 157 376 19.390 719 UW PALG (say? 4.403 489 3.273 690 

377 142 129 53 582 633 19.416 488 7.224 045 4.406 414 3.275 430 

378 142 884 54 010 152 19.442 229 7.230 427 4.409 336 31277 165 

379 143 641 54 439 939 19.467 922 7.236 797 4.412 247 3.278 898 

380 144 400 54 872 000 19.493 589 7.243 156 4.415 154 3.280 626 

381 145 161 55 306 341 ese | 7.249 505 4.418 056 3.282 351 

382 145 924 55 742 968 19.544 820 7.255 842 4.420 952 3.284 072 

383, 146 689 56 181 887 19.570 386 7.262 167 4.423 843 3.285 790 

384 147 456 56 623 104 19.595 918 7.268 482 4.426 728 3.287 504 

385 148 225 57 066 625 19.621 417 7.274 786 4.429 607 3.289 214 
=f 

386 148 996 57 512 456 19.646 883 7.281 079 4.432 480 3.290 921 
387 149 769 57 960 603 19.672 316 7.287 616 4.435 348 3.292 624 

388 150 544 58 411 072 19.697 716 7.293 633 4.438 211 3.294 324 

389 151 321 58 863 869 19.723 083 7.299 894 4.441 068 3.296 021 

390 152 100 59 319 000 19.748 418 7.306 144 4.443 919 3.297 713 

391 152 881 59 776 471 19.773 720 7.312 383 4.446 765 3.299 403 

O92 153 664 60 236 288 19.798 990 7.318 611 4.449 606 3.301 089 

393 154 449 60 698 457 19.824 228 7.324 829 4.452 441 32302 77 

394 155 236 61 162 984 19.849 433 Heda! OR 4.455 270 3.304 450 

395 156 025 61 629 875 19.874 607 7.337 234 4.458 095 3.306 126 

| 

396 156 816 62 099 136 19.899 749 7.343 420 4.460 913 3.307 798 

397 157 609 62 570 773 19:924 859 7.349 597 4.463 727 3.309 467 

398 158 404 63 044 792 19.949 937 7.355 762 4.466 535 Bog MIL Wee) 

399 159 201 GSP 21N199 19.974 984 7.361 918 4.469 338 3.312 795 

400 160 000 64 000 000 20.000 000 7.368 063 4.472 136 Sy oulae eos 
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A.11 SQUARES, CUBES, AND ROOTS OF N 

160 801 
161 604 
162 409 
163 216 
164 025 

64 481 201 

64 964 808 

65 450 827 

65 939 264 

66 430 125 

20.024 984 

20.049 938 

20.074 860 

20.099 751 

20.124 612 

7.374 198 

7.380 323 

7.386 437 

Tap ona 

7.398 636 

4.474 928 

4.477 716 

4.480 498 

4.483 275 

4.486 046 

N = 401-450 

3.316 110 

D.oly) fon 

3.319 411 

3.321 057 

3.322 699 

164 836 

165 649 

166 464 

167 281 

168 100 

66 923 416 

67 419 143 

67 917 312 

68 417 929 

68 921 000 

20.149 442 

20.174 241 

20.199 010 

20.223 748 

20.248 457 

7.404 721 

7.410 795~ 

7.416 859 

7.422 914 

TA28 959 

4.488 813 

-4.491 574 

4.494 331 

4.497 082 

4.499 829 

3.324 338 

3.325 974 

3.327 607 

D290 230 

3.330 863 

168 921 

169 744 

170 569 

171 396 

Wi 2a 225 

69 426 531 

69 934 528 

70 444 997 

70 957 944 

71 473 375 

20.273 135 

20.297 783 

20.322 401 

20.346 990 

20.371 549 

7.434 994 

7.441 019 

7.447 034 

7.453 040 

7.459 036 

2 570 

037 

0 764 

4.513 485 

3.332 486 

3.334 106 

3.335 723 

DO) Son 

3.338 948 

173 056 

173 889 

174 724 

175 561 

176 400 

71 991 296 

Py Silk Gale} 

73 034 632 

73 560 059 

74 088 000 

20.396 078 

20.420 578 

20.445 048 

20.469 489 

20.493 902 

7.465 022 

7.470 999 

3 966 

872 

202 

913 

620 

322 

019 

3.340 555 

3.342 160 

3.343 761 

3.345 360 

3.346 955 

177 241 

178 084 

178 929 

179 776 

180 625 

74 618 461 

75 151 448 

75 686 967 

76 225 024 

76 765 625 

20.518 

20.542 

20.566 96 

20.591 260 

20.615 528 

811 

741 

5 661 

572 

473 

529 71] 

399 

081 

759 

433 

3.348 547 

3.350 136 

355) F723 

3.353 306 

3.354 886 

181 476 

182 329 

183 184 

184 041 

184 900 

77 308 776 

77 854 483 

78 402 752 

78 953 589 

79 507 000 

20.639 767 

20.663 978 

20.688 161 

20.712 315 

20.736 441 

365 

248 

B 22 

987 

842 

3 101 

765 

4.548 424 

4.551 078 

4.553 729 

3.356 463 

3.358 038 

3.359 609 

3.361 178 

3.362 743 

185 761 

186 624 

187 489 

188 356 

189 225 

80 062 991 

80 621 568 

81 182 737 

81 746 504 

82 312 875 

20.760 539 

20.784 610 

20.808 652 

20.832 667 

20.856 654 

3 689 4.556 374 

4.559 O14 

4.561 650 

4.564 282 

4.566 909 

3.364 306 

3.365 865 

3.367 423 

3.368 976 

3.370 527 

190 096 

190 969 

191 844 

192°721 

193 600 

82 881 856 

83 453 453 

84 027 672 

84 604 519 

85 184 000 

20.880 613 

20.904 545 

20.928 450 

20.952 327 

20.976 177 

7.600 

. 7.605 ¢ 

4.569 531 

4.572 149 

4.574 762 

4.577 371 

4.579 976 

3.372) O76 

3.373 621 

3.375 164 

3.376 703 

3.378 240 

194 481] 

195 364 

196 249 

197 136 

198 025 

85 766 121 

86 350 888 

86 938 307 

87 528 384 

88 121 125 

21.000 000 

21.023 796 

21.047 565 

21.071 308 

21.095 023 

7.611 663 

7.617 412 

7.623 152 

7.628 884 

7.634 607 

4.582 576 

4.585 

4.587 76 

4.590 : 

4.592 932 

3.379 744 

3.381 306 

3.382 834 

3.384 360 

3.385 883 

198 916 

199 809 

200 704 

201 601 

202 500 

88 716 536 

89 314 623 

89 915 392 

90 518 849 

91 125 000 

21.118 712 

21.142 375 

21.166 010 

21.189 620 

2121389203 

7.640 321 

7.646 027 

7.651 725 

7.657 414 

7.663 094 

4,995 510 

4.598 084 

4.600 653 

4.603 218 

4.605 779 

3.387 404 

3.388 921 

3.390 436 

3.391 949 

3.393 458 



A.12 SQUARES, CUBES, AND ROOTS OF N 

203 401 

2 204 304 

453 205 209 5 

454 206 116 

5 207 025 

91 733 851 

92 345 408 

92 959 677 

93 576 664 

94 196 375 

21.236 761 

21.260 292 

21.283 797 

21.307 276 

21 330 729 

668 766 

674 430 

680 086 

.685 733 

.691 372 

a~ 

~I ~JI ~I 

4.608 336 

4.610 888 

4.613 437 

4.615 980 

4.618 520 

N = 451-500 

3.394 965 

3.396 469 

8709/97) 

3.399 470 

3.400 966 

207 936 

457 208 849 

458 209 764 

459 210 681 

211 600 

94 818 816 

95 443 993 

96 O71 912 

96 702 579 

97 336 000 

21.354 156 

21.377 558 

21.400 935 

21.424 285 

21.447 611 

697 002 

702 625 

708 239 

.713 845 

719 443 

~J J “J 

=F = 

4.621 

4.623 587 

4.626 144 

4.628 638 

4.631 157 

056, 3.402 460 

3.403 951 

3.405 439 

3.406 925 

3.408 408 

212 521 

462 213 444 
463 214 369 
464 215 296 
465 216 225 

97 972 181 

98 611 128 

99 252 847 

99 897 344 

100 544 625 

21.470 911 

21.494 185 

21.517 435 

21.540 659 

21.563 859 

725 032 
730 614 

736 188 
7A1 753 
747 311 SS Stet 

4.633 671 

4.636 182 

4.638 689 

4.641 192 

4.643 690 

3.409 889 

3.411 367 

3.412 842 

3.414 315 

3.415 785 

217 156 101 194 696 21.587 033 7.752 861 4.646 185 3.417 253 

467 218 089 101 847 563 21.610 183 7.758 402 4.648 675 3.418 719 

468 219 024 102 503 232 21.633 308 7.763 936 4.651 162 3.420 182 

469 219 961 103 161 709 21.656 408 7.769 462 4.653 645 3.421 642 

470 220 900 103 823 000 21.679 483 7.774 980 4.656 123 3.423 100 

104 487 111 21.702 534 7.780 490 

7 

4.658 3.424 555 

476 226 576 

477 227-529 

478 228 484 

479 229 441 

107 171 875 : 

107 850 176 

108 531 133 

109 215 352 

109 902 239 

110 592 000 

21.817 424 

21.840 330 

21.863 211 

21.886 069 

21.908 902 

7.807 925 

7.813 389 

7.818 846 

7.824 294 

7.829 735 

105 154 048 21.725 561 785 993 4.661 069 3.426 008 

473 223 729 105 823 817 21.748 563 7.791 488 4.663 535 3.427 459 

474 224 676 106 496 424 21.771 541 7.796 974 4.665 998 3.428 907 

475 225 625 | 21.794 495 { 7.802 454 4.668 457 3.430 352 

4.670 913 

4.673 364 

4.675 811 

4.678 255 

4.680 695 

3.431 795 

3.433 236 

3.434 674 

3.436 110 

481 231 361 

482 232 324 

483 233 289 

111 284 641 

111 980 168 

112 678 587 

113 379 904 

114 084 125 

21.931 712 

21.954 498 

21.977 261 

22.000 000 

22.022 716 

7.835 169 

7.840 595 

7.846 013 

7.851 424 

7.856 828 

4.683 131 

4.685 563 

4.687 991 

4.690 416 

4.692 837 

| 3.437 544 

3.438 975 

3.440 404 

3.441 830 

3.443 254 

3.444 676 

486 236 196 

487 237 169 

488 238 144 

114 791 256 

115 501 303 

116 214 272 

116 930 169 

117 649 000 

22.045 408 

22.068 076 

22.090 722 

22.113 344 

22.135 944 

7.862 224 

7.867 613 

7.872 994 

7.878 368 

7.883 735 

4.695 254 

4.696 767 

4.700 077 

4.702 483 

4.704 885 

3.446 095 

3.447 512 

3.448 927 

3.450 339 

3.451 749 

241 081 

242 064 

243 049 

244 036 

245 025 

118 370 771 

119 095 488 

119 823 157 

120 553 784 

121 287 375 

2.158 520 

22.181 703 

22.203 603 

22,226 111 

22.248 595 

7.889 ()95 

7.894 447 

7.899 792 

7.905 129 

7.910 460 

4.707 284 

4.709 679 

4.712 070 

4.714 458 

4.716 842 

3.453 157 

3.454 562 

3.455 965 

3.457 366 

3.458 765 

246 016 

247 009 

248 004 

249 001 

250 000 

122 023 936 

122 763 473 

123 505 992 

124 251 499 

125 000 000 

22.315 914 

22.338 308 

22.360 680 

7.915 783 

7.921 099 

7.926 408 

7.931 710 

7.937 005 

4,719 222 

4.721 599 

4.723 972 

4.726 342 

4.728 708 

| 3.460 161 

3.465 724 
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A.13. SQUARES, CUBES, AND ROOTS OF N N = 501-550 

501 251 001 125 751 501 | 22.383 029 7.942 293 | 4.731071 | 3.467 109 
502 252 004 126 506.008 | 22.405 356 7.947 574 | 4.733 430 | 3.468 492 
503 | * 253 009 197 963 527 | 22.497 661 7.952 848 | 4.735 785 | 3.469 873 
504 254 016 128 024 064 | 29.449 944 7.958 114 | 4.738 137 | 3.471 252 
505 255 025 128 787 625 | 22.472 205 7.963 374 | 4.740 486 | 3.472 628 

506 256 036 129 554.216 | 92.494 444 7.968 627 | 4.742 831 | 3.474 002 
507 257 048 130 323 843. | 22.516 660 7.973 873 | 4.745172 | 3.475 374 
508 258 064 131 096 512 | 22.538 855 7.979112 | 4.747510 | 3.476 744 
509 259 081 131 872 229 | 29.561 028 7.984 344 | 4.749845 | 3.478 120 
510 260 100 132 651000 | 22.583 180 7.989 570 | 4.752176 | 3.479 478 

51 261 121 133 432 881 | 92.605 309 | 7.904788 | 4.754504 | 3.480 841 
512 262 144 134 217 728 | 92.627 417 8.000 000 | 4.756 828 | 3.482 202 
513 263 169 135 005 697 | 22.649 503 8.005205 | 4.759149 | 3.483 561 
514 264 196 135 796 744 | 92.671 568 8.010 403 | 4.761 467 | 3.484 918 
515 265 225 136 590 875 | 22.693 611 8.015 595 | 4.763 781 | 3.486 273 

516 266 256 137 388 096 | 22.715 633 8.020 779 | 4.766092 | 3.487 626 
517 267 289 138 188 413 | 29.737 634 8.025 957 | 4.768 400 | 3.488 977 
518 268 324 138 991 832 | 22.759 613 8.031129 | 4.770704 | 3.490 326 
519 269 361 139 798 359 | 22.781 571 8.036 293 | 4.773 044 | 3.491 672 
520 270 400 140 608.000 | 29.803 508 8.041452 | 4.775 302 | 3.493 017 

hin 

521 271 441 141 420 761 | 92.895 494 8.046 603 | 4.777.596 | 3.494 359 
522 279 484 142 236 648 | 29.847 319 8.051 748 | 4.779 887 | 3.495 700 
523 273 529 143 055 667 | 22.869 193 8.056 886 | 4.782175 | 3.497 038 
524 274 576 143 877 824 | 29.891 046 8.062 018 | 4.784459 | 3.498 374 
525 275 625 144 703 125 | 22.919 878 8.067 143 | 4.786 740 | 3.499 708 

526 276 676 145 531576 | 22.934 690 8.072 262 | 4.789018 | 3.501 041 
527 277 729 146 363 183 | 29.956 481 8.077 374 | 4.791292 | 3.502 371 
528 278 784 147 197 952 | 29.978 251 8.082 480 | 4.793 563 | 3.503 699 
529 279 841 148.035 889 | 23.000 000 8.087 579 | 4.795 882 | 3.505 025 
530 280 900 148 877 000 | 23.021 729 8.092 672 | 4.798.096 | 3.506 349 

| 

531 asi 961 | 149 721 291 | 23.043 437 8.097 759 | 4.800358 | 3.507 671 
532 283 024 150 568 768 | 23.065 125 8.102 839 | 4.802 616 | 3.508 999 
533 284 089 151 419 437 | 23.086 793 8.107 913 | 4.804.872 | 3.510 310 
534 285 156 152 273 304 | 23.108 440 8.112 980 | 4.807124 | 3.511 626 
535 286 225 153 130 375 | 23.130 067 8.118 041 | 4.809373 | 3.512 940 

ue 

536 287 296 153 990 656 | 23.151 674 8.123.096 | 4.811619 | 3.514 252 
537 288 369 154 854 153 | 23.173 260 8.128 145 | 4.813.861 | 3.515 563 
588 280 444 185 720 872 | 28.104 827 8.185 187 | 4.816 101 | 3.516 871 
53 290 52 56 590 819 | 23.216 374 8.188 293 | 4.818337 | 3.518 178 
540 291 600 157 464 000 | 23.237 900 | 8.143.253 | 4.820 571 | 3.519 482 

bat fs 158 $40 421 | 28.350 407 8.148 276 | 4.822 801 | 3.520 785 

sis | 2masa | oo i0so07 | aan 360 | stsnaos | anor ase | s.s3s Sea 
544 295 936 160 989 184 | 93.393 808 Sok aalbks toca ae - ok 160 989 184 | 28.898 20 8.163 310 | 4.829473 | 3.524 681 
54? 297 02: 325 | 93.345 235 8.168 309 | 4.831 691 | 3.595 976 

ve | sue | wma | aarce | amae | seem | same ee a tesla eo 8.178 289 | 4.836117 | 3.528 560 

549 301 401 168 aad 149 ")) -s8asnrdg sii Seal) bry Wes AE ane: 
550 302 500 166 375.000 | 23.452 079 ate ssl Acc eee 2: 37 93.452 07! 193 213 | 4.842735 | 3.532 499 
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A.14 SQUARES, CUBES, AND ROOTS OF N 

303 601 

304 704 

305 809 

306 916 

025 

167 

168 

169 

170 

170 

284 151 

196 608 

112 377 

031 464 

953 875 

23.473 389 

23.494 680 

23.515 952 

23.537 205 

23.558 438 

8.198 175 

8.203 132 

8.208 082 

8.213 027 

8.217 966 

4.844 935 

4.847 131 

4.849 325 

4.851 516 

4.853 704 

N = 551-600 

3.533 705 

3.534 987 

3:536 267 

3.537 545 

3.538 821 

136 

249 

364 

171 

172 

173 

174 

175 

879 616 

808 693 

741 112 

676 879 

616 000 

23.579 652 

23.600 847 

23.622 024 

23.643 181 

23.664 319 

8.222 899 

8.227 825 

8.232 746 

8.237 661 

8.242 571 

4.855 888 

4.858 070 

4.860 249 

8.862 425 

4.864 599 

3.540 095 

3.541 368 

3.542 639 

3.543 907 

3.545 174 

316 

318 096 

319 225 

176 

177 

178 

179 

180 

558 481 

504 328 

453 547 

406 144 

362 125 

8.247 474 

8.252 372 

8.252 263 

8.262 149 

8.267 029 

4.866 769 

4.868 936 

4.871 101 

4.873 262 

4.875 421 

3.546 440 

3.547 703 

3.548 965 

3.550 225 

3.551 483 

or | o 

320 356 

321 489 

322 624 

323 761 

324 900 

181 

182 

183 

184 

185 

321 496 

284 263 

250 432 

220 009 

193 000 

755 

23.811 762 

23.832 751 

23.853 721 

23.874 673 

8.271 904 

8.276 773 

8.281 635 

8.286 493 

8.291 344 

4.877 577 

4.879 730 

4.881 880 

4.884 027 

4.886 172 

3.552) 739 

35009) 993 

3.555 246 

3.556 497 

3.557 746 

or or OV 

GS eS aS ~ 

oo 

326 041 

327 184 

328 329 

329 476 

330 625 

186 

187 

188 

189 

190 

169 411 

149 248 

132 517 

119 224 

109 375 

23.895 606 

23.916 521 

23.937 418 

23.958 297 

23.979 158 

8.296 190 

8.301 031 

8.305 865 

8.310 694 

8.315 517 

4.888 313 

4.890 452 

4.892 588 

4.894 721 

4.896 852 

3.558 994 

3.560 239 

3.561 483 

3.562 726 

3.563 966 

331 776 

332 929 

334 084 

335 241 

336 400 

19] 

192 

193 

194 

195 

102 976 

100 033 

100 552 

104 539 

112 000 

24.000 000 

24.020 824 

24.041 631 

24.062 419 

24.083 189 

8.320 335 

8.325 148 

8.329 954 

8.334 755 

8.339 551 

4.898 979 

4.901 104 

4.903 227 

4.905 346 

4.907 463 

3.565 205 

3.566 442 

3.567 677 

3.568 911 

3.570 143 

337 561 

338 724 

339 889 

341 056 

342 225 

196 

197 

198 

199 

200 

112 941 

137 368 

155 287 

176 704 

201 625 

24.103 942 

24.124 676 

24.145 393 

24.166 092 

24.186 773 

8.344 341 

8.349 126 

8.353 905 

8.358 678 

8.363 447 

4.909 577 

4.911 688 

4.913 796 

4.915 902 

4.918 005 

3.571 373 

3.572 602 

3.573 829 

3.575 054 

3.576 277 

343 396 

344 569 

345 744 

346 921 

348 100 

201 

202 

203 

204 

205 

230 056 

262 003 

297 472 

336 469 

379 000 

24.207 437 

24.228 083 

24.248 711 

24.269 322 

24.289 916 

8.368 209 

8.372 967 

8.377 719 

8.382 465 

_8.387 207 

4.920 105 

4.922 203 

4.924 298 

4.926 390 

4.928 480 

3.577 499 

3.578 719 

3.579 938 

3.581 155 

3.582 370 

349 28] 

350 464 

351 649 

352 836 

354 025 

206 425 071 

207 474 688 

208 527 857 

209 

210 

584 584 

644 875 

24.310 492 

24.331 050 

24.351 59] 

24.372 115 

24.392 622 

8.391 942 

8.396 673 

8.401 398 

8.406 118 

8.410 833 

4.903 567 

4.932 651 

4.934 733 

4.936 812 

4.933 889 

3.583 583 

3.584 795 

3.586 005 

3.587 214 

3.588 421 

355 216 

356 409 

357 604 

358 801 

360 000 

211 

212 

708 736 

761 173 

213 847 192 

214 921 799 

216 000 000 

24.413 111 

24.433 583 

24.454 039 

24.474 477 

24.494 897 

8.415 542 

8.420 246 

8.424 945 

8.429 638 

8.434 327 

4.940 963 

4.943 034 

4.945 102 

4.947 169 

4.949 232 

3.589 626 

3.590 830 

3.592 032 

35931239 

3.594 432 

303 
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A.15 SQUARES, CUBES, AND ROOTS OF N 

361 201 

362 404 

363 609 

364 816 

366 025 

217 081 801 

218 167 208 

219 256 227 

220 348 864 

221 445 125 

24.515 301 

24.535 688 

24.556 058 

24.576 411 

24.596 748 

8.439 910 

8.443 688 

8.448 361 

8.453 028 

8.457 691 

~ 4.951 293 

4.953 351 

4.955 407 

4.957 460 

4.959 511 

N = 601-650 

3.595 629 

3.596 825 

3.598 019 

3.599) 212 

3.600 403 

367 236 

368 449 

369 664 

370 881 

372 100 

222 545 016 

223 648 543 

224 755 712 

225 866 529 

226 981 000 

24.617 067 

24.637 370 

24.657 656 

24.677 925 

24.698 178 

8.462 348 
8.467 000 
8.471 647 
8.476 289 
8.480 926 

4.961 559 

4.963 605 

4.965 648 

4.967 688 

4.969 726 

3.601 592 

3.602 780 

3.603 966 

3.605 151 

3.606 334 

373 321 

374 544 

375 769 

376 996 

378 225 

228 099 131 

229 220 928 

230 346 397 

231 475 544 

232 608 375 

24.718 414 

24.738 634 

24.758 837 

24.779 023 

24.799 194 

8.485 558 

8.490 185 

8.494 807 

8.499 423 

8.504 035 

4.971 762 

4.973 795 

4.975 825 

4.977 853 

4.979 879 

3.607 516 

3.608 696 

3.609 874 

3.611 051 

3.612 227 

379 456 

380 689 

381 924 

383 161 

384 400 

233 744 896 

234 885 113 

236 029 032 

237 176 659 

238 328 000 

24.819 347 

24.839 485 

24.859 606 

24.879 711 

24.899 799 

8.508 642 

8.513 243 

8.517 840 

8.522 432 

8.527 019 

4.981 902 

4.983 923 

4.985 941 

4.987 957 

4.989 970 

3.613 401 

3.614 573 

3.615 744 

3.616 914 

3.618 081 

385 641 

386 884 

388 129 

389 376 

390 625 

239 483 061 

240 641 848 

241 804 367 

242 970 624 

244 140 625 

24.919 872 

24.939 928 

24.959 968 

24.979 992 

25.000 000 

8.531 601 

8.536 178 

8.540 750 

8.545 317 

8.549 880 

4.991 981 

4.993 989 

4.995 995 

4.997 999 

5.000 000 

3.619 248 

3.620 413 

3.621 576 

3.622 739 

3.623 898 

391 876 

393 129 

394 384 

395 641 

396 900 

245 314 376 

246 491 883 

247 673 152 

248 858 189 

250 047 000 

25.019 992 

25.039 968 

25.059 993 

25.079 872 

25.099 801 

8.554 437 

8.558 990 

8.563 538 

8.568 081 

8.572 619 

5.001 999 

5.003 995 

5.005 989 

5.007 981 

5.009 970 

3.625 057 

3.626 215 

3.627 371 

3.628 525 

3.629 678 

398 161 

399 424 

400 689 

401 956 

403 225 

251 239 591 

252 435 968 

253 636 137 

254 840 104 

256 047 875 

25.119 713 

25.139 610 

25.159 491 

25.179 357 

25.199 206 

8.577 152 

8.581 681 

8.586 205 

8.590 724 

8.595 238 

5.011 957 

5.013 942 

5.015 924 

5.017 904 

5.019 881 

3.630 830 

3.631 980 

3.633 128 

3.634 276 

3.635 421 

404 496 

405 769 

407 044 

408 321 

409 600 

257 259 456 

258 474 853 

259 694 072 

260 917 119 

262 144 000 

25.219 040 

25.238 859 

25.258 662 

25.278 449 

25.298 291 - 

8.599 748 

8.604 252 

8.608 753 

8.613 248 

8.617 739 

5.021 856 

5.023 829 

5.025 800 

5.027 768 

5.029 734 

3.636 566 

3.637 708 

3.638 850 

3.639 990 

3.641 128 

410 881 

412 164 

413 449 

414 736 

416 025 

263 374 721 

264 609 288 

265 847 707 

267 089 984 

268 336 125 

25.317 978 

25.337 '719 

25.357 445 

25.377 155 

25.396 850 
=— 

8.622 225 

8.626 706 

8.631 183 

8.635 655 

8.640 123 

5.031 697 

5.033 659 

5.035 618 

5.037 574 

5.039 529 

3.642 266 

3.643 401 

3.644 536 

3.645 668 

3.646 800 

417 316 

418 609 

419 904 

421 201 

422 500 

269 586 136 

270 840 023 

272 097 792 

273 359 449 

274 625 000 

25.416 530 

25.436 195 

25.455 844 

25.475 478 

25.495 098 

8.644 585 

8.649 044 

8.653 497 

8.657 947 

8.662 391 

5.041 481 

5.043 431 

5.045 378 

5.047 324 

5.049 267 

3.647 930 

3.649 059 

3.650 186 

3.651 312 

3.652 436 



423 801 

425 104 

426 409 

427 716 

429 025 

275 894 451 

277 167 808 

278 445 077 

279 726 264 

281 011 375 

25.514 702 

25.534 291 

25.553 865 

25.573 424 

25.592 968 

A.16 SQUARES, CUBES, AND ROOTS OF N 

8.666 831 

8.671 266 

8.675 697 

8.680 124 

8.684 546 

5.051 208 

5.053 147 

5.055 083 

5.057 017 

5.058 949 

N = 651-700 

3.653 560 

3.654 681 

3.655 802 

3.656 921 

3.658 038 

430 336 

431 649 

432 964 

434 281 

435 600 

300 416 

B9s"S93 

890 312 

191 179 

000 Dp ee ee SSBLee $ 
436 921 

438 244 

439 569 

440 896 

442 225 

781 

528 

247 

944 

625 t nnn rn rn © oo & io) 

nN = io 2) 

25.612 497 

25.632 011 

25.651 511 

25.670 995 

25.690 465 

8.688 963 

8.693 376 

8.697 784 

8.702 188 

8.706 588 

5.060 879 

5.062 807 

5.064 732 

5.066 655 

5.068 576 

25.709 920 

25.729 361 

25.748 786 

25.768 197 

25.787 594 

8.710 983 

8.715 373 

8.719 760 

8.724 141 

8.728 519 

5.070 495 

5.072 412 

5.074 326 

5.076 239 

5.078 149 

3.659 155 

3.660 270 

3.661 383 

3.662 495 

3.663 606 

3.664 716 

3.665 824 

3.666 931 

3.668 036 

3.669 140 

443 556 

444 889 

446 224 

447 561 

296 

740 963 

98 077 632 

99 418 309 

300 763 000 

no ro Pe no 

25.806 976 

25.826 343 

25.845 696 

25.865 034 

25.884 358 

8.732 892 

8.737 260 

8.741 625 

8.745 985 

8.750 340 

5.080 057 

5.081 963 

5.083 866 

5.085 768 

5.087 667 

3.670 243 

3.671 345 

3.672 445 

3.673 544 

3.674 641 

302 111 711 

303 464 448 

304 821 217 

306 182 024 

307 546 875 

25.903 668 

25.922 963 

25.942 244 

25.961 510 

25.980 762 

8.754 691 

8.759 038 

8.763 381 

8.767 191 

8.772 053 

5.089 565 

5.091 460 

5.093 353 

5.095 244 

5.097 133 

3.675 738 

3.676 833 

3.677 926 

3.679 019 

3.680 110 

308 915 776 

310 288 733 

311 665 752 

313 046 839 

314 432 000 

26.000 000, 

26.019 224 

26.038 433 

26.057 628 

26.076 810 

8.776 383 

8.780 708 

8.785 030 

8.789 347 

8.793 659 

5.099 020 

5.100 904 

5.102 787 

5.104 667 

5.106 546 

3.681 199 

3.682 288 

3.683 375 

3.684 461 

3.685 546 

469 

315 821 241 

317 214 568 

318 611 987 

320 013 504 

321 419 125 

26.095 977 

26.115 130 

26.134 269 

26.153 394 

26.172 505 

8.797 968 

8.802 272 

8.806 572 

8.810 868 

8.815 160 

5.108 422 

5.110 296 

DalLZaG9 

5.114 039 

5.115 907 

3.686 629 

3.687 711 

3.688 792 

3.689 871 

3.690 950 

470 596 

471 969 

473 344 

474 721 

476 100 

322 828 856 

324 242 703 

325 660 672 

327 082 769 

328 509 000 

26.191 602 

26.210 685 

26.229 754 

26.248 809 

26.267 851 

8.819 447 

8.823 731 

8.828 010 

8.832 285 

8.836 556 

Lay NE ik) 

5.119 637 

5.121 499 

sl IPA) a }e}!) 

B25 217 

3.692 027 

3.693 102 

3.694 177 

3.695 250 

3.696 322 

477 481 

478 864 

480 249 

481 636 

483 025 

329 939 371 

331 373 888 

332,812 e5Di7) 

334 255 384 

335 702 375 

26.286 879 

26.305 893 

26.324 893 

26.343 880 

26.362 853 

8.840 823 

8.845 085 

8.849 344 

8.853 599 

8.857 849 

127 078 

.128 927 

130 779 

.132 629 

134 477 

ov Or Or Or 

Or 

3.697 393 

3.698 462 

3.669 531 

3.700 598 

3.701 664 

484 416 

485 809 

487 204 

488 601 

490 000 

337 153 536 

338 608 873 

340 068 392 

341 532 099 

343 000 000 

26.381 812 

26.400 758 

26.419 690 

26.438 608 

26.457 513 

8.862 095 

8.866 338 

8.870 576 

8.874 810 

8.879 040 

oy eloey-4s) 

5.138 167 

5.140 009 

5.141 849 

5.143 687 

3.702 728 

3.703 792 

3.704 854 

3.705 915 

3.706 975 
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A.17 SQUARES, CUBES, AND ROOTS OF N N = 701-750 

N° 

491 401 344 472 101 26.476 405 8.883 266 | 5.145 523 3.708 033 

492 804 345 948 408 26.495 283 8.887 488 5.147 357 3.709 090 

494 209 347 428 927 26.514 147 8.891 706 5.149 189 3.710 147 

495 616 348 913 664 26.532 998 8.895 920 bel bOUg 3.711 201 

497 025 350 402 625 26.551 836 8.900 130 5.152 847 Se) se) 

706 498 436 351 895 816 26.570 661 8.904 337 5.154 674 3.713 308 

707 499 849 353 393 243 26.589 472 8.908 539 .| 5.156 498 3.714 359 

708 501 264 354 894 912 26.608 269 8.912 737 5.158 320 3.715 409 

709 502 681 356 400 829 26.627 054 8.916 931 5.160 141 3.716 458 

710 504 100 357 911 000 26.645 825 8.921 121 5.161 959 3.717 506 

711 505 521 359-425 431 26.664 583 8.925 308 5.163 776 3.718 553 

712 506 944 360 944 128 26.683 328 8.929 490 5.165 591 SAL DOe 

713 508 369 362 467 097 26.702 060 8.933 669 5.167 404 3.720 642 

714 509 796 363 994 344 26.720 778 8.937 843 5.169 214 3.721 685 

511 225 365 525 875 26.739 484 8.942 014 5.171 023 3.722 727 

512 656 367 061 696 26.758 176 8.946 181 5.172 831 3.723 768 

514 089 368 601 813 26.776 856 8.950 344 5.174 636 3.724 807 

515 524 370 146 232 265/958522 8.954 503 5.176 439 3.725 846 

516 961 

518 400 

371 694 959 26.814 175 8.958 658 5.178 241 3.726 831 

373 248 000 26.832 816 8.962 809 5.180 3.727 919 

519 841 374 805 361 26.851 443 9 181 3.728 954 

521 284 376 367 048 26.870 058 8.971 101 5.183 634 3.729 988 

522 729 377 933 067 26.888 659 8.975 241 5.185 428 3.731 021 

524 176 379 503 424 26.907 248 8.979 377 5.187 220 3.732 052 

525 625 381 078 125 26.925 824 8.983 509 5.189 010 3.733 083 

527 076 657 176 26.944 387 8.987 637 5.190 798 3.734 112 

528 529 384 240 583 26.962 938 8.991 762 5.192 585 P 3.735 140 

529 984 385 828 352 26.981 475 8.995 883 5.194 370 3.736 167 

531 441 387 420 489 27.000 000 9.000 000 5.196 152 3.737 193 

532 900 389 017 000 27.018 512 9.004 133 PHC PARES 3.738 218 

534 361 

535 824 392 223 168 27.055 499 9.012 329 5.201 490 3.740 264 

537 289 393 832 837 27.073 973 9.016 431 5.203 266 3.741 285 

538 756 395 446 904 27.092 434 9.020 529 5.205 039 3.742 305 
540 225 397 065 375 27.110 883 9.024 624 5.206 811 3.743 324 

390 617 891 27.037 012 9.008 223 5.199 713 3.739 241 

541 696 398 688 256 27.129 320 9.028 715 5.208 581 3.744 343 
543 169 400 315 553 27.147 744 9.032 802 5.210 350 3.745 359 
544 644 401 947 272 27.166 155 9.036 886 5.212 116 3.746 375 
546 121 403 583 419 27.184 554 9.040 966 5.213 881 3.747 390 
547 600 405 224 000 27.202 941 9.045 042 5.215 644 3.748 404 

549 081 

550 574 408 518 488 27.239 677 9.053 183 5.219 164 3.750 428 
552 049 410 172 407 27.258 026 9.057 248 5.220 922 3.751 438 
553 536 411 830 784 27.276 363 9.061 310 5.222 678 3.752 447 
555 025 413 493 625 27.294 688 9.065 368 5.224 432 3.753 455 

406 869 021 27,221 315 9.049 114 | 5.217 405 3.749 416 

556 516 415 160 936 27.313 001 9.069 422 5.226 184 3.754 462 
558 009 416 832 723 27.331 301 9.073 473 5.227 935 3.755 468 
559 504 418 508 992 27.349 589 9.077 520 5.229 683 3.756 473 
561 001 420 189 749 27.367 864 9.081 563 5.231 430 3.757 477 
562 500 421 875 000 27.386 128 9.085 603 5.233 176 3.758 480 



A.18 SQUARES, CUBES, AND ROOTS OF N N = 751-800 

423 564 751 27.404 379 9.089 639 5.234 919 3.759 482 

425 259 008 27.422 618 9.093 672 5.236 661 3.760 482 
567 009 426 957 777 27.440 845 9.097 701 5.238 401 3.761 482 
568 516 428 661 064 27.459 060 9.101 727 5.240-139 3.762 481 

570 025 430 368 875 27.477 263 9.105 748 5.241 876 3.763 478 

536 432 081 216 27.495 454 9.109 767 5.243 611 3.764 474 

3 049 bE 093 27.513 633 9.113 782 5.245 344 3.765 470 

564 : i 27.531 800 9117 793 5.247 075 3.766 464 

5 O81 37 245 479 27.549 955 9.121 801 5.248 805 3.767 457 

600 38 976 27.568 097 9.125 805 5.250 533 3.768 450 

121 

644 

169 

3 696 

225 

or 228 9.129 806 D2 28259 3.769 441 

347 9.133 803 5.253 984 3.770 431 

9.137 797 5.255 707 3.771 420 

9.141 787 5.257 428 3.772 408 

9.145 774 5.259 148 3.773 395 NNNNWN 

ISS 

se 

9.149 758 5.260 865 3.774 381 

9.153 738 5.262 582 3.775 366 

9.157 714 5.264 296 3.776 350 

9.161 687 5.266 009 He ae 

9.165 656 5.267 720 3.778 315 

663 

452 984 832 

454 756 

456 533 non no ro ro Sa Ch ee tal eu 

458 314 

460 099 

461 889 

463 684 

465 484 

9.169 623 5.269 429 3.779 296 

9173. 585 D2 last 3.780 276 

9.177 544 5.272 843 3.781 254 

9.181 500 5.274 548 3.782 232 

9.185 453 5.276 251 3.783 209 

~I ~I 

OS ND = 

~I ~I 

ho nm NO NO NO “I I aa ~I “ 

7 

i 

7 

7 

ue OV fe ~I 

467 288 27.856 777 9.189 402 HT 952, 3.784 185 

603 726 469 097 27.874 720 9.193 347 5.279 651 3.785 160 

605 470 910 27.892 651 9.197 290 Bell S88) 3.786 133 

606 841 472 729 13¢ 27.910 571 9.201 229 5.283 046 3.787 106 

608 400 474 552 27.928 480 9.205 164 5.284 740 3.788 078 

609 961 476 379 E ss 9.209 096 5.286 433 3.789 049 

611 524 478 211 Zhe 9.213 025 5.288 125 3.790 019 

613 089 480 048 687 9.216 950 5.289 814 3.790 987 

614 656 481 890 304 : 9.220 873 5.291 503 S/O 95 

616 225 483 736 625 Be : 9.224 791 5.293 189 3.192) 922 

617 796 485 587 656 28.035 692 9.228 707 5.294 874 3.793 888 

619 369 487 443 403 28.053 520 9.232 619 5.296 557 3.794 853 

620 944 489 303 872 28.071 338 9.236 528 5.298 231 3.795 817 

622 521 491 169 069 28.089 144 9.240 433 passe) ONS) 3.796 780 

624 100 493 039 000 28.106 939 91244335 5.301 598 3.797 742 

625 681 494 913 671 28.124 722 9.248 234 5.303 275 3.798 703 

627 264 496 793 088 28.142 495 9.252 130 5.304 950 3.799 663 

628 849 498 677 257 28.160 256 9.256 022 5.306 624 3.800 622 

630 436 500 566 184 28.178 006 OP259 9) 5.308 296 3.801 580 

632 025 502 459 875 28.195 744 9.263 797 5.309 967 3.802 537 

633 616 504 358 336 28.213 472 9.267 680 5.311 636 3.803 493 

635 209 506 261 573 28.231 188 9.271 559 5.313 303 3.804 448 

636 804 508 169 592 28.248 894 9.275 435 5.314 969 3.805 402 

638 401 510 082 399 28.266 588 9.279 308 5.316 633 3.806 356 

640 000 512 000 000 28.284 271 9.283 178 5.318 296 3.807 308 
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A.19 SQUARES, 

641 601 
643 204 
644 809 
646 416 
648 025 

CUBES, AND ROOTS OF N 

513 922 401 

515 849 608 

517 781 627 

519 718 464 

521 660 125 

28.301 943 

28.319 605 

See P55 

28.354 894 

28.372 522 

9.287 044 J 

9.290 907 

9.294 767 

9.298 624 

9.302 477 

5i319 957, 

bea 216i 

5e3238275. 

5.324 931 

5.326 586 

N = 801-850 

3.808 259 

3.809 210 

3.810 159 

3.811 108 

3.812 055 

649 636 

651 249 

652 864 

654 481 

656 100 

523 606 616 

525 557 943 

527 514 112 

529 475 129 

531 441 000 

28.390 139 

28.407 745 

28.425 341 

28.442 925 

28.460 499 

9.306 328 

9.310 175 

9.314 019 

9.317 860 

9.321 698 

5.328 240 

5.329 892 

5.331 542 

Sige) 1H 

5.334 838 

3.813 002 

3.813 947 

3.814 892 

3.815 836 

3.816 779 

657 721 

659 344 

660 969 

662 596 

664 225 

bos lly 

535 387 328 

537 367 797 

539 353 144 

541 343 375 

28.478 062 

28.495 614 

28.513 155 

28.530 685 

28.548 205 

932515352 

9.329 363 

9.333 192 

9.337 017 

9.340 839 

5.336 484 

5.338 128 

RS) (/7)! 

5.341 412 

5.343 052 

3.817 721 

3.818 662 

3.819 602 

3.820 541 

3.821 479 

665 856 

667 489 

669 124 

670 761 

672 400 

543 338 496 

5457338 51/3 

547 343 432 

GAN) Sle) Zee) 

551 368 000 

28.565 714 

28.583 212 

28.600 699 

28.618 176 

28.635 642 

344 690 

346 327 

347 962 

349 596 

351 228 

674 041 

675 684 

677 329 

678 976 

680 625 

553 387 661 

555 412 248 

557 441 767 

559 476 224 

561 515 625 

28.653 098 

28.670 542 

28.687 977 

28.705 400 

28.722 813 

9.363 

9.367 5085 

Sey MINS 

9.375 

9.378 

859 

488 

56 116 

57 742 

367 

on 

On 

or or 

oo 

nu 
) 

3.828 952 

3.829 882 

812 

682 276 

683 929 

685 584 

687 241 

688 900 

563 559 976 

565 609 283 

567 663 552 

569 722 790 

571 787 000 

28.740 216 

28.757 608 

28.774 989 

28.792 360 

28.809 721 

9.382 6 

9.386 

9.390 

9.394 

9.397 

990 

612 

232 

851 

469 

or Or OK 

or 

740 

667 

690 561 

692 224 

693 889 

695 556 

697 225 

573 856 191 

575 930 368 

578 009 537 

580 093 704 

582 182 875 

28.827 071 

28.844 410 

28.861 739 

28.879 058 

28.896 367 

9.401 569 

9.405 339 

9.409 105 

9.412 869 

9.416 630 

369 085 

699 

Sl? 

3 924 

534 

698 896 

700 569 

702 244 

703 921 

705 600 

584 277 056 

586 376 253 

588 480 472 

590 589 719 

592 704 000 

28.913 665 

28.930 952 

28.948 230 

28.965 497 

28.982 753. ~ 

9.420 387 

9.424 142 

9.427 894 

9.431 642 

9.435 388 

143 

750 

356 

960 

383 563 

707 281 

708 964 

710 649 

712 336 

714 025 

594 823 321 

596 947 688 

599 077 107 

601 211 584 

603 351 125 

29.000 000 

29.017 236 

29.034 462 

29.051 678 

29.068 884 

9.439 131 

9.442 870 

9.446 607 

9.450 341 

9.454 072 

165 

5.386 765 

5.388 364 

5.389 961 

HS9IN57 7 
3.848 296 

3.849 208 

715 716 

717 409 

719 104 

720 801 

722 500 

605 495 736 

607 645 423 

609 800 192 

611 960 049 

614 125 000 

29.086 079 

29.103 264 

29.120 440 

29.137 605 

29.154 759 

9.457 800 

9.461 525 

9.465 247 

9.468 966 

9.472 682 

5.393 151 

5.394 744 

5.396 366 

3.397 926 

D399 Nl 

3.850 118 

3.851 028 

3.851 937 

3.852 845 

3.853 752 



A.20 SQUARES, CUBES, AND ROOTS OF N N = 851-900 

851 616 295 051 29.171 904 9.476 396 5.401 102 3.854 659 
852 ! 618 470 208 29.189 039 9.480 106 5.402 688 3.855 564 
853 306 620 650 477 29.206 164 9.483 814 5.404 273 3.856 469 
854 316 622 835 864 29.223 278 9.487 518 5.405 856 3.857 372 
855 K 5 625 026 375 29.240 383 9.491 220 5.407 438 3.858 275 

856 onte 627 222 016 29.257 478 9.494 919 5.409 018 3.859 177 
857 : ¢ 629 422 793 29.274 562 9.498 615 5.410 597 3.860 079 
858 36 631 628 712 29.291 637 9.502 308 5.412 175 3.860 979 
859 37 633 839 779 29.308 702 9.505 998 5.413 751 3.861 878 
860 39 600 636 056 000 29.325. 757 9.509 685 5.415 326 3.862 777 

861 741 321 638 277 381 29.342 801 9.513 370 5.416 900 3.863 675 
862 3 044 640 503 928 29.359 837 9.517 052 5.418 472 3.864 572 
863 769 642 735 647 29.376 862 9.520 730 5.420 043 3.865 469 
864 5 496 644 972 544 29.393 877 9.524 406 5.421 612 3.866 364 
865 225 647 625 29.410 882 9.528 079 5.423 180 3.867 259 

866 9 956 649 896 29.427 878 9.531 750 5.424 747 3.868 152 
867 51 689 651 363 29.444 864 9.535 417 5.426 312 3.869 045 
868 424 653 972 032 29.461 840 9.539 082 5.427 876 3.869 937 
869 161 656 234 909 29.478 806 9.542 744 5.429 439 3.870 829 

870 900 658 503 000 29.495 762 9.546 403 5.431 000 3.871 719 ~~ s or or m Ot Oo 

871 7 660 776 £ 29.512 709 9.550 059 5.432 560 3.872 609 

872 663 29.529 646 95537 72 5.434 119 3.873 498 

873 2 12¢ 665 338 617 29.546 573 91557363 5.435 676 3.874 386 

874 5 667 627 6 29.563 491 9.561 O11 5.437 232 3.875 273 

875 669 92 29.580 399 9.564 656 5.438 787 3.876 159 

876 672 g 29.597 297 9.568 298 5.440 340 3.877 045 

877 OAze 674 § 3: 29.614 186 9.571 938 5.441 892 3.877 930 

878 676 8: 29.631 065 9.575 574 5.443 442 3.878 814 

879 679 151 4: 29.647 934 9.579 208 5.444 992 3.879 697 

880 681 29.664 794 9.582 840 5.446 540 3.880 579 

ior) ~I 

881 683 797 8 29.681 644 9.586 468 5.448 086 3.881 461 

882 924 686 c 29.698 485 9.590 094 5.449 632 3.882 341 

883 688 ° 290115316 Che} 7A 5.451 176 3.883 221 

884 : 690 8 29.732 137 9597 337 5.452 718 3.884 100 

885 6931! 29.748 950 9.600 955 5.454 260 3.884 979 

886 Ss 695 5 x 29765) 752 9.604 570 5.455 800 3.885 856 

887 769 697 E 29.782 545 9.608 182 5.457 339 3.886 733 

888 3 544 700 29:799 329 9.611 791 5.458 876 3.887 609 

889 90 321 702 366 29.816 103 9.615 398 5.460 412 3.888 484 

890 792 100 704 969 000 29.832 868 9.619 002 5.461 947 3.889 359 

891 793 881 707 347 971 29.849 623 9.622 603 5.463 481 3.890 232 

892 795 664 709 732 288 29.866 369 9.626 202 5.465 013 3.891 105 

893 797 449 D2 PAL Shi 29.883 106 9.629 797 5.466 544 3.891 977 

894 799 236 714 516 984 29.899 833 9.633 391 5.468 074 3.892 849 

895 801 025 716 917 375 29.916 551 9.636 981 5.469 602 3.893 719 
all. 

896 802 816 719 323 136 291933 259 9.640 569 5.471 130 3.894 589 

897 804 609 721 734 273 29.949 958 9.644 154 5.472 656 3.895 458 

898 806 404 724 150 792 29.966 648 9.647 737 5.474 180 3.896 326 

899 808 201 726 572 699 29;983 329 Chop ailly 5.475 703 3.897 193 

900 810 000 729 000 000 30.000 000 9.654 894 5.477 226 3.898 060 
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A.21 SQUARES, CUBES, AND ROOTS OF N N = 901-950 

N ; YN 

811 801 731 432 701 30.016 662 9.658 468 5.478 746 3.898 926 

813 604 733 870 808 30.033 315 9.662 040 5.480 266 3.899 791 

815 409 736 314 327 30.049 958 9.665 610 5.481 784 3.900 655 

817 216 738 763 264 30.066 593 9.669 176 5.483 301 3.901 519 

819 025 741 217 625 30.083 218 9.672 740 5.484 817 3.902 381 

820 836 743 677 416 30.099 834 9.676 302 5.486 332 3.903 243 

822 649 746 142 643 30.116 441 9.679 860 5.487 845 3.904 105 

824 464 748 613 312 30.133 038 9.683 417 5.489 357 3.904 965 

826 281 751 089 429 30.149 627 9.686 970 5.490 868 3.905 825 

828 100 753 571 000 30.166 206 9.690 521 5.492 377 3.906 684 

829 921 756 058 031 30.182 777 9.694 069 5.493 885 3.907 542 

831 744 758 550 528 30.199 338 9.697 615 5.495 392 3.908 400 

833 569 761 048 497 30.215 890 9.701 158 5.496 898 3.909 256 

835 396 763 551 944 30.232 433 9.704 699 5.498 403 3.910 112 

837 225 766 060 875 30.248 967 9.708 237 5.499 906 3.910 968 

839 056 768 575 296 30.265 492 CEPA yi 5.501 408 3.911 822 

840 889 771 095 213 30.282 008 9.715 305 5.502 909 3.912 676 

842 724 773 620 632 30.298 515 9.718 835 5.504 409 3-9137529 

844 561 776 151 559 30.315 013 9.722 363 5.505 907 3.914 381 

846 400 778 688 000 30.331 502 9.725 888 5.507 404 3.95253 

848 241 781 229 961 30.347 982 9.729 411 5.508 900 3.916 083 

850 084 783 777 448 30.364 453 97327931 5.510 395 3.916 933 

851 929 786 330 467 30.380 915 9.736 448 5.511 889 3.917 783 

853 776 788 889 024 30.397 368 9.739 963 5.513 381 3.918 631 

855 625 791 453 125 30.413 813 9.743 476 5.514 872 3.919 479 

857 476 794 022 776 30.430 248 -746 986 : 2 3.920 326 

859 329 796 597 983 30.446 675 : : . 3.99%) £72 

861 184 799 178 752 30.463 092 Oona z : 3.922 018 

863 041 801 765 089 30.479 501 t : 3.922 863 

864 900 804 357 000 30.495 901 : 5. cS 3.923 707 

866 761 806 954 491 80.512 293 

868 624 809 557 568 30.528 675 9.767 992 

870 489 812 166 237 30.545 049 9.771 485 

872 356 814 780 504 30.561 414 9.774 974 

874 225 817 400 375 30.577 770 9.778 462 

876 096 820 025 856 30.594 117 9.781 946 Debs leis 3.928 757 

877 969 822 656 953 30.610 456 9.785 429 3.929 596 

879 844 825 293 672 30.626 786 9.788 909 5.534 147 3.930 435 
881 721 827 936 019 30.643 107 9.792 386 5.535 622 3.93162 72 
883 600 830 584 000 30.659 419 9.795 861 5.537 095 3.932 109 

885 481 833 237 621 30.675 723 9.799 334 5.538 567 3.932 945 
887 364 835 896 888 56.692 019 9.802 804 5.540 038 3.933 781 
889 249 838 561 807 30.708 305 9.806 271 5.541 507 3.934 616 
891 136 841 232 384 30.724 583 9.809 736 5.542 976 3.935 450 
893 025 843 908 625 30.740 852 9.813 199 5.544 443 3.936 283 

894 916 846 590 536 30.757 113 9.816 659 5.545 910 3.937 116 
896 809 849 278 123 30.773 365 9.820 117 5.547 375 3.937 948 
898 704 851 971 392 30.789 609 9.823 572 5.548 838 3.938 779 
900 601 854 670 349 30.805 844 9.827 025 5.550 301 3.939 610 
902 500 857 375 000 30.822 070 9.830 476 5.551 763 3.940 440 
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A.22 SQUARES, CUBES, AND ROOTS OF N N = 951-1,000 

904 401 50 O85 351 30.838 288 9.833 924 Soon 2k 3.941 269 

906 304 2 408 30.854 497 9.837 369 5.554 682 3.942 098 

908 209 Steal Wig 30.870 698 9.840 813 yan 3.942 926 

910 116 50 664 30.886 890 9.844 254 ‘ : 3.943 753 

912 025 983 875 30.903 074 9.847 692 DS 3.944 579 

913 936 : 816 30.919 250 9.851 128 5.560 508 3.945 405 

915 849 493 30.935 417 9.854 562 5.561 962 3.946 230 

917 764 $ 912 30.951 575 9.857 993 5.563 414 3.947 054 

919 681 974 079 30.967 725 9.861 422 5.564 865 3.947 878 

921 600 3 30.983 867 9.864 848 5.566 315 3.948 701 

923 521 & 31.000 000 9.868 272 5.567 764 3.949 523 

31.016 125 9.871 694 5.569 212 3.950) 345 

31.032 241 9.875 113 5.570 659 3.951 166 

31.048 349 9.878 530 5.572 105 3.951 986 

898 6: 31.064 449 9.881 945 5.573 549 3.952 806 

901 E 31.080 541 9.885 357 5.574 992 3.953 625 

904 231 31.096 624 9.888 767 5.576 435 3.954 443 

907 039 23 31.112 698 9.892 175 5.577 876 3.955 260 

909 853 31.128 765 9.895 5.579 316 3.956 077 

912 673 31.144 823 9.898 ¢ 5.580 755 3.956 893 

915 4S 31.160 873 99075: Beate) ey 3.957 709 

918 33¢ 31.176 915 9.905 5.583 629 3.958 524 

31.192 948 9.909 178 5.585 065 3.959 338 

31.208 973 9.912 571 5.586 499 3.960 151 

31.224 990 OONoaS 5.587 933 3.960 964 

31.240 999 SSIS) 5.589 365 3.961 776 

31.256 999 org22 5.590 796 3.962 588 

Se OO? 9.926 5.592 226 3.963 399 

31.288 976 2929) Be993 1055 3.964 209 

31.304 952 91932 5.595 083 3.965 018 

141 31.320 920 9.936 261 5.596 510 3.965 827 

168 31.336 879 9.939 636 bos CBR 3.966 636 

949 862 087 31.352 831 9.943 009 5.599 360 3.967 443 

952 763 31.368 774 9.946 380 5.600 783 3.968 250 

970 225 955 671 625 31.384 710 9.949 748 5.602 206 3.969 056 

972 196 958 585 256 31.400 637 9:953) 114 5.603 627 3.969 862 

974 169 961 504 803 31.416 556 9.956 478 5.605 047 3.970 667 

976 144 964 430 272 31.432 467 9.959 839 5.606 467 3.971 471 

978 121 967 361 669 31.448 370 9.963 198 5.607 885 3.972 275 

980 100 970 299 000 31.464 265 9.966 555 5.609 302 3.973 078 

982 081 973 242 271 31.480 152 9.969 910 5.610 718 3.973 880 

984 064 976 191 488 31.496 031 9.973 262 5.612 133 3.974 682 

986 049 979 146 657 31.511 903 9.976 612 5.613 546 3.975 483 

988 036 982 107 784 31.527 766 9.979 960 5.614 959 3.976 283 

990 025 985 074 875 31.543 621 9.983 305 5.616 371 3.977 083 

992 016 988 047 936 31.559 468 9.986 649 5.617 781 3.977 882 

994 009 991 026 973 31.575 307 9.989 990 5.619 191 3.978 680 

996 004 994 011 992 31.591 138 9.993 329 5.620 599 3.979 478 

998 001 997 002 999 31.606 961 9.966 666 5.622 007 3.980 275 

1000 000 1 000 000 000 31.622 777 10.000 000 5.623 413 3.981 072 
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A.23 COMMON LOGARITHMS OF N* N = 100-599 

0000 0043 0086 0128 0170 

0414 0453 0492 0531 0569 

0792 0828 0864 0899 0934 

1139 11-73 1206 1239 1271 

1461 1492 1523 1553 1584 

1761 1790 1818 1847 1875 

2041 2068 2095 2122 2148 

2304 2330, 2355 2380 2405 

2553 2577 2601 2625 2648 

2788 2810 2833 2856 2878 

3010 3032 3054 3075 3096 

3222 3243 3263 3284 3304 

3424 3444 3464 3483 3502 

3617 3636 3655 3674 3692 

3802 3820 3838 3856 3874 

3979 3997 4014 4031 4048 

4150 4166 4183 4200 4216 

4314 4330 4346 4362 4378 

4472 4487 4502 4518 4533 

4624 4639 4654 4669 4683 

477) 4786 4800 4814 4829 

4914 4928 4942 4955 4969 982 E E 5038 

5051 5065 5079 5092 5105 e : 5172 

5185 5198 5211 5224 5237 

D815 5328 5340, 5353 5366 5378 

5441 ibys tbys) 5465 5478 5490 5502 

5563 5575 5587 5599 5611 5623 

5682 5694 5705 5717 5129 5740 

5793 5809 5821 5832 5843 5855 

5911 5922 5933 5944 5955 5966 

6021 6031 6042 6053 6064 6075 

6128 6138 6149 6160 6170 6180 319 6201 6212 6222 
6232 6243 6253 6263 6274 6284 6304 6314 6325 
6335 6345 6355 6365 6375 6385 6395 6405 6415 6425 
6435 6444 6454 6464 6474 6484 6493 6503 6513 6522 

6532 6542 6551 6561 6571 6580 6590 6599 6609 6618 
6628 6637 6646 6656 6665 6675 6684 6693 6702 6712 
6721 6730 6739 6749 6758 6767 6776 6785 6794 6803 
6812 6821 6830, 6839 6848 6857 6866 6875 6884 6893 
6902 6911 6920, 6928 6937 6946 6955 6964 6972 6981 

6990, 6998 7007 7016 7024 7033 7042 7050 7059 7067 
7076 7084 7093 7101 7110 7118 7126 7135 7143 7152 
7160 7168 Thea 7185 92 7202 7210 7218 7226 7235 
7243 (25 1259 7267 ME 7284 7292 7300 7308 7316 
7324 7332 7340 7348 356 7380 7388 7396 

7404 7412 7419 7427 os S E 7459 7466 7474 
7482 7490 7497 7505 : { . 7536 7543 7551 
7559 7566 7574 7582 58° BS 5D 7612 7619 7627 
7634 7642 7649 7657 364 ) 576 7686 7694 7701 
7709 7716 7723 7731 : & 7752 7760 7767 7774 

co CO CO 

nN 

*For applications of Tables A.23 to A.24 see Sec. 19.05. 
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A.24_ COMMON LOGARITHMS OF N N = 600-999 

7782 7789 7796 7803 7810 7818 7825 7832 7839 7846 
7853 7860 7868 7875 7882 7889 7896 7903 7910 7917 
7924 7931 7938 7945 7952 7959 7966 7973 7980 7987 
7993 8000 8007 8014 8021 8028 8035 8041 8048 8055 
8062 8069 8075 8082 8089 8096 8102 8109 8116 8122 

8129 8136 8142 8149 8156 8162 8169 8176 8182 8189 
8195 8202 8209 8215 8222 8228 8235 8241 8248 8254 
8261 8267 8274 8280 8287 8293 8299 8306 8312 8319 
8325 8331 8338 8344 8351 8357 8363 8370 8376 8382 
8388 8395 8401 8407 8414 8420 8426 8432 8439 8445 

8451 8463 8470 8476 8482 8488 8494 8500 8506 
8513 8525 8531 8537 8543 8549 8555 8561 8567 

8579 8585 8591 8597 8603 8609 8615 8621 8627 
8639 8645 8651 8657 8663 8669 8675 8681 8686 
8698 8704 8710 8716 8722 8727 8733 8739 8745 

8762 8768 8774 8779 8785 8791 8797 8802 

8820 8825 8831 8837 8842 8848 8854 8859 

8876 8882 8887 8893 8899 8904 8910 8915 

8932 8938 8943 8949 8954 8960 8965 8971 

8987 8993 8998 9004 9009 9015 9020 9025 

9042 9047 9053 9058 9063 9069 9074 9079 

9096 9101 9106 9112 9117 O12 9128 9133 

9149 9154 9159 9165 9170 9175 9180 9186 

9201 9206 9212 9217 9222 9227 9232 9238 

9253 9258 9269 9274 279 9284 9289 

9304 9309 9320 9325 9330 | 9335 9340 

9355 9360 E 9370 Sa75) 9380 9385 9390, 

9405 9410 ¢ 9420 9425 9430 9435 9440 

9455 $ 9469 9474 9479 9484 9489 

9504 ¢ 951: 9518 9523 9528 9533) 9538 Ot Ov 1S (Gx Or 

9552 9557 9562 9566 9571 9576 | 9581 9586 

9600 ¢ 9609 9614 9619 9624 9628 9633 

9647 3 9657 9661 9666 9671 9675 9680 

9694 OC 9703 9708 9713 9717 9722 9727 

974] c 9750 9754 9759 9763 9768 9773 Ov Ot OV OU OL 

9786 : 9795 9800 9805 9809 9814 9818 

9832 c 9841 9845 9850 9854 9859 9863 

9877 c 9886 9894 9899 9903 9908 

9921 ¢ 9930) CREE) 9943, 9948 9952 

9965 9965 9974 9983 9987 9991 9996 

log 7 = 0.4972 log 7/2 = 0.1961 log Vr = 0.2486 
log 27 = 0.7982 log 77/3 = 0.0200 log V27 = 0.3991 
log 377 = 0.9743 log 7? = 0.9943 log War = 0.1657 
log 47 = 1.0992 log 7° = 1.4915 log V47/3 = 0.2074 

log e = 0.4343 log e” = 1.3644 log Ve = 0.2171 

log 0 log 1 = 0.0000 log 10 = 1.0000 
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A.25 NATURAL LOGARITHMS OF N* N = 1.00-5.99 

0.0000 | 0.0100 0.0296 | 0. : 0.0677 | 0.0770 0.0862 

0.0953 | 0.1044 0.1222 | O.L¢ 0.1398 | 0. 0.1570 | 0.1655 | 0.1740 

0.1823 | 0.1906 0.2070 | 0. 0.2231 ; 0.2390 | 0.2469 | 0.2546 

0.2624 | 0.2700 0.2852 | 0.2§ 0.3001 ; 0.3148 | 0.3221 | 0.3293 

0.3365 | 0.3436 0.3577 | 0. 0.3716 | 0. 0.3853 | 0.3920 | 0.3988 

0.4055 | 0.4121 | 0.4187 | 0.4253 | 0.42 0.4383 3 0.4511 | 0.4574 | 0.4637 

0.4700 | 0.4762 | 0.4824 | 0.4886 | 0. 0.5008 | 0. 0.5128 | 0.5188 | 0.5247 

0.5306 | 0.5365 | 0.5423 | 0.5481 BOE 0.5596 | 0. 0.5710 | 0.5766 | 0.5822 

0.5878 | 0.5933 | 0.5988 | 0.6043 606 0.6152 : 0.6259 | 0.6313 | 0.6366 

0.6419 | 0.6471 | 0.6523 0.6575 | i 0.6678 | 0.6729 | 0.6780 | 0.6831 | 0.6881 

0.6931 | 0.6981 | 0.7031 | 0.7080 | 0. 0.7178 | 0. 0.7275 | 0.7324 | 0.7372 

0.7419 | 0.7467 | 0.7514 | 0.7561 : 0.7655 | 0. 0.7747 | 0.7793 | 0.7839 

0.7885 | 0.7930 | 0.7975 | 0.8020 | 0.8065 | 0.8109 | 0. 0.8198 | 0.8242 | 0.8286 

0.8329 | 0.8372 | 0.8416 | 0.8459 | 0.8502 | 0.8544 | 0. 0.8629 | 0.8671 | 0.8713 

0.8755 | 0.8796 | 0.8838 | 0.8879 | 0.8920 | 0.8961 : 0.9042 | 0.9083 | 0.9123 
_ 

0.9163 | 0.9203 | 0.9243 | 0.9282 | 0.9322 | 0.9361 | 0.9400 | 0.9439 | 0.9478 | 0.9517 

0.9555 | 0.9594 | 0.9632 | 0.9670 | 0.9708 | 0.9746 | 0.9783 | 0.9821 | 0.9858 | 0.9895 

0.9933 | 0.9969 | 1.0006 | 1.0043 | 1.0080 | 1.0116 | 1.0152 | 1.0188 | 1.0225 | 1.0260 

1.0296 | 1.0332 | 1.0367 | 1.0403 | 1.0438 | 1.0473 | 1.0508 | 1.0543 | 1.0578 | 1.0613 

1.0647 | 1.0682 | 1.0716 | 1.0750 | 1.0784 | 1.0818 | 1.0852 | 1.0886 | 1.0919 | 1.0953 

1.0986 | 1.1019 | 1.1053 | 1.1086 | 1.1119 | 1.1151 | 1.1184 | 1.1217 | 1.1249 | 1.1282 

1.1314 | 1.1346 | 1.1378 | 1.1410 | 1.1442 | 1.1474 | 1.1506 | 1.1537 | 1.1569 | 1.1600 

1.1632 | 1.1663 | 1.1694 | 1.1725 | 1.1756 | 1.1787 | 1.1817 | 1.1848 | 1.1878 | 1.1909 

1.1939 | 1.1969 | 1.2000 | 1.2030 | 1.2060 | 1.2090 | 1.2119 | 1.2149 | 1.2179 | 1.2208 

1.2238 aa 1.2296 | 1.2326 | 1.2326 | 1.2384 | 1.2413 | 1.2442 sii i, 1.2499 

1.2528 | 1.2556 | 1.2585 | 1.2613 | 1.2641 | 1.2669 | 1.2698 | 1.2726 | 1.2754 | 1.2782 

1.2809 | 1.2837 | 1.2865 | 1.2892 | 1.2920 | 1.2947 | 1.2975 | 1.3002 | 1.3029 | 1.3056 

1°3083) 1) 1:3010) |) 123137 | W316) P3191 | 3208: |) 123244 | 3271) 123297) 3324 

1.3350 | 1.3376 | 1.3403 | 1.3429 | 1.3455 | 1.3481 | 1.3507 | 1.3533 | 1.3558 | 1.3584 

1.3610 | 1.3635 | 1.3661 | 1.3686 | 1.3712 | 1.3737 | 1.3762 | 1.3788 | 1.3813 | 1.3838 

Co co 

ro no ro ro NO 

an 

on 

1.3863 | 1.3888 | 1.3913 | 1.3938 | 1.3962 | 1.3987 | 1.4012 | 1.4036 | 1.4061 | 1.4085 

1.4110 | 1.4134 | 1.4159 | 1.4183 | 1.4207 | 1.4231 | 1.4255 | 1.4279 | 1.4303 | 1.4327 

1.4351 | 1.4375 | 1.4398 | 1.4422 | 1.4446 | 1.4469 | 1.4493 | 1.4516 | 1.4540 | 1.4563 

1.4586 | 1.4609 | 1.4633 | 1.4656 | 1.4679 | 1.4702 | 1.4725 | 1.4748 | 1.4770 | 1.4793 

1.4816 | 1.4839 | 1.4861 | 1.4884 | 1.4907 | 1.4929 | 1.4951 | 1.4974 | 1.4996 | 1.5019 

He 

non nw ro 

Hee 

no oo 09 

1.5041 | 1.5068 1.5085 | 1.5107 | 1.5129 | 1.5151 | 1.5173 151965] T5275) 1.5239 

1.5261 | 1.5282 | 1.5304 | 1.5326 | 1.5347 | 1.5369 | 1.5390 | 1.5412 | 1.5433 | 1.5454 

1.5476 | 1.5497 | 1.5518 | 1.5539 | 1.5560 | 1.5581 | 1.5602 | 1.5623 | 1.5644 | 1.5665 

1.5686 | 1.5707 | 1.5728 | 1.5748 | 1.5769 | 1.5790 | 1.5810 | 1.5831 | 1.5851 | 1.5872 

135892 125913: | 1.5933) |) 125953 | 1.5974 eee 1.6014 | 1.6034 oe 1.6074 
— se NO 

non nh nh NO o 

1.6094 | 1.6114 | 1.6134 | 1.6154 | 1.6174 | 1.6194 | 1.6214 | 1.6233 | 1.6253 | 1.6273 

1.6292 | 1.6312 | 1.6332 | 1.6351 | 1.6371 | 1.6390 | 1.6409 | 1.6429 | 1.6448 | 1.6467 

1.6487 | 1.6506 | 1.6525 | 1.6544 | 1.6563 | 1.6582 | 1.6601 | 1.6620 | 1.6639 | 1.6658 

1.6677 | 1.6696 | 1.6715 | 1.6734 | 1.6752 | 1.6771 | 1.6790 | 1.6808 | 1.6827 | 1.6845 

1.6864 | 1.6882 | 1.6901 | 1.6919 | 1.6938 | 1.6956 | 1.6974 | 1.6993 | 1.7011 | 1.7029 

1.7047 | 1.7066 | 1.7084 1.7102 | 1.7120 | 1.7138 | 1.7156 | 1.7174 | 1.7192 | 1.7210 

1.7228 | 1.7246 | 1.7263 | 1.7281 | 1.7209 : 1.7370 | 1.7387 

1.7405 | 1.7422 | 1.7440 | 1.7457 | 1.7475 | 1. : : 1.7544 | 1.7561 
1.7579 | 1.7596 | 1.7613 | 1.7630 | 1.7647 | 1. ‘ -7699 | 1.7716 | 1.7733 
1.7750 | 1.7766 | 1.7783 | 1.7800 | 1.7817 | 1. : : 1.7884 | 1.7901 

“For applications of Tables A.25 to A.26, see Sec. 12.06. 
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A.26 NATURAL LOGARITHMS OF N N = 6.00-9.99 

1.7934 | 1.7951 | 1.7967 | 1.7984 | 1.8001 : .802 1.8050 | 1.8066 

1.8099 | 1.8116 | 1.8132 | 1.8148 | 1.8165 | 1. 16 1.8213 | 1.8229 

1.8262 | 1.8278 | 1.8294 | 1.8310 | 1.8326 | 1.8342 SOUL 1.8374 | 1.8390 

1.8421 | 1.8437 | 1.8453 | 1.8469 | 1.8458 | 1.8500 | 1.8516 | 1.8532 | 1.8547 

eal 1.8594 | 1.8610 | 1.8625 | 1.8641 | 1.8656 | 1.8672 | 1.8687 | 1.8703 

1.8733 | 1.8749 | 1.8764 | 1.8779 | 1.8795 | 1.8810 1.8825 | 1.8840 | 1.8856 

1.8886 | 1.8901 | 1.8916 | 1.8931 | 1.8946 | 1.8961 | 1.8976 | 1.8991 | 1.9006 

1.9036 | 1.9051 | 1.9066 | 1.9081 | 1.9095 | 1.9110 | 1.9125} 1.9140] 1.9155 

1.9184 | 1.9199 | 1.9213 | 1.9228 | 1.9242 | 1.9257] 1.9272 1.9286] 1.9301 

1.9330 | 1.9344 | 1.9359 | 1.9373 | 1.9387 | 1.9402 | 1.9416] 1.9430] 1.9415 

1.9450 | 1.9473 | 1.9488 1.9508 | 1.9516 | 1.9530 | 1.9544 | 1.9559 | 1.9573 | 1.9587 

1.9601 | 1.9615 | 1.9629} 1.9643 | 1.9657 | 1.9671 | 1.9685 | 1.9699 | 1.9713 | 1.9727 

1.9741 | 1.9755 | 1.9769 | 1.9782 | 1.9796 | 1.9810 | 1.9824 | 1.9838 | 1.9851 | 1.9865 

1.9879 | 1.9892 | 1.9906 | 1.9920 | 1.9933 | 1.9947 | 1.9961 | 1.9974] 1.9988 | 2.0001 

2.0015 | 2.0028 | 2.0042 | 2.0055 | 2.0069 | 2.0082 | 2.0096 | 2.0109 | 2.0122 pe 

2.0149 | 2.0162 | 2.0176 | 2.0189 | 2.0202 | 2.0215 | 2.0229 | 2.0242 | 2.0255 | 2.0268 

2.0282 | 2.0295 | 2.0308 | 2.0321 | 2.0334 | 2.0347 | 2.0360 | 2.0373 | 2.0386 | 2.0399 

2.0412 | 2.0425 | 2.0438 | 2.0451 | 2.0464 | 2.0477 | 2.0490 | 2.0503 | 2.0516 | 2.0528 

2.0541 | 2.0554 | 2.0567 | 2.0580 | 2.0592 | 2.0605 | 2.0618 | 2.0631 | 2.0643 | 2.0656 

2.0669 | 2.0681 | 2.0694 | 2.0707 | 2.0719 | 2.0732 | 2.0744 | 2.0757 | 2.0769 | 2.0782 

2.0794 | 2.0807 | 2.0819 | 2.0832 | 2.0844 | 2.0857 | 2.0869 | 2.0882 | 2.0894 | 2.0906 
2.0919 | 2.0931 | 2.0943 | 2.0956 | 2.0968 | 2.0980 | 2.0992 | 2.1005 | 2.1017 | 2.1029 
2.1041 | 2.1054 | 2.1066 | 2.1078 | 2.1090 | 2.1102 | 2.1114 | 2.1126 | 2.1138 } 2.1150 
2.1163 | 2.1175 | 2.1187 | 2.1199 | 2.1211 | 2.1293 | 2.1935 | 2.1247 | 2.1258 | 2.1270 
2.1282 | 2.1294 | 2.1306 | 2.1318 | 2.1330 | 2.1342 | 2.1353 | 2.1365 | 2.1377 | 2.1389 

fee 
1401 | 2.1412 | 2.1424 | 2.1436 | 2.1448 | 2.1459 | 2.1471 | 2.1483 | 2.1494 | 2.1506 
1518 | 2.1529 | 2.1541 | 2.1552 | 2.1564 | 2.1576 | 2.1587 | 2.1599 | 2.1610 | 2.1622 
1638 | 2.1645 | 2.1656 | 2.1668 | 2.1679 | 2.1691 | 2.1702 | 2.1713 | 2.1725 | 2.1736 
1748 | 2.1759 | 2.1770 | 2.1782 | 2.1793 | 2.1804 | 2.1815 | 2.1827 | 2.1838 | 2.1849 

2.1861 | 2.1872 | 2.1883 | 2.1894 | 2.1905 | 2.1917 | 2.1928 | 2.1939 | 2.1950 | 2.1961 
| 

ERC TEA |r liSiebe | PAIRS za | 2200 2.2028 | 2.2039 | 2.2050 | 2.2061 | 2.2072 

2.2083 | 2.2094 | 2.2105 | 2.2116 | 2.2127 | 2.2138 | 2.2148 | 2.2159 | 2.2170 | 2.2181 

DIG 2 a2 2203 a4 Wee 220) 2.2250) e224 2. 22b 722205 92.2279) | 22289 

222 00m p22 a2 a2 ae ao2 Nl e2a4on | ee2o04 W2- 2004 6223151222386) |) 252396 

2.2407 | 2.2418 | 2.2428 | 2.2439 | 2.2450 | 2.2460 | 2.2471 | 2.2481 | 2.2492 | 2.2502 
+ 

2.2513 | 2.2523 | 2.2534 | 2.2544 | 2.2555 | 2.2565 | 2.2576 | 2.2586 | 2.2597 | 2.2607 

2.2618 | 2.2628 | 2.2638 | 2.2649 | 2.2659 | 2.2670 | 2.2680 | 2.2690 | 2.2701 | 2.2711 

QTM E22 732/42 e227 22-2702) 2.2070 e222 700) 22199) |e 2-2600| 2.2014 

2.2824 | 2.2834 | 2.2844 | 2.2854 | 2.2865 | 2.2875 | 2.2885 | 2.2895 | 2.2905 | 2.2915 

9.2995 | 2.9935 | 2.2946 | 2.2956 | 2.2966 | 2.2976 | 2.2986 | 2.2996 | 2.3006 | 2.3016 

In 1 = 0.0000 In w = 1.1447 In 7/2 = 0.4516 

In 10 = 2.3026 In 2a = 1.8379 In 7/3 = 0.0461 
In 10? = 4.6052 In 37 = 2.2433 In Vr = 0.5724 
In 10° = 6.9078 In 4a = 2.5310 In Wr = 0.3816 

In 10" = 2.3026m Ine = 1.0000 In Ve = 0.5000 
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A.27 TRIGONOMETRIC FUNCTIONS* a = 0-9°, 81-90° 

Cosine Tangent Cotangent 

Nat. Log. Nat. Log. Nat. Log. 

0°00' 0.0000 be il, 1.0000 0.0000. 0.0000 2 % wn 90°00' 

—_|— == 

10 0.0029 7.4637 1.0000 0.0000 0.0029 7.4637 | 343.77 2.5363 50 

; 20 0.0058 7.7648 1.0000 0.0000, 0.0058 7.7648 171.89 2.2352 40 

30 0.0087 7.9408 1.0000 0.0000 0.0087 7.9400 114.59 2.0591 30 

40 0.0116 8.0658 0.9999 0.0000 0.0116 8.0658 85.940 1.9342 20 

50 0.0145 8.1627 0.9999 0.0000 0.0145 8.1627 68.750 1.8373 10 

———— 

1°00! 0.0175 8.2419 0.9998 9.9999 0.0175 8.2419 57.200 1.7581 89°00! 
os — 

10 0.0204 8.3088 0.9998 9.9999 0.0204 8.3089 49.104 1.6911 50 

20 0.0233 8.3668 0.9997 9.9999 0.0233 8.3669 42.964 1.6331 40 
30 0.0262 8.4179 0.9997 9.9999 0.0262 8.4181 38.188 1.5819 30 

40 0.0291 8.4637 0.9996 9.9998 0.0291 8.4638 34.368 1.536 20 

50 0.0320 8.5050 0.9995 9.9998 0.0320 8.5053 31.242 1.46 10 

2°00! 0.0349 8.5428 0.9994 9.9997 0.0349 8.5431 28.636 1.4569 88°00’ 

10 0.0378 8.5776 0.9993 9.9997 0.0378 8.5779 26.432 1.4221 50 

20 (0.0407 8.6097 0.9992 9.9996 0.0407 8.6101 24.542 1.3809 40 

30 0.0436 8.6397 0.9990, 9.9996 0.0437 8.6401 22.904 1.3599 30 

40 0.0465 8.6677 0.9989 9.9995 0.0466 8.6682 21.470 1.3318 20 

50 0.0494 8.6940 0.9988 9.9995 0.0495 8.6945 20.206 1.3055 10 

3°00! 0.0523 8.7188 0.9986 9.9994 0).0524 8.7194 19.081 1.2806 87°00° 

10 0.0552 8.7423 0.9985 9.9993 0.0553 8.7429 18.075 1.2571 50 

20 0.0581 8.7645 0.9983 9.9993, 0.0582 8.7652 17.169 1.2348 40 
30 0.0610 8.7857 0.9981 9.9992 0.0612 8.7805 16.350 30 

40 0.0649 8.8059 0.9980 9.9991 0.0641 8.8067 15.605 20 
50 0.0669 8.8251 0.9978 9.9990 0.0670 8.8261 14.924 10 

4°00! 0.0698 8.8436 0.9976 9.9989 0.0699 8.8446 14.301 1.1554 86°00! 

7 
10 0.0727 8.8613 0.9974 9.9989 0.0729 8.8624 1.1376 50 

20 0.0756 8.8783 0.9971 9,9988 0.0758 8.8705 1.1205 40 
30 0.0785 8.8946 0.9969 9.9987 0.0787 8.8960 12.706 1.1040 30 

40 0.0814 8.9104 0.9967 9.9986 0.0816 8.9118 12.251 1.0882 20 

50 0.0843 8.9256 0.9964 9.9985 0.0846 8.9272 11.826 1.0728 10 

5°00" 0.0872 8.9403 0.9962 9.9983 0.0875 8.9420 11.430 1.0580 85°00" 

10 0.0901 8.9545 0.9959 9.9982 0.0904 9563 11.059 1.0437 50 

20 0.0929 8.9682 rE 9.9981 0.0934 8.9701 1.0299 40 
30 0.0958 8.9816 0.9954 9.9980 0.0963 8.9836 1.0164 30 

40, 0.0987 8.9945 0.9951 9.9979 0.0992 8.9966 10.078 1.0034 20 

50 0.1016 9.0070 0.9948 9.9977 0.1022 9.0093 9.7882 0.9907 10 

6°00! 0.1045 9.0192 0.9945 9.9976 0.1051 9.0216 9.5144 0.9784 84°00" 
i" 

0.1074 9.0311 | 0.9942 9.9975 | 0.1080 9.2553 0.9604 50 
20 0.1103 9.0426 39 9.9973 | 0.1110 9.0098 0.9547 40 
30 0.1132 9.0539 0.9936 9,9972 0.1139 3.776 0.9433 30 

40 0.1161 9.0648 0.9932 9.9971 0.1169 0.9322 20 

0.1190 9.0755 0.9929 9.9969 0.1198 9.0780 0.9214 10 

7°00! 0.1219 9.0859 0.9925 9.9968 0.1228 9.0801 8.1443 0.9109 83°00" 

10 0.1248 9.0961 0.9922 9.9966 0.1257 9.0905 0.9005 | 50 

20 0.1276 9.1060 0.9918 9.9964 0.1287 9.1006 0.8904 40 

30 0.1305 9.1157 0.9914 9.9963 0.1317 9.1194 0.8806 30 

40 0.1334 9.1252 0.9911 9.9961 0.1346 9.1201 0.8709 20 
50 0.1363 9.1345 0.9907 9.9959 0.1376 5 0.8615 10 

8°00! 0.1392 9.1436 0.9903 9.9958 0.1405 9.1478 7.1154 0.8522 82°00! 

10 0.1421 9.1525 0.9899 9.9956 0.1435 9.1569 6.9682 0.8431 50 

20 0.1449 9.1612 0.9894 9.9954 0.1465 9.1658 6.8269 0.8342 40 

30 0.1478 9.1697 0.9890 9,9952 0.1495 9.1745 6.6912 0.8255 30 

40 0.1507 9.1781 0.9886 9.9950 0.1524 9.1831 6.5006 0.8169 20 

50 0.1536 9.1803 0.9881 9.9948 0.1554 9.1915 6.4348 — 0.8085 10 

9°00! 0.1564 9.1943 0.9877 9.9946 0.1584 9.1997 6.3138 0.8003 81°00! 

Nat. Log. Nat. Log. Nat. Log. | 

Cosine Cotangent Tangent 

"Tables A.27-A.3] adapted by permission from Ross R. Middlemiss, 
“Analytic Geometry,” 2d ed., McGraw-Hill Book Company, New York, 
1955, pp. 288-292. For applications see Sec. 12.07. 



A.28 TRIGONOMETRIC FUNCTIONS 

Cosine Tangent 

a = 9-18°, 72-81° 

Cotangent 

0.1564 9.1943 

Nat. Log. 

0.9877 9,9946 

Nat. Log. 

0.1584 9.1997 

Nat. Log. 

6.3138 0.8003 81°00! 

50 

0.1593 9.2022 

0.1622 9.2100 

0.1650 

0.1679 

0.1708 

0.9872 9.9944 

9,9942 

K 9.9940 

0.9858 9.9938 

0.9853 9.9936 

0.1614 9.2078 

0.1644 9.2158 

0.1673 9,2236 

0.1703 9.2313 

0.1733 9.2389 

10°00° 0.1736 0.9848 9.9934 
Sl 

0.1763 9.2463 

6.1970 0.7922 

6.0844 0.7842 

5.9758 0.7764 

5.8708 0.7687 

5.7694 0.7611 

50 

40 

30 

20 

10 

0.7537 80°00! 

10 
20 

30 

40 
50 

0.1765 

0.1794 

0.1822 

0.1851 

0.1880 

0.9843 9.9931 
0.9838 9.9929 

0.9833 9.9997 
0.9827 9.9924 

0.9822 9.9922 

0.1793 9.2536 

0.1823 9.2609 

0.1853 9.2680 

0.1883 9.2750 

0.1914 9.2819 

0.7464 

0.7391 

0.7320 

0.7250 

0.7181 

50 

40 

30 

10 

0.1908 9.9919 0.1944 0.7113 

0.1937 

0.1965 

0.1994 

0.2022 

0.2051 

0.9811 9.9917 

0.9805 9.9914 

0.9799 9.9912 

0.9793 9.9909 

0.9787 9.9907 

0.1974 9.295 

0.2004 9.3020 

0.2035 9.3085 

0.2065 9.3149 

0.2095 9.3212 

5.0658 0.7047 

4.9894 0.6980 

0.6915 

848 0.6851 

4.7729 0.6788 

40 

30 

20 

10 

10 

20 
30 

40 

50 

0.2079 0.9781 9.9904 0.2126 4.7046 0.6725 78°00! 

0.2108 
0.2136 

0.2164 

0.2193 
0.2991 

0.9775 9.9901 

0.9769 9.9899 

0.9763 9.9896 

0.9757 9.9893 

0.9750 9.9890 

0.2156 

0.2186 

0.2217 

0.2247 

0.2278 

4.6382 0.6664 

4.5736 0.6603 

4.5107 0.6542 

4.4494 0.6483 

4.3897 0.6424 

50 

40 

30 

20 

10 

13°00’ 0.2250 0.9744 9.9887 0.2309 4.3315 0.6366 

10 

20 

30 

0.2278 

0.2306 

0.2334 

0.2363 

0.2391 

0.9737 9.9884 

0.9730 9.9881 

0.9724 9.9878 

0.9717 9.9875 

0.9710 9.9872 

0.2339 

0.2370 

0.2401 

0.2432 

0.2462 9.3914 

4.2747 0.6309 

4.2193, 0.6252 

4.1653 0.6196 

4.1126 0.6141 

4.0611 

50 

40 

30 

20 

10 

0.2419 0.9703 9.9869 0.2493 9.3968 4.0108 76°00! 

0.2447 

0.2476 : 

0.2504 9.3986 

0.2532 9.4035 

0.2560 9.4083 

0.9696 9.9866 

0.9689 9.9863 

0.9681 9.9859 

0.9674 9.9856 

0.9667 9.9853 

0.2524 9.4021 

9.4074 

9.4127 

0.2617 9.4178 

0.2648 9.4230 

3.9617 

3.9136 

3.8667 

3.8208 0.5822 

3.7760 0.5770 

50 

40 

30 

20 

10 

0.2588 9.4130 0.9659 9.9849 0.2679 9,428] 3.7321 0.5719 
en 

75°00! 

} 

0.2616 9.4177 

0.2644 9.4223 

0.2672 9.4269 

0.2700 9.4314 

9.4359 | 

0.9652 9.9846 

0.9644 9.9843 

0.9636 9.9839 

0.9628 9.9836 

0.9621 9.9832 

0.2711 9.4331 

0.2742 9.4381 

0.2773 

0.2805 

0.2836 

3.6891 0.5669 

3.6470 0.5619 

3.6059 0.5570 

3.5656 0.5521 

3.5261 

50 

40 

30 

20 

10 

9.4403 
=e 

0.9613 9.9828 0.2867 3.4874 74°00! 

9.4447 

9.4491 

9.4533 

0.2868 9.4576 

0.2896 9.4618 

0.9605 9.9825 

0.9596 9.9821 

0.9588 9.9817 

0.9580 9.9814 

0.9572 9.9810 

0.2899 9.4622 

0.2931 9.4669 

0),2962 9.4716 

0.2994 9.4762 

0.3026 9.4808 

3.4495 

3.4124 

3.3759 0.5284 

3.3402 0.5238 

3.3052 0.5192 

50 

40 

30 

20 

10 

0.2924 9.4659 
ie 

0.9563 9.9806 0.3057 9.4853 3.2709 0.5147 73°00! 

0.2952 9.4700 

0.2979 9.4741 

0.3007 9.4781 

0.3035 9.4821 

0.3062 9.4861 

0.9555 9.9802 

0.9546 9.9798 

0.9537 9.9794 

0.9528 9.9790, 

0.9520 9.9786 

0.3089 9.4898 

0.3121 9.4943 

0.3153 9.4987 

0.3185 9.5031 

0.3217 9.5075 

3.2371 0.5102 

3.2041 0.5057 

3.1716 0.5013 

3.1397 0.4969 

3.1084 0.4925 

50 
40 
30 
20 
10 

0.3090 9.4900 

Nat. Log. 

0.9511 9.9782 0.3249 9.5118 

Nat. Log. 

3.077 0.4882 

Nat. Log. 

Cosine Cotangent Tangent 

72°00! 

317 
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A.29 TRIGONOMETRIC FUNCTIONS 

18°00! 

Cosine ‘Tangent 

On 

Cotangent 

0.3090 9.4900 

Nat. Log. 

0.9511 9.9782 

Nat. Log. 

0.3249 9.5118 3.0777 0.4882 

18-27°, 63-72° 

72°00! 

10 0.3118 9.4939 

0.3145 9.4977 

0.3173 9.5015 

0.3201 9,5052 

0.3228 9.5090 

(0.9502 9.9778 

0),9492 9.9774 

0.9483 9.9770, 

0.9474 9.9765 

0.9465 9.9761 

0.3281 9.5161 

0.3314 9.5203 

0.3346 9.5245 

0.3378 9.5287 

0.3411 9.5329 

3.0475 0.4839 

3.0178 0.4797 

2.9887 0.4755 

2.9600 0.4713 

2.9319 0.4671 

50 

40 

30 

20 

10 

0.3256 9.5126 0.9455 9.9757 0.3443 9.5370, 0.4630 

0.3283 9.5163 

0.3311 9.5199 

0.3338 9.5235 

0.3365 9.5270 

0.3393 9.5306 

0.9446 9.9752 

0.9436 9.9748 

0.9426 9.9743 

0.9417 9.9739 

0.9407 9.9734 

0.3476 9.5411 

0.3508 9.5451 

0.3541 9.5491 

0.3574 9.5531 

0.3607 9.5571 

0.4589 
0.4549 
0.4509 
0.4469 
0.4429 

50 

30 
20 

10 

20°00! 0.3420 9.5341 0.9397 9.9730, 0.3640 0.4389 70°00’ 

10 

20 

30 

40 

50 

0.3448 9.5375 

0.3475 9.5409 

0.3502 9.5443 

0.3529 915477 

0.3557 9.5510 

0.9387 9:9725 

0.9377 9.9721 

0.9367 9.9716 

0.9356 9.9711 

0.9346 9.9706 

0.3673 

0.3706 

0.3739 

0.3772 

0.3805 9.5804 

0.4350 

0.4311 

0.4273 

0.4234 

0.4196 

50 
40 
30 

20 
10 

21°00’ 0.3584 9.5543 0.9336 9.9702 0.3839 9.5842 0.4158 69°00' 

10 

20 

30 

40, 

50 

0.3611 9.5576 

0.3638 9.5609 

0.3665 9.5641 

0.3692 9.5673 

0.3719 9.5704 

0.9325 9.9697 

0.9315 9.9692 

0.9304 9.9687 

0.9293 9.9682 

0.9283 9.9677 

0.3872 9.5879 

0.3906 9.5917 

0.3939 

0.3973 

0.4006 

0.4121 
0.4083 

0.4046 
0.4009 

0.3972 

50 

40 

30 

20 

10 

0.3746 9.5736 0.9272 9.9672 0.4040 68°00' 

50 

0.3773 9.5767 

0.3800 9.5798 

0.3827 9.5828 

0.3854 9.5859 

0.3881 9.5889 

0.9261 9.9667 

0.9250 9.9661 

0.9239 9.9656 

0.9228 9.9651 

0.9216 9.9646 

0.4074 9.6100 

0.4108 9.6136 

0.4142 9.6172 

0.4176 9.6208 

0.4210 9.6243 

2.4342 

2.4142 

50 

40 

30 

20 

23°00! 

————— 

0.3907 9.5819 0.9205 9.9640 0.4245 

10 

20 

30 

40 

50 

0.3934 9.5948 

0.3961 9.5978 

0.3987 9.6007 

0.4014 9.6036 

0.4041 9.6065 

0.9194 9.9635 

0.9182 9.9629 

0.9171 9.9624 

0.9159 9.9618 

0.9147 9.9613 

0.4279 

0.4314 

0.4348 9.6383 

0.4383 9.6417 

0.4417 9.6452 

24°00' 0.4067 9.6093 0.9135 9.9607 0.4452 9.6486 

10 

20 

30 

40 

50 

0.4094 9.6121 

0.4120 9.6149 

0.4147 9.6177 

0.4173 9.6205 

0.4200 9.6232 

0.9124 9.9602 

0.9112 9.9596 

0.9100 9.9590, 

0.9088 9.9584 

0,9075 9.9579 

aS. 

0.4487 9.6520 

0.4522 : 3 

0.4557 9 7 

0.4592 9.6620 

0.4628 9.6654 

2.2986 
2.9113 
2.1943 
2.1775 

2.1609 

25°00! 0),4226 9.6259 0.9063 9.9573 0.4663 9.6687 2.1445 65°00! 

10 

20 

0),4253 9.6286 

0.4279 9.6313 

0.4305 

0.4331 

0.4358 

0.9051 9,9567 

0.9088 9.9561 
0.9026 9.9555 

0.9013 9.9549 

0.9001 9.9548 

0.4699 9.6720 

0.4734 9.6752 

0.4770 9.6785 

0.4806 9.6817 

0.4841 9.6850 

2.1283 

2.1123 

2.0965 f 

2.0809 0.3183 

2.0655 0.3150 

50 

40 

30 

20 

10 

26°00! 0.4384 9.6418 0.8988 9.9537 0.4877 9.6882 2.0503 0.3118 64°00' 

10 0.4410 9.6444 

0.4436 9.6470 

(0.4462 9.6495 

0.4488 9.6521 

0.4514 9.6546 

0.8975 9.9530 

0.8962 9.9524 

0.8949 9.9518 

0.8936 9.9512 
0.8923 9.9505 

0.4918 9.6914 

0.4950 9.6946 

0.4986 9.6977 
0.5022 9.7009 

0.5059 9.7040 | 

2.0353 0.3086 

2.0204 0.3054 

2.0057 0.3023 

1.9912 0.2991 

1.9708 0.2960 

50 

40 

30 

20 
10 

27°00' 0.4540 9.6570 

Log 

Cosine 

O.8910 9.9499 0.5095 9.7072 

Log. 

1.9626 0.2928 

Nat. Log. 

Cotangent Tangent 

63°00! 



Cosine 

A.30 TRIGONOMETRIC FUNCTIONS 

Tangent 

a = 27-36°, 54-63° 

Cotangent 

27°00' 0.4540 9.6570 

Nat. Log. 

0.8910 9.9499 

Nat. Log. 

0.5095 9.7072 

Nat. Log. 

1.9626 0.2928 63°00! 

a 

0.4566 

0.4592 

0.4617 

0.4643 

0.4669 

9.6595 

320 

9.6644 

9.6668 

9.6692 

0.8897 9.9492 
0.8884 9.9486 
0.8870 9.9479 

0.8857 9.9473 
0.8843 9.9466 

0.5132 9.7103 

0.5169 9.7134 

0.5206 9.7165 

0.5243 9.7196 

0.5280 9.7226 

1.9486 0.2897 

1.9347 0.2866 

1.9210 0.2835 

1.9074 0.2804 

1.8940 0.2774 

' 
50 

40 

30 

20 

10 

0.4695 9.6716 0.8829 9.9459 
ere 

0.5317 9.7257 0.2748 
Ie 

62°00' 

40 

50 

——} 

0.4720 

0.4746 

0.4772 

0.4797 
0.4823 

9.6740 

9.6763 

9.6787 

9.6810 

9.6833 

0.8816 9.9453, 

0.8802 9.9446 

0.8788 9.9439 

0.8774 9.9432 

0.8760 9.9425 

0.5354 9.7287 

0.5392 9.7317 

0.5430 9.7348 

0.5467 9.7378 

0.5505 9.7408 

0.2713 

0.2683 

0.2652 

0.2622 

0.2592 

50 

40 

30 

20 

10 

29°00' 0.4848 9.6856 0.8746 9.9418 9.7438 0.2562 61°00" 

10 
20 

30 
40 
50 

0.4874 

0.4899 

0.4924 

0.4950 

0.4975 

9.6878 

9.6901 

6923 
9.6946 

9.6968 

0.8732 9.9411 

0.8718 9.9404 

0.8704 9.9397 

0.8689 9.9390 

0.8675 

0.5581 9.7467 

0.5619 9.7497 

0.5658 9.7526 

0.5696 9.7556 

7585 

0.2533 

0.2503 

0.2474 

0.2444 

0.2415 

50 

40, 

30 

20 

10 

30°00' 0.5000 9.6990 0.8660 9.7614 0.2386 60°00° 

10 
20 

30 

0.5025 

0.5075 

0.5100 

0.5125 

9.7012 

9.7033 
9.7055 

9.7076 

9.7097 

0.8646 

0.8631 

0.8616 

0.8601 

0.8587 9.9338 

0.5812 9.7644 
0.5851 9.7673 

0.5890 9.7701 

9.7730 

9.7759 

0.2356 

1.7090 0.2327 

1.6977 0.2299 

1.6864 0.2270 

1.6753 (0).224] 

50 

40 

30 

20 

10 

31°00" 9.7118 0,8572 9.9331 0.6009 9.7788 1.6643 0.2212 59°00! 

10 

20 

9.7139 

9.7160 

9.7181 

7201 
9.7229 

0.8557 9.9323 

0.8542 9.9315 

0.8526 9.9308 

0.8511 

0.8496 

0.6048 9.7816 

0.6088 9.7845 

0.6128 9.7873 

0.6168 9.7902 

0.6208 9.7930 

1.6534 0.2184 

1.6426 0.2155 

1.6319 0.2127 

1.6212 0.2098 

1.6107 0.2070 

9.7242 0.8480 0.6249 9.7958 6003 0.2042 

50 

0.5373 

0.5398 

0.5422 

9.7262 0.8465 9.9276 

0.8450 9.9268 

0.8434 9.9260 

0.8418 9.9252 

0.8403 9.9244 

0.6289 9.7986 

6330 9.8014 

0.6371 9.8042 

0.6412 9.8070 

0.6453 9.8097 

5900 0.2014 
5798 0.1986 

5697 0.1958 

5597 0.1930 

5497 0.1903 
20 

10 

33°00" 0.5446 0.8387 9.9236 0.6494 9.8125 5399 0.1875 57°00! 

10 

20 

0.5471 

0.5495 

0.5519 

0.8371 9.9228 

0.8355 9.9219 

0.8339 9.9211 

0.8323 9.9203 

0.6536 9.8153 

0.6577 9.8180 

0.6619 9.8208 

0.6661 9.8235 

0.8307 9.9194 0.6703 9.8263 

34°00 0.8290 9.9186 

5301 0.1847 

5204 0.1820 

5108 0.1792 

5013 0.1765 

AQI9 0.1737 

50 

40 

30 

20 

10 

0.6745 9.8290 A826 0.1710 56°00! 

10 

30 

0.5616 

0.5640 

0.5664 

0.5688 

0.5712 

0.8274 

0.8258 9.9169 

0.8241 9.9160 

0.8225 9.9151 

0.8208 9.9142 

0.6787 9.8317 

0.6830 9.8344 

0.6873 9.8371 

0.6916 9.8398 

0.6959 9.8425 

A733 0.1683 

1.4641 0.1656 

1.4550 0.1629 

1.4460 0.1602 

1.4370 0.1575 

50 

40 

30 

20 

10 

0.8192 9.9134 0.7002 9.8452 1.4281 0.1548 55°00! 

0.5760 

0.5783 

0.5807 

0.5831 

0.5854 

0.8175 9.9125 

0.8158 9.9116 

0.8141 9.9107 

0.8124 9.9098 

0.8107 9.9089 

0.7046 9.8479 

0.7089 9.8506 

0.7133 9.8533 

0.7177 9.8559 

0.7221 9.8586 

1.4193 0.1521 

1.4106 0.1494 

1.4019 0.1467 

1.3934 0.1441 

1.3848 0.1414 

50 

40 

30 

20 

10 

36°00! 0.5878 

Nat. 

0.8090, 9.9080 0.7265 9.8613 

Nat. Log. 

1.3764 1.1387 

Nat. Log. 

Cosine Cotangent Tangent 

54°00! 

ov) 
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A.31 TRIGONOMETRIC FUNCTIONS 

36°00! 

Cosine Tangent Cotangent 

0.5878 

Nat. Log. 

0.8090 9.9080 

Nat. Log. 

0.7265 9.8613 

Nat. Log. 

1.3764 071387 54°00! 

10 

20 

30 

40 

50 

0.5901 

0.5925 

0).5948 

0.5972 

0.5995 

().8073 9.9070, 

0.8056 9.9061 

().8039 9.9052 

0.8021 9.9042 

0.8004 9.9033 

0.7310 9.8639 

0.7355 9.8666 

0.7400 9.8692 

0.7445 9.8718 

0.7490 9.8745 

1.3680 0.1361 

1.3597 0.1334 

1.3514 0.1308 

1.3432 0.1282 

1.3351 0.1255 

50 

40 

30 

20 

10 

37°00! 0.6018 0.7986, 9.9023 0.7536 9.8771 1.3270 0.1229 53°00’ 

10 

20 

0.6041 9.7811 

0.6065 9.7828 

0.6088 9.7844 

0.6111 9.7861 

0.6134 9.7877 

0.7969 9.9014 

0.7951 9.9004 

0.7934 9.8995 

0.7916 9.8985 

0.7898 9.8975, 

0.7581 9.8797 

0.7627 9.8824 

0.7673 9.8850 

0.7720 9.8876 

0.7766 9.8902 

= . 

1.3190 0.1203 

1.3111 0.1176 

1.3032 0.1150 

162054 0.1124 

1.2876 0.1098 

50 

40 

30 

20 

10 

0.6157 9.7893 0.7880 9.8965 0.7813 9.8928 1.2790 0.1072 52°00! 

0.6180 9.7910 

0.6202 9.7926 

0.6225 9.7941 

0.6248 9.7957 

0.6271 9.7973 

— 

0.7862 9.8955 

0.7844 9.8945 

0.7826 9.8935 

0.7808 9.8925 

0.7790 9.8915 

0.7860, 9.8954 

0.7907 9.8980 

0.7954 9.9006 

0.8002 9.9032 

0.8050 9.9058 

1.2723 0.1046 

1.2647 0.1020 

1.2572 0.0994 

1.2497 0.0968 

1.2423 0.0942 

50 

40 

30 

20 

10 

39°00! 0.6293 9.7989 0.7771 9.8905 0.8098 9.9084 0.0916 51°00" 

10 

20 

30 

40 

50 

0.6316 9.8004 

0.6338 9.8020 

0.6361 9.8035 

0.6383 9.8050 

0.6406 9.8066 

0.7753 9.8895 

0.7735 9.8884 

0.7716 9.8874 

0.7698 9.8864 

0.7679 9.8853 

0.8146 9.9110 

0.8195 9.9135 

0.8243 9.9161 

0.8292 9.9187 

0.8342 9.9212 

0.0890 

0.0865 

0.0839 

1.2059 0.0812 

1.1988 0.0788 

50 

40 

30 

20 

10 

40°00! 0.6428 9.8081 

= 

0.7660 9.8843 0.8391 9.9238 -1918 0.0762 

10 

20 

30 

40 

50 

0.6450 9.8096 

0.6472 9.8111 

0.6494 9.8125 

0.6517 9.8140 

0.6539 9.8155 

——, 

0.7642 9.8832 

0.7623 9.8821 
0.7604 9.8810 

0.7585 9.8800 

0.7566 9.8789 

0.8441 9.9264 

0.8491 9.9289 

0.8541 9.9315 

0.8591 9.9341 

0.8642 9.9366 

1847 0.0736 

-1778 0.0711 

-1708 0.0685 

1640 0.0659 

1571 0.0634 

41°00! 0.6561 9.8169 0.7547 oars | 0.8693 1504 0.0608 

10 

20 

30 

40 

50 

0.6583 9.8184 

0.6604 9.8198 

0.6626 9.8213 

0.6648 9.8227 

0.6670 9.8241 

0.7528 9.8767 

0.7509 9.8756 

0.7490 9.8745 

0.7470. 9.8733 

0.7451 9.8722 
ah 

0.8744 

0.8796 9.9443 

0.8847 9.9468 

0.8899 9.9494 

0.8952 9.9519 

1436 0.0583 

1369 0.0557 

1303 0.0532 

-1237 0.0506 

171 0.0481 

50 
40 
30 

20 

10 

42°00! 0.6691 9.8255 0.7431 9.8711 0.9004 9.9544 -1106 0.0456 48°00' 

10 

20 

30 

40 

50 

0.6713 9.8269 

0.6734 9.8283 

0.6756 9.8297 

0.6777 9.8311 

0.6799 9.8324 

0.7412 9.8699 

0,7392 9.8688 

0.7373 9.8676 

0.7353 9.8665 
0.7333 9.8653 

0.9057 9.9570 

0.9110 

0.9163 9.9621 

0.9217 9.9646 

0.9271 9.9671 

1.1041 0.0430 

1.0977 0.0405 

1.0913 0.0379 

1.0850 0.0354 

1.0786 0.0329 

20 

10 

43°00! 0.6820 9.8338 0.7314 9.8641 0.9325 9.9697 1.0724 0.0303 47°00! 

10 

20 

30 

40 

50 

0.6841 

0.6862 9.8365 

0.6884 9.8378 

0.6905 9.8391 

0.6926 9.8405 

0.7294 9.8629 

0.7274 9.8618 

0.7254 9.8606 
0.7234 9.8594 
0,7214 9.8582 

0.9380 9.9722 

0.9435 9.9747 

0.9490 9.9772 
0.9545 9.9798 

0.9601 9.9823 

1.0661 0.0278 

1.0599 0.0253 

1.0538 0.0228 

1.0477 0.0202 

1.0416 0.0177 

50 

40 

30 

44°00! 0.6947 9.8418 0.7193 9.8569 0.9657. 9.9848 1.0355 0.0152 46°00! 

10 

20 

30 

AO 

50 

0.6967 9.8431 

0.6988 9.8444 

0.7009 9.8457 

0.7030 9.8469 

0.7050, 9.8482 

0.7112 

0.7092 9.8507 

0.9718 9.9874 
0.9770 9.9899 

0.9827 9.9924 

0.9884 9.9949 

0.9942 9.9975 

1.0295 0.0126 

1.0235 0.0101 
1.0176 0.0076 

1.0117 0.0051 

1.0058 0.0025 

50 

40 

30 

20 
10 

45°00! 0.7071 9.8495 9.8495 1.0000 0.0000 

Nat. Log. 

1.0000 0.0000 

Nat. Log. 

Cosine Cotangent Tangent 

45°00! 



A.32 ELEMENTARY FUNCTIONS* 

0.01 
0.02 
0.03 
0.04 
0.05 

0.06 
0.07 
0.08 
0.09 
0.10 

0.16 
ely 
0.18 
0.19 
0.20 

0.26 
0.27 
0.28 
0.29 
0.30 

*For applications of Tables A.32 to A.38 see Sec. 12.08. 

0.01000 

0.02000 

0.03000 
0.03999 

0.04998 

0.99995 

0.99980 

0.99920 
0.99875 

0.05996 

0.06994 

0.07991 

0.08988 
0.09983 

0.10978 
0.11971 
0.12963 

0.13954 
0.14944 

0.15932 
0.16918 
0.17903 

0.18886 

0.19867 

0.20846 
0.21823 

0.22798 
0.23770 
0.24740 

0.25708 
0.26673 
0.27636 
0.28595 
0.29552 

0.30506 
0.31457 

0.32404 
0.33349 

0.34290 

0.35227 
0.36162 
0.37092 
0.38019 
0.38942 

0.39861 
0.40776 
0.41687 
0.42594 
0.43497 

0.44395 
0.45289 
0.46178 
0.47063 
0.47943 

0.99820 

0.99755 

0.99680 

0.99500 

0.99396 
0.99281] 

0.99156 
0.99022 
0.98877 

0.98384 

0.98200 

0.98007 

0.97803 
0.97590 

0.97367 
0.97134 
0.96891 

0.96639 
0.96377 
0.96 106 
0.95824 
0.95534 

0.95233 
0.94924 
0.94604 
0.94275 

0.93937 

0.93590 
0.93233 
0.92866 
0.92491 

0.92106 

0.91712 
0.91309 
0.90897 
0.90475 
0.90045 

0.89605 
0.89157 
0.88699 
0.88233 
0.87758 

0.01000 

0.02000 

0.03001 

0.04002 

0.05004 

0.06007 

0.07011 

0.08017 

0.09024 

0.10033 

0.11045 
0.12058 

0.13074 

0.14092 
0.15114 

0.16138 
0.17166 

0.18197 
0.19232 

0.20271 

0.21314 
0.22362 

(0.23414 
0.24472 
0.25534 

(0).26602 
0.27676 
0).28755 
0.29841 
0.30934 

0.32033 
0.33139 

0.34252 
0.35374 

0.36503 

0.37640 
0.38786 
0.39941 
0.41105 
0.42279 

0.43463 
0.44657 
0.45862 
0.47078 
0.48306 

0.49545 
0.50797 
0.52061 
0.53339 
0.54630 

1.01005 

1.02020 

1.03045 

1.04081 

1.05127 

1.06184 

1.07251 
1.08329 

1.09417 
1.10517 

1.23368 
1.24608 
1.25860 
1.27125 
1.28403 

1.29693 
1.30996 
1.32313 
1.33643 
1.34986 

1.36343 
1.37713 
1.39097 
1.40495 
1.41907 

1.43333 
1.44773 
1.46228 
1.47698 
1.49182 

1.50682 
1.52196 
1.53726 
1.55271 
1.56831 

1.58407 
159999 
1.61607 
1.63232 
1.64872 

0.99005 
0.98020 

0.97045 

0.96079 
0.95123 

0.94176 
0.93239 

0.92312 

0.91393 

0.90484 

0.89583 
0.88692 

0.87810 
0.86936 

0.86071 

0.85214 
0.84366 
0.83527 
0.82696 
0.81873 

0.81058 
0.80252 

0.79453 
0.78663 
0.77880 

0.77105 
0.76338 
0.75578 
0.74826 
0.74082 

0.73345 
0.72615 
0.71892 
0.71177 
0.70469 

0.69768 
0.69073 
0.68386 
0.67706 
0.67032 

0.66365 
0.65705 
0.65051 
(0.64404 
0.63763 

0.63128 
0.62500 
0.61878 
0.61263 
0.60653 

sinh x 

0.01000 

0.02000 

0.03000 

0.04001 

0.05002 

0.06004 

0.07006 

0.08009 

0.09012 
0.10017 

0.11022 
0.12029 

0.13037 
0.14046 
0.15056 

0.16068 
0.17082 
0.18097 
0.19115 
0.20134 

0.21155 
0.22178 
0.23203 
0.24231 
0.25261 

(0.26294 
0.27329 
0.28367 
0.29408 
0.30452 

0.31499 
0.32549 
0.33602 
0.34659 
0.35719 

0.36783 
0.37850 
0.38921 
0.39996 
0.41075 

0.42158 
0.43246 
0.44337 
0.45434 

0.46534 

0.47640 
0.48750 

().49865 
0.50984 

0.52110 

«= 0.01 — 0.50 

cosh x 

1.00005 
1.00020 

1.00045 

1.00080 

1.00125 

1.00180 
1.00245 
1.00320 

1.00405 
1.00500, 

1.00606 
1.00721 
1.00846 
1.00982 
1.01127 

1.01283 
1.01448 
1.01624 
1.01810 
1.02007 

1.02213 
1.02430 
1.02657 
1.02894 
1.03141 

1.03399 
1.03667 
1.03946 
1.04235 
1.04534 

1.04844 
1.05164 
1.05495 
1.05836 
1.06188 

1.06550 
1.06923 
1.07307 
1.07702 
1.08107 

1.08523 
1.08950 
1.09388 
1.09837 

1.10297 

1.10768 
1.11250 
1.11743 
1.12247 
1.12763 

0.01000 

0.02000 

0).02999 

0.03998 
0.04996 

0.05993 
0.06989 
0.07983 

0.08976 
0.09967 

0.10956 
0.11943 

0.12927 
0.13909 
0.14889 

0.15865 
0.16838 
0.17808 
0.18775 
0.19738 

0.20697 
0.21652 
0.22603 
0.23550 
0.24492 

0.25430 
0.26362 
0.27291 
0.28213 
0.29131 

0.30044 
0.30951 
0.31852 
0.32748 
0.33638 

0.34521 
0.35399 
0.36271 
0.37136 
0.37995 

0.38847 
0.39693 
0.40532 
0.41364 
0.42190 

0.43008 
0.43820 
0.44624 
0.45422 

0.46212 
321 



A.33 ELEMENTARY FUNCTIONS Veer ioe! 

0.48818 | 0.87274 | 0.55936 1.66529 | 0.60050 | 0.53240 1.13289 0.46995 

0.49688 | 0.86782 0.57256 1.68203 0.59452 0.54375 1.13827 0.47770 

0.50553 | 0.86281 0.58592 1.69893 0.58860 | 0.55516 1.14377 0.48538 

0.51414 0.85771 0.59943 1.71601 0.58275 0.56663 1.14938 0.49299 

0.52269 | 0.85252 | 0.61311 1.73325 0.57695 0.57815 1.15510 0.50052 

0.53119 | 0.84726 | 0.62695 1.75067 | 0.57121 0.58973 | 1.16094 0.50798 

0.53963 0.84190 | 0.64097 1.76827 0.56553 0.60137 1.16690 0.51536 

0.54802 (0.83646 | 0.65517 1.78604 0.55990 | 0.61307 LV 7297 0.52267 

0.55636 | 0.83094 0.66956 1.80399 | 0.55433 0.62483 1.17916 0.52990 

0.56464 eee | 0.68414 1.82212 | 0.54881 0.63665 1.18547 0.53705 
1 

0.57287 0.81965 | 0.69892 1.84043 0.54335 0.64854 tices | 0.54413 

0.58104 | 0.81388 | 0.71391 1.85893 0.53794 0.66049 1.19844 0.55113 

0.58914 | 0.80803 0.72911 1.87761 0.53259 | 0.67251 1.20510 0.55805 

0.59720 | 0.80210 | 0.74454 1.89648 0.52729 | 0.68459 1.21189 0.56490 

0.60519 | 0.79608 | 0.76020 1.91554 | 0.52205 0.69675 1.21879 | 0.57167 

0.61312 | 0.78999 | 0.77610 1.93479 | 0.51685 0.70897 1.22582 0.57836 

0.62099 | 0.78382 | 0.79225 1.95424 | 0.51171 0.72126 1.23297 0.58498 

0.62879 | 0.77757 0.80866 1.97388 | 0.50662 0.73363 1.24025 0.59152 

0.63654 | 0.77125 | 0.82534 1.99372 0.50158 0.74607 1.24765 0.59798 

0.64422 | 0.76484 | 0.84229 | 2.01375 | 0.49659 | 0.75858 12557 0.60437 

0.65183 | 0.75836 | 0.85953 2.03399 | 0.49164 0.77117 1.26282 0.61068 

0.65938 | 0.75181 0.87707 2.05443 0.48675 0.78384 1.27059 0.61691 
0.66687 0.74517 0.89492 2.07508 | 0.48191 0.79659 1.27849 | 0.62307 
0.67429 | 0.73847 | 0.91309 | 2.09594 | 0.47711 0.80941 1.28652 0.62915 
0.68164 | 0.73169 | 0.93160 | 2.11700 | 0.47237 0.82232 1.29468 0.63515 

0.68892 | 0.72484 | 0.95045 2.13828 | 0.46767 0.83530 1.30297 0.64108 
0.69614 | 0.71791 0.96967 2.15977 0.46301 0.84838 1.31139 0.64693 
0.70328 | 0.71091 0.98926 2.18147 0.45841 0.86153 1.31994 0.65271 
0.71035 | 0.70385 1.00925 2.20340 | 0.45384 0.87478 1.32862 0.65841 
0.71736 | 0.69671 1.02964 | 2.22554 | 0.44933 0.88811 1.33743 0.66404 

0.72429 | 0.68950 1.05046 | 2.24791 0.44486 0.90152 3462 0.66959 
0.73115 | 0.68222 1.07171 2.27050 | 0.44043 0.91503 She 0.67507 
0.73793 0.67488 1.09343 O32 0.43605 0.92863 .36 0.68048 
0.74464 (0.66746 1.11563 | 2.31637 0.43171 0.94233 Ek 0.68581 
0.75128 | 0.65998 1.13833 2.33965 | 0.42741 0.95612 38352 0.69107 

0.75784 0.65244 1.16156 2.36316 0.42316 0.97000 1.39316 0.69626 
0.76433 0.64483 1.18532 2.38691 0.41895 0.98398 1.40293 0.70137 
0.77074 0.63715 1.20966 2.41090 0.41478 0.99806 1.41284 0.70642 
0.77707 0.62941 1.23460 2.43513 0.41066 1.01224 1.42289 0.71139 
0.78333 0.62161 1.26016 2.45960 0.40657 1.02652 1.43309 0.71630 

0.91 0.78950 | 0.61375 1.28637 2.48432 0.40252 1.04090 1.44342 0.72113 
(0.92 0.79560 | 0.60582 1.31326 2.50929 | 0.39852 1.05539 1.45390 0.72590 
0.93 0.80162 | 0.59783 1.34087 Poo sol 0.39455 1.06998 1.46453 0.73059 
0.94 0.80756 | 0.58979 1.36923 2.55998 0.39063 1.08468 1.47530 0.73522 
O95 0.81342 0.58168 1.39838 2.58571 0.38674 1.09948 1.48623 0.73978 

0.81919 | 0.57352 1.42836 2.61170 | 0.38289 1.11440 1.49729 0.74428 
0.82489 | 0.56530 1.45920 | 2.63794 0.37908 1.12943 1.50851 0.74870 

0.83050 | 0.55702 1.49096 | 2.66446 0.37531 1.14457 1.51988 0.75307 
0.83603 | 0.54869 1.52368 2.69123 0.37158 1.15983 1.53141 0.75736 

322 0.84147 0.54030 1.55741 2.71828 0.36788 1.17520 1.54308 0.76159 



A.34 ELEMENTARY FUNCTIONS x= 1.01 — 1.50 

x é val 3 
at sinx cos x tan x er ex sinh x cosh x tanh x a ra deg 

0.84683 0.53186 1.59221 2.74560 0.36422 1.19069 1.55491 0.76576 

0.85211 0.52337 1.62813 2.77319 0.36059 1.20630 1.56689 ().76987 

0.85730 0.51482 1.66524 2.80107 0.35701 1.22203 1.57904 0.77391 

0.86240 0.50622 1.70361 2.82922 0.35345 1.23788 1.59134 0.77789 

0.86742 0.49757 1.74332 2.85765 0.34994 1.25386 1.60379 (0.78181 

0.87236 0.48887 1.78442 2.88637 0.34646 1.26996 1.61641 0.78566 
0.87720 | 0.48012 1.82703 2.91538 0.34301 1.28619 1.62919 | 0.78946 
0.88196 0.47133 1.87122 2.94468 | 0.33960 1.30254 1.64214 | 0.79320 
0.88663 0.46249 1.91709 2.97427 0.33622 1.31903 1.65525 | 0.79688 
0.89121 0.45360 1.96476 3.00417 0.33287 1.33565 1.66852 | 0.80050 

0.89570 0.44466 2.01434 3.03436 | 0.32956 1.35240 1.68196 | 0.80406 
0.90010 | 0.43568 2.06596 3.06485 | 0.32628 1.36929 1.69557 | 0.80757 
0.90441 0.42666 21975 3.09566 0.32303 1.38631 1.70934 | 0.81102 
0.90863 0.41759 2.17588 3.12677 0.31982 1.40347 1.72329 | 0.81441 
0.91276 0.40849 2.23450 3.15819 | 0.31664 1.42078 1.73741 0.81775 

0.91680 | 0.39934 2.29580 | 3.18993 | 0.31349 1.43822 NNe7pay e/a 0.82104 
0.92075 | 0.39015 2.35998 322199) 510°31037 1.45581 1.76618 | 0.82427 
0.92461 0.38092 2.42727 3:25437 | 0.30728 1.47355 1.78083 | 0.82745 
0.92837 | 0.37166 2.49790 | 3.28708 | 0.30422 1.49143 1.79565 | 0.83058 
0.93204 | 0.36236 2i21D He 3920125) 20:30119 1.50946 1.81066 | 0.83365 

0.93562 
0.93910 
0.94249 
0.94578 
0.94898 

0.95209 
0.95510 
0.95802 
0.96084 
0.96356 

0.96618 
0.96872 
0.97115 
0.97348 

0.97572 

0.97786 
0.97991 
0.98185 
0.98370 
0.98545 

0.98710 
0.98865 
0.99010 
0.99146 
0.99271 

0.99387 
0.99492 
0.99588 
0.99674 
0.99749 

0.35302 
0.34365 

0.33424 
0.32480 
0.31532 

0.30582 
0.29628 
0).28672 
0.27712 
0.26750 

0.25785 
0.24818 
0.23848 
0.22875 

0.21901 

0.20924 
0.19945 
0.18964 
0.17981 
0.16997 

0.16010 
0.15023 
0.14033 
0.13042 
0.12050 

0.11057 
0.10063 
0.09067 
0.08071 
0.07074 

2.65032 
2afa21D 
2.81982 
Pe IIIOS 
3.00957 

SB L1327 
3.22363 
3.54135 
3.46721 
3.60210 

3.74708 
3.90335 
4.07231 
4.25562 
4.45522 

4.67344 
4.91306 
5.17744 
5.47069 
5.79788 

6.16536 
6.58112 
7.05546 
7.60183 
8.23809 

8.98861 
9.88737 
10.98338 
12.34986 
14.10142 

3.35348 
3.38719 
3.42123 
3.45561 
3.49034 

3.52542 
3.56085 
3.59664 

3.63279 
3.66930 

3.70617 
3.74342 
3.78104 
3.81904 
3.85743 

3.89619 
3.93535 
3.97490 
4.01485 
4.05520 

4.09596 
4.13712 
4.17870 
4.22070 
4.26311 

4.30596 
4.34924 
4.39295 
4.43710 
4.48169 

0.29820 
0.29523 
0.29229 
0.28938 
0.28650 

0.28365 
0.28083 
0.27804 

0.27527 
0.27253 

0.26982 
0.26714 
0.26448 
0.26185 

0.25924 

1.60192 

1.62088 

1.69838 

1.79909 

1.52764 1.82584 
1.54598 1.84121 
1.56447 1.85676 
1.58311 1.87250 

1.88842 

1.90454 
1.64001 1.92084 
1.65930 1.93734 

1.67876 1.95403 
1.97091 

1.71818 1.98800 
1.73814 | 2.00528 
1.75828 | 2.02276 
1.77860 | 2.04044 

2.05833 

0.25666 1.81977 | 2.07643 
0.25411 1.84062 | 2.09473 
0.25158 1.86166 | 2.11324 
0.24908 1.88289 | 2.13196 
0.24660 

0.24414 
0.24171 
0.23931 
0.23693 
0.23457 

0.23224 
0.22993 
0.22764 

0.22537 
0.22313 

1.90430, 

2.03686 
2.05965 
2.08265 

2.12928 
2.10586 

2.15090 

eyes) 2.17005 
1.94770 | 2.18942 

1.96970 | 2.20900 
1.99188 | 2.22881 
2.01427 | 2.24884 

2.26910 
2.28958 
2.31029 
Paap) Weep 
Peo Deal 

0.83668 
0.83965 
0.84258 
0.84546 
0.84828 

0.85106 
0.85380 
0.85648 
0.85913 
0.86172 

0.86428 
0.86678 
0.86925 
0.87167 
0.87405 

0.87639 
().87869 
0.88095 
0.88317 
0.88535 

(0.88749 
0.88960 
0.89167 
0.89370 
0.89569 

0.89765 

0.89958 
0.90147 

0.90332 
0.90515 323 



A.35 ELEMENTARY FUNCTIONS x = 1.51 — 2.00 

0.99815 0.06076 16.42809 | 4.52673 | 0.22091 | 2.15291 | 2.37382 | 0.90694 

0.99871 0.05077 19.66953 | 4.57223 | 0.21871 | 2.17676 | 2.39547 | 0.90870 
0.99917 |. 0.04079 94.49841 | 4.61818 | 0.21654 | 2.20082 | 2.41736] 0.91042 
0.99953 0.03079 39.46114 | 4.66459 | 0.21438 | 2.22510 | 2.43949] 0.91212 

0.99978 0.02079 48.07848 | 4.71147 | 0.21225 | 2.24961 | 2.46186} 0.91379 
= 

— Se OuSeovorer Ooo CON 

0.99994 0.01080 92.62050 | 4.75882 | 0.21014 | 2.27434 | 2.48448 | 0.91542 
1.00000 0.00080 | 1255.76559 | 4.80665 | 0.20805 | 2.29930 | 2.50735 | 0.91703 
0.99996 | —0.00920 |—108.64920 | 4.85496 | 0.20598 | 2.32449 | 2.53047 | 0.91860 
0.99982 | —0.01920 | —52.06697 | 4.90375 | 0.20393 | 2.34991 | 2.55384} 0.92015 
0.99957 | —0.02920 | —34.23253 | 4.95303 | 0.20190 | 2.37557 | 2.57746) 0.92167 

0.99923 | —0.03919 | —25.49474 | 5.00281 | 0.19989 | 2.40146 | 2.60135} 0.92316 
0.99879 | —0.04918 | —20.30728 | 5.05309 | 0.19790 | 2.42760 | 2.62549 | 0.92462 
0.99825 | —0.05917 | —16.87110 | 5.10387 | 0.19593 | 2.45397 | 2.64990 | 0.92606 
0.99761 | —0.06915 | —14.42702 | 5.15517 | 0.19398 | 2.48059 | 2.67457 | 0.92747 
0.99687 | —0.07912 | —12.59926 | 5.20698 | 0.19205 | 2.50746 0.92886 

0.93022 
0.93155 
0.93286 
0.93415 
0.93541 

0.99602 | —0.08909 | —11.18055 | 5.25931 | 0.19014 | 2.53459 
0.99508 | —0.09904 | —10.04718 | 5.31217 | 0.18825 | 2.56196 
0.99404 | — 0.10899 —9.12077 | 5.36556 | 0.18637 | 2.58959 
0.99290 | — 0.11892 — 8.34923 | 5.41948 | 0.18452 | 2.61748 
0.99166 | —0.12884 — 7.69660 | 5.47395 | 0.18268 | 2.64563 ho 19 ho to ho 

0.99033 | —0.13875 — 7.13726 | 5.52896 | 0.18087 | 2.67405 | 2.85491 | 0.93665 
0.98889 | —0.14865 — 6.65244 | 5.58453 | 0.17907 | 2.70273 | 2.88180 | 0.93786 
0.98735 | —0.15853 — 6.22810 | 5.64065 | 0.17728 | 2.73168 | 2.90897 | 0.93906 
0.98572 | —0.16840 | —5.85353 | 5.69734 | 0.17552 2.93643 | 0.94023 
0.98399 | —0.17825 —5.52038 | 5.75460 | 0.17377 2.96419 | 0.94138 

0.98215 | —0.18808 5.81244 | 0.17204 -8202 2.99224 | 0.94250 
0.98022 | —0.19789 4.95¢ 5.87085 | 0.17033 -8502 3.02059 | 0.94361 
0.97820 | —0.20768 — 4.71009 | 5.92986 | 0.16864 | 2. 3.04925 | 0.94470 
0.97607 | —0.21745 — 4.48866 | 5.98945 | 0.16696 -91125 | 3.07821 | 0.94576 
097385 |= 022720 — 4.28626 | 6.04965 | 0.16530 942 0.94681 

0.97153 | —0.23693 — 4.10050 | 6.11045 | 0.16365 | 2.97340 | 3.13 0.94783 
0.96911 | —0.24663 — 3.92937 | 6.17186 | 0.16203 | 3.00492 | 3.166¢ 0.94884 
0.96659 | —0.25631 — 3.77118 | 6.23389 | 0.16041 | 3.03674 | 3.19715 | 0.94983 
0.96398 | — 0.26596 — 3.62449 | 6.29654 | 0.15882 | 3.06886 | 3.2276 0.95080 
0.96128 | —0.27559 — 3.48806 | 6.35982 | 0.15724 | 3.10129 | 3.25853 | 0.95175 

0.95847 | —0.28519 — 3.36083 | 6.42374 | 0.15567 | 3.13403 | 3.286 0.95268 
P95 D0 aie 0:294:70 — 3.24187 | 6.48830 | 0.15412 | 3.16709 | 3.32192 0.95359 
0.95258 | — 0.30430 — 3.13038 | 6.55350 | 0.15259 | 3.20046 | 3.35305 | 0.95449 
0.94949 | —0.31381 — 3.02566 | 6.61937 | 0.15107 | 3.23415 | 3.38529 | 0.95537 
OP94650 |= Ud 2529 — 2.92710 | 6.68589 | 0.14957 | 3.26816 | 3.41773 | 0.95624 

0.94302 | —0.33274 — 2.83414 | 6.75309 | 0.14808 | 3.30250 | 3.45058 | 0.95709 
0.93965 | —0.34215 — 2.74630 | 6.82096 | 0.14661 | 3.33718 | 3.48378 | 0.95792 
0.93618 | —0.35153 — 2.66316 | 6.88951 | 0.14515 | 3.37218 | 3.51733 | 0.95873 
0.93262 | —0.36087 — 2.58433 | 6.95875 | 0.14370 | 3.40752 | 3.55123 | 0.95953 
0.92896 | —0.37018 — 2.50948 | 7.02869 | 0.14227 | 3.44321 | 3.58548 | 0.96032 

0.92521 — 0.37945 — 2.43828 | 7.09933 | 0.14086 | 3.47923 | 3.62009 | 0.96109 
0.92137 | —0.38868 — 2.37048 | 7.17068 | 0.13946 | 3.51561 | 3.65507 | 0.96185 
0.91744 | —0.39788 — 2.30582 | 7.24274 | 0.13807 | 3.55234 | 3.69041 | 0.96259 
0.91341 — 0.40703 — 2.24408 | 7.31553 | 0.13670 | 3.58942 | 3.79611 | 0.96331 
0.90930 | —0.41615 — 2.18504 | 7.38906 | 0.13534 | 3.62686 | 3.76220 | 0.96403 
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A.36 ELEMENTARY FUNCTIONS 

0.90509 
0.90079 

0.89641 
0.89193 

0.88736 

0.88271 
0.87796 
0.87313 

0.86821 

0.86321 

0.85812 
0.85294 

0.84768 
().84233 

0.83690 

0.83138 
0.82578 
0.82010 
0.81434 
0.80850 

0.80257 
0.79657 

0.79048 
0.78432 
0.77807 

0.77175 
0.76535 
0.75888 
0.75233 
0.74571 

0.73901 
0.73223 
0.72538 
0.78146 
0.71147 

0.70441 
0.69728 
0.69007 
0.68280 
0.67546 

0.66806 
0.66058 
0.65304 
0.64543 
0.63776 

0.63003 
0.62223 
0.61437 
0.60645 
0.59847 

— 0.42522 
— 0.43425 
—().44323 

= (045218 

— 0.46107 

— 0.46992 
— 0.47873 
— 0.48748 

— 0.49619 

— 0.50485 

—ON51345 

= 0252201 
—='0-53051 

— 0.53896 

— 0.54736 

— 0.56399 

Obi? 1 

— 0.58039 
— 0.58850 

— 0.59656 
— 0.60455 
— 0.61249 
— 0.62036 
— 0.62817 

—0,03597 
— 0.64361 
— 0.65123 
— 0.65879 
— 0.66628 

— 0.67370 
— 0.68106 
— 0.68834 

— 0.69556 
— 0.70271 

— 0.70979 
— 0.71680 
et Oat 
— 0.73060 
—Onosag 

— 0.74411 
— 0.75075 
—Onipio2 
— 0.76382 
AO Ze 

— 0.77657 
— 0.78283 
— 0.78901 
(eal 
— 0.80114 

2200S 
— 2.07437 
— 2.02242 

— 1.97252 
— 1.92456 

87841 
83396 

79111 

.74977 

70985 

Og oy 
— 1.63396 
= W-59785 
— 1.56288 

| — 1.52898 

49610 
46420 
43321 
-40310 
.37382 

94534 
31761 
.29061 
-26429 
23863 

-21359 
.18916 
-16530 
14200 
UIE RA 

— 1.09694 
1807514. 
—POba81 
— 1.03293 
— 1.01247 

299242 
— 0.97276 
0295049 
— 0.93458 
— 0.91601 

— 0.89779 

— 0.87989 
— 0.86230 
— 0.84501 
— 0.82802 

— 0.81130 
S(Ipienels 
— 0.77866 
SVMS 
— 0.74702 

.46332 

.53832 

.61409 

.69061 

.76790 

7.84597 
7.92482 
8.00447 
8.08492 
8.16617 

8.24824 
8.33114 
8.41487 
8.49944 
8.58486 

8.67114 
8.75828 
8.84631 
8.93521 
9.02501 

9.11572 
9.20733 
9.29987 
9.39333 
9.48774 

9.58309 
9.67940 
9.77668 
9.87494 
9.97418 

10.07442 
10.17567 
10.27794 
10.38124 
10.48557 

10.59095 
10.69739 
10.80490 
10.91349 
11.02318 

11.13396 
11.24586 
11.35888 
11.47304 
11.58835 

11.70481 
11.82245 
11.94126 
12.06128 
12.18249 

0.13399 

0.13266 

0.13134 

0.13003 

0.12873 

0.12745 
0.12619 
0.12493 

0.12369 

0.12246 

0.12124 
0.12003 

0.11884 

0.11765 
0.11648 

0.11533 
0.11418 
0.11304 
0.11192 
0.11080 

0.10970 
0.10861 
0.10753 
0.10646 
0.10540 

0.10435 
0.10331 

0.10228 

0.10127 
0.10026 

0.09926 

0.09827 
0.09730 

0.09633 
0.09537 

0.09442 
0.09348 
0.09255 
0.09163 
0.09072 

0.08982 
0.08892 
0.08804 
0.08716 
0.08629 

0.08543 
0.08458 
0.08374 
0.08291 
0.08208 

sinh x 

3.66466 
3.70283 

3.74138 

3.78029 

3.81958 

3.85926 
3.89932 
3.93977 
3.98061 
4.02186 

x = 2.01 — 2.50 

cosh x 

3.79865 
3.83549 

3.87271 

3.91032 

3.94832 

3.98671 
4.02550 
4.06470 
4.10430 
4.14431 

0.96473 
0.96541 

0.96609 

0.96675 
0.96740 

0.96803 
0.96865 
0.96926 
0.96986 

0.97045 

4.06350 
4.10555 
4.14801 
4.19089 
4.23419 

4.50301 
4.54936 
4.59617 
4.64344 
4.69117 

4.73937 
4.78804 
4.83720 

4.88684 
4.93696 

4.98758 
5.03870 
5.09032 

5.14245 
5.19510 

5.24827 
5.30196 
5.35618 
5.41093 
5.46623 

5.52207 
5.57847 
5.63542 
5.69294 
5.75103 

5.80969 
5.86893 
5.92876 
5.98918 
6.05020 

4.18474 
4.22558 
4.26685 
4.30855 
4.35067 

4.39323 
4.43623 
4.47967 
4.52356 
4.56791 

4.61271 
4.65797 
4.70370 
4.74989 
4.79657 

4.84372 
4.89136 
4.93948 
4.98810 
5.03722 

5.08684 
5.13697 
5.18762 
5.23878 
5.29047 

5.89512 
DEO Doo 
6.01250 
6.07209 
6.13229 

0.97103 
0.97159 
0.97215 
0.97269 
0.97323 

0.97375 
0.97426 
0.97477 
0.97526 
0.97574 

0.97622 
0.97668 
0.97714 
0.97759 
0.97803 

0.97846 
0.97888 
0.97929 
0.97970 
0.98010 

0.98049 
0.98087 
0.98124 
0.98161 
0.98197 

0.98233 
0.98267 
0.98301 
0.98335 
0.98367 

0.98400 
0.98431 
0.98462 
0.98492 
0.98522 

0.98551 
0.98579 
0.98607 
0.98635 
0.98661 

118.03 
118.60 
119.18 
119.75 
120.32 

140.95 
141.52 
142.09 
142.67 
143.24 
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A.37_ ELEMENTARY FUNCTIONS 

(0.59043 | — 0.80709 | — 0.73156 | 12.30493 | 0.08127 | 6.11183. | 6.19310 | 0.98688 

0.58233 | — 0.81295 | —0.71632 | 12.42860 | 0.08046 | 6.17407 | 6.25453 | 0.98714 

0.57417 | —0.81873 | —0.70129 | 12.55351 | 0.07966 | 6.23692 | 6.31658 | 0.98739 

0.56596 | — 0.82444 | — 0.68648 | 12.67967 | 0.07887 | 6.30040 | 6.37927 | 0.98764 

0.55768 | —0.83005 | —0.67186 | 12.80710 | 0.07808 | 6.36451 6.44259 ‘| 9.98788 

0.54936 |— 0.83559 | — 0.65745 12.93582 | 0.07730 | 6.42926 | 6.50656 | 0.98812 

6.57118 | 0.98835 0.54097 | —0.84104 | —0.64322 | 13.06582 | 0.07654 | 6.49464 

0.53253 | — 0.84641 | — 0.62917 | 13.19714 | 0.07577 | 6.56068 | 6.63646 | 0.98858 

0.52404 | —0.85169 | —0.61530 | 13.32977 | 0.07502 | 6.62738 | 6.70240 | 0.98881 

0.51550 | —0.85689 | —0.60160 ne 0.07427 | 6.69473 | 6.76901 | 0.98903 

0.50691 | —0.86200 | —0.58806 | 13.59905 | 0.07353 | 6.76276 

0.49826 | —0.86703 | —0.57468 | 13.73572 | 0.07280 | 6.83146 

0.48957 | —0.87197 | —0.56145 | 13.87377 | 0.07208 | 6.90085 

0.48082 | —0.87682 | —0.54837 | 14.01320 | 0.07136 

0.47203 | —0.88158 | —0.53544 | 14.15404 | 0.07065 

0.46319 | —0.88626 | —0.52264 | 14.29629 | 0.06995 

0.45431 | —0.89085 | —0.50997 | 14.43997 | 0.06925 

0.44537 | —0.89534 | —0.49743 | 14.58509 | 0.06856 

0.43640 | —0.89975 | —0.48502 | 14.73168 | 0.06788 

0.42738 | —0.90407 | —0.47273 | 14.87973 | 0.06721 

0.41832 | —0.90830 | —0.46055 | 15.02928 | 0.06654 | 7.48137 | 7.54791 | 0.99118 

0.40921 | —0.91244 | —0.44848 | 15.18032 | 0.06587 7.55722 7.62310 | 0.99136 

0.40007 | —0.91648 | — 0.43653 | 15.33289 | 0.06522 7.63383 7.69905 | 0.99153 

0.39088 | —0.92044 | —0.42467 | 15.48699 | 0.06457 CATANIA! 7.77578 | 0.99170 

0.38166 | —0.92430 | —0.41292 | 15.64263 | 0.06393 0.99186 

6.83629 | 0.98924 

6.90426 | 0.98946 

6.97292 | 0.98966 

7.04228 | 0.98987 

0.99007 

7.18312 | 0.99026 

7.25461 | 0.99045 

7.32683 | 0.99064 

7.39978 | 0.99083 

7.47347 | 0.99101 

0.37240 | —0.92807 | —0.40126 | 15.79984 | 0.06329 | 7.86828 | 7.93157 | 0.99202 
0.36310 | —0.93175 | —0.38970 | 15.95863 | 0.06266 | 7.94799 | 8.01065 | 0.98218 
0.35376 | —0.93533 | —0.37822 | 16.11902 | 0.06204 | 8.02849 | 8.09053 | 0.99233 
0.34439 | — 0.93883 | — 0.36683 | 16.28102 | 0.06142 | 8.10980 | 8.17122 | 0.99948 
0.33499 | — 0.94222 | —0.35553 | 16.44465 | 0.06081 | 8.19199 | 8.95973 | 0.99263 

O32 555m 094009 | 0.34431 | 16.60992 0.06020 | 8.27486 | 8.33506 | 0.99278 

0.31608 | —0.94873 | —0.33316 | 16.77685 | 0.05961 8.35862 8.41823 | 0.99292 

0.30657 | —0.95185 | —0.32208 | 16.94546 | 0.05901 8.44322 8.50224 | 0.99306 

0.29704 | —0.95486 | —0.31108 | 17.11577 | 0.05843 8.52867 8.58710 | 0.99320 

0.99333 0.28748 | —0.95779 mF Pace 0.05784 | 8.61497 8.67281 

0.27789 | —0.96061 | —0.28928 | 17.46153 | 0.05727 8.70213 8.75940 

0.26827 | —0.96334 | —0.27847 | 17.63702 | 0.05670 8.79016 8.84686 

0.25862 | —0.96598 | —0.26773 | 17.81427 | 0.05613 8.87907 8.93520 

0.24895 | —0.96852 | —0.25704 | 17.99331 | 0.05558 8.96887 9.02444 

0.23925 | —0.97096 | —0.24641 | 18.17415 | 0.05502 9.05956 9.11458 

0.99346 

0.99359 

0.99372 

0.99384 

0.99396 

0.22953 | —0.97330 | —0.23582 | 18.35680 | 0.05448 | 9.15116 | 9.20564 

0.21978 | —0.97555 | —0.22529 | 18.54129 | 0.05393 | 9.24368 | 9.29761 

0.21002 | —0.97770 | —0.21481 | 18.72763 | 0.05340 | 9.33712 9.39051 

0.20023 | —0.97975 | —0.20437 | 18.91585 | 0.05287 | 9.43149 | 9.48436 
0.19042 | —0.98170 | —0.19397 | 19.10595 | 0.05234 | 9.52681 9.57915 

0.18060 | —0.98356 | —0.18362 | 19.29797 
0.17075 | —0.98531 | —0.17330 | 19.49192 

(0.16089 | —0.98697 | —0.16301 | 19.68782 

0.15101 | —0.98853 | —0.15276 | 19.88568 

0.14112 | —0.98999 | —0.14255 | 20.08554 

0.99408 

0.99420 

0.99431 

0.99443 

0.99494 

0.05182 

0.05130 

0.05079 

0.05029 

0.04979 

9.62308 | 9.67490 

9.72031 9.77161 

9.81851 9.86930 

9.91770 | 9.96798 

10.01787 | 10.06766 

0.99464 

0.99475 

0.99485 

0.99496 

0.99505 
326 



A.38 ELEMENTARY FUNCTIONS x = 3.05 — 5.00 

tanh x 

0.09146 | — 0.99581) —0.09185 | 21.11534 | 0.04736 | 10.53399] 10.58135 | 0.99552 
0.04158 | — 0.99914} —0.04162} 22.19795 | 0.04505 | 11.07645] 11.12150] 0.99595 

— 0.00841 0.00841 | 23.33606 | 0.04285 | 11.64661 | 11.68946 | 0.99633 
— 0.05837 | — 0.99829 0.05847 | 24.53253 | 0.04076 | 12.24588 | 12.28665 | 0.99668 

— 0.10820} — 0.99413 0.10883} 25.79034 | 0.03877 | 12.87578 | 12.91456 | 0.99700 

— 0.15775 | — 0.98748 0.15975 | 27.11264 | 0.03688 | 13.53788 | 13.57476 | 0.99728 
— 0.20690 | — 0.97836 0.21148 | 28.50273 | 0.03508 | 14.23382 | 14.26891 | 0.99754 
— 0.25554 | — 0.96680 0.26432 | 29.96410 | 0.03337 | 14.96536 | 14.99874 | 0.99777 
— 0.30354 | — 0.95282 0.31857 | 31.50039 | 0.03175 | 15.73432 | 15.76607 | 0.99799 
— 0.35078 | — 0.93646 0.37459 | 33.11545 | 0.03020 | 16.54263 | 16.57282 | 0.99818 

239715 | —O:91775 0.43274 | 34.81332 | 0.02872 | 17.39230] 17.42102 | 0.99835 
— (0.44252 | — 0.89676 0.49347 | 36.59823 | 0.02732 | 18.28546 | 18.31278 | 0.99851 
— 0.48679 | — 0.87352 0.55727 | 38.47467 | 0.02599 | 19.22434} 19.25033 | 0.99865 
— 0.52984 | — 0.84810 0.62473 | 40.44730 | 0.02472 | 20.21129 | 20.23601 | 0.99878 
— 0.57156 | — 0.82056 0.69655 | 42.52108 | 0.02352 | 21.24878 | 21.27230} 0.99889 ITID D Or Oe ore or 

— 0.61186 | — 0.79097 : 44.70118 | 0.02237 | 22.33941 | 22.36178 | 0.99900 
— 0.65063 | — 0.75940 : 5| 46.99306 | 0.02128 | 23.48589 | 23.50717]} 0.99909 
— 0.68777 | — 0.72593 BS 49.40245 | 0.02024 | 24.69110] 24.71135} 0.99918 
0.72319 ).69 C 51.93537 | 0.01925 | 25.95806 | 25.97731| 0.99926 
— 0.75680 -6536 : 54.59815 | 0.01832 | 27.28992] 27.30823 | 0.99933 

a 
3 
a: 
a 
4. So ood foo) an) Tan} 

— 0.78853 | — 0.61500 : 57.39746 | 0.01742 | 28.69002 | 28.70744 | 0.99939 
— 0.81828 | — 0.57482 of 60.34029 | 0.01657 | 30.16186 | 30.17843 | 0.99945 
cl to o}< 10MM Mead oh 7-4 | 9} 63.43400 | 0.01576 | 31.70912] 31.72488 | 0.99950 
— 0.87158 | — 0.49026 : 66.68633 | 0.01500 | 33.33567 | 33.35066 | 0.99955 
— 0.89499 | — 0.44609 2. 70.10541 | 0.01426 | 35.04557 | 35.05984 | 0.99959 

— 0.91617 | — 0.40080 2.28585 | 73.69979 | 0.01357 | 36.84311] 36.85668] 0.99963 
— 0.93505 | — 0.35451 2.63760 | 77.47846 | 0.01291 | 38.73278| 38.74568| 0.99967 
— 0.95160 | — 0.30733 3.09632 | 81.45087 | 0.01228 | 40.71930] 40.73157) 0.99970 
— 0.96577 | —0.25939 3.72327 | 85.62694 | 0.01168 | 42.80763] 42.81931 | 0.99973 
— 0.97753 | — 0.21080 4.63733 | 90.01713 | 0.01111 | 45.00301] 45.01412] 0.99975 

— 0.98684 ; 6.10383 | 94.63241 | 0.01057] 47.31092] 47.32149] 0.99978 

— 0.99309 : 5 8.86017} 99.48432 | 0.01005 | 49.73713| 49.74718] 0.99980 

— 0.99805 : 16.00767 | 104.58499 | 0.00956 | 52.28771) 52.29727]| 0.99982 

— 0.99992 | — 0.01239} 80.71276| 109.94717 | 0.00910 | 54.96904} 54.97813] 0.99983 

— 0.99929 0.03760] — 26.57541 | 115.58428 | 0.00865 | 57.78782| 57.79647) 0.99985 

— 0.99616 0.08750] — 11.38487| 121.51042] 0.00823 | 60.75109} 60.75932 | 0.99986 

—=0-090b5 0.13718] —7.22093] 127.74039| 0.00783 | 63.86628] 63.87411] 0.99988 

— 0.98245 0.18651] —5.26749| 134.28978 | 0.00745 | 67.14117] 67.14861]| 0.99989 

— 0.97190 0.23538} —4.12906| 141.17496} 0.00708 | 70.58394| 70.59102| 0.99990 

— 095892 0.28366] —3.38052| 148.41316| 0.00674} 74.20321] 74.20995| 0.99991 

© 00 CO ~SISID D OF 

Sones ores OU OSS ON Sil el at atell Ecatatabata om Nuit 

*For x > 5.00 and other numerical data, refer to: 

Abramowitz, M., and I. A. Stegun: “Handbook of Mathematical Functions,’ National Bureau of Standards, 

Washington, D.C., 1964. 

Dwight, H. B.: “Mathematical Tables,” 3d ed., Dover, New York, 1961. 

Flecher, A., J. C. Miller, L. Rosenhead, and L. J. Comrie: “‘An Index of Mathematical Tables,” 2d ed., 

Addison-Wesley, Reading, Mass., 1962. 

Lebedev, A. V., and R. M. Fedorova: ‘“‘A Guide to Mathematical Tables,” Pergamon, New York, 1960. 
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A.39 AMOUNT OF 1 AT COMPOUND INTEREST* (1+ i)" 

1.01000 1.02000 1.03000 1.03500 1.04000 1.04500 1.05000 1.06000 1.07000 1.08000 

1.02010 1.04040 1.06090, 1.07123 1.08160 1.09202 1.10250 1.12360 1.14490 1.16640 

1.03030 1.06121 1.09273 1.10872 1.12486 1.14117 1.15763 1.19102 1.22504 1.25971 

1.04060 — 1.08243 1.12551 1.14752 1.16986 1.19252 1.21551 1.26248 1.31080 1.36049 

1.05101 1.10408 1.15927 1.18769 1.21665 1.24618 1.27628 1.33823 1.40255 1.46933 

1.06152 1.12516 1.19405 1.22926 1.26532 30226 1.34010 1.41852 1.50073 1.58687 

1.07214 1.14869 1.22987 1.27228 1.31593 36086 1.40710 1.50363 1.60578 1.71382 

1.08286 1.17166 1.26677 1.31681 1.36857 42210 1.47746 1.59385 1.71819 1.85093 

1.09369 1.19509 1.30477 1.36290 1.42331 48610 1.55133 1.68948 1.83846 1.99900 

1.10462 1.21899 1.34392 1.41060 1.48024 55297 1.62889 1.79085 1.96715 2.15892 

1.11567 1.24337 1.38423 1.45997 1.53945 .62285 1.71034 1.89830 -10¢ 2.33164 

1.12683 1.26824 1.42576 1.51107 1.60103 69588 1.79586 2.01220 2.25216 2.51817 

1.13809 1.29361 1.46853 1.56396 1.66507 -77220 1.88565 2.13293 40 2.71962 

1.14947 1.31948 1.51259 1.61869 1.73168 85194 1.97993 2.26090 578 293 89 

1.16097 1.34587 1.55797 1.67535 1.80094 -93528 2.39656 - S217 

02237 : 2.54035 2 3.42594 

11338 ae 2.69277 3.15882 3.70002 

20848 4066 2.85434 3.37993 3.99602 

30786 : 5 3.02560 3.61653 4.31570 

41171 : : 3.20714 -86968 4.66096 

7258 aeeles 72:79 1.60471 1.73399 1.87298 

1.18430 1.40024 1.65285 1.79468 1.94790 

1.19615 1.42822 1.70243 1.85749 2.02582 

1.20810 1.45681 1.75351 1.92250 2.10685 

1.22019 1.48595 1.80611 1.98979 2.19112 no no no no po 

nN ry no 

} 1.23239 = 1.51567 1.86029 2.05943 2.27877 2.52024 

1.24472 1.54598 1.91610 2.13151 36992 2.63365 

1.25716 1.57690 1.97359 2.20611 4647 2.75217 

1.26973 1.60844 2.03279 2.28333 5633 87601 

1.28243 1.64061 2.09378 2.36324 -665 3.00543 

3.39956 4.14056 5.03383 

3.60354 4.43040 5.43654 

3.81975 4.74053 5.87146 

4.04893 5.07237 6.34118 

4.29187 5.42743 6.84848 

oO J 

oo 2 

24 

2 o wh oO 

1.29526 1.67342 2.15659 2.44596 “ 3.14068 3. 4.54938 5.80735 7.39635 
1.30821 1.70689 2.22128 2.53157 8832 3.28201 Rise 4.82235 6.21387 7.98806 
1.32129 1.74102 2.28793 2.62017 ele 3.42970 3.92013 5.11169 BY - 8.62711 
1.33450 1.77584 2.35657 2.71188 3.11865 3.58404 4.11614 5.41839 .1142 9.31727 
1.34785 1.81136 2.42726 2.80679 3.24340 3.74532 4.32194 5.74349 é 10.06266 

1.36133 1.84759 2.50008 2.90503 B31313 3.91386 4.53804 6.08810 : 10.86767 
1.37494 1.88454 2.57508 3.00671 3.50806 4.08998 4.76494 6.45339 : 11.73708 
1.38869 1.92293 2.65234 3.11194 3.64838 4.27403 5.00319 6.84059 3253 12.67605 
1.40258 — 1.96068 2.73191 3.22086 3.79432 4.46636 5.25335 7.25103 BS 13.69013 
1.41660 — 1.99989 2.81386 3.33359 3.94609 4.66735 5.51602 7.68608 6768 14.78534 

1.43077 2.03989 2.89828 3.45027 4.10393 4.87738 5.79182 8.14725 15.96817 
1.44508 — 2.08069 2.98523 3.57103 4.26809 5.09686 6.08141 8.63609 12.29% 17.24563 
1.45953 2.1229 3.07478 3.69601 4.43881 5.32622 6.38548 9.15425 13.07927 18.62528 
1.47412 2.16475 3.16703 3.82537 4.61637 5.56590 6.70475 9.70351 13.99482 20.11530 
1.48886 2.20804 3.26204 3.95926 4.80102 5.81636 Boos 10.28572 14.97446 

50375 2.25290 3.35990 4.09783 4.99306 6.07810 7.39199 10.90286 16.02267 
51879 2.29794 3.46070 4.24126 5.19278 6.35162 7.76159 11.55703 17.14426 
53398 2.34318 3.56452 4.38970 5.40050 6.63744 8.14967 12.25045 18.34435 
54932 2.39005 3.67145 4.54334 5.61652 6.93612 8.55715 12.98548 19.62845 
56481 2.43785 3.78160 4.70236 5.84118 7.24825 8.98501 13.76461 21.00245 

58046 2.48661 3.89504 4.86694 6.07482 7.57442 9.43426 14.59049 22.47262  34.47409 
59626 2.53634 4.01189 5.03728 6.31782 7.91527 9.90597 15.46592 = 24.04571 37.23201 
61223 2.58707 4.13225 5.21359 6.57053 8.27146 10.40127 16.39387 25.7289] 40.21057 

1.62835 2.63881 4.25622 5.39606 6.83335 8.64367 10.92133 17.37750  27.52993  43.49749 1.64463 2.69159 4.38391 5.58493 7.10668 9.03264 11.46740 18.42015  29.45703 46.90161 

398 n = number of years (or periods), i = interest. For applications see Sec. 12.11-1. 



A.40 PRESENT VALUE OF 1 AT COMPOUND INTEREST* 

Dp 

© oo 

0.99010 

0.98030 

0.97059 

0.96098 

0.95147 

0.94205 

0.93272 

0.92348 

0.91434 

0.90529 

0.98039 

0.96117 

0.94232 

0.92385 

0.90573 

0.97087 

0.94260 

0.91514 

0.88849 

0.86261 

0.96618 

0.93351 

0.90194 

0.87144 

0.84197 

0.96154 

0.92456 

0.88900 

0.85480 

0.82193 

0.95694 

0.91573 

0.87630 

0.83856 

0.80245 

0.95238 

0.90703 

0.86384 

0.82270 

0.78353 

0.94340 

0.89000 

0.83962 

0.79209 

0.74726 

0.93458 

0.87344 

0.81630 

0.76290 

0.71299 

(We a) 

0.92593 

0.85734 

0.79383 

0.73503 

0.68058 

0.88797 

0.87056 

0.85349 

0.83676 

0.82035 

0.83748 

0.81300 

0.78941 

0.76642 

0.74409 

0.89632 

0.88745 

0.87866 

0.86996 

0.86135 

0.85282 

0.84438 

0.83602 

0.82774 

0.81954 

0.81143 

0.80340 

0.79544 

0.78757 

0.77977 

0.80426 

0.78849 

0.77303 

0.75789 

-74301 

-72845 

71416 

-70016 

-68643 

.67297 

0.65978 

0.64684 

0.63416 

0.62172 

0.60953 

0.77205 

0.76440 

0.75684 

0.74934 

0.74192 

0.73458 

0.72730 

0.72010 

0.71297 

0.70591 

0.59758 

0.58586 

0.57437 

0.56311 

0.55207 

0.54125 

0.53063 

0.52023 

0.51003 

0.50003 

0.72242 

0.70138 

0.68095 

0.66112 

0.64186 

0.62317 

0.60502 

0.58739 

0.57029 

0.55368 

0.53755 

0.52189 

0.50669 

0.49193 

0.47761 

0.46369 

0.45019 

0.43708 

0.42435 

0.41199 

0.39999 

0.38834 

0.37703 

0.36604 

0.35538 

0.81350 

0.78599 

0.75941 

0.73373 

0.70892 

0.68495 

0.66178 

0.63940 

0.61778 

0.59689 

0.42315 

0.79031 

0.75992 

0.73069 

0.70259 

0.67556 

0.64958 

0.62460 

0.60057 

0.57748 

0.55526 

0.76790 

0.73483 

0.70319 

0.67290 

0.64393 

0.74622 

0.71068 

0.67684 

0.64461 

0.61391 

0.70496 

0.66506 

0.62741 

0.59190 

0.55839 

0.61620 

0.58966 

0.56427 

0.53997 

0.51672 

0.53391 

0.51337 

0.49363 

0.47464 

0.45639 

0.49447 

0.47318 

0.45280 

0.43330 

0.41464 

0.58468 

0.55684 

0.53032 

0.50507 

0.48102 

0.45811 

0.43630 

0.41552 

0.39573 

0.37689 

0.52679 

0.49697 

0.46884 

0.44230 

0.41727 

0.39365 

0.37136 

0.35034 

0.33051 

0.31180 

0.43883 

0.42196 

0.40573 

0.39012 

0.37512 

0.39679 

0.37970 

0.36335 

0.34770 

0.33273 

0.35894 

0.34185 

0.32557 

0.31007 

0.29530 

0.29416 

0.27751 

0.26180 

0.24698 

0.23300 

0.66634 

0.62275 

0.58201 

0.54393 

0.50835 

0.47509 

0.44401 

0.41496 

0.38782 

0.36245 

0.33873 

0.31657 

0.29586 

0.27651 

0.25842 

0.24151 

0.22571 

0.21095 

0.19715 

0.18425 

0.63017 

0.58349 

0.54027 

0.50025 

0.46319 

0.42888 

0.39711 

0.36770 

0.34046 

0.31524 

0.29189 

0.27027 

0.25025 

0.23171 

0.21455 

0.19866 

0.18394 

0.17032 

0.15770 

0.14602 

0.40884 

0.39501 

0.38165 

0.36875 

0.35628 

0.34423 

0.33259 

0.32134 

0.31048 

0.29998 

0.69893 

0.69200 

0.68515 

0.67837 

0.67165 

0.66500 

0.65842 

0.65190 

0.64545 

0.63905 

0.63273 

0.62646 

0.62026 

0.61412 

0.60804 

number of years (periods), 1 = interest. 

0.49022 

0.48061 

0.47119 

0.46195 

0.45289 

0.44401 

0.43530 

0.42677 

0.41840 

0.41020 

0.34503 

0.33498 

0.32523 

0.31575 

0.30656 

0.29763 

0.28896 

0.28054 

0.27237 

0.26444 

0.28983 

0.28003 

0.27056 

0.26141 

0.25257 

0.36069 

0.34682 

0.33348 

0.32065 

0.30832 

0.29646 

0.28506 

0.27409 

0.26355 

0.25342 

0.24367 

0.23430 

0.22529 

0.21662 

0.20829 

0.31840 

0.30469 

0.29157 

0.27901 

0.26700 

0.25550 

0.24450 

0.23397 

0.22390 

0.21425 

0.20503 

0.19620 

0.18775 

0.17967 

0.17193 

0.28124 

0.26785 

0.25509 

0.24295 

0.23138 

(0).22036 

0.20987 

0.19987 

0.19035 

0.18129 

0.17266 

0.16444 

0.15661 

0.14915 

0.14205 

0.21981 

0.20737 

0.19563 

0.18456 

0.17411 

0.16425 

0.15496 

0.14619 

0.1379] 

0.13011 

0.12274 

0.11579 

0.10924 

0.10306 

0.09722 

0.24403 

0.23578 

0.22781 

0.22010 

0.21266 

0.20028 

0.19257 

0.18517 

0.17805 

0.17120 

0.16453 

0.15744 

0.15066 

0.14417 

0.13796 

0.13528 

0.12884 

0.12270 

0.11686 

0.11130 

0.40215 

0.39427 

0.38654 

0.37896 

0.37153 

0.25674 

0.24926 

0.24200 

0.23495 

0.22811 

0.20547 

0.19852 

0.19181 

0.18532 

0.17905 

0.16461 

0.15828 

0.15219 

0.14634 

0.14071 

0.13202 

0.12634 

0.12090, 

0.11569 

0.11071 

(). 10600 

0.10095 

0.096 14 

0.09156 

0.08720 

0.09172 

0.08653 

0.08163 

0.07701 

0.07265 

0.17220 

0.16093 

0.15040 

0.14056 

0.13137 

0.12277 

0.11474 

0.10723 

0.10022 

0.09366 

0.08753 

0.08181 

0.07646 

0.07145 

0.06678 

0.06241 

0.05833 

0.05451 

0.05095 

0.04761 

0.13520 

0.12519 

0.11591 

0.10733 

0.09938 

0.09202 

0.08520 

0.07889 

0.07305 

0.06763 

0.06262 

0.05799 

0.05369 

0.04971 

0.04603 } 

0.04262 

0.03946 

0.03654 

0.03383 

0.03133 

0.06854 

0.06466 

0.06100, 

0.05755 

0.05429 

For applications see Sec. 12.11-1. 

0.04450 

0.04159 

0.03887 

0.03632 

0.03395 

0.02901 

0.02686 

0.02487 

0.02303 

0.02132 

oag 



A.41 AMOUNT OF ANNUITY OF 1* (+i =1 

1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 

2.01000 2.02000 2.03000 2.03500 2.04000 2.04500 2.05000 2.06000 2.07000 2.08000 

3.03010 3.06040 3.09090 3.10622 3.12160 3.13702 3.15250 3.18360 3.21490 3.24640 

4.06040 4.12161 4.18363 4.21494 4.24646 4.27819 4.31012 4.37462 4.43994 4.50611 

5.10100 5.20404 5.30914 5.36247 5.41632 5.47071 5.52563 5.63709 5.75074 5.86660 
~ oo 

6.15202 6.30812 6.40841 6.55015 6.63298 6.71689 6.80191 6.97532 7.15329 7.33593 

7.21354 7.43428 7.60246 7.77941 7.89829 8.01915 8.14201 8.39384 8.65402 8.92280 

8.28567 8.58297 8.89234 9.05169 9.21423 9.38001 9.54911 9.89747  10.25980 —‘:10.63663 

9.30853 9.75463 =—-:10.15911 =: 10.36850 =: 10.58280 =~: 10.80211 11.02656 11.49132  11.97799 = 12.48756 

10.46221 10.94972 11.46388 11.73139 = 12.00611 12.2882] 12.57789 13.18079 13.81645 14.48656 

11.56683 12.16872 12.80780 13.14199 13.48635 13.84118 14.20679 14.97164 15.78360 16.64549 

12.08250 13.41208 14.19203 14.60196  15.02581 15.46403 15.91713 16.86994  17.88845  18.97713 

13.80933 14.68033 15.61779 16.11303  16.62684 17.1599] 17.71298  18.88214 20.14064  21.49530 

14.94742 15.97394  17.08632 17.67699 18.2919] 18.93211 19.59863 21.01507 22.55049 24.21492 

16.09690 17.29342 18.59891 19.29508  20.02359 20.78405 21.57856  23.27597 25.12902 27.15211 

17.25786 18.63929 20.15688  20.97103 21.82453 22.71934  23.65749 25.67253 27.88805  30.32428 

18.43044 20.01207 21.76159 22.70502 23.69751 24.74171 25.84037 28.21288  30.84022  33.75023 

19.61475 21.41231 23.41444 2440969 25.64541 26.85508  28.13238  30.90565  33.99903  37.45024 

20.81089 22.84056 25.11687 26.35718 27.67123 29.06356  30.53900  33.75999 37.37896 41.44626 

22.01900 24.29737 26.87037 28.27968 29.77808  31.37142 33.06595 36.78559  40.99549 45.76196 

23.23919 25.78332  28.67649  30.26947  31.96920  33.78314  35.71925 39.99273  44.86518  50.42902 

24.47159 27.29898  30.53678  32.32890  34.24797 36.30338  38.50521  43.39229  49.00574  55.45676 

25.71630 28.84496  32.45288  34.46041  36.61789 38.93703 41.43048  46.99583  53.43614 —_ 6089330 

26.07346 30.42186  34.42647 36.66653 39.08260 41.08920 44.50200 50.81558  58.17667  66.76476 

28.24320 32.03030 36.45926 38.94986 41.64591 44.56521  47.72710 63.24904 73.10594 

29.52563 33.67091 38.55304 41.31310 44.31174 47.57064 51.11345 9.1562 68.67647  79.95442 
30.82089 35.34432 40.70963 43.75906 47.08421 50.71132 54.66913 3.705 74.48382 — 87.35077 
32.12910 37.05121  42.93092 46.29063  49.96758  53.99333 58.40258 : 80.69769  95.33883 
33.45039 38.79223 45.21885 48.91080  52.96629  57.42303 62.39971 3.639 87.34653 103.96594 
34.78489 40.56808  47.57542 51.62268  56.08494 61.00707 66.43885 19.058 1¢ 94.46079 113.28321 

36.13274 42.37944  50.00268  54.42947 59.32834  64.75239 84.80168 102.07304 123.34587 
37.49407 44.22703 52.50276 57.33450  62.70147  68.66625 5.29885 90.88978 110.21815 134.21354 
38.86901 46.11157 55.07784 60.34121 66.20953 ~—-72.75623 0637 97.34316 118.93343 145.95062 
40.25770 48.03380 57.73018 63.45315 — 69.85791 —-77.03026 ~—-85.06696 104.18375 128.25876 158.62667 
41.66028 49.99448 60.46208 66.67401 —73.65222 ~—-81.49662 9032031 —-:111.43478 138.23688 172.31680 

43.07688 51.99437  63.27594 70.00760  77.59831 86.16397 — 95.83632 119.12087  148.91346 187.10215 
44.50765 54.03425  66.17422 73.45787 —81.70225 9.04134 101.62814 127.26812 160.33740 203.07032 
45.95272 56.11494 69.15945 —77.02889 —85.97034 —96.13820 107.70955 135.90491 172.56102 220.31595 
47.41225 58.23724 —72.23423 80.72491 —90.40915 101.46442 - 114.09502 145.05846 185.64029 238.94129 
48.88637 60.40198  75.40126  84.55028 95.0254 107.03032 120.79977  154.76197  199.63511 259.05652 

50.37524 62.61002 —78.66330 —-88.50954 ~—- 9.82654 112.84669 127.83976 165.04768 214.60957 280.78104 
51.87899 64.86222 82.02320 92.60737  104.81960 118.92479 135.93175 175.95054 230.63224  304.24352 
53.39778 67.15947 —85.48380 —-96.84863 110.01238 125.27640 142.99334 187.50758 247.77650 329.58301 
54.93176 69.50266 89.04841 101.23833  115.41288 131.91384 151.1430] 199.75803 266.12085 356.94965 
56.48107 71.89271 92.71986 105.78167 121.02939 138.84997  159.70016 212.74351 285.74931 386.50562 

58.04589 74.33056 — 96.59146 110.48403 126.87057 146.09821 168.68516 226.50812 306.75176 418.42607 
59.62634 76.81718 100.39650 115.35097 132.94539 153.67203  178.11949 241.09861 329.22439 452.90015 
61.22261 79.33352 104.40840 120.38826 139.26321 161.58790 188.02539 256.56453  353.27009 490.13216 
62.83483 81.94059 108.54065 125.60185 145.83373 169.85936 198.42666 272.95840 378.99900 530.34274 
64.46318 84.57940 112.79687 130.99791 152.66708 178.50303 209.34800 290.33590 406.52893 573.77016 

330 *n = number of years (periods), i = interest. For applications see Sec. 12.11-2. 



A.42 PRESENT VALUE OF ANNUITY OF 1* 1-(1+i) 

0.99010 0.98039 0.97087 0.96618 0.96154 0.95694 0.95238 0.94340 0.93458 0.92593 
1.97040 1.94156 1.91347 1.89969 1.88609 1.87267 1.85941 1.83339 1.80802 1.78326 
2.94099 2.88388 2.82861 2.80164 2.77509 2.74896 2.72325 2.67301 2.62432 2.57710 
3.90197 3.80773 3.71710 3.67308 3.62990 3.58753 3.54595 3.46511 3.38721 3.31213 

4.71346 4.57971 51505 4.45182 4.38998 4.32948 4.21236 4.10020 3.99271 

or 5.60143 5.41719 5.328 5.24214 ale 5: if 4.91732 4.76654 4.62288 
6.47199 6.23028 6.11454 6.00205 .8¢ 7863 5.58238 5.38929 5.20637 
7.32548 7.01969 6.87396 6.73274 9.59586 3. 6.20979 5.97130 5.74664 
8.16224 8611 7.60769 7.43533 -20879 : 6.80169 6.51523 6.24689 

O12 72 : fe 7.30009 7.02358 6.71008 

OID 
i 

ed 

8.98258 8.53020 8.31661 8.11090 

10.36763 9.786 9.25262 9.00155 

11.25508 tb 7D: 9.95400 9.66333 

12.13374 10.63496 = 10.30274 

13.00370 z 11.29607 =: 10.92052 

13.86505 12.84926 11.93794 = 11.51741 

co 8.52892 7.88687 7.49867 7.13896 

9.11858 8.86325 8.38384 7.94269 7.53608 

9.68285 9.39357 8.85268 8.35765 7.90378 

10.22283 9.89865 9.29498 8.74547 8.24424 

10.73955 = 10.37965 9.71225 9.10791 8.55948 

_ 

— Ow © me oro oo wa 

13.57771 12.56110 12.09412 11.65230 = 11.23401 10.83777 10.10590 9.44665 8.85137 
14.29187 13.16612 12.65132 12.16567 11.70719 = -11.27407 10.47726 9.76322 9.12164 
14.99203 13.75351 13.18968  12.65930 12.15999 11.68959 10.82760 —10.05909 9.37189 
15.67846 14.32380 13.70984 13.13394 12.59329 12.08532 11.15812 10.33560 9.60360 
16.35143 14.87749 14.21240 = 13.59033 13.00794 12.46222 11.46992 10.59401 9.81815 

17.01121 15.41502 14.69797 14.02916  13.40472 12.82115 11.76408 10.83553 ~—-:10.01680 

17.65805 15.93692 15.16712 1445112 13.78449 13.16300  —-12.04158 —-11.06124 10.20074 

18.29220 =: 16.44361 15.62041 14.85684 = 14.14777 13.48857 = 12.30338 ~=—-11.27219 ~—-10.37106 

-24339 18.91393 16.93554 16.05837 15.24696 14.49548 13.79864 12.55036 11.46933 10.52876 

22.02316 19.52346 1741315 16.48151 15.62208  14.82821 14.09394 12.78336  11.65358 —-10.67478 

20.12104  17.87684 16.89035 15.98277 15.14661 14.37519 13.00317  11.82578 10.80998 

70690 = 18.32703 =17.28536 = 16.32959_-~—s-15.45 130 14.64303 13.21053 11.98671 10.93516 

28127  ~=:18.76411 17.66702  16.66306 = 15.74287 14.89813 13.40616 12.13711 11.05168 

-84438  19.18845 18.03577 16.98371 16.02189 = 15.14107 13.59072  12.27767 11.15841 

39646 19.60044 18.39205  17.29203 16.28889 15.37245 13.76483 12.40904 = 11.25778 

SID 

oo ho ho PO NO 

© co 

o 

93770 20.00043 =: 18.73628 ~=—17.58849 =: 16.54439 ~—s-15.59281 13.92909 12.5318] 11.34980 

23.46833 20.38877 19.06887 17.87355 16.78889 15.80268  14.08404 19.64656 11.43500 

23.98856 20.76579 19.39021 18.14765 17.02286 16.00255 14.23023 12.75379 — 11.51389 

24.49859 21.13184 19.70068 1841120 17.24676 16.19290 14.36814  12.85401 11.58693 

24.99862 21.48722 20.00066 18.66461 17.46101 16.37419 14.49825 12.94767 = 11.65457 

25.48884 21.83225 20.29049 18.90828  17.66604 16.54685 14.62099 13.03521 11.71719 

25.96945 22.16724 20.57053 19.14258 17.86224 16.71129 14.73678 13.11702 11.77518 

26.44064 22.49246 20.84109 19.36786 18.04999  16.86789 14.84602 13.19347  11.82887 

26.90259 22.80822 21.10250 19.58448 18.22966  17.01704 14.94907 = 13.26493 ——-11.87858 

27.35548  23.11477 21.35507 19.79277 18.40158 17.15909 15.04630 13.33171 11.92461 

27.79949  23.41240 21.59910 19.90305 18.56611 17.29437 15.13802 13.39412 11.96723 

28.23479 23.70136 21.83488  20.18563  18.72355 17.4232] 15.22454 13.45245 12.00670 

28.66156  23.98190 22.06269 20.37079  18.87421 17.54591 15.30617 =13.50696 ~—-12.04324 

29.07996 24.25427 22.28279 20.54884 19.01838  17.66277 15.38318  13.55791 12.07707 

29.49016 24.51871 22.49545 20.72004 19.15635 17.77407 — 15.45583 13.60552 = 12.10840 

29.89231 24.77545 22.70092 20.88465 19.28837 17.88007 15.52437 13.65002 12.13741 

30.28658  25.02471 22.89944 21.04294 19.4147] 17.98102  15.58903 = 13.69161 12.16427 

30.67312 25:26671 23309124 21:19513' 1953561 18.07716  15.65003  13.73047 —-12.18914 

31.05208 25.50166 23.27656 21.34147 19.65130 18.16872 15.70757 13.76680 12.21216 

31.42361 25.72976 23.45562  21.48218 19.76201 18.25593 15.76186 13.80075  12.23348 

*n = number of years (periods), 1 = interest. For applications see Sec. 12.11-2. 331 



332 

A.43. BINOMIAL COEFFICIENTS 

QW O- 

120 

165 

22() 

286 

560 

680 

816 

1,001 

1,365 

1,820 

2,380 

5,060 

(1) = 

3,003 

1,368 

6,188 

8,568 18,564 

2/132 

n! 

Ai(n—k)! 

5,005 

8,008 

12,376 

= 

6,435 

11,440 12,870 

19,448 24,310 

31,824 

2,002 

5,005 

11,440 

24,310 

48,620 

92,378 | 969 

1,140 

: ; n 
Note: For coefficients not given above use ( ) = ( 

( 
NY, 

15 }=( 19 

Ne) — lis ) ( 

38,760 

n 

n—k 

19 

4 

125,970 

) = 3,876. 

167,960 

(*) 

ie 

- for example, 

nn 1): a By) le ) 

286 

1,001 

3,003 

8,008 

19,448 

43, ei 

184, ce 
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B.01 DECIMALS OF AN INCH WITH MILLIMETER EQUIVALENTS* 

0.015625 0.397 0.515625 13.097 
0.031250 0.794 34/64 | 0.531250 13.494 
0.046875 1.191 35/64 | 0.546875 13.89] 

2/32 /6 0.062500 1.588 36/64 | 0.562500 14.288 

(0.078195 1.984 37/64 | 0.578125 14.684 

(0.093750 9 38] 19/32 38/64 | 0.593750 15.081 

0.109375 9.778 39/64 | ().609375 15.478 

0.195000 3.175 20/32 40/64 | 0.625000 15.875 

0.140625 3.572 41/64 | 0.640625 16.272 
10/64 | 0.156250 3.969 21/32 42/64 | 0.656250 16.669 
11/64 | 0.171875 4.366 43/64 | 0.671875 17.066 
12/64 | 0.187500 22/32 44/64 | 0.687500 teal 

0.203125 opel 45/64 | 0.703125 17.859 

0.218750 5.556 23/32 46/64 | 0.718750 18.256 

0.234375 5.95: 47/64 | 0.734375 18.653 

0.250000 5.3! Z 24/32 48/64 | 0.750000 19.050 

© 

17/64 (0.265625 5.7 49/64 | 0.765625 19.447 

18/64 (0.281950 : 25/32 50/64 | 0.781250 19.844 

19/64 (0.296875 f 51/64 | 0.796875 20.241 

: ae = 
0.328125 33+ 53/64 | 0.828125 21.034 

0.343750 Mk 27/32 54/64 | 0.843750 21.431 

0.359375 9.128 55/64 | 0.859375 21.828 

is 9.52! 28/32 56/64 | 0.875000 22225 

0.390625 9.922 57/64 | 0.890625 22.622 

0.406250 10.319 29/32 58/64 | 0.906250 23.019 

0.421875 10.716 59/64 | 0.921875 23.416 

0.437500 TE be 30/32 60/64 | 0.937500 23.813 

29/64 0.453125 11.509 61/64 | 0.953125 24.209 

30/64 0.468750 11.906 31/32 62/64 | 0.968750 24.606 

31/64 ().484375 12.303 63/64 | 0.984375 25.003 

16/32 32/64 0.500000 12.700 32/32 64/64 | 1.000000 25.400 

*Conversion relations presented in this Appendix are based on standards defined by the International Bureau of 

Weights and Measures (IBWM), Sevres. France; the International Organization for Standardization (IOS), 

Geneva, Switzerland: the National Bureau of Standards (NBS), Washington, D.C.; and the National 

Aeronautics and Space Administration (NASA), Washington, D.C. For more detailed information refer to: 

IOS Report 31, Part I, SI Units.” 1956. Part I], “Units of Periodic and Related Phenomena,” 1958, Part III, 

“Units of Mechanics.” 1960, Part IV, “Units of Heat,” 1960, Part V, “Units of Electricity and Magnetism,” 

1963. 

NBS Misc. Publication 286. “Units of Weight and Measure, Definitions and Tables of Equivalents,” 1967. 

NASA Publication SP-7012, “The International System of Units, Physical Constants and Conversion Factors,” 

C. A. Mechtly. 1964. 
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B.02 SI SYSTEM—LENGTH, WAVELENGTH, AREA, VOLUME 

(1) Length 

km = kilometer, m = meter, dm = decimeter, cm = centimeter, mm = millimeter, 

jum = micrometer 

(2) Wavelength 

mm = millimeter, ~m = micrometer, nm = nanometer 

A= angstrom, pm = picometer, mA = milliangstrom 

(3) Area 

km* = square kilometer, m* = square meter, dm? = square decimeter 

cm’ = square centimeter, mm” = square millimeter, w~m> = square micrometer 

mm? 

10° 10" 
10° 10° 
1 10° 
102 1 
10-* 10-2 
10° 10-8 

(4) Volume 

For pure water at 4°C (39.2°F), | cubic decimeter = 1 liter = 1 kilogram 
hl = hectoliter, | = liter, m* = cubic meter 
dm’® = cubic decimeter, cm? = cubic centimeter, mm? = cubic millimeter 



B.03 SI SYSTEM—MASS, FORCE, UNIT WEIGHT, MOMENT 

(1) Mass 

t=ton, kg = kilogram, Dg = dekagram, g = gram, cg = centigram, mg = milligram 

(2) Force (@ = 9.806650, B = 1.019716) 

t, = ton-force, kg, = kilogram-force, g, = gram-force 

J/m = joule/meter, N = newton, dyn = dyne 

10° 
10° 1 
10° 10° 
Bx 10+ Bx10" 
Bx 10+ 6x10" 
Bx10° Bx10° 

(3) Unit Weight 

t,/m* = ton-force/cubic meter, kg,/m* = kilogram-force/cubic meter 

kg,/cm*® = kilogram-force/cubic centimeter, g,/em’ = gram-force/cubic centimeter 

cg,/cm* = centigram-force/cubic centimeter, mg,/cm* = milligram-force/cubic centimeter 

cg,/cm? mg,/cm* 

t./ 

kg,/m° 

kg,/cm* 

g,/cm°* 

cg,/cm* 

mg,/cm* 

(4) Moment (a = 9.806650, B = 1.019716) 

t,-m = ton-force X meter, kg,-m = kilogram-force x meter 

g,-cm = gram-force X centimeter, J = joule 

N-m = newton X meter, dyn-cm = dyne X centimeter 

dyn-cm 

a X 10"° 

a X 10’ 

a X 10? 

10’ 

107 

1 

oe 
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B.04 SI SYSTEM—VELOCITY, ACCELERATION, 

STATIC AND INERTIAL MOMENT, PRESSURE 

(1) Velocity and Acceleration 

km = kilometer, m = meter, cm = centimeter, h = hour, min = minute, s = second 

m/min 

1.666 66710 2.777778 X 10 2.777 778 X 107! 7.716 049 x 10° 

m/min} 6.000 000 x 10-* 1 1.666 667 3.600000 - 1 2.777 778 X 10° 

3.600 000 x 10-2 6.000 000 x 107" 1 1.296 000 x 10? 3.600 000 x 10 1 

(2) Static and Inertial Moment of Area 

= meter’, dm? = decimeter’, cm® = centimeter’ 

m* = meter‘, dm* = decimeter*, cm* = centimeter* 
5 

(3) Static and inertial Moment of Volume 

m®° = meter’, dm® = decimeter’, cm® = centimeter” 

(4) Static and Inertial Moment of Mass 

t'm = ton X meter, kg-m = kilogram X meter, kg-cm = kilogram X centimeter 

t-m? = ton X meter’, kg-m? = kilogram X meter®, kg:cm® = kilogram X centimeter* 

t'm* 

kg-m* 

kg-cm* 

(5) Pressure (a = 9.806650, B = 1.019 716) 

+ “al _ - r 2 ae M — / + t,/m* = ton-force/square meter, kg,/m* = kilogram-force/square meter, at = technical atmosphere 
2 == ar , y ~ . M4 sii; N/m?* = newton/square meter, dyn/cm dyne/square centimeter, mb = millibar 

t,/m? 10m 

kg, /m* 10° 
at | 

N/m? B x10 5 

dyn/cm* B x10 

mb B x 103 



B.05 Si SYSTEM—ENERGY, WORK, POWER, TEMPERATURE 

(1) Energy, Work 

J = joule, m-kg, = meter X kilogram-force, kWh = kilowatt X hour 

hp-h = horsepower X hour, kcal = kilocalorie 

1 1.019 716 x 107! : Sod Oor <0 saa 21309 200r< 10m 

9.806 650 1 7 35/03 742% 10s 22343 005 X10 

3.600 000 x 10° 3.670 977 X 10° 1.359635 107" 8.601 119 x 10? 

2.647 768 X 10° 2.698 542 x 10° 7.354 913 x 10 1 6.326 048 x 10° 

4.186 501 x 10° 4.268 576 X 10? 1.162 639 x 10> 1.580 766 x 10~° 1 

(2) Power 

W = watt, m-kg,/s = meter X kilogram-force per second 

kW = kilowatt, hp = horsepower, kcal/h = kilocalorie per hour 

keal/h 

1 1.019 716 x 10° Oe 1.359635 107% 8.601119 107! 

9.806 650 1 9.806650 10" 1.333347 10° 8.448 181 

10° 1.019 716 x 10? 1 1.359 635 8.601 119 x 10? 

7.354 915 x 10? 7.500 000 x 10 Ted OO19 Lop Ome 1 6.326 050 x 10? 

1.162 629 1.185 552 x 107! 1.162629 10° 1.580 752 x 10° 1 

(3) Temperature 

°C = | degree Celsius, °K = 1 degree Kelvin, °F = 1 degree Fahrenheit 

°R=1 degree Rankine, “Re = 1 degree Réaumur 

Absolute zero 

temperature BEM) = 28:08 

Normal freezing 

point of water 0 0 

Normal boiling 

point of water 80 
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B.06 FPS SYSTEM—LENGTH, AREA, VOLUME 

(1) Length 

mile 

rod 3.125 000 x 10 * 

yard 5.681 800 x 10 * 

foot 1.893 900 x 10 * 

inch 1.578 282 x 10°” 

(2) Area 

mile* 1 

acre 1.562 500 x 10° 

yard" 3.228 300 x 10°’ 
foot” 3.587 000 x 10° 

inch* 2.490 972 x 10°"° 

(3) Volume (dry) 

bushel 1 

foot” 8.035 354 x 10! 
peck 2.500 000 x 10°! 

quart 3.125 000 x 10° 

pint 1.562 500 x 10 * 

(4) Volume (liquid) 

foot’ 1 

gallon 1.336 805 x 10°' 

quart 3.342 012 x 10° 

pint 1.671 006 x 10° 

gill 4.177515 X 107 

3.200 000 10° 

1 

1.818 182 x 10°' 

6.060 606 x 10° 

5.050 505 x 10 * 

6.400 000 x 10° 

1 

2.066 115 x 10° 

2.295 684 x 10° 

1.594 225 x 10°’ 

1.244 500 

] 

3.111 250 x 10°' 

3.889 062 x 10 * 

1.944 531 x 10° 

gallon 

7.480 520 

] 

2.500 000 x 10°! 

1.250 000 x 107! 

3.125 000 x 10° 

1.760 000 x 10° 

5.500 000 

] 

3.333 333 X 10’ 

2.777 778 X 10 * 

3.097 600 x 10° 

4.840 000 x 10° 

1 

ae Tea Om 

7.716 049 x 10 * 

4.000 000 

3.214 141 

l 

1.250 000 x 10°! 

6.250 000 X 10°* 

quart 

2.992 209 x 10 

4.000 000 

] 

5.000 000 x 10°! 

1.250 000 x 107° 

5.280 000 x 10° 

1.650 000 x 10 

3.000 000 

‘ 1 

8.333 333 X 102 

2.787 840 x 10’ 

4.356 000 x 10° 

9.000 000 

] 

6.944 444 x 10° 

quart 

3.200 000 X 10 

2.571 314 x 10 

8.000 000 

] 

5.000 000 x 107! 

5.984 418 x 10 

8.000 000 

2.000 000 

1 

2.500 000 X 107! 

6.336 000 X 10° 

1.980 000 x 10° 

3.600 000 x 10 

1.200 000 x 10 

1 

4.014 490 x 10° 

6.272 640 x 10° 

1.296 000 x 10° 

1.440 000 x 10° 

1 

6.400 000 x 10 

5.142 627 x 10 

1.600 000 < 10 

2.000 000 

1 

2.393 767 X 10° 

3.200 000 x 10 

8.000 000 

4.000 000 

1 



B.07 FPS SYSTEM—WEIGHT, VELOCITY, ACCELERATION, 
MOMENT, ENERGY, POWER 

(1) Weight (avoirdupois) 

ton-force 

pound-force 

ounce-force 

dram-force 

grain-force 

ton-force 

l 
5.000 000 x 10 * 

3.125 000 x 10° 

1.953 125 x 10™ 

7.142 857 x 10° 

pound-force 

2.000 000 x 10° 

1 

6.250 000 x 10 °° 

3.906 250 x 10° 

1.428 571 x 10* 

(2) Velocity and Acceleration 

mile/hour 

knot 

foot/minute 

foot/second 

inch/second 

knot foot/second 

8.684 000 x 10°' 

l 

9.868 234 x 10° 

5.920 940 x 10°! 

4.934 117 10> 8.333 333 x 10 ~ 

1.466 667 

1.689 929 

1.666 667 < 10 * 

1 

ounce-force 

3.200 000 x 10" 

1.600 000 x 10 

l 

6.250 000 x 10° * 

2.285 714 x 10° 

mile/hour® 

mile/minute” 

foot/minute” 

foot/second” 

inch/second* 

dram-force 

5.120 000 x 10° 

2.560 000 < 10° 

1.600 000 x 10 

il 

3.657 142 x 10° 

foot/second* 

4.074 074 x 10 * 

1.466 667 

DUE TIS eS MO 

1 

oh ohele) Boe os MO 

(3) Static and Inertial Moment of Mass (kip = 1,000 pounds) 

ton-foot 

kip-foot 

kip-inch 

pound-foot 

pound-inch 

pound-foot pound-inch 

2.000 000 x 10° 

1.000 000 x 10° 

8.333 333 x 10 

1 

8.333 333 x 10> 

2.400 000 x 10° 

1.200 000 x 10* 

1.000 000 x 10° 

1.200 000 x 10 

] 

ton-foot™ 

kip-foot™ 

kip-inch” 

pound-foot® 

pound-inch* 

2.000 000 x 10° 

1.000 000 x 10° 

6.944 444 x 10 

] 

6.944 444 x 10° 

grain-force 

1.400 000 x 107 

7.000 000 x 10° 

4.375 000 10° 

2.734 375 X 10! 

] 

inch/second* 

4.888 889 x 10 * 

1.760 000 x 10 

Bee aes MOT 

1.200 000 x 10 

] 

pound-foot™ pound-inch> 

2.880 000 x 10° 

1.440 000 x 10° 

1.000.000 x 10° 

1.440 000 x 10° 

I 

(4) Energy, Work, and Power (hp = horsepower, Btu = British thermal unit) 

joule 

hp-hour 

Btu 

foot-pound- 

force 

hp-min 

Btu foot-pound-force 

9.480 500 x 10° * 

2.547 000 < 10° 

] 

1.285 347 x 10~ 

4.245 000 * 10 

7.375 600 X 107' 

1.980 000 x 10° 

7.780.000 x 10° 

1 

3.300 000 x 10° 

Btu/min 

foot-pound-f/ 

min 

foot-pound-f/ 

sec 

Btu/min 

5.688 282 x 10 * 

4.245 000 x 10 

] 

1.285 347 x 10° 

7.717 000 X 10 * 

foot-pound/min 

4.425 360 x 10 

3.300 000 * 10° 

7.780 000 X 10° 

6.000 000 x 10 
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B.08 CONVERSION FACTORS—LENGTH, AREA* 

(1) Length 

1 meter = 3.280 840 (+00) ft 

1 foot = 3.048 000 (— 01) meter 

AUMGMCOSIEY yn oa Foo CMR HEA ES MOUAOD Cece be aD Sco Neo oro eens 1.000 000 (— 10) meter 

ERROla (el aaulexUMUDNHIE® SB Ree Mietcutimerc a mikes ce Goo melee coimtar cs e1.0.85 1.495 980 (+ 11) meter 

Pqrauiaattcie eres ee et OT Bon ono paren aoe cee cee ere cont Or (— Ciiienaea 

CLE CIIMIEL Cittapeas eras ecestee ee teens ata ak anand ee *. 3.937 007 (+00) inch 

DANCIN eee Cat RRS Ree Mea Renn s oc ote ore mote ae aa eae AAG 2.540 000 (—02) meter 

| Sie ciclo) geen ROIS ee, Ree een MME At a Cee oot aiden. oer tee 6.213 711 (—01) mile (US. st.) 

laikoyantarse Lee ooo nee eon APT REE OR GSE Gara ea TOC UR be SEDER CES 3.280 839 (+03) foot 

Lt Veal ea yo fs cine oases aoe dee Ook sea neath dongs cee ee area ee 9.460 550 (+ 15) meter 

IWNEd GUS cei ererceneroum ra cate ware ara oretern ease copey ARS oo Seer Ro las 6.323 982 (+04) astronomical unit 

Tea tee ates eea et eects bscos ceeere nuke yoausyeauracey no ek eee on ys eseetisme oe 5.878 512 (4+ 12) mile (U.S. st.) 

IGGKel NSIS Ava Acenaryintege o cukeicet enon ROT N Bits Go omen cig OOO oe oe ct oacicen © EET MUN Se Ui itiavela 

jnouilen US SSwNoley NON rere Ge MES Oe Cog emer ea oe Oe CS ooo ae 1.609 344 (+ 00) kilometer 

momles (UNS Sinai) Merramemerecu yey reste vriae Ge eee eee eee ere 1.852 000 (+ 00) kilometer 

TL Tl ies ww vv acae arate esp Seen ese ca Cen 3.937 007 (— 02) inch 

PATS CAA) Ws scl startet eet honor aioir ans eve Rees ree rnias eee e OOD 40) crak Pkometer 

DUIS © (a scat ns. een ae te ear gee aU A, Ao cy 1.916 147 (+ 13) mile (U.S. st.) 

OLO Lan ln aha Mo Oy CEA ORAS Oe ee tec ace Bee te 5.029 200 (+ 00) meter 

NEMEC ce a ce eR TR a PRM tet et Pe NEL Pee 9.144 000 (— 01) meter 

(2) Area 

1 meter? = 1.076 391 (+01) foot? 

1 foot? = 9.290 304 (— 02) meter? 

PLN 8 cleat Grn cites rer ERIS CORSE err ace NIT oney MERRIE Sar uns Si naee ea cettere ered 4.356 000 (+ 04) foot? 

ENG Tere ohy BRE etOES I cito ar ttre cee eceeey ee ter ae a ae see crucial ehh Be 4.046 856 (+ 03) meter? 
VOI er SARS See Orcs oid tel Cael mee et REIS ERIS Brciee eeec. cecnensh 1.562 500 (—03) mile? 
AU Cin ccse es Sarr one n A et rok Sige Mirdln ge Rey araet oe ay Moa oc eee ae Eee 1.000 000 (+ 02) meter? 
Ze Sts ERE CAN ie a eon uA eR RA e eriira toy CRU MN Ics tits ee Meee 1.076 390 (+03) foot? 
Love ek dls, tre Ged aay teow a re 1.000 000 (— 28) meter? 
GEMCUM CTCL Ree ree mere sect eens oe nee 1.550 003 (—01) inch? 
CECI be rarer er cameis deen ct, sont Ca pore ty eee Ae 1.550 003 (+01) inch? 
circular LU cacti tage bias apa. tos «rey ocean Nine age en GMOS, Genk rampetee 
ISG V SM IeOS gon oils tO ae en ae a UI 1.000 000 (+ 04) meter? 
De ClAT Cy ere pereras restate aris yor ican ya nae ge 1.076 391 (+05) foot? 
Dey Clg cons ete Seo fabs areee ead ASRS: otha, ee 6.451 600 (— 04) meter? 
Kilometerity wadeut dc usc o  ee esadt 105 (+02) acre 
Ker Un @ CET ae wer ea i ecient atte. <2 eres cae ee ES 3.861 102 (—01) mile? 
TTC CE Ts ieee ensi ci \ahetnel Als Nie geeterchc c.deva0e vente aoe eno ce ee ee 1.550 000 (+03) inch? 
WOSIR IGS, Cuan tro Panes Ue MINAS cha MERE eee Am ati oben ee. 1.195 985 (+ 00) yard? 
mile? ( SECHOM) 4 Forse wreis+vie kd tamer ees hee olen a eee ORO ee (Ge OO) lonmerere 
VALI La, ae escoccm sarap cae abet Cog eeer AP, 1 NOV aed ey 8.361 274 (—01) meter? 

“All conversion factors are given in the scientific notation of Sec. 12. 03*—1c, where the exponent of 10 is the signed number in parentl E = = 
ee i neses. Example: 1 foot = 3.048 000 (—01) meter = 3.048 000 x 107 meter = 0.3048 
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B.09 CONVERSION FACTORS—VOLUME 

(1) Volume (dry)* 

1 meter® = 3.531 466 (+ 01) foot 

1 foot® = 2.831 685 (— 02) meter? 

PNGAE Gl Cpe amiss se Sic re iW ws bialv use Oa a Oe eee 9.989 737 (O87 meter? 
SESH AU Shs hn Bore a cr DeoZo dU / = 2)ometen® 
CEN UNTeLe Lapeer Pe a nnn, 00, lulls lene he bey orun  e 6.102 375 (— 02) inch? 
COTE eRe Pe Ps Re oe ae Sr lon ce Wl tw hg Se BS 3.624 556 (+ 00) meter® 
GTC NE ee c9 5 dior AR GEG USAGE eee 3.531 466 (— 02) foot? 
Pallont (USS) apemete te Me re te iets iF da 4) wo 4.404 883 (—03) meter? 
RUE oo caine rr 4.404 883 (+ 00) liter 
IRIS OSs oo Carsencets.c ae AAR SR phe ne nr rr 1.638 706 (—05) meter? 
HHOKSIa., psicac ch caci yeyea er ch CHR RRP grea ee eo 1.638 706 (+ 01) centimeter? 
TID CLC Tecan ne eek Ree eet re REN ee lena npc toell ue ls cae 1.000 000 (+03) liter 
SNR a eee te NO crn es CN es WM oe alee Ree he Ben 1.307 950 (+00) yard 

PECs (UIESS) emtere tore aoe en ae IPRs ed Ae? hee ns 8.809 768 (— 03) meter? 

PEN eee ae 2 tre atte eh DSW Sl eed acter ee O08 105 = 0 meter? 
Uae COR SS) eee eee eee ene tA es aan dealt Sak tN orc LO Bailes i meter® 
Nak Sree Prarie rane rere eee Ss Me Rice wa aak ahee AKG a E 645 549 (— 01) meter?® 

ALC ee eens Meee ee eee Me ers Raadses Mae Ue 2.700 000 (+01) foo® 

(2) Volume (liquid) 

1 liter = 2.641 720 (— 01) gallon (U.S.) 

1 gallon (U.S.) = 3.785 412 (+00) liter 

BOMENRGONS 6.5 3By PhS OE Le TE Te TR ree 1.233 482 (+03) meter? 

CUIDG otis’ Vel doe Go amit eal oS er ae oe Sen ev 2.365 882 (— 04) meter? 

CAT ener ae Reena ee eee eo OO OO (= 06 ameter: 

Al TAN 2) reise Eee opener Yat itty fee trict s se aoe FOO 12 (03) maeters 

Pel Warn (WSs Rone as ee ar SE oe Ole eae COS PAS ee ek REN te at 4.951 130 (— 03) yard* 

pyailboren(AUORS Sie nlseo cis © ate See ee mre ns omen Oo Gee er meaters fe 336 805 (— 01) foot? 

epi ltovai(WES4)s awe OS adnies Asoo ease Ge Pn epQueene one aa obeeeeaas eee 2.310 000 (+02) inch® 

Balloni (Bilin ee errecttereh iit seo 2 Siete. ovis Sie cheater nine era 4.546 087 (— 03) meter® 

Pal WUCS EGS a ae eo ekaeIe SOO oe or CnC Doe ene cy mer nite Race tee oeecer 1.182 941 (— 04) meter? 

ELE Cae Ree RTA TN terete EE eee ct aloha vaca See eer Ree 1.000 000 (—03) meter® 

LSC Ge Te en PS RU SED yee My BA Neh eed foot Sr Sa toed ENS Nonc wang aS 1.000 000 (+ 00) decimeter? 

KEI 2 2556 le bic. 2 Oe rece CUE tee ae ne EEN DME tonne ea rrear er eae 1.307 950 (—03) yard* 

UES Sei abtced eos Oe Oe Oe es Sea a near a ae, 2.200 000 (—01) gallon (Brit.) 

OUUTTU CD cata a cede PERCE OO OCR OBR Ren SIN CL Eee crt ee ee 2.957 353 (—05) meter? 

[OU pokindae ats SLOCBES GGG OMG Ne BOO rs OG TMD TIC teem 4.731 765 (— 04) meter® 

CULAR SRR PT pV NCEP eR 2 Bd lak oranMeTMooecbsbck choses todaldelodetes 9.463 530 (—04) meter® 

DANE LOG yp Soy. Cloe wee a le ced eee OA AATEC Oto Meine heer bregh 1.478 676 (—05) meter? 

(KER OLCXOVU oo Be Ga AAD OO BO Un 6 OS Be be one Buona Umm cr 4,928 922 (— 06) meter? 

*Meter’, decimeter’, centimeter’, yard’, foot’, and inch’ are also used as liquid measures. 
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B.10 CONVERSION 

(1) Mass 

1 pound = 4.535 924 (—01) kilogram 

carat (SI) Seay ete eee ee eRe he oS ee oem eee eee 2.000 000 (—04) kilogram 

GHEMAIENONRENINOIS no oacasonge oso sen coco pespopoooe DOoO uC 1.771 845 (— 03) kilogram 

GIRNIN((EKOW AG ooh ia pan teme me ae monn eu ede Tate Soaen at 3.887 935 (— 03) kilogram 

CHEMISE Stee Ae ecdaier ey kre oO RE en ee ee OT . 6.479 891 (—05) kilogram 

CRONOUS 6s nye ale A a. een tee RE ae a A A A Se Se 1.000 000 (—03) kilogram 

lonuiaralixechyeredan: (SIMONA) ooo coc pantaangaacscescessoeonnes 4.535 923 (+01) kilogram 

lonbbaveneerohyneiel nit (GMS). oo u can caacacoe se scuuseecccosuccc 5.080 235 (+01) kilogram 

aM oyea hin tercm) Ain ber o nits oe Sau pee a Ann See eNO ces oro 3.527 396 (+ 01) ounce (avoirdupois) 

GUINCS CHGMGMIXOIS) .o.ccccencsonnenecdouacteeneescousce 2.834 952 a ) kilogram 

OUNCE: (HOY, ian eats certs noted mae ereke eeaonceereaee eo euate 3.110 348 (—02) kilogram 

POUT (GE Oy) Nearer eee Roche cee te sete nec tacenrenven sper sya uareyan sysvey=te ae 3.732 417 (—01) kilogram 

STAG pelea EAN oe Bats hi is oc te Go ot ene 1.459 390 (+ 01) kilogram 

COME GHOTE) hse SPE CPN rer Cr Reso 9.071 847 (+02) kilogram 

RON (SGN AB) Sono eS Se Ascres w8G no Eo A teRe C Gne 5 OeReet 2.000 000 (+ 03) pound (avoirdupois) 

iteVah (or eled hae acre alenta. 4 ale oly eae RNR Seen ae a biome e oe 1.016 047 (+03) kilogram 

toni (long) Bp ane woe ssc ote ne nasty 22401000 GOS) spoundi(avemcupais) 

LOT(S Il) eee greee teeta eerie tee be wactayara fon ae ee eee ae ee 1.000 000 (+03) kilogram 

GOT (S I) eae ek cape ene Coch aaa ets gare o- 2 et ee ee 2.204 622 (+ 03) pound (avoirdupois) 

(2) Force 

I newton = 1.019 716 (—01) kilogram-force 

1 kilogram-force = 9.806 650 (+00) newton 

CTS tel ARO A NR AR Serco ortcte Mle eo hoe 1.000 000 (—05) newton 
CY IN Cte ne rena epic el tn Si Ne vee ee 1.019 716 (—06) kilogram-force 
DiI LORCE Mere Ceuta ere ee ee eee oan oa ae ee 1.000 000 (—03) kilogram-force 
BEAM -HOTCE oie cee s yes cers venvseeeceeyeevesvesc sss 2:204 629 (08) pound-force 
NOULE/INELET Mergent 1 erie ce ya een RO ee 1.019 716 (—01) kilogram-force 
jOWle/MELC Meme ete cians eye ee 2.248 089 (—01) neuarenee 
kilogram- OL CEM enter sree eon a See he a 9.806 650 (+00) newton 
kilogram-force 

FACTORS—MASS, FORCE 

1 kilogram = 2.204 622 (+00) pound 

) 
Be Seis Sry ners GOSS eee en ou Sails ese wie eee Geet (AN) ord force 

i ean acy aoe aca ee, Saas CAMP: cs Rye 4.448 299 (+03) newton 
guages cenciecre iia eae ae Ss seseee ess. 4,535 923 (+ 02) kilogram-force 

Bao eo Tiaw Cloenniotic ann pen pee aes ta we l.cla lank 2.248 089 (—01) pound-force 
) 

) 
) 

newton 

OUNCE “LOL CORR nin gata te yan tr rn erecta ne 2.780 139 (—01) newton 
ounce-force mas ietogsustencte Lemans d sfeneers wacarter see tate eh ee ee 2.834 952 (—02) kilogram-force 
POUILOTTORCE 3... cme Sacre Peete ae ee et ee 4.448 229 (+00) newton 
OU OTOTCE srr ase cna eee meen eee eet ae 4.535 924 (—01) kilogram-force 
ee REDE Shisha fara nA a eae an 1.382 550 (—01) newton 
ton- pee ee SO Ame oro ita craig oct A Se ohh ore Ses oa 9.806 650 (+03) newton 
LOM*TOU CE (SI) « darsssras\ «3 Aoatenens cet eae oes eee 2.204 622 (+03) pound-force 



B.11 CONVERSION 
MOMENT 

(1) 

(2) 

(3) 

Unit Mass 

1 gram/centimeter® = 

1 pound/inch® = 

gram/centimeter® 

kilogram/centimeter® 

kilogram/centimeter® 

kilogram/centimeter® 

kilogram, meter® 

el SCTE TELI GG) gen OUR Ah Dt ee 
kilopound/foot® (kip) 

pound/inch® 

pound/inch® 
|SXOLUT AVOUT 8 ir. dk 5 ee ae eS a ee er 

EE a a nae oy UR Ae rr 

Unit Weight ~ 

1 kilogramf/meter® = 

1 poundf/foot® = 

Vile CEs Net ele Renee CAT a eA SCE LS aor eEre or. 

chyares COTA TIA CLE Soe ie eet A ase le. S698 RM wee aie eno 

isikayscieaudal # (Seva rbaahel@si oe Weave ara aN ee eee arn Ry ee 

RUG ata CEM LARC Le ea eRe Vey Pty 1 riety eda tee 

ROO O ReaANaN Ey CeCe pee momen netees fo eee sisys sais cicercemeaweptelen os oe. 

TLE WLC NANG LC Meneame ont ae cess ay Soi. Bare gevay fists sssegs ys very dacs ossave os 

ELC WIOI SIRE LET Sey yore Vatiey 3 stay sreve ntokssenei eyes 5 sds depict ageamcss tara, soa 

POUDCE/ LACH omen Ae Ae. Se era er IN Beg 5d 

Pound ooum erie ree to Sec ee een 

[SLOWWBTKORT A670 (5k ee, a Rn ie, Iu ina Es Oe ee Corea ree eee 

pfojbntab YS BiG. wey cts oryastia Wy ToS en Ee in Sne nen Cae 

Moment~™ 

1 kilogramf-meter = 

| pound f-foot = 

Gly tle= COM pie Le terete referee yeas ete encnspsyyelevares okateet tenets arose 

GViMC=GCIMMELCL ert a aA AAD dusts chakeish ds) a\sjslse\siesls vw shueisiontt 

kalo oramniemete tan, perce Nearest 2 selina sec ons 

Kalo srammmteteiparer apa tckicn racy aii sista etvecns seta sent ater 

ME WOME CLEL Rem A Pe LCR arte Te aOd ee acd io tates ea 

ME WLOMETIG LCI pew ne It nok n res Act sical aca ote cae cost tara ae or 

Pounce Chime ematat ot wwe a A aS dace ee tag ne 

(OMMNCIINE To ebb ag oe ebb Rabe Amen Bot otuEee Ea care 

POUNCIELOO Gamera Atty Vaan ts averelc laters as tacin jeer. Mee 

OUTDO «6 00.6 ota Oi Ona GHG BO DEDO OOOO ean ae rarer 

LOMA SL) Mele Laan A eae enero Mstsycte Als saicid (ffeeauein feo ais sedans 

COME (SI) Meter eam eA Mere torrente choca inet Raa as 

*The short forms kilogramf, poundf, and tonf stand for kilogram-force, pound-force, and ton-force, 

respectively. 

FACTORS—UNIT MASS, UNIT WEIGHT, 

3.612 729 (—02) pound/inch? 

2.767 991 (+01) gram/centimeter? 

1.000 000 (+ 03) kilogram/meter? 

1.000 000 (+ 06) kilogram/meter* 

1.601 846 (+04) kilogram/meter?* 

2.767 991 (+04) kilogram/meter® 

1.728 000 (+03) pound/foot* 

1.601 846 (+01) kilogram/meter? 

5.787 037 (—04) pound/inch?® 

6.242 800 (— 02) poundf/foot? 

1.601 846 (+01) kilogramf/meter? 

1.019 716 (+00) kilogramf/meter® 

6.365 883 (—02) poundf/foot® 

1.000 000 (+06) kilogramf/meter® 

6.242 800 (+04) poundf/foot’ 
9.806 650 (+ 00) newton/meter® 

1.019 716 (—01) kilogramf/meter? 

6.365 883 (— 03) poundf/foot® 

2.767 991 (+04) kilogramf/meter® 

1.570 874 (+ 02) newton/meter*® 

1.601 846 (+ 01) kilogramf/meter? 

5.932 763 (—01) kilogramf/meter* 

7.233 016 (+00) poundf-foot 

1.382 549 (—01) kilogramf-meter 

— -O00 000 (— 07) newton-meter 

1.019 716 (—08) kilogramf-meter 

9.806 650 (+00) newton-meter 

7.233 016 (+00) poundf-foot 

1.019 716 (— 01) kilogramf-meter 

7.375 622 (—01) poundf-foot 

1.152 124 (—02) kilogramf-meter 

1.129 848 (—01) newton-meter 

1.382 549 (— 01) kilogramf-meter 

1.355 818 (+ 00) newton-meter 

9.806 650 (+ 03) newton-meter 

7.233 016 (+ 03) poundf-foot 
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B.12 CONVERSION FACTORS—VELOCITY, ACCELERATION, 

VISCOSITY 

(1) Velocity 

1 meter/second = 3.280 839 (+00) foot/second 

1 foot/second = 3.048 000 (—01) meter/second 

Centimeteniseconds eae eRe ceric: acetate ey erect aero: 3.600 000 (+01) meter/hour 

Centimeter Second aay see ean ud caescatiele cae eieeeuae neta: 3.600 000 (— 02) kilometer/hour 

Gentimeter/second eae yl ere eer nice eee a 3.987 007 (— 01) inch/second 

CENUMEelen/ SECON wre s Miee fine Seis fesse hee 3.280 839 (— 02) foot/second 

Gentimeter/ Second ary teins Peer an reais era 1.968 503 (+00) foot/minute 

Centimeter/SecomGiae erp Bae ae seccar cca ecole eae ee 1.181 102 (+ foot/hour 

LOOU/ MIU eRe PEON oe REE SUE cineca lsc eclsceecsoee eee 5.080 000 (— 03) meter/second 

FROLOWAOVOXONC men wozre-Srstre Dlat es Bd OCS DRO De Oa eae 8.466 667 (— 05) meter/second 

Inch / Secon claws Sierey CPi otern es rate chee re ee 2.540 000 (— 02) meter/second 

Kilometer homienpere ery eRe ee erie. oe Ae ee 2.777778 (— 01) meter/second 

kilonveter Nout aes vor eee eee ee Regia o eo eee 6.213 711 (—01) mile (U.S. st.)/hour 

knot(dnternational) Wana ies erence eee 1.852 000 (+ 00) kilometer/hour 

knoriniernational) yaaa anne en eee eee 1.000 000 (+00) mile (U.S. naut.)/hour 

milei(UESast.)Ouiee rea oer enone 1.609 344 (+ 00) kilometer/hour 

mule (UES snarits) /MOUmemerr.5 sk scene reer eee 1.852 000 (+ 00) kilometer/hour 

MANS (US), Ke) AMIN bbs pe deo SoocdooocoocSo ee eeboosedoc 2.682 224 (+01) meter/second 

mule (WUESust))/ second yet ee seems Oe eee ne ee 1.609 344 (+03) meter/second 

Wer Cy SECON CAR eee eruerea sate reacrttete ne rerdsretcc a ey eae eG 9.144 000 (—01) meter/second 

(2) Acceleration 

1 centimeter/second? = 3.937 007 (—01) inch/second? 

1 inch/second? = 2.540 000 (+ 00) centimeter/second2 

Cenumeter/ Second 2 arr ee  e te ete tn 3.280 839 (— 02) foot/second? 
COMMAS MINE. oe nnn gaccmewncepacdoocdemnnboheon se 9.113 414 (—06) foot/second? 
COMMAS TUNE, op peo earoucuosouesauaHaasnsoasees 1.093 613 (—05) inch/second2 
POOt/SECOMA® issu he ceetein enn eeee de levew ine aeeheore none 048 000A -a0 1 anetersecnnad? 
FOOUTIINIUTE Caan ee ge, ape ewe tree ee decry eee hyd ecw 8.466 667 (— 05) meter/second? 
INGLY TAT Ut OBA ora Mi ok Bh ne ee 7.055 556 (— 06) meter/second2 

(3) Viscosity 

1 meter?/second = 1.076 390 (+01) foot2/second 

1 foot?/second = 9.290 304 (— 02) meter2/second 

centipoise PARCEL Oo aE SACRE COTA Cay ok Ae MR PEP RPP ey eT 1.000 000 (—03) newton X second/meter? 
GENUS CO Ker eral k RR ree ee te eed 1.000 000 (—06) meter?/second 
lilo giamn/metere<secon a... 6.719 689 (—01) pound/foot X second 
pound/foot SECON MS MERE Td touts deen eee cee 1.488 164 (+00) kilogram/meter X second 
POISE Gr Miscter Seu rcie me oxide, PROS PR cee ota oe 1.000 000 (—01) newton X second/meter2 
Stoke... poe ancetcant neo SOL a ee > Gee en 1.000 000 (—04) meter?/second 

346 



B.13. CONVERSION FACTORS—STATIC AND INERTIAL MOMENT, 
PRESSURE 

(1) 

(2) 

(3) 

(4) 

(5) 

Static Moment of Volume 

1 meter* = 1.158 616 (+ 02) foot! 

1 foot* = 8.630975 (—03) meter* 

Inertial Moment of Volume 

1 meter® = 3.801 233 (+ 02) foot® 

1 foot® = 2.630 725 (— 03) meter® 

COMETMELOhS Mee ae ey eee Ree hy shi ae ek oe 9.458 689 (— 03) inch® 
THINGS, (eos edi reer te Gl eae ley oc 1.057 228 (+ 02) centimeter® 

Static Moment of Mass 

1 kilogram-meter = 7.233 017 (+00) pound-foot 

1 pound-foot = 1.382 549 (—01) kilogram-meter 

lOpRaMm=eCemimelerme rr eee meter ee te Gee 8.679 614 (—01) pound-inch 

POUnC TRG areata Cre nis oietee vier ahaa ie 1.152 125 (— 02) kilogram-meter 

Inertial Moment of Mass 

1 kilogram-meter? = 2.373 034 (+01) pound-foot? 

1] pound-foot® = 4.214 012 (—02) kilogram-meter? 

Kop raii-cenim@cten a eee rer errr e ten rec scr ia Mime ao ALT il la c.Oi)) pound-inch? 

TRU HANG EVM a Cel ak el th ea tee A Pe Ne elt Ree re 2.926 397 (+ 00) kilogram-centimeter? 

Pressure 

1 kilogramf/centimeter? = 1.422 334 (+ 01) poundf/inch? 

1 poundf/inch* = 7.030 694 (—02) kilogramf/centimeter® 

ALIDOSDM ELEM LCEI))S aee cnn eee aeeretae ey that pee ee toile wanes 1.000 000 (+04) kilogramf/meter? 

ALIMOSP MELE. (Ke CI) erseteese erty pete ore Tye eloee aay tel ears. 2.048 161 (+03) poundf/foot® 

{BE DM anh cinlres & coe COTES ROE SIT COR Te ON ea RS eee ane 1.019 716 (+04) kilogramf/meter? 

Daiee were Cee err ier Renee ane calc aak aa are irene heh 2.088 543 (+ 03) poundf/foot? 

Cenfimeten Olin e bering: (()) (Gr) een ern eaters eter tala wenn syle oo 1.359 961 (+02) kilogramf/meter” 

Centimetenoitwaten (4° Gye ete sc onel ystereio pleas osuseie sue hens 1.000 000 (+01) kilogramf/meter? 

LOehiO mercury 0) G) eee eee entrar ar aoe eOo ODN G02) lalooram/ meter 

LINGO taWeA tela (ee By Senne eae Nae anatase sch at open enotsheLeial shabeconet 2.539 929 (+ 01) kilogram/meter? 

Lol oomannit/ Cemmime ence evra het any ttkt otal i vee act +12 1.000 000 (+ 00) atmosphere (technical) 

POUNCE foot erp wets sora tee tet sas etch one toy-(eshsioamntenhae werd es 4.882 423 (+ 00) kilogramf/meter? 
TO tae (Os Gr) eee ee ee. oe Renae Mirah ear ware ee 1.359 506 (—03) kilogramf/centimeter? 
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B.14 CONVERSION FACTORS—ENERGY, WORK, POWER 

(1) Energy, Work 

(2) 

1 joule = 1.019 716 (—01) meter-kilogramf 

= 7.375 616 (—01) foot-poundf 

Lies Waeranell wiaitesonebay) , ooo doundacocuuduooooa: 1.054 800 (+0 ee 

Bituy (Biertisiigeletaan alunite al) eee ene en en iene 1.075 596 (+ 02) meter-kilogram-force 

ua (Risiehy wna) wimiesaeeoyy So soccacanuansstocuouuns: 7.779 799 (+ a foot-pound-force 

GAlOWE: (CECI Calli) aeretstcte sce seen res one ree Ne oe aie aL 4.186 501 (+00) joule 

Calorie: (Cech niall) ween. i, wont eae sous eae ee er 4.269 042 (— 01) meter-kilogram-force 

calome;(teclaaicall)jayeirae aries cerns memes eget deans aoveneten ators teens 3.087 802 (+00) foot-pound-force 

ELECIEOMPV Olt cic ope cscaye aevaiate ec gunleteseeias ti eee wastes meen ete etre 1.602 100 (— 19) joule 
OTST evs itie eos eae reed ona ap apes ss rapa Rec ncyeysi cree geuere a srele ciety ercron nes 1.000 000 (— 07) joule 

OT Serre Lee oi tec eee ot Ma) ate ohana fol Rueee tePae tere Lae A Bho RCE 1.019 716 (—08) meter-kilogram-force 

SMF fons ote RO eRME ceo eee rare ten ORT ate ee ane neh we hear ease 7.375 616 (—08) foot-pound-force 
LOO POU -LOUCE Matas cmsrae cia cee crce siecle haete OCT 1.355 818 (+ 00) joule 

fOOt-POUTIC=fOLGEMR Neer eae mele ere oe are vavarseia v ovene) Tales rer store 1.382 550 (— 01) meter-kilogram-force 

HOLSE POW l= NO UTS Gil) mere eeter Retr tarearary We Ciel ceereyersseaiensarr nee 2.700 000 (+05) meter-kilogram-force 

house power-h oun (Sl) mernsnertraeirts elke tener eee 1. 1.959 913 (+ 06) foot-pound-force 

horsepower-hour (SI)............ ee ee Rr ee RRO eet: 6.324 603 (+ 05) calorie (tech) 

KO WALE-TOUT 6c feces ene is nie 6 wevule wees a vialeirn wae @ittaralare sae ae OOO) OOO ME IOO Vai take: 

Coy PENMEIGYOTUNTS Siete wi o gotebean ee Moe oe uiectac ooo mcs ounce! 3.670 098 (+ 05) meter-kilogram-force 

Kilo Waltel OU wen arene risen lett Eero eee ne ne eee ES 2.655 222 (+ 06) foot-pound-force 

Power 

1 watt = 1.019 716 (—01) meter-kilogramf/second 

= 7.375 616 (—01) foot-poundf/second 

BU SeCONG atta ee heey ere eri on eae ee 1.054 800 (+03) watt 
BCH SE CON Clete tarraestecte cetny retirs tela rth aaa pe eee 1.075 596 (+02) meter-kilogramf/second 
BtWSe COM Ca reert sar ieee ser iiss: carn s ea ukc Pat ae ee oe 7.779 799 (+02) foot-poundf/second 
Galone No mim (techiatcal) ee nea 1.162 917 (—03) watt 
Cal OuLe Mona (CECI Call!) Sener eee 1.185 845 (— 04) meter-kilogramf/second 
Galome/houta (tecnica) ean 8.577 228 (— 04) foot-poundf/second 
MOLLE[ OWING NOME: cco noosoouar eaeagaenas oa ace aaauwanae DC Gh (— 04) watt 
HOKOH | LOMUUMEHG AMNMWMNS 5 vo woannnncunynnooesenaeeecnecasee. 2.259 697 (— 02) watt 
sROXOV-|PYODNAGNAVKAOOVGl os con paren engenoodesauauenugnesene 1.355 818 (+00) watt 
NOUSEDOWOra(S I) gare Mer tek ee cian fy tc (en aU nee ae 7.354 988 (+ 02) watt 
horsepower (SI)..... EO tite TAR ee eee ee phe bis (+ 02) foot-poundf/second 
OnSe DG Weir: (EES) Panwa es te ue ca ee 7.456 999 (+ 02) watt 
HOMAepOWe (HES Ve Gas da. cruamnlnrdes seul ian sen eee ee ee cel 5.500 000 (+ 02) foot-poundf/second 
Detse power (oil ex) lee cerrae etry wars dee ee anes ence 9.809 500 (+ 03) watt 
homsepower (holler) sii. dah ices bows, vv ain aia hee eee 7.235 111 (+03) foot-poundf/second 
KOrse power: (Glecuse) Ema. aPAGe sa) Ascca ema yume cates 7.460 000 (+02) watt 
Invariant (GAGA) 5 ooo nev ooonuneeeehos one soccace: . 5.502 210 (+ 02) foot-poundf/second 
aise Dower: (Water) Moret Seki dite o ene wee eee 7.460 430 (+02) watt 
DONSePOWEN(WALET crt muiatirateeians a6 yee eee 5.502 527 (+02) foot-poundf/second 



B.15 CONVERSION FACTORS—ELECTRICITY 

(1) Electrostatic Units 

1 coulomb = ampere-second lohm = eros 
ampere 

ara ampere-second 1 volt = —Watt 

volt ampere 

l henry = volt-second 1 weber = volt-second 
ampere 

AMIEL Cores sa Av afhe Sesto terel ss wis MiPSiciNicte Balas AR ROS A ee OS 2.997 925 (+09) statampere 
OUI D papaya eee nec NS SOR EM i ke aS | 2.997 925 (+09) statcoulomb 

SUG 4 7 ear) ea oe 15000 000 (4 00), Seats second, 
newton-meter 

WHEE oo 0 Sees Pa ee ee ke oe ee ee 8.987 554 (4+ 11) statfarad 
os a aC ea eR ea. cee Oe 1.000 000 (+ 00) joule/ampere? 
LOSI Pray sr SO eee tiny PSA A CERES CeO 1.112 650 (— 12) stathenry 
(ONE G OY, SRS Gre ree IN ene = a ee 1.000 000 (+ 00) watt/ampere? 
DUNE B58, Gre Hy Cheha ee sae Ae, en 1.112 650 (— 12) statohm 
StAlAMPELE «2... ee eee eee eens ess. 3,335 640 (— 10) amperé 
ea ie Donen 
SEAL Eeiicttl ewer rete Nae ree Py RMD ag) Oe 112650 12) farad 
Stach eniinys spew praise rey fe: cp Me ie ge es ip as 8.987 554 (+ ; ) henry 

Ue ULI te: Set ae RAE been ig ae ne ns eve 8.987 554 (+ 11) ohm 

Slit CVO Geet eee acres Se Se ey eee «Sey 0209711995 (02) volt 

Sit Wie Oe ieee eee. nee ee en ee eS ne ee DOO71095 (E()9.) weber 

M0) are let RO a SN oO cae ae ne ee 1.000 000 (+ 00) watt/ampere 

ND Ltn ene oie | eae Se et RE NR FB os aye 9999 640) (303)) Statvelt 

WIDE LSE Ai ener eicsy Hee I octet oh Fie ests ch Mlarotiandawvaneies 3.335 640 (— 03) statweber 

(2) Electromagnetic Units 

maxwell = 1.000 000 (—08) weber 

tesla = 1.000 000 (+ 00) weber/meter? 

ADA PCL eepe ies Seri iemew ry es wate fee egies 

ALIGO ULC DOI Peete, a nate ee Pee fone tee iaianr isis ichetel nes 

DURE HET bats a OAS par, 5 SRM. CHL RE OR Oe LA ett Crome ec re CL Cen racers 

ADVE MIG Vy ryt sa eas sayslst Nels steiacatstais load ft stetetsta a. oWekaeiae laces 

UENO MURINE gemeyap aby tae aoe rr eter aes Teyoncis searet-cre foe Nahciialahionalielcea vaPemsortenee 

VON {Obs che C8 UME A AS URIS ers ee to MPR See oat MEMES AYRE Ree ee 

ANIA CU CNay Pace set 2a hol ain Paden Neh oys ot 8 ePaRN A tie fae Nee lo oim eevee 6 es 

ampere LORE LE eatopenan ches soa state tecalolie rol at etele tevin e teste) eiete soreness tokau's) ote sa sate 

ZOADIRGT BOLO r Pa, ee ente OR ODIO. 5 OLE ROE CCE IO Eee 

Brite Yee Wel er ac et dip 3 CARRE Creo SEC SRM Re eee Rear ee a 

GAUSS ©. ee ee ee ee ee ee ee ee eee eens 

{BIE OLA Sho. csc.c ny App O RO OOO REO. DR AR Rar on Ce etree 

WE DELS 2. ERE Se Ee aarti Se RTO fae tee tee Ron Gita. 

1.000 000 (+01) ampere 

1.000 000 (+01) coulomb 

1.000 000 (+09) farad 

1.000 000 (—09) henry 

1.000 000 (—09) ohm 

1.000 000 (—08) volt 

1.000 000 (—01) abampere 

1.256 637 (+00) gilbert 

1.000 000 (—01) abcoulomb 

1.000 000 (—09) abfarad 

1.000 000 (—09) tesla 

1.000 000 (—04) tesla 

7.957 747 (—01) ampere turn 

1.000 000 (+ 09) abhenry 

1.000 000 (— 08) weber 

1.000 000 (+09) abohm 

1.256 637 (— 07) weber 

(Gi 1.000 000 (+ 08) maxwell 
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B.16 CONVERSION FACTORS—ANGLES, TIME 

(1) Angles 

1 degree = 7/180 radian = 100/90 grad 

1] radian = 180/77 degree = 200/7 grad . 

1 grad = 90/100 degree = 7/200 radian 

1 grad = 1.570 796 (— 02) radian 1 degree = 1.111 111 (+00) grad 
= 9.000 000 (— 01) degree = 1.745 329 2 02) radian 

= 5.400 000 (+01) minute = 6.000 000 (+01) minute 

= 3.240 000 (+03) second = 3.600 000 a 03) second 

1 radian = 6.366 200 (+ 01) grad ] minute = 1.851 851 (— ae ) grad 

= 5.729 578 (+01) degree = 2.908 882 (— 04) radian 

= 3.437 747 (+ 03) minute = 1.666 667 (— 02) degree 

= 2.062 648 (+ 05) second = 6.000 000 (+01) second 

1] second = 3.086 419 (— 04) grad 
= 4.848 137 (— 06) radian 

= 2.777778 (— 04) degree 

= 1.666 667 (— 02) minute 

(2) Time 

1 day = 24 hours = 1,440 minutes = 86,400 seconds 

1 year = 3.650 000 (+02) day 1 hour = 1.141 552 (—04) year 

= 8.760 000 (+03) hour = 4.166 667 (— 02) day 

= 5.256 000 (+05) minute = 6.000 000 (+01) minute 
= 3.153 600 (+07) second = 3.600 000 (+03) second 

1 day = 2.739 726 (— 03) year 1 minute = 1.902 587 (—07) year 
= 2.400 000 (+01) hour = 6.944 444 (— 04) d: ay 
= 1.440 000 (+03) minute = 1.666 667 (— 02) hour 
= 8.640 000 (+ 04) second = 6.000 000 (+01) second 

1 second = 3.170979 (—08) year 

= 1.157741 (—05) day 
= 2.777 778 (— 04) hour 

1.666 667 (—02) minute l| 



B.17 CONVERSION TABLES—ANGULAR MEASURES 

(1) Degrees to Radians 

0.00000 0.01745 0.03491 0.05236 0.06981 0.08727 0.10472 0.12217 0.13963 0.15708 
0.17453 0.19199 0.20944 0.22689 0.24435 0.26180 0.27925 0.29671~ 0.31416 0.33161 
0.34907 0.36652 0.38397 0.40143 0.41888 0.43633 0.45379 0.47124 0.48869 0.50615 
0.52360 0.54105 0.55851 0.57596 0.59341 0.61087 0.62832 0.64577 0.66323 0.68068 
0.69813 0.71558 0.73304 0.75049 0.76794 0.78540 0.80285 0.82030 0.83776 0.85521 
0.87266 0.89012 0.90757 0.92502 0.94248 0.95993 0.97738 0.99484 1.01229 1.02974 

1.04720 1.06465 1.08210 1.09956 1.11701 1.13446 1.15192 1.16937 1.18682 1.20428 
1.22173 1.23918 1.25664 1.27409 1.29154 1.30900 1.32645 1.34390 1.36136 1.37881 
1.39626 1.41372 1.43117 1.44862 1.46608 1.48353 1.50098 1.51844 1.53589 1.55334 
1.57080 1.58825 1.60570 1.62316 1.64061 1.65806 1.67552 1.69297 1.71042 1.72788 
1.74533 

0.00000 0.00029 0.00058 0.00087 0.00116 0.00145 0.00175 0.00204 0.00233 0.00262 

0.00291 0.00320 0.00349 0.00378 0.00407 0.00436 0.00465 0.00495 0.00524 0.00553 

0.00582 0.00611 0.00640 0.00669 0.00698 0.00727 0.00756 0.00785 0.00814 0.00844 

0.00873 0.00902 0.00931 0.00960 0.00989 0.01018 0.01047 0.01076 0.01105 0.01134 

0.01164 0.01193 0.01222 0.01251 0.01280 0.01309 0.01338 0.01367 0.01396 0.01425 

0.01454 0.01484 0.01513 0.01542 0.01571 0.01600 0.01629 0.01658 0.01687 0.01716 

(3) Seconds to Radians 

0.00000 0.00000 0.00001 0.00001 0.00002 0.00002 0.00003 0.00003 0.00004 0.00004 

0.00005 0.00005 0.00006 0.00006 0.00007 0.00007 0.00008 0.00008 0.00009 0.00009 

0.00010 0.00010 0.00011 0.00011 0.00012 0.00012 0.00013 0.00013 0.00014 0.00014 

0.00015 0.00015 0.00016 0.00016 0.00016 0.00017 9.00017 0.00018 0.00018 0.00019 

0.00019 0.00020 0.00020 0.00021 0.00021 0.00022 0.00022 0.00023 0.00023 0.00024 

0.00024 0.00025 0.00025 0.00026 0.00026 0.00027 0.00027 0.00028 0.00028 0.00029 

(4) Radians to Degrees, Minutes, Seconds 

fe 
ll 57°17'44.8" 5°43'46.5" 0°34'22.6" 0°03'26.3” 0°00'20.6" ] 

2 114°35'29.6" RBA Sra! 1°08'45.3” 0°06'52.5" 0°00'41.3" 2. 

3 171°53'14.4” 17°11'19.4" 1°43'07.9" 0°10'18.8” 0°01'01.9" 3 

4 229°10'59.2” 29°55'05.9” 2°17'30.6" 0°13'45.1" 0°01'22.5” 4 

5 286°28'44.0" 28°38'52.4" 2°51'53.2” Om ES 2 0°01'43.1" 5 

6 343°46'28.8” 3.4°22'38.9" 3°26'15.9” 0°20'37.6" 0°02'03.8" 6 

il 401°04'13.6" 40°06'25.4” 4°00'38.5" 0°24'03.9" 0°02'24.4” 7 

8 458°21'58.4” 45°50'11.8" AZZ HO ea 0°27'30.1" 0°02'45.0" 8 

9 515°39'43.3”" 51°33'58.3” 5°09'23.8” 0°30'56.4" 0°03'05.6" 9 
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B.18 CONVERSION FACTORS—TEMPERATURE, HEAT 

(1) Temperature 

C = degrees Celsius 

degrees Fahrenheit 3 I 

K = kelvins 

R = degrees Rankine 

Re = degrees Reaumur 

CASMGTO HAMRIMNETECAISES so 00 ccoo cn hoop oe coos un odode buauraoonsdecooDGotES F = °C+32 

(GS (UIGH ie al <5 Giata AEs Aer ne ieee oe Cece Cnn ata es AI BS einin othiboias K = C+ 273.15 

Gellsmistov Ram kiMe tee ec eer. ois ieccusrsscnche canal oeceee epee enol oiay eects oi Se eee ae R = 2C + 491.67 

(ESSIEN aciihoalbhen an seme ceomre eos D OOO Melo dar an eee adn denicca coon Re = 2C 

Fahrenbert tor@elsius Seer ckeccssoe ort cantons erode ehh ener ta sect et ce Ie neWt sree ae NCO ure C= (b— 32) 

FalsrenmiWeit tors el vary, ples ene. cco ete re tere ce eee See oe eon POPS AN cn N ANES o) ee PoSee K = 2(F+ 459.67) 

RahrenheititorRank ine tener. secu chons atte ter athe see serach areas ermine aietee eet iets eee R = F+ 459.67 

Bahrenheitto Rea ume cote cevsiaatcscn i teciuieiiesrac< ee ease oer eee ear ee Re = 3(F—32) 

Wel vinito Gel simusie ya ee epee eee oe sree yess oe eee CES 273515 

Kelvimito,Mahrenh €1ty mg gecpecercrone® vere ciuectt seen oo hated tee pont enods ole] eb Cr aay ern cer ora F = 3(K— 255.37) 

Ree byimitr arm mn Gece eters ec eee eal ae ae ET ne oe ee eee Re eke 

Kel vinnie ER. € ea va Tar Tage eee acento eo yr cSee A e e Re = 3(K— 273.15) 

Ramkitiest. Gel STs ete yeas eo vas ep oacass alae ncee te ce A Ey rT C = 3(R— 491.67) 
Rankin eltosbalhinen Melt ae wscts ce teeinw i ieve ctsat aon nek ce aaa ere a ae eee F = R—459.67 

RATING, TOY KCL VIE pee nccotenc tes ict te Pema Roa ee RETO Re eae K=2R 

Rankine to: Rea min eps neers, cemesy dca eh eerie, ocean eer ere eae Re = 3(R— 491.67) 

Reaumiurito: Celsius agence coat rot dcucra) Arde 2 ene Meera ee aio ete er ee CG =2Re 

Reaumurio: Ka rene type. ee seen os ae ls ety ace ete oe ee F = $Re+32 

Reais tOK Cl Viliegedcenn anaes aie eee orereye ae RISO Sa Ie Oe ee K = 7Re+ 273.15 

IR Gavin COUR aa Rate Cis s apap toes cries este severe not oT TST UEP Te cae R = {Re + 491.67 

(2) Heat 

1 calorie (thermochemical) = 4.184 000 (+00) joule 

1 Btu (thermochemical) = 1.054 350 (+03) joule 

calorie (thermochemical) 
Secret te tiara heen SE eR EIEN te RSE ete ee 4.184 000 (+00) watt 

calorie (thermochemical) joule ae PRESS ARN Sc 5 Caw dae Se ee 4.184.000 (+00) JP" © kilogram Se kilogram 

calorie (thermochemical) , watt AE ie ee (era ee ove mR oC ccR a ee 4.184 000 (+00) ee 

Btu (thermochemical) . 
BACOR i eis tin Ra carn ny aye ote ee 1.054 350 (+03) watt 

Btu (thermochemical) j ee ee ee ee Te oe 2.324 444 (+03) Joule _ 
kilogram 

Btu (thermochemical) 
watt TT ROW ime Or ULE INCI Cpe, Scr eS Acie oc 52th Sy aad 1.134 893 (+04) Mee 

Btu (thermochemical) inch watt foot! XsecondscoR | heseleh Citeca ac smeantGetotcica igen eee 5.188 732 (+02) Re Se 



INDEX 

References are to page numbers. In the designation of systems of units the 
following abbreviations are used: 

SI = International system AP = Absolute practical system 
MKS = Metric system EM = Electromagnetic system 
FPS = English system ES = Electrostatic system 

Abampere (EM unit, current), 349 Adjoint matrix, 225 

Abcoulomb (EM unit, charge), 349 Aggregation, 13 
Abfarad (EM unit, capacitance), 349 factoring, 23 

Abhenry (EM unit, inductance), 349 symbols of, 2 

Abohm (EM unit, resistance), 349 Agrand plane, 269 

Abscissa, 98 Algebra, 19 
Absolute convergence, 153 complex numbers, 36 
Absolute error, 256 integration, 175 

Absolute temperature (0°K), 339 matrices, 218 
Absolute value, 5 real numbers, 20 

Abvolt (EM unit, potential), 349 series of constant terms, 154 

Acceleration, 286 series of functions, 162 

conversion factors, 346 vectors, 236 
due to gravity, 282 Algebraic approximations, 274 
FPS units, 341 Algebraic equations, 38 
SI units, 338 Algebraic expression, 20 

Accuracy, numerical, 257 Algebraic function, 112 
Acre (FPS unit, area), 340 Algebraic laws, 20 

conversion factors, 342 Algebraic operations, 20 

Acute plane angle, 52 Alpha (a, A, Greek letter), table, back 

Addition, 3 end paper 
algebraic fractions, 28 Alternate angle, 53 
algebraic terms, 21 Alternating series, 153 
complex numbers, 36 Altitude, 50 
decimal numbers, 249 cones, 71 
hyperbolic functions, 125 cylinders, 70 

inverse trigonometrical functions, polyhedrons, 66, 67 
96 prismatoids, 68, 69 

matrices, 218 quadrilaterals, 57, 58 

rounded-off decimals, 254 triangles, 55-57 

series of constant terms, 154 Ampere (A, ST unit, AP unit, current), 

series of functions, 163 283 

trigonometric functions, 84 conversion factors, 349 

vectors, 237, 241 system table, 284, 287 
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Analytic geometry, 98 
Angles, plane, 51 

classification Olm2 

Angstrom (A, MKS unit, length), 284 

conversion factors, 336, 342 

Angular acceleration, 286 

Angular flexibility, 286 
Angular impulse, 286 
Angular measures, 52 

conversion factors, 350, 351 

DoS, D2) 77 

Angular momentum, 286 

Angular power, 286 
Angular stiffness, 286 

Angular velocity, 286 

Annuity, 279 
falDlesueos Uo 

Antiderivative, 174 

Antilogarithm, 260 
finding, 261 

Antisymmetrical matrix, 217 

Approximate computations, 254 
Approximations, 274 

algebraic, 274, 275 
area, 2/6, 2/7 
geometric, 275 

transcendental, 276 
Arc, 192 

circle, 60, 194, 275 

ellipse, 275 

parabola, 275 
Archimedes’ spiral, 118 
Are (MKS unit, area), 342 
Area (plane figure), 194 

circle, 60, 197 

composite figures, 200—202 
conversion factors, 342 
ellipse [see Ellipse (area) | 

elliptical segment, 198, 277 
FPS units, 340 

hyperbolic segment, 277 
irregular boundaries, 277 

parabolic segment, 197, 198, 277 
parts of circle, 60, 197, 199 

polygons, 59, 197 
quadrilaterals, 57, 58, 196 

SI units, 336 
triangles, 55-57, 196 

Argument (of function), 132 

Arithmetic, 2 

Arithmetic mean (average), 41 

Arithmetic proportion, 42 
Arithmetic series, 154 

Associative law: 

algebra, 21, 22 

arithmetic, 3, 4 

Index 

Associative law (Cont.): 

matrices, 218, 220 

vectors, 237-239 

Astroid, 120 
Astronomical unit (MKS unit, length), 

284, 342 = 

Asymptote, 108 
Asymptotic curves, 113, 115, 1 1G; WES), 

121 
Atmosphere (pressure), 287, 288 

conversion factors, 338, 347 

Atta- (SI prefix, A = 101%), 284 
Atto- (SI prefix, a = 107"), 284 

Axis of coordinates, 98 

Bar (b, MKS unit, pressure), 287, 347 

Barn (MKS unit, area), 342 

Barrel (FPS unit, volume), 74 

Basic units, 282 
FPS system, 284 
MKS system, 284 
SI system, 283 

Beta (8, B, Greek letter), table, back 

end paper 
Binary system, 252 
Binomial coefficient, 45 

Pascal’s triangle, 48 

table, 332 
Binomial equation, 272 
Binomial series, 159 

special cases, 160, 161 
Binomial theorem, 45 
Biquadratic equation, 44 
Bisector of triangle, 54 

algebraic formula, 54 
trigonometric formula, 92 

Board foot (FPS unit, volume), 343 

Bounded interval, 132 
Braces (symbol of aggregation), 2 
Brackets (symbol of aggregation), 2 
Briggs’s (common, decadic) logarithm, 

By Oe, 
British thermal unit (Btu, FPS unit, 

energy), 341 
conversion factors, 348 

Bushel (FPS unit, volume), 343 

Calculus, 131, 173 
Calorie (cal, MKS unit, energy), 288 

conversion factors, 341, 348 
Candela (cd, SI unit, luminous 

intensity), 283 
system tables, 284, 285 

Carat (MKS unit, mass), 344 



Cardioid, 116, 120 

Cartesian coordinates, 98 

algebraic transformation, 103 
matrix transformation, 232 

Cartesian vector, 240 

algebra, 241 
cross product, 243 
derivative, 244 

dot product, 242 
geometry, 240 
integral, 245 
triple product, 244 

Catenary, 150 
Celsius degree (°C, MKS unit, 

temperature), 284 
conversion equations, 352 

conversion factors, 339 

system table, 284 
Center of curvature, 148, 149 

catenary, 150 
ellipse, 150 
hyperbola, 150 
parabola, 150 

Centi- (SI prefix, c = 107”), 284 

Centimeter (cm, SI unit, length), 284 

conversion factors, 336, 342 

Centipoise (MKS unit, absolute 

viscosity), 346 

Centistoke (MKS unit, kinematic 

viscosity), 346 
Central angle, 61 

polygon, 59 
quadrilaterals, 57, 58 

Centroid, 54 
composite homogeneous body, 

214 

composite plane figure, 199 
homogeneous body, 207 

plane curve, 192 

plane figure, 195 
surface of revolution, 203 

Characteristic of logarithm, 259, 263 

Chi (y,X, Greek letter), table, back end 
paper 

Chord of circle, 61 

Circle: 

plane area, 60 

approximations, 276 

inertia functions, 197 

static functions, 197 

plane curve, 60 

analytic geometry, 104, 105 

approximations, 275 

inertia functions, 194 

relationships, 61 

static functions, 194 

Circular area segment, 60 

inertia functions, 199 

static functions, 199 

Circular bar, 208 

Circular cone, 71 

inertia functions, 211 

static functions, 211 

Circular line segment, 60 

approximation, 275 

inertia functions, 194 

static functions, 194 

Circular mil (FPS unit, area), 342 
Circular ring, 208 

Circular sector, 60 

approximations, 276 
inertia functions, 199 

static functions, 199 

Circumcenter of triangle, 55, 92 

Circumference of circle, 60 

Circumference of ellipse, 275 

Circumscribed circle, 55, 58, 92 
Cissoid, 115 

Closed interval, 132 

G@otactom 222 

matrix, 225 

Collinear lines, 102 

Column matrix, 216 

multiplication, 221 

Combinations, 47 

Common denominator, 8, 27 

Common factor, 23 

Common logarithm, 37 

applications, 259 

special values, tables, front end 

paper 

tables of log N, 312, 313 

trigonometric functions, 316 
Common multiple, 23 

Commutative law, 21 

algebra, 21, 22 

arithmetic, 3 
matrices, 218, 220 

vectors, 237-239 
Comparison method (equations), 40 
Comparison test (series), 153 

Complementary angles, 53 
Complex argument, 171 

exponential functions, 171 
hyperbolic functions, 172 

inverse hyperbolic functions, 172 
inverse trigonometric functions, 172 
logarithmic functions, 274 

trigonometric functions, 172 

Complex fraction, 11, 30 

Complex number, 35 

algebraic form, 35, 36 

Index 355 



Complex number (Cont.): 

cartesian form, 269 

exponential form, 269 
operations, 269-274 

polar form, 269 

special values, 272 
vector form, 269 

Complex surd, 36 

Composite plane figure, 200 
Compound fraction, 12, 30 
Compound interest, 278 

tables, 328, 329 

Concave curve, 147 

Conchoid, 116 

Concurrent lines, 50, 102 

Conditional equation, 38 

Cone, 71 
inertia functions, 211 

static functions, 211 

Congruence theorem, 62 
Conical ring, 73 
Conical shell, 204, 205 

Conjugate angles, 53 
Conjugate complex number, 36 

Conjugate complex surd, 36 
Consistent equations, 40 
Constant, 132 

scalar integration, 174 

vector integration, 245 
Constant e, 262 

approximation, table, front end 
paper 

common logarithm, 312 

series expansion, table, front end 

paper 

Constant 77, 60 

approximation, table, front end 

paper 
natural logarithm, 315 
series expansion, table, front end 

paper 

Continued fraction, 31 

Continuity of function, 135 

Convergence test, 153 
Convergent series, 153 
Convex angle, 52 

Convex curve, 147 

Coordinates: 

cartesian, 98 

polar, 98 
transformations, 103, 232 

Cord (FPS unit, volume), 343 

Cosecant trigonometric (csc), 76 
approximations (1/sine), 276 

complex argument, 171, 172 
first derivative, 137 

Index 

Cosecant trigonometric (csc) (Cont.): 

graphical representation, 78 

integral (1/sine), 182 
inverse, 94 

numerical values, 264, 267 

series representation, 167 
special values, 79 
transformation table, 83 

Cosine trigonometric (cos), 76 

approximations, 276 

complex argument, 171, 172 
first derivative, 137 —": 

graphical representation, 78 

identities, 84 

integral, 182-184, 190, 191 

inverse, 94 

logarithmic tables, 316-320 

numerical values, 264, 266 

series of constant terms, 157, 159 

series representation, 167 

special values, 79 

tables: in degrees, 316-320 

IMracdians 2 — a2 

transformation table, 83 

Cotangent trigonometric (cot), 7 
approximations (1/tangent), 2 

complex argument, 171, 172 

first derivative, 137 

graphical representation, 78 
identities, 84 

integral, 184 
inverse, 94 

logarithmic tables, 316-320 

numerical values, 264—266 

series representation, 167 

special values, 79 
tables: in degrees, 316-320 

in radians (1/tangent), 321-327 
transformation table, 83 

Coulomb (C, ST unit, AP unit, charge), 

284 
conversion factors, 349 

system table, 287 

Coversine trigonometric (covers), 76 
approximations (1-sine), 276 

graphical representation, 78 
numerical values, 264, 266 

special values, 79 
transformation table, 83 

Cross product (vector), 239 

Cube (hexahedron), 67 
inertia functions, 209 

static functions, 209 

Cube of number (N°), 14 
calculations, 258 

tables, 292 

6 
76 



Cube root of number (?/N), 17 

approximation, 275 
calculations, 258 

tables, 291, 292 
Curvature, 148, 149 

catenary, 150 
ellipse, 150 
hyperbola, 150 
parabola, 150 

Curve (graph of function), 148 

cyclic functions, 118 

exponential functions, 121 

functions: of second degree, 104, 
106, 108, 110 

of third degree, 115 
of fourth degree, 116 

general functions, 112-114 

hyperbolic functions, 123 
inverse, 129 

logarithmic functions, 121 

trigonometric functions, 78 

inverse, 95 

Cycloid, 118 
Cylinder, 70 

inertia functions, 210 

static functions, 210 

Cylindrical shell, 204 

Damped vibration curve, 122 
Day (common unit, time), 350 

Decadic (common, Briggs’s) logarithm, 

Bye 259 
Deci- (SI prefix, d = 107'), 

284 

Decimal system, 248 
addition, 249 

division, 250 

multiplication, 249 

rounding-off, 254, 255 

significant figures, 254 

subtraction, 249 

Decimals of inch, 335 

Decimeter, 336, 342 

Decomposition, 23 

binomial, 24 

matrix, 219 

trinomial, 24 

vector, 237 

Definite integral, 188 
algebraic integrand, 190 

trigonometric integrand, 190, 
191 

Degree (angle), 52, 77 
conversion factors, 350 

conversion table, 351 

Degree (temperature), 284 
conversion equations, 352 

conversion factors, 339 

Deka- (SI prefix, D = 10), 284 

Delta (6, A, Greek letter), table, back 

end paper 

Denominator (fraction), 7, 26 
Density, 337 

Ailey AIS 

earth, 282 

mercury, 282 

water, 282 

Dependent variable, 132 
Derivative (calculus), 135 

algebraic functions, 136, 141 
exponential functions, 137, 142 

fundamental rules, 139, 142 
hyperbolic functions, 138, 142 
implicit functions, 146 

inverse functions, 138, 145 

logarithmic functions, 137, 142 

parametric functions, 146 

partial, 143 

trigonometric, 137, 142 

Derived units (measure), 282 

definitions, 284, 285 

tables, 285-287 
Determinants, 222 

evaluation of, 223 
theorems of, 224 

Diagonal (quadrilateral), 51, 58, 67, 
69 

Diagonal matrix, 216 

Diameter (circle), 60 
Difference, 3 

algebra, 22 

matrices, 218 

vectors, 237, 241 

Differentiability (function), 135 
Differential calculus, 132 

explicit functions, 136 

fundamental rules, 139, 142 

implicit functions, 146 
inverse functions, 138, 145 

parametric functions, 146 
Digit (decimal system), 248 

Dihedral angle, 65, 66 

Direction functions, 148, 149 

cosine, 99, 241 

sine, 99 

tangent, 99 
Directrix, 70, 71, 110 

Discontinuity (function), 135 

Distance, 99 
line from origin, 101 
line from point, 101 

Index 357 



Distance (Cont.): 

plane from point, 65 
two parallels, 102 

Distributive law, 21 

Divergent series, 152 

Dividend, 4 

Divisibility of number, 251 

Division (operation),4 

algebraic expressions, 25 

binomials, 25 

decimal numbers, 250 

power series, 164 
segment, 51,99 

matrices, 227 
Division law, 21 

Dodecahedron (12-face solid), 67 
Dot product (vectors), 238, 242 

Doubtful figure (digit), 254 
Dram-force (FPS unit), 341 

Dram-mass (FPS unit), 344 

Dram-volume (FPS unit), 343 
Dyne (MKS unit, force), 287 

conversion factors, 344 

SI system, 337 

Earth measurements, 282 

Eccentricity (conics), 106, 108, 110 

Edge, 66 
Electric capacitance, 285 

conversion factors, 349 

system table, 287 
Electric current, 283 

conversion factors, 349 

system table, 284 
Electric inductance, 285 

conversion factors, 349 
system table, 287 

Electric potential, 285 
conversion factors, 349 

system table, 287 

Electric quantity, 284 
conversion factors, 349 

system table, 287 

Electric resistance, 285 

conversion factors, 349 

system table, 287 
Electron volt, 348 

Elimination method (equations), 41 
Ellipse (area), 198 

approximation, 276 
inertia functions, 198, 199 

static functions, 198, 199 

Ellipse (curve), 106 

approximation, 275 
radius of curvature, 150 

special forms, 114 

Index 

Ellipsoid, 74 

inertia functions, 212 

static functions, 212 

Endless decimal, 248 

Energy (work), 284 
conversion factors, 348 

FPS system, 341 

SI system, 339 

system table, 286 

English system of units (FPS), 284 

system table, 340, 341 

Epicycloid, 119 
Epitrochoid, 119 

Epsilon (¢, E, Greek letter), table, back 

end paper 
Equality theorem, 62 

Equation, 38 

linear equation in one unknown, 38 
linear equations in two unknowns, 

40 
quadratic equation in one unknown, 

43 
system of linear equations, 228 

Equilateral triangle, 57 
Equivalent equation, 38 

Erg (MKS unit, energy, work), 288 
conversion factors, 348 

SI system, 339 
Error, 257 

absolute, 257 
inherent, 257 

interpolation, 258 

round-off, 258 

truncation, 257 
Escribed circle, 55, 92 

Eta (n, H, Greek letter), table, back 
end paper 

Euler’s constant (see Constant e) 
Even function, 133 

definite integral, 189-191 
Even number, 4 

Evolution, 20 

Expansion of function (series), 165 

exponential function, 166, 170, 171 
hyperbolic function, 168 

inverse hyperbolic function, 169, 
RG Ue 

inverse trigonometric function, 169, 
Al : 

logarithmic function, 166 

product of functions, 167, 168 
sum of functions, 168, 169 

trigonometric functions, 167, 171, 
(Np 

Explicit function, 133 

Exponent, 14, 32 

law of, 15, 32 

. 



Exponential function, 121 
complex argument, 170, 272 
derivative, 137 
evaluation, 267 
integral, 186 
series expansion, 168, 169 
tables, 321-327 

Exterior (external) angle, 54, 59 
Extreme values (function), 147, 148 

Face (polyhedron), 66 
Factor, 4 

Factorial, 44 

Factoring, 23 
Fahrenheit degree (°F, FPS unit, 

temperature), 284 
conversion equations, 352 
conversion factors, 339 

system table, 284 
Falling curve, 147 
Farad (F, SI unit, AP unit, 

capacitance), 285 

conversion factors, 349 
system table, 287 

Femta- (SI prefix, F = 101°), 284 

Femto- (SI prefix, f = 107"), 284 

Finite series (constant terms), 152 

arithmetic, 154 

geometric, 155 

powers of integers, 156 
products of numbers, 156 

trigonometric, 157 
Finite series (functions), 161, 163 

Flexibility, 286 

Fluid ounce (FPS unit, volume), 

343 
Focus (conical section), 106, 108, 

110 

Folium of Descartes, 115 
Foot (ft, FPS unit, length), 284 

conversion factors, 342 

FPS system, 340 
fraction of, 335 
system table, 285 

Force, 284 

conversion factors, 344 

FPS system, 341 

SI system, 337 
system table, 285, 286 

Fraction, 7 
algebraic, 26 
complex, 11, 30 

compound, 12, 30 

continued, 12, 30 

decimal, 248 

series, 158 

Frustum (solid), 68—7 1 

Function, 132, 133 

algebraic, 110, 115, 116 
cyclic, 118 

even, 133 

explicit, 132 

exponential, 121 

general, 112-114 
hyperbolic, 123 
implicit, 133, 145 
inverse, 145 

inverse hyperbolic, 129 

inverse trigonometric, 95 
logarithmic, 121 

odd, 133 

parametric, 133, 145 

periodic, 172 
series, 161, 163 

trigonometric, 98 

Functional equation, 38 

Gallon (FPS unit, volume), 340 

conversion factors, 343 

Gamma (unit, magnetic flux density), 

349 
Gamma (y, [’, Greek letter), table, back 

end paper 
Gauss (EM unit, magnetic flux 

density), 349 

Gauss plane (complex), 269 
Generatrix, 70 
Geometric approximations, 275 
Geometric means, 41, 56, 61 

Geometric proportions, 42 
Geometric series, 155 

Geometry: 

analytic, 97 

plane, 50 
space, 64 
vector, 236, 240 

Giga- (SI prefix, G = 10%), 284 
Gilbert (EM unit, magnetic field 

strength), 349 
Gill (FPS unit, volume), 340, 343 

Glossary of symbols, table, back end 

paper 
Golden section, 51 

Grad (MKS unit, right angle), 

350 
Grain-force (FPS unit), 341 
Grain-mass (FPS unit), 344 
Gram-force (MKS unit) 337, 344 

Gram-mass (SI unit), 337, 344 
Gravity acceleration, 282 

Greek alphabet, table, back end paper 
Guldin’s theorems, 73 

Index 359 



Half circle (area), 197 
Half circle (curve), 194 

Half ellipse (area), 199 
Half hollow circle (area), 201 

Harmonic division, 51 

Harmonic mean, 41 
Harmonic proportion, 42 
Harmonic set, 51 

Heat capacity, 287 
conversion factors, 352 

Heat conductivity, 287 

conversion factors, 352 

Heat flow, 287 
conversion factors, 352 

Heat quantity (energy), 284, 287 
conversion factors, 352 

FPS system, 341 

SI system, 339 
system table, 287 

Heat transfer, 287 

conversion factors, 352 
Hecto- (SI prefix, h = 107), 284 
Hemisphere (shell), 204 
Hemisphere (solid), 211 

Henry (H, SI unit, AP unit, electric 

inductance), 285 

conversion factors, 349 

system table, 287 
Heptagon (7-side polygon), 59 
Hexagon (6-side polygon), 59 
Hexahedron (6-face solid), 67 

Higher derivative, 135 

algebraic function, 141 

exponential function, 142 
hyperbolic function, 142 
product of functions, 143 
quotient of functions, 143 

sum of several functions, 142 

trigonometric function, 142 

Higher differential, 136 

Higher surd, 35 
Highest common factor, 5, 23 

Hollow circle (area), 200 
Hollow cylinder, 70 
Hollow rectangle, 201 

Homogeneous body, 205 

Horsepower (hp, FPS unit, power), 
341, 348 

Horsepower (hp, MKS unit, power), 
288, 339, 348 

Hour (common unit of time), 350 

Hundredweight (FPS unit, force), 344 

Hyperbola (curve), 108 
radius of curvature, 150 

special forms, 114 
Hyperbolic functions, 122 

approximations, 276 

Index 

Hyperbolic functions (Cont.)- 
basic relations, 123 

complex argument, 171, 172 

first derivatives, 138 

graphical representation, 123 
higher derivatives, 142 

identities, 125 
imaginary argument, Al 

integrals, 184, 185 

inverse, 128 

limit values, 124 

numerical values, 268 < 

series representation, 168 
tables inx = 0500 — 5.00, 321 
transformation table, 124 

Hyperbolic logarithm (see Natural 
logarithm) 

Hyperbolic segment, 277 

Hyperbolic spiral, 118 
Hypocycloid, 120 
Hypotenuse, 56 
Hypotrochoid, 120 

Icosahedron (20-face solid), 67 

Identity, 38 
hyperbolic functions, 125 
mairices, 217 
trigonometric functions, 84 
vectors, 237 

Imaginary argument, 170, 171 
Imaginary axis, 269 
Imaginary number, 35 
Imaginary root (equation), 43, 44 
Imaginary root (number), 272, 273 
Implicit function, 133 

derivative, 146 
geometry, 148 

Improper fraction, 7 
Impulse (mechanical), 286 

Incenter (triangle), 54, 92 
Inch (in., FPS unit, length), 335, 340, 

342 
Indefinite integral, 174 

algebraic functions, 178-181 
exponential functions, 186 
hyperbolic functions, 184-185 
logarithmic functions, 186 
inverse hyperbolic functions, 186.187 
inverse trigonometric functions, 
short table, 174, 175 
trigonometric functions, 181—184 

Indefinite limit, 133 
Independent variable, 132 
Infinite series, 152 

binomial, 160, 161 
complex argument, 171-172 



Infinite series (Cont.): 

factorials, 158 

fractions, 158 

functions, 161 

imaginary argument, 170-171 
MacLaurin’s series, 165 

particular cases, 166-170 
Taylor's series, 165 
trigonometric terms, 159 

Infinitesimal calculus, 131, 173 

Infinity, 134 
Inherent error, 256 

Inner product (matrix elements), 220 

Inscribed circle (triangle), 54, 92 

Integral calculus, 173° 
Integrand, 174 
Integration methods, 175 

by parts, 177 
substitution, 176 

Intercept equation (line), 100 

Interest, 278 

tables, 328, 329 

Interior angle, 54, 57-59 
International system of units (SI), 283 

basic units, 283, 284 

derived units, 284, 285 

system tables, 335-339 
Interpolation (tabulated values), 255 

Interpolation error, 257 
Intersection of two lines, 102 

Interval, 132 

Inverse functions, 94, 128, 145 

Inverse hyperbolic functions, 128 

approximations, 276 

basic relations, 128 

complex argument, 172 
evaluation, 269 

first derivatives, 138 

graphical representation, 129 
identities, 130 

imaginary argument, 171 
integrals, 187 
limit values, 129 

series representation, 169 

transformation table, 130 

Inverse matrix, 226 
Inverse trigonometric functions, 94 

approximations, 276 

basic relations, 96 

complex argument, 172 

evaluation, 269 
first derivatives, 138 

graphical representation, 95 

identities, 96 
imaginary argument, 171 
integrals, 186, 187 

limit values, 95 

Inverse trigonometric functions (Cont.): 
series representation, 169 

transformation table, 96 

Involution, 20 

Involutory matrix, 227 
Tota (u, 1, Greek letter), table, back end 

paper 

Irrational function, 114, 179 

Irrational number, 2 

Irregular area, 279 

Isosceles (triangle), 56 

Joule (JJ, SI unit, energy), 284 
conversion factors, 348 

system table, 339 

Jump of function, 135 

Kappa (k, K, Greek letter), table, back 

end paper 

Kelvin degree (°K, SI unit, 

temperature), 283 

conversion equations, 339 

conversion factors, 352 

system table, 284 

Kilo- (SI prefix, k = 10%), 284 
Kilogram-force (kgf, MKS unit), 

287 

conversion factors, 344 

system table, 337 

Kilogram-mass (kg, SI unit), 283 

conversion factors, 344 

system table, 337 
Knot (FPS unit, speed), 341, 346 

Lambda (A, A, Greek letter), table, back 

end paper 

Lateral area, 68, 70, 71 

Law of angles, 91 
Law of cosines, 89 

Law of projection, 91 
Law of sines, 89 

Law of tangents, 90 

Laws of algebra, 21 
Laws of exponents, 15, 32 
Laws of indices, 18, 32 

Lemniscate of Bernoulli, 117 

Length, 284, 285 
conversion factors, 342 

FPS units, 340 

of plane curve, 192 

SI units, 336 

system table, 285 

Light (units), 283-285, 287 

Light, speed, 282 

Index 361 



362 

Light year (MKS unit, length), 284 

conversion factors, 342 

Limit of function, 133 

Limit of integration, 189 
Limit of series, 152, 153 

Line, straight, 50, 64 
equations of, 100 

Linear equation in one uriknown, 38 

Linear equations in two unknowns, 40 

Linear interpolation, 255 
Liter (l, MKS unit, volume), 287 

conversion factors, 343 

SI system, 336 

Logarithm, common (decadic, Briggs’s, 

log), 37 
applications, 259 
tables: of log N, 312-313 

of trigonometric functions, 316— 

320 

Logarithm, natural (Napier’s, 

hyperbolic, In), 37 
applications, 262 
tables of In N, 314-315 

Logarithmic function: 
log x, 121 

first derivative, 137 

higher derivatives, 142 

transformation to In x, 37 
lh og, 12 Ih 

complex argument, 274 
first derivative, 137 

higher derivatives, 142 

imaginary argument, 274 
integral, 186 

series expansion, 166 

transformation to log x, 37 

Lower limit (integration), 188 
Lowest common denominator, 8, 27 

Lowest common multiple, 5, 23 
Lumen (Im, SI unit, luminous flux), 

285, 287 
Luminance, 287 
Luminous flux, 285, 287 

Luminous intensity, 283, 284 

MacLaurin’s series, 165 

Magnetic flux, 285, 287 
Mantissa of In N, 263 

Mantissa of log N, 259 
Mass, 283 

constants, 282 

conversion factors, 344 
FPS system, 284 

SI system, 337 

Matrix, 216 

addition, 218 

Index 

Matrix (Cont.): 

adjoint, 225 

cofactor, 225 

division, 228 
inverse, 226 

multiplication, 220 
resolution, 219 

rotation, 232 

subtraction, 218 

transpose, 217 
Maximum function, 147, 148 

Maxwell (EM unit, magnetic flux), 349 
Mean: 

arithmetic, 41 

geometric, 41, 51, 56, 61 

harmonic, 41, 51 

Median of triangle, 54, 92 

Mega- (SI prefix, M = 10°), 284 
Meter (m, SI unit, length), 283 

conversion factors, 342 
multiples and fractions, 284 

system table, 336 
Metric system (MKS), 284—286 

Micro- (SI prefix, w = 10), 284 
Micrometer (um, SI unit, length), 284, 

336, 342 
Mile: 

U.S. nautical (FPS unit, length), 342 

US. statute (FPS unit, length), 342 
Milli- (SI prefix, m = 107%), 284 
Millimeter (mm, SI unit, length), 284, 

336, 342 
Minor of determinant, 222 
Minuend, 3 

Minus (sign —), 3 

Minute of degree (angular unit), 52, 57 
conversion factors, 350 

conversion table, 351 

Minute of time (time unit), 350 
Mixed number, 7 

operations, 10 
Mole (mol, SI unit, substance), 288 
Moment, 286 

conversion factors, 345 

FPS system, 341 

SI system, 337 

system table, 286 
Moment of inertia: 

composite homogeneous body, 214 
composite plane figure, 200 
homogeneous body, 207 
plane curve, 193 

plane figure, 195 
surface of revolution, 203 

thin plate, 208 

Moment of mass, 285 
Momentum, 286 



Monomial, 20 

Mu (pu, M, Greek letter), table, back 
end paper 

Multinomial, 20 

Multiplication, 4 

algebraic expressions, 22 
complex numbers, 36, 270, 271 

fractions, 9, 28 

matrix, 220 

series, 163 

vector, 238, 239, 242, 243 

Multiplication factor, 22 
Multivalued function, 133 

Nano- (SI prefix, n = 107%), 284 

Nanometer (nm, SI unit, length), 284, 
336 

Napier’s logarithm (see Natural 
logarithm) 

Natural logarithm (In), 37 

applications, 262 
tables of In N, 314-315 

Natural number, 2 

Negative limit, 134 

Negative number, 5 

Newton (N, SI unit, force), 284 

conversion factors, 344 

system table, 337 

Nonsingular matrix, 226 

Normal line, 102 

to circle, 105 

to ellipse, 107 

to hyperbola, 109 
to parabola, 111 

Normal matrix, 227 

Normal plane, 65 
Nu (v, N, Greek letter), table, back end 

paper 
Number: 

complex, 35 

imaginary, 35 
infinity, 134 

irrational, 17 

natural, 2 

rational, 17 

real, 2 

signed, 5 
zero, 7 

Number systems, 252 
binary, 252 
decimal, 248 

Numerator, 7, 26 

Obtuse angle, 52 
Octagon (8-side polygon), 59 

Octahedron (8-face solid), 67 

Odd function, 133 

Odd number, 4 

Ohm (Q, SI unit, AP unit, resistance), 

285 
conversion factors, 349 

system table, 287 
Omega (@, Q, Greek letter), table, back 

end paper 
Omicron (0, O, Greek letter), table, 

back end paper 
Open interval, 132 
Operations, 3 

algebra, 31 
common logarithms, 37, 259 
complex numbers, 36, 269 

decimals, 249 

matrix, 218 

mixed numbers, 10 

natural logarithms, 37, 262 
rounded-off numbers, 254 

signed numbers, 5 

surdic expressions, 35 
vector, 237 

zero, 7, 31 

Opposite angles, 53 
Order: 

derivative, 135 

determinant, 222 

matrix, 216 

Orthocenter (triangle), 55, 91 
Orthogonal matrix, 227 

Orthonormal matrix, 227 
Ounce-force (FPS unit), 341, 344 

Ounce-mass (FPS unit), 344 

Ounce-volume (FPS unit), 343 

Ovals of Cassini, 117 

Pappus’ theorem, 73 
Parabola (curve), 110, 113, 114 

special positions, 112 
special types, 113, 114 

Parabolic complement, 197, 198 

Parabolic sector, 198 

Parabolic segment, 198, 277 
Paraboloid, 74, 212 

Parallel-axes theorem: 

homogeneous solids, 212 

plane figures, 199 
Parallel planes, 102 

Parallel straight lines, 50, 102 
Parallelepiped, 68 

inertia functions, 210 

static functions, 210 

Parametric function, 133 

derivative, 147 

Index 363 



Parametric function (Cont.): 

differential, 146 

geometry, 149 
Parentheses, 2 
Parsec (MKS unit, length), 284, 342 

Partial derivative, 143 

Partial differential, 143 

Pascal (Pa, SI unit, pressure), 288 

conversion factors, 347 
Pascal’s snail, 116 

Pascal’s triangle, 48 
Peck (FPS unit, volume), 343 
Percent error, 256 

Perigon (angle), 51, 52 

Perimeter: 

polygon, 59 
quadrilaterals, 58 

triangle, 54 
Periodic functions, 172 

Peripheral angle, 61 
Permutation, 46 

Perpendicular planes, 65 

Perpendicular straight lines, 102 
Phi (@,®, Greek letter), table, back end 

paper 
Physical quantities, 282 

Pi (z, Il, Greek letter), table, back end 

paper 
Archimedes’ constant 77, 60 

approximation, table, front end 

paper 
constants involving 7, 313, 315 

multiples and fractions, table, 

front end paper 
series expansion, table, front end 

paper 
Pico- (SI prefix, p = 1071”), 284 

Picometer (pm, SI unit, length), 336 
Pint (FPS unit, volume), 340, 343 

Plane, 64 

Plane of symmetry, 65 
Plane angle, 51 

classification, 52 

conversion factors, 350 

conversion table, 351 

SI units, 286 

Plane coordinates, 98 

Plane curve: 

inertia functions, 193 

length, 192 
static functions, 193 

Plane figure: 

approximations, 276 
area, 194 

inertia functions, 195, 196 

static functions, 195 

Index 

Plane geometry, 50 

Plate: 
circular, 209 

rectangular, 209 
square, 208 
triangular, 208 

PlussGien" ts) 00 

Point, 50, 99 

and line, 101 

and plane, 65 
Poise (MKS unit, absolute viscosity), 

346 : 
Polar angle, 98 
Polar axis, 98 
Polar coordinates, 98 

complex number, 269 

Polar moment of inertia: 
composite homogeneous body, 214 
composite plane figure, 200 
homogeneous body, 205 

plane curve, 193 

plane figure, 196 
surface of revolution, 203 

thin plate, 208, 209 
Pole, 98 

Polygon, 58 

inertia functions, 197 

static functions, 197 
table, 59 
vector, 237 

Polyhedron, 66 

Polynomial, 20 

Positive limit, 134 

Positive number, 5 

Potential, 285 

conversion factors, 349 

system table, 286 
Pound-force (FPS unit), 285 

conversion factors, 344 

FPS system, 341 
system table, 286 

Pound-mass (FPS unit), 284 

conversion factors, 344 

FPS system, 341 

system table, 286 

Poundal (pd, FPS unit, force), 344 
Power (exponent), 16 

algebraic numbers, 32 

complex numbers, 270 
hyperbolic functions, 128 

trigonometric functions, 87 
Power (physical), 284 

conversion factors, 348 

FPS system, 341 
SI system, 339 
system table, 286 



Power series, 162 

division, 164 
multiplication, 163 

power theorem, 164 

reversion theorem, 165 

summation, 163 

Present value of annuity, 
279 

tables, 330, 331 

Pressure (physical), 287 

conversion factors, 347 

SI system, 338 
system table, 286 

Prime factor, 23 

Prime number, 4 

Principal (money), 278 
Prism, 68, 69 

inertia functions, 210 

static functions, 210 

Prismatoids, 68 

Product, 4 

algebraic expressions, 22 
complex numbers, 270-272 

rounded-off decimals, 255 

series, 163 

trigonometric functions, 87 
Product of inertia: 

composite homogeneous body, 
214 

composite plane figure, 200 
homogeneous body, 207 
plane curve, 193 

plane figure, 195 
surface of revolution, 203 

thin plate, 208, 209 
Proper fraction, 7 

Proportion, 42 

Psi (w, VY, Greek letter), table, back end 

paper 
Pyramid, 68 

inertia functions, 210 

static functions, 210 

Pythagoras’ theorem, 56 

Quadrant (coordinate plane), 76, 
98 

Quadratic equation, 43 
Quadrilateral, 51 
Quart (FPS unit, volume), 343 

system table, 340 

Quarter of circle, 197 
Quotient, 4 

algebraic expressions, 25 
complex numbers, 270, 271 

series, 164 

Radian (rad, SI unit, plane angle), 52, 
Te, ORNS 

conversion factors, 350 

conversion table, 351 

system table, 285 
Radical, 17, 34 

Radius of curvature, 148 

catenary, 150 

ellipse, 150 
hyperbola, 150 

implicit function, 149 
parabola, 150 

parametric function, 149 

Radius of earth, 282 

Range of function, 132 

Range of integration, 188 

Rankine degree (°R, MKS unit, 
temperature), 339 

conversion equations, 352 
Rate of change (function), 147 
Ratio, 42 

Ratio test, 154 

Rational fractional function, 114, 
179 

Rational integral function, 113, 178 

Rational numbers, 17 

Ray, 50 
Real axis, 269 

Real number, 2 

Reaumur (French unit, temperature), 
339 

conversion equations, 352 
Reciprocal number, 9 
Rectangle, 58 

inertia functions, 196 

static functions, 196 

Rectangular matrix, 216 
Reduction of fraction, 27 

Regular polygon, 59 
inertia functions, 197 

static functions, 197 

Regular polyhedron, 66 

Relative error, 256 

Remainder in conversion, 253 

Remainder in division, 250 

Repeated roots, 38 

Representation by series, 165 

Resolution: 

matrix, 219 

vector, 240 

Reversion of series, 165 

Revolution: 

plane area, 73 

plane curve, 73 
Rho (p, P, Greek letter) table, back end 

paper 

Index 365 



Rhomboid, 58 

congruence, 62 
equality, 62 
similarity, 62 

Rhombus, 58 

congruence, 62 
equality, 62 
similarity, 62 

Right angle, 52 
Right circular cone, 71 

inertia functions, 211 

static functions, 211 

Right circular cylinder, 70 

inertia functions, 210 
static functions, 210 

Right section, 68, 69 

Right triangle, 56 
approximation, 275 

trigonometric formulas, 88 
trigonometric solutions, 88, 89 

Rising function, 147 

Rod (FPS unit, length), 340, 342 

Roentgen (MKS wavelength unit), 336 
Rolled sections: 

inertia functions, 201, 202 

static functions, 201, 202 
Roots of equation, 38 

biquadratic equations, 44 

linear equations, 39-41 

nth degree equations, 272 
quadratic equations, 43 

Roots of number, 18 
approximations, 274 
complex formula, 272 

Rotation of coordinate axes, 103 

matrix form, 232 

Round-off error, 256 
Rounding-off numbers, 254 

Row matrix, 216 

Rules of signs, 21 

Scalar, 236 

scalar-vector relations, 238 

Scalar product (dot product), 238, 242 

Scale (temperature), 339 

Scalene (triangle), 54 

Scaling (matrix), 227 
Secant of circle, 67 

Secant trigonometric (sec), 76 

approximation (1/cosine), 276 

complex argument, 171, 172 
first derivative, 137 
graphical representation, 78 

integral (1/cosine), 182 
inverse, 94 

Index 

Secant trigonometric (sec) (Cont.): 

numerical values, 264, 267 
series representation, 167 
special values, 79 
transformation table, 83 

Second (common unit of angle), 52, 77 
conversion factors, 350 

conversion table, 351 
Second (s, SI unit, time), 283 

conversion factors, 350 

Second derivative, 135 

Second differential, 135 < 
Section (FPS unit, area), 342 

Segment, 50 

Sequence, 152 

Series of constant terms, 152 

binomial, 159 

finite, 154 
infinite, 158 

Series of functions, 161 

complex argument, 171 

exponential functions, 166 

hyperbolic functions, 168 

imaginary argument, 170 
inverse functions, 169 

logarithmic functions, 166 
trigonometric functions, 167 

Siemens (S, SI unit, conductance), 288 
Sigma (a, 2, Greek letter), table, back 

end paper 
Signed number, 5 
Significant figures, 254 
Signs of operations, 3 

Similarity theorem, 62 

Simple fraction, 7, 26 

Simple interest, 278 
Simple proportion, 42 
Simpson’s rule, 277 

Simultaneous linear equations, 228 
algebraic solution, 40 
determinant solution, 229 

iterative solution, 231 

matrix solution, 230 

Sine trigonometric (sin), 76 
approximations, 276 

change in argument, 80 
complex argument, 171, 172 
first derivative, 137 

graphical representation, 78 
identities, 84—87 

imaginary argument, 171 

integral, 182, 190, 191 
inverse, 94 

logarithmic tables, 316-320 
numerical values, 264, 266 

series representation, 165 



Sine trigonometric (sin) (Cont.): 

special values, 79 

tables: in degrees, 316-320 
in radians, 321-327 

transformation table, 83 

Single-valued function, 133 
Singular matrix, 226 

Skew plane, 65 
Slant height: 

of cone, 71 

of pyramid, 68 
Slope: 

of curve, 148, 149 

of straight line, 100, 101 

Slug (FPS unit, mass), 344 

Solid of revolution, 73, 74 

Solid angle, 286 
Space geometry, 64 
Specific heat, 287 
Sphere, 71 

inertia functions, 211 

static functions, 211 

Spherical angle, 72 
Spherical sector, 73 
Spherical segment, 77 
Spherical shell, 204 

Spherical triangle, 72 
Spiral of Archimedes, 118 

Square (plane figure), 57 
congruence, 62 
inertia functions, 196 

similarity, 62 
static functions, 196 

Square of binomial, 33 
Square of multinomial, 45 

Square of trinomial, 33 

Square matrix, 216 

Square root of number ( VN), 9f, eas 

257-288 
approximation, 274 

tables of VN/n, 257, 291 

tables of /N, 292-311 
Statampere (ES unit, current), 349 
Statcoulomb (ES unit, charge), 349 

Statfarad (ES unit, capacitance), 349 
Stathenry (ES unit, inductance), 349 

Statohm (ES unit, resistance), 349 

Statute mile (U.S. standard unit, 

length), 340 

conversion factors, 342 

Statvolt (ES unit, potential), 349 

Statweber (ES unit, magnetic flux), 

349 é 
Step angles, 53 
Steradian (SI unit, solid angle), 286 

Stiffness (physical), 286 

Stoke (MKS unit, kinematic viscosity), 
346 

Straight angle, 52 
Straight bar: 

inertia functions, 207 

static functions, 207 

Straight line, 50 
equations, 100 

plane relations, 51 

space relations, 64 

Straight segment: 
inertia functions, 193 

static functions, 193 

Stress, 286 

conversion factors, 347 

Strofoid, 116 

Subnormal, circle, 105 

Subnormal, ellipse, 107 

Subnormal, hyperbola, 109° 
Subnormal, parabola, 111 
Substitution method: 

biquadratic equations, 44 
differential calculus, 140 

integral calculus, 176 

linear equations, 40 

Subtangent, circle, 105 

Subtangent, ellipse, 107 
Subtangent, hyperbola, 109 
Subtangent, parabola, 111 
Subtraction, 3 

algebraic terms, 21 

complex numbers, 36 

decimals, 249 

hyperbolic functions, 125 

inverse hyperbolic functions, 125 

inverse trigonometric functions, 96 

matrices, 218 

rounded-off decimals, 254 
series of constant terms, 154 

series of functions, 163 

trigonometric functions, 84 
vectors, 237, 241 

Subtrahend, 3 

Successive approximation, 231 
Successive proportion, 42 

Sum, 3 

algebraic terms, 21 
complex numbers, 36 

decimals, 36 
hyperbolic functions, 125 

inverse hyperbolic functions, 125 

inverse trigonometric functions, 96 

matrices, 218 

rounded-off decimals, 254 

sequence of constant terms, 152 

series of constant terms, 154 

Index 367 



Sum (Cont.): 

series of functions, 163 

trigonometric functions, 84 

vectors, 237, 241 

Supplementary angles, 53 
Supplementary units (SI system), 286 

conversion factors, 350 

conversion table, 351 ~ 

Surdic expression, 34 
Surdic fraction, 35 

Surface of revolution, 202 

inertia functions, 203 

static functions, 203 
Symbols, tables, back end paper 

aggregation, 2 
operations, 3 
relationship, 2 

Symmetrical matrix, 217 

System of coordinates, 98 
System of equations, 38, 228 

Tablespoon (FPS unit, volume), 343 

Tangent line: 
to circle, 105 
to ellipse, 107 

to hyperbola, 109 

to parabola, 111 
Tangent trigonometric (tan), 76 

approximations, 276 
change in argument, 80 
complex argument, 171, 172 

first derivative, 137 
graphical representation, 78 

identities, 84-87 
imaginary argument, 171 
integral, 184 

inverse, 94 

logarithmic tables, 316-320 

numerical values, 264, 266 

series representation, 167 

special values, 79 
tables: in degrees, 316-320 

in radians, 321-327 

transformation table, 83 
Tau (7, T, Greek letter), table, back end 

paper 

Taylor’s series, 165 

Teaspoon (FPS unit, volume), 343 
Temperature (units), 283, 284 

conversion equations, 352 
conversion factors, 339 

Teéra-\(S1 prefix, T = 10*)2284 
Terminating decimal, 248 
‘Terminus (vector), 236 
Tetragon (quadrilateral), 57 

Index 

Tetrahedron (4-face solid), 66 
Theta (6, 0, Greek letter), table, back 

end paper 
Three planes (relationships), 65 

Ton-force (FPS unit), 341 

conversion factors, 344 

Ton-force (SI unit), 337 

conversion factors, 344 

Ton-mass (SI unit), 337 

conversion factors, 344 

Torr (MKS unit, pressure), 287 

conversion factors, 347 

Torus, 3 

Total differential, 144 

Two parallels, 64 

Two planes, 65 

Two points, 99, 102 
Two skew lines, 64, 102 

Transformation: 

coordinates, 103, 232 

hyperbolic functions, 124 

inverse hyperbolic functions, 130 
inverse trigonometric functions, 95 
logarithms, 37 

trigonometric functions, 83 

Translation of coordinates, 103 

Transpose: 
determinant, 224 

matrix, 217 

matrix difference, 219 

matrix inverse, 226 

matrix product, 220 

matrix sum, 218 

matrix transpose, 218 

Transversal, 50 

Trapezium, 57 

Trapezoid, 58 

congruence, 62 

equality, 62 
inertia functions, 196 

similarity, 62 
static functions, 196 

Trapezoidal rule, 277 
Triangle: 

equilateral, 54 

properties, 57, 59 
isosceles, 54 

properties, 56 
right, 54 

approximation, 275 

properties, 56 

trigonometric relations, 88 

trigonometric solutions, 88, 89 
scalene (oblique), 54 

area (analytically), 99 
congruence, 62 



Triangle, scalene (oblique) (Cont.): 
equality, 62 
inertia functions, 196 

properties, 54, 55 
similarity, 62 
static functions, 196 
trigonometric relations, 89-92 
trigonometric solutions, 93-94 

spherical, 72 
Trigonometric functions, 76 

approximations, 276 
change in argument, 80 

complex argument, 172 

first derivatives, 137 
graphical representation, 78 
identities, 84-87 

imaginary argument, 171 
integrals, 181-184, 189-191 

inverse, 94 

logarithmic tables, 316-320 
logarithmic values, 265 

numerical values, 264, 266 

series of constant terms, 157, 159 

series representation, 167-169 

tables: in degrees, 316-320 
in radians, 321-327 

transformation table, 83 

Trigonometry, plane, 76 
Trinomial, 20 

Trochoid, 119 

Truncated paraboloid, 74 

Truncated prism, 68 
Truncated pyramid, 68, 69 
Truncation error, 252 

Ungula of cylinder, 70 
Unit of imaginaries (i), 35 

algebraic numbers, 35, 274 
complex number, 36, 269-272 
exponential functions, 170 

hyperbolic functions, 171 

inverse hyperbolic functions, 171 

inverse trigonometric functions, 
Al 

logarithmic functions, 274 

trigonometric functions, 171 

Unit matrix, 216 

inverse, 226 

operations, 221 

transpose, 217 
Unit vector, 236, 240 

cross product, 243 

dot product, 242 

Units of measure, 282 

EM system, 349 

Units of measure (Cont.): 

ES system, 349 
FPS system, 284-287 
MKS system, 284—287 
SI system, 284-287 

Unknown (root of equation), 38 
Upper limit (integration), 188 
Upsilon (v, T, Greek letter), table, back 

end paper 

Variable, 132 

Variation, 47 

Vector, 236 

algebra, 237 

calculus, 244 

cartesian, 240 

cross product, 238, 243 

dot product, 239, 244 
function, 244 

geometry, 236, 241 
triple product, 239, 244 

Velocity (speed), 286 
conversion factors, 346 

earth, 282 

FPS system, 341 
light, 282 

SI system, 338 

sound, 282 
Versine trigonometric (vers), 76 

approximation (1 — cosine), 276 

basic relations, 81 

change in argument, 80 
graphical representation, 78 
numerical values, 264, 266 

special values, 79 

transformation table, 83 

Vertex: 

parabola, 110 

polyhedron, 66 
Vinculum, 2 

Viscosity: 
absolute (dynamic), 286, 346 

kinematic, 346 

Volt (V, SI unit, AP unit, potential), 

285 
conversion factors, 349 

system table, 287 

Volume: 
composite homogeneous body, 213 
conversion factors, 343 

earth, 282 

FPS system, 340 
homogeneous body, 206, 207 
SI system, 336 

system table, 285 

Index 369 
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Watt (W, SI unit, power), 284 

conversion factors, 348 

SI system, 339 
system table, 286 

Wavelength, 336 

Weber (Wb, SI unit, AP unit, magnetic 

flux), 285 

conversion factors, ‘349 

system table, 287 

Wedge, 69 
Weight (force), 285 

conversion factors, 344 

FPS system, 341 

SI system, 337 

Witch of Agnesi, 115 

Work (energy), 284 
conversion factors, 348 
FPS system, 341 

SI system, 339 
system table, 286 

Index 

X,Y,Z cartesian axes, 98, 101, 236, 240 

x,y,z cartesian coordinates, 98, 101, 

236 
x,y,z vector components, 240 

Xi (€, =, Greek letter), table, back end 
paper 

Yard (FPS unit, length), 340 

conversion factors, 342 

Year (common unit, time), 350 

Z-section, 202 

Zero angle, 52 
Zero matrix, 216 

Zero number, 3, 6 

Zeta (¢, Z, Greek letter), table, back end 
paper 
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sentence is completed by appropriate 
formuias and/or examples, presented in 
general symbols, numerical examples, or 
both, if appropriate 

There are also several special features 
in this handbook that the user will ap- 
preciate—among them. . 

Elaborate sets of special solutions in 
plane and space geometry 
An indexed catalog of trigonometric 
formulas 
Detailed analyses and graphical con- 
structions of plane curves 
Extensive treatment of properties of 
areas and solid bodies 

e Acatalog of integrals and series 
Step-by-step outlines of numerical pro- 
cedures 
A presentation of the SI system of units 
and an extensive collection of conver- 
sion factors 
Since this is the only handbook of its 

kind available, it is truly a “must” for 
technologists whose work entails using 
mathematical concepts and procedures. 
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| The Author 

For many years Professor and Head of the 
School of Civil Engineering at Oklahoma 
State University, Dr. Jan J. Tuma is now 
an Engineering Consultant specializing in 
writing needed reference works in engi- 
neering—a notable example of which is 
the Engineering Mathematics Handbook 
(Mc-Graw-Hill) mentioned above. 

At Oklahoma State University, Dr. Tuma 
supervised one of the largest graduate 
programs in the country, directed several 
National Science. Foundation institutes for 
college teachers, and was elected “First 
Outstanding Teacher’ by the Alumni 
Association. 

Dr. Tuma previously served as Con- 
sultant on many structural problems in- 
volving frame, plate, and space structures, 
some of which became landmarks of the 
American Southwest. He is widely known 
as the author of numerous research 
papers and is listed in Who’s Who in 
American Men of Science. 



Aiso from McGraw-Hill 

BASIC ELECTRONIC INSTRUMENT 
HANDBOOK 

Clyde F. Coombs, Jr., Editor-in-Chief. 800 pp. 

This guide to the operation and use 
of electronic instruments is written 
specifically to provide information to 
those at all levels .of electronic sophis- 
tication. It bridges the gap between 
beginner’s level understanding of elec- 
tronic test equipment and the tech- 
nical content of the instruction man- 
uals which assumes a knowledge of 
the subject that may not yet have 
been developed. At the same time, it 
provides the practicing professional 
with a general reference on all equip- 
ment he may use and about which he 
may wish to refresh himself concern- 
ing fundamentals of operation and 
use. 

STANDARD HANDBOOK FOR 
MECHANICAL ENGINEERS, 7 Ed. 

(Formerly Marks’ Mechanical Engineers’ 
Handbook) 

Theodore Baumeister, Editor. 
2456 pp. 2150 illus. 

This revised 7th Edition of this clas- 
sic reference contains a wealth of new 
or expanded material keeping pace 
with advances in the field. It provides 
more detailed coverage of current 
developments in> such fundamental 
areas as metals, wood, plastics, ad- 
hesives, machine elements, piping, 
welding and machine tools. What’s 
more, it gives a thoroughly revised 
treatment to such basic sciences as 
solid mechanics, thermodynamics, and 
fluid dynamics, as well as the in- 
creasingly important area of mathe- 
matics. 

ee... 

STANDARD HANDBOOK FOR 
CIVIL ENGINEERS 

Edited by Frederick S. Merritt. 
731 illus. 1326 pp. 

Here in this one volume is more use- 
ful information than you can find in 
any other single source—over 1,300 
pages of current civil engineering 
facts, formulas, and data, the vast 
knowledge and practical experience of 
28 of the nation’s most accomplished 
engineers selected on the basis of their 
recognized expertise. They provide 
on-the-job data on characteristics of 
construction materials and equipment, 
essentials of stress analysis and struc- 
tural theory, recommended construc- 
tion practices and why they’re used, 
and cost estimating. 

STANDARD HANDBOOK OF 
ENGINEERING CALCULATONS 

Edited by T. G. Hicks 
1216 pp. 428 illus. 

With this desk-top, “how-to” reference 
you will be able to solve 90% to 95% of 
the design, application, and engineer- 
ing problems you meet in your every- 
day practice. Covering 12 major engi- 
neering disciplines, it gives you all the 
routine—and many non-routine—pro- 
cedures required by your own specialty 
and many opportunities to cross over 
into other fields. Each step-by-step cal- 
culation procedure is set in boldface 
type for easy reading and gives the 
exact numbered steps an engineer or 
scientist should take. In one single 
volume you get about 1,000 detailed 
calculation procedures plus nearly 
4,000 related procedures resembling 
those presented as worked-out numer- 
ical examples. 

At your bookstore, or write to Suite 25-1, McGraw-Hill 

McGraw-Hill Book Company — 
Serving Man’s Need for Knowledge mK. 
1221 Avenue of the Americas, New York, N.Y. 10020 0-07-065431-X 


